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DISQVISITIONES GENERALES

CIRCA SERIEM INFINITAM

2€ a(e+ D@+ a(atn)(ad2)EE+1)(E+2)
x+:'7x+ I ‘?‘7(7"' ') et 1.3, 3. 7(7+‘)(7+’) x* + etc.

, AVCTORE
~CAROLO FRIDERICO GAVSS.
' W V" ’
"PARS L o
SOCIETATI REGIAE SCIENTIARVM TRADITA, IAN. 30, 1812.

INTRODVCTIO.

Il

Series, quam in hac commentatione petfcrutari fafcipimusstam-
quam fanftio quatuor quantitathm' ¢, &, ¥, & fpectari poteft, quas
ipfius elementa vocabimus; ordine’fuo elementum primum 2, fecun-
dum.€,. tertium 7, quartiim % diftingaentes. - ‘Marifefto elementum
primum cum fecundo- permutare licet:. quodiidtagué-breuitatis cauffa’
feriém noftram hoc figno F (2, §, v, %)  dénotamus,- habebimus
F(gt @ %Y x) = F(U: g,"y: x)-

S e el e 2 . A N
... Tribuendo elementis , §, y valores determiniatos’, feries noftra
in funttionem vnicae variabilis % tranfit, quae manifefto poft termis
num [ gt vel '{ =& abrumpitar; fi a— 1 vek§ — 1 eft nu-
merus integer-negatiuus, in’cafibus reliquis vero in infinitum excur-

: - A3 - ) £it.

’
. . . MO



4 CAROL. FRID, GAVSS

rit.  In cafu priori feries exhibet fun@ionem algebralcam rationalem,
in pofteriori autem plerumque funétionem transfcendentem. Elemen-
tum tertium <y debet eflfe neque numerus negatiuus integer neque
== 0, ne ad terminos infinite magnos delabamur.

3.
Cotflicientes poteﬁatum x‘“, xm*+ 1 jn ferie ‘nofira funt vt
vt + 1, 2 +
14+ — 4+ il b 4 — -—-—, adeoque ad rationem aequa-

litatis eo magis accedunt, quo maior affumitur m.' Si itaque etiam
elemento quarto x valor determinatus tribuitur, ab huius indole cone
vergentia feu diuergentia pendebit. Quoties {fcilicet ipfi x tribuitur
valor realis, pofitiuus feu negatiuvs, vnitate minor, feries certo, fi
non ftatim ab initio, tamen polt certum interuallum, conuergens erit,
atque ad fummam finitam ex affe determinatam perducet. Idem
eueniet per valorem imaginarium ipfius x formae a4 v"—1, quoe
tiesaa 4 bb < 1. Contra pro valore ipfius x reali vmtateque ma-
jori, vel pro imaginario formae a 4 b V'—1, quotiesaa +bb !> 1, feries
fi non ftatim tamen poft certum interuallum neceflario divergens erit,
ita vt de ipfius fumma fermo efle nequeat. Denique pro valore x =1
(feu generalius pro valore fofmae a 4 6v" - - 1, quotiesaa~ bb=1)
feriei conuergentia feu diuergentia ab ipfarum e, &, 7y indole pende-
bit, de qua, atquein fpecie de fumma feriei pro x = 1, in Seét. ter-
tia loquemur.

Patet itaque, quatenus fun&io noftra tamquam fumma feriei
definita fit, disquifitionem natura fua reftritam effe ad cafus eos,
vbi feries reuera conuergat, adeoque quaeﬁlonem meptam effe, quis-,

. pam fit valor feriei pro- valore ipfius x vnitate maiori.  Infra.augem,
inde a Seftione quarta, funtionem noftram altiori principio fuper—
firnemus, guod applicationem generah«ﬁimam patiatur, ;

4 7 R

Differentiatio feriei noftrae, conﬁderando folum elementum
guartum x tamguam vanhblle s ad ﬁm&tonem fimilem perduclt, quum
anifefto Ii’l‘abeaéurr s) g

d 2, s X a
;—‘—-d—;c—?—— € plati, e+

ldem valet de dlﬂ‘erentxatxomhus repetitis. mro
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5
Operae pretium erit, quasdam fun&tiones, quasad feriem noftram
reducere licet, quarumque vfus in tota analyfi eft frequentiffimus,
hic apponere.

L ¢4 w =t F—n& 6 —)

vbi elementum & eft arbitrarium.!
I (4 )" + ¢ —0)= ot Fl—gn— dn+ )
IIl. (tu)* +t" =2t F(~—n,0, 2w,—-—-—)

denotante w quantitatem infinite paruam.
1v. (t-!-u)"— (t-—u)" = ant"y F(—%n + L - ,n+x,§, ”
Vi (¢ u)r = t‘—wt"“‘uF(l—n,x,z,-——-)
VL log (a+t) = tF(1,1,3, — 1)

4 + t L ’

Vll. log 7 =3t F b0

VIIL g‘_F(:,k 1, ) =14t F(s,k,3,~ ) _.l-l-t-l-{;ttF(l k,;,k) etc.

denotante e bafm logarithmorum hyperbohcorum, k numerum infi-
nite magnum, N

IX. ¢ + et =2F(h#,35, -i-[’)
denotantibus £ &' numeras mﬁmte ‘magnos,

-xg-w—ur&g%mﬂ B
XI. ﬁnt -tF(M %, k,)
u r

XEL co[tzﬂ. F(k k{gi‘o P 4kk’)

XI{I]. t — ‘;‘ﬂ t F;Er’!jr‘g’) ﬁn t%) f

Iy t. coft, F(1,1,%, fint?)

’}XIVK L:—»ﬁ%‘gt F(‘,,m 3} &= tange®) - )

le ﬂn 'fb-“” ﬁmt» E(‘-E”"l" %7 m‘l” + 3 2: fn t’)
'XVl[. fin nt = n fint. cof 2. F(%n-}-l,—{;n—{-l 3, fin £2) i
XVIIL
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XVITL finnt =nfint, cof t"~* F(==fn 41, — §684§ 4.~ tangt?)
X)X, finnt =n fint. cof ¢~ F(fn+1,4n , — tang *

XX. col nt = F (§n, — §n, %, ﬁﬁt;‘)- inthi 6+
XXl cof nt = coft. F(3n 4 % — §n -+ §, & fint?)

XX1L cofnt =coft* F(~=4n, — §n 4 §, &, — tang £2)

XXIll. cofnt = col t=" F (4n - 4, %n, &, — tang t*) ;

6. ‘ .
Fun&tones praecedentes funt algebraicae atque transfcendentes’
a logarithmis circulogue pendentes. Neutiquam vero harum cauffa
disquifitionem noftram generalem fufcipimus, fed potius in gratiam
theoriae funftionum transfcendentium altiorum promouendae, qua-
rum genus amplifimum feries noftra -comple@itur. Huc, inter in»
finita alia, pertinent coéfficientes ex euolutione fun&ionis (aa 4 bb
— 2ab cof ¢)~" in feriem-(ecundum cofinus angulorum ¢, 2¢, 3¢ etc.
progredientem orti, de quibus in fpecie alia occafione fufius agemus,
Ad formam feriei noftrae autem illi coefficientes pluribus modis ree
duci poffunt. Scilicet ftatuendo .
(aa + bb — 3ab colo)™=Q'= A + 24 col ¢ - 34" cof 3¢
+ 34 cof 39 + etg., . , .
habemus primo . : ’ D '

A:a—ia F(ninl.’.;)‘" : ' ) “W“‘ . i . R '
. . ‘ bb - .

A =na*b i (nn 4 1,3, a—“)

All_-;_,!-(%x—)a"‘""ibbli\(ﬁ, n_+:3,§, %"I;) e .
) mE) e 0T ‘

Y T Yrinl F'(n.n_-l'sag’“? . .

it
VTR S A

etc. Co ;

Si effim aa + bb —3ab cof ¢ confideratur tamquam produftum ex

a — br in a — br—*(defignante r quantitatem cdf ¢ 4 lin @. V' — 1),

fit Q aequalis produtto Teved . YAl .
ex a4

. [ T o { g j L‘ ‘,
. br  uintr) -bbrr  wlnti)(nga) bir¥ .
xR e ey e

it
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b= n(n4=1) bbr n(nd-1)(nf-2) b3p-2
. in '+”a+xz'aa+l.a.3'a3+°tc
Quod produfum quum identicum effe debeat cum A 4 A (r 4-r—)+

A (rr 4 1r7%) 4 AV (3 4 r=3), valores fupra dati fponte prodeunt.

Porro habemus ﬁmmdo\' "
= (@a b0 Finn +b 1 o)
4aabd

A =n(aa 4 bb)"* ab F(En+§ dn+1,3, Gaa + bb)ﬂ)

. bb
a0 =" e +bb)-"-mbmsn+x,;n+;.a.(aj’j:bb).)
y,

aabb
! n(n+ll(n+=l)( +6b)"""’¢°5’F(i"+§s§“+’:4v(“+bb)n)
etc.

qui valores facile deducuntur ex

Q@a4bb) =1 kulr+r) “?:“ +

”(”+l)( +-'-_,)° (a::_b:b)z + etc.

Tertio fit
=@+h " Foub ]

. A‘—'n(a'i' by==2ab F(n+ 5, %3 —
——(a +b)“""" aabb F(n+2, %5 —

] (n-l- 1
,4" bl (a + b)’)
A = 'L("_'*._‘zi".“’)( + =53 P F(nt 3,51,
etec.
'Deniqqg'ﬁt quarto
=@~ b Fmipt —

_4ab
@+ BP

(a +b)’)

_4ab
(a— b)“)
4 = n(¢ é)-m-! ab F(”"‘ l’ %; 3 — b)g) ;
:’..‘;e ’t ) ) R \ . A’I:
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3
Qe = ”("-*;l)( )-au-4 aabb F(" + a, g,,’ 4“2)3)
A = ’_’_f,’!j‘__‘;).(_'l_;i' ) — b =ta3 b F(n+3, 87— —:—1;)";)

e Valores illi atqueblu ffac"‘,’ eruuntur ex ] "
qabceofl {0 —* -
Q(a-l-b)”"‘(l-—m_l_b).bb ) “'+"(a+b)=(' A
"(':-i; 2 (:i B)s ( +r .&) + ete,
4ab ﬁni@’ - 5 - +
'Q'(a""b)“=(‘+ ( ) = +”(u b)‘ (’ ) .
n(n 4 1) aabb L X ,
it ( b)‘( -y ) +etp._

“secmo
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SECTIO PRIMA,
Relationes inter functiones contiguas.

