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Accuracy of Ray Theoretical Seismograms *

V. Cerveny
Institute of Geophysics, Charles University, Ke Karlovu 3, 121 16 Praha 2, CSSR

Abstract. Theoretical seismograms computed by the ray method with certain
modifications in the critical region are compared with theoretical seismo-
grams computed by more exact methods (the reflectivity method). It is shown
that the ray method with some simple modifications gives qualitatively satis-
factory results for a broad class of models of media, even in certain singular
regions (such as critical regions, the neighbourhood of caustics, the half-
shadow, etc). Poor results are obtained for some non-ray waves. It would
be possible, however, to use some modifications of the ray method (such
as the ray method with a complex eikonal) even for certain non-ray waves
and to include these waves into ray theoretical seismograms.

Key words: Ray theoretical seismograms — Accuracy of ray method — Modifi-
cations of ray method.

I. Introduction

At the present time, many different methods can be used to construct theoretical
seismograms. Unfortunately, there is no method generally suitable for all situa-
tions. For various problems, various epicentral distances, and various models
of media, certain methods are suitable and other cannot be used at all. Great
differences exist also in the accuracy and in the computer time requirements.

The ray method may be applied to construct theoretical seismograms even
for rather complicated laterally inhomogeneous media with curved interfaces,
for which other methods can be hardly used.

The basic problem in the application of ray methods to the construction
of ray theoretical seismograms lies in its insufficient accuracy in certain situa-
tions. There are three main reasons for this limited accuracy:

1. The ray method is not applicable in certain singular regions, such as
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the critical region, the neighbourhood of caustics, the transition zone between
the illuminated region and the shadow zone, etc.

2. The standard ray method cannot be used to describe the properties of
certain types of non-ray waves, such as various inhomogeneous waves, channel
waves, tunnel waves, etc. (Of course, certain of these waves can be studied
by the ray method with a complex eikonal.)

3. The number of waves which arrive at the receiver within a finite time
window is often rather high. It is necessary to exclude a priori certain classes
of waves (even regular zero-order ray waves) to make computations possible.
Of course, this may lead to inaccuracies.

The object of this paper is to study the accuracy of ray theoretical seismo-
grams. It would be difficult (practically impossible) to appreciate the accuracy
of ray theoretical seismograms by the ray method itself. The simpler way is
to compare the ray theoretical seismograms with the seismograms computed
by another, more accurate method. We must, of course, perform computations
only for simpler types of media, to which the more accurate methods are applica-
ble. From this point of view, the most natural thing to do is to start with
vertically inhomogeneous media, for which a number of various more exact
methods can be now used to compute thoretical seismograms.

In this paper we shall compare the ray theoretical seismograms with theoreti-
cal seismograms computed by the reflectivity method, see Fuchs (1968), Fuchs
and Miiller (1971). We shall be mainly interested in the accuracy of ray theoreti-
cal seismograms in singular regions, see point (1) above. The accuracy of ray
theoretical seismograms depends greatly on the epicentral distance. As we are
interested here mainly in the interpretation of explosion seismology data, we
shall study the range of epicentral distances from about 40 to 300 km for
standard Earth’s crust structures. The most important waves in this region
are the refracted waves (also called diving waves) and the supercritical reflections
from various first-order discontinuities. The frequently occurring singular regions
at these epicentral distances are those listed sub (1) above. At shorter epicentral
distances (~ 40 km) we have mainly subcritical reflections and the accuracy
of ray theoretical seismograms is usually satisfactory even for more complicated
structures. For large epicentral distances (~ 500km), we expect lower accuracy
in the ray description of waves propagating within the Earth’s crust due to
various reasons (such as the strong interference character of the wave field).
The accuracy of ray theoretical seismograms in this region would require special
investigation.

The problem of the accuracy of ray theoretical seismograms is far from
being solved by the examples presented in this paper. The conclusions presented
here are of course only of a very limited character. It would be necessary
to perform a lot of other computations to be able to make some conclusions
of more general character.

2. Construction of Ray Theoretical Seismograms
In the following we shall describe very shortly the main principles of the construc-

tion of ray theoretical seismograms. Details can be found in Cerveny et al.
(1977), Hron and Kanasewich (1971), etc.
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In the ray theory the wave field is decomposed into elementary waves,
corresponding to individual rays. The seismograms of elementary waves, called
elementary seismograms, are computed independently one after another. The
resulting theoretical seismograms obtained as a superposition of elementary
seismograms are called ray theoretical seismograms.

