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Newforms and Functional Equations
Wen — Ch'ing Winnie Li

Introduction
Let k be a fixed positive integer. If F(z) is a holomorphic function on

b . .
the upper half plane and (: d) is a real matrix with positive deter-

. b .
minant, then F ‘ (s d) denotes the function on the upper half plane
defined by

F

((‘f b) (x)=(ad — bo)?(ct + d)”"F(

a‘c+b)
d 5

ct+d

and F ' Y. ¢;A;is ) ¢;F| A; where ¢; are constants, and A4; are 2x 2 real
i i

matrices with positive determinant. For positive integers M, N we define

b

d)eSL(2,Z)‘M|c,N|b}

Io(M, N)= {(‘C‘

(M, N)= {(j Z) e[L(MN)

a=d=1 modMN}.

Thus Iy(M, 1)=Ty(M) and I'(M, 1)=T,(M) in the usual notation. If
&(n) is a character of the integers mod M N such that e(— 1)=(— 1)*, we
let C.(M, N) denote the space of all cusp forms for I'(M, N) of weight k
and character ¢, i.e. F e C,(M, N) if and only if F is holomorphic on the

b .
upper half plane, satisfies F ‘ (j Z) =¢(d) F for (: d) € I'y(M, N), satis-

fies the usual regularity conditions at the cusps of I'(M, N), and vanishes
at each cusp of I'(M, N). Therefore the space C(M, N) of all cusp forms
for I'(M, N) of weight k is @ C,(M, N). Hecke operators T,=T""(n)

are defined on C,(M, N) for each positive integer n with (n, MN) =1 (see
[3], Nos. 35 and 36) and such T, map C,(M, N) into itself (Satz 32 and
Satz 33 in [3, No. 36]).

Let F e C.(M, N) be a common eigenform of all the Hecke operators
T, with (n, M N) = 1. If there are no other linearly independent cusp forms
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in C,(M, N) which have the same eigenvalue for each T,, F is called a
newform. When ¢ is the principal character and N = 1, the above defines
newforms for the group I'j(M), which coincide with those defined by
Atkin and Lehner [1]. In their paper [1], they show how the space of
cusp forms for I';(M) may be built up of newforms of lower level and
newforms of level M. In Section 2, we shall perform an analogous con-
struction for the spaces C,(M, N), and thereby study some properties of
newforms. This in particular answers the problem raised in [1] of ex-
tending the concept of the newform to the case of I'(M) since, as
remarked by Hecke, the space of all cusp forms for the group I'(M) of
weight k is simply the direct sum of C,(M, M) over all characters ¢ mod M.

Necessary and sufficient conditions for the associated Dirichlet series
of a cusp form in C,(M, 1) to have analytic continuation, satisfy func-
tional equations, etc. are explored in Section 3. A characterization of
newforms in C,(M, 1) in terms of functional equations is also given there.
In the last section, a theorem of Ogg in [8] is generalized, although not
completely.

For convenience, p and g always denote primes; Z is the complex
conjugate of z. It is understood that all the cusp forms mentioned in
this paper are of fixed weight k.

1. Basic Lemmas

Besides Hecke operators T,, we need the following operators. For
each positive integer d and F € C,(M, N), let

o 1)
o

Z(i uN

o Lo 1)
since (o) (5 ) (6 2= 0 )endlo o)X oo

=(x y/ﬁ,we have
dz w

B,: C,(M,N)— {

F|B,=d™*?F

F|W,=d"“*F

F|UY =d"*"'F )=d’1F|Wd

C.(dM,N)
C,dM,N/d) if d|N,
C.(M, Nd)
C,(M/d,Nd) if d|M.

and
W: C(M, N)—»{
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It is clear that if d|N, B;: C,(M, N)- C,(dM, N/d) is an isomorphism
with the inverse map W,. In particular, C,(M, N) is isomorphic to
C.(MN, 1) under By,

Lemma 1. If M, then U} : C,(M, 1)— C,(M, 1). Furthermore, if ¢*|M
and ¢ is a character mod M/q, then U} : C,(M, 1)—C,(M/qg, 1).

Proof. Let F e C,(M, 1), then F| W, e C.(M/q, q) since q|M. I',(M, q)
[resp. I',(M/q, q)] is a subgroup of I',(M, 1) [resp. I',(M/q,1)] with

1 u . . .
0 1), 0O=<u<gq, as a set of right coset representatives since qlM

(resp. g% | M). Let(z b)eFO(M, 1) [resp. [y (M/g, 1)]. Since(1 “) (? Z)

d 0 1

a, bu’ 1 a, b“,
=(cur du') (0 1) where (c.,/ du,)er‘)(M’ @) Lresp- To(M/g.q)] and

w =dmodM (resp. mod M/q); ¢ is a character mod M (resp. mod M/q),

in either case we have
1 u\|/fa b
u ngd q (0 1 ) (C d)

F|U} (“ b):q“‘Fqu
a, b\ [t w\ _ L
il i) ) =eario;.

=q 'F|W,

c d
w modg \u QED.
Using U, By =By U,, we get UV : C,(M, N)— C,(M, N) if g/ MN.
If we express a form Fe C.(M, N) by its Fourier expansion, namely,
F(t)= ) a(n) z}; where z, = 2™/, then

nx1

F|By(1)= }, a(n) z3!,

nz1

FIW,(t)= 3. a(n) z},,

nx1

FIU¥ ()=} a(nd) zg,

nz1

FIT,()= ). (e(p) p* " a(n/p) +a(np) zx if (p, MN)=1
nz1
where a(x) =0 if x is not an integer.

From the above expression, we can easily show that T,B,=B,T,
L,W,=W,T,, and T,UY=U}T, provided (p,gMN)=1. Also U}B,
=B, UVNif(d,d)=1.

For a positive integer M and prime g, define V¥ = (?\l)zc q)‘l’
a=ord, M, x, y, z are integers such that ¢**x — yMz=g* If Fe C,(M, 1)

) where
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and ¢ is a character mod M/q’% then F| V,,M is a well-defined function in
C,(M, 1) because

e e 19
Mz q¢*) \c¢ d/ \-M/q"Z x'
g*xa+yc ¢*xb+yd 1 —-y'/q*
=(Mza+q"‘c Mzb+q’d) (—M/q“z' x' )
* *
= (* D)GFO(M 1)
and D =dmodM/q* provided (a
=q**x' -y zZM. ¢
Lemma 2.If q'|M and (q,q)=1, then B, V¥ =VM4B, . If ¢ is a
character mod M/q* where a=ord,M, then VM:C, (M, 1)— C,(M, 1),

VMT =T.VM provided (p,M)=1, and F|V¥|VM=c(@F for all
F e C,(M, 1). In particular, this shows VM is an automorphism.

b
d)eFO(M, 1) and ¢**x—yzM=¢"

Proof. The first statement follows from
g O\ [(q*x y\(1/g O\ [ ¢x 4y B ,
(0 1) (MZ q"‘) ( 0o 1/ Ml ¢ and ord, M = ord, M/q' .

Now assume that ¢ is a character mod M/q* where o= ord, M. The
discussion above Lemma 2 says that V¥ maps C,(M, 1) into itself. If
(p, M) =1, we can choose y, z such that y =z =0 mod p. Let Fe C.(M, 1).
Since (x, p) =1, for each 0 <t < p, there exists a unique 0 <t <p such
that t =t'x modp, therefore

o ) o i)

_[(a*x+tM?*z  —tM(g*x+tM?2)/p+ y/p + tMq*/p
- pM:z —t'Mzz+q°‘

for0<t < p shows
1 tM) (1 t'M)
tm%p(o p t'\'gdp 0 p .

(Note that —t'M?z/q* + 1 =1 mod M) On the other hand,

o D #5900 %)

(e ) o )

Thus we have shown VMT =T V™ provided (p, M)= 1.
q 4 P4

F

V;M=F|VqM

KIM=F|V;M
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Finally, since

(q“x y) x y\_(4*x*+yMz  ¢"xy+yq’\ (A ¢B
Mz q*)\Mz ¢ @*xMz+q*Mz Myz+q**) \¢*C ¢*D

A B
where(c D)eFO(M,I)andDEq“modM/q“, we get

FIVM|VM=F

(g g)= e(q)F. QED.

