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Notes on Wave Theories for the Propagation
of T-, Lg-, Rg-, G-Waves
and Microseisms from Storms over Deep Sea

By S. K. Bosg, Chandernagorel)

Eingegangen am 23. April 1969
(in iiberarbeiteter Fassung am 11. Juli 1969)

Summary: Some years ago the author gave wave theories for the propagation of the above
mentioned waves. But there the approximations were not completely justified and in the
theory for G-waves the earth’s model and the analysis were of a different kind from those
used in the other theories. In the present notes, the theories have been modified to some
extent and substantiated by graphical representations. In the cases of T-, Lg-, and Rg-waves
the principal aim has been to demonstrate low period energy concentration. In the case of
microseisms from storms over deep sea, this aspect has been examined to find whether they
can be present while sub-oceanic Rayleigh Waves are always absent. Lastly, developing a
theory similar to the previous four cases, it has been shown that for G-waves there is prac-
tically no energy concentration due to the low velocity layer.

Zusammenfassung: Theorien fiir die Ausbreitung der im Titel genannten Wellen, die der
Autor vor Jahren entwickelt hat, werden modifiziert und durch graphische Darstellungen
vervollstindigt. Die bei der Rechnung seinerzeit benutzten Nidherungen waren nicht voll
gerechtfertigt. AuBerdem lag der Theorie der G-Wellen ein anderes Erdmodell zugrunde als
den iibrigen Theorien.

Fiir die T-, Lg- und Rg-Wellen zeigt sich vor allem eine Energiekonzentration bei kurzen
Perioden. Unter diesem Aspekt wird auch die durch Stiirme iiber tiefem Ozean erzeugte
Mikroseismik untersucht. Es wird der Frage nachgegangen, ob diese Mikroseismik auftre-
ten kann, wihrend sub-ozeanische Rayleigh-Wellen stets fehlen. G-Wellen werden schlieB-
lich theoretisch wie die anderen genannten Wellentypen behandelt. In diesem Fall gibt es
keine nennenswerte Energiekonzentration, die auf den EinfluB des Geschwindigkeitskanals
(low velocity layer) zuriickzufiihren wire.

Procedure

Following the notations previously used [Bose 1963; 1964a, b, c; 1965], we shall
represent the displacement potentials ¢, y or the transverse displacement v in the form

p=e"" [ ®(z,k)e** dk

where 2 77/ is the period and the x-axis is in the direction of wave propagation. @ is
found to contain a denominator A(w, k, €) where ¢ is a small factor representing
departure from hemogeneity. 4 = 0 forms the dispersion equation of the medium

1) S. K. Bosg, Chandernagore College, Chandernagore, India.



194 S. K. Bose

and corresponding to these phases ¢ has maximum contribution at long distances—
the case in which we are interested. But, we shall take the dispersion equation as
A(w, k, 0) = 0 showing graphically that the error committed in this way is small.
Moreover, the important first mode will only be considered except in section 4.

1. T-Waves

Using the equations (14)-(17) of [Bose 1964a], it can be shown that at the three
typical levels z = H/4, H/2, 3H/4

H )_ e 3 ré+k? 2ro . 3
¢<I,k/ ——TSIDTI'OH |:1+81a—2—_m ——‘;—COt 3 rOH

H e "™ . roH ro+k’
¢(7,k>—— A SlnT<1+281m (11)

where

4 =EQ— rysinroH +rocosroH
1
2 2 2 2
ro+k g, ro+k® .
+281r0a—2°T4—;gcosroH—ia;2—_—rgsmroH (12)

From the model of the Atlantic Ocean as given in EWING, JARDETZKY and PREss
[1957, pp. 335—337] we take H = 3.657 km, xp = 1.509 km/sec, &1 = 1.539 km/sec,
&1 = 0.02016, e2/e; = 0.951. The value of ¢; is obtained from equation (1) of [Bose
1964a] and from the condition that the amplitude variation of « is 0.03047 km/sec.
The value of e3/¢; is obtained by making « a minimum at a depth of 0.2438 km.

In Fig. 1 the negative of the ¢ terms of (1.2) has been plotted for the modified first
mode and has been shown by the broken line. Evidently, the approximation in
neglecting this deteriorates as the period diminishes. The continuous lines represent
the proportional increment in ¢ due to the ¢ terms and it is apparent that, (i) at
a given level, the proportional concentration of energy increases with decreasing
period and (ii) for a given period, the proportional concentration of energy increases
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with height. With this we must consider the fact that since ¢ =0 at z = H, the
absolute concentration will be more towards the sound channel axis.

