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Abstract. Transverse, right-hand polarized waves propagating along a
magnetic field in the hot plasma of the solar wind consisting of protons and elec-
trons are discussed for frequencies in the vicinity of the proton gyrofrequency.
The thermal anisotropies of the particles are able to produce a nontesonant and a
resonant instability. The first one, called firehose instability, is driven by electrons
and protons, while the extension of this instability is produced by the electrons
only. The second one, called cyclotron instability, is maintained by the protons.
The same is true for the extension of this instability. Two different approximations
of the dispersion relation allow the analytic discussion of the firehose and the
cyclotron instability. In case the resonant velocities are not much larger than the
thermal velocities, the approximations are not valid, and it is necessary to discuss
the dispersion relation numerically. It is shown that enhanced electron or proton
anisotropies as well as greater §,-ratios increase the growth rate and the unstable
frequency range. For low anisotropies and f)p-ratios only the cyclotron in-
stability does exist. For higher values of the parameter the firehose instability
arises in addition. Further increase of the electron anisotropy or of the 8 p-ratio
leads to an extension of the firehose instability and to a switching of the polariza-
tion-sense, while the wave is propagating antiparallel to the magnetic field —
even if the protons are isotropic. This change in the polarization-sense was not
found in the analytic approximations, which are possible if the resonant velocities
are much larger than the thermal velocities.

Key words: Plasma Waves — Solar Wind — Parallel Propagation of Waves in
Bi-Maxwellian Magnetized Plasma.

1. Introduction

Parker (1963) discussed the expansion of the solar wind with the aid
of the hydromagnetic theory. By reasons of the conservation of the energy
of a particle and of the first adiabatic invariant Parker predicted a thermal
anisotropy near the earth. Measurements, which confirmed an anisotropy
of the protons (Hundhausen, 1968; Hundhausen ez /., 1970) and electrons
(Hundhausen, 1968; Montgomery ¢# a/., 1968), nevertheless gave smaller
values than those to be expected by an exospheric model. Instabilities,
caused by the anisotropies, may produce the observed values.
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In this paper we want to investigate the transversal right-hand circularly
polarized electromagnetic waves propagating along a uniform magnetic
field in a hot plasma close to the proton gyrofrequency.

The thermal anisotropies in the solar wind 7', > T', (T =temperature,
the subscripts ||, L refer to the directions parallel and perpendicular to the
average magnetic field, respectively) lead to two instabilities. The Alfvén
waves deform the magnetic field. If the anisotropies are strong enough, the
particles are subject to centrifugal forces while running along the bended
field, causing the “firehose” instability. Protons with a velocity so high
that they “see” the electric field of the wave with their own gyrofrequency,
may drive a resonant instability in the vicinity of the proton gyrofrequency:
the cyclotron instability. Electron anisotropy and high S-ratios (8 is the
ratio of the thermal to the magnetic pressure) increase the growth rates.

If damping or an instability occurs the energy exchange alters the
anisotropies of electrons and protons. Resonant instabilities have only a
small influence in varying anisotropies, because there are only few particles
which produce the instability. The resonant particles have a great influence,
however, if they are near the maximum of the distribution function.

For the analytic treatment of the firehose instability and of the proton
cyclotron instability one can use an asymptotic expansion of the dispersion
relation. The asymptotic expansion is possible in case the resonant velocities
are much larger than the thermal velocities. In case the resonant velocity
of the protons is much smaller than their thermal velocity a different
expansion is possible yielding another limiting case.

2. The Dispersion Relation

It is assumed that the plasma is collisionless and consists of protons and
electrons moving in a static and uniform magnetic field. The particles obey
an anisotropic Maxwellian distribution function. Therefore the dispersion
equation can be derived from Maxwell’s equations and the Vlasov equation.
In the linear approximation the result for transversal waves propagating
parallel to the static magnetic field is the following

Bup ¢? * Bup [ (@VWV (ze) (1 + 2 (ze))) +
(Montgomery and Tidman, 1964; Rehn, 1972)

where & is the complex frequency normalized by the proton gyrofrequency.
Growth or damping of the waves are indicated by a positive or negative
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imaginary part of the frequency &, respectively. B, is the ratio of the
parallel thermal pressure component of protons to the magnetic pressure.
The thermal proton velocity is defined by

2 _ 22Ty
Vyp =
7p

where 2, is the proton mass and » is Boltzmann’s constant. ¢ is the speed
of light, and Ko =1 — (T[T })e, Kp=1—(T,/T)p (the indices ¢, p refer
to the electrons or to the protons, respectively) while M is the mass ratio
of protons to electrons, and TV is the ratio of the temperature parallel to the
magnetic field of the electrons to that of the protons.

