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KA3AHCKHF OPIEHA TPYIOBOIO KPACHOTO 3HAMEHHM
TOCYIAPCTBEHHBIF YHUBEPCHTET nm. B. M. VJIbSIHOBA-JIEHMHA

Boin. 17 Tpydv cemunapa no xpaegoim 3adavas 1980

' VIK 532.546

OB OJLHOM CJIYYAE PEMIEHMA 3AJAY
HEJIMHEAHON ®HJIbTPALLUH “
C HAYAJIBHBIM TPALHEHTOM

E. I'. Lllewyrxo8

B pa6ote [1] BBeaeH cneunajabHbBIA- 3aKOH (U/IbLTpPALHY, 1O-
3BOJIAIOIMH CBOJAHTL MCXOJHBHE 3a/ay¥ HequHeHHOH ¢uabTpauun
C HAYaJbHBIM TpPajJHEHTOM K KpPaeBRIM 3ajauyaM [J/151 aHaauTHUe-
ckoft ¢yHkuuu. ABrop -[1] Huer pemenue cooTBeTCTBYIOLIEH
KpaeBO# 3aja4yd METONOM pAa3/OoXKeHUs B GECKOHEUHHE PAAH.
B Hacroswefi paboTe Ha NpuHMepe pelleHHs 3a4aud  (UAbTPaAlLUMH
K CHCTeMe CTOKOB IIOKa3blBaeTCs, KAK MOXHO B TaKHX CJay4aax
CTPOHTbL pellleHHe METOAOM KpaeBHIX 3ajnad. Mccaenyercs Baus-
Hue ¢u3HyeCKUx mapaMeTpoB Ha (opMy rpaHun 3acTOHHHX 30H.

1. TlocTranoBka 3anayun. B ropu3oHTaILHOM OXHOPORHOM
HebTAHOM HJIM BOJOHOCHOM ILIACTE€ NOCTOSIMHON MOUIHOCTH
HMEIOTCSl JBe rajeped HarHeTaTeJbHBIX CKBAXXHH, PACIOJIOXKEHHBIX
BIOb OCefl X=— L; 0 x==[,. CucTeMa KOODAMHAT X, ¥ HAXO-
AuTCA B rOPH3OHTaNLHOM CeyeHHH IJiacrta. ViHTeHCHBHOCTH rane-
peit 0603HaueHa COOTBETCTBEHHO uepe3 ¢, U ¢, (ReGUTH eau-
HUOB AauHb). [Tnact akcmayatupyercs npa x =0 paBHOMEpHOH
6aTapeeil akCIIyaTamMOHHBIX CKBaXHH, NeOHTH XOTOPHIX 2Q, rae
Q=(g9, + q,) T,- 2T — paccTosiHue MexIy LEHTPaMH COCEJHHX
ckBaxxun Gatapeu. Ilycrts L, > T, i=1,2, r £ T, rae r — paguyc
SKCIJyaTAUHOHHOA CKBaxKHHH. [Ipu Takux yCJIOBUAX MaTeMaTH-
geckoe HCC/AefOBaHHe (UAbTPAUMH AOCTAaTOYHO NPOBOJAHTH, 3a-
MeHsAss GaTapelo 3KCHAYaTAUHOHHHX CKBAXHH PaBHOMEPHOH
CHCTEeMOR CTOKOB M .CUHTasi HarHeTaTejlbHHE rajeped pacroJo-,
JKeHHLIMH Ha G6GeCKOHeyHOCTH, T. e. r=0, L, n L, = oco. Xapak-
TEePHHIM 3JE€MEHTOM TAaKOTO TEUeHHs SABJAETCS NMOJ0CA WHPHHB T
(puc. 1). 3mecs crox pacnonoxeH B Touke E, B GeCKOHEUHO:
yAaneHHbIX TOUkax A # D CKOPOCTH (QHJIbTPALUH COOTBETCTBEHHO
PaBHH vV, = ¢y, U, = ¢,.
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- duabTpduua B maacTe moj-
YHHAECTCA HEJHHEHHOMY ' 3aKo-

£ ;D =
ny [1] :
F(@) =lIgrad k| =V 1¥k(on), Z T
(1.1) F 5 = B
rae h — namnop, v — CkopoCTb puc. 1.
¢urbTpauuu, Ay — HavaJbHbIH e

TrpPafHeHT Hanopa A, — MOCTOSIHHAs pasMepHOCTH cxopocm [Tpu
jgrad k| <X, B nnocxocm TeyeHHusi 06pasyloTCs 3aCTOUHbBIE 30HHL
(CM BmCB ‘na puc. 1), KoTopsle TpeGyeTcsi ONPENe/HUTh.

