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of Whistler-Triggered VLF Emissions

Toshio Yoshida®, Jinsuke Ohtsu, and Masashi Hayakawa

Research Institute of Atmospherics, Nagoya University, Toyokawa, Aichi, 442, Japan

Abstract. The conditions for triggering VLF emission
by a natural whistler are studied, in terms of the length
of interaction between whistler and electron determined
by the unperturbed phase variation resulting from the
spatial inhomogeneity and wave frequency variation.
The computations are performed for a realistic magnet-
ospheric model at L=4.0. It is found that we expect the
highest probability of VLF emission triggering at an in-
itial frequency slightly above 3 kHz in the whistler
spectrum, at a geomagnetic latitude ~ —15° on the
upstream side of the electron for the following reasons.
(1) The interaction time has a sharp maximum
(250ms) at ~3.25kHz, (2) the interaction time at
3kHz is very large compared with the phase bunching
time for reasonable wave amplitudes over a wide range
of resonant electron pitch angles (a,,=5°-60°), and (3)
resonance electron energy at 3 kHz (~10-20 keV for «,,
=5°-55°) is less than that at 1,2 and 4 kHz and there
is, therefore, a greater flux of electrons available for
wave amplification. For the initial frequency =3 kHz
the variation of the Doppler-shifted wave frequency
seen by the electron matches very well with the varia-
tion of the resonant electron’s gyrofrequency in the in-
homogeneous medium, giving rise to the longest inter-
action time. Our method of analysis would be applic-
able to the triggering of VLF emissions by other vari-
able frequency waves, in which the ratio of the interac-
tion time to the phase bunching time would be an es-
sential quantity in the wave triggering.

Key words: Whistler-triggered VLF emissions —
Whistlers — VLF emissions — Whistler-electron cyclo-
tron interaction — Magnetosphere — Phase bunching

Introduction

Discrete VLF emissions are thought to be generated
around the equator by cyclotron resonance between
whistler mode waves and energetic electrons (Helliwell,
1967; Rycroft, 1972; Gendrin, 1975). Evidence for their

equatorial generation includes the observations of band-
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ed chorus of Burtis and Helliwell (1969, 1976), who
have found that the frequency of chorus is associated
with the equatorial gyro-frequency. As further evidence,
Maeda (1976) has shown that the missing frequency of
two-banded chorus is equal to one half of the equa-
torial gyro-frequency. In parallel with the studies of na-
turally generated waves the Siple active experiments
using the injected waves with constant frequency (Hel-
liwell, 1977) have yielded a wealth of interesting results
on nonlinear whistler instability around the equator,
which would also be of great use when interpreting na-
tural discrete emissions.

However, wave-particle interactions in the off-
equatorial plane have not been thoroughly investigated.
Helliwell (1970) has considered a case of linearly chang-
ing frequency and has shown simply that the resonance
point is situated on the upstream side of the electron
when the frequency decreases. A wave with this linearly
changing frequency has been added as a triggering sig-
nal in the Siple experiment (Miller, 1979), but there has
been, as yet, no detailed study on the region and mech-
anism of wave-particle interactions based on the ramp
signal transmissions. Recently Brinca (1981) has pro-
posed a method of enhancing the whistler instability by
the use of waves whose frequency is suitably varied so
as to compensate the plasma inhomogeneity. In the off-
equatorial region the plasma inhomogeneity is greatly
enhanced compared with that at the equator so that the
region is of great importance in studying the essential
points lying in the general wave-particle interactions.
Needless to say, the off-equatorial region can be attack-
ed only by the use of variable frequency waves.

In this paper we adopt natural whistlers originating
from lightning as a variable frequency wave and eluc-
idate the possible conditions of triggering new emis-
sions by natural whistlers in order to study the mecha-
nism of whistler-triggered emissions. The L value we
are concerned with is assumed to be 4.0 where we ex-
pect the most frequent occurrence of whistler-triggered
emissions (Carpenter, 1968). We study the wave-particle
interaction by using the variations of unperturbed
phase angle determined by both the spatial inhomo-
geneity of the medium and wave frequency variation,
enabling us to define the “interaction time”, with a spe-
cial reference to its comparison with the bunching time.
Then, in order to examine the importance of the ratio
of the interaction to bunching time in whistler-triggered
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emissions, we calculate the trajectories of electrons in
phase space in the presence of a whistler wave with its
amplitude being varied over a wide range.

