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0. Introduction

In this paper we consider polarized abelian surfaces (4, H,) where H, is a
polarization of type (1, p). By polarization we mean as usual a Riemann form on a
lattice defining A or equivalently a line bundle on 4 modulo translation. We shall
assume p = 5 and prime. The latter assumption is not essential for our methods but
helps to keep the computations short. Qur aim is to prove a criterion for H, to be
very ample which can be formulated in terms of period matrices (Theorems 0.8 and
0.9). Note that all the results of this paper except for 0.1, 0.2, 0.8, 0.9, 0.10 and 4.4
(iii) are also true for p=3.

Our starting point is a result of Ramanan [R] which gives a geometric
characterisation of such surfaces. In order to formulate Ramanan’s result, recall
that one can find a cyclic covering

n:A—A|Z,=:B

onto a principally polarized abelian surface B such that H, is the pullback of the
principal polarization Hy on B. Since (B, Hy) is a principally polarized abelian
surface it is necessarily a Jacobian and one of the two following possibilities occurs:

(i) B=Jac C where C is a smooth genus 2 curve

(i) B=E, x E, where E, and E, are elliptic curves and the principal polari-
zation is given by the reducible curve C=E, x {0} U{0} x E;.

The polarization H, on A is then given by D=n"1(C). In case (i) D is a smooth
curve of genus p+1. This case was considered in [R].

Proposition 0.1 (Ramanan). H , isvery ample unless D and C admit elliptic involutions
which commute with the Galois action of the covering A— B, i.e. if and only if there is a
cartesian diagram
D E
n l lp: 1
CcE
where E and E’ are elliptic curves.
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Proof. [R].
The remaining case (ii) was treated in [HL].
Proposition 0.2 (Hulek-Lange). Let a=(o,, ;) € E; X E, be a p-torsion point which
corresponds to the covering A— B. Then H , is very ample unless one of the following
IWo cases occurs:

(i) o, =0 or a,=0. Then (A4, H,) splits as a polarized abelian surface.

(ii) There exists an isomorphism ¢ : E; —E, with ¢ () =a,.
Proof. [HL].
Remark 0.3. (i) Condition (ii) of Proposition 0.2 just means that the reducible curves
C, resp. D admit 2 :1 covers onto elliptic curves which commute with the Galois
covering nn. This corresponds to Ramanan’s result.

(i) An independent proof can be given using Reider’s result [Be].

As the reader may already have noticed, and as will become even clearer later,

many of the arguments in this paper (or in this subject) use the cyclic covering
n: A— B. (Such a covering always exists but is not unique.) It is worthwhile to
formalize this notion.
Definition 0.4. Let (4, H,) be an abelian surface with a polarization of type (1, p). A
root of (4, H,) is a (necessarily p-fold) cyclic covering map n : (4, H,)—(B, Hp) with
(B, Hp) a principally polarized abelian surface, i.e. a p-fold cover n: 4— B with H,
the pullback of the principal polarization Hy via n. (4, H,) together with a root will
be called a rooted polarized abelian surface.

In order to formulate our result we consider the Siege! upper half space of
degree 2:

62={‘ceM(2 x2,0), t="1, Im‘c>0} .

On R* we fix the standard symplectic form

J=
)
and denote the corresponding symplectic group over QQ by

Sp(4,Q)={XeGL(4,Q), XJ'X=J} .

Note that vectors in R* will be considered as row vectors with the group GL(4, Q)
operating by multiplication from the right. The group Sp(4, Q) operates on S, by

t—(4t+B)(Ct+D)!

where ('é IB;) eSp(4, Q) and 4, B, Cand D are 2 x 2 matrices. Consider the groups
I'=5p4,7Z)
Z Z Z pZ
Z Z Z pZ
I, ={XeSp(4, Q). Xe| Z Z Z pZ

21212 2
p P P
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zZ Z Z pZ
pPZ pZ pZ p7Z
zZ Z Z pZ
zZ Z Z pZ

I,={Xel?, X—1,¢

70 ’
Orl,p—’rl,pnr .

As we shall see shortly the quotients of €, by these groups are moduli spaces. But
first we need a lemma on the relation of the groups themselves.

