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Three-dimensional analysis of magnetometer array data
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Abstract. A technique is developed for mapping mag-
netic variation fields in three dimensions using data
from an array of magnetometers, based on the theory
of optimal linear estimation. The technique is applied
to data from the Scandinavian Magnetometer Array.
Estimates of the spatial power spectra for the internal
and external magnetic variations are derived, which in
turn provide estimates of the spatial autocorrelation
functions of the three magnetic variation components.
Statistical errors involved in mapping the external and
internal fields are quantified and displayed over the
mapping region. These errors are particularly signifi-
cant for the internal component, an inevitable con-
sequence of the limited station coverage and of the
smallness of the internal component with respect to the
external component. Examples of field mapping and of
separation into external and internal components are
presented. A comparison between the three-dimensional
field separation and a two-dimensional separation from
a single chain of stations shows that significant differ-
ences can arise in the inferred internal component, al-
though for the present data set these differences are
generally less than the statistical mapping errors. The
technique is compared with other methods of analysis,
and possible future improvements are pointed out, par-
ticularly concerning allowances for local anomalies and
for frequency dependence of the spatial power spectra.

Key words: Magnetometer arrays - Inverse theory -
Magnetic field mapping - External and internal mag-
netic field separation - Optimal linear estimation -
Spatial power spectrum - Spatial correlation

Introduction

Spatial patterns of magnetic variations, when properly
analyzed, can provide considerable information about
electric current systems in the ionosphere and magne-
tosphere, as well as about the conductivity structure
within the earth. The main observational source of
information about these patterns comes from arrays of
magnetometers spread over some portion of the earth’s

* Present address: Max-Planck-Institut fiir Physik und Astro-
physik, Institut fiir extraterrestrische Physik, 8046 Gar-
ching, Federal Republic of Germany

Offprint requests to: A.D. Richmond

surface, providing point measurements of the magnetic
field continuously in time. To infer the spatially con-
tinuous patterns from these point measurements and to
determine the accuracy of the inferred patterns is a
significant problem in geophysics. The primary purpose
of this paper is to develop a practical approach to this
problem and to demonstrate its application to a data
set from the Scandinavian Magnetometer Array
(Kippers et al., 1979). The technique we develop tends
to minimize the inevitable error of estimating con-
tinuous functions from point measurements by incor-
porating previously determined geophysical information
in the process, and by using statistical information ob-
tained from the data at hand. Being able to quantify
the horizontal spatial characteristics of the magnetic
perturbations allows us to proceed with further types of
analysis which would not otherwise be possible. The
field can be separated into an “external” part, as-
sociated solely with overhead currents, and an “in-
ternal” part, associated solely with currents induced
within the earth, below the plane of observation. The
external component can be continued up to the base of
the overhead current region in the ionosphere by using
the potential field approximation (e.g. McNish, 1938;
Nagata, 1950). This upward continuation can bring
more sharply into focus concentrated ionospheric cur-
rents like electrojets (e.g. Mersmann et al., 1979) and
even reveal small-scale features within the electrojet
(e.g. Sulzbacher et al., 1980) which may be overlooked
in the ground-level field. For earth conductivity studies
quantitative knowledge of the wave number spectrum
of magnetic variation fields is often important (e.g.
Wait, 1962; Price, 1962, 1967; Srivastava, 1965; Ri-
kitake, 1966; Hermance and Peltier, 1970; Hutton,
1972; Schmucker, 1973; Hibbs and Jones, 1978; Bea-
mish, 1979; Quon et al, 1979; Lange, 1979; Roki-
tyansky, 1982) but this knowledge has in the past been
inaccessible or difficult to obtain. The technique we
develop allows an estimation of this spectrum.

In previous studies which analyzed magnetic var-
iations from several stations simultaneously to deter-
mine the external and internal components, the basic
approach involved either fitting model currents with
adjustable parameters to the data, or else performing
an unrestricted mathematical analysis with some sort of
smooth interpolation between stations. Model fitting of
two or three-dimensional currents has been performed,
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Table 1. List of Scandinavian Magnetometer Array stations used in this study

Station Name Symbol Lat. Long. x (km) y (km) * A B VA
Maloy MAL 62.18 5.10 —350 — 887 C X x X
Hellvik HEL 58.52 5.77 —1735 —1,033 C X x X
Namsos NAM 64.45 11.13 —239 —509 C X X X
Arvika ARV 59.60 12.60 —774 —623 X X X
Okstindan OKS 65.90 14.27 —136 -317 X X X
Risede RIS 64.50 15.13 —296 —326 X X X
Hassela HAS 62.07 16.50 —575 —338 x x X
Lovo LO 59.35 17.83 — 888 —348 X X X
Andenes AND 69.30 16.02 202 —134 C X
Evenes EVE 63.53 16.77 112 —129 X X X
Ritsemjokk RIT 67.70 17.50 15 —124 x X X
Storavann STO 65.78 18.18 — 198 —150 X x X
Lycksele LYC 64.57 18.68 —335 —160 X X X
Mikkelvik MIK 70.07 19.03 255 0 C X X X
Rostadalen ROS 68.97 19.67 130 - 4 X x X
Nattavaara NAT 66.75 21.00 —122 - 3 X X X
Pitea PIT 65.25 21.58 —291 - 10 X X X
Nurmijdrvi NU 60.50 24.65 —839 51 X X X
Bear Island B4 74.52 19.02 736 116 C X X X
Soroya SOR 70.60 22.22 287 129 C X X X
Mattisdalen MAT 69.85 2292 200 139 X X x
Mieron MIE 69.12 23.27 118 139 X X

Muonio MUO 68.03 23.57 - 2 131 X X X
Pello PEL 68.85 24.73 —140 159 X X

Oulu OUL 65.10 25.48 —337 166 X X X
Sauvamaki SAU 62.30 26.65 —654 184 X X X
Skarsvag SKA 71.12 25.83 324 268 C X X X
Kunes KUN 70.35 26.52 236 282 X X

Kevo KEV 69.75 27.03 167 294 X X X
Sondankyld SO 67.37 26.63 - 93 248 X X X
Vadso VAD 70.10 29.65 197 397 X X X
Loparskaya LOP 68.60 33.30 25 534 X X X
Lovozero LZ 67.98 35.02 — 42 606 X X X

* Coastal stations noted with “C” are assigned extra truncation error in the Z component (see text)
“A” (northward), “B” (eastward), and “Z” (downward) data are available if so noted with “x”

for example, by Walker (1964), Czechowsky (1971),
Horning et al. (1974), Fambitakoye and Mayaud (1976),
Oldenburg (1976a), Bannister and Gough (1977, 1978),
Gough and Bannister (1978), Loginov et al. (1978),
Maurer and Theile (1978), Hughes et al. (1979), Aka-
sofu et al. (1980), and Baumjohann et al. (1981). A
disadvantage of the model-fitting approach up to now
has been the necessity to restrict greatly the number of
parameters allowed in the model, in particular making
very simple assumptions about earth currents. Unre-
stricted mathematical analyses of external and internal
variations so far have been performed primarily either
in two dimensions over a relatively limited portion of
the earth, assuming no dependence of the variations on
one horizontal (e.g. east-west) coordinate (McNish,
1938; Nagata, 1950, Forbush and Casaverde, 1961,
Fambitakoye, 1973; Onwumechilli and Ogbuehi, 1967;
Onwumechilli, 1967; Mersmann et al., 1979; Kiippers
et al., 1979; Sulzbacher et al., 1980; Carlo et al., 1982)
or else in essentially three dimensions for the globe as a
whole (e.g., Price and Wilkins, 1963; Rikitake, 1966;
Matsushita, 1967, 1975; Stone 1971; Parkinson, 1971;
Malin, 1973; Alldredge, 1976; Mishin, 1977; Malin and
Gupta, 1977; Harwood and Malin, 1977; Suzuki, 1978;
Yukutake and Cain, 1979; Mishin et al, 1979; Langel
et al, 1980; Winch, 1981; Matsushita and Xu, 1982;

Langel, 1982; Campbell, 1983). One exception has been
the study of Porath et al. (1970), which attempted a
field separation over a two-dimensional array of limited
extent, as in the present paper. In the unrestricted class
of analyses one needs some algorithm to interpolate the
data between stations and, unless the entire globe is
analyzed, to extrapolate beyond the outermost stations.
Generally some simple form of smooth interpolation
has been used, such as a cubic spline fit, a hand-drawn
curve, or an early truncation of the harmonic series
used to represent the data. These techniques often in-
volve subjective judgments which can strongly affect
the results, as has been demonstrated by Matsushita (in
press 1983). In addition, these techniques fail to give
quantitative information about how well the results
represent the true field at any given point, a problem
that exists even in more sophisticated techniques of
analysis (e.g. Fougere, 1963; Parkinson, 1971; Bazar-
zhapov et al., 1976; Whaler and Gubbins, 1981).