Two forms F, Ge C,(M, N) are said to be equivalent, denoted by
F~G, iff F|T,=4, F and G|T,=4,-G for all (p, MN)=1. So, if
FeC,(M,N) is an eigenform of all T, with (p, MN) =1, then F|B,~F,
F|UY ~F and F|W,~F provided q| MN. Further, if a=ord,M and ¢
is a character mod M/g" then F ~F|VM.

Lemma 3. Suppose q|M, q> ¥M and ¢ is a character modM/q. Then
Ug 47 VM C(M, 1) > C(M/g, 1) .

1 0 gx y _ qx y
Proof. M =g -
roof. Note that V (O q) (Mz/q 1) q W“(Mz/q 1

. (1t
I'v(M/q, q) is a subgroup of I'y(M/q, 1) with (0 ) =R,, 0=t<gq, and
gx y . . ab
= h .
( Mz/q 1) R, asaset of right coset representatives. If (c d)e]" o(M/g,1),
then

ol s [ Ynosis

where (a, b’)e]’ 0(M/q,q)
¢ d,
and d, =d mod M/q. Therefore,
1y k2 |(@ B < a b\ _ - (4 b,
Fllgu; +¢ (2 o) =Fim| S R[(© 2 =Fiw, (e
q
=edF|W,| X R=ed) F||(qU} +¢"? V™) forall Fe C,(M 1).
=0 "QE.D.
Lemma 4. Suppose F=G|B, € C,(M, 1) where G(t)= Y a(n) z! and d
is a prime. nel

1) If d|M and ¢ is a character mod M/d, then G € C,(M/d, 1).
ii) If d¥M, then F =0,
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Proof. G=F|W, e C,(M, d) [resp. C,(M/d, d)] if d4M (resp. d| M). By

hypothesis, G is invariant under ), therefore G is invariant under

0 1
the group I'(M, 1) [resp. I'(M/d, 1)] since d is a prime. I',(M, d) [resp.
I'y(M/d,d)] is a subgroup of I',(M, 1) [resp. I',(M/d, 1)] with a set of right

coset representatives R, e I'(M, 1) [resp. '(M/d, 1)]. If (: ":) el(M 1)
[resp. I',(M/d, 1)], then (x y) = (x, y/) R, for some i, where (x/ y’)
z w Z w z7 w

€ I'y(M, d) [resp. I[',(M/d, d)] and w =w mod M (resp. mod M/d). Since &
is a character mod M (resp. mod M/d), in either case we have G ’ (: 'i)

=G

’

(: i )IR,:a(w)-G. This shows i) and GeC(M, 1) if dfM
For ii), we use
G|Bi|T,=d*? 1¢(d) G|Bi** +d*G|Bi™! forall i1

to prove inductively that F|Bj e C,(M, 1) for all i 2 1. This implies F =0
because C.(M, 1) is of finite dimension. Q.ED.

2. Newforms in C,(M, N)

Let C. (M, N) be the vector subspace of C,(M, N) generated by all
G|B; and H| W, where Ge C,(M', N), He C,(M, N'); M, N' are proper
factors of M, N respectively; d|M/M' and d'|N/N'". Since T, commutes
with B, and W, if (p, MN) =1, we have

T,:C;(M,N)-»C.;(M,N) forall (p, MN)=1.

From the following commutative diagrams (true in all possible direc-

tions):
K C.(M, N) == C(MN, 1)

War I T Bny/(nrar)

C.(M',N) 4——"_7;,—”—”—_—»C8(M’N’, 1)

C(M,N) ==z C(MN, 1)

BdI I BNda/N'

C,(M,N) «_;—"—',_> C.(M'N’, 1)
where M'|M, N’|N, d|M/M’, and d'|N/N’, we see that C, (M, N) is
mapped isomorphically onto C,; (M N, 1) by By with the inverse map Wy.
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Theorem 1. Let F(1)= ) a(n)z;eC,(M, 1) such that a(n)=0 if
nz1

(n, K)=1 where K is a fixed positive integer. Then

i) a(n)=0if (n, M)=1.

ii) If q|M and ¢ is a character mod M/q, set

_ {FIU.} if ¢*|M or (K,M)=¢q
¢= U+ ) FI(U; +427 VM) otherwise .
Then ¢ € C.(M/q, 1) and F — ¢ |B,(v)= Y b(n) 2} € C,(M, 1) with b(n)=0
nxz1

Jor (n, (K, M)) =1 or n= some power of q.

Note that in Case ii), if F is an eigenform of all T, T, with (p, M) =1,
so are ¢ and F — ¢|B,, both equivalent to F.

Proof. (Almost rewrite the proof of Theorem 1 in Atkin and Lehner
[1]) For a prime p, introduce the annihilator operator A, defined by

F|4,=F—F|U!|B,.

Thus F|A,e C,(Mp%1). If p|[M and ¢ is a character mod M/p,
F|A4,e C,(Mp,1) or F|A,eC,(M,1) according to p|M or p*|M by
Lemma 1. Suppose p,, ..., p, are the distinct primes dividing K and say,
P-4 M. Then from hypothesis, F|4,,|.. |A4,,_,=®|B, €C.(Mp}...p~ 1,1)
where @(7)= Z c(n) z{. Apply Lemma 4 (15 0. Therefore a(n)=0 if

n,py...p,_ 1)- 1 Inductively, we get i). For ii), it is clear that F — ¢|B,
satlsﬁes the requirement if g*|M or (M,K)=gq. If g*}/M, write

F= Z ®;|B,, where q, ..., q, = q are the distinct primes dividing (M, K),

Fl 4o ®i=F|A, |...|A,_|U} for iZ2. We may assume ¢> 1. It
is clear that 45 i|B, € C.(Mgqj ...q*> 1) for t>i=1 and

9, |B,=F|A |4, _,€C.(Mgf ... g7, 1),
so by Lemma 4, &,e C,(Mq? ... qg*-,/q, 1). Apply Lemma 3,
G=F|(U; +4"*"' V) eC,(M/gq,1).

qJI"‘ qe -1

Note that
ord,Mgq; ... g7, =ord,M =ord,Mq} ... g7, q;=1
fori=1,...,t—1.So

2 2 - 0
BB, I(U} +9 ) = o a (4

=@, +q '®,|L withsome Lel(Mq?...q% /g, 1)
=(1+q7")®, since &eC,(Mq...q7 /g, 1)

ALEE
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and for 1 i<t
¢i|Bq.~|(Uql +qk/2—1 Vquf...q,z_l)
2 2
=&,|U; |B,, +¢"* " @, | Y M - 4:-1/a|B by Lemma 2
=¥,|B, where ¥;=&,|U}+¢"? 1 @,|VMedl-ai-i e (M3 1),

Therefore

G =F|(Uq1 +qk/2—1 V"]Mq%...qtz- 1)
t—1

=(1+q7 )&+ ) ¥ilB,=(1+q ) peC,(M/g,1).
i=1

This shows ¢ € C,(M/q, 1) and

t -1
F—(pqu=~;d§i|qu—d§,|Bq_121(1+q—1)—1tpi|Bql
t—1
=2 (P;—(1+q7 ") '¥]1|B,, as desired. QED.

i=1

More generally, we have
Theorem 1'. Let F(t)= ) a(n)zye C,(M,N) such that a(n)=0 if

nz1
(n, K)=1 where K is a fixed positive integer. Then
i) am)=01if (n, MN)=1.
i) If q|MN and ¢ is a character mod MN/q, then there exists
@eC, (M,N) suchthat F— @ =) b(n) zy with b(n) =0 for (n,(MN,K))=1

nz1
or n=some power of q.

