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ELEGANTIORES INTEGRALIS | V(i — PROPRIETATES.

[1]

Valorem huius integralis ab # = 0 usque ad # =1 semper per o de-

signamus. Variabilem # respectu integralis per signum sin lemn denotamus, re-
spectu vero complementi integralis ad 4@ per cos lemn. Ita ut

sin lemnfﬁ:—fz—ﬂ =&,  coslemn (é-m———f‘/(—i%;)) =u
Variabilis # tamquam radius vector curvae, integrale autem tamquam curvae ar-

cus respondens considerari potest, curva vero erit ea quam Lemniscatam dixe-
runt. Haec sufficiunt ad intelligenda quae sequuntur.

(2.]
1 =ss+4cctsscc sive 2 = (14ss)(I+4cc) = (;1?__1)(21;__1>

§ — vl—cc ¢ — \/1-——33

14ecc’ 1488 .
sin lemn (a8) = 2220
cos lemn{a+b) = %%2—
sin lemn (—a) = —sin lemna, cos lemn (—a) = cos lemna
sin lemn k@ = ¢ sin lemn (A4 o = 41

coslemniw = -1 coslemn (k4o = 0
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k denotante numerum integrum quemcunque positivum seu negativum, signum
superius sumendum quoties & est par, inferius quoties est impar.

(3]

l

sin lemn © =

sin lemn2¢ = .s*c(t-[--.s\«r)1~_}%F = sc(1+cc)ﬂf_c‘

in 1 30 — 3—6s5*—s®

sin lemn 3¢ = YOy
1—53‘—588—}-8‘2

14+ 208 —2638° 4 205** 4 &'

in 1 . 3—2s*+a® 1—128—268°+ 5287 4 &

sin lemn ¢ = s. iy D ary yr e Ty prapy v ey

sin lemn4¢ = 4sc(1+4ss)

n.nn—1.nn+ss‘_n‘—-13n‘+36»n+420.n.nn+_188.
60 10080
n.nR.00N—1 nn—i.nn—4.
L+ 8.__rm nn—i.nn—4 "”4‘7583.

12 10080

sin lemnng = s.

[

cos lemn ¢
1—2cc—e* _ 1—288—s*

CcoS8 lemn2<? T 14 2¢cc—c¢* T 1F26s+s°

I

1—485—68*— 4% 8°
14455—68* 4 45° 4 8°
1—858—128% 4 85°—388% — 80— 125'* 4 884} 8¢
14888 — 128 — 885 —385° + 85— 128'%—38s'¢

cos lemn3¢ = ¢

cos lemn4¢g =

4]

1.3 1 1.3.5 1 13 ) 1.3.5.7 1 a7
arcsmlemnw_—.r—}-— —m5+249 b n? Tt -
. . 11 13 211 17 __ 1607 31

sin lemng = ¢ <p +1zo<? T5600? T 5336000 P ~ sisaseees ¥ T

. 1,5t .9 23 13 107 17

Pcp =9 sog? mofsocp +2594592oo? +207484333056000<P + ctt
 em 2 5~ 13 5136 17 5146848 21
= 9123457 9‘9 + cee 13‘9 + + veee21 ¢
__ _ 12 288 6

Q? - 1+12‘P moso? "i"msa.sz-uooCP -{-—43589“5“00?1 .

—_ 2 4__ 408 13 13584
“"1+1.2.3.4<P +1....12 +1...1s(?
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cos lemn ?= 1—??_"%?4 - %?6—*—{.0(?8 600 (?10+ 1200 CF

37 12
Q‘P} = 1+ P (P +24ocp +4032o(9 _|_40320oSo +159667200<P
113 14 4171 16
i 4151347200 (? +6974263296000 C? .
Formulae pro P, Q, p, ¢ in infinitum continuatae quavis convergentia data

citius convergunt formula autem pro sin lemn¢ diverget, si o ponetur >~ e
sive ¢ > ;- formula autem pro coslemn¢ diverget, si o >®

Einige neue Formeln die Lemniscatischen Functionen betreffend.

