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Case 2. k+l=m—1

S =8((—DXdf)*- o - (df ¥ ' - Jp) by (BS)
=(—1)df)*-d¢-(@df) by (AS)
=(=1)"71@N - f- @) +(= 1@k 7-@df) by (A1)
=(—1*"""'gpyy -dh/ T +(—1)'dgi™" “hiy, by (B2) and (B3)
=0(—1)" gk BT HO(—1)'g R
=0pk!" 1+ 3ok 1! by (C6).

Case 3. k<m—1<k+I

O = (="K dfy I S (@f " TF T AT by (BS) and (AS)
=(=)" N df " S (df )T - 00g AT by (A6)
=d(—=1)"'df )" S - ()" * 72 Op AT

+O(=)"THAf T T SR Do AT by (A4), (AS), (A6)
=0pk' 14+ 0% 1! by (BS).

Case 4. k=m—1

S~ V=(dfy""' "1 dp A by (B6)
=d(— 1" dN)" e AT+ A(—= )T AT 60 Fp AT
=0@r 11714 9pm" 2! by (BS) and (B6).

Finally, (D10) and (D11) are obvious since ¢ '™ ' =™ ! and g™ ™ =™
Therefore the proof of the relation 4®,(f, ¢)=0 is complete.

4.5.1. Remark. There are several alternative ways of proving A®,(f, ¢)=0. For
example, identities (C) written only for n=1 give a relation between &,( f, ¢) and
®,...(f, ¢), and the relation A4, (f, ) can be proven by induction on m.
Otherwise, one can prove directly that 4®,,= A®, =0 implies A(P,, x @,) =0 using
(A), (B), and (C) but the calculations would be longer than the above (30
verifications are needed).

5. Theorem 2

5.1. Statement of Theorem 2. Let (X, ) be a Kéhler space and m >0 an integer.
Then there exist open sets U, C X (a € A)and U}, CU,nU,(je J,4) depending on X
and m alone such that
(i) Any compact m-dimensional complex-analytic subset of X is contained in

some U,,.

(ii) Any compact m-dimensional complex-analytic subset of U,nU, is
contained in some Uj,.

(iii) There exist elements y,€ A™™U,,R) such that

o™ty =iddy, .
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(iv) There exist elements -c{,,, eA"“’"(Uj;ﬁ) such that
Otly=0 and (x,— Xp)lv., =Tip+ Tl

(v) The 1/, are d-closed representatives of elements &, € H™(UJ,, Q™).

5.2. Proof of (i) and (ii). We take an open covering & of X such that X =(X, Z)is
a Kihler-Cech space with a Kihler-Cech pair (f, ¢) as in 4.2.

The U, are taken as the m-admissible open sets of X and the Uj; as the
m-admissible open sets of U,nU,. Parts (i) and (ii) of Theorem 2 are restatements
of Lemma 3.54 of I. By Proposition 1.3.3, each U, is underlying to some
m-admissible U, < X and each U/, to some m-admissible U’ﬂ< <U,NnU;.

5.3. Proof of (iii). We use the element
D i(f, D)EA™ X, [RY=Z""" (X, R, L))
which is A-closed in the Cech transform of the complex
0—R— 29, —..— 22t T g2
Take the restriction [in the sense of (1.1.5)]
(5.3.1) Pt 1,0 = Pps 1(f Dy, €A™ (U, [R]).
Since U, is m-complete, we have
H*™ Yy £k )=0 for 0LkZ2m.

Indeed, for k<m this is due to the m-completeness of U, and the fact that
Fr L =D A 1D O¥; for k>m, it is due to the fact that Z,’,‘,H is a fine sheaf.

Corollary 2.3 applies and &, , is 4-exact if its head is J-exact, since the
canonical morphism

H" Uy R, Ly )>H" (U, R)

isinjective. But the head of @, . ; ,is (0f)"" |y, whose classin H*™* (U, IR)is 0 by
Lemma 1.3.2, since U, < X is m-admissible. Therefore

(53.2) Dyi1,6=40 11,4

for some 0,,,,,€6271 (U, [R]). In particular, if y,e A™™U,) is the tail of
O+ 1,4 WE have

(5.3.3) o™y, =ady,.
It is then sufficient to set
i _
(534) fai= 5 B

to satisfy condition (iii) of Theorem 2.
5.4. Proof of (iv) and (v). Take a fixed U="Ul,<U,nU,.



Kihler Spaces and Proper Open Morphisms 47

There are open inclusions of Cech open sets

22N

We may then apply the operator T of (1.1.6) relatively to j,, js: U— X and set
(5:4.1) Opi1: =Ty (f, 9)€ &1 (U, [R]).

This element satisfies the conditions
() 404, 1=jFPp i i(f; O)=j3 P (> 9)
(i) The tail of @,,,, is 0.

Indeed, (i) is a consequence of (1.1.7) and (ii) of the fact that T induces 0 on
0-cochains and global sections. Now set

(543)  Opeyi=iHOns 1)~ iFOpi1, )+ s € 52U R]).
This element satisfies, by (5.3.2) and (5.4.2)
(i) 40,.,,=0
(i) The tail of @, 118 Y:=(Y,—Py)ly-

(5.2.1)

(5.4.4)

We notice that Lemma 2.2(i) does not apply to the canonical morphism
H ' U; R, &y )~ H>™ (U, R)

for among the groups H*" XU, %%, ,) there is H"(U, #", )=H™(U,Q"®Q™
which is not 0 in general. So we apply the operator u defined in 3.4 to obtain
U0, €& (U, [R]).