Finally Z is the plasma dispersion function given by

Z(2) = exp(—2z?)(i|n — } exp (#2)dt)

where the arguments are

2e = (& F M)|(RYM-TV)
and

zp = (& + 1)k

If the real part of & is positive, the upper signs refer to a right-hand
and the lower signs to a left-hand polarized mode. In this paper we only
consider the upper sign. Numerical values for the function Z(z) are found
in Fried and Conte (1961).

3. Approximations of the Dispersion Relation

In order to discuss some properties of the instabilities, it is convenient
to obtain an analytical solution of the complicated dispetsion relation (1).
Therefore it is useful to consider approximations of the dispersion relation.

To obtain an approximation one can use the asymptotic expansion of the
plasma dispersion function, which is valid in the case |z| >>1, for both
protons and electrons.

. 9= 1 1 1-3
Z(2) = io)/m exp(—22) — [E t 35T 555 T ] @
where
0 >0
o= [ 1forIm(z) = 0
2 <0
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|2| >>1 means that the velocity of the resonant particles is large compared
to the velocity of the thermal particles, i.e. there are only few resonant
particles.

Another critical case is given by |z| < <1, which means that the patticles
are near the maximum of the distribution function. This case allows us to
expand the plasma dispersion function into a Taylor series:

Z(z) = i|fmexp(—22%) — 2z(1 —222[3 +...) 3)

3.1. The Firehose Instability

Using the asymptotic expansion (2) in the dispersion relation (1) and
neglecting the exponential term in (2) because of few resonance particles
and terms higher than second order, we get the approximate dispersion
relation

020 p(1+ wpp|Qp + wpe| Q) — R2(1—By[2+ B,/ =0 (4

where §, (B.) is the ratio of plasma pressure parallel (perpendicular) to
the magnetic field By to the magnetic pressure. wypy, wpe are the plasma
frequencies for protons, and for electrons respectively. Furthermore £,
is the gyrofrequency of protons, and £, that of electrons. (4) is the dis-
persion relation for Alfvén waves if g, =p, =0. The condition for an
instability, i.e. Im (&) >0, £>0 is determined by

1 —By/2+ B[2<0. ©)
Transforming (5) leads to

Buv (1 - ﬁ) + Bie (1 - K/ITT) >2 ©)

with the definitions
Buip = 8“”0"Tup/Bg s Bie = S“no"Tue/B(Z)

no is the average particle density of protons and electrons.

This well known instability is called <“firechose™ instability because the
magnetic field lines become deformed like a firehose which is not fixed.
Running along the curved field lines the particles experience a centrifugal
force which tends to enlarge the curvature. For this reason the firehose
instability arises for frequencies lower than the proton gyrofrequency.
Close to the proton gyrofrequency the instability vanishes because of the
inertia of protons which no longer follow the curvature of the magnetic
field.

For high values of 8y, small proton anisotropies satify (6). Since in
most cases the electron temperature is higher than the proton temperature
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in the solar wind, smaller electron anisotropies are sufficient to produce
firehose instability.

The condition (5) ot (6) is determined by the fluid-like behaviour of the
plasma only, and does not contain specific properties of the distribution
function like a resonance instability.

Shapiro and Shevchenko (1964) considered the quasi-linear stabilization
of firehose unstable Alfvén waves in a plasma with anisotropic velocity
distribution. They obtained equations for the changes in the longitudinal
and transverse ion thermal energies.

Hollweg and Volk (1971) have shown that the firehose instability
always increases the perpendicular temperature, but lowers the parallel
temperature if only 7' /T, > 1/2. This process leads to the situation that (5)
is not fulfilled, and therefore a stabilization takes place. They pointed out
that in the case of a growing wave the thermal energy of particles decreases.
Often in the solar wind these energy exchanges are valid for the electrons
only. For this reason the observed electron temperatures may be lower
than the temperatures predicted by Hartle andSturrock (1968).

For the resonant protons near the maximum of the distribution func-
tion, i.e. |2p| <<<1, while for the electrons |z,] >>>1, one can use the
Taylor expansion for Z(zp) and the asymptotic expansion for Z(z,) to find
an approximate dispersion relation. Under these assumptions Hollweg and
Volk (1970) obtained an extension to the firehose instability. This instability
is driven by anisotropic electrons firehoselike and has significant growth
rates, if Kp>1/2 or T /T, >2 for frequencies &, — K;>0. @y is the
real part of @. Since this instability is produced by the electrons only, the
electron temperature decreases, while the temperature of the damping pro-
tons increases.