7.

Funflionem ipi F (a5 &, 9, %) contiguam vocamus, quae ex illa ori.
tur dum eclementum primam, fecundum:, vel tertiom vnitate vel au.
getur vel diminuitur, manentibus tribus reliquis elcmentis. Funétio
itaque primaria F(a, 6, 7 x) fex contiguas (uppeditat, inter quarum
binas ipfamque primariam aequatio perfimplex linearis datur, Has
aequaﬁones, numero quindecim, hic in conlpeftum producimus, bre-
vitatis gratia elementun quartun quod femper fubintelligitur = x
omittentes, funftionemque primariam fimpliciter per £ denotantes.
[1lom(y =20 = (§—a)x) F+a(t—x) F(a+1,8,9)—

*N—a) Fla—1,6,7)
{3 o—(é’—a) Fioa Flat1,8%9) = EF(2,8+4,9)
3] o=(y—a=8) Fta{i—x) Fla+1,6y) —
] o= ¢ e e Pt 16 m
4 0—74—-7-— x) Hir-ayld —% et 1:6,%) +
. (y=a) (y—8) F(a,é’.7+x
[;] o= ('y—-a--l) FooF(a+1,89) —(y—1) F(a,6,y—1)
[6] o={y—e—8) F={y—a)Fla-1,67) +
. E(1 —x) F(2,841,7) .
[7) o:;!‘@-—a)(l—x)F-*('y-‘a)l‘(a LEY + ..
. §) F(a,6~ 1,7)
[8] o= y(a ~ F-r'rFiz— LENF+(y—08)x F(a. G’»7+ 1)
folrd=(a—1 {')"—g‘ ‘),@)ﬁ-{-('y—a)l‘(a— LEY) —
Fly = 0 (t~x)  F(a,8, y—1)
{uoj o =( 'y—:G’-l-(S’-—u)x) F4 801 -—x) Fla, 84 1,7) =
' & D oty (6 y Fas6
u] o._'y —(y=—a)x) F—&y(1 —x @ E+1,7y) -~
[ (y—a)(y—8) F(2:8,7 1)
[tz] o=(y— g-l) FGF(a, 64 1,7) = (y= 1) F(2,8,y—1)
53] 0=y(1—%) F—yF(a,§=1,9) + (7.~ a)x F(a,5,7 + 1)
, '%u]\o—-(cvi—'@('yf—dﬂ"l)xl Fa(y=8) Fla, 6 — 1, ,) —_
. (y—1)(1—2x) F(a,6,y—1)
[15] o= 7(7-1 — (3 —a—8=1)x)F 4
(-y-ba)(-y-f&’)xch,é’,ﬂ—l)—-'y(w——1)(:-x)F(a Ly —1)
L‘ lv Gaufs, Disquyf.gener. Tom Il, - . 8.
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Ecce iam demonftrationem harum formularam. Statuendo
(e+1)(a43) . (a4 m=1)8E+1).....(E+m=2)

. L3 m Y (Y4 (y+m—1) -
erit cofficiens poteftatis x™ /
inF....% v.eoa@+m=~0)M
in Flag,6=1,9) ., a(§=1) M
in Fla+6867) .. (a+m Et+m=—1) M
in F(¢,§.7—l)..“(§+m ;)_(-7:—'” I)M
codfliciens autem poteftatis 2™~* in F(a - 1,6,9), fen cotfficiens
poteftatis x™ in x'F (¢ + 1,8, %) - '

=m(y+m—1) M
Hinc flatim demanat veritas formularum 5 et 3; permatando #cumé,
oritur ex § formula 13, atque ex his duabus per eliminationem 2.
Perinde per eandem permutationem ex_3 oritur 6; ex 6 et 12 come
binatis eritur g, hinc per permutationem 14, quibus -combinatis ha-
betur 7; denique ex 3 et 6 ermitur 1, atque hinc permutando 1o,
Formula 8 fimili modo vt fupra formulae s et 3, e confideratione co&fe
ficientium derinari poteft (eodemque modo f? placeret omnes 15 for-
mutae erui poflent), - vel elegantius ex iam notis fequenti modo.
Mutando in formula 5 elementum & in « — 1, atque y in ¥+ 1,
prodit
o= (y—a+1) Fle—1,85 1)+ (a—1) Fa,5y+1) —
YF(@—1,67)

Mutando vero in formula 9 tantummodo 7y in ¥+ 1, fit . .

o=(a~1 = (7~6)x) F(a, 5,y + 1)+ (y=a+1) Fla- 1,67 F1)—
7(‘—27)17(“:6)’7) o ) .

E fabtra@ione harum formularum fatim oritur §, atque hinc per
permutationem 13. Ex 1 et § prodit 4, hincque permutando I11.
Denique ex 8 et ¢ deducitur 1y, - o

n

1

) 9: ‘

Si a/— 2,& = 6, 9! =7, necnon o <a, & —§, 4 —y funt
pumeri integri (pofitiui feu negatiui), a fun&ione F (a,&, ) ad funétio-
pem F(a’, &, 9'), et perinde ab hac vsque ad funfiionem F(a’, £, 9"')
tranfire licet per ferlem fimilium fun@ionum, ita vt quaelibet conti-

S foa tBUE
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goa fit antecedenti et conlequenti, mutando feilicet primo elemen.
tum vhum e. g ¢ continuo vnitate, donec a F(a, §,y) peruentum
fit ad F(a', 6, ¥), dein mutando elementum fecundum donec peruen.
tom fit ad F (a/, 8, 7). denique mutando elementum tertiym donec
peruentum fit ad F (o, &, 9/), et perinde ab hac vsque ad F(a’, §', 74,
Quum itaque per art. 7 habeantur aequationes lineares inter funétios
nem primam, fecundam atque tertiam, et generaliter inter térnas
quascunque‘confegu_e,mes huius feriei, facile perfpicitur, hinc per
éliminatiosfem deduci pofle aequationem linearem inter funitiones
F(a,89)s F(al, 859, F(a*, 8 9"), ita vt generaliter loquendo
e duabus fupétionibus, quarum tria elementa prima numeris integris
differunt, quamlibet aliam fun&tionem eadem proprietate gaudentem
deriuare liceat, fiquidem elementum quartum idem maneat. Cete-
rum hic nobis fufficit, hanc veritatem infignem generaliter ftabiliuife,
neque hic compendijs jmmoramur, per quag operationes ad hunc
finem neceffariae guam breuillimae reddantur,

10.

Propofitae {int e. g fundtiones F (¢, 8, 7)s Fla 41,84 1,941),
F(e+2,8+2,9+3), inter quas aequationem linearem inuenire
oporteat. Iungamrys ipfas per funtiones contiguas fequenti mode :
Fla,&, ) =7F ‘
Fla+1,8,N=F
Flet1,8+1,9) =TF"

Fe+1,84+1,9y+1)=F"

Flet2,8-F1,9F1) = F¥

Fe+2,642,y+1) = F".

Fla42,642y+2=F S .
Habemus itaque quiaque aéquationes lineares (e formulis 6,13,

5 art. 7): = ; o o

L o={y—a—1F - (y—a=1=8)F' — &1 = x)f"

o=gyF/ — y(1 =x)F"" — (y - a — 1 xF" 3

I o= yFf — (y—a—1D)FY — [a+ OHFY | .

W.o=(3™=a— 0" — (y—a—2 - )F" — (§+1) 1 ~x%)F¥

V.o (4 DY — (y 4+ 1) —x)F — (y—a— I)xf‘" g

Ex I et Il prodit, eliminando F¥, . s
VI. o=yF — y(1—x)F" = (y —a— 8 — 1) x F' :
. Hinc atque ex lil, eliminando F*/
Vib o= yF = (y=—a—1—8Ex; F" — (a+1) (1 — x) FY
. : : - B2 - Porro

>
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Porro ex 1V atque V, eliminando F¥
Vill, o= (34 1) I = (y 4 1) BV 4 (B4 1) 2 KM
Hinc atque ex VIl , eliminando F',
IX.o=9{y+ D) F = (y+ 1) (7-(¢+C +t)x)F”' -—
(e +1) (€+ 1)% (1 =—x) F*

II'

" Si omnes relationes inter ternas fun&tiones F (4, €, %),
Fle+ A, C-L-;u, 749, Fla+a, §4u'y v 4 v, in quibus
Aoty A u'y v vel =o vel = 41 vel = — 1, exhaurire vellemus,
formularum multitudo vsque ad 325 afcenderet. Haud inutilis foret
talis colle®io, faltem fimpliciorum ex his formulis: hoc vero loco
fufliciats paucas tantummodo appofuiffe, quas vel ex formulis art. 7,
vel i magis placet, fimili modo vt duae priores ex illis in art, 8
erutae funt, quiuis nullo negotio fibi demonftrare poterit, '

61 & ) = Fla iy = = = mg S Flatr, 841,94 1)
[17} F(¢, 8+ 1,9) — F(a,8,9) = -;F(a.-}- L6+, y41)
(8] 1,60 — Fuén) =2 Flatn,+ny+0)

E)x
[1s] FlwStn0+0) = Fasn =200 Fatnetiy+)

[20]f(¢+l>§: +l)_'F(1’€,.y)—g,;¥,y+l) F(“TI €+l,7+2)

] Fla = 1,64+19) = F@e0 =22 Fo, 64 1,y 4+1)
[22]F(2+41,6 —1,9) ~ F(a,6, 7)_@——“7 n—fF(d-l-! €,7+x)

5] =B —FlatnE )= ey ey aee +r>
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| SECTIO SECVNDA.
Frafliones continuae.

