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hence
u}< lim inf E— j {f(X)+cla(X )|}dt

T—o acsd
and letting J go to 0, the resulting inequality combined with (97) yields (94). This
also shows the optimality of a, and the uniqueness is easy to prove as in the
preceding sections.
By the same truncation argument as in the proof of Theorem VIIL.2, one
deduces the

Theorem VILS. Let p>2,let f € L, () be bounded from below and satisfy (40). We
denote by (v,u,) the solutions given by Theorem V1.2. Then, the identities (93)+(94)
still hold.

Appendix: On Some Local Gradient Bounds
We want to show here some local gradient bounds for solutions of
—edu+|VulP+iu=f in Q, ueWZ'(Q) (Vr<ow), (A1)

where 0<e<1,0<A<1,1<p<oo,and fe[*(Q)oreven fe W!'*(Q)and Qis a
bounded open set in IR". These bounds are obtained by the method introduced in
[16, 19]. For related local bounds concerning different equations, we refer to
Bombieri et al. [4], Ladyzhenskaya and Ural’tseva [13], Simon [26-28]. Our main
result is the

Theorem A.1. For any 6>0, we set Q;={xe Q/dist(x, 9Q2)> }.
1) Let fe W' *(Q), then we have for all >0

Wu=Cs if xe, (A2)

where Cj depends only on bounds on |V f|, lower bounds on Au— f, 3, and p.
2) Let feL*(Q), then we have for all r< o0, §>0

[ Vu”Lr(Q,,) =C,, (A3)
where C; depends only on bounds on f, lower bounds on f—Au, d, p, and r.

Proof. We begin with case 1) i.e. when f € W' *(Q). In both cases, we will ignore
the fact that u is not assumed to be smooth and we will thus skip the tedious
approximation argument required to make the proof below complete. Then, let
0e(0,1) to be determined later on and let p € 2(Q2),05¢p<1in Q, p=1 on Q;, be
such that

l[4p|=Co°®, |Vo|’=Ce'™® in Q

for some C (depending only on 6, 6).
We next consider w=|Vu|?> and we compute easily on Suppg

v
—eA(@w)+p|VulP~2Vu- V(ew)+ 24pw + 2ep|D*u|? + 2¢ 9. V(ow)

Vol (A4)
=20V f - Vu+p|VulP 2(Vu-Vo)w—eVo)w+2e w
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Then, let x, € 2 be a maximum point of pw: we may assume that x, € Supp ¢ and
by the classical maximum principle we deduce from (A.4) the following inequality
where all functions are taken at x,

p+1

260|D%ul? S Cow"2 +Co’w 2 + Cep'w. (A.5)
Now, from Cauchy-Schwarz inequah'ty and (A.1)

ID2u|2> N w2 z(quI"+/1u Pz gz (Puf—0)?

and this combined with (A.5) yields
pt+t1

ewP < C + Cepw'* 4+ Ce®w 2 +Ce2¢w. (A.6)

3—p
—3 2 bl

max ew=@w(xy)=C.
Q

In case 2),i.e. when f € [°(Q2) we use integral estimates as follows: let m > 1, we
multiply (A.4) by (¢w)™ and we find

em [ |V(@w)|*(ow)™ ™ 'dx +p [ [Vul? =2V u- V(pw) (pw)"dx
Fef oDl puydx + o [olI7ul —C)*2gmumdx
+26[ " W V(@™ Wt ) (m+1)" ldx
S2{@m WV f -Vudx+ ij'w%q)”’"w"‘dx +Cef o™t owmdx.
We now want to bound the following terms

2[ @™ W f - Vudx < 2C [ @™ 'w™D2uldx +m | 0|V (w)] (pw)™* !
x |Vuldx + C | ™ *éwm* 12dx

Sef o™ 'wh|Durdx + % fo™ whdx+¢ le((pw)lz((pw)"' tdx
m . ti,m m+0, m+1/2 9+
+C;j'(p whdx+C ™ w dx;

pIIPUP~2Vu- Vigw)(pwidx < T [IF(ow)P(pwy™~'dx
2

14 m+1 m+pd .
_ X,
+8m[(p w

2e(m+ 1)—1 _(QD_IVQD‘ V((pm+1wm+l)dx§ m—(_::—f j¢m+awm+ Lix.
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And collecting all these bounds, we finally deduce

p+1

1 m
N J0UPuP =) 2mwmdx S C, W™ 7 g™ dx+ Cof g™ i

C
+CJ@ntOwmt U2y 4 = (@™ twrdx +C _’:_ [ @™ twmdx

Ce
m+1

2
m+6 m+ld 14 m+1 m+pd
fo™ W x+ e—mjgo W Pdx

2

To get rid of the last term, we choose m in jlpﬁ’ oo[ and we find

a2t
Jomtlwmtrdx <C+C W™ 2 om*idx.

And we conclude choosing 8= (m+p)~*{(p+1)/2+m(3 —p)/2}.
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