Lemma 0.5. (i) There is a tower of groups with indices as shown :

re, I'=Sp(4,7)
\ ﬂﬂ)(p +1)
0, NI '=,l,
rlp—-1)
FLP

(i) I ,<IY, with quotient SL(2,Z,)
b
I ,<ol},, with quotient {(g d)eSL(2, Zp)}

Proof. 1t is convenient to transform the problem so that we are working with
integer matrices. To this end let F be the diagonal matrix F=Diag(1, 1,1, p), let
IY,=FrP F~', and similarly for the other groups. Then [ ,=35p(4,Z), the
group of integer matrices symplectic with respect to the matrix FJ*F. This matrix
gives the inner product

v, U
{(vy,0,,05,0,), (wl,wz,w3,w4)>=de:t(:}1 :;3>+p‘det( 2 4).

1 3

Let X=(x;;) be an element of Sp(4,Z). Observe that X33 = X3 = X4 =X43=0
(mod p). To see this let x; denote row i of X. Then X in Sp(4, Z) implies

(X1, x3>=1=det (xn x13> (mod p)
X31 Xa3
and

(x,-,xj>=05det<j§“ i”)(modp) for i=1,3,j=2,4
i1 Xj3

The first of these equations shows that (x;,, x,3) and (x5, x;3), regarded as vectors
in (Z,)?, are linearly independent, and then the second shows that (x,,, x,;) and
(x41,X43), regarded as vectors in (ZP)Z, are both zero, as claimed.
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Thus for Xely,,

(modp) ,

O % O %
* N
S ¥ O© %
Q ¥ O *

Cc

where an entry marked #* is allowed to be arbitrary. Then direct calculation shows

N B\ (1 0
={Xerf{p,(j d>s<0 1>(modp)}

and
of1.,={Xel?,. c=0 (modp)} .
The map 5
I?,-SLQ2,Z,)
given by

M;—»(‘CI Z) (mod p)

is easily checked to be a homomorphlsm so its kernel, I} .p» 18 @ normal subgroup.
Since there is an inclusion SL(2, Z)—17 1.p given by

it is then immediate that the quotlent 1"10 » /1"1 p 18 isomorphic to SL(2, Z,), of order
p(p*—1). By 1nspect10n oly p/F 1,p 1s then seen to be as claimed, and this group has
order p(p —1), giving the indices as claimed.

We are left with computing [I"': I} ,]. We see

* x * 0

r'ard,=lxesp@a,zm, x=|* " 0
Lp P\ L), &= (mod p)

* * * 0

* x *

where of course d is not congruent to zero mod p. This group obviously has the
corresponding subgroup where d=1 (mod p) as a subgroup of index p —1. On the
other hand, Sp(4, Z) acts transitively on the p* —1 non-zero elements of (Zp)", and
this latter subgroup is the stabilizer of one of them, hence has index p* —1, and so

([T )=(p* - D/(p—1)=(p+ 1) (P> +1).
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We then obtain a diagram
AP, =G, I7, A'=6,/I''

~ S

Odl,p=62/01—'1,p
T

JZ¢1,p=62/1ﬂ1,l,

in which the arrows indicate branched covering maps. The covers ./, ,—«/{ , and
Ay, ,— 0y, , are Galois coverings with groups given by Lemma 0.5 (ii). Note,
however, that the center {+1,} of Sp(4, Q) acts trivially on &,. The non-trivial
element of the center is in ,I; , but not I} ,. Hence the degree of the cover
1, =01, ,18 p(p—1)/2, and similarly for the other covers, and the groups which
act as the effective Galois groups are the quotients of the above-mentioned groups
by their centers of order 2.

Expressed differently, the action of Sp(4,Q) on &, factors through the
projective group PSp(4, Q). We prefer to work withSp(4, @), so that we may write
down matrices unambiguously, but this preference accounts for many of the +
signs in the sequel.

These spaces are moduli spaces and have the following interpretations:

o' ={(B, Hy), B is an abelian surface; Hy is a principal polarization}
A, ={(4,H,), A is an abelian surface; H, is a polarization of type (1,p)}
oy , ={(4,H,,0), o is a level-p structure}
oy ,={(A,H,,7), mis a root}.

The first three of these are standard (see [I1] or [H]); we prove the fourth.