12,
Defignando
Fa,8 41, Y4, %)
6 r (“ﬁ c’ ) x)
t

Fa41,6 741, x)_F(G’,¢+ 1,y l,x)__
F (as [ Y %) = F(G. a, "%y, x) G(g’ “ Y x)
ct proin dlmdendo aequauonem 19 per F(e, €+ 1,7 +1,%),

a %y == )
G(“’g'%x)v yo+n G(8+1,0,7+1,%)

ﬁu.e '
'[24].6(4;@..,7#): ’ l&(’}’ G (¢ -)
1 - ')(7‘1‘1) L @+ nay+is

I

ENiyti—
G > Gt Stnrta

etc., refu]tablt pro G (256,79, %) fra&xo continua
F(a,8+1,9+1,x) 1

perG (a, €, 9, %)

et quurﬁ perinde fat .
G (G’-&-l,a,‘y-l’-x,'x) -

[?53  F(2,6,9,x) = 1—ax
<7yt . H ;—ﬁ;‘-‘*
i—dx

T . \. . N . 1 — etc,
vbi R

ot ,¢('r—§) b= G+ +1—a)

e+ T T o+

;= (¢+!)('y+!—€). _E+a)y+2-a)
Tt 0+) T T o+t
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p= L2 12 Ota=f) fe Er) (s ~a

(v+4)(r+5) +5) 6
étc., cuius lex progrc{ﬁoms .obuia eﬂfy (7+ )

Porro ex aequationibus 17, 13, a1, 22 fequitur

[26 Fla, 6+ 1, 7 %) ! .
2 J F(u.ﬁ.'y’ x) - | g ¥ I»‘ .’. ) L
- ~G<,e°+nm P x> o
[37] Flat1,6,7.2) _ 7y
F(a,6,9x
(@:6,7,%) _g-a(ath.é‘.'y-x)
o Fa—n 84y Ty
[28) = —5—n. .
F(d: 8 7 %) ‘-(d. f;/“ l)xG(Gj‘-h?—h'y!x)'
F(d’i‘h G—‘ % %) L _ |

[29] = - ‘

F(a,6,7.9) 11— (-r-———g @=1) xG(d-l—l,G’v- 1,7,%).
vnde fubftitutis pro funftione G ejus valpnbus in fra&lombus conti-
nuis, totidem fra®tiones continuae nouae prodeunt: -

.Ceterum fponte patet, frationem continuam ;n form“la 25 ab,‘

rumpi, fi e numeris a,8,y = a, v~ & aliquis fuerit integer negatiuus,
alioquin vero in infinitum excurrere.

3. - = SO0 \' c el 2

Fraftiones continuae in art. pfaec. erutae fnaximi funt momentl,
afferique poteft, vix vllas fraftiones continuas fecundum legem ' ob--
viam progredientes ab analyftfs haftenus erutas efle, quae fub no~
firis tamquam cafus fpeciales non fint contentae. lmprimis memoras«
bilis eft cafus is, ybi in formula 2 5 ftatnitur §= o, vade F (2.8, %) =, ~
adeoque, fcribendo y—1 pro 'y( ()t 8,

",a.a.»l-nf) zaa-}-xuzs
el Fle =1ty b oG ro™ T RGEen SR

Vow
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S
=1—dx '
3 — bx
} Road 7
1 —dx
vbi i-etc.
—!— b ot e 7_6
=7 YO+

(aj:x)'y g= 2 ti—a)
Tarna+y Tao+aa+ .
_ (2+12) ('y+l_2 f= 3(y+2—a) - -
. ZGraete ITo+raaT s)
ete, N
14.
Operae pretium erit, quosdam cafus fpeaales huc adfcripfiffe.
Ex formula I art. 5 fequitur, ﬂatueﬂdo t=3, 8=z

(35] (14w)* = 'f:;,; R

E formuﬁs V1, VI! art, 3 feqmtqr
£32] log (I'H) --——‘- )
L , "H‘t ' .
‘ . B Toa ‘.‘1+%t '
S

B —

14 4t ete. {33] -
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Mutando hic figna — in - prodit fractio continug pro are. fang ¢
Porto habemus

1
(34] ¢ = — S

_ fintcof t

35] t= ——7——

1 — —— f{in 2
1.3

X - i—-s*-(m#‘ etc.’ .
-9 1

. Statuendo e =3,y =%, e formuja 30 [ponte fequttur fra&tc
continua in Theoria motus corporum cotléftium p. 97 propofita. Ibiden
duae aliae fraltiones continuae prolatae funt, -quarum euolutlouen

hacce occafione fupplere vifum eft. Statuéndo .
) Q=1 -
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5.8

- —

1.4

§ - ——

g.11

T.10 "
1 --—".lsx etc.

fitlec. x~£= xm = x? » adeogque
t+ 355 Q+ 5%

= x%
35

-
R+35%
quae eft formula prior: pofterior fequenti; modo eruitur, Statuendo

£E=

R=1——x

5.8 "
' 9.11
S —————————————
3.6 °
X o= ——
1513
.10 .
x etc.
' 13.15
erit per formulam 25
) 4 - I
7= G (% % %, %), atque Q— =GE,—5%47%:%)
Hinc » :

RE(L% 8% =F(L4 5%

QF (%- ;‘:,.g_-, x) = F(%. -3 % x)

five permutande elementum primum cum fecundo
QF(&%, %yx) =F('— %: ’%’ Z! x)

Sed per aequationem 21 habemus )
F("‘%p%)%;x) - F(i‘-%v%!x) =“%‘x F(\%“%‘g‘l x) .
vode it Q=R — %x, quo valore in formula fupra data-fubflituto
pl’odit ’ ’ Y

C.F.Gaufs, Disquif. gener, Tom. IL C £ :
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2

— 38 FE
£= R—1ifx
quae eft formula polterior, )

Statuendo in formula 30,e= g. x == ynt, fit pro valorein.

finite magno ipfius ¥
[36] F('—:—, 1% = YNt) = g mb - m (Mt n)tt = m (m-+n)(md-an) 19 4

ete,
1

—
==

L -4-mt
1+ nt
s (m+tn)t
x4 ant
1 (m+ an)t

¥+ 3nt  etc

SECT!IO TERTIA.

De fumma feriei nofirae flatuendo elementsm quartum = 1, vbi
[imul quaedam aliae funSiones transfcendentes discutiuntur,

. 15.

Quoties elementa a, 6, omaia funt quantitates pofitiuae, omnes -
coéfficientes poteftatum elementi quarti = pofitiui euadunt: quoties
vero ex illis elementis voum alterumue negatinum eft, faltem inde
ab aliqua poteftate ™ omnes coéfficientes eadem figno affééti erunt;
fi modo m accipitur maior quam valor abfolutus elementi negatini
maximi. Porro hinc fpoute patet, feriei fummam pro z==1 finitam
effe non pofle, nifi coéflidientes faltem poft certum: terminum in in-
finitum decrefcant, vel, vt fecundum morem analyftarum loquamur,
nifi coéfficiens termini ™ fit =o., Oftendemus autem, et quidem,
in gratiam eorum qui methodis rigorofis antiquorum geometrarum
faueat, omui rigore, b :

Lk

. _primo
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primo, codfficientes (fiquidem ferles non abrumpatur), in infinitum
crefcere, quoties fuerit a 4- § — 7y — & quantitas pofitiua,

fecundo, colfficientes verfus limitem finitum continuo conuergere,
quoties fuerit ¢ +6—y==1==0,

tertio, cobfficientes in infinitum decrefcere, quoties fuerit
¢+ €=y — 1 quantitas negatiua.

quarto, fummam feriei noftrae pro ==1, non obftante conuergentia
fn cafu tertio, infinitam effe, quoties fuerit 4 & =y quantitas po-
fitiua vel = o,

quinto, fummam vero finitam efle, quoties «+ &~ fuerit quanti-
tas negatiua,

16.

-Hanc disquifitionem generalius adaptabimus feriei infinitae M, M,
) Ml MII Mlll
M, M1 etc ita Yormatae, vt quotientes I W e et refp.
fint valores fraftionis
t 4 Ap—r 4 Bpr=24-Cpr~=3 4 etc,

) P 4 atrt 4 b2 4= -3 4+ etc.
pro t=m,t=m+ 1, {=m+ 2 ctc. Breuitatis caufla huius fraftionis
numeratorem per P, denominatorem per p denotabimus: praeterea
fupponemus, £, p non effe identicas, fiue differentias 4 ~ 4, B—15,
C—¢ etc. non omnes fimul euanefcere.

1. Quoties e differentiis 4 — 4, B~ b, C —~ ¢ etc. prima quae
non euanefcit eft pofitina, aflignari poterit limes aliquis /, quem fimalac
egreflus -eft valor ipfius ¢, valores fun&ionum P et p certo femper eua-
dent pofitini, atque £ &>p. Manifeftum eft, hoc euenire,. fi pro /
accipiatur radix maxima realis aequationis p (P —p) =o; fi vero
haec aequatio nullas omning radices reales habeat, proprietatem il-
lam pro omnibus valoribus ipfius ¢ locum habere, Quapropter in ferie
M’ W,/ nu
omnes termini erunt pofitiui atque maiores vnitate; quodfi itaque
nullus neque =o_neque infinite magous euadit, perfpicaum eft,

. »ﬁ,.;,,;‘, M, M, M, M1 etc -fi non ab initio tamen poft cerium inter<
vallum omnes ‘fuos terminos eodem figno affe@os continuogue crefientes ha-
bituram effe. -

etc. faltem poft certum interuallum (fi non ab initio)

Ca 4 Eadem
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Eadem ratione; fi edifferentiis A~ a, B==b, C—¢ etc. prima
quae non euanefcit eft negatiua, feries M, M/, M/, M ete, fi non
ab initio tamen poft certum interuallum omnes fuos terminos eodem"
figno affetos continuoque decrefcentes habebit.

Il, Siiam cotfMicientes 4, a funt inaequales, termini feriei J,

M's Mr', M1t ete, vitra omnes limites fine in infinitum vel crefcent

vel decrefcent, prout differentia 4 — a eft pofitina vel negatiua: hoc

ita demonftramus. Si 4—a et quantitas politiua, accip}intur Due
a

merus integer h itt}l‘, vt fiat h (4 —=a) &1, Qtatuaturque — = N,
11 m

mi N N ik N . Q
=N, ——=N,—— = etc., nec non tP* = q,
m41 m<2 ml-V*”'aM’ o

‘(t+1)p"=g. Tunc patet, 57, 5> = etc. effe valores fraftionis
Q N NN
= ponendot=m, t=m-1,t=m+ 2 etc., ipfas Q,q vero effe funs

&iones algebraicas formae huius

Q = t*h + hAih—=r + ete.

g=1t* 4 (ha + 1) tr—1 - etc. ,
Quare quum per hyp. differentia 14 — (ha + 1) fit quantitas pofitiua,
termini feriei N, N/, N*, N’ etc. fi non ab initio tamen poft certum
internallum continuo crefcent (per 1); hinc termini feriei mN, (m+1) MV,
(m+ 2) N, (m + 3) N’ etc. neceffario vitra omnes limites crefcent,
et proin etiam termini feriei J, M, M*', }]*/ etc., quippe quorum
poteftates exponente 4 illis funt aequales. Q. E. P. )

Si A — a eft quantitas negativa, accipere oportet integrum b
ita, vt h(a— A) fiat maior quam 1, vnde per ratiocinia fimilia ter-
mini feriei ) ‘ ’

mBI%, (1) M, (m 4 2) D%, (m - 3) M% - gtc,
poft certum internallum continuo decrelcent. QuamobreaF#&mini
feriei M%, M**, M'* etc. adeoque etiam termini huius M, M/, MY,
M etc. neceflario in infinitum decrefcent. Q. E.S~ B

Ht. Si vero coéfficientes primi 4, a funt aequales, termini fe-
riei M, B¢, B, M*" etc. verfus limitemfinitum continuo conuergent,
quod ita demonfiramus. “Supponamus primo, terminos feriei poft
certum interuallum continuo crefcere, fiue e differentiis B— b, C—¢
etc. primam quae non euanefcat effe pofitinain.” Sit integer talis
vt h+ b — B fiat quantitas pofitina, ftatuamusque 7

- 1

Y
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) h b

V4 . = " 2.‘."..1 - " 'ﬁ_’. = N" etc.

