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Reduction of satellite magnetic anomaly data
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Abstract. Analysis of global magnetic anomaly maps de-
rived from satellite data is facilitated by inversion to the
equivalent magnetization in a constant thickness magnetic
crust or, equivalently, by reduction to the pole. Previous
inversions have proven unstable near the geomagnetic equa-
tor. The instability results from magnetic moment distribu-
tions which are admissible in the inversion solution but
which make only small contribution to the computed values
of anomaly field. Their admissibility in the solution could
result from noisy or incomplete data or from small poorly
resolved anomalies. The resulting magnetic moments are
unrealistically large and oscillatory. Application of the
method of principal components (e.g. eigenvalue decompo-
sition and selective elimination of less significant eigenvec-
tors) is proposed as a way of overcoming the instability
and the method is demonstrated by applying it to the region
around the Bangui anomaly in Central Africa.

Key words: Satellite magnetic anomalies — Crustal anoma-
lies — Crustal magnetization — Equivalent source

Introduction

Dampney (1969) described a method for synthesizing bou-
guer gravity measurements on an irregular (3 D) grid. The
synthesis consisted of a mathematical representation of the
data in terms of discrete point masses at some, arbitrary,
fixed depth below the earth’s surface. Mayhew (1979)
adapted this method to the synthesis of magnetic anomaly
data acquired by the POGO satellites. In this method the
satellite magnetic anomaly data is represented by an array
of dipoles at the earth’s surface. The dipoles are assumed
to be aligned along the direction of the earth’s main field,
as determined by a spherical harmonic model, and their
magnitudes are determined so as to best reproduce the
anomaly data in a least-squares sense. Following Dampney
(1969) this is called an equivalent source model. The result-
ing dipole moments can be converted to depth-integrated
magnetization, provided the appropriate depth is known.
Initially, Mayhew (1979) used a dipole spacing of 4° in
latitude and longitude to model the United States region.
He then used the calculated anomaly field from this equiva-
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lent source model as smoothed input to a second model
in which the sources were 2° by 2° spherical prisms 40 km
thick. Furthermore, the magnetic moments of the prisms
were constrained to be specified by the coefficients in a
double Fourier series in latitude and longitude. Use of the
Fourier constraint was intended to minimize instability in
the magnetization solution. Mayhew attributed instability
to the “amplification” of high frequencies in the data. High
frequencies are particularly common near the auroral belts
where data may be “contaminated” by the presence of
fields from ionospheric currents.

In a later publication, Mayhew et al. (1980) abandoned
the Fourier constraint and derived equivalent magnetiza-
tion directly from the initial dipole moment solution. Data
over Australia were analyzed in two parts, east and west,
and the results combined. As part of their analysis, the
authors examined the question of the stability of the dipole
solution as a function of dipole spacing in degrees. Figure 1
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Fig. 1. Trade-off between standard deviation of fit of equivalent
source magnetic anomaly field and observed field vs. “stability”
of inversion as indicated by standard deviation of magnetization
solution parameters. Optimal dipole spacing is taken to be about
2.7°. From Mayhew (1980)
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(Fig. 3 from Mayhew et al., 1980) is a plot of the standard
deviation, sd, as a function of dipole spacing. (Also shown
is the standard deviation of the fit.) The parameter sd is
seen to increase slowly as the dipole spacing is reduced
until, at about 2.7°, it begins to increase rapidly as the
dipole spacing is further reduced. Also, at this point plots
of the dipole moments begin to exhibit an oscillatory insta-
bility in which, in its extreme, adjacent sources take on
alternately large positive and negative values. Contours of
the magnetic moments exhibit a bulls-eye pattern with, ob-
viously, no physical meaning. The authors conclude that
2.7° is the optimal dipole spacing. Magnetization values
(defined as magnetic moment per unit volume) are deter-
mined under the assumption that the magnetic crust is
40 km thick with constant magnetic moment throughout
this layer. Because the satellite altitude is large compared
to 40 km, the anomalies computed from the equivalent
source solution depend directly upon the product of magne-
tization and layer thickness, i.e. if the magnetization is dou-
bled and the thickness halved the computed anomaly will
be unchanged. Working independently, von Frese et al.
(1981) proposed the same method of analysis, only applied
to gravity as well as magnetic anomaly data.

In a re-analysis of the data from the U.S. region, May-
hew (1982) now used equal-area spacing of the dipoles.
In an analysis similar to that leading to Fig. 1, he found
the optimal dipole spacing to be about 300 km, or again
near 2.7°. At closer spacing the standard deviation of the
dipole parameters increased exponentially and the magneti-
zation solution showed symptoms of instability.

Published results using Mayhew’s technique have all been
at midlatitudes. When the method is used at or within about
20° of the geomagnetic equator, extreme instability is pres-
ent for any reasonable dipole spacing. Because our research
calls for equivalent magnetization maps of the world (or,
equivalently, reduced-to-pole anomaly maps) we have at-
tempted to find a way to derive stable solutions at any
latitude and at any dipole spacing.

