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A machine for combining sets of linear congruences.

Von
D. H. Lebhmer in Altadena (Cal., U. §. A.)

Many problems in the theory of numbers have been reduced to the
combination of sets of linear congruences. In such problems we are
looking for an unknown integer x, which with respect to a certain
modulus is congruent to some one of a set of remainders. If this type
of fact is known for a sufficient number of different moduli, the com-
bination of all these meagre bits of information leads to the identification
of the unknown from many thousands or even millions of possible
integers.

This method is particularily powerful when we have for available
moduli all (or nearly all) the small primes p or their powers?), and when
the number of remainders to which z is restricted modulo p; is not
much greater than p,2. These conditions are met with in a large
number of problems of interest to the arithmetician including the repre-
sentation of numbers by binary quadratic forms, the solutions of quadratic
and higher congruences, the distribution of the values of the class number
function, and more general problems, such as finding the common values
of two or more non-linear polynomials with integer coefficients, or finding
the least number having a prescribed quadratic (or higher) character with
respect to each prime modulus less than some given limit.

Since this class of perpetually interesting problems may all be solved
by the same method, attempts have been made to standardize and
simplify the procedure of combining sets of linear congruences of this
type. Theoretically the problem presents no difficulties. Finding the
common solution of a set of linear congruences amounts to solving in
integers equations of the type ax +by = c¢. This can be done non-
tentatively by continued fractions. The number of such equations to be
solved however may exceed 10* in dealing with some fairly simple
problems. Hence this method is not practical.

If the unknown @& is restricted to s, values modulo p,, and to s,
values modulo p,, then the combined effect is to restrict z to s, s, values

1) An important problem in which this is not the case is the quadratic residue
method of factorization as described by Legendre.
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modulo p,p,. It thus appears that by combining the restrictions on x
for all the moduli p,, p,, ..., Py, % is restricted to s =s,...s5, =8
cases modulo p,p, ... p. = P. Now it often happens that s, is approxi-
mately p,/2, so that §2¢ = P approximately. Moreover the values of ¢
must be 25 or 30 in some cases. For such a value of ¢, the numbers S
and P are enormous. What is essential however is that P is several
million times larger than S. We now make an assumption for which
there is no theoretical justification. We assume that the S favorable
values of x are more or less uniformly distributed among the P possible
values of z. If the x for which we are looking is known to be less
than L, than we may choose ¢ so that 2! < L < 2t. By our assump-
tion then, the desired answer will be the smallest value of x satisfying
the ¢ sets of restrictions modulo p;(? = 1,2, ..., t).

The problem now requires the examination of all the numbers
1, 2, 3, ..., L for the one number (or at most a few numbers) which
satisfies the requirements of each of the moduli p;, Obviously there are
two ways of doing this. We may examine the numbers 1, 2, 3, ..., L
one at a time and for each number find a modulus p by which it is
excluded. Or we may take each modulus in turn and find which of the
numbers 1, 2, 3, ..., L it excludes. This second method recommends
itself to pencil and paper work, since it may be performed more or
less graphically. In fact it is customary to use paper ruled in square
cells. Each cell by virtue of its position represents one of the numbers
1,2, ..., L. In this way much writing is saved. The undesirable entries
modulo p; occur periodically in the table and are crossed out with the
aid of a “movable strip” of length p,, By the time ¢ such strips are
applied to the table only a few cells survive. The corresponding values
of z may now be tried as solutions of the problem?).

However this method demands a great deal of attention on the
part of the computer lest a mistake occur by a maladjustment of
a strip.

The first method of trying the numbers 1, 2, 3, ..., L in turn
seems, at first sight, to be very crude. It has one advantage over the
second method, however. No mention need be made of the upper limit L.
In fact it frequently occurs that « is very small compared with L, so
that by this direct method of search # is found comparatively soon.
Moreover in some distribution problems it is essential to leave L inde-
finite. This feature of the first method has been worth developing.