1319

~ . dz . . . 1 1 5 1.3.5 1 13
Es sei fm-‘?» oder ¢ = ‘r+'2—'5w+2 1 9w+2.4.67—3'm c

Man hat dann gocp:mm—{-%%mﬁ—{—%%%w’“—f—j;:; ~at
Es sei # =sinlemng, y =sinlemn¢, 2 == sinlemn(p-4¢)
so hat man .
z = WO—y)t+yd(—ay) ze—yy
1t+azzyy 2/ (1—y") —yV(1—2*)
\/I——-zz =22y +V1—2)(1—y* l—zzx—yy—zzyy
t1+32 1t zztyy—zeyy 2zy+ /(124 (t—y*)

vi—z‘ 2+ ) (—2)—y(i+ 2y (1 —yY
22 (1+zzyy) (zz—yy)

4 __ (1—zzyy)V (1—a ) (1—g)—22y(zz + yy)
Vi—z) = (l-l—myy)2

V(l—-m)\/(l—yy)—xy\/(1+xx)\/(1 +3y)
\/(1-—-zz) 1+zsz

¢1+x¢)s/(1+yy)+ry\/(1—m)\/(1—yy)
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Die einfachste Manier sinlemn¢ in eine Reihe nach Potenzen von ¢ zu
entwickeln scheint folgende zu sein: man hat

___ {1+7)sinlemng '
T y(1—sinlemn ¢%)

sin lemn (14 4)¢
setzt man also
(sinlemng) ™ = ¢ (14-a¢* + B+ yo . .. )
und folglich
(sinlemn(14-2)@) ™ = —4ip (1 —4a¢*+ 1660 —64y¢" . . )
also

sin lemn ¢* = — 24 (sin lemn (14-4)¢) ™ -+ (sin lemn ¢)~>
= 5a9p—156¢°4-657¢'"" —2550¢" . ..

man hat also

(14 at4B88°4-yt*4-0t44.. ) (5a—156¢4 65722 — 255083 4-1025¢e¢%...) = 1
Y )( Y

hieraus

50 =1 a=.;. ;—_%

36 =aa bo'::;:g =s_lz'§ -—-f;a
13Y=2a6 Y=4_s'27—5 =3.53.13 =§?§6
516 = 14a7-—3686 8= = =57

2055_—:500(8—106?' e=s‘272;52'5 =9_F%3.1_7 ___%3
819 = 206 ae—5468-+13yy cz_m%m zﬁ_j_s;ﬁ =§1;e
3277 = 818aC—2026e+3878 = 19527:218'15 = 3.5’.134;.17.29 = ;‘%(

e . _ — 223 _ 223 __ 228
131070 = 3278an—82260+2187e 5180, = 4815435203125 35518517520 918011

Die Grenze des Verhiltnisses zweier aufeinander folgender. Glieder ist”

(2.6220 . )11 = 47,27:1
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Sehr nahe ist
92 108 124
=G 1= "=
1
logP——-logcp— 2 0P ""”6 ¢ — 1327“? 2408(916 380 eg® 5;2 Co*...
_ ot 12 _ 1 16___ 1
— logCP——g(? —4_2%(? 321750 7 19890000 T 1150965750 7
22

.« .

T 1756255921875 T

log sin lemn ¢ = logg— ¢’ +378¢" — Loy ¢+ 89" — (e g - TH L™ . .
3

- 1 4 1 8 127 16
—loch MCP —i"a.ooCP 4875? +9945000(P 3453125‘9

89 2%
+1454456250<‘o .

Die Coéfficienten «, 6, y u.s.f. lassen smh auch vermittelst folgender Glei-
chung bestimmen

14at-+Btt+yf+ ... =1 + ol — 76t -{-32 uyts-}-m 158# S

Die bequemste Art log coslemn¢ in eine Reihe zu entwickeln ist fol-
gende. Es ist

dlogcoslemno 2de!
a3 = — fTog sim lomng — — (1—14) sin lemn (14~ ¢)¢

hieraus ergibt sich

o pp— 220 44y 422 48 6428 99
log cos lemng = — oo — P 555? arsen® — T3erse7s
_ 6044 a5 20824792 g
44890625 527240390625 7 * *
a*P dP 4P dd P,?
Pd? 4d? d<93+3(dw2) = 2 PP

5136 ,7+514ss4s 21

Pcp:cp—l.ijcf— 9<P+ 13<P + ETAS ..21

— i 13 107
=9 4.3.5? 32‘9.5.7? +128.81.25 7.11. 13? +2o4s 243,125.49.11,13, 17?