Proposition 0.6. .o/, , is the moduli space of rooted abelian surfaces with polarization
of type (1,p).
Proof. Given a point ¢ in &4 ,, we obtain a rooted abelian surface as follows: The
point ¢ corresponds to (4, H, , o) with @ anisomorphisma : L /L—»(ZI,)2 :Here Lisa
lattice defining 4 and LV is its dual. Let K be the subspace {(0,k)} =(Z,)*. Then
a~1(K) is a subgroup of 4P, the group of p-torsion points of 4. Set B=A4/a~*(K)
with the obvious projection n and polarization Hy. Thus we have a map
Ay oM

where ./ is the desired moduli space. Note that 7, and ¢, in .o¢; , will yield the same
rooted abelian surface if and only if they define the same polarized abelian surface
(4, H,) and the corresponding level structures o, and a, satisfy a; ! (K)=a; ! (K),
ie. oy '(K)=K.

Now a,a; ' € SL(2, Z,), and the stabilizer of K in SL(2, Z,) is exactly the group

{(a b) , S0 . is the quotient of o/, , by the action of this group,

0 d
a b
M=s,, 0 d eSLQ2,Z,) =051,

by Lemma 0.5.



416 K. Hulek and S. H. Weintraub

Remark 0.7. A point ¢ in o</, , corresponds to n:(4, H,)—(B, Hg). The maps
oy ,—dy , and oo/, ,—o/ ' are the obvious forgetful maps taking this pair to
(4, H,) and (B, Hy) respectively.

The degree of the cover o/, ,—./ , being (p+1) corresponds to the fact that
(Z,)* has (p+1) subspaces isomorphic to Z,.

For fixed p we define the following surfaces in &, :

T T
51:{1-:('[: Tj)eez, TZ=0}

T T
552={z=<t‘ :)«562, p‘tl—212=0}.
2 3

These are Humbert surfaces in the sense of [F], [vG]. Their discriminant is
A(9,)=1, resp. 4($,)=4. We denote their images under the natural projections
from &, to &, ,, o, ,, ;. and &' by H#,, ,#,;, #L, and H#} respectively (i
=1,2). While 5, in o/ ' may appear to depend on p, this isin fact not the case ; under
the action of the element

=
_1_'521
_,11_5_8

of I''=Sp(4, Z) the space 9, is taken to

T T
53:{1’:(1-1 1:2)6 62, Tl —T3=0}
2 3

which is evidently independent of p.
We can now formulate our main result as follows:

Theorem 0.8. Let

‘Qz,p:__-dl,p\(‘#l vt .
Then

Ay ,={(4,Hy,0)e o, ,, H, is very ample}

i.e. &f’l p Is the moduli space of abelian surfaces with a very ample polarization of type
(1,p) and level-p structure.

As an immediate consequence we get
Corollary 0.9. Let
AL =AY AL VAL .
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Then
AP ,={(4,H)est? ,, H, is very ample}

ie. .JR p 1 the moduli space of abelian surfaces with a very ample polarization of type
,p).
Remark 0.10. The analogue for .7, , = ,\(oH#; UoH,) obviously holds as well.

Remark 0.11. We shall see that s parametrizes the abelian surfaces which split as
polarized abelian surfaces, whereas #, parametrizes the abelian surfaces described
in Proposition 0.1 and Proposition 0.2 (ii).

1. Bielliptic Abelian Surfaces

We first consider principally polarized abelian surfaces (B, Hg) and write them in
the form

B=C?/L,

where 7 is an element in the Siegel space &, and the lattice L, is generated by the rows

2
the matrix J. An involution of the principally polarized abelian surface (B, Hyg) is an

involution j : B—B with j*(Hyz)= Hy. Every principally polarized abelian surface
admits the involution 1:x+> —x. Now assume that (B, Hg) admits an additional
involution j=1. Then j induces a symplectic automorphism of the lattice L_, i.e. it
defines an element X(j) € Sp(4, Z). The involutions in Sp (4, Z) are well known and it
follows from [U, p. 198] that up to conjugation we are in one of the following two
cases:

of the matrix ( “T such that the polarization Hy with respect to this basis is given by

-1
£X()=T:= » M
1

TGFiXT={T=(Tl Tz)egz, Tz=0}=$51 .
Ty ‘L'3

Remark 1.1. In this case (B, Hy) splits and the involution on B=E, x E, is given by
Jj= i( _idEl ) idsz)-

and

O -

+X()=U:= o @
1 0
and

TGFiXU={t=<11 t2)662, T1—Ta=0}=53.
T

2 T3
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Definition 1.2. An involution of type (2) will be called an elliptic involution. If (B, Hp)
admits an elliptic involution we call it a bielliptic principally polarized abelian
surface.

