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Proof. (i) Is a consequence of Lemma 4.1.3 above.
(ii) Since n is finite, it is Kdhler morphism by 1.3.1(v). We apply 4.2.2 and 4.2.1
to conclude.

4.2.4. Corollary. If X is compact, then X is Kdhler iff X is weakly Kdhler.

II1. Theorem 2

1. Cech Spaces and Cech Open Sets

1.1. Definitions. A (topological or complex-analytic) Cech space will be by
definition a pair

X=(X,2),
where X is a (topological or complex) space and Z an open covering of X. We call
X the space underlying to X and always denote both by the same letter. We will deal
only with complex-analytic Cech spaces. If  =(X),. 4, the X, will be called the

elementary open sets of X.
Suppose X =(X (X );c4)and Y=(Y, (Y,),c ) are two Cech spaces. A morphism

F:X-Y

will be a pair F=(f, u) where f: X—Y is a morphism in the ordinary sense and
u:A—M a map such that

(1.1.1) X, Cf (V)

for all A€ A. We call f the morphism underlying to F. We will say that F is an open
inclusion if f is one.

A Cech open set U < X will be a Cech space chose underlying space is an open
subset of X together with an open inclusion

j:U-X.

Or course, j is not uniquely determined by U.
U =(U,(Ug,deea,) and U, =(U,, (U, plse 4,) are two Cech open sets of X,
define

(1.1.2) UinU,:=(U;nU,, (U, ,n Uz,ﬁ)(a,ﬂ)eA, SURE

Notice that there are two open inclusions
JiJ2:UinlU;» X

each factoring through U, and U,, respectively.
If X=(X,%)is a Cech space and & a sheaf of abelian groups on X, write
CYX,F), Z4X, ), H(X,F)

for the groups of Cech contains, cocycles and cohomology classes of degree g of the
covering & with coefficients in &#. Denote by

(1.1.3) e:HYX,F)-»C’X,F)
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the canonical inclusion and by
3:CT (X, F)->CYX, F)

the Cech differential given by the usual formula

q
(1.1.4) (00)s...2,:= ;0(— 1)’@10.‘.}.,...zq|xzon...nx,1q-

If U< X is a Cech open set with an open inclusion j: U—- X, denote by
J*:CUX, F)->C(U, 7F)
the obvious morphism. We will write
(1.1.5) Ply:=j*o)

if there is no ambiguity about j.
Now suppose there are two open inclusions

Jui2:U—=X

WIth _U=(U’(Ua)ae,{)’ X=(X’ (XA)AeA)‘
There is a homotopy operator

T:C*" (X, #)-CY(U, #)

defined by
q
(11'6) (Tgo)ao...aq:: ;0(_1)’golo‘..Arur...uqu,on...nUuqa
where .
UarCXAr by J1
and

U,CX, byj,.
T is extended by 0 on C°(X,#) and H°(X, #). The following is obvious
(1.1.7) ST+ To=j—j*.

1.2. Cup-Products of Cech Cochains. Now suppose that &, 4, # are sheaves of
differential forms (4, holomorphic or antiholomorphic) such that

FNANGCH .
We define the cup-product
CYX, F) x C'(X,9)—~CT"(X, #)
by the identity

(121) (¢ ) W)ao...aq+,:=((pao...aq A waq...aq+r)lx;,0n,..n)(gq,,,_ .
As an immediate consequence we have
(1.22) o p)=(0p) p+(—1)p-dy,

(1.2.3) T(o - y)=(To) j3w+(—1)%to) Ty.
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1.3. m-Complete and m-Admissible Cech Open Sets. We extend the notion of
m-admissible open sets (3.5.3 of Chap. I) to Cech open sets.

1.3.1. Definitions. A Cech space X is said to be m-complete if for any coherent
analytic sheaf # on X and any q>m, we have HY(X, #)=0.

A sufficient condition for this is that the underlying space X be m-complete and
the elementary open sets of X be Stein.

If U< X is a Cech open set of X, we will say that U is m-admissible in X if

(i) U is m-complete.

(ii) There is a Cech open set V such that U<V <X and HV, R)=0 for all
k>2m.

Of course, if the above are satisfied, then the canonical morphism
HYX,R)— H*U,IR) vanishes for k> 2m, since it factors through H{¥, R)=0.

This may be expressed as follows:

1.3.2. Lemma. If U <X is m-admissible, k>2m and ae Z¥(X,R), then there is an
element be C*~(U,R) such that a|y=6b.

1.3.3. Proposition. Let X be a Cech space and U CX an open set (in the ordinary
sense ) that is m-admissible. Then U is underlying to some m-admissible Cech open set
U<X.

Proof. By definition U is m-complete and there is an open V such that UCV CX
and HYV, R)=0 for all k> 2m. If we take a sufficiently fine Leray open covering of
V with respect to the constant sheaf such that V< X and then a sufficiently fine
Stein open covering of U such that U <Y, it is clear that U < X is m-admissible.

2. Cech Transform of a Complex of Sheaves
2.1. Definitions. Let X be a Cech space and

2.1.1) 0-FL 22 2 m?2

a complex of sheaves of abelian groups on the underlying space X. We do not
suppose it to be an exact sequence of sheaves.

The Cech transform of the complex (2.1.1) over X will be the single complex
associated to the double complex

HYX,F) — HY(X, ¥°) — HYX, L) — ...
! i !

C'X,7) — C%X, £°) — C°X, &) — ...
l | l

C{(X,F) — CI(X, %°) — C'(X, L) — ...
) | !

More precisely, we define for g=0

(212) CYX; F, ):=CYX, %)@ { & CHX, z"-l)} SH(X, £9).

k=1