(m_‘) N, =) N, (m+x) ‘N' etc

NI NII
atque (it = 1Y% P=Q, t* p=yq, ita vt et fint valores fra-
@tionis = ponendo £ =m, {=m -1 etc. Quum itaque habeatur

qQ = ik o giMioh=t o (B f) prtah—2  ete,

q'= gxtsh - Aprtahex o+ btrtah=3 etc, g .
atque per hyp. B — k= b fit quantitas negatiua, termini feriei N, N,
N, N etc. poft certum faltem internallum continuo decrefcent,
adeoque termini feriei M, M/, M, ' etc., qui illis refp. femper
funt minores, dum continuo crefcunt, tantammodo verfus limitem
finitum conuergere poflunt. Q. E. P,

Si termini feriei M, M, M", J1* ete. poft certum interualium
continuo decrefcunt, accipere oportet pro 4 integrum talem, vt
b+ B~ b fit quantitas pofitiva, euinceturque per ratiocinia prorfus
fimilia, terminos ferieih . .

mE=ty, w2y, me @ e
) . m m-p-t m+4 2 R
poft certum interuallum continuo crefcere, vnde termini feriei J7,
M, M etc., qui illis refp. femper funt maiores, dum continuo de-
crefcunt, neceflario tantumwodo verfus limitem finitum decrefcere
poffunt. Q. E. §.

_1V. Denique quod attinet ad fummam feriei, cuius termini funt
M, B, M, M etc., in cafe eo vbi hi in infinitum decrefcunt, fup-
" ponamus primo A —a cadere inter o et — 1, fiue 4+ 1 —a effe vel
quantitatem pofitiuam vel = o. Sit s integer pofitiuus, arbitrarius
in cafu eo vbi 4+ 1 —a eft quantitas pofitinva, vel talis qui‘reddat
quantitatem h-+m + A+ B — b pofitivam in cafu eo vbi 4+1 —a=o.

Tunc erit . )
: P—(mth—1)) = p¥ f (A4 1=m—p +
R (B=A(m+¥h—1))t— etc, .

Cp (= p)) =% (6 = m— h)t* (b — a (m-F-hy) " etc.
vbi vel A4 1—m—h — (a—m—Fk) erit quantitas pofitiua, vel, fi
haec fit =o, faltem B—A (m4h—1) — (b—a(m-+ k)) pofitiua
erit. .- Hinc (per 1) pro quantitate ¢ aflignari poterit valor.aliguis /,.

' quem fimulac transgreffa eﬁ,“\‘ralores frationis Ll—m+h=1))

i . pE—(m+h)

femper
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femper fient pofitiui atque vnitate maiores, Sit n integer maior quam
i fimulque maior quam 4, fintque termini feriei M, M', M*, M etc.,
qui refpondent valoribus t=m4st =m-+n<-1,t=m-}-n-43etc. hi

Mm+r1=h) N (n42=h)N¢
d 1l —
é\”f. N ;Ml;‘ )N metc. Erunt itaque G-RY * TN

mﬂ etc. quantitates pofitivae vnitate maiores, vade

n—h)N (n—h N (X))

v >£1+x—-h’ N"’,H.g.,_h’ M'”m-:;, etc., adeoque fum.

ma feriei N+ N + N + N'* 4 etc. maior fumma feriei

1 ] 1 1
O=WN(—3+ st ten ot etc.)
quotcunque termini colligantur. Sed pofterior feries, crefcente ter-
minorum numero in infinitum, omnes limites egreditur, quum fumma
feriei 1 4+ § 4+ 3 4+ § + etc. quam infinitam effe conftat etiam infinita

maneat, {i ab initio termini t 4 %+ % + etc. +4- ;:‘-";:71 refcindan~

tur. Quare fumma feriei N4 N’ 4 N/ ++ N/ 4 etc., adeoque
etiam fumma huius M + W'+ M+ D' +- etc., cuius pars eft illa,
vitra omnes limites crefcit.

V.Quoties autem 4-—a eft quantitas negatina abfolute maior
quam vnitas, fumma feriei M+ M’ + M*" 4 M + etc. in infini-
tom continuatae certo erit finita. Sit enim & quantitas pofitiva mi-
por quam a— .4 —1, demonftrabiturque-per ratiocinia fimilia, af
fignari- poffe valorem aliquem / quantitatis ¢, vitra quem fradtio

—————— f{emper adipifeatur valores pofitiuos vnitate minores.
p(t—h—1) . : :

Quodfi iam pro n accipitur numerns. integer ipfis s m, h+-1 maior,
terminique feriei M, M, M*, M* etc., valoribus t=n, t=n-1,
t=n+ 32 etc. refpondentes, defignantur per N, A, N etc., erit
ATy g BSAE D D g adeoque fn
N < " .« N < “nnd1) . etc., adeoque fum-
ma feriei N4 A7 + N} etc, quotcunque termini eolligantur, minor
produfto ex Nin fumman totidem terminorum feriei

« + n-h—1 (n-lz-—l)(u—h)_*_(n-h-—l)*(_n - h)(u—h-;-x):

n n(w+1) nn+1) (4 2)

etc: .
. Huius
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Huius vero fumma pro quulibet terminorum numero faclle affignari
poteft; eft fcilicet
" terminus primus =g ——

fumma duorum terminorum = - -; 1_(zh—D (= h)

n
fumma trium terminorum = "; ! ("—h—'}z‘ ((::’:))("~I'+')
etc. et quum pars altera (per Il) formet feriem vitra omues limites
decrefcentem, fumma illa in infinitum continuata ftatui debet = 'L"T"
Hinc N4 N’ <4 N etc. in infinitum continuata femper manebit mis

N(n—
nor quam’ (; Q, et proin M+ M + M ete. certo ad {ummam
finitam conuerget. Q.E.D.

Vi. Vtea, quae generaliter de ferie M, M, M’ etc, demontftra-
vimus, ad coéfficientes poteftatum x™, x™t5, ™% etc, in ferie
F (a,6,7,x), applicentur, ftatuere oportebit A= 2, 4=a + & B=126,
a=vy+ 1, b=1, vnde quinque aflertiones in art. praec, propofitae
{ponte demanant.

17.

Disquifitio itaque de indole fummae feriei F(a,&,7, 1) natura
fua reftringitur ad cafum, quo y—a — § eft quantitas pefitiva, vbi
illa fumma femper exhibet quantitatem finitam. Praemittimus autem
obfernationem fequentem. Si coéfficientes feriei 1+ gx+bxx4-cx3 4
:;,tcé = Sinde a certo termino vitra. omnes limites decrefcunt, pro-

u@tum o

G—x)S=14(@=1)x -} (0—a)xx + (c—b)x? + etc.
pro x=1 ftatuere oportet = o, etiamfi famma ipfius feriei .S infinite
magna enadat, Quoniam enim- colletis duobus terminis fumma fit
=a, colleQis tribus = b, collefis quatuor =¢ etc., limes fummae
in infinitum continuataeeft =o. Quoties itaque y —a — & eft quan-
titas pofitiua, ftatdere oportet (1 —x) F(a,6,7 —1,%) =0 prox =1,
vnde per aequationem 15 art.7 habebimus )

o=y (a+6—17) F(2,;6,7,8)+(y =) (y—€) F(a,5,y+1, '):[ﬁug

. 37
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— -6
[37] Fl@:&y1)= Qﬁ;“_‘_—i“ﬁ-’:ﬁ? F(2,6,9 +1,15)
Quare quum perinde fiat ] e
_yt1—a)(y+1—6)

I(G.C-‘Y‘*‘ 1,1) —iy.: 1) (,y;i_(‘:;a__g) F(U.Q)V +2, 1)
- .. ~ytr—a)(y+ta— )

F(G.C,/"f‘ﬁol.)- (7_}_2)(?_{_9_’“_@) F(‘a@’)""‘?a l)
et fic porro, erit generaliter, £ denotante integrum pofitiuum quem-
unque
cF(a?, 6, % 1) aequalis produéto ex F (2,8, ¢ + 4, 1)
in(y—=a)(y+1=a){y+2—a)....(y+b=1—0a)
in(g=8)(y+1=8)(y+a3=8) (¢ +hwe=1—=8)
divifo per produétum
exy(y+ 0+, (yt+h=1)
in(y=a=8)(y+t—a=E)(y+2—=p=E8). i (y+hi=1=—g=C)

18. N
Introducamus abhinc fequentem notationem:

neho= 1. 2 ._}__hg_.....k Py i

B8] M D= G DG a) G+ ) e G FH ©

vbi k natura {ua fubintelligitur defignare integrum pofitivum, qua

refiritione I1 (4, 2) exhibet fan&ionem duarum quantitatum £,z pror-

fus determinatam. Hoc modo facile intelligetur, theorema in fine

. art. praec. propofitum }}a exhiberi zoﬂ‘e
_Ny—1).0¢y—a—E—1) .

el Fle,& ) =17 (kysy—a=—=1).[1{k,y ~E—1) Flaby+h

19. « N e
Operae pretium erit, indolem funétionis U (%, 2) accuratius per
pendere. Quoties z eft integer negatiuus, funttio manifefto valorer
infinite magnum obtinet, fimulac ipfi £ tribuitur valor fatis magnu
Pro valoribus integris ipfius 2 non negatiuis autem habemus _
Nk e)=1t -

ne,1) =

L . . \
1+ 3 .
’ (3
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M) = ll" -
(!+7)(l+7)
0k 3) = =t d

G PR o ,)

etc. fiue generaliter

(40] 1 \h2) = LI WITTITS.

(1 PUFPEFP e G+ )
Generahter autem pro quom: valore 1pﬁus 2 habemus
ICYRUCES ¢ y=0ha) .