3.2. The Cyclotron Instability

The fluid-like behaviour of the plasma determines the firehose in-
stability. Treating this instability we could therefore neglect the exponential
term in (2). On the other hand the cyclotron instability is a resonance
instability determined by the distribution function. Here it is necessary
to consider the exponential term.

Under the condition |[Im(z)| <<|Re(2)]| it is possible to expand Z(z2)
in a Taylor series around a real point zp. The first two coefficients are
obtained utilizing the asymptotic expansion (2) for real arguments. Ne-
glecting terms higher than third order in &, we get from (1)

A 2 gz Y A
_ r Yjp Rl ¥ L P _o 7
Bup <2 + Bur + by —M + dr+1 @

and
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oy = — V7 o [ — Kp(dr + D] exp[—(@r -+ 1)%/£%] ®
£ EByp+ M[(dr — M) 4 1/(dr 4 1)2

whete @ = Im ().

Eq. (8) is the well known (e.g. Kennel and Petschek, 1966) growth rate
of the cyclotron instability in the neighbourhood of the proton gyro-
frequency. This instability arises, if the right hand side of (8) is positive,
ie., if

or — Kp(or + 1) <O. )
Transformations of (9) ate
Kp > apf(r + 1) (10)
and
oy < Kp/(1 — Kp). 1

The thermal anisotropies in the solar wind near the earth are such that
T,>T,, i.e. K>0. Eq. (10) shows that the cyclotron instability is
possible in the solar wind. Isotropic protons (Kp=0) cannot drive an
instability because of (11), while K, >0 always produces an instability
in the frequence range 0 <, < Kp/(1 — Kp).

The sign of (8) is determined by — [&y — Kp(dr+1)]=1— (0 +1)-
T | Tp. Since @; is proportional to 1 — (&, + 1) T, p/ T, the higher the
growth rate the lower the ratio T /T p is.

Brice (1964) pointed out that the cyclotron instability diminishes the
anisotropy — the ratio 7'p/T p —, which produces the instability, while
T, p decreases. On the other hand cyclotron damping creates or amplifies
the anisotropy of protons, while T, decreases. Therefore the marginal
stability is given by a finite thermal anisotropy with 7T, > T 5. Since by
assumption there are few resonance protons, these can influence the aniso-
tropy, which is produced by all protons, slightly only.

In the framework of quasi-linear theory Kennel and Engelmann (1966)
showed resonant and nontesonant instabilities force the particle distribu-
tions towards marginal stability. While stabilization takes place only reso-
nant particles with velocities of the order of the phase velocity or less are
scattered in energy at a rate comparable with their pitch angle scattering
rate. The other resonant particles with velocities much larger than the
phase velocity suffer pitch angle scattering only.

Looking at the resonant energies of the protons it can be shown that
high B, p-ratios or not too small electron anisotropies are able to lower this
resonance energy (Kennel and Scarf, 1968). Because of this lower limit
many thermal protons now can maintain the instability.
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Using the asymptotic expansion for Z(z,) and the Taylor expansion
for Z(zp), which presuppose that the resonance protons are near to the
maximum of the distribution function, Hollweg and Volk (1970) found an
extension to the firehose instability. This instability appears if (11) is ful-
filled and is sustained over a broader frequency range if 7', >47, 5. Now
the resonant protons are thermal particles, and they ate able to reduce the
proton anisotropy.

4. Numerical Solutions of the Dispersion Equation

The possible analytical approximations are applicable for special
parameter sets only. In order to generally investigate the influence of
various thermal anisotropies and S ,-ratios as a function of frequency, it is
necessary to compute the dispersion relation without any approximation.

The plasma dispersion function Z(z) can be calculated in the complex
z-plane by various methods (Rehn, 1974).

The first method is a numerical integration for small arguments. Because
of the round-off errors for great arguments the function Z(2) is then
computed by an asymptotic expansion and, if the imaginary part of z is
large enough, by a continued fraction.

In the numerical work typical physical parameters of the solar wind near
1 AU have been chosen as well as a pair of low and high values for each
quantity. The values for T'p and T /T p are always the same.

The abbreviations in the figures mean: TPE[TSE is T,/ ,, TPP/TSP
is the same for protons, TV is T,¢/Tp, BETA is §,,, while FIREH is
defined by the left hand side of (6). FIREH >2 indicates that the firehose
instability is possible. Neatly each figure contains several curves, which are
marked by several symbols. The cutves are computed by the parameter
values characterized by the same symbol, while the other parameters are
valid for all curves.

