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near 09Q. To this end, we consider

wi=Co Ctd oG (G0 oy 3
T & & 2

c c 3 (33)
w;=j’-—(C1+s)Logd+C“ w;=7°—(CI—S)Logd—C£ if p=>3,

where C, is a positive constant to be determined. Tedious computations show that,
provided C, is given by (31) and C, is large enough, w, (resp. w,) is a
supersolution of (1) [resp. subsolution of (1)]. Therefore, w, Su<w; in Q for all
¢>0 and (32) is proved.

Next, if 3< p<2, we also want to build convenient sub and supersolutions.
However, in this case, the choices are not straightforward as above. Indeed,

. 2—
recalling that a= —i’ we choose

C C
wl = ?l-"o— —(Cy+e)dt*+C,, w = E”ﬂ —(Cy—¢)dt*—C,, (34)
where
Com— % Codd if p<2, Ci=—iad if p=2
1= T 51 "0 I p<sz, =73 n p=2.

Again, one can check that w,, w, for conveniently large C, are sub and
supersolutions of (1) and since they go to + oo at 92 we deduce that w, Su<w, in
@ and we conclude. []

Remark I1.6. In the various bounds on the behaviour of explosive solutions near
the boundary, it may seem strange that the leading terms are not continuous with
respect to p (as p goes to 2 for example). Similarly, in (34) the term d' ~¢ vanishes
and could seem to be irrelevant. However — and this fits well with the stochastic
control interpretation — these questions disappear if we look for formal expansions
of the gradient obtained by differentiating these expansions for the solution:
indeed, in Theorem II.1, u behaves like
p-2 2-p

2 g -2
(=177 3= d)

s0 Vu(x) should behave like —(p—1)"*~Dpd(x)d~1?~1 and when p goes to 2
this quantity goes to —Fd(x)d~! which is precisely the gradient of —logd. A
similar explanation holds for (34).

IIL. Infinite Boundary Conditions and Blowing up Data

In this section, we consider the case of data f blowing up at the boundary fast
enough to force solutions of (1) bounded from below to blow up at the boundary.
This also will yield some uniqueness results. The results of this section correspond
to Theorem 1.3.
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111.1. Forced Infinite Boundary Conditions

Theorem IIL1. Assume that fe Ly () satisfies (18). Then, any solution u of (1)
WZ(Q) (Yr < o0) which is bounded from below converges to + oo as d(x) goes to 0.

loc

Remark 111.1. The proof below may be adapted to treat the case of fe L, ()
satisfying (18) with r> N.

Remark 111.2. In general, there may exist solutions of (1) which are not bounded
from below. For instance, take

aCodd  Coofa+1 _ _
fog=— %00 4 SN g 4 cpampapa-o o acod=

. Co . . . . .
with a, C;>0, u(x)= — d—f is obviously a solution of (1) and f satisfies (18) with
p=max((a+1)p,x+2). And it is easy to check that any f>max(p,q) can be
reached with a convenient « [in fact even f=max(p, g)] may be reached provided
we replace —Cyd ~* by Cylogd for f=p=q. It is also worth noticing that such

solutions may exist for linear equations like

—Autu=f in Q
. . Cy o
provided f behaves like E;— with f=2 near the boundary.

Proof of Theorem111.1. Even if the arguments are very much similar, we will have
to consider two different cases namely f=p>2 and f=q=p. In both cases, the
strategy of proof consists.in picking a point x, at a distance 2r of the boundary,
working in the ball B(x,, ) rescaling the equation conveniently in order to deduce
that lim inf {u(x)| d(x)—0, } is more than a fixed constant K and then reiterating
the argument to show that lim inf {u(x)|d(x)—0,}=nK, for all n=>1.

Without loss of generality (add a large constant to ) we may assume that >0
in Q and that f = C,d* for some C, >0, with f=max(p, q). Next, let >0 and let
X, be any point in Q such that d(x,)=2r. Clearly, we have

—Au+|VulP +Au2Cyr™® in B(xo,),  lopuon=0, (35)

where C;=C,27%. Using the existence results of Lions [16], we deduce that
u =i, (x —x) in B(x,,r) where &, e C%(B(0,r)) solves

—Ad,+ Vi, P+ A, =Cyr™" in B,r), illypo,,=0. (36)

Next, in the case when 1<p<2=<q=p, we introduce u,(x)=r",(rx) for
x € B(0,1) where =(2—p)/(p—1) so that u, solves

"Au’+|Vur|p+Ar2u'=C3 in B(O, 1), u,|35(0,1)=0. (37)

And using the estimates of [21], one checks easily that u,, as r goes to 0, converges
uniformly to the solution u, of

"Au0+|Vu0|p=C3 il‘l B(O, 1), u0|55(0,1)=0. (38)
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Observing that uy, >0 in B(0, 1) (strong maximum principle) and so uy(0)>0, we
deduce easily that if p<2 <g=f then u blows up at 0L and lim inf {u(x)d(x)* | d(x)
-0,}>0.