¢ +

o+ 2y
[42] O+ 1,2) = M(42) . {._____.._;
o y

[
14 —-ik-——
adeoque, quum [1(1,2)= '—_;_-;.
zz-h 3z+1 4z+x P

[43] ak, z)

z+l .Gzt 2) z‘(;-i—z) 3° (4+2)" (k=1 (k+2)

20.

Impritis veto attentione diguus elt fimes, ad quem pro valore
dato ipfius z funétio 1 (£, 2) countinuo conuerget, dum £ in infinitum
.crefcit. Sit primo # valor finitus ipfius % maior quam 2, patetque, fi
k transire fupponatur ex 4 in £+ 1, logarithmum ipfins 01 (4, 2) acci-
-pere mcrementuﬂ; quod per feriem conuergentem fequentem exe
primatur -t

. 8(1+2) z(t —22)  2(1429%) - z(x —24)

+ = + + etc
, '1(k+x)3 s(h+1)3 4 h4+ 0 s+ 1)5 -

Si 1taque k.e valore h transit in i+ n, logarithmus 1p(‘us r, z) ac-
.Cipiet-incrementum . -
Y A Gaul’s, Disquif. gnm' . Tom, I, D 1z142)
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1
%z(l ~) ((,+|)2 +(h+ ’)ﬂ + (h + 3 2 + etc. +(h"i° n)ﬂ)

1
+a(t =) ((lz—l- 0% +(h+z/3+(h+!)‘ Hete + G

1
i*‘:“* "(h+x)4 o FEET T g
etc.
quod femper finitum manere, etiamfl n in infinitum crefcat, facile
demonflrari poteft.  Quare nifi iam in 11 (h, &) faétor infinitus alfuee
rit, i. e. nifl 2 fit numerus integer negatinus, limes ipfins 11(£, 2) pro’
k= certo erit quantitas finita, Manifefto itaque [1(ee,2) tantums
modo a 2 pendet, fiue fun&tionem ipfius 2 ex afle determinatam exe
hibet, quae abhinc fimpliciter per 11z denotabitur, Definimus itae
que fun&tionem 2z per valorem produéti
I.3.3.. k¥

@+ 1)+ 2) @+ 3).... (34D

pro k= oo. aut fi mauis per limitem produdi mﬁmti
I P o g 4z x

241" 1t 242 " 2° (3+_z) 3° (4+3)

etc. ,

21, L

Ex aequatmne 41 ftatim fequitur aequano fundamenta’hs
[44] N(z41) = (a4 1) 002
vnde generaliter, defignante n integrum pofitiuum quemcnnque
[45] Hx+n) = @+ D@+ 2>E@+3) ... 3+0)02
Pro valore integro negauuo xpﬁus 2 erit valor fun&ionis (1% infinite

magnus;_pro valonbus integris non negatiuis habemus
Mo=1

-

[46] Oz = 1.3.3....2 ‘ vk
Sed male haec propnetas f'un&mnrs noﬁrae tamquam xpffus éeﬁnmo
venditaretur , quippe quae natura fua ad valores mtegros reﬁrmgltur,
et praeter funttionem noftram mﬁnms alus (e g cof 37 z:iiz,

Dot < b e col

L

nNi=i1 R . } .
fiz=2 ’
3=6 ) : g NP
M4 =24 etc ' : ST et )
atque generaliter ] . an j ‘L
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col 72" 13 etc., denotante 7 femiperiphemm circuli: cuius radius
=1 ) communis eft,

22,

Funétio’ n(/e. %), etlamfi generalior videatur quam M2, tamen
abhinc nobis fuperflua erit, quum facile ad pofteriorem reducatur.
Colligitur enim e combinatione aequationum 38, 45, 46

Bk g
[47] O(k2) = T+

Ceterum nexus harum fun&tionum cum iis quas clar. Kramp fa.
cultates numericas nominauit per fe obuius eft. Scilicet facultas nu.
merica quam hic augtor per a®% de[‘ ignat in fignis noftris et

_esim _ Y n(g +b=1)

LongE-n 0 -x

Sed confultius videtur, fun@ionem wnins variabilis in analyfin intro.
ducere, quam funétionem trium variabillum, praefertim quum hanc
ad illam reducere liceat,

i " 23.

Continnitas fun&tionis 12 interrumpitur, quoties ipfius valor fit
infinite magnus, i. e. pro valoribus integris negatiuis ipfins 2. Erit
“itaque illa pofitiuaa &= — 1 vsque ad 2=co, et quum pro vtrogue li-
mite 112z obtineat valofem infinite magnum, inter ipfos dabitur valor mi-
nimus, quem effe = 0,8856024 atque refpondere valori 2= 0/4616331
inuenimus.  Inter. llmltes Z=—1 et 2= — 32, _valor fun&io-
nis Nz fit’ negatluus, inter 2=—"3'atque z=+~ ‘3 iterum poftl-
vus. et fic porro, " vti ex aequ. 44 fponte fequitur, . Porro patet, fi
omnes_valores funftionis iz inter limites arbitrarios vnitate differen-
tes e, g. a z=0 vsque ad z=1 pro notis habere liceat, valorem fun-
Qionis pro quouis alio valore reali ipfius z adinmento aequationis 45
facile inde deduci poffe.- Ad. hunc finem conftruximus tabulam, ad
" calcem huius.fé&ionis- -apnexam , -quae ad figuras viginti exhibet lo-
garithmos briggicos fun&ionis 11z, pro.z=o. vsque ad z=1 per fingu-
las partes centefimas fumma cura cqmputatos, ybi tamen monen-
dum, figurani vitimam' yigefimatn: mterduln vaa duabusue vnitatibus

ermneam effe poﬂ‘e.
: {TJ . Ty X D a ) . 4
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i 24,

Quum limes fun@tionis F(a,&,% 4 k1), crefcente k in infini-
tum, manifefto fit vnitas, aequatio 39 transl%in hanc

_ y=n . MNy=a-6—1)

[48] F(“»g%l) n(.y_“__l‘.“<7_§_x)
quae formula exhibet folntionem completam quaeflionis, quae obies
&um huius feftionis conftituit. Sponte hinc {equuntur aequationes
elegantes:
[49] F(a &y = F(=a;,—6, y=—a—§1)
[50] F(a,6%1) F(=a,8y—a,1) =1
[51] F(«,68, 'y,t) F(rz.--C,‘y G’,z)-—t :
in quarum prima 7, in {ecunda oy — &, in tertia y — « debet effe quan-
titas pofitiua,

25'

Applicemus formulam 48 ad quasdam ex aequationibus art. 5.
Formula X|II, ftatuendo t =90° = =, fit fw = F(4, 1, 3, 1), fiueae-
quiualet aequationi notae .

.3 1.1.3.5§

,z4s+z.-46—-—7+et°' .
mg. n¢—3%)

Quare quum per formulam 48 habeatur F(},%,3, 1)= “HTThe
atque fit [To = 1, 1 = £ 0 (— £), ﬁu.-—_-(m—g))2 fine o
[52] II(—§) =V .

1?7’—1‘*; — +

[5311—1""\/.71' . . - h ;..’.’
Formula XVI art. 5, quae aeqmuaI?t aequatmm n tag, .
n(mn— n mz-—;)(nn .

=nfnf— 1) Ty Ay ts—«t

fin at=n {in P 3 4 3.4 n etc.

atgue generahter pro quouis valore lpﬁnsn jocum habet, fi modo i
limites — go® et + go° non transgrediatm‘, dat pro t.,.iaf, P

nr mllh . T(— e B ol et
fin 2 H(—;n} H?n oo VS X 2%:-..-.w 4 MEE
ynde deducitar fmrmula e}egaus R R A T

ot I Lrw s

Min . H(—%n) = ﬁue ﬁatuendo n—az KR

‘n
) - PR
f U Cee [54

-~
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(54] TI(=2) . II(+2) = -;5-;;

(55] U(=2) . II(z=1) = -iTuIz—;

nec non fcribendo z 4+ £ pro z

[56] T~} +2).T(—}—2) = ="~
E combinatione formulae 54 cum definitione funionis IT (equi-

effe limitem produdi infiniti

(1.2 43,4 .00 k)2
([—LZZ) (4-21‘) (9'_ “) tese (kk_ zz)
crefcente k in mhmtum, adeoque

xm
tur, fin =7

finz# =27 (1 —2z2) (1 — -;-) (1 — —) etc. in inf.
fimilique modo ex 56 deducnur

formulae notifi mae, quae ab analyfhs per methados pror[’us dmerfas
erul olent,

cofzw =( —-4z=) (x - —9—) ( -—--—) etc, in infl,

Can

: C 26, .
Defignante n numerum integrum , valor ex}nefﬁanis
1 n—1
wr (k3 . (k2 — ;).n(k,z-%) ..... (k= — ")
il T (nk, nz) )
rite colletus inuem’tur - : ;
PRI ifa!.- 62 3 Y gk
T P nk Ifi(’“‘)

adeoque a z eﬂ: md l}gendentf, fide idem maneb‘»t. quicunque valor ipfi
z tribuatur. Exhlbe poteﬂt Ltaque, quomam I'f(k o) H(nL o)=1,

‘ (G a-u) n(k -—-) nm-— ~)....n(i% - )
Crefcente lgnfur kin mﬁmtum, nancxﬁclmur
b5 'II LT



30 . CAROL, FRID, GAVSS

n“l'Iz. I (z—%) Iz — -:-) veer TI(2— ’:v;})
IInz
1 (= ). T (= ). T = 2) L T =)

Productum ad dextram, in fe ipfum ordine fa&torum inuerfo multipli-
catum, producit, per form. 55, )

ax x L] [ (avr)""

1 . 2 . XXX " - "_ "
fin—= fin—r ﬁn-a—vr fin—— 7

P n n

Vnde habemus theorema elegans

n—1I
s HZ.H(z_—) l'_[(z —-—-)....H(z - ) 3011
[57) - z ==

TInz , =TVn

27.
Integrale f =2 (1-—2x¢) dx, ita acceptum vt euanefcat pro

x=o0, exprimitur per feriem fequentem, i qmdem A; o funt quanti
tates pofitinae:
v vxetr oy — 1)xmet

EUTESY 1.2.(2M+A)—etc'— F(— +l,xﬁ)
Hinc ipfius valor pro x= 1 erit
A .
H-—.Hr . Lo -
AII(—+V)

