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A Criterion for Finite Representation Type

Klaus Bongartz

Fachbereich 7, Mathematik, Gesamthochschule Wuppertal, GauB3strasse 20,
D-5600 Wuppertal, Federal Republic of Germany

We know by experience that an algebra has infinitely many isomorphism classes of
indecomposable modules if and only if it “contains” an algebra which is closely
related to the path algebra of an extended Dynkin-quiver. We prove the
corresponding result for a certain class of algebras which we call standard.
Moreover, a not representation-finite standard algebra of dimension d has
infinitely many nonisomorphic indecomposables of dimension =<4d+30. This
improves the bound announced in [3] considerably.

There is some evidence [ 8, 14] that all minimal distributive not representation-
finite algebras are standard. This would give a numerical version of the theorem of
Nazarova-Roiter on the second Brauer-Thrall conjecture.

The proof of the theorem is based on the classification given in [3] and [4] and
uses some generalizations of results on coverings from [2] and [7]. In Sect. 1, we
recall some important definitions from [7] which we need to state our theorem
precisely. Section 2 contains the generalizations of [2] and [7, 2], already
mentioned. In Sect. 3 we prove the theorem and illustrate it in Sect. 4 by an
example occurring in the classification of representation-finite algebras with three
simple modules [8].

This article has been motivated partially by discussions with Fischbacher and
Gabriel about practical difficulties which went up in the classification of
representation-finite algebras with three simples. I am grateful for this as well as for
some useful remarks they made on the preprint of this paper.

We use the notations introduced in [6] and [7]. In particular, k denotes an
algebraically closed field, and we consider only finite dimensional right modules.
When we use a notion for the first time, we indicate by (x, y) the section y of the
article x, where the reader can find a definition.

1. Statement of the Main Result

Let A be a Schurian category [7, 1.3]. As in [7, 2.1], we denote by S, the set of
sequences (xg,X;,...,X,) of pairwise different objects of A such that the
composition

A(Xgy X 1) X A(x1, X)X oo X A(Xy— 1, Xp) > A(Xg, X,)
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is non-zero, by C,A the free abelian group generated by S,4 and by H,A the
homology groups of the corresponding differential complex C,A.

Definition. A k-category A [6,2.1] is called simply connected if it has the following
properties:

a) A is locally bounded [6, 2.1] and Schurian.

b) The Gabriel-quiver Q , ([6, 2.1] and [5, Introduction]) of A is connected,
directed [7, 2.6] and interval-finite [7, 2.6].

c) H;A=0.

For representation-finite algebras, this definition coincides by [7, 2.12] with
the usual one [6, 6]. The same is true for the next definition.

Definition. An algebra A is called standard if A is finite dimensional, distributive,
and basic [5] and if it admits a Galois-covering [9, 3.1] A% A, where A is simply
connected.

Recall that A is distributive if and only if A(a, b) is a uniserial A(a, a)— A(b, b)-
bimodule for all a, b € A. Given an object s of a locally bounded Schurian category
A with directed Gabriel-quiver @4, we denote by A, the set {te A|A(t,s)+0}
endowed with the partially ordering

t<t e (t,t,s)eS,A

Dually, we define A° (compare [ 7, 2.6]). With a partially ordered set S we associate
a k-category kS which is defined as S, in [7, 2.6]. In Fig. 1a we recall the shape of
certain graphs.

Definition. A k-category 1s called A-free if it does not contain a full subcategory
B = kQp satisfying |Qg|=A4,, n=1. Here |K| denotes the underlying graph of the
quiver K and kK the path category L6, 2.11.

Figure 1b describes 4 families of algebras by quivers and relations. An edge —
can be replaced by an arrow in arbitrary orientation. The algebras of type (2) and
(3) are defined by the obvious commutativity relations, those of family (4) by the
vanishing of the sum of all paths from n+1 to 1.

Our main result is as follows:

Theorem. Let A be a standard algebra of dimension d. Denote by A— A a Galois-
covering with simply connected A. Then the following two conditions are equivalent :

1) A is representation-finite.

2) A has the following properties:

a) All k/Ts and kA, se A, are A-free.

b) A does not contain a full convex [7, 2.6] subcategory B-=>kQgz with
|Qpl=A54+1-

c) An algebra of the families (1), (2), or (3) with strictly less than 2d+ 3 points
does not occur as full convex subcategory of A.

d) Any full convex subcategory of A with at most 9 points is representation-
finite.

Moreover, there exist infinitely many isomorphism classes of indecomposables of
dimension <4d+30, if A is not representation-finite.
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Remark. The conditions stated in 2) are equivalent to

a), b), ¢), and d’) which says:

d’) A does not contain a full convex subcategory which has one of the
frames (see [11, 1]) 1-141 in [4, 3.2].

This equivalence is shown in [4]. Condition d’) is much easier to verify
in practice (cf. Sect. 4).

2. Homology Groups and the Separation Criterion

2.1. Let A be a locally bounded, directed Schurian category. Given a sink sin Q ,,
we denote by A’, respectively, kA; the full subcategories of A, respectively, kA,
obtained by forgetting the object s. This gives rise to an exact sequence of
differential complexes

0-CkA;-»C kABC A >C,A-0 (1)

and induces a Mayer-Vietoris-sequence

o H kA HkA®H A" H A" H, kA~ ... (2)

This sequence is crucial in [7, 2].
Finally, we recall the definition of a separating point and fix the notations.
Choose a point x € A and decompose the radical of A(?, x) into indecomposables

m(x)
so that rad A(?,x)= (P Ri(x). Denote by A(x), respectively, B(x) the full
i=1

subcategories of A supported by the points y%x [7, 2.6], respectively, by the
connected component in A(x) defined by the support of R(x). The point x is
separating in A, if i< implies By(x)#+ B;(x) for all i and j.

Lemma. Let S be a finite partially ordered set with associated k-category A=kS. If
A is A-free, all points are separating.

Proof. We show the contraposition. Suppose s is not separating. Thus, there are
two neighbours u, v of s and two indices i % j such that B(s) = B,(s) and R(s)(u) #0
# R(s)(v). Choose such a pair (u,v), which is connected in A(s) by a walk w
containing as few sources as possible. Figure 2 shows such a walk. Of course, u=gq,
or v=gq, is not excluded, but n is at least 2.

S=S§
el e
/ T~
/ \
u Sy Sy v

Fig. 2
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By minimality the full sul)category supported by the sources and sinks is
isomorphic to kQ with |Q|=4,, ;. q.e.d.

The lemma cannot be reversed, as is shown by the commutative quiver

e

2.2. Proposition. Let S be a partially ordered set of finite cardinality 4 S. Set A=kS.
If Ais A-free, we have H A=0 for all n=1.

Proof. By induction on #S. If S has only one sink, one can write down an
appropriate chain homotopy as in the proof of [ 7, 2.6], first step, without using the
assumption that A is A-free. In the other case, choose a sink s. The associated
categories A’, kA, and kA, are again A-free. By induction, the sequence (2) of 2.1
tells us H,A=0 for n=2. Moreover, we obtain the exact sequence

0—H, A—>HkA, > HkA®HA'.

The “connected components” form natural bases of the H,’s and i, is injective,
because s is separating (cf. [7, 2.9]). q.e.d.

2.3. Now we can generalize Theorem 2.6 of [7] easily.

Theorem. Let A be a locally bounded Schurian category such that Q 4 is directed and
interval-finite and all kA, and kA°, s€ A, are A-free. Then we have:

a) H,A=0 for n=2.

b) H,A is a free abelian group.

¢) The inclusion ACA of a full convex subcategory induces an isomorphism
from H A onto a pure subgroup of H,A.

Proof. We can jump to step 5 in the proof of [7, 2.6] and follow the same
way. q.e.d.

Remarks. a) Given A as in the theorem above, H*(A, k*)=0[7, 2.1], whence 4 has
amultiplicative basis [14 and 7, 2]. This leads to the question whether any algebra
has a multiplicative basis which does not “contain” a kA4,

b) Suppose A is locally bounded, Schurian, directed and interval-finite. Choose
a point s e A and consider the subcategory B of A supported by A,. For x, yin Bwe
define B(x, y)= A(x, y), if (x,y,s)€S,4, and B(x, y)=0, otherwise. Hence B and
kA have the same simplicial frame [7, 2.1]. By the proof of 2.2, we have H, kA,=0
for n> 1, whence H?(kA,, k*)=0 and B~ kA, [7, 2.2]. Extension by 0 on objects
and morphisms outside of B identifies the B-modules with a full subcategory of the
A-modules.
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In Theorem 2.6 of [7], A is assumed to be locally representation-finite. As
shown before, this forces B=> kA, to be representation-finite, whence A-free.
Therefore, Theorem 2.3 in fact generalizes Theorem 2.6 of [7].

¢) Given a finite A as in Theorem 2.3, we have H, 4 =0 if and only if each point
is separating. Namely, the proof of [7, 2.9] still works.

2.4. Up to the end of this section A denotes a finite locally bounded Schurian
category with directed Gabriel-quiver Q,. A connected component C of the
Auslander-Reiten-quiver [6, 2.2] I, of A is called preprojective, if C contains no
oriented cycle and consists in indecomposables, which are given by (TrD)'P for
some natural number i and some indecomposable projective P [1]. Equivalently,
C contains no oriented cycle and each point in C has only finitely many
predecessors. Here U is a predecessor of V provided there is path U=X,—X,
- ...—»X,=Vin C with n20.

We generalize a result of Bautista and Larrion [2] and prove, that A has a
preprojective component if each point of A is separating. We use the notations of
2.1. Since B;(x) is a full convex subcategory of A, we identify mod B,(x) [6, 2.2] with
a full subcategory of mod A by extension with 0, and speak about a B;(x)-module
simply. We denote by tand ! (respectively, Tand £~ ') Tr D and D Tr with respect
to A (respectively, B;(x)). If I is injective, we set TrDI=0.

Lemma. Suppose, all points of A are separating. Choose an x € A, which is no sink.

a) If U—>A(?,y), y=x, is irreducible in mod A for an indecomposable B,(x)-
module U, we have y=x and U = R (x).

b) Let C be a preprojective component of Iy, ). Choose an U € C such that R (x)
is not a proper predecessor. Then:

i) Any predecessor of U in I, is so in C.

ii) If U R,(x), we have TU = tU.

Proof. a) The claim holds for y=x, because x is separating. Thus, let
Y=YpVu_1 < -. <Y <yo=x be a path with n=1. Since U is a
direct summand of rad A(?, y), it does not vanish on a neighbour y” of y, which
belongs to B,(x) (see Fig. 3). Because y is separating, we conclude U(y,-;)=+0, a
contradiction.

Fig. 3.

b) The proof is by induction on the number a(U) of predecessors of U in C. If
a(U)=1, U is simple projective in mod B, (x), whence in mod A by the definition of
B, (x). This implies i). Moreover, in U start only irreducible maps to projectives,
which are B,(x)-modules because of U % R,(x). Part ii) follows.
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In the induction-step, we show first, that any (mod A — ) irreducible map X - U
starts from a B,(x)-module. If U is projective in mod B,(x), it is so in mod 4,
whence X is a B,(x)-module. In the other case, the claim holds by induction.
Namely, a(f~'U)<a(U) implies U =7t 'U=17"'U.

Part i) follows immediately. To prove tU=1U, let U-»Y be a (modA—)
irreducible map to an indecomposable Y. If Y is not projective, t 'Y is a B;(x)-
module, hence Y=11"'Y=17t"'Y (observe a(t~'Y)<a(U)!). If Y is projective, it
isa B,(x)-module by part a) of the lemma. Now if U is injective in mod A, it is so in
mod B,(x) a fortiori. In the other case, look at the almost split sequence [1]0—->U
—Z—->1U—0in mod A. As shown before, Z is a B,(x)-module, and so is TU. Part ii)
follows. q.e.d.

2.5. Theorem. Let A be a finite locally bounded Schurian category with directed
Gabriel-quiver. If each point of A is separating, the Auslander-Reiten-quiver of A
has a preprojective component C.

Proof. By induction on dim A. There are two cases. First, assume that there is a
point x and an index i, such that R,(x) does not belong to a preprojective
component of Iy .. By induction, there exists a preprojective component C of
I, It is even a preprojective component of I’y by part b)i) of Lemma 2.4.

In the other case we paste together a preprojective component of I, i.e. we
construct inductively full subquivers C, of I', satisfying:

1) C, is finite, connected, contains no oriented cycle and is closed under
predecessors.

ii) TrDC,uC,CC, ;.

Clearly, |J C, is the wanted preprojective component.
nelN

Set C,={S}, where S is a simple projective. To get C,,, from C,, number the
modules M, M,, ..., M, of C, with TrDM, ¢ C, in such a way, that i <j provided
M; is a predecessor of M ;. If t =0set C,, ; = C,. In the remaining case we define full
subquivers D, 0=i<t, of I, satisfying D,=C,, D;,u{TrDM,,,}CD,,, and
condition i) imposed on the C,. Of course, D, is our candidate for C,, ;.

Take the almost split sequence 0—>M,;, ;> X—->TrDM,, ,—0 and define D, ,
as the full subquiver of I, supported by D; and all predecessors of TrDM,, ,. We
have to show, that each indecomposable direct summand Y of X has only finitely
many predecessors and does not lie on an oriented cycle. If Y is not projective,
DTrY belongs to C,, whence Y to D,, and we are done. If Y is projective, say
Y=A(?,x), all R(x) lie on a preprojective component of I}, and our claim
follows from Part b)i) of 2.4. q.ed.

2.6. Given A as in Theorem 2.5 with preprojective component C, we define A(C) as
the full subcategory supported by those x such that A(?, x) belongs to C. Thus,
A(C) is a convex subcategory of A and the restriction identifies C with a
preprojective component of Iy, containing all indecomposable projectives. The
graph G associated to C [6, 4.2] is a tree T, what follows from the separation
property easily by induction on dim A. Hence C is a simply connected translation-
quiver [6, 4.2] described by an admissible graded tree as in [6, 6.2] and A(C) is
isomorphic to the algebra A”= P k(R;)(p, g) [6, 6.4].
p.q
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A Schurian algebra A with directed Q 4 is called critical if any proper convex full
subcategory is representation-finite, but A is not. We cite the following result
from [4].

Theorem. Let (T, g) be an admissible graded tree such that AT is critical. Then the
following holds:

a) Te{D,,E, n=4,8=m=6}.

b) A7 is isomorphic to an algebra of the list in [4].

3. Proof of the Theorem
We use the same notation and make the same assumptions as in the theorem.

3.1. Lemma. If kA, is not A-free for some s, there are infinitely many non-isomorphic
A-modules of dimension <2d.

Proof. We choose a full subcategory D = kQ with [Q|=A,, n>1, such that the
convex hull D is as small as possible. Denote the sinks in D by s,,5,, ..., S, the
sources by ¢y, 45, ..., ¢ We have m>2 because kA, is Schurian. Let L be the left-
adjoint of the restriction R:modD—modD. Then LD(?,s;)=D(?,s;) holds for
1 £i<m. The well-known family of indecomposable D-modules U(&), &€ k*, has

projective cover P D(?,s)—U(¢)—0. Applying L we get exact sequences

@ D(2,5;)—LU(&)—0 with indecomposable non-isomorphic LU().
Ifm=2wegetdimLU()<2- #D<2- # A, £2d. fm=3,itis enough to show

dim LU(&)(y) < 1forall y e D. This follows from RL=> id,,,, , provided yis a source

or a sink. In the other case suppose g, £y<s;, whence j=1or j=m. If y<s, and

V=5, the convex hull of the full subcategory supported by (D\{q, })u{y} would be

smaller than D. It follows dim (@ D@, si)) =1
For any m, the constructed family LU(¢) of D-modules can be extended to a
family of A-modules of the same dimension [see 2.3 Remark b)]. q.e.d.

3.2.Lemma. Let B~ kQ be a full convex subcategory of Awith|Qgl= A, ,. Then
there are infinitely many non-isomorphic A-modules of dimension <2d.

Proof. We mark all sources and sinks in Qp and get - up to duality —
Op=q ot ... >S5 . U V..X (> ) >...—5,,
where the right part after y can be missing. Writing D for the usual duality
Hom,(?, k) we have the inequality:
2d+1=4Q,< Y dimDA(q,?)= Y dimDA(q,?).

Therefore, Qp contains three sources which have the same image under .
Changing notation, we have n(q,)=n(q;)=n(q,). It follows n(t) =+ n(u) or n(v)
*7(x) or n(x)=*=n(t). In any case B contains a full convex subcategory C with
Gabriel-quiver x,— x;— ... — X, < Xx,,,, such that n(x,)=n(x,, ;) and n(x,)
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+7(x,). Let U be “the” indecomposable A-module with support C. The push-
down F,U [9, 3.2] has a natural basis e(x;), 0<i<n+1. The morphisms §;
associated to the arrows in Q. yield morphisms o;: =n(d;), 0<i<n, so that

e(x;vy), if x;exp and w(d)=n(d),
e(xpou;=qe(x;—y), if xex,_y, and n(d)=n(d),
0 in the remaining cases.

For any £ € k* we take the 1-dimensional submodule V(&) of F,U generated by
Ee(xg)+e(x, 1) The quotient M(&):=F,U/V(¢) has the images &(x;) of the e(x)
with 0<i<n as basis.

We claim that the M(&) yield infinitely many isomorphism classes. The proof'is
based on an idea of [10]. We start with some general remarks.

Given a A-module M, a k-subspace U C M and an element o € A, we define Ua!,
respectively, Ua~! as the image, respectively, the inverse image of U under
multiplication with o in M. A word w=afaf* ... & of length n+1 is a sequence of
elements ao;e A4 and signs ¢e{+1,—1}. By induction, we define Uw
=(Uaf ... ot~ ot Looking at the powers w™, m=1, we find inclusions

Mw™2 Mw™* 1 Mw™20w™, and Ow™*!20w™. Set M(w)=<ﬂ Mw'")/(U 0w"‘>

and denote by w;=af...ofaf ...af"{ the cyclic permutations of w=w,,
ie Z/(n+1)Z. Multiplication by «; induces a surjective linear map M(w;)
->M(w,,,) if &= +1 and an injective map M(w,, )—»>M(w,) if 5;= — 1. Walking
through the cycle M(wg)->M(w,)—...->M(w,)>M(w,) and looking at
dimensions, we conclude that all maps are bijective. Hence “multiplication” by w
induces an automorphism of M(w,). We have constructed a functor F(w) from
mod A to modk[T, T~ '].

In the situation of our proof we set ¢;= +1 if x; «-x;,, in C and ¢=—1,
otherwise. We consider the word w=oafas" ... ain. Of course, &(x,) € (M(E))w™ for
all ¢ek* and all m=1. On the other hand, we obtain inclusions

JjFi
(,@ ke(xj)) al C j @1 ké(x;) in case x; < x;,; and <,~ @1 ké(x j)> o ¢ @ke(x i),
otherwise. It follows é(x,) ¢ Ow™, m= 1. Clearly, &(x,) yields an eigenvector to the
eigenvalue — & for the multiplication with w in (M(&))(w). Thus the F(w)M(&) give
rise to infinitely many isomorphism classes, and so do the M(¢) a fortiori. q.e.d.

3.3. We are ready to prove our theorem and start with the easy direction. So,
suppose one of the conditions a), b), ¢), d’) is not satisfied. We will show that there
are infinitely many isomorphism classes of A-modules of dimension <4d +30.1fb)
does not hold, this follows from 3.2. In the other cases it is enough to find infinitely
many non-isomorphic A-modules of dimension <4d + 30. For Lemma 3.2 of [9]
implies that the push-down F, does not identify infinitely many isomorphism
classes. If a) is not satisfied we are done by 3.1. If ¢) is wrong the well-known families
of indecomposables over the algebras of type (1)-(3) do the job. We only describe
them by giving the dimensions at the points:
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A A
VWY

In the last case, a glance at the list in [4] shows, that there is always a family of
dimension < 30.

To show the other direction, assume that the conditions a), b), ¢), and d’) hold.
We have to prove that A is representation-finite, or equivalently, that A is locally
representation-finite [9, 12]. Suppose not. To get a contradiction, we distinguish
two cases.

I** Case. There is a finite convex full subcategory B of A which is not
representation-finite.

We can assume that B is critical (2.6). By 2.3, H, A =0 implies H,B=0, so that
all points of B are separating (2.5). Thus, B is given by a graded tree (T, g) with T of
type D, or E, (2.6). But T=D, is excluded by b) and ¢), and T=E, by d.

2" Case. All finite convex full subcategories of A are representation-finite.

Then there is an indecomposable A-module U with support B contammg more
than 104+ 1000 points. The convex hull B of B is still finite, since A is interval-
finite. Using 2.3, 2.5, and 2.6, one sees that B is an extremal algebra in the sense of
[3], so that we can apply the classification given there. Looking at the possible
algebras of families (1}424) and (1)°’<24)°?, we find a contradiction to
condition b).

We have shown that 1) is equivalent to 2). The remaining part of the theorem
follows from the first part of our proof. q.e.d.

Remarks. a) The proof of Brauer-Thrall 2 for standard algebras (without the bound
4d +30) does not depend on Theorem 2.6, but uses part of the classification
obtained in [3].

b) Analyzing more carefully the situation, one can prove that a not
representation-finite standard algebra of dimension d has a IP,(k)-family of
indecomposables of dimension n=4d+ 30. This means that there is a natural
number n <4d + 30 and a polynomial map f from the projective line over k into the
variety of n-dimensional A-modules, such that the images f(x), xe€P,(k),
correspond to non-isomorphic indecomposables.

4. An Example )

Look at the algebra A of dimension 15 defined by the quiver ﬂ/ \ and

< 3¢
relations af = g6, ya =y = &y = 0> =0. We claim that A is representatlon -finite and
use our theorem to prove it.
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Fig. 4 i

Using the method described in [7, 3.3], we construct a covering A % A. Figure

4 shows a finite piece of Q ;. All points of 7~ !(x) are also denoted by x. A is defined
by the lifted relations, whence locally bounded and Schurian. Moreover, Q ; is
connected, directed, and interval-finite. The group G of the Galois-covering A % A
is free in two generators.

To check H, A =0, we verify first that 2a) holds, which is easy. By [7, 2.6], H, A
is computed as a limit of some H,C, where C runs through some finite convex full
subcategories of A. Since all points of such a C are separating, we have H,C=0
by 2.3.

Next, we verify easily, that conditions b) and c) are satisfied.

To check d'), one clearly has to deal only with algebras of types 1-34 from the
list in [4]. All cases are excluded, most of them by obvious reasons.
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Two Reduction Theorems
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In this paper, we prove two reductions for the factorization of proper birational
morphisms of smooth threefolds. A birational map is factorizable if it may be
written as a composition of smooth blow-ups and blow-downs. An open
conjecture is that all proper birational maps of smooth algebraic spaces are
factorizable. In [3], Hironaka reduced the conjecture to the case of birational
morphisms, that is, given a proper birational map F:X'———— Y, F may be
modified by a factorizable map (in fact, a composition of smooth blow-ups)
o:X— X such that f=F-0: X—Y is a birational morphism and the exceptional
divisor of f is a union of smooth hypersurfaces meeting normally. For birational
morphisms of smooth threefolds, we show, by two reductions, the existence of a
modification by a factorizable map such that the resulting morphism is a point
modification with only rational surfaces contained in the exceptional divisor.

Let S, be the subvariety of Y on with f~' is not a morphism and E, be the
exceptional divisor, so codimy S, =2 and codimy E .= 1. Given f as above, where
X and Y are smooth threefolds, we prove:

I (Theorem 2.1)

Given f: X—>Y as above, there is f: X ———— W, a factorizable map, such that
g=f°B~': W-Y is a birational morphism of smooth threefolds such that E, is a
union of smooth surfaces meeting normally and dimS,=0. Thus g sa‘usﬁes the
same conditions as f and g collapses surfaces only to pomts not to curves.

II (Theorem 3.1)

Given g: W—Y asin I above, thereis y : W———— Z, a factorizable map, such that
h=goy~! is a birational morphism of smooth threefolds satisfying the above
conditions for g; moreover, S, =S, and all components of E, are rational surfaces.

Thus h satisfies the same conditions as g and h collapses only rational surfaces to
points.

*
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To prove these theorems, we first establish a lemma showing an elementary
method for birationally modifying a threefold to make an embedded ruled surface
minimal ruled. In both reductions, this lemma is used to make a generically
contractible ruled surface smoothly contractible.

For the first reduction, we consider a surface normal to a curve in § ;. Knowing
the factorization of the induced birational morphism on the surface, we find a
suitable surface in E which is generically contractible and maps to a curve in S .
Using the minimizing lemma mentioned above, we are able to smoothly contract
the surface. Birational modifications both before and after blowing down
this surface ensure that the resulting exceptional divisor will also have normal
crossings and smooth components, allowing us to repeat this procedure until
there are no surfaces remaining in E, which map to curves. For the second
reduction, we use Frumkin’s results on regular resolutions of birational maps
[2, pp. 198-199, Proposition 2.2] to find an irrational surface in E, which is
generically contractible and then proceed as in the first reduction.

Kulikov has independently shown the first reduction [6, p. 882, Theorem 2]
using essentially the same methods as in our proof of the minimizing lemma plus
results of Danilov [1] on the factorization of birational morphisms with fiber
dimension zero or one. This coincidence is not entirely accidental since study of
Kulikov’s earlier work on birational modifications of degenerations of K3 surfaces
[57 has greatly influenced our approach to birational morphisms of threefolds.

Notation and Basic Facts

In this section, we establish notation and review some basic facts about birational
morphisms between smooth threefolds and surfaces and curves in smooth
threefolds.

0.1 Total and Proper Transforms. Given a rational mapf: X ———— Y of smooth
algebraic spaces, let I'; be the graph of f, that is, the closure of the graph of f/|,
where U is the largest open on which f1, is regular. I C X x Y and, restricting the

projection maps, we have

X" - Y.

For ZC X, let f{Z} =n,(n] Y(Z)), the total transform of Z. If ZnU +§, the proper
transform of Z is f[Z]=f(ZnU) the closure of f(ZnU) in Y. If f is a morphism,
then f(Z)=f{Z}=f[Z]. Throughout this paper, solid arrows indicate
morphisms, while dashed arrows indicate rational maps (which may or may not be
morphisms).

Iy
s

0.2 Exceptional Divisors and Fundamental Loci. For a proper birational
morphism f:X—Y of smooth algebraic spaces, the fundamental locus of f,
denoted S, is the subvariety of Y on which the rational map ' is not regular.
The exceptional divisor of f,denoted E , is the subvariety of X collapsed to S ;; thus
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E;=f" '{S;}. By Zariski’s Main Theorem [10, p. 154, Satz 5], E, has pure
codimension one, while S ; has codimension at least two. If S is a union of points,
then f is a point modification.

0.3 Smooth Blow-ups and Blow-downs. By smooth blow-up we mean the blow-up of
a smooth algebraic subspace of a smooth algebraic space. By smooth blow-down we
mean the inverse map of a smooth blow-up. Under this convention, a blow-down
is a morphism, while a blow-up is a mapping.

0.4 Regular Resolutions. For f: X————Y a rational map of smooth algebraic
spaces, a regular resolution of f is ¢,c...c0, where a; ': X;_;——— X, is a
smooth blow-up, i=1,...,r, X;=X, such that

é__><

«— -
<
B

Xy

e

(i) E,,....,, has global normal crossings for all i=1,...,7,

(ii) fi=fc0,°...00;is not a morphism for i=1,...,r—1; moreover, S, _ is
contained in the locus of indeterminacy of f;,

(iil) f, is a morphism, and

(iv) r is minimal with respect to (i), (i), and (iii).

The existence of regular resolutions (Chow’s lemma) is due to Hironaka (for
schemes [3, pp. 142-143, Main Theorem 11]; for complex spaces [4, p. 504,
Corollary 2]).

0.5 Proposition (Frumkin). If f: X—Y is a proper birational morphism of smooth
threefolds and 6=0,°...°0, is a regular resolution of f~' (so g=f"'cc is a
birational morphism), then all components of E, are rational. For the proof, see
Frumkin [2, p. 192, Corollary 2.3 and pp. 198-199, Proposition 2.2].

0.6 Proposition. If f: X —Y is a proper birational morphism of smooth algebraic
spaces, then each components of E  is birational to a P/-bundle (1</<dimX —1).

Proof. Let 6=0,°...°0, be a regular resolution of f ! and let g=f"'-0. By
0.4(ii), S, C S ; thus g(E,) CE . On the other hand, 6 =fg,s0 E,=E,,, 09 '{E}.
Thus g(E,)=E;.

Let V be a component of E . Since g(E,)= E, and codimy(S,) =2, there is a
unique component, W, of E, such that g(W)=V; moreover, g|, maps W
birationally onto V.
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Since WCE,, thereisaj, 1 £j<r,such that dim W,_, <dim W;=dim W, where
Wi=0;c...c0(W). Thus g; ... oa,lw maps W blratlonally onto W E, _ . Since
0;_ is a smooth blow- down W, is a P’-bundle over ¢;_ ,(W)), proving the lemma.

0.7 Remark.Let f: X —Y be a proper birational morphism of smooth threefolds.
(1) Each smooth component of E is a ruled surface or P2, since any smooth
surface birational to a IP'-bundle is by definition ruled or P2
(ii) If V'is a smooth component of E; and f(V') is a curve, then (in the notation
of 0.6) a|y gives a ruling of W over the normalization of o(W)=f(V). Since
glw : W—V is a birational morphism of smooth surfaces over f(V), V is therefore
ruled by f|, over the normalization of f(V).

0.8 Contraction Criteria. Given a divisor in a smooth algebraic space, there is a
criterion for when that divisor is the exceptional divisor of a smooth blow-down
[7,p. 158, Theorem 2]. For D a divisor in a smooth threefold X, D may be smoothly
contracted, i.e. D is the exceptional divisor of a smooth blow-down iff

(i) D=~P? and (E-D)y=—1 for E a line in D, or

(i) D is a smooth minimal ruled surface and (F - D)y = —1 for F a fiber on D.

We say that D is generically contractible [9, p. 51] provided D is ruled, smooth
and (F-D)y= —1. Thus, if DxIP?, then D is smoothly contractible iff D is
generically contractible and minimal ruled.

0.9 Normal Bundles and Blow-ups. Let X be a smooth threefold and ¥V and W
divisors in X. Assume that V and W meet normally, VnW=C, a smooth curve,
and V and W are smooth near C. Then

(i) (C-V)x=(Cy,
(i) if Cx~ ]P1 then N¢jx = Oc(a)®0c(b), where a= (C?»y and b=(C?y, and
(i) let 6~ ':X-———X blow up C. Letting V=0¢"'[V], W=0"'[W],
Z=0 '{C}, C,=VnZ,and C,,=WnZ, we have
we have
(a) Z=P(N¢x)
and

(b) (C2)y=a and (C2),=b—a while (C);=>b and (C3),=a—b.

Proof. From the inclusions C ¢, V and V ¢, X and the definition of normal bundle,
we have the exact sequence

i
0 > NC/V * Neix > NV/XlC >0,

where i, is induced from the inclusion of V in X. Since ¥ and W meet normally
along C, N¢;x=N¢y @ Nw; moreover, under this isomorphism the summand
N,y is the image of N, under i,. Thus Ny x|c = Ny. Since C is smooth and V
and W are smooth near C, Nyy=(V-V)y, so Nyxle=(C-V)x while
New=(C - C)y, giving (i) and (ii). _

To show (iii), note that since C is a Cartier divisor in V, ¢|y maps V
isomorphically to V. Thus (CZ)y=a. On the other hand, by (i), (C2),
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S Cw

=(Cy - (a*(V)—Z)z=(C- Vx—(Cy-2)z. Now (C-V)x=(C?y=b, while
(Cy-Z)z=(C})p=a. Similarly for Cy.

0.10 Elementary Modifications. If CC X is a smooth rational curve in a smooth
threefold with N x=O(—1)®0(—1), then an elementary modification
centered at C is a birational map o: X- ——— X" such that

where o ! is the blow-up of Ciin X. If V=0, '{C}, then V= IP! x IP'; moreover, by
0.8(ii), V is smoothly contractible under either of the rulings given by the
projections. Let 6. be the blow-down of ¥ under the other ruling, i.e. such that for
all ceC, Gcooc'{c}=C"=64V) and for all ¢’e C’, g.°6¢ {c'}=C.

0.11 Modifications of Type II [5, p. 969]. A modification of type II is an
clementary modification centered at C, CC VAW, where V and W are, near C,
smooth surfaces meeting normally and (C?), =(C%)y=—1. By 0.9(ii),
Nex=O0—1)®0(—1), so an elementary modification may be performed
centered at C. If a: X———— X’ is a modification of type I, V'=a[V] and
W’=a[ W], then |, has blow down the exceptional curve C on V (similarly for W)
and, near C'=a{C} in X, V’ does not intersect W’.
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0.12 Surfaces. A) Let f be a proper birational morphism of smooth algebraic
surfaces and E ; = Z n;L;, where n; are the multiplicities given by the pullback of the

reduced ideal sheaf of S;. Then

(i) E; has global normal crossings, a negative definite intersection matrix and
contains at least one exceptional curve, and

(ii) it is not possible for all exceptional curves L; in E to satisfy both (a) and
(b) below:

(a) Lj'<i§jLi> =2,

(b) if L;- L;>0, then L = — N, where N; depends only on j.
B) If V is a smooth ruled surface with fiber F= Y n.,L; and either
iel
(i) L;is the unique exceptional curve in F or
(ii) L;is an exceptional curve in F and L;- (Z L)
i*j

then n;=2.

Proof. A) The result in (i) is well-known (see Zariski [ 11, p. 5387, and Mumford [8,
p. 6]). For (ii), we proceed by contradiction and assume that all exceptional curves
in E; are of the given form. Since E ; is an exceptional divisor, K - E ;= — I, where K
is the canonical divisor.

Let &,,...,&, be the connected components of the union of all exceptional
curvesin Eand all curves in E , intersecting exceptional curves. By (a) and (b), each
¢, 1s a union of exceptional curves and curves with self-intersection — N, where N,
depends only on a.

Let I,={iel|lL;C¢,} and E,= ZnL,, so SuppE, =¢,.

IfL;¢ Supp(E, + ... + E,), then L2 < —2andso by the genus formula K - L; > 0.
Since K-Efz—l for some o, K-E,<0. Let J,={iel|[2=—1} and
={ielJ[2=—N,},so I,=J ]_[K By the genus formula K - Li=—-2—12 50

K E,=— > n;+ Z (N, —2)nk For jeJ,, L; is an exceptional curve meeting

JjeJa
only L, and Lk, for some k,k'eK, so nj=n+n.. For keK, let
Ay={jeJJL;-L,#0} and 6, be ‘the cardinality of A4,. Thus K-Ea
= > (N,—(2+6)n,. Since K -E, <0, 2+0,>N, for some ke K,.

keK,
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Assume that L, has the property that 2+4,> N, Thus Lk— —N, and Lk
intersects at least N,+1 exceptional curves in E, Let E=L,+ Z L,

f2=6,—N, By(i), E*<0,50 6, <N, Thus N,= 6, + 1. If , =1 or 2, then 52 0,so0
0,23.0n the other hand, if N,=J, + 1, then 1f all L;, j € 4,, were contracted, then
L, would become an exceptional curve, the contraction of which would produce a
d,-tuple point in E, impossible for 6, =3 by (i).

B) By the genus formula, —2=K, - F,s0 —2= Y n,K, - L, Foralli, 12< —1

iel
and so K, - L;> — 1 with equality iff L; is an exceptional curve. If L; is the unique
exceptional curve in F, then —2= —n;+  n,Ky - L;, where Ky, - L; 20, s0 n; =2 2.

i*j
If L; is an exceptional curve, then L= —1, 50 0=L;- F= —n;+ ¥ nL;-L;
Thus if L,.-(z L,.> 22, then n;>2. I
i+j

1. The Minimizing Lemma

In this section, we prove a lemma which allows us to modify a normal crossings
divisor containing a ruled surface so that the proper transform of the ruled surface
is minimal ruled. This modification requires only smooth blow-ups and blow-
downs centered at points or rational curves. Under mild conditions on the divisor
[see 1.1.4) below] normal crossings are preserved, although smooth rational self-
intersection curves may be introduced in the components of the total transform of
the divisor.

In Sects. 2 and 3, we will find certain generically contractible surfaces which we
will wish to smoothly contract (see 0.8). Using the minimizing lemma, we will also
be able to make these surfaces minimal ruled without affecting their generic
contractibility, thus allowing them to be smoothly contracted.

1.1 Minimizing Lemma. Let X be a smooth threefold and {V.V,,...,V,} be a
collection of smooth surfaces in X with normal crossings. If V is ruled, then there is a
birational map o: X ———— X’ such that

1) a[ V] is smooth and minimal ruled,

2) « is an isomorphism away from the reducible fibers on V,

3) o is a composition of smooth blow-ups and blow-down with centers in points or
rational curves, and

4) if Voa(Vyu ... UV,) contains no multi-sections and no more than two sections
on 'V, then a{ VUV U ... UV,} is a union of surfaces meeting normally and all self-
intersection curves are smooth and rational.

Proof . Let J =8(1 —q(V)) — K}, so J is the number of blow-downs needed to make
V minimal ruled. If J =0, there is nothing to show. If J>1, then there exists an
exceptional curve L on V which is therefore a component of a reducible fiber. We
blow up all components of this reducible fiber which are not double curves of
VUV U ... UV, These blow-ups are all centered at smooth rational curves meeting
normally. We may therefore assume that all components of this reducible fiber are
double curves of VUV, U ... UV,;in particular, that LC VAV, forsome i, 1 Si<n.

Note that L meets one or two other fiber components. Let L; be one such fiber
component. Since ¥V and V, meet normally and L is rational, by 0.9(ii),
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Npx=Opi(— 1)@ 0pi(a), where a=(L?), . If a= — 1, then a modification of type II
centered at L will blow L down on V, reducing J by one. If a< — 1, then blow up L
in X, yieldinganIF_,_, asexceptional divisor. Letting o, ! be the blow-up of Land
L'=o,{L}no, '[V],

Nijo, 2 O0p(— 1)@ Opi(a+1).

Iterating this procedure —(a + 1) times, the new L has the correct normal bundle to
perform a modification of type IL. If a> — 1, then we blow up L; a+ I times along
V, each time decreasing (L?),, by one; thereby correcting the normal bundle. Thus
after blow-ups centered at rational curves and a modification of type II, J is
decreased by one. Repeating the above procedure J times, 1.1.1)-1.1.3) are satisfied,
where « is the corresponding sequence of blow-ups and modifications of type II;

moreover, all surfaces in a{Vu(U Vk>} meet normally, where
keK

K={keN|1<k<nand V;nV is not a section or a multi-section on V}.

To verify 1.1.4), we first note that if « consisted only of blow-ups with double
curves as centers, a{ VUV, u ... UV,} would be a union of smooth surfaces meeting
normally. Thus we need only check 1.1.4) for modifications of type II. If L
intersects at most two other double curves, then a modification of type II
centered at L preserves normal crossings and smoothness of components
unless L-V;=2 and L({V;; in which case normal crossings will be pre-
served but «[V;] will have a smooth rational self-intersection curve. If L
intersects at least three other double curves, then normal crossings will not be
preserved by a modification of type II centered at L. We will show that under the
conditions 1.1.4), some exceptional curve (not necessarily L) in the fiber containing
L intersects at most two other double curves.

We assume that VA (V,u ... UV,) contains no multi-sections and no more than
two sections on V. If Vn(V;u ... UV,) contains no sections, then each exceptional
curve L meets one or two other fiber components and so only one or two other
double curves. We may therefore assume that Vn(V; U ... UV,) contains either one
or two sections on V.

If V(Y u ... UV,) contains exactly one section S on V, then L would intersect
more than two other double curves only if L were to intersect S and two other fiber
components. This is impossible, though, since by 0.12B)(ii), L would have
multiplicity at least two in the fiber and so could not intersect a section.

If V(V,u ... UV,) contains exactly two sections, S, and S,, on V, then, noting
0.12B)(ii) again, L intersects more than two other double curves only if L intersects
S, §, and exactly one other fiber component. Since L intersects a section, L is a
reduced component of the fiber on V containing it, and so, by 0.12B)(i), there is an
L’, another exceptional curve in the fiber. Since S, and S, only intersect the fiber
once, L’ intersects only double curves which are fiber components and so intersects
at most two other double curves. We may thus use L’ instead of Lin the algorithm
to decrease J.

2. Reduction to Point Modifications

In this section we consider the fundamental locus of a proper birational morphism
of smooth threefolds. The fundamental locus, by 0.2, is a union of curves and/or
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points. In 2.1 below, we will modify the domain by a birational map (which is a
composition of smooth blow-ups and blow-downs) so that the composite
birational map is still a morphism; moreover, the composite morphism has only
points in its fundamental locus. The proof consists essentially in showing that
among the surfaces in the exceptional divisor which are mapped to curves, at least
one such surface is generically contractible and then applying the minimizing
lemma (1.1) in order to smoothly contract it.

2.1 Theorem. Let f: X —Y be a proper birational morphism of smooth threefolds
such that E; consists of smooth surfaces meeting normally. Then there is a
birational map f: X —~——-—>W such that:

) g=foB ' is a proper birational morphism of smooth threefolds such that
S, CS 1> dimS, =0, and E, consists of smooth surfaces meeting normally and
2) Bisa composmon of smooth blow-ups and blow-downs.

Proof . If dimS ; =0, there is nothing to show. If dimS, =1, let C be an irreducible
curve obtained in ;. Let E, = U V,and I.={ie I|f(V;)= C}. The main step of the
iel

proof consists in reducing the cardinality of I by one, creating new components
which are mapped only to points on C.

By 0.7(ii), f1, gives a ruling of V; over the normalization of C foreach i€ I .. Let
P be a smooth point of C such that f~'(P)nV;is an irreducible fiber on V;if ie I
and f~'(P)nV;=0 if i¢ .. Let E be a surface in Y smooth at P such that E
intersects C normally at P. Let E=/"'[E] and Qe f~YP)nE. For some jel,
QeV, V;is a ruled surface, ruled by f |y, which is minimal near f~ '(P), so V;
contalns a section §; through Q. Now we compute (S;- E)X o- Since

fHE)=f" l[E]z 5 (S"E)x Qz(f*(Sj)'E)Y,Pznj(C'E)y,P,

where n;=degc(fls,). Since S; is a section on Vj, n;=1. Since (C-E)y p=1,
(S;-E)x o=1.Thus Eis smooth atQandso Eis smooth near f~!(P); moreover, E
intersects each V; normally (thus E intersects E, transversely, although not
necessarily normally).

Because f|z:E—E is a proper birational morphism of smooth surfaces
(near P), by 0.12A)i), Enf !(P) contains at least one exceptional curve. If
LCEnf~Y(P) is an exceptional curve, then LCV, for some i€ l- and (L-V,)y
=(L*)z= —1 since ¥, intersects £ normally along L. Since L is a fiber on ¥, each
such V; is generically contractible in X.

To finish the proof, we will use the minimizing lemma to make some generically
contractible ¥; smoothly contractible, contract it and then blow-up any resulting
self-intersection curves. To preserve normal crossings, we need a lemma:

2.2 Lemma. For some jel,
1) V; contains an exceptional curve of f|g and

2) Vin (U Vi> contains no multi-sections and at most two sections on V; (under
i*j
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the ruling given by f1, ), moreover, if V;n (U V) contains two sections, S, and S,
then S;US, L VNV, for any k=+j. i+

Proof. Let L be an exceptional curve of f |z, so [0.12A)(i)] L intersects at most two
other components of f ~'(P). If LC V; and L intersects only one other component,
L'CW, of f~1(P), then V;nV,isa sectlon on ¥;and V;n (U ) contains no other

iFj
sections or multi-sections. Similarly, if LCV; and L intersects two components,
L,CV, and L,CV,, then Vn (U V,~> contains two sections or one bisection,
iFj
according to whether k+¢ or k=7, and V;n (U V,~> contains no other sections or
multi-sections. i+
If each exceptional curve of f|z were to intersect two components of f ~ 1(P) L,
and L,, which lie on the same surface V}, then (I3);=L, - V,=L, - V, = (I3)s since
L, and L, are both fibers of the same ruling on V;. By 0.12A)(ii), this would not be
possible; thus, for some exceptional curve L of flg, LCV,, where V;n (U V,.>
i+ j
contains no multi-sections and at most two sections of V;; moreover, if V;n (U Vi>
i¥j
contains two sections, these sections are double curves of V; with two other
surfaces, as claimed.

2.3. Returning to the proof of 2.1, let LCV; be an exceptional curve, where
Vin <L*) V,~) contains no multi-sections and at most two sections of V;, as in 2.2. As
i*j

was earlier noted, since L is an exceptional curve of f|z V; is generically
contractible under the ruling given by f1, . Let « be the map of the minimizing
lemma (1.1) such that a[V}] is minimal ruled [1.1.1)]. Since « is an isomorphism
away from the reducible fibers of V; [1.1.2)] under that same ruling, afV}] is
generically contractible and so smoothly contractible.

2.4. In order to smoothly blow down o[ ;] while preserving normal crossings and
ensuring that all self-intersection curves map to points in Y, we must simply show

that if [ V;]n (o U }) contains two sections, S, and S, then, first, §, and S, are
i¥j

not both contained in a[ V] for some k #j, and, second, S, and S, are disjoint. This
first condition is ensured by 2.2.2).

If S;nS,+0, then since S, and S, meet normally in o V;], we may separate
them by blowing up the points S;NS, in X' =a{X}.

Now Npx = 0pi @ Opi(—1), where F is the fiber on a[ V] passing through the
given point of S, r\SZ, $0 N3 = Upi(— 1)@ Upi(—2) since a point was blown up in
X' Blowmg up F in X, we find that N, joz (%) = Opi(— 1)@ Upi(—1), where
F'=07'[V]no7 '{F} and so we may perform a modification of type II centered
at F".

The effect on a[ V}] is to perform an elementary modification of ruled surfaces
centered at FNS;NS,, i.e.ina[ V], to blow up FNS; NS, to obtain a reducible fiber
E+F, where §,nS,nF=0 and then blow down F; this separates S, and S,,
leaving o[ V;] minimal.
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a[V,]
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SiS2| og ns alv,](/)

v,

Elementary modification [ of
type II ] centered at F’

2.5. To conclude the proof of 2.1, let ;=6 - g o { o a, where « is the map of Lemma
.1, making V; minimal (while introducing new surfaces and self-intersection
curves mapping to points under foa '), { is the composition of sequences of two
blow- -ups followed by a modification of type II as in 2.4 to separate sections on
[ V], o is the smooth blow-down of { o a[V;]and éis the smooth blow-up of all self-
intersection curves introduced by ¢oloa. Let g, =f<f; !, so g, is a birational
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morphism: o and { only introduce new surfaces which are mapped by o ! and { *
to fibers on ¥}, whence to points on Y by f’; fibers of ¢ are mapped by ((-a) ™! to
fibers on ¥; which are contained fibers of f; and finally, d~' is a morphism. Since
E, =B{E;}, E, has normal crossings. By definition of §, E,, has no self-
intersection curves, so E, consists of smooth surfaces meeting normally.

Over each one-dimensional point of S, o, {, and § are isomorphisms, since o
and { are isomorphisms off fibers of V; (and so fibers of f) and all self-intersection
curves introduced by ¢ are mapped to points [1.1.2) and 2.4]. On the other hand, o
reduces the cardinality of I by one. Thus by smooth blow-ups and blow-downs,
only new surfaces mapping to points have been created, while on surface, V,
mapping to C, has been blown down. Iterating this process until the set of surfaces
mapping to curves is exhausted, 2.1 is proved.

3. Reduction to Rational Surfaces

In this section, we consider the exceptional divisor of a point modification (see 0.2)
of smooth threefolds. By 0.7(i), the exceptional divisor is a union of ruled surfaces
and IP?’s. In 3.1 below, we will modify the domain by a birational map (which is a
composition of smooth blow-ups and blow-downs) so that the composite
birational map is a point modification; moreover, the exceptional divisor of the
composite map contains only rational ruled surfaces and IP?’s. As in section two,
the proof consists essentially in showing that among the surfaces in the exceptional
divisor which are irrational at least one such surface is generically contractible and
then applying the minimizing lemma (1.1) in order to smoothly contract it.

3.1 Theorem. Let g: W—Y be a point modification of smooth threefolds such that E,

consists of smooth surfaces meeting normally. Then there is a birational map
y: W————Z such that

1) h=goy~'isa point modification of smooth threefolds such that S, =S, and E,
consists of smooth rational surfaces meeting normally along rational double curves
and

2) y is a composition of smooth blow-ups and blow-downs.

Proof. Let =0, o ... o0, be a regular resolution of g~ ! (see 0.4) and G=¢g '-0.
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G is a morphism [0.4(iii)] and S, =S, [since S,CS, by 0.4(ii) and g is a morphism],
so G(E,)=E,; moreover, since 6=¢g°G, E,=G" ! {E,} =EquG™'[E,]. By
Frumkin’s result (0.5), E; contains only rational surface.

3.2. Assume E, contains only rational surfaces. If so, then E, also contains only
rational surfaces, in which case each ¢; ! is the blow-up of a point or smooth
rational curve and so E, contains only rational surfaces meeting along rational
double curves. If Cis a double curve in E, either CCS; or C= G(C’) for C’adouble
curve of E,_. Since E; contains only rational surfaces, S; contains no irrational
curves. Thus if E, contains only rational surfaces, then all double curves of E, are
also rational.

3.3. Now assume that E, contains at least one irrational surface and so E, also
contains at least one irrational surface. Thus at least one g, ' is the blow-up of an
irrational curve. Let s be the largest integer such that ¢, ! is the blow-up of an
irrational curve. E,_is a minimal irrational ruled surface smoothly contractible in
Y,; moreover, the double curves of E, . ., on E,_are fibers and one or two
sections, since E, . ., and E,. ., . have normal crossings [0.4(i)]. Let
V=(0,4,°...00,)" '[E, Jand V= G(V).Now g, 4, ..., 5, are blow-ups of points or
smooth rational curves by definition of s, so since rational curves cannot be
sections or multi-sections on an irrational ruled surface, (o,,,...°0,)” ' is an
isomorphism near a general fiber on E,, . Thus ¥ is an irrational ruled surface in Y,
which is generically contractible; moreover, the double curves of E, on ¥ are
components of fibers and one or two sections. Finally, E; contains only rational
surfaces, so G maps V birationally onto ¥ and G is also an isomorphism near a
general fiber on V. Thus E, contains V, an irrational ruled surface which is
generically contractible in W; moreover, the double curves of E, on V are
components of fibers and one or two sections.

Let o: W-————W’ be the map of Lemma 1.1. Thus «[V] is smoothly
contractible in W’ [1.1.1)], «{ E;} contains no new irrational surfaces [1.1.3)] and
has normal crossings with only rational self-intersection curves.

To smoothly blow down a[ V] while preserving normal crossings, as in 2.2.2)
and 2.4 we must ensure that if the double curves of «{ E,} include two sections, S,
and S,, of a[ V], then S,US, La[ V"] for some V'+V and S,nS,=0. Since a, G,
O, ...,0,,, and g, | are all isomorphisms in the neighborhood of a general fiber
ofa[V]ando,, ..., 0 are all smooth blow-ups preserving normal crossings, if a[ V]
contains two sections which are double curves of «{E,}, then they are the image of
two sections on E,_ which are double curves of E, and two distinct surfaces in
0, '[E,,. . ..._,)- Thus S, and S, are not contained in a single surface other than
a[V]. To separate S; and S,, we proceed as in 2.4 (since a[ V] is smoothly
contractible) to blow up points of S;NS,, blow up the fibers of a[ V] through
§,nS, and perform modifications of type II, leaving a[ V'] smoothly contractible.

To conclude, let y,=0°0°(-a as in 2.5, where « is the map of Lemma 1.1
making V smoothly contractible, { separates sections on a[V], ¢ smoothly
contracts { o o[ V] and 6 blows up all self-intersection curvesin oo { ca{ E, }. Since a,
¢, and 6 consist solely of blow-ups of points and smooth rational curves, they
preserve the number of irrational surfaces in E,, while ¢ decreases that number by
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one. Since g is a point modification and y, is an isomorphism off E, hy =goy7 ' is
also a point modification over the same points of Y, so S, =S,.

3.4. Iterating the procedure of 3.3 until E, contains no irrational ruled surfaces,
we note (3.2) that E, contains only rational double curves, proving Theorem 3.1,
where y=y,0...oy, and h=h,,.
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In der Theorie der Pseudodifferentialoperatoren hat sich durch die Ergebnisse
von Beals [5], Connes [9, 28], Cordes [10, 11], Dunau [15] und Seeley [50]
herausgestellt, da wichtige Fréchet-Operatorenalgebren eine offene Gruppe
invertierbarer Elemente haben. In dieser Arbeit wird zu einem Teil der
Storungstheorie fiir Banachalgebren und topologische Algebren mit stetiger
Inversion ein Zugang entwickelt, der sich auf die relative Inversion (in der
Literatur auch Pseudoinversion oder verallgemeinerte Inversion genannt) stiitzt.
4.14 Satz besagt spezialisiert auf Hilbertraume E, daB3 die Zusammenhangskom-
ponenten der stetigen linearen Operatoren mit abgeschlossenem Bild bzgl. der
Norm-Offnungsmetrik [16, 31] analytische Quotienten der Produktgruppe
GI(E) x GI(E) sind; dies ist fiir die Anwendung der Ergebnisse von Hayes [29]
wichtig. Die Untersuchung von Fréchetalgebren erfolgt insbesondere, da
¢~ -Eigenschaften (pseudolokal, microlokal, hypoelliptisch) bei Vervoll-
staindigung von Operatorenringen zu Banach- bzw. C*-Algebren i.a. nicht
erhalten bleiben.

Fiir Algebren von Pseudodifferentialoperatoren ergibt sich die Frage, in
welchem Umfang eine Theorie der stetigen, differenzierbaren bzw. holomorphen
Operatorfunktionen entwickelt werden kann, wie sie fiir Banachriume (vgl. z.B.
[17, 37, 38, 58, 20, 23, 25]) in spektraltheoretischer und topologischer (Oka-
sches Prinzip) Hinsicht bekannt ist (vgl. [12]). Auf die Arbeiten von Gohberg,
Bart, Cuéllar, Dynin, Kaashoek, Kaballo, Lay, Leiterer, Mennicken u. Sagraloff
sowie [58] sei besonders hingewiesen. Wihrend Liftingmethoden und additive
Kohomologie [19, 20, 23] hierbei keine groBen Schwierigkeiten bereiten, treten
dort Probleme auf, wo man ,den" Satz iiber implizite Funktionen (der fiir
Fréchetrdume sehr problematisch ist [26, 45, 56]) bzw. ein Iterationsverfahren
anwendet (Mannigfaltigkeitsnachweis, Liegruppenzerlegung [49, 1.5], Heftungs-
Lemma von H. Cartan). Fiir einige dieser Fragen entwickeln wir ,rationale®
Methoden (durch explizite Formeln [16]), die dann manche, fiir Banachriume
bekannte Resultate verschirfen (2.13, 3.9, 4.14, § 5, 6) und auch eine Erweiterung
der holomorphen Faktorisierung (§6, Cartan-Lemma) auf spezielle Fréchet-
algebren (5.9 bis 5.15) erméglichen. Ferner wird eine gewisse Abgrenzung durch
Gegenbeispiele (§6) gegeben. Fiir die meromorphe Inversion holomorpher
Funktionen mit Werten in der Menge der Semi-Fredholmoperatoren von
Algebren von Pseudodifferentialoperatoren sei auf Kaballo [307 hingewiesen.
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In den Paragraphen 2, 3 und 4 werden idempotente Elemente, projizierte
Unterrdume und Operatoren mit projizierten Kernen und Bildern unter dem
Aspekt der homogenen Ridume behandelt (2.13, 3.7, 4.14); dabei verschirft die
Spezialisierung auf Banachrdume Resultate von Douady [13, 2.], Koschorke [33]
und Raeburn [49]". Die Paragraphen 1 bis 4 beziehen sich ebenso auf den Ring
B=6"(Q, L(E)), 2 kompakte differenzierbare Mannigfaltigkeit, #(E) die
Algebra der stetigen Endomorphismen eines Hilbertraumes, wobei auch E=C"
von Interesse ist.

In [49] wird ausgehend von Taylor [ 53] das Okasche Prinzip fiir Banachalge-
bren untersucht und dabei gezeigt, dal die Zusammenhangskomponenten der
Menge £ der idempotenten Elemente analytische homogene Ridume sind. Die
Beweismethode beruht auf Banach-Liegruppentheorie und dem Satz iiber implizi-
te Funktionen. Fiir topologische Algebren 4 mit stetiger Inversion (insbesondere
die Gruppe # ' offen) folgt aus § 2, daB3 die Zusammenhangskomponenten von 2
lokal-#-rationale homogene Mannigfaltigkeiten sind (zur Definition vgl. 1.10).
Unsere Methode scheint auch fiir die Algebren €4(Q)® £(C"), k=0, 1, ..., 0, Q
kompakt, neu zu sein. Aufgrund der verwendeten ,,rationalen” Formeln gilt das
Verfahren fiir alle topologischen Algebren mit stetiger Inversion und deren Ideale
im Sinne von 1.1.

In § 3 wird insbesondere jeder Fréchetalgebra mit offener Gruppe (bzw. jeder
Banachalgebra) eine GraBmann-Mannigfaltigkeit zugeordnet. Daraus ergibt sich
z.B., daB die Komponenten von #*-Untervektorraumbiindel von QX E, E
Hilbertraum, mit der von #=%"(Q, #(E)) induzierten Topologie lokal-%#-
rationale (also insbesondere analytische) homogene Fréchet-Mannigfaltigkeiten
sind (vgl. R. Palais [1, S. 302]).

Grundlegend fiir § 4 ist eine von Atkinson [ 2] entwickelte lokale Pseudoinverse
(4.1 Lemma), die in [13, 33, 49, 53] nicht verwendet wird. Bei der relativen
Inversion dienen die §§ 2 und 3 als Vorbereitung zu 4.14 Satz, wobei sich speziell die
Komponenten von €* (2, @, ), 2 kompakt, @, , Menge der Fredholmoperato-
ren mit Kerndimension n und Bild-Kodimension m, als lokal-#-rationale
homogene Mannigfaltigkeiten erweisen. Douady [13, 2] hat mit anderen Metho-
den schon gezeigt, daB @, ,, eine ,lokal rationale” Banachmannigfaltigkeit ist. Das
Ergebnis 4.14 beruht auf den Hilfssdtzen 3.1 und 4.2 sowie auf der ,,algebraischen
Zerlegungsmethode 4.15 bis 4.22. Diese Methode umgeht einerseits die Anwen-
dung des Satzes iiber implizite Funktionen und zeigt andererseits die Gultigkeit
des Verfahrens fiir alle Ideale im Sinne von 1.1 in topologischen Algebren mit
stetiger Inversion. Die Einschriankung auf eine Algebra ist nicht wesentlich, die
Ergebnisse von §4 gelten auch fiir Operatoren zwischen verschiedenen Rdumen
[21] (bzw. Kategorien mit mehreren Objekten), so dall auch abgeschlossene
Operatoren als stetige lineare Abbildungen zwischen Banachriaumen erfafBit
werden.