Remark 1.3. Bolza [B] and Igusa [I2] studied genus 2 curves with non-trivial
automorphisms. In this context they found the above surfaces. They are precisely
the Jacobians of genus 2 curves C which admit an elliptic involution, i.e. a2 :1 cover
onto an elliptic curve E. For a simple proof of this see Proposition 4.2. If C is
reducible this means the B=E x Eand C=E x {0} U {0} x E. The elliptic involution
on C is then just given by the obvious map to E. These are the abelian surfaces
corresponding to the intersection £, N $;.

We shall now consider polarized abelian surfaces (4, H,) where H, is a
polarization of type (1,p). Here p is an odd prime. As before we can write

A=C*/L,
T
with 7€ &, and L, the lattice spanned by the rows of the matrix [1 0 | such that
H, with respect to this basis is given by the matrix 0 p
10
0 p
—1 0
0 —p

The dual lattice L? is given by
L?={x, H,(x,y)eZ for all yeL} .

Definition 1.4. Involutions j, of (4, H,) and j of (B, Hg) (withj =1, jp#=1) form an
involutory pair (j;,jg) if there is a root n: (4, H,)—(B, Hp) of (4, H,) making the
following diagram commute:
A% 4
o (D)
BB

Lemma 1.5: (i) Let j,#+1 be an involution of (4, H,), A an abelian surface with
polarization H, of type (1,p). Then j, is contained in an involutory pair (j, jg)-

(il) Let jg=*1 be an involution of (B, Hg), B an abelian surface with principal
polarization Hy. Then jyg is contained in an involutory pair (j4, jg)-

Proof. (i) The involution j, defines an involution on L, which we shall also denote by
Ja- Since j, leaves the form H, on L invariant it maps LY into itself. Hence j, induces
an involution j, on LY/L, which is symplectic with respect to the form induced on
this quotient. Choosing a sympletic basis of LY/L, we can consider j, as an element in
Sp(2,Z,)=SL(2,Z,). The only involutions in SL(2,Z,) are +id. Hence j, leaves
every subgroup Z,< L}/L, invariant and dividing out by such a subgroup gives the
desired diagram (D).

(ii) Let B'P be the group of p-torsion points of B. The involution j, defines a
decomposition BP? =K, @K_, where K, are the eigenspaces for +1. Note that



Bielliptic Abelian Surfaces 419

K,~K_=~(Z,’ Every xeK, or K_ defines a covering 4—B. Let H, be the
pullback of Hyzto 4. Then jg lifts to an involution j, on 4 over jp with j*(H,)=H .

Remark 1.6. Note that we have shown that if (4, H,) admits an involution and
n:(A, H)—(B, Hy) is any root of (4, H,) so does (B, Hg). On the other hand we
have seen that beginning with (B, Hg) admitting aninvolutionexactly 2(p + 1) of the
(p+1)(p*+1) choices of (4,H,) with =n:(4,H,)—(B, Hy) admit such an
involution.

From what we have said above there are now the following two possibilities:

(1) jp is an involution of type (1). Then (B, Hp) splits, i.e. B=E, x E, and
Jjs= £(—idg,,idg,). The covering 4—B corresponds to a p-torsion point
a=(, ) € E; X E,. Since jg lifts to the involution j, it follows that a; =0 or o, =0.
Then (A4, H,) splits as a polarized abelian surface.

(2) jg is an elliptic involution.

Remark 1.7. Whether case (1) or (2) occurs does not depend on the choice of the map
7 : A— B. This follows e. g. from the fact that in case (2) the linear system |H ,| is base
point free [R], [HL].

Definition 1.8. If a diagram (D) exists such that ji is an elliptic involution we shall
also call j, an elliptic involution. If (A, H,,) admits an elliptic involution we shall call it
a bielliptic polarized abelian surface.