Ex hoc theoremate omnes relationes, quas ill. Ealer olim multo la-
bore euolmt {ponte demanant. .Ita e g. ftatuendo

dx : xxdx I
V(l-—x‘) A ‘/:/' !-—x") =8 :
it A= o3 .13 B= RIE IS H(—*) H(“-«i)r
erl —-"—II-__ ),: - H; = . 41—11 T >

adeoque AB = %7: Simul h«mc feqqltut, quomam Hi 11 \—-;) =

"ktm

-.---—-

ﬁn;w‘ ',"V ' II}...
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4 4, 73 .
4=V ({rdd)=V BFn(-—%)- 8M..v'(a7r133)
Valor numericus ipfius 4, computante Stirling, habetur =
1,3110287771 4605087, valor ipfius K, fecundum eundem aucto.
rem, = ©,5990701173 6779611, ex noftro calculo, artificio pecue
liari innixo, = o0,§990701173 67)y610372

Generaliter faule oﬂendl potelt, valorem fun&ionis Ilz, fi = fit

' quantitas rationalis = ,U-' denotantibus m, u integros, ex p—1 va-

loribus determinatis talium integralium pro x =1 deduci poffe, et
quidern: permultis modis diuerfis. Accipiendo enim pro A nume-
rum integrum atque pro v fraftionem cuius denominator = u, valor
illius integralis femper - reducitur ad tres 11z, vbi z eft fraltio cum

denominatore == ; quoduis vero huiusmodi ITz vel ad lié; :), vel
ad IT (—~ i), vel ad IT(=— i) etc. velad IT (— &

— l) reduci poteft

per formulam 45, fiquidem =z reyera eft fraftio; i enim z eft integer,
IIz per fe conﬁat Ex- illi vero integralium valoribus, generaliter

loquendd, * ‘qubdms fr(— :’-::), fim<u, per éliminationem erui pot-

eft *). " Quin adeo femiffis talium integralium fufficiet, fi formulam
dx

V(1 55—)—

dx
‘/‘\/-(; xﬁ)z D fv(l_xl)s ‘/\/(l—.%) =F, erit
S I(=8)

C=Il%. H(—s)» -‘;I;*Ig():?)*—, Sl Ter
F_- I'I( .
Hun;_pmpter]l‘—l (- g) habemus
, 25C3D3 \
n("‘"s) ‘/DEF’H( 3= VE’EFF’

7 _
.nc-;%)-,' f“’iﬁ”’f | L= )= (635 CDER)

54 fimul in auxilium vocamus. Ita e, g. ftatuendo

Formula

)] Haec ellmmmo, ﬁ pro quantltatxbns ipfis logarxthmos mlroduclmus,
’ aequat:ombul tantummodo linearibus apphcanda erit.

\



32 CAROL. FRID. GAVSS

Formulae 54, 5§ adhuc fupped;tant

= Shopw F_ (m}vr

ita vt duo integralia D, E, vel £ et F[ufficlant, ad omnes valores
11(— %), I1(— %) etc. computandos.

28,
Statuendo y:vx. atque w=r, AII?I 7 +v) ———= erit valor inte-

pri = gy
gralis — aby=o vsque ad y=v, five valor in-

. A
tegralis f yr=1(1 ~ -‘—) dy inter eosdem limites = Ml.} ?A +l'f;
IT(» 2

——-— (form. 47), fiquidem v denotet integram. Jam crefcente v
in mﬁmtum limes ipfius TI (v, A) erit = IIA, limes ipfius (x — —-)

autem ¢~ denotante ¢ balin loganthmorum hyperbohcorum. Quam-

obrem ﬁ A eft pofitiua, filue I (A—1) expnmet lntegrale

fy""‘ e7dy aby=o vsque ad y =, five fcrlbendo A proA—1,
TIA eft valor mtegrahs] y* ¢™¥ dy aby=o vsque ad y==, fia -|- I
eft quantitas pofitiua.

Generalius ftatuendoy —=z«, aA+u—x—B. tran[’tfz;‘ e”dy m
fazﬂ ¢—* dz, quod itaque inter hmxtes 2==0 atque z=e6 {um‘tum,

. B
t, . -

I
exprimetur per I1 (---t — 1) -
fiue -

Valor integralis fzﬁ e~ dz, az_.o vsque ad z:ﬂ o ﬁt =

H(ﬁ+! S £+l

= fi modo «, atque ﬁ‘+x funt quantltates
“ f““ oAt

pofitiuae (fi vtraque eft negatiua, integralé per — ﬁ + expnme

!

vl P TN S s
B U R K PIRLEOIXTL £t tur
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tur).- Ita e g pro 8=o, & =12, valor Integralis f =" dz inue-
nitur = 114 = §v'7,

29,
111, Euler pro fumma logarithmorum log 1 +log= + logs 4

etc. - log = eruit feriem (z + 4) log z ~=z + § log a7 + e
2 T == ete,

. 423 + 5 § . 625
va A=%, B= &5+ €= etc. funt numenBernagllmni Per hanc
itaque feriem exprimitur log [1z; etiamfi enim primo afpeftu haec con-
clufio ad valores integros reftricta videatur, tamﬁ rem propius con.’
templando inuenietir, euolutionem ab Eulerp adhibitam (Inftit Calc,
' Diff pag. 466) faltem ad valores pofitiuos fraétos eodem iure applicari
pofle, quo ad integros : fupponit enim tantummodo, fun&ionem ipfius
z, in {eriem euoluendam. efle talem, vt ipfius diminutio, fi z transe
eat in z — 1, exhiberi poffit per theorema Taylori, fimulque vt ea-
dem diminutio fit = logz. Conditio prior innititar continuitati fune
Gionis, adeoque locum non habet pro valoribus negatiuis ipfius z,
' ad quos proin feriem illam extendere non licet: conditio pofterior
autem fupétioni log I1= generaliter competit fine reftrittione ad va-
Iores integros ipfius z.  Statuemus itaque » ¢

p: |
!‘_sa‘j.logl'lz_(z+£) logz~z+§logn+ Priwr +555—
— + etc .

1 78z
Quum hinc quoque habeatur R
.3 -
logIl2z = (32 -é— i)logzz —2z4+% logavr -+ ‘—;-—)—z a8 +

5 6. 3zz5 7 8. 128_# +etc
atque per formulam 57, Ftatuendo n=2, log bil (z-—g) = log T2z —
ogIIz--('-‘z-}-&)logz-{-%logzw it 1%
[59] log n (z-;-é) =z logz-::;l;)i log a7 — T = — 4 vy T i

— = etC:
5.6 32:,5 - 7.8, 12837

_Hae duae feries pro valoribus magnis ipfius z ab mltlo fatis
promte conuergunt, ita vt fummam approximatam commode fatisque
-G F.Ganfs, Disquif. gener, Tom.I1, E - exatte.

N
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exafte colligere liceat: attamen probe notandum eft, pro quouis va.
lore dato iplius =, quantumuis magho, pravclﬁnnem limitatam tane
tummodo obtineri pofle, quum numeri Bernoulliani (eriem hyper-
geometricam conftituant, adeoque feries illae, fi modo futis longe
extendantur, certo e conuergentibus diuergentes euadant, Ceterum
negati nequit, theoriam talium ferierum diuergentium adhuc quibus-
dam difficultatibus premi, de quibus forfan alia occafione pluribus
commentabimur,

300

E formula 38 fequitur
Nhz4o) 241 z2+2 zt+s . 2tk
N(khz) —2tidw rt2to’ 234024 b4 o
vnde fumtis logarithmis, in feries-infinitas euolutis, prodit
[60] log N {(k,z + ») = log (1(k, z)
1

1 1
) (log k- z+x—z_-k—z—5i-?'et°,f?¥k)

I 1 g
o ((;FT)? TR g e TR
-4 etc, 4~

—~ 19 (o + g * Ty )

4+ etc. in inf. .

Series, hic in w multiplicata, quae, fi magis placet, ita etiam exhi=
beri poteft,

..z;;-{-log: Z+2+log, + +log§ z+4

£ .

log 4 — ete. — —y +logk_l
e terminorum multitudine finita conﬁat, crefcente autem £ in infini-
tum, ad limitem certum conuerget, qui nouam fun&ionum transfcen-
dentium fpeciem-nobis fi ftit, in poiterum er ¥z denotapdam .
Defignando pon'o fommas ferremm*feguentium > in mﬁmtum ek«

tenfarum, . . B S YR <
("+l)2 + (-+2)z + (Z"I"S)’ + ete. . ,j;. =
(~+rﬁ + (z+z>' o+ (z+3)3 e
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ete.

X 1 I
(zt+°'x')'z tarar Tarar T
etc
refp. per P, , R etc. (pro quibus figna fun&ionalia introducere mi-
nus neceffarium videtur’, habebimus
[61] log (2 + w) = logNz + w¥z + fwaP — 03 Q 430t R—etc,
l\ganif‘elto fun@io ¥z erlt funftio deriuata prima funétionis log Iz,
adeoque

1
(62 d——z.—. Oz ¥z

Perinde erit P= -a'z-. Q=' oy R=+ iadet etc.

’ ) 3r.
Fun®tio ¥z aeque fere memorabilis eft atque funétio 1Tz, qua-
propter infigniores relationes ad illam fpeftantes hic colhgemus. E
differentiatione aequanoms 44 ﬁt

[63] ¥+ )= ¥z 4
vnde
[64) ¥G4+n)= Tz+z+l+z+’+z+3+etc.+-—-

Huius adiumento a valoribus minoribus ipfius z ad maiores progredi,
veJ! a maioribus ad minores regredi licet: pro valoribus maioribus po-
fitinis ipfius z fun&ionis valores numerici fatis commode per formu-
las fequentes e differentiatione aequationum 58, 59 oriundas compu-
tantur, de quibus tamen eadem funt tenenda, _quae in art. 29 circa

formulas 58 et 59 monmmus

- A8 _ ¢
(651 ?z logz-l— prgeyes + a2t ; 676 =+ etc,
7 N
{661 qr(z-,) logz+ s am 82s + 5 3278~ eto
Tta pro Z= 10 computau:mus i ,
¥2= 2.3547525890 661hm764 743, P
vude tegredlmur ad -
E a2 . Yo
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Yo = ~ 0,§77315§6649 01§3286060 653 *)
Pro valote integro poiitiuo ipfius = fit generulitet

[67) ¥z =¥o 41 +i+i+etc--l-—

Pro valore integro negatiuo autem mamfe&o ¥z fit quantitas inﬂ-
nite magua.

32.