The method
Let

Biz'zlaijﬁj+8i,i=1,...,n (1)
=
where: B, is the anomaly field at the i-th satellite position.
f; is the magnetic moment of the j-th dipole.
m is the number of dipoles in the solution,
a;; is the geometric source function relating the
Jj-th source to the i-th position.
g; are the errors due to instrument noise, field
sources other than anomalies, etc.

In the least squares procedure we estimate the {f;} with
{b;} by minimizing

n m 2
R=Y [B- % asb,| - @)
i=1 j=1

In matrix notation one must solve

ATAb=AT B. 3)

Instability is due to a high degree of collinearity among
the columns of A: certain linear combinations of the col-

umns are nearly zero. This means that for some choice
of coefficients, say v;, Y"a;;v;~0 for all i implying that:

Ya;;bi~Y a;;b;+KY a;v;. 4

Hence substantial perturbations of b; will have little effect
on the fitted field value and, conversely, measured field
values exert little constraint on these b;.

A test for multicollinearity is provided by the condition
number of the matrix 474, defined as the ratio 4,/4,,, where
4, and A, are the largest and smallest eigenvalues of 47A4.

In deriving equivalent source solutions at geomagnetic
latitudes above about 30°, typical condition numbers are
in the 100-600 range. Near the geomagnetic equator, on
the other hand, values are typically over 6000.

As a remedy for these shortcomings, the technique of
principal components regression is proposed. This is a modi-
fication of the method of least squares whose effect is to
smooth the resulting equivalent source model, while main-
taining a high level of agreement between the observed and
fitted anomaly field. The elements of principal components
regression are set forth below.

One begins with the singular value decomposition

(Stewart, 1973) of the matrix A4:
A=UDVT or AV=UD (5
where U is an n x n matrix whose columns are eigenvectors
of A AT, V is an m x m matrix whose columns are eigenvec-
tors of ATA, and D is an nx m matrix with non-negative
entries, d; = ... = d, =0 along the main diagonal and zeros
else¥vhere. The values @? are eigenvalues of both 474 and
AA".

The orthogonal matrices U and V are used to transform
the observations and parameters as follows.
One writes:

Z=U"B;y=Vpand 6=U"¢, (6)
Then the model, (1), becomes:
Z=Dy+?9. @)

The quantities in the normal equations are transformed
similarly:

ATAB=VDTDy, ATB=VD"Z, (®)

so that the estimates for y are

¢;=D;'Z, 9)
with:
Var ¢;=d; ? ¢* and Cov (¢}, ¢,)=0. (10)

Immediately one observes that when d; is small, ¢; has high
variance. ,
In the original coordinate system one can write

=luy dy| =d, (11)

m
Z a;j Vjk
Jj=1 |

because U is orthogonal. Therefore small d’s correspond
to eigenvectors representing souces of multicollinearity. If
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Fig. 2. Average scalar anomaly
field from POGO data. Averages
are taken in 2° x 2° bins. Contour
interval is 1 nT
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Fig. 3. Magnetization contours from equivalent source solutions. Varying cutoffs in principal components analysis. Units are 0.01 Amp/m.
Contour interval is 10
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Fig. 4. Anomaly field computed at 500 km altitude from equivalent source solution. Varying cutoffs in principal components analysis.

Contour interval is 1 nT

d, is very small, y, is estimated imprecisely. But through
the transformations f=VTy, b=V7c, this imprecision is
propagated throughout the estimated parameter vector b.
Now the rationale for the principal component method
can be seen. If d, is small, the corresponding g, is noisy,
i.e., an imprecise estimate, whose variability makes the sti-
mate b unreliable. Furthermore, the corresponding quan-
tity Za,.jujk is uniformly small and may safely be replaced

by 0. This process is equivalent to replacing ¢, by 0. An
algorithm is:

(a) Compute A4 and solve ATAb= A" B for b.
(b) Compute the eigenvalues o2, ..., d% and V, the corre-
sponding matrix of eigenvectors.
(c) Transform to obtain ¢= Vb.
(d) Define ¢* by cf=c; if j<k*
=0if j>k*
k* m

where de/de:P,where P and k* are to be de-
5 jl

termined.
(e) Compute b* = 7 ¢*.

The large matrix U is not computed, so the computation
is manageable. The determination of k*, the number of
eigenvectors retained, and P, the percent of the trace of
D, in step (d) is the crucial decision in applying the method.

Application of the method

Central Africa, in which the Bangui Anomaly (Regan and
Marsh, 1982) is situated, was chosen for a test case. Figure 2
shows an anomaly map of the area derived by computing
and contouring 2° averages of data from the POGO satel-
lites. These same data were then used to derive an equiva-
lent source solution. Figure 3 shows magnetization con-
tours for four values of P and Fig. 4 shows the correspond-
ing anomaly field computed from the equivalent source so-
lution.