Proof. Let G=F|By= ) a(n)zje C,(MN, 1). i) Follows immedi-
n21
ately from Theorem 1, i). For ii), let

. {GIUq1 if ¢*)|MN or (K,MN)=¢q
(0 +g™)IG(U} + g1 VMY otherwise .
Put ¢ =¢'|B,| Wy. Then ¢’ € C,(MN/gq,1), p € C; (M, N) and F — ¢ has
the required property. Q.E.D.
We now prove the crucial
Theorem 2. Suppose F(t)= Y. a(n) zy € C,(M, N) such that a(n)=0
nz1

if (n,K)=1 where K is a fixed positive integer. Then
FeC; (M, N).
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Proof. Let G(1)=F|By(t)= ). a(n)z;e C(MN,1). Since Ge C; (MN, 1)
nz1
iff FeC, (M, N), we may assume N =1 to begin with. To proceed, we
need the following
Lemma 5. Suppose F(t)= ) a(nq) z}%e C,(M, 1), q|M and ¢ is not a

nz1

character mod M/q. Then F =0
Proof. Let G(1)=F|W,(t)= Y a(nq) Z € C,(M/q, q). 1t suffices to

nz1
show G =0. It is clear that ( Mi P M(i- 1)eF (M/q, q) and G is invariant
under
| u) 1 q ) 1 u')__ 1+uM/q v(l+uM/q)+q+uM+u
0 M/g M+1)\0 1)\ My WM/g+M+1

A B

= 11 'eZ.
(C D) forall w,ueZ

Note that B=u'(1 +uM/q)+u=u(1 +u' M/q)+w« modgq. Since ¢ is not
a character mod M/q, there is some v’ € Z such that u' M/q+ 1 £0modgq
and e(u’'M/q + 1) # 1. For this «, there exists u € Z such that B =0 mod g.

A B
GFQ(M/q,q)andG=G’(C D)

B
C D
=¢(u'M/q+ 1) G. This shows G=0.

Now we prove Theorem 2. By Theorem 1', working modulo C; (M, 1),
Wwe may assume ¢, ..., ¢, are the distinct primes dividing M such that ¢

is not a character mod M/g; for i=1,...,r, and F(1)= Z a(n) z¢ with

a(m)=0 if (n,q;...q,)=1. Let &,=F|A, ... A, _ AU, Then ?,.|B,
=F|A, ... A, ,eC(Mgq}..q* 1) Smoe g i not a character

mod Mq? ... q}_,/q,, by Lemma 5, &,=0. This shows a(n)=0 if
(n, gy ... q.—,) = 1. By induction, we see F =0. Q.E.D.

. A
Choosing u, u’ as above, we have (

Combining the proof above and Theorem 1, we get
Corollary 1. If F(r)= Z a(n)z{ € C,(M, 1) such that a(n)=0 if

(n, K)=1 where K is a fixed positive integer, then F = Z ¢;|B,, where

4y, ..., q, are the primes dividing (M K) such that ¢ is a character mod M/q;
and @;e C,(M/q;, 1) foralli=1,.

Let F and G be two cusp forms for some principal congruence sub-

group I'(N)= {(j Z) el,(N,N)la=d=1 modN}. The “absolute Pe-
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tersson inner product” is defined by

1 o k=2

) TV Df(lg)F(r) G(t)y* 2dxdy

where 7= x + iy and D(N) is a fundamental domain for I'(N) (cf. Ogg[8]).
Further, (F|E, G|E) = {(F, G) for all 2 x 2 integer matrices E of positive
determinant (a fact due to Petersson [9]). Let C} (M, N) be the ortho-
gonal complement of C; (M, N) in C,(M, N). Since T, maps C, (M, N)
intoitselfand {F|T,,G) =¢&(p) {F,G|T,) for all (p, MN)=1, F,Ge C,(M, N),
we know that C,” (M, N) is invariant under T,. The formula {F| By, G| By)
=(F,G) for all F,GeC,(M,N) shows FeC, (M,N) iff F|ByeC} (MN,1).

Definition. A newform F e C,(M, N) is a non-zero form in C; (M, N)
which is a common eigenform of all T, with (p, MN)=1. The form
F(t)= Y a(n) zj € C,(M, N) is normalized if a(1) = 1.

n21
Suppose F(1)= Z a(n)zye C(M,N) is a newform such that F|T,=A,F
nz21
for all (p, MN) = 1. The formula
e(p) p* ' a(n/p) + a(np)=A,a(n) forall nz1, (p, MN)=1

shows in particular a(p) = 4,a(1). Theorem 2 implies a(1) % 0. So assume F
is normalized. If G is a normalized cusp form in C,(M, N) such that
G|T,= 4,G for almost all primes p with (p, MN)= 1, then by Theorem 2
again we get F— Ge C, (M, N). This shows F is uniquely determined
up to a constant multiple by its eigenvalues, in fact, any other normalized
cusp form in C,(M, N) which is a common eigenform of all T, with
(p, M N) =1 must have infinitely many distinct eigenvalues since C,(M, N)
has an orthogonal basis consisting of forms which are common eigen-
forms of all T, with (p, MN)=1.

A form Ge C; (M, N) is called an oldform if G= H|B,|W, where H
is a newform in C,(M’,N’) with M'|M, N'|N, d|M/M’, and d'|N/N'.
By induction on number of prime factors (counting multiplicity) of M N,
we see C; (M, N) is generated by all oldforms in C; (M, N). Thus if
GeC; (M, N)and G is a common eigenform of all T, with (p, MN)=1,
then there exists a newform H in C,(M’, N') with M'| M, N’|N such that
G~ H We also see that any non-zero cusp form in C. (M, N) which is
a common eigenform of all T, with (p, MN)=1 cannot be determined
up to a constant multiple by its eigenvalues. Thus the definition of new-
forms in C,(M, N) given above is equivalent to the one given in the
introduction.

Now let F(t)= ), a(n)z}, be a normalized newform in C,(M, N).

n21
Thus G(t)=F|By(t)= Z a(n) 2§ is a normalized newform in C,(M N, 1).

nz1

(F,G)=
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Suppose G|T,=A,G for all (p, MN) = 1, then 4,=a(p) for all (p, MN) = 1
and
e(p) P* "' a(n/p) + a(np)=a(p) a(n) for all n =1, (p, MN)=1.

Let | MN. Then G|U/} (1)= Y a(ng) z; ~ G and

nz1
G~G|U} —a(q) Ge C;(MN, 1)
by Theorem 2, hence G| U} —a(g) G=0. In other words, we have
a(ng)=a(n)a(q) forall nx=1, q|MN.

Case I. ¢ is a character mod MN/q.

i) | MN. Then G~ G| U, e C,(MN/q, 1) by Lemma 1. This shows
G|U; =0, i.e. a(g)=0.

it) g ¥ MN.Lemma 3 says G|U; +G|g"* ' ¥YMN e C.(MN/g, 1).

Apply Lemma 2, G|V;¥" ~ G. Therefore

GI Uql =a(q) G= _qk/2—l GIVqMN.

Since G|V V| V*N=4¢(q) G (Lemma 2), we have a(q)?=e(q)q* "2

Casell. ¢ is not a character mod MN/q. We apply Corollary 1 in
Ogg [7] to conclude that |a(q)| = g*~ /2.

To sum up, we state the following

Theorem 3. Let F(t)= ) a(n) z}y be a normalized newform in C,(M,N),

nx1
p a prime with (p, MN) =1, q a prime dividing MN. Then
i) FIT,=a(p)F, F|U) =a(q) F and
&(p) p* "' a(n/p) + a(np) = a(p) aln) forall nz1
a(ng)=alq)a(n) forall n=1.

Therefore, if L(s)= ) a(n)n™* is the associated Dirichlet series of F,

nz1

then L(s) has the Euler product
L= I] (1-al@q™)™" JI (1—alp)p~+e(p)p*1-2)7".
q|MN PYMN

ii) la(q)|=q*~ "2 if ¢ is not a character mod MN/q.
i) If e is a character modMN/q, then a(q)=0 if ¢*|MN;
a(g)*=e(q) ¢* 2 if ¢>¥ MN. In the latter case, we have

—alg)q > F=F|By| VMY |Wy,.

Remarks. i) For N =1 and ¢= 1, the principal character, the problem
is completely solved by Atkin and Lehner in their paper [1].
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i) For N=1 and M =prime ¢, most of these results are found in
Hecke’s two short papers [3, Nos. 39 and 40].

iii) Ogg in his paper [7] gave the results ii) and part of iii) for the
case N =1. The case of arbitrary N is an easy generalization.