Motiviert durch Algebren von Pseudodifferentialoperatoren der Ordnung 0
wird in § 5 die einfache Definition 5.1 gegeben: Eine lokalkonvexe Fréchetunteral-
gebra ¥ einer Banachalgebra 4 mit Einselement heiBlt ¥-Algebra, wenn fiir die
Gruppen ¥ ! und £~ ! der invertierbaren Elemente die Aussage

Y@ l=y!

1 Vgl J. Raeburn, Pac. J. Math. 81, 525-535 (1979); J. Raeburn, J. L. Taylor, J. Funct. Anal.
25, 258-266 (1977)
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gilt; ist auBerdem # eine C*-Algebra und ¥ symmetrisch, dann heiBt ¥ eine
y*-Algebra. Auf diese Algebren ist der holomorphe Funktionalkalkiil anwendbar
(vgl. Waelbroeck [55]). Fiir die in 5.9 bis 5.17 eingefiihrten speziellen ¥-Algebren
(E;o,a) sind als Grundlage die Arbeiten von Cordes [11] und Connes [9]
wichtig; beide Arbeiten gehen von der Idee der W*- bzw. C*-dynamischen
Systeme aus, und zwar zur Untersuchung bzw. Charakterisierung von Algebren
von Pseudodifferentialoperatoren. Die Klasse (E;.«Z,a) ergab sich aus dem
Versuch, die holomorphe Faktorisierung (Heftungslemma von H. Cartan) fir
Fréchetalgebren zu beweisen (§6, 6.3, 6.8, 6.9). Ferner enthélt §6 ein einfaches
Gegenbeispiel zu einer moglicherweise offenen Frage (vgl. Omori [45, S. 140]). Die
Fréchetalgebra aller Operatoren der Ordnung 0 hat keine offene Gruppe. Die dazu
beniitzte Methode wurde auch von S. Lojasiewicz, Jr. und E. Zehnder (1979, vgl.
§6) in dhnlichem Zusammenhang angewandt.

Durch eine Lokalisierung wird die Untersuchung der Klasse (E;.o/,a)> im
Zusammenhang mit der Pseudo- und Microlokalitét fortgesetzt werden [24]. Die
auf Ergebnissen von H. Grauert und K.J. Ramspott beruhenden Resultate zum
Okaschen Prinzip fiir homogene Rdume und zur nicht abelschen Kohomologie in
[7,17,29, 49, 53] sollen fiir die ¥-Algebren {E; .o/, a) und ihre Ideale untersucht
werden. Die Resultate von [17] lassen sich wegen 6.8 und 6.9 leicht auf die
Fréchetalgebren <E; C*, «) ausdehnen.

Eine Weiterentwicklung eines Teils der Ergebnisse von [21] bleibt einer
folgenden Arbeit vorbehalten, insbesondere Dichte- und Surjektivititssitze fiir
R(A) (vgl. §4, §5) im Zusammenhang mit der Homotopie von Operatorfunktio-
nen und Algebren mit Involution.

§ 1 Bezeichnungen und Vorbemerkungen

L.1. Mit # bezeichnen wir eine separierte topologische Algebra iiber K, K=R
oder €, mit Stetigkeit der Multiplikation in beiden Faktoren und Einselement e.
Ferner sei # mit stetiger Inversion, insbesondere sei die Gruppe # ! der
invertierbaren Elemente offen und # ! sb—b~! € # sei stetig bzgl. der auf 2
gegebenen Topologie (%) (vgl. Naimark [41, S. 169] und Waelbroeck [ 55, S. 87]).
Das zweiseitige 1deal .# von 4 sei eine topologische Algebra mit einer Topologie
t(.#), die feiner ist als die von t(4) induzierte. Ferner seien die beiden kanonischen
bilinearen Abbildungen

(B, 1(B) x (I, 1(F)~>(S,1(S)),

(h,c)—>bc bzw. cb stetig. Wegen der Theorie der Operatorenideale wird auf Pietsch
[48] verwiesen. Wir verzichten auf die Annahme der lokalen Konvexitit, da
wesentliche Ideale, die bei Sobolevschen Einbettungssitzen benotigt werden, nicht
tokal konvex sind; auch das von A. Grothendieck eingefiihrte Ideal der
Overatoren mit schnell fallenden Approximationszahlen ist nicht lokalkonvex
['19], aber vollstindig metrisch.

L2, Ist fiir .# und & wie in 1.1 das Ideal .# in 2 echt, so bildet die lineare Hiille
I:={letc:ieK, ce s}
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versehen mit der Produktraumtopologie von KK x .# (bzgl. 7(.#)) eine topologische
Algebra mit stetiger Inversion,und ein Element von . ist in & genau dann
invertierbar, wenn es in .# invertierbar ist. Die Spektren (K =C) von x € .# bzgl. #
und .7 sind also identisch. Man beachte die Identititen a ' —b " '=a"' (b—a)
b~! sowie

e—x)"'=(e—y) '=(—x)"(x=y -y, (1.1)
(e—x) '=e+x+...+x"14+x"V(e—x)"'x". (1.1

Aus (1.1) ergibt sich auch, daB fiir die Identitit der Spektren bzgl. 4 und . der
Elemente c € .#, die Algebra .# nicht einmal als einseitiges Ideal vorausgesetzt
werden muf}, sondern nur die Annahme c#%c¢C .# fir ce £ zu erfiillen hat. Man
vergleiche ¢ ®-Integraloperatoren auf [*(X, u), X kompakt.

1.3. Unter zusammenhéngend verstehen wir bogenweise zusammenhéngend; fiir
offene Mengen in topologischen Mannigfaltigkeiten bzw. topologischen Vektor-
rdumen sind ,,die“ Begriffe identisch. Fiir das zweiseitige Ideal .# (wie in 1.1) sei

G(F)={beB ':b=e+c,ce S}

versehen mit der von (#) ! (bzw. 7(.#)) induzierten Topologie. Der Fall .# = % ist
im folgenden ausdriicklich zugelassen; dies ist die zunéchst interessante Situation.

14. Mit G(#) wird die e enthaltende Zusammenhangskomponente von G(.#)
bezeichnet; G (.#) ist Normalteiler in G(.#). Fiir einen Banachraum iiber € und .#
enthalten in dem Ideal #"(E) der kompakten Operatoren in # =% (E) (Banachal-
gebra aller beschrinkten linearen Transformationen von E) hat man bekanntlich
[17] aufgrund der Diskretheit des Spektrums G,(#)=G(#). Man setze etwa
S =% (E) das Ideal der Operatoren von endlichem Rang. Im Falle .#¥ =% wird
auch die Bezeichnung 4, ! fir G,(.#) verwendet.

Zusammenhangsfragen fiir ' werden von Yuen [57] behandelt®. In bezug
auf die Gruppen #~!/%_, ! gibt es noch eine Reihe von Problemen (vgl. auch
Douady [14]).

Um einige Ergebnisse geeignet formulieren zu konnen, filhren wir fiir die
topologische Algebra 4, wie in 1.1, den Begriff der lokal #-rationalen Mannigfal-
tigkeit ein.

1.5. Ist X +0 eine Teilmenge des endlichen Produktes ]"[ B;, B;=A,und Q eine

j=1
Klasse von Abbildungen f: X »%#,s0sei Q' : ={f+g, f-g:f,ge Qyu{f " ': feQ
und Vxe X3f(x)~ ' e#}; dabei beniitzen wir zur Definition die punktweisen
Operationen Addition, Multiplikation und Inversion (wenn moglich) im Ring 4.

1.6 Definition. Sei X wie in 1.5, pr;, j=1, ..., n, die Projektion von X auf die j-te
Komponente und C,: X —>4% die konstante Abbildung mit Wert be %4. Sei nun
Ro=1{pr;:j=1,...,n}u{C,:be R}, so setzen wir R, =R}, v=0,1,..., und
B(X,B):= U R, (1.2)
v=0

2 Vgl V. Paulsen, Coll. Math. 47, 97-100 (1982)
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die Familie der #-rationalen Funktionen auf X mit Werten in 4. Fir YC [] %,,
k=1
B,=%B, setzen wir
B X, Y)={f X->Y:freB(X,B),k=1,...,m}; (1.3)

diese Abbildungen nennen wir kurz #-rational.
Der Verfasser dankt Heinz Konig fiir ein Gesprach zu dieser Definition.
AuBerdem sei W.A.J. Luxemburg fiir seine hilfreiche Kritik gedankt.

1.7 Bemerkung. 1) Ist f;€ #1(X}, Y)), j=1,2, dann gehort die Produktabbildung
fixfr: X xX,-Y, xY,

u Br(X,; xX,, Y, xY,).
2) (Komposition) Aus fe Zr(X,Y) und ge Br(Y, Z) folgt g fe Br(X, Z).
3) Bu(X,%B)CE(X,%H) (Raum der stetigen H-wertigen Funktionen auf X).
4) (Fortsetzung) Zu jedem fe (X, %) gibt es eine offene Menge WD X, so
daB sich f zu einem f'e Br(W, B) fortsetzen laBt.
Samtliche Eigenschaften sind mit (1.2) direkt nachzupriifen.

1.8 Bemerkung. Sei 4 uber C, X offen in H B, B;=RB,und feBr(X,R); fir

jedes b e X gibt es eine Nullumgebung U von I] A j,s0 daBfiir a e U die #-wertige

Funktion h(z): = f(b+za) auf {zeC:|z|< 1} komplex differenzierbar ist. Unter
der Annahme der lokalen Konvexitit von % hat man mit 1.7.3)

Ar (X, B)CHol(X, %)

im Sinne unendlich dimensionaler Holomorphie (vgl. (1.1) u. [43]).

1.9. Ist XC [T £ kompakt, so bildet #r(X, %) versehen mit der Topologie der

j=1
gleichmédBigen Konvergenz auf X wieder eine topologische Algebra mit stetiger
Inversion.

1.10 Definition. Ein topologischer Raum M wird lokal #-rationale (kurz: [%r)
Mannigfaltigkeit mit einem Atlas {(U,, ¢,, V,), x € A} von Karten genannt, wenn
die folgenden Bedingungen erfiillt sind:

0) {U,:ae A} ist eine offene Uberdeckung von M fiir jedes o€ A ist V, eine
offene Teilmenge eines topologischen Vektorraumes (T, ©(T,)) und @, : U,—V, ist
cine Homoomorphie.

1) T,istfiir jedes a € 4 ein linearer Teilraum von [T, : = ﬁ B, B=RB;,n,<0,

so daB die von IT, durch t©(#) auf T, induzierte Topologie grober ist als die
Topologie ©(T)).
2) Alle Kartenwechsel, o, fe A4,

(Pa(/’t; ! : (pﬂ(Uam U[I)_)(pa(Uan Uﬂ)
sind #-rationale Abbildungen.



32 B. Gramsch

Wenn (T, 1(T)) =(T, ©(T)) fiir alle a € A erfiillt ist, so heiBt M modelliert iber
(T, <(T)).

Bemerkung. 1) in 1.10 ist so gewdhlt, da die (T,,(T,)) bei den im folgenden
betrachteten Mannigfaltigkeiten abgeschlossene (projizierte) Unterrdume eines
zweiseitigen Ideals .# (wie in 1.1) von 4 sind. Die Rechnungen erfolgen allerdings
nicht nur in .%, sondern auch in %.

1.11. Produkte von [#r-Mannigfaltigkeiten sind wieder von dieser Art; ebenso
offene Teilmengen. Wie liblich definiert man lokal #-rationale Untermannigfaltig-
keiten mit Hilfe linearer, topologisch direkter Zerlegungen von (T}, t(T,)).

Eine Abbildung f: M — M’ fiir [#r-Mannigfaltigkeiten M und M’ heiBt eine
[%r-Abbildung, wenn Vpe M Karten (U, ¢, V), pe U, und (U", ¢, V"), f(p)e U,
existieren, so daB ¢’ofo @ ': V-V’ eine #r-Abbildung und stetig ist. f heilit
[%r-Hombomorphismus, wenn die inverse Abbildung von f existiert und ebenfalls
eine [%r-Abbildung ist.

Ein Tripel (G, n, M) bestehend aus einer Gruppe G, ciner Menge M und einer
(surjektiven) Abbildung 7#:Gx M—M heiit homogener Raum, wenn mit
g-p:=n(yg,p) die Bedingung g,(g,p)=(g,9,)p etfillt ist und n*:G->M, pe M,
definiert durch #n?(g)=n(g, p), surjektiv ist.

1.12 Definition. Ein homogener Raum (G, n, M) heilit lokal #-rationaler (kurz:
[%r-) homogener Raum und M I[%r-homogene Mannigfaltigkeit, wenn die
folgenden Bedingungen erfiillt sind:

1) G und M sind [%r-Mannigfaltigkeiten,

2) die Gruppenoperationen G x G—G sind [#r-Abbildungen.

3) 1:Gx M— M ist eine [%r-Abbildung.

4) Yp € M3 eine offene Umgebung U von p und eine [#r-Untermannigfaltig-
keit 7, von G, so daB n’|; :.7,-U ein [Br-Homéomorphismus ist.

1.12". Statt 4) in 1.12 wére auch die folgende Bedingung moglich:

4*) Fir jedes pe M gibt eine Umgebung W(e) C G und eine Untermannigfal-
tigkeit 7, von G und eine #r-Karte ¥:W(e)» W’ C(T.t(T)) mit einer linear
topologisch direkten Zerlegung T=T,®T,, so dal fiir H,={ge G:gp=p} und
7, folgendes erfuillt ist:

i) 7,-H,OW(e)

i) 7,nW(e)=¥""(T,nW’) und H,nW(e)=¥ "Y(T,nW).

Fiir die Theorie Banachanalytischer homogener Raume wird auf Bourbaki
[6], Hayes [29] und Raeburn [49] hingewiesen. Man vergleiche auch Steenrod
[52,1.7]. Aufrationale homogene Riume in der alg. Geometrie hat N. Kuhlmann
(Essen) hingewiesen.

1.13 Bemerkung. Die Gruppen G(.#) aus 1.3 sind 1%4r-Mannigfaltigkeiten, denn
X ={ce #:3(e—c) '} ist offen in .#, wic man aus e—c=(e—c,) (e—(e—cy) "
(c—cp)) und (1.1") sieht. Fiir eine Karte kann man jede offene Teilmenge in X
zulassen. Ferner ist dann die kanonische Abbildung G(.#) x G(.#)—G(.#) eine
[%r-Abbildung und ebenso (e—c)—(e—c) .

1.14 Bemerkung. In dieser Arbeit betrachten wir geeignete Einschradnkungen der

Abbildung (B X B )X BB
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definiert durch
(9,9, b)=gbg "
und der Gruppe
G=RB"'xB"!
mit der Verkniipfung (g,,41) - (92,92)=(9192,91d2)-

1.15 Beispiele von lokalkonvexen topologischen Algebren mit stetiger Inversion
erhilt man aus Banachalgebren . mit Einselement bekanntlich folgendermaBen:

1) €~ (Q, %) fiir eine kompakte differenzierbare Mannigfaltigkeit Q.

1) Sei o/(Q) eine kommutative Fréchetalgebra mit stetiger Inversion auf dem
kompakten Gelfandraum Q, dann ist das projektive Tensorprodukt .«/(Q)®.%
mit stetiger Inversion; hiufig fiilhren auch andere Tensorvervollstindigungen
dazu; .7(Q2) nuklear, z.B. geeignete Gevrey-Klasse.

2) K %0 eine kompakte Teilmenge des €™ und #'(K) der nukleare induktive
Limes der jeweils in einer Umgebung von K holomorphen Funktionen; man bilde
H (K)® £ oder #(K)RZ(C").

2) R(K) der Unterraum von 4 (K),der aus rationalen Funktionen mit Polen
auBerhalb K besteht; man betrachte R(K)® % mit der von #(K)®.# induzier-
ten Topologie.

3) Sei Q ein Gebiet im IR" oder eine o-kompakte endlichdimensionale
differenzierbare Mannigfaltigkeit, dann ist

¢“B(Q, L)= {a €€*(Q, 2):|all, = sup ()] < 00}

eine topologische Algebra mit stetiger Inversion bzgl. || ||, und eine Fréchetal-
gebra dieser Art bzgl. €*°-Topologie zusammen mit || || .
Es sei hier auch darauf hingewiesen, daB3 die Sobolev-Hilbertraume H™ (L), Q

kompakt, m>3dimQ, bezliglich punktweiser Multiplikation Banachalgebren
sind.

1.16. Die Struktur der Ideale in 1.1 als topologische Vektorraume kann sehr
kompliziert sein; vgl. [48, 22, 19].

§2 Idempotente Elemente und homogene Riume

Sei Z={pe#:p*=p} die Menge der idempotenten Elemente (Projektoren) von
AB.

In [49] hat Raeburn fiir eine Banachalgebra # tiber € gezeigt, daB fiir jede
Zusammenhangskomponente M von 2

M;G/Hp, PEM,

im Banachanalytischen Sinn mit G=2; ! und

H,={geG:gpg~'=p}

(Stabilisator von pe M, und gpg ™' das Produkt in der Banachalgebra 4) erfiillt
ist, wobei insbesondere der Satz iiber implizite Funktionen fiir Banachraume
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herangezogen wird. Wegen der Banachanalytischen Lie-Theorie vgl. man Bourba-
ki [6, Chap. II1].

2.1. Seip, € 2 und # ein zweiseitiges [deal von 4, wie in 1.1 definiert, wobei . =%
zugelassen ist. Die Menge

P(SF,po)={po+xeP:xe S}

wird als (abgeschlossene) Untermenge von {p, +.# } mit der von 7(.#) induzierten
Topologie versehen.

2.2 Lemma. Sei M : =M(.4, p,) die p, enthaltende Zusammenhangskomponente
von P( 5, py) und G=G,(F) die Hauptkomponente von G(.#) (vgl. 1.4) und

n:GxM-M (2.2)
definiert durch n(g, p)=gpg ™', dann ist fiir jedes pe M die Abbildung
n?:G-M, 7P(g):=gpg "' (Produktin %), 2.3)
stetig, surjektiv und offen.
Beweis. Bekanntlich gilt fiir p, g€ 2 die Gleichung (vgl. [54])
(pqg+(e—p)e—a)g=p(pq+(e—p)(e—q);

existiert nun g: =(pq+(e—p)(e—q)) ", so folgt g=gpg~"'.

Wegen
p(p+x)+(e—p)(e—p—x)=e—(e—2p)x
gibt es eine Umgebung W(p) in 4, so daB die Abbildung
9 WP)=B, ', g (p+x):=(e—(e=2p)x)""
definiert ist, und zwar mit der Eigenschaft g(p+ x) € G (¥) fir xe.# (vgl. 1.1")
L Wp)-»2,  f(x+p):=g(p+x)pg(p+x) " (2.4)

ist eine Retraktion von W(p) nach 2 wegen f,(x+p)=x+p fir x+pe?.
Demnach ist fiir U(p): = W(p)nZ die Abbildung f, eingeschrinkt auf U(p), die
wir mit s, : U(p)— G (.#) bezeichnen, ein lokaler Schnitt der Abbildung n”: G—M:

wos,=Idy,, U(p)CM. 2.5)

Aufgrund der Existenz der lokalen Schnitte s, von n” fiir jedes p e M fiihrt eine
wohlbekannte SchluBweise zur Surjektivitit von n”: Sei w(t), 0=t <1, ein stetiger
Wegin M mit w(0)=p und w(l)=p’, dann fiihrt eine geniigend feine Unterteilung
0=ty <t, <t,=1 mit den Schnitten s, ,: Uw(t;))>G(F), j=0,...,r—1, zu der
Gleichung

w(l)=gpg™", geG(F)
mit

9=LSwa,- ) WD .- - [Suig W ))] - (2.6)
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Die Existenz der lokalen Schnitte s, von n” impliziert bekanntlich auch, daB3 die
Abbildung n” offen ist: Sei 0 eine offene Menge in G und ge=n?(0). Fiir die
Rechtstranslation R, : G—»G und g’€ 0, n”(g") =q, gilt n” o R, o s, = Idy, auf einer
Umgebung U(q)C M, die aber, wenn sie geniigend klein gewédhlt wird, in 7?(0)
liegen mul3 (man beachte g'p=q sowie n?=n">R,).

Bemerkung. Ist # kommutativ, so folgt aus 2.2 die Aussage M = {p,}. Der Beweis
von 2.2 ist fiir eine Banachalgebra % und %4 = .# bekannt [54].

Um zu zeigen, dal M:=M(F#,p,) eine [Hr-Mannigfaltigkeit ist, wird
G:=G,(#) in einer Umgebung des Einselementes mit Hilfe des Stabilisators
(peM)

H,(5)={geG:n’(g)=p} 2.7
fiir jedes pe M zerlegt (lokal)
G~T,xH,(9), 2.7)

so dall die Untermannigfaltigkeit .7, eng mit dem ,Tangentialraum® T,(M)
zusammenhéngt.

2.3 Beispiel. Wir berechnen das ,, Fréechetdifferential” der Abbildung (2.4):
Sei 0: =(e—2p)x,
S(p+x)=g(p+x)plg(p+x)]""
=(e—(e—2p)x)" 'ple—(e—2p)x)
=(e—0) 'ple—9)
=[e+6+06%*(e—0) Ip(e—9)
=p+08p—pd—3pd+5*(e—35) 'ple—9)
=p+0p—pd+ R()
=p+(e—2p)xp—p(e—2p)x+R(d)
=p+(e—p)xp+px(e—p)+R().

2.4 Definition. Fiir pe M =M (.#, p,) sei
T,M): ={(e—p)xp+px(e—p):xe.f}. (2.8)
Durch (2.8) ist offensichtlich ein projizierter Untervektorraum von .# gegeben.

25. Mit p=p?, p fest, p,=p, p,=e—p, wihlen wir die folgende Darstellung
(p-Koordinaten) fiir be %

2 b, b
b= % ijpk=<b; b;j)’ bjkzpjbpk'

Jrk=1

Der Raum T,(M) hat dann die Darstellung

T(M)= {(C(z) C(‘f): € f}. (2.9)
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Sei in p-Koordinaten (p fest)

1
GV = {( O>: Ca1=D2CP1, cef}, (2.10)
Cyy 1
6@ = (L) piepces (2.10)
p 0 1 <C12=D1CP2s ) .

113

wobei mit ,,1“ wie liblich p, oder p, gemeint ist. G;,f’ ist offensichtlich eine
Untergruppe von G=G,(.#). Ferner sei

T, ={91-9,:9;€GY,j=1,2}. (2.11)

Nun definieren wir die Abbildung (in p-Koordinaten)
T,(M)- T, 2.12
durch 7o HM)= 7, (212)

0 ci2\\. (1 0\[1lcy,
T ;i 0)) \eyy 1J\O 1)
ferner sei

%y T, X H,(F)-G (2.13)

definiert durch x,(c, h) = ch (Produkt in %); %/, sei die Einschrinkung von s, auf
T p-

2.6 Lemma (vgl. [49, 4.9]). In G(¥) (¥ =% zugelassen) besteht der Stabilisator
H:={geG(¥): gpg ' =p} von pe? in p-Koordinaten genau aus der Menge

hy, 0
{( 0 h22>ec(y)}. (2.14)

Beweis. Jedes Element der Menge (2.14) liegt offensichtlich in H. Andererseits folgt
aus hph~ ' =p die Aussage hp=ph und damit h,,=0=h,,.

2.7 Lemma. Sei pe M : = M(#, p,), dann ist die Abbildung
injektiv. o, oy, T,(M)>M, (2.15)
Beweis. Mit ¢, de T,(M) und

(P 0%, 0 ,) (€)= (7P o, 07,) (d)
ergibt sich

1p(©PY,(0) " =7,(d)py,(d) ",

7o) 1, () p(rp(d) " y,p(c) ' =p.

Daraus folgt y,(d)~'y,(c) € H,(.#). Wir zeigen nun d=c:

_ e,
”P(d)_l“(c)=<(l> f)(—:i (1)> (cl (1)> (0 c12>

_ (hn =1—di,(cr1—dyy), hiy=(1—d;5(c2, _d21))clz_d12>
hyy=cy1—dyy, hyy=1+(c31—dyy)cy,
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Aus 2.6 Lemma folgt nun c¢,, =d,, und aus h,, =0, dann ¢,,=d,, so daB sich
c¢=d ergibt.

Das folgende Lemma ersetzt die Anwendung des Satzes iliber implizite
Funktionen zum Nachweis, daf 2 fiir Banachalgebren eine analytische Mannig-
faltigkeit ist. Aus 2.5 folgt auBBerdem: & ist eine lokal #-rationale Mannigfal-
tigkeit.

2.8 Lemma (#-rationale Zerlegung). Fiir jedes pe M (.#, p,) gibt es eine Umgebung
U des Einselementes e von G: = G,(.#) und eine stetige Abbildung

P U-GY x G2 x Hy(I) (T, =GP GP) (2.16)

mit [P(e)=(e,e); (P ist auferdem eine %-rationale Abbildung.

Beweis. Eindeutigkeit: Sei g=r-h=r"-h',r, €7 ,, h, h'e H,(#), so ergibt sich
nP(g)=n"(r)=n"(r),r,r' €T,

damit folgt aus 2.7 die Aussage r=r" und daher h="h'".

Die Existenz von (?: U—-G'" x G x H (.#) folgt aus der Matrixidentitit (in
p-Koordinaten)

911 912 1 0><1 glza_1> (Qu 0)
= = - 2.17
g (921 gzz) <g21g11] 1/\0 1 0 a ( )

mit a=g,,—g,1911'9g:.- Dabei bedeutet g;! die (1,1) Komponente von
(911+9,2) ' =e+c, ce.#; man beachte (1.1); a~ ! ist die (2, 2)-Komponente von
(p+a)~!; die Elemente g,, und g,, sind klein wegen ge U und liegen in ..

2.9. Die vorangehenden Uberlegungen, insbesondere 2.5 bis 2.8 werden in einem
Diagramm zusammengefallit und erweitert, wobei pe M : =M (.#,p,) fest ist;

G=G.(F). 0= (22, h?)
Ge—===g x  H,(5)
|T :T - --lokal (2.18)
ol P v I —— global '

I
4
M- —-z=oTM) x TP (=5)

&Fl@=(c,h), g=ch,t"(g)=c,h"(g)=h, geU.
Fir eine Umgebung W(e)CH () sei ¥,: W(e)— T, fiir

7;02{(011,022):011 =P1C11P1 € F,Crp=PyCy2pr € S}

definiert durch
h 0
lpp(( (1)1 h22>>: =(hy1—p1,hy2—p)).

2.10. Fiir eine geeignete Umgebung W (e) C G siecht man aus dem Diagramm 2.6,
daB

(7" 1xW,)o (P W(e)> T,(M)xT
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eine Abbildung mit den Eigenschaften in 1.12" vermittelt; 7, und H ,(.#) sind [%r-
Untermannigfaltigkeiten von G.

2.11 Definition einer Karte fir M=M(#,p,). Aufgrund der Stetigkeit der
Abbildungen in (2.18) gibt es eine Umgebung U(p)C M, so daB

@, =y, etPos,  U(p)> T, (M) (2.19)
definiert ist; auBerdem ist ¢, eine #-rationale Abbildung.

2.12 Lemma. Die Abbildung ¢, ist ein Homoomorphismus auf eine Nullumgebung V
von T,(M).

Beweis. Zunéchst gilt
/ -1
(np ° %p ° Yp) ° (Yp © Tp © Sp) = IdU(p) ’

wie aus der Konstruktion (2.18) folgt. ¢, ist also injektiv. Es bleibt zu zeigen, dal3
V:=¢,(U(p)) in T,(M) offen ist. Da die Abbildung ¥:=n"-x,-y, auf ganz
T,(M) stetig und nach 2.7 Lemma injektiv ist, iiberlegt man sich leicht, daf ¢, eine
offene Abbildung ist. ¢,:U(p)—V ist also injektiv und surjektiv auf die
Nullumgebung V von T,(M).

2.13 Satz. Das Tripel (G,(¥), n, M(F,p,)) definiert eine lokal %-rationale
homogene Mannigfaltigkeit; dabei ist

e Ge(j) XM(jv pO)_’M(’f’ pO)
definiert durch n(g,p)=gpg~" (Produkt in #).

Beweis. Wir zeigen zunéchst, dall M : = M (., p,) eine |Br-Mannigfaltigkeit ist.
Seien ¢ : U~V und ¢":U'-»V’, pe U, p’e U’ zwei Karten, dann ist

@0 L ipUnU)=o(UnU")
eine stetige #r-Abbildung, womit die Bedingungen von 1.10 wegen 2.9 nachgewie-
sen sind.

Entsprechend der Definition 1.12 wird nun gezeigt: M ist [%r-homogene
Mannigfaltigkeit. Die Bedingungen 1) und 2) aus 1.12 sind mit dem Vorangehen-
denund 1.13 erfiillt. Zu 3)in 1.12: Aus der Definition der Karten fiir G und M folgt
dies unmittelbar. Die Bedingung 4) in 1.12 ist wegen 2.7 erfiillt.

2.14 Bemerkung. 1) Nach Steenrod [52, 1.7], folgt auBerdem, daB (G, =, M) ein
Faserbiindel definiert mit der Faser F=H, (), poeM fest. 2) Wegen
H,,=gH,g ' und der Eigenschaft

T,,(M)=gT,(M)g~' bzw. 7,=97,9 " (2.20)

gr

(wobei gp: =n(g,p)=g-p-g ') sicht man, daB M eine [#r-Mannigfaltigkeit
modelliert iber dem Vektorraum T, (M) ist.

2.15 Bemerkung. 1) Sei #, die Menge der stetigen v-dimensionalen (v<oo0)
Projektoren des lokalkonvexen Vektorraumes E, dann gilt fiir das Ideal .# = % (E)
der Operatoren von endlichem Rang und jedes pe 2, die Aussage 2,={gpg ':
geG(#)}. Entsprechendes hat man fiir die Menge der v-codimensionalen
Projektoren. 2) Fiir Banachraume tiber C ist die Menge 2, (vgl. 1.4) zusammen-

hingend. 3) Fiir die Rdume ¢, und /%, 1<p<oo, ist die Menge #, ., der
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Projektoren mit co-dimensionalem und co-codimensionalem Bild zusammenzieh-
bar. Dies folgt aus [44] in Verbindung mit einem Satz von Pelczynski, daB in ¢,
und /7 alle projizierten co-dimensionalen Unterrdume isomorph sind, wenn man
die Homotopiesequenz wie in [49, S. 388], auf die exakte Sequenz 0— H ,—GI(E)
-2 4. »—0 anwendet. 4) Im Fall E=¢,®¢? ist 2, nicht zusammenhéngend
und hat nicht die Form {gpg ~': g€ GI(E)}. 5) Fur 4= %(E), E Hilbertraum, ¢
das Ideal der Hilbert-Schmidt-Operatoren, ist M (.#, p,) eine Hilbert-Mannigfal-
tigkeit.

§3 GraBmann-Mannigfaltigkeiten fiir topologische Algebren mit stetiger Inversion

Fiir die topologische Algebra 2 iber R oder € mit stetiger Inversion (insbesonde-
re sei 4! offen) und das zweiseitige Ideal .# seien die Voraussetzungen wie in
1.1, 1.2, 1.3 gegeben. Auf der Menge 2= {pe #: p*>=p} definieren wir beziiglich
# die folgende Aquivalenzrelation, wobei auch .# =% zugelassen ist.

p~p < pp’=p’ sowie pp=p und p—pef. (3.1

Mit X, wird die Aquivalenzklasse von pe 2 und mit I'(4, .#) die Menge der
Aqulvalenzklassen von # bezeichnet, T'(%): = I'(%, 2). Man prift leicht nach, daB
(3.1) eine Aquivalenzklasse definiert. Eine weitere Aquivalenzrelation erhilt man

auf 2 durch
p~p <> pp'=p,pp=p° und p—pe.s. (3.2)
Es gilt )
p~p < (e—p)~(e—p),
wie manﬂdirekt nachrechnet.
Die Aquivalenzrelation (3.1) definiert eine Abbildung
Vg P-T(B,5) (3.2)
mit der Eigenschaft

v (X,)={p+px(e—p):xe.g}, (3.3)

wie man leicht ausrechnet.
Ferner gilt fir X eI'(%4,.9),p,p’,qe X und y:=p—p’

qye—q)=y,y*=0,(e—y) '=e+y,p'=(e+y)ple—y). (3.4)

Die Aussagen (3.3) und (3.4) folgen durch unmittelbares Ausrechnen; insbesondere
besagt (3.3), daB jede Faser der Abbildung (3.2') ein translatierter Untervektor-
raum von 4, also insbesondere konvex ist.

Auf I'(#, .#) filhren wir die folgende Halbordnung ein: Fir X, Ye I'(4, .#)
bedeute die Relation

X<Y (3.5)

die Aussage: es gibt ein pe X und ein g € Y mit gp = pu. p— q € .. Man sieht sofort:
Vp'e X und Vq'e Y gilt dann ¢'p’=p’; auBerdem ergibt sich aus X <Y und Y<Z
die Relation X <Z, und aus X <Y und Y<X folgt X=Y.
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3.1 Lemma. 1) Aus p~p’ und ge B~ folgt gpg~'~gp'g'. 20) Seien p,qe 2,

X:=p—qe€J und e+ x invertierbar; dann gilt q¢': =(e—p+q)ple—p+q) ' ~q.
2B) Ist zusdtzlich qp=p erfiillt (X ,<X,), so folgt p~q.

1 1

Beweis. 1) (gpg™")(gp'g )=9gp'g ‘s 9p'9" ' —gpg ' =g(@'—p)g~'. 20) Aus
(e—p)p=0 folgt ¢'=qp(e—p+q) ™' = qq'=q". Nun zu g'q=q:
(e—q)(e—p)=(e—q)(e—p+q),
(e—q+p)e—p)=(e—q)(e—p+q),
(e+x)(e—p)=(e—q)(e—x),
(e—p)e—x)"'=(e+x)"'(e—q)lq,
(e—p)(e—x)"'q=0,
(e—=x)"'q=ple—x)"'q,
g=(e—x)ple—x)"'q. (3.6)
Wegen x € .# gilt nach (1.1)¢'—pe #, also mit x=p—qe ¥ auch ¢'—qe .#. 2):
Aus (3.6) folgt mit
q=(e—p+q)ple—p+q)q,
q=qple—p+9)"'q,
q=ple—p+q)'q,
P4=q.

3.1". Ausgehend von der Ahnlichkeitsabbildung 2! x Z—% (g, b)—gbg ™' bzw.
deren Einschrankung

B X PP 3.7)

definieren wir aufgrund von 3.1.1) fir I': =I'(%, #) und G: =G (F) (£F=%
zugelassen) die Abbildung

7:GxT—T (3.8)
durch

9. X)—>gX:=X,,,-. fir peX,
und auBlerdem

G-I, n*g)=n(g,X)=gX. (3.8)

Die auf der topologischen Gruppe G mittels t(#) gegebene Topologie
induziert auf I" eine Topologie 7(I") in der folgenden Weise: Zu einer Umgebung U
von e in G und fiir X e I' definieren wir auf I" eine Umgebung von X

UX):={Yel':dgeU mit gX=Y}. (3.9

Durch das entsprechende System aller so definierten Umgebungen iibertragt sich
die uniforme Struktur von G zu einer solchen auf I', wie man leicht nachpriift.
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3.2 Lemma. Der Stabilisator H(X)={ge G: X =gX}CG eines Elementes X eI’
besteht in ,,p-Koordinaten*‘, pe X, genau aus allen Elementen der Form

h=<h(‘)1 :‘2> mit (hy+h,y,) ' eG. (3.10)
22

1

Beweis. Aus g€ G mit gpg~ ' ~ p folgt

1

%) (gpg~")p=p.pg~ ' =9 'p,(e—p)g 'p=0,
B) p(gpg™")=gpg ', pgp=gp,(e—p)gp=0.

Also hat g die Form (3.10); es bleibt noch (g;, +¢,,) ' € G zu zeigen. Aus

e:qgﬂ:(gu 912> (g/u g'12>
' 0 g, 0 g5

folgt g,197, =p(=1), womit sich mit g7, =g,

911 912 911 0><1 9/11912>
= 3.11
<0922> <0922 0 1 ( )
ergibt, so daB (g,, +¢,,) ' existiert (g, € .#).
Umgekehrt habe h die Form (3.10) mit der Existenz von (h;, +h,,) " '. Aus der
Matrixdarstellung von hund h~ ! folgt hph ™ 'p = hph’,, = h,,ph’, = p; ebenso fiihrt

die Matrixdarstellung zu php=hp, so daB wir phph~'=hph~! erhalten; also
p~hph~!. Damit ist 3.2 gezeigt.

Bemerkung. Bekanntlich haben im oo-dimensionalen Fall invertierbare 2 x 2-
Dreiecksmatrizen (hy) (d.h.: h,; =0) i.a. nicht die Eigenschaft 3 (hy, +h,,) "

Zum Nachweis, daB} I'(%#, .#) eine lokal %-rationale Mannigfaltigkeit ist,
bendtigen wir (vgl. 2.8 Lemma) zunéchst

3.3 Lemma. Fiir X € I'(#, %), pe X, gibt es eine Umgebung U (e) C G(#) mit einer
eindeutig bestimmten, %-rationalen Zerlegungsabbildung

P(:U(e)»GPV x H(X,) mit *((g)=(r,h),g=r-h
(G wie in 2.10).

Beweis. Eindeutigkeit: g=r-h=r'h’" impliziert r~'r'=hh’"', so daB sich aus der
Matrixstellung r=r" und h="h" ergibt. Die Existenz folgt aus der Identitdt (in
p-Koordinaten)

911 912 1 0) <911 912 )
= = _ _ ; (3.12)
g (921 gzz) <9219111 1 0 92,—921911 912

man beachte g, ,, g,, € £.

34. Sei P(=(P1,7h), Pr(g)=r, Phig)=h fir "L(g)=(r.h); "x:GY x H(X,)~G,
"k(r,h)=r-h und ?x’ die Einschrankung von Px auf G\"). Ferner sei

STy ={ce Fic=(e—p)cp}
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und TG (3.13)

definiert durch y(c)= (i ?)
3.4" Bemerkung. Die Abbildung (X =X ,e (%4, .7))

N L o ko1, Ty—T (B, F) (3.14)
ist stetig und injektiv.

Beweis. Die Stetigkeit ist klar; aus r; X =r,X folgt r; 'r, € H(X), und deshalb
I"l = r2.

3.5 Lemma. Die Voraussetzungen wie in 3.3 seien gegeben. Dann existiert fiir jedes
peXel(A,.%)eine Umgebung U ,(X)von X in I'(#, .#) und ein stetiger (lokaler)

Schnitt sx: U (X) =GR G(A)
der Abbildung 1*: G(#)—>T(#,.7) (vgl. (3.8); n¥o sy =Idy )

Beweis. Die Topologie auf I'(%4, .#) ist durch (3.9) definiert. Fiir eine ge.eignete
Umgebung U(e) C G(#) setzen wir vermoge 3.3

U (X)={Yel'(#,7): Y=rX,r="1(g),ge U(e)} .
Die Abbildung r—Y,:=r-X(=X,, 1) ist nach 3.4 injektiv und stetig. Die
Abbildung ,sy definiert durch
I'(#,7)3Y,-»reGPCG(F)
ist ebenfalls stetig, wie man aufgrund der Stetigkeit von Pt und (3.12) sieht;
auBerdem gilt 7% sy =1dy x)

3.6 Lemma. Sei M eine Zusammenhangskomponente von I' (B, F) und G : =G (.F)
(vgl. 1.4). Dann ist die Abbildung

*:GoM,XeM,peX, 1" (g)=X,,,

stetig, surjektiv und offen. Es gilt M =G/H(X), fir X €M, als topologischer
homogener Raum, insbesondere operiert G transitiv auf M.

Beweis. Vermoge der lokalen Schnitte sy, g € Y, der Abbildungen n” zeigt man, wie
in 2.2 Lemma (2.6), daBl G auf M transitiv operiert und n* surjektiv ist. Die
Offenheit von ¥ folgt ebenfalls aus der Existenz der lokalen Schnitte mit
n?* =n¥o R,, wobei R, die Rechtstranslation auf G ist.

Die schematische Darstellung (2.18) des Beweises von 2.13 Satz 1a3t sich mit
denin 3.3, 3.4 und 3.5 definierten Abbildungen auf I'(#, .#) bzw. eine Zusammen-
hangskomponente iibertragen.

3.7 Satz. Jede Zusammenhangskomponente M des Graffmannraumes I'(%,.9)
versehen mit der durch (3.9) gegebenen Topologie ist mit der Gruppe G =G ,(.#) und

der Abblldunq 1 GxM->M , n(g’ Xp) C= Xgpg* .

eine lokal #-rationale homogene Mannigfaltigkeit.
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Beweis. Zunichst zeigen wir, da3 M eine lokal #-rationale Mannigfaltigkeit ist,
indem die fiir jedes feste X € M und pe X die Karte

p(pX: Up(X)_'pTX’

definiert durch
pPx =) o Pho sy,

eingefiihrt wird; mittels 3.4" ergibt sich, daBl ,p, eine Homdomorphie auf eine
offene Nullumgebung V in Ty ist. Wir zeigen nun, daB die Kartenwechsel
%-rational sind.

Sei m;=X;eM, j=1,2; pjeX;, U;:=U, (X)) und ¢;: =, oy ; I?z(pj(Uj)
Nullumgebungin , Ty , U=U,nU,. Seime U, m=g(y;) - m;, g,(y)) € Gy, y;€ V;.
In p-Koordinaten hat man

10
9,0)= <J’j 1)‘

Da G transitiv auf M operiert, existiert g, € G (g, =e moglich fiir m; =m,, also
D1 ~Dp,) mit gom, =m,, so dabB aus g,(y,)-m; =¢,(y,) - m, die Gleichung

g1 (,Vy)g(; 1mz =g,(y2))m,
folgt und

92(¥2) "' 9:(¥1)go ' =he H(m,) (3.15)

erfilllt ist. Den Ausdruck g,(y,)go ! =a(y,) rechnet man in p,-Koordinaten um, so
daB sich aus (3.15)

_ aj (y1) a;2(y1) (1 O\[hyy hyy
60:)= <a2,(y1) azz()’1)> B <J’2 1)( 0 hzz)
ergibt.

Nach 3.2 existiert (h;, +h,,) "' € G(.#), also auch die (1, 1)-Komponente h;!.
Wegen hy, =a,,(y,) gilt fiir y, die Gleichung [vgl. (3.12)]

YZ:azl()H)an()’l)-l .

Da alle Operationen rational sind, ergibt sich @,¢; ': ¢,(U)— ¢, (U) ist #-ratio-
nal.

Die Bedingungen der Definition 1.12 sind ebenfalls erfiillt: Zu 3) in 1.12: Die
Karten von M werden durch die Gruppen G (vgl. (2.10) in G repréisentiert,
darausfolgt 3)in 1.12. Zu 4)in 1.12: G\" ist eine Untermannigfaltigkeit von G. Eine
neeignete e-Umgebung 7, pe X, in G\ erfillt wegen der Definition der Karten
~px die Bedingung 4) in 1.12.

3.8 Bemerkung. Aufgrund von Steenrod [52, 1.7], definiert die Abbildung y, (3.2))
cingeschrinkt auf eine Zusammenhangskomponente M = M(.#, p,) von £ ein

i‘aserbiindel mit Faser y,(X,), y4(po) =X, mit dem Basisraum M’'CI'(%, .%),
Yo€M’, M’ Zusammenhangskomponente.
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3.9 Satz. 1) Ist die Grafimann-Mannigfaltigkeit I (%) der topologischen Algebra %
(mit stetiger Inversion) parakompakt, so ist I'(#) homotopiedquivalent zur
Mannigfaltigkeit #(%) aller idempotenten Elemente von 4.

2) Ist I'(#B, #) parakompakt, so gibt es einen globalen Schnitt der Abbildung
Vg P->I(B, #)in (3.2"), wobei P mit der disjunkten Vereinigung der homogenen
Mannigfaltigkeiten M(.#,p) (vgl. 2.2) identifiziert wird; ferner ist dann P
homotopiedquivalent zu I'(%4, 7).

Beweis. 1) ist ein Spezialfall, .# =%, von 2): Aufgrund der Konvexitit der Fasern
von 7y, geniigt es Zusammenhangskomponenten PC# und M CI'(%4, #) zu
betrachten mit der Einschrdnkung y von y,, y: 2 —M. Sei nun {U,:a € A} eine
Uberdeckung von M mit X,eU, p,eX und s,:U,—»G:=G,(5),
(n*a) o s,=Idy,; man kann die kanonischen Schnitte von 3.5 wihlen; dann gilt
wegen der speziellen Form von G} die Aussage s5,(X)-p,€ X € U,CI'(%, #). Sei
nun {y;:jeJ} eine der Uberdeckung {U,:a€ A} untergeordnete lokalendliche
Zerlegung der Eins, so setzen wir mit p;=p, und s;=s, fiir Trager (v, CU,

s(X): = 2 ¥(X)s{X)-p;

und haben so einen globalen Schnitt von y erhalten, denn die Fasern von .y sind
konvex. Andererseits wird durch

H(t,p): =(1-t)p+t(sey)(p), 0=t=1,

eine Homotopie zwischen Id, und soy hergestellt, so dal y:Z—-M eine
Homotopiedquivalenz definiert.

Fir die Klassifikation von GraBmann-Mannigfaltigkeiten eines separablen
Hilbertraumes wird auf [33, S. 109] verwiesen; man vergleiche auch [29] und [32].
3.9 Satz zeigt die Verbindung zur Menge der Projektoren. 3.9 gibt ebenso einen
weiteren Zusammenhang zwischen den Ergebnissen4.5 und 4.9 aus Raeburn [49]
im Spezialfall der Banachalgebren.

Eine Analogie zu Stiefelmannigfaltigkeiten erhélt man fiir  (wie in 1.1), wenn
man den Quotienten %~ '/H betrachtet, wobei H eine Untergruppe (in festen

p-Koordinaten) von %~ ! bestehend aus allen Elementen der Form (1 Z”) ist.

22
3.10. Wir spezialisieren 3.7 Satz zu 4 =€ (Q, £ (E)), Q kompakte differenzierba-
re Mannigfaltigkeit, E Hilbertraum, .# = 4. Aufgrund von [35, S. 52], wird jedes
endlichdimensionale Vektorraumbiindel durch ein p € (%) dargestellt. I'(%) ist
die Menge aller Untervektorraumbiindel von Q x E. Aus 3.7 ergibt sich also, dal
jede Zusammenhangskomponente von I'(#) mit der von #~! induzierten
Topologie lokal-#-rationale (insbesondere analytische) homogene Fréchetman-
nigfaltigkeit ist. Fiir €*-Biindel folgt das Entsprechende.

§ 4 Relative Inversion und lokal Z-rationale homogene Riume

Ein Element a eines Ringes 4 heilt regulér (vgl. J. Kaplansky [2]) oder relativ
invertierbar, wenn ein b € 4 existiert mit aba=a; zu jedem Element a der Menge
Z der reguliren Elemente von # gibt es ein d e # mit ada=a und dad = d (setze
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d=bab). Die Menge # des Ringes #(E) der beschriankten linearen Transfor-
mationen eines Banachraumes E wurde seit Atkinson [2] eingehend untersucht,
man vergleiche etwa die umfangreichen Literaturangaben in Nashed [42].
Wegen der Verbindung zur Theorie der singuldren Integraloperatoren wird auf
Gohberg und Krupnik [16] hingewiesen. Douady und Koschorke haben in [13]
und [33] die lokal #-rat. (#=%(E)) Banachmannigfaltigkeit=4% untersucht.
Durch unsere Uberlegungen folgt, daB die Zusammenhangskomponenten von
RCZ(E) mit der von Douady betrachteten Topologie lokal #(E)-rationale
homogene Mannigfaltigkeiten sind.

Eine wichtige Anregung zu den folgenden Ergebnissen geht von Atkinson [2]
aus, der 4.1 Lemma fiir = % (E) bewiesen hat. 4 sei wie in 1.1 und fir ae #

R,.={dePB.ada=a und dad=a}. 4.1

4.1 Lemma. Fiir ac # und de R, erfillt die in einer Umgebung W(a) gegebene
Funktion u: W(a)—%, definiert durch

die Gleichung ub): =a(e+b-a)d)"" 4.2)

u(b)bu(b)=u(b), also (u(b)b)*=u(b)b, (bu(b))*=u(b)b. 4.3)
Beweis. [2], [20]
db=e+d(b—a)—(e—da)
(e+a(b—a)) 'ab=e—(e+a(b—a)) '(e—da).
Da (e+ yx) ! genau dann existiert, wenn (e +xy) ! existiert und
x(e+yx) '=(e+xy) 'x (4.9)
erfiillt ist (vgl. [41, S. 161]), folgt
u(byb=e—(e+a(b—a))” '(e—ada)
u(b)bu(b)=u(b)— (e +a(b—a))” ' (e—da)i(e—(b—a)a) !
=u(b) wegen (e—da)d=0
(man benotigt nur dad= a).
Fir das Konzept des homogenen Raumes ist die folgende Aussage als ,,lokale
Liftingidentitat“ wichtig (vgl. 1.14)
4.2 Lemma. Fiir jedes ac # und de R, gibt es auf einer geeigneten Umgebung
W =W(a) definierte B-rationale Funktionen 6, 6: W—%A mit
bu(b)b=(e—d(b))a(e — (b)) 4.5)
und 5(a)=6(a)=0; ferner gilt fir b—ae .# (F wie in 1.1) 5(b), d(b) e .#.
Beweis. Setzte
e—o(b)=g(b) ' =(e—da) (e—u(b)b)+ dau(b)b
e—0d(b)=g(b)=e—(a—b)u(b)bg(b)a;
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es gilt 1) dag(b)~ ' =dau(b)b=g(b)~ 'u(b)b
2) au(b)b=ag(b)', 3) (u(b)b)*=u(b)b.

g(b)ag(b)~ ' =(e—(a—b)u(b)bg(b)a)ag(h) ™'
=ag(b)"' —(a—b)u(b)bg(b)dag(b) '

)= =ag(b)~' —(a—b)u(b)bg(b)g(b) ' u(b)b
2)u3) = =au(b)b—(a—b)u(b)bu(b)b=au(b)b—(a—b)u(b)b
=bu(b)b.

Die letzte Aussage siecht man aufgrund von (1.1").
Wir werden nun sehen, da83 fiir b e 4 die Gleichung

b—bu(b)b=0, ae®, (4.6)

lokal unabhéingig von dem speziellen de £, ist und eine [%r-Mannigfaltigkeit
definiert.

43 Lemma. 1) Yac# YaeR, VU(e)CA ', IW(a)C (A, 1(#)) mit {be W(a):
b=bu(b)b} C{gag™': g.ge Ule)}.

Il) Vae R VYae R, VW(a)C(B,1(AB)), IU()CA ' mit {gag™': g,ge U(e)}
C{be W(a): bu(b)b=b}.

Beweis. 1 folgt aus 4.2 wegen der Stetigkeit von § und 6 in (4.5); zu II): Aus
b=gag ‘folgth: =gdag ' € R,. Fiir p: =bbund q: = bu(b) gilt also pg = q. Durch
Wahl von U (e) liegen die idempotenten Elemente p und g nahe an ad, so dafl dann
aus 3.1.28) auch gp = p folgt. Damit haben wir bu(b) bb = bb, so daB sich bu(b) b=b
ergibt.

4.4 Definition. Fiir be # sei ferb: =X ,_;, € I'(4#) eine (vgl. 3.1, .# = B) Aquiva-
lenzklasse von Projektoren; ferner sei imb: =X ,;€ I'(%).

4.5 Definition. Auf der Menge (Mannigfaltigkeit) 2 versehen mit der von (%)
induzierten Topologie sei eine lokalkonstante Funktion

b: 2D, D=D,uD,, DnD, =0,

in eine Menge D gegeben. Die Abbildung di habe die folgenden Eigenschaften
1) Aus p,qe 2 und qp=p sowie di(p)=Ddi(q) € D, folgt pg=gq.
2) Aus p,qe 2 und qp=p sowie di(e—p)=D>i(e—q) e D, folgt pg=gq.
Dann heilit di: 2D eine Dimensionsfunktion.
Da X e I'(#) konvex ist, haben wir also eine Funktion di: I'(#)—- 2.

Man findet leicht Beispiele, daB di viel komplizierter als die iibliche Dimen-
sionsfunktion mit Werten in {0} UINuU{o0} sein kann.

4.6 Bemerkung. Sei ,%#:={be%: Ddi(ferb)=0}, *R:={beR: di(e—bb)=D1,
be R}, A°: ={be R: di(imb)=D0}, wobei d € D,. Sei M eine der vorangehenden

drei Mengen. Dann gibt es fiir jedes ae M und d e %, eine Umgebung W= W(a)
C(4, (%)), so daB

MAW={be W:b=bu(b)b} . 4.7)
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Beweis. o) Aus be ®, und (e—u(b)b) (e—bb)=e—bb—u(b)b+u(b)bbb=e—bb
(wegen 4.5.1) folgt nun (e — bb) (e —u(b) b) = e—u(b)b also e —u(b)b — bb + bbu(b)b
=e—u(b)b, so daB sich bb = bbu(b)b und deshalb durch Multiplikation von links
mit b die Aussage b=bu(b)b ergibt. f) Wenn umgekehrt b=bu(b)b erfiillt ist, hat
man wegen 4.1 die Aussage u(b) € #,. Fiir eine geniligend kleine Umgebung W gibt
es aber einen in £ stetigen Weg von e —da nach e—u(b)b, so daB 4.5 die Aussage
be M impliziert. Analog schlieBt man in den Ubrigen Fillen, bei %#° unter
Verwendung von 4.5.2).

4.7. Wir definieren nun eine Topologie (uniforme Struktur) auf # mittels der
Abbildung (Aktion der Gruppe ¥=4""'x %! auf %) (vgl. 1.14)

B 'XB 'XxR->R, n(g,g,a)=gag” ", 4.8)

die Abbildung = ist wegen ,,d € %, impliziert gag~ ' € #,,; * definiert. Fir jedes
acR definieren wir ein Umgebungssystem folgendermaflien: Sei U(e) eine
e-Umgebung in # ! (bzw. %), so setzen wir

U(a)={gag ':9.ge U(e)}; (4.9)

damit erhalten wir auf # eine Topologie t(#), die eine uniforme Struktur definiert.
Eine weitere Topologie 7, erhilt man, indem wir 7, als die grobste Topologie auf #
definieren, so daf3 die Abbildungen

Ra3b—>be(B,1(#) und Aa3b—olerbel(H) (4.10)

stetig sind. Die Topologie 1, auf # definieren wir mittels (4.6): Fiir ein ae # und
de A, und eine geniigend kleine Umgebung W(a) von a in (4, 1(%4)) sei

Wi(a)={be W(a):b=>bu(b)b}. 4.11)

Aufgrund von 4.3 Lemma ergibt sich die Aquivalenz von 7, zu ©(%).

Wir zeigen nun 7, ist dquivalent 7,: Sei V(a) eine Umgebung von a bzgl. 1,;
dann gilt fiir eine genligend kleine Umgebung W (a) C (4, t1(%)) und b =bu(b)b, dall
ferb=X, @ erfillt ist; e—u(b)b liegt aber in 2 mit der von 1(%) induzierten
Topologie nahe an e—da; dies impliziert W;(a)C V(a). Sei umgekehrt W;(a)
gegeben, so zeigen wir mit der uniformen Struktur von I'(%4) und dem folgenden
Lemma die Existenz einer Umgebung V(a) bzgl. 7, mit

V(a)C Wi(a) 4.12)

4.8 Lemma. Fiir jedes X € I'(#B), I'(#) versehen mit der von B~ ' bzw. A, "
induzierten uniformen Struktur ( Topologie) (vgl. (3.9)) gibt es eine Umgebung U(X),
so daff aus X <Y oder Y <X (vgl. (3.5)), Ye U(X), die Aussage X =Y folgt.

Beweis.Sei Ye U(X): ={Yel'(#B):Y=gX,ge U(e)}, wobei fiir pe X die Definiti-
ongX:=X,, .gemeint ist. Fir ge Y und Y=X,,, . gilt g: =gpg~ ' ~q. Wir
halten nun pe X fest und wihlen U(e) so klein, daB Vge U(e) das Element
(e+(p—4q)) invertierbar ist. Dann folgt aus 3.1

q: =(e—p+d)P(e—P+4)‘l~4~q6Xypg"'
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Die Annahme X <Y bedeutet gp=p fiir g€ Y, so daB sich aus gp=4(qgp)=qp=p
mit 3.1 nun ¢~ p und daher g~p also X =Y ergibt. Die zweite Aussage beweist
man ebenso.

Zu (4.12): Zu einer Umgebung V'(bu(b)b), ae &, de A, bezlglich 7, gibt es
eine Umgebung V, (a) bzgl. t,, so daB aus be £ und b € V(a) sowie bu(b)b € V(a)
die Aussage be V'(bu(b)b) folgt. Aus (e—u(b)b) (e —bb)=e—bb fiir be &, folgt
nun, wenn die Umgebung V’(bu(b)b) genligend klein ist, nach 4.8 mit X =X,_j,
und Y=X,_,,,die Aussage X =Y, also (e — bb) (e —u(b)b) = e—u(b) b, womit sich
b=bu(b)b firr be V(a) ergibt.

4.9 Bemerkung. Die durch (4.9), (4.10) und (4.11) gegebenen Topologien (%), 1,
und 7, sind (auf %) identisch.

4.10 Satz. Eingeschréinkt auf die Mengen R, #° und &, de D,, stimmt die
Topologie t(#) von A mit t(R) iiberein.
Dies folgt nun aus 4.6, 4.7 und 4.9.

Man kann nun direkt zeigen, da3 (%, t(£)) eine lokal #-rationale Mannigfal-
tigkeit ist, insbesondere folgt dies dann fiir M aus 4.6.

Fiir jedes feste a € # und jedes feste d € #, und x € # hat man mit p, =ade 2,
p,:=e—py, py=4acP, p,: =e—da die direkte Zerlegung

B=(p,+P2)B(P1+DP2)=[p1 8P Dp, AP, DpBP,1Dp, %P,
= T, ®N,; 4.13)
x=Px+Qx. (4.13)

Man sieht nun leicht, dal3 der direkte Unterraum T, von £ nicht von der
speziellen Wahl d € £, abhédngt und aufgrund des folgenden Lemma als ,, Tangen-
tialraum“ von £ in a aufgefaBBt werden kann.