Similar inference about the higher modes can not be drawn. For, the periods become
smaller and the first order approximations in £ break down.

]
75 1o 25 5
Period

Fig. 1: Proportional increment in ¢(z) and the error 4 (w, k, 0) — 4 (dotted line).

2. SOFAR Channel and Microseisms from Storms over Deep Sea

A better expression for the sound velocity than that in [Bose 1964b] is

a=a, (1 +%cosaz), aH=3—2TE (2.1)

Taking clue from the remarks of PrRess and EwING [1948] that the sea surface being
an antinode for vertical motion is the proper place for application of forces, we shall
take a periodic source on the sea surface. Thus from equations (1)—(18) of [Bose
1964b] with (2.1) it can be shown that at the ocean floor z = 0 and at the level of the
sound channel axis

0.0 = B [T —4krs,]
2H \ P 2. (2. L2 ro+k’ 2
¢(—3-", k)— m[ro {4k ry{sy (Si +k ) }(1+281m COoS 3 F'OH

w* 2
——zr, sin— rOH:I (2.2)
lﬁl
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where

4
k4 Eg_a;gz rosinroH —ro[4k*ry s, —(s} +k?)*]cos roH
1

&1

ro+k? N 2r,
—8;2()_-—42'[er1 <Sln r0H+—-—COS r0H>
+ro {4 k*ris, — (st +k?)?} <cos roH +2—a’—°sin r0H>] (2.3)

For the modified dispersion equation 4(w, k, 0) = 0 the negative of the & term in
(2.3) becomes

2,12 4 T2

ro+k® o c / c < 2rg )
E———>— 1— sinrH+—cosroH 2.4)
a“—4r; QlFf\( ;f 0 a 0 (

. . . 2 .
and the proportional increment in ¢ at z = — H is

3
ro+k? 2 1
26— i — = .
s;z_—‘“gsm roH cos 3 roH cosec 3 roH (2.5)

Evidently there is no increment at z = 0 due to the sound channel.

To discuss the absence of low period sub-oceanic Rayleigh (S.0.R.) waves, we
shall consider their generation from a periodic compressional line source at a depth 4
below the ocean floor. Thus a corresponding term should be added to (6) of [Bose
1964b], as in [Bose 1964a). The ocean surface, in this case, is free and therefore the
boundary conditions will have the same form as (18) of [Bose 1964b] with P = 0.
Thus, we get for the proportional increment corresponding to the modified modes

2 2
_ ro+k 2r,
atZ—O, £m<l+—a tanroH (2.6)
2 ré+k? 2r, 2
atz=—H, e—5—— l+——tanroH+25mrOHcos——roHcosec roH )(2.7)
3 a‘—4rg 3 3

We shall compute these expressions for o1/ = 2.5, f12/x12 = 1/3 Pi2/xe2 = 4
(granitic bottom) and xo = 1.524 km/sec with amplitude of variation 0.03047 km/sec
giving ¢ = 0.04 (Atlantic Ocean, cf. Section 1).
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In Fig. 2, fifty times (2.4) has been plotted as a broken line, showing the smallness
in error. The unbroken lines show that the proportional increment in ¢ is slightly
greater for S.0.R. waves at both the levels. This is true for a superficial source. But
according to Longuet-Higgins’ theory the source of microseisms extends through the
ocean depth, due to which it will be much greater and may even exceed that for the
S.0.R. waves. Further, there is an attenuating effect of focal depth on S.0.R. waves,
which is entirely absent for microseisms.
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Fig. 2: Proportional increment in @(z) for microseisms and S.O.R. waves and fifty times the
error A (w, k, 0) — A (dotted line).

Now, the attenuating effect of focal depth is greater on T-Waves than on S.O.R.
waves, because rih is greater. But the proportional increment in ¢ is much greater
for T-Waves. Also, the T-Waves are concentrated in the upper part of the ocean
only, whereas the S.O.R. waves are distributed throughout its depth. Thus the
T-Waves have to cross a smaller length of inclined continental barrier. The last two
factors override the first, making T-Waves present and S.0.R. Waves absent on
seismograms. Similarly since all the three factors are practically in favour of micro-
seisms, they can be observed from storms over deep sea.
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3. Lg-Waves

It is known that the S-velocity in the earth’s crust increases at nearly a uniform
rate [DorMAN, EwING and OLIVER 1960]. From equations (11)—(14) of [Bose 1965],
it can be proved that at the surface of the earth

G so+k?
V(H,k)—z[<l+328nm7_—4sg COSSOH
2 2
HiSy (4 so+k .
+_ﬂoso<1 28,,+28,,n . _4SO>smsoH] 3.1

where

A=s,sin soH—#—s, coss0H+Zs " 5, cossoH
0

se+k?