To continue, we need the following two operators:
0 -t N
(M 0 ) and F|K(t)=F(-7).

It is easy to check that Hy,, K map C,(M, 1) to Cy(M, 1) with the proper-
ties: HY =(— 1), K*=1, HyK=(—1) KH,, T,K =KT,, KB, = B,K,
Hy T,=&(p)T,Hy if (p, M) =1; and if F(1)= ) a(n)z} e C,(M, 1), then
nx1
F|K()= Y a(m)z} (cf. Ogg [7]). K maps C; (M, 1) isomorphically
n21
onto C; (M, 1), so does H,, since G|B,|Hy =d *?G|H,,, and
GlHy=d"G|Hy,|B, forall GeC,(M/d,1)

with d| M, d + 1. Furthermore, the fact {F, G) = {(F|H,,, G| H,,> implies
H,, is an isomorphism from C; (M, 1) onto C; (M, 1).
Suppose F, G are two cusp forms for the group I'(N), then

F|Hy=F

(FIK, G|Ky= [§ FCD G(=1) y* 2dx dy

1
[r'(1): T(N)| D(N)

_ 1 BT k=2
T SO Oy
Obviously, —D(N) is a fundamental domain for I'(N). We thus have
(F|K, G|K)»=<(G,F). This relation in particular implies K maps
C} (M, 1) isomorphically onto C; (M, 1).

Now let F be a normalized newform in C,(M, 1). The above discus-
sion tells us F|K is a normalized newform in C4(M, 1) and F|H,, = yF|K
for some constant 7.

If M'|M, then I, (M, 1) is a subgroup of I',(M’, 1) with right coset
representatives R; e I'(M’, 1). For F € C,(M, 1) and ¢ a character mod M’,
we define “Trace” function by:

Tr}.F=Y F|R,.

Thus Try;. F does not depend on representatives and is in C, (M, 1).

Lemma 6. Suppose prime q|M, Fe C,(M,1) and ¢ is a character
mod M/q.
1) If M|N and ord, M = ord, N, then Tr}{, F = Tty , F.
ii) Let d be a positive integer such that (d,q)=1. Then

Tr ﬁﬁ/q (F|B)= (Tr%/qF )|B,.
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iii) If Trﬁ,qF=0=Tr%qF|HM, then {F,G»=0 and {F,G|B,>=0
forall Ge C,(M/q, 1).

iv) If Tryj,,F=0=Tr¥ F|H,y, and d is a positive integer such that
d,q)=1, then {F|B,, G> =0 and {F|B,, G|B,>=0 for all Ge C,(N/q, 1)
with 1 < ord, N £ ord, M.

Proof. i) If R;eI'(N/q, 1) are a set of right coset representatives for

Io(N, 1) in I',(N/g, 1), then R; are also a set of right coset representatives
for I', (M, 1) in I, (M/q, 1) since

o (N/g, 1): To (N, )] =I5 (M/g, 1): [y (M, )] (ord,M = ord, N)

and R;= AR, for some 4 in I')(M, 1) implies 4 in I},(M, 1)nI'(N/q, 1),
hence in I'j(N, 1). This proves i).

1i) It suffices to prove the case d= prime, relatively prime to ¢q. If
R;e I'(Md/q, 1) are a set of right coset representatives for I, o(Md, 1) in

-1

I'y(Md/g, 1), then R;= (g (1)) R, (g (1)) € I'(M/q, d) are a set of right
coset representatives for I'o(M,d) in I';(M/q, d). We claim that R} are
also a set of right coset representatives for I';(M, 1) in I'y(M/q, 1) for
I[o(M/q, d): Ty (M, d)) = |T,(Md/q, 1): Ty (Md, 1)] = |[,(M/g,1): T,(M, 1)]
since (¢, d)=1; and if R} = AR; for some A € I,(M, 1), then AeTy(M,d).
Therefore Try{4,(F|B,)= ) F|B,|R;=Y F|R}|B,= (T3, F)|B,.

iii) Let Ge C,(M/q, 1). Then (F, G) = const.{Tr},F, G> =0. Since
Try, FI1Hy =0, F|H,, is orthogonal to every element in C:(M/q, 1).
Therefore (F, G|B,) =<F|Hy, G|B,|Hy) = q~**(F|Hy, G|Hy,,> =0
since G| Hy, € C(M/qg, 1).

iv) We may assume Md|N. By iii), it suffices to show

Tryj(F|By)=0=Try,(F|B,| Hy) .

But
Try,(F|By) = Tryf,(F|B,) (by i))=(Tri,, F)|B, (by ii))=0

and —k/2 TN
Tr%/q(FlelHN)=d ! TrN/q(F'HN/d)

= const. Try,,(F|Hy | Byjaga)

= const. (Trizg, F|Hy)| Byjaeay  (by i)

= const. (Trif, F| Hy) | Byjara) (by 1))

=0, aswe want. Q.ED.

It was Serre’s idea to use Trace function to characterize the space

generated by newforms for the group I, (g) with £ = 1, g = prime, namely,
FeCi(g, 1) is in C{(q, 1) iff Tr{F=0=Tr{F|H, (cf. Serre [12]). This
turns out true in general as follows:
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Theorem 4. Let Fe C,(M,N). Then FeC;} (M, N) iff for all prime
q|MN such that ¢ is a character mod MN/q,

Trﬁ’ﬁ/q(F |By)=0= Trﬁ%/q (F|By|Hyy) -
(The case N =1, ¢=1 had been proved by Ogg.)
Proof. We may assume N = 1.
“Only if” part: We may assume F is a newform. Suppose g is a prime
dividing M such that ¢ is a character mod M/q, then
<Trﬁ/q}?, Trﬁ/qF> =l (M/q, 1): I, (M, 1)| {F, Tr%/qF> =0

since Tryf, F € C,(M/g, 1) and F is a newform. This shows Trﬁ‘,/qF =0.
Since F is a newform in C,(M, 1), we see that F|H,, is a newform in
C:(M, 1) from the discussion above Lemma 6. Therefore Tri 1aF | Hy=0.

“If” part: A direct consequence of Lemma 6 iii) and the definition of
CS (M, 1). QED.

Corollary 2. Suppose F is a newform in C,(M, 1), Ge C,(N, 1) and there
is a prime q such that ord,M > ord,N. Then {F|B,, G|B,» =0 provided
ord,d' 2 ord,d and ord,d'— ord,d + ord,N < ord, M.

Proof. Say, ord,d=r. Since {F|B,, G|B;) =0 iff

(F|By| Wy, G|By | Wpr> =0,

we may assume r=0, ie. (d,¢g)=1 to begin with. If (d, q)=1,
G|B; € C,(Nd, 1) with ord,Nd =ord, N < ord, M; if (d,q)=q,
G|B,,, €C.(Nd'/g, 1) with ord,Nd'=ord,N + ord,d' < ord, M by hy-
pothesis; apply Theorem 4 and Lemma 6 iv) to F in both cases. Q.E.D.

Let F, G be normalized newforms in C,(M, 1), C,(N, 1) respectively.
Atkin and Lehner proved if F and G have the same eigenvalues with
respect to T, for almost all primes p such that (p, MN)=1, then F=G
and M =N by using {-functions (cf. [1], Theorem 4). In the following
we prove this for arbitrary character, using the notion of Trace:

Theorem 5. Let F(t)= ) a(n)z}, G(t)= Y b(n)z} be normalized

n21 nz1
newforms in C (M, 1), C,(N, 1) respectively such that a(p) = b(p) for almost
all primes p. Then F=G and M = N.

Proof. Let F — G(1)= Y. ¢(n) z}, L= lc.m.(M, N) and K = product of
n21

all primes p such that a(p)+b(p). Then F —Ge C,(L, 1) and c(n) =0 if

(n, K)= 1. By Corollary 1, we can write F— G= ) 0;|B,, whereq, ..., q,

i=1
are the distinct primes dividing (Z, K) such that ¢ is a character mod L/gq;
and 6,e€C,(L/g;,1). (If no such g; exists, by convention, we mean
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F—-G=0) If for each i=1{,...,r, ord, M = ord, N = ord,, L, applying
Lemma 6 iv) to newforms F, G, get (F, 6, |B,> =0=<G, 6;| B, for every
i=1,...,r. This shows (F-G,F-G)>=0, ie. F=G. If not, say,
41> > qs(r2s=1) are the primes among g; such that ord, M # ord, N,
this will lead to a contradiction. Let f, =F, g,=G.