The technique developed here belongs basically to
the unrestricted class of analyses, in that a very large
set of functions is fitted to the data. However, the tech-
nique also has some characteristics of model-fitting ap-
proaches, in that information about geophysical con-
straints on the allowed current systems is incorporated.
The degree of interpolation smoothing is optimized by
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Table | and are shown in Fig. 1. The coordinates given
in Table!l are for the Kiruna system, defined by
Kiippers et al. (1979), and have the x-axis towards
magnetic north (12° west of geographic north at Ki-
runa), the y-axis towards magnetic east, and the z-axis
directed downwards. A single six-hour period is used,
from 16:00 UT to 22:00 UT on 7 October 1976. For
most stations three components of the magnetic varia-
tion field are available, but for a few either the vertical
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Fig. 1. Map showing locations of the magnetometers used in
this study, and defining the x and y coordinates. Dashed lines
give grographic latitude and longitude
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adjusting it to the expected statistical characteristics of
the data. A very important feature of our technique is
its ability to quantify the errors involved in interpolat-
ing, separating, and mapping the magnetic variations.
Without good information about these errors, which
can be quite significant, it is not possible to make
reliable interpretations of the estimated fields.

Data description

The data for this study come from the Scandinavian
Magnetometer Array. The 33 stations used are listed in

or horizontal components are missing, as shown in
Table 1. The total number of available station-com-
ponents is 94.

The data were digitized from photographic records
with 10-s resolution and averaged at one-minute in-
tervals, and a quiet-time level was subtracted out. We
estimate that the combined digitization and baseline-
determination errors are on the order of 5% (cf. Mers-
mann, 1978), a value we employ to represent random
measurement error in our analysis.

This particular data set has been previously dis-
cussed by Baumjohann et al. (1978) and Kiippers et al.
(1979). Stacked magnetograms for one chain of stations
are displayed in Fig. 2, with A, B, and Z representing
variations in the x (northward), y (eastward), and z
(downward) directions, respectively. From 16:00 to
18:20 UT the signature of an eastward electrojet (posi-
tive A perturbation) can be detected at all stations
except B4 (Bear Island). A moderate disturbance began
around 18:30 UT, when the eastward electrojet first in-
tensified at most stations, followed by a reversal as-
sociated with the intrusion of a westward electrojet at
all but the southernmost stations. At this time, the
spatial pattern had important east-west as well as north-
south gradients, a situation which the three-dimen-
sional analysis technique developed in this paper is
designed to handle.
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Fig. 2. Stacked magnetograms from one north-south chain of stations from 16:00 to 22:00 UT on 7 October 1976. The data have
been filtered to remove periods less than about 2min. The 4, B, and Z components are in the x, y, and z directions,

respectively. The distance between baselines represents 400 nT



The configuration of stations in the Scandinavian
Magnetometer Array presents certain limitations on
how well a spatial analysis can be performed. Except
for station B4 the array essentially terminates at the
Norwegian coastline, so that coverage of the strong
auroral current to the north is incomplete. Further-
more, for the more rapid variations strong coastal ef-
fects associated with the internal currents just beyond
the coastline affect the measurements (e.g. Kiippers et
al., 1979; Parkinson and Jones, 1979; Jones, 1981) but
again the lack of stations beyond the coastline prevents
accurate coverage of these effects. We have not attempt-
ed to quantify how these limitations might influence
our data analysis procedure, but we keep them in mind
in interpreting the results. We might note that the
difficulty of properly handling coastal effects with land-
based measurements alone arises even for the long-
period S, variations (Hobbs, 1981).

Field expansion in basis functions

We assume a plane earth model, corresponding to the
Kiruna coordinate system. The magnetic variation field
b,,(x, y, z) (where w refers to either the x, y, or z vector
component) is well represented by a magnetic potential
function V(x, y, z) at heights between the earth and the
base of the ionosphere:

b= —0V/ow (1)
Y (22V/ow?)=0 2)

"
where Z denotes a summation over the x, y, and z

w
components. It is convenient to express V' as a linear
combination of basis functions #;:

J
Vix,y,z Z i3, 2)+ V' (x, ), 2) (3)

where V' is that portion of V orthogonal to the chosen
finite set of basis functions. The corresponding expan-
sion for b, is

J

b,=73 u;p,;—0V'/ow 4)
j=1

where

By;=—0n;/0w. ®)

In the present study we choose Fourier harmonics as
the basis functions, so that we essentially perform the
calculations in wavenumber space, and then convert
back to real spatial coordinates. Fourier harmonics
have the advantages of being orthogonal and having
well-understood properties, but other choices could
also be made, such as distributions of external and
internal dipoles. The spacing of measurement points
places limits on the range and resolution of harmonics
that can be meaningfully determined. The maximum
spacing, about 1,600 km in both the x and y directions
for our data, permits a resolution of two harmonics
(sine and cosine terms) per wavenumber increment of
(27/1,600)km~!, or one harmonic per (r/1,600)km !
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increment. We actually allow for a somewhat greater
resolution in our analysis, with one harmonic per
(m/2,200)km~' increment, in order to avoid having
edge effects appear too close to the outermost stations.
The maximum wave-number for which useful infor-
mation can be obtained is approximately n divided by
the minimum measurement spacing, yielding approxi-
mately (r/70)km ! in the x direction and (n/110) km !
in the y direction. Because of computer limitations we
actually truncate the series at somewhat smaller wave-
numbers of (n/107)km~! in x and (n/122)km~! in y;
however, it turns out that there is relatively little power
in the larger wavenumbers so that not much infor-
mation is lost. We choose the following basis functions
over the region x=x, to x=x,+4x, y=y, to y=y,

+4y (xo=—1,100km, y,=—1,300 km, Ax=4y=2,200
km):
n;(x, ¥, 2)=1/2 cos [k;(x —x)]
Y/ 2—69 cos [1(y—y,)] exp(3;2) (6)
0 if m(j)=0
80 =
m {1 it m(j)= )

The discrete horizontal wavenumbers k
resented by

l; can be rep-

ki=(n+1/2)n/Ax,
li=mmn/Ay,

0<n() <N (8)
0Osm() =M 9)

where n and m are integers lying in the ranges in-
dicated, with N=20 and M =18. Because (3) is a two-
dimensional series n runs through its entire range for
each value if m, and vice versa. (In practice, wavenum-
bers for which n*+M?>N? are eliminated from the
series, in order to reduce the size of J.) For (2) to be
satisfied, y; must be

y=tVki+1;. (10)

The plus sign corresponds to “internal” components of
the potential, which decay with increasing altitude
(negative z), while the minus sign gives “external” com-
ponents of the potential, which decay with decreasing
altitude. Internal-external pairs of functions exist which
have identical horizontal wavenumbers but opposite
signs of y;; for convenience of discussion we place these
pairs adjacent within the series so that if j is odd 7; is
an internal term and #n;,, is an external term. The
functions n; and 5;,, are themselves not orthogonal,
but their gradients are, in that Z(ﬂ iBwj+1) integrated

horizontally over the analysis reglon vanishes. The total
number of basis functions used in this study is J =656.
The choice of Fourier harmonics represented by (6)
effectively imposes the following boundary consitions on
that part of V represented by the series in (3): the
north-south gradient vanishes at the northern, western,
and eastern boundaries, while the east-west gradient
vanishes at the southern boundary. Because b, tends to
be larger than b, at auroral latitudes, the northern
western, and eastern boundary conditions are reason-
able choices. The southern boundary condition makes
less sense physically, but is mathematically convenient.
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(If we had instead required each #; to be zero on the
southern boundary as well as on the northern bound-
ary, the average value of b, over the analysis region
would be forced to vanish, a poor constraint if a domi-
nant eastward or westward electrojet is present.) The
influence of these boundary conditions on our mapping
procedure is examined further below.