In the case of the medium being composed of homogeneous plane parallel
layers, the elementary seismograms can be computed exactly (Cagniard-deHoop,
Smirnov-Sobolev). It is, however, also possible to apply the standard ray theory,
or some of its modifications.

For the computation of elementary seismograms, it is necessary to know
the travel-time of the corresponding wave, its complex amplitude and the source-
time function. The numerical methods of computation of these values in the
case of vertically inhomogeneous media are well known. To compute elementary
seismograms, it is also necessary to determine the Hilbert transform of the
source-time function. For some important classes of functions, simple approxi-
mate formulae for the Hilbert transform were derived in Cerveny (1976). These
functions can simulate with a good accuracy many real wavelets observed in
explosion seismology studies. The approximate formulae expedite the computa-
tion of theoretical seismograms considerably.

To describe the type of the elementary wave, it is necessary to introduce
certain numerical codes specifying the elementary waves. The main difficulty
of the computation of ray theoretical seismograms does not lie in the computa-
tion of elementary seismograms, but in the algorithms for the generation of
numerical codes and in the selection of waves. In case of a medium consisting
of a finite number of plane-parallel homogeneous layers, the problem of the
automatic generation of numerical codes becomes relatively simple, mainly when
we do not consider converted phases. In this case, the elementary waves can
be grouped into families of kinematically analogous waves. This grouping makes
the computation substantially faster. Unfortunately, even the number of groups
which arrive at the receiver within a finite time window is often rather high.
This applies mainly to models with a large number of thin layers to large
epicentral distances and to the long time window. In these cases, it is necessary
to make certain a priori assumptions and to exclude from computations the
waves that are expected to influence the theoretical seismograms only slightly.

To improve the accuracy of elementary ray theoretical seismograms, we
can use certain modifications of the ray theory. In the case of a medium of
parallel homogeneous layers, this applies mainly to the critical region modifica-
tion. The critical region is of great importance in applications since the ampli-
tude-distance curve of the corresponding reflected wave reaches its maximum
there. It is not complicated to use critical region modifications when ray theoreti-
cal seismograms are computed. The computation is then substantially faster
than the computation based on exact methods, and more exact than the computa-
tions based on the standard ray method. This modification was first used in
the construction of ray theoretical seismograms in 1974, see Cerveny (1978).
See also details in Cerveny et al. (1978).

It should also be noted that the ray theoretical seismograms can be easily
supplemented by certain non-zero waves such as the head waves. In the ray
theoretical seismograms presented in this paper the head waves are included
automatically.
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3. Discussion of the Accuracy of Ray Theoretical Seismograms

In this section we shall give some examples of theoretical seismograms computed
by the ray method (or by some of its modifcations) and by the reflectivity
method. To appreciate the accuracy of ray theoretical seismograms we shall
choose certain simple vertically inhomogeneous structures. In the reflectivity
method the smooth distribution of velocity and density with depth is simulated
by a thin-layered medium with horizontal plane interfaces. Therefore, we shall
consider only such types of media.

In all the computations (with the exception of the upper system in Fig. 11),
the source-time function is given by the formula

fiy=exp (—4n’fi1*}y?) cos (2nfit+v), (1)

with three free parameters: fy;, y and v. The quantity fy; corresponds approxi-
mately to the prevailing frequency of the source-time function. In all the examples
we consider an explosive point source of P-waves with the symmetrical character-
istics situated near the Earth’s surface. Only ideal registration is considered,
and a possible distortion of theoretical seismograms by the recording equipment
is not taken into account. The receiver is also situated near to the Earth’s
surface, and the vertical component of the displacement is presented. Only
P-waves are taken into account(no S-waves and converted waves). For simplicity,
only primary reflections (with corresponding head waves) are considered, no
multiple reflections. Some scaling of amplitudes with respect to the epicentral
distance is applied in most cases (proportional to the epicentral distance). The
scaling is, of course, the same for the ray theoretical seismograms and for
theoretical seismograms computed by the reflectivity method.
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3.1. Critical Region

First we shall consider simple models of a homogeneous Earth’s crust with
the MohoroviCi¢ discontinuity situated at the depth of 30 km, see Fig. 1. In
the uppermost mantle the velocity is either constant (see model EC1), or increases
linearly with depth (models EC2, EC3, EC4). In this section we shall deal
with model EC1 with the homogeneous upper mantle.