Now, if p=2=g=p, the above argument only shows

liminf {u(x)|d(x)—»0,} = K,>0, 39)
where K, =1u,(0).
In the other case i.e. 2 < p=f, we introduce u,(x)=1,(rx) for xe B(0, 1) so that

u,€ C%(B(0, 1)) solves
—rP 72 Au, +|Vu, P+ ArPu,=C; in  B(O0,1),  ulsp0,1,=0.

And using the results of Lions [21], one sees that u, converges uniformly to the
unique viscosity solution u, in C(B(0, 1)) of

VuolP=Cs; in B(0,1),  uolsp0,1,=0

which is in fact explicitely given by
ug(x)=C3"(1 —|x]).

Therefore, in this case also, we prove that (39) holds with K,=C}/.

In particular, for any &> 0, there exists s, >0 such that for xe Q, d(x)<s, then
w(x)=K,—e. Then, we go back to (35) replacing the boundary inequality by
Ulap(xe.rn = Ko—eif r<s,/2. And we go through the above proof to deduce finally

liminf {u(x)|d(x)>0,} 2 K,+Ko—e=2K,—¢
for all ¢>0: indeed, the limit functions u;, now satisfy the boundary conditions
uo=Ko—eondB(0,1)i.e. up=u,+ K,—e. Letting ¢ go to 0 and iterating the above
argument, Theorem IIL.1 is proved. []

Remark 111.3. Considering w, 4(x)= —e&log(d(x)+ J)+ o logd(n)— C, we see that
u=w, s near dQ2 and this proves Theorem IIL.1 even if f22>p>1.

111.2. Uniqueness Results

Theorem IIL.2. Let f € LY, () satisfy (18). Then, there exists a maximum solution of
(1) in WZ"(Q) (Vr < o) which goes to + oo on 0Q and any ve L, () satisfying (21)
satisfies v<u a.e. in Q. Among all solutions of (1) in W;%,"(Q) (Vr < c0) which go to
+ 00 on 0, or equivalently that are bounded from below on Q, there exists a
minimum one which is the increasing limit of sequence of subsolutions of (1) (i.e.

satisfying (21)) in W*"(Q) (Yr < o).
If we impose further restrictions on f, when we have the

Theorem I11.3. Let f € L5, (2) satisfy (18'). Then, there exists a unique solution of (1)
in WA"(Q) (Vr< o) bounded from below. In addition, this solution satisfies (19).

Proof of Theorem I11.2. Let C>0 be a constant such that
fx)zCdx)~"-C,

where f=max(p,q). Then, we set wy,=—MULog(d+d)—K if p=2=q,
w=M(d+96)"*—K if p<2<gq, where a=(q—p)/p, M, K are positive constants
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chosen in such a way that for § small enough w; is a subsolution of (1). In fact, we
may find R(d)| + co as 610, such that (with a A b=inf(a, b)):

+Aw, w7+ A, S fARG) in €.

Then, using the existence results of Lions [16, 19] we deduce that there exists
use W2r(Q) (Vr < o) solution of

—Aus+|VuslP+Aus;=f AR(O) in Q, wu;=w; on 0Q;

and by the maximum principle u;=w; in Q.

The remainder of the proof consists in passing to the limit as é goes to 0in order
to build the minimum solution. To do so we need local upper bounds on u;: we will
achieve this by building a supersolution. We first observe that it is possible to find
@ e C'(0, ) such that @(t)— + oo as t—0,, ®'()<0if >0, d(t)>0 if >0 and

(P11 >0 as t—0,, f(x)SPd(x) a.e.inQ.
Now let R= sup d, C,= sup (®~'/9). We denote by
) [0,R]

R
T1=ﬂ¢1/pa q’(t)= j. qll(s)dsa
t

where u is a positive constant to be determined. We finally set
w(x)=P(d)+ K

where K is a positive constant to be determined. We claim next that for large u
and K, w is a supersolution of (1) which of course blows up at 4Q. Indeed, we find,
denoting by C=||4d||,, that if d(x) < d,

— A+ WP+ A5 = — P(d)— C|P(d) + | P ()
1

= ¢3_1¢'_C#(p1/p+ﬂp(p

L 1y

1
> puPd— Cud'’? —p Co or ' pa
P

C
= <u"—u —p—") d—Cud'’”2 f,

if p is large enough, say u= u,>0. We then fix u=p, and we consider on the set
d(x)>d,

— AW+ |PWP+ AW — M+ 1K

) 1
for some constant M, and choosing K= 1 (M + sup |f]) we conclude.
(27}

In particular, we see that u; <w and thus u, is bounded in L, (2). Furthermore,
by the bounds proved in the appendix, this implies that u; is also bounded in
Wil ®(82) and thus in W;%"(Q) by elliptic regularity. And, letting § go to 0, u,
increases to a solution of (1) ¥ which is above w. The fact that u is the minimum
solution of (1) which goes to + oo on 0L is an easy consequence of the fact that any
such solution is above u,; by the maximum principle.
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To prove the existence of a maximum solution of (1) going to + oo on 9Q, we
first observe that wy;=¥(d(x)—J)+ K is also a supersolution of (1) with Q
replaced by Q;. Therefore, by maximum principle, any solution of (1) is below w
and, passing to the limit in §, thus below w.