Casel r>s or r=s and ¢?|L. Construct non-zero forms fi» g; for
i=1,...,sinductively such that
Jfi=linear combination of f; |B,,

. . dlg? ... q2,
g; = linear combination of g, | B,, 47 - g

and f | B, (resp. g, | B,) has nonzero coefficient only if Md|L (resp. Nd|L)
as follows: Suppose we already have f,_,, g;_,, s=i> 1.
Define

(ﬁ—l_gi—l)quli if ‘IizlL
(A+a7 )7 (fimi —gi-)I(UL + g2 71 VE)  otherwise .

Since ord, M + ord,, N, we may assume ord,, L= ord, M > ord,, N.
i) g7 |L. Then fo| UL =0 since ¢?| M, and

9o UL = {b(qu')go if ¢;IN
ol b(q:) g0 —€(q,) qf-‘"lgolB., if q4N.
From B, U, = U] B, if (d, ¢;) = 1, we know
— {_b(qi)gi——l if ¢IN
—b(g) gi-1 +¢(q) ‘lf_lgi—l qu.» if q/N.
ii) g ¥L. Then
Sol(Up +4>7 V7 )=0 if M|L and ord, M= ord, L

i

and
9olUg+qf* ' V,E)=b(g) g, if NIL' and ord, L =1.
If fo| B, (resp. go|B,) appears in the summation of f;_, (resp. g;_,), we
have f; (resp. go)| By V- = f, (resp. go)| V- | B; by Lemma 2, and M |L/d,
ord, M =ord, L/d (resp. N|L/d, ord, L/d= ord,, L=1) by hypothesis
on f;_, (resp. g;,). Therefore,
hi=—(1+g;")7"b(g;) gi- -

In either case, let f;= f,_;, g;=g;-, + h;| B, From the construction of
fis gi» Theorem 1 and Corollary 1, we see inductively that for s>i>1,

fi—9i=(fic1—gi-)—h|B ;

= ). some form in C,(L/g;, 1)|B,, .

j>i
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In particular, f,— Z w;|B,, where ;e C,(L/g;, 1). If fy|B, (resp.
do|B,) appears in the summatlon of f; (resp. g,), then
 fo (resp. go)| By, Y;|B,,>=0 forevery rzj>s

by Corollary 2. This shows {f,—g,, fi—g,> =0, i.e. f,=g,.

CaseIl. r=s and gq,|L, g} ¥L. Construct f;,...,f,_, as in Case L
Then f,_,—g,_,=¢,|B,,. Therefore ¢ ,=(f,_,— gs-1)|U,.. Assume
ord, M =ord, L=1> ord .N=0. Then f,|U} =a(q)f, and

goIU —b(qs)go—S(qs)q golB Let
-f;z.f;—l—f;—ll q,IBq,=.f:§—1_a(qs)f;—1'Bq,’
9s=0s-1—9s-11Ug, 1By, =g, —b(q) g,—,|B,, +¢(q,) g g, | B2

Thus f,=g,, f,+0, and g,+0.

Suppose fo|B,, go| B, appear in the summation of f,, g, respectively
in Cases I or II. If there exists some prime g#gq, ..., q, such that
ord, M # ord, N, then (d, q) =1, (d, g9)=1, {f,| By, go|Bs> =0 by Corol-
lary 2. Now assume for every prime q ¢, ..., g,, ord, M = ord, N. Then
Case II can happen only if r = s> 1 (otherwise, we would have M]|N or
N|M, and M=+ N, 1mp0351ble) Consider ord, M and ord, N, say
ordqlM > ord,, N. Then in either case, we have (d q,)=1 and ord Nd
= ord,, L= ord, M. Applying Corollary 2 again, get { f,|B,, gOIBd> 0.
In any case, we have shown {f,g,> =0, ie. f,=g¢,=0, a contradiction.
Therefore, we cannot have s> 1, thus F=G.

We prove M = N by

Lemma7. If FeC,(M,1)nC,(N,1) and D= g.c.d. (M, N), then
FeC,(D,1).

Proof. 1t suffices to prove the case N=p*N, M =p’M with
(P M'N')=1 and |x—p|=1, say a— f=1, then F e C,(p’ N’ 1). [Note
that ¢ is a character mod g.c.d. (M, N), hence modp? N'] For this, we
have only to find a set of right coset representatives R, for FO (®*N, 1)
in I"O(p"N’ 1) such that R;e I'(p’ N, 1)nI,(p* M, 1), which is visibly
possible since (p, M')=1.

Remark. Theorem 5 was proved in different formulations by Miyake
[6], following Weil [17], and by Casselman [2], using representation
method, respectively. To the author’s knowledge, the elementary proof
given above is new.

Corollary 3. Suppose F(1)= ) a(n)zy, G(t)= Y b(n)z} are new-

n21 nz1
Jorms in C.(M, N), C,(M’, N') respectively such that a(p)=b(p) for almost
all primes p. Then a(n)=b(n) for all n=>1 and M'N’ = MN.
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3. Dirichlet Series and Functional Equations

To begin with, we state a theorem due to Weil: (cf. [16]).
Theorem 6( Weil). Let F(1)= ) a(n)z} e C,(M, 1);

nz1

Ls)= ) am) x(mn™ and A,(s)=(m/2n)}*I'(s) L,(s)
nz1
be functions defined on some half plane Re(s) > o >0 where y is a primi-
tive character with conductor f,=m relatively prime to M. Suppose
F=Ci*-F|Hy with C= + 1. Write

C,= C’E"; Y= M)e(f)

where ¢(x) = Gauss sum = Z x(y) e2™'™ Then A, has analytic con-

tinuation in the whole s- plane, remains bounded in each vertical strip
o’ £ Re(s) £ ¢” and satisfies

A (5)=C M"*"5As(k—5) whenever (Mym)=1.

Conversely, suppose F(t)= Y a(n)z{ is a formal power series with
nz1

complex coefficients such that a(n)= 0(n°) for some ¢ >0and the associated

Dirichlet series L(s)= ) a(n)n™* converges absolutely at s=k—¢ for
nx1
some k>06>0. ¢ is a character mod M. If the above results for A, hold

for almost all primitive characters y with the conductor f,=m, an odd
prime not dividing M, and for the principal character ¢ =1, then F € C,(M, 1)
and F = C - i*- F|H,,. (Note that the character ¢ here must be real.)

Further, we prove
Theorem 7. Let F(1)= Z an)zi e C,(M, 1) and L(s)= Y. a(m)n™* its

nz1
associated Dirichlet series. Suppose F|H, =yF, y a constant, and L has
Euler-product
L(s)= ﬂ(i —alg) 47°) ﬂ (1—a()p~*+e(p) p*~ ~2)7
qiM

Then e¢=1, the principal character, and F is a normalized newform in
Ci(M, 1).