Unperturbed Phase Angle and Bunching Time

Figure 1 shows an example of whistler-triggered hook
emission at L.~4.0 (after Helliwell, 1965). The genera-
tion of triggered emissions can be roughly divided into
two steps. The first step is that the wave amplitude
grows usually at the frequency of the triggering or
stimulating signal; we expect phase bunching of re-
sonant electrons by the triggering wave. The second
step is that emissions are triggered above the frequency
of the triggering wave, and we have drastically varying
frequency changes. The present paper is concerned only
with the first step for the variable frequency wave.

Figure 2a shows the model in which a constant
amplitude whistler wave propagating along the mag-
netic field interacts with a counter-streaming electron
on the same field line. The equations of motion of an
electron (charge, -e and mass m) travelling in the inho-
mogeneous medium, in the presence of a whistler wave
are given by (Dysthe, 1971; Inan et al, 1978; Mat-
sumoto, 1979),
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V,=Q, V, sing —= —2
I wVysing 2B, 0z (la)
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Fig. 1. An example of whistler-
triggered emissions (After
Helliwell, 1965). The emission
shown by an arrow is the one
for which the plasma parameters
are very similar to those treated
in the present paper

Fig. 2. a Model of interaction
between a whistler and an
electron. b The phase angle ¢
between the electron’s
perpendicular velocity (v,) and
the opposite direction of wave
magnetic field (—B,). « is the
electron’s pitch angle

where w(=2nf)=angular wave frequency, k=wave
number, B, =wave amplitude, Q =eB, /m, Qu(=27fy)
=eBy/m, v and v, =the electron’s parallel and perpen-
dicular velocities, and the phase angle ¢ is defined as
an angle between v, and —B,, as shown in Fig. 2b.
Equation (1¢) implies that as each electron moves
through the wave train, ¢ changes because of (1) wave
induced longitudinal drift and (2) spatial inhomogeneity
of the medium and wave frequency variation. For the
conditions we usually meet (not too large wave ampli-
tude and not too small pitch angle; B, <30my and
a>5° at L=4), it is appropriate to neglect the wave
term in Eq. (1c) and then it reduces to,

$=Qy—w—kv,. (2)

The ¢, indicates the phase angle under the conditions
of extremely small amplitudes (B, ~0) and is called the
“unperturbed phase angle”. In this case we have only
the last terms in Egs. (1a) and (1b), which are the dif-
ferential form of the first adiabatic invariant. We now
define a terminology of “unperturbed resonance™ as
follows. Suppose that an electron resonates with the
whistler initially at a specific point on the field line. As
the electron travels adiabatically (for B, ~0), the local
electron’s gyro-frequency changes in the inhomo-
geneous medium and the Doppler-shifted wave fre-
quency seen by the electron also changes. If the rates of
change of the electron’s gyro-frequency and of the wave
frequency balance each other, there exists a situation
for which ¢, is maintained nearly constant with time,
this being named the unperturbed resonance. Under the
unperturbed resonance condition, we cannot ignore the
wave amplitude effect any longer. That is, the resonant
electrons may be phase bunched by the ev, x B, force



acting along the field line so as to radiate coherently
with consequent wave amplification. By taking into ac-
count the finite B,, we have the motion of a simple
pendulum for ¢ around —B,. This oscillation can be
considered to be the trapping of electrons by the wave,
with its period being given by,

m v 172
= 2 —_ P
r=(e% ) g

where v, (=w/k)=wave phase velocity. The electrons
whose absolute initial phase is less than 90° will be
bunched at ¢=0° after the period of T/4. So we will
call this T/4 the “bunching time”, T,. The smaller the
amplitude B,, becomes, the longer duration we require
for the unperturbed resonance because of the large Tj.
For natural whistlers, it is generally difficult to main-
tain the unperturbed resonance condition for an ab-
solutely long time, by making a complete match of the
variations between the wave frequency and electron’s
gyro-frequency. If ¢, changes very slowly, or we satisfy
the unperturbed resonance for as long as possible, we
are able to expect a strong wave-particle interaction.
Only in this case, is it possible to expect phase bunch-
ing of resonant electrons, when we take into account
the wave effect. So, the unperturbed phase variation
would be of primary interest and will be studied in the
following section.