Figures 2 and 3 give theoretical seismograms computed by three different
methods. The source time function in Figs. 2 and 3 is given by formula (1),
with y=4, v=0, it differs only in the predominant frequency, viz., fy;=4 Hz
in Fig. 2 and fy;=2 Hz in Fig. 3. In both these cases, the uppermost figure
(A) is computed by the reflectivity method, the middle figure (B) by the ray
method with the critical region modification, and the lower figure (C) by the
standard ray method.

In the standard ray method, the amplitude-distance curve of the reflected
wave reaches its maximum right at the critical point. In our case, the critical

=
L 1357

_° : =7
¢ 427
N <29 W
@ o <= 4
i $ S2=) T

4

1337

% s el -
2 1423
; <><<><>
. 6F o< <><?< 4
~ > SS9

4

Py

o 13 -
> 127
© l<=7
N B <>f><>
!'x 6 IBEX <9 J
~ [t 4

4

0 50 100 150 200

0 300

R(KM)
Fig. 2. A comparison of theoretical seismograms for the model ECI shown in Fig. 1, computed
by three different methods: Upper figure (A): the reflectivity method. Middle figure (B): the ray
method, with a critical region modification. Lower figure (C): the standard ray method. The explosive
point source and receiver are located close to the Earth’s surface. The source-time function is
given by (1), with y=4, v=0 and with the predominant frequency fy,=4 Hz
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Fig. 3. The same as in Fig. 2, for the predominant frequency f,,=2 Hz

point is situated at the epicentral distance of 80 km. The maximum amplitudes
at the critical point can be clearly seen in both sets of theoretical seismograms
computed by the standard ray method. In reality, the maximum of amplitude
curves of reflected waves is shifted beyond the critical point, and the shift
is frequency dependent. Both these effects can be clearly seen in theoretical
seismograms computed by the reflectivity method and in theoretical seismograms
computed by the ray method with the modification in the critical region (see
B and C). In the case fy; =2 Hz, the maximum amplitudes are shifted approxi-
mately to 110 km, and in the case of f;; =4 Hz approximately to 100 km.

Although the results obtained by the two methods (see A and B) differ
in details, the overall agreement of most important pecularities of wave fields
is satisfactory. This agreement was obtained due to the applied modification
of the ray method in the critical region.

(Let us mention one difference between the two systems of seismograms
which is connected only with the numerical computation effects. Weak ampli-
tudes of the wave reflected from the Moho at small epicentral distances obtained
by the reflectivity method are caused by the velocity filtration applied in the
reflectivity method.)
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Fig. 4. A comparison of theoretical seismograms for the model EC4 shown in Fig. 1, computed
by two different methods: Upper figure: reflectivity method. Lower figure: the ray method with
a critical region modification for reflections from the Moho. The explosive source and the receiver
are located close to the Earth’s surface. The source-time function is given by (1) with y=4 and
v=0 and with the predominant frequency fy =4 Hz

3.2. Interference Head Waves

Now we shall present theoretical seismograms computed for models EC2, EC3
and EC4, see Fig. 1. The continuous increase of velocities in the uppermost
mantle is simulated by the sequence of thin homogeneous layers. The correspond-
ing systems of theoretical seismograms are presented in Figs. 4-6 for the prevail-
ing frequency fy; =4 Hz. The critical region modification is used for reflected
waves from the Moho (in the computation of ray theoretical seismograms).

Two dominant waves are evident in these figures: the wave reflected from
the Moho and the wave refracted in the uppermost mantle. This wave is also
called the interference head wave, see Cerveny and Ravindra (1971). Let us
note that the refracted wave is formed by a superposition of waves reflected
from individual fictitious interfaces in the uppermost mantle.