Proof. L(s) has Euler-product means F|T,=a(p) F for all (p, M)=1
and F|U,; =a(g) F for all g| M. Since Hy T, —s(p) T, Hy for all (p, M)=1,
the assumptlon F|H,,=vF implies for (p M)=1,

ya(p)F =yF|T,=F|Hy|T,=&(p)F| T,| Hy =&(p)a(p) F| Hy = €(p) a(p) yF.
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L(s)# 0 says F #0. There exists a normalized newform G € C,(N, 1) with
N|M such that F~G, ie. G|T,=a(p)G for all (p, M)=1. Therefore
a(p) #0 for almost all primes p and the above formula implies &(p)= 1
for almost all primes p. This shows =1, the principal character.
Now write F= Y ¢, G| B, where ¢, are complex constants. Clearly,

d|M/N
¢, =1. yF =F|H,, implies y? =(—1)%, in particular, |[y|=1. G is a nor-
malized newform in C, (N, 1), hence is an eigenform of Hy, say y'G = G|Hy,
with |[y'| =1. From

yF=F|Hy= Z CdGIBleM=ch'd_k/2G|HM/d
d|M/N d

= Z Cq- d—k/Z(M/(Nd))klz G|Hy| BM/(Nd)
d

= d‘AX‘:/ch -d™*-(M/N)¥2y' - G|Bpynay »

by comparing coefficients of G|B,, we get a relation:
YCa= 'y,CM/(zv‘i)dk(M/IV)_M2 for all dIM/N

since G|B, are linearly independent as d runs over all factors of M/N.
Taking absolute value of both sides and setting d =1, we get

1= cpnl (M/N)~¥2 (1)

For q|M, a(q)=0 if g*| M; a(q) = + ¢"? ! if g2 ¥M by Theorem 1 in
Ogg [8] (cf. Ogg [7,8]). Suppose G(t)= Y, b(n) z{. Then
nz1
a(@F =F|U} =} ¢,G|B,|U} + chGleI U}
q\d
= Z chIUlIBd'l" chGle/q
q\d

Case I q|M, g N, > ¥ M. Then G|U; =b(g) G—¢* "' G|B, and
Za(Q)CdGle'—a(Q)F ch (@G|B;—q k-t Z CdG'B |B;

q\d q\d
ch IBd/q'
qld
Ths (@ ca=b(@) @
ADea=b)CatCaa g0 o raiM/N
{a(q> Cag= —a"" s U AM/N ®)

From (3), ¢,= —a(g) ' ¢*~! = — a(q) q since a(q)* =q*~2 This together
with (2), we get
b(@)=a(@)—c,=alg)(@* - )/(g—1).
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Using the formula
q“ " b(n/q) + b(ng) = b(n) b(g),

we obtain inductively that
bg") =a(q)" (@ - 1)/(q—1).

This shows b(g") is exactly O((¢g™*?) as n— co, contradictory to the fact
b(n)= O(n*/>~1/5) as n— oo (cf. Selberg [11] and Rankin [10]). Therefore
Case I cannot happen.

Case IL q|M, g N, q*| M. Then a(q)=0, G|U, =b(q) G—q* "' G|B,
and

0=a(q) F= Y ¢,b(q) G|B,—q*"' Y ¢,G|B, |B,,+chG|Bd,q

q\d q\d
Thus
b(q) c;+c4=0 for qtd|M/N
{~q"”‘cd+cq,,2=0 for q¥d|M/N, @)
;=0 if ¢®|d|M/N . 5)
(1) and (5) imply ¢34 M/N.

Case I11. g|N and q|M/N. Then a(q) =0, G| U} =b(g) G, and
O=a(Q)F =} Cdb(q)Gle+chG|Bd/q

q\d
Thus
{cdb(q)+cd.,=0 for qkd|M/N, (6)
c;=0 if g*|d|M/N. (7)

(1) and (7) imply g> ¥ M/N.

Therefore we can write M/N = K, K, such that | K, iff ¢*| M, g/ N;
q|H, iff g M/N, q|N. Thus K, =(q; ... ¢,)>, K5 =4 ... d; where g;, qj
are distinct primes dividing M/N. From (4) and (6), we know

CrMN=CKK3 = K(zknlm(— 1)°b(qy) ... b(qs

¢y +0 shows b(g)) +0 i.e. |b(g))| =(gj)"*~", therefore

k-1)/2 prk/2-1
IcM/N'=K‘2 y K3/

and (1) becomes 1 = (M/N) ™2 |cyx] = K5 *K3*. This shows K, = K3 =1,
i.e. M = N, hence F = G is a normalized newform in C;(M, 1).  Q.E.D.

Remarks. i) Let E be an elliptic curve defined over @, the rational
field, with the conductor M and the associated “zeta-function”

L)=T](1-al@q™)" ﬂ (1—a@p~+p'~*)""

qlM
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(for detailed definition, see Ogg [8]). Granting Hasse conjecture, namely,
L(s) has the properties stated in Theorem 6, converse part with k=2,

Weil's theorem says that the associated function F(r)= ) a(n)z{ is a
nz1

cusp form of weight 2 for I'y(M, 1) and F|H, = —C-F. Theorem 7
says F is in fact a newform in C,(M, 1). With respect to this newform F,
we can construct a Shimura curve E’ defined over Q with zeta-function
L (s) and the associated modular form F". It follows from the “congruence
relations for the modular correspondences” of Eichler and Shimura [15]
that L (s) is the same as L(s), except perhaps for the factors corresponding
to the bad primes. Since F and F' are both newforms, we must have
F=F or L=L. We now state

Conjecture (of Weil). Every elliptic curve defined over @ is a weak
Weil curve (cf. Mazur [5]).

ii) Theorem 7 says that the normalized newforms in C;(M, 1) are
exactly those which are eigenforms of H,, and whose associated Dirichlet
series have Euler product. A generalization of Weil’s theorem to ¢ +1 is
Theorem 8 below, followed by Theorem 9 which gives a criterion for
newforms in C,(M, 1) of arbitrary character, similar to Theorem 7.

To begin with, we set up the following conventions: Let M, K be
fixed integers, F(r)= ) a(n)z{ where a(n) are complex numbers with

n21 -
a(n)=0(n°) for some o >0, G(t)=F|K(7)= Z a(n) z§. For a primitive

nz1
character x with conductor f, =m, relatively prime to M, we define

L= Tanxen™,  Lo= L annn
nz1 nz
40=(3) TOLO.  A0=(3) TOLO

F@=Y anxmz and G )= aW )z =FlK@)

nz1 nz1

on the half plane Re(s) >o and the upper half plane Im(z) > 0.

It is known that A,, A; have analytic continuation in the whole
s-plane, remain bounded on each vertical strip o’ <Re(s)<o¢” and
satisfy the functional equation A ,(s)=C, M*?7* A;(k — 5) for some con-
stant C, [call this condition (4)] iff

F,=C,#*Gy|Hypa=C,i* F, | K| Hygpa
Since @
F=f|2% za) ™" ¢ =
x(—1)-FE,=F I - Y. () (0 m) where g = Gauss sum,

amodm
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the above says (A) holds iff

%Z‘()( )Cr l Zx(a)( ")

amodm amodm

F

ie.

20y i(a)F’(rg :l)=c,i"!%. y ,((a).Fl(g1 “)

m amodm amodm

=c,ik@ ¥ ()FIK.( )

amodm

ie.

o 5 or( 2J-com 3 sar; 3

amodm amodm

since () = 2(7) x(— 1), ie.
o) T F0F|(0 1) =Gt T xaFikimatan(] )
amodm amodm

where
m

va b=y ) )ern

A [

Therefore (A) holds if and only if
® s T war|(; o)

amodm

=Gt @I T 70 FIKHua )y )

bmodm

and

since mn — Mab =1 implies — Mab =1 modm.
If Fe C,(M, 1) and (A) holds for y =1 (therefore m= 1), i.e.

F=C,#* F|K|H,,

then for a primitive character y with conductor f, =m relatively prime
to M, (B) reads

20 Ci* Y i<a>'FlK'HM|('g :.)

amodm

—_— b
—C, M T=MEm T 70 FIKiH| (3 ).

bmodm
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This proves the first part of
Theorem 8. Let F(1)= ) a(n)z} € C,(M, 1), 4,, /fl as above. Suppose
n=1
F=C,i*- F|K|Hy. Then (A) holds for all primitive characters X with

conductor f,=m, relatively prime to M, and with

()
M
00 x(— M) e(f))

c,=c, L

where g(y) = Gauss sum.
Conversely, suppose F(t)= Y. a(n) z} where a(n) are complex numbers
nx1
with a(n) = O(n°) for some ¢ >0. Let ¢ be a character mod M. Assume (A)
holds for the principal character y=1 and for almost all primitive charac-
ters y with conductor f,=m, an odd prime not dividing M, and with

avd)

#

Then F is a modular form of character ¢ and weight k on I'y(M), and
F=C,-i* F|K|H),.

C1=C1'

w(=M)e(f).

