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On Certain Definite Integrals.

(By John C. Malet, Queens College Cork.)

It may be proved by well-known transformations of elliptic functions
or by direct substitution, that the differential equation
de + dy -
Ve—a)(@—B)(z—7)  Vy—a)y—B)(y—7)
is satisfied by the relation

z—a = (r—o) 4=L.

Let us now make this substitution in the definite integral

/“ log(z—ea)dx

3 Ve—a)@—B)e—7)’
and remarking that when ¢ =, y=/ and vice versa; writing also for
shortness

(z—e)(z—f)(z—y) = X,
we get the identity

log(a:—a) de /‘ log(a: )] de

1.
& f _____]og(a: 7 g — log (y— a) = 0.
12 VX
In this equation interchanging « and 3 we get
flog(@—B) , /¥ log(z—a)
. —Vx dx [ ——VX dz
) B
+f log(w 7) dz—log(y— /J')/ = 0;

hence subtracting (2.) from (1.) we get the formula
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& —ESD e = 4 flog(y—a) +log (7~ B) /7

As each side of this equation may contain both real and imaginary parts,
it is necessary to examine the resulting formulae in two cases, viz. when
7 is the greatest or least of the quantities e, 3, y which I suppose to be
all real. The case of y being between o and 3 is easily seen to be in-
cluded in these cases.

Ist. Let @ > /3>y, then multiplying each side of (3.) by V—1 and
taking the real part of each side, we deduce the formula

@) f lofffxy) o = logle=p)B=7)) "

V—X '

114, Let y > (>, we get in a similar manner
a/ g 10;;(:—@ de = logV(y—B)(y— a)fﬂ =

‘Hence we see that the definite integrals

% log(z—7) A log(r—w)

—-———-—d or dz

[ o
= (z—0)(@—fB)(z—y)

‘and y is the least or the greatest of the three real quantities e, 3, y, can

‘be expressed each as an elliptic function of the first kind.
Let us now consider the case when X has four factors. Let

= (z—e)(x—f)(z—y)(@—I).
‘We find as before that the diﬁ'erential equation
dx _
VX v Y

(where ¥ = (y—e)(y—A)(y—7)(y—9))
is satisfied by the relation

where

z—pf —
(@) 5mq = B-N =5

r—ao
‘Hence making this substitution in
# log(z—@) # log(z—e)
_O8EP) g [T 8T g,
A
we get the identity
44*
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— — 8 —
8 log(a: fo)) dz /ﬂ log(a: a) /‘ log(a: ?) do

(6.) !
g log(a: J) 8 da: -
+/ do—log £= 7/ = 0.

In this identity interchange 3 and y, and we have

7 log(z—y) log(z—a) , /7 log(z—§)
[ _—I/X dx — f ——————h dx f _——VX dx

?+/7 log(a: —d) dz—log y—dfr de
Subtracting (6.) from (5) there results

? log(e—3) ? log(e—a) B=DG—=3) [Pdz _ .
7. —8X " de BT de = log) 22— [ = =0;
(@) ‘,/ VX -,/ VX & ‘/ (e—n(e—BY, VX

we have again by adding (5.) and (6.)

P log(e—p) , [ log(e—7y) B—)(@—p) [* dw
(8.) ,/ X ,/ yx o= log ‘/(a NG—" VX'

From (7.) and (8.) we get the formula
log((ﬂ—f’)(“—ﬁ) ){/ﬂ log(m"‘s) dx /’8 log(‘” o) dz %

(6.)

(a—7)(r—9)
(9) N(y—0o A log(z— 8 log(z—
=1°g((a_;)((2_,))){/ Og( ﬂ)d / Og(w 7)d}
where

= (z—0)(z—f)(x—7)(x—J).

In formulae (7.), (8.) and (9.) certain modifications are necessary according
to the values of 3 and y with respect to ¢ and J, in each case however
we may suppose 3 and y to have consecutive values and also 3 to be
greater than y.

Ist, Suppose @ >> 3 >y > J. In this case we merely change
log (x—ea) to log(e¢—=) and log(z—p3) to log(8—=x) leaving the rest of
the formulae unchanged.

II4. Suppose B>y > a=>J.

Change log(x—pf3) to log(f—=x), a—f to f—a,
c—y to y—a and X to —X.