411 Lemma. Sei ac R, A€ R,, be B und
u(b): =d(e+(b—a)a)*

auf der Umgebung W =W (a) C(B, 1(B)), b € W, definiert. Dann gilt fiir x: =b—a,
y:=Px (vgl. 4.13"), und f(a+x): =(a+x)u(a+x)(a+x)

) fla+x)=f(a+y)=a+y+p,(yle—dyda)'ay)p,
und

B) Jedes b aus Bild f erfiillt die Gleichung

b—bu(b)b=0.
Mit 4.11 zeigt man leicht, daB (%, t(#)) eine [Br-Mannigfaltigkeit ist, denn

@ : Wi(a)- T, [vgl. (4.11)] definiert mit ¢(b): = P(b—a), (vgl. (4.13") eine Karte

von (#,t(R)); fla+e®)=b, o(f(a+y))=y.
Wir verzichten auf den etwas lingeren Beweis (vgl. Gramsch [20, 3.187]) von
4.11, da 4.11 zum Aufbau dieser Arbeit nicht benétigt wird.
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4.12 Bemerkung. Fiir Banachrdume E und #=_¢(E) hat man so einen neuen
Beweis fiir das Ergebnis von Douady [12], daB (%, t1(£)) in diesem Fall eine
[%r-Mannigfaltigkeit ist. Man vergleiche dazu auch Koschorke [33, S. 99-101]. In
[13] und [32] wird die Funktion bu(b)b nicht verwendet.

4.13. In einem interessanten Spezialfall vereinfachen sich die Uberlegungen 4.7,
4.8, 49, 410 folgendermaBen. Sei (#,1(#)) eine Unteralgebra von Z(E), E
Banachraum, und t(4%) feiner als die von .# (E) induzierte Operatornorm, ferner sei
e =1d;. Dann geniigt es zur Definition der Topologie (%) statt der Topologie von
I'(#) die Offnungsmetrik auf der Menge der abgeschlossenen Unterriume zu
nehmen, eingeschrinkt auf die #-projizierten Unterrdume von E. (Vgl. Gohberg
u. Krupnik [16], Kato [31], Massera u. Schiffer [40].) Die SchluBweise
{X,Yel'(#), X<Y, YeU(X), impliziert X =Y}, die fir die Giiltigkeit der
Gleichung 0=b —bu(b) b verwendet wird, folgt so einfacher mit den Eigenschaften
der Offnungsmetrik.
Wir gehen nun zu dem Beweis des folgenden Hauptsatzes der Arbeit iiber.

4.14 Satz. Sei # eine topologische Algebra mit stetiger Inversion und ¥ ein
zweiseitiges Ideal von B mit den Eigenschaften wiein 1.1. Ferner seir € # und M eine
Zusammenhangskomponente von

{r+ 2, 19(I5)}(R, t1(R))
beziiglich der griobsten Topologie, so daf8 die Abbildungen
Msb—be{r+ 7,7(#)} und M>3b—be(R,1(R))
stetig sind. Auferdem sei G=G=G,(.#). Dann ist M mit der Abbildung
T:GxGxM-M, 7(g,g,b): =gbg (4.14)
eine lokal #-rationale homogene Mannigfaltigkeit.

Natiirlich ist in 4.14 der Fall .# =4 zugelassen. 4.14 ist fir Z= (K", K=R
oder C, bekannt; die hiesige Beweismethode vielleicht nicht.

In (4.14) wihlen wir auf der Produktgruppe G x G als Gruppenoperation
(92,92)(91,91) =(9291>9:9>), da dies der Fragestellung angemessen erscheint.

4.15 Lemma. Unter den Voraussetzungen von 4.14 ist fiir ac M die Abbildung
:GxG-M, n°(g,d)=gag

surjektiv und offen. Durch die auf einer Umgebung V=V(a)CM gegebene
Abbildung s,: V-G x G definiert durch

s,(b)=(e—d6(b), e—0d(b), 4.15)

mit 8, 3 : V(a)—G,(.F) wie in (4.5), ist iiber V(a) ein lokaler Schnitt der Abbildung n°
gegeben:
nfos,=Id, . (4.15)

Beweis. (4.15') folgt aus 4.2. Die restliche Behauptung ergibt sich aus der Existenz
der lokalen Schnitte s, von 7 fiir jedes c e M, da M lokal durch die Gleichung
»C=cu(c)c charakterisiert ist. Die letzte Behauptung folgt analog zu 2.2.
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4.16. Die Idee des Beweises von 4.14 ist dhnlich wie in §2, 2.5 bis 2.10; sie besteht
darin, bei festem a € M und d e %, in einer Umgebung von (e, ¢) die Gruppe G x G
mit den durch a bzw. d gegebenen ,,Koordinaten“ so zu zerlegen, dall geeignete
Teile dieser Zerlegung zu Karten von M fiihren. )

Sei py=ad, p,=e—py, py=da, p,=e—p;. Fir (9,4)€ GX G sel g,,=p,gp,,
gvu:pvgpu’ v, U= 1’2

Es gilt g,, +g..€e+.#, ;1 +drr€e+F und g,,, g,,€ S fir v pu

Auf diese Weise erhalten wir acht ,Koordinaten“, die wir kurz (a,d)-
Koordinaten nennen.

4.17 Lemma. Der Stabilisator H, von a€ &,
H,={(9,9) € Gx G:a=gag},

besteht in (a, 4)-Koordinaten genau aus allen Elementen (g, g) der Form

<<911 912), <g:11 ‘O )) (4.16)
0 g, 912 922
mit g,,ag,,=a, wobei (g,,+g,,) " und (§,,+4d,,) " existieren.

(g“ 912>a(g:11 9:12> —a

921 Y22 9g21 922

(921 +911)a(Gi1+d12)=a,

9218911 +9210412+ 9119911+ 911491, =a.

Durch Multiplikationen von links mit p, und von rechts mit p, erhalten wir

Beweis. Aus

folgt

1) g;,a4,,=0,
2) g11a941,=0,
3) 92144,,=0,
4) g11ag,,=a.

Zum Nachweis der Existenz von g;,' und g,,' fassen wir be # als linearen
Operator von £ auf. Wir zeigen, ¢,,; muB} eingeschriankt auf das Bild von p, eine
Abbildung auf das Bild von p, sein. Wenn dies nicht der Fall ist, existiert ein x+0
aus Bild (p,) und ye # mit x=4,,y, da g surjektiv ist. Da a auf dem Bild (da)
injektiv ist, folgt z: =ag,,y+0 und gz +0; wegen z € Bild (ad) schlieBt man aus 2)
g11ad,,y=0, womit wir ¢g,,ag,,y=+0 erhalten im Widerspruch zu 3). Demnach
mul} dg, ;a nicht nur linksinvers zu ¢, eingeschrinkt auf Bild (da) sein, sondern
auch rechtsinvers. So haben wir die Existenz von ¢;;' und g¢;,' erhalten; denn
g1149,,a=p, impliziert durch Multiplikation von links mit a und von rechts mit d
ag,1dg,,=p;, so daB g,, eingeschrinkt auf Bild (a@) auch linksinvertierbar ist.
Aus 2) folgt demnach ag,, =0 und dag,, =4¢,,=0. Ebenso schlieBt man aus 1)
9,1 =0. Wegen der Dreiecksgestalt der Matrizen in (4.16) folgt nun leicht die
Existenz von (g,,+¢,,) ' und (§,; +4d,,) "
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4.18. Wir definieren nun die Untergruppen

1 0 . 1g .
GI={< >:guef} von G und G1={< glz):glzef} von G
gor 1 0 1

sowie
_J(90
Gy= {(0 1>EG} von G,
h (h
H,= {( (‘)1 h‘z>: H(h“—!-hzz)“} von G,
2
. hy, O . . .
H,= {(Ii:l P 2): 3(h11+h22)_1} von G.
1 2
Ferner sei

T,=G,-GyxG,CGxG 4.17)

Die Untergruppe (!) 7, von G x G etfiillt 7,nH,={(e,e)}. )
Fiir b=gag mit (g, g) aus einer Umgebung W von (e, e) in G x G soll nun eine
Zerlegung

(9.9)=(9190h. hg,) mit g,€G,,go€Go. g, €G,
und (h, h) € H, gefunden werden.

4.19 Lemma. Es gibt eine Umgebung W des Einzelelementes von G x G und eine
eindeutig bestimmte stetige Abbildung

(" W-7,xH,,
so daf
{((e;e))=(e,e) und (°((9,9))=(919o0,g1) X (h, h)
mit
9:€G,g0€Go. g, €G, und (h,h)e H, (g,d)=(g:19goh,hg,).

Ferner ist {* #B-rational.

Beweis. Existenz: Zunichst wird g mit der Identitét (3.12) zerlegt und dann § mit

der Identitat
(‘111 012>=<‘111 0 . )(1 a;llalz)’ (4.18)
azy 4y Ay A35—03101, A1,/ \0 1

die in einer Umgebung von e besteht; a,,,a,, €., (a,, +a,,) ' € G (F).
Dadurch erhalten wir eine Abbildung

- W—(G, XH1)X(H1 XGI);
é’/((g’g'))z(glahhh'lagl)s g:glhlvg:hlgl' (4.19)
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G11 %12 dy; 0
(). (i 2)
' <0 7% ' ®Xz1 Qa2

setzen wir h; =goh, go € Gy, h=h, und erreichen a=hah durch

Go= oy ad,,d 0 he ady'd adytaoy oy,
0 0 1)’ 0 sy ’

Fir

wie man sofort sieht; deshalb ergibt sich
hah=(ad;! ~d)a(dad,da)=a wegen d;'d,,=da=p,,
also (h,h)e H,.
Zur Eindeutigkeit: Sei
(9:9)=(9:190h. hg ) =(g1 - go - W', W'§}) .
Aus der Matrixdarstellung folgt A~ 'h’=g,(g}) ! =e, also ¢, =¢’, h=Hh". Ebenso

ergibt sich mit der Matrixdarstellung aus g,(goh) =g/ (goh’) die Aussage g, =g;.
Aus h=FH folgt

a=hah=NWah,
a=hy,ah, =hyah,
ahi! =h,a=h},a,
ahid=hy =h;.

Aus der Matrixdarstellung (in 4.18) fiir g, g,h bzw. g1goh” und g, = g} erhalten wir
do=4o und deshalb auch h=h".

4.20. Unter den Voraussetzungen von 4.14 kommen wir zu der Definition einer
Karte fiir eine Umgebung UCM von a.
SeiaeM, deR,, p,, p, wie in 4.16; ferner

Tf:={ce Fic=pyepi};  71:T7>Gy,
Tg:={ceJ:c=picpi};  70:V(0)>G,, V(0)C Ty,
Ti:={ceS:c=pyepi}; §::Tf-Gy,

10 1
ni(e)= (C 1>, y’1<c>=<0 f>, yo(c)=<"‘§ ¢ ;’)

Pi=y XY XV, = h), T W Tk W-H,,
#a: Gy Gy X G1 X H,—G x G, %(g190- 91> hs }i)z(glg()h’ hgl)

und x, die Einschrinkung von %, auf G, - G, x G,.
Ferner sei

T(M): =T x T¢x T¢.
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Entsprechend (2.18) erhalten wir das folgende Diagramm

L=z, h)
ST I .
GXxGe———G; x G, x G x H,

1 I
| Il
Sa | |ma ol v vo !l 1o TR PN (
| I
| Y
M -----T' x T§5 x T{=T(M).

Aufeiner Umgebung U von a, U C M, setzt man ¢, =7~ ! o 1% 5, als Kartenab-
bildung

4.21 Bemerkung. Sei Wy={xe Ty :3(p, +x+p,)”'}. Dann ist die Abbildung
ooy TEx Wyx TP->M
injektiv, stetig und %-rational.
Beweis. Da y injektiv ist, geniigt es, die Injektivitdt von n%c %/ zu zeigen:
9190491 =0v10oad; .
a=(go ‘g1 'vivo)a(v;g, ")

impliziert vermoge der Matrixdarstellung von H, die Aussage v,=g,. Aus
a=gq ‘g1 ‘v vea folgt mit

%0 10 10 7 0
w=(5 ) o= (L) m=(1 1) m= (3 0).
L 6 0N/ 1 O\/1 0\/o O
Jo 41 ”1”°=< 0 1><-c 1><c’ 1><0 1)’

[ a7t 0 .
a= (= 1)

die Aussage o =o' wegen p; =ad=a 'o'p,=p,;o” 'a'p,; ferner ergibt sich durch
Multiplikation von links mit e — ad die Gleichung 0= p,(¢’—c)a’p,, so daB aus der
Existenz von («') ! nun ¢’=c folgt. Die restlichen Aussagen von 4.21 sind klar.

und

4.22. Unter den Voraussetzungen von 4.14 gibt es zu jedem ae M, de %, eine
offene Umgebung U von a, UCM, so daB die Abbildung

Qo =7 o108, UnTx Wy x T7

eine Homoomorphie auf eine offene Nullumgebung V von T,(M) ist; ¢, ist
auBerdem %-rational. (U, ¢,, V) ist also eine Karte.

Beweis. Dies ergibt sich nach Konstruktion aus
(" oxgop)o(y” 'ottos)=1Idy

mit der Stetigkeit der Abbildungen und der Injektivitat (vgl. 4.21) des ersten
Faktors; V: =¢,(U) ist offen, wie man sofort sieht.
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4.23 Beweis von 4.14. Die Kartenwechsel sind #-rational, wiec man aus der
Konstruktion 4.15 bis 4.22 unmittelbar sicht, denn wir haben in 4.15 die
Charakterisierung (4.11) lokal fiir M benutzt. Dall M ecine lokal %-rationale
Mannigfaltigkeit ist, ergibt sich ebenfalls aus der Konstruktion, denn 7, (vgl.
(4.17)) ist eine [%r-Untermannigfaltigkeit von G x G; dies sicht man so: y~': .7,
— T x W, x T¢ist ein Br-Homdomorphismus. Mit der Zerlegungsmethode erhilt
man einen Zr-Homoéomorphismus ¥ einer e-Umgebung U’C H* auf eine offene
Teilmenge des Vektorraumes

E,:=(p Ip,®p2Ip)D (P17 P ®P,Ip1®P2-IP,)
[p,,p, wie in (4.13)], ¥ : U'-V'CE,. Die Abbildung [vgl. 4.19, (2.18)]
fi=(G"'x¥) (" W-W CTOE,,
T:=T,(M),
hat dann die Eigenschaften f ' (W'nT)=7,und [~ (W'nE,)=U'((e,e)) CH,.
Fuar §=7,nW, W geeignete Umgebung des Einselementes von G x G, ist 1°: S—»U

CM, U: =7%8) ein #r-Hombomorphismus auf eine geeignete Umgebung U von
a in M; Dies folgt unmittelbar aus (4.17), 4.21 und 4.22.

4.24 Bemerkung. Sei M wie in 4.14. Da M ~(G x G)/H, und H,CH, x H, (vgl.
4.18) gilt, erhilt man wegen

(GxG)/(H,xH,)=(G/H,)x(G/H,) mit I':=G/H, und I':=G/H,

eine Abbildung §: M—T x I', die ein Faserbiindel definiert (vgl. Steenrod [52,
1.7.4]).

4.25 Bemerkung. 1) Die Mengen #°, ,#Z und °# aus 4.6 mit beD, sind
Untermannigfaltigkeiten von 4. 2) Fiir einen oo-dimensionalen Hilbertraum E ist
die Menge #, ,, ={ae Z(E): dim(fera) = co, dim(ima)= oo, codim(ima)= oo}
keine Untermannigfaltigkeit von #(E).

Beweis. 1) folgt aus (4.7) in 4.6 in Verbindung mit 4.11 Lemma. 2) Darauf wird in
[33, S. 101], hingewiesen.

4.26. Zu ac¥*(Q,%), Q differenzierbare Mannigfaltigkeit, dim(Q)< oo, mit
Werten in einer der Mengen M = %°, %, "%, b € D, (Wie in 4.25 bzw. 4.6) gibt es ein
ae€* (2, $) mit

a)a(t)a(t)y=a(t) und d()a(t)a(t)=a(r)
fur alle t € Q.

Beweis. Fiir jedes t,eQ gibt es zu a(t,) ein d, € #,,; nun setzen wir auf einer
geeigneten Umgebung V(t,)CQ

u(a(t)): =do(e+(a(t)—ao)dp) '

Nach 4.6 gilt auf V'(t,) die Gleichung a(t) - u(a(t)) - a(t) = a(t). Mit einer geeigneten
C*-Zerlegung {¢;} der Eins bzgl. {V(t;)} erhidlt man mit der Funktion
v(t)= 2 @;(t)u;(a(t)) die Gleichung ava=a, so dal a: =vav die beiden Gleichun-
gen in 4.26 erfiillt.
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4.26’. Man beachte insbesondere den Spezialfall = ¥ (C"), der fiir die Symbolal-
gebra bei Systemen von Pseudodifferentialoperatoren interessant ist.

4.27 Bemerkung. 1) Sei E ein lokalkonvexer Fréchetraum und @, , ={ae £ (E):
dim(kera)=n, codim(ima)=m}, n, m< co; dann gilt fiir jedes ce &, ,,

®, ,={g9cg:9.ge L(E) '}.

2) # . ist entsprechend 2.15.4) fiir die Rdume E=c,, IP, 0<p< oo (vgl. 4.25.1))
zusammenziehbar, wie fir E=1? in [33] gezeigt wurde.

Mit denselben Methoden wie in diesem Paragraphen lassen sich relativinver-
tierbare Abbildungen zwischen verschiedenen Rdumen (# C £ (E, F)) behandeln.
Dazu betrachtet man statt einer Algebra # ein Vier-Tupel {#:j, k=1,2} mit
entsprechenden Verkniipfungen [22, 21]. Dadurch erfalit man dann auch die
Riume €~ (Q, Z(C",C™), Q kompakt.

Aus 4.14 Satz zusammen mit den Ergebnissen von Hayes [29] und Raeburn
[49] folgt

4.28 Satz. Sei Q eine Steinsche Mannigfaltigkeit und E ein Banachraum, dann gilt
fiir den Raum der holomorphen bzw. stetigen Funktionen auf Q mit Werten in @, ,
beziiglich der natiirlichen Inklusion

nO(%(Qa (pn,m)) = nO((g(Qs (pn,m))
( fiir die Zusammenhangskomponenten).
Vermutlich besteht zwischen #°(Q, @, ,,) und (R, @, ,,) eine Homotopiedqui-

valenz, indem man mit €(S"), n=1,2, ..., tensoriert.

§5 YP-Algebren

In der Theorie der singuldren Integraloperatoren, Pseudodifferentialoperatoren
und Toeplitzoperatoren spielen spezielle exakte Sequenzen

0-g v w g0 (5.1)

fir zweiseitige Ideale # und Algebren ¥ eine wichtige Rolle. Ist ¢ ein
abgeschlossenes Ideal der topologischen Algebra ¥, dann hat 6 in vielen Fillen
eine stetige bzw. stetige lineare Rechtsinverse

m:¥/ g->v (5.1

nach Resultaten von E. Michael, wenn ¥ ein lokalkonvexer Fréchetraum ist, und
von T.B. Andersen, wenn ¥ eine C*-Algebra ist und ¥/ ¢ die beschriankte
Approximationseigenschaft hat und separabel ist.

5.1 Definition. Sei ¥ eine Teilalgebra einer Banachalgebra # mit Einselement e
und ey =e; auBerdem sei ¥ mit einer Topologie (), die feiner ist als die von £
induzierte Normtopologie, eine lokalkonvexe Fréchetalgebra (insbesondere topo-
logische Algebra). 1) Dann heillt ¥ eine ¥-Algebra in %, wenn fiir die Gruppen
2" und ¥~ ! der invertierbaren Elemente von # und ¥ die Aussage

B lAP=p ! (5.2)
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erfullt ist. 2) ¥ heillit ¥,-Algebra in 4, wenn ein ¢>0 existiert, so daB die
Eigenschaft (beB:[b—e| <e}nPC¥ !

vorliegt. 3) Ist # eine C*-Algebra (mit Einselement) und ¥ eine in # enthaltene
symmetrische ¥-Algebra, dann heilt ¥ eine ¥*-Algebra.

5.2 Bemerkung. 1) Da fiir jede Fréchetalgebra mit offener Gruppe invertierbarer
Elemente die Inversion stetig ist [55, S.115], ist die Inversion in ¥- und
¥,-Algebren stetig. 2) Aufgrund des Graphensatzes ist die *-Operation auf
Y*-Algebren stetig. 3) Abzdhlbare Durchschnitte von ¥,-, ¥- und ¥*-Algebren
sind wieder derartige Algebren in 4. 4) Die Banachalgebra 4 in 5.1 kann man
durch Z(E), E Banach- oder Hilbertraum ersetzen (linke reguldre Darstellung von
A in L(A), bzw. Gelfand-Naimark).

5.3 Lemma. Sei (%,1(%)) eine topologische Algebra mit stetiger Inversion und
(P, 1(P)) eine Teilalgebra von # mit demselben Einselement e, ferner sei t(¥') feiner
als die von t(%#) induzierte Topologie. Mit ¥, ' bezeichnen wir die e enthaltende
Wegkomponente von ¥~ * und mit [¥nB~ '], die e enthaltende Wegkomponente von
YA~ ! bzgl. der Topologie t(#). Wenn nun eine e-Umgebung U C B~ (bzgl. (%))
mit der Eigenschaft ¥ n\U CY ™! existiert, dann gilt als Mengengleichheit

[PnB '],=¥!. (5.3)

Ist B ferner eine Algebra iiber C, dann sind die unbeschrdnkten Komponenten
der Spektrenvon a€ ¥ bzgl. # und V¥ identisch. Ist auflerdem W dicht in 8, so liegt
Y@ =" vor.

Beweis. Es bleibt [¥n#~'],C ¥, ! zu zeigen: Es gibt eine Nullumgebung V' C#
mit e+ VCU und aVCV, || =1.
Seig:[0,1]—% ! ein stetiger Weg mit g(0)=e und g(t)e ¥, 0<t< 1. Nun gibt es
wegen der  gleichmaBigen  Stetigkeit von g eine  Zerlegung
O=ty<t;<...<t,_;<t,=1, so daB

e+x,,,:=9(t) gty )ee+V, v=0,...,r—1,

g(H)=(e+x,)...(e+x,).

Wegen g(0)=eund g(t,)e ¥ 1, g(t;) 'g(t) e PnUCY !, folgtg(t,) e ¥ ' und
schlieBlich g(1)e ¥, da e+x,e ¥~ ! erfillt ist. w(t): =(e+tx,)...(e+1x,),
0<t<1, ist ein in ¥~ ! stetiger Weg mit w(0)=e und w(1)=g(1). Die beiden
zusitzlichen Aussagen von 5.3 sind klar.

Fiir eine symmetrische Fréchetunteralgebra ¥ einer C*-Algebra 4 ist ¥ eine
P*-Algebra in 4, wenn eine der folgenden Bedingungen erfiillt ist:

Aus Ae¥ und a*ae# ' folgt a*ae¥W !, (5.9
3e>0,s50 daB {x=e+yeB:y*y=yy*, |yl <e}nPC¥'. (5.4)
Dies ist unmittelbar nachzupriifen.

5.4 Bemerkung. Sei ¥ eine topologische Algebra mit stetiger Inversion mit einem
abgeschlossenen zweiseitigen Ideal # + V. Dann gilt
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1) ¥/ ¢ ist topologische Algebra mit stetiger Inversion.

2) Die Einschrinkung 0 : ¥, !'—(¥/#).' von 0:¥-¥/¢ (vgl. (5.1)) ist
surjektiv; dabei bezeichnet ( ), ! die Hauptkomponente.

3) FiraeV?,ad'e¥/ ¢, 0(a)=a/, ist die Einschrankung 6, : M—>M’ von 6 in
den folgenden Fillen surjektiv.

) M={ga:ge ¥, '}, M'={ha:he(¥/F)."}
i) M={gag ':ge¥,'},M'={hah™ ' he(¥/#), "}
iii) M={gag:g,ge ¥, '}, M'={ha’h:h,he(¥/#); '}
Beweis. 1) Die Abbildung 6 ist offen. 2) Man wihlt eine Zerlegung von [0, 1] wie im

Beweis zu 5.3 und liftet die Faktoren (e’+x)), j=1,2,...,r; ¢, x;e ¥/ #. 3) folgt
unmittelbar aus 2).

5.5 Satz. Fiir eine lokalkonvexe Fréchetalgebra ¥ mit offener Gruppe und
abgeschlossenem zweiseitigen Ideal ¢, 0:W—>Y/ ¢, M eine Zusammenhangskom-
ponente im metrischen Raum (R (W), t(R)) der relativinvertierbaren Elemente von ¥,
M’ eine Zusammenhangskomponente von (R(V/ ), 1(X)), wobei 0(A) e M’ fiir ein
A€ M, definiert die Einschrdnkung 0,: M—M’ von 6 ein Faserbiindel mit Faser
F,=0""(a), a: =0(A).

Bemerkung. Wegen Faserbiindel und der damit zusammenhéingenden Homoto-
pie-Lifting-Eigenschaft vgl. man [51, 52] und [58, Theorem 2.6].

Beweis von 5.5. Wir verwenden die Aussage 4.2. Fiir eine geniigend kleine
Umgebung U=U(a)C(Z(¥/ #), 1(R)),ae M’, ¢’ =0(e), gilt mit den #-rationalen
Funktionen &(b) und 8(b), be U(a),

b=(e'—d(b)) a(e’— (b)), S(a)=0(a)=0.
Mit der Michael-Abbildung m: ¥/ ¢ - ¥, m(0)=0, 0 o m =1dy, 4, m stetig, definie-

ren wir
fir Be6;'(U),0(4)=a,0,(B)=b,ec ¥,
hy(A4,b): =[e—m(5(0(B)))] A[e—m(5(6(B)))]. (5)

Durch (5.5) wird ein Homdomorphismus h der Faser F,={4e€ M :0(A)=a} auf
die Faser F,={Be M :0(B)=b}, be U= U(a), definiert, wenn g und g invertierbar
sind; dies kann wegen der Stetigkeit von é und 6 durch Wahl von U erreicht
werden; die Surjektivitit folgt so: Aus Be F,,be U(a), C: =g~ ' B¢~ ', erhilt man
0(C)=(e'— (b)) ! b(e—d(b)) ' =a, so daB Ce F, und B=gCg erfiillt ist. Wir
erhalten also eine Homéomorphie

.07 (U)»UXF,
definiert durch ¢a:01 ()

9u(B)=(0(B), (e —m(3(0(B)))) "' Ble—m(3(6(B)))) ).

Da M’ zusammenhingend ist, 148t sich 6,: M—M’ zu einem Faserbiindel
(M, M, F,0,) machen, wobei F =F, gewdhlt werden kann fiir irgend ein ae M’
(man vgl. hierzu [51, S. 96]).



58 B. Gramsch

Bemerkung. Natiirlich definiert 0”: 0~ '(M’")— M’ ebenfalls ein Faserbiindel {iber
dem Basisraum M. Ein zu 5.5 analoges Ergebnis gilt auch fiir Projektoren.

5.6 Satz. Sei ¥ eine W*-Algebra in der C*-Algebra # und ? ,(V)={peV:
p=p?=p*} die Menge der orthogonalen Projektoren in ¥ versehen mit der von t(V')
induzierten Topologie.

Dann gelten die folgenden Aussagen.

1) Jede Aquivalenzklasse X € I'(¥) (vgl. §3) enthdlt genau ein Element von
2.(P).

2) 2, (W) ist starker Deformationsretrakt von 2(P).

3) Jede Zusammenhangskomponente von 2 | (V) ist lokal-¥-rationale homoge-
ne Mannigfaltigkeit, insbesondere kann 2 (V) zu einer (komplex-) analytischen
Fréchetmannigfaltigkeit gemacht werden.

Beweis. 1) Eindeutigkeit: Aus q;€e X, und q;=qf folgert man q,=gq,-q,
=(q, - 92)* =q3qF =q,9, = q,. Existenz: Fiir genligend kleines ¢(p) >0, pe & und
a=(e—p)*(e—p) ist
1
= =— | (ze—a) 'dz~ 5.6
=1 =5 " =E(m( ) p (5.6)
und aus 2, (V) wegen Kern (e — p) =Bild p und der Abgeschlossenheit des Bildes
von (e—p) sowie o(a)C {0} u{d<t< oo} fiir geeignetes 6 >0.
2) Die Abbildung f:2(¥V)->2 (V) erfullt f(p)~p; f ist stetig, da die
*-Operation auf ¥ stetig und die Integration in (5.6) ebenfalls stetig ist (¢(p) kann
variieren). Wir setzen

H(t,p)=(1-0)p+1tf(p) (e X,)

und erhalten wegen H(p, 1)=f(p), H(p,0)=p und H(t, f(p))=f(p), 0=t <1, die
gewiinschte Homotopie.

Zu 3): Wegen 2.13. Satz genligt es, einen Homdomorphismus h: I'(¥)— 2 (V)
anzugeben; h sei die Abbildung, die jedem X € I'(¥) das eindeutig bestimmte
Element aus 2, (¥) zuordnet. h ! ist stetig, wie man sofort sicht. Umgekehrt sei
X=X,el'(Y) und U eine e-Umgebung in ¥ ', dann erhdlt man mit
V(X):={Y=X,,, 1:g€ U}eine Ungebung von X. Wegen h(Y)= f(gpg ') und
der Stetigkeit von f(gpg ') in g bei festem p, gelangt man zur Stetigkeit von h.

5.7 Bemerkung. Fiir eine in £ (E), E Hilbertraum, enthaltene ¥*-Algebra gilt:
YNR(ZL(E))=R(P)
und
PNP"(Z(E)=9""(¥,.9)

wobei @""(Z(E)) die Menge der Semi-Fredholmoperatoren von £ (E) bezeichnet
(links- bzw. rechtsinvertierbar modulo des Ideals .#" der kompakten Operatoren),
J:=¥YnA und ¢""(¥, #)die Familie der modulo ¢ links- bzw. rechtsinvertier-
baren Operatoren von .

Der Beweis erfolgt z.B. unter Verwendung von

(p+a*a) 'a*a, (5.7
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wobei p der durch das Cauchyintegral dargestellte orthogonale Projektor auf den
Kern von a ist (vgl. Cordes [10a, § 7).

5.8 Satz. Sei ¥ eine ¥W*-Algebra in ¥(E), E Hilbertraum, die der folgenden
Bedingung geniigt:

Wenn p;e #,(¥), j=1,2, von endlichem Rang ist, und x;€ Bild p;, dann ist
X ®x,€¥,d h. Ae L(E), definiert durch Ax=<{x,x,)x,, liegt in V.

(5.8)
Fiir die Menge

D, . (¥): ={ae ¥ :dim(kera)=n,codim(ima)=m}
gelten dann die Aussagen
1) Veed, ,(P)

P, n(P)={gcg:g.ge ¥ '}.
2) @, (V) ist eine Fréchetanalytische homogene Mannigfaltigkeit.

Beweis. Seien b; e @, ,,(¥), N;=Kern b;, R;=Bild b;, j=1, 2. Es gibt orthogonale
Projektoren g, p;€ ¥ mit Bild p;= N; und Bild q;=R;, denn mit einem geniigend
kleinen Weg w: ={z:|z|=¢} gilt

1

1
Pi=5 §(ze—b*b)~'dz und e—quﬁvjv(ze—bjb}" “Ndz.

T w
Sei E=R j(Jale, F:=Y,+Y, ist endlich dimensional und daher abgeschlossen;
ferner gilt E=F®*(R,nR,). Nach der Annahme (5.8) gehoren alle linearen
Abbildungen von E, die auf R; "R, verschwinden und Werte in F haben zu ¥. Wir

erhalten nun
E=Y,®@"(FOY,)®"(R,NR,)
E=Y,®"FOY,)®*(R,NR,),

wie man mit endlichen Orthogonalisierungsprozessen sieht. Sei {¢,} eine Ortho-
normalbasisin F, s: = Y ¢,®e, die orthogonale Projektion auf F(¢,®e, € ¥) und
q: =e—s. Wegen der Gleichheit der Dimensionen gibt es ein re ¥, das Y; auf Y,
abbildet und auf (FOY,)®*(R,nR,) verschwindet, ebenso gibt es [e ¥, das
(FOY,) auf (FOY,) abbildet und auf Y, ®*(R,NR,) verschwindet. Das Element
g.:=r+Il+qe ¥ ist also in ¥ invertierbar und bildet R, auf R, ab. Analog
konstruiert man g, € ¥ !, so daB g, den Unterraum N, auf N, abbildet (betrachte
M=N,+N,, E=N;®"(MON)®*(N;nN3)). Mit b: =g,bg, haben wir also
ein Element aus ¥ erhalten mit Kern (b)=Kern (b,) und Bild (b) = Bild (b,). Sei
p= L [(ze—b*b) " 'dz, w={zeC:|z|=¢(b)}
27 s

der orthogonale Projektor auf Kern (b) und b: =(p+b*b)~ ' b*; dann gilt bbb=b
und bbb = b sowie Bild (b) = (Kern (b))*. Setzen wir nun g = ((e—bb) + b,b) g, und
g=4g,, so gelangen wir zu b, =gb,g(g,ge ¥ ') wegen

((9_b5)+b25)91b191 :(e_bs)glblgl +b2591bg1
=(€—b5)b+b2b~b=0+b2 .
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Erzeugung von W-Algebren durch parametrisierte Automorphismen von Banachrdu-
men

Die Frage nach der Giiltigkeit des Heftungslemma von H. Cartan fiir Funktionen
mit Werten in Fréchetoperatoralgebren (vgl. [7, 12]) mit stetiger Inversion fiihrte
zur im folgenden dargestellten Klasse von ¥-Algebren [7]. Ebenso hidngt dies mit
der Moglichkeit multiplikativer Zerlegungen in Y-Algebren zusammen. Ein
wichtiger Ausgangspunkt ist die Arbeit von Cordes [11]. Die Idee zur Definition
dieser speziellen ¥-Algebren hdngt auch mit den Untersuchungen von Connes
[9] und mit C*-dynamischen Systemen [47] zusammen [vgl. R. T. Moore, Mem.
AMS 78 (1968); E. Zehnder, Commun. Pure Appl. Math. 29, 49-111 (1976)].

5.9. Sei .o/ =./(Q2) eine lokalkonvexe Fréchetalgebra komplexwertiger Funktio-
nen (punktweise Addition und Multiplikation) auf einer Menge Q(#0) mit
Einselement 1, so daB die Topologie t(.<) feiner ist als die punktweise Konvergenz
auf Q. Jedem Banachraum E iiber C sei ein lokalkonvexer Fréchetraum o/ (Q, E)
bestehend aus E-wertigen Funktionen (punktweise Addition) zugeordnet (z.B.
vermoge geeigneter Tensorprodukte), der E als konstante Funktionen enthdlt und
dessen Topologie feiner ist als die der punktweisen Konvergenz auf Q; es gelte
oA (Q,C)= /. Die Zuordnung Ers o/ (Q, E) habe die folgenden Eigenschaften 4,
und A4,.

A,) Fiir Banachriume E;, j=1,2, 3, und jede stetige lineare Abbildung u: E,
—E, und jede stetige bilineare Abbildung v:E, x E,—~E; sowie f;e .o/ (Q,E)),
j=1,2, sind die Aussagen

. uofied(Q,E;) und ve(fy,f)ed(QEs)
erfiillt.

Daraus ergibt sich, daB o/ (Q, E) fiir jede Banachalgebra E eine Fréchetalgebra
bzgl. punktweiser Multiplikation ist, wie man mit dem Graphensatz sieht, da
1(o/ (R, E)) feiner ist als die punktweise Konvergenz.

A,) Fiir jede Banachalgebra E mit Einselement ist

A (Q, E) invers abgeschlossen ,
d.h. fiir jede Funktion c € o/ (Q, E), die punktweise auf Q in E invertierbar ist,
existiert ein d e o/ (Q, E) mit d(t) c(t)=e fiir alle t € Q.
5.10 Definition. Fiir einen festen Banachraum E sei
w:Q-LE), ta,

eine punktweise definierte Abbildung in die Automorphismengruppe von E. Mit
dem Tripel {E; o/, a) bezeichnen wir die Familie der Elemente x € E, fiir die die

E-wertige Funktion
{Qat—a,(x)eE} in A(Q,E)

liegt; <E; o/, a) wird versehen mit der von 1(/ (£, E)) induzierten Topologie, d.h.
fiir eine Nullumgebung U C.«/(Q, E) ist

U=, {xe(E; o, a): {Q3t—a,(x)}eU)

eine Nullumgebung in {E; </, a). (Der Vektorraum <E; o/, «) ist offensichtlich
ein Fréchetraum, wie sich aus der Vollstindigkeit von .7 (Q, E) ergibt)
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Der Schar {o,:teQ} von Automorphismen des Banachraumes E ist die
Abbildung v 1
o: Q->[L(Z(E))]
in die Automorphismengruppe von Z(E) zugeordnet, wobei
o(a): =aan, ', aeZ(E), (5.10)
gesetzt wird. Offensichtlich gilt fiir a, be #(E), x€ E,
OY(t(ab) = &t(a) &t(b)

v (5.11)

oc,(ax) = at(a) OCt(x) .
5.11 Satz. Sei E eine Banachalgebra mit Einselement und o.: Q— % (E)™! mit der
Eigenschaft o,(xy)=oa,(x) o, (y), x,y€ E.

1) Dann ist der Unterraum ¥ :=<{E;</,a)y von E eine VY-Algebra in E;
inshesondere gilt WNE~'=Y ', 2) Fiir jede abgeschlossene Teilalgebra # von E
mit demselben Einselement wie E ist Y% in B eine W-Algebra bzgl. der von
o (Q, E) induzierten Topologie.

Beweis. 1) Da o/(Q, E) ein Fréchetalgebra E-wertiger Funktionen auf Q ist, muf}
die Teilmenge <E; o/, o) von E wegen a,(xy) = a,(x) o,(y) ebenfalls eine Fréchetal-
gebra sein. Nun zur Eigenschaft YnE~!'=%"!: Fir ae ¥ ist die Funktion

{Q3t—oa(a)} e A(Q,E);

wenn nun a” ! in E existiert, so folgt e=a,(a) o,(a” '), t € Q; nach Voraussetzung
A,) muB die Funktion Q3t—a,(a” ") ebenfalls in ./ (Q, E) liegen. Nach Wael-
broeck [55,S. 115], ist fiir Fréchetalgebren mit offener Gruppe die Inversion stetig.
2) beweist man analog.

5.12 Bemerkung. Der Fréchetunterraum <{E;.«/,a) des Banachraumes E wird
durch die Elemente der in #(E) enthaltenen ¥-Algebra ¥ : = (L (E); ./, &) stetig
in sich abgebildet. Die durch (a, x)ax, ae ¥, xe<E; o/, o) gegebene bilineare
Abbildung

. . Y x<E; o, ay—><E; o,

1st stetig. x< %< 2%
Beweis. Wegen o,(ax) = ,(a) (¢,(x)), a€ £ (E), x € E, folgt mit der Eigenschaft 4,)
die Aussage ax e (E; o/, a) fir xe (E; o/, a) und ae ¥. Die komponentenweise
Anwendung des Graphensatzes fiihrt zur Stetigkeit der bilinearen Abbildung.

5.12. Fir einen abgeschlossenen Unterraum F von E bezeichnen wir mit

Z(F CE) die abgeschlossene Teilalgebra von #(E), deren Elemente F invariant
lassen. Dann ist

D: =(E;o,a)nF abgeschlossener Unterraum von {E; .o/, a)
und
Y. =(¥L(E); o,0>n¥(FCE) eine ¥-Algebra in Z(FCE).

Ferner hat man ax € D fiir ae ¥ und x € D, so daB eine stetige bilineare Abbildung
¥ x D— D vorliegt.
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Wir kommen nun zu einer Permanenzeigenschaft der hier definierten ¥-Alge-
bren, die in einigen Konstruktionen als Ersatz daflir dienen kann, daB3 fir eine
Banachalgebra E mit e #(E) wieder eine Algebra mit stetiger Inversion ist und
mittels reguldrer Darstellungen E enthalt [41, Chap. 2, §7].

Fiir die Banachalgebra E mit eist durch L,, R,,a€E. x€ E, L,=ax, R,x=xa
linke bzw. rechte reguldre Darstellung von E in #(E) gegeben. Firo: Q— #(E) !
mit o, (xy)=a,(x) x(y), x, y € E, erhdlt man

&t(La) = Lat(a) E] Ov(t(Ra) = Ra,(a) H (512)
(T H=[a(T)]" ", TeZL(E) ", (5.13)
als ¥ (E)-wertige Funktion von te Q.

Beispiel. a(x)=u,xu, ', xeE, firu:Q—E"'.

5.13 Satz. Sei E eine Banachalgebra mit Einselement e und o.:Q— % (E) ' mit
o (xy)=a,x)a(y), x,y€ E. Dann ist

LY. =(L(E);.o,8) eine V-Algebra in ¥ (E), (5.14)

die alle Elemente L,, R,, ac W : =(E; .o/, a), enthdlt.
Sei ferner F eine abgeschlossene Teilalgebra von E mit ep=e, dann ist

LY, =({L(E); o,aynZL(F CE) eine V-Algebra in ¥ (F CE)
fir V. =<(E; o, aynF, die alle Elemente L,, R,, ae ¥V, enthdlt.

Beweis. Wir zeigen L,e £V fir ae V. Aus (5.12) und aa)e o/ (2, E) mit der
Eigenschaft A4,) und der Injektion u:E,:=E—%(E) ergibt sich vermoge
linksreguldrer Darstellung L,e ¥ wegen 5.12. Aus 5.12 folgt: ZY¥ ist eine
¥-Algebra in £ (E). Die zweite Behauptung folgt ebenso mit 5.12".

Es besteht natiirlich die Frage: Welche Elemente auBer L,, R, und den
aufgrund der ¥-Algebra-Eigenschaft existierenden Inversen sind in # ¥ enthal-
ten? In erster Linie die mit o, vertauschbaren Operatoren Te #(E), d.h.
o(Tx)=T(a,(x)). xeE, a(T)=T. Diese Situation wird leicht durch nukleare
Algebren #/(Q), #(Q,E): = (Q)XE und E= W% realisiert, wenn W und #
Banachalgebren sind und ,,0,“ =1d,,®a, nur auf die zweite Komponente wirkt,
wéihreng »T“=T®id, nur W transformiert.

5.14. Neben der Erweiterung von ¥ in 5.13 zu £V ist fir Anwendungen eine
Erweiterung durch Tensorprodukte wichtig. Dazu spezialisieren wir die Annah-
men in 5.9: Die Zuordnung Er- o/ (Q, E) sei durch das projektive Tensorprodukt
o (QKE gegeben; die Bedingungen von 5.9 besagen also insbesondere, daBl
o/ (Q)& E ein Raum E-wertiger Funktionen auf Q ist. Wenn wir annehmen, daB die
kommutativen Frechetalgebren oA = (Q),j=1,2, die Elgenschaft haben, daf3
A=d(Q): =4 ,(2,)R.A,(2,), Q Q x Q, die Forderungen in 5.9 wieder
erfiillen (dies gllt z.B. fir &/;=6"(Q)), Q endllchdlmensmnale differenzierbare
Mannigfaltigkeit), dann ist m1t Fi:=(E;;dd;,oa"y; j=1,2,

F,®F, (5.15)
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ein abgeschlossener Unterraum von
<E, ®E2;% ®&12 0‘(1)®0((2)> (5.16)

denn aufgrund der projektiven Entwicklung u= Y 4, x{"®x*, 3" |4,| < o0, x{’ -0
in F;, liegt

(o ®0z) () = X Aot () @047 (x)

in (#,04,)RE,RE,)=(+#,®E,)®(#,®E,), da nach Grothendieck das
projektive Tensorprodukt assoziativ und kommutativ ist. Wenn nun die Faktoren
in (5.15) dicht in E, bzw. E, sind, dann liegt die topologische Isomorphie der
Ausdriicke (5.15) und (5.16) vor. Im Falle von Banachalgebren E; und multiplikati-
ven o' sind die Fréchetalgebren in (5.15) und (5.16) wohldefiniert.

Wir betrachten den Spezialfall von vektorwertigen Fourierreihen.

5.15 Satz. Sei W die Wieneralgebra der skalaren absolut konvergenten Fourierrei-
hen, dann gilt

1) WRIE; o, a)={WQE; «,id,®@a>
auch im Sinne von Fréchetalgebren, wenn E eine Banachalgebra und o multiplikativ
ist.

2) Sei ferner E,=W, o ,=%*(S"), S'=0Q,, W) (p)=w(p+t,), we W,
00, t, <21, und 6@ :Q, - L(E,) ", o (Q,, E)=,(2,)RE in 5.9 sowie o'?
multiplikativ. Dann gilt fiir die Fréchetalgebren ¥ :={E,;/,,0®> und
F,:={E; o, a) die topologische I1somorphie

F,Q¥=%"(S",¥)=(E,QE,; o Qs ,,a"Qu?> (5.17)
und zwar auch im Sinne von Fréchetalgebren.

Beweis. 1) Aufgrund von 5.14 bleibt nur noch die Inklusion D zu zeigen. Dazu
verwendet man die kanonische absolute Basis {e,} von W:ue WQE,u=3 e,®d,;
fir ue (WQE; o/,id,,®0o) erhilt man andererseits

(id, ®0,) () = X wi®a,(1), . [[will <00, 4, >0 in
A (Q,E). Mit w,=3 w, e, [wl=2>Iw,,| folgt nun durch Umrechnung
u=Ye,®@d,e WRY.
2) Zunichst gilt F, = C*(S"). Jedes Element der rechten Seite von (5.17) hat

eine Fourierentwicklung b=y e ,®b,. Es geniigt nun zu zeigen, dal fir jede
Halbnorm p,, auf .&/,(Q,, E,) und fiir jedes r>0

Sup {(1 + ) P (2 (b)) < o0

erfiillt ist. Dies kann man z.B. direkt durch Abschétzen der Fourierkoeffizienten b,
von b zeigen.

5.16. Beispiele zu 5.9 und 5.10. 1) Q eine offene Teilmenge des R”, a.: Q— Z(E) !,
/=" (Q)
2) {G :j=1,2,...} sei eine Familie endlichdimensionaler Llegruppen und U;
ieweils eine Umgebung des Einselementes von G;. Tj: G;— % (E) ' seien Darstel-
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lungen auf dem Hilbertraum E;
Qk: U“ X ... X Ujr(k)atk=(gjl, ""gjr(k))
a®: Q> F(E)~! definiert durch, e,
asf) = T}';(gjx) 7}2 (gfz)' N ’I}r(k)(gjr(k)) ;

Q=disjunkte Vereinigung der Q,, a: Q> L(E)™ ", a,: = fiir 1€ Q,.
Wenn die Darstellungen T; unitér sind, erhélt man eine ¥*-Algebra (£ (E);
E”(Q), o).

5.17 Bemerkung. Betrachtet man in 5.15. 2) statt S! eine kompakte Liegruppe S,
E,=C(S) oder die durch den Sobolev-Hilbertraum H™(S) (m> 3dimS) gegebene
Banachalgebra, o7 ,(S): =€°(S), (VW) (w):=w(u-t), ues, teS, dann gilt
ebenfalls (E,; o/, 0V =%>(S). Aufgrund der linear topologischen Isomorphie
von €*(S) zum Schwartzschen Folgenraum s erhilt man auch in dieser
allgemeineren Situation die Aussage (5.17) bzw. 5.15, 2).

§6 Gegenbeispiele in der Fréchetalgebra der Operatoren mit der Ordnung 0.
Holomorphe Faktorisierung

Nun wird gezeigt, da3 die Gruppe der invertierbaren Elemente der Fréchetalgebra
%, aller Operatoren der Ordnung 0 auf der Kreislinie nicht offen in %, ist®. Damit
wird eine Frage von Omori [45, S. 140] beantwortet. Der Raum ¥, wurde im
Prinzip schon von E. Michael [Mem. AMS 11, 66-67 (1952)] eingefiihrt. In 6.2
wird ein Operator definiert, der einem von S. Lojasiewicz, Jr. und E. Zehnder [J.
Funct. Anal. 33, 165-174 (1979)] angewandten Operator sehr dhnlich ist. Ein
weiteres Beispiel wird durch den Operator T: C*(S')—C*(S"), (Tf) (t)= f(27)
mit demselben Beweis wie in 6.2 erbracht.

6.1. Sei E*, ke Z, der Hilbertraum der Folgen x={x,eC:veZ} mit

Ix2: = X oWix,l> < 00,00’ =1, 00" =v*,v+0. (6.1)
veZ

Fiir die kanonische Orthonormalbasis {e,:ve Z} von E° gilt
leolly=1 und Jle,fly=v*,v+0

6.2
...CE'CE°cE'c.... 6.2)

Z(E*) sei die Algebra der beschrinkten linearen Transformationen von E*
versehen mit der Operatornorm || | ,. Mit %, wird die Algebra der Elemente von
#(E®) bezeichnet, die sich zu Elementen von Z(EF), keZ, fortsetzen bzw.
einschrinken lassen. In diesem Sinn ist

Lo=) L(EY (6.3)

kez

versehen mit dem System {| ||, : k € Z} submultiplikativer Normen eine Fréchetal-
gebra mit Einselement 1.

3 Der Verfasser hat diese Aussage 1982 im AnschluB an ein Gespridch mit H. O. Cordes in
etwas anderer Form als 6.2 bewiesen
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6.2 Beispiel. Sei Te #(E°) definiert durch T(e,)=0 fiir v<0 und T(e,)=e,, fiir
y21;dh T= ¥ 6Qe,,
v=1
Es gilt Te %, mit || T||, =2 keZ.
Behauptung. Fiir kein pe R (oder €), p+0, existiert (1—uT) ! in Z,,.

Beweis. Wegen |le,, [, =2%|le,ll, (v#0) liegt T in L, Fiir || <2~ * existiert
(I—pT) '= S p"T" in L(EY. (6.4)
m=0
Es gilt fir |u|>27%
(I—pT) " (e,) ¢ EX, <61 el E"):
k

T™(ey)=eym, €amll= 2"k,
® 2
2 pregm

m=0

I —uT)™ ek =

— 2::0 'u2m22mk — 20 (#zk)Zm . (65)

k

Damit ist gezeigt, daB £, ! nicht offen in &, ist.

Die Beweisidee T(e,)=e,,, 0:IN->N, kann auf andere Folgenrdume in
Abhingigkeit von der Belegungsfolge ¢ verallgemeinert werden. Es sei bemerkt,
daB fiir den Operator S= Y é,,®e,,.,; wegen S?=0 die Inverse

v=1

(I—pS) 'VueC in &, existiert.
Wir bendtigen fiir die folgenden Gegenbeispiele sowie fiir 6.7 und 6.8

6.3 Lemma. Sei # eine Banachalgebra mit Einselement e und ¥ (#) die Banachal-
gebra der stetigen linearen Transformationen von % mit Einselement I. Durch
#Bo3b— L, L(HB), Lyx=>bx, sei B in ¥ (F) eingebettet. Ferner seien S, Te L (AB)
mit T+S=1.
Dann hat die Gleichung

e—y=(e—Sx)(e+Tx)* 6.6)
fiir jedes ye V:={yeR: |yl |T| <31} genau eine Lisung xe U : ={x: | Tx| <1}.
Die Lésung x =g(y) hat die Form

_ gy =U~-LT)"'(»). (6.7)
Beweis. Aus (6.6) folgt

(e—y)(e+Tx)=e—Sx
e+Tx—y—L,Tx=e—Sx
S+T)x—L,Ix=y
(I-L,T)x=y
x=(I-L,T)""(y). (6.8)
Aus (6.8) folgt (6.6) mit y € V, wegen

I WIITI
x|<+———|yl und |Tx|L-———<l,yeV.
< = VY = Iyl Tl
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6.4 Bemerkung. g: V—g(V)CU ist lokale analytische Inverse der Abbildung f: U
—%,
f(xX)=e—(e—Sx)(e+Tx) '=e—(e—Sx)(e—Tx+(Tx)*(e+Tx) H=x+o(x).

Fir das Fréchetdifferential gilt df (o) =1 und d¢(0) =0. Die Faktoren in (6.6) sind
fir ye Vo{y:|yll <1} invertierbar.

Das Lemma 6.3 ist eine Vereinfachung und moéglicherweise interessante
Erweiterung von Ideen von Douady [13], P. Masani (vgl. [37, 2.4]), N. Wiener,
I. Gohberg, M.G. Krein [AMS Transl. Monographs 24 (1970), Chap. IV],
G. Baxter, F. V. Atkinson und J. Leiterer [37] zum Beweis des Cartan-Lemma
(vgl. [7, 2.1]) fiir holomorphe Matrizen und der multiplikativen Faktorisierung in
Banachalgebren. Derartige Faktorisierungen sind fiir die Theorie der singuldren
Integraloperatoren [16] und Toeplitzoperatoren wichtig. Die einfache ,ratio-
nale* Form der Losung (6.7) ist niitzlich. Andere speziellere ,,rationale* Formeln
findet man z.B. in [16, Theorem 4.2].

6.5. Sei S! die Kreislinie, e, = ¢, ve Z, ¥ =1 fiir v=0und o = |v|¥, k=0, 1, 2, ...

W= {x= 2 xe, [ xl= Zze‘v"’lxv|< Oo,xveC}-
VE,

vel
In dieser Notation ist W° die Wieneralgebra (punktweise Multiplikation der
Fourierreihen) und $°(S')= () W*. Sei Te() £ (W*) definiert durch T(e,)=0
k=0 k

fir v<O0und T(e,)=e,,_, firv=1, | T|,=1. Wir zeigen: die Losung xe UnW?°
(6.7) der Gleichung (6.6) mit T und y=pe,, 0<|u|<1, e, =€, liegt nicht in
&>(S"). Dazu geniigt es, die Divergenz von

x= ¥ (L,1"0)
in W*, |u|>2"* nachzuweisen. Wegen (L,T) (e,) = ue,,, v= 1, erhilt man
'y v

(LyT)m(/'tel) = ﬂm+ ! €om,
so daf} sich .
1= ul ‘S‘o (Mp

ergibt.
6.6 Beispiel. Es gibt ein T=T?¢() £ (W* und ein he C*(S'), so daB die
k

Gleichung (6.6) fir kein y=uh, 0<u<]l, in €°(S")nU, UCW?, (vgl. 6.3) eine
Losung hat.

Beweis. 6.5 wird modifiziert. Sei Pe () £ (W*) definiert durch P(e,)=e, fiir v
k
ungerade und P(e,) =0 fiir v gerade;es gilt | P||,=1,k=0, 1, ...;sei Tye () L (W*)
k

mit Ty(e,) =0 fir v=<0 und fir v gerade; ferner sei T, (e,) = e,, fiir ungerade v, v>0.
Fiir T=P+ T, erhalten wir T>=T wegen PT,=0=T} und T,P=T,. Sei nun
h=e,=¢", y=pe,; dann liegt g(y) [vgl. (6.7)] nicht in allen W*, denn dhnlich wie
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im vorangehenden Beispiel zeigt man nun die Ungleichung

loWlhzn % @29,

Damit haben wir im Fall der multiplikativen Zerlegung (6.6) einfache
Gegenbeispiele zum ,,Satz tiber implizite Funktion® in der Fréchetalgebra €*(S!)
erhalten (vgl. 6.5 u. [26]).

Bemerkung. Fiir kommutative folgenvollstindige lokalkonvexe Algebren Z und S,
Te L(B), S(B)CH, und T(H)C A, (vgl. 6.3), wobei #, und £, submultiplikative
folgenvollstindige lokalkonvexe Teilalgebren von 4 sind, deren Topologien feiner
als die von 4 induzierten sind, gibt es immer eine Nullumgebung V'C 4, so daB3 die
Faktorisierung

(e—y):(e_xl)(e_XZ)’ xje'@j’ j=1’2a

fiir jedes y € Vbesteht, da man dann die log- und exp-Funktionen anwenden kann;
exp(S + T)u) = (expSu) (exp Tu).

Nun wird eine Anwendung von 6.3 auf die in 5.9 bis 5.17 behandelten speziellen
¥-Algebren fiir Fourierreihen gegeben.

6.7. Sei 9 eine Banachalgebra mit Finselement e und W die Wieneralgebra der
absolutkonvergenten Fourierreihen auf S!.
Pe £ (W) sei definiert durch

© +

Pf=3 ce fir f= 3 ceve.
v=0 V= —00
Auf B=W® sei durch T: = P®Id,, die Toeplitz-Projektion gegeben, natiirlich
gilt Te L(#A) mit |T|=1. Sei ¥,:=(D;.,,a?>, oa?(ab)=(*(a))(?(b)),
a,be 9, ferner setzen wir o/,(Q,, E) = o/,(Q,)® E (projektives Tensorprodukt) in
5.9; zum Beispiel o7,(2,)=%>(L2,) fiir eine endlichdimensionale differenzierbare
Mannigfaltigkeit.

6.8 Satz.* Sei y eine Fourierreihe aus ¥ =WRY, mit ||yl z<i B:= W@.@. Dann
gibt es x, und x_€ ¥, wobei x, bzw. x_ auf das Innere bzw. das Aufere des
Einheitskreises als ¥ ,-wertige Funktion holomorph fortsetzbar ist, so daff auf S* die

Gleichung e—y=(e—x_)(e—x,)

erfiillt ist und beide Faktoren der rechten Seite invertierbar sind.
Ist y zusdtzlich eine € *-Funktion auf S* mit Werten in ¥ ,, dann gilt aufferdem
X_,x, €S, ¥P,).

Beweis. Wir verbinden 5.12, 5.13, 5.14, 5.15 und 6.3 zu dem folgenden Beweisprin-
zip:  Zundchst sei ¥,=W, wir betrachten die “Tensorerweiterung”
Y=V ®¥,5y; da T mit a'® vertauschbar ist, gilt Te £¥ und deshalb
I-L,Te #¥;wegenI—L,Te (%) " erhalten wir die Existenz von (I — L, T) ™"
in LY (vgl. 5.13) aus der Voraussetzung || y| <4 wegen | T| = 1. Mittels 5.12 ergibt
sich ¥ x V- ¥,sodaB (I—-L,T) '(y)in ¥ liegt; aus ¥ = ¥, ®Y, folgt nun die

*  Vergl. P. D. Lax: Commun. Pure Appl. Math. 29, 683-688 (1976)
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erste Behauptung. In 6.3 setzen wir dabei S=1—T, x _=8x, x, =e—(e+Tx) .
Die zusitzliche Behauptung ergibt sich mit ¥, =%*(S") aufgrund von 5.15 mit
demselben Beweisgedanken:

(#) V. QV,CYo PV, LYXVY-PCY,RY,.

Nun wird das Heftungslemma von H. Cartan fiir die speziellen ¥-Algebren
(S. 9 bis 5.17) auf 6.8 zuriickgefiihrt (vgl. Gohberg u. Leiterer [ 17] fiir Banachalge-
bren).

