C‘ U q NIEDERSACHSISCHE STAATS- UND
-~ L UNIVERSITATSBIBLIOTHEK GOTTINGEN

Werk

Titel: Mathematische Annalen

Verlag: Springer

Jahr: 1989

Kollektion: Mathematica

Werk Id: PPN235181684_0283

PURL: http://resolver.sub.uni-goettingen.de/purl?PID=PPN235181684_0283|LOG_0043

Terms and Conditions

The Goettingen State and University Library provides access to digitized documents strictly for noncommercial educational,
research and private purposes and makes no warranty with regard to their use for other purposes. Some of our collections
are protected by copyright. Publication and/or broadcast in any form (including electronic) requires prior written permission
from the Goettingen State- and University Library.

Each copy of any part of this document must contain there Terms and Conditions. With the usage of the library's online
system to access or download a digitized document you accept the Terms and Conditions.

Reproductions of material on the web site may not be made for or donated to other repositories, nor may be further
reproduced without written permission from the Goettingen State- and University Library.

For reproduction requests and permissions, please contact us. If citing materials, please give proper attribution of the
source.

Contact

Niedersachsische Staats- und Universitatsbibliothek Gottingen
Georg-August-Universitat Gottingen

Platz der Gottinger Sieben 1

37073 Géttingen

Germany

Email: gdz@sub.uni-goettingen.de



Mathematische
Math. Ann. 283, 211-239 (1989) Amﬂm
© Springer-Verlag 1989

Asymptotic Behavior of Fundamental Solutions
and Potential Theory of Parabolic Operators
with Variable Coefficients

Nicola Garofalo! and Ermanno Lanconelli?

! Department of Mathematics, Northwestern University, Evanston, IL 60208, USA
2 Dipartimento di Matematica, Universita di Bologna, Bologna, Italy

1. Introduction
In R**! we consider the second order parabolic differential equation
Lu=div(A(x, t)V,u)— D,u=0, (1.1)

where A(x, t)=(a;{(x, ?)) is a real, symmetric, matrix-valued function on R"** with
C® entries. We assume there exists ve(0, 1] such that for every (x,£)eR"*! and
every £eR”
n
e Y ) a;fx, )< v 2. (1.2)
LJ=
We also assume, as this is not restrictive for our purposes, that there exists a
compact set F,CR"*! containing the origin such that for i,j=1,...,n

aij(x, t)=5ij fOI‘ (x, t)ERn+1\FO . (1.3)

Then a fundamental solution I' for (1.1) exists and under the assumptions made on
A(x,t) I' is C® off the diagonal in R"*! x R"*!, see e.g., [Fr]. Throughout this
paper we will use the letters z, z,, { to denote respectively the points (x, ), (xo, to),
(&,7) in R** 1. Then if ze R"*! and r>0, we set

Q(2)={CeR"*|I(z;{)> (4nr)~"/?} (1.4)
and
P(2)={(eR" ! |[(z;{)=(4nr)~"?} ", (1.5)

where for a subset ECR""!, E~ denotes its closure. We call Q,(z) and ¥,(z)
respectively the parabolic ball and the parabolic sphere “centered” at z and of radius
r. If A(z)=1dentity, and hence L in (1.1) is the heat operator on R"*!, H=4-D,,
then I' is given by the Gauss-Weierstrass kernel

|X—f|2) ot
=) (1.6)

s t<T.

(4n(t —1)) "2 exp ( —
K(x,t;,1)=K(x—¢;t—1)= 0
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In this case Q/(z) is a football-shaped domain in R"*! whose intersection with
hyperplanes perpendicular to the time axis are n-dimensional balls

x—¢?<R(t—7), t—r<u<t, (1.7)

where R(t—1)=2n(t—1)In (i) We remark that the “center” z of the parabolic

ball 2,(z) lies on the boundary ¥ (z) of the ball itself. Throughout the paper dH,
stands for n-dimensional Hausdorff measure. In [GL] we proved

Theorem A. Let uc C*(R"*') and let zeR"* . For a.e. r>0 we have

f uQAQ) (7l (25 0)- NOAH ()= lz)

a,j(z) Lu(@) [T(z;{)—(4nr)~"2]d( . (1.8)
For every r>0 we have

AQ) (VeI'(z;0) - Vel (z;0)

—n/2 —
e 1 up 2OELED BIED
e LI Gl e (19)

In (1.8) N ,:(C) denotes the spatial component of the outer normal N(()
=(N 8, N.(0)) in { to the surface V,(z).

It appears clear from Theorem A that in order to fully use (1.8), (1.9) we must
have as much information as possible about the kernels appearing in them. This
leads to the study of the asymptotic behavior for small times of the fundamental
solution I" and of its derivatives. Section 2 in this paper is devoted to this purpose.
Our main result there, Theorem 2.1, reads: if x is sufficiently close to y and if
I'(x,y,t)=T(x,t;y,0), then as t—0"

a*(x,y,1)
4t

I'(x,y,t)~4=t)~"? exp( ) Z tufx, y,1). (1.10)
A similar result holds for the derivatives of T.

For a complete explanation of (1.10) we refer to Sect. 2. We only mention that
d(x, y, t) represents the Riemannian distance generated on R” at the time ¢ by the
metric g;{t)dx;®dx;, where g;{(t)(x)=a"(x,t), and (a"(x,1))=A4"'(x,t). For time-
independent parabolic operators (1.10) is a classical result of Minashisundaram
and Pleijel, see [BGM]. A different approach based on transmutation formulas is
due to Kannai [K]. Theorem 2.1 plays a basic role in this paper. It has also been
crucial in our recent work [GL] on Wiener’s criterion for the operator L in (1.1)
which has extended Evans and Gariepy’s previous result for the heat operator
[EG]. To provide further motivation for the results in this paper we describe a
lemma in [GL] somewhat of a geometric flavor the proof of which ultimately relies
on Theorem 2.1.If K(x, t) = K(x, t;0,0)is asin (1.6) and if E(x, t)=1n K(x, t), then for
t>0 we have NI

DE(x,t)= 75 —

VE(x,t)= — et

P
2t’
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From this it is then immediate to see that given any §>1 the inequality
V.E(x, t)|* < 0D, E(x, t) (1.11)

holds iff t < §|x|* where 6 =5(0)=(0—1)/2n0, i.e., iff (x, ¢) lies outside a paraboloid
with vertex at (0,0) and aperture depending on 6. Let now I'(x,t)=1TI(x,t;0,0) be
the fundamental solution of (1.1) with pole at (0, 0) and let us again set E(z)= E(x, t)
=InI(x,t). Then in [GL] we proved the following

Lemma B. There exist r,>0, and for every 6>1 a $=35(6)>0, such that
A(2)(V.E(2))- V.E(z2) < 6D,El(z), (1.12)
for every z=(x,t)e {{eR"*|[({;0) > (4nr) "2} with t < 8|x|?, and every r <r,,.

We remark that in the intrinsic notation of Theorem 2.1 below (1.12) can be
rewritten as

Vo E(2)I7 < OD,E(2), (1.13)

where V), is the gradient and |-, is the norm in the metric g;{t)dx;®dx;. A
comparison of (1.11) and (1.13) unravels the deep connection between the
geometry induced on R" by the matrix A(x, t)in (1.1) and the fundamental solution
of the operator L. Whereas the proof of (1.11) is a simple calculation based on the
explicit knowledge of the fundamental solution K of the heat operator, the proof of
Lemma B is quite delicate and uses the full strength of Theorem 2.1. (1.11) was first
observed by Evans and Gariepy who used it as a key step in the proof of a strong
version of Harnack’s inequality for the heat operator, see Lemma 3.2 in [EG].
Roughly speaking, the latter asserts that if u is nonnegative solution of Hu=0ina
heat ball Q,,(0), then the infimum of u in a smaller ball “concentric” to 2,,(0), say
Q,,,(0), is strictly positive (and independent of r!) provided that the n-dimensional
average of u at the time level = —r is one. The interest of this result is that it
provides a stronger information than the normal Harnack inequality for parabolic
equations and cannot be derived from it. This is so because the parabolic ball
Q,/,(0) contains regions which lie outside any paraboloid with vertex in 0e R"*!
and aperture in the negative time direction. Using Lemma B we proved a similar
result for the operator L in (1.1), see Theorem 1.4 in [GL].