Malet, on certain definite infegrals. 345

4, Let a>d>p>y.
Change log(z—f) to log(B—=x),
log(z—ea) to log(a—),
log(z—J) to log(d —a), -
B—dto d—pB, y—d to d—y and X to —X.

It may be interesting to examine the formulae already arrived at
when the integrals are reduced to the standard form of elliptic functions.
Consider the integral

" logsin6
[ 70,0, 9
where, as in the usual notation
4(k, 0) = V1= sin’0.

cos @
4@, 9)’

If we make
sinf =
we get the identity

_logsing _logecos® log4(4, 6)
(10.) }'0/ —ag,6 Y- Z/ A(l D) d0+lf —da,0 W=0

In this identity suppose A >1= 7:—, where k<T1; then transform each

integral by the substitution:
8ind = ksing

from which
Ad0 _ de
A, 0 — Ak

We find

_logsind
"./ TG, 0)
k3 11 11
— 2 logsing T logsing -
0/ IO +/ A,y 29+ 108 "/ s
and

: dc((;.s 00 5 T log Ak, @) w1 é’(", ®)
Cco8 Cco8
lo/‘ 40, 6y df = 0/ Ak, q,)qJ dp +f A(k, qg dg-
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Now for convenience let us call the integrals

T _logsing T logcos 6 e _logd(k, 6)
Of T4, 6) do, ./ TAGk, 0) ek, 6y % / IO R
L, M and N, and let L', M, N' denote the values of L, M and N when 4
is changed to A’ where k44" =1; also, after Jacobi, let K and K' be the
complete elliptic functions of the first kind with % and &' for moduli.
Now by the transformation

A, )
we get
sin-l—l—
) k logsmq> T A
2
sin"ll
k de e K VIR
[ Fww =K
sin—11 log A, @)

* cos YT ' “1)K'].
S iy = VL= +log (= DK
T
Hence we have

_logsing — an N
;.f —Zgy %0 = L+V=1N'+log k(K—V—1K),
cos @

lf 4(41(10)0 )46 = N—M+/=1(L'~ W' +log (= 1)K').

Hence substituting in identity (10.) we have the identity
L+M—N+ Klogk—V—1log (V=1)K'+V—-1(N+M'—L'—K'logk) = 0.
Hence equating to O separately the real and imaginary parts of this ex-
pression we get
L+M—N+Klogk—V—1log (Y—1)K' = 0
L—M—N'+K'logk = 0,
or in this latter equation changing &' to &, and remembering identity (10.)
we have for the determination of L, M and N the three equations
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L+M—N+ Klogk—K'V=1logY—1 = 0,
L—M—N+Klogh = 0,
L—M+N = 0.
Hence we have
N = }Klogk,

M= ,}Klog%'.i._‘/ilng(_—_D_K"
L = —iKlogh+ =180 g

To determine what value of log(—1) must be taken, let k=1 in the last
equation, and we find

T

y—1log(—1) = _ /% logsin® ,, *logz ,  a
4 '?_0 cos0 dé —/ o =73
Hence we have the formulae
2 logsin 6 7
. ————df = —LiKlogk— K’
(@) / V1—F sin0 tKlogh— K,
2 log cos @ ¥ =
b. —2———df = 1 Klog— ——K'
(5. ) Yi—F s R0 T

T

2 log VI —k*sin’0 ,
. —————df = 1K .
. ;,/ i—wswg " tilogk

Equation (a.) is a known formula of use in the theory of elliptic functions
(see Schlomilck’s Elliptic Functions).

I may add that there are other limits of integration besides —’21
and O for which the integrals L, M and N can be expressed in terms of

elliptic functions. For example the integral

o TS
/ Iog]/i—k-sm 0 0
f; Y1—k"sin’0

can be expressed in terms of an elliptic function of the first kind if

cosc
Y1—k’sin’e

This follows at once by transforming the integral

sinf3 =
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« log Ak, 0)
0/ 4G, 05 %0

by the transformation
Sin0 = ——__L—"sl—__—'
Y1 —Fsin’ o

from which we have

® logd(k, 6) . , [ do
{ 4G, 0) 90 = tlogk ) 4G 0)

when (2 has the value given above.
January 3¢, 1882.