Remark 1.9. By Remark 1.3 the bielliptic polarized abelian surfaces are just the
surfaces described in Proposition 0.1 and Proposition 0.2 (ii).

2. Computations
We recall the Humbert surface

9, =FixT={1,7,=0} .
We now want to introduce the involution

-1 0
|21
S= L,

0 1

Straightforward calculation shows
FixS={te&,, pr, —21,} =9,

and we have seen that $, and §, are equivalent under Sp(4, Z) (although not under
).
In this section we want to compute the stabilizer subgroups

P? 3={gerlo,pa 9(33;')=55i}
resp.

E=Ptpmrl,p={gerl,p’ g(ﬁl)zgl} (l=1a2) .
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Proposition 2.1. P?/P,~SL(2,Z,) for i=1,2.
Proof. We first treat the case i=1. Let

PR:={geSp4,Q), 9(9)=9.} .

It follows e.g. from Franke [F, Lemma 3.2.6] that

a 0 b 0 0 a 0 b
0 a 0 b a 0 b 0
PR= 9eSp@E Q9= o ol °f 9=y . o0 4
0 ¢ 0 ¢ 0 d 0

with (j Z) (‘C’ Z,)eSL(z,Q)

An element of the form

0 a 0 b
a 0 b o0
0 ¢ 0 d
¢ 0 d 0

cannot be in I, since this would imply a,c€Z, b,depZ a contradiction to
ad—bc=1. Hence the inclusion

¢y :SLQ2,Z)x SL2, Z)~ T,

a 0 b O
., 0 a 0 pb
((" b>, (" b))i—)c 0 d 0
cd Cld/ ,
0 £ 0 a
P

gives an isomorphism

PO~SLQ,Z)x SLQ2,Z) .

b . . . . .
An element <<(c1 Z), (j, d')) gives rise to an element in I , if and only if

<j, Z,)Grl (p)={MeSLQ2,Z), M=1modp} .

Hence
P[Py ~SLQ2, Z)/T;(p)~SL(2,Z,) .
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We now treat the case i=2. Consider the matrix
1 0
g 1
go= eSp(4,Q) .

Then
9oTgs ' =S
and hence
PR={geSp(4,Q), 9(9,)=9} =90 PR35 " .

For an element

0 a 0 b
a 0 b 0
== Q
9=l ¢ 0 P
¢ 0 d 0
we have
—%a a 0 b
Y A A ,
a—"ra Za b 2(b+b)

2
V4 , TR AT
2(c+c) c 2d d 4d
!’ ! E ’
c 0 d 2d

Such an element cannot be in I, since this would imply a,ceZ; bepZ and
d’ e% Z hence d eg Z which contradicts ad —bc=1.
In order to determine P and P, we now consider the inclusion
¢,:SL2,Q)x SL(2, Q)P

a 0 2b 0

2
a b a b c
(o) a5 o oo
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We then have

a 0 26 0 a 0 2b pb
!’ p 7 p p
O 0 __b L A ’ £ r
a 5 5 (a—a) a pb > (pb+b"
9o 4 go_l= 1 P
— O d 0 _ ’ ! r A
3 3 (pc'+¢) ¢ d > d-d")
2
0 —¢ 0 d —c’ z ¢ 0 d’
p p

This matrix is in I}, if and only if
<‘c’ Z), (‘c’ 3;[)5 SLQ,Z) ,
(? I;)E(Z: z;) mod?2 .
P)~{(M,N)eSL(2,Z)x SL(2,Z), M=Nmod2} .

Moreover a pair (M, N) gives rise to anelement in I} , if and only if Ne I'; (p). This
shows that

Hence

P,~{(M,N)eSL(2,Z) x I' (p), M= N mod 2}
and hence
Pg/Pz ~SL(2,Z)/I(p)~SL(2, Z,) .

Now let X be a set and assume that the group G° operates transitively on X. Let G be
a normal subgroup of G° of finite index. For x,e X we consider the stabilizer
subgroups
Po={geG°, g(x))=xo}
resp.
P=P°nG={geG, g(xp)=x,} .

Lemma 2.2. If [G®: G]=[P°: P] then G acts transitively on X.
Proof. Since G° acts transitively on X we have an identification
X=G°/P° .
Since G is normal we have
G\X=G\(G°/P%)=(G°/P%|G=G°/P°G .
On the other hand
[G°: P°G][P°G:G]=[G°:G]=[P°:P] .