+ 23.37 .
8192.729.625,49.11.13.17. IQCP
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Plo = +2.6220575¢
—2.0656648¢°
—0.5811918¢°
+0.0245475¢"
+4-0.0001890 "
—+0.0000620 ™

P16 5= +1.2453446 = y/4.¢"

ddloge _ PP
de* T QQ

Die Halbirung geschieht sehr bequem so

coslemn¢ =— tang»

sin lemn¢ = {/cos 2%

cos lemn ¢ = \/tang 4 (45°+u)
sin lemn¢ = {/tang 4 (45° —u)

sin lemn (¢4 1¢) = r(cosv—--isinv)
sin lemn ¢* = tang ®
sin lemn{® = tang ¥
r = \tang(®+ ¥)
___ tang2¥
tangy = \/tangzcb
sin lemn (p4-¢) = ~’<°°“‘l’si;:(‘g)_4_rg)<fi;:¢oosz‘v>
— sin (¥ —0).y2
= J(cos2 D sin 2 ¥)—y/(sin 2P cos 2 ¥)

Es sei

sinlemnd = 2, sinlemnB=y, sin lemn‘fif =z

s0 ist
(1414)z = s/(l+za:)(1——y92:;/(1—z¢)(1+yy)
t—i __ Vi+z2)(1—yy)+V(1—22)(1+yy)
z z+y

52

409
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NACHLASS.
sin lemn 4—B
14¢ __ sinlemnd —sinlemnB
sin lemn ﬁl_""_f " sinlemnd + sinlemn B
: I3

pp = QQ—-PP, 99 = QQ+PP
Pla—1).Q(a+b) = Pa.Qa.\(QW¥—P)—Pb. Qb.\/(Q4'— Pa¥)
Pla—1b). Pla+b) = P’ Qb — Qa>. P f
Qa—b). Qa-+b) = Pa*. Pb*+ Qa®. Q¥

qla—b).q(a-+b) = pa*. PH+4ga*. QP
=pb*. Pa’+qb. Qa’

q(@a—0%).Qla+4-b) = gqa.qb.Qa.Qb—pa.pb: Pa.Pb
q(@a—10b).Pla+b) = ga.pb. Pa. Qb~+pa.qb. Qa.Pb

Po=P

Qo= Q

pe=V(QQ—PP)

g9 =V (QRQ-+PP)
P2¢ = 2PQy/(Q — P¥
Q29 = Q'+ P*
P29 = Q—2QQPP—P*
g2¢ = Q' +-2QQPP-+ P*

P39 =3Q°P—6Q'P°— P*

Q3e= Q +6Q°P‘—3QP°

P39 =V(RQ—PP).(Q— 41 Q°PP—6 Q' P'—4QQP"+ P*)

93¢ =V (QQ+PP).(Q+1Q"PP—6 Q' P*4 4 QQP°+ P¥)

Pig=4PQY(Q'— P".(Q"—5Q P —5 Q' P'+ P")

Q4C?= Q16+20Q12P4____26Q8P8+20 Q4P12+P16

p4<P — QiG_SQMPP___]2Q12P4___8Q10P6+38 Q8P8+8Q6P10_12Q4P12

+8QQP*+ P*

gie = Qiﬁ+8Q14PP_12Q12P4+8Q10P6+38Q8P8_8Q6P10_12Q4P12

‘ —8QQPi 4 P
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Q:,ﬁf,——l—}— ?(n_,m)( ) — b @+ 702° — 371n+300nn(Q)