6.9 Satz. Sei ¥ die Fréchetalgebra {E; o/, ), wobei E eine Banachalgebra iiber C
mit Einselement und o multiplikativ ist; ferner sei in 5.9 #(Q, E)= o (Q)®E. Seien
Q;(=1,2), 0:=0,n0Q,, V:=0,00, kompakte Quader im C" und h:Q—¥ !
eine auf einer Umgebung U(Q) definierte holomorphe Funktion, he #(Q, V). Dann
gibt es auf geeigneten Umgebungen U (Q)), j=1, 2, definierte holomorphe Funktio-
nen hje #(U;, V),
h;:U;— poi,
sodaffVzeQ

h(z)=h(z)h,
erfillt ist. (2)=h(2)hy(2)

Beweis. Wegen der auch fiir holomorphe Funktionen mit Werten in ¥-Algebren
gliltigen Approximation von A durch invertierbare holomorphe Funktionen auf
C" (vgl. [7, vor 2.2]), genligt es, 6.9 fiir h nahe an e zu beweisen, h(z) =e—c(z).
Ferner konnen wir annehmen, daB die Q; (j=1, 2) in € liegen, indem die restlichen
n—1 Koordinaten als holomorphe Parameter betrachtet werden; diese zusatzli-
chen holomorphen Parameter lassen sich mit der SchluBBweise (4 ) im Beweis von
(6.8) vereinbaren. Wie in [17] wiahlt man einen geniigend groBen Kreis, der durch
Q lauft und Q,\Q im Innern enthélt. Dann wihlt man eine C*-Funktion f, die auf
einer Umgebung U(Q) identisch 1 ist und Triger in U(Q) hat. Die Funktion
y(z)=P(z)-c(z) liegt also in €°(S)®Y. Nach 6.8 erhalten wir (e—y)
=(e—x_)(e—x,). Wegen (e—x_)=(e—y)(e—x,) ! ist e—x_ auf U,(Q,)
holomorph fortsetzbar und entsprechend e—x, auf U,(Q,). Damit ist 6.9
bewiesen.

6.10 Bemerkung. Wenn man den zur Faktorisierung in 6.8 und 6.9 beniitzten
Ausdruck (6.7) aus 6.3 Lemma in der Form [vgl. (1.1)], ne N,

n—1
(I-L,T)"'(n)= [,Zo (L, TY +(L,TyYI—-L,T)" l(LyT)n~,] )
darstellt, ergibt sich eine Anwendung der Faktorisierung auf Funktionen mit
Werten in ein- und zweiseitigen Idealen, und zwar insbesondere fiir die 17-Ideale,
die bei Sobolevschen Einbettungssitzen eine Rolle spielen [18, 19]. Ebenso kann
man das Ideal der Operatoren der Ordnung — w, w >0, bzw. — 00, in Algebren von
Pseudodifferentialoperatoren behandeln. Ferner beachte man in 6.3. Lemma den
Spezialfall T>= T und T(4) eine Teilalgebra von 4.

6.11 Bemerkung. Einen weiteren Zugang zur Faktorisierung fiir spezielle Fré-
chet-Liegruppen erhélt man durch Eigenschaften der Abbildung

f(x):=log[(expSx)(expTx)] (vgl. [6], Chap. 1L, §6, 7)
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auf einer geeigneten Nullumgebung der Lie-Algebra E einer Banach-Liegruppe G,
S, Te #(E), S+ T=1d,, wenn man spezielle Familien {o,:t€ Q} von Automor-
phismen von E betrachtet, die o, (f(x))=f(x(x)) erfillen (vgl. <E,C>,a),
5.10-5.16). E ist dabei ein Tensorprodukt E=E,®E,, wobei E, die Lie-Algebra
einer Banach-Liegruppe G, ist und E, eine halbeinfache kommutative Banachal-
gebra mit Approximationseigenschaft. Der Operator T ist dabei so gewdhlt, da3
die auf dem Raum M der maximalen Ideale von E, definierten Vektorfunktionen
Tx, (I — T)x, x € E, sich jeweils linear in x und beschriankt zu Vektorfunktionen auf
groBere Mengen M’ und M” mit M'nM” = M fortsetzen lassen.

Beziiglich Fréchet-Liegruppen vgl. man T. Ratin u. R. Schmid, Math. Z. 177,
81-100 (1981) sowie H. Omori et al., Tokyo J. Math. 5, 365-398 (1982) und
[26, 45].

7. SchluBibemerkungen

1) In dieser Arbeit wird “der” Satz liber implizite Funktionen fiir co-dimensionale
Rédume in einigen SchluBweisen durch explizite “algebraische” Formeln umgan-
gen, wobei sich dann eine Allgemeinheit ergibt, die wesentlich iiber Banachalge-
bren und Fréchetrdume hinausgeht (vgl. 2.13, 3.7, 4.14, 6.8). Untersuchungen zum
Satz iiber implizite Funktionen in Fréchetrdumen findet man z. B. in Hamilton
[26], insbesondere S. 171-186, Omori [45] und Yamamuro [56]. A. Hertle hat
mich 1980 auf eine Arbeit von F. Sergeraert [26] aufmerksam gemacht. Die
»rationalen“ Resultate in den §§ 2 bis 6 geben moglicherweise einen Hinweis auf
weitere Sitze liber implizite Funktionen. Die multiplikative Struktur der Pro-
blemstellungen muB stirker beriicksichtigt werden in Verbindung mit topologi-
schen Algebren. AuBerdem sollten Verbindungen zwischen den Ergebnissen von
[45,26] und [56] zum Satz iiber implizite Funktionen genauer analysiert werden.
Eine auf §6 und 5.9 bis 5.15 basierende Untersuchung zum Satz tiber implizite
Funktionen soll spdter folgen; Fréchetalgebren von Pseudodifferentialopera-
toren in Verbindung mit der (holomorphen) Faktorisierung und nichtabelscher
Kohomologie zeigen eine Reihe von Problemen auf (z. B.: [7, 17, 37, 38]). Bei den
Ergebnissen der §§2, 3, 4 spielt der Grundkérper im wesentlichen keine Rolle.

2) Eine Erweiterung des Divisionssatzes von S. Lojasiewicz auf reellanalyti-
sche Fredholmfunktionen und Operatordistributionen [25] kann fiir Funktionen
mit Werten in ¥-Algebren durchgefiihrt werden.

3) Sei ¥ eine P*-Algebra in £(E), E Hilbertraum, ¢ =¥, & das Ideal
der kompakten Operatoren von E, und $: ¥ — ¥/ ¢ der kanonische Homomor-
phismus; dann ist die Einschrinkung $,,: M(¥)—»>M(¥/¢) in den folgenden
Fillen surjektiv [21]: M die Menge der Projektoren, der orthogonalen Pro-
jektoren, der relativ invertierbaren Elemente bzw. der partiell unitiren Elemente;
darauf wird zusammen mit einer Erweiterung auf ¥-Algebren noch eingegangen
werden. Speziell gilt fiir C*-Algebren ¥, ¢ =4 (E)n¥ und ¥/ ¢ =6(Q)Q £ (C"),
Q kompakt, die folgende (bekannte) Aussage: Zu jedem ae%(Q, £(C") mit
konstantem Rang gibt es einen Operator 4 mit abgeschlossenem Bild, so daB
%(A) = a erfiillt ist.
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Monotone Functions on Formally Real Jordan Algebras
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To Max Koecher on his sixtieth birthday

Let 2 be a formally real Jordan algebra. It is well known that the set of all squares
in A is a convex cone. There is, therefore, a natural partial order in 2: One writes
xZx"if x"—x is a square, and x < x"if x’— x is in the interior of the cone of squares.
Let e denote the unit element of 2. Given a real interval (a, b) we denote by (a, b)
the set of all x in A such that ae < x < be. If f is a real-valued function on (a, b), one
can in a natural way define f(x) for all x in 2(a, b). We denote the map U(a, b)»>A
obtained in this way by f™ (but, as customary, we keep writing f(x) instead of
f¥(x)). Itis shown in [1, Chap. XI] that if { is monotone on (a, b) then ¥ is a one-
to-one map.

In this note we consider the question whether f¥ is monotone with respect to
the partial order of 2, i.e. whether it is true that f(x) < f(x") whenever x < x’". We
shall say that f is A-monotone if it has this property.

In the special case where 2 is &, the Jordan algebra of real symmetric n-by-n
matrices, this question was answered by Lowner [5] (see also [2]). He proved that
f is ©,-monotone if and only if for every choice of numbers x,, ..., x, in (a, b) the
n-by-n matrix with entries

[xp 5], = 102 =/ ) )

Xj— Xy

is non-negative definite. (When j=k the quotient is understood as a derivative;
differentiability of f is part of the necessary and sufficient condition when n=2.)

We shall prove that this condition is also necessary and sufficient for
A-monotonity for any fixed simple A whose rank equals n. The proof presents no
serious difficulty, it consists of an adaptation of known arguments from the
symmetric matrix case [2, 5] and of an application of various facts about the
structure of Jordan algebras [1]. Still, it is not completely trivial and deserves,
perhaps, to be on record.

We recall that for every x in 2 there exists a complete system {e;} of orthogonal
primitive idempotents such that x= Y x,e; with some x; € R. f(x) is then given by
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> f(x;)e;. The system {e;} induces a Peirce decomposition of 2 into a vector space
direct sum

A=Y Re;+ 3 Ay ©)

i<k
(see [1, Chap. VIII]). Given any he U, we write its corresponding decomposition
as

h=2h,~e,~+ Z h]k (3)
i j<k

(here h;e R and hy e Ay).
We shall denote the norm corresponding to the canonical inner product [1,
p.321] of A by | |-

Lemma. If fe C'(a,b) then f¥ e C*(A(a, b)) and the differential of f™ at x= 3 x;e;
is given, for any h in U, by

(df ) (h)= ; [xi xi1chie; + j;k [xj X d ph - “4)

Proof. First we consider the special case where f(x;)= f'(x;)=0 for each i. The
right hand side of (4) as well as f(x) is then zero, so the statement to prove is

If (x+h) I =o([lAl). ®)

Wehave x+h= 3 (x;+¢;)e; with some orthogonal system {¢;}. As well known, the
“eigenvalues” of an element are the roots of a generalized characteristic equation
which has only real roots. Hence, when appropriately ordered, they depend
analytically on the element (see e.g. [6, Hilfssatz 2]). It follows that ¢;=o(1). It is
also known that there exists an automorphism u of A such that e;=u-¢; (1 i< n).
By choosing a local cross-section in the automorphism group over the stabilizer of
x the choice of u can be made unique, and we also have u=o0(1). Now

h=u- (;(x,-+8i)— ;xiei) + (u . ;xiei— ;xie,). (6)

It is shown in [4, p. 184] that the orbit of any element of the subalgebra a= 3 Re;
under the automorphism group is orthogonal to a and hence also to u - a. Thus the
two terms on the right of (6) are orthogonal up to terms of order two. It follows that

Yel= ”u (; (x;+e&)e;— zi:xiei>“ <2|n|?

for small |A].
The mean value theorem now gives, with some ¢} between 0 and g;,

IfCe+m)l*= ”;f(xz+8i)62~ S (x)e
=& f(x;+e)* S2NhIP T f(xi+e)?

2

and (5) follows.
In the case of a general C*-function f, we can find a polynomial p such that p
and p’ coincide with f and f” at the points x;. Then, by what we just proved, the
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Lemma holds for f — p; it only remains to prove that it also holds for p. For this, it
will clearly suffice to prove the Lemma for the functions x™(m e N).
Explicitly, what remains to prove is that

(e )" == S e+ P thjk+o(||h||) 7

<k Xj—Xg
for all me IN. We prove this by induction on m. By power-associativity we have
(x+h)m—xm = (x+h) [(x +h)™ —x"] +hx™.
Using the induction hypothesis (7) this equals

(x+h){2mx"’ e+ ¥ Lk af i Y } +hx™+o(|h]).

j<k Xj - xk
In this expression we write x and h in terms of the Peirce decomposition and use the
rules e;e;=0,¢;, ehy =3(8;+ 0u)hy (cf. [1, Chap. VIII]). After a simple compu-
tation it turns out to be equal to

m+ m+1

Ly
Z(m+1)x’"he + X

i<k xj—‘

hj+o([[h1)

finishing the proof.

Theorem. Let U be a simple formally real Jordan algebra of rank n and let f be a
real-valued function defined on an interval (a, b). Then f is W-monotone if and only
if for every choice of x, ..., x, in (a, b) the matrix [x;, x;] ; is non-negative definite.

Proof. Suppose that f is 2-monotone. It is known [1, Chap. VIII, Lemma 4.2] that
A contains a subalgebra A isomorphic with &, Itis clear that x < x” with respect to
the partial order of 9 is equivalent with x < x" in 2 (in fact, if x'— x =u? for some
ue A, then x’— x also has a square root in the subalgebra R[x’— x] generated by
x’— x, hence in ). It is also clear that for x in A the element f(x) is in R[x], hence
in A. So f is A-monotone, and the “only if” part of the Theorem follows from
Lowner’s results.

The converse statement is trivial in the case n=1. When n=2, the condition
implies that the derivative of f is continuous ([5, p. 187] or [2, p. 73]). Therefore,
by the Lemma, it will suffice to prove that if 1 = 0 has the expansion (3) with respect
to some Peirce decomposition and if (p;,) is a non-negative definite n-by-n matrix
then it follows that

Zpuhe + Z pkh_)k—‘ (8)

Since every non-negative matrix is a sum of matrices of form (g,g,), it is enough to
prove that

Zq?hle + 2 q;9xhx =0

forany q,, ..., g, in R. Now the left hand side here is P(3_ g,e;)h (cf. [3]), where P
denotes the quadratic representation of 2. By [1, Chap. XI, Satz 4.1] we know that
P(a), for any a in 2, preserves the cone of squares. This concludes the proof.
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On the Tensor Stability of s-Number Ideals
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Let S, ,denote the class of operators having approximation numbers belonging to
the Lorentz sequence space [, ,, 0<p< o0, 0<g=o0o. We show that these ideals
are unstable under suitable tensor norms 1 for p,q with 1/g<1/p+1/2, in
particular for p=gq; i.e. there are S, ,-operators S, T between Banach spaces such

that the tensor product operator S ®T does not belong to S, ., answering a

P,

T
question of Pietsch. These operator ideals S, , are, however, “almost” stable under
arbitrary tensor norms, namely stable up to logarithmic factors. For Hilbert space

operators, S, T €S, ,(H, H) implies S@TES,, q(H®H H@H) by contrast, if

q=p. Using this, factorization theorcms and bllmear 1nterpolat10n we show that
S, ;operators are stable under tensor products, if 1/g=1/p+1 and the operators
act between dual cotype 2 and cotype 2 Banach spaces. If the cotype conditions are
not satisfied, one can still conclude that the Weyl-numbers of the tensor product
operator belong to I, ,, at least for certain tensor norms.

For the standard notions of Banach space theory we refer to Lindenstrauss-
Tzafriri [7]. Concerning the theory of operator ideals we refer to Pietsch [10]. In
particular, we will use well-known facts about the absolutely p-summing operators
(I1,,m,) like the factorization theorem, cf. [10] or [7]. Standard interpolation
theory notations are given in Bergh and Lofstrom [1].

1. Tensor Norm stability of Operator Ideals

A cross-norm t is a norm defined simultaneously on all algebraic tensor products
XQ®Y of Banach spaces X and Y such that

(x®y)=|x| |lyll forall xeX, ye?Y.

We denote the space X®Y equipped with © by X (X)Y and its completion by
X ® Y. The algebraic tensor product T; ® T, of two continuous linear operators
TjerL(X »Y), j=1,2 is the linear operator from X;®X, into ¥;®Y, defined
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uniquely by
n n
(T,@)Tz)(;1 x}@x?) = 2‘1 T x!®@T,x?, xleX,, xteX,.

A cross-norm is called a tensor norm provided that all such maps are again
continuous with respect to T and

IT®T: X, ®Xz—>Y1®Y2II§HT1|I T

holds. We abbreviate this by writing || T} @Tzll S| T, | T;|I. The map T, ® T,

All standard norms as ¢ and 7 or the norms d,, g,, and w, of Saphar [16] and

TR
All standard norms as ¢ and = or the norms d, g, and w, of Saphar [16] and
Lapresté [6] are tensor norms. The property means that the class of all continuous
linear operators is stable with respect to 7. The stability of other classes of

operators under tensor norms has been studied e.g. by Holub [3] and Pietsch [11].
Holub showed that the p-summing operators are stable under ¢ with

ST

7T O T) St(Tmy(Ty),

whereas Pietsch considered certain approximation number ideals.

Recently, estimates of this type were successfully applied by Pietsch [14] to find
optimal constants in certain eigenvalue estimates. To state his simple lemma giving
the connection we need two notions. First, a quasi-normed operator ideal (2, «) in
the sense of Pietsch [ 10, 6.1] is called c-stable (¢ > 0) with respect to a tensor norm t
provided that T,e (XY, (j=1,2; X;, Y, Banach spaces) always implies

T RT, eQI(Xl R X, ¥, ® Y2> with

(T ® T2> <cou(T)(Ty) . (1)

Secondly, a quasi-normed operator ideal (2, a) is of Riesz type l, iff some power A™
of A(m e N) is contained in the compact operators ¢ and the eigenvalues of any
T e A(X, X) are r'*-power summable. Denoting the eigenvalues by (4,(T)),cn —
counted according to their multiplicity and ordered non-increasingly in absolute
value — it is easily seen that there is d > 0 such that for any Banach space X and any
TeAX, X)

(AT, = do(T). 2

Lemma (Pietsch [14]). If a quasi-normed operator ideal (U, ) is c-stable with
respect to some tensor norm 1 and of Riesz type l,, one has the estimate

(ALTON, S cT) forall TeWX,X).

That is, d<c for the optimal constants (1) and (2). Pietsch used this very
successfully for the r-summing operators. Other standard ideals of Riesz type I, are
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the ideals of r'*-power summable approximation- or Weyl-numbers. We will study
the problem of tensor stability of such s-number ideals now.
The approximation numbers a,(T) of a map T € L(X, Y) are given by

a,(T):=inf {| T—T,|| |rank T, <n},

the Gelfand-numbers ¢,(T) by
¢, (T):=a,(iT), where i is an isometric imbedding of Y into some L (u)-space,
the Weyl-numbers x,(T) by

x,(T):=sup{a(TA)||4:,->X|=1}, neN.
Clearly, these sequences are non-increasing with x,(T)<c,(T)=<a,(T) and

x((T)=a,(T)=|T].
Given 0<p< o0, 0<g= o0, the Lorentz sequence space [, , is defined by

[ {(xn)nelNECOI”(xn)“pq (Z X pelp- 1)”"<oo}

Here (x}) denotes the decreasing rearrangement of (|x,|). For g= oo the require-
ment is supposed to mean |(x,)|,. .= supxFn'/?<oo. The spaces are quasi-

nelN
normed by | - |, ,. Clearly [,=1,,
We consider the quasi normed operator ideals

Sp,q: = {T € Llap,q(T): = ”(an(T))nElN“p,q< OO} s
S;,q: = {T € LlO';'q(T): = ”(Sn(T))nEIN”p,q< OO} ’ S€ {C, X}

of maps with approximation (Gelfand-, Weyl-) numbers belonging to [, ,. We let
S,=S,,and $;,=5] ..

The spaces [, , as well as the ideals S, , are ordered lexicographically, as easily
seen, 1.€.

0<pi<p;<0,0<q;,q, <00 = lp1q1¢ Ly, as

0<p<o0,0<q;<q,<00 = 1, Cl,...

Pietsch [11] showed that the ideals S, , are not stable under tensor norms for p<gq
since the sequence spaces [, , are not tensor-stable in that case. We consider the
remaining case p=gq, in particular p=q. The ideals S,, are, however, “almost
stable” under tensor norms 1 since by [11]

T,eS,.T,€S,.p.>p; = T, T,€S,,. 3)

We start with a slight improvement of (3) showing that tensor stability holds up to
logarithmic factors. The method is similar to the one in [11].

Proposition 1. For any 0 <p < oo there is c,> 0 such that for all Banach spaces X ,,
X,, Y, Y,, all operators TeS(X,,Y,), SeS,(X,,Y,) and all tensor norms ,

T@S eL(X1 XX, Y, ® Y2> satisfies
(z a, (T@S) /ln(n+1)“"”“1"’))””§cpop(T)ap(S)

neN
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Proof. In the following estimates, constants c,, ¢,,... may depend on p but

nothing else. It is well known that T € § (X, Y;) can be writtenas T= 3 T, with
k=0

2 1/p
by 2"I|Tk|l"> <c,0,(T), cf. [12]. Similarly,

T.e L(X,, Y,), rank(T,) £2* and (
k=0

1/p

S= i S, rank(S)<2!, (Z 2N8,01P Sc;0,(5). Let NeN. Since T®S

00 ~ N—-1
=3 Tk®S, and U,: > TS, has rankU,< 3 (n+1)2"
n=0k+1= k+l§N—1 T n=0

<N2V=: f(N) we get

wn(T89)3| £, 2 n s
=X I Tell 1S4l
n=Nk+l=n

Using the monotonicity of the a,’s, this yields

(Eer@symorn)”
o f(N+1)—1 A 1/p
= ( S Y alT ®S>"/ln(n + l))

N=1 n=f(N)

© ~ i/p
< <N§1 SN+ /N 10)-a (T Q) S)P)

8

N=1

© p\ 1/p
<c, (z ZN{EN (2, % us,n)} )

which by the lemma in [12] can be estimated

£ 1/p
Sc <N§1 2N<k+’Z=N I Tl ||Sz||>p>

For p<1, this is bounded by

A l/p
zeo( £, 20 (T&SY)

8

[ee] 1/p
( 22 HTkH”IISzII")
N= k+1=

0 1/p
(Z 2 |7-;c“p> <§.021 ||Sz||">

Scscto,(T)o,(S).
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For p>1 we estimate similarly
o ~ 1/p
( > an<T®S)”/ln(n+ l)")
n=2 T
0 A 1/p
=Ee <N§1 (N+ 1)1Ap2Na“N)(T(>?S)")

1/p
( Y (N+1tr2N ( f,;:N I Tl IISzH)”}

0 1/p
Scs{NZ=:12N<k+Z ||71||p||51||”>} ,

where the last estimate follows by Holder’s inequality. This, as before is bounded
by
<cseto (o, (). O

Corollary 1. For any two operators Te L(X , Y,), Se L(X,, Y,) of rank (T)<n,
rank (S)<n and any tensor norm t, one has

s, (T @ S> <c,In(n+ )™ UPg (T)g (S).

Logarithmic factors of this sort are actually necessary for the ideals S ,, or more
generally for S, , with 1/g<1/p+1/2: The following example shows that these
ideals are unstable under certain tensor norms, answering a question in [11]
negatively.

Proposition 2. Let 0<p<oo, 0<g<oo with 1/g<1/p+1/2. Then there are
diagonal operators T:1,—1; in S, (I, 1,) such that T@T is not in SM<I2 @lz,

1®1>

Proof. Let 1/r:=1/p+1/2. Given a decreasing positive sequence o €l,, the
diagonal operator D,:l,—!l,, (x,)—(g,x,) has approximation numbers
/2

1
a,(D,)= (Z o} > , cf. Pietsch [10, 11.11].
is equivalent to [|o||, , and thus

© 1/2
2
J=n neNlip.,q

D,eS, (I,,1;,) iff oel,,, 0<g<oo; we actually only need the easy part
0,4Ds)=c, lol,  of this equivalence. Thus let g €l, ,. To estimate the approxi-

mation numbers a, (D,, ®D0> from below, we first show that the formal identity

Calculation shows that

map J: 1, ®l 1 —1,(N?) is 2-summing: Let hs denote the Hilbert tensor product,
thus for measure spaces (K, u) we have L,(K, u) ®L2(K w=L,(KxK,uxu),in
particular 12®12—-12(]N2) Since the identity map I1:1,-1, is 2-summing with

n2(1)<f (cf [10]) there is a factorization I =BjA with A:1,->C(K), j: C(K)
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—L,(K,u), B:Ly(K,u)—I1, and |B| HA||§]/§. Here (K, u) is an appropriate

probability measure space and j the formal identity map. Tensoring these
factorizations, we have

T QL 225 C(K) Q) CK) = C(K x K) 95 Ly(K x K, 1 x 1)

N B®B N
=L,(K,p) @Lz(Ka #)—hs*"’ l, @lz = 12(N2)>

where n,(Id)= 1. Thus J is 2-summing with 7,(J)<2. This basically is Holub’s
argument [3]. Given 6 >0, choose T,,:1, ®12—>11 ®ll of rank (T,) <n such that

5+a,,<1)6§:<)1),,) > ‘Da@:@Da— T,:1, @ll_’l‘ @11“
21/2m,(J(D, @D, - T):ls @lz—’lz(Nz)>

>1/2x, (J (D,, &QD,— T) 1d: lz(NZ)ﬂlz(N2)>

using 7,(J)<2 and “Id :LIN)—1, ®12H < 1. For any Hilbert space operator U : H
— H, however, the n,- and ¢,-norms coincide [10]. Thus, on [,(IN?),
T, (J (Da XD, T) Id)
— ) _ 2\1/2
(IEN a; (J (DU@DJ T> Id) >
=1/na, (J <D0®Da— T) Id)
2)/nazn (Do Dy LN*) = LN

using the monotonicity of the a,’s as well as
a2n(Da®Da) é an(Da®Da - Tn) + an(T;t) = an(Da®Da - 7::) .

These estimates yield
a, (D,,@Da:lz Q-1 ®11>
€ € £ P.q
© a 1/q
2 1/2 ( Z Aon <Da ®Da>q nq/2+q/p— 1>
n=1 hs

22 (UL (an (Do @m) L)L)

_o-a+ 1/r+1/‘”||0'®0-“rq;

r.q

the last equality holds since the operator DG®D, on [,(N?) is the diagonal
hs

operator induced by the double-indexed sequence c®o =(0,0;); ;. Hence if
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D,eS,, would imply D,X)D,€S,, we would get
€

lo®al,  =clal,,?

with some ¢ depending only on p, g and r. This is false for r< g, ie. 1/g<1/p+1/2
and correct for r = g, cf. [11]. The essential reason for the last statement becomes
clear looking at the special sequence o =(n""'"), in [, ,.: Since for large ne N

{(,j)eN?|i-j<n}

has cardinality proportional to nlnn, the decreasing rearrangement of c®ao
satisfies (6®0)*(nlnn)=<n"'" and thus

l6®0ll,. = sup (6®a)*(m)m'" = sup(lnn)'"=co. O
meN neN

Remarks. i) The argument also works for any tensor norm 7 stronger than ¢ such
that Id: [, ®12—>lz @lz is continuous.

i) Probably the proposntlon can be strengthened that there are operators in
S .4 such that their e-tensor products are notin S, ; even for 1/g < 1/p + I instead of
only 1/g<1/p+1/2, maybe for operators from [, to [,; these estimates, however,
donot yield this. Let e,(T) denote the entropy numbers of some T € L(X, Y), cf. [2]
or [10], and for
O<p<o0:§; (X,Y)

={TeLX,Y)|oy(T):=e(T)l,<0}.

Whereas the approximation number ideals S, are “almost” stable under any tensor
norm t, the other well-known s-number ideals like Sj, S}, or S} are remarkably
unstable under some tensor norms, e.g. under 7:

Lemma 1. Let O<p< 2, 0<g< oo and suppose that T, S € S;(1,,1,) always implies
T ()?S e S;( L @ll, L @12> for either s=x, c or e. Then q necessarily satisfies 1/q
<l/p—1/4
Proof. The assumption implies that there is ¢, >0 such that for all T, S e Sj(l;, [,)
af,(T @s) <c,0%(T)o3(S),  se{x,c,e}.
By Carl [2] there is ¢,>0 such that for all Re Sy(X, Y)
0(R)=c,04(R).

Let T=S=1d,:I1—>1%. By Kashin [5] and Mityagin [8],

cld,: i -1 <cyIn(n+1)>2))/j .
Thus for se {c, e}

o (Id n @lq—»l; @1;) <¢,03(T)a%(S)

ey (Thoy(S)<csn(n+1)n?P =1
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Thus, in these cases, it suffices to estimate e; (T@S) from below. Standard
volume estimates yield for j=1, ..., n?

e; (Id o) 1"2) >c (volB(l'{z)/volB (lg X 1;))1/"2 ,
where vol B(X) denotes the volume of the unit ball of X. By Schiitt [17], the right
side is of order n~ /2. Thus

cn 12 < gt (Id Sy ®1"2> <csin(n+1)%n2r 1,

yielding 1/g<1/p—1/4. In the case of Weyl-numbers s=x the estimate is even
more direct since

xj<1d:1';bzg @13) 2x,(1d: 17~ 1) 2 1))/}
implies 0% (Id:l’;’—>12®12> >cgn?12 a5 well.  [J

Remark. The lemma also holds for the Kolmogorov-number ideals, if operators
from I, to I, are considered.

2. Cotype 2 and Tensor Stability

The example of proposition 2 does not exclude the possibility that the ideals S, ,
with 1/g=1/p+1/2 or 1/g=1/p+1 are stable under tensor norms. We prove a
positive result of this type under restrictive assumptions on the Banach spaces
considered.

Theorem 1. Let 0<p< oo and 0<q<oo with 1/g=1/p+1. Let X;, Y, i=1,2 be
Banach spaces such that X* and Y, are of cotype 2,i=1, 2. Let T be any tensor norm.

Then TeS,(X,,Y,), S€S, (X,,Y,) imply T@Sequ(X @XZ, Y, @ Y2>
with )

Opa (T () S) <co,(T)o, (S),
where ¢ depends only on p, q and the cotype 2-constants of the spaces X} and Y,

Recall that a Banach space X is of cotype 2 iff there is ¢ >0 such that for all

X1y X, €X
n 1/2 2\ 1/2
Py ”xi”2> §C(Average > ;
i=1 +

The best constant ¢ here is called the cotype 2-constant of X, K,(X). The proof of
Theorem 1 will be reduced to the Hilbert space case using

Proposition 3. Let 0<q<p< oo and H be a Hilbert space. Then S, T €S, ,(H, H)
implies for any tensor norm t that

T@SESM(HQ:()H,H@H)

+ x

II.M =

1
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with

Opa <T @S) ¢, 40,4(T)0, 4(S).
Proof. (i) It suffices to prove the proposition for diagonal operators in [,: This is
because of the polar decomposition theorem for arbitrary S,TeS, (H, H):
there are partial isometries Ug, Uy: H—1,, Vi, Vy:l,»H and diagonal maps

D,:l,—1,, o, u decreasing, with S=V;D,Us, T=V;D,Ur. Here 6 =(a,(S))en
el,, and pel,, cf. [10, Chap. 11.3]. Thus if D,,D €S, [(I,,1,) implies

D,()D, €S, (I.1,) and
t G (D,, ® Du) <€y a0paDo)5, (D),
S®T= (I/S@;@VT).(D,,@Du) : (US®UT>esM<H @H,H@H)
with %0a(SOT) S000(2, QD)

=¢pa0p,4d(D5)0po(D,)=Cp40,,4(8)0,(T) -

(i) We now prove the claim for diagonal maps S=D,, T=D, in [, with g,
wel,, positive and decreasing. We may further assume ¢, u, <1. For any ne N
{0} let

_n+1 _n
Z,(8):= {J'GNI2 ? <af8)=2 "} s M(S):=#Z,S)

n+1

Z,,(T):={jeN|2 o <a(T)£2 P} M(T):=+#Z(T).
Here a(S)=o0, a(T)=p;, of course. Define sequences
a"=(c)), W=

where

o [0 J€ZS) ., fu j€Z(T)

0 jEzZ(S) T 0 j¢Z(T)
and consider the diagonal operators S,:=D,., T,:=D,. in [,. Then clearly
S= Z S, T= Z T, with rank (S,)=M,(S), rank(T,)=M (T). In view of o,

ue lM, these serles as well as S ® T= o ]NZ o Si @ T, converge in the operator
eENUV T

norm. We now approximate S @ T by

Uy= S T, .
N 0<k+l<N k@ 1 NeNu{o)

Let
fo= X MUSM(T).
0<k+I<N
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Then rank Uy < fy, hence
o (OTEFET-042 ,

We will show below in part (iii) that

S 5.6

k+l=n

holds, which by definition of S,, T, and Z,(S), Z,(T) can be estimated by
max 2~ MP.27UP=2""P Thus

k+l=n ©
afN+1<S®T>§ > 2_"/p§C12_N/p; (5)
T n=N

7

k+l=n

| = max |[S,|l | T;| “
k+l=n

constants ¢y, ¢,... depend again only on p and g.
We now show that S®T isin S, ;. By (5)

JM(SQ?T) (Za (S@T) ajalp= 1>1/q

JEN

<00 SN+t — /a

= S T\j9/P~

£ & ap@rp)
0 fN+1 1/q

(£ an(s@ry 5 o)
=0 Jj= fN+1
© 1/q

= Cz( > 2_Nq/p‘fN+1q/p>

- N=0

© 1/q
<c, <n§0 ()

with f,:=0, using the monotonicity of the approximation numbers.
Thus

<S®T)<03<Z< 2 Mk(S)Mz(T))"“’Z“""/")”q

n=0\k+Il<n

0 1/q
503( 2 (kHSan(S)"/"M(T)‘”") ""”’) (a=p)

1/q
with ¢, =c; < Y 27m/P)  We now show that the last two terms are basically the

© /g
Z M (S)VPM ( T)q/p) 2~ nq/p)

=0n= mk+l m

|M8

MMS

—mgq/p Z M (S)q/p M (T)q/p>”q

© 1/q

Z —kalppf (S)‘I/P>1/ < i 2~ la/p M,(T)‘””)
1=0

k=0

g-horms of § and T. Since

- q/p
(5" ) ((2 M,(S)) ('le M;(S)) )
JjeZx(S) j=0
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we find, putting =k —1 in the calculation,

( i 2—kq/PMk(s)q/p>1/q§ < § 2 ~kalp <i M](S)>q/p>1/q
k=0 o Zo

) k a/p Y 1 a/p\1/9
— <2 Z 9 ~ka/p <.§0 Mj(S)> _ ,;0 2~ lalp <j§0 M,~(S)> )

k=0

= [(2 24/17)( S 2° kq/p< i Mj(S)>q/p>
=0 j=0
o k alp k=1 a/p /g
s () (o) )
< < =0

This yields with ¢5 = (297/(247 —1))'/

( Z 2—kq/pMk(S)q/p>1/q
k=0

© . . 1/q9
< Cs Z 2 ~ka/p Z Jq/p )
k=0 J€Zi(S)

© 1/q
§06<Z 2 aj(S)"jq/"ﬂ) =C60,,4(S) < 0.

k=0 jeZi(S)
For p=gq, this argument can be simplified, of course. Thus ap,q(S®T>

SCpg0p, q(S)Gp q(T)
(iii) It remains to prove (4). Let 7 be any tensor norm on [, @ l,. Any element

Ael, (>§l2 can be identified with some operator 4 e L(l,, I,). The set %(l,,1,) of

these operators forms an operator ideal on Hilbert spaces; the ideal property
comes from the tensor norm property. Thus, by Pietsch [10, Chap. 15.3], thereis a
symmetric norm ||| - ||| determined by 7 such that

1411, 6 1, = (@A nenslll -
Let P (and Q,) be mutually orthogonal projections in I, k=0, ..., n. Since the
approximation numbers of some A4 are Just the roots of the elgenvalues of A* 4, the
approximation number sequence of Z P,AQ, is just the decreasing rearrange-
k=0

ment of all approximation numbers of all P, AQ,-maps. Thus, identifying A and 4
as above, we find for the operators S, and T,, which are mutually orthogonally
supported,

“z S@Tn_k

LI~ ®1,
7 ?

n—k’ZSk
=0

T(l2,12)

sup =
0+Ael2 & 12 ”A“i(lz.lz)

”|(a1(Tn/‘ISO)a v ay (T, 1/‘751), sy a1(ToZSn)'--)|||

0¢Aszz@lz ”A”i(lz.lz)
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The sequences of approximation numbers of the single operators T,_,AS,

satisfy, however, 5 N
aj(’I;—kASk)é [T -l "Sk“aj(Pn—kAQk)

where P, (or Q,) are the orthogonal projections onto the vectors with support
Z(T) (or Z,(S)). Since ||| - ||| is monotone and since

|||(al(Pn1‘TQo), ---,al(Pn—U‘TQl)’ -o-’a1(PoA~Qn)~-~)|”
@l A nedlll = | Al12,1,)

by Theorem 1.19 of Simon [18], the proof of which also works for Y P,A4Q, _,
n k=0
instead of > P,AP,, we get
k=0

. = max [[S 1T, -
lz@lz—'lz@lz O<k=n

Y S ®T,
k=0 T

Clearly, here we have even equality. This proves (4) and thus Proposition 3. [

The crucial property (4) of the last proof can be verified for the tensor norm t
also in a Banach space situation:

Lemma 2. Let X, X, be Banach spaces, Se L(l,,X,), T € L(l,, X ,), P, and Q, be
mutually orthogonal projections in |, (k=0, ...n). Then

kgo SP.X) TQ, < sup ISPl I TQxll -

53 ® =X, ® X2
Proof. Since the extreme points of the unit ball of [, ® [, have the form x®y with
Ixl2=1yll;=1, we find

@ TQ,

Z SPx®TQyy

k=0

sup
[lxll2=lIyll2=1

X9 X,
T

= sup Z ISPex] I Tyl

Ixll2=lIyll2=1k

< < max (ISPl [ TQx ll)

__'l

12/ n 1/2
sup (}: ||ka||2> (z ||Qky112>

lxll2=llyll2=1 \k=0

< max [[SP [ TQ
0<k<n

As a consequence of Lemma 2 and the proof of Proposition 3 we get

Corollary 2. Let O<q<p<oo X, X, be Banach spaces, S€S§, (lI,,X,) and
TeS, (I,,X,). Then S®T6S”(lz®lz,X ®X2> with

Opg <S @ T) £¢,.400.4(8)0, (T).
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Proof. 1t is well-known that for any S:/,— X there is an orthonormal system
(e))jen such that a;(S)=|Se;, cf. [13]. Let Z,(S) be as in (ii) of the proof of
Proposition 3. Let P, be the orthogonal projection onto [e;];.z, ) and define
S,:=SP,. Similarly define T,. Replacing (4) by Lemma 2, the same arguments as in
(i) of the proof of Proposition 3 apply. [

Remark. As Proposition 2 showed, Corollary 2 does not hold for the e-tensor-norm
(for p=q, X, =X,=1,).

To prove Theorem 1, we need the bilinear interpolation theorem of Karad¢ov
Theorem [4]. Let X=(Xo,X,), Y=Y, Y}), Z=(Z,,Z,) be couples of quasi-
normed spaces, Z; be rinormed (i=0,1; 0<ry, r{=1). Let 0<qqy, q;= 00,
0<0<1, and 1/r=(1—0)/rq+0/r,. Let T be a continuous bilinear operator
mapping T: X;x Y,»Z,; (i=0,1). Then T defines a continuous bilinear map

T: XO,qu X K,qx—)zﬂ,q

where 1/q:=1/q0+1/q,—1/r if qo, g, 21 and q:=max(qo,q,) if go<r or g, <r.

For the notions and the theory of real interpolation spaces we refer to Bergh
and Lofstrom [1]. Since [4] does not provide a proof, we sketch a proof for the
convenience of the reader.

Proof. Assume |T: X, x Y;-»Z,| <1 (i=0,1). We show that there is ¢ >0 depend-
ing only on the r;, g;, 6 such that

1Tz, S ClXlxe o 19170, 5 XEXoge  VEYou,-

If (A, || - ||) is a quasinormed space, we denote by A4° the space 4 equipped with || - ||°
(s>0). Let y:=r0/r, (<1). Then r=(1—n)r,+nr,. By the power theorem [1] we
thus have _ -
Xoq0 =(X3, XT) Yo 0" =(Yg%, Y1)
and Z, [/ =(Z¢, Z%'), »- Using the J-method, we may thus assume decompo-
sitions x= 3 x;, y= Y. y;of x in X, + X, and y in Y, + Y, respectively with
keZ leZ

n,90/r > m.4q1/r

1A kezlgo, = C1lXlx5 0 0 NGO Mieally,, S cilV v,

where
A(x):=2""J(24, x,; X, XT)
and
() =2""JQ2L y; Yo, Y1) (k,I€Z).
InZ,+2Z,, T(x,y)= Y T(x,y) with T,(x,y):= T(x,, y,). Elementary esti-
neZ k+l=n
mates show

J@2", T(x, y); 25, Z7)
é k+;— J(zk’ Xis :)0’ X'il)‘l(zls yl: (;07 er‘)
and thus again by the power theorem
ITC, Y2, , S l27™I27 T(x, ¥): 28, Z1) g
S | A * (W)l -
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By Young’s inequality this is bounded by

Sl (A) ezl qofr [Vl qu/r

if qo/r=1, q,/r=1. In the case go<r or g,<r this holds as well with
g=max(q,,q,)- Thus

1T, W2, S cactlxlx, 1V155,
Proof of Theorem 1

a) LetO<g<1/2and 1/r:=1/q—2. Wefirst show thatany T e §, (X, Y;) factors
as T=SRQ with Qe L(X,l,), ReS, (I,,],) and SeL(l,,Y;). To see this, we
decompose T as T= Y T, rank(T,)<2", (Z I 7:,[!"2""/")”“ <c0,,T); this is
neN nelN
possible by [12]. Since X¥ and Y, are of cotype 2, Pisier’s factorization theorem
[15] says that the finite rank maps T, factor over Hilbert space as
n:SnUn’ UneL(XlalZ), SnEL(lz’ Y1)7
rank(U,)<2", rank(S,)=<2"

with ||U,| - IS, £ || T,|| with uniform constant ¢ > 0. Actually ¢ may be taken [15]
as c=3(c,(X¥)c, (1)), where ¢,(X¥) and ¢,(Y,) denote the cotype 2-constants
of X* and Y,. We may normalize S, to ||S,|| = | T,]92"/?. Moreover, we split some
multiple of a 2"-dim. Hilbert space identity from U,: Let B,:= || T,||! ~292~ /> p,
be the orthogonal projection onto U,(X )</, and R, : 1,—1, be given by R, =f3,P,
Let Q,:=p, 'U,. Then ||R,||=p, and

10l =By UL =By I T/ ISl =l T, 92"/
Thus Y |Q,ll<oo, X |IS,ll <oo and hence

nelN nelN

QZ"-%@ QnZXl“’(zne@h)z’ S:*_‘(Z@lz)z"’Yl

nelN

X = (an)nsN (yn)neN and %Snyn

define bounded operators. On the Hilbert space sum, we have an operator

R: (Znem@ 12>2 - (Znew@ 12>2 given by (yn)ne]N (and (Rnyn)nEN‘ Sil’lCC r= q/(l - 2q)a
> R, I2"P =3 fr2"P =Y | T,[%2"" <o
nelN nelN neN

states that R is not only continuous but belongs to S, ,(I,,1,), if we identify
l,= (Z P 12>2. Clearly T=SRQ. Thus we derived the factorization of the claim
nelN

with
[Sllo, (R) Q] =c ( ZN I EII"-’-""“’)“ r<cei0,(T).

b) We now_ show that TeS,(X,,Y,), SeS, (X, Y,) implies
TSeS,, < ®X2,YI®Y2)1f1/q>1/p+2andl/r =1/q—2. By part a) we
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find factorizations of T and S
T=T,,T,, T,eL(X,l), TS, (xl), TeLl,Y)
$=5,5,8,, S,e€L(X,L), S,€8,.(bL), SyeLil,Yy).
By Proposition 3, T, @Sz €S,, <l2 ®12, I, ®12> since r< p. Hence also

T@S: (T3 ®S3)(T2®S2>(Tl (>:§51>es,,,,(xl @XZ, Y, @ Y2>
by the ideal property of S, ,. The quantitative estimate
Opr (T ® S) =¢0,,(T)0,4(5)

holds with ¢ depending only on p, q and the cotype 2-constants of X} and Y,
i=12).

¢) We now improve the index r by bilinear interpolation. Let 0<g<p< 0,
1/g=1/p+1 as in the formulation of Theorem 1 and choose 0 <py<p<p; <0
and define 0 and q,, q, by

1 1—-6 0 1 1 1 1
= +-—A’ -——:~+2’ ———_—_-+2
14 Do D1 9o Do 91 D1

By part b), the bilinear map A4: (T, S)—>T®S induces continuous bilinear

operators

A : Sp,,q,(Xl’ Yl) X Spi,q,»(XZa YZ)—}Sp.,oO (Xl ®X2’ Yl ® Y2>

for i=0,1; the image is even contained in S, (X L @X » Y ® Y2>. The spaces

S,.4(X, Y) interpolate well for arbitrary Banach spaces X and Y, by Peetre and
Sparr [9] or [13]

(Spo,qn(X’ Y), Sm.«h(X’ Y))O,q = Sp.q(X’ Y)

independently of the particular values of g, and g, (which might also be o). The
quasi-triangle inequality in S, (X, Y) reads

0p,(R1+R3)=supa,(R, +R2)n1/p§21/p(ap,oo(Rl)+Gp,w(R2))
nelN
forRi,R,€S, (X, Y). Thus by Pietsch [10,6.2.], S, ,,(X, Y) is a s-normed space

with 1/s:=1/p+1. Since with 1/r,=1/p,+1 (i=0,1), l/r:=(1—-6)/ro+0/r,
=1/p+1, KaradCov’s bilinear interpolation theorem yields the continuity of

A: Sp,q(Xla 1/1) X Sp,q(XZ’ Y2)‘_’Sp,q <X1 ®X2’ Yl @ Y2>

using 1/g=1/p+1, ie. g<r. This proves Theorem 1. O

Remark. The cotype condition in Theorem 1 was used in a technical way of
Hilbert space factorizations. I have been unable to decide whether this is necessary
or whether the ideals S, , with 1/g=1/p+1 are stable with respect to any tensor



92 H. Konig

norm (on the class of all Banach spaces). An example to check might be S=T
=Id,:I1 -, . Independently of the cotype assumption, one can show in a similar
fashion at least

Corollary 3. Let 0 <p<o0,0<g<oowithl/q=1/p+1. Let X;, Y; be Banach spaces,
fori=1,2 and t be a tensor norm which on l,®1, is weaker than the Hilbert-Schmidt
norm. Then Te S, (X, Y,), S€S, (X,, Y;) imply

TX)SeSs, (Xl XX, ¥, X Y2> with

o5 (T @s) <Cpa0pa(T)0pa(S) .

Sketch of the Proof

a) Let 1/q=1/p+3/2 and p<2 first and let 1/r:=1/g—2, l/s:=1/p—1/2.
Absolutely 2-summing operators factor through Hilbert space. Using the same
idea as in the proof of Theorem 1, but replacing Pisier’s factorization theorem by
the fact that rank-2"-operators T, have 2-summing norm with 7,(T,) <2"?| T,|, cf.
[10, Chap. 17.5], we find that any operator T €S, (X, Y;) factors as T=SRQ
with Qe II,(X,1,), ReS; (15, 1;), Se€ L(l,, Y;). The difference is that the appro-
ximation numbers of R only belong to [, (not [, ).

b) Factoring T,Se S, ,as T=T,T,T;,S=5,5,S, with T\, S, € I1,, T}, S, €S,
and Ty, Sy €L, we find with r<s

T®S: (Ts ®S3><T2 ®Sz> (Tl ®51)EL°Ss‘r°H2
using Proposition 3 again and the fact that T, @ S, € Il, which follows by

tensoring the 2-summing factorizations using the assumption on 7. But S, ,CS7,
and IT1,CS3 , cf. [13]. Hence

T(X)SeSs, 85, (Xl R X, Y, X Yz) cs: (X1 XX, ¥, X Y2>

1 1 1
because — = — + —.
p s 2

¢) Thelast statement means that A:(T,8)—>T ®S defines continuous bilinear

maps . .
A:S, (X1, Y) xS, (X, V)-S5 (X, XX, Y, ® Y2>.

Now bilinear interpolation yields Corollary 3. The spaces S} (X, Y) are again r-
normed with 1/r=1/p+1, and although they do not interpolate as well as the
S,.o(X, Y)-spaces, they satisfy

(S;Oyoo(X’ Y)’ S;hao (X’ Y))B,qg S;,w(X9 Y)

for 0<g=o0, 1/p=(1—0)/py+0/p,, 0<0<1, cf. [13]. This is sufficient for our
purpose. [
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Remarks. (1) There is a third version of Theorem 1: If 7, denotes the Hilbert
factorization norm, i.e. for T: X->Y

y2(T)=inf{|S|| IR | T=SR,R: X—~1,,S: 1, Y},

and
s(T) :=inf {y(T—T,)|rank T, <n},

then the ideals S}?,:={T € L|||(s,(T))yenll ., < o0} are stable under any tensor
norm 7 provided that 1/g=1/p+1 (no assumption of cotype 2 is necessary, the
Hilbert space factorization is inherent in y,).

(2) The constants ¢, , in Corollary 3 can be bounded by ¢, , < Ad'/ for some
absolute constants A, d. Similarly, the constant ¢ in Theorem 1 can be bounded by
cSAd'™ - max (K,(X}), Ky(Y))>.

i=1,2 A
(3) Since L, ®Lm=Lm, Corollary 3 means for T and S in S, with 1/q

>1/p+1 that T(X)S is in S,
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1. Einleitung

Ziel dieser Note ist der Beweis, daB eine zu S? homoomorphe Drehfliche mit
zusdtzlicher Symmetrieebene senkrecht zur Drehachse innerhalb dieser Klasse
von Drehfldchen eindeutig durch ihr Spektrum bestimmt ist. Genauer zeigen wir
Folgendes.

Theorem. Seien M, M zwei Riemannsche Mannigfaltigkeiten isometrisch zu (S?, g)
bzw. (8%, §), wobei g, § unter den Drehungen um die z- Achse und der Spiegelung an
der (x,y)-Ebene invariante Metriken sind. Dann sind die folgenden Aussagen
dquivalent :
(i) M, M sind isometrisch,
(ii) M, M haben gleiches Spektrum,
(iii) M, M haben gleiches S'-invariantes Spektrum.

Dabei ist das Spektrum von M die Folge der (nach der GroBe und mit
Vielfachheiten angeordneten) Eigenwerte des Laplace-Beltrami-Operators; das
S'-invariante Spektrum ist die Teilfolge der Eigenwerte, die zu unter den
Drehungen um die z-Achse (S'-Aktion) invarianten Eigenfunktionen gehdren
(ebenfalls mit Vielfachheiten).

Unsere wesentliche Beobachtung ist die Implikation (i) = (iii), anders
ausgedriickt: man kann das invariante Spektrum aus dem ganzen Spektrum
yheraushoren. Damit konnen wir das Isometrieproblem auf ein singuldres
inverses Sturm-Liouville-Problem reduzieren, das von Marfenko geldst wurde.

2. Vorbemerkungen und der Beweis von (ii) = (iii)

In diesem Paragraphen sei M =(S?, g), g eine nur unter den Drehungen um die
z-Achse invariante Metrik. Die minimalen Geoditischen vom Nordpol zum
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Stidpol (Meridiane) haben alle die gleiche Lange, die wir mit L bezeichnen. Wie das
GauBlemma zeigt, stehen diese Geodatischen senkrecht auf den S!-Orbits (den
Breitenkreisen). Daher ist die Abbildung

n:M—[0,L], p—d(n,p),

nder Nordpol, d der Riemannsche Abstand, eine Riemannsche Submersion. [0, L]
konnen wir mit dem Orbitraum M/S! identifizieren.

Sei  A(t):= -21; voln~'(t), te[0,L]. Dann gilt h(0)=h(L)=0,

W(0)= —h(L)=1. Zwei solche Flichen M, M sind isometrisch wenn L=L und
h(t)=h(t) oder h(t) = (L — t) fiir t € [0, L]. Denn in Polarkoordinaten (r, #) um den
1

N 1 i 1 1 )=

ordpol hat die Metrik die Form (g;)) < 0 (hon)?
g;; ergibt sich auch die Darstellung des Laplace-Beltrami-Operators:
B, 1 theny 10
T o2 hom or ar  (hom)? 06*
Insbesondere ist eine S'-invariante Funktion fe C®(M) Eigenfunktion zum
Eigenwert A genau dann, wenn fiir die heruntergedriickte Funktion f: [0, L]-IR,

fon=f, gilt:

). Aus dieser Darstellung der

Af (1)

T aT=0. @

Setzen wir u: =h'/%f, so ist (2) d4quivalent mit
u'+(A—qu=0, A3)
wobei

(h1/2)// 2hh// _h/z
TR T A

Q)

’

Diese Uberlegungen gelten natiirlich alle nur in dem offenen Intervall (0, L); W und

g werden in den Randpunkten singuldr und sind nicht einmal integrierbar liber
[0,L].

Satz 1. Das S*-invariante Spektrum von M stimmt mit dem Spektrum des Operators
u——u" +qu in L*([0, L]) bei geeignet gewdihlten Randbedingungen iiberein.

Beweis. Sei Tu: = —u” + qu. Ist ¢ € C*(M) eine invariante Eigenfunktion von 4, so
ist nach (3) ¢ -h'/? eine Eigenfunktion von T mit demselben Eigenwert, ¢ die
heruntergedriickte Funktion. Die Linearkombinationen dieser Eigenfunktionen
von T liegen dicht in L*([0,L]), da die Linearkombinationen invarianter
Eigenfunktionen dicht liegen in L2(M)®" und wir L>(M)3' verméoge der Abbildung
f—f-h'? mit L*([0, L]) identifizieren konnen (vgl. [4]). Als Definitionsbereich &
von T konnen wir daher jeden Unterraum von L*([0, L]) wéhlen, auf dem sich T
definieren 148t, der diese Eigenfunktionen enthélt und auf dem T symmetrisch ist.
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Denn dann ist T mit diesem Definitionsbereich wesentlich selbstadjungiert und
sein Spektrum besteht genau aus den Eigenwerten zu den Eigenfunktionen ¢ - h!/2.
Wir wihlen

P :={ue IX([0, L])/ue C*(0, L)), Tu
e L*([0, L), (h~*2u), (h~ ?u) beschrinkt} .

Es bleibt nur zu priifen, daB T auf & symmetrisch ist. Das ist aber klar wegen
i wT—ovTu) (x)= Ig (uv” —u"v) (x)dx = 11111 (uv'—ou') (x)— 1i_x}?) (uv'—ou’) (x)
=)161_r}r]14 h(x) (h™Y2u(h~120) —(h~ Y2u)h ™ 12p) (x)
"liir(l) h(x) (h~u(h™Y2v) —(h~ Y2u)h™ V) (x)
=0. O

Sei E, der Eigenraum des Laplace-Operators zum Eigenwert A und E3' der
Unterraum der S'-invarianten Eigenfunktionen.

Satz 2. Das S'-invariante Spektrum ist einfach, d. h.
dimES <1
fiir alle 4'=0.
Beweis. Die Gleichung (2) ist eine Differentialgleichung mit regulér singuldren

Randpunkten (vgl. Bocher [2]), da z. B. in der Nahe von Null % von der Form

1
X +g(x) mit einer Funktion ge C*([0, L)) ist. Die zugehorige Indexgleichung

lautet:
aute viv—1)4+v=0

mit den Wurzeln v, =v, =0. Also [2] gibt es bei festem A ein Fundamentalsystem
der Form

S 2+ f1-log(x)

mit in [0, L) stetigen f;, f, und f;(0) %0 fiir i=0, 1. Daher ist der Losungsraum der
in den Endpunkten beschrankten Funktionen héchstens eindimensional. [J

Satz 3. Das Spektrum bestimmt das invariante Spektrum, insbesondere also die Linge
L der Meridiane.

Beweis. S! operiert in kanonischer Weise auf den Eigenrdumen E;, die sich daher
als direkte Summe S'-irreduzibler Unterrdume schreiben lassen. Da die nichttri-
vialen irreduziblen reellen Darstellungen von S* alle zweidimensional sind, gehort
nach Satz 2 genau dann zum invarianten Spektrum, wenn dim E; ungerade ist.
Aus der Verallgemeinerung der Weylschen asymptotischen Beziehung auf das
invariante Spektrum [6, 4] folgt schlieBlich, daB das invariante Spektrum das
Volumen des Orbitalraumes bestimmt, in unserem Fall also L. [
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Satz 4. Die Linge L der Meridiane und die Funktion q aus Gleichung (4) bestimmen
M.

Beweis. Es ist nur zu zeigen, daf sich die Volumenfunktion h aus g rekonstruieren

(h1/2)//
1aBt. Wegen qg= AT ist h'/? Losung von u” —qu=0.
Da ¢g(x)=— ? +g(x) mit ge C*([0,L)) ist dies eine reguldr singuldre

Gleichung mit der Indexgleichung v(v— 1) +4=0. Wieder nach Bocher [2] ist der
Unterraum der Losungen u mit ,,x ~ ?u(x) beschriankt in der Nédhe von Null*
eindimensional. Daher ist h bis auf einen Faktor eindeutig bestimmt. Wegen
h(0)=1 folgt die Behauptung. [

3. Der Satz von Marcenko und der Beweis von (iii)) = (i)

Borg [3] (s. auch Levinson [9]) hatte fiir das reguldre Sturm-Liouville Problem,
u— —u” +qu mit g€ L'([0, L]), gezeigt, daB3 zwei Spektren des Operators, die zu
geeigneten Randbedingungen gehoren, die Funktion g eindeutig bestimmen und
daB bei symmetrischem ¢, g(L — x) = g(x), ein Spektrum geniigt. Obwohl g aus (4)
nicht integrierbar ist, 1468t sich aber der Levinsonsche Beweis auch auf diese
Situation ibertragen. Das ist allerdings mit erheblichen technischen Problemen
verbunden. Bequemer ist es, folgende Verallgemeinerung der Borgschen Resultate
zu benutzen:

Satz 5 (Marcenko [10, Satz 2.3.2]). Seien L,, L, Differentialoperatoren auf (0, L)
der Form Lu= —u"+qu, i=1,2, mit q; integrierbar auf jedem Teilintervall [0, 1],
I<L. Seien die Spektren von L., L, diskret, d.h. diskret fiir ein Paar von
Randbedingungen (und dann diskret fiir jedes) und seien (o) bzw. (B) die
Randbedingungen

() u(0)cosa+u'(0)sina=0
und, wenn notwendig, eine Randbedingung bei L (d. h. im Grenzkreisfall).
B) u(0)cosf+u(0)sinf=0

und dieselbe Randbedingung bei L wie in ().
Ist cot(a— )= 0o und stimmen die Spektren von L, und L, sowohl unter den
Randbedingungen (a) als auch (B) iiberein, so gilt q, =q, fast iiberall.

Wir betrachten von nun an die noch etwas eingeschrianktere Klasse von Flichen
M =(S?, g), wobei g eine unter der S*-Aktion (Drehung um die z-Achse) und der
Spiegelung an der (x, y)-Ebene invariante Metrik ist. Es gilt in diesem Fall h(L —x)
=h(x) fur die Volumenfunktion und g(L—x)=¢(x) fiir die Funktion aus (4),
xe (0, L).

Um den Satz von Maréenko anwenden zu kdnnen, bendtigen wir

Satz 6. Es seien 0=iy<A;<..<A,—oo die S'-invarianten Eigenwerte,
@, € C*°(M) eine zu i; gehorige S'-invariante Eigenfunktion und ¢;e C*[0, L]) die
heruntergedriickte Funktion, ¢;= @;°n. Dann gilt:
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(i) @; hat genau i Nullstellen in [0, L], und diese liegen in (0,L);

(i) zwischen zwei Nullstellen von @; liegt genau eine Nullstelle von @, ,;
(ili) @2(L—X)=@,iX), Pris 1((L—X)= =P34 1(x) fiir xe[0,L] und ieZ ;
(iv) ¢5(L/2)=0, ¢2;+(L/2)=0 fiir i€ Z,.