Since
[P°G:G1=[P°: P°NnG]=[P°: P]

this implies [G®: P°G]=1, hence # (G\X)=1, i.e. G acts transitively.
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We now return to the quotient map
o:54, ,~A 10,p
which is given by the natural action of the group
re,r, ,~SL2,Z,) .

Proposition 2.3. ¢~ 1(#°)=H, for i=1,2.

Proof. Clearly #,= o~ (#,°). What we have to see is that ¢~} (#°) consists of only
one component. In order to see this we consider for fixed i the following set of
Humbert surfaces

X—'—'—{Q(S},), gerl?p} .

We have to show that I} , operates transitively on X. But this is now an immediate
consequence of Proposition 2.1 and Lemma 2.2.
Let g0 : o7, ,—#7 , be the quotient map.

Corollary 2.4. (6 Y (H#L)=,H#, for i=1,2.

Proof. ( is the image of #; under the quotient map ./, ,—(.%, ,. Since J#; has
only one component, the same holds for (J#; (i=1,2).

Remark 2.5. If oP;=P? I}, ,, then

b
OP,./P,.:{C)I d>eSL(2,ZP)} for i=1,2 .

A similar computation to 2.1 shows

Proposition 2.6. Let P/ be the stabilizer of 9, in Sp(4, Z). Then [P : P;]=2(p+1)
Sfor i=1,2.

Proof. In the formulas for ¢, and ¢, in the proof of 2.1 set p=1 to obtain new maps
Y, and y,, and use y; in place of ¢,. If we let 0 ={X=(x;;)) e Sp(4, Q), x;;=0 for
i+j odd}, and P{ =P/ Q, then obviously [P;: P{]=2, and we have

P{=P{Uhy,P] for h,=

Now
P;=go(PQgs ' nSp4,Z)
=90(QUhyQ)go ' NSp(4, Z)
=(90Q90 ' N Sp(4,Z)) U (hy (9009 ') N Sp (4, Z))

where &, =g,h, g(;l_ Defining Pj =g, ng—l ASp(4,Z), we see that, since
h,€Sp(4,Z), we also have [P;: P)]=2.
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Now, following the proof of 2.1, we see that ,P; = P{,i=1,2. Then the rest of the
proof goes through unchanged, except at the end we find, for i=1,2,

’ ’

‘c’, Z,>eSL(2, Z), b'=0 (modp)}

P/, P,~SL(2, Z)/{(

and this subgroup has index p+1 in SL(2, Z).
Thus [P :oP;]1=[P;: P{1[P{:oP;]=2(p+1) as claimed.

3. Proof of the Main Result

In this section we want to prove Theorem 0.8. The main problem is to study the
bielliptic polarized abelian surfaces. Recall from Sects. 1 and 2 that every bielliptic
principally polarized abelian surface can be given by a period matrix of the form

where 7€ 9,.
2
Proposition 3.1 The bielliptic abelian surfaces with a polarization of type (1,p) and
level-p structure form an irreducible 2-dimensional family. They are parametrized by
the surface #,c o, .

In view of Proposition 2.3 it will be enough to prove this result without level-p
structure:

Proposition 3.1. The bielliptic abelian surfaces with a polarization of type (1,p)
form an irreducible 2-dimensional family. They are parametrized by the surface
Hy s,

Proof. Let 1€ $,. Then the polarized abelian surface 4 defined by the period matrix

T
(10 0) admits an elliptic involution. To see this note that since t € £, it is of the form
P

Ctl p t‘). The assertion then follows from the equality

T T3
-1 0 21, p1y 21, p1y
-p 1 Pt T |_[PU T -1 —=p
1 —-1 1 0 1 0 0 1

0 1 0 »p 0

which shows that | A induces an involution on A which lies over the elliptic

0
involution defined by S on the corresponding principally polarized abelian surface.
We now have to show conversely that every bielliptic abelian surface with a
polarization of type (1,p) can be given by a period matrix of the form
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In order to do this we first observe that ,#, parameterizes rooted abelian surfaces
with an elliptic involution forming part of an involutory pair. This follows as ,.,
is the inverse image of #, (from 2.4), so that for every (4, H,,7) in (J,,
n: (A4, H))— (B, Hp), the surface (4, H,) admits an elliptic involution j, (as we have
just shown) and then Lemma 1.5 yields jz. Conversely, given (B, Hp) with an elliptic
involution j, by Lemma 1.5 and Remark 1.6 there are generically 2(p + 1) choices
for a rooted (4, H,, n), with n: (4, H,)— (B, Hg), admitting an elliptic involution.
We shall show below that 2(p + 1) is the degree of the cover , #, » #,, and so all of
these (4, H,, ) must be parameterized by points in (5, .