3ameruM, uto npu Q, = Q, u npu Q, =0 (um Q, = 0) ucxoxa-
Has 3ajaya IpeBpaulaeTcs B JeTalbHO DPaCCMOTPEHHBE paHee
3a1auyy AJS 3aKOHA GuabTpamuu f= Ay -+ v/A, [2].

2. OCHOBHble YypaBHeHHS. Cneneune K KpaeBo#l 3apaue.
IMrockas yCTHOBUBLIACH (UJIbTPALUs HeCXKHMaeMOH KHAKOCTH,

He caeAyiowas 3aKOHYy JlapcH, OMUCHIBAETCA CHCTEMOH ypPaBHe-
Hutt [3]

) grad}z=—f(v)v div o =0. 2.1)

l'Iocqe nepexo;la K Ge3pa3MepHBIM TEePeMeHHHIM: & = T/M\q,

= —h/NT, $=9/AMT, p=x/T, v=y/T, ¢, — pyHKuus TOKa,
CHCTEeMa (2.1) npu 3ax<oue (1.1) sanuiercss B BHAE

o _VIifwop oo Vite o

, . 2.2
ou u ov - 0v u o ( )

C mnoMoubio npeo6pazoBaHHs BHAOH3MEHEHHOro rojaorpada
CKOPOCTH YypaBHEHYS (2.2) JHHeapHu3yloTCH

% _ctn?s %, X _cin?s ¥

ot os ' 0s 08’ (2.3)

rae s=Arshu, 6—-aprymem BEKTOPA CKOPOCTH. ' v
KanoHuueckas cucrema (2.3) BCeCTOpoHHe HCC/AeAOBaHa
['. A. lom6poBckuM [4]. Ee peuleHuamu ABAAIOTCA QYHKIUK

e=— (0, 5) +cths 2>,
0s
be— — (0, §) + ths%—‘f—, (2.4)

e (0, s) u (N, s)— conpsKeHHO TrapMOHHYeCKHe (YHKIHUH.

O6aactu teyenus G, (3—u+iv) B IJIOCKOCTH BHM/JOHU3MEHEH-
HOTO rojorpada CKOPOCTH COOTBETCTBYET MOAYNOJOCA Ge(X=
= 6--is) wupunoit = (puc. 2). Ilapamerpst s, =ArshQ,
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s, = Arsh Qg, "rae Q= q /A, Q=¢q/M\,. Bynem cumrarh
%Eg Ha rpauuue ABmCD. Torpa na AE ¢ynxuusa ¢ = Q, Ha
- B o6.nacria Gy MUeTCs aHaIMTHYeCKas bynakuus  W(X) =
=® (0, s)+ i¥ (0, sy 10 3HaueHHIO ee MHHMOJ 4acTH Ha rpauuue,
BHITEKAIOIEMY H3 BTOPOTO COOTHOWEHHs (2. 4)

V=0 npuO <®, §=0,
W=R,shs npu 6=0 0<s<s,,
Y= —Q, ompnb6=0, s,<s5< 00,
¥'=PRyshs npub=m, - 0<s<sp, (2.5)
v =Q, npp; f=m  5,<s< 0o, :

sy -, rie R, u R;— NOCTOAHHBIE HHTErpupoBa-
£ HUfl, ONpeleNseMble HMKe H3 qmsmecxnx :
coo6paxeHuit.

. Cps3b o6sacTH ronorpaqwa Gy ¢ ¢usn-
YeCKO# 06/1aCTbio TeueHust (o OCYLIECTBIS-
Sp ercs no gopmyae .

4 : P ude :
A 15 ° [V1+ 2+td”p]

7 8 unm mocie muterpuposamms, caenys [4],
B8 m c
o [ Im W () — S—Re W (9]

Puc. 2. -
(2.6)

Takum o6pazom, JJisi pelieHus 3alaudl HeOOXOJAUMO NMOCTPOUThH
aHanmutHueckylo ¢ysknuio W (X)=@ (0, s) + ¥ (6, s). Huxe nas
€e onpeje/seHnss NPUMEHseTCs MeTOJ] KPaeBbX 3a]ad, MO3BOJAI0-
WHA HAaXOJUTh aHAIMTHUECKOE pelleHHe B NPOCTOH ¢opme.