Calculation of Interaction Time Based
on the Unperturbed Phase Angle

In the analysis the background plasma is considered to
be cold, and the effects of ions and collisions are ne-
glected so the wave number k is given by (Helliwell,
1965),

k=— ﬁ
¢ (fH—f)l/z

where f, =plasma frequency. We have employed a cen-
tered dipole model for the magnetic field and a dif-
fusive equilibrium model (Angerami, 1966) for the cold
plasma density. The parameters of the diffusive equilib-
rium model are chosen so as to yield a realistic model
by making the calculated dispersion agree with the ex-
perimental one. The parameters for our computations
are summarized in Table 1. In the computations L=4.0
is selected because whistlers are most numerous at
these latitudes (Helliwell, 1965), and correspondingly we
frequently observe the whistler-triggered VLF emissions
there (Carpenter, 1968).
The “interaction time”, T; is defined as follows.

4)

Tr
l4¢,|= gfﬁudf =n/2. ©®)

This implies that T} is the time interval for which ¢,
stays within +7/2 of the exact resonance condition.
The value of T, varies considerably, depending on the
position of initiation of resonance, initial wave fre-
quency and electron pitch angle. Given the equatorial
pitch angle «,, and initial resonance frequency f;, we
can calculate the variation of ¢, for various initial
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Table 1. Parameters used for calculations

Field line

Equatorial gyrofrequency

Equatorial cold plasma
density

Nose frequency

Whistler dispersion

Initial frequency

Equatorial pitch angle

L=4
Frtea=13.65kHz
N,,=420cm~> (f,=184kHz)

f,=52kHz
D=110s"2

fi=1,2, 3, 4kHz (Af,= 1 kHz)
%,,=5, 15, 30, 45, 60°

geomagnetic latitudes A;. The pitch angle at the initial
position is obtained by the first adiabatic invariant,

Sin ai=Sin aeq(in/fHeq)l/z (6)

where f,,, =equatorial gyro-frequency and fy,=gyro-
frequency at the initial position. The initial value v,
for the electron’s parallel velocity is deduced from the
resonance condition (or w —kv, =Qy). Then we can de-
termine the electron’s total velocity v and energy W,
which remain constant in our unperturbed study. As we
are interested in triggering around whistler tails as
shown in Fig. 1, the initial frequency f; is chosen to be
below the nose frequency. For further details of the cal-
culation procedure, see Appendix.

Now the results of computations are presented. Fig-
ure 3 illustrates the variation of ¢, for four different
initial frequencies for a specific pitch angle of o =30°.
The ¢, variation given by a thick line in each panel
yields the largest T,(T},.,,.)- In each panel a shift of the
initial latitude from that giving the Tj,,., even by a
small amount, is found to result in remarkably different
¢, curves, a typical example of this being seen in the
third panel of Fig. 3. This suggests that there is a very
restricted range of geomagnetic latitude where we
might expect the unperturbed resonance, and its interac-
tion region is far from the equator on the upstream
side of the electrons, being significantly different from
the case for constant frequency waves. Some of the ¢,
variations with larger T, values show conspicuous oscil-
lations as a consequence of a joint effect of the va-
riations of the spatial inhomogeneity and wave fre-
quency, as if they were phase-trapped by the wave.

A summary deduced from Fig.3 is given in Fig. 4
as the relationship between the interaction time and
initial geomagnetic latitude, with initial frequency as a
parameter. The variation of frequency of the whistler
wave is smaller at lower f; so that the resonance region
limited in latitude should be located in a region of
smaller spatial inhomogeneity, or nearer to the equator.
Conversely the resonance region would move farther
away from the equator for higher f;. The most impor-
tant point of Fig. 4 is that the interaction time T, is a
maximum (~50ms) for f,=3kHz, among various
frequencies.