%) For a complete description of the method see Kraitchik: ‘“Théorie des
Nombres’, T. 1, 3¢—44. For a variation of this method compare F. W. Lawrence,
Quarterly Journal of Math. 28 (1896), pp. 285—311.
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The fact that a modulus is realized mechanically by a wheel has
led computers, who have used the movable strip method, to imagine a
machine which would do this work rapidly, without attention, and perform
the exclusion of the numbers 1, 2, 3, ..., using all the moduli at once.
The literature contains at least two descriptions of such machines which,
though impractical in their design, are theoretically interesting. As far
as the writer knows, the first successful machine of this type was con-
structed by him in 1927%). The wheel element of this machine is an
endless chain. This machine considers the integers 1, 2, 3, ... with
respect to 20 different moduli at once at the rate of 3000 numbers per
minute. Higher speeds of operation are impractical on account of the
instability of the chains and the unreliability of the electrical contacts
which are essential parts of the apparatus.

The object of this paper is to give some account of a new machine
constructed by the writer to deal with problems too large for the pre-
vious model. This new machine examines the natural numbers with
respect to 30 moduli at once at the rate of 300000 numbers per minute.
We owe the achievement of this high rate of speed to modern physics,
for the photoelectric cell and the thermionic valve are indispensable
elements of the machine. A more detailed account of the apparatus
follows.

To obtain high speeds the mechanical system has been made as
simple as possible. There are only 31 moving parts and these are gears
rotating about their centers of gravity. There are 30 driven gears, all
driven at the same linear speed of about 1700 meters per minute by a
single driving gear. The 30 driven gears correspond to 30 moduli and
have for numbers of teeth convenient multiples of every prime < 127.
The largest gear has 128 teeth and the smallest 67 teeth. At the base
of each tooth on each driven gear, holes are drilled at a constant distance
from the periphery of the gear, this distance being the same for all
gears. These holes are about 2 millimeters in diameter and correspond
to the numbers 0,1, 2, ..., p — 1 modulo p. If z is to be restricted
to a set of s numbers modulo p the holes corresponding to these num-
bers are left open, while the other holes are stopped up with wooden
pins. The gears are mounted parallel to one another and have a cornmon
line of tangency so that if a beam of light from an incandescent lamp
shines through a hole in any gear it is transmitted or blotted out by
the next gear. If the driving gear is rotated (from some zero position)

%) For a complete description of this machine, the reader may consult American
Mathematical Monthly 85 (1928), 114—121.
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until # teeth have turned past and if = satisfies the conditions imposed
by all the moduli, then there will be an alignment of open holes and
the beam of light will traverse the system of gears. However, if 2 fails
to satisfy the conditions imposed by a certain modulus, the correspon-
ding gear will prevent the passage of light.

So much for the mechanical system. In order to observe and report
the appearance of this tiny flash of light, a photo-electric cell is placed
behind the last gear. Now, the amount of light which succeeds in getting
through the 30 gears is very small and it lasts only a ten thousandth
of a second. Moreover, the photo-electric cell is very inefficient. The
energy produced by the cell must be sufficiently magnified to operate
a circuit breaker to stop the electric motor driving the machine. This
is done by means of a six stage amplifier. The amplifier magnifies’ the
energy from the photoelectric cell by a factor of 700000 000. This much
energy is sufficient to operate a delicate thermionic relay, the first of
& series of three relays which finally stops the machine.

After plugging up the appropriate holes in each gear, and starting
the machine the operator needs to give it no further attention until, on
one of his occasional visits to the laboratory he finds that the machine
has stopped. He then substitutes the human eye for the photo-electric
cell, and by reversing the machine very slowly, brings it back to the
exact position where the light shines through. He then reads the
number of teeth by means of a revolution counter. This number is
then the smallest positive integer satisfying the conditions of the
30 moduli. If it is not an answer to our problem the machine is set
in motion again.

To illustrate how the machine is used we give in some detail
a very simple example, that of decomposing 2% 4 1 into its prime fac-
tors. The number 2°® 4- 1 has the divisors 2+ 1,22 4+ 1 and 23 41,
whose prime factors are well known. Our problem -then is to factor

_ (@+1nEe41)
N = TFDEFD 1537 22867 20933 01419.
We cannot set the machine to search directly for a factor of N. Instead
we seek to represent N by the form a? — b%. The number N has been
under investigation a number of times and it is known that its smallest
factor exceeds 300000. Hence

YN < a <<} (300000 + N /300 000},
Thg,t is
1239850 261 < a << 2562 047 936 822.
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Now it is well known that any factor of N is of the form 93z 1,
and 824 1,3. From these facts we deduce at once that
a = (N + 1)/2 = 3070 (mod 93?)
@ = 6 (mod 8)
that is
@ = 3070 (mod 69192).
It is therefore convenient to introduce the variable z by

a = 691922 4 1239 854518,

The condition a? — N = b means that we are looking for a positive
integer # such that

f(#) = 47875328642 4 171 576 027 618 912 z + 10 553 711 710 905

is a square. The inequality for @ gives
0 <<z <C37010176.