Now let 7, o/ , parameterize an elliptic surface (4, H,) with polarization of
type (1, p) admitting an elliptic involution j,. Then by Lemma 1.5 there is a point
ol €07y, , parameterizing (4, H,, n) with an elliptic involution forming part of an
involutory pair. Thus o€ o#,, S0 1€ #; as claimed.

It remains to compute the degree of the cover , #, »#5 . By [U, p. 198] the set of
points Z={ze &,} whose isotropy group in I''=Sp(4, Z) is precisely {£id, +S}
forms a Zariski open set of §,, which is obviously P,-invariant, so we may com-
pute the degree of the cover from this set. By [F, Satz 3.3.6], if geI'’, g ¢ P, then
g(Z)nZ=@. On the other hand, P;/{+id, +S} acts freely on Z, and
{+id, +S} =, P,, so the degree of the cover is [P;/{+id, +S}:P,/{£id, £S5}]
=[P;:,P,]=2(p+1) by 2.6.

Proof of Theorem 0.8. This is now straightforward. It remains to show that the
polarized abelian surfaces with level-p structure which split are parameterized by
H#,. In view of Proposition 2.3 it is enough to prove this without level-p structure.
But there the statement is obvious.

4. Geometric Properties of Bielliptic Abelian Surfaces

In this section we shall study some geometric properties of bielliptic abelian
surfaces.

Proposition 4.1. Let (4, H,) be a bielliptic abelian surface which is either principally
polarized or has a polarization of type (1, p). Then A is isogenous to a product; more
precisely there exist elliptic curves E and F such that A= E x F|Z, x Z, and such that
J4 is induced by (idg, —idg).

Proof. We first assume the case of a principal polarization and in order to remain
consistent with our previous notation we denote the abelian surface by (B, Hy) and
the elliptic involution by jz. As we know from Sect. 1 we can assume that jg is
induced by the symplectic matrix



426 K. Hulek and S. H. Weintraub

and that B is given by a period matrix of the form (T ) withteH,=FixU,i.e. tis
of the form I,
T2 T

On @2 the involution is given by the linear map i(? (1)) operating on C? by

multiplication from the right. We shall restrict ourselves to the plus sign. Otherwise
in what follows the roles of E; and E, will have to be interchanged.
Since te€ $H; we have Im (t, +1,) +0. We consider the elliptic curves

E:=C/Z(t,+1,)+2Z, F:=C[Z(t;—1,)+Z

The maps
C-C?, z(z,2)resp.

C-C*, zm(z, —2)
define embeddings of E and F into B such that
JjelE=1dg, jp|F= —idf .

E and F intersect transversally in their respective 2-torsion points. From this it
follows immediately that

B=ExF|Z,xZ,

and that jg is induced by (idg, —idp).
Now let (4, H,) be a bielliptic surface with a polarization of type (1, p). Then
there exists a diagram
A% 4
nl ' ln
B2, B
where (B, Hp) is as above and where the covering nis given by a p-torsion point xe B
with jz(x) = 4 x. We shall assume that jz(x)=x. The other case can be reduced to
this by replacing j by —jz. Then x € E. Let E’— E be the corresponding covering.
We then have a commutative diagram

E'xF—ExF
l !
A — B

such that A=E’'x F/Z, x Z, and that j, is induced by (idg., —idp).

In what follows it is useful to treat the case of principally polarized abelian
surfaces first. So let (B, Hy) be a bielliptic principally polarized abelian surface with
elliptic involution j; and let E and F be as in Proposition 4.1.