Moreover, if L(s)= Y, a(n)n™* converges absolutely at s=k— & for some
n21
k>0>0, then F is a cusp form (cf. Shimura [14]).
Remark. Note that if a form 0+ F € C,(M, 1) is an eigenform of K H,,
with eigenvalue ¢, then |o| =1 since
F=(—1)*F|K*H{ =F|KHy KH, = («F)|KHy, =%(F| K H,)
=aaF =|o*F.
Therefore |C,|=1.
Proof. It remains to prove the converse part. By hypothesis,
F=C,i* - F|K|H,. Let S be the set consisting of all odd primes m such
that (A) holds for all primitive characters y with conductor f, =m. Then

for meS, x a character with conductor f,=m (y is thus primitive),
(B) reads

© ¥ X(a)Fi( m)—a(m) Y. %(b)-Fly(a, b)(m :1)

amodm bmodm

since

_c 2
=G 700 x(—M)e(f).
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We shall use Weil's method in the following proof. Only the main steps
will be sketched. For more details, see Weil [16].

Let Qp be the algebra over the complex field generated by all
weGL, (2, R) such that Flw=0. Then for me S, x a character with
J,=m, (C) is equivalent to

© (-cmrab)(§ ) =-sm@)(] 7] modey

for all b, b’ with (b, m)=1 = (b, m).
We first claim F|y(a,b)=¢(n)F, ie. 1 =¢(m)y(a, b) (mod Q) where

r=vab)=( 7

-b . , m b
Ma n )el"o(M,i) with m, neS. Set y —-( )

Ma n

b —-b
Note thaty‘1=(Mna m) and y’"1=( " )

—Ma m
Apply (D)tomeS:

-b
sy ) =t—eon(s ) mosen,
1.€.

o)y =(1 ~so ) 2,,',’) (mod@y). (@)

Apply (D)tones:

-b
(=sr)(g )=y [y P) mode,
1.€.
—e) (1—stmy)y ™ =(—stiy ) ) modey),

1.€.
~2b
t—stmy =(t—s0)y (g )y mode).
From (a) and (b), we get
m 2b _o 4Q,)
(t~smi-n (5 2] =0 (moda
or
(1—em ) (1 —p)=0 (mode,)
where

el e )

is elliptic with infinite order. Thus 1 —e(m)y =0 (mod Q).
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b
Now let y= (A/‘IZ d)el"o(M, 1); we want to show F|y=¢(d) F. For
¢c=0, a=d=1, Fl]y=F by assumption. For b=0, a=d =1,

IR R

i 1 —¢ 1 —c¢
F(Mc 1)=(—1)"F|HM(O 1)HM=(—1)"F|K2HM(0 1)HM

~FIKiE K () ) Ee=CrR) () f) ki

=(C,i*F)|KHy =|C,**F=F.

Suppose b+0. ad— Mbc=1 implies (a, Mb)=1, and (d, Mb)=1. So
there exist integers s, t such that m=a+ Mbse S, n=d+ Mbte§ and

1t 0O/m b 1 0 . , .
hencey—(_Mt 1)<Mb’ n)(—Ms 1) with b'=at+c+ns. This

implies F|y=¢(n)F =¢(d)F. Finally, for the case b=0, a=d= —1, we

1 . .
can apply the above results to y ( ':) with u non-zero integer to get the

0
desired conclusion.

The condition a(n) = O(n°®) for some ¢ >0 implies F is holomorphic
at each real cusp; L(s) converges absolutely at s=k—46 with k>46>0
implies F vanishes at each real cusp. This completes the proof. Q.E.D.

When ¢=1, the principal character, F=F|K for every normalized
newform F in C,(M, 1), therefore Theorem 8 coincides with Theorem 6
on the normalized newforms in C, (M, 1).

Theorem 9. Suppose F(t)= ) a(n)z} € C,(M, 1) with the associated
nz1
Dirichlet series L(s)= Z a(nyn™°. If F|K|Hy =yF for some constant y

n21

and L(s) has Euler product, i.e.
L(s)= I/yi —al@) g ) [ (1—a@p*+e@p 7)1,

M
then F is a normalized newform in C,(M, 1).

Proof. By assumption, F is an eigenform of T, with (p, M)=1 and

U; with g|M, hence there is a normalized newform G(r)= Y b(n)z}
nz1
€ C,(N, 1) with N|M, equivalent to F, such that F= ) c¢,G|B, where
d|M|N
¢, are complex constants. Since G is a newform, G|K|Hy =y'G for some
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constant y'. By the remark under Theorem 8, we know |y| = |y’| = 1. From

yF=F|K|Hy = |Z (CdGIBd)|K|HM=ZEd'GIK'Bd‘HM
d|M/N d

= 3244 M/NP? - GIK | Hyl Bu
= Z g d M (M/NY2y - G|Byyiva) »
d
we get
YCa= 7’ EM/(N.i)dk(M/N)_k/2 for all d]M/N

by comparing the coefficients of G| B, since G| B, are linearly independent
as d runs over all the factors of M/N. Clearly, C, = 1. Taking absolute
value of both sides and setting d =1, we have

= |CM/N| (M/N)_klz- ®)

If g| M/N, then ¢ is a character mod M/q.
To go further, we need the following

Lemma 8. Notations as above. If q|M/N such that q ¥ N, g* ¥ M, then
we have |a(q)|* =¢* " and C 4= —&(q) a(q) ¢, for all d|M/N, qfd.

Proof. G|U} =b(q) G —¢(q) 4*~* G| B, by hypothesis. From
al@ F=F|U}=Y ¢,G|B;|U} + Y ¢;G|B,| U}
[AX qld

=Y ¢,;b(q) G|B;— Y. cie(q) "' G|B,| B, + ZI: caG|By,
qld

a\d q\d
we have
a(q) cs=b(g) ¢+ ¢cqy (d)
{a(q) cag=—e@)g* ¢, for qyd|M/N. ©
Since C, = 1, () gives ¢, = — alq) "' &(g) ¢ ". Substituting this into (d), get
a(q)—b(g)+alg) 'e(q)g* =0 ®
" W@ T@ala) b@) = — ¢ = its conjugate
=¢(g)a(g)® — e(9)a(@)ba)
or

a(q)> — alq) bq) =e(g)*a(q)* — ¢(g) ag) blg) since b(g)=¢(g) b(q).

This shows a(g) = 8(@ or a(q) + £(q) a(q) = b(g).
Claim a(q) = £(q) a(q) is impossible. If so, we must have a(g) + £(q) alq)
=b(g), together with (f), a(q) ag) =¢* ' and hence

cdq=—a(q)"s(q)q“‘lcd=—c-l(_q—)s(q)c,, for qtd|M/N.
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Suppose on the contrary, i.e. a(q)=3&(q)a(q). Recall the operator

VM= (;qu Z) with xq% — yzM = q. For d|M/N,

o 1)z )=t 206 )

oo "4 9 ¢

_|\zeM/dq) q/\0
B xq yd/g\(d O .
(zM/d 1 )(0 q ir qld.
Thus
FIK|V}M= Z':q_"’ZEJ'GIKIB.:/q+ Y &(9)4"%¢;- G|K|B,,
qld g\d
=F|V"1M|K.

Now let g=F|U, + F|¢"* "' VY =a(g) F + ¢* ' F| V™ e C,(M/q, 1) by
Lemma 3.

g|K|Hy =(a(q) F)| K|Hy +q"> 7' F| V' |K|Hy
=a(q)-FIK|Hy +4"* "' F|K|VM|Hy

=al@yF+¢*'FIKIH,| T TF
a@yF+a FIKIH (Y »
since VMH, =H,, a B

! —My xq

=& a(@)yF+q"* 'y -elg FIVM

) —— q -z\

since a(g)=%(q) a(q) and F{(—My xq) =E(q) FIVM
=&(q)yg -

On the other hand, g ~ G, therefore g= ) y,- G|B, where y, are
| M/(gN)
complex constants. So
&gy -g=g|K|Hy= Z Yad K(M/NY2y - G|Byyva) -
d|M/(gN)

This shows g =0 for d|M/(Ngq) implies g td, while g| M/Nd). We then
have a(g)’ =&(g) ¢“~2 since F|V¥ VM =g(q) F by Lemma 2. Therefore,
¢,= —alq) q and b(q) = a(q) (1 + q). From the formula

e(g) ¢~ b(n/q) + b(ng) = b(n) b(q),
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we get inductively b(g")=a(g)"(1—q""*)/(1 —g). This shows b(g" is
exactly O((¢")?) as n— oo, a contradiction (cf. proof of Theorem 7,
Case I). Q.E.D.