Before proceeding with the plan of the paper we pause to provide some
historical background. If in (1.8) we take u such that Lu=0 we obtain

u(z)= —WI( Y wOAQ) (VeI (z30)- N(OdH, (). (1.14)

The ancestor of (1.14) is the well-known formula

1
= d 1.15
W= o ] M), (115)
valid for any harmonic function u in R, any xeR" and r>0 (w,=volume of
n-dimensional unit ball). (1.15) is the keystone of classical potential theory.
Immediate consequences of it are the maximum principle, Harnack’s inequality,
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the smoothness of harmonic functions (Weyl’s lemma), just to name a few, see e.g.,
[H] and [F]. Since in (1.14)
Vel '(z;0)
(VeI (z; 0), DI (z; O
if A in (1.1) is the identity matrix we obtain
I7:K(z—=0)?
uz)= | u
@=, ), O mre-0 K0

(1.16) was first discovered and used by Pini in [P 1]— [P 3] for the heat operator in
R?. Fulks [Fu] subsequently extended Pini’s result to any number of variables.

Watson [W] starting from Fulks’ formula (1.16) obtained the following
representation

N =~

dH (). (1.16)

_ Ix—¢?
n/2
w(z)=(4nr) j )4(t e d¢, 117
for any solution u of the Hu=0, any z =(x, t)eR"*1 and r> 0. If we observe that
rkG-or= 2= ke,
¢ dt—1)’

we see that (1.17) is just a special case of

AQ) Vel (z; ) - Vel (25 0)
Ir*@z;0)

valid for any solution of (1.1), any ze R"** and r > 0. (1.14) was found by Fabes and

one of us in [FG], and (1.18) was established in the same paper using (1.14) and

Federer’s coarea formula, see [Fe]. Theorem A above extends all previous results

and can be used to study parabolic potential theory.

An unfavorable feature displayed by (1.18) consists in the unboundedness of
the kernel appearing in it. This can be easily seen in the case of the heat operator
Ix=¢&?
4r—r)?
some new representation formulas for smooth functions on R**! containing
kernels which are not only bounded, but also possess a degree of regularity
arbitrarily high. These new formulas are based on the following observations. If
me N and y e R™ we define a parabolic operator on R**™* ! by setting L= L+ 4, if
L is as in (1.1). Then if u is a function on R"*! and for yeR™ we define

a(x, y, t)=u(x,t)

ac, (1.18)

uz) =)™ | ul)
2r(2)

[see (1.17)], where the kernel takes the form (4nr) "> . In Sect. 3 we prove

we have
La(x, y, t)= Lu(x, t).

Moreover, if I and I are respectively the fundamental solutions of L and L, then it
turns out that

Loy, 6E,m,0)=T(x,t; & DK (y—13t—1) (1.19)



Asymptotic Behavior of Fundamental Solutions 215

where K,, is the Gauss-Weierstrass kernel in R™*!, see (1.6). With these
observations in mind we apply the representation results in [GL] to the function 4
and the operator L on R"*™*! above defined. Because of (1.19) and the fact that the
matrix A of L is given by the (n+m) x (n+m) block matrix

. [4 0
=[5 2}

something magic happens and the dependence in the added variable yeR™
disappears in all the integrals involved. We refer to Theorem 3.1 below for details.
We only quote here a special case. For me N we define the modified parabolic ball
centered at z=(x,t)eR"*! and of radius r>0

@)= {=(E )R rt— ) 0> @) T, (120)
see (1.4). Then if ue C*(R"*?) is a solution of Lu=0 in R"*! we have
)= | WOEMGOdL. (1.21)
If on Q(z) we define the function { — R,(z;{) by setting
Rz )=t )In| () 2 (dnte—2) ™13,

then in Sect. 3 we prove that the kernel E™ in (1.21) is given by

E)(z; C)=(41rr)— 2 w,R™z;0) tA(C)(Vejrgf'z,é))C)Vér(z, 0) m'_': 5 i:;(_z’,sl] ’

(1.22)

where w,, denotes the volume of the m-dimensional unit ball. We emphasize that if
we agree to set wy=1, then we obtain from (1.22)

AQ) (VeI (z;0)) - VeI (25 0)

EO(e:0) = ()2 T R

and therefore (1.21) gives (1.18) back if m=0.

In Sect. 4 using (1.10) and similar expansions for the derivatives of I' we prove
that if me N and m> 2, then the kernel E™ in (1.21) is bounded by an appropriate
power of r on the modified parabolic ball Q7(z). This fact is used in Theorem 4.1 to
give an elementary proof of Harnack’s inequality modelled on the classical proof
via mean value formulas for harmonic functions. The result itself is clearly not new
as Moser [M] has proved Harnack’s inequality for parabolic operators with
bounded measurable coefficients. Our point however is to emphasize the
elementary and self-contained character of the proof.

In Sect. 5 we investigate several questions in classical potential theory related
to the averaging operators u > u{™ where

u™(z)= 0 m’(,, uQ)EM™(z;0)dC (1.23)
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for zeR"*!, r>0, meNuU{0}. To be more specific, we need to introduce some

definition. A bounded open set U CR"** is said to be L-regular if for any ¢ € C(OU)

there exists a (unique) HJ € C*(U)nC(U) such that LHY =0 in U and for which
lim H(2)= (20

z—zg
zeU

for every z,€ dU. Given an open set DCR"*! a function w: D—R is said to be
L-superparabolicin D if: (i) — co <w =< + 00, w< + 00 in a dense subset of D; (i) wis
lower semi-continuous (1.s.c.); (iii) for every L-regular subset U C U C D, and every
peC(0U) if wl;y=¢, then w2HY in U. In Proposition 5.1 we show that
L-superparabolic functions are characterized by the super mean value property,
ie, a ls.c. function on R"*! is L-superparabolic iff for every zeR"*! and r
sufficiently small

u(z)Zu™(z) for any fixed meNU{0}.

The rest of Sect. 5 is devoted to proving Proposition 5.2 (see also Corollary 5.1)
which states that for a L-superparabolic function on R"*! the averages u{™(z)
increase as r—0 to the value of the function u at z. Moreover, for any r> 0 small
enough the function z — u{™(z) is itself L-superparabolic in R**!. The proof of
Proposition 5.2 is accomplished in several steps. The crucial one is to prove the
following property of the fundamental solution I' of L. If for {eR"*! we set
w=T(-;{) and denote by w? the surface average of w defined as in (1.14), then for
every o, r sufficiently small and ze R**! we have

W)(2) S wi(2). (1.24)

(W7)o(2) denotes the solid average defined by the right-hand side of (1.18) of the
function z — w{(z). (1.24) implies that a similar inequality holds for the solid
averages of I', i.e.,

(@D ST O)2),

see Lemma 5.2. The latter inequality easily leads to the conclusion of the proof of
Proposition 5.2.

Section 6 contains one of the main results in this paper. It is well-known that a
superharmonic function in R” can be approximated by an increasing sequence of
smooth superharmonic functions. This can be accomplished by the usual device of
mollification. The same device can be applied to supertemperatures in R**1, ie.,
supersolutions of the heat operator. Such an approach does not work, however, for
operators with variable coefficients. In this general context the problem of
approximating a given supersolution with an increasing sequence of (sufficiently)
smooth supersolutions is a rather delicate one. For superharmonic functions in R”
a different approach is based on the use of the averaging operators u — u, where

w)=— [ by, (1.2

1
W 1531
see [H]. It is well-known that the operator u — u, is a smoothing operator which,
moreover, preserves superharmonicity, hence one obtains the desired approxi-
mation property by successive iterations of (1.25). In Sect. 6 we take up this
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approach. The main result, Theorem 6.1, reads: given a L-superparabolic function u
in R"*! and veN there exists a sequence (u);cy with u;e C’R"™*1), u;
L-superparabolic in R**!, u;<u;,, for any jeN, such that u;—u as j—o00. We
mention that this result plays an important role in the proof of the sufficiency of
Wiener’s condition in [GL]. The proof of Theorem 6.1 is based on some mean
value operators which are constructed from (1.20) through a process of superpo-
sition. These operators which are introduced in (3.20)-(3.22) of Sect. 3, are
reminiscent of those in Weyl’s classical proof of smoothness of harmonic functions,
see [F]. Besides their independent interest they turn out to be extremely useful
since to check their smoothing properties is considerably easier than doing the
same for the operators u{™ defined by (1.23).