The properties of the wave reflected from the Moho remain the same as
in Figs. 2 and 3, see the previous ection. Here we shall be interested in the
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Fig. 5. The same as in Fig. 4, for the model EC3

properties of the refracted wave in the uppermost mantle. For this wave, the
standard ray method is not applicable, see Cerveny and Ravindra (1971). Certain
interesting pecularities of these waves, described earlier in the above shown
reference, may be easily verified in Figs. 4-6: the amplitudes of refracted waves
beyond the critical point first decrease with the increasing epicentral distance,
then they increase, and at a certain epicentral distance the amplitudes reach
their maximum values. The position of this maximum depends on the velocity
gradient below the Moho. The larger the gradient, the smaller is the epicentral
distance at which the maximum is situated.

Again, we can see that the theoretical seismograms computed by the two
methods differ in details, but the most important pecularities (such as the posi-
tion of maxima and minima of amplitude-distance curves) are satisfactory for
many practical purposes. As a rule, the ray method gives larger amplitudes
than the reflectivity method.

(Let us mention another difference which is connected with certain differences
in computational procedures. The wave, which separates from the refracted
wave at large epicentral distances in the reflectivity computations for the model
EC4 corresponds to the multiple reflection from the bottom side of the Mohorov-
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Fig. 6. The same as in Fig. 4, for the model EC2

i¢i¢ discontinuity. In ray theoretical seismograms, this wave is missing since
only primary reflections were considered. It would be easy, though, to obtain
this wave even in ray theoretical seismograms by choosing different input data
controlling the generation algorithms. This possibility is included in the programs
used for computations.)

3.3. Transition Region Between the Shadow and the Illuminated Zone

We shall now consider the models ECG shown in Fig. 7. The models are similar
to those discussed above (see Fig. 1), but assume a positive velocity gradient
within the Earth’s crust. For the models ECG shown In Fig. 7, we obtain
a strong refracted wave propagating within the Earth’s crust, which did not
exist in the case of models EC. The travel time curve of this refracted wave
has a common tangent point with the travel-time curve of the wave reflected
from the Moho. This tangent point is situated at about 195 km. At larger
epicentral distances, a geometrical shadow zone for both waves is formed.
We are not interested here in the deep shadow, as the amplitudes are very
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small there, but in the wave field in the half-shadow (~ 195 km). It is well
known that the standard ray theory fails there.

Now we shall present theoretical seismograms for the model ECGI, see
Fig. 8 for fjy =4 Hz and Fig. 9 for fj; =2 Hz. Again, the upper figure is computed
by the reflectivity method, the lower by the ray method, with the modification
in the critical region for the wave reflected from the Moho.

We are interested mainly in the properties of the interference wave formed
by the superposition of the refracted wave and the wave reflected from the
Moho, in the vicinity of the gometrical boundary of the shadow zone (~ 195 km).
The behaviour of this interference wave is very interesting. The amplitudes
of the interference wave first strongly increase, form a maximum at about
170 km, and they continuously decrease. The level of amplitudes of the interfer-
ence wave in the region of their maximum (~ 170 km) is really rather high,
of the same order or even higher than the amplitudes in the critical region.

Similarly as in previous cases, the agreement between the theoretical seismo-
grams computed by the two methods is satisfactory. The agreement is in a
way surprizing, no modification of the ray method was used to compute the
interference wave in the transition region. The agreement is mostly caused
by the simulation of the smooth velocity-depth distribution by thin layers.
The agreement could not be obtained for a smooth velocity-depth distribution.

Similar results were obtained for the models ECG2-ECG4. We shall not
present them here for they would be, to some extent, only a combination
of theoretical seismograms for the model ECG1 with those for models EC2,
EC3, and EC4. As an example, we shall present here only the ray theoretical



Accuracy of Ray Theoretical Seismograms 145

" RERRARREN
REFLECTIVITY METHOD
8r ]
P =7
§ or P4 ;>‘ > “; ( 1
: =
@
L4t L: e h
~ 45
=
2t 157 1
J 1
e LTTTT
RAY METHOD
8r 4
-=7
w6 < ‘><$£;§P
P < N
- bs 32;’ =
© <
N\
bR LS
T <] 1
S
S
2t Y .
‘>
0
0 50 100 150 200 250 300
R (KM)

Fig. 8. A comparison of theoretical seismograms for the model ECG1 shown in Fig. 7, computed
by two different methods: Upper figure: the reflectivity method. Lower figure: the ray method
with a critical region modification for reflections from the Moho. The explosive point source
and receiver are situated close to the Earth’s surface. The source-time function is given by (1),
with y=4 and with v=0. The predominant frequency fj, equals 4 Hz

seismograms for the model ECG4 (with the critical region modification for
reflections from the Moho), computed for the predominant frequencies f; =4 Hz
and fy; =2 Hz, see Fig. 10.