For the cases q|M/N, ¥ N, g*|M; and q| M/N, q|N, we have q>| M.
Apply Lemma 1, F|U; = a(q) F € C,(M/q, 1) hence a(g)=0. (If not, then
FeC,M/q,1) and VF=F|K|Hy=q"?F|K|Hy,|B, would imply
a(1)=0.) Using the same method as in the proof of Theorem 7, Cases II
and III, we obtain

if 9| M/N, q ¥ N, ¢* | M,

{—e(q)q""‘ca+6aqz=0 if gtd|/M/N, ©)
;=0 if g3|d|M/N; (10)

if g|M/N, q|N,
{cdb(q)+cdq=0 if gqkd|M/N, (11)
;=0 if q2|d|M/N. (12)

(8), (10), and (12) imply we can write M/N =K, K, K; such that q|K,
iff g|M/N, g¥N, > ¥ M; q|K, iff g|M/N, g N, ¢*|M; q|K, iff | M/N,
qIN; and K, =g, ... 4, K, =(q; ... 4)> K3=4i ... q; where g, g}, g,
are distinct primes. From Lemma 8 and (9), we know

leagnl = K§TV2KE T2 ey |

Substituting into (8), we must have K; =K, =1 ie. M/N=K,, and
K342 |cg |=1. But this shows K; =1, otherwise, for q|K;,

k/2—1 : 3
Ib(g) = {q if ¢ is a character mod N /g by Theorem 3,

q¢* 12 if ¢ is not a character mod N/q
deriving from (11), we would have ¢~' or ¢~ * appear in Kj"?|cg,|
which can not be cancelled. Q.E.D.

Suppose F is a nonzero form in C,(M, 1) and F is a common eigenform
of all T,, U}, (p, M) =1, q| M, then there is a newform G € C,(M’, 1) with
M’'|M such that F= ) ¢,G|B,, where ¢, are complex numbers. We

diM/M’
claim ¢, #0. If not, let d, > 1 be the smallest integer such that c, +0.
Then there is a prime qld,. Since G|B,;|U,; =G|U,|B, if gqtd, and
G|B,|U;} = G|B,, if q|d, the relation

FIU}= Z";chle,q+ %dchI U, |B,= constant - F
q q

implies d,/q is an integer less than d, with c, , nonzero, a contradiction.
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Therefore F can be normalized. Applying Theorem 9, we get another
version of newforms, namely, a non-zero form F € C,(M, 1) is a newform
iff it is a common eigenform of T,, U;, and K Hy, where (p, M)=1, g| M.
If Fe C,(M, N), then F|Bye C,(MN, 1) and it has the same associated
Dirichlet series as F. Moreover, F is a normalized newform iff F|By is.
Therefore corresponding results on forms in C,(M, N) can easily be set
up from the results on forms in C,(MN, 1) with suitable modifications,
not worth discussing here.

4. Some Result on a Convolution of L-Series
In this section we generalize a theorem of Ogg. Let F(x)= ) a(n) z}
and G(r)= ) b(n)z} be two forms in C,(M, 1). The convc;'lgultion of
Dirichlet se;igeé Lg ¢ is defined by
Ly,6(5)={(25) Y, am) Blmyn=¢+*-0

nz1

{u@)=[] t=p™7".
M
Rankin proved Ly ;(s) defined above is entire if {(F, G) =0, and entire
except for a simple pole at s=1 if {F, G) %0, using the following method
(cf. Rankin [10] and Ogg [8]).

where

First note
—_— ® 3 —_
[ F(@)G)y* tdxdy= [y*"'dy | F(z) G(r)dx
Ixj=4 0 -

— {ys_l Z a(n)l-;(_n)e""""dy

nz1

=(@m)~*I'(s) Y am)bmn~s.
n21
Replacing s by s+ k— 1, we have
@) C (s +k—1) Y a(m)bmn~ V= [ y(F G),

nzl Ixl =%

where é(F,G)=F(t) G(x) y* " 2dx dy. If we let Dy(M) denote a funda-
mental domain for I';(M, 1), then

2u2s) | yoEG=3 YD 5E 6 yEMs)

2
Ix/s4 i 4% poon
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where u is the Mobius function and
E(t,)= Y  |mt+n%

m,n
(m,n)*(0,0)

is an Epstein zeta-function. Let
I(z, s)=(y/m)'I'(s) E(z, 5).

Then I(z, s) is entire except for a simple pole of residue 1 at s= 1, 0, and
satisfies the functional equations I(z, { — s)=1I(z, s) and I(a(z), s)=I(z, 5)
for every a e I'(1, 1). To sum up, we have

®(s) = 2n/)/ M) 2 I'(s) [ (s + k— 1) Ly, (5)

SO0 HD s i, ).
2 im 4 b

Ogg’s Theorem 6 in [8] can be generalized to

Theorem 10. Let Fe C{ (Ny, 1), Ge C{ (N,, 1), M = L.c.m. (N,, N,) and
N = product of primes q|M such that ord,N,=ord,N, (= ord,M).
Suppose for every prtme q|N, ord, N, —-ord No=1 and FlvM —Cq
GV =n,G, &2 =1=n Then

O ()=d(s) [[(1 =&ma ™) =¥ (1—5)
where aw

®(s)=Q2n/)/M) () (s + k—1) Ly, (5) .

Proof. If prime q|M such that ord, N, # ord,N,, say ord,N; > ord,N,,
then for dgq|M, D,(M)= U R; DO(M/q) where R;el’ (M/q, 1) are rlght

coset representatives for Fo (M) in I',(M/q), and
| 6(F, G I(Mz/(dq),s)=) | &(F,G)I(Mr/(dg),s)
Do (M) i RiDo(M/q)
=Y [ O(FIR;GIR)I(Mt/(dg),s)° R
i Do(M/q)
=Y [ O(FIR,G) I(M1/(dg),s) since GeC,(M/g,1)
i Do(M/q)
M/(dq) 0\7!
wa (160 O)g, (M1 Oy
0 1 0 1
= | &(Tcd,E G I(Mt/dg)s)
Do(M/q)
| Ty, F, G) I(M1/(dg),s) by Lemma 6, i)
Do(M/q)
=0 since FeC{ (N, 1), Try!, ,F=0 by Theorem 4.
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Thus
_ (4n)! u(d)
*E)=" ,,T@;, &
q\d
[ § OEGIMd ) =q™ | 8(F,G)I(Mz/(dg)s)
Do(M) Do (M)
(4n)k—1

_ > HD 1 56y 1M/, )
2 d|M d Do (M)
q\d

k—1
U s B s Gy Mea, )
2 d|N d Do (M)
by repeating for all g| M/N .

Now let prime g|N. By hypothesis, ord, M = 1. For dq|N,

(M/(dq) 0) o (M/d 0)-1e .

0 1 0 1
therefore
| O(F G)I(Mc/dg).s)= [ O(F|V* G|V I(M</(dg),s)o V™
Do (M) Vi Do(M)
=&, | O(F, G I(M1/d,s),
and Do(M)
(4m)~! M)
D(s)=
(s) 2 dlzmq 7
: [ [ 8(F,G) IMc/d,s)—q™ | O(F, G)I(M1/(dg),s)
Do(M) Do(M)
4myt _
= T0-¢na™ | 86 I0Mr,
alN Do(M)
by repeating for all g|N. Thus @*(s)=®* (1 — s) since
IMz,s)=I(Mz,1—5). Q.E.D.

The remaining problem is whether there is a functional equation for
®(s) in case there exists a prime g such that ord, N; = ord, N, > 2. If this
were solved, it would be very interesting to compare this with Jacquet's
representation-theoretic generalization of Rankin’s result (cf. [4]) and
with Serre’s definition for the local zeta-function of a product of elliptic
curves (cf. [13]).
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