Although the results of this paper do apply to time-independent solutions of
the Eq. (1.1), thus providing corresponding results for elliptic equations, we have
omitted any reference to such a situation. Concerning Theorem 6.1, however, we
mention that we have recently become aware of a very interesting paper by
Littman [L 2] (dated 1963) which is concerned with the problem of monotonic
approximation of supersolutions of elliptic equations. Although Littman’s result is
not based on exact formulas, it is very similar in spirit to our approach. In fact, in
the case of a divergence form elliptic operator with sufficiently smooth coefficients,
the conclusion of Theorem A in [L 2], although not the construction of the smooth
approximation sequence, is essentially analogous to the conclusion of
Theorem 6.1 in this paper. We wish to thank Prof. A. Devinatz for bringing
references [L 1], [L 2] to our attention and Prof. W. Littman for kindly discussing
with us the results of his mentioned papers.

Finally, we would like to thank the referee, whose constructive criticism has led
us to improve the presentation of the proof of Theorem 2.1 and simplify the proof
of Lemma 5.2.

2. Asymptotic Behavior of the Fundamental Solution for Small Times

This section is devoted to obtain an asymptotic expansion of the fundamental
solution I'{x, t; y, s) of (1.1) together with its derivatives as t—s* and x, y varyin a
compact neighborhood of zero. Such an estimate plays a fundamental role in the
work [GL] on Wiener’s criterion as well as in the subsequent sections of this paper.
Our approach is modelled on Minakshisundaram and Pleijel’s asymptotic
evaluation of the fundamental solution of the heat operator on a compact
manifold, see e.g., [BGM]. In what follows K will denote a (sufficiently small)
connected compact neighborhood of zero in R". For a fixed t =0 we let A(t) denote
the matrix-valued function on R™ A(f) (x) = (a;{(x, t)), where A(x, t) = (a;{(x, t)) is as in
(1.1). Also we set A(t)"!=(a"(-,t)). M, will denote the Riemannian manifold
(K, g(t)), where g;{t)=a"(-,1), g"(t)= aij(-,t). d(x, y,t) will indicate the distance
between two points x,y on M,.

Theorem 2.1. For x, ye K, x + y, we let I'(x, y,t)=I'(x, t; y,0) denote the fundamental
solution of L in (1.1) with pole at (y,0). Then as t—-0% we have the asymptotic

expansion
(s, y, )~ (drt) 2 exp( L )z g, ,0). 1)
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By (2.1) we mean that there exist a suitably small T >0 and a sequence (u));.y, with
u;e C*(K x K x [0, T]) such that

2 k
I(x,y,t)—(4nt)""?exp ( — di:_;ﬁ) Zo tufx,y, )=wi(x,,0), 2.2)
I=

with

2
w,c(x,y,t)=0(t"“”"’2exp(—6lx4ty| )), as t—07%, (2.3)

uniformly for x,ye K. In (2.3) >0 is a number depending on v in (1.2) and n. The
function uy in (2.1) can be chosen such that uy(x, x,0)=1.
An expansion similar to (2.1) holds for the derivatives of T.

Proof. We fix a small enough neighborhood of the origin, K, and a number T>0
sufficient small, so that we can find ¢, > 0 with the property that for every y e K the

geodesic ball .
Bso(y)= {Z € Kld(Z, Vs t) < 80}

is a normal, convex neighborhood of y for every te[0,T]. It is clear that
restricting, if needed, T and ¢,, we can determine a cylinder U, x (0, T), with

O<ese,, U,={(xy)eKxKldxy,0<e}, te[0T],

4t
preliminaries, for every te[0, T] and yeK fixed we denote by (r(t), 0(r(t))) the
intrinsic geodesic polar coordinates on M, with pole at y. We have r(t)(x)
=d(x, y,t). In what follows we let r(x,t)=r(t)(x). We will need to distinguish
between the Euclidean gradient on K and the intrinsic gradient on M,. The former
will be denoted by V,, the latter by V,,. If g(f) =det(g;{(t)), the Laplace-Beltrami
operator on M, is

2
for which the function exp(— d_(x,_y,t_)) is in C®(U,x (0, T)). After these

Ay, = 1/— L, DiVeg"0D),

where D;= ;;— The Euclidean inner product on K will be denoted by -, whereas
the intrinsic inner product on M, by {, »,. The symbol [4| will always stand for the
Euclidean length of the vector ueR", whereas |u|,=(<u,u),)"?. In the geodesic
polar coordinates (r(t), 6(r(t))) the Laplace-Beltrami operator can be written as (see

[BGM])
Ay, =D? +D,(In)/ A(r(t)) D, + 4s,,,,, 24

where D, = %, S, =geodesic surface of radius r(t) and centered at y, |/ A(r(t))

=r(t)""'0(r(1)), and 45, is the Laplace-Beltrami operator on S, Replacing the
expression of [/Z in (2.4) yields

_ n—1  D,0(r(t)
Ay, =D} + [_T + 80) ]Dr+AS,(,,' (2.5)
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2
Now we consider the function G=(4nt) "?exp < - :T)’ which is in
C*(U,x(0,T)), and we set t

k .
7%, ¥, ) =G(x, y, 1) ,Zo tufx, 1), (2.6)
=

where the functions u; are to be determined. We wish to calculate Ly,. To this end
we observe that

L= _z D fa;fx, D) —

l_,—

=Ay, +b(x,t)- V,—D,, 2.7)

where b is the vector field whose components are

bx,t)=— -21 g"(x,1)D;[In}/g(t) (x)]. (2.8)
=
By (2.5) we obtain
2 n 1rD0
Also
P n 1 )
P G—-—lGV () VG——iGV(rZ) (2.11)
=T g Al ) = T B :

Using (2.7), (2.9), (2.10), and (2.11) we have

L7k=AM,Vk+5 Vre— Dy
r n 1rDO\ kK .
= — o —— r Jag .
[(4:2 %28 ) PRy

ko koo 1
+ Z t Ay ui+2 Z t’(-— '—‘) (P (r), Va2

———b V.(r?) z tu;+ Z th- Vu;
r n 2) < j j : =1
yrel _Z~4t D/(r?) ; tuj—jgotD,uj—j;]t u;|. (212

Now we observe that
< VMt(rz)’ VM,“,‘>: = 2rD,uj s
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therefore (2.12) gives

rD,0
20

[
g rD,0

1
Ly, =G ;(——rD,uo
1
+ rDu, — 20 —u+ - D,(r Juy

5 ( )ul u1+AMtuO+B‘ quo—Dtuo)

rD,0 1

1.
-1-t(—rD,u2 20 —— Uyt~ D,(r) _Zb V(r’)u,
—2u2+AMtu1+5- Z‘ul—D,ul)+...
_ rD,0 1 1.
+tk ‘(—rD,uk >0 —— U+ — D,(r )uk—z V(r?)u,

—kuk+AMtuk_1+5‘ quk_l—Dtuk_l)

+ Ay e+ b Vo — D,uk)] )

If we set

_rDO 1

1.
&= —rDu, j+ 5 Dl — 7 bVl

J 20
-—juj+AMtuj_1+b' quj_l—D,uj_l,
for j=0,1,...,k, with u_, =0, and
By =Ap it +b- Vay,— Dy,

then we can rewrite

k+1

Lyk=G Z tj-l¢j.
j=0

At this point we would like to determine the k + 1 functions u,, u, ...,

way that
Ly,=t*G®,,, in U,x(0,T).
By (2.14), (2.17) will be true if we can solve the k+1 equations
rDu=(q—ju;+p;, j=0,1,...k,
where

_ D8 1 2 1 2

1 1
S5 Wot Dt(" Juo— Z Vr 2)“0)

(2.13)

(2.14)

2.15)

(2.16)

u, in such a

2.17)

(2.18)

(2.19)
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and
pOEO’ pj=AMtuj_1+B" quj_l_Dtuj_.l, j=1,...,k. (2.20)

We remark that solving (2.18) amounts to show that #;=0,j=0,1, ..., k. From the
definition (2.19) of g=q(r, 0,?) it is clear that

q(0,6,t)=0 uniformly in 6,¢t. (2.21)
This fact plays a crucial role in the following considerations. We now

Claim. There exist k+1 C*(U,x [0, T]) functions, uy,uy, ..., 4, which solve the
Egs. (2.18). Moreover, u, can be chosen so that

uo(0,6,t)=1, uniformly in 0,t. (2.22)

In the proof of the claim we follow closely the inductive argument given in
[BGM]. We start with u,. For j=0 (2.18) becomes [see (2.20)]

rDug=quy. (2.23)
A solution to (2.23) is provided formally by

uolr, 0, 1) =uo(6, 1) exp (g 4(e; 0,1) %Q—> .