The representation (3) is valid only within the rect-
angle defined by x,, y,, 4x, 4y. The Fourier repre-
sentation valid over all space can be written

V(x,y,z)= T dk }O dl{&(k, 1)

- exp [ik(x—xo)+il(y—yo)—7z]
+ &k, Iy exp [ik(x —xo)+il(y—yo)+7yz]} (11)

y=Vk*+12 (12)

where the superscripts e and i refer to external and
internal components and the number i equals /' —1.
The relation between the discrete coefficients u; and the
functions &¢, &' can be obtained through multiplying the
external part of (11) by #; (j even) or the internal part
by n; (j odd) and integrating over the area of the
rectangle at ground level:

U= }O dk Ojo AL (k, LWk, )+ W (=K, 1)

Wk, — D)+ Wy(—k, —D)] (13)
_Y1=6,/2 fsin(k—k)Ax . 1—cos(k—k)Ax
Witk ) ="—3 [(k—kj)Ax T k=K Ax ]
sin(l—1)4y  1—cos(l—-1)A4y
[u—mAy =4y ] (4)

where (13) applies separately for the external and in-
ternal components. The weighting functions W, peak
where |k|=k; and |l|=[; but have a finite width in k-1
space about these peaks, and acquire complex values
away from the peaks. Thus our coefficients u; represent
some weighted average of the true spectral’ functions
&(k, 1), so caution must be exercised in interpreting the
Fourier spectrum in terms of the discrete coefficients.
The problems arise mainly for small wavenumbers
(long wavelengths), where the width of the weighting
functions become comparable to the value of k; or [;.
Other than pointing out this complication in the in-
terpretation of results, we shall not pursue these effects
further.

Estimation of coefficients

At any one instant of time there are [ data values,
consisting of one, two or three measured components
of the magnetic variation vector at each station. (In the
present analysis, 1=94.) The ith data value 6, can be
expressed as

J
0,=b. (0 v O)+5,= ¥ B+, (13)
j=1
Bij=ﬁwij(xi’yi’0) (16)
Ui=8i—aV/(xi, yi,O)/OW,- (17)

where w; refers to the direction of the measured com-
ponent (northward, eastward, or downward), ¢ is a
measurement error, assumed random. The quantity v,
represents the combination of measurement error and
truncation error associated with the finite series repre-
sentation of the field. The goal of our calculations is to
obtain estimates ; of the coefficients u; by forming an
appropriate linear combination of the data:

I
i,=3 A0, (18)
i=1

We wish to determine coefficients 4; that can be used
in (18) for a large variety of data sets, taken at different
times, say, comprising in effect a statistical ensemble. In
order to determine the A;’s in such a way that the
difference between each #; and u; is minimized, we
apply the theory of optimal linear estimation. Specifi-
cally, if we define the estimated variation field b, as

J
b= ., (19)
j=1

then we wish to minimize the following quantity:

Xo+A4x yo+4dy

E [ | Y(b,—b,)dydx

Yo w

J
=d4x4y Yy 2y;E[(@;,—u)*]
j=1
xoﬂ—ldx yo+4y

+E [ (grad V')*dydx (20)

X0 Yo

where E denotes the statistically expected value, or
average over the ensemble.

Although we are seeking a single set of coefficients
A;; applicable to the entire ensemble, the coefficients
will depend on the characteristics of the ensemble, and
will therefore be different for ensembles with different
characteristics. The ensemble can be chosen to repre-
sent a specific class of cases, such as quiet-day vari-
ations, eastward electrojets, substorms, pulsations, or
variations of a particular harmonic frequency. On the
other hand, the ensemble can be chosen to represent all
classes of cases put together. Obviously, the more rep-
resentative the ensemble is of the actual magnetic
variations being analyzed at a given instant of time, the
smaller the difference between b, and b,, will be. As we
shall see, we do not need detailed information about
each member of an ensemble in order to find the 4,
but rather only certain statistical measures of the en-
semble as a whole. It will also be shown in the next
section that the appropriate statistical measures can be
estimated from the available data by application of
inverse theory.

In order to determine the coefficients 4;; we use (18)
in (20) and set derivatives with respect to each coef-
ficient equal to zero:

0 J 1 2
{AxAy Y 2yj.2E[(Z AjiOi—uj) ]
04 j=1 i

i=1

Xo+A4x yo+ Ay

+ ]
X0

Yo

(grad V’)Zdydx}:o. 21



This yields

44xAyiE [9, (i A0, —uk)] =0 (22)
and therefore

i AE0,0)=E(6,u,) (23)

which must hold for all indices k and I This represents
a set of equations to be solved for the A4,; provided the
statistical properties of the variation field are known as
they affect the expected value quantities in (23).

At this point it is convenient to introduce matrix
notation. Let 0, u, @i, and v be column matrices of
length I, J J, and I, respectively, containing the ele-
ments 0;, u;, 4;, and v,. Let A and B be JxI and
IxJ matrlces contamlng the elements A4; and B,
respectively. Then (18) and (15) can be written

=A0 (24
0=Bu-+v (25)

and the set of equations (23) can be written
AE00")=E(uo") (26)

where a superscript T denotes a transposed matrix. By

use of (25) together with the assumption E(uv’)=0 we
find
E00")=E[(Bu+v)(u"B” +v7)]

=BEuu”)BT +E(vv’) (27
Eé")=E[u@"B"+v")]=E(uu”)B". (28)

Defining the moment matrices C, (dimensioned J x J)
and C, (dimensioned I x I) as

C,=E(uu”) (29)
C,=E(vv") (30)

we can express the solution of (26) for A as
A=(C,BT)(BC,BT+C,)""! (31)

where the superscript “—1” denotes an inverse matrix.
This result is an expression of the Gauss-Markoff
Theorem used in optimal linear estimation theory (e.g.
Liebelt, 1967, Chap. 5). The key now to estimating mag-
netic variation patterns from the combination of (19),
(24), and (31) is to know the spectral density matrix C,
and the error matrix C,. The manner in which these
are determined is described in the next section.

Three additional remarks can be made concerning
the optimal linear estimation technique. First, C, is not
the covariance matrix for u unless the expected value of
u is zero, in contrast to the interpretation of Jackson
(1979). Second, the matrix A can also be calculated as

—(C;'+BTC;'B)"'BTC; " (32)

(Liebelt, 1967; Jackson, 1979) which yields the same
result as (31) but can be computationally simpler if
J<I, that is, if more observations are available the
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number of basis functions. Third, the result (31) or (32)
can also be obtained be requiring minimization of the
following quantity for any given set of measurements:

a7C; o+ (Ba—0)"C; (Ba—0). (33)

Although the physical significance of (33) is not as
transparent as the meaning of (20), the minimization of
quantities in the form of (33) but with a different mean-
ing assigned to C, has been the basis of mapping tech-
niques developed elsewhere (e.g. Shure et al, 1982;
Richmond and Venkateswaran, 1971; Kroehl and Rich-
mond, 1979). We compare briefly the present technique
with others in the Discussion section of this paper.