Figures 5 and 6 are a summary of the results of
similar computations when the pitch angle is changed.
Figure 5 shows how the initial geomagnetic latitude for
which we have the T;,,. for each f; varies with pitch
angle. Generally speaking, the initial position where the
wave-particle interaction is maximized, is located at
higher latitudes for smaller pitch angles, and it shifts
towards lower latitudes relatively abruptly at pitch an-
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Fig. 3. Variations of unperturbed phase angle ¢, starting at various geomagnetic latitudes. Four initial frequencies are studied.
A thick curve gives the largest T; in each panel, and the corresponding initial latitude is described on the right of each panel

gles larger than about 30°. Figure 6 illustrates the reso-
nance energy, as calculated from ¢,=0 in Eq. (2), ver-
sus pitch angle for different f;. This shows that the in-
teraction for f;=3kHz requires smaller resonant elec-
tron energy (15-25 keV) than for any other f;.

In Fig. 7 we compare the calculated T, with the
bunching time T discussed above to examine the possi-
bility of phase bunching and subsequent triggering
emissions. We take the parameters f,;=3kHz and «,,
=30°, these conditions being found to be extremely
favorable for triggering emissions because of the maxi-
mum T, as seen in Figure 4 and of the minimum re-
sonant electron energy as in Fig. 6. The broken lines

indicate the variation of T, for different wave ampli-
tudes. In the calculations of T, we have used the initial
values of v,,f and v, at 4,. The Ty for an appreciable
amplitude such as B,=10my is rather small so that
Timax is much larger than Ty, and the region where T,
exceeds T, for B, =10my is relatively wide (about 5°)
in latitude. With a decrease of wave amplitude down to
B,=1my, Ty increases up to ~14ms at the geomag-
netic latitude of ~ —15°, but the maximum T;(~ 50 ms)
is still much larger than the T, within an extremely re-
stricted region (~ 1°) in latitude. This may suggest that
the phase bunching of electrons might be possible with
weak whistler amplitude even below 1 my. This 1my
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Fig. 5. Initial geomagnetic latitude for which T} is maximized,
versus pitch angle. The initial frequency f; is a parameter

(~3mV/m) is a typical value for the intensity of or-
dinary whistlers at L~4 (Helliwell, 1965).

Figure 8 illustrates the relationship of T,,,, for each
f; with a,, (solid lines). The broken lines indicate the
variation of Ty with pitch angle for a typical B, =1 my.
Except for the case of f;=4kHz, the interaction time
(T} ,.4x) decreases with an increase of pitch angle. In par-
ticular T;,,. shows a decrease when the pitch angle is
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Fig. 6. Resonant electron energy versus pitch angle for dif-
ferent f;
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Fig. 7. Comparison between the interaction time and bunch-
ing time for various wave amplitudes. f;=3kHz and o,,=30°

larger than 40°. It is found that T,,,, for f;=3kHz has
an extremely large value compared with that for other
fi- The part indicated by thick solid lines corresponds
to the region where the condition T,> T} is satisfied. A
comparison of the maximum interaction times at f;
=1,2,3 and 4kHz in Fig. 8 results in Fig. 9, which is a
different form of presentation. This figure indicates that
T, is maximised at f;~3.25kHz. The amplitude of



64

Timax fi=3kHz

50
1
LOF W
w
w
W
\
30b '\

N
o
T
.
7
/,;
-
x
I
N

Time (msec)
- . ’
4" -7 3
% /55
o7
/
/

NI

RN

NON _

N \\:\\\\IB(BW‘1mI)
N, SIS

10r

0

1 1 1
0 15 30 L5 60
Pitch angle o, (deg)

Fig. 8. Maximum T; (T;,,,) versus pitch angle for different f;
and the corresponding variations of Ty for B,=1m

sof :
X
LOF
(xeq:15°,30°
_ L5° +
bt 60°
(2]
E30F
o
£
= X
c
.0 +
g 20 /
o =2 .
E —
+
\
o} ‘?
1 1 L 1
00 1 2 3 A

Initial wave frequency (kHz)

Fig. 9. Relationship of the interaction time with the initial
frequency

whistlers at L~4 is, normally, about [ my as stated
above, and so 1 my is taken as a reasonable value in
Fig. 8. As the condition favorable for triggering VLF
emissions by a natural whistler, we require a large dif-
ference between T, and Tg. In this case it is highly
probable that emissions will be triggered by a natural
whistler with f,=3 kHz even with small amplitude be-
low 1 my. The initial f; of 3 kHz yields the final whistler
frequency of 3.0-1.8 kHz after the interaction, depend-

ing on the length of the interaction time; the new emis-
sions will appear at that frequency. This gives the ratio
of f/fye,=0.22-0.13. Figure 8 imposes a lower limit on
the pitcil angle for producing phase bunching, and cor-
respondingly, as shown in Fig. 6, the resonant electron
energy increases with increasing pitch angle. So the
range of pitch angle appropriate for phase bunching
would be in an intermediate range of 30°-45° as
suggested by Helliwell (1967).