3. Pemenue KpaeBOh 3ajauM. AwvanuTHueckas (QyHKuua
W (X) nwercs B napamerpuueckoit ¢cpme W= W (%), X=X ().
Jasa 3TOr0 € NOMOWbI0 DYHKLUHH

T()=m2+ aicsinl=n+iln(C+VT—1) @.1)

o6aacTb roxorpaga KOHGOPMHO OTOGPakaeTCs Ha BCIOMOTa-
TEJAbHYI0 MOJAYIJIOCKOCTb (¢ nepemennoro {=£& -+ in (puc. 3).
Toukam A'u D B NONYNNOCKOCTH { COOTBETCTBYIOT KOODJAHHATHL

t

U=—aul=d rie a=chs,= Vl -+ Ql,d=chs __V1+Q2.

Ilanee sanuchiBaeTCs W(C)-— W, (0) + W, (), rae aHaauTHue- .
cxue pyskuun W, (0) =@, ¢, )+ i¥, ¢ ) u W, Q)= @, ) +
+ ¥, (¢ 7) onpenensioTCs B G no yCIOBHSIM Ha ocn n=0;
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¥, =0 npu ——a<E<d ¥, =

=— Q, npu — co<ki<—@q, ¥,=Q, A 1
mpuy d<t<co u ¥y=0-npu £ A B c D £

’—OO<&<—‘a —'1<E<I, - 09 a -1 ‘1 d o9
4 <t oo, Yy =Ry shs() = - Puc. 3. -
—R,VEz——l npu -—a<E<—-1
U, =R,shs(])=R,VE—1 npu 1<t<d. Jlerko 3aMeTuTh,
aro ¥ =¥, + ¥, GyaeT ya0BIeTBOPATh yCaoBHAM (2.5).
<I>yﬂxuuﬂ W, (C) CTPOUTCS METOAOM 0COoOhX Touek [5], ecan

NOMECTUTh B TOYKH E=—a, =0 B E=d, n==0 CTOKH O0OH/Ib-
HocTH 2Q, u 2Q,,
W, (<:)=— i (L + @)~ ln (. —d) + iQ,. ' (3.2)'

[Mpumensiss uHTErpan LUBapua A5 NOJYMIOCKOCTH [6], BoccTa-
uaBauBaeM o¢ynkuuio W, (0) .

-1 :

L /321 ]
\¥/2(5)=—R“'—j Ve—tde tt_cldt -+ V:—-C + const.
l . .

—a

[Moc/sie BEIUNC/EHHA HHTErpaioB IOJydaeM
_ R

W, L[N (@) + VEZIME, )l +
+ RN (@) = VEZIME, d)] + const, (3.3)
rlle ' ) ' _ . , ‘.
N(p) =tn(p+VFP=1), M( g)=1n (2= V‘@—Cli(:“’—l) i 1)

npH g =a 6epyTCa BepXHHE 3HAKH, NPH ¢ = d — HUIKHHE 3HAKH.
dopmyan  (2.6), (3.1) —(3.3) no3BOAIT HAUTH pelieHHE
MCXOJHOH 3aj1aun.

4. Onpenenenune rpannubl 3aCTOHHOA 30HbI. OOCykaeHue
pe3yabTaTOB pacueta. [locrosuuas o, onpejgeasercs H3 ycCJao0-
BHsI, YTO CTOK paCHOJIOXEH. B Haya/le KOOPAHHAT. YcTpemassa §
K Geckoneynoctu (s—o0), us (2.6) MOAYUMM S — 3. Caenosa-
TeJAbHO, gy = 0.

Jss HaxoxMAeHHA TPaHHUB 3aCTOHHOM 30HHI cjaeAyeT BOCIOJb-
3o0BaThCa dopMyno# (2.6). Tak kak Ha rpaHule 3aCTOHHON 30HH

$=0, s=0, a Takxe -%—0— 0, TO, packpbiBag HeONpeae/eH-
HOCTb B (2.6), monydum dopmyay
c=iei6<£+i92—‘£) _ (4.1)

s 000s /s=0
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- ITo dopmynam (3. l) - (3 3) onpenensercs ¢ynxuna
‘ d—W- M/ dx L d

ax dv/ ot

AW _ _iVE-T[QA+R) | QU—R) _ 5
ax S [ tta T (—d R’s‘_-'R’SD]—

it 1+a4+ V@ —D@—1)
= l_Rl In {+a "
~ Ryl "‘*1+V§c2_—1><d2—1)]
ﬁékompoﬂ
o

— V1—52 QA +R) Q (1 —Ry) -
om0~ - [ tte | e—d ~ R, —Risy | =

R‘E(arctg Q‘Lfi——— + > + R <arctg Ez—“/l—— + B) (4.2)

rme —1<t=—cosf<1; a=0 npul+ai>0; a=r npu
14+a8<0; 8= Onpul~£d>0 B=m= npu 1 —td < 0.