We now consider the quadratic expression f(z) with respect to the
modulus p and impose the condition that f(x) be a quadratic residue
of p. We have prepared special tables from which it is possible to read
the values of z (mod p) for which a2® + bz + ¢ is a quadratic residue
modulo p for all primes and powers of primes < 127. Thus we find
for example

z=0,1, 2,9, 10, 11 (mod 13)

z=1,4,6,7, 10, 11, 12, 15, 16 (mod17)

z=0,3,6,8, 10, 11, 14, 15, 17 (mod 19)

.......................

€=0,4,5 61711, 13, 14, 17, 18, 19, 22, 23, 24, 25, 28, 29, 33,
35, 36, 38, 40, 42, 48, 50, b1, 56, 57, 58, 59, 60, 61, 62, 67,
68, 70, 76, 78, 80, 82, 83, 85, 89, 90, 93, 94, 95, 96, 99, 100,
101, 104, 105 (mod 107).

By considering the moduli 9, 25, 49 and 121 instead of 3, 5, 7, and 11
a better set of restrictions is obtained. Thus for example

z=1,3,4,7 (mod9)
z=1,6,7, 10, 11, 16, 21 (mod 25).

To present this problem to the machine we have only to stop up the
holes in each gear which correspond to those values of z not listed above.
This being done, the machine will find the value of x without attention

in less than two hours. In this example the machine stopped in about
Mathematische Annalen. 109. 44
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3 seconds at z = 6886. This value of z corresponds to the cases in bold
type in the above table. In fact we find f (6886) = 1408 493 506557 695 481.
According to the machine this number is a quadratic residue of all primes
and powers of primes < 107. Actually taking the square root we find

VF (6886) = 1186799691
With « = 6886 we have

a = 69192.6886 4- 1239854518 = 1716310630
Hence

N = 1716310630* — 1186 799 691° = 529510939 - 2903 110 321.
This gives the complete factorization
298 1 1 = 3?2.529510 939715827 883 - 2903 110 321.

If f(6886) had not been a square, we would have set the machine
in motion again. Our sets of congruences impose a heavy restriction
on z however. In fact the average density of solutions z is about 1 in
562023 190 so that we can hardly expect two solutions to lie below
87010176. However, there is no @ priors reason to expect that the
golutions x are uniformly distributed. In fact extraneous solutions
sometimes appear. For example in another problem the machine stopped
to deliver the number

3 644 964 042 849 448 987 514 933 241

which is a residue of every prime and power of prime < 137. It is
not a square however. In fact it is a non-residue of 137 being con-
gruent to 52. '

These numbers which behave like squares with respect to all prime
moduli < p, but in fact are non-squares are of particular interest, since
their search constitutes a problem in which the solutions are not uni-
formly distributed. In fact if we restrict « modulo p to the set of
quadratic residues of p, and seek to combine these sets of congruences,
we will obtain a solution whenever z is a perfect square, prime to
Py Py Py --- P These undesirable squares occur so frequently at first
that it is impractical to use the new machine for z << 50000000, For-
tunately the range under this limit has already been considered with the
previous model.

The question naturaly arises: How much faster is the machine than
a skilled computer? This is impossible to answer in general. If the
answer is small, the machine will find it at once. In the worst case,
the machine must canvass a certain range of natural numbers so that
a definite upper limit may be set on the required time. If the com-
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puter used exactly the same method, it would be possible to estimate
also the amount of time required. On this assumption the machine
can do in 20 minutes what the computer can do in a year. However,
the computer splits up his problem into a number of small problems by
separating various cases and in this way is sometimes able to speed up
his work by a factor of 100 or even more. Of course it is possible to
do the same thing with the machine. Only in extreme cases is it
worth while, however. A truer estimate of the value of the machine is
obtained by considering the number of problems it can solve, that have
thus far withstood the attacks of our best arithmeticians®).

4) The actual results obtained in the first month of the machine’s activity
are given in Bull. Amer. Math. Soc. 39.

(Eingegangen am 1. 9. 1933.)