Wave Effect and Phase Bunching

The importance of the ratio T;/Ty discussed in the pre-
vious section is quantitatively examined by calculating
the trajectories of electrons in phase space based on the
complete equations, Eq. (1). Wave amplitude is assumed
to be constant over the whole frequency range. Pro-
vided that perpendicular velocities of nearly resonant
electrons are oriented randomly before they come into
resonance with the wave, the actual population can be
represented by a sheet of electrons spaced uniformly in
phase (Helliwell, 1970; Helliwell and Crystal, 1973). So
the test particles are assumed to have initial phases
equally spaced at 30° intervals and to be in exact reso-
nance with the wave at 4,. Since we adopt a test par-
ticle approach, our calculations do not include the ef-
fects of the electromagnetic fields generated by perturb-
ed electrons. We present the results only for the most
promising situation for wave generation, ie. f,=3kHz
and o,,=30° Figure 10 shows the computed trajec-
tories for 12 electrons which are distributed in initial
phase angle ¢, and which start the interaction at A;=
—15. For this situation we obtained a larger T;
(25.19 ms). Figure 10a refers to the case of B, ,=1my
and Fig. 10b B, =0.3my. Figure 11 shows similar re-
sults for an initial latitude slightly displaced by 0.5° (4;
= —14.5°), for which we have obtained a smaller T,
(7.17 ms). Figure 11a is for B,=1my, while Fig. 11b
for B,=5my. From Fig. 10a for B,=1my such that T,
is larger than Tyz(~ 12 ms), it is found that the electrons
whose initial phase angle is approximately less than 90°
are phase bunched at ¢ =~0° and at A;= —13°. Even if
we decrease the wave amplitude down to B,=0.3my
(in Fig. 10b), we have the condition T;~ T, and we can
confirm the presence of the phase bunching phenome-
non at A;=—11° at ¢~ —160° but not at ¢=~0°
Figure 11a shows that the variations of ¢ starting at
various ¢, indicate nearly the same structures, indicat-
ing a negligibly small effect of the wave amplitude. This
is because T; is much smaller than T, for this ampli-
tude of B,=1my. If we increase the amplitude up to
B,=5my, as given in Fig. 11b, we expect that T; is ap-
proximately equal to Ty, and hence the phase bunching
is observable at 1,=—13.5° at ¢~80° but not at
¢ ~0°. Further increase of wave amplitude so as to sat-
isfy the condition of T,> T, is found to result in the
phase bunching of resonant electrons at ¢~0°. From
these results, we may conclude that the electrons are
possibly phase bunched only by the wave whose ampli-
tude satisfies the condition of T;> T,. Hence, the value
of T; deduced from the variation of unperturbed phase
angle seems to be of great use in determining the
threshold for phase bunching of resonant electrons by a
variable frequency wave.
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Fig. 10a and b. Variation of phase angle of electrons starting
at A;=—15 (large T)) for a B,=1my (T;> 1), and b for a
smaller amplitude, B, =03my (T;=7p). f,=3kHz and «,
=30° A random distribution in phase is assumed before the
interaction

Conclusions and Discussion

In conclusion we first summarize the essential points
elucidated in the present paper.

(1) The interaction time defined by the variation of
unperturbed phase angle determined by the spatial in-
homogeneity of the medium and wave frequency varia-
tion is found to be very useful in the study of triggering
emissions by a variable frequency wave such as a na-
tural whistler, with special reference to its comparison
with the bunching time. This point was quantitatively
examined by calculating the trajectories of resonant
electrons in phase space in the presence of a wave with
variable amplitude. Our method of analysis would be
applicable to other variable frequency waves such as
linearly changing frequency (ramp) and sinusoidally
varying frequency waves in the Siple transmissions.