Estimation of C,

The moment matrix C,, as we shall see, contains infor-
mation about the spatial power spectrum and spatial
autocorrelation of the class of magnetic variations it
represents, and therefore has considerably more signifi-
cance than merely a mathematical quantity needed to
produce optimal linear estimates of the magnetic varia-
tion patterns. Different C,’s can be used to represent
different classes of variations (e.g., different frequency
components) or, if we are content with less accuracy in
our estimates, a single C, can be used to represent all
classes together. In principle C, can be specified inde-
pendently of the particular data set under analysis,
provided one has independent information about the
spatial power spectrum or spatial autocorrelation char-
acteristics of the magnetic variations. Since these char-
acteristics have not yet been determined for the Scandi-
navian region (nor for any other region, for that mat-
ter), we must estimate them from the available data.
For the present study we use a single C, to repre-
sent the properties of the magnetic variations in the six-
hour period under investigation. Ideally we would have

C,=<uu’) (34)

where the angled brackets denote the time average over
the period. The quantity (34) cannot be determined
precisely, since we do not know what the true coef-
ficients u are. Thus we have an inverse problem of
trying to estimate (34) from the available observations.
Bretherton and McWilliams (1980) have reviewed the
application of inverse theory to the problem of fitting a
power spectrum to sparse irregularly spaced data. In
this paper we adopt a simpler approach than that out-
lined by Bretherton and McWilliams, with the justifi-
cation that a fairly rough estimate of C, is adequate to
demonstrate our mapping technique. Our approach to
estimating C, has the virtues of being straightforward
and of appearing to give reasonable results. It has the
drawbacks of being nonrigorous and of not providing
quantitative information about the accuracy of the re-
sultant C,.

Our procedure is an iterative one. We begin with a
first guess for C, and calculate @& at five-minute in-
tervals throughout the six-hour period. We then calcu-
late the moment matrix for i,

C,=<nd") (33)
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C, is related to C, by the expression
C.,=ABC] (36)

(Liebelt, 1967, Chap. 5). It is not, however, an unbiased
estimate of C,. In particular, the diagonal elements of
C, tend to be smaller than the corresponding elements
of C,. This occurs becausc in the presence of increasing
uncertainty, the optimal cstimate & will tend toward
zero in order to minimize the probable error. To get an
unbiased estimate of C,, we use the following relation:

<aaty. (37)

us

C,=[C,C, '1C,=[C,(ABC!
The first guess for C, is used to evaluate the right-hand
side of (37), which is then used as a new estimate of C,.
This procedure does not yield a perfectly symmetric
matrix, so the result must be made symmetric by
averaging the calculated C, with its transposed form
C!. The estimation procedure can then be further iter-
ated.

It should be noted that the absolute magnitudes of
the initially assumed C, and C, are irrelevant, since a
multiplication of all their elements by a constant would
leave A and the expression in square brackets in (37)
unchanged. It should also be noted that this estimation
procedure may not necessarily always converge, nor
need it converge to the true value of C,. One obvious
limitation, for example, is the fact that we have at most
I(I +1)/2 independent measures of the statistical prop-
erties of the data in the symmetric matrix <00"),
while C, can have many more elements than this. Ap-
plication of formal inverse theory techniques could help
determine the accuracy of C,, but we do not attempt
such a determination in this paper. Instead, we con-
strain C, to be well-behaved by expressing it in terms
of a relatively few number of free parameters, taking
geophysical information into account in choosing the
form of parameterization. The parameterization choices
and the reasoning behind them are summarized below.

(1) We assume that all elements of C, are zero
except those elements {wu;» for which k;=k; and [;=1,,
which holds only for the diagonal elements of C, and for
those off-diagonal elements corresponding to internal-
external pairs. C, is thus composed of 2 x 2 submatrices
along its diagonal, with all other elements zero. As we
shall see in the next section, this assumption essentially
corresponds to spatial stationarity, for which the sta-
tistical properties of the magnetic variations are inde-
pendent of horizontal location. It is a strong assump-
tion that departs significantly from attaining the ideal
representation (34), because significant off-diagonal ele-
ments can arise from spatial inhomogeneities like the
increase in magnetic variation amplitudes towards the
north or nonuniform earth conductivities, as well as
from the fact that the average values of the coefficients
do not vanish over the time interval examined. In effect,
then, we should tend to produce a spectral density
matrix representative of a less specialized class of
variations than those of this particular data set, so
that the accuracy of our subsequent field estimates is
degraded. However, this assumption is extremely con-
venient computationally, and produces adequate results
for the purposes of the present study.

(2) The external elements (j even) are parameterized
as

<Mf>=gnez“"(gz+§,?/3’<2))””' (38)
(=g, k2 +2—g)l} (39)

where g,, g5, g,, p, are free parameters, y, is a nor-
malizing factor, arbitrarily set to 10 *m ' and H is
110 km, roughly the mean height of auroral ionospheric
currents (c.g. Kamide and Brekke, 1977). The exponen-
tial factor in (38) accounts for geometrical attenuation
between the ionosphere and the ground (rcmcmbcr that

is negative for external terms). The manner in which
I\IZ and I are combined to form C; allows for spatial
anlsolropy i.e, stronger north-south than east-west
magnetic variations when 0<g, <. Initial attempts to
fit the dala with a simple power law dependence of
<u2> on {? i» that is, with g,=0 in (38), produced un-
satnsfaclory results; hence the introduction of this extra
paramectcr.

(3) Each internal component u; (j odd) is assumed
to be partially correlated with the instantancous exter-
nal component u;, ; of the same horizontal scale, with
the degree of correlation being a function only of y; as
would be expected for a horizontally stratified conduct-
ing earth. That is, we assume

U= fjltj oy 1 (40)
where u] is statistically uncorrelated with u;,, and
where

fi=8.0} 5~ (41)

with g, and p, being free parameters. That a portion of
u; is uncorrelated with the instantaneous external com-
ponent u;, , of the same horizontal scale can be
thought of as arising from two effects. First, the in-
duced earth currents depend on the past history of the
external variations and not just the instantaneous val-
ues (e.g. Nopper and Hermance, 1974; Mareschal,
1976). Second, the conductivity structure of the earth
departs significantly from a horizontally stratified form
(e.g. Kiippers et al., 1979; Jones, 1981) so that a portion
of u; is caused by external fields of different horizontal
scales than represented by u;,,. For simplicity we as-
sume that <u’2> is 1sotr0plc and of power law de-
pendence on y;:

WPy =gs(ivg) ™" (42)

where g5 and p,; are free parameters. With these as-
sumption the internal diagonal elements of C, become

ui>=gs(y;/v0) P+ 17 <ui, (43)
and the off-diagonal elements become (with j odd)
Cujug = fi<ui . (44)

In (43) and (44) the external moments <uJ +1»> (j odd)
are given by (38).

In each iterative application of (37) to determine
C,, the functional forms given above are fitted to the
elements computed on the right-hand side of (37), rath-
er than retaining the full information contained in all



Table 2. Comparison of initially assumed and finally derived
parameters used to represent C,.

Parameter Initial Value IFinal Value

1 | 1.Ox 10 7(T-m)?
“, 0 0.31

£, 0.4 0.3

£y 0.2 0.074

i 0.04 28x 10 “(I-m)?
i 3 2.5

P, 0 0.41

Da 3 (.8

these clements. Consistent with this simplification, the
amount of wmputdlmn is ;_,lmlly reduced by retaining
in the matrices ABC!H and (@d"y only those clements
in the 2x2 submatrices along the diagonal, that is,
only those clements corresponding to non-zero  cle-
ments of the parameterized C,,.

Since the matrix A involves C,, some knowledge of
this error matrix is required in order to fit C, to the
data. Fortunately, for the present application we can
expect C, to be relatively small. We assume that the
combined measurement and truncation crrors are un-
correlated between the various station-components, so
that C, has non-zero elements only on its diagonal.
Initially, we assumed that these elements were 0.0025
times the corresponding diagonal elements of BC,B" in
(31), representing errors v, of approximately 5% the
data values 0;. After the second iterative application of
(37) it appeared that an inadequate fit of C, to the data
for the higher harmonics could be ameliorated by in-
creasing the error matrix. Supposing that the extra
error might reside in small-scale (truncated) features,
producing greater relative error in the vertical than
horizontal components and exaggerated near the coast,
we tried

<U52> Z(BCuBT]H

I0.0] for horizontal components
0.0225  for non-coastal vertical components  (45)
10.09 for coastal vertical components

where the “coastal” stations are noted in Table 1. This
choice improved the fit of C, to the data, and for this
reason alone was adopted.