: 23}
— H .
Imi—4s <s0‘sm soH +”o 54 COS S ) 3.2)

+2é

For the modified dispersion equation 4(w, k, 0) = 0, the ¢ terms in (3.2) become

(Z e +2Y e, —25—0;1—7> sosinsoH (33)
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Fig. 3: Proportional increment in v(H) and five times the error 4 — A(w, k, 0) (dotted line).
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and the proportional increment in v(H) is

sé+k .
4y e "nn(; vy coszsoH—Zs,,smzsoH (3.4

We take H = 35 km, u1/uo = 1.8 [EWING et al. 1957, p. 212] and Jeffreys’ values for
S-velocity in the granitic, intermediate and upper mantle layers as 3.36, 3.74, 4.36
km/sec respectively. These give fo = 3.55 km/sec, f1 = 4.36 km/sec. We shall neglect
£3, €5, ... as they are small. From the above data we get ¢; = 0.1068.

In Fig. 3 we have considered the period range 16—25 sec, although we are interested

in the range 1—6 sec of Lg-Waves. This has to be done because
c se+k?
"m?—4 so2

becomes too large for lower periods to invalidate the first order approximations. The
broken line representing five times (3.3), shows the smallness in error in the modified
dispersion equation. The unbroken line representing (3.4) indicates rapid concentra-
tion of energy for diminishing period.

4. Vertical component of Lg- and Rg-Waves
From equations (3) and (8)—(15) of [Bose 1964c], we get
u(H)= _e-"w'z'F | 5[ {so(sg—s k2) cos soH + k (k? — 5 s2) sin soH
Ho -
. so+k?
+4 kso (kcossoH +sosinsoH) Y ¢, WIm?— 45k
+e 7'M {so (s2—5k*)cos soH —k (k* =5 sg)sin soH
m“—4s

2
+4kso(kcossoH —sosinsoH) Y €, —2—81217}

se+k?
+25,(3 kz—sfz,)—zso(kz-53)28:-"2,:,2_4507

+ % (some first order terms)] e dk 4.1

w(H)=—£#—?e""‘" f ;—[{e"”(socossoH—ksinsoH)

. . 2 2 2 s+ k?
—e " (sgcossoH +ksinsoH) 0 (3k"“+s5)+4k Zenn mI_4s?

+%(some first order terms)] e**dk 4.2)
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In the low period modes corresponding to the dispersion equation . = 0, we can
retain terms containing e¥H only since kH is large. The dispersion equation from (17)
of [Bose 1964 c] thus becomes

T . (2-8*+4
tan(kH /¢E—1)= /-1
e L vy

where & = ¢2/fo2. In the first mode, & can be less than 1 while in the second mode £ is
always greater than 1 with '

(4.3)

n<soH <3—n
2
We shall neglect the terms containing 1/42 in (4.1), (4.2). For, a similar situation
arises in sections 1, 2, 3 if 1/4 is expanded in powers of the &’s. But the contribution
of the ¢ terms in 4 being small, those of 1/42(w, k, 0) will also be so. The proportional
increments in u(H) and w(H) are thus found to be

2-¢ se+k?
F1 L T4 5 @4
and
4 s¢+k?
2+Cze"n2m2—4s(2, (4.3)
Also the ratio of amplitudes of «(H) and w(H) is
se+k?
A T
12—-¢| P p— (4.6)
’ E+2+4) ¢ so+k
"n“m*—4sj

From the model of section 3, we have H = 35 km, f(z = H) = 3.36 km/sec and
B(z = 0) = 3.74 km/sec. Since B decreases linearly with depth, we must have 8(z =
H/6) = 3.6767 km/sec. These values give fo = 3.55 km/sec, &1 = 0.08387 and &3 =
0.02290.