Beweis. (i) ¢, erfiillt (2), so daB nach [2] (vgl. den Beweis von Satz 2) ¢;in O und L
nicht verschwinden kann. Die Aussage iiber die Anzahl der Nullstellen im Inneren

beweist man analog zum reguldren Fall (s. z. B. [5, S. 395]). Wir haben namlich die
Darstellung

| lgrad |?
M= inf

M
PeC®(M)S', %0 ] (Pz '

@10, ., 01 - 1) M

Da die Knotengebiete der Funktionen ¢; S'-invariant sein miissen, iibertragt sich
Courants Satz tiber die Anzahl der Knotengebiete [5, S. 393] sofort auf diesen
Fall: ; hat hochstens i + 1 Knotengebiete, @; also hochstens i Nullstellen. Ist K ein
Knotengebiet von ¢;, so haben wir mit n: =&4uBere Normale an K

’ ’ a i
(}'i—)‘H-l)j (Pi(Pi+1=f (@41 — 4001 1)= — § —‘a(p Pity-
K K oK On

AlsomuB ¢, ; Nullstellen im Innern von K haben und ¢; , ; hat immer mindestens
eine Nullstelle zwischen zwei Nullstellen von @;, aber auch mindestens eine in
(0, x;) und (y;, L), wenn x; und y; die kleinste bzw. groBte Nullstelle von ¢, in (0, L)
bezeichnet. Durch Induktion folgt dann, daB @; auch mindestens i, also genau i
Nullstellen in (0, L) hat. Damit ist auch Behauptung (ii) bewiesen.

(iii) Da 4 mit der Spiegelung an der (x, y)-Ebene vertauscht und das invariante
Spektrum einfach ist, gilt

G(L—x)?=¢(x)*, xe[0,L], ieZ,.

Aus ¢ (L—x)=@,(x) folgt @i(L/2)=0, also @,(L/2)+0, wihrend aus @(L—x)
= —¢(x) folgt ¢(L/2)=0.

Wegen der Symmetrie der Nullstellen gilt also ¢;(L — x)= — ¢(x) genau dann,
wenn die Anzahl der Nullstellen ungerade ist. (iv) ist ebenfalls bewiesen. [J

Beweis von (iii) = (i) des Theorems. Der letzte Satz zeigt, dal3 die Spektren von
u— —u”+qu in L*([0, L/2]) mit den Randbedingungen

(o) w(L/2)=0

(B) w(L/2)=0
und der alten Randbedingung in 0, d. h.,,(h~ */2u) und (h~ '>u)’ beschriankt” durch
das S'-invariante Spektrum und damit durch das Spektrum von M bestimmt sind.
Nach dem Satz von Marcenko geniigen diese Spektren, um g zu bestimmen.
Damit folgt die Behauptung aus Satz 4.

4. AbschlieBende Bemerkungen

4) Es liegt nahe, eine Verallgemeinerung unserer Resultate auf solche G-Mannig-
faltigkeiten ins Auge zu fassen, fiir die M/G ein Intervall ist. Tatsédchlich tiberlegt
man sich leicht, daB auch in diesem Fall das invariante Spektrum die Mannigfal-
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Abb. 1

tigkeiten bestimmt. Es scheint aber nicht moglich, auf einfache Weise das
invariante Spektrum aus dem ganzen ,herauszuhoren®.

b) Fiir Drehflichen homéomorph zu S!'xS! versagt unsere Methode voll-
standig. Denn im allgemeinen ist dort das invariante Spektrum nicht einfach, es
bestimmt aber auch die Funktion h nicht. Dal} in dieser Situation viel weniger
spektrale Starrheit zu erwarten ist, ergibt sich auch daraus, dal periodische
Losungen der Kortweg-de Vries-Gleichung einparametrige Familien isospektra-
ler Potentiale g, auf S* liefern [8].

Diese g, kommen alle von S*-invarianten Metriken auf S'xS* her, nimlich von
den “warped products” S'x, S', wobei h}/* die periodische (nichtverschwindende)
Losung von —u”+qu=0 ist.

¢) Viele Ergebnisse Uber spektrale Starrheit werden mittels der asymptoti-
schen Entwicklung von Minakshisundaram-Pleijel bewiesen. In unserem Fall ist
das nicht moglich, wie das folgende Beispiel zeigt (vgl. Abb. 1). M sei eine
zylindrische Drehflache, an die zwei ,,Kappen“ und zwei ,, Willste* so angesetzt
werden, daB M symmetrisch bleibt bzgl. der Spiegelung an der (x, y)-Ebene.
Verschiebt man nun die Wiilste unter Wahrung der zusitzlichen Symmetrie, so
entsteht eine Familie von Drehflichen mit stets derselben asymptotischen
Entwicklung fiir die Spur des heat kernel. Es gilt sogar noch mehr: bildet man die
Spur nur iiber die zu einer festen Darstellung gehorigen Eigenwerte, so sind immer
noch die asymptotischen Entwicklungen identisch. Dies beruht darauf, da man je
zwei Drehflichen M, M, dieser Schar so in gleich viele Teilgebiete D}, D? zerlegen
kann, daB je zwei strikt enthalten sind in zueinander isometrischen Teilgebieten
D},D?. Das zu entwickelnde Integral iiber D} bzw. D? ist aber asymptotisch
gleich dem Integral iiber den heat kernel des Dirichletproblems in D} bzw. D?.
Diese Bemerkung zeigt, dafl die Methode von Kac [7] im vorliegenden Fall nicht
zum Erfolg fiihrt. Unsere Ergebnisse lassen sich auch mit [1] vergleichen, wo
stiarkere Voraussetzungen gemacht werden.
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1. Introduction and Statement of Results

In this paper we deal with approximation in the scale of Holder norms on a
compact, totally real set X in C". By this we mean a compact X C €C" for which there
exists a non-negative, CZ-strictly plurisubharmonic function r defined in a
neighbourhood of X such that X ={z:r(z)=0}. This terminology is justified by
the fact, which follows from results in [9] and [10], that such function r exists if and
only if X is locally contained in totally real, C'-submanifolds of C".

Let H(X) denote the space of all functions which are holomorphic in some
neighbourhood of X, and let C(X) denote the space of continuous functions on X.
For 0<s<1, we denote by Lip(s, X), lip(s, X) the space of functions on X with
modulus of continuity ()= 0(5*), w(5) =o0(5%), respectively. We consider these
spaces endowed with their natural topologies. Our first result is:

Theorem 1. H(X) is dense in C(X) and in lip(s, X), 0<s<1.

For a positive integer m we will consider the Whitney definition of C"(X) [13]
which we now formulate in its complex form. More generally, for 0<s<1, let
C™%(X) denote the space of jets F =(u, z), where «, f are n-multiindexes with
x| +|f|<m and u, ;€ C(X), such that

IR~ P, ()| = o — 2> 1o 1)
for w,ze X as |w—z|—0. Here
e Uyt y,p+6(2) I
Ry 1Py, p(w) =, 5(w)— 2 LLY—,I;(;,——(W—Z)V(W—Z)‘5
[yl +18] Sm—faf = |B] y:0:

[so in our notation C™(X) is C™°(X)]. C™(X) becomes a Banach space when
provided with the norm

|R'n*|a|—lﬁlu (w)
F m, s = U +Su z LY
IFllc (X) Ial+%l< {” a,ﬁ”C(X) z,‘:gx |Z——W|"’+s~|“‘*|m
ZFwW

=m
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The extension theorem of Whitney states that for F e C™*(X) there exists u in
C™(C"), the subspace of C™(C") of all functions whose m-th order derivatives are in
lip(s, €"), such that D*D*u=u, zon X (see [13] and also [20]). Thus we can think
in C™%(X) as consisting of C™* functions u defined on a neighbourhood of X, with
the topology defined by || [lcm.s(x) (in fact the quotient topology). Our second
theorem states that the obvious necessary condition for u to be in the closure of
H(X) is also sufficient:

Theorem 2. The closure of H(X) in C™*(X) is the subspace of all ue C™*(X) such
that ou=0 on X up to order m—1.

This kind of approximation problems have been treated along the last sixteen
years in a series of papers. The result for uniform approximation was first obtained
by Hormander and Wermer [12] for compact sets contained in totally real
submanifolds with some smoothness assumptions, and subsequently refined by
Cirka [5] (see also [13]; alternative proofs of the Hormander-Wermer theorem
appear in [ 2, 21, 22]). For generalizations of Carleman’s theorem see [15, 19]. For
approximation in Lipschitz norms see [6-8]. Another proof of the result on
Lip(s, x) approximation in Theorem 1, using duality arguments, appears in [8].

The approximation in C™-norms, m= 1, is more delicate. Nirenberg and Wells
proved in [14] that if M is a C®-totally real submanifold of C*, then holomorphic
functions in a neighbourhood of M are dense in C*(M) and Harvey and Wells [9]
proved density in C™~'(M) if M is of class C™. Finally, Range and Siu [13] proved
in this case the density in C™(M). Now, it is well-known that if M is a totally real
submanifold of class C™ and u € C™(M) then there exists ve C"(M) such that v=u
on M and dv=0 on M up to order m— 1 (this uses Whitney’s extension theorem
once more, see [9]).

Hence our results remove all previous smoothness assumptions and the
conclusions are strengthened. But, in our oppinion, our main contribution is the
naturality and relative simplicity of the method, which we think suitable to treat
even a more general situation (as for instance that in [11]). Also, it is reasonable to
expect that our method, combined with the duality arguments of [ 7] and [8], may
be as well useful to handle more general sets X having a “singular” part Y on which
they are not totally real and to show that the holomorphic approximation in
C™*-norms is then localized at Y.

We use in our proofs the so called Henkin-Ramirez kernels with weights
recently introduced by Berndtsson and Anderson in [1]. This considerably
simplifies some technical aspects of the development, specially those involving
derivatives. The reason is that, as we show in Sect. 2, the general construction of
these kernels can be also used to obtain in a very simple way the formulas for the
derivatives of the solution of the J-problem involved. The weights are then
constructed in Sect. 3 and the resulting kernels estimated in Sect. 4. Finally in
Sect. 5 we give the proof of the theorems.

As a final remark on notation, we denote by ¢ most of the constants and also
use ~ to mean that two variables have the same order of growth. Also we use D', D
instead of /0z;, 0/0z;, respectively, and D D* instead of 0!*/0z%, 0!*!/9z*. The
Lebesgue measure is denoted dm.
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2. The Henkin-Ramirez Formulas with Weights
2.1

First we recall the main result of [1]. Let U be a bounded domain in €C" with
C'-boundary and let s: U x U—>C" be of class C! such that

Is(C, 2l =cll—z], <s,{—=z>+0 for (=2
I<s,{—z)|=c;)(—z*, (eU, zeL compact in U

<where Enpy=Y fs'h)- Let Q: U x U—C" be also of class C', holomorphic in z,
i=1

and finally let G be a holomorphic function of one complex variable in a
neighbourhood of the image of Ux U by the map ({,z)—1+<Q,z—{), with
G(1)=1. Let also s and Q denote, respectively, the 1-forms s=3s,d({;~z;),
Q=3 0Q;d({;—z;). Consider the kernels

“(n )

K=c, Z SA(dQ) A (ds)" * 1

(s, (=" 7"

—5 G0, z- 0+ 1)

P=— %G‘”’((Q,z—() +1)dQ)y, ¢, =Qmi) "/(n—1)!

The kernel P has continuous coefficients in U x U, K is continuous outside the
diagonal and d, , K = P there (in the sense of currents). Moreover, all coefficients of
K are integrable in { € U, uniformly for z in a compact set LC U. All these properties
are the basis of the following:

Koppelman Formulas. Let K, , be the component of K of bidegree (p,q) in z,
(n—p,n—q—1) in { and let P, , be the component of P of bidegree (p,q) in z,
(n—p,n—q) in {. Then, if f is a (p,q) form with coefficients in C*(U) one has

f(2)=bJ;]f(C)/\Kp,q(C,Z)Jr(—1)”“’+1
'{{ﬁf(l) ANK, (& Z)—gzglf(C)/\Kp,rl(C, Z)}

if >0 (in the sense of currents in U) and

f(Z)=be JOAK, o) +(=DF"! lfja_f(C) AK ol 2)— lflf(C) AP, oL 2)

if g=0 (as continuous forms in U ).

In fact this is stated in [ 1] under the additional assumption that G is defined in

a simply connected domain, so that the proof reduces to the case that G is a

polynomial. But, since it is clearly enough to prove the formulas for f with small

support, this condition is really not necessary. Also we point out that the form-

valued integrals are defined as follows: if M =bU or U and «((, z) is a (p, q)-form in

- and of total degree 2n—1 or 2n in {, respectively, then B(z)= | a({,z) is the
M

P, q)-form in z € U defined by the equality
[o@) A= | d@)ral,2),
U UxM
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for all (n— p, n—q) forms ¢ with compact support in U. It should be noticed that
this definition may differ in sign with the also used convention of putting the dz’s
and dZ’s to the far right side when integrating in { € M.

Corollary 2.1. If, further, K, ((, 2)l;cpv is zero for g2 1 (in particular if s(,z) is
holomorphic in z for {ebU ), then

Tr=(- 1)p+q£f/\ K, -1 (1)
satisfies 0Tf =f if of =0.

22

We will be primarily interested in the case p=q =0 of Koppelman’s formula. For a
regular function u on U we set

Cu(Z)=be u(0)Ko,0(C, 2)— lflu(C)Po,o(l, z), zeU, 2
and for a (0, 1) form f we define Tf as in (1). Thus one has the basic decomposition
formula u = Cu+ T(du). In the conditions of Corollary 2.1, Cu is holomorphic in
U. Later on (in proving Theorem 2) we will be interested in having formulas for the
derivatives of T(du). Now we will obtain such formula in a rather simple way, using
again the general properties of the kernels K, P.

To do so we must consider all components of K and P (those considered before
are just the ones which have total degree n in the d{;’s and the dz;’s together). Let
K, ,.xdenote the component of K of bidegree (n —p,n—q—1)in{and (p+k, g—k)
inzandlet P, , , denote the one whichis (n—p,n—q)in {and (p+k, q—k)in z, the
K, /s being those corresponding to k=0. In fact we only need to consider K, o,
Po.o. Ky 0. Py Ko, 1,1,and Py ¢ ;. Thus K, and K, , are all the components
of K of degree (1,0) in z and total degree 2n—2in { and P, , P, , , are the ones of
P of bidegree (1,0) in z and total degree 2n—1 in (.

Lemma 2.2. For fe C ,(U) let Tf (z) = —J f(©) A Ky o, 2) as above. Then,
U
0Tf=— !}af/\Kl,o‘}‘ .[‘;f/\PO,l,I_b.‘;}f/\(Kl,O_*_KO,l,l)_ {/a_fAKO,l,l -3

Proof. Let ¢(z) be a (n—1,n) form with compact support in U and consider, with
U,=UxU\{({,2):[{—z|=¢},

1;=b£_¢(2)/\f(€)/\ K(C,z).
By Stoke’s theorem, using dK = P and making ¢—0 we get
iml,= | ¢@)AfQOAPC2)+ | dg2)Af(O)AK(E,2)
e\0 UxU UxU
=U£U¢/\f/\Po,1,1+a¢/\f/\Ko,0—¢/\5f/\Kl.o
—¢/\5—f/\K0,1,1.

(all other terms are zero for bidegree reasons). If ¢ is sufficiently small we can also
write, if M,={({,2):|{—z|=¢}

L= | ¢rfrAK=|¢rfrK

(z,{)eU xbU



Holomorphic Approximation in C™-Norms 107

It is well known that the limit as e—0 of the last integral is | ¢(z) A f(z) (see [1])
U

which here is zero for bidegree reasons. The first one is
[ 9AfA(K 0+ Ko 1)
UxbU

The equality of both expressions gives then (3). [

The interest of formula (3) consist in that it avoids the singular integral that
would appear if 0, is applied coefficientwise to K , (for n=1, this would be the
Beurling transform, convolution with z~2). Also note that the first integral in (3) is
—Tof and that if gf =0, then the last one dissapears. Under the conditions of
Corollary 2.1, we have thus found simple formulas for the holomorphic derivatives
of the integral solution operator Tand shown that T+ T0 is an integral operator
of order zero (acting on d-closed forms).

2.3

Now we will write (3) in an equivalent way, using partial derivatives, in order to
iterate the result. We need the following general property of the kernels K, ,:

Lemma 2.3. If 6(C)=20i’j(C)dCiAde is a (1.1) form, the component of dz; in
LJ
00 A Ky (L, 2) is 01(0) A Ko, o(L, 2) A dz;, where 0 =X 0; ;4.
J

Proof. As follows from the development in Sect. 2 of [1], the kernel K contains
o(l—2)=d({,—z)A ... nd({,—2z,) as a factor, ie. it can be written
K =R A o({ —z), with R of total degree n— 1 in {, z. Hence if R is the component of
R of bidegree (0, n— 1) in { and w,({, z) is the component of w({ —z) of type (n— 1, 0)
in { and (1,0) in z, it is clear that Ko o =RoAd{, A ... Ad{,, K, =Ry rw,((, 2).
The assertion of the lemma follows then immediately from these expressions of
Kooand K . O

Letnow Pi | |, K} o, and K} ; , denote the coefficients of dz;in P, ; 1, Ky o,
and K, ; ,, respectively. We obtain then from (3), using Lemma 2.3

D'Tf= ‘lijif/\Ko,o"‘ g]fAPi),l,1+bj;}f/\(Kil,0+Ki),l,l)'

Now observe that the first term on the right is T(D'f) (the operator D' acting
coefficientwise on forms) and so we have shown that D'T— TD' is an integral
operator of order zero. The second term can always be differentiated in z under the
integral sign (for P is holomorphic in z) and so is the third if K(, z) is C* in z for
(e bU [this is the case, for instance, when s({, z) is holomorphic in z when { e bUT.
In this situation, it is then clear that we can iterate and obtain that for every
multiindex o with |«|=m, D*T— TD" is an integral operator of order <m—1 (on
d-closed forms). More concretely we obtain

D*Tf=TD*f+2' [ D'f ADIP, 1 + 2 | D' ADUKY 0+ Kb 1,1),  (4)
U bU
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where in the last terms y and f are multiindexes with |y|+|f|=|«|—1 and
i=1,...,n.

We incidentally remark that using (4) the C™-estimates for T are easily reduced
to the case m=0. Also, in the unit ball, formula (4) simplifies further and it can be
shown that D*Tf only depends on D*f (see details in [3]).

3. Construction of the Weights
3.1

From now on U will denote a fixed bounded neighbourhood of X and r a non-
negative C? strictly plurisubharmonic function defined on a neighbourhood of U
such that U={z:r(z) <1}, X ={z:r(z)=0}. We will write Uy;={z:r(z)<d}. Our
proofs of Theorems 1 and 2 will be based on the basic decomposition formula
u=Cu+ Tou on the domain U for small 4. In this section our aim is to construct
the weights so that they have a good behaviour as é goes to zero. The first step is a
modification, as in [4], of a well-known lemma of Henkin:

Lemma 3.1. There exist positive constants &g, 0y, co and ¢ € C'(U; x Uy ) holom-
orphic in z such that

(a) lgl=co if I0—2z|2 &0

(b) 2Red((,2)Zr(0) —r(2) +coll — 21 if [{— 2] <&

(©) dp(C, 2)|;=.= —d.4((, 2)|;=. = Or(2).

Proof. The first step of the construction is well known. Set

" or 1 = &%
Q(C,Z)=j;1 a_zj(C)(Cj_Zj)-'_ 5;,121 acjack(C)(Cj—Zj)(gk—Zk)'

By the strict plurisubharmonicity of in U it follows that there exists ¢ > 0 such that
2Reg((,2)2r()—r(@)+cll—2I*, (zeU, [[—z<e. )

Now, if a; are C* functions on U which are close enough to 9°r/d(;0(,, the
function
noor

FG2)=3 &

is C' in { and (5) holds with g replaced by F. Now if {,ze U, and ¢/2 <|{ —z| <&, it

follows that 2ReF({,z)2r({)—r(z)+ce*/4 is positive if r(z)<51d;fc.92/8. Let y
denote a C* function on the real line, 0 < y <1 such that y(t)=0 for t<¢/2 and
x(t)=1 for t=2¢/3. With { e U,, fixed, we define for z in Uy,

5 log F({,z)
z F2
B 2=y,

1 n
O E—zp+ 2, k2=1 a0 (—z) (Ce—z1)

1(C—=zl),  zesupgrad,y({—z|)

outside .
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Then 9,B=0and, since Uy, is pseudoconvex, there exists C({, z) such that J,C((, z)
=B((,2). In {zeU,,:|{—z|<e} consider o({,2)=C((,2)—F *(logF)x({—2),
which is holomorphic in z. Then define
¢_Fepr2(p if |{—z|<e

TexpF*C if |{—z|=e

The function ¢ is then holomorphic in ze U;, and by a well known argument the
whole construction can be made smoothly on { € Uy , so that |g|=cif [{ —z|2e, {,
ze Uy, (shrinking 8, if necessary). In |{—z|<e, ¢—F=F(1—expF?¢) and so
|¢— F|< M|{ —z|* there. This clearly implies (c). It also implies that

2Reg((,2) 2 () —r(z) + el — 2> = M|{ — 2
for {,ze Uy, | —z| <& Now we reduce & to &, =~minz, ¢/2M) so that (b) will hold.
In g, <|{—z|<e, ¢ has the same zeroes as F and there 2Re F({,z) = —r(z) + ce.
Hence it is enough to take (50‘{~e—fmin <51,%s§). |
In spite of the triviality of the example, we think it is worthwhile to point out
that the function ¢((, z) in Lemma 3.1 plays with respect to X the role that ¢((, z)
=1|¢|? = z plays with respect to X = {0}, r(z)=|z|*.

We apply now to ¢((, z) the familiar division procedure with C' dependence on
{, to obtain P;e C'(Us,x U,), j=1, ..., n holomorphic in z such that

#((,2)=2 Pl 2)({;—zp.
J
The property (c) of Lemma 3.1 implies then that Pyz,z)=0 for ze X.

3.2

Let § <4, so that U, is a regular domain i.e., gradr+0 on bUj (this is true for
almost all §). To define the weights on U, we will imitate the procedure in
example 1 of Sect. 2 in [1]. For #>¢ define Q>": U, x U,—~C" by

Pii.2)

d,n
G oy

Then Q*"e C'(Ujs x Uy,), is holomorphic in z and

n=rQ+(.2)

9N —
@ z=o+=" 50

The numerator of this expression does not vanish in U, x U, (taking J, smaller if
necessary) for if |{ —z| <g,, then, by (b) in Lemma 3.1.

2Re(n—r()+ 4, 2) Z 21— () —1(2) +coll — 2/ (6)
and if [{—z|=¢,, then by (a) in Lemma 3.1,

n—r)+é(C ) zco—n. ()
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Hence we may choose G(w)=w ! and obtain the Koppelman formulas for the
kernels

n—r() ]k+ Y5 A(dQ M A (ds)"

K&“”“"“”Zgé“”y[n—wo+¢@J) (L=

®)

n—r({)

S (_ 1yn+1 _
d (’)““”{wmwmm

Tu@m

Since

k
dQ™ny= [ 0= d ZP d({j—z)— dr(Q) A ZP d(g;— ,)} ©)

(r (C) r(O-n?

all the coefficients of this form are O((y —r(¢)) “*~!). Therefore one can let y— & and
obtain kernels K?, P° for which the Koppelman formulas hold. Moreover, the
restriction of K® to bU s zero, because dr({) = 0 there and all coefficients of (dQ*")*
are then O(n—r({)) *). Thus the formulas do not contain integrals over the
boundary.

3.3

From now on we will write PJ, K instead of P} o, KJ o. Thus one has the
decomposition formula, for u regular, u—C"u+T”8u with

Cou(z)=— I u@)Pe(C.2),  T°f(2)= —f SOAKE,2) (10)

and C%u is holomorphic in U, Now there is no need at all to take s((,z)
holomorphic in z for { e bU; and so we can simply take s({, z)={— Z, independ-
ently of 5. The kernels K%" are then C* in z € U, and so formula (4) holds for the
operator T%" associated to K®". The inequalities (6) and (7) imply that the
convergence of T%"f towards T°f, as well as that of the right member of (4), is
uniform on compact sets of U, as #\d. Writing now simply P? to denote the

coefficient of dz; in P} , ,, we get for fe C3. 1(U), of =0
D*Tf=T°D*f+3%" [ DfADEPi=1,...,n|Bl+1y|=]a|—1. (11)

i,B,7Us

The decomposition u = C°u 4 T°0u, with C?, T? defined by (10) and the formula
(11) will be our main tools. This has been obtained if bU is regular, but, since now
no integral over the boundary appears, it is clear that this holds true for all § <4,

4. Estimates
4.1

We begin by writing down K® and P° more explicitely. We use the notations

A‘;(C, Z)=5~V(C)+¢(C, 2)9 szPJ(C7 Z)d(Cj_zj) :
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Recall that K?, P? are obtained from (8) and (9) making # =4. From (9),
(dQ%=(r(0)—0) Mdw) —k(r () =) 'dw)* " Adr()) Aw,
and inserted in (8) gives

- dw)* n—k—1
KD D1, A o

k sA(do) P Adr(Q) Aw A (ds)" T+ !

+c,(n—1)! kzo AC TErIEy . (12)
In the same manner we obtain
PP=— "g? )nl {0 —r(0) (dw)"+n(dw)" ™' Adr) Ao} . (13)
6

Note that all the dependence in ¢ is contained in § —r({) and A, 2).

4.2

We now proceed to evaluate |KJ| and |D?P?| in terms of the basic quantity A;. Let
d((, X) denote the distance from { to X. Recall that P;e C'(U,, x U, ) and that
Pi(z,2)=0 for ze X. Also recall that gradr=0 on X. Therefore

P, 2)| S e(d(z, X) + 1 —2) = co(¢. 2)
W=XIPj<ce(t. )

ldr(Ol = cd({, X) = ce((, 2)
and using (12) we get

" d+o(, 2

IK I ZO |A‘S|k+1lc_z|2(n—k)—1 B C»ZG U()- (14)
Exactly in the same way we obtain
d+e(,2)?
|P?|§Cw, {,zeUs,.
s

The estimate of D?P? is more involved. First observe that
D.A,(,2)=Dig({,2)= —P({,2)+ L DIP((,2) ({;~z2)).
J

The functions P/((,z) being C' in U,, x U,, and holomorphic in z, will have all
derivatives with respect to z bounded in U, x U, (reducing 6, somewhat). Hence

ID; A, 2)| = ce(C, 2) (15)
and all derivatives of order greater than 1 of A, are uniformly bounded. Then it is
casily proved by induction that a derivative of order k of A; ®* ! is a sum of terms

hi, j(C ,2)

A(S(C» Z)" +j+1
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where h; ((,z) is a product of derivatives of order <k of A, containing i
derivatives of order 1, and the indexes i, satisfy i <j<k, k+i=2j. Therefore, (15)
ives, if |y|=k .

gives, 111 ol2)  as

IDIA; “ "V scy =cBy((, 2)

1A, Tt

with i<j<k, k+i=2j. Now, in (13), all derivatives with respect to z of the
coefficients of dw, w are uniformly bounded, for they are continuous on U,,O X U(,0
and holomorphicin z, and |w| < co({, z). In conclusion we get from (13), by Leibniz
formula, for |f|=p

DEPAC. 2S00 3 By 2)+celt.2) <z By(C. 2+ B,(L, e z)) . (19)

The inequalities (14) and (16) complete the estimate of |[K$| and |D?P?| in terms
of |A4;] and o({, z). We will combine them with the following one, which follows
from (6) and (7)

2Re Ay, 2)20—r(z)+coll —z* if [{—z|<ey, (zeU, a7
|A6(Ca Z)[gc lf IC_Z|2809 C,Ze U(S

for small 6.

4.3

In order to obtain precise estimates of the integrals of K3, D P? over U; we need to
choose appropriate local coordinates in the neighbourhood of each point of X.

Lemma 4.3. There exist ¢, >0 (which we assume to be equal to the one in (17)) with
the following property: for z<X one can choose local coordinates x((), y{),
j=1,...,nin B(z,¢,) such that

r(C)éC,ZIXf, |C~2|22.lef+yf, (€ B(z,¢)
i= j=

and the Jacobian of the transformation {—x ({), y,({) is bounded above and below by
constants independent of z.

Proof. From Lemma 3 in [10] it follows that for z € X there exist complex linear
coordinates w({), ..., w,({), wi(z) =0, such that if w;=u;+iv;, the second order
term in the Taylor expansion of r at z is

j=1
with 4;20. As showed in [10], this implies that
or )
M= {w.%(w)_o,;_ 1, ...,n}
is a C! totally real submanifold in a neighbourhood of z, containing X there, and

whose tangent space at Ois u;=0,j=1, ..., n. By the implicit function theorem, the
equations of M near 0 are u;=g;(v,, ..., v,) with g; of class C', g,(0)=dg;(0)=0.
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For small w=(u,v) let wy=(g(v), v) denote its “projection” onto M. Since the
Hessian of r in the u direction is bounded below if w is small, the Taylor
development of r at w, gives, for small w

r(w)Zr(wo) +c¢ Z (;—g,0)*zc Z (u;—g,(v))*

[this last term is of the same order of dist (w, M)?]. Hence, x j=u;—g;(v),y;=v;are

n
coordinates that near z, say in B(z, &), will satisfy r({)=c . x} and
j=1

| —z> ~|w|*= Z u? +v} ~Z xi+y; [because g;0)=dg;0)=0].

The complex Jacobian of the transformation ({, ..., {,) = (w(0), ..., w,(0))is [9] the
square root of the determinant of the Levi form of r at z. On the other hand, ¢, and
all constants involved depend on the bounds of the derivatives of r and their
modulus of continuity and so can be chosen independent of z € X. This proves the
lemma. [

Corollary. m(D;) = 0(5"?).

44

Now we will state the estimates needed for the proof of the theorems. We will write
n=n(d)=08"2. Let V;={z:d(z, X)<n/2}; we may assume, without loss of gener-
ality that r(z) <d(z, X)* and so V;CU,,.

Lemma 4.4. With the notations above, the following estimates hold as 5\O,
(a) sup | Jd(C X)IKo(C, Dldm()=0(n"*?), 0=Ze<l1,

(b) sup | d(c ,X)YDEPAL, 2)ldm() =0y, o<|fl+1

Proof. Clearly we may assume that ¢ is small enough so that y <¢/4, ¢, being as in
Lemma 4.3 and (17). Let z, € X such that |z—z,|=d(z, X). We denote by I and II
the integrals in (a) and (b), respectively. We break both I and II into three parts I,
II;, i=1,2,3, corresponding respectively to the regions R,=U;nB(z,n),
R, =(U;nB(zy,£0/2))\B(z, 1), and Ry = U,\B(z,, £0/2). Note that R, UR, C B(z, &)
and so by (17) one has for {e R;UR,

2Re Ay, 2)20—r(z)+coll —z|* 235/ +coll — 2| .

Observe now that o({, z) <n+|{ —z| for z € V}, and so o({, z) < c|4,*/? using the
estimate above. Hence, by (14)

K3 2 <cll—2'"2",  (eR,UR,, zeVj.

k
L —n-1-c
In the same manner, we see that in this case |B,| < c|A,] ! 2 and so by (16)

18 18l
IDEPAL DI SclAsC )l T 2 Se(@+I—2) " 2
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For {eR,, d({,x)<cn and hence
I <cn’ f IC—ZII_Z"dm(C)=C'11+
B(z

_ |ﬂ|
H,<cen®s " Zm(R,)<cye 1ol

For {eR,, |{ —zo| S| —z|+1/2 £2|{ —z|. Therefore
Lige | 10— zole ™!~ 2dm(()
UsnB(zo,£0/2)
I = zol%dm({) 18-

¢ I =z T T dm().

181
(5+|C ZolZ)n > UsnB(zo, £0)

II,<c

UsnB(zo,£0/2)

II/\

n
We evaluate these in the coordinates of Lemma 4.3. Writing |x|*= ¥ x7,

yI?= '21 v, dx=dx, ...dx,, d,=dy, ... dy, we have to verify that
= o+1-2n

I(IX|2+|yI2) 2 dxdy=0(n'*?)

II/\I IA

HE
t
: |J G+Ix+1y®) " 2dxdy=0(1"")
which follow by elementary changes of variable.
Finally, for { € R; one has |{ —z|=¢y/4 and so |K?|, |DfP?| are bounded by c.

Then I; and I1; are dominated by I d(¢, x)?dm({), which is easily seen to satisfy
the required estimates. []

HAH/\

5. Proof of the Theorems
5.1. Proof of Theorem I

Clearly it is enough to approximate any u € C*(C") and since u= C°u+ T°0u on
U,, with C°uholomorphicin U, it is sufficient to show that T°0u—0in C(X)and in
Lip(x, X) as 6\ 0. By part (a) of Lemma 4.4 (with ¢ =0), | T°0u||¢x,= O(1), and this
proves the theorem for C(X). In case of Lip(s, X) we have to show that, moreover

| T?0u(w) — T?0u(z)| o

z,weX IZ—WIS

as 6\O0. (18)

Write ¢ = |z —w]; if €= #/4, the quotient above is O(n' ~%) because we have already
proved that |T°0u|=0(n) on X. If ¢<n/4, then B(z,2¢)CV;CU, and, by the
mean value theorem, the quotient above is bounded by cn' ~5|grad T°0u(w,)| for
some wye V;. Now, 0'T°0u=0'u is uniformly bounded in & and by formula (11)

ID* T"gu(wo)l<f IDQu(OIK(E, wo)ldm(0) + 5 0u(OI P, wo)ldm(C) -

By the estimates in Lemma 4.4, this is also uniformly bounded in 6. Hence the sup
in (18) is O(n' ~*). This ends the proof.
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5.2. Proof of Theorem 2

Let ue C™5(C") be such that du=0 up to order m—1 on X, 0<s< 1. We will show
that there exist g; € H(X) such that g;—u in C™*(X). Here it is not convenient to
use the C°u as approximating functions. The reason is that, when estimating
D*T?du on X, we could use (11) only if |o| < m — 1 and we would obtain justa C™ -
approximation result (of course this would work if m = o0). Instead we will use a
procedure similar to the one giving the Mergelyan theorem in one complex
variable (see for instance [17]).

We set w(t)=sup{|D*0u({)|: d((, X)<1,|a|=m—1}. Then w(t)=w,(1)r° with
4(1)—>0 as -0 and for |a|<m—1

ID*Gu(0)| < covy (d(C, X))d(C, Xy s~ 171, (19)

Let ¢ be a fixed, positive radial C*-function with support in the unit ball and such
that { o =1. Let n=n(5)=46"* and set ¢@,(w)=n"2"¢(w/n). We define:

us(0) = (u*e,) ()= éf u(w)@,({ —w)dm(w) = Cf u(l—w)@,(w)dm(w)

We write t=1(8)=sup{d({, X):{ e U;}. Note that 1=, for r({) <d({, X)*. We
write f;=dus. Then u; and f; satisfy

lu—ttsllcme@n—0 as S\0, (20)
D)) S o) (™ H LA XY R el sm—1, CeU,, Q1)
DOl < “’1(2”('7 AG X)), l=m, (eU,. 22)

The first is well known. If o] £ m — 1, we can differentiate under the integral sign; if

(e Ugand |w|<n, thend({ —w, X)<d({, X)+n <2t and (19)implies (21). If || =m

the last derivative is applied to ¢, and, since | |grad o, (w)|dm(w) < cn~*, we get (22).
We apply now the basic decomposition to u; in U : u; = C°us+ T°f;. We claim

that géd—;fC"u(, approaches u in C™*(X) as 0\0. Since only holomorphic derivatives
need to be considered, and using (20) this amounts to prove, for |a|<m

léi{g ”D“T"j:’llc(x)zo (23)
. [R?~(D*T°f) ()|
lim ;;:gx oW m 0 (24)

[recall that R%v(w) denotes the error term in the Taylor development of v(w) at z up
to order k]. To prove (23), we use formula (11) (which is legitim since u; is C®) to
obtain

ID*Tfy(z)| < 5 ID*fONKS(E, 2)ldm(C) + Z f ID"f(OIIDEPYC, 2)ldm(L)
where |B| +|y| = | — 1. If ja| = m, (21), (22) and the estimates in Lemma 4.4 [for 9 =0
wnd g =s, in part (a), =0 and ¢=|p|+s in part (b)] give for ze X

ID*T*fy(2)| < cowy 20)7° ™ ' O() +c0, (20)n ™1 O(n* **)
+e ; @;(20) {n™**7 1710 TP+ 0(r°)} = coo, (20)°.
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In general, for || <m we would obtain in the same manner
ID*T?fy(2)| S co Qo™ ts~ld,  zeX. (25)

Hence (23) is proved.

For (24) we use the same method asin 5.1. First observe that, since the estimates
in Lemma 4.4 hold for ze V;, (25) will hold for ze V;. Now, if f and y are
multiindexes, |B]+|y|<m, y,+0, and 7 is defined by §;=7;, j*i, 7;=7,—1, then
DPD'T?fy(z) = DP D7 D'uy(z), because 0 T°f; = f;, and so by (21), in all cases we obtain

IDPD T2 S coo Qo™ =~V ze Vs, B+ DI=m. (26)
Now fix a, |¢| £m. Recall that
D?D'D*T°f;

Bl+bigm-1a B! @ (v —2y05 =2y

R7™ (DT f3) (w)=D*T?fs(w) —

Hence this is bounded, using (26), by

ca)1(21)11’"+s#|“|+ 3 cwl(zr)”mw“rIBI-IylAlaI'w_Z”Bl*IvI.
1B+ 1yl <m=al

Consequently the quotient in (24) is bounded by cw,(27) in case stflz —w|=n/4. I
£<n/4, then B(z,2¢)C V;C U, and by Taylor’s formula (up to order m—|a|+1),
the same ratio is bounded by cx#' ~° times the (m+ 1)™ gradient of T°f; at some
point w, € V5. Now we will see that

ID’DYTofs(wo)l S con, QO ™", IBl+lyl=m+1,  woeV;. 27)

This will prove that the sup in (24) is O(w,(27)) and the proof of the theorem will be
finished. If some y, 0, (27) follows from (22). In case y =0 we use the formula (11);it
is easily seen that

DONGET ,1(2 )

n*+d(C, X)), |pl=m+1, (eU,.

Then the estimates of Lemma 4.4 give

|DﬁTéf;5(WO)I§CCO1(2‘C) {ns—lo(”)+’1~20(”l+s)+ ) |+% . (',,m+8*1—ll3||n‘|ﬂzl+

1—m

+00r°~ 1))+ Z - 10(1)+rl’10(f7‘)}—cw1(2f)’1s .o

Remark. Incase r({)~d({, X )2 then 5 ~ 7 and the proofs are somewhat simpler. It is
clear that in general one cannot choose such r, keeping the strict plurisubharmon-
icity at X. One can do so in case X is a totally-real submanifold [9].

References

1. Berndtsson, B., Anderson, M.: Henkin-Ramirez formulas with weight factors. Ann. Inst.
Fourier (Grenoble) 32, 91-110 (1983)

2. Berndtsson, B.: Integral kernels and approximation on totally real submanifolds of C”. Math.
Ann. 243, 125-129 (1979)



Holomorphic Approximation in C"-Norms 117

3.

10.

11.

12.

13.
14.

15.

16.

17.
18.

19.
20.

21.

22.

Bruna, J.: Nicleos de Cauchy en dominios estrictamente pseudoconvexos y operadores
integrales que invierten la ecuacion @, to appear in a collection of papers edited in occassion
of the retirement of Prof. J. L. Vigil by the “Departamento de Teoria de Funciones”, Facultad
de Ciencias, Zaragoza, Spain

. Chollet, AM.: Ensembles des zéros a la frontiére des fonctions analytiques dans les domaines

strictement pseudoconvexes. Ann. Inst. Fourier (Grenoble) 26, 51-80 (1976)

. Cirka, E.M.: Approximation by holomorphic functions on smooth submanifolds in C" Mat.

Sborn. 78, 120 (1969); AM.S. Transl.: Math. USSR Sborn. 7, 95-114 (1969)

. O’Farrell, A.G., Preskenis, K.J.: Approximation by polynomials in two complex variables.

Math. Ann. 246, 225-232 (1980)

. O’Farrell, A.G.,Preskenis, K.J., Walsh, D.: Polynomial approximation on graphs. Math. Ann.

266, 73-81 (1983)

. O’Farrell, A.G., Preskenis, K .J., Walsh, D.: Holomorphic approximation in Lipschitz norms.

Maynooth Mathematics preprint series, 1983-4, Co. Kildare, Ireland

. Harvey, F.R., Wells, R.O.: Holomorphic approximation and hyperfunction theory on a C*

totally real submanifold of a complex manifold. Math. Ann. 197, 287-318 (1972)

Harvey, F.R., Wells, R.O.: Zero sets of non-negative strictly plurisubharmonic functions.
Math. Ann. 201, 165-170 (1973)

Henkin, G.M., Leiterer, J.: Theory of functions on strictly pseudo convex sets with non-
smooth boundary. Akademie der Wissenschaften der DDR Institut fir Mathematik, Berlin,
1981

Hormander, L., Wermer, J.: Uniform approximation on compact subsets in €". Math. Scand.
23, 5-21 (1968)

Malgrange, B.: Ideals of differentiable functions. Bombay: Tata Institute 1966

Nirenberg, R., Wells, R.O.: Approximation theorems on differentiable submanifolds of a
complex manifold. Trans. Am. Math. Soc. 142, 15-35 (1969)

Nunemacher, J.: Approximation theory on totally real submanifolds. Math. Ann. 224,
129-141 (1976)

Range, RM., Siu, Y.T.: C* approximation by holomorphic functions and d-closed forms on C*
submanifolds of a complex manifold. Math. Ann. 210, 105-122 (1974)

Rudin, W.: Real and complex analysis. New York: McGraw-Hill 1974

Sakai, A.: Uniform approximation in several complex variables. Osaka J. Math. 15, 589-611
(1978)

Sakai, A.: Uniform approximation on totally real sets. Math. Ann. 253, 139-144 (1980)
Stein, EMM.: Singular integrals and differentiability properties of functions. Princeton:
Princeton University Press 1970

Weinstock, B.: A new proof of a theorem of Hérmander and Wermer. Math. Ann. 200, 59-64
(1976)

Weinstock, B.: Uniform approximation on the graph of a smooth map in €C". Can. J. Math. 32,
1390-1396 (1980)

Received February 21, 1984






Math. Ann. 269, 119-135 (1984) Annalen

© Springer-Verlag 1984

Singularities of Elliptic Equations
with an Exponential Nonlinearity

Juan Luis Vazquez' and Laurent Veron?

1 Matematicas, Universidad Autonoma de Madrid, Madrid 34, Spain

2 Département de Mathématiques, Université de Tours, Parc de Grandmont, F-37200 Tours,
France

Introduction

This paper is concerned with the existence and the description of the isolated
singularities of the solutions of the equation

—Adu+g(u)=f, (0.1)

in Q'=Q— {0} where Q is an open subset of R? containing 0, g a continuous non-
decreasing real valued function defined on R and f a continuous function.
When g(u)=u|u|? !, g> 1, and f=0 many results concerning the singularities
of the solutions of (0.1) have been given by Veron [11]. In particular he gave a full
description of the isolated singularities when g =3:
i) either u(x)/Log(1/|x|) converges as x—0 to some constant ¢ which can take
any value, and u satisfies

— Au+ulul? ' =2ncd, in 2/Q), 0.2)

ii) or |x|*“~ Yyu(x) converges to a constant which can take only the two values
£/ 1),
In this paper we are interested in the solutions u of (0.1) satisfying the limiting

growth condition lil‘% xu(x)=0, 0.3)

and we first prove the following isotropy result: for any solution of (0.1) satisfying
(0.3), the following limit .
) the Jollowing Bt iy o Log(11x) 04)

exists in Ru{— o0, + 00}. Moreover if the limit (0.4) is zero then u is nonsingular in
Q.

~ In order to give a full description of u near 0 we suppose that g satisfies the
foilowing technical condition

for any a>0, lim e “g(r) and lim e*g(r)
r—++ o r— — oo } (05)

exist in Ru{+ o0, — 0},
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and we introduce the exponential orders of growth of g [9]

a; =sup {aeIR hm a “rg(r)=+ oo} =inf {ae]R* l1m e "g(r)= 0} (0.6)
a, =sup {a eR*: 11m eg(r)= — oo} =inf {a eR*: 11m eg(r)= 0} 0.7)

Under the assumptions (0.3), (0.4) the limit ¢ obtained in (0.4) satisfies
—2/a; <c<2/a;, (0.8)

and if ¢ is finite, u is the unique weak solution in some appropriate sense of

—Av+g(v) =2mcd, +f,}

Vjon = Uje0

(0.9)

Ifa; =0 (resp. a, =0) there may exist solutions of (0.1) such that ¢ = + o (resp.
c= —0).

If a; =a, = oo then ¢=0 and 0 is a removable singularity for any solution of
(0.1). In fact we prove a quite more general result extending to the exponential case
some results of Brezis and Veron [4] and Veron [12]:

Suppose Q is an open subset of RY, N22, X a C' submanifold of Q of dimen-
sion N—2 and g a continuous real valued function on R x Q. If g satisfies

liminfe™“g(x,r)=+o00, limsupe”g(x,r)=—oc0,
r—+oo B r——ow } (010)
uniformly on Q, for any a>0;
then any function ue C'(Q—2) satisfying
—Au+g(x,u)=0, (0.11)
in 2'(Q—X) can be extended to Q into a C* function satisfying (0.11) in 2'(Q).

The contents of the article is the following: 1. Singular solutions, 2. Removable
singularities, 3. Appendix.

1. Singular Solutions

In this section Q is an open subset of R? containing 0 and Q' =Q— {0}. Our first
result describes the isotropic behaviour of any solution of (0.1).

Theorem 1.1. Suppose g is a continuous nondecreasing real valued function and
feC%Q). If u is twice continuously differentiable in Q' and satisfies (0.3) and

in 9'(Q'); then the following limit
liﬂ(l) u(x)/Log(1/Ix]), (1.2)

existsin RU{+ 00, —o0}. Moreover if the limit is zero u is nonsingular and satisfies
(1.1) in 2°(Q).
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Remark 1.2. The condition (0.3) is fulfilled as soon as g satisfies the condition
-r + o
liIP r{ | (sg(s)) Y2%ds+ | (sg(s))_”zds} =0, (1.3)

which is the case if | ‘lil’il g(r)r 3= +o0 [10].

Without loss of generality we suppose Q={x:|x| <2}, we set (r, 8) the polar
coordinates in R2, r=0, e S!, and

i(r) = 21—” 1" u(r,0)d0, F(r)= % 2(;) 1(r.0)d6,

and we consider the change of variable

t——-Logl, t20; o, 0)=u(0), o(t)=u)
r } (1.4)
h(t,0)=f(r.0), h(&)=F(r).
The functions v and h are 2n-periodic with respect to 6 and they satisfy
v v, L
W+W_e (=h+g(@) on (0,+00)xS". (1.5)

Lemma 1.3. Under the hypotheses of Theorem 1.1, the function

t||o(t, - ) — 5() || 21, is integrable on [0, + o).

Proof. The function 7 satisfies
d* - —
7= *(—h+g@)), (1.6)

2

- 2 2n
with g(v) = —21; (f) g(v)dh. As we have g g

2
—— (=0 (v—0)d0< — | (v—10)*d0 and
06*
0

{ (60) @ 0~ 9d0= [ (0) - 40) o~ D020,

we deduce from (1.5) and (1.6):

an_zz(v—ﬁ)(v—ﬁ)d()—Zf(v—ﬁ)zd(?;e‘z'zfn(h_—h)(v—ﬁ)dﬂ. (1.7)
0 6t 0 0

Ww={t=0:uv(t,-)—d(t)|L2s1,>0}, w is open and we have
2
a2 ||U—l7"L2(sl)- ”U_ﬁan(sl)_Z. _e_2l”h‘EHL2(sl), (1.8)
on . Take (o,7) a connected component of w. If 1< + co, we deduce from the
Maximum principle that [[v—d]|,>1 is majorized on [0, 7] by the solution of
d*X _
az —X=—e 2t“h_h_"L°°(a,t;L2(Sl))’ }

(1.9)
X(0)=|lv(o, ) =0(0)l 25y, X()=0.
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If 6>0, X(6)=0, so in any case X ()< |[v(0, - ) —5(0)|| .2(s:)- From the uniqueness
of the solution of (1.9), this solution is majorized on (0,7) by the solution of
azx N ~
iz —X=—e 2t“h"‘h”Lm(o, +o0; L2(SY)) 2
) (1.10)
X =60, ) =8Ol iz, lim X(©)=0,

which is
Xo(®)=e""|v(0,- )—5(0)||L2(s1)+%(e't—e_Zt) ||h—ﬁ||L°°(o, +a0; L2(S1)) -
If t= + 00, we consider for ¢>0 the solution X, of

a’x "
_X____e_Zt h—h . w0: L2(S1)) »
o I o0, + s L2651y (1.11)

X(0)=[v(0,-)—5(0) |l L2(s1y » r_l}i{rnw e ' X(t)=¢.

As from (0.3), we have ||v( -, t) — 0(t)| .2(s1) = o(e") when t— + oo we deduce, from
the maximum principle, that, for any >0 and t 20, [[v(t, ) = 0(t) || 251y S X (1) If
we compute X, and make )0 we deduce [[v(t, ) —v(t)ll 251y < X o(t) Where X is
given above.

From estimate (1.7) the function
2n

t4 [0 — 51 2251, (0) + { {) e~ 2°(h—h) (v— 9)d0 do ds = H(t) (1.12)

> QO

is convex and H(t)/t is bounded.

s H'(t) is increasing, lim H'(¢) is finite. From
(1.5) and (1.6) we have ore

2r 52 2z (9 2 2n

| 55 (—0)(v—0D)do— <—(v—5)> dd=e 2 [ (h—h)(v—0)d0 (1.13)
o Ot o \o0 0

which implies

dt2 H(t)_ f (—(v—v)) (1.14)

2n

. . 0 2n
From Sobolev inequality, | (55 (v— 17)) do+ | (v—0)2d0=c|lv—b|}=,and we
0 0
have, for some constant ¢>0,
d2
d W
Integrating (1.15) we get

H(t)+ j (v=0)2d0=c|v—70||}2s1)- (1.15)

t 2m t
iH(t)— iH(0)+ [ | w—0)*d0ds=c| ||v—6i|im(sl)ds. (1.16)
dt dt 00 0

+ o0 27
From (1.10) | [ (v—0)*d0ds< + oo, then
0o 0

+ dH + o0 2n
¢ J lo=0|lpogdt < lim I() (0)+ j j(v—ﬁ)zd(?dt< + 0. (1.17)
0 t— + oo
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Lemma 1.4. Under the hypotheses of Theorem 1.1, |v(t,-)—5(t)|| Loo(s,) CONVErges to
0 as t tends to + 0.
Proof. Step 1. We claim that we can construct a sequence {t,} such that
i) {t,} is increasing and lim t,= + o0,
n—+ oo
11) lim ”U(tn’ : )-— i)-(tn)”Lw(Sl) = 0»
n—+oo
i) 1<t,,,—t,<3.
To see that set o, =min{||v(t, - ) —v(t) | Lo(s1): t € [2n,2n 4 1]} and we define ¢,

by t,€[2n,2n+1] and o, = ||v(t,, - ) —0(t,) || L»(s1)- From Lemma 1.3 the sequence
{t,} satisfies i), ii), and iii).

Step 2. For any O<a<pf and fie L®((a, B) x S') set & the solution of

75 %%, . 1

i+ s = g@)— ) in (5, f) xS, } .

(e, -) and ©(B, - ) given in C*(S").

For any p< +o0, 5 W*?((a, B) x SY)NC*([a, ] x S*). Comparing (1.5) and
2

(1.18) we deduce classically from the monotonicity of g and the accretivity of — 2
in LP(S"):

d2 ts

i { lo— 17"Lp(sl)(t) + j j e 2a”h - ﬁ"LP(S‘)dG ds} 20, (1.19)

on the open subset of [a, f] where |[v—7| .ss:)>0. Hence the function
oo =0+ {2 h— Rl s dords
is convex. Going to the limit as p— + oo we have the convexity of
o= llmis+ § [ 2 Ih=Flosidods

and then

10— 0ll Leo((a, gy x sty SMAX {”(U—ﬁ)(“)”m(sl), [v—=2) (B)l| Logsty+ ---

Bs
+f ]e’z”llh—ﬁﬂm(sl)da ds}. (1.20)
Step 3. We fix ¢>0. There exists n, such that for n=n,
) tllv(t.,, )= 0t || ooty <&,
i) | e 2|l osdods<e.

th th

If v, is the solution of

o O _ , 1
g O e )~ Wl i) 0 () %S } )

w::(tm')=5(tn)+8’ 1/),,(t,,+1,')=15(t,,+1)+8,
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y,isindependent of #; from the monotonicity of g and i), it follows that y, = v. If we
apply (1.20) we get

0<y,—v<3e in (fyt,.q)xS". (1.22)
If we average (1.22) over S* we get, since y, does not depend on 0,
0<y,—0=<3c in (fnt,r1)xS*, (1.23)
which yields
”U—5||L°°(tn,tn+1)xs1)§38, (1.24)

and lim sup lo(t, - ) = 0(0)|| Lo(s1y = 3¢, for any >0, which ends the proof.
t=>+ oo

Proof of Theorem 1.1. First we remark that if {i#(r)} is bounded for 0 <r <1, it is the
same for {u(x)} from Lemma 1.4 and lin(l) u(x)/Log(1/|x])=0.

Step 1. Suppose {i(r)} is unbounded. There exists a sequence {r,} such that
lim r,=0 and lim #(r,)=+ o0 (or —oo in the same way). We claim that
-+ o0

n—+ o n

lim u(x)= + co. From Lemma 1.4, there exists a strictly increasing unbounded
x—=0
sequence a, such that u(r,,-)=a,. Set §(s)=g(s)—g(0) and vy, the solution of

— A9, + ()= — (| f | =) +19(0))) on [0,r,) x S*, }

1.25
w,(ry, - )=ua (fixed real number). (1.25)
y, is rotationally symmetric and nondecreasing as a function of r, so it satisfies

d{ d
E;(r . 1p,,> Sr(G(@) + [ f | Loy +19(0)])

J (1.26)
lpn(rn) =, E V)n(o) =0.
If we integrate (1.26) twice we get
2
ry .
va(0)2a— 1 (G(@) + 1 f 1| Lo + 19(O)]) - (1.27)

For a fixed a>0 there exists nye N such that for n>n,
i) a,=a,
2

ii) %({7(0!) 1S L= +19(0)]) <o/2.

From the maximum principle and the monotonicity of §, u is minorized on any
shell [r,, r,,]1x S* by ,,; so u=y, (0)=0/2 and

lim infu(x)= /2, (1.32)
x—0
for any a>0, so lirr(l) u(x)= + 0.
Step 2. Suppose lin(l) u(x)= +o00 (or —oo in the same way), then we claim that

)1(15% u(x)/Log(1/|x])
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exists inRR* U{+ co}. With the change of variable (1.4) we have lim o(t,- )= + o0
t—>+ o

uniformly on S'. As g is nondecreasing and f is continuous at 0 there exists
ieRu{+o} such that lim (g(v)—h)(t)=A. In order to prove that
t—+ oo

u(x)/Log(1/|x|) admits a limit at Q it is sufficient to prove that #(¢)/t admits a limit at
infinity as lixgl 9(t) = v(t, - )|l Los1y = 0. We shall distinguish two cases
t—+ o

i) A=+ o0: As v satisfies (1.6) we deduce that 7 is convex on [ T, + o) for some
T>0and (&(t)—&(T))/(t— T) is increasing, so it admits a limit in R*u{+ 00}. As
lim o(t)= + oo, o(t)/t admits the same limit.
t— + oo
.. . . a* . . dv . .
i) A is finite: From (1.6) i is integrable on [0, + o0) and N admits a finite

d
i _ i0)
t

- Lido . .
limit as t tends to + 0. As ; + n | a—;ds, o(t)/t admits the same limit.
0

Step 3. Suppose lin(1) u(x)/Log(1/|x])=0 and set u the solution of

~Au=(f—g(0)* in {x:lx!él},}

px)=u"(x) for x|=1. (1.33)

As u=0 and §(s)=g(s)—g(0) is nondecreasing and vanishes at 0, pu is a

supersolution of (1.1) and for any ¢>0 we deduce from classical comparison

principles that for |x| < 1, u(x) is majorized by u(x)+¢Log(1/x]). Letting £[0 we

get u(x) < u(x). In the same way u is minorized in {x : |x| < 1} by a fixed continuous

function. As u is bounded we deduce from Theorem 11 of Serrin [6] that u can be

extended to Q as a C! function which satisfies (1.1) in 2(€), which ends the proof.
In what follows we characterize u when the limit (1.2) is finite.

Theorem 1.5. Suppose g is a continuous nondecreasing real valued function satisfying
(0.5) and feC%Q). If ue C*(Q) satisfies (0.3) and (1.1), then the limit ¢ of
u(x)/Log(1/|x]) is such that

—2/a, £c<2/a; . (1.34)
Moreover, if c is finite, g(u) € L},.(£2) and u satisfies
—Au+g(u)=2ncd,+f, (1.35)

in 2'(Q).
We suppose again that Q = {x : [x| <2}. We have the following a priori estimate
Lemma 1.6. Suppose v e C*(2') satisfies
—Av+ae®<c on {xeQ:v(x)>0}, (1.36)

for some constants a, a, and ¢>0; then
2
(x) < &Log(1/|x|)+B for O<|x|Z1, (1.37)

where B depends on a, a, and c.
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Proof. We choose x, such that 0<|x,|<1 and we set

w(x)=ALog(1/(R*—|x —xo|*)) +

for 0<|x—x,| <R where R<|x,| and 1 and p are to be chosen such that — Ay
+ae* >c. For the sake of simplicity set yp(r) = A Log(1/(R*—r?))+ u; then

y 2
o R*—r%’
oy 1 2r?
ar? ‘2’1{R2—r2 TR
4R’
W =y
fp+ae™ 4)R? e

- (Rz_rz)z +a(R2_r2)a).'
1
we take A=2/a and p= &Log {(c +8)R?*/aa} and we have
—Ap+ae=c for 0=|x—x,<R. (1.38)
As lin;w(r)——- + o0 and v is bounded in {x:0=|x—x,| <R}, we deduce, from
Kato’s inequality and the maximum principle as in Lemma 3 of [4] that

v(x) = y(x) for 0<|x —xo| <R. In particular

v(xg) SW(xe) = %Log(l/R) + % Log(ac+ 8)/ax). (1.39)

. 1
If we make R—|x,|, we get (1.37) with B= &Log((cxc+8)/aa).

Proof of Theorem 1.5. If a =0 (resp. a, =0) we set 2/a =+ o0 (resp.
—2/a, = — o) and there exists no finite upper bound for c (resp. finite lower
bound).

Step 1. Proof of (1.34). We suppose a, >0. For any a, 0 <« <a,, there exist a>0,
¢ >0 such that g(s) =ae**—c for any s. Hence

—Au+ae™<cin Q. (1.40)
From Theorem 1.1 and (1.37), liI‘I(l) u(x)/Log(1/|x]) <2/o. If we make ata,” we get

the right hand side of (1.34). We prove the inequality lim u(x)/Log(1/|x[)= —2/a,
in the same way. *20

Step 2. Proof of (1.35). Set 4 the solution of

—Aii+g(@)=2ncdo+f in D'({x:|x|£1}),
- (1.41)
i=u for |x|=1.