Three iterations using (37) appeared to yield a re-
sultant C, very similar to what was input from the
previous iteration. Details of the fitting algorithm need
not be given here, but some indication of the type of
agreement sought may be seen by noting the com-
parisons between the parameterized and computed spa-
tial power spectra in the next section. Table 2 shows
how much the final parameters differ from those ini-
tially assumed. With these specifications of C, and C,
the root-mean-square difference between calculated and
observed magnetic variations is 12 %, of the root-mean-
square observed values for this data set.

Finally, we should point out that the fit of C, to
data does not of necessity require availability of a time
series. The fit could also be performed with data from a
single instant of time, for example, provided the num-
ber of data values is much larger than the number of
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parameters {it. However, the more sets of data that can
be incorporated representative of the class of variations
being analyzed, the more accurately can C, be de-
termined.

Properties of C,

The clements in the 2x2 submatrices along the diag-
onal of C, represent the mean spatial power spectrum
of magnetic variations for the period of time we are
analyzing. The average value of (V2 over the analysis
region at the carth’s surface can be wrilten

l Np bAX yp b Ay

f T vy

/1-’(/'" o Yo

= AAEAG L [k 1)+ @ik )+ (k1))

l N |. AN yo |./|r

+/1x/|)‘ \‘{, .}” V' ydxdy (40)
where
bk, J)74/1x/1v<u b Jjeven (47)
(D'(i\ [)=4AxA v(w} Jjodd (48)
b“( Ap=4dxAyluu;, o jodd. (49)

The functions @ and ¢ are the two-dimensional power
spectral densities of the external and internal com-
ponents of V, and @ is the cross-spectral density. They
have units of (magnetic potential)> per unit inverse
wavelength in x, per unit inverse wavelength in y. The
spatial power spectral densities of the vector magnetic
variation components are simply related to these func-
tions. For northward magnetic variations, the corre-
sponding power spectral densities are just k2 times @,
@', and @°". For eastward magnetic Vd!‘ldt!(}nb they are
12 times the respective functions. For vertlcal magnetic
varmtlons the power spectral densities are }J times @°
and ¢ for the separate external and internal spectra,
but ——yi times @ for the cross-spectrum.

Figure 3 shows the power spectral densities ob-
tained from our parameterized C,. The solid line in
Fig. 3a shows @° plotted against y /2n for the case of [;
=0 (and therefore m=0), while tﬁe dashed line shows
@° plotted against /77r for the case of k;=0 (and
therefore n=—1/2). The difference between these two
lines results from the anisotropy of the magnetic var-
iations with respect to the north-south and east-west
directions. As an indication of how consistent these
curves are with the data set we used, points are plotted
which are derived with the aid of (37). These points are
obtained in the following manner. First, the right-hand
side of (37) is computed as discussed in the previous
section. This is defined to be an estimate C, of the
moment matrix C,. Next, the external d1agona1 ele-
ments of C, are normalized to correspond either to the
[;=0 case as

A 32+C?/73 ]pl
g, [*_-J—— (50)
T g+ 83373

or else to the k J:D case as
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Fig.3a and b. Spatial power spectral densities for the external
a and internal b magnetic potential components from the
Scandinavian Magnetometer Array data of 16:00-22:00 UT, 7
October 1976. Solid lines show the fitted spectral functions for
variations of the north-south wavenumber, with a zero east-
west wavenumber. Dashed lines show the spectra for vari-
ations of the east-west wavenumber, with a zero north-south
wavenumber. Crosses and dots, corresponding to the solid
and dashed curves, respectively, show the calculated power
densities for subgroup medians of the spatial Fourier series,
averaged over the six-hour time interval. See text for further
explanation

g+ 02/ ]”' (51)

C ..x
“ [g2+(2—g3)v§/v3

depending on which normalizing factor produces the
smaller relative change. Next, for each of the two re-
sultant sets of values, the values are grouped in subsets
of 1,3,5,... by mcreasmg 7;- Finally, for each subset,
the medlan value is found, multlplled by 44xA4y, and
plotted against the median value of 7;/2n for the subset.
Circles are used the k; =0 case and crosses for the [;=0
case. Figure 3b, for dJ’ is obtained in an entirely anal-
ogous manner. The normallzmg factors are different
from the external case, but are sufficiently complex
(although easily derived) that they are not written ex-
plicitly here.

Figure 4 illustrates the relations between the in-
ternal and external components. The solid line in Fig.
4a plots the function f;, which is the ratio between the
coherent fraction of the internal potential and the ex-
ternal potential. The points are the subset medians of
C,‘HH/C,”H]+1 As previously, the subsets are formed
by grouping 1, 3,5, ... values by increasing ;- Only a
fraction of the internal magnetic variations is coherent
with the same spatial scale of external variations. The
total internal component is on the average larger than

I.O 1 T T T T ,l T T LJ T Trrr
9t Infernal /External ratio ] ! a-
8 b
7 9
6 b
5 b
4 1
3 1
2 E
N 1

0o
-, I - A —
-2 L Lol 1 4
0 T T T T T T T

Equlvalem depth of perfect oonductor b
100 B
E 200 1
x
300 -
400 s 1 Lol 1 [T W S B A1
107 10® 10°

Inverse Wavelength, wavelengths/m

Fig.4a and b. Derived relations between internal and external
magnetic components for the Scandinavian Magnetometer
Array data of 16:00-22:00 UT, 7 October 1976. a The solid
line shows the function f}, representing the ratio between the
coherent fraction of the internal component and the total
external component, as a function of inverse wavelength. The
points show subset medians of this ratio obtained from the
spatial Fourier series, averaged over the six-hour time in-
terval. The dashed lines show the ratio of the total internal
magnitude to external magnitude for horizontal wavenumbers
directed north-south (/;=0 curve) or east-west (k;=0 curve). b
The curve gives the equlvalent depth of a perfcctfy conducting
layer which could represent the function f; according to (52).
Points correspond to the points in a with small wavenumbers

its coherent fraction alone. To illustrate this, we show
with dashed lines the functions ({u "‘>/<L4]+1>)1/2 with j
odd, for the [;=0 and k;=0 cases. "i"he curves represent
the ratio of tﬁe average magmtude of internal magnetic
variations to the average magnitude of external vari-
ations as a function of y;/2x.

For a fixed value of y; the coherent portion of the
internal variation can be represented by a simple model
of earth conductivity involving a perfectly conducting
layer at a depth D below the surface, overlain by a
perfect insulator. At this conducting layer the total
vertical magnetic variation must vanish, meaning that
the external and internal magnetic potentials become
equal. For the coherent portion of the internal poten-
tial to equal the total external potential, the depth must
be

—log f;
2y,

J

D= (52)

This depth is plotted in Fig. 4b.