Formula 55 nobis fuppeditat log IT(— z) 4= log IT(z=1) =
log 7 — log finz7, vnde fit per differentiationem
[68] ¥ (—=)— ¥(z2=1) = 7 cotang 27
Et quume deﬁnmone funtionis ¥ generaliter habeatur

1 1 1
(69] *Px—?y——x_,_, ti T A +y+,—-x—_,-_;+etc.
oritur feries nota
T I I

7 cotang 27 = = = ;—:—; + l—:"_-;—z—_-z + ;—_;-_—;._3—-;4. ete.
Simili modo e differentiatione formulae 57 prodit

3 .
[10] ¥2 +¥(z— i)-}- ¥(z — ;;) +etc. 4+ ¥ (z — '-'—-”—E)::nTnz-n logn
adeoque ftatuendo 2=
¥ i ¥ .2-') ?(‘3_) DI ) I —
[11] ¥ (=) +¥ (= )+ Dretet¥ (= —) =
(# —1) ¥o — nlogn
Ita e. g. habetur

«p(—-,) =¥o —2log2=— 1,9635100260 2!42347944 099 , vnde
porro ¥1 =+ 010364899739 7857652055 9o1.
. ) 33.
] Quum hic valOr inde a figura vigefima difcrepet ab €0 quem computamt
clar. Mafcheroni in Adnotat. ad Euleri Calculum Integr., adhortatus fum
¥ridericum’ Bernhardum Gothofredum™Nicolai, uuenem in calculo inde-
feffum, vt'computum illum repeteret vlteriusque extenderet, Innemt ita-
que per calculum duplicem, fcilicetdelcendens tum a 2= 59 tumaz = 100,
Vo = — 0,5772156649 0153286060 65712090082 40243042t .
Eidem calculatori exercitatifiimo” etiam' debetur tabulae ad -finem hmu‘
Setionis annexae pars, altéra, exhibens valores fun&ionis Wz ad 18 figin
ras (quarum vitima haud certa), pro-emunibus valoribus :pﬁus 2 a ovsque
ad © per fingulas partes centefimas. Ceteram methodi, per. quas vtraque
tabula conftruta eft, innituntur partim theorematibus quae. hic-traduntur,
partim calculi amﬁcus fingularibus,. qune lha occaﬁone proferemus,
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33.
Sicutl in art, praec W (=}) ad ¥o et logarithmum reduximus,

ita generaliter ¥ (= -), defignantibus m, n integros, quorum minot
m, ad Yo et loganthmos reducemus. Statuamus —"- = w, fitque @

alicui angulorum o, 2w, 3w .... (# — l)w aequalis; vnde 1= cofng=

cof 2n = cof 3u0 etc., col ¢ = ol (n=+1)p = cof{n--a)¢-ett.,,

cof 20 = cof (n+42) ¢ etc., nec non cofcp + cofl 3¢ + cof 30 +

etc, + col‘ (n— 1)0+ 1 =e¢. Habemus itaque

qpfcp.?T = =n col ¢ + cof 9. log 3 — -{;_—l cof (n41)9 4
- cof ¢. log 3 — etc.

cofw.?%—-'—‘:-— E'cgf:@ - cof 3¢. log2 —~ + cof(n+z)cp+
" cof 20. logg — etc.

3=—n n X

fof3¢.?——”— = cof 3¢ -+ col30. loge—" s cof n43)0 +

col 3¢. log 3 — etc.

“etc. vsque ad.

cgf(n— 1) ¥ (— ;') == z co[’(u-— x)q;'-l-cdf(n-—x)cp.log;-—-

2_”.-— cof(zn—-x)q) + cof{n— 1)¢. log 3 —~ etc.

f?o = -cofmp +, logz -—— cof 200 + log 3 — etc.
atque per [ummattomm . .
coftp.'"l' ——— + eofmp ~P —— -l- cof3¢ \P —_— + etc. -

cof(n- 1)o. ¥ (— -) + Fo = —n (cofcp + fcof29 +

%cofyp 4 3 cof 49 -+ etc. in infin.)
Sed habetur generaliter, pro valore ipfius « vnitate non maiori, -
log (i — 2xcofp + xx) = — 2 (x col @+ §xxcol 3941 %3 cof 3¢ +-etc )
quae qmdem {ferles facile fequitur ex- euolutlone log (1 —rx) +

log (x - —), denotanté r quanntatem cof <p+\/‘ ~— 1. fin ¢. Hinc fit

. X aequatio
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aequatio praecedens
[73] cof . ¥ ——+ cof 2¢. ~P—-— + cof 39, ¥ 1= + etc, +

cof (n—1)p. ¥ (= —-)

= = Yo §n log (2 =13 col¢p)
Statuatur in hac aequatione deinceps ¢ =w, 021, ¢ =3 etc. vsque
ad o= (n—1) », multiplicentur fingulae hae aequationes ordine fuo
per cof mw, col amaw, cof 3mw etc. vsque ad cof (11— 1) mw, produéto~
rumque aggregato adriclatur adhuc aequatid 7:

—_

"P'""*" + ¥ +“P +etc.+'~!f(- -)..(n-x)i'o-n logw’

Quodfi iam perpendntur s elTe :

14 cof mw. cof kw ~+ cof ama. cof. 3kw + cof 3mw. cof 3kw -+ etc, +
cof (n=—1)mw. cof(n—1)bw=o0

denotante 4 aliquem numerorum 1,2, 3.... (4 — 1) exceptis bis duo-

bus m atque n = m, pro quibus fumma illa ﬁt = kn, patebxt, ex fum-

matione illarum aequationum prodn'e, poft diuifionem per >

[13] ¥ (— —)+~P(—- —--)_. 2¥0 — 2]og n-l-cofmw. log (2—2 co[’w)-{-

cof:mw log (2 — 2 cof 200) + cofg me. log(z—n cofsw) +
etc. - cof (n = 1) mw, log (2 — 3 cof. (n—1) w)
Manifefto terminus vitimus huius aequationis fit = cof ma, log
(2 — 3 cof @), penultimus = cof 2mw..log (3 —2 cof 2w) etc., ita vt
bini termini femper figt aequéles, excepto, fin eft par, te(mihcr find’

gulari cof ~mo log(a — 2 cof 2 S ), quitfit = ﬂbgz pro e PaS

vel = —2 logz pro m impari. Combmando iam cuny aequatlonse
73 hanc

¥ (=~ —) -*?(— —+—) w coténg —7: o

habemus, pro valore, impari ipfius q, I' qtudem m eﬁ mteaecfpol‘ ti=
vus mnor quam #, . . ) e
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[74]W (— 5’) =Wo +ir cbtang"-:,—"-logn‘+ cof "1—'—:2 log (3-acof aTw)

6
+ cof 4_:.’.’,103(,._“01-5”1’) + col —:—'—’-’ log (2 = a cof 677)

+ et of Q:';l')'""z log (3 —3 cof (—"-:".‘l’i,

Pro valore pari ipfius # autem ‘ '
[75]W(— ;2) ='\Ifo+§7t cotang q”z—logn 4+ cof?-'-:-? log(a==2 cofgnz)

+ cof 4-g—’-"log (a — 2 cof —4’:—'-) + ete, 4

4 Vo . e 2 —
STt . COf,(” ”)—"};rlog(s—zéof(” "2-)-?5)
re L N log 3. -
vbi fignum fuperius valet pro m pari, inferius pro impari. .
ita e. g, inuenitut W (—3) = Wo 4 47 ~ 3logay ¥ (—}) =
Wo — 7'~ 3log 2, W (%)= Wo + 47V} — §log3, W(— 4§ =
Wo— 47V} — §log 3. - N
Ceterum combinatik his aequationibus cum aequatione 64 fponte

patet, -3's generaliter: pro Guouis valore rationali ipfius z ," pofitiuo feu
negatino per IIo atque logarithmos determinari poffe, quod theorema
fane maxime eft memorabile.

S o84 .
Quum , pet, art, 38, TIA fit.valor intégralisfy* erdy,aby=o
vsque ad y= o, fiquidem A1 eft quantitas pofitiva,g fit differens
tiando fecundum A ' . -
doa _ dfyre~rdy - I
.G a = e logydy
fine o . : - B
[76) DA ¥A= [y =7 logy.dy, aby=o vsque’ad y= o
Generalius ftatuendo y=2%, 2A + a—~1='4, valor integralis
N N R 1. B4r
TS g 0= b Vadue s = = S,
Wl L SR SRR -1 o S 2 1 B¥r
AR T R ST R L
S : dem

“i
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dem fimul p-}- 1 atque « funt quantitates pofitiuae, vel aequalis el
dem quantitati cum figno oppofito, fi vtraque @ -1, & eft negatiua,

35.
At non folum produ@tum A WA, verum etlam ipfa funétio
‘WA per integrale determinatum exhiberl poteft. Defignante & inte-
. - +k
grum pofitinum, patet valorem integralis L -xk—- dx, abx=o
vsque ad x =1 effe
_ 1 + 1 + ] L -
=its T it A+sk*;f'°' +tivE
ke .
=% = i) dx generaliter fit =

Contft. 4- log E %, idem inter limites x =o atque %=1 erit =log %,

Porro quum valor izxtegralis (

. . L -t atk k=
vnde patet, valorem integralis §= / (—-—I-—'{;f_. - ff-;:) do inter
. . ~ -— X .

eosdem limites effe,

= log & : ! t ) X

=logk= T~ A T afs fCTiEk
quam expreflionem denotabimus per . Difcerpamus integrale .S in
duas partes ’ :

1—xr itk ks
]E—;__—;)dx +f< - o
I —X

I—%
A B
Pars prima j T dx, fatuendo x=y" mutatur in
kék—x — dgpktk=

S I - % _dy . R )
vnde fponte patet, illius valorem ab x=o vsque ad x=1, aequalem
effe valori “integralis : . .

- hak—1 " — Jiogpkthi

.

£ —xk ‘ .
inter eosdem }imites.ifqum qpanifelfé literam g fub hac reftriffione
in x mutare liceat. Hinc fit integrale S, inter eosdem limites’

itk ]‘xxld-k-c .

)dx ’

P

I—% X — "

ot l’:_"ﬁo'
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Hoc vero intigralc, ftatuendo x* =z, tranfit in
AT4
2k

) ,
- x—z.)dz

S =
A -2F)
quod ftaque inter limites =0 atquez==r {umtum aequale eft ipfi Q2.
Sed crefcente & In infinitum, limes ipfius Q eft WA, limes ipfius

’-‘—-'k:-l ef;t o, limes ipfius A(z -zﬂl')yero eft log -;— fiue == log z.