We emphasize that the function g defined by (2.19) belongs to C*(U, x [0, T']) since

by (2.5) and the fact that r2 e C*(U, x [0, T]) it follows that rD,0 eC®(U,x [0, T]).

0
Moreover, because of (2.21) it is integrable near r =0 with respect to the measure

d o .
?Q. Since the choice of the initial value uy(6,t) is up to us, we take

ug(0, ) =uo(0,6,0)=1. (2.24)

In what follows for a fixed t 20, and for 0 <s Zr(t)=d(x, y,t), we denote by x, the
point on the unique geodesic in M, joining x to y and having distance s from y. If
T(M,) denotes the tangent space to M, in y and exp,: T,(M,)—M, is the
exponential map, then for 0<a <1 we have

Xor = xar(t) = expy(a exP; ! (x)) . (225)

With these remarks in mind and taking (2.24) into account we have
r d 1 d
to(x, ¥, 1) =€xp (J" 4050 Y, t)-—") =exp (fq(x,,,, » t)—g)
0 [ 0 Q
1 ) do
=¢Xp (,l;q(expy(g expy (X)), Vs t)z ) (226)
where in the last equality we have used (2.25). Because of (2.21) the map

1 -
(xs Vs L, Q) = Z’q(expy(g expy 1(X)), Y, t)
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isC®in U, x [0, T] x [0, 1]. The claim is thus proved in the case k =0. We can then
start the induction. Now let j=k and consider (2.18). We assume we have
determined k functions ug, u,, ..., u,_; in C°(U, x [0, T']) which solve (2.18). We
look for a solution u; of (2.18) of the form

w(r,0,t)=Cy(r,0,t)r *0~ /2, (2.27)
By the method of variation of constants C, must satisfy the equation

rD,C,=yCy+pr*6'/2,

rD.0
where we have set py=q+ —— >0

pe C*®(U, x [0, T]). Formally, a solution C, is given by

, so that by (2.19) ¥(0, 8, t) =0 uniformly in 6, ¢, and

r d‘[ r
Ck(x’ ya t) = exp (.‘. ‘P(Xv ,V, t) '?) .[ pk(xo'a y» t)gllz(xo" ya t)a‘k

xexp( Tp(xey,) )d" (2.28)

o

Performing obvious changes of variables in the integrals involved in (2.28) and
using (2.25) we can rewrite

1 dr\1
Ck(xa Y, t) = rk €Xp <{_|; w(xrrs Y, t) _—> I pk(xan Y, t)ouz(xan Y t))o-k

° ds\do
X eXp _gw sr’yat)

o

=+ exp( [, rexps "0 25) T rdexpy oexpy (.

x 017%(exp, (0 exp; ! (). . )o* exp( f wlexp,(sexp; ! ()., t)—)i—"

= rkak(xs ys t) .

From the definition of C,, the fact that ye C®°(U, x [0, T7), and (0,6, £)=0, it is
immediate to recognize that

Ck(x9 Vs t) € Cw(Ue X [O’ T]) .
Therefore, from (2.27) we obtain
u(%,y,0)=0""2(x,y,0)C(x, 3, 1),

which shows that u, € C*(U, x [0, T]). This completes the proof of the claim, from
which (2.17) follows.
Now we pick y=Cg(R"xR"), 0=y <1, with y=10n U,;, y=0 outside U, 5),.

We set
Hy(x,y, )= x(X, y)n(x, y, 1), (2.29)
where v, is defined by (2.6). If we extend 7, with zero outside U, x (0, T), we have
H,eC*R"xR"x(0,T)).
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A computation and (2.17) give

LHy =t 4GPy 1y + 7. div(AV0) + 2AAV,%) - Vi - (2.30)
Let 7, :R" x R"—>R" be the map =,(x,y)=x. For 9 e C3(n,(U,;3)) we set
Lip(x,0)= | [T(x, ,0)— Hy(x, y, )] e(y)dy. (2.31)

i
Since I' is the fundamental solution of L we have L(Rj'n Iy, -)(p(y)dy>=0.
Therefore, (2.30) yields
L) (x,t)= —L(H,p)(x,1) = — an LH,(x, y, )o(y)dy
= =" [ 16 ))G0x y, 0P 4(x, ¥, 00 ()dy
= J 1y, 0 div(AP) (x, 3, e(y)dy
-2 an LAV - Verd (x, v, De(y)dy

= Je 106 )+ i 206 O+ fi 506 ) = filx, 1) (2.32)

Using the fact that there exist two positive constants a, 8 such that for every
(.)€ U z3), x [0, T]
afx—y? Ld*(x, y, ) < Blx—yI*, (2.33)

itis not difficult to see that the following holds: there exist C >0 and y > 0 such that

|filx, )] £Cexp(ylx|>),  for every (x,1)eR"x (0, T);
ILo(x, )] < Cexp(ylx|?), for every (x,1)eR" x (0, T);
lirgl Lo(x,t)=0, for every xeR”.

>0+

This implies, by uniqueness of the solution of Cauchy problem (see [Fr]) for T
small enough

Tiplo, 0=~ | Tx,t5&, 046, Dt

y o
iMe g
(=10

-

I(x,t; &7 (& Ddéde =1, + 11, +111,. (2.34)
i R"

Now

/N

5) J I'(x,t;&,7G(E, y, )T* (&, )P+ 1S, y, t)dédr)
= Ii[" (P(,V)Ak, l(x’ y’ t)dy El (235)

L= RI o(y)dy

the exchange of order of integration in I, being possible in virtue of Fubini’s
theorem and the fact that there exists a 6 >0 such that

A6, 0=] [ 0668 06E R IPHE DD, 16y, M

_vl?
— et 1om2 exp< _oX 4ty ! ) w6, 1, 1), (2.36)
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where wy(x, y,t)=0(1) uniformly for (x, y,t)e U, 5 x [0, T]. To see this recall that
suppy CU ;.3 and that &, ., e C*(U, x [0, T]), therefore

|41 ( 3,0l sup @ial T T (o, 158, 7)G(E, y, 1)T*dEdt

U(2/3):%10,T]

(by [Fr, Th. 11, p. 24] and (2.33))

p _\-n/2 _5|X—f|2)
gC(j)Rjn(t ) exp( prr—

w2 ¢ —y?
(n/2 —k) —
X1 exp( a dédr

6|x — y|2
Crtk+ 1~-n/2 .
= €Xp ( — "

In the last equality we have used Lemma 3 on p. 15 of [Fr]. By similar arguments it
can be recognized that I, and I1I, can be written, respectively, as

I, = n‘n WAy 5(x,y,t)dy and 111, = 1i‘n o(y)4y 3(x, y, t)dy,

3
with 4, ;, i=1,2, satisfying estimates similar to (2.36). Setting A4, = ¥ 4, ; from
i=1

our work above and the fact that ¢ is an arbitrary function in C§'(n,(U 4,3).)), we
conclude that

r(X,y, t)=Hk(x> y:t)+Ak(x’ya t)’ (xay’ t)eU(2/3)sX(Oa T)a (237)

with A, satisfying the estimate

12
A%, y,t)=o<tk+1-"/2exp( _ 9k 4ty | )) (2.38)

for (x, y,t)e U,;3 X (0, T) and a certain 6 >0. Recalling now that H, =y, and that
x=1on U,; we conclude from (2.37) that

k
F(X,yat)=G(Xay, t) Z tjuj(x»ya t)+Ak(xsy’t)
j=0

for (x,y,t)e U3 x (0, T), with 4, having the asymptotic behavior given by (2.38).
This completes the proof of (2.1). Analogous arguments prove that the derivatives
of I' have similar asymptotic expansions.