The moment matrix for u can also be used to de-
termine the spatial autocorrelation functions for mag-
netic variations. These are of interest, for instance, for
the purpose of knowing how well the magnetic varia-



tion field measured at one point can be used to repre-
sent the field at some distance removed, information
that is needed when correcting magnetic surveys for
fluctuating fields (e.g. Regan and Rodriguez, 1981). Let
us represent a particular component of the variation
field at point s on the ground as

by, =u' B, +r5,=p u+trs, (53)

where B, is a column matrix with elements g, ;(x,, y,,
0), and r{ is the truncation residual (a scalar quantity).
The autocorrelation between the magnetic variations at
points s and ¢t is

E(b,b)=E[But+r)’ B, +1.)]
=B,/ C.B,+E(r,r). (54)

With the simplified form we have assumed for C,, (54)
yields the following expressions for the x, y, and z
magnetic components:

E(bybY)= Z (Culy +<ufy > +2<uu;, 1)
jodd
ij ;j‘*‘E(r;r;) (55)
J
EBybl)= Y ((ujy+<uj, > +2<uu;, 1))

j=1
jodd

BB+ E@S) (56)
J

jzl (<“?>+<“J;+1>_2<u,’”j+1>)

jodd

BB+ E(rr). (57

E(b3b!)=

Let us evaluate (57) further. We have

2iP2i=27} cos [k(x,—x,)] cos [k;(x, —xo)]
l/ 2~ 6y cos [1;(y,— o)l cos [1;(y,— yo)]
=7; {cos [k i(x,—x)]+cos [k;(x,+x,—2x,)]}

2yo)l}-
(58)

X

= {cos [1;(ys—y)]+cos [1j(ys+y,—

Note that the multipliers of B;;f;; within the sum-
mation expression in (57) are always positive. The ex-
pressions cos [k;(x;—x,)] and cos[l;(y,—y,)] are also
positive for x; suff1c1ent1y close to x, 'and y, sufficiently
close to y,, so that these terms make a coherent contri-
bution to the summation, at least for small spatial
separations. On the other hand, the expressions
cos [k;(x,+x,—2x)] and cos [1;(y;+y,—2y,)] can have
any 31gn in a more or less random manner, unless ;
=0, or unless both points are close to the edges of our
rectangle. Well within the rectangle, these terms will
tend to cancel upon summation, and can be expected
to contribute only a small amount to the correlation
(unless [;=0). Near the edges of our rectangle the cor-
relation is affected by our assumed boundary con-
ditions, but because these conditions have been arbi-
trarily imposed, there is no justification to consider any
properties of the magnetic variations in those regions.
We therefore drop these latter expressions from (58)
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Fig. 5. Spatial autocorrelations of the total (external plus in-
ternal) magnetic variations. Solid lines are for separations in
the north-south direction, and dashed lines are for separations
in the east-west direction

(except when [;=0). Then we can use

;} Zj—y] COs [k ( X,)] COs [lj(ys—yt)] (59)
in (57). Quite similar reasoning allows us to use

By =k; cos [k(x,—x)] cos [1;(y;—y,)] (60)

yiByi=17 cos [k;(x,—x,)] cos [1;(y,— )] (61)

in (55) and (56). With these replacements the autocor-
relations (55) to (57) become spatially stationary, that
is, dependent on the spatial separation of points s and ¢
but independent of location. This result derives from
our assumption that C, has no off-diagonal terms ex-
cept those coupling external and internal variations
with the same horizontal wavenumber.

Figure 5 shows the autocorrelations as a function of
spatial separation. The solid and dashed lines refer to
separations in the north-south and east-west directions,
respectively. To obtain these curves, we used the esti-
mated C, obtained from (37) rather than the para-
meterized C,, and we assumed that

E(r$r$)=0.0075 E (b b%) (62)
E(r5r5)=0.0075 E(b}b5) (63)
E(rsr$)=0.02 E(b3b}) (64)

consistent with our final error matrix C,, with an al-
lowance for 59, measurement error. We further as-
sumed that E(r3r!) is essentially zero for spatial sepa-
rations greater than 100 km. Between 0 and 100 km we
assumed a linear decline to zero. These assumptions
have little effect on the results plotted. Figure 5 shows
that b, and b, vary relatively slowly in the east-west
direction, but in the north-south direction the autocor-
relations fall off rapidly, to half of their maxima at
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distances of 280 km for b, and 230 km for b,. Beyond
these separations a measurement made at one point
would be a poor representation of the magnetic varia-
tion at another point. The autocorrelation of the b,
component decreases by similar rates in both the north-
south and east-west directions, to half its maximum
at distances of 350 km and 410 km, respectively. Unlike
the b, and b, components, the b, component receives
no contribution from east-west aligned auroral cur-
rents, which give b, and b, their extended autocor-
relations in the east-west direction.

Estimation of mapping errors

Related to the problem of determining spatial autocor-
relation functions for the magnetic variation field com-
ponents is the problem of determining the expected
error of the estimated magnetic variations as they are
mapped out over the rectangle. Unlike the autocor-
relation function, however, the mapping error depends
on the location of the point under consideration in
relation to the configuration of observing points. The
expected mapping error depends on the statistical prop-
erties of the field as contained in C, and C,, as well as
on the locations of available data, and can be discussed
without reference to any specific data values. We there-
fore introduce the relative mapping errors in this sec-
tion before proceeding to show mapping results for the
magnetic variations in the next section.

The relative error of any estimated quantity de-
pends not only on location, but also on the type of
quantity under consideration. For example, estimated
magnetic field variations generally have a larger re-
lative error than does the magnetic potential at the
same point, because the magnetic field has a stronger
weighting of the higher harmonics in the Fourier series
than does the potential, and these higher harmonics are
found to have larger relative errors than the lower
harmonics. Similarly, the magnetic potential continued
upward to the ionosphere has larger relative errors
than the field at ground level, in part because of the
faster exponential growth of the higher harmonics than
of the lower harmonics during upward continuation. In
this section we present maps of relative error for two
types of quantities: for the external vector field and the
internal vector field, both at ground level. It should be
borne in mind that these computed errors are strictly
valid only for the specific quantities concerned, and do
not apply quantitatively to other quantities such as to
the magnetic potential, or even to the b,, b, or b,
component alone. Nevertheless, the mapping of these
computed errors is of great value in obtaining an over-
all picture of how valid are our estimated variation
fields presented in the next section.

The mean square error for one magnetic field com-
ponent at a given point is:

E[(b,— b’ 1=E{[Br(@—w)+r][(@—w'B,+r,]}
=pB.Ci_.B.+E(r) (65)
where we have dropped the superscripts denoting lo-

cation because only one location is under consideration
at a time. The error moment matrix is

C,_.=E[(@—uw)(@—uw’]=C,~C,=C,—ABC! (66)

(Liebelt, 1967). Expression (65) gives the mean square
error for the total (external plus internal) field com-
ponents. We can obtain the error for the external por-
tion alone by zeroing out all elements of B, corre-
sponding to the internal portion (j odd). Similarly, the
error for the internal part can be obtained by zeroing
out all elements of B, with even j. The mean square
error of the vector field is the sum of the mean square
errors of the x, y, and z components. Dividing this by
the mean square value of the field yields the square of
the relative error. Defining 4° as the relative error for
the external component and A as the relative error for
the internal component we have

> (B CouBl)+ 7

T SR 7

o7 =3 EG2?) (68)
S (BTC, o

S EITeE) )

o =3 E(i) (10)

where the superscripts e and i now denote external or
internal, rather than referring to station location. Be-
cause wavelengths shorter than our cutoff are expected
to be strongly attenuated from the ionosphere to the
ground, we can neglect p¢ and set it to zero. If the
truncation error is nearly all internal, then it should be
on the order of one-third the total internal variation, to
be consistent with our final specification of C,. We there-
fore set p'* equal to 0.11 times the denominator of (69).

Figure 6 shows the relative errors obtained by
evaluating the square roots of expressions (67) and (69)
at 50km intervals over the area of interest. The area
plotted is identical to that of Fig. 1, but is somewhat
smaller than the rectangle defined by the boundaries of
our calculations, because near these boundaries the ar-
bitrarily imposed boundary conditions have a strong
influence on the results. The minimum relative error in
the external component is 9%, occurring in the area
where measurements are most dense. The mapping er-
ror increases rapidly beyond the outermost stations.
The relative error in the internal component is every-
where large, with a minimum of 429, where measure-
ments are most dense. It is clearly difficult to extract
the complex internal variation in the presence of a
considerably larger external variation. The error noted
here refers to a single instant of time, however, so that
statistical processing of the internal component for a
long time series can produce more significant results. In
order to compare the absolute errors between the exter-
nal and internal components, the relative errors should
be multiplied by the root-mean-square external and
internal variations (the square roots of the denomi-
nators in (67) and (69)), which are 85nT and 30nT,
respectively. The external absolute error is generally
somewhat smaller than the internal error in the region
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Fig. 6. Fractional expected error in the derived magnetic vari-
ation field for the external and internal components at
ground level as a function of location. The contour interval is
0.05

of highest station density, but becomes larger than the
internal error away from this region. Because of sim-
plified assumptions we made in estimating C,, these
mapping errors should be considered lower limits.