65

Woq = 300

f;= 3w XA;=-14.5"

Ti<Te (Bu=1m7)

(a)

I -
I

-0

-10!

Fig. 11a and b. Variation of phase angle of electrons starting
at a slightly displaced initial latitude (4,= — 14.5°) (smaller T,
than that in Fig. 10) a for a smaller amplitude B,=1mjy
(T;>Tg) and b for a considerable amplitude B, =5my
(Ty=Tp). fi=3kHz and o,,=30°

(2) The computations of interaction times for a re-
alistic model at L =4 have shown that the region where
electrons stay in resonance with a natural whistler is
extremely restricted in latitude, far from the equator on
the upstream side of the electrons. A resonance with
initial frequency of 3 kHz would be extremely favorable
for triggering VLF emissions compared with other in-
itial frequencies. The interaction region for f;=3kHz is
located at —15.89° for «, =15° and at —9.34° for «,,
=60°. The resonant electron energy ranges f{rom
10.77 keV (a,,=15°) to 28.35keV (a,,=60°). Pitch an-
gles appropriate for phase bunching and subsequent co-
herent radiation would probably be in the intermediate
range, 30°-45° In the present paper we used initial
frequencies 1 kHz apart, but Fig. 9 shows that the max-
imum T; is achieved for f;~3.25 kHz, yielding the start-
ing frequency of new emissions at 3.25-3.5kHz (or
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S/ 1eq=0.24-0.17). The lowest frequencies would be
more likely starting frequencies for whistler-triggered
emissions. These results seem to be in good agreement
with the statistics on the starting frequency by Mat-
sumoto and Kimura (1971), who found the highest oc-
currence probability at about one sixth the equatorial
gyro-frequency (f/fy.,=0.17).

Because there have been as yet no theoretical re-
ports on the interaction region and starting frequency
of whistler-triggered VLF emissions, we believe that the
present results provide new information on these sub-
jects. Although the calculations were performed for a
specific L value of 4.0, it is generally accepted that there
exists a restricted initial geomagnetic latitude and in-
itial frequency appropriate for triggering emissions by a
natural whistler even for other L values. These facts in-
vite attention to the use of whistler spectra in studies of
wave-particle interactions. We intend to extend the ana-
lyses to other L values, to be compared with experi-
mental results. Furthermore, assuming a realistic distri-
bution of energetic electrons, we will be able to calcu-
late the resonant currents formed by the phase bunched
electrons and subsequent coherent wave radiation. In
the case of emission triggering at whistler tails, as treat-
ed in the present paper, we have a prominent property
of a rapid frequency change as in Fig. 1. The mecha-
nism of this drastic frequency change seems to be clo-
sely related with the second-order resonance condition
(Helliwell, 1967; Nunn, 1974) in which the spatial in-
homogeneity plays a key role. As is inferred from the
present paper, the interaction region is far from the
equator where there is a large spatial inhomogeneity,
and this off-equatorial interaction region might result
in such a rapid frequency change. This requires further
study.

Appendix

In Fig. (A1), t; indicates the group delay time traversed
by a wave with frequency f; during the transition from
the starting position z, (the height of 300km in the
ionosphere) to the position z, in the magnetosphere,
and is given by

odz
w=1 o

where v,(f) is the group velocity at frequency f. Simi-
larly ¢, 1s given by

(A1)

2 dz
ZZ:Z{ Ug(fz)‘ (A2)

Then, At(=t,—t,) is the time interval the electron tra-
vels from z, to z,, which is expressed by

(A3)
Using Eqs. (A1), (A2) and (A3), we obtain the follow-
ing requation.

2 dz % odz %2

z
- e 22, Ad
zjs Ug(fl) :-Jg vg(fl) 2 Oy ( )

whistler

.
o
0
i
=t
o
2

t1=t1+ﬂt
fz:f‘l-Af
Z3=Zy+4zZ

ﬂ(
=
‘n<

B
Zy z Z;
e N 3
Fig. (A1). Relation between whistler wave packets and re-
sonant electrons between two closely spaced points within the
interaction region

Therefore, when we fix the position z, and frequency f,
and we give Az, we can determine Af by using a
numerical computation. So we can calculate ¢, with a
step of 4z,
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