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Introduction

Recent studies on geomagnetic pulsations are fre-
quently based on the comparison of ground based
measurements with satellite observations of the mag-
netic pulsation field near the geomagnetic equator in
the outer magnetosphere. It is widely accepted that
geomagnetic pulsations are related to magnetohydrody-
namic (MHD) waves propagating in the magnetospher-
ic plasma. Therefore, the interpretation of geomagnetic
pulsation data is often terms of special modes of the
propagation of MHD waves. However, the uncritical
transfer of concepts originating in the study of MHD
waves under uniform conditions to those applying to
non-uniform conditions sometimes leads to quite ob-
scure results. In particular, a non-vanishing magnetic
wave field component B, parallel to the ambient mag-
netic field B, is often referred to as the so-called
“compressional mode” (see, for example, Hillebrand et
al. (1982) and references quoted there). It is the aim of
this short paper to show that there exist contributions
to B, caused by purely geometrical effects in the pres-
ence of a non-uniform magnetic (e.g., dipole) back-
ground field which have nothing to do with special
kinds of propagation modes.

Basic equations

The starting-point of the following analysis is to relate
the magnetic wave field B to the plasma velocity v. In a
linearized theory, this can be accomplished by combin-
ing the induction law with Ohm’s law (for infinite elec-
trical conductivity) yielding (curl B, =0, B,=0)
—iowB=curl (B, xv) (2.1)

assuming a periodic time dependence ocexp (iwt). Now,
let (r=position vector)

By (r)=B,(r)i(r)
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where By(r) is the magnitude and f&(r) is the unit
tangential vector with respect to the ambient field B(r).
By means of a well known formula of vector analysis,
Eq.(2.1) can be performed to obtain

—iwB=Bcurl(t x v)+grad B, x (t x v). 2.2)
Dividing Eq. (2.2) by B, and expanding the double
vector product yields

L1
—iBﬂoBzcurl(f xv)+1t (B—o gradBO-v)

—v (L grad Bo-f). (2:3)
BO

For a complete description of the vector fields involved
let us introduce the principal unit normal vector i and
the unit binormal vector Bpwith respect to B,. Decom-
posing the velocity field v into its components with
respect to that local triad t, i, b (ie., t xv=—v,f+,b)
and using the same formula leading to Eq.(2.2),
Eq.(2.3) reads

a)
—iB—B=v,,curIB—Bxgradv"—vbcurlﬁ—i-flxgradvb
0

+xv,t+ Ev,t—nv,a—nuv,b (2.4

For magnetospheric applications it will be sufficient to
restrict ourselves to dipole like magnetic fields B, i.e.,
assuming axial symmetry (b-grad B,=0) and i always
lying in meridional planes (t-curl n=0, n-curl n=0,
b-curlb=0). Then, the components of the magnetic
wave field are simply obtained from Eq. (2.4):

B,=t'B =iﬁ[ﬁ-grad v,+b-grad v, +(x+1-curlb)v,],
w
(2.5a)

B
B,=h-B= —i—ao[fgrad v,+(n—h-curlb)v,], (2.5b)



Bb=B-B=—i%[i-gradvb+(11+B-curlﬁ)v,,]. (2.5¢)

The last terms of the r.h.s. of Egs. (2.5a-c), respectively,
are due to the non-uniform geometry of the ambient
magnetic field B,. These terms would vanish under
uniform conditions yielding the well known relations
between the magnetic field B and the plasma velocity v
with respect to a homogeneous magnetic field B,.

Applications to a dipole field

Now, let us apply the quite general results of the pre-
ceding section to a dipole field. The following relations,
referring to spherical polar coordinates (r,0, ¢), allow
for determination of all terms involved in Egs. (2.5a-c)

1 -
(Boocr—3]/1 +3 00320)

1 3 cosfsinf
—grad By= —= |4
B, &4 Bo r[r+(1+3c0529)0]’
t= _——~L—_(2c059f'+sin0§),
V/1+3cos?0
fi=—————(sinft—2coshb),
V1+3cos?0
b= -4,
Curlfl_6cos0(1—|rc0829) -
~ r(143cos20)¥? 7
curlb= — (cos OF —sin 00).

rsin 0

By means of these equations it is possible to rewrite
Egs. (2.5a-c) with respect to a dipole field:

B
B =i—>
(03]

2+6cos*0
rsin0(1 + 3 cos?6)>? On

-[ﬁ-gradvn+f)-gradvb+ ], (3.1a)

B 6 cos 0(1 +cos?0)
B,=—i2|t. .
T [t grad vyt S cos?0) 72 U"]’ (15
B 3 0
Bb= _l—o [igrad Ub+——-va] (31C)
g rY/1+3cos?6

In Egs. (3.1a-c) only the “structural quantities” de-
pending on the dipole geometry of the field B, have
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been expressed in spherical polar coordinates. The re-
maining terms have been rewritten in the very distinc-
tive local triad system of reference. In particular, Eq.
(3.1a) shows that there is a contribution to B even in
. 7 2B
the equatorial plane (0=5) of order ~—%p, whereas
rw
the corresponding quantities in Egs. (3.1b,¢) are zero.
To get an idea of the order of magnitude of this
“geometrical” contribution to B, in the equatorial
2B
lane, rewrite ——2v_as ~-——2 (by means of E,=B,v
p Fw n 20L( y b 0 n)
with T=period in sec, E,=azimuthal electric field in

¥ . L
mV/m, L=-, a=earth’s radius, yielding the corre-
a

sponding magnetic field in nT. Taking T=100s, E,
=1mV/m, L=>5, for example, the “geometrical” contri-
bution to B is 1nT. Therefore, the observation of a
large B /B, ratio in geomagnetic pulsation data does
not necessarily enforce an interpretation in terms of a
special wave mode but can be regarded as a simple
geometrical effect caused by the non-uniform back-
ground field B,,.

Conclusions

The above result is only one example for a lot of
properties which carefully have to be taken into ac-
count in the study of MHD waves under non-uniform
conditions. In particular, it has been shown that - even
in a cold plasma approach - there exists a contribution
to the B -component caused by the curvature of the
ambient magnetic field B,. This result demonstrates
how unrealistic is a treatment of MHD wave motions
in terms of plane waves (“Alfvén-mode”, “compres-
sional mode”) alone. A more complete version of
MHD wave theory in terms of the local triad system of
reference has been given by Siebert (1965).
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