+—gﬂrmw(i7n”+ 1657+ 4191 23— 106865 n° - 426492 2*
Po 12

—32400022). (

= 1+ﬁnn(n—1)(%)‘—-i—ﬁ—ﬂ-nn(nn —1)(nn—4)(nn-+ 75)(

Pigp = iPg
Qio = Q¢
pio =gq¢
qie =p¢

P(1+4-1)o = (1-414) PQ
Q(1+3)p = V(@' —P*) = pg

5e)
Q¢
+rrrssroonn(rn—1)(nn—4)(nn—9)(170* 4403 nn -+ 9000). (

8

411

1_1(2)12
Qe

p(1+i)e = QQ—iPP
q(1+i)p = QQ+<PP
P(2+z)go = ( —+1) PQ‘—ZPs
0(2+i)p = O°—(1—24)QP*
p(2+i)e = V(004 PP). {Q'—(2+2i) QPP+ P}
q(24i)p = (QQ—PP).{Q*+4(24-2i)QQPP+ P}
P(341i)p = (3 +z PQ3~—— (24 68)P*Q°+(3414)P°Q
0(3+414)9 = V(@'—P%) . {0°+(2+8) P* '+ P}
p(B+i)e =0 ( 32)081’1’—(2 49)0°P - (4+4-24)Q°P°— (3-+-4i)QQP"—iP"
q(3+1)p = Q°-+(4—30)Q°PP—(2— 44) Q°P*—(4+-27) Q*P*—(34-41) QQP*4-iP"
P(14-2¢)¢ = (1+42i)PQ*— P®
Q1+2i)¢ = Q@ —(1427)QP*
P1+43i)¢=(14+3)PQ —(6424) PP Q@+ (14+3¢)P°Q
Q131 = Q° . .
P(1+44i)p = (1444)PQ*®— (204 12¢) P°Q” — (10 —284) P* @’
+(12—20%) P® Q*4- PV
Q(144i)p =

52%
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P(i—l—m)cp — (1-|—in)PQ"”-— (nn.rmti_{_n.im—i.nn——«& ’L)P5 Q’m—/"‘l“

12 60

— (l-—}—in)PQ””— n.nn—l.l()-:-zn.n—4zP5 Q,m_4

Unter den Zahlen y =@, 2241, 22+, 22—1, 22— ist immer we-
nigstens eine (oder drei oder alle), die die Auflssung der Congruenz 1 —y‘=zz
nach irgend einem Modulus méglich macht.

~sinlemnX =%, sinlemn Y=y, sinlemnZ =z

—22zyz (22 + yy -+ 2m—azyyzz) + 2/(1—y*) . V(1 —2%) . (1 —yyezzazz+ zzyy)
+yy(1—2%).V(1—2%). (1 +yyzz—azzz-+azyy)

i — +2v(1—2%) V(1 —y°). (1 +yyzetazzz—azyy)
sin lemn <X+ Y+ Z) T 4 2yyme - 2zwaz + 2zayy + et atet + oyt — 2ty — 22yt — 2wayyzt

Ist ¢+o+49©" =0, sinlemny =2 coslemng =y
sinlemn¢’ =4 coslemn¢ =y’
sin lemn¢”" = 2" coslemn¢ = y"

S0 1st
2y—oy) =dY—yy) =2 y'—yy, y =L
Q
—142¢| 5|14 (— 14 2i)a
—3 Lo 14 62— 328

+3424¢| 13 | 14 (—114108)2* + (T — 40)2°+ 3 + 24¢)a®
+ 1440 | 17 | 14 (412 —204) 2" 4 (—104-288) 2° — (20 +-12¢) 2 1 40)2'®

5 25 | 14 50 2* — 1252° 4 300" —  1052%
I — 622+ 52
fiir ' =41 und o' = —1

werden diese Functionen respective den Quadraten und Wiirfeln

von 1—3 —2 —2—23 —47 —+8
gleich fir M= 5 9 13 17 25

Qla+bi)g = QP+ 1 ia+bi) —(aa—bb)| Qo+t~ p

— 1w (@4bi)*4-70(a—bi)* aa+bb) —35/aa—-bb)*—3 36(a--bi)*~+300{aa—-bb))}.
. Qaa+bb—8 Pe...