3. A Class of Well-behaved Mean Value Formulas

In this section we generalize some mean value formulas relative to the operator L
in(1.1)first found in [FG] and [GL]. The advantage of these formulas with respect
to those found in [FG] and [GL] consists in the fact that the kernel appearing in
them is not only bounded, but possesses a degree of regularity which can be made
arbitrarily large. Our starting point is the observation that if ue C*(R"* ') and we
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define a new function in R” x R™ x R by setting for (x,f)eR**?
a(x, y,t)=u(x,t), yeR™,
then with L as in (1.1) we have
(L+4,)d(x, y, t)= Lu(x, ). (3.1

Therefore, we can apply to the function 4 the representation formulas established
in [FG] or [GL]. Before stating the results we need to introduce some notation. If
I’ is the fundamental solution of L, z=(x,t), {=(&,7), and r>0 we set (cf. [GL])

AQ) (eI'(z;0) - Vel (250)

Bls)= TGOS, B )= PEED. (D)

Next we define for a fixed meN
B(z; ) =(4n(t —1) " "?I'(2;0), (3.3)
R2(z;{)=4(t—1)In [(4nr)n+Tm<1>(z; C)] . 3.9

Finally, we recall the definition (1.20) of the modified parabolic ball centered at z
and of radius r. Using (3.3) we rewrite (1.20) as

Q:”(Z)={CGR"+‘l¢(z;<f)>(4nr)_%ﬂ}- (3.5)

Theorem 3.1. Let ue C2(R"* ') and let zeR"*'. Then for every r>0 we have
_ntm m m  R2(z;0)
w,(4nr) 2 Q'r'{z u(ORY(z;0) [E(Z O+ m+2 Ht—1)7 d¢

o nEm (1) RP3(z;0)
_u(Z)+m+2wm(4n) 2 gl Qg(z)L wl)———— -0 dtdl. (3.6)

In (3.6) w,, denotes the measure of the unit ball in R™.

Proof. Our starting point is formula (1.37) of Theorem 1.6 in [GL] which we now
recall.
iur(2)= (422 [ Lu(@)In[(4mr)"*[(z;())dC 3.7
dr 2 2)(2)

where Q,(z) is the parabolic ball defined in (1.4) and we have set [see (3.2)]
ur(2)=9§( )u(OE,(Z;C)dC - (3.8)

By integration [keeping in mind that lirgl)( u(z)= u(z)} we obtain from (3.7)

u(z)=u(z)+ 3(41:)" "2 (jr) |2+ D) Qj(z) Lu(Q)In[(4xly"*I'(z;{))dCdl.  (3.9)

We now fix meN and for ye R™ we denote by
L=L+4, (3.10)
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the parabolic operator acting on the (x, y, t)-variables in R"*™* L If Fx,p,t;:¢,n,7)
is the fundamental solution of L in (3.10) one easily verifies that

Py, 58 1,7)=T(x t; &, DK (y—n; t—1), (311)
n-m/2 _ ly _’7]2
(4n(t—1)) exp( 2i—0) t>1
0, t<t.
Let now # denote the point (x,y,£) in R**™*1 If () =u(z), then by (3.1) Li(2)

= Lu(z). Therefore, if we apply the (n+m + 1)-dimensional version of (3.9) to # and
L, we obtain

=+ a5 ()

where

K(y—mt—1)= (3.12)

n+m

x 0 Lu(()ln[mnl) 21 C)]dfdl (3.13)

where the notation in (3.13) means that the inner integral is performed over the set
in R" +m+1

{ZeR"+m+1|f(f;£)>(4nl)""+Tm}.

Because of (3.11), keeping in mind (3.3), (3.4), we have

[ Lu@)In| @b T F(&:0)dC

e >@nn”

= Lu(C)( ] In [(47tl)Tf “; O]dn) dt

Q7(2) Iy —al <Rz
—_ L 2 2
ol u(o(ly S G RGOy ]dn)dc

®,,
T 2m+2)(t—1) o

From (3.8) and (3.2) we have

{ Lu(C)R"'+ *(z; 0. (3.14)

@)=@m) 2 | vm w)E(; Odl. (3.15)

FeEd>@nny

Using again (3.11) we obtain

£, D)=E@z; )+ ift__'il);. (3.16)

Replacing (3.16) in (3.15) and proceeding along the same lines as above, we end up

with
m  R2(z;{)
m+2 4(t—1)?

n+m

@D =w,dar) 2 S u(C)R'”(Z 9] [E(Z O+ —

Inserting (3.14), (3.17) into (3.13) finally gives (3.6).

]dc. (3.17)
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Remark 3.1. We emphasize that if m=0 in Theorem 3.1, then (3.6) reduces to (1.31)
of Theorem 1.5 in [GL] if we agree to let w,=1.

Remark 3.2. The idea of climbing up in the dimension by adding variables is not
new. Kupcov had already employed it in [Ku] to obtain a mean-value formula
with a well-behaved kernel for solutions of Hu=Au—Du=0.

From now on, to avoid clumsy notation we set for meN and z,{eR"*!

m  R¥z c)]
m+2 4t—172 |

If we denote by u™(z) the average (i1),(2) appearing in (3.17) [observe that (3.17)
says that (4),(2) is in fact a function of z alone], then (3.17) can be rewritten as

u™(z)= . jm uQE™(z; 0)dC . (3.19)

n+m

EM(z;0)=@mr) 7 0.Rz; O[E(z O+ —s

(3.18)

Again, one should note that if m=0 (3.19) reduces to (3.8).

We close this section by establishing an average formula for solutions of Lu=0
which will turn out to be very useful when we will study the smoothing of
superparabolic functions in Sect. 6. Such a formula is easily obtained by
superposition from (3.19), by suitably adapting the idea in the proof of H. Weyl’s
lemma on harmonic functions (c.f,, e.g., [F], p. 92). In what follows we choose and

+ o0

fix a function e CP(R*) such that ¢ 20, suppeC(1,2) and | ¢(r)dr=1. For
0

meN and zeR"*! we define

I @)= | z)<p( )‘” (320

r

where ue LE (R"*') and u{™ is as in (3.19). Substituting for u™ its expression given
by (3.19) and exchanging the order of integration, we obtain from (3.20)

JMw) ()= | uQ)M™(z;()dC, (3.21)
Rn+ 1
where we have set for z=(x,¢), {=(&,7)
o= T Ereoe(D)d 622
[4n(z; [nim] ! r

if £>1, whereas M™(z;{)=0 for t<z. Since ¢ is compactly supported in R,
M{™(z;-) is supported in a parabolic ball Q7(z) centered at z [see (3.5)]. We will
show in Sect. 6 that as a function of z the kernel M™ can be made arbitrarily
regular by choosing m large enough.

4. An Elementary Proof of Harnack’s Inequality

An immediate consequence of Theorem 3.1 is that if u is a (smooth) solution of
Lu=0in R**!, then for every ze R"*! and every r>0 we have [see (3.19)]

u(z)=u"(2) =, "!m wQE™(z; ()dl, @1
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where meN is arbitrarily fixed. The advantage of formula (4.1) with respect to
(1.18) is that the kernel E/™(z; -) is bounded from above on the parabolic ball 2™(z)
by an appropriate power of r, provided that m is large enough. When m=0,
E®(z;0)=E(z;{) [see (3.2)] and (4.1) reduces to (1.18). As observed in Sect. 1
E(z;-) is not bounded on Q,(z).

In this section to illustrate the good feature of formula (4.1), we present an
elementary proof of Harnack’s inequality for parabolic equations which does not
use the parabolic BMO machinery developed by Moser in his classical paper [M].
Our approach is direct and imitates the proof of Harnack’s inequality for
harmonic functions. In what follows we will use the intrinsic notation introduced
in Sect. 2. In virtue of Theorem 2.1 for any 8> 1 we can find r, =ry(6, L) >0, L as in
(1.1), such that for any r<r,, ze R"*! and { € Q"(z), meN, we have

67'G(z; )= I(z;0)<06G(z;0). 42)

where G(z; {) is the generalized Gaussian introduced in Theorem 2.1. Using (4.2) it
is easy to check that: for every ¢>0 and a fixed meN there exists 6 = (L, m, &)>0

’
such that given zo=(xq,to)eR" ", r< 7", and z=(x,t)e QNz,), if to—t=er then

5r(2) C3,(zo) .- (4.3)
We will use (4.3) in the proof of Theorem 4.1 below.
Theorem 4.1 (Harnack’s inequality). Let D Car“ be an open set and let u=0 be a
solution of Lu=0 in D. Given zy€ D let r < ZO be such that Q4(z,)CD. If ¢>0 let

z€ Q™(z,) be such that to,—t = er. Then there exists a constant C=C(L,m, ) >0 such
that

u(z) £ Cu(z,) . 4.4
Remark 4.1. In the statement above and throughout the discussion below, m is a
fixed integer with m>2.