Since u commutes with D (and 8), u®,,, , is A-closed. This time the canonical
morphism .

H™ (U; R, %,)~>H*"(U,R)
is injective since the groups H*™ XU, #¥) are all 0 for 0 <k <2m—1. Indeed, for
k< m this is due to the m-completeness of U and, for k=m, to the fact that Z% is a
fine sheaf. So, by Corollary 2.3, u®,,, , is 4-exact if its head is d-exact in C'(U,R).
But the head of 1@, , is equal to the head of @,,, ; which is of the form c,, .,y
with
Cm+1 EZZMH(yaﬂ(_]ﬂ,]R)-

Since U<U,nU; is m-admissible, c,,,,|y is J-exact (Lemma 1.4.2) and

therefore

(5.4.5) ﬂ@m+ 1= Azm

for some Z, e &Z"(U,R).
Now we use the operators f and y defined in 3.5. Denote by Z,(U) the Cech
transform of the (0@ d)-complex over U, i.e.

(5.4.6) 24U):=CYU; "DQ2". %,,)
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with differential
(5.4.7) A:=6+(— )"+ 1 94U)-» 24 \(U).
Notice that this sign convention differs from (2.1.3).
Diagram (3.5.3) becomes
&)
\
&1 (U) ~H—— T(U)

(5.4.8) \ _

A=5+D E2m (V) d=86-d

m

AN

ENTU) —— "2 (U).

By Lemma 3.5.3 and the sign convention (5.4.7) on 4 we have on £277(U)
(549 pA—AB=P(6+D)—(6—dB=(B6—3p)+(BD+dp)
=pD+df=yu.
On the other hand, we have on &2™(U)
(5.4.10) yA=Ay.

If we apply (54.9) to ©,,,, and (5.4.10) to Z,,, we get
~4BO,, ., =(BA— AP0y, = V11O s 1 =VAZ,, = IyZ,,
which means that the element
(5.4.11) Ap:=PO, +v2Z,,€D(U)
satisfies
44,,=0.
The tail of 4,, has the form
(™™, ™ ") e A™"(U)® A™ (V)
with dg™™=0d¢™™=0 (since 44,,=0) and
(54.12) M+ =y

by Lemma 3.5.3(iii). .
The fact that A4,, is a A-cocycle means precisely that ¢™™ and ¢™™ represent
elements of H™(U, Q™). So if we set

(5413) ngﬂ:= _;_(5m,m__gm,m)

it is clear that conditions (iv) and (v) of Theorem 2 are satisfied.



Kihler Spaces and Proper Open Morphisms 49

5.5. Remark. (1) We did not use the positivity of w in the proof of Theorem 2. The
result we can actually prove by our method is the following: If U, and U, are the
open sets of Theorem 2, then conditions (i) and (ii) remain unchanged. If moreover
Ko ---» K, are arbitrary elements of 2#"(X) and wq:=65xq for 0<g<m, then

(iii) There are elements y, € A™™U,) such that (wy A ... A @)y, = 00p,.

(iv) There are elements gfy,alze A™™(Uly) such that dgly=0doi;=0 and
(Wa—Wpluz, = 0ap+ 0p- )

(v) @i and G}, represent cohomology classes of H™(UJ,, Q™).

(2) The proof we gave was a reasoning on &,,(X, [IR]). We could have chosen
&.(X,R) as well, replacing @,,., ,(f, ¢) by

Re(®P,, ,4(f, (P)):%(d)nm 1(fs @)+ @1 (f, 0)%)

and using Lemma 3.5.3(iv).

I1V. The Main Results

1. Stability Theorems

We are now in position to prove that some proper images of Kihler spaces are
Kébhler.

1.1. Theorem 3. Let n: X > X' be a geometrically flat morphism of complex spaces
with m-dimensional fibers (7 is proper surjective and X' reduced by definition).
Suppose X is Kdhler. Then X' is weakly Kdhler.

If moreover there is a discrete D' C X' such that for any x'€ X'\D', either

(1) X' is weakly normal at X' or

(i1) ©~(x') admits in X a smoothly embeddable neighborhood
then X' is Kdhler.

Proof. With the notations of Theorem 2, set
V,={x'eX'|n ' (x)CU,}
Vyi=a (V)
Vii={x'eX'|n~ " (x")C UL}
Viy=a"'(V;))
Wa = TE*(Xa'V,)
8{;3 = T[*(T{LMV{,H) .
Since 7 is surjective, the sets ¥, cover X' and, for fixed , B, the ¥} cover V;nV;.
By Proposition 3.4.1 of Chap. I, y,e SP(V;), glse #'(V,}) and, since (1, — py)ly,
=glg+ 8. Wa—wp€ WPH(V,nV;,R). So X' is weakly Kéhler. Now if conditions
() and (ii) are fulfilled, then gI; is holomorphic on V,J\D" and y,—1; pluri-
harmonic on V;nV;\D". If we take a refinement (W;) of (V) such that each

point of D’ belongs at most to one W, then it is clear that Theorem 1 applies
and X' is Kéhler.