Such a solution exists (see Appendix) and satisfies g(i#) € L'({x:|x|<1}) and
lin(l) ii(x)/Log(1/|xP)=c.
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We set

he {(g(u)—g(ﬁ))/(u—ﬁ) if utd
0 if u=i

and for any ¢>0 let w, be the solution of

hz=0,

—Aw,=2med, in D'({x:|x|=1}),
w,=0 for |x|]=1. (142)
The function u— is in W%P({x:0<|x|<1}) for any p< + o0 and
—Au—id)+hu—id)=0 in {x:0<|x|=1},
u—u=0 for |x|=1. (143)
Moreover, as w, =0, we have
—Aw,+hw, 20 in {x:0<|x|=1}. (1.44)

As liII(l) w,(x)/Log(1/|x])=¢, we have lirr(l) (u(x)—ii(x)—w,(x))= —o0. Let p be a
bounded Lipschitz continuous nondecreasing real valued function vanishing on
(— 00, 0], then the function p(u—# — w,) vanishes in some neighbourhood of 0 and
for |x|=1. We deduce from (1.43) and (1.44)

| Vu—ia—w)p'(u—i—w)dx=<0, (1.45)
Ix[=1

s0 j(u—ii—w,)=0 a.e., where j(s)= | |/ p'(0)da. As a consequence
0

u—id<w, in {x:0<|x|<1}. (1.46)

Ifel0, w,|0, and u—# <0. In the same way i —u <0 and finally u =1, which ends
the proof.

Remark 1.7. As a consequence of Theorem 1.5, if a; =a," = + 00 then c=0 and u
can be extended to Q as a C* function. It means that if g has a “superexponential”
growth an isolated singularity is always removable. In the next section we shall see
a generalization of that result without any assumption of monotonicity on g.

Remark 1.8. When a, and a, are finite and nonzero, which means that g is truly of
cxponential type, then there exists only one type of singularities for the solutions of
(1.1) which are called the weak singularities, that is u(x)/Log(1/|x|) admits a finite
limit. When g satisfies

TO (sg(s))~V2ds+ __Ia (sg(s)) " Y2ds< + o0 (1.47)

for some a>0 and a; =a, =0, then there exist two types of positive (negative)
singularities:
i) weak singularities, for example a solution of (1.41),

ii) strong singularities which means that the limit of u(x)/Log(1/|x|) is not
finite.
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In order to have a solution of (1.1) with a strong singularity at 0 we proceed as
follows: for any ne N set u, the solution of

— Au,+g(u,)=2nndy+f, in D' ({x:|x|< l})}

u,=h for |x|=1, (1.48)

h being a fixed function. The function u, satisfies
lim u,(x)/Log(1/lx)=n

and from Vazquez a priori estimate [10] for any compact subset K of
{x:0<|x|<1} there exists a constant C independant of n such that

u,(x)<C, VxeK. (1.49)

Moreover the sequence {u,} is nondecreasing, so {u,} converges, as n goes to + oo,
to some function u which satisfies

—Au+gw)=f in 2'({x:0<|x|<1}),

u=h for |x|=1, (1.50)

li_{rtl) u(x)/Log(1/|x])=+ 0.

When g is a power there exists only one type of strong singularities ([11] and [13]
for some generalisations) and it can be obtained with the previous construction; it
is unlikely that such a result still holds with (1.47) and a; =a, =0.

Remark 1.9. Following Theorem 1 of [7] the limit (1.2) of Theorem 1.1is < + o0
(resp. > — o0) if g(r)/r is bounded for r>1 (resp. r< —1).

2. Removable Singularities

In this section Q is an open subset of RN, N>2, and X a C! compact submanifold
of Q of dimension N —2. Our result which extends to the critical dimension
N —2 a previous theorem of Veron [12] (see also [1] for a nice recent exten-
sion) is the following

Theorem 2.1. Suppose g is a continuous real valued function on R x Q satisfying the
growth condition (0.10) and ue C'(Q — ) satisfies

—Adu+g(-,u)=0, 2.1

in2'(Q—X). Thenu coincides in Q — X with a function ii € C'(Q) which satisfies (2.1)
in 9'(Q).

Without any loss of generality we can suppose that Q is relatively compact and
uis bounded in Q — & where & is any neighbourhood of ¥ in Q. For any x € Q we
set d(x)=inf{|x—y|:yeX}.

Lemma 2.2. Under the hypotheses of Theorem 2.1, for any ¢ >0, there exists B,>0
such that

for any xeQ—3 lu(x)|<eLog(1/d(x))+B,, 22)
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Proof. The neighbourhood & of X can be taken so that for any y € & — X the ball

{x:0Z|x—y|<d(y)} is included in Q. As g satisfies (0.10), for any £ >0 there exist a

d C>0 such that
and & >0 such tha g(x,5) 2 ae —C. 2.3)

Let x, be in & —X. If we apply Lemma 1.6 in {x:0=<|x — x| <d(x,)} we get
u(xo) e Log(1/d(x)) + % Log(2C +8¢)/2a). (2.4)

We obtain the lower bound for u in % in the same way. As u is bounded in Q— &%

we get (2.2).

Lemma 2.3. Suppose N >2 and define p in Q—X in the following way

pe)={ ——x= 2.5

IX O_lN 2
Then p is harmonic in Q — X and there exists two positive constants C and D such that

u(x)= CLog(1/d(x))—D, (2.6)
for any xe Q—2Z.

Proof. The first assertion is not difficult as u is the convolution between the kernel

|x|*~¥ and the measure J, defined by {J;, @) = j o(a)do for any ¢ continuous with
compact support in €. So u solves

—Ap=(N—2)|S"" 1|, 2.7)
in 2'(Q).

In order to prove (2.6) we fix a point a€ X and set B,={x:|x—a|<#n} and
Z,=ZnB, (n>0). We have

do
wx)={ —-——6|N Tt —jx., oo (2.8)
If we take x € B,, then |x—a|=n/2 for any 6 € £~ Z,, hence
d N—-2
S 1 .
. g S 1do. 29)

There exists a local diffeomorphism y from an open subset GCR" onto B, such
that p(0)=a and if o=GNR""?, p(w)=ZX, The restriction ¢ of y to w is a
parametrization of X,. If u=(i,x) e RV "2 x ]R2 P(@) = (i, 0).

We have class1cally

do O | 09 di
———— det ———— . 2.10
e =1 o (G a,->‘ =@ 219
s . 61/) 61p -
\s P is a parametrization, |/ |det o, 6 21>0 on w. Moreover p and y
an be taken as uniformly Lipschitz contmuous; SO
do di
=C , 2.11
L x=op 2 2C pmap _—
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where y=vp'(x). If @D {ii:|d|<a} and if we set y=(J,d) with je RV~ 2 and
deR? we have
do dii
————52=C .
Ej‘yp |x—o‘|N~2 = |ﬁ|j§a (Id|2+|}7_a|2)(Nv2)/2

dii
and the last integral is ——
gralis 1 GaF Py on

close to 0, {#:|d— | <a}Dd{d:|d<a/2}, so
dii - dii a2 N 3dr
- s1=a (PP = 2 (AP + P2 g (P4

. . argsh (a/2[d|)
If we set ¢ =argsh(r/|d|), the last integral is | th" “3¢de, so
0

(2.12)

If we take x close enough to a, y is

do

:j m =C {th(1/2) argsh(a/2|d]) + 1£2 th¥~ 3(pd<p} . (2.13)

But d=dist(y, IRV "2 x {0})=cd(x) as v is Lipshitz continuous and

argsh(/2|d]) =Log((#/2 +]/o?/4+|dI*)/\d]) ,

then
w(x)= C, Log(1/d(x))—D,, (2.14)

for any x in a small neighbourhood 0, of ae 2 where C, and D, are positive and
depend on 0,. Using the compactness of 2, (2.14) remains valid in some relatively
compact neighbourhood %’ of 2. As u is bounded in Q—.9", we get (2.6) (with
different constants).

Proof of Theorem 2.1

First Case: N 23. As g(u) € LE(Q—X), ue W;3P(Q—X) for any p< oo and from
(0.10)
—Au+ae*<C ae.on {x:u(x)=0}. (2.15)

We fix >0 and k>0 such that ae* > C and we set
V() =1p(X) +k+ [|u" | Lo gagy - (2.16)
The function v, satisfies
—Av,+ae"2C in Q-X, (2.17)
hence, from Kato’s inequality as in [4]
A(u—v,)"20 in 2(Q-2). (2.18)

But (u—v,)" vanishes in some neighbourhood of 0@ and in some neighbourhood
of ¥ (from Lemmas 2.2 and 2.3) so (u—v,)* =0 and

u(x)Svy(x) in Q-X. (2.19)

If we make 1|0 we deduce [|u™ || o) Sk+ U7 ]| L=@a)
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In the same way u~ is bounded in Q. From Theorem 11 of Serrin [6] we deduce
that u can be extended to Z as a solution of (2.1) in 2’(Q) and the extension i is in
W%:P(R) for any p< co.

Second Case: N =2. X is just the union of a finite number of points {a,, ...,a,}. We
then set (for #>0 and k large enough)

q
v(x)=n X Log(l/Ix —a) +k+[[u™ | L@q), (2.20)
i=1

which is harmonicin Q — 2. As lim |u(x)|/Log(1/|x —a;]) =0, we conclude as in the

first case.

3. Appendix
In this section we study the following Dirichlet problem

—Au+g(w)=f+2mncd, in Q, }

Ul,o=h on 09, 31

where Q is a bounded open subset of R? containing 0, with a C' boundary 0%.
We set d(-)=dist-(-,0Q). If f is a measurable function such that d - feL}(Q2)
and he L'(0Q) we say that u solves (3.1) if ue L'(Q), d- g(u) e L*(Q) and

o¢
,{ (—udl+ g(u)l)dx = 2mcl(0) + sf) fldx— afghg do, } 3.2)

for any (e W2 2(Q)n Wy *(Q).

The problem (3.1) is studied without any measure in [2] and in R? in [9]. Our
result is the following

Theorem 3.1. Suppose g is a continuous nondecreasing function satisfying the
condition (0.5). Then for any fe L'(Q), r>1, any he L*(0€), and any c such that
—2/a; <c<2/a; there exists a unique ve L'(Q) with g(v) € L'(Q) solution of (3.1).
Moreover, for any ¢>0, v is bounded in {x € Q:|x|=¢}, and

li_rg v(x)/Log(1/|x])=c. (3.3)

Proof. Let {g,} be the sequence of functions with value n?/x for |x| < 1/n and O for
IX|>1/n, so | g,dx=1. We call v, the solution of

—Av,+¢g(v,)=f+2mcg, in £,
34
UﬂlaQ = h on aQ . ( )
Such a solution exists in the following sense (see [2])
[ (= 0,40+ g(v,))dx =2mc | g, {dx+ [ fldx— | ha—cdo, } (3.5)
o Q o i Ov

for any (e W2 °(Q)nW, ().
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The following estimates hold [2]
i) “Un”Ll(n)§K(27T|Cl ||d‘Qn||L1(n)+ ||d'f||L1(9)+ ”h“Ll(aQ)), } (3.6)
i) ||d- g(vn)"Ll(Q)§K(27T|C| d- Qn”L‘(Q)+ Id 'f”Ll(Q)"‘ Hh”Ll(aQ))-

We shall assume that ¢+0 in the sequel otherwise the problem (3.1) falls into the
scope of [2], and for example ¢>0. Moreover we can take g(0)=0.

Part 1. Existence when ¢ <2/a,

Step 1. v, (x)| <cLog(1l/|x|)+ C, where C, is independent of n. For that we set ¢,
the solution of

—Ap,=f"*+2nco, inQ, (3.7)
(pnlé){?:h* on 04, '
and ¢ the solution of
—Ap=f*+2ncd, inQ,
Poa=h" on 0Q. (38)

. . . 1 .
It is known from classical potential theory that ((p(x)—cLog—> remains
bounded in Q. Moreover we have Ix

— Mo —@,)=2nc(dp—0¢,) inQ,
(3.9
(¢ —0n)on=0 on 0€.
Hence ¢ — ¢, is explicitely given by
1 2x*] . 1
¢ {Log(l/lxl)—Logn— 2 + Ll;'“} if |x|£-,
(@ —@n) (x)= (3.10)

if |x|=-.
n

Hence for any x+0, 0< ¢,(x) <cLog(1/|x|) + C,. We also have from (3.7) and (3.5)

g‘;(—(vn—'—(pn)Ag'i'g(vn)C)dxéo, (311)
for any (e W*2(Q)nW *(Q), {=0. But v,— ¢, € W2"(Q) [2] then
[V (W, = @)V +g(v,))dx <0, (3.12)

1.1 1 .
for any { =0, { € Wy*4<) for any g such that p > 37 Set p a bounded Lipschitz

continuous nondecreasing real valued function vanishing on (—o0,0], then
p(v,—@,) is an admissible test function. As g is nondecreasing we have

!52 V(W= @u)I*P (00— @,)dx 0 (3.13)

hence v, < ¢,. As v, is minorized by a bounded function, we get
—c'sv(x)=cLog(l/Ixh +Cy, (3.14)
for x=+0.
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2
Step 2. {g(v,)} is uniformly integrable on Q. Consider o such that —=>a>a, . There
exist two constants 4 and B such that

g(s)S Ae* +B, (3.15)
which implies with (3.14)
g(—)=g(v,(x)) = Ae‘|x| " +B. (3.16)

But ac <2, so |x|”*e L'(Q) and {g(v,)} is uniformly integrable on Q.
Step 3. {v,} is relatively compact in L*(2). We set f, =2ncg, +f—g(v,) and let w, be

the solution of
—Aw,=f, inQ, (3.17)
W"wgzo on aQ.

From the Step 2 { f,} is bounded in L!(£2). We deduce from a result of Stampacchia
[8] that {w,} remains bounded in Wy 4(Q) for any g <2. If @, is harmonic in Q
with boundary data h, v,=w,+ @, and {v,} is bounded in W*4(Q), g <2, hence
relatively compact in L'(€).

Step 4. From the step 2 and Dunford-Pettis criteria {g(v,)} is relatively weakly
compact in L!'(2). Hence, extracting some subsequences, there exists ve L'(Q)
with g(v) e L}(Q) such that

i) v, —v in L} (Q) and ae. in Q, } (3.18)

ii) g(v,)—g(v) in L}(Q)-weak and a.e. in Q.

Using (3.14) and Lebesgue’s theorem we can go to the limit in (3.5) and get

!l(—vAC+g(v)C)dx=2ncC(O)+ ngCdx— afghg—ida. - (319

Part I1. Existence when c=2/a,

We consider a sequence {c,} such that ¢,}c when n— + co. With the method used in
the step 1, the sequence {v,} of solutions of (3.1) with right hand side f+ 2rc,d, is
nondecreasing. It is convergent thanks to (3.14) to some ve L}, (Q). Moreover
{9(v,)} is a nondecreasing sequence converging to g(v) and d - g(v) € L' (Q2). With
Lebesgue’s theorem v,—v in L'(£2). Set B a ball containing 0, BCQ. Thanks to
(3.16) {g(v,)} is bounded on Q—B, so g(v,)—g(v) in L'(Q2— B). From (3.6) ii)
{)53 g(v,,)dx} remains bounded. If we use Beppo-Levi’s theorem g(v,)—g(v) in L(B).

Hence g(v,)—¢g(v) in L'(Q). If we go to the limit in
[ (= 0,40+ g(v,)0)dx = 2me,{(0) + | fldx— | hg—c do, (3.20)
Q Q o OV

where { € W2 *(Q)n W ©(Q), we get (3.19). Moreover g(v) e L'(Q).
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Part I11. Uniqueness

It follows the proof of the uniqueness in [2]. If v and & are two solutions of (3.1), we
have as in [2], Lemma 1,

—Jlv—0|4ldx < — [ |g(v) —g(D)I¢dx, (3.21)
for any { e W2 ®(Q)n Wy *(Q), {=0. If { is the solution of
—A{=1 in Q}
3.22
{1s0=0, (3.22)

then (=0, { e W*®(Q)n W *(Q), hence v=17.

Part IV. Proof of (3.3)
Let & be the solution of

— A7+ g(0)=2ncd, in Q,
} (3.23)
Ujo0 =h on 09Q.
and set
i= (g()—g@)/v—7) if v*7
0 if v=70;
220 and w=v—7 satisfies
—Adw+iw=f in 21Q), (3.24)

and w is bounded in {x:|x|>¢}. So for k large enough w is majorized in Q by
1 . . .
p= —Z—T—ILog(I/I -D*f* +k, where f* is the extension of f* by 0 outside Q. But

f*el”(Q),soyislocally bounded in R?. We minorize v— & in the same way and
v—7 belongs to L*(Q). If we apply Theorem 1.1 to & (we no longer need the
hypothesis (0.3) as |#(x)| < ¢ Log(1/|x]) + D) we deduce that #(x)/Log(1/|x|) admits
a limit ¢ when x—0 and 0 <¢<c. Suppose now 0=<¢ < c. As we should have |g(9)|

" 2
<K|x|"*+ K’ for some F >o>a, , g(¥) would belong to some L) for some
qg>1. If we set o the solution of

— Aw =2ncd, ) in 2'{x:|x|<e}, (3.25)
a)l(x: Ix|=8 = Ul(x-' x| =¢} .
Then w—del™{x:|x|<¢} from regularity results, lim w(x)/Log(l/Ix)=c

and ling #(x)/Log(1/|x|) =c, which would contradict ¢<c. So
lin(l) #(x)/Log(1/|x))=c, (3.26)

and we get (3.3).
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Moduli of Polarized Kiahler Manifolds
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Mathematisches Institut der Universitit, Einsteinstrasse 62, D-4400 Miinster,
Federal Republic of Germany

A way to solve the classification problem for compact manifolds is the
construction of a (coarse) moduli space — a reduced space, whose points
correspond to isomorphism classes of varieties under consideration such that a
variation of the algebraic or complex analytic structure yields a unique morphism
of the parameter space to the moduli space. In algebraic geometry coarse moduli
spaces could be constructed for polarized abelian varieties and certain classes of
polarized, non-ruled varieties: Popp [PO] showed the existence under the
assumption of vanishing irregularity and more generally Mumford and Fogarty
[M-F7 in the case of discrete automorphism groups. Polarized varieties come up
with natural embeddings into projective spaces and a coarse moduli space is
essentially a quotient of a Hilbert scheme by an étale equivalence relation, which
gives an algebraic space in the sense of M. Artin.

In analytic geometry this approach has to be replaced by transcendental
methods. The distinction of varieties by polarizations is indispensable for the
Hausdorff property of the moduli space, as an example of families of K3-surfaces
by Atiyah [AT] shows. If one interprets a polarization as an integer-valued Kédhler
class, it is natural to transfer this notion to arbitrary Kéhler manifolds by just
assigning fixed Kéhler classes. For polarized manifolds with vanishing first Chern
class a coarse moduli space was constructed in [SCH2]. We first show a criterion
that guarantees the existence of the coarse moduli space for any class of polarized
manifolds (i) stable under small deformations with the property (ii) that given two
families X —» S and Y— S of manifolds the canonical holomorphic mapping from
the space Isomi(X, Y) of all isomorphisms of fibers X ; to Y, to the base S is proper.
In this situation one has universal Kdhler deformations, where the universality
rather than versality follows from the above properness. In a universal family there
are usually still isomorphic fibers. The identification yields an analytic equivalence
relation, whose graph is the orbit of the finite group Aut*(X,)/Aut®(X ), where X,
is the central fiber and Aut*(X,) consists of all automorphisms that preserve the
polarization. The coarse moduli space is patched together from the above “local”
quotient spaces. As an application we obtain:

Theorem. There exists the coarse moduli space of all non-ruled, polarized Kdhler
manifolds, whose small Kdhler deformations are still non-ruled.
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(A ruled manifold is by definition bimeromorphic equivalent to a holo-
morphic fiber space with IP, as general fiber.)

In particular, in the algebraic case (over €) we can do without the discreteness
of automorphism groups. One assumes that at least the class of those algebraic or
Kéhler manifolds resp. with non-negative Kodaira dimension is stable under small
deformations. For the smaller class of manifolds, whose m-canonical bundle is
generated by global sections for some m this is true after a recent result of Levine
[LE], who shows that the plurigenera are constant in a deformation. For these
manifolds, in particular for all non-ruled polarized surfaces, we give a short proof
of the statement of the Matsusaka-Mumford theorem [M-M]. It follows from a
relative version (with no polarizations, shown by means of the Barlet space [BA])
and the Calabi-Yau theorem. In the general case the above condition (ii) can be
verified by Fujiki’s theorem on bimeromorphic maps of Kidhler manifolds [FU?2].
The coarse moduli space of non-ruled polarized, projective varieties is an
algebraic space.

1. General Theorem

(1.1) Polarized manifolds are by definition compact, complex manifolds X,
equipped with Kahler classes Ay, € H'(X,, Q) ). In order to define families of
polarized manifolds we have to consider Kdhler mappings. These are proper,
smooth, holomorphic mappings f: X — S of reduced complex spaces together with
sections Ay s € (R' £, Q2% 5) (S), so-called relative Kéhler classes, whose restrictions
to arbitrary fibers are Kéhler classes. One can see that relative Kéhler classes are
represented by relative Kihler forms on sufficiently small open subspaces of S.
With respect to an appropriate open covering {U;} of X, these are given as i- 950;sp;,
where p; are real differentiable functions such that p;— p, are harmonic on U;nU,,
and where 0 g and s denote derivatives in the direction of the fibers. Although in a
family all neighboring fibers of a Kéhler fiber are still Kdhler by the stability
theorem of Kodaira and Spencer [K-S], in general the Kéhler classes cannot be
chosen to depend holomorphically on the parameter. Thus a family (X, Ay );s€ S
of polarized manifolds is given by a Kihler map (f:X—S,Ay;) such that
X,=f"'(s) and Ay ,=Ax;5|X,. Isomorphisms of families of polarized manifolds
have to take care of Kéhler classes. Let (g: Y — S, Ays) be a further family, then an
isomorphism is a biholomorphic map ¢ : X —Y over S such that *A,s=4x; A
holomorphic map «:R—S of reduced complex spaces induces a pull-back
(fr: Xr=X x sR>R, fgys). Consider the set-valued functor Isom§(X, Y) on the
category of reduced spaces over S, which assigns to a space R over S the set of all
isomorphisms of the pull-backs. It was shown in [SCH 1, (2.5)] that this functor
can be represented by a complex space I=Isom#(X, Y) with countably many
irreducible components.

(1.2) The moduli functor M with respect to a given collection K (with necessary
set-theoretic precautions) of polarized manifolds assigns to a complex space S the
set MM(S) of isomorphism classes of families of polarized manifolds from & over S.
The map MM(S) —>IM(R) induced by R— S is defined by base change. A coarse moduli
space M for the moduli functor 9 is a reduced complex space, which is
characterized uniquely up to isomorphism by the following conditions:
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(i) there exists a morphism of functors @ : M —h™
(ii) if p denotes the reduced point, then @(p) is bijective

(iii) if ¥ :M—hM is another morphism, then there is a unique holomorphic
mapping F: M—N with ¥ =h(F)- .

By (ii) points of M correspond to isomorphism classes in &; by (i) for any
family of polarized manifolds the map, which assigns to a point s € S the point of M
corresponding to the isomorphism class of X is holomorphic and compatible with
base changes.

(1.3) Theorem. Let & be a collection of compact polarized Kdhler manifolds. Then
there exists a coarse moduli space for K, if

(i) K is stable under small Kdhler deformations

(i1) given Kdhler families (X —S, Ay;s) and (Y-S, Ay/s) then the holomorphic
mapping Isomi(X, Y)—S is proper.

(1.4) The second assumption in (1.3) though not necessary (consider the
collection just consisting of IP,) seems to be essential. One may consider as well the
functors M where J(S) is the set of equivalence classes of families with respect to
isomorphy over local irreducible components of the base. Then (ii) implies by a
Baire argument that 1—h™ is a monomorphism.

(1.5) Definition. Let (X, Ao) be a polarized manifold. A deformation of (X, 4,)
over the reduced complex space S with a distinguished base point s, € S is a family
of polarized manifolds (X—8S,4x;) together with an isomorphism
(X0, 4o) > (Xy, 4x,,)- The usual notions of deformation theory carry over literally.

(1.6) Proposition. Any polarized manifold possesses a versal Kdhler deformation
(with respect to reduced spaces).

Proof. The non-reduced case was treated in a more special situation in [SCH2].
Let f: X — S be a smooth, proper holomorphic map, s, € S and 4, a Kahler class on
X, Itis sufficient, to show that there exists a unique maximal germ of a subspace R
CS through s,, such that 4, can be extended to a section of (R'f,Q}, r)g With
X=X xgT, where (R'f, Q% ,r)r is the subsheaf of the (locally) free sheaf
R'f, Q.1 corresponding to the fibers Hy'(X,). We chose S as Stein and
contractible. Since all sections of (R £, Q s) are of the form i - 8,50,sp; With p;— p,
harmonic as in (1.1), one can see that this sheaf is isomorphic to R' f, #x, where
fo— Ox/i-Ry. Consider the exact sequences 0—-Ry,—0y—#—0 and

R £, Q% 5)r (S)=(R*f,Ry) (S)=(R?f,0x) (S). The Kihler class A, can be uni-
quely extended to a section 4 of the constant sheaf R? fRy. Since R*f, 0y is a free
Os-module, the image of 1 determines a couple of holomorphic functions on S. Its
common zero set T is the maximal subspace, such that 1|T comes from an

Ae(R' [, Q% .,.,mx(T). In some neighborhood of s, it is still positive definite on the
fibers.

(17) Definition. Let (X -8, Ax/s) be a family of polarized manifolds. We callr,se S
equivalent: “r~s”, if the corresponding polarized manifolds are isomorphic. Let
I'={(r,s)e S xS; r~s} be the graph of ~

Under the assumptions of (1.3) the map I =Isom}, (X xS,Sx X)—>Sx S is
proper and its image I" is analytic.
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(1.8) Proposition. Any polarized Kdhler manifold (X, o) from | as in (1.3)
possesses a universal Kdhler deformation.

Proof. We start with a versal Kéhler deformation as in (1.6). We have to show that
dim Aut(X,) =const. Consider the map p: I'— S induced by the projection of S x §
onto the first factor. After shrinking S we can assume that p~*(s¢) = {(so, 5o)}, and
that p is finite. In particular there are no positive dimensional local analytic sets in
S over which the family X —S is trivial. However, this is not sufficient for the
effectivity of this deformation, because trivial loci might be non reduced points.
Any element ¢ € Aut**(X,) induces a further deformation:

n -— X
)

This differs from the given one by an (a priori not uniquely determined) base
change a.

) i A
Xy —# X, —# X — X

Py
o

N

0O — 8 §S — S
«

If v is another automorphism, then it yields an isomorphic deformation, if and
only if @y ™! can be extended to an automorphism of X over S. Yet there are only
finitely many choices of o, since these are sections of the finite map p. So
dim Aut(X,) cannot be larger than dim Aut(X,) for s=s,, s, the distinguished
point.

(1.9) By (1.8) the map Aut®(X/S)—S is flat and we have an operation of the
finite group G=Aut*(X,)/Aut’(X,) on the base S of a universal Kihler
deformation, and after shrinking S, the graph I' is equal to

gke)G{(s,g-S);seS}

(see [SCH2, (3.3) and (3.4)]). So S/~ equals S/G, which is a separated, reduced
complex space. The local moduli spaces S/~ can be glued together by (uniquely
determined biholomorphic mappings), the Hausdorff property is shown as
follows: It is sufficient to prove that the union of two quotients, say S/~ and R/ ~,
is Hausdorff (with families X - S and Y — R), a fact, which follows directly from the
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properness of [somg, g (X X R, S x Y)—S x R. (Note that the stated smoothness of
the base of a universal deformation in [SCH 2] is in general not clear, however, it is
not necessary.) Property (iii) of (1.2) follows as in [SCH2, (3.5)].

2. Main Theorem

(2.1) Theorem. There exists the coarse moduli space for the class K of all non-ruled,
polarized manifolds, whose small deformations still have this property.

(2.2) Corollary. There exists the coarse moduli space of all polarized manifolds,
whose m-canonical bundles are generated by global sections for some m.

(2.3) Corollary. There exists the coarse moduli space of all non-ruled, polarized
surfaces.

The first corollary follows from the theorem, since by a result of Levine [LE,
1.10] the m-canonical genus is constant in a deformation. If f: X—S is a family
speSandm- Ky, globally generated, then any set of generators can be extended to
a set of sections, which generate the locally free sheaf f,(m- Ky/s) in a neighbor-
hood of s,. The second corollary follows from the first one or from (2.1) by a
theorem of litaka.

(2.4) We reduce the proof of (2.1) to a particular situation. Given families
(X =S, Axss) and (Y-S, Ay), the closure I of I=Isom§(X,Y) in the (relative)
Barlet space B(X x ¢Y/S) is an analytic space, which is mapped to the base
properly after [FU1, 5.2]. We have to show I=I. Take a small curve C in I that
intersects the analytic set I\I in at most one point c,. This yields a bimeromorphic
map X x gC—Y x ¢C thatis biholomorphic over C\{c,}. In order to show that it is
biholomorphic one may introduce a smooth parameter for C and consider the
pullbacks. So it is sufficient to show the following:

(%) Let S={seC;|s|<1} and (f: X =S, Ax5), (§: Y—>S, Ay5) be families in K.
Then any bimeromorphic map ¢:X—Y over S, which is biholomorphic over
=S\{0} is biholomorphic over all of S.

This is exactly the statement of Fujiki’s theorem on bimeromorphic mappings
[FU2, Theorem 4.3]. For polarized manifolds, whose m-canonical bundle is
globally generated, we can give a very short proof. For this we show a relative
version of the Matsusaka-Mumford theorem, which is not contained in Fujiki’s
result.

(2.5) Theorem. Let S:={seC; |s|<1} and f:X—S, g: Y-S be smooth, proper,
holomorphic maps, whose fibers X, and Y, have globally generated m-canonical
bundles. If ¢ : X —Y is a meromorphic map over S, which is biholomorphic over S\0;

then (after shrinking S) one can choose m-canonical mappings o:X —IP, and
7. Y-P, such that

X~———->Y

(o, f)\ ’/(T g)

P, xS
“ommutes.
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Proof. We first consider arbitrary mappings (o, f) and (z, g) as above. Let X, and
Y, resp. be the distinguished fibers of f and g resp. Let I'C X x 3 Y be the graph of ¢
and I its intersection with X x Y. It decomposes into I3UI,, where I is the
irreducible component, which is mapped by the canonical projection g,:
X, x Yo=Y, onto all of Y, and the rest I, goes to a proper subspace of Y;. One
needs that I is mapped by po: X, x Y,—> X, onto X, as well. Assume py(I7)
=A< X, Consider the modification p:I'—>X, where p is induced by the
projection X x Y—X. Then A is the critical set. We regard I3 —A and its
Stein factorization I, —»A— A. The generic fiber dimension r of I'; > A4 is the co-
dimension of 4 in X minus one. Since X is smooth the generic fiber is the image
of some P, under a finite map (argue by proper transforms of smooth curves). So
the Kodaira dimension of the general fiber is — oo and k(Y,)=«k(I};)= —co0 by
[UE, 6.10, 6.13]. One can also show that I is ruled.
Consider the following diagram:

¥
X —» Y

(o,f)l l(r, g)

]P,xS-———> P, xS

NS

The aim is to construct a holomorphic map y such that the diagram commutes. It
already exists over §’. We extend the dualized map to " :|mKy 5| —|mKys| of
(relative) Chow varieties. The proof depends on the proof of [M—M, Theorem 2].
The m-canonical relative linear systems are closed subspaces of the Barlet spaces
B,_,(X)and B,_ (Y) resp. where n denotes the dimension of the fibers of f and g.
Let U CB,_(X,) be the open set consisting of those cycles Z,, for which |Z,| x Y,
intersects Iy, properly and qo((|Zo| x Yo)nIp)C Y, is purely (n— 1)-dimensional.
Then the map induced by intersection and direct image of cycles [BA, p. 141,
Theorem 10 and p. 109, Theorem 6] from U to B,_(Y,) is holomorphic. Let
U, :=Un|mKy,|. Since any m-canonical divisor Z, can be extended to a family of
divisors Zin X, and the image of Z, is a divisor for s % 0, the image of Z, in Y, will
at any point be at least (n— 1)-dimensional. The case of dimension equal to n
cannot occur. Now Z, x Y, intersects I, properly, if Z, does not contain any image
of an irreducible component I’ of I;, under p,. Taking a point x; in all p(T}) then

0+|mK xol\u [mK y |x,CUo, where [mKy |, are the hyperplanes of all divisors

containing chj. Since any divisor from U can be reconstructed from its image in
ImKy |, the above map is injective. It is also linear, because the analogue
construction for neighboring fibers yields linear maps. So it determines the desired
extension y”: [mKys|—=|mKy gl.

(2.6) Remark. In the above situation the image X of (g, f) in IP,x S can be
provided with a reduced structure X, such that the canonical map to S is flat
and has reduced fibers.
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Proof. The space X as well as X :=Xn(P,x{s}) is irreducible. Let
A:=HO(S, Os). We consider the A-scheme & corresponding to X according to the
relative Chow-theorem by Hakim [HA]. To be on the safe side, we introduce
compact Stein subsets LCS and the noetherian ring A, = H°(L, Us), and the A, -
scheme 2, =% ®,A, (for properties see Bingener [BI]). Let Z, be the normali-
zation and X, the corresponding complex analytic space. The construction is
compatible with inclusions LCL'CS. Thus we get a reduced complex space
X —X -8 such that X - X is a holomorphic homeomorphism. In order to show
that the fibers of X — S are reduced, it is sufficient to show the reducedness of the
fibers of #'; —Spec(A,). Let 0 € S and &, be the fiber of 0. Let U C %, be an affine
subspace and se 4, the coordinate function. We have to show the following:
Denote by ¢ : X — X the map induced by ¢. Given he (,15(U) such that foranr=1
we have h"es-0,,(U) then hes- 0,,(U). The holomorphic map (h-d)" is in
f-0(6'(U)). Since the fibers of f are reduced by assumption, we conclude h o ¢
e f-O(6~'(U)). Thus the meromorphic map h/s is continuous. Its polar set must be
contained in its zero set. Since (, is normal, h/se 0,,(U) and X, is reduced.

(2.7) Let L be a line bundle on a compact manifold X ,, which is generated by
global sections. If ay,...,0,€ H’(X,, L) is a basis, then one can construct a
hermitian metric ¢ on L as follows: Let v,eL,, x€ X, consider all possible
representations v, = Y «;0,(x) and set o(v,)* =inf(3 |o;|?). Then

ow)* =lvd*/Z lo(x)I?

by abuse of notation (the expression only makes sense in local coordinates).
(2.8) In the situation (*) of (2.4) we get

Proposition. There are relative volume forms gxs and gy;s resp. on X and Y resp.
that

(1) 0x/s € Axs» Qy;s € Ays with n=dim(X ) =dim(Y,)

(ii) @*oys=0x/s over S\{0}.

Proof. Choose sections of the relative m-canonical bundles as in (2.5), consider the
hermitian metrics as in (2.7) and take m'® roots. Then (ii) holds. Normalize by a real,
smooth, positive function depending upon s to get (i).

(2.9) Proof of (2.2). We have to show that in the situation (*) the map ¢ is
bijective. By Yau’s solution of the Calabi problem [YAU, see also AU, BOU] there
exist Kdhler forms wy ey and wy €4y, with 0% =0y, and wy =gy, which
depend continuously on s by [SCH 1, (1.4)]. For se S\0 we have ¢*(wy)"=¢*ay,
=0x,= %, By the uniqueness of the solutions @*wy =wy. So ¢ induces
isometries on the fibers for s+0 with metrics defined for all s. Hence the
meromorphic map ¢ sends disjoint pieces of smooth curves transversal to X, to
disjoint pieces of curves in Y, and ¢ is actually biholomorphic.
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Introduction

The present paper is mainly concerned with microdifferential (= analytic pseudo-
differential) operators of the form P=P,P,I,,+Q; here P, and P, are scalar
microdifferential operators such that the Poisson bracket of their principal
symbols never vanishes, Q is an m x m matrix of operators of lower order, and I, is
the unit matrix of degree m. We study the regularity of solutions of the system
Pu=0 of microdifferential equations. First, we give a result on the propagation of
micro-analyticity of solutions of Pu=0 when the principal symbol of P, is real.
Secondly, we give a sufficient condition for P to be micro-locally analytic hypo-
clliptic when the real characteristic variety of P, is symplectic. In the course of the
argument, we essentially rely on the theory of positivity due to Schapira [21] (see
also Melin and Sjostrand [12, 13]).

The system Pu=0 is a special case of more general (possibly overdetermined)
systems whose structure in the complex domain has been studied in our previous
paper [16]. We study the regularity of solutions of such systems in Sect. 5.

Now we shall sketch main results of this paper. In Sect. 2, we study operators of
the form P= P, P,I,,+ Q mentioned above when the principal symbol of P, is real.
Let p be a point of le T*R"—IR" such that ¢(P,) (p)=0(P,) (p)=0, where ¢
‘lenotes the principal symbol. Let P; be of order I;(j=1,2) and set [=1, +1,. Then
f)is a matrix of microdifferential operators of order </—1. We denote by 44, ..., 4,,
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the eigenvalues of the matrix

- 1(Q) ()/{a(P 1), a(P1)} (p);

here o, _; denotes the symbol of order I— 1, and { f, g} denotes the Poisson bracket
of holomorphic functions f and g defined in an open subset of T*C". Since o(P,) is

real valued on VTIT*R", the real bicharacteristic b,(p) of P, through p can be
defined. Assume that 4;40, 1,2, ... for j=1, ..., m. Under these assumptions, if f is
a column vector of m microfunctions defined in a neighborhood of p such that
Pf =0 and that f vanishes on b,(p)— {p}, then f vanishes in a neighborhood of p
(Theorem 2.1). We generalize this result to overdetermined system in Sect. 5
(Theorem 5.1). In Sect. 3 of [16], we have studied the branching of singularities of
solutions of Pu=0 (or of more general systems) when o(P,) is also real. Theorem
5.1 generalizes Theorem 3.5 of [16] to the case where a(P,) is not necessarily real.
To prove Theorems 2.1 and 5.1, we use the canonical form of the system in the
complex domain which was given in Theorem 2.5 of [16] and the theory of micro-
local boundary value problems developed by Kataoka [10, 11].

In Sect. 3, we assume a condition (H) concerning a(P,), or equivalently that
under a real quantized contact transformation, P, is equivalent to the operator D,

+ V:—lx’{ D, with a positive odd integer k in a neighborhood of (0, V:de,,); here
we write D;=0/0x;. We assume also 4;#0,1,2,... for j=1,...,m. Under these
assumptions, we prove that P is micro-locally analytic hypo-elliptic at p (Theorem
3.1). Note that (H) is satisfied with k=1 if {a(P,), a(P, )} <0 holds, where a(P,)"
denotes the complex conjugate of the holomorphic function o(P,) (cf. Sect. 1).
When k=1, we can generalize Theorem 3.1 to overdetermined systems (Theorem
5.2). These results extend a part of those of Kashiwara et al. [8] (cf. also [7]).

Treves [25] has studied the analytic hypo-ellipticity of operators of the form
Al + B; here A is a scalar pseudodifferential operator with non-negative principal
symbol which vanishes precisely to the second order on a real symplectic
submanifold, B is an m x m matrix of operators of lower order. The operator P
discussed in Sect. 3 is contained in this class if 6(P,) = o(P,)‘. Recently, the analytic
hypo-ellipticity of closely related operators has been studied also by Tartakoff
[24] and Métivier [ 14, 15] (see also Grusin [ 5] for an earlier result). The C* hypo-
ellipticity of similar operators was studied by, for instance, Boutet de Monvel and
Treves [2, 3], Sjostrand [22], Boutet de Monvel [ 1], Hérmander [6], GrusSin [4]
In the above mentioned works concerning analytic hypo-ellipticity, the real
characteristic variety is assumed to be a symplectic submanifold. However, sincc
we make no assumption concerning the real characteristic variety of P,, that of the
operator P in Theorem 3.1 is not necessarily symplectic or non-singular (se¢
Example 3.6).

To prove Theorem 3.1, we transform P so that o(P,) becomes real by means -
a quantized contact transformation associated with a suitable complex contact
transformation. Then Theorem 3.1 follows from Theorem 2.1 in view of Théorém:
3.2 of Schapira [21]. When k=1, we have sketched in [17] another proof ¢
Theorem 3.1.

In Sect. 4, we construct microfunction solutions of Pu=0 with minima
supports in two cases. First, we treat the case where o(P,) is real and P, 1
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equivalent to the operator D, —V—*lx’{ D, at p=(0, V—_ldx,,) with a positive odd
integer k; we find a microfunction solution of Pu=0 whose support in ]/—vIS*]R”
is by (p)u{p}, where b{(p) is one of the connected components of b,(p)— {p}
(Theorem 4.1). Secondly, we treat the case where the real characteristic variety of P
is symplectic and {a(P,), o(P,)}, {a(P,), a(P,)’} are both positive; we find a
microfunction solution of Pu =0 whose support in ]/:TS *IR" consists of one point
(Theorem 4.2).
Main results in Sect. 2 and Sect. 3 have been announced in [18].

1. Preliminaries

Let M be an n-dimensional real analytic manifold and X be its complexification.
Let z=(zy, ..., z,) be a local coordinate system of X around a point of M with z;
=xj+|/——7lyj (x;, y;eR) such that z; are real valued on M. Then (z,{)
=(z,{{,dz>) denotes a point of the cotangent bundle T*X of X with
(=,...,L,)eC" and

)/ = 1) =(x, )/ = 1. dx)) = (x, )/ — 1<n, dz)

denotes a point of the conormal bundle TiX (CT*X) of M in X with
X=Xy, ... X,), n=(y,...,n,) €IR". We denote by &y the sheaf on T*X of
microdifferential operators of finite order and by %,, the sheaf on Ti#X of
microfunctions [19]. We often fix a local coordinate system z of X as above and
identify X with an open subset of €" and M with an open subset of R”. We use the
notation D=(Dy,...,D,) with D;=0/0z;, We write also D;=0/0x; when it
operates on microfunctions or hyperfunctions.

Let O(j) be the sheaf on T*X of holomorphic functions homogeneous of degree
J with respect to the fiber coordinates. We denote by &(j) the sheaf of
microdifferential operators of order at most j. Then there is a natural
homomorphism

6;:6()~0G)=E()/EG—1).

If Pe&()—&(G—1), we set o(P)=0,(P) and call it the principal symbol of P.
Let w be the fundamental 1-form on T*X. We have w={,dz, + ... +{,dz, in
the local coordinate system (z, () of T*X. A holomorphic mapping ¢ of an open
subset of T*X to T*X is called a homogeneous canonical transformation or a
contact transformation if p*w = w, and ¢ is called a real contact transformation if, in
addition, (T X)= Ty X holds.
Let f and g be holomorphic functions defined in an open subset of T*X. Then

we set
a0 o 0
Hi=2 <Fg55 0z ac,.>’

which is called the Hamilton vector field of f, and denote by {f,g}=H 19 the
"’f)isson bracket of f and g. If f is holomorphic in a neighborhood of a point of
I\iX, we denote by f¢ the complex conjugate of f with respect to T3 X ; i.e., f€is the
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unique holomorphic function whose value on T X is the complex conjugate of
that of f.

For a homogeneous (=conic) analytic subset V of T*X, we denote by I, the
sheaf on T*X of the holomorphic functions which vanish on V and set V¢
={(z,)) e T*X; f(z,{)=0forany f € I,,}. We say that Vis involutoryif { f, g} € I,
holds for any f, g € I,,, and say that V is regular involutory if, in addition, V is non-
singular and the pull back of w to it vanishes nowhere. On the other hand, V is
called a symplectic submanifold if V is non-singular and the pull-back of dw to V' is
non-degenerate. Let V be a d-codimensional homogeneous regular involutory
submanifold of T*X such that V' = V*. Then the system {H ;; f € I,,} of vector fields
can be regarded as one defined on V, and is completely integrable. The intersection
of T X and a maximal integral manifold (in V) of this system is called a real
bicharacteristic of V® =V T X, which is a d-dimensional real analytic submani-
fold of VR

Let V={(z,0); fi(z,)=...=f(z,{)=0} be a submanifold of T*X, where
f1s ..., f; are homogeneous holomorphic functions defined in a neighborhood of
pe Vn(TEX — M) with linearly independent differentials. Then the Hermitian
form

PRUNAITDS

is called the generalized Levi form of V at p [19, Chap. I1I]. Note that its signature is
independent of the choice of f;and is invariant under real contact transformations.
For a subset S of T*X, we write

R*S={cp;ceR, ¢>0,peSs},
C*S={cp;ceC, c+0,peS}.

2. Propagation of Regularity

In this and the subsequent sections, we treat operators of the form P= P, P,I,,+Q
mentioned in the introduction. To be more precise, let M be an n-dimensional real
analytic manifold and X be its complexification, and fix a point p,, of T;¥ X — M. Let
P, and P, be microdifferential operators of order [, and [, respectively, defined in a
neighborhood (in T*X) of p,. Set =1, +1, and let Q =(Q;;) be an m x m matrix of
microdifferential operators of order <!/—1 defined in a neighborhood of p,. We
assume

(C1) o(P,) (po) = a(P,) (py) =0,
(C2) {o(P}),d(P,)} (po)*0.
Let Ay, ..., 4, be the eigenvalues of the matrix
(0, - I(Qij) (po)/{a(P1),5(P3)} (Po)): <i,j<m-
Then we assume also

(C.3) 5;¢{0,1,2,...} for j=1,...m.
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Set V;={(z,{) e T*X; o(P;) (z,{)=0} for j=1,2. In this section, we assume, in
addition,

(R) Vi=Vf.

In view of (C.2), V; is regular involutory. Let b,(p,) be the real bicharacteristic of
VR=V,nTX through p,.

Theorem 2.1. Set P=P,P,I,,+Q, where P,, P,, Q are as above satisfying
(C.1)HC.3) and (R). Let [ be a column vector of m microfunctions defined in a
neighborhood of p, such that Pf =0 and that f vanishes on b,(py)—{po}. Then f
vanishes on by(py).

Proof. Since the situation is micro-local, we may set X =C"3z=(z,, ..., z,) and

M=R"3x=(x,,...,X,) with z;=x;+]/ — 1y, (x;, y;€ R). Note that (C.2) implies
that P, is of simple characteristics. Thus we may assume that P, =z, and p,=(0,

]/dez,,) by using a real quantized contact transformation in view of (R). Set
N={xeM; x,=0} and Y={z€ X; z, =0}. We define the map

0: TJX;;N—»T;,"Y
by (0, X",/ — In)=(x",)/ — 1n), where x"=(x,, ..., x,) and n’=(1,, ..., n,), and put

Po=0(po)-
Since {z,,a(P,)} (po) 0, there are microdifferential operators 4 and R such

that P,=(D,— AR, [z,,4]1=0,

the order of 4 is at most 1 with o,(4) (p,) =0, and R is invertible at p, (cf. Theorem
2.2.2 of [19, Chap. II]). Then we have

P=(z,(D,= A, +QR" )R,

and the order of each component of QR ™! is at most 0. In view of the structure
theorem in the complex domain (Theorem 2.5 of [167]) and (C.3), the system Pu=0
is equivalent to the direct sum @, ,.4; of systems .4;; here A={AeC; —1<Rel
<0, A—4;eZ for some je {1,...,m}}, and .4 is of the form

/Vii(zl(D1_A)Im,1—BA)u1=0~

where m; = 4 {je {1,....m}; A;— A€ Z}, B, is an m; x m, matrix of microdifferen-
tial operators commuting with z, and D, — A4, and of order <0, such that the
cigenvalues of o,(B;)(p,) are all . We can write

B, =(B3)o+2z1(By);
with matrices (B,), and (B,), of operators of order £0 such that
[z1,(Bol=[Dy,(B3)ol=[z1,(B;)11=0.
Hence we have only to prove the theorem for the operator
Py=z((Dy— A, —(B;);)—(By)o -
Since b,(py) =0 '(py) in this case, we have

supp foe ™ '(po) ={po} -
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Thus the mapping
e:supp fng (U)-U’

is proper for a sufficiently small neighborhood U’ of pg. In particular, f can be
regarded as a section of (¢,%,,)™ defined on U’ C T}Y, where ¢, denotes the direct
image with proper supports with respect to ¢ [19, Chap. I]. Thus it suffices to prove
the following proposition.

Proposition 2.2. Set
P=z,(D,—A)—B;

here A=(A,;;) and B=(B;;) are m x m matrices of microdifferential operators defined
in a neighborhood (in T*X ) of o~ '(py) (where ¢ and pj are as in the proof of
Theorem 2.1) such that A;; are of order <1 and B;; are of order <0 and that

[z,,A)=[z,, B]=[D,,B]=0.

Let py, ..., 4, be the eigenvalues of o,(B)(py). Then we assume that

w¢Z and p—p ¢ Z—{0} for 1<i,j=m, 2.1
or else,

U=...=p,e{—1,-2,-3,...}. (2.2)
Under these assumptions, the homomorphism
P (0 m)p— (@ M)y

is injective.
Proof. Let f(x) € (0,6 n)y,- Then Y(x,) f(x) is well-defined as a section of (¢, % )"

defined on a neighborhood of p;, where Y(x,) denotes the Heaviside function.
Suppose Pf=0. Then we have

P(Y(x,) f(x))=(x; D, Y(x 1)) f (x) + Y(x)Pf (x) =0

as a section of (¢,,)™. From now on, we use methods of micro-local boundary value
problems developed by Kataoka [10, 11]. Especially, the sheaf €,y and the
theory of mild hyperfunctions are essential to our argument.

Set

T X ={Ce, [/ — 1) € TifX; x;, 201 0{(0, X, {y, )/ — 1) € T¥X; Rel, 20}

and define the mapping
A T,;};th N-T}Y

by 17(0,x', ¢4, |/ —1n)=(x",]/ —1n). We can regard Y(x,)f(x) as a section o'
(17) %, ;x)" defined on a neighborhood of p;. (For the definition and propertic
of the sheaf &, |x, see Sect. 4 of [10].) Put

I1={0,x,{;,)/ —1n) e T¥X;Rel; =0} .



Analytic Hypo-Ellipticity 151

Since @), xl; is a subsheaf of @y, and sections of %), x have the unique
continuation property along each fiber of 1",

P(Y(x,)f(x))=0 (2.3)
holds as a section of ((17), %y, x)™. We define the mapping
U TRX - TRY

by 1(0,x",{,, I/ —1y)=(x, /= 1n"). Set

Ui={(x.)/— 1) e T#Y;|x)<e 2<i<n),
lrljl<8nn (2§j§n— l)a nn> 1/2}

for ¢e>0 and put U,=1 "(U), U,={{, eC}x U, Then there is a sheaf
isomorphism
B: (gN|x|U€—’(g(9|ﬂt 5

where €0 denotes the sheaf on € x T;¥Y of microfunctions having {, as a
holomorphic parameter (cf. Proposition 1.1.4 of [11]). Furthermore, f induces a
quantized contact transformation of microdifferential operators, which is defined
by the following relations:

BoD, oﬂ”‘=—Fz1 ws  BeD.oB =D, (2<isn),
Boxiop '=—]/—1D,D.!, PBox;ef '=x;Qsjsn—1),
ﬂ xnoﬁ—— :xn+DC|C1D;n1'
Now we set
v({1, X)) =B(Y(x,) f(x)).

Choosing sufficiently small ¢ >0 and sufficiently large » >0, we see that v can be
extended to a section of (¢0)" defined on {{; € C; Re{; >0o0r|{,|>r} x U.in view
of the theory of mild hyperfunctions (see Sect. 2.1 of [11]). Put Q=fcPo ™"
Then from (2.3) we get

Qu({,x)=0. (2.4)

We can write

P:xlDIIm—'_ Z Pal,an(x”a D/)x::"xall

ag,an20

with x”=(x,,...,x, ;) and D’=(D,, ..., D,). Then we have
Q=-D, i1, + Z o Pava (X" DY)

- (,+ D (i Dy ‘)“"(—VTIDC,D; s
setting t={; !, we have

Q=D -DI,+ ¥ P, (x".D)

a3, 0,20

(X, +(1=1D)D, 1y*()/ —1*D D, ).
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Here we note that

B=— Y P, (x",D)x*. (2.5)
0

an2

Put A=—)/=1 3 Py &.D)

a121,0,20

- (X +(1=1D)D, )*"()/ = 11*D.D, 1y "D, ",
B/(TD‘L"X/’ Dl):— Z PO,an(x”7 Dl)
0

- (x,+(1=tD)D, )" +1,,. (2.6)
Then we have
0=(,—A) <rDtIm — Y (A7)'B(tD,, X, D’))
i=o

on {(t,0) € T*C; |1|, |o| < 8} x U, for some ¢, ¢>0. Noting that A’ can be written in
the form
A'= ¥ Ax,D)(zD.),
jz0

ih,jz

we can find m x m matrices T and C = C(z, x’, D’) of microdifferential operators of
order <0 such that

tD1,— ¥ (A7)B'=TxD.I,,—C(z,x',D") 2.7
i=0
holds on {(z, 0); Itl, le] <0} x U_ for sufficiently small , ¢>0, and that go(T) is

invertible there. (To find such T and C, we can use the same argument as in the
proof of Proposition 2.4 of [16].) Note that o,(T)=1,, since 19l,,=g,(T)te. Since

0=U,,—Av)T(DI,—C) (2.8)
holds and (I,,— A’t)T is invertible, we have
(D I,,— C(z,x’, D))v(x ", x)=0 2.9
on {teC; 0<|t]<d} x U, for sufficiently small o, ¢>0. From (2.7) we get
C=(I,—T “DA+T 'Y (A7)B. (2.10
i=0
Set o _
B(tD,,x, D)= Y. Bj(x',D)(xD,y. Q.11
j=0

In view of (2.5), (2.6), and (2.11), it follows from (2.10) that

30(C) (0, X, )/ = 1) =0o(B) (0.x. )/ = 1n)
=0o(By) (x.})/ = 1)
== % 00(Po.s,) (s |/ = 1m)xir+1,,

an =

=0o(B) (X, )/ = 1) +1,.
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In particular, the eigenvalues of o(C) (0,0, ...,]/ — 1) are u; +1, ..., u,, + 1. Since g;
—pj¢ Z—{0} for 1 <i, j<m, there exists a unique m x m matrix R=R(t, x’, D") of
microdifferential operators of order <0 defined on {r € C; |t| <} x U, with some
0, ¢>0 such that

D I,,—C(t,x’,D)=R(z,x’, D) (D I,,— C(0,x’,D))R(t,x’, D) !

R(0,x’,D)=1,.

(See Theorem 2.1.24 of Tahara [23].) Combining this with (2.9), we see that v can be
written in the form

T (2.12)

v(t ™', x")=R(t, x’, D)yt > Pg(x") (2.13)

on {teC;0<|1|<d} x U, with a column vector a(x’) of m microfunctions defined
on U, for sufficiently small §, ¢>0. Since v(t ™!, x’) is single-valued, we have

(exp(2n)/ —1C(0,x', D) —1,)a(x")=0. (2.14)
In the case of (2.1), we get a(x")=0 from (2.14). Thus Y(x,)f(x)=0 holds in this
case.

Now assume (2.2). We may assume y; =...=u,,=—1. Infact,if y; =...=p
= —1 with [ € Z such that [>2, then f’=x!"!f satisfies

(x(DI,—A)=B—(I-DI,) ["=0,

and the eigenvalues of o(B) (py) + (I— 1)I,,,are all — 1. If we can show ' =0, then it
follows that f =0 since real bicharacteristics of {(x, |/ —1#); x, =0} are fibers of ,
and since f € (¢,%y)y;. Hence, from now on, we assume p, =... =, = —1. This

means that g,(C,) (pg) is nilpotent, where C, = C(0, x’, D"). So it follows from (2.14)
that

m

Co(x, DYa(x') =0. (2.15)

Thus we have o oy
v(t ™', x)=R(t, x’, D)t > Pg(x")

=R(zt,x, D))a(x'). (2.16)
We use the notation d,R(z, x’, D’)=[D,, R]. Then
(td.I,,— C(z,x, D)) (R(z, X, D")t€ Py =
holds, and hence we have
O(C4, X, 0o DY (R 1, X', D) 0P =0 (2.17)
on {{, eC; |{,|>r} x U, for sufficiently large r.
We can write
041D D)= 3. Q. D' LDg)DL,.
Q. D D)= X 0. D)D)

R(t,x',D)= Y Ry(x',D’)t*.
k=0
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Then (2.17) is equivalent to the relations
2 00.,R(~Coi)"
_ ké éo Qi R; i~ Co— ) (—Co—j+ 1)eo( = Co—j+k)  (2.18)

for j=0 [when j=0, the right hand side of (2.18) is zero]. Suppose that §;
(3=1,2,...) satisfy

3 Qo S{(~Coi)’

j-1 o

=- 2 EO QiuSj-(—=Co=(=Co—j+1)..(=Co—j+k)

+ ZOij,‘(—CO—j)“(—CO—j+1)...(—C0—l). (2.19)
P
Then (2.18) is satisfied if we set Ry =1, and R;=S;C, for j= 1. By the uniqueness of
R satisfying (2.12) and (2.17), we see that R;=5;C, holds for j= 1 if §; satisfy (2.19).
Now we shall show that there exist unique S; which satisfy (2.19) and that
S(t,x’, D)= ¥ S/x’, D)
j=1

converges on {1 € C; |t]<d} x U, for sufficiently small J, ¢>0. Set

F(' X, D)= fo Fx'. D!

Ms

QX D', {40,) (0, ) ML

I

j
Then it is easy to see that (2.19) is equivalent to
Q(Cy, X', 0, DY (SCT Y, X, DT COX PN =F(( 1, %, D) €020, (2.20)

where S({; !, x’, D) is regarded as a formal power series in {; *. By (2.8) we see that
(2.20) is equivalent to

(t0.1,,—C(t, x’,D")) (S(t, x’, D)t *"PY) = G(z, x’, D) t¢O-*" D0+ 1 = (221)

MR Gl D)= 3 G D)
=0

= (T(Ta x/’ av Dl)— 1(Im_ A/(T’ X,, 01:3 D/)T) !
. (F(‘L', X’, D/)TC(O,x',D’)-F 1))T~C(0,x’,D’)— 1 .
The relation (2.21) is equivalent to

(t0,— C(r, x’, D)) S(t, x’, D)+ S(z, x', D)Co(x', D) = G(t, x", D)t
and this relation is equivalent to the relations

(J‘—CO)SJ-FS]CO:GJ—I_'_ClsJ—I++C_;—1S1 (222
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for j=1, where we set
© .
C(r,x', D)= 3 Cix',D)’.
j=o0

Since 04(Cy) (po) is nilpotent, S,(j = 1) are uniquely determined by induction on .
Furthermore, it is easy to see that S(r,x’,D")= Z SHx’, D))t/ converges as a
matrix of microdifferential operators on {t € C; |7| < 6} x U, for sufficiently small ¢,
6>0 in view of (2.22). Thus R can be written in the form
R(z,x",D)=1,+S(7,x", D)Cy(x’,D").