Proof of Theorem 4.1. By Theorem 3.1 we have
u(zo)= !j | uQES(z0; 0dC,

"z

E$Y being defined by (3.18). By the positivity of u and the observation (4.3) we
obtain the following inequalities

uz)2 | wlEzo; 0l
Q5X(z)
_ ES2(2030) oy .
= o MO i gy EoE AL (4.5)

Q5%(z)

In order to get (4.4) all we have to show is the existence of two numbers
C,=C{(L,m,e)>0,i=1,2, such that

inf EM™(zo:0)=Cr~"2*0, 4.6
LU S(20:0)2Cyr (4.6)
sup E§(z;()SCor™ ™20, 4.7

(eQ3:(2)
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Recalling (3.18) we have for { e Q5(z)

~I5ERY 2zo30)

e 4.8)

Eg:)(zo; C) g Cm
for a certain C,,>0. Now using the definition of R;,(z,; {) [see (3.4)] and the fact
that

n+m n+m

(127r) 7 @(z0;0)2(3) 2 on Q3,(z),

we obtain for { € QF(2)

n+m
E§z0: )2 Crr 2 (to—™> 7. (4.9)
Finally, recalling that for { € Q7.(z) we have (t,—1)=(t,—t)=¢er, we obtain (4.6)

from (4.9).
Now we look at (4.7). We claim that as a consequence of the results in
Theorem 2.1 the following estimate for the kernel E, holds

2

uniformly for z=(x,t)e R"* !, C =(&,1)e Q(z), and r <r,, where C > (0 depends only
on L. We outline the proof of (4.10). For complete details one should see the proof
of Lemma 2.1 in [GL]. Let us fix a keN sufficiently large, for instance

M¥M L 10% Then from Theorem2.1, if z=(x,f)eR™! is fixed and

k>

{=(1)eQ™, r<ro, We can write
I'(z; ) =y(z; )+ wi(z;0), (4.11)
D, I(z;Q)=Dyy(z; Q)+ we [z;0),  j=1,...n, (4.12)

where y, is defined as in (2.6) and wy(z; ), w, {z;-),j=1, ...,n,are (n+ 1) functions in
Qy'(z) such that w(z;-)=0(r), w, {z;-)=0(r),j=1,...,n,as r—0. Now let us observe
that in the notation of Sect. 2 (4.10) becomes

Var (23 O §C<d2<x, &) +1>_ (4.13)

*(z;0) (t—1
By (4.12) we have
Pag T = 1Vag 24l +2< Vo V1o AQ@WD. + AW (4.14)

where we have set W, =(w; 1, W, 5, ..., W, »)- Replacing in (4.14) the expression for y,,
using the fact that the function u, in the expansion (2.1) is 1 uniformly in x, & at the
initial time ¢t =1, and (4.2), we finally obtain (4.13), hence (4.10). For more details
one can look at the proof of Lemma 2.1 in [GL] or at Sect. 6 below. Next we
observe that because of (2.33) by (3.2) and (4.10) we get

Ef(z;()SCr="? (l(f ¢)|22 + 1) (4.15)
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forevery zeR"*!, { e Q™(z), and r <r,. Also (3.3), (3.4), and (4.2) yield for a suitable
Cc>0

RY(z;0))<C(t—1)In <tC__rT>’ 4.16)

uniformly in ze R**!, { € Q™(z), and r <r,. We now take dr instead of r. Replacing
then (4.15), (4.16) in (3.18) we finally obtain

_nim Cr\ ™ 1 Cr
(m)(,. 1) < 2 (f—p\m/2 =
EP(z; ) <Cr t—1) [ln(t—r)] [1 + P m(t—‘c)]

The right-hand side of the last inequality is bounded by Cr~®2* 1, This proves
(4.7), and therefore the theorem.

5. Averaging of Superparabolic Functions

In this section we study the averaging operators u — u™ introduced in Sect. 3 [see
(3.19)] and their connection with L-superparabolic functions. In [FG] it was
proved that if ue C*(R"*?) is a solution of Lu=0in R**!, then for every ze R"*!
u(z)=wu,(z), for every r > 0. In virtue of Theorem 3.1 a similar identity holds for the
averages u{™. Vice-versa, by the maximum principle it can be easily seen that if
ue C(R"*Y) and u(z) =u{™(z) for every zeR"*! and every r>0, then ue C*(R"*!)
and Lu=0. In what follows we will use the notion of L-superparabolic function
given in Sect. 1.

Proposition 5.1. Let u:R"*'>R be a ls.c. function, and let meNU{0}. The
Jollowing statements are equivalent :

() u is L-superparabolic in R"*1;

(ii) there exists ro=ro(L)>0 such that for every ze R"*! and r<r,

u(z)Zu™(z). (5.1)
To prove Proposition 5.1 we will need the following.

Lemma 5.1. There exists ro=rq(L)>0 such that if zeR"*1, r<r,, and Q.(z) is the
L-parabolic ball (1.4), then every point of ¥ (z)\{z} is L-regular.

Proof. Because of the assumption (1.3) on L and the asymptotic estimates (4.11) and
(4.12) we can find ro=ry(L)>0 small enough such that for zeR"*!, r<r, and
(e P (z)\{z} we have

[Vel(z;0)#0 or D.I(z;0)<0.
This is enough to reach the conclusion.

Proof of Proposition 5.1. That (ii) implies (i) is a consequence of the fact that a
function for which (5.1) holds satisfies the strong minimum principle. To show that
(i) implies (ii), we first argue in the case m=0. In what follows r, is fixed as in
Lemma 5.1. For r<r,, let ¢ € C(¥(2)) with ¢ <u on ¥,(z). We

Claim.

uz)z | o(0)Qz;dH,((),
¥ (z)
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where Q,(z;() is the kernel in (1.14). Suppose the claim is true. Taking the
supremum over all continuous ¢’s on ¥,(z) such that ¢ <u on ¥,(z) we obtain

u(z)2 WI( , u()Q,(z; OdH,(0) . (5.2)

Proceeding now as in the proof of Theorem 2 in [FG] we obtain from (5.2) u(z)
<u,(z) for any r<r,, which proves that (i) implies (ii) in the case m=0. Let now
meN. We use the notation of Sect. 3. By thinking of u as a functionin R"*™*1 ie.,
setting 4i(x, y, t)=u(x, t), then & is L-superparabolic with L as in (3.10). Therefore,
from the discussion of the case m=0 we have

a(2) 2 (2),(2), (5.3)

forevery 2e R"*™*! and every r <r,. We remark that r, does not depend onm, and
therefore it can be taken to be the same as in Lemma 5.1. (5.3) is another way to
write (5.1), if one observes that (1),(2) = u®™(z), see the proof of Theorem 3.1.

We are thus left with the proof of the claim. To this end we place a tiny (n+ 1)-
dimensional right circular cone on the top of ¥,(z) so to cut out the irregular point
z=(x,t). The axis of the cone is along the t-axis and the vertex at the point
N,.=(x,t+¢), e>0. More precisely, let

B(z)={{eR"|[E—x|*+(r—1)*<e’}

be the closed (n+ 1)-ball of radius e centered at z. Let X, ;=B (z)n ¥ (z) and 0, (2)
=0B,(z)n¥ (z). From N, we project a cone onto 0Z, ,(z). We denote this cone by
C, [(2) and define

P, (2)=[P(2\Z, (2)]VC, (2).

Now for ¢ chosen as in the claim we let $eC(¥, (2)) be such that g=¢ on
Y.(2)\2, (z). As ET’,, (z) is the boundary of an L-regular bounded open set in R"* !,
we let H,, denote the solution of the Dirichlet problem for it with boundary datum
®. Since u is L-superparabolic and LH; =0, using (1.8) we obtain

u(z)2 Hy(2)= .,.5( . Ho(0)Q(z;0)dH,(0)

= [ HyQlz;0dH, O+ [ @0Qz;:0dH Q).  (5.4)
Zr, e(2) ¥r(2\Zr, e(2)

As e—~0" the first integral in the right-hand side of (5.4) goes to zero, whereas the

second integral tends to the right-hand side of (5.2). This proves the claim, and

therefore Proposition 5.1.

Proposition 5.2. Let u be a L-superparabolic function on R"*'. Then if r, is as in
Lemma 5.1 we have
(i) u(2)Su,z), for every zeR"** and every r<@=r,;
(i) u(z) #u(z) as r»0*, for every zeR"*!;
(iii) u, is L-superparabolic on R**! for every r<r,,.