For the first mode, Fig. 4 shows that there is considerable proportional increment
in w(H) which first slowly decreases up to roughly 10 sec and then rapidly increases
up to 15.11 sec. In u(H) there is rapid proportional decrement up to 12.39 sec. After
this, it can be shown from (4.4) that there is a large amount of proportional increment
up to 15.11 sec. This portion has not been plotted out because of breakdown in the
first order approximations. Indeed the periods mentioned above also suffer from the
same defect. For periods exceeding 15.11 sec (¢ = 1.172), (4.4) and (4.5) are negative
showing decrement in energy. The broken line represents five times (4.6) and evidently
it remains quite small. These waves therefore appear as Rg-Waves.
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Fig. 4: Proportional increment in u(H) and w(H) and the ratio of their amplitudes

(First Mode).
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Fig. 5: Proportional increment in u(H) and w(H) and the ratio of their amplitudes

(Second Mode).
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For the second mode, Fig. 5 shows that there is proportional decrement in both
u(H)and w(H) up to roughly 3.5 sec. After this, there is rapid proportional increment
up to 5.037 sec (unreliable because of breakdown in the approximations). For periods
exceeding 5.037 sec (§ = 1.172) there is decrement in energy as in the first mode, and
the broken line exactly as before shows that (4.6) remains quite small. A similar case
will take place with higher modes also, except that the upper limits of period will be
3 sec, 2 sec, 1.6 sec etc. corresponding to & = 1.172, if the other ¢ terms are also re-
tained. The phase velocities slightly exceed fo. These waves therefore appear as the
vertical component of Lg-Waves.

5. On G-Waves

These are transverse waves in the upper part of the earth’s surface in which the
S-velocity increases slowly to a depth of 120 km and then decreases rapidly and
again increases rapidly to a depth of 220 km, where its value becomes nearly equal
to that at the top of the low velocity layer. Since these waves penetrate up to the low
velocity layer only, we can consider the medium below it as rigid. Thus the medium
can be divided into an upper layer 0 < z < H in which

u=po(l+ecosmz), mH=n (5.1)
approximately, and the low velocity layer — H’ < z < 0 in which

w=po(l+e'cosm’z), mH'=2n (5.2)

The transverse displacements v, v’ in the two layers are governed by equations of

the type (2) of [Bose 1965] subject to boundary conditions of the type (5) with con-

tinuity in rigidity at z = 0. Following the same procedure, it is found that on the
surface of the earth

2 2 2 2 2 2
V(H,k)=__C_;<1+28ﬂ>[cossoHsins3H’<l+s Sg+k —g 0 +k )

4 m?—4s3 m?*—4sy  m'?—4s?

/ 2, 12 12 72
. ), k , So +k
+3%in s, H cos sy H (1—3 CRELPR 1 z)] (5.3)
So m°—4s, m'*—4sg

where

A=sqycossoH cos soH' — s sinsoH sin soH'

_(8 ss+k> _, sg+K?

(so cos soH cos soH' + 5o sinsoH sinsoH') (5.4)
m?—4s2 m’2—4s62)
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The modified dispersion equation becomes

tan (kH'\/ngtan(kH ﬁ’:—é—-l)=:\’é—l (5.5)
Po_
0

where & = ¢2/fo'2 and the proportional increment in v(H) due to the low velocity
layer (i. e. due to &' terms) is

, S +k? —cos2soH’ (5.6)
m'?—4 sy so+k? '
- 1+e———cos2soH
m”—4s;

Now the S-velocity in the upper crust is 3.36 km/sec (cf. section 3) and in the upper
mantle it increases from 4.60 to 4.65 km/sec at a depth of 120 km and at the lower
boundary of the low velocity layer it is 4.70 km/sec which will be taken as 4.65 km/sec
to fit with the theoretical model. We thus take H = 120 km, H' = 100 km, fo =
4 km/sec, fo’ = 4.30 km/sec, ¢ = 0.3514, ¢’ = 0.1694. The results for the first mode
0<soH<=[2,0 < s’ H' < /2 are presented in the following table:

p period cin ¢, & terms
J kH in sec km/sec G-6) of (5.4)
1.0 1.939 75.34 4.300 0.3887 x 10-2 0
1.1 1.431 97.34 4.511 0.2045 x 102 [ —0.9601 x 10-8
1.3 - 1.036 124.00 4.903 0.1161 x 10~2 | —0.6972 x 10-3

The period range agrees with that of G-Waves, but the increase with phase velocity
is slightly quicker than the observed rate [cf. BATH and ArRrovo 1962]. The
calculated dispersion is still quite small and explains the pulse like character of
G-Waves. The discrepancy is expected due to considerable simplification of the
model. The last but one column shows that the increment in amplitude due to the
low velocity layer is negligible. Thus the large amplitudes of G-Waves are due to
their long wave lengths only and the low velocity layer guides their periods and phase
velocities only.

References see pag. 204.
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