Recall that the invariant e of a IP;-bundle over a curve is defined by
—e=min {C7, C, asection}. If the base is an elliptic curve, then e > —1, and there is
a unique bundle with e= —1 [Ha, Theorem V.2.15].
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Proposition 4.2. There exists a curve C on Brepresenting H g which is mapped to itself
by jg. Moreover there is a commutative diagram

C25 C=Cljy

[

B2L, B=Blj, .
B is the unique P,-bundle over E with invariant e= —1 and C is a section of B.

Remark 4.3. In particular the double cover C—C defines an elliptic involution
on C.

Proof. We first claim that
E-Hg=F -Hg=2 .
Indeed this follows from
Hy((ty +12, 11 + 7). (1, 1)) = Hp((7y — 15,7, —7,), (1, —1)) =2 .

In order to find the required curve C we first assume that (B, Hp)is the Jacobian of a
smooth curve. By choosing a suitable translate of the theta-divisor we can assume
that Hp is represented by a curve C which goes through the origin of B and which
is tangent to F [R, Prop. 4.2.]. In particular C intersects E transversally at 0. Since
C - E=2itmust intersect E in some other point, say P. By construction jz(C)and C
have the same tangent at 0 and both go through P. Hence the assumption jz(C)+C
would imply C?=/,(C)-C=3, a contradiction. If (B, Hy) is the Jacobian of a
reducible genus 2 curve it is sufficient to choose C such that it has its singularity at
the origin of B. Since jj is an elliptic involution on B it must interchange the two
components of C.
In order to prove the rest of the statement we look at the elliptic curves

F..=F+x, xefE.

Thenjz|F, = —id for all x € E. The fixed points of jg| F, are the four points of F, N E.
In particular F,/jp is a projective line and B= B/j, is a IP,-bundle over the curve

E/2-torsion points~F .

Two points on C are identified under j, if and only if they are the points of
intersection CnF,, xeE.

Hence C= C/jp becomes a section of B.

It remains to determine the invariant e of the P, -bundle B. Since C? =2 it follows
that C?=1. Hence e is odd. If e = 1 this would imply the existence of a section C, of B
with C? < 0. But this is impossible since on B no effective divisor exists with negative
self-intersection.

Finally let (4, H,) be a bielliptic abelian surface with a polarization of type (1, p)
which lies over a principally polarized bielliptic abelian surface (B, Hg). By
Proposition 4.1 we can assume that B=Ex F/Z,xZ, and A=E'xF|Z,xZ,
where E’— E is a p-fold covering. Let C be as in Proposition 4.2 and let D be its
preimage in 4. If C is smooth then D is a smooth curve of genus p + 1. Otherwise D
consists of two elliptic curves intersecting in p points.
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Putting _ ~
A= A/jA s B =B/jB

we have a commutative diagram

O

D

Q 2
=Ll
C

B—,;—’E
B
% N

—

O

where all horizontal maps are 2 : 1 and all vertical maps are p: 1. Note that D~ E'
and C~ E. In particular D— D defines an elliptic involution on D. This is precisely
the situation described in Proposition 0.1 resp. Proposition 0.2 (ii).

Proposition 4.4 (i) A4 is the unique P,-bundle over E' with invariant e= —1.
(ii) There is a section D of A with D*=1 such that

_ ~ p—1
@A(HA)=n:@;(D)=n:c9;(D+Tf)

where f is a fibre of A.

(ili) The linear system associated to H, is base point free. The associated map
¢4 A—P,_, factors throughamap ¢ 3 : A—TP,_, whichembeds A as an elliptic scroll
of degree p inP,_,.

Proof. (i) It follows from Proposition 4.2 that Bis the unique IP,-bundle over E with
invariant e= —1. We can write B=1IP(&) for a suitable rank 2 bundle & over E. By
the above construction 4=P(n*&) where n: E'—>E is the p-fold covering from
above. By [HL, p. 213] 4 is the unique IP,-bundle over E’ with invariant e= —1.

(ii) Since e= —1 we can find a section D of 4 with D?=1and D~ D +af. Since

p=D*=(D+af)*=1+2a

it follows that a=%(p—1).
(iii) The map =, : A—A defines an inclusion

¥ r(@ p (D +‘3;—1 f))—>1“((9A(HA)) .

Both spaces have dimension p, i.e. 7} must be an isomorphism. The assertion then
follows from the fact that |D +kf| is very ample for k=2.
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