To build the maximum solution, several arguments are possible. One way to do
it consists in maximizing u(x,) for some fixed x,eQ among all solutions of (1)
bounded from below on @ (or equivalently going to + co on d€). Then, observe
that if u,, u, are two such solutions then there exists another one, say u;, above u,
and u,: indeed max(u,, u,) is a subsolution of (1) and we may solve for

— A+ V)P +ul=f in Q;, ui=max(u;,u,) on 0Q;

the existence follows from [19]. Then u} <w; and thus is bounded in W2;"(Q) by
arguments we already made several times. Using several times the maximum
principle, we see that u$ converges (and increases) to a solution u of (1) which is
above u, and u,. This observation implies that there exists a maximizing sequence
(u,) of solutions of (1) which maximizes u,(x,) and which is nondecreasing. Then,
since u, < w, u, converges (use again the a priori estimates) to a solution & of (1)
which is bounded from below on 2 and thus blows up at 6Q. Furthermore, the
above construction of u; shows that the fact that # maximizes u(x,) among all
solutions implies in fact that # is the maximum solution of (1).

Proof of Theorem I11.3. Using the results of Theorem III.2 and their proofs, it is
now easy to mimick the proofs of Theorems II.1-I1.2 in order to obtain the
uniqueness. Indeed, if we use (18’), we may replace the functions w;, w; built above
by the ones given by (22) provided one takes the values for C, « which are given in
Theorem 1.3. Then, this implies that, by the same proof as above, the minimum
solution ¥ and the maximum solution # of (1) going to + oo on 012 satisfy

(Co—ed(x) *—=C.Sfux)Su(x)Z(Co+e)d(x)"*+C, in Q
and we may now conclude using the same proof as in Theorem L.1. []

We now conclude this section with an improved uniqueness result where
however no precise behaviour of the solution is given.

Theorem II1.4. Let f € L, () satisfy
Cd?P-C<f<CdP+C forsome C=C'>0, pf=max(p,q). (40)

Then, there exists a unique solution of (1) in Wi2,"(22) (Vr < o0) which is bounded from

loc

below. Denoting by u this solution, we have for some M =1
% d*—~M=ZusMd™*+M in Q,
where o= g —1if B>p, and d™* is replaced by |Logd| if f=p=q.

Proof. By similar arguments to the ones given above, the maximum solution # and
the minimum solution u satisfy for some M > 1

% d*—M=susMd *+M in Q.
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Without loss of generality (adding a large constant to f, u, #) we may assume that
uzu=1, f =1 a.e. in Q. Therefore, there exists 6 (0, 1) small enough such that
u=0u in Q. Let then 6,=sup{6e(0,1]/u=6u in Q} — we follow a uniqueness
argument which was introduced in a different context by Laetsch [14]. If8,=1, we
are done. We thus argue by contradiction and assume that 8, <1. Of course, we
have u=6,u in Q. We then consider z=¢d ™ * and we observe that z satisfies

—Az+|Vz|P+Az<ePd P+ C,dPH!

and this is less than f for ¢ small enough say ¢<¢,. We choose e=¢,. In fact
zs=¢(d+ )™ * also satisfies

—Azs+|VzyP+Az;< f in Q.
And we consider w, ;=(60,—y)i+(1—0,+7)z;; w, ; satisfies for y <6,
—Aw, s+ |Vw, P +Aw, 50—y f+(1—0+y)f=f in Q

and since u, @ blow up near the boundary we have w, ;<0,i<u near the
boundary. Therefore, by the maximum principle, w, ;<u in Q. We now let y go to
0, and then 6 go to 0, to find

Ogi+(1—0p)z<u in Q
but we obviously have z = vii for some v>0. Hence,
@y +(1—0va<u in Q

and this contradicts the definition of 6,. [J

IV. Superquadratic Hamiltonians
IV.1. Interior Gradient Bounds and Maximum Solutions

We begin with a result which gives interior gradient bounds for solutions of (1):
similar bounds were first derived in [16, 19] and the proofs are recalled in the
appendix. We only remark here that a sharper form of these bounds may be
obtained by a simple scaling argument.

Theorem 1V.1. Let f €L}, .(2) be bounded from below on Q and satisfy

IfGN<Cyd(x)™*  for some pz0, C,20. (41)
Let ue W,2"(Q) (Vr < o) be a solution of (1) satisfying
Auz—C, forsome C,=0. 42)

Then, we set y = p%iifﬁgq,yarbitraryin(g,l) if f>qandy= giffe Wl *(Q)
and |V f(x)|d(x)"#~ ! € L*(Q). With these notations and assumptions we have

Vux)=Cad(x)™? in 2, O (43)
where C, only depends on C,, C,, 7, f and the diameter of Q.