Proof. We begin by remarking that we can assume that u is the L-potential of a
compactly supported nonnegative measure u on R"*!, ie, u=1I, where

@)= ] T(0du0),
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and I' is the fundamental solution of L in (1.1). In fact, if u is L-superparabolic on
R"*! thenue L}, (R"*!)and Lu < 0in the sense of 2'(R"* !). Therefore, there exists
a nonnegative measure v on R"*! such that Lu= —v. Now, if D is an arbitrary
bounded open setin R** ' and if we set 1 = v|p, then L(u— I,)=0in D, and therefore
u=1I,+hin D, where Lh=01n D. From this representation of u, and the fact that h
coincides with its parabolic average at every point z € D, we conclude that it is
sufficient to prove (i), (ii), and (iii) above in the case in which u=1,.

We begin with (i). Let z=(x,t)eR**! and consider the parabolic spheres
centered at z ¥,(z), ¥,(z). We want to prove that for r<o<r,

WI( , u({)Qy(z; O)dH (§) < WI( ., u(0)Q.(z; O)dH, (), (5.5)
where Q, has the same meaning as in (5.2). In the sequel we will denote by u?(z) and
ug(z) the surface averages appearing respectively in the left-hand side and in the
right-hand side of (5.5). Since by a result of H. Bauer every L-superparabolic
function is the pointwise limit of a monotone sequence of continuous
L-superparabolic functions (see [Ba, Satz 2.5.8]), we may assume without loss of
generality that u is continuous. Now for £> 0 fixed we perform the same cutting
and pasting as in the proof of Proposition 5.1. Letting U denote the L-parabolic
extension of u to the set 3, (), for which ¥, (z)=04, ,(2), we finally obtain

u;(2) zwf( . U(0)@,(z; 0)dH ()= U(z)
=WI( , U@z OdH, ()= | ) U(0)Q,(z; D)dH ()

e, e(2

+ [ uQ)Qlz;)dH (). (5.6)

W¥o(2)\Zg, &(2)

Letting e—»0" we obtain (5.5) from (5.6). To complete the proof of (i) we will
show that uj <u; implies u, <u,. From the results in [FG] we obtain for every r>0

n r
ulz)= *24_"’2 [2- 1( ) u(C)Qz(Z;C)dHn(C)) dl
0 ¥iz)
= Dy g =iy, (5.7)
2 0
Differentiating (5.7) with respect to r we have
d n -1r,,0
D)= 5r @) - u (). (58)
On the other hand, since by (5.5) r — uZ(z) is decreasing, we have

= 2P [ PR )l 2 us(z) [ P12 ]
2" !

n
2

=ul(2). (5.9
Using (5.9) in (5.8) we conclude that

d
- <
7 9=0.



Asymptotic Behavior of Fundamental Solutions 233

This proves (i). The proof of (i) is a standard consequence of the lower
semicontinuity of u, and we omit it. The proof of (iii) is more delicate. We first
establish the following.

Lemma 5.2. With r as in Lemma 5.1 for every g,r <r, and every {,ze R"** we have
(T¢I =T D)) (5.10)

In particular, (5.10) implies that for every {eR"*! the function z +— (I(+;{)(z) is
L-superparabolic for every r<r,,.

Proof. For {eR"*? fixed we set w=T(-;{). By wZ we will denote the parabolic
surface average of w. The proof of (5.10) is based on the following.

Claim. For everyr <r, and every ze R"* * such that I'(z; ) + (4nr) "2 we have
wl(z)=min{I'(z;{),(dnr)""?}.

Let us take the claim for granted and use it to prove the lemma. First, we
observe that the function

v,=min{I'(-;{),(dnr)""?},

being the minimum of two L-superparabolic functions, is L-superparabolic in
R"*!, Then by Proposition 5.1

(v),=Sv, (5.11)
for every ¢ <r,. On the other hand the claim gives
wi(z)=v,(z) if TI(z;8)+@dnr)~"2. (5.12)

Now using (5.7) for w, we have from (3.8) for every zoeR"*?, o, r<r,

(W.)g(z0) = ; WEE, (2o;O)dz= | [; /2 jl"/Z 1 ()dl} E(zo; 2)dz

0¢(z0)

—[by (5.12)] | [gr'"ﬂ(})l"/z—lv,(z)dl] E,(20; 2)dz

¢(z0)

_ —nnfz"ﬂ-l[ [ P zoi )z

2(z0)

NIS MI:

rm? I "2~ () (zo)dl
<[by (5.11)] gr""ﬂ 172 o (zo)l

= [by (5.12)] ;r—"ﬂ (},1"/2 1ozl =w,(z,).

We are thus left with the proof of the claim. We use (1.31) in Theorem 1.5 of [GL].
Applied to w the latter says that for every r<r,

wi(zo)=w(zo)+ | Lw(z) [[(zg;2)—(4nr)~"?]dz, (5.13)

02,(z0)
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provided that {¢Q,(z,). But (¢ Q,(z,) implies Lw(z)=L(I'(-;{))(z)=0 for every
zeQ/(z,). On the other hand {¢Q,(zo) (iff I'(zy; () <(@nr)™™? and {Fz,. (5.13)
then gives for I'(zy; {)<(dnr)~"? and {#z,

wy(zo) =w(z0) =T(z9; ) =1,(2).

But z,={ trivially implies w?(zo) =0=1,(z,), since in this case w=0 on ¥ (z,). To
complete the proof of the claim we need only to consider the case in which z, is
such that I'(z;{)>(4nr)”"2. Recalling that Lw(z) = — §,(z), whereas z > I'(z; {) is
C® in a neighborhood of z, that does not include {, again from (1.31) of
Theorem 1.5 in [GL] we obtain

wy(zo) = w(zo) + R"I+ . LW(Z)XQr(zo)(Z) [I(zg;z)—(4nr)~ n/2]dz

=w(z0) — {02}, Xauza?) [T (205 2) — (4mr) 21>
=W(2o) = Lozl O (203 ) + (4mr) "% = (4nr) =2

In the last equality we have used the fact that, since I'(zy; {) > (47r) ~™? iff { € Q,(z,),
Xouzo({)=1. The proof of the claim is thus completed and, with it, the proof of
Lemma 5.2.

We then return to the
Proof of Proposition 5.2 (continued). We are left with proving (iii) in the case in
which u= I, where  is a nonnegative compactly supported measure on R"*'. We
observe first that if y, (., is the characteristic function of the parabolic ball 2,(z,),

we can write
uzo)= I u(Z)Er(ZO7Z)dZ— 1 Xoco(DU(2)E 205 2)dz

2,(20)

=L 1@ r(z,odu(o] E,(z03 2)dz
= b [ Kol T OB (o3 2z 440

R+l

=4 (I(5 lzo)dp(?) -

The exchange of order of integration above is justified by Tonelli’s theorem. The
above identity and a similar exchange of order of integration give

(ur)q(z O) = ll"j" . x.Qa(zo)(z)ur(z )EQ(Z 05 Z)dZ
= I Yaeo@) ], [0 OM@ARONE (z0; 2)dz
= [ [ (TG OMDESz032) dz] du(()

Rn+1

= | (@ (-,C))r)a(zo)du(i)

Rnt+1

< 1, TG OMedu(0) =u(zo). (5.17)
In the last inequality above we have used (5.10). (5.17) shows that (i) of
Proposition 5.1 holds for u, (with m=0), and therefore u, is L-superparabolic. This
completes the proof of Proposition 5.2.

Corollary 5.1. Let u be L-superparabolic on R"**. Then the conclusions (i)—(iii) of
Proposition 5.2 hold unchanged if we replace u, by u™ for any me NU{0}.
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Proof. It follows by the same arguments of the proof of Proposition 5.2 once we
observe that u™)(z) coincides with #,() and that # is L-superparabolic in R"*™*1;
see Sect. 3.

Before stating the next corollary of Proposition 5.2, we recall the Weyl type
formulas (3.20), (3.21).

Corollary 5.2. Let u be L-superparabolic on R**'. Then for every me Nu{0} we
have:

() JTuLJ™u for every r<g< "2_0,

(i) J™u u as r—0*.

. . r
(iti) J™u is L-superparabolic on R"** for every r< —29.

Proof. By the definition (3.20) of the operators J{® we obtain for every zeR"*!
+ o0 INdl += dl
Je W) (2)= I uf™(z)¢ (—) 0 I ugz)p ( )
<[ e ()2 =sr .

In the inequality above we have used the fact that = >1and Corollary 5.1. This
proves (i). Since for every zeR"*!

e—a0e)= | o—uiriao (L2,
from Proposition 5.1 and Corollary 5.1 we have
0<u(z)—J"™(w) (Z)< sup, [u(Z) u™(z)]

=u(z)—u§(z)-»0 as r—>0+.