Hence we have
v(ly, %, D)=R(; ', x", DYa(x") = a(x")

in view of (2.16). Thus we have proved that Y(x,)f(x) is a section of (1, yx)"
defined on U,

In the same way, we can show that Y(—x,)f(x) is also a section of (1, %y x)"
defined on U, for some ¢>0. Hence

J)=Y(x)f )+ Y(=x1)f(x)

is a section of (1,%yx)" defined on U;. Since sections of € x have the unique
continuation property along each fiber of 1 (see Sect. 4 of [10]), and since f(x)is a
section of (0,4 ,)™, it follows that f(x)=0. This completes the proof of Proposition
2.2 and at the same time, the proof of Theorem 2.1.

Remark 2.3. Conditions (2.1) or (2.2) in Proposition 2.2 can be replaced by a weaker
condition that u;¢{0,1,2,...} for j=1,....m

Corollary 2.4. Let P, and P, be as in the beginning of this section satisfying (C.1),
(C.2) and (R) at poe TjiX — M. Set
P=PYPT+ APy 'P7 '+ ... +A,PT ™
A PP L+ A
here A; is a microdifferential operator of order <min(j, m")l,+ j(l, — 1) defined in a

neighborhood of py, and m and m’ are integers such that 0<m’ <m. Set ¢={a(P,),
a(P,)} (po) and let =0, ...,m—m’'—1, A, ..., A, be the roots of the equation

A—=1)...h—m+D+c o, (A) (p)A(A—1)...A—m+2)
Foe € O 1 Am) (PO —1)...(A=mA4m +1)=0.

Assume that 2;¢ { —1, —2, =3, ...} for j=1,...,m". Under these assumptions, if f is
«microfunction defined in a neighborhood of py such that Pf =0 and that f vanishes
o by(po) —{po}, then [ vanishes on b (p,).

Proof. The equation P} ™ Pu=0 is equivalent to a system of the form (P, P,I,,
+Q)v=0 mentioned in Theorem 2.1 (see the proof of Corollary 3.9 of [16]). Thus
‘his corollary is an immediate consequence of Theorem 2.1.
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Example 2.5. Putting x=(x, x,) € R? and D;=0/dx;, we consider the operator

P=D (D, =}/ = 1x,D3)+a,(x)D; +a,(x)D, +b(x);

here a,(x), a,(x), b(x) are real analytic functions defined in an open subset U of IR2.

Assume that a,(0,x,) ¢ {0, —|/ —1, =2|/ —1,...} for any (0,x,) € U. Let f be a
hyperfunction defined in U such that Pf is real analytic in U and that f is real

analyticin {x € U; x, +0}. Then f is also real analytic in U. In general, the above
condition concerning a,(0, x,) is necessary. In fact, set

ﬁ(x)=0ﬁ<<x2+1/—2__-]x§+]/-10)_1> (k=0,1,2,...).

Then f,(x) satisfies

(Dy(Dy— )/ —1x,D,)—k}/ = 1D,) fi(x) =0,

but is not real analytic at 0 e R?.

3. Analytic Hypo-Ellipticity

Let P,, P,, Q be as in the beginning of Sect. 2 satisfying (C.1)-(C.3) at
Po€ Tk X — M. Set

Vi={(z,0) e T*X; o(P)(z,{)=0}
for j=1,2. Then, instead of (R), we assume in this section, (H) V,nVf is a

symplectic submanifold of T*X in a neighborhood of p,, and there are a positive
odd integer k and a complex number a such that F=o0(P,) satisfies

(H(FAE'C))j(F+FC)(P0):O for 0<j<k-—1,

(Hp- Fc))k(F +F)(po) <0,
dF(po)—dF(po)+0.

Theorem 3.1. Under (C.1)~«(C.3) and (H), the homomorphism
PPyl +Q (€ n)p,= (B,
is injective; i.e., P=PP,1,,+ Q is micro-locally analytic hypo-elliptic at p.

Proof. Condition (H) guarantees that there exists a real contact transformation y
defined in a neighborhood of p, such that

w(V)={(z,0) € T*X; [, +)/ —1(,=0}

in a neighborhood of y(po) =(0,]/ —1dz,) € Tjf X (see Sato et al. [20]). Thus w¢
may assume, from the beginning, that

P,=D,+]/—12D,
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and po=(0,}/ —1dz,). Setting

S(z,0)=<z,05—]/~1

Zl;+ 1

k+1

let (w, 0)=¢(z,{) be the complex contact transformation defined by
w=grad,S(z,0), (=grad,S(z0).

Then (¢~ (T X), € T X) is positive at p, in the sense of Schapira [21] by virtue
of Théoréme 2.4 of [21]. Moreover we have

L=TiXno(TiX)={(x,)/ —1n) e TiX; x,=0}.

On»

Let
Do 1EDEy

be a quantized contact transformation associated with ¢. Then the sheaf ¢ ™',
on ¢ YT X) can be endowed with the structure of an &y-module by

Al 'wy=¢ (" (Au)

forue €, and 4 € &.
By virtue of Théoréme 3.2 of [21], there exists an injective sheaf homomor-
phism of &y-modules,

Vbl Tilo "6y
Now let f € (%), satisfy Pf =0 and define g € (€5, by P(f)=¢ 'g. Then we
have
@ (@ '(P)g)=P(p" '9)=P(¥()="¥(P/)=0.

From this, it follows that &~ '(P)g=0.

Since Y is injective, it suffices to show that g=0. Note that

a(@ " Y(P))=(p )*a(P)=(,.

Thus ¢~ '(P)satisfies (C.1)-(C.3) and (R) at ¢(p,), and the support of g is contained

in L in a neighborhood of ¢(p,)=p,=(0,]/ — 1dz,). Since the intersection of L

and the real bicharacteristic of {(x, |/ — 1n); n, =0} through p, is {p,}, it follows
from Theorem 2.1 that g=0 in a neighborhood of p,. This completes the proof.

Remark 3.2. (i) If we assume that P, satisfies (H) instead of P, and that A;¢ {—1,
=2, =3,...} for j=1,...,m, then the conclusion of Theorem 3.1 also holds.
(i) When k=1, (H) is equivalent to the condition {a(P,), 6(P,)} (po)<O0.

Corollary 3.3. Let P, and P, be as in Theorem 3.1 satisfying (C.1), (C.2) and (H) at
Py e T X —M. Set

P=PrPr4+ APy 'Pr A, P
+ Ay PTT7 T L4 A,
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here A; is a microdifferential operator of order <min(j, m’)l,+ j(l, — 1) defined in a
neighborhood of p,, and m and m’ are integers such that 0 <m’ <m. Set ¢ = {a(P,),
a(P,)} (po) and let A=0,....m—m'—1, A, ..., A, be the roots of the equation

AMA=D...(A—m+D+c ta,_ ((A) (p)AA—1)...(A—m+2)
+o O 1(Am) P)MA—=1)...(A—m+m +1)=0.
Assume that A;¢{—1, —2, —3,...} for j=1,...,m". Then the homomorphism
is injective. P (Er)pe= (G at)po

If a partial differential operator with real analytic coefficients can be written in
the form mentioned in Theorem 3.1 and satisfies (C.1)}-(C.3) and (H) at each point
of its real characteristic variety (we interchange the roles of P, and of P, if
necessary), then the operator becomes analytic hypo-elliptic in the usual sense.
Now we give some examples of partial differential operators which are analytic
hypo-elliptic in view of Theorem 3.1. For the sake of simplicity, we treat only the
case of m=1. We use the notation x=(x,,...,x,) € R" and D;=0/0x;.

Example 3.4. Set
P—Df+xf(D§+...+D3)+ > aj(x)Dj+b(x)§
i=1

here a; and b are real analytic in an open subset U of R". Assume that

.izaj(o,x/)w{(21+1)]/—1; leZ)
2

for any (0,x)=(0,x,,...,x,)eU and any (n,,...,n,)e R"" ! such that #3
+...4+n2=1. Then P is analytic hypo-elliptic in U; i.., if f is a hyperfunction
defined in an open subset U’ of U such that Pf is real analytic in U’, then f itself is
real analytic in U".

This example is essentially contained in the results of Treves [25] (cf. also [5, 8,
15, 24]) although he studies the analytic hypo-ellipticity in the framework of
distributions. However, we believe that the following two examples are essentially
new.

Example 3.5. Putting n=2, we consider the operator

P=(D,+)/—1x4D,) (D} —]/—1x,Dh)

+ 2 a(x)D{DF;

az20,|a| =1

here k, | are positive odd integers, || =0 +a, for a=(a;, a,) € Z* with o, 00, 2
and a,(x) are real analytic in an open subset U of R? Assume that a, 0, x,!
¢|/ —1Z for any (0, x,) € U. Then P is analytic hypo-elliptic in U.

Example 3.6. Set

P=(D1+]/ _lxlDZ)(Dl_]/ —1(x; +x,)D;)
+a(x)D{+a,(x)D,+b(x),
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where a,(x), a,(x), b(x) are real analytic in a neighborhood of 0=(0,0) e R
Assume that a,(0) ¢ 2/ — 1Z. Then P is analytic hypo-elliptic at 0; i.e., if f is a

hyperfunction defined in a neighborhood of 0 such that Pf is real analytic in a
neighborhood of 0, then f itself is real analytic in a neighborhood of 0.

The condition (H) can be slightly weakened. In fact, we have the following

Theorem 3.7. Let Py, P,, Q be as in the beginning of Sect. 2 satisfying (C.1){C.3) at
Po € T X — M. Assume that there is a real contact transformation y defined in a
neighborhood of p, such that

a(Py) (p 'z, 0)=4(z. ), +)/ —la(z,{)

in a neighborhood of y(po)=(0,]/ —1dz,); here q is a homogeneous holomorphic
function which does not vanish at y(p,), and a is of the form

a(z, ()= ZZ aj(Z)Cj
i=
with a; holomorphic in a neighborhood of z=0. In addition, we assume that
x,a(x,n)>0

for xeR", x|/ <e (1=isn), x, 0, '=(1p, ...,n,) eR" 1, Inj|<e 25jsn—1),
[n,— 1| <& with sufficiently small ¢>0. Then the homomorphism

P P31+ Q (€ m)p = (€
is injective.
Proof. We may assume, from the beginning, that
i=2

and p,=(0,|/ —1dz ). Let T be the solution of the following Cauchy problem:

(z 0)+1/‘2 a,(z) (z 0)=0, 3.1)
T(O,z,0)=<z,0>, (3.2)

where z'=(z,, ..., z,) is sufficiently near to (0, ..., 0), and 0’ =(0,, ..., 0,) sufficiently
ncar to (0, ...,0, ]/ —1). Then we have from (3.1) and (3.2)

ReT(x,|/ — In)=—-ImT(x,n) =0

tor erRn’ |xi[<6 (1 §l§n)a 77/=(’12, '~'77,n)ER"A1’ |’1]|<5 (2§]§n—l)a |’1n_1|
<d with sufficiently small § >0 since

éilm T(x,n)=— Z aj(x) Re T(x,n),
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and grad,. Re T(x, n') is sufficiently near to (0, ...,0, 1). Setting
S(z,0)=2,0,+T(z,0),
we define a contact transformation (w, )= ¢(z, {) in a neighborhood of p, by
w=grad,S(z,0), (=grad,S(z0). (3.3)
Then by Théoréme 2.4 of [21], (T X, € * (T3 X)) is positive at p,. From (3.1) and

(3.3) we have n
91=C1+|/ -1 Agzaj(z)Cj:a(Pl)(zaC)'

In view of (3.1) and (3.2), S can be written in the form
S(z,0)=<z,0>+21S,(z,0).
Hence we see that ¢ fixes each point of
L={(x.})/ ~In)e TEX: x, =0},
and that
N(TaX)NTX =L
since Ref, = —a(x,n)+0 for z=x € R” with x,; +0 and C:[/:Tn with n e R".

Thus, as in the proof of Theorem 3.1, we can prove the analytic hypo-ellipticity of
P,P,I,,+Q using Théoréme 3.2 of [21] and Theorem 2.1.

Remark 3.8. For the operator P, in Theorem 3.7, the homomorphism
P, :((gM)pg_)((gM)po
is injective. This fact follows from the above proof.
Example 3.9. Set
P=(D, +/ - 1x,(x}+x3)D,) (D, — |/ —1x:D,)
+a,(x)D +a,(x)D,+ b(x);

where a,(x), a,(x), b(x) are real analytic functions defined in an open subset U of

R2. Assume that )
(1+x3) " 1ay(0,x,) ¢}/ —1Z
for any (0, x,) € U. Then P is analytic hypo-elliptic in U.

4. Solutions with Minimal Singularities

In this section, we treat operators of the form studied in preceding sections; we find
microfunction solutions with minimal supports under certain conditions. First, in
Theorem 4.1, we treat the case where (P, ) is real and o(P,)‘ satisfies (H). Secondly.
in Theorem 4.2, we treat the case where the generalized Levi forms of ¢(P,) and o!
a(P,) are both positive. In particular, operators treated in these theorems are no!
analytic hypo-elliptic.
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Theorem 4.1. Set P=PP,1,,+ Q with P, P,, Q being as in the beginning of Sect. 2
satisfying (C.1) and (C.2) at py € Ty X — M. Assume

VonV;CcVy=Vf.

In addition, assume that V,N V5 is a symplectic submanifold of T*X and that there
are a positive odd integer k and a complex number o such that F =oa(P,) satisfies

(Hp—pe))(F+F)(po)=0 for 0<j<k—1,
(H - Fc))k(F +F)(po)>0,
dF(po)—dF(py)*0.

Let by(p,) be the real bicharacteristic of VR and denote by b{ (p,) and by (p,) the

connected components of bi(py)—{po} in a neighborhood of p,. Under these
assumptions, we can find a neighborhood U of pyin Tyi X, and a column vector f of m
microfunctions defined in U such that Pf =0 and that

R*{po}nU Csupp f CR*(b{ (po)U{po})NU.
Moreover, if 7;¢1{0,1,2,...} for some je {1,...,m}, then we can choose f so that
supp f =R (b, (po)u{po})nU .
Proof. We may assume that
Vi={(z,)e T*X; 2, =0},
VanVi={(z,0) e T*X; z, =, =0}

in a neighborhood of p, = (0, 1/:_ldzn) by using a real contact transformation. Let
/> be a holomorphic function homogeneous of degree 1 with respect to { defined in

aneighborhood of p, such that V, ={ f, =0} and df,(p,) 0. Since {z,, f>} (p,) £ 0,
we can choose f, so that it takes the form

f2:C1+a(z’C/)

with a homogeneous of degree 1 with respect to {'=({5, ..., {,). Put

a(z.{)=a,(2,0)+)/ —1ayz0)
with aj= —ay(j=1,2). Then we have
2050 +a(2,0)=a,(2,0)=0} ={(z,0); z, ={, =0} .
In particular, a,(0, z", (") =0 holds for j=1, 2. Noting that {{, +a,, z,} =, we can
find a complex homogeneous canonical coordinate system (x, ¢) around p, such

that

€1=C1+a1(z’cl)’ X1=2y,
(x(Po), €(P))=(0,0, ...,0,]/ = 1)
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and that x and ]/—'lé are real valued on T X. Since a,(0,z,{)=0, we have
Vi={(x,8)eT*X; x;=0}, @)
V,nVs={(x,{)e T*X; x, =&, =0}.
On the other hand, we also have
VanVy={(x,0); {;=a,=0}. (4.2)

Since {x,, a,} ={z;, a,} =0, we can write a, =a,(x, ) by abuse of notation. So
from (4.1) and (4.2) we get

{(x,8); ay(x,&) =0} ={(x,{); x, =0}

Hence we can write
aZ(x’ é’) = xlib(x7 é/) B

where k is a positive integer, and b is a holomorphic function homogeneous of
degree 1 such that b°= —b and b(p,)+0. Then we have

Vo={(x,&) e T*X; &, +|/ — 1xib(x, &) =0} .
In view of the proof of Theorem of Sato et al. [20], we see that there is a complex

homogeneous canonical coordinate system (y, ) around p, such that yand |/ — 17
are real valued on T3} X and that

Vi={(y,meT*X; y,=0},
V,={(y.n); n, +¢}/ —1y5n,=0}

in a neighborhood of (y(py), n(po))=(0,0,...,0,]/ —1) with ¢=+1. By the
assumption in the theorem, we see, = —1 and k is odd.
Thus, from now on, we assume

Vi={(z{)eT*X; z,=0},
V,={(z.0); {, =)/ —144(,=0}

in a neighborhood of p, = (0, ]/ —1dz,). Let (w, ) = ¢(z, {) be the complex contact
transformation defined by

w=gradyS(z,0), (=grad,;S(z,0),

where
k + 1

S(z,0)=<z,0>—)/ — k+1
We endow the sheaf ¢, %, on ¢(T3;X) with the structure of an £x-module by
A(p )= @ (P(A)u)

for A€ &y and u e €,,, where

D 1EyDEy
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is a quantized contact transformation associated with ¢. Then by Théoréme 3.2 of
[21], there is an injective homomorphism of sheaves of &y-modules,

V(@ Eml>T(En),
where L= {(x, [/—_111) € T X; x,=0}. Note that
¢ '(V)=1{(z0eT*X; z,=0},
o '(V)={(z,0)eT*X; {,=0}.
In particular, the characteristic variety of
D(P)=D(P)P(P,)I,,+P(Q)

is real. Hence by Theorem 3.6 of [16], there is a column vector f of m
microfunctions defined in a neighborhood of p, such that &(P)f =0 and that

R b5(po) Csupp f CR¥ (b (po)Ubi(po))

in a neighborhood of p, where bj(p,) is the real bicharacteristic of

{(x,)/ —1n) e TyiX; n, =0} through py;if 4;¢ {0,1,2,...} for some je {1,...,m},
then we can choose f so that

supp f =R (b (o) Ub3(po))
in a neighborhood of p,. We get
P(¥ (s /) =¥ (P(¢,f)) =¥ (0, ®(P)f)=0.
Since ¥ is injective, we have
supp(¥(¢,f)) =supp(@, /)N L=@(supp /)NL
in a neighborhood of p,. Noting that
R¥(b{ (po)Ubi(po)NL=IR" (b (po){po}),

we see that ¥(¢, ) has the properties mentioned in the theorem. This completes
the proof.

Theorem 4.2. Set P =P, P,1,,+Q with P,, P,, Q being as in the beginning of Sect. 2
satisfying (C.1) and (C.2) at py € TyiX — M. We assume also

{o(P1),0(P,)} (po)>0,  {a(Py),d(P,)} (py)>0

and that VinV{ =V,nVs. Then there exist a neighborhood (in T¥X ) U of p, and a
column vector f of m microfunctions defined in U such that Pf =0 and that

supp f =R {p}nU.

Proof. Let f;(j=1,2) be holomorphic functions homogencous of degree 1 defined
ina nelghborhood of po such that V;={ f;=0} and dfj(p,) 0 (j=1, 2). In view of
the proof of Theorem 2 of Kashlwara et al. [9], we can find a homogeneous
function h of degree 0 defined in a neighborhood of p, such that

fo=fi+H, (4.3)
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and h°=h. Since {f,, f5}=(h>—=1){f1, ff} on W=V,nV¢, we have h*>1 on
Wn T X. Noting that (4.3) implies

(1——h2)f1=f2€—hf2,

we can assume h> 1 on W T, X by interchanging f, and f, if necessary. In view
of Theorem 2.3.2 of [19, Chap. III], we may assume, from the beginning, that

f1=C1—|/ =1z,
and po=(0,]/ —1dz,). Then we get
f2=(h——1)51——|/ —lzy(h+1){,.

Hence we can choose f, so that

h+1
f2=‘:1_l/ _lz‘ﬁ;—FTC"'

Let ¢ be the contact transformation defined in the proof of Theorem 4.1 with k= 1.
Then we have
@ '(V)={(z,0) e T*X; {; =0},
o ' (K)={0: & —)/ 124 0L, =0},

where a is a holomorphic function defined in a neighborhood of p, and
homogeneous of degree 0 such that

h+1
aleﬁi—l —1>0
L

with L= {(x,len) e Ty X ; x, =0}. Hence, setting g, ={, —lezla(,,, we get
{92.95} (Po) = a(py) +a’(pe) > 0.
Moreover, it is easy to see that
@ (V)oY ={z,={,=0}Co (V).

Thus by Theorem 4.1, we can find a column vector f of m microfunctions defined in
a neighborhood of p, such that ¢(P)f =0 and that

R*{po} Csupp f CR*(by (po)u{po})

in a neighborhood of p,; here @ is a quantized contact transformation associated
with ¢, and we set

by (po)={(x.)/ = I € TEX ;x> 0.0, = .. =x, =1 =.. =, =0,7, =1}
Let ¥ be as in the proof of Theorem 4.1. Then we get

P¥ (@, f)="¥(p,P(P)f)=0,
supp(¥(¢,/))=@(supp /)NL=R"{p,} .
This completes the proof.
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5. Generalization to Overdetermined Systems

In this section, we extend some of the results in Sect. 2 and Sect. 3 to more general
systems whose structure in the complex domain has been studied in Oaku [16].

Let M be an n-dimensional real analytic manifold and X be its complexifi-
cation. Let V=V, UV, be a homogeneous involutory analytic subset of an open set
QCT*X —X. Weset I,(j)=1,n0())={f € O();fl,=0}. Then O,(0) = ©(0)/1,(0)
is a coherent sheaf of rings on V. We denote by &y, the subring of &y generated by
{Peé&(l); o,(P)eIy(1)}.

Now let .# be a coherent &y-module (i.e. a system of microdifferential
equations) defined on Q. We assume the following conditions concerning .# and
V.

(A.1) V; and V, are d-codimensional homogeneous regular involutory sub-
manifolds of Q, and V=V, NV, is non-singular.

(A.2) V; and V, intersect normally; ie., T,V,nT,V,=T,V, for any pe V.

(A.3) dim V; =dimV,=dim V,+ 1.

(A.4) The rank of the pull-back of dw to V, is 2(h—d) at each point of V.

(A.S) A hasregular singularities along V; i.e., any coherent sub-&,-module of
A that is defined on an open subset of Q2 is ccherent over &(0).

Writing VR =V,nTkX (j=0,1,2), we fix a point p, of VFnQ. We can find a
neighborhood U CQ of p, and a coherent sub-&,-module .4, of .#|, such that
Ex Mo=My. In view of (A.5), we see that .4, = .My/E(— 1).4#, is a coherent ©,(0)-
module. Then we assume also

(A.6) .4, is a locally free (,(0)-module of rank m.

Let p be an arbitrary point in V;nU. Then (A.6) ensures that there exist generators
Uy, ..., U, of 4, over £(0) in a neighborhood of p whose residue classes are free
generators of .4, over (0,,(0). In view of (A.1)~(A.4), we can find two microdifferen-
tial operators P, and P, in a neighborhood of p such that a(P;)=0on V,(j=1,2)
and that {a(P,), o(P,)} +0 on V;,. Let P; be of order [; and set I=I,+1,.
Assumption (A.5) guarantees the existence of 4;;e€ &(I—1) (i,j=1, ..., m) defined
in a neighborhood of p such that

P Pyu= % Au; (i=1,....m).
j=1
aij(P):O't—l(Aij) (p)/{a(P,), a(Py)} (p).
we define a polynomial e,, in 4 by

e2(A, p, My)=det(Al,,+ (aij(p))l gi.jém) .

It is easy to see that e, is independent of the choice of operators P, and P,, and
generators u, ..., u,, of .#, mentioned above. We denote by A=14,, ..., 4,, the roots
of the equation e, ,(4, po, -#,)=0 in A. Then we make the additional assumption

Setting

(A7) 4i¢{0,1,2,...} for j=1,...m.
In the following theorem we also assume
(R) V,=Vs.

We denote by b,(p,) the real bicharacteristic of VR through p,.
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Theorem 5.1. Under (A.1}HA.7) and (R), there is an open neighborhood U, of p, in
T X which satisfies the following: if f is a microfunction solution of M (i.e. a
section of the sheaf Hemg (M, € \) defined on an open subset U’ of U, such that
U’'—supp f intersects each connected component of (b (py)—VR)NU’, then f
vanishes in a neighborhood of b,(py)nU".

Proof. Let U, be an open neighborhood of p, in T XU such that e, ,(j, p, #,)
+0for any j=0,1,2, ... and any pe Vy;nU,. Let f and U’ be as in the theorem.
First note that .# is isomorphic to the direct sum of m partial de Rham systems
with support ¥V in a neighborhood of each point of b,(p,) — VX. Thus we have

supp fnb,(po)NU ' CVRNb,(po)nU’.

Now let p be an arbitrary point in b,(py)nVRNU’. Using (A.1)-(A.4) and (R), we
can find microdifferential operators P, and P, in a neighborhood of p such that
o(P;)=0on V, for j=1,2 and that

{o(P1),0(Py)} (p)*0, o(Py)=0(Py).
Set [=ord P, +ordP,. In view of (A.5), there exist Q;;€ &(I—1) (1 i, j<m) such
that
PPyui+ 3 Quu;=0 (1=ism);
j=1

here u, ..., u,, are generators of .4, over £(0) in a neighborhood of p. Set f,= f(u;)
fori=1,...,min a neighborhood of p. Since f is a homomorphism of §y-modules,
we have

PP, fi+ .Zlgijszo (I<is=m)
i=

in a neighborhood of p.

Denote by bi(p) the real bicharacteristic of {(x, |/ —1n)e TiX; o(P,)
(x,)/ —1n)=0} through p. Since {a(P,), o(P,)} +0, we have

bi(p)n{(z,0) € T*X; o(P;) (2, ()=0} = {p} .

So we get b (p)nVx={p}, and hence f vanishes on b\ (p)—{p}. The operator
P=P,P,l,,+(Q;) satisfies (C.1)(C.3) and (R) of Sect. 2. Thus f; (i=1,...,m)
vanish in a neighborhood of p by virtue of Theorem 2.1. From this, it follows that f
vanishes in a neighborhood of p. Since p is an arbitrary point in b,(po)"VRAU".
we see that f vanishes on b,(po)NVRAU’. This completes the proof.

In the next theorem, we assume, instead of (R),
(H); The generalized Levi form of V] has at least one negative eigenvalue at p.

Theorem 5.2. Under (A.1)HA.7) and (H),,
Homg (M, pp)p, =0
holds; i.e., . is micro-locally analytic hypo-elliptic at p,.

Remark 5.3. This is a partial generalization of the results of Kashiwara et al. [8]
Note that we do not assume that the generalized Levi form of V] is non-degeneratc.
and that we make no assumption concerning the generalized Levi form of V.
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Proof of Theorem 5.2. By virtue of Proposition 2.3 of [16], there is a complex
homogeneous canonical coordinate system (w, ) around p, such that (w(p,),

0(po)) = (0,0, ...,0, |/ —1) and that
Vi={w,0);w =0,=...=0,=0},
Vy={w,0); 0,=0,=...=0,=0}.
In view of (H),, there is a holomorphic function f; homogeneous of degree 1

defined in a neighborhood of p, such that f; =0 on V, and that { f,, f{} (p,) <0. In
particular, f; can be written in the form

fi=ewi+c,0,+...+c,b,

with holomorphic functions ¢, ..., ¢, such that ¢, is homogeneous of degree 1, and
¢y, ..., €4 are homogeneous of degree 0.

First, suppose c,(py)+0. Setting f,=0,, let P, and P, be microdifferential
operators defined in a neighborhood of p, such that ¢,(P;)= f;for j=1,2. In view
of (A.5), there are Q;; € £(1) (1 £i, j < m) defined in a neighborhood of p, such that

PiPyu;+ ¥ Qij j=0 (1=i,j=m);
i=1

here u,, ..., u,, are generators of .#, over £(0) in a neighborhood of p,. Let f be a
microfunction solution of .# defined in a neighborhood of p,. Then we can regard
fas a column vector consisting of microfunctions f;= f(y;) (i=1,...,m) and get

j=

Since the operator P, P,I,+(Q;;) satisfies (C.1){C.3) and (H) with k=1, we see
that f=0 holds in a neighborhood of p, by virtue of Theorem 3.1.
Finally suppose that c¢,(p,) =0 and set

g:C202+ "'+Cd9d'
Then we have {g, g} (po) <0 and g=0 on V by the above assumptions. Set
V'={(z,0)e T*X; g(z,{)=0}.

Then V' is a 1-codimensional homogeneous regular involutory submanifold of
T*X, and its generalized Levi form is negative at p,. Noting that the support V of
M is contained in V', we get

Homg (M, Crr)py=0
by virtue of Theorem 2.3.10 of Sato et al. [19, Chap. III]. This completes the proof.
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Harmonic 4-Spaces

S. M. Salamon
Mathematical Institute, 24- 29 St. Giles, Oxford OX1 3LB, UK

A harmonic space is a pseudo-Riemannian manifold such that in a neighbourhood
of each point x, there exists a harmonic function f(r) depending only on the
distance r(x, x,). The curvature tensor of such a space has to satisfy an infinite
sequence H, of conditions, the first three being

H, Riabi:klgab
H, CE’(Riab jchdi) =k, S(gapgca)
H, 6(9RiabjchdkRkefi - 32Riabj;chdei;f) =kj 6(gabgcdgef)

[9]. Repeated indices represent contractions with the metric g, S denotes
symmetrization over all free indices, and k, is a constant.

It has been conjectured that a harmonic space with positive definite metric is
flat or locally rank one symmetric. In dimensions 2 and 3, this follows from only
H ;itisalso valid for a 4-manifold, but the proofs to date [2;9] use H,, H,, and H,
and rely heavily on the constancy of k,. The present work provides an alternative
approach to the problem in 4 dimensions by using group representations to study
the pointwise significance of the H,. Consequently, our results make no assumption
that the scalar functions k, be constant.

Now H, is simply the Einstein condition, so restricting to a pseudo-
Riemannian Einstein 4-manifold, we consider separately H, and H;. The idea of
searching for manifolds satisfying just some of the H, has its origin in [4]. Having
first discussed curvature, we are able to relate H, to the notion of self-duality.
With the aid of some classical invariant theory, we also show that H, and H; are
sufficient to conclude that M is flat or locally rank one symmetric, except when the
metric has signature 0.

Acknowledgements. The author is grateful to Alfred Gray, whose ideas were invaluable to the
completion of this paper.
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0. Preliminaries

Throughout we suppose that M is a pseudo-Riemannian 4-manifold with
connected structure group SO(4), SO, (3, 1), or SO((2, 2), and use sgn(M) to denote
the signature of the metric, equal to 4, 2, 0 respectively. Complexifying, we consider
the group SO(4,C) of unimodular transformations of €* preserving the form
2,2 +2,2 +23% +2,%, which is the determinant of the matrix

7 Zy+iz, —z3+izy
Zy+izg  zy—izy) "

If 4, Be SL(2, C), the mapping Z—~AZB~ ! defines an element of SO(4, €), and so a
double covering

SL(22,C) x SL(2,C)—~S0(4,T) 0.1)

which can also be described in terms of representations. Using the symbols +, —
to distinguish the two factors in (0.1), let V,, V_ be the complex 2-dimensional
SL(2,C)-modules determined by matrix multiplication on column vectors. Then
the basic 4-dimensional SO(4, C)-module is given by

T=V,®V_, 0.2)

and elements of V,, V_ are called spinors.
The following real forms of (0.1) will be important:

SL(2,R) x SL(2, R)—>S0,(2, 2)
SU(2) x SU(2)—>S50(4)
SL(2,C)—S0,(3, 1). 0.3)

The first is obtained by restricting the entries of the matrices 4, B, Z to be real, so
that detZ =x,?—x,2+x3%—x,2, x; € R. Then (0.2) is simply the complexification
of a real tensor product; otherwise said SL(2, R) commutes with an antilinear
involution g, of ¥, , and the fixed points of 6,0 _, 0, ®0 _ are real vector spaces.

Taking z; = x; € R exhibits the quaternions H as a real subalgebra of the space
of 2 x 2 complex matrices (for more details see e.g. Zelobenko [12;§11]). Moreover
SU(2) corresponds to the group Sp(l) of unit quaternions, and Z—AZB ',
A, Be SU(2), defines an element of SO(4). In this case the modules V., V_ are
really quaternionic, and SU(2) commutes with an antilinear transformation j, of
V, withj3 = — 1. Thenj, ®;_ hassquare + 1 and endows T with the structure of a
real vector space, namely the basic SO(4)-module.

The third real form of SL(2, C) x SL(2, €) is the subgroup SL(2, C) consisting
of elements (A, (A*)" '), where A*=A" is the adjoint matrix. If Z is anti-
Hermitian, detZ = — x>+ x,% + x32 +x,%, x;€ R, and Z+—AZA* is a transform-
ation in S0,(3, 1). Unlike in the real and quaternionic cases, V, is no longer self-
conjugate. Indeed V, =V is the basic module of the real form SL(2,C),and V_ =V
is its conjugate, so that (0.2) becomes TV ® V.

The complexified tangent bundle of M is associated to the representation (0.2).
so it makes sense to study the spin modules V,, V_. Let S'V, denote the
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submodule of the r-fold tensor product of V, consisting of totally symmetric
tensors, and put

SPI=SPV, @SV .

Then S is an irreducible representation of SL(2, ) x SL(2, €) or any of its real
forms [12; §37, 42, 43]. Because matrices in SL(2, C) have unit determinant, the
module AV, is trivial; accordingly let {x, y} be a basis of V, withe=x®y—y®x
canonical, and let {w,z} be such a basis of V_. It is sometimes convenient to
identify S”>? with the space of polynomials homogeneous of degree p in the symbols
x, ¥, and of degree g in w, z. In particular, dimg(S”%) =(p+1)(g+1).

Contraction with g€ A%V, =A%V} followed by a symmetrization gives a
homomorphism of S™V,®S?V, onto each of the modules S™*?V,,
Smtr=2y. ..., 8™ PV, (m=p). Schur’s lemma [12; §20] and a dimension count
then imply that S"V, ® SV, is isomorphic to the direct sum of these modules.
Similarly for V_, so

Sm,n®Sp.q; ® Sm+p~2j,n+q-2k' (04)
Jj=0,..., min(m, p)
k=0, ...,min(n,q)

In particular the SO(4,C)-module ® T=®"S"! decomposes into a sum of
various S”? with p + g even. When sgn(M) =4 or 0, these are all (complexifications
of) real spaces, but for sgn(M) =2, only combinations of S*"? and $”?+S??, p+q,
are real. (Here, as in the sequel, “+” denotes direct sum.) For example

TRT=S"'®@S"!'x5%248%04+ 8024800
with
SPT~S§*%+8%° A*T=8§*%+8%2.
Then AT is irreducible over R for the Lorentzian group SO,(3, 1).

The splitting of A2T can also be detected using a complex *-operator defined
by the equation

glo, B)=anx*p, o, feA’T,

where g denotes the induced metric on A2 T, and the trivial SO(4, C)-module A*T
has been identified with €. Then *?> =1, so we can take $>'°, S° 2 to be the + 1, —1
cigenspaces A%, A% respectively of *. Let {e,, e,, e3, e,} be any complex basis of T
with g(e;,e;)=0,;;, e, ne; Ae; Ae, =1, and put

pr=e neytezne,  Yi=ene;—ezne,

fr=e,Neste,ne, Pry=e ANes3—e4Ne,

di=e Ae,te, ey  Pi=e Aes—e,Aey 0.5)
Then {¢;}, {y;} form orthogonal bases of A%, A% respectively, and the

correspondence {e;}—({¢;}, {y;}) defines a double-covering

SO(4,C)—S0@3,CT) x SO(3,T).
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Comparing this with (0.3) also gives 2:1 homomorphisms
SL(2,R)—>S0,(2,1), SU(2)-S0(@3),
SL(2,C)-S0@3,T).

To summarize, of the three types of metric on a pseudo-Riemannian 4-
manifold, a Lorentzian metric seems to be the odd one out, because its
corresponding structure group SL(2, €C) is simple. However we shall see that as far
as harmonic spaces are concerned, the signature 0 case is in many ways special.

1. The Curvature Tensor

Let R denote the SO(4,C)-module consisting of tensors sharing the same
symmetries as the curvature R of a pseudo-Riemannian 4-manifold M. We work
with complexified tensor spaces in order to cover all signatures. The decompo-
sition of R into irreducible components is described in [10]; the following
summarizes this in our notation.

Proposition 1.1. R=~$*+° 4§44 §2:2 4§00,

Proof. The metric g determines an identification T = T* of tangent and cotangent
spaces. The curvature R of M is then at each point a self-adjoint linear
transformation of A2T. so

RCSHAT)=S*(A% +42)
;SZ(SZ’O)-I- SZ(sO,Z) + SZ,Z
2§ 04+5%4 428904822,

where 25%' % means the trivial module $°° + §%°. The first Bianchi identity forces
the component of R in the subspace 25%° to be a multiple of the invariant

1 3
A= 24 Z (9 ®@bi+vi @wy)
i=1

[notation of (0.5)]. The proposition follows. [J
In terms of the above decomposition, at each point we may write
R=W,+W_+B+tA.

The sum of W, eS*° and W_eS%* is the Weyl conformal tensor, BeS**
represents the trace-free Ricci curvature, and t € R is the scalar curvature. When
sgn(M)=2, W, = W_, but otherwise all components are real. In particular when
sgn(M) =4 or 0, we say that M is self~dual if W_ =0 and anti-self-dual if W, =0 [1].
the distinction being a matter of orientation. In all cases, M is Einstein iff B=0.

Let D denote the SO(4, C)-module of tensors having the same symmetries as
the covariant derivative V'R of the curvature tensor of M with respect to the Levi-
Civita connection. The irreducible components of D are less well-known, but are
readily determined with the aid of Proposition 1.1. For some related results, sec

[6].
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Proposition 1.2. Dx~§5!+ 813483348314 134 g1,
Proof. The space D is the kernel of the skewing map

CRRVITGATRATRTH>A*T AT
corresponding to the second Bianchi identity. Now

RJT=(S*0+S"4+522+829)@s"!

>8>+ 81542831 42813 4833 42801,
whereas
ATRAT=(S**+8*) @S =8> +503 428"
In the notation of (0.5), put

B=(¢, ®d+v, Qy;) Pe,

RRT.
v=(¢1®w1+w1®¢1)®ea} e

Then
wp)=ay)=(¢, +y,) Dle; Ae, Aey)

has non-zero $>!, §''3, and S'*! componentsin 42T ® A*T. But  and y project to
linearly independent elements in 2S*' CR ® T, so by Schur’s lemma

ImaxS>! +813 4501,
Finally D is computed using Ima=R@ T/D. O

Suppose now that M is a 4-dimensional Einstein manifold. The Einstein
assumption simplifies particularly the form of the covariant derivative of the
curvature. To see this, let R, CR denote the space of Einstein curvature tensors,
and D;CD the space of covariant derivatives of Einstein curvature tensors.

Proposition 1.3. R;~S*°+5%4+8%% D, ~8>1 48§05

Proof. The form of R, is an immediate consequence of the definition of an Einstein
manifold. As for

D, =R, ®@T)ND,

we have

R, @ T(S40+5%4+5%0) @S
S o MR T R SRR S

Referring to the previous proof, it suffices by Schur’s lemma to find an element of
R ® T whose image under « has non-zero components in the submodules of $3-!,
§'3, SU1 of A2T @ A3T. But B does this job. [

~ If the curvature R of a pseudo-Riemannian 4-manifold M is regarded as a 2-
form with values in the vector bundle A2T* =~ AT, the second Bianchi identity is
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equivalent to this 2-form being closed. On the other hand, it is casily verified that R
is coclosed iff

[7R655,x +S“5+SJ'3.

these being precisely the submodules of © that do not appear in 4*T ® T. When
this is satisfied, M is said to have harmonic curvature. From Proposition 1.3, there
is obviously a close relationship between the Einstein and harmonic curvature
conditions; any Einstein manifold has harmonic curvature, and in either case the
absence of S**' in PR means that the scalar curvature ¢ is constant. In the opposite
direction, Bourguignon [3] has shown that a compact oriented Riemannian 4-
manifold with harmonic curvature and signature t=h% —bh? non-zero is neces-
sarily Einstein.

2. The Condition H,

We begin by decomposing the symmectric powers of T into irreducible
components.

Lzl ) .
Lemma 2.1. ST= P s 2+ 2.
j=0

Proof. Let &:S7 *T ®S?*T— S'T. r=2. be the symmetrization map. If ge S*T*
=~ $?T denotes the metric, m—E(m ® ¢) defines an injection S© 2T, S™T. whose
cokernel has dimension

(3;’> _ <3+:_2> —(r+ 1) =dim(S™").

But
ST=S"(V, ®V )OSV, ®SV =5"",
and the result follows by induction. [}

If r=2m is even, S'T contains the trivial submodule $°° spanned by the
invariant 3(¢g™), where S here denotes the symmetrization S™(S*T)—-S*"T.
From now on, M will always be a pscudo-Riemannian 4-manifold satisfying
H,, ie. an Einstein manifold. The expression
g(Riathjrdi)
determines a homomorphism Q:S*R—S*T of SO(4, €)-modules, and M satisfics
H, at a given point iff
QAR ®R)=k,E(g%), (2.1

where k, is a constant.
Theorem 2.2. Let M be a pseudo-Riemannian 4-manifold satisfying H, and H,.

Then at each point at least one of W, W_ is zero; in particular if sgn(M)=2, M has
constant curvature.
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Proof. At a fixed point of M, the curvature tensor has the form R=W, +W_
+1tA € Ry. Proposition 1.1 and lemma 2.1 give

S2R; = SHSH0+5%4+5%9),
ST ~§** 485224890,

Use of (0.4) implies that SR, (indeed ® *R;) has no submodule isomorphic to
§2:2, 50 by Schur’s lemma

QR ®R)eSH*+85%°. 2.2)

Now S?R, has a unique isomorphic to $** which contains the term W, ® W_
+W_ ® W, from R ® R. The restriction of Q to this submodule is either zero or an
isomorphism; that it is not zero follows by checking that R=¢, ® ¢, + v, @,
[see (0.5)] does not satisfy (2.1). Thus (2.1) implies that W, @ W_+W_ Q@ W, =0,
Le. W, =0, or W_=0.

When sgn(M)=2, W, =W_ and consequently R=tA4. [J

In fact any harmonic n-space M with sgn(M)=n—2 has constant curvature
[8]; in 4 dimensions our approach links this result with [2, Lemma 6.73].

It is easiest to find metrics satisfying the hypotheses of Theorem 2.2 when
sgn(M)=0. The crucial point is that then 4% and A% both contain simple 2-
vectors. For example in [9, Chapt. 5] it is shown that the metric

g=f(dx")?+dx*dx* +dx'dx*,

where f = f(x!, x?) is any function of x' and x?, actually gives rise to a harmonic
space M. With the appropriate orientation, w=dx' Adx*e A% is null, and the
curvature R=1f,,0 ® o is self-dual with zero Ricci tensor; moreover k,=0. In
general M is not locally symmetric, but it is recurrent, which means that
VR = R®o for some covector a. All rank one symmetric spaces are harmonic [4]
but in the Riemannian case, as we shall see, these furnish the only non-flat 4-
dimensional examples. However there do exist the “non-linear gravitons”
constructed by Hitchin [7] which are self-dual Ricci-flat positive definite metrics,
as is the Calabi-Yau metric on a K3 surface [11]. These non-harmonic spaces
probably all have k, non-constant.

As a corollary of the proof of Theorem 2.2, observe that (2.2) translated into
classical notation is the assertion that for any Einstein 4-manifold

RijlaRlijb =Kkgap »

where k is a scalar function. This is so-called “super-Einstein” condition [2]. In
view of the strength of the Einstein condition in 4 dimensions, it is natural to ask
whether there exist metrics which satisfy H, but not H, at each point. In this case,
in contrast to above, both W, and W_ are forced to be non-zero.
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3. The Condition H,
The expressions
6(Riabjl’zjcdkRkefi) s 6(Riabj;clzjdei;f)

define respectively homomorphisms @:S3R—S°T, ¥:S>D—-S°T, where Ry
denotes the components of PRe R® T. M satisfies H; at a given point iff

2H(ROR®R)—IP(VRRVR)=k;S(g%), 3.1
where k5 is a constant. Note that ¥ is also the composition

S2D 75 SPRES T2 S4T®ST 55 S°T, (3.2)
where y is the map given by symmetrizing the indices ¢, f.

Theorem 3.1. Let M be a pseudo-Riemannian 4-manifold satisfying H, and H 5, with
metric of signature 4 or 2. Then M is flat or locally isometric to a rank one
symmetric space.

Proof. Fix any xe M;if R=W, + W_ +tA is the curvature tensor, we shall show
that VR=VW, +VW_=0 at x. Then M is locally symmetric, and our theorem
follows by applying [4, Theorem 1.1], and similar methods when sgn(M)=2 in
which case M will again have constant curvature.

Propositions (1.1), (1.3), and Lemma (2.1) give
S*Rp=S3(SH0+5%4+5%9)
S2Dp =SS5 4+ 8519)
SeT 8%+ 8%%4+8>248%0,

First (0.4) implies that S3R;; (indeed ® *R,;) has no submodule isomorphic to §¢-¢
or $%'2, s0 by Schur’s lemma,

H(R®R®R)e S**+85%°,
and by (3.1),

P(VR®VR)eS**45%°. (3.3)
Regarding elements of $”? as homogeneous polynomials as in §0, polynomial
multiplication defines a homomorphism m:$>!'®S' > 5% Now 2D, has a
unique submodule isomorphic to $6 6 arising from m, the restriction of ¥ to which

is non-zero (use (3.2) and the fact that Q maps onto $**CS*T). From (3.3), and
Schur’s lemma again,

m(VW, ®@VW._)=0,

ie. VW, =0 or VW_=0. Both must vanish when sgn(M) =2, so from now on we
can assume without loss of generality that M is Riemannian and VR=VW, € §>''.
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Fix an SL(2, €)-basis {x, y} of the module V=V, asin §0, and treat elements of
S§¥V as polynomials. There is a natural homomorphism p:S°V®S°V —S?V
defined by

PX°®Y?)=(ad—p)*XY, (3.4)
whenever X =ax+ ffy, Y=yx+dye V. Since p is symmetric in X, Y,
S2(S>H=SAHS V)RS V_+ AX(SV)

has a unique submodule isomorphic to S%2. The restriction of ¥ to this
submodule is an isomorphism, for if

D=(¢;®¢, — $,Q¢,)®e;
+($1 @9, +6,0¢,)®e, ST CROT,
¥Y(D®D) has a non-zero S* 2-component (see (0.5), (3.2)). Setting j=®°j,,
VR=Fw+(jF)z
for some polynomial F € SV, and some basis {w,z=j_w} of V_. Then
P(FRF)W? 4+ 2p(F®jF)wz + p(jF®jF)z* =0
by (3.3). The proof of the theorem is completed by
Lemma 3.2. Let V=C? denote the basic SU(2)-module. If FeS°V satisfies
PF®F)=0=p(F®jF), then F=0.

Proof. We shall use the so-called “symbolic method” from invariant theory; see
[5] for the underlying ideas. Take X, Y as above and write

X3=apx®+a;x*y+a,x3y* + a3 x*y® + a,xy* +asy®
Y3=box®+b,x*y+b,x>y? +b3x2y> + byxy* +bsy® .
Using (3.4), with a, 8, 7,0 expressed in terms of the a;, b; gives
50p(X°®Y?)=(10agh, —4a by +3a,b, —dasb, + 10a,b,)x>
+(50aphs —6a,b,+asb; +azb, —6asb, +50asby)xy
+(10a,bs—4a,b, +3a3b;—4a,b, + 10ash,)y>.

The importance of this formula is that it must remain valid when X°, Y are
replaced by arbitrary elements of S°V. Now unless F= X" for some X € V'\0,
which would imply that p(F®jF)=+0, it is possible to choose a, f§, p, d such that

F=¢,X*Y+,X3Y2 4+, X2Y? +c, X Y*

and aé — By = 1. Because p is invariant under SL(2, €), we can take a;=b; = ¢; (with
to=0=cs) to get

0=50p(F®F) = (—8¢,¢3+3¢,)X>
+(—12¢,¢4+2¢,¢3) XY +(—8c,c4 +3¢32) Y2,
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Solving, ¢, =0=c;, and ¢, =0 or ¢,=0. Thus F=¢,X*Y or F=¢,XY* but in
either case F must be zero, for otherwise putting Y =AX + X, 4, e C, again gives
P(FRjF)+£0. [
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1. Introduction

An immersed surface in R? is said to be minimal if its mean curvature vanishes
identically. There is a strong link between simply connected minimal surfaces and
analytic functions, one that has been exploited profitably over the years. These
surfaces are parametrized in the following way [7, 8]. Given three holomorphic

3 3
functions 1; satisfying 3 9?=0, Y |p]?=#0, the formulas I(z)=a;+ Reyp{z)
i=1 i=1

define a minimal surface and, conversely, every such surface arises in this way. The
conditions on the ;s say that the immersion is harmonic and conformal. This
representation can be refined by writting

]z ]z z
L@ =a+Res [ f(1—¢). LG =a+Resl f(1+¢7). I()=as+Re] fg.

where f'is analytic, g is meromorphic and the zeros of f occur precisely at the poles
of g, their orders as zeros being exactly twice their orders as poles. The metric is
given by A%(2)|dz|*. Az)= Lgl
Weierstrass) the function g is, up to composition with stereographic projection,
simply the Gauss map of the surface. From the point of view of global differential
geometry the interesting objects are the complete minimal surfaces namely, those
for which the geodesics are defined for all times. Equivalently, divergent paths
must have infinite length. Classical examples are the catenoid, the helicoid,
Enneper’s surface, Scherk’s surface etc. ... .

An outstanding problem in this subject, formulated by Calabi is to decide
about the existence of complete minimal surfaces that are bounded subsets of R>.
Although this may seem strange at first we point out that there are examples of
complete embedded surfaces of non-positive curvature that are bounded subsets of
IR3. One takes a copy of the unit dis with infinitely many discs removed from it, the

(1+1g/»). In this representation (named after

*  Supported by UFPe, CNPq, and FINEP (Brazil)
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holes accumulating at the boundary, and connects these holes by tubes to the
corresponding holes of another copy of the perforated disc, situated on a parallel
plane. Adjusting the several parameters involved (density and shape of the holes,
etc. ...) one gets the right object (we are indebted to David Hoffman for showing us
this construction). Even though there is a strong feeling that complete minimal
surfaces in IR* are unbounded, no proof has been produced so far. It turns out,
however, that one can construct examples that are bounded in one direction. This
was done in [3] using Runge’s theorem. Due to the non-constructive character of
this result it is not apparent how the curvature behaves. The result in this paper
implies that the curvature of these examples must be unbounded. We remark,
incidentally, that very often in Riemannian geometry one has to impose that the
curvature be bounded from below in order to avoid pathologies. To show that
complete minimal surfaces of bounded curvature are unbounded is a much easier
task. In fact, several techniques are available to deal with the more general
situation of complete submanifolds whose scalar and mean curvatures are
bounded. In this respect we refer the reader to [4] and [5].

In this paper we study the placement of complete minimal surfaces in IR* by
looking at their convex hulls. The following is a sharp version of Theorem 3 in [4].

Theorem. The convex hull of a complete non-flat minimal surface of bounded
Gaussian curvature is R

The example in [3] shows, of course, that this theorem is no longer true if we
drop the assumption on the curvature.

Having stated our geometric results we now turn to the description of their
proofs. Our theorem is a consequence of the Marcinkiewicz-Zygmund-Spencer
theorem (M-Z-S, for short);see [ 11, p. 207]. This is a classical result in the theory of
boundary behaviour of analytic functions in the unit disc, also known as the area
theorem. We recall that the local form of Fatou’s theorem [ 11, p. 199] asserts that
the non-tangential limits of an analytic function on the unit disc exist a.c. if and
only if the function is a.e. non-tangentially bounded. The M-Z-S theorem provides
another criterion for the existence of these limits. They exist a.e. if and only if for
almost every point it is possible to choose a triangular neighborhood with vertex at
the point whose image by the function has finite area. In actuality, Spencer [9]

712
proves that finiteness of | ﬁ% for a.e. @ and h meromorphic implies existence
Te

a.c. of the non-tangential limits. This integral represents, up to a factor, the area in
the Riemann sphere of the image of the triangular neighborhood T;. An important
point of Spencer’s argument is to uniformize the situation by making a certain
geometric construction that produces a simply connected domain of rectifiable
boundary. Composition with a conformal map between this domain and the unit
disc gives a function whose characteristic is bounded. The result then follows at
once by an appeal to a classical result of Nevanlinna.

Closely related to the problem treated here is a question posed by Chern [1]
and solved by Jones [2] using a gap series and Fefferman’s theorem on the duality
between H! and BMO (see also [ 10, p. 690]). As a consequence, it is possible to find
complete minimal surfaces that are bounded in R*.
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Finally, we would like to record that work on this paper was begun at the
Institute for Advanced Study during the academic year 1981-1982.

2. Proof of the Theorem
We shall need the following lemma [4, p. 79]

Lemma. Let M, M be Riemannian manifolds, M complete and I : M — M an isometric
immersion with bounded second fundamental form. Then, for each p € M there exists
a closed ball B(p) such that all connected components of 1~ '(B(p)) are compact.

Suppose, by way of contradiction, that the theorem is false. This means that
there exists a surface I: M —IR? of the type described, with I(M) contained in a
half-space. There is no loss of generality in supposing that the half-space is the
region z>0. By passing to the universal covering it may be assumed that M is
simply connected and, as explained in the introduction, that the immersion is
conformal and harmonic. By the uniformization theorem M is either C or D. Since
I, is a positive non-constant harmonic function the second alternative must
prevail. The curvature ¢ can be computed in terms of the functions f and g in
Weierstrass representation by the formula [8, p. 76]

[t ]
L/1(1+1g1%)?

By hypothesis we have for some C >0

AT < g
(1 +lgP)* =
Setting h=g? and T, a triangular region with vertex at ¢'® as in the M-Z-S
theorem (see the introduction) we have

I 2,12

——— <4C

Ly S4€ 11

By the M-Z-S theorem, h will have non-tangential limits a.e. provided the integral
on the right is finite a.e. Again, this follows from M-Z-S since I;=a;+Re| fg is
positive. Next, we shall prove that the non-tangential limits exist for I, and I,. The
argument for I, runs as follows. It is required to show ] 1PN —g** <o ae.

Finiteness of this integral is equivalent to that of j 1f] lql2 at the points 6 where g

has a non-tangential limit other than 0, 1, oo and — 1 It follows from what has been
said about h and the Privalov uniqueness theorem [6, p. 84/85], [11, p. 203] that
the last set has full measure (g constant means that the surface is a plane). The
function I, can be treated similarly. From this point on the proof follows that of
theorem 3 in [4]. Let then 0 be a point for which lin} I(rey=a;exists (j=1,2,3)

and let p=(a,.a,.as). It is not possible to find a ball B,(p) satisfying the
conclusions of the lemma. Indeed, no matter how small ¢ is, the set 1~ '(B,(p))
contains a segment {re’’,b<r<1}. In particular, the connected component
containing it is non-compact. This concludes the proof.
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Let V CIPy (with n>3, K an algebraically closed field) be a reduced irreducible
nondegenerate variety of dimension d >0 and of degree s, and let L be a generic
linear subspace of dimension m=n—d of P". Then, it is well known (see, e.g. [7,
(2.13)]) that the section VL consists of s points in general position in L, i.e. such
that no m+ 1 of them lie on a hyperplane of L. Moreover, if V' is arithmetically
Cohen-Macaulay (i.e. such that its homogeneous coordinate ring is Cohen-
Macaulay) and the graded ideal I(V nL) of VN L is generated by its homogeneous
components of degree <t, then the ideal I(V)is also generated by its homogeneous
components of degree <t (see, e.g. [4, Lemma 3.6(c)] or [1, Lemma 5.1]). So, in
order to get bounds for the degrees of the defining equations of V, one is led to
study the ideal of a finite set of points in general position in IP". Now, following this
approach and in particular by using an old argument essentially due to Petri [15]
and developed by Saint-Donat [ 16, 17], recently Treger has shown [20, Theorem
1.1] that “the ideal of any s points in general position in P", with s<tn (t=2), is
always generated by forms of degree <t”.

The aim of this paper is to extend and improve the above-mentioned result.
This is done by our Theorem 1.2 (whose proofisolates the essence of some classical
arguments used in [20]), which moreover enables us to give some new results
about certain classes of arithmetically Cohen-Macaulay varieties.

All varieties are reduced irreducible algebraic K-schemes, where K is an
algebraically closed field. We are forced to assume char K =0, since no proof of the
validity in characteristic p > 0 of the General Position Lemma (see, e.g. [ 7, (2.13)])
seems to be available. Also, we shall write “V is a CM variety” in place of “V is an
arithmetically Cohen-Macaulay variety”. Finally, if P, ..., P, are any s distinct
points in P} with homogeneous coordinate ring, say, 4= @®A4; (i=0), we shall
denote by {b,}; ¢, With b; =dim A4,, the Hilbert function of 4 or equivalently, the
postulation of Py, ..., P..

*  Supported by Consiglio Nazionale delle Ricerche. This author would like to thank the

Mathematics Department of the University of Rome “La Sapienza™ for their kind hospitality
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1. The Main Result
We first recall a well-known fact (see, e.g. [5, Proposition 1.1(3)]).

Lemma 1.1. Let A=®A; (i=0) be a I-dimensional graded Cohen-Macaulay ring,
where A, =K is any infinite field and A is finitely generated as a K-algebra by A, .
So, we can write, say, A=K[X, ..., X,;11/1, where I is an unmixed homogeneous
ideal of height n. Then, if t denotes the least integer for whichdimy A,=dimgA4, _,
the ideal 1 is generated by its homogeneous components of degree <t.

Theorem 1.2. Let Z be a finite set of s points in general position of Py (s>n=2)and
let S, denote the ideal sheaf of Z in IP%. Let t denote the least integer > 1 such that:
(i) H'(IP",.# ,(1))=0, and
(i) H'(IP", #,(t—1))=0 for every subset U of Z consisting of s—(n— 1) points.
Then the ideal I(Z) of Z in the polynomial ring K[ X {, ..., X,,+ 1] is generated by
forms of degree <t.

Before giving the proof of our main result, we shall deduce from it Treger’s
statement mentioned above.

Corollary 1.3 [20, Theorem 1.1]. Let Z be a finite set of s points in general position
of Py (s>n=2),withs<tn,t>2. Thenthe ideal I(Z) of Z is generated by forms of
degree <t.

Proof. Start from the exact sheaf sequence
0 F5(1) > Opn(t) > O4(1) >0,
and consider the exact cohomology sequence:
0 HO(S4(1)) = HO(Opn(1)) > HO(U,(1)) > H' (S (1)) 0.

Since dimg H(0,(t)) =s, we get that H'(.#,(t)) =0 if, and only if, the points of Z
impose exactly s independent conditions to the linear system |Op.(t)]. Hence,
condition 1.2 (i) is satisfied (see, e.g. [7,(2.13)] or [12, Lemma 2.17). Similarly, since
inourcases—(n—1)<(t—1)n+ 1, we get that condition 1.2 (ii) is also satisfied. So
the corollary easily follows from Theorem 1.2.