ds

CMemannas NOH3BOAHAN (—%— npH §=() BHYHCAAETCH IO
dopmye ’
0¥ _dg a /ov

=sin 0 -% ,
000s |s=0 db dt \ os s=0) Sin dt ( os s=0> (4 3)

Bxojasaumue B pelieHue nocroﬁnﬂme R, u R, onpeneasiotts us
yca0BHH, 4TO npun o6xoxax Touek A u D B 06sacTH rono-
rpada Gx ¢yukuus v(0, s) moayyaer npupaiienue, paBHoe 1,
T. €, C :

Yag ™ Va =1 vpp—Yep=1. (4.4)
Torza, Ha OCHOBaHWHU q)opMyJI (2 6) c yuetom (2.5), U3 coOT-.
HoweHuh (4.4) umeem R, =—1, R,=1."-
INapamerpuueckue ypaBHEHHs TPAHHLL 3aCTOHHON 30HBI, KaK
caenyer u3 (4.1) u 4.3), 3aMUCEIBAIOTCS B BHAE

p=—-—sm6— —sinfcos 0 — < >
- 0s ls=0 d§ \0s |s=0
d /ov
v=cos 2L —sin?0—( — >
08 |s=0 n dt \ os Is=o !
= —co0sf, 0<0<w YuurwBas (4.2), noayqaeM npocreie ¢op-

MyJsl, He mvieloume KBaaparyp;
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_Qit+a _ cos?8 Q. _Q

p——

~F Qt+d n \a—cos® d-4cosb
_—21 _M_"__ Q,sin 8 _
= ﬂ<ardg l—aco +arcig 1+ dcost +a+ﬁ)
Su10c080 2 (4.5)
(a—cos0 d+cosﬂ)
rre a=V1+0Ql d=V1 +Q2,
, — ~y/1023‘ r
5 5 f
,5\ DAEAR 13 _47.2‘5'
( P
Puc. 4.
¥ro o5 X

-025

o /,\
w//% ~ |

Puc. 5.

Has wimocTpauuy BauaHuA napaMerpoB Q, m Q, Ha dopmy
TpaHHUBl 3aCTOMHON 30HB HpOBeleHH IO ¢dopmynam (4.5) pac-
YeTel JJA CJAeAYIOWHUX BapHaHTOB: 1. Q2 Q,= Oo. 2. Q=
—2Q1—1 3. Q,=6Q,=3 (xpuBne ,a“ puc. 4); 1. . Q,=0,
Q2=05 Q]'_O Qg—l 3 Q O Q2=2,4.Q1=0, Q2=4‘,
5. Q,=0, Q =10 (xpuBbe ,0“ Ha puc. 4); 1. Q,=Q,=1,
2. Q2—2Ql-—2 3. Q,=4Q,=4, 4. Q=10 Q, =10 (xpusnie ,a*
Ha pHC. 5); 1. Qy=Q; =2, 2. 2. Q,=2Q,=14,3. Q2—3Q1'—6
4} Q;=5Q, =10 (xpuBbie ,6“ na puc. 5). Ha puc. 6 mpuse-
JIeHbl 3aBUCHMOCTH IJIOLIAAH 3aCTOHHOM 30HH BmCB (cM. puc. 1)
ot mapametrpoB Q, u Q,. PacueTsl nposoauanch no Gopmyiae
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s - f(l + v) p’ (6) 48,

rae p(0), v(0), (0O <w) - napamerpuqeékue ypaBHEHHA rpa- '

HHUUB 33CTOAHOA 3OHHIL. -

- PesyabTaThl pacueros
NOKAa3biBalOT, 4TO YBEe/H-
yeHne Q, Bener::

K YMEHBUIEHHI0O CHMMET-

2) mpu Q>
K YMeHbLIEHHIO 3aCTORHOR
30HB H ee CMeIEHHIO
B CTOPOHY NOTOKa C MEHb-
WHM J1e6HTOM,
3) mpm Q<Q—
. K YMEHbIIeHHIO 3aCTOAHONA
20 40 60 80 100 30HB H ee . CMEIEHHIO
Puc. 6. B CTOPOHY IOTOKa C 60Jb-

PUYHOH 3aCTOAHOH 3OHHI,.

1) mpu Q=Q,—

»

UM JeOUTOM JO CHMMET- -

PHYHOrO IOJMIOXEHUA MPH

_ Q:=Qy’
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