3.4. Other Singular Regions

A number of other ray theoretical seismograms were computed and compared
with the reflectivity method. This applies to various layered structures composed
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of thick layers, to more realistic structures, etc. The agreement of the results
was usually satisfactory. Great attention was also paid to the neighbourhood
of a caustic. Some results of these computations can be found in Cerveny
etal. (1977), Cerveny (1978), Cerveny and Psencik (1977). Similarly as in the
case of the half-shadow the aggreement is satisfactory.

3.5. Non-Ray Waves

As shown above, the ray theory supplemented by some simple modifications
may yield satisfactory results, even in singular regions.

As was mentioned in the introduction, the standard ray method does not
include certain types of non-ray waves, such as various inhomogeneous waves,
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Fig. 10. Ray theoretical seismograms for the model ECG4. The critical region modification is
applied to reflections from the Moho. The explosive point source and the receiver are situated
close to the Earth’s surface. The source-time function is given by (1), with y=4, v=0. The predomi-
nant frequency f =4 Hz in the upper figure, f3y =2 Hz in the lower figure

channel waves, tunnel waves, diffracted waves. Some types of diffracted waves
can be obtained by a proper simulation of the smooth velocity distribution
by a thin-layered medium, see the waves penetrating to the shadow zone in
Figs. 8 and 9. For other types of waves, such as the tunnel waves, the comparison
of ray theoretical seismograms with the theoretical seismograms computed by
the ray method has not given satisfactory results.

We shall present one example, see Fig. 11. Fuchs and Schulz (1976) studied
the effect of the thin-high-velocity layer on the wave field in an attempt to
explain the combination of low-frequency Moho reflections and high-frequency
P, arrivals which were observed in several cases. The theoretical seismograms
for a structure given in the left upper corner of Fig. 11, computed by the
reflectivity method, are shown in the upper part of the figure. They clearly
demonstrate the tunnelling of waves through a thin high-velocity lamina. The
first arrival is the reflection from the high-velocity layer, the second arrival
comes from the Moho. As soon as the incidence of the wave from the source
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Fig. 11. A comparison of theoretical seismograms for the model of medium containing a thin
high-velocity lamina, see upper left corner. Upper figure: theoretical seismograms computed by
the reflectivity method. Lower figure: ray theoretical seismograms, with the critical region modifica-
tion for reflections from lamina and from the Moho. The explosive point source and the receiver
are located close to the Earth’s surface, the source-time function in both sections are slightly
different

on the lamina is supercritical, only the low frequencies propagate (tunnel)
through the lamina, and the reflection from the next interface contains only
low frequencies. It must be emphasized that the tunnel wave cannot be described
by the standard ray theory. The ray theoretical seismograms computed for
the same model are shown in the lower part of Fig. 11. The figure clearly
demonstrates that the standard ray method does not properly describe the
tunnel effects.

It would be possible, however, to use some modifications of the ray method
(such as the ray method with a complex eikonal, see Cerveny etal., 1977)
even for certain on-ray waves. These modifications have not yet been included
in our programs for ray theoretical seismograms, but they have been checked
in some test computations (e.g., for tunnel waves).
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4. Conclusions

The comparisons of the ray theoretical seismograms with the reflectivity theoreti-
cal seismograms have shown that the ray method with some simple modifications
gives qualitatively satisfactory results for a broad class of models of media,
cven in some singular regions. This applies, e.g. to the critical region, to the
neighbourhood of a caustic, the half-shadow, etc. Satisfactory results have been
also obtained for interference head waves, converted waves, etc. On the other
hand, poor results have been obtained for some non-ray waves and inhomogen-
eous waves. We may expect that certain modications (the ray method with
a complex eikonal, etc.) will be used in the near future to remove many of
the remaining limitations and improve effectively the accuracy of ray theoretical
seismograms.

These comparisons show that the ray theoretical seismograms can give valu-
able results even for laterally inhomogenous media with curved interfaces, espe-
cially when we use certain modifications to improve their accuracy in singular
regions and to describe properly certain non-ray waves.
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