+ Quare habemus

. } ¢ zh a
7] ¥ =f(_7 - i=Rk= f<_loxgz -
A ‘log-; %

az=ovsque adz=1,

: 36. .

Integralia determinata, per quae fupra expreffae funt fun&io.
nes TIA, TIA, WA, refiringere oportuit ad valores ipfius A tales, vt
2+ 1 evadat quantitas-pofitiua: haec reftrittio ex ipfa dedu®ione de-
manaunit, reneraque facile perfpicitur, pro aliis valoribus ipfius A
illa integralia femper fieri infinita, etiamfi funttiones N, NA. WA
finitae manere poffint. Veritati formuja 77 certo eadem conditio
fubeffe debet, vt A -1 fit quantitas pofitiua (alioquin enim integrale
certo infinitum euadit, etiamfi funétio WA maneat finita): fed dedau-

" &tio formulae primo afpeftu’generalis nullique reftrictioni obnoxia effe

videtur. Sed propius attendenti facile patebit, ipfi analyfi per quam

formula eruta eft hanc reftritioném iam ineffe. Scilicet tacite fup-

—_ kxk-—l.... Kogrk Tkt

A L
-dx;, cui aequ lef———--—— :
1—5 4 cul aequale, Fy—p> dx

pofuimﬁs, integrale _

fubftituimuas, habere valorem finitum ,° quae conditio requirit vt A 41

fit quastitas pofitiua. - Ex analyfi noftra quidem fequitar, haec duo
integralia femper effe aequalia; fi hoc extendatur ab x=o vsque ad
%=1+, illad abx=ovsque ad x =(x — w)k, quantumuis parua fit

" quantitas @ modo non fit ='o: fed hoc non obftante in cafu eo. vbi

A+ 1 non eft qnantitas: pofitina, ‘dno integralia ab x—=o -vsque ad

. eundem terminum x = 1 — o extenfa neutiquam ad aequalitatem con-

vergunt, fed potius tunc ipforum differentia, decrefcente w in infini-
C. F, Gaufs, Disquif.gener. Tom, 1L, i , F . . tum

-
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tum, in infinitum crefcet, Hocce exemplum monftrat, quanta cir-
cumfpicientia opus {it in traltandis quantitatibus infinitis, quaein ra.
tiociniis analyticis noftro iudicio eatenus tantum funt admittendae,
quatenus ad theorlam limitum reduci poffunt.

37

Statuendo in formula 77, 2=¢—%, patet illam etiam ita exhi.
beri poffe

- v = g
YA = — f(i'——"— =) du, ab 4= o vsque ad u=0, i.e,
Al
[8] \IfA—f(———‘-:'—-)du ab u=o0 vsque ad 4= oo,

(Perinde valor ipfius I1A in art. 28 allatus, mutatur ftatuendo e~7=v,
in fequentem

| S
o= f(log =) dv, av=o vsquead v=1),
Porto patet e formula 77, efle
L oA
[19] TA = Tu= [Z —dz, az=ovsque adz=1

vbi praeter A+ 1 etxam M + H debet effe quantitas pofitiua,

Statuendo in eadem formula 17, z=u*, deﬁgnante o quantlta-
tem pofitivam, fit

w1 gyente=s

'tIszf(— —~g—-—— ~— ————)dn, ab #=o0 vsque ad =1L
et quum perinde flatui poﬁ“t, pto valore pofitivo ipfius 3,

g1 Byerte— .
TA= f (— : )di: .

logu 1—uf
patet fieri ’
g2 =1 yfi—1 duar"x—l ﬁuﬁﬁ'p—l
o= f( - 7)) du
- logu 1—u* 1—uf
five

YE—1 e uﬂ—l ufrti—1 au‘A+‘i—.’ d
— u.
f log# f 1 —uf x—-u')

integra

v~
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integralibus (emper ab u=o vu‘,ue ad 4=1 extenfis. Sed ponendo

A=o, integrale pofterlus indefinite aflignarl poteft; eft fcilicet

=log -:—E—ZT, fi euanefcere debet pro x=o; quare quum pro
I—u @

u=1 ftatuere oporteat - = g erit integrale log z =

=D e yf=1
f - llogu“__du’ abu=o vsque ad u=1, quod theorema olim
ab ill, Euler per alias methodos erutum eft.
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0 00
0.01
0.02
ou§
0.04
0.05

0.06
0.07
0.08
0.09
o.10

0.11
012
013
0.4
015

0.6
0.17
0§

.19
0.20

0.21
0.22
0.23
0.24
0.25

0.26
0.27
0.28
0.29
0.30

log Nz

(]

0.0000000000 0000000000
9.99752873506 5869172624
99951278719 8879034144
99927964208 8803509748
9.9905334004 0442900595
9 9883378587 9012046216

~— 05772156649 01532861
0.5608654574 68674498
0.5117093104 56179789
0,5289210072 85430503
05132744789 16830312
0.4978449912 99870371

99862088685 5581945437
99841455256 3523567773
99821469185 3403172908
9 98021£2775 3951136603
9.9783406739 6180754713

0.4826259358 14825705
0.4676134198 67553632
0.4527993380 01718885
0.4381817654 95354764
0.4237549404 11076796

99765313194 0366250820
9:9747834150 9201128563
9‘9750261811 469083029
9.9714088660 §569966779
9.9699006960 1252903489

0.4095142760 71694248
0.3954553339 34292807
0.3815738268 38792064
0.3678656106 077.19546

0.5543266779 76279372 -

99683909742 1917527943
9 9669389805 3852656982
9.9655440208 2789424567
9.9642054164 5653136262
9-9629225038 1404835193

0.3409531528 32261794
0.3277412847 48592299
©0.3146874437 88860621
0.3017881155 74610030
9.2890398965 92188296

9 9616946338 3869862929
9.9605211715 6456577252
99594014956 8673884734
9.9583349981 4361587302
9.9573210837 3550754012

0.2764394397 32192051
0.2639837000 44220200
0.2510694306 g6100107
0.2394936791 25936794
0.2274535335 70265408

9.9563591696 3881435774
9.0554486852 3498063412
99545890715 5360828076

99537797810 2903856417 .

99530202771 4980077695

0.2155461686 00265182
0.2037688437 30623157
0.1921188983 02221732
01803937494 20369178
0.1691908883 66799656

0.31
0.52
©.33

0.35

9.9523100341 4034352140

9 9516485366 5449703876.

9.9510352794 8014390879
4.9504697672 5460261315
9.9499515141 9025401627

©0.1579078805 36141574
0.1467423567. 95996017
0.1356920179 64109332
0.1247546278 97003946
©0.1139280126 83088296
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prova

2

0.35
0.36
0.37

log Nz

U

9.9499515141 9025401627
9.94948004%8 0996487613
99490548880 9188515282
9.9486765902 2321724097
99483416983 6857535751
9.9480527714 1057187897

- 0.1150280186 83088296
0.1032100582 36977015
0.0925987081 87861359
0.0820419618 56406487
0,0716373728 29281510
0.0013845445 85116146

9 9472085757 8828733574
9.9470080858 2529502468
9.9474514835 429174200
99473581584 7445730981
9:9472677074 §205163055

0.0511801357 37897756
0.0410728433 24034375
0.0310609236 71447052
0.0211426703 33530475
0.0115164225 86445845

9.9472397344. 2994856529
9.9472538503 0190930853
99473096787 2650396072
9.9474068359 6806639475
9:94754.49406 8308573196

0.0015805619 87083418

+ 0.0080664890 11364893

©0.0176262683 88849468
0.,0271002758 35486202
0.0364899739 74576530

9.9477236538 6182228429
9.9479426085 7494550351
9.9482014538 7500065798
99184998446 4251966174
9.9488374414 4659973817

0.0457967895 61914496
0.0550221145 79567622
0.0641673073 60077154
0.0752556350 45365776
0.0822225675 59644344

99492139104 0978143536
-9.9496289230 7706494873
9:9500821562° 8891076887
94505732920 5807738191
9.9511020174' 5015512544

0.0911351935 40635189
. 0.0999728024 44444623
0.1087366022 51781439
0.11742776g0 35011042
0.1260474527 73476253

9.9516680244 6766136244
9.9522710099 3756789859
9.9529106754 0213704917
9.9555867270 1294797674
9.9542988754 2799988466

0.1345967773 58445210
0.1430768403 68980212
0.1514887158 19958583
. 0.1598334588 83415463

0.1681120775 84327804 -

| . 9:9550468357 1178357730

9-9558503272 3821579829
9.9566490735 9634064632
9.9575028024 9869525351

99583912456 9225480685

1763255932 71894293
0.1844749812 67329607
0.1925612014 89132418
0.2005851930 50747012
- ©0.2085478748 73493948
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log Nz

W

0.70
oM
0.72
0.73
0.74
0.75

0077
0.78
079

0.8t

9.9585912456 9!!6450635
9.9593141848 7186450663
9.9602719315 9607619880
9.9612622378 0530119641
9.9622869327 4222238330
9.9635450588 7435456849

+ g b

0.22429+8871 40167631
0.8520769695 006727

#.2398032061 520264 6
©.8479734536 46861164

o761

o.80

9.9644368698 1871920839
9.9655606232 6853798084
9.9667175803 msgnoéaw
99679070054 1927146665
9.9691286668 4097634416

©.2550855103 AaGgsssG
0.3696481636 02763795
0.4701462043 14883540
©.3775953776 14168016
©.384991435¢ 93861649

9.9703825337 1187271850
9.9716677818 6498658985
9.9729847878 1655271005
9.9743331516 9917940601
949757125965 9857301442

o.ngegss:ou 88779580
0.2996270965 64887544
©0.3068681204 96501033
0.3140588602 51568639
£.3211999895 45479708

9.9771229684 9867851093
9.9785640362 246764477t
9.9800355913 8811182162
99815374283 5339013630

" 9 9830693440 8561111078 -

105282921690 -85820641
0.3553360466 94485409
03423302577 49528963
'0-548281425A 57135499
0.3501841611 64059720

9:9846311382 9969520581 -

9.9862226132 1070437581
9.9878435735 8573930651

.9.9894938266 7611664682

99911731821 7489109803

. ©.3630410646 48881128

0.3698527244 06401469

0.3766197179 23498793 |

0.3863426119 46740214

.0,3900219627. 42043086 :

9.9928814521 5658844947
9.9946184510 6337679375
9.9963839956 3222432515

9.998:779048 6807520161
0.

03966583163 46662402
0.4032522088 13771306
0.4098041664 49890838
0.4165147060 45414956
0.4227843550 98467139