We now turn to our main result.

Proof (of Theorem 1.2). First of all, from condition (i) and Lemma 1.1 above, it
follows that the ideal I(Z) is generated by forms of degree <t+ 1. So, in order to
prove the theorem, it is enough to show that every form of degree t + 1 in I(Z) lies in
the ideal generated by all forms of degree t vanishing at Z.

Write Z={P,,...,P,,1,0Q1,-..,Q,}, with r = 1 (note that the ideal of any set of
n+ 1 points in general position of IP" is always generated by forms of degree 2, in
view of Lemma 1.1) and choose homogeneous coordinates (X, ..., X, ) in IP”
so that P,=(0,...,0, 1,0,...,0) for i=1,...,n+ 1. Then, viewing the elements of
H®(O,(t)) as maps from Z to K, we choose r elements Y, (1 Sa<r) of H((,(1))
such that

Y(Q)=1Y(Qp)=0 for p+o, Y(P)=0 for I=isn+1.
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So we may consider X,...,X,., Yi,..., Y. as a base of the K-vector space
HO(04(1)).

Now, put X(Q)=c;, fori=1,...,n+1and a=1,...,r (note that c¢;,#0 for all
i, o since the points of Z are in general position). Then, for each o (1 £« <r) and for

any two integers k,j with 1 £k, j<n+1 and k=j, we define the following linear
forms

Lk, j, o) =, X ;—cj, Xy .

Next we choose forms R, € HO(Opn(1)), 1 £a<r such that ¢(R,)=Y,, where ¢
denotes the natural map H%(Opa(t))— H®(04(t)) [note that ¢ is surjective, in view of
condition (i)].

Then, for any t-tuple (i,...,i) with 1Zi,,...,ii<n+1 and (i,...,i)

+(q.q,...,q), wehave,say: X; -...-X; =3 ¢; ,- ...  ¢; o ¥,. Hence we consider the

following forms of degree t:

f(ils '-'9it)=Xix' 'Xi,—zcila' 'ci,aRa'

It is easy to check that these forms vanish on Z. Moreover, they generate
H°(#,4(1)). In fact, any form F € H°(#,(t)) can be written:

n+1

F= VZ} ﬂlX:+ z X y(ila'-"it)f(i19--"it)+ ;I 6aRa‘

.....

Then, since F=0on Z, we get ;=0 (1<i<n+1)and §,=0 (1Za=r).
Also, foreach =1, ...,r and for any two integers k, j with 1 £k, j<n+1and k
+j, we put: g(k, j, o) = L(k, j,®)R,.

Claim 1. Thesets offorms { f(i;, ...,i,)} and {g(k, j, «)} defined above generate the
ideal of all forms of degree >t vanishing on Z.

Proof (of Claim 1). Clearly, it is enough to show that if we take any form
G € H°(.#,(t + 1)), then G belongs to the ideal generated by the f’s and g’s. Now,
since G(P;)=0 for | <i<n+1, we can write G as follows:

G=X,G,L, where L,e H'(Opu(1)), G,e H*(Op(t)) and G,(P)=0 for
I <i<n+1. Also, since ¢(R,) = Y,, we can choose suitable elements 7,, in K such

that the forms G,— 3 7,,R, lic in H%(.#,(1)). Hence we get:

G=2T(, s i) fiys s i)+ X8R,

where T(iy, ..., i,), S, € H*(Opn(1)) and S,(Q,) =0 for 1 <a<r. On the other hand, it
is easy to check that, for each o, the set { L(k, j, o)}, jgenerates the vector space of all
linear forms vanishing at Q, (since the ¢;,’s are all +0), which proves our claim.
Claim 2. With the above notation, every form g(k,j,«) belongs to the ideal
generated by the set of forms {f(i,...,i,)}.



186 P. Maroscia and W. Vogel

Proof (of Claim 2). Fix any two integers i, i; with 1 <i,, i;<n+1and i, +i;. Then,
for each (t+1)-tuple (iy,....0 ..., j...idpyy) With 150, .04, <n+1 and
(fs oo s ) F gy sy ooesijs ooy B ) F (05, .00 05), we have the following relation:

D CTEN K (TR PRTS AP B CHE A (PPN IR A

=X Xy m 2 G G o X R
=X X 2 GG, WX Ry
=—2Cig iy e Cigene -c,-t“a-g(tk,tj,fx).

. t—1 . . .
Let us consider the [(n +n ) —2] x r matrix whose entries are the coefficients
of the g’s in the above relations [corresponding to all possible (¢t + 1)-tuples], say:

M(ik’ij)z(cha' e ‘éika' cen 'éija' e .Cit-#lﬂ)’

[Note that, in view of condition (ii), we have (n +;— 1) —Zgr.] Now the claim

will follow if we can show that the matrix M(j, i;) contains a non-trivial r xr
minor. We shall prove the existence of such a minor by induction on r > 1, the case
r=1being obvious. So we may assume, by induction, that the first r — 1 rows of our
matrix are linearly independent. Then, suppose that all r x r minors are trivial and
look for a contradiction. At this point we observe that the dependence relations
among any r rows including the first r— 1 rows can be interpreted as (vanishing
relations of) forms of degree t — 1 in n+ 1 variables of the following type, say:

n+t—1
M,-=a,~,1M1+a,-‘2M2+...+ai‘,*1M,_1<r§i§< >_2>,
n
where M, M,,...,M,_,, M, are distinct monomials of degree t—1 in n+1
variables, for any i and moreover the M;’s are all distinct. Hence such forms are
linearly independent over K and furthermore they vanish on the set U=U(j,, i)

—{P,, P, Q,....Q,}. Thercfore we get: dim,Ho(Jy(t—1)2 (’”;‘1}
n+t—1 .
—2—(r—l)=< 0 )—(s—n). On the other hand, from hypothesis (ii) we

. t—1 -
have: dimgHo(SFy(t—1))= <n +n ) —(s—n)—1. So we get a contradiction,
which shows our claim and also concludes the proof of Theorem 1.2.

Remark 1.4. It is easy to check that conditions 1.2(i) and 1.2(ii) are mutually
independent. Moreover, they are by no means necessary conditions too, as the
following example shows. Let Z denote the generic plane section of the irreducible
CM curve CCP} given parametrically by the following equations: X, =s'?,
X,=5%° X,=st'2, X,=t'3. Then, applying the method used in the proof of [3,
Theorem 3], we get that the ideal I(C) is generated by the following quartic forms:
X5—X,X3, X4—X,X3, X3X;—X,X3. Hence one easily gets: H'(.#,(4))%0 and
H'(#4(3))=+0 for any subset U of Z consisting of 12 points.



Points in General Position in P 187

2. Some Consequences

Our first application of Theorem 1.2 concerns some special sets of points in Pk
(nz2).

Definition 2.1 [2, 5, 6]. A set Z of s points in IP" is said to be in uniform position if it
has the following property:

(*) if {b;};>o denotes the postulation of any subset of Z consisting, say, of r
points (r<s), we have:

bi=min{r,(l:n>} forall i=0.

It is worth observing that the above notion turns out to be a special case of the
more general notion coming out from Harris’ Uniform Position Lemma [10,
p. 197]. Also, points in uniform position have been studied in [5] in relation to the
following problem: “Does there exist a non-empty Zariski open set in (IP")°
consisting of s-tuples of points in [P” for which the minimal number of generators of
the corresponding homogeneous ideal is a constant, explicitly computable in terms
of nand s?” An affirmative answer to this problem has been given in [5] for n=2,
while for n = 3 the problem is still open, in general. The following corollary, among
others, provides a solution to the above problem in some special cases (see also

[12]).

Corollary 2.2. Let Z be a set of s points in uniform position in P" (n=2), with
<d_’11+"> <s< (d_}f") =1, d=2.
Then the ideal 1(Z) is generated by forms of degree d.

Proof. The corollary is an immediate consequence of Theorem 1.2. The only thing

) d—1 d-2
one has to observe is that for any n,d =2 we have: ( n+n> — ( n+ n> =>n.

The next two corollaries contain some improvements of Treger’s result [20,
Theorem 1.1], under some additional assumptions.

Corollary 2.3. Let V CIPY (n=3) be a nondegenerate CM variety of codimension
h=2 and of degree s=th+ 1, with t 2 3. Suppose that the generic section VAL of V
with a linear subspace L of P" of dimension h does not lie on a rational normal curve
of L.

Then the ideal I(V) of V is generated by forms of degree <t.

Proof. Since V is CM, it is enough to show that the ideal I(V L) of VL is
generated by forms of degree <t. To this end, we apply Theorem 1.2 to the s points
of VL (which are certainly in general position, in view of the General Position
Lemma). Indeed, condition 1.2(i) is clearly satisfied (see, e.g. [7, (2.13)] or [12,
Lemma 2.1]), while condition 1.2(ii) easily follows from Harris’ Uniform Position
Lemma (cf, e.g. [11, Lemma (3.4)]) together with Bertini’s Theorem (cf,, e.g. [18,
p.147, Lemma 11]), and from Castelnuovo’s lemma (cf,, e.g. [11, Lemma (3.9)]).
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Remark 2.4. Corollary 2.3 above actually improves Treger’s result [20, Theorem
1.1], as is shown by taking, for instance, any nondegenerate CM curve of degree 7
in IP3, lying on an irreducible cubic surface.

Corollary 2.5. Let V CIPy (n=3) be a nondegenerate CM variety of codimension 2
and degree s, and let [(s—1)/2] denote the integral part of the rational number
(s—1)/2. Then:

(1) If V does not lie on a quadric hypersurface and s>8, the ideal I(V) is
generated by forms of degree <[(s—1)/2].

(2) If V does not lie on a cubic hypersurface and s> 16, the ideal I(V) is
generated by forms of degree <[(s—1)/2]-2.

Proof. (1) Clearly, we are led to consider the ideal of a suitable set of s points in
general position of IP% not lying on a conic. Let {b;};», denote the postulation of
such points. We distinguish two cases: -

(1a) s=2t+ 1. In this case, we get (see, e.g. [12, Lemma 2.1 and Theorem 2.3
(O)): b,=s, b_; 22(t—1)+2=5—1. Now, if b,_,=s, we are done, in view of
Lemma 1.1. Otherwise, if b,_; =s— 1, the conclusion follows immediately from
Theorem 1.2, in view of the Uniform Position Lemma (cf. [11, Lemma (3.4)]).

(Ib) s=2t (t=5). In this case, we get (see, e.g. [12, Lemma 2.1 and Theorem
2.3(1)]): b,_, =s and moreover b,_, =2(t—2)+ 3 =s— 1, since our s points (s= 10)
are indeed a plane section of V' and consequently they lie on at most one plane
cubic. So, by arguing as in case (1a) above, we are done. This completes the proof of
statement (1).

(2) We have to consider now the ideal of a suitable set of s points in general
position of IP% not lying on a cubic. Let {b;};>, denote the postulation of such
points. We distinguish two cases: -

(2a) s=2t+ 1. In this case, since b, = 14 (note that s> 16), we get (see, e.g. [12,
Lemma 2.1 and Theorem 2.3 (1)]): b,_,=s and b, _;=2(t—3)+6=s5—1. So.
arguing as in case (1a) above, we are done.

(2b) s=2t (t>28). In this case, we have again: b, = 14.

Also (see [12, Lemma 2.1 and Theorem 2.3 (1)]) we get: b, _y;=sand b, _,=2(t—4)
+6=s—2. Now, we may assume b, = 14 (if not, we have necessarily b, _,=s—1.
which concludes the proof, as before) and also b, ,=s—2. Hence, from [I1.
Corollary (3.5)] we have: t <9. So, it remains to consider only the case of 18 points
with postulation:

1 3 6 10 14 16 18 18

But this case is easily ruled out, either using the so-called Cayley-Bacharach
theorem (see, e.g. [8]) which implies that by =17 for any such set of 18 points ot
also by liaison (see, e.g. [14, Lemme 3.5]), since our 18 points are linked to twe
distinct points. This completes the proof of Corollary 2.5.

Remark 2.6. Perhaps, it is worth observing that if C is any nondegenerate curve in
IP3, then, in view of some work done by Castelnuovo (see [9]), the ideal I(C) of C is
generated by forms of degree < degC — 1. Also, E. Davis pointed out to us a purely
algebraic proof of Corollary 2.5.

We shall end the paper by stating a problem which is motivated, among others.
by some recent work by Ooishi [13].
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Problem. Let V CIP} (n=3) be a nondegenerate arithmetically Buchsbaum variety
and let i=i(A4) denote the invariant of the local Buchsbaum ring A4 of the affine
cone over V at the vertex. Is then Theorem 1.2 still valid, by replacing the upper
bound t by t+i?
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On the Second L-Functions
Attached to Hilbert Modular Forms

Shin-ichiro Mizumoto

Department of Mathematics, Tokyo Institute of Technology, Oh-okayama, Meguro-ku,
Tokyo 152, Japan

Introduction

We present new proofs of properties of the symmetric-square zeta functions
attached to Hilbert modular forms by using Fourier expansions of the Poincaré
series and sums of Kloosterman sums. This is an affirmative answer to Zagier’s
question [23, pp. 141-142] [see the remark after (0.2) below].

We sketch our result in the elliptic modular case. Let

f&)= £ alme(nz)

be a normalized Hecke eigen cusp form of weight k with respect to SL(2, Z). Here k
is a positive even integer, Z the ring of rational integers, e(x) =exp(2nix), and z a
variable on the upper half plane . For a complex variable s with Re(s) > k, we put

Lys. )=TT —ozp ") '(I=a,Bp ) "(1=Pop )",

where p runs over all prime numbers, and complex numbers «,, §, are taken such
that o, + f,=a(p), «,f,=p* '. By Shimura [16] and Zagier [23], Ly(s, f) is
holomorphically continued to the whole s-plane. For elliptic modular forms g and
h of weight k such that gh is a cusp form, we put

— . dxd
@h= [ gy
SL(2,Z\$ y

(z=x+1iy)

(the Petersson inner product). By Sturm [21] and Zagier [23], the values of
Ly(m, f)/n*™ **1(f, f)for even integers m with k <m <2k — 2 belong to Q(f), the
totally real algebraic number field generated by the eigenvalues of all Hecke
operators on f over the rational number field Q, i.e. Q(f)=Q(a(n)n=1).

To prove these results, Zagier [ 23] calculated explicitly the Fourier coefficients
of the unique cusp form &, with the property

I(s+k—1)

(P, f)=CkW

Ly(s+k—1, 1)
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( _ 1 )k/ZTC
X2 3%k—1) 2
Re(s)> 1. As a by-product, the explicit form of the Fourier expansion of &, yields a
formula for the traces of Hecke operators (Zagier [23]).
Now let

for all normalized eigen cusp forms f of weight k. Here C,= nd

G,(z)=% 3 (cz+d)-*e<r.fﬁi’32>

(c,d)eZ2 CZ+d
(c,d)=1

be the Poincaré series with 0<reZ and ze $, where a,, b, are any integers
satisfying aod —boc=1. By

 (k-2)!
(£G)= (4_7”),(7 1 a(r)
and
LyGs, f)={(2s—2k+2) i a(nn,
we have

- I's+k—1) & h1-
=C e (2 k175G, )

s k(4n)sr(k__l)l( S)ng‘ln Gn (0 1)
The right-hand side of (0.1) converges uniformly and absolutely on any compact
subset of {(s,z)|Re(s)>1,ze H}. Here the Fourier expansion of G, is given as
follows:

0

k—1
2 » ] 4 -
G(2)= 3 {«5,,,..+2n<—1>"f2 <T> C X Kdrm, ( Wrm)} e(mz),
m=1 r c=1C c
(0.2)
where 9, ,, is the Kronecker delta, J, _, the Bessel function of order k—1, and

K(rm— ¥ e(fx_t_C"zL>

xmodc
(x.0)=1

[x ! denotes an integer such that xx '=1 (modc)], a Kloosterman sum.

Zagier [23, pp. 141-142] asked whether it is possible to obtain the above
results on L,(s, f) (holomorphy, special values) by calculating the Fourier
coefficients of &, directly from (0.1) and (0.2). In this paper we show that this can
actually be done; so we give new proofs, not depending on the “Rankin-Selberg
method”, of these properties of L,(s, f). Main ingredients of our computations
are:

(a) Investigation of properties of the integral:

| cos2mlx)x 5J, _ 1(477:]/Ex)dx .
0
(b) The following equality containing sums of Kloosterman sums:

Sty Kc(rZ,m)e(l?r> ={(25) ' L(s, 1>~ 4m)
c=1

rmodc
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with I, me Z. Here [23],
{2s—1) if P=4m,

Lls, = dm) = L(su(?))dz”u(d)@)d-wzxfd*) i F o dm
da>0

in the latter case, we write [* — 4m = Df? with a positive integer { and a discriminant
D . .
D of Q(f) < > is the Kronecker symbol, L( <*)> the associated Dirichlet

L-function, i the Mdbius function, and g, (m)= Y d" (0<me Z,veC, where C is
the field of complex numbers). s

Our method also applies to Hilbert modular forms for a totally real number
field of class number one in the narrow sense, so we treat Hilbert modular cases
hereafter. (A generalization of the method of Zagier [23] to Hilbert modular cases
is treated in Takase [22].)

The author would like to thank Professor N. Kurokawa for encouragement.

1. Hilbert Modular Forms: Statement of Results

Let F be a totally real number field of degree g over Q with the class number one
in the narrow sense. Let FV, ..., F® be the conjugates of F over Q with F'V=F.
The image of an element ae F under F—F"Y is denoted by a¥. For a,be F, we
write a>b [or a2 b] if a¥>bY' [or a¥' = bV ] for j=1,...,g. Let € be the ring of
integers in F, d the different of F/Q, and d(F) the discriminant of F/Q. By the
assumption we have d=(d) with §>0. We denote by (" the group of units in O,
and put 0 ={ie 0]1>0}. Note that

O =(0"V={A?lAe 0} (1.1)

since the class number of F is one in the narrow sense. For a positive integer k, let
M (SL(2, ®)) [or S,(SL(2, ®))] be the C-vector space of the Hilbert modular [or
cusp] forms of weight k with respect to SL(2, ().

et f@= X akitr(rz) (12)

<ved

be a normalized Hecke eigenform in S, (SL(2, (")), where z=(zy,...,z,)isa variable
on $? the product of g-copies of §, and tr(vz)= Z Wz so a((”)—l and T(m)f
=a(m) f for all non-zero integral ideals m of (. By Gundlach [6],

kot
mm:dwmi4ﬁ (1.3)
for any ¢>0 as N(m)—co. For g, he M,(SL(2, 0)) such that gh is a cusp form, we
put
(g.h)= (25@\ g(2)h(z) Im(2)*dp(z),

dxd
where Im(z) = ]_[ y; and du(z) = H al y,

i=1 j

if z=(zy,....2,)

and Zj=X;+1iy;
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For Re(s)>k+4 we put
Ly(s, =TT —=ogN®) ) (1=, f,N(p) %) "(1=FNEp) %) 1,

where the product is over all non-zero prime ideals in (", and «,,, 8, € C are taken so
that o, + f, =a(p) and a,f,=N(p) .

Now we state our results. Our method of proofs is entirely different from the
known ones, and gives an affirmative answer to the question raised by Zagier [23,
pp. 141-142].

Theorem 1. The notation being as above, suppose f€ S (SL(2, ")) is a normalized
Hecke eigenform of even weight k=4. Put

s =22 m o (24 e,

Then, A,(s, f) has a holomorphic continuation to the whole s-plane and satisfies the
functional equation

Ay(5. )= A2k =1 =5, f).

Theorem 2. Let f be as in Theorem 1. Then, for each even integer m such that k <m
<2k—2, we have:

[Ly(m, )/ @m 0, )] = Ly(m, f)/n 3™ 5 D(f, f7)
Sor all ¢ € Aut(C). In particular, L,(m, f)/m?™**V(f, ) belongs to Q(f).

Here Aut(C) denotes the group of all ring automorphisms of C. Each
o € Aut(C) acts on f with a Fourier expansion (1.2) by

fr@= T aye(z).

S VE

We denote by Q(f') the totally real algebraic number field generated over Q by the
cigenvalues of all Hecke operators on f.

Theorem 3. The notation being as above, let k be an even integer =4. For each
0<ve, the trace of T((v)) on S,(SL(2, ) is given as follows.

(1) If F#Q, then:
h(F()/ 1> —4v)) i
T =(—1) Neope (1, —J/—N 1 —y(p)N(p) !
tr(T((v)))=( )'%gv 0(Pi, 1 ( v))w(F( m));” (°)},_,!( 2(PIN(p) 1)

k2 3/ k-1
INpiolv) * d(F)? <(2n)2> (r2)

if (v) is a square of an integral ideal of F, (1.4)

+

0 otherwise.

Here Npo:F—Q is the norm map, p.,(l,v) the coefficient of x*"? in

(1—=Ix+vx*)1; h(F(l/.l_2 —4v)) the class number (in the wide sense) of the number

field F()/ I —4v); w(F(|/ 1> —4v)) the number of roots of unity in F(|/ > —4v); { the
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Dedekind zeta function of F; if we write (1> —4v)= d(F(]/Tz_v— 4v)/F)j? with an
integral ideal | where d(F(]/l2 —4v)/F) is the relative discriminant of F()/I> —4v)/F
(existence of suchf is proved in § 3 below ), ¢ runs over all integral ideals of F dividing
f, and p runs over all prime ideals of F dividing ¢, x is the Hecke character associated

with the quadratic extension F(|/I? —4v)/F.
) If F=Q, then-

hQ(/ 1> —4v
CTN == 5 pod) SV =D s (- )
leZ

wQ(/P—4v)) (5T vl

k=2 (L.5)
‘% ) mmwﬂvﬂ+{vzlf'fvmawwm’
0tz 0 otherwise .

Theorem 3(1) is a special case of the formula of Selberg-Shimizu [15], and (2) is
the formula of Eichler-Selberg-Zagier (cf. [23]).

The rest of this paper is devoted to the proofs of Theorems 1-3. We note that
our method does not use the “Rankin-Selberg method”, on which most of the
known proofs (of Theorems 1 and 2) are based.

Remark I. (i) A representation theoretic proof(using the Rankin-Selberg method)
of Theorem 1 is done in Gelbart and Jacquet [5].

(i) Theorem 2 for m=2k —2 was obtained by the author [13] as an application
of the explicit formula for Fourier coefficients of the Eisenstein series [ f] of degree
two attached to f in the sense of Langlands and Klingen for Hilbert-Siegel
modular groups.

2. Sums of Poincaré Series

For an even integer k=4, the Poincaré series are defined by

G (2)= ! > N(Cz%-d)"e<tr<E . aoz+b0>>

z(c.d)e("2 0 CZ+d
(c.d)=1

with O<puel, z=(z,....,z,)eH’; here aybye are chosen such that
ayd—byc =1, the summation is over all last rows of the matrices in SL(2, (),

N(cz+d)= ]gl (cV'z;44dY),
i=1

and

apz+by  (az,+by)  af’z,+bY c g
cz+d Wz +d” 77 Wz, 449 )

For c,d e 0, we mean by (c, d)=1 that Oc+ Od = 0. We note that our G, is the half
of G_(z,1,1,SL(2,0),/8) in MaaB [11] and Gundlach [6], and belongs to
S(SL(2,®)). As in MaaB [11, §5],

(/.G =Npio(w)' ~*d(F)*~V2(4m)' "I (k—1))*a(() - 2.1
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[Note that this value is different from that of MaaB [ 11, (152)],since E, in [11,(16)]
is not contained in SL(2,().] The Fourier expansion of G, is obtained by
Gundlach [7, Satz 3] (with some errors; the correct form in our case is as follows):

Gu(Z)zo ) 0[5(,1)_(\:)'*'(”‘ l)gk/zzér lngd(F)_ tz 2 N(x) !

<ve O*ael

k-1 e
W g anl/ D v
JV<-) KAVJUITch—l(—%égﬁr—>}e<ﬁ<52>>, 2.2
H j=1 o

where d,, ,,=1 or 0 according as (u)=(v) or (1) % (v), N =N, o, and

Vx4 ux ‘>>
K, (v, )= eltrl — > )].
a( ﬁ) i“m:;)d_("’l) < < oo

xel

[x~' is an element of (" such that xx~'= l(mod(«)).]
Concerning the infinite sum with respect to 0% o € (" in the right-hand side of
(2.2), we have

Lemma 1. For any £>0, there exists a positive constant C depending only on F, k.,
and & such that

-1

k [
B W g 4n‘/ iyt
o [N@ 1N<,I> K,(v, u)jIzTl Ji ( S
E - L +¢& é - 5— +&
<CN(v)? + N@w* 2 . (2.3)

Proof. The left-hand side of (2.3) is invariant if we replace u by uA? with A e ¢ * [cf.
(1.1)], since one checks easily that

K- 1(v, )= K (v, uA?). (2.4)

So we may assume C; 'N(u)'?<u <C,N(w)'"® with some constant C, >0 for
j=1,...,9 as in Gundlach [6, (36)]. Next, in the proof of Satz 2 in Gundlach
[6,§2], replace 2,2, there by the summations over N(e,)< N(uv)'/?, N(e,)
> N(uv)''?, respectively. Then the rest of the proof is similar to the proof of Satz 2
in Gundlach [6,§2].

We put

¥(2)= ?ﬂ:) NBY ! *Gpa(2). (2.5)

0<pe0

where the summation is over all non-zero integral ideals (f) with 0 < f € . By (2.3),
the right-hand side of (2.5) converges absolutely and uniformly on any compact
subset of {(s, z)|Re(s) >3, ze H7}, so ¥,(z) belongs to S,(SL(2, ©)) for each s with
Re(s)>3. [This fact may also be proved as follows: Let f,, ..., f,, be a basis for
S(SL(2,0)). By (2.1) we have

G” :d(F)k~(1/2)((4n)l Akr(k_ 1))q ﬁn: aj((;u)) 1

ZNGE
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where aj((u)) is the Fourier coefficient of f; at (u). Combining this with the
estimation (1.3) which is valid for all cusp forms in S,(SL(2, ¢)), we have the above
assertion on the convergence of (2.5).] For Re(s)>3, let

Y= 3 b, S)e<tr<%; z)) (2.6)

O0<ve(

be the Fourier expansion of ¥ (z). By (2.2) and (2.5) we have

br.s)= % N(ﬁ)"”[%h.(vﬂr(— 19228 Lnsd(F) 12

0<£ﬂ}e(’

k-1

v\ 27 g 4Tt[)'m v
2 s v (50

By (2.3), we interchange the order of summation to obtain

k-1
b(v,s)=(—1)%/229" 1n9d(F) "2N(v) 2
g 4P/ D
sy {N(/ﬂwwr'&(u P (L ”)}

oiFee T 5D
0<peC
k-1-s
+ [N(v) 2 if (v) is a square of an integral ideal of F,
0 otherwise . (2.7

Observe that that the statement “(v) is a square of an integral ideal of F™ is
equivalent to “v=a? for some a € (", by (1.1). So, hereafter we say that (v) (or v)is a
square if this condition is satisfied.
We put a=a, A, where («,) runs over all non-zero principal ideals in (" with
0<a, € and 4 over all the elements of ¢'*. Then by (2.4) we obtain
p Gy /i
S X NGB N K T (“f%)

O+ac® (B)
0<peC

[ () , ()
= Z Z N((ﬂ))—qN(O()‘ ]Kd(v’ [32) I?I Jk*l M) (28)
@ o#pec Fa SUlh
0<ael

We write the right-hand side of (2.8) as S. For xe (" we put

g A7)/ v | x )
A =INGI T U, (%{NJ—)‘) . 29)
j=1 o
Now suppose that
3<Re(s)<k—1 or s=k—1. (2.10)

Then

0 if Re(s)<k—1.
A(0)={<(2n)k"‘>"N(W>“ it s=k—1,

(k) o
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and
S= X ¥ N 'K, AP~ Z N(2) ™ 'K,(v,0)A(0)
0<£a;z)e(f pet O<aet’7
=3 X N 'Ky X AP
0d (0(;)E ymod (a) B= yl(}neuzrd(a))

Qu) Y kL
—5s.k1(—r(1:)'"> d(F)! "*N(v) 2 Z N(@)™K,(v,0)  (2.11)

0<ae(”

for s in the region (2.10).

Lemma 2. For each 0<ve (' we have:

5 NG K 00= T4 212
Cp(k)
0<ae(r
where a((v))= 3. N(a)® with a running over all integral ideals of F dividing (v).
al(v)

Proof. Note that X
K,(v,00= > e<tr <~>> (2.13)

:txm:)dial) S

is multiplicative with respect to « in the following sense (cf. Proof of Proposition 2
in § 3 below):

Y N *K,(v,0)= H( i N(p)‘""‘Kgm(v,O)) (2.14)
() p \m=0
0<ael

Here p =(g) runs over all non-zero prime ideals of (/. For each p =(g), let b be the
p-order of v, i.e. p?|v and p®* ! ¥v. Then by (2.13) we have

p(p™ for m<b,
m(1,0)=1—=N(p)’ for m=b+1,
0 for m=2b+2,
where ¢ is the Euler’s function for F. Substituting these values in the right-hand
side of (2.14), we obtain (2.12).
Next we compute > A(P) with y,a fixed. By (2.9),
o > '

B =v(mod (2))
Be@
~E
N (“+ &) )
(2.15)

This summation converges absolutely and uniformly for 3<Re(s)<k—1, and
converges absolutely also for s=k— 1. This follows from the fact that (2.15) is a
partial summation [+ A(0) if y=0(mod(«))] of (2.8). Putting

' ) (2.16)

X; + 'u(J)

)
,-+Y’

S 9 4]/ v
UJkﬂ(’aT,) ,“”

> A(ﬁ)=IN(d)l“‘”s@

B= VémOd (@)
€0

4]/ vV

B()= X ING+1* IT i ( 50
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with a variable x=(x,, ..., x,) on R? (the product of g-copies of the field of real
numbers R), the right-hand side of (2.15) is expressed as

|N(O€)l SB())(”/OC“), - y(g)/a(g)) .

For each s in the region (2.10), the right-hand side of (2.16) converges absolutely
and uniformly on ., a compact subset of R? whose elements form a system of
representatives for RY/@ [as an additive group; we consider (¢, R? via
a—(a'V, ..., a9)]. For the proof, see Lemma 3 below. Let

B(x)= 120 ce (tr <é x>>

be the Fourier expansion of B(x). The Poisson summation formula yields

n Il v.s) (2.17)

1/(?)
+ (J) )
Ilv,s)= | e< - >|‘c| - 1(4HWI¥jI>dX

5(1) X; 5(1)

27l L U)

These procedures are jsutified by the following

with

=2 { cos
0

Lemma 3. (1) Let . be as above. Then the right-hand side of (2.16) converges
absolutely and uniformly on {(x, s)|x € &,1 <Re(s) <k —1}. Moreover, fors=k—1,
it converges absolutely and uniformly on & .
g
(2) The summation 3 T1 1l v,s) converges absolutely and uniformly for
leC j=1
L<Re(s)<k—1, and converges absolutely also for s=k—1.

Proof. (1) Let wy, ..., w, be an integral basis of F, i.e, O = (—D Zw;. Writing

J=

Xj=

s

)
Vijoi

1

for each x=(x,...,x,) € &, we may suppose |y;| <C, for all i,j with a positive

constant C,. We put
-s 471/ yW
(T )|

g

h(ty, ... t;;0)=T1 H 3 (1 +yu)co‘”

j=1

g

()(]) Z (T +yu)(um

SO

B(x)= Y  h(imy,...,myx).

my,....mgeZ

Fix any 0<g <1 and put

| for |u/<1, ueR,
dw:{
|ul

o

2 for |u>1, wueR.
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Since
xS (ax)=0(x"ReW~U2) a5 x00,
and
xS ((@ax)=0(* "1 RE) as x40 (a>0),

there exists a constant C,>0 with the following property: If m;<t;<m;+1
(j=1,...,9) and xe ¥, we have

g g .
lh(m,, ..., m; x)|<C, [1 r< > nw%”)
i i=1

ji=1
for i+ o <Re(s)<k—1—0 or s=k—1. For such s, we have

+ o

> Jh(my, ... .m;x)SC, f TO Il r<2 t(u‘”)dt1 Ldt,. (2.19)

my,...,mgeZ —o0 j=

Changing the variables by u;= Z 1,0, we see that the right-hand side of (2.19) is
equal to

Q ..... ]_[ fr(u)du <.
F)_] 1 —o

This proves the assertion (1).
(2) Putting I,(I,v,s)=1I(l,v,s), we have I(lv,s)=I(1",vY s). For
A J
1 <Re(s) <k, by Erdélyi et al. [3, 1.12, (13)],

1-s W (ks
27\ 4T '\ k—s = k+s 1 P
- F( Sy fms > it P<dy,

2 2 7274y

I(Lv,s)=
k—1 s—k
< L/v> <7rg|> r(k—s)cosG(k—s))
(k)
k—s k—s+1 4\
. F<~2§, . ,k;-lzl> i P2y, (2.20)

where F(a, b; c; z) is the hypergeometric function. Thus I(t, v, s) as a function of t is
bounded for all teR and I(t,v,s)=0(|t|***® %) as |t|>oc0. (To obtain these
estimations we do not need (2.20), but we use (2.20) later; cf. §4 below.) Supposc
3+0=Re(s)Sk—1—owithO<o<1.Then,ifm;<t;<m;+1(j=1,...,g) we have

g S
[< > m,-wﬁl), v(”, S)
i=1

with some constant C; >0, in the notation of the proof of (1). The assertion (2) for
1 <Re(s)<k—1 follows from this as in the proof of (1). For s=k— 1, we see from

g
(2.20) that [T I,(1,v,k—1)=0 unless [> <4v. This completes the proof of Lemma 3.
i=1

g
11
Jj=1

=C; ﬁ r( i li‘”ﬁ”)

ji=1 i=1
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By (2.15) and (2.17) we obtain

> AP)=d(F) '"?IN(@)| *Y {lgI I, s)}e(tr(;%)). (2.21)

£ =y(mod(a)) le0 (j=1
Be0

Note that each I(l,v,s) is independent of o, 7. Thus in (2.11) we next compute

S No 'Y Ka(v,yz)e<tr<bi>). (2.22)

() ymod (a) oo
0<ael

In the next section we shall prove that (2.22) is expressed by the zeta function of the
field F(]/1>—4v).

3. Zeta Functions Associated with Quadratic Forms over F
Let F and O be as above. We put
= {b*—4acla,b,ceC}.

A= {<bt/12 bf)

The group I'=SL(2, 0) acts on 2(4) by
T-M="MTM (Mel,Te2(4)),

For 4 €2, we put

a,b,ce(;
b*—4dac=A}"

where ‘M is the transpose of M. Next, let

o e () + ol

A
where the equivalence relation <m1> ~ <m2> is defined as <m1> =< m2> for

n, n, 1, An,
some A€ ®*. The group I acts also on X by

xoM=M"'x (Mel,xeX),

where the product on the right-hand side means the usual product as matrices.
Following Zagier [23] (where the case F=Q is treated), we define {;(s, 4) as
follows:

(s, )= > 3 N(T[x]) . 3.1

T:2(MT x:X/T'r
T[x}>0

Here T runs over a complete system of representatives for 2(4)/T’, and x over a
complete system of representatives for X/I; such that T[x]='xTx is totally
positive where I ={M e I'|'T>- M =T}, and s is a complex variable with Re(s)> 1.

Proposition 1. Let the notation be as above. Then:

(h Cp(s, A)={p(25) 2 n(@)N(a) °,



202 Shin-ichiro Mizumoto

where a runs over all non-zero integral ideals of F, and
n(a)= # {x mod(2)a|x? = A(mod(4)a)} (# denoting the cardinality).

(2) Lp(s,A) has a meromorphic continuation to the whole s-plane.
(3) Suppose A+0. Writing n,= #{jeZ|1<j<g, 49>0) and

n,=#{eZ|l <j<g, 49 <0},
put

(s, )= IN ol ) d(F)* (nsﬂr @) (0T

Then {g(s, A) satisfies the functional equation

Ve, DCp(s, A) =yp(1 —s, H){p(1 =5, 4).
(4) For A=0, we have {(s, A)={(s),p(2s—1). For 0% A€ &, there exists an
integral ideal | of F such that (4)= d(F(]/Z)/F)f2 where d(F(]/Z)/F) is the relative
discriminant of F (]/Z)/F . With this §, we have

Cp(s, A)=Cp(s)Lg(s, ) % Ha)(@)N(a) oy fa™").

Here y is the Hecke character associated with the extension F(]/Z)/F (soy=1ifAis
asquare), Lg(s, x) the Hecke L-function associated with y, pu the M dbius function for
F, and a runs over all integral ideals of F dividing §.

(5) For each A€ @, put Lg(s,A)={p(s,4)/{p(s). Then Li(s, A) is an entire
Sfunction if A is not a square. If A is a square, L(s, A) is holomorphic except for a
simple pole (of residue 2°"*R(F)/)/d(F) if A=0 and 29" 'R(F)/|/d(F) if A+0,
where R(F) is the regulator of F) at s=1.

The assertion (1) is proved exactly as in Zagier [23, p. 131], and (2), (3), (5)
follow from (4). [Note that d(K) = No(d(K/F))d(F )? for any quadratic extension
K/F]. The equality {z(s,0)={p(s){(2s—1) follows directly from the definition
(3.1). So we prove the assertion (4) for the case 4+0; we give a proof which will be
convenient for explicit numerical computations of f. We need some lemmas.

Lemma 4. (1) Let n(a) be as in Proposition 1(1). Then n(a) is multiplicative, i.e., if
integral ideals a,b of F satisfy a+b=(0, then n(ab)=mn(a)n(b).
(2) For each non-zero prime ideal p of O and 04 € 2, we put

b=ord(4) (ie. 0<beZ withp’|4 and p"*'f4),

l=0rdp(2)’
and
2= 1+ 2[b/2]\ ; .
c=max{teZ|" =4 (modp ) is solvable; .
<21

Then, for each m=0, the values of n(p™) are as follows:
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m n(p™)

0<m<b—2l N(p)m/2
b—2l<m<b-2l+c¢ 8(b/2)N(p)m/21
b—2l4+c<m<bh 8(b/2)x(p)2N(p)m2

m>b 3(b/2)x(p) (1 + x(P)N(p)"?

Here [ ] is the Gauf3 symbol, and 6(x)=1 or 0 according as x is an integer or not.
(Note that l=c=0if pt2.)

Proof. The assertion (1) follows immediately from the definition of n(a). We prove
the assertion (2) in the case p|2; proof in the case p /2 is much easier. f m<bh—2I,
then n(p™) =4#{xmodp'*"|x?=0(modp? *™)} = N(p)™?. Next suppose that
m>b—2l. Then

n(p™) =0(b/2)- # {xmodp' "~ |x2=p P A(mod p*' ")}, (3.2)
where p =(p).

(i) The case m>b

By (3.2), n(p™) & O implies that b iseven and y(p) = 1 (see Hilbert [ 8, Satz 8]). If so, all
the solutions modulo p'*™ @2 of x2=p"%4 (modp**™ ?) are of the form
+x,+0'" " by, ymodp®?, with a fixed x,. Thus

n(p™)=3(b/2)x(p) (1 + x(P)N(p)"* .
(i) The case b—2I<m=b

The congruence x?=¢ %4 (modp?) is solvable if and only if y(p)=0 (Hilbert [8,
Satz 4]). So if b is even and y(p)=+0 (in this case ¢ =2I), all the solutions modulo
pirmCR) of x2=0p""4 (modp?*™ P) are of the form x,+l?'*m b+ D2y
ymod p™2], with a fixed x,,. Thus n(p™)= N(p)'™/?L If bis even and y(p) =0, then by
the definition of ¢, we have n(p™)=N(p)™? as above for 2[+m—b<c and
n(p™) =0 for 2l+m—b>c.

By Lemma 4 we have (for 0+ 4 € 9):

Cp(s, 4)=Lp(s)Le(s, 1) Ig M,(s) (3.3)
»
where the product is over all prime ideals of F dividing 4 and
i) .
M (5)=(1=x(®INP)™) X N@E)™' 224 ()’ N(p)U@ a2 (3.4)
m=0

where j(p)=[(b—2l+c¢—1)/2] in the same notation as in Lemma 4(2). Here we
used the identity

t [(t—1)/2]
S NEI™ING) = (1NE) ) S N4 SN (2
m=0 m=0

for each 0<teZ. Note that ¢ =2l if y(p)*0, as above.
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Lemma 5. Let F and O be as above. For a square-free 4, € O) (i.e. A, not divisible by

the square of any proper ideals of (), put K = F([/Z;) and denote by O the ring of
integers in K. For each non-zero prime ideal p in O, put |=ord,(2) and

x2=A,(modp2¢~ ")}

=K= 1 <
K(p) == min {0: tez is solvable .

(Note that 1=k=0 for p¥2.) Take a &€ satisfying ()= T[] p*® and an
p|2

p:primein(@®
element x, € O such that x3=A, (mod4¢&~2). (Such x exists by the definition of k.)
Then we have:

Og=0@o VA (3.5)
2!
In particular,
ord,d(K/F)=ord,(4,)+2k(p). (3.6)

Proof. The equality (3.6) is a simple consequence of (3.5):

x0+|/ Xot+ /41
2
det & =&24,.
I 4
\ 28!
So we prove (3.5). For a=u+v]/4; with u,veF, we have
o —2uo+ (u? —v24,)=0.

So o e (U isequivalent to 2u e € and u*> —v?> 4, € O.If this condition is satisfied, then
(2u)* —(2v)*4, € O implies (2v)*4, €O, so 2ve ) since A, is square free. Thus
(putting 2u=m and 2v=n),

Ox= {m_+_n"/"A *

2

m,ne@;
m?—n?4,=0 (mod4)| "

For each a=(m+ n[/Z)/2 € Ok and a prime p in O dividing 2, put r=ord,(n). If
r2 [, then m?>= A ,n* (mod4) implies p'|m. If r <[, then ord,, (m) =r since m* = A n’
(mod4) and p2t4,, so (m/o")?=A4,(n/o")? (modp?"’ ") where p =(g). Hence r=«
by the definition of k. Thus we have always p*|m, p*|n. Therefore

a=(m'+n)/4,)/28

with m’, n’ € O such that (m)*=(n')*4, (mod(2&~')?). On the other hand, x3 =4,
(mod(2E™1?)  yields  (n'xp)?’=(n)?4;, (mod(2E~1?). So (m)*=(n'x,)*
(mod(2&Y)?), and one checks easily that this implies m'=n'x, (mod2¢ ~'). Hence

o —nxo-zkén‘(lxo+]/A ) c0® xo;:f]/A

Since (xq+ |/A1)/2é“ € Ok is obvious, Lemma 5 is proved.
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Lemma 6. For each non-zero A€ %, take A, €@ such that ord,(4,)=ord,(4)
—2[(ord(4))/2] for each non-zero prime ideal p in O (i.e., A, is a “‘square-free part”
of A). For this Ay, let k(p) be as in Lemma 5. Then x(p) < [(ord,(4))/2] for each p.
In particular, (A)zd(F(]/Z)/F)f2 with an integral ideal | of F.

Proof. There exist a, 8,7 € (¢ such that 4=p>—4ay, so the congruence x*=
(mod4) is always solvable. Thus in the notation of Lemmas 4 and 5, we have
Kk <[b/2] for each prime p of F. From this follows the second assertion, since

ord,(4)—ord, d(F()/4)/F)=b—(b—2[b/2] + 2K) = 2([b/2] — k),

which is a non-negative even integer.

Lemma 7. The notation being as in Proposition 1(4), suppose 0+ A€ &. For each
non-zero prime ideal p in O, let j(p) be as in (3.4). Then:

J(0)+ x(p)* =ord,(f).

Proof. In the notation of Lemmas 4 and 5, the above equality is also written as
[(b—=21+c—1)2]+x(p)*=[b/2] — k. (3.7)

For p k2, by Hilbert [8, Satz 4], y(p) £0ifand only if b is even. Since [=c=k=01in
this case, (3.7) is valid for p42. Next suppose p|2. If y(p)=+0, then b must be even
from Hilbert [8, Satz 4], and k=0, ¢=2[. Thus (3.7) is valid. Suppose p|2 and
7(p)=0. If b is odd, then c=1 and k=1, so (3.7) holds. Suppose finally that p|2,
7(p)=0, and b even. In this case ¢ <21 by Hilbert [8, Satz 4], and c is an odd integer.
In fact: Suppose there exists some y, € ¢ such that y3 =4 (modp?**?) with0<u <
(ueZ). So x3=p "4 (modp?") for some x, € (), where (¢)=p. We assert that
x?>=0 "4 (modp?**')is also solvable. Put x3— o0 4 =**n. If =0 (mod p), then
there is nothing to prove. Suppose 1 %0 (modp). Then there is an o € ¢ such that
o= —n (modp) since (/p)* is a cyclic group of odd order. Thus (x,+ ¢"®)*
=0 "4 (modp?**"). Thus we have proved: If x*=4 (modp***?) is solvable for
0<u<I, then x?= A (modp?** ! *?)is also solvable. Hence c is an odd integer < 2I.
Using this, we have k =1 — (¢ —1)/2 from the definition of k. Thus (3.7) is valid also
in this case. Lemma 7 is proved.

Applying Lemma 7 for (3.3)(3.4), we obtain the remaining assertion of
Proposition 1(4), so this completes the proof of Proposition 1.

Now we return to the calculation of the series (2.22).

Proposition 2. In the notation of Proposition I and (2.22), we have:

> N '™ ¥ Ka(v,yz)e(tr<l,—y>>=CF(2S)"LF(S,12—4V).
o e o

Proof. From the definition of the Kloosterman sums,

w)) s < (1 L ))
Vmg(a)e< r(‘so‘ A7) fm"z)d:‘af vm%(a)e ! 5cx( X vX)



206 Shin-ichiro Mizumoto

In the inner summation, we replace y by yx to obtain

3 e (tr (l_y)) K(vy)= Y Y e (tr <*xv (P +Iy+ v)>> . (3.8
ymod () oo icxm;)dz(al) ymod (a) oo

We note that the right-hand side of (3.8) is multiplicative with respect to (). In fact,
if (o) =(ot;) (ot,) With (o, ;) = 1, then putting x = o, x, + o, x, and y =07, + 0,7, We

have
X
>0 e<tr <w(y2+ly+v)>>
(xxm:)d=(al) ymod (a) 50(

Xy
= 2 > (tr(é——((azh)z‘i‘laﬁl‘*“’)
x,mod(a,) y,mod(a,) \ (Xl
(xpaj)=1 j=1,2
1=1,2

X
+ %{2;((“1)’2)2 oy, +V))>

2 X,
= > (tr(~f (Vf+lyj+v))>.
ji=1 xjmod)(a,) ¥, mod (a;) 50‘,*

(.0,

Thus,

S N@ Y Ka(v,w)e(tr(g))

(@) y mod (a)
0<ael

n(z NG S Kl yZ)e( ’Q )) (39)

ymodp™

where p =(g) runs over all non-zero prime ideals of (. For a prime p=(g) and
0<meZ, by (3.8) we have:

I _
2 e <tr (g;)) K (v, y?) = N(p)"(n(p™) —n(p™ " ")) (3.10)
ymod(g™) Q
with n(p™)= 4 {y modp™|y* + Iy +v=0(p™)}. Using

A4 +ly+v) =Ry + D> +4v—12,

we see that this n(p™) coincides with the previous one defined in Proposition 1(1)
with 4=1?>—4v. By (3.9) and (3.10) we have:

| 0
S N@ 't E Ka(v,vz)e<tr<5—7;>)=1:[(M§ON(p) . ulb) n(p'"/b))

(a) ymod (a) bjpm™
<ael

(3.11)

where b runs over all integral ideals dividing p™ for each p™, and u is the Mdbius
function for F. Thus (3.11) is equal to:

? (53 pu(b)n(a/ b))N (a) = (g n(a)N(a)~ S) @ HON(c) 75)
= <§ n(a)N(a) ‘s> Ce(s)™ 1,
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where a and ¢ run over all non-zero integral ideals of F. From Proposition 1(1), this

is equal to: Co(s. 12— 4v)Cp(25)~ MLp(s) ™ P =Cp(25) ' Ly(s, 12 —4v) .

4. Proof of Theorem 1

We recall that S is the right-hand side of (2.8). By (2.11),(2.21), and Proposition 2 in
§3, we obtain

GQ2s)- S=d(F) 12 Y {ﬁ I, s)} Li(s. I —4v) (1)

le

for3<Re(s)<k—1, and in this region this converges uniformly and absolutely by
Lemma 3(2) in §2. Thus (2.7) yields

k-1 g
(p(2s)b(v,5)=(— 1) 2d(F) " 'N(v) 2 29" 129 % {]_[ I, v, s)} Li(s. > —4v)
le0 (j=1
k—1-s
+I N(v) % (p(2s) if(v)is a square,
) 4.2)
0 otherwise,

for3 <Re(s) <k— 1. The functions I (I, v, s) and L(s, [*—4v) are meromorphically
continued to the whole s-plane by (2.20) and Proposition 1(5).

Lemma 8. For each l€ O such that I>#4v (v fixed), the meromorphic function
g
Z(s)=d(F)** Ie(s + 1)°Te(s +k—1)? { [T, s)} Ly(s, 1> —4v)
j=1

satisfies the functional equation

Here Z(s)=Z,(1—s).

Ix(s)=n""2I(s/2) and [Ic(s)=2(2n) *I(s).
Proof. Using the relation
F(a,b;c;z)=(1—2z) “F(a,c—b;c;z/(z—1))
=(1=z) "F(c—a,b;c;z/(z—1)) for zeR with 0=<z<1
(see Erdélyi et al. [2, 2.1.4, (22)]), from (2.20) we obtain:

PPN IVAY ot Sk (k—s k+s\ !
2k 1(V(J>) 2 (W) (4v‘”—(l‘”)2) 2 F(T>F<T>

k—s k+s—1 1 ()2
-F , 5 ORI
2 2 2 (I9)2=40

) if 4y > (19)2
I(l,v,5)= (4.3)

k-1 7\~ 1 s—k
zs(v(j)) 2 <5_U,)> ((l(j))z _ 4v(j)) 2 ['(k—s)I'(k)~ 1

T k—s k+s—1 4y
‘cos<§(k—s)>F< 7 T 2 ,k,4v(,~)_(l(j))2>

it 40 <(9)2,
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for each j=1,...,g. If (I9)?* <4y, (4.3) shows that

TN winas—sa [ KES k—s\!
<W) (4v“’—(l“’)2) /2F<T>r<__2__> Ij(l,v,s)

is invariant under the substitution s—1—s, since so is

F k=s k+s—11 (V)
20 2 -4

k—s\"! 1 . (=« s—k+2
F<—-2“‘> =;Sm(§(k-—s))l—'< ) >s

(8D 4y — (19)2) " 52 [o(s + k) Ip(s — k +2) sin (g (k— s)> I(Lv,s)

From

we know that

is invariant under s—1—s, if (I¥)? <4yY. Similarly,
(ODY(UD)? — 4vD) 2L (s + k— 1) sin <g (k—s)> 1(L,v.5)
is invariant under s—l1—s if ([9)?>4v?. On the other hand, by

Proposition 1(4)(5),
IN p (1> = 4V)[2d(F) 2 Ig(s)" Tn(s + 1)Ly (s, I* — 4v)

is invariant under s— 1 —s if [+ 4v, where
n=#{eZIl<j<g, (V) >4},
and

ny= #{eZll <j<g, (19)2 <4V}

[Note that I'(s)=Ig(s)Ig(s+1).] Hence
d(F)*PTa(s)" T(s + 1) Tg(s + k)" Ig(s —k +2)"Te(s + k— 1)

. (sin (’; (k —s)>>g { 11 1L, s)} Ly(s, > —4v)

is invariant under s—1—s if I>+4v. Moreover,

F(ﬂ) r(s—k+2> ., ok )
2 2 2 s+1 b2 s !
r<s+k-1>' F<5> ZuU()(T“‘) ' ( >
2 2
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is invariant under s—1—s, so

d(F)*2Ig(s)" Tn(s +k —1)"Ig(s + k)" Tg(s)"Te(s + k— D)™

: <sin <g(k —s)))g { 11 1L, s)} Ly(s, 2 —4v)

— d(F)¥2 I(s) (s + k— 1)? <sin (’2‘ (k— s)>>g

: { ]1[ I, v, s)} Li(s, > —4v) (4.4)
ji=1

is invariant under s—1—s if 2 4v.
Let F(s) be a meromorphic function on C such that I(s) sin (% (k —s)> F(s)is

invariant under s— 1 —s. Then by I(s)Ix(2 —s) =(sin(rs/2)) ', it is easy to see that
Ix(s+ 1)F(s) is invariant under s+—1—s. Using this fact repeatedly for (4.4), we
obtain Lemma §.

Now we prove that

5 { Ij(l.v,s>}LF(s,F—4v) 4.5)
leC j=1
124 4v

converges absolutely and uniformly for 2—k <Re(s) <k—1. From Lemma 2(2),
the right-hand side of (4.1) converges absolutely and uniformly for $<Re(s)
<k—1.[Note that I (I, v, s) has a zero at s =1 if (I)> 2 4v" by (2.20).] For I* + 4v,
the equality (2.20) is valid for Re(s)> —3 (cf. Erdélyi et al. [3, 1.12, (13)]), so the
9
same proof as in Lemma 2(2) shows that > [T I/, v,s) is absolutely and
le® j=1
uniformly convergent for —3<Re(s)<k—1. So the same is true for (4.5). This,
together with Lemma 8, implies that (4.5) converges absolutely and uniformly for
2—k<Re(s)<k—1.
Next, by (4.2) and Proposition 1(4), for 3 <Re(s)<k—1 we have:

k-1
Ce(28)b(v. s)=(—1)*2d(F) " 'N(v) 2 297 '

lel
1244y

. {” Ij(l,v,s)}Lp(s,12—4v)+H(s) (4.6)

with H(s)=0 if (v) is not a square,

k—1

s—1
H(s)=(—1y*2d(F) 'N(v) 2 297929¢~ UN(v) 2 d(F)' *

IS .
X 7.Es—(I/Z) > £13(2$—1)+N(v) 2 CF(ZS)
F<k+s>r<k+s—l>r<l—k+s>

2 2 2

k—1-s
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if (v) is a square. Here we used (2.20) and
F(a,b;c;)=T(c)[(c—a—b)[I(c—a)l(c—b)]"'
(a,b,ceC;c+0,—1,-2,...;Re(c—a—b)>0),
cf. Erdélyi et al. [2, 2.1.3, (14)]. As we have noted, the summation over [ € ¢ such
that [2 +4v in the right-hand side of (4.6) converges absolutely and uniformly for
2—k<Re(s)<k—1, so {x(2s)b(v,s) has a meromorphic continuation to this

region. Moreover, if (v) is a square, from the functional equation of { . we obtain the
following:

A(F)¥2 (s + 1 Te(s + k— 1)?H(s)
— 2gsd(F)3(1 *s)/ZN(v)(k -2 +s)/2n - 3g(1-5)/2

: (r <2;5> I(k—s) >g o2 —25)
2 4.7)

+ 2g(1 *s)d(F)3s/2N(v)(k -1 *s)/2n — 3gs/2

<r(i—+2_fl> F(S—{-k-— 1)>HCF(2S)a

which is invariant under s—1—s. Combining this with Lemma 8 and (4.6), we sec
that:

d(F)*PIg(s + 1Y Te(s+ k—1)?Cp(25)b(v, 5)

is a meromorphic function in 2—k <Re(s) <k—1, which is invariant under the
substitution s—1—s, for each 0 <ve (.
By (2.1) and (2.5) we have:

r(k—1)

Cr(28) (% f) = (( o ) A L5 +k=1, /) @8

for Re(s)>3; note that

Ly(s, [)={p(2s—2k+2) X a(a®)N(a) "*

for Re(s) >k + %, where a runs over all non-zero integral ideals of F. This implies
that

A(F)**T(s+ 1)°Te(s+k—1)?Ly(s+k—1, f) (4.9)

is meromorphically continued to 2—k<Re(s)<k—1 and is invariant under
s—1—s. On the other hand, the Euler product defining L,(s, f) converge:
absolutely and uniformly for Re(s) >k + 3, so the function (4.9) is holomorphic for
Re(s)>3. Hence the functional equation we have just proved implies that (4.9) is
also holomorphically continued to Re(s) < —3. Hence, to prove the holomorphy
of (4.9) it is sufficient to see that (z(2s)b(v,s) is holomorphic in the strip
—3<Re(s) <. In this region I(l,v,s) is holomorphic if I*+4v [see (4.3)], and
Ly(s,[*—4v) is holomorphic if [*—4v is not a square [Proposition 1(5)]. So

g
[T 1,(,v,5)Lg(s, [*—4v) is holomorphic in —3 <Re(s) <7 unless [*2 4v. If [*>4v.
j=1
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then L(s, > —4v) has at most a simple pole at s=1, but [] I(1,v,s) has a zero of
J-

order g at s=1 by (4.3) (as we have noted before), so H I(1,v,s)Ly(s, > —4v) is

holomorphicin —2 <Re(s) <Z whenever [*+4v. In (4. 7) the poles of {(2—2s)and
{#(2s) at s=1 cancel, so H(s) is also holomorphlc in th1s region. Thus (4.6) implies
that (p(2s)b(v,s) is holomorphic in —3<Re(s)<Z for each 0<ve . This
completes the proof of Theorem 1.

5. Proofs of Theorems 2 and 3
From now on suppose ris an odd integer such that 3<r<k— 1. Then by (2.20) we

have H 1(1,v,r)=0 unless I* <4v. If I> <4v, by Erdélyi et al. [2, p. 176, (5)] [2,
p. 64, (22)]

k-r-1 v(j) r—1
I(Lv.r)=(—1) 2 (27[ 5(j)> 22\ (k—r)[(F)[(r+k—1)""

(l(j))l r—(1/2) . l(j)

where C},_, _, is the Gegenbauer polynomial. In the notation of Zagier [23], this
may also be written:

I(Lv,r)= -y T l(ﬁ) 69 2 =IO+ k=)
,(4\,(1)_(1(1')) )r*(l/l) (l(j) v(j)) (5.1)

where p, ,(a, b) is the coefficient of x* "~ ! in (1 —ax +bx?)~". On the other hand,
by Proposition 1 in § 3, we have

Lp(r, 12 —4v) = N(dv— 1)1 =rq(F)t/a-r
r-t g
'<(—1) 2 n’2’_1F(r)"1) Lp(1—r, 1> —4y)

if I <4v. Hence

]gl Ll v, r)Lp(r, 1> —4v) = (_1)¥22r—2n2r—1l£k:_ﬂ_ gd(F)(3/2>—2r
=1 S Ir+k=1)

1-k

“N) 2 Ny (L, )Lp(1 —r, 1> —4v)

if 12 <4y,
Let

E(z)=Y N(cz+d) % (ze 9%
{c,d}

be the Eisenstein series of weight k with respect to SL(2, ©), where (c, d) runs over
the last rows of matrices which form a complete system of representatives for
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{6 ")

be the Fourier expansion. As is well-known, in (2.12) we have

Le@” }\SL(Z, 0). Let