Sample mapping results

Figure 7 shows a sample of input data and resultant
estimated fields ¥ and b. (labelled “total Z”) mapped
over the same area as in Figs. | and 6, that is, some-
what inside the boundaries of the rectangle defined by
Xg, Xo+d4x, yo and y,+4y. The horizontal magnetic
vectors have been rotated clockwise by 90° to make
visual comparison with contours of ¥ easier. These vectors
have been called “equivalent current vectors”, as they
represent the direction and strength of a horizontal
current sheet directly overhead which could produce
them. The time chosen, 18:42 UT, represents a penetra-
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Fig.7. Maps of ground-level magnetic variation patterns at
18:42UT on 7 October 1976. Top: Horizontal magnetic vari-
ations are shown by vectors rotated 90° clockwise to repre-
sent “equivalent™ currents. Vertical variations are shown by
hexagons (upward) or stars (downward). Middle: The total
(external plus internal) magnetic potential ¥ is contoured at
intervals of 0.0l T-m. "H™ and “L” show the high and low
potential values in the plotting region. Bottom: The total
(external plus internal) vertical magnetic variation component
b, is represented at 50-km intervals by circular (upward) or
cross (downward) symbols

tion of strong westward equivalent current (the west-
ward electrojet) in the northern part of the displayed
region, together with an intensification of the eastward
equivalent current (eastward electrojet) in the center.
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Fig. 8. Maps of external and internal magnetlc variation patterns at 18:42UT on 7 Obtober 1976. Upper left: The external
component of the magnetic potential ¥¢ is contoured at intervals of 0.01 T-m. Upper right: The internal magnetic potential V‘

is contoured at intervals of 0.005 T-m. Lower left:

The external component of the vertical magnetic variation field b i

represented at 50-km intervals by circular (upward) or cross (downward) symbols. Lower right: The internal vertical magnetlc
variation is represented with twice the sensitivity of the external component

This configuration of equivalent currents is a manifes-
tation of the so-called “Harang discontinuity” (Harang,
1946; Heppner, 1972) which normally occurs in the late
evening hours at auroral latitudes.

Figure 8 shows the separation of the magnetic po-
tential and vertical field into external and internal com-
ponents. The internal field is considerably weaker than
the external, and is therefore plotted with greater sensi-
tivity. A tendency for the external and internal mag-
netic potentials to correlate positively is discernable, as
is a tendency for the b, components to correlate neg-
atively, but these tendencies are rather weak in detail.
Notice that there is an enhancement of the internal b,
at the location of the Storavann anomaly discussed by
Jones (1981).

Figure 9 shows the external part of ¥ at a height of
110 km, roughly in the region where strong ionospheric
currents are known to flow. Small-scale features are
noticeably amplified in the process of upward con-
tinuation of the field, and the error associated with the
field estimation also grows substantially. If the electric
currents responsible for the field flowed entirely in a
thin shell just above 110km, the magnetic potential
contours would correspond to isolines of current flow,
with 159 kA of “equivalent current” flowing between
contours spaced at 0.0l T-m intervals. The amplifi-
cation of errors in going up to 110km means that
features like the weakening of the westward equivalent
just north of the Norwegian coast should not be con-
sidered realistic. There simply exists inadequate infor-
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Fig. 9. The external component of the magnetic potential at
110-km altitude is contoured at intervals of 0.01 T-m, repre-
senting the magnetic effects of an equivalent sheet current
with 159kA flowing between contours counterclockwise
about the potential low (L)

mation to be able to determine the true magnetic po-
tential pattern in such regions. Further south, where
the station density is adequate to determine some finer-
scale structure of the field at ionospheric heights, the
sharp kinks of the contours near x=—200km may be
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realistic, corresponding to the southern edge of auro-
rally enhanced conductivities. South of this line, the
magnetic field variations are probably associated large-
ly with remote non-ionospheric currents, particularly
those flowing to great heights along geomagnetic field
lines.

Effect of changed boundary conditions

As pointed out above we cannot adequately resolve
wavenumbers between Okm~! and about (7/1,600)
km~! due to the limited array extent, even though a
large part of the power lies in these small wavenum-
bers. For this small-wavenumber component of the
spectrum the boundary conditions implied in the choice
of basis functions can have an appreciable effect on
the calculated distribution of variations with respect to
wavenumber. In order to test the importance of this we
calculated the fields for reversed northern and southern
boundary conditions, that is, with basis functions sat-
isfying

rij:O
dn;/ox=0

at x=—1,100km
at x=1,100 km.

(71)
(72)
This was achieved simply be replacing cos Lk;(x—x,)]

by sin[k;(x—x)] in (6). The moment matrix C, was
kept the same as before.
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Figure 10 shows, at the top, the resultant total b,
and internal component of b, mapped over the data
region (which is smaller than the analysis region de-
fined by the boundaries of the calculations). Again the
internal component is plotted with doubled sensitivity.
The bottom half of Fig. 10 shows the differences be-
tween the fields above and the corresponding fields in
Figs. 7 and 8. Not surprisingly, the total b, field is in
close agreement between the two calculations in the
vicinity of the measurement points, and diverges only
some distance away these points. Significant differences
do appear in separating the external and internal fields,
however, differences that affect the internal component
relatively more than the external component. It is seen
in the difference field that the effect is primarily a large-
scale feature, which would be associated with the long-
wavelength components of the field. These results illustrate
the facts noted previously by Gough (1973), Banks (1973),
Frazer (1974), Lilley (1975), Singh (1980), and Gough
and Ingham (1983), that an analysis over a limited area
cannot accurately represent the true spectrum of long-
wavelength features or permit an accurate separation
of long-wavelength internal and external components.
It is important to note, however, that the total long-
wavelength field is well represented over the measurement
region, even of it cannot be accurately broken down by
wavenumber or accurately separated into internal and
external components.

Comparison between two-
and three-dimensional separations

It is of interest to see how much difference in the field
separation there exists between the three-dimensional
technique of this study and a simpler two-dimensional
technique using only the northward and vertical varia-
tion measurements from a single chain of stations, as-
suming no east-west gradient of the variations. Mers-
mann (1978) and Lange (1979) have analyzed in some
detail how accurately a two-dimensional separation can
be performed for the Scandinavian data. In particular,
they have shown that the results of the separation are
influenced by the type of assumptions made in extra-
polating the observations beyond the last stations in
the profile. Since our present interest is to determine
differences caused only by incorporating or ignoring
east-west gradients, we need to use comparable interpo-
lation and extrapolation procedures in performing the
three- and two-dimensional separations. We therefore
set up the two-dimensional separation making only the
following changes from our three-dimensional algo-
rithm:

(1) Only terms with m=0 were kept in the Fourier
series.

(2) Only one chain of stations was used (Stations
B4, SOR, MAT, MIE, MUO, PEL, OUL, and SAU).
(3) Only the 4 and Z data values were used.

We chose a time, 18:42 UT, for which there is con-
siderable east-west structure, in order to make a fairly
severe test of the two-dimensional separation pro-
cedure. ~

Figure 11 compares the computed ground-level b,
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Fig. 11. Comparison between magnetic field separation results
from the three-dimensional and two-dimensional formulations
(see text) at 18:42 UT on 7 October 1976. Solid lines show the
3-D separation results, and dashed lines shown the 2-D sepa-
ration results. b¢ and b’ are the external and internal north-
ward components, while b¢ and b are the external and
internal downward components. The locations of the stations
used are shown by short vertical lines labelled by the station
abbreviation. No vertical data were available from the stations
PEL and MIE

and b, external and internal profiles for the two sepa-
ration procedures. The curves are plotted over the en-
tire range of calculation, from x, to x,+4x, in order
to show the nature of the assumed boundary con-
ditions. In obtaining the curves from the three-dimen-
sional calculation the y coordinate is linearly interpo-
lated between the stations and linearly extrapolated
beyond SAU and B4. Small oscillations at the trun-
cation wavelength are noticeable but not dominant.
The differences between the two- and three-dimensional
separations are perhaps smaller than one might have
expected. The percentage differences in the external
components are relatively small, but in the internal
components the percentage differences are more signifi-
cant, particularly in b! over the Scandinavian mainland.
In general, the differences appear to be no greater than
the inherent mapping error in the three-dimensional
technique, which is shown in Fig. 6. A test for a dif-
ferent time when the auroral electrojet had a more
nearly two-dimensional structure, at 17:30 UT, yielded
even better agreement between the two- and three-
dimensional techniques. Thus in many circumstances
the two-dimensional approximation for field separation
may give satisfactory results, even when significant east-
west structure is present. Nevertheless, greater accuracy
may be expected from the three-dimensional technique,
and this added accuracy may be helpful in some stud-
ies, particularly those of internal variations.