In Fig. 1. the imaginary part of the frequency, normalized by the
gyrofrequency of the protons, &; =WI/GYP is plotted versus the real part
of the frequency @& =WR/GYP which is also normalized by the gyro-
frequency of the protons. Protons and electrons are assumed to be isotropic
(TPE/TSE =TPP/TSP=1). TV =5 and TPP =40000 have been chosen
for all other figures. Because of the isotropy of protons and electrons the
criteria of instability (5) and (6) are not met, and the waves are damped
only. The damping rate and frequency range, in which damping exists,
increase with incteasing B p.

If the protons are anisotropic (Fig. 2), the positive imaginary part of the
frequency WI/GYP shows that instabilities exist. The 8 p-ratio influences
the growth rate in the same sense as the damping rate: the growth rate
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increases with increasing 8 p. This becomes clear, if one considers the reso-
nant energy of protons. The three curves belonging to low g p-ratios show
two properties of the cyclotron instability : both, the unstable frequency range
and the growth rate, increase with increasing 8, . The value §,, =5leads to
FIREH >2 indicating the rising of the firehose instability. Now the
cyclotron instability goes over into the firehose instability existing also
at low frequencies. The unstable frequency range is very broad in case of a
firehose instability, while a resonant instability alone like the cyclotron
instability produces a small unstable range.

The growth rate and the unstable frequency range increases with
increasing proton anisotropy (Fig. 3). Fig. 3 shows that the enhancement
of the proton anisotropy enhances the growth rate and the unstable fre-
quency range in the same sense as the enhancement of f;, does.

Anisotropic electrons increase the growth rate of the cyclotron in-
stability the greater the ratio TPE/TSE is (Fig. 4). Since they lower the
phase velocity, the number of resonant protons becomes greater, which
means that the growth rate increases.

The results shown in the first four figures can also be obtained analytically
using the approximation of finite gyroradius (Kennel and Scatf, 1968).

In Fig. 5 the phase velocity VPH, normalized to the speed of light C,
is plotted versus the normalized frequency WR/GYP. The protons are
isotropic, and the electrons are assumed to be anisotropic. As we have seen
above the phase velocity decreases, while f,, increases. For f,,=5
negative frequencies appear, a result, which has not been found in the
approximation of Kennel and Scarf, but which was confirmed by Watanabe
(1970) and by Pillip and Volk (1971). Negative frequencies mean that the
wave changes its sense of polarization from right to left while propagating
antiparallel to the magnetic field. For small f§,-ratios a damping of the
wave occurs (Fig. 6), but when f,, =25 there ate positive growth rates.
Since the protons are isotropic, only the electrons are able to drive this non-
resonant instability. Though the isotropic protons tend to damp the wave,
the energy delivered by the electrons is sufficient to make the wave unstable.

The switching of the sense of polarization already appears for smaller
electron anisotropies, if the f5-ratio increases (Figs. 7 and 8).

The protons and the electrons are assumed to be anisotropic in Fig. 9.
Because of FIREH >2 the firehose instability arises for low frequencies.
Near the proton gyrofrequency the cyclotron instability increases the growth
rate. For increasing frequency the number of resonant protons decreases,
and therefore the growth rate is diminished. Now the nonresonant elec-
trons in a firehose-like mechanism cause a positive growth rate and the
switching of the polarization. Finally the damping protons suppress the
contribution of the electrons to the extension of the firehose instability and
the wave becomes damped.
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5. Summary

For right-hand polarized waves propagating parallel to the magnetic
field two instabilities can exist in the vicinity of the proton gyrofrequency,
it 7 > T,. The first one is the firchose instability and the second one the
cyclotron instability, which in contrast to the first one is a resonant in-
stability, If the phase velocity is low enough, then extensions of these
instabilities exist.

Isotropic protons and electrons lead to damped waves only. Aniso-
tropic protons produce the cyclotron instability the growth rate of which
increases with increasing f,, and increasing proton anisotropy. While
increasing these two paramecters one reaches a point where FIREH >2:
the firchose instability can exist. Now it is impossible to distinguish be-
tween the two instabilities. The enhancement of the electron anisotropy
increases the growth rates of both instabilities and finally leads to a switch
in the sense of polarization, If the protons are isotropic, the electrons alone
are able to produce a positive growth rate in the firchose manner.

This last instability causes a heating of protons and a cooling of elec-
trons, while the cyclotron instability cools the protons. Furthermore, the
instabilities decrease the parallel temperatures and increase the perpendicular
temperatures. Cyclotron damping of the waves causes the inverse effects
for protons. Therefore it is difficult to predict theoretically in what direction
instabilities influence temperatures and thermal anisotropies.
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