Intercomparison of the computed anomaly fields be-
tween Figs. 4a through d shows only small differences be-
tween the four solutions. Furthermore, comparison with
Fig. 2 shows that the original data is reproduced in a satis-
factory fashion. In fact, the representations of Figure 4 are
preferable because they are at constant altitude (500 km)
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Fig. 5. Variation of solution parameters (Cn, condition number;
P, percent of trace; op, standard deviation of dipole moments)
as a function of &*, the number of retained eigenparameters

and the high frequency noise is smoothed. However the
differences in magnetization values between Figs. 3 are dra-
matic. Figure 3a shows extremely high and variable magne-
tization values, and high gradients, and the magnetization
pattern shows poor correspondence with the anomalies of
Fig. 2. In contrast, Fig. 3b, 3¢ and 3d show more reason-
able values of magnetization, lower gradients, and magneti-
zation patterns with definite correspondence to the original
anomaly data. Figure 3d is noticeably ““smoother™ than
Fig. 3b and 3¢ and, in this case, the principal components
analysis can be viewed as a form of low pass filter.

The question is, can we find an objective method for
choosing a value of P which gives a magnetization result
which has some physical credence? Figure 5 shows plots
of P (%), condition number (Cr), and parameter sd (after
Mayhew et al., 1980, and Mayhew, 1982) as a function of
k*. Such a plot certainly gives helpful guidelines. It shows
that a large number of eigenparameters can be discarded
before any significant change in P occurs. For example,
the full set of parameters is 126. For k*=94 P is only re-
duced to 99% while large improvements are evident in con-
dition number and sd. Typical values of sd at higher lati-
tudes, where the instability has only small effect, are be-
tween 30 and 40. We might then expect that £* should
be chosen so that sd is in that range. In the present case
this gives k* from 60 to 106, P from 93.5% to 99.7%,
and condition number from 20 to 189.5. Unfortunately,
none of the curves on Fig. 5 show a sharp break or any
other indication, in this k* range, to help us pin down
a value of £* more closely.

In practice, maps of magnetization are generally derived
by piecing together solutions from adjacent areas. Area size
is determined by computer limitations. Because we are deal-
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Fig. 6. Rms difference in magnetization (A m™') in overlap region
between the 0—40° longitude and 20-60° longitude solutions where
the latitude is + 14°

ing with finite areas and data sets, each solution has a
certain amount of “edge effect”, i.e. the magnetization
values are more accurate or realistic in the interior of the
solution region. Our practice is to overlap adjacent regions
by up to 50%. That is, the solution just to the east of
the region of Fig. 2-4 covers the same latitude range and
its longitude range is 20-60°. The solution would then be
combined along the 30° longitude line. If the two solutions
have no edge effect, they will match perfectly where they
are joined. In practice there are differences in solutions
which manifest themselves as “kinks” along the line where
they are joined.

QOur final selection of k* is made by trying to minimize
the disjointedness of adjacent solutions. The parameter used
is the rms difference of magnetization in the region of over-
lap. Figure 6 shows a contour plot of this difference as
a function of k* for the region of Fig. 24 and of &* for
the region adjacent on the east. For high latitude regions,
acceptable discontinuties over boundaries are obtained for
the rms lower than about 25. It we choose a value of 20
for “safety” we should then pick k*<87 for the 0-40°
longitude region and k£* <90 for the 20-60% longitude re-
gion. Each region has four such sets of constraints, one
each for the north, south, east and west boundaries. For
the case at hand we chose k* =74 for the 0-40° longitude
region and k* =86 for the 20-60° longitude region.

To illustrate the results of combining general solutions,
Figure 7 shows a composite of four solutions. The solutions
are joined along the longitude =30° line and the latitude =
6° line. Examination of the plot shows evidence of a slight
discontinuity at the 30° meridian and of enhanced gradients
near the 6° latitude line. Comparison with Fig. 3¢ also
shows some disagreement between the extreme boundaries
of Fig. 3¢ and the alternate solution used to derive Fig. 7.
Edge effects like this seem unavoidable. [Note, the discon-
tinuties along latitude=0° are artifacts of the contouring
software.]

Figure 7 represents what we regard to be a reasonable
estimate of equivalent crustal magnetization, relatively free
from noise and edge effects, and suitable for interpretation.
Any use of such maps should, of course, take into account
the uncertainties in its derivation. Such uncertainties are
obviously greater for the shorter wavelength features. To
our mind, such maps are to be regarded as reconnaissance
tools for large scale correlations with other geologic and
geophysical data and for the initial step in the forward
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Fig. 7. Magnetization contours from combined equivalent source solutions. Units are 0.01 Amps/m. Contour interval is 10. Four solutions

are joined along 6° latitude and 30° lingitude

modeling of specific anomalies needed for detailed interpre-
tation.
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