Hence (ii) holds. We finally look at (ii). It is immediate to check that J™(u)is Ls.c.
To prove that it is L-superparabolic we show that J™(u) is super mean valued. In
fact, for every ze R"*! and r< %9 we have

(M (u))(2)= 0 I( , T (DE (z; ()dl

= 1 Eiz0| T o)) 4 ]a
dl
I [ o], OB 0L ( ) -
[by (iii) of Corollary 5.1 and Proposition 5.1]

<[ i (D)2 ~sr ).

This completes the proof of the corollary.
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6. Smoothing of L -Superparabolic Functions

In several questions in potential theory a crucial problem is that of regularizing
superharmonic functions. For harmonic functions this can be achieved by means
of the usual mollification process. The same procedure can be followed for
supertemperatures as the heat operator has constant coefficients. However, for an
operator like L in (1.1) usual mollification does not allow to approximate
L-superparabolic functions by smooth functions which are still L-superparabolic.
In this section we show that this approximation problem can be solved by means of
the Weyl type averaging operators introduced in (3.20). We emphasize that the
operators u — u™ defined by (3.19) could also be used, although it would be much
more complicated to prove their regularizing properties.

Theorem 6.1. Let u be a L-superparabolic function in R"*! and let ve N be fixed.
Then there exists a sequence of functions (u;);cn such that

(i) u;e C’(R**"), jeN,

(1)) u; is L-superparabolic in R"*1, jeN,

(i) u;Su;iq, jeN,

(iv) ufz)-u(z) as j—+ oo for every zeR"**

(v) if for agivencompact KCR"*! Lu=0inR""'\K, then for every 5> 0 there
exists jo€N such that Lu;=0 in R"*'\K; for every j2j,, where

K;={zeR""!|dist(z, K) =6} .
Proof. Let (r));cn be a sequence of positive numbers such that r;—0as j— oo andr; . ,

s %0 for every jeN (r, is as in Corollary 5.2). For every je N we set

uj=J™w), (6.1)

where m is a positive integer to be fixed later on and J™ is defined as in (3.21). By
Corollary 5.2 it immediately follows that the sequence (u;);y verifies (ii), (iii), and
(iv) above. We now prove (v). By Theorem 2.1 we can find two positive numbers
C, 7, depending only on L, m, and n, such that

QM) C{(¢1)eR"™ | |x—¢P < Cr, 0<t—1<Cr} 6.2)
for every z=(x,t)eR"*! and 0<r<f. It is therefore clear that given >0 there
exists j, €N such that QM) CR™ K

for every I<2r;, j2j,o, and ze R"* ! such that dist(z, K) > é. For such z’s and I's we
then have (see Theorem 3.1)
u™(z)=u(z).

By (3.20), recalling that supp¢ C(1, 2), we obtain
ufz)=u(z)

for every j=j, and ze R"*! with dist(z, K)> 4. From this (v) immediately follows.
We are left with proving (i). We will show that:

There exists meN such that J™(u)e C'(R"**) for every r, 0<r< %. (6.3)
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For ease of notation we set
_rtmq /]
qor(D = (Dm(47'l.'l) 2 ; @ (;’) >

where ¢ is the function appearing in (3.20). Then by (3.18) and (3.22), the kernel
M™(z;{) in (3.21) takes the form

o= T rpl e RO o (64
r 2] ! m+24t—1)%|""
4n@ntm

In (6.4) and in what follows we simply write M, R,, and E, instead of M{")(z; (),
R(z;0), E(z;{). Moreover, if z=(x, t) and { =(¢&, 1), the reader should keep in mind
that M™ is given by (6.4) if t >t, whereas M™ =0 if t < 7. Let us now take m=2h,
for he N. From (6.4) and (3.4) we obtain for t>1

M= [ (@a—o)[n(@n e
x |:E+ o Lln((4nl)"/2+h<p)] ()i
h+1t—1 P
=Y out—D @ E [ (n@m)fe0dl
=0 4n(b"—+227' -1
+3 Gt~ (nap T’] (n@mdfo,0dl,  (65)
-0 ang 7]

where ¢, , and ¢, , are suitable constants. For k=0,1,...,h+1, we set

+ oo
{(lnS)'”" [ (n(@nDfedl, s>0,
_ [ansm ! (6.6)
Puls)= 0, s<0.
Since supp @, C(r,2r), w,e C*(R) and suppy, C((8nr) "2~* + o). If we replace
(6.6) in (6.5), letting ¢, ., =0, we obtain

h+1
MEP=a—=0"" T pi@)[epult—DE+c},(Ind)], 67)

which we think valid over all of R"* ! x R"* ! if we agree to set ,(s) Ins =0 for s 0.
Using (6.7) we are going to prove the following:

Claim. For any fixedre (0, %’), for any ve N and any multi-index a=(aty, ..., o, 4 1),

%, eNU{0} and o +...+a,,;Sv, there exist h=h(v)eN and a constant
C=C(r,a, h)>0 such that
IDFMPP(z; () <C (6.8)

for every z,{ eR"* !, with z4{. In (6.8)
Di=DHD% ... DEDI* 1,
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It is clear that from the claim, and (3.21), (6.3) follows, and therefore (i). To see
this we differentiate under the integral sign in (3.21), use (6.8), observe that
ue L}, (R"* ") since u is L-superparabolic, and finally recall that for every zeR"*!
fixed, the support of M{™(z;-) is contained in the parabolic ball Q!™(z) and the
latter by (6.2) is contained in the cylinder

{(éar)eRn+ll Ix_§|2écr0’0<t"7§cr0} 4

We are therefore left with proving the claim. For every {eR"*! fixed the
support of the function M@"(-,{) is contained in

A,O(O= {Z eR™ lldj(Z; C)>(4ﬂr0)‘(n/2 +h)}

[we remark that 4, ({) is a modified parabolic ball relatively to the operator L¥,
adjoint of L]. Hence, it will be enough to prove (6.8) for every (eR"*! and
ze A, ({). From Theorem 2.1 [see also (4.11) and (4.12)] we deduce the following
estimate. For every multi-index a=(ay,...,%,4,) and for every seN there exist
g=q(a,s)eN and a constant C=C(rq,a,s)>0 such that

I(t— ) DEd(z; )| < C(t—7) " "[Glz; ) +(t— 1), (6.9)

for every (eR"*! and ze4,(0). In (6.9) G(z;() is the generalized Gaussian
introduced in Sect. 2. If s = 1, then on 4, ({) G(z; {) 2 C(t — 7)%, by suitably modifying
the constant C in (6.9). On the other hand, as for (4.2) we have G(z;{) < CI'(z; ) for
every (e R"*! and ze 4, (). From these considerations and (6.9) we obtain

It —7)*D;9(z; )| = CD(z;0) (6.10)

for every (e R"* ' and z € 4, ({). Observing now that the function (t — )" **d(z; {)
is bounded on R"*!xR"*! we obtain from (6.10): for every multi-index
a=(ay, ...,0, 1) there exist g=q(x) e N and a constant C = C(ry, «, ) >0 such that

(t—7)*'DiP(z; )| =C (6.11)

forevery {eR"*1, ze 4, ({). We then prove that an estimate similar to (6.11) holds
for the functions y(®P) defined through (6.6). To this purpose we observe that
D*yp,(®) is a finite sum of terms of the type

constypP(P)D*0 ... DPw

where peNand p<a; +... + 0,44, By ---» By are multi-index whose length does
not exceed the length of «, and ¥ is the p'® order derivative of y,. Now from (6.6)
one easily obtains the following estimate

[w{PXs)| < const(Ins)*, for every se((8nr) "2k + ),
whereas by (4.2)
In®(z; )| SIn[C,(t—7)"™>*], for {eR"*!andzed, ().

Using (6.11) we finally have: for every multi-index o there exist g=g(«)e N and
C=C(a,r,h)>0 such that

It =Dy P(z; O <C, (eR™ ' and zed, (0). (6.12)
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In the same way one proves an analogous estimate for the functions In® and E.
Concerning the derivatives of E, it is enough to observe that by (3.2) we can write

E(z;)=A(Q) [%(n®(z; 0))] - F(ln &(z; {)) .

From (6.7) and (6.12), and analogous estimates for In® and E we finally obtain: for
every veN and for every multi-index a=(a;,...,0, ), With a; +... +a,, (v,
there exist h=h(v)eN and a constant C= C(a, r, h)> 0 such that

IDIMPP(z;l<C,  (eR™ 1 ze4,(0).

This proves the claim, thus completing the proof of Theorem 6.1.
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