Discussion

The theoretical framework developed in this paper
makes possible more accurate analyses of magnetic
variation spatial patterns than have been possible with
previously employed techniques. By incorporating
knowledge of the expected statistical characteristics of
the variations and measurements, as contained in the
moment matrices C, and C,, we essentially acquire
some advantages of model-fitting approaches while re-
taining the generality and flexibility of unrestricted
analysis techniques. For the usual case where a priori
information about C, and C, may be deficient, we have
shown that estimates of these matrices can be con-
structed with the aid of the available data. Knowledge
of these matrices, or of the spatial correlation functions
of the magnetic variations, allows us to quantify the
expected errors incurred when the field is mapped over
the region of interest. Quantification of errors, although
very important for making reliable interpretations of
mapped variation fields, has not previously been attempt-
ed to the extent presented in this paper.

A comparison between the technique we use in this
paper with a sample of techniques developed elsewhere
helps to clarify the advantages and disadvantages of
different approaches to mapping fields from point
measurements. We note first of all that our attempt to
incorporate statistical information in order to con-
strain the behaviour of the field differs fundamentally
from techniques that make no a priori assumptions about
the field characteristics for any given set of measure-
ments. Oldenburg (1976b), for example, applied the lin-
ear inverse theory of Backus and Gilbert (1970) to the
problem of estimating a Fourier spectrum from a limit-
ed set of point measurements. He made essentially no a
priori assumptions about the spectral form (apart from
his suggestion of improving results by interpolating
through data gaps - a procedure that implies some
information about the spectral content). His work helps
to clarify the possible wavenumber resolution attain-
able and the tradeoff between resolution and accuracy.
Ordinary least-squares fits to data effectively minimize
a quantity like
(Ba—60)"C; ' (Ba—0) (73)
and therefore also assume nothing about the spectral
content of the data; i.e., since C; ' is set to zero in (33),
the ensemble needed to construct E(uu”) is unbounded.
In ordinary least-squares fits the matrix C, is often
considered to consist only of measurement errors, with
no account taken of truncation errors, even though the
latter are often important because of the need to trun-
cate J at some level less than I. If the measurements
are not well-spaced, ordinary least-squares fits often
tend to yield unrealistic results in regions of sparse
data.

Shure et al. (1982) developed a mapping technique
designed for application to the whole-earth main
geomagnetic field, motivated in part by the problem of
estimating the field in past epochs from relatively sparse
data. Their procedure is similar to minimization of (33),
except that they actually minimize a quantity like

i’ Fi (74)
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where F is some prespecified positive definite J xJ
matrix, with the constraint that

Bia—0)"C; ! (Ba—0)=S* (75)

where S? is some prespecified constant. They showed
how F can be specified by minimizing some physical
quantity like the magnetic energy outside the earth’s
core, in which case F becomes diagonal, and illustrated
how different mapping results are obtained with dif-
ferent choices for F and S? (including S?=0). Our
study, along with work by McLeod (1983), suggests
that their technique would yield optimal results if F is
chosen to correspond to the spatial power spectrum as
it appears in C;'; good empirical estimates of this
power spectrum are now available for the main field
(e.g, Langel and Estes, 1982; Ostrowski, 1982;
McLeod, 1983). There also exists an optimal choice of
S2, obtainable by combining (24) and (75). The algo-
rithms developed by Richmond and Venkateswaran
(1971) and by Kroehl and Richmond (1979) for map-
ping magnetic variation fields are similar to that of
Shure et al. (1982), effectively minimizing a quantitiy of
the form

a'Fa+(Bia—0)"C, ' (Ba—0). (76)

This is similar to (33), except that F was determined by
a combination of arguments about the expected
smoothness properties of the variation field plus trial-
and-error attempts to obtain desirable results. Non-
diagonal weighting matrices F were involved. These
algorithms can obviously also stand improvement in
order to yield more nearly optimal results.

In principal, our technique provides optimal results
under the condition (24) that the coefficients are a
linear combination of the observations. Jackson (1979)
and Tarantola and Valette (1982) have discussed how
further improvements in the estimation of coeffcients
from data can be achieved when a valid a priori es-
timate is available, corresponding in our case to an
estimate of the expected value of u. In this case one
deals with the covariance matrix for u (i.e., the moment
matrix E([u—E(u)][u—E()]7) rather than the moment
matrix C,; the methods become identical when E(u)=0.
Tarantola and Valette (1982) applied their technique to
an example of curve-fitting, that is, interpolation and
extrapolation, and also discussed optimal estimation
techniques for the case where the data and desired
parameters are not linearly related.

As pointed above our assumption of spatial sta-
tionarity greatly simplifies the numerical analysis, but
does not realistically account for localized anomalies
like the coast effect. One way to modify the technique
to account for nonstationarity would be to allow more
off-diagonal terms in C,. Another possible approach
would be to use basis functions of a localized character,
either in place of or in conjunction with Fourier har-
monics, in order to minimize the number of affected
elements in C,. We would also expect significant im-
provement in the mapping if C, is subdivided into
several matrices, each representing a restricted class of
magnetic variations. Subdivision by temporal frequency
would be especially valuable, not only because the in-
duction of earth currents is frequency dependent, but



154

also because the external component of magnetic vari-
ations appears to have different spatial scales for dif-
ferent temporal frequencies (e.g. Kamide et al, 1969).
These shortcomings of our simple C, notwithstanding,
the resultant mapped fields appear to be generally rea-
sonable. In any event, it is clear that the assumed
spectral form of C, does not impose a fixed spatial
spectrum upon the mapped field; otherwise our iter-
ation procedure for estimating C, would not have
yielded a different result than what was initially as-
sumed.

The availability of spatially mapped magnetic varia-
tion fields and quantitive knowledge of their errors
facilitates a number of further geophysical studies. The
external field, continued upward to the ionosphere, can
be combined with information on ionospheric conduc-
tivities to yield not only the horizontal ionospheric cur-
rent distribution, but also the distribution of magnetic-
field-aligned currents between the ionosphere and outer
magnetosphere (study in progress). For earth conduc-
tivity studies the fields can be filtered by wavenumber
as well as by frequency to permit a more accurate and
versatile application of induction theory. The total
long-wavelength field in the region of measurement,
composed of the combined external and internal com-
ponents with wavelengths longer than the maximum
station separation, should well meet the requirements of
studies that assume the field to be large-scale, such as
geomagnetic deep sounding analyses which make use of
horizontal spatial gradients in the long-wavelength lim-
it (e.g. Berdichevskiy et al, 1969a,b, 1976; Kuckes,
1973; Lilley, 1975; Lilley and Sloane, 1976; Woods and
Lilley, 1979; Jones 1980; Camfield, 1981; Beamish and
Johnson, 1982). A more rigorous separation of varia-
tion fields into “normal” and “anomalous” components
may also be facilitated, especially since the “anom-
alous” component of interest should be contained en-
tirely in the internal field which the mapping technique
can in principle extract. For this purpose, however, an
allowance for non-stationarity may be desirable. Over-
all, the availability of mapped fields and error estimates
provides us with new avenues for exploring geomag-
netic variations.
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