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Arithmetic and Galois module structure
for tame extensions

By A. Frohlich in London

The principal topic of this paper is the structure of the ring O of algebraic integers
in a number field N as a module over the Galois group I" of N with respect to a subfield K.
More precisely we shall view © mainly as module over the integral group ring Z(I),
although we shall also obtain results on its structure over o(I'), where o is the ring of
integers in K.

The general hypothesis is that N/K is tame, i.e., at most tamely ramified.
By a theorem of E. Noether (cf. [34]) the module O is then everywhere locally free.
The present paper gives an account of the new general theory for global structure. At its
core lies a connection with the Artin root number W (x) and the Galois Gauss sum t(x)
for a character y of I' (and also with the Artin conductor {(x)). This gives the theory its
wider interest and its depth and power. It thus throws new light on the functional equation
of the Artin L-function.

A locally free module M over Z(I') is classified, to within stable isomorphism, by
the corresponding element (M), of the class group C1(Z(I')) of Z(I'), and by its rank,
and analogously over o(I"). We shall describe these class groups as quotients of groups of
Galois homomorphisms from the additive group of virtual characters of I' into ideles.
In order to find, in this description, a representative for the classes (D)), or (O)yr), We
shall use the notion of resolvent (al), a generalisation of the classical Lagrange resolvent
to non abelian characters y, in global, in local and in adelic form. These resolvents, and
classes of such resolvents have a rich and interesting theory, culminating in their connection
with the Galois Gauss sums ().

Both for the resolvents, and the Galois Gauss sums we need firstly formal properties
for arbitrary characters y, such as with reference to induction etc., and secondly their explicit
description for characters of degree 1 via class field theory. For the 7()) we thus use on
the one hand properties which reflect their appearance in the functional equation of the
general (i.e., non abelian) Artin L-functions, and on the other hand the formulae for
the Gauss sums of idele class characters. Part of our theory is local, and indeed we shall
make use of the local Galois Gauss sums, derived by Martinet from the local root numbers
of Langlands-Deligne. The only really new result needed here is the precise formulation
of Galois action on the 7(x).
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For the resolvents and resolvent classes on the other hand all aspects of the theory have
to be developed from the start. The early formal parts of this theory are algebraic in
nature and could be formulated in terms of Dedekind domains in general. In order not to
destroy the unified terminology and notation, and not to complicate the presentation, we
shall however restrict ourselves throughout to number fields.

Once the connection between resolvents, Galois Gauss sums and the Galois module
structure of O has been established, any further information on the former yields insight into
the latter. Specifically we shall establish and apply theorems on signature and on
congruence behaviour both of resolvents and of Gauss sums. There are two main types of
results on (D),,. Firstly we shall show that this class lies in the so called kernel group
D(Z(I)), the kernel of extension of scalars from Z(I') to a maximal order, a result which
in the case of basefield K=Q was conjectured by Martinet. Secondly we shall obtain
a description of the images of (), under certain maps 4, #° in terms of the root
numbers W (x) of symplectic characters. This type of result has two aspects. It restricts
even further the possible values of (D), (in particular if used in conjunction with the
classical Hilbert-Speiser theorem) and it sets up a relation to the actual values of W(y).
As far as the latter aspect is concerned we have here for the first time general (rather than
special) theorems connecting Galois module structure and root number values, valid for
arbitrary I', and arbitrary basefield K. These contain as a special case the results of [16]
(but not those of [13], which however will also be derived again as an application of the
general theory). As already evident in [16] the Galois module structure of O will in general
not suffice in turn to determine the root numbers of symplectic character. For their full
arithmetic interpretation one requires additional structure, specifically that of O as
a “‘Hermitian Galois module”. I shall return to this question subsequently, on the basis of
the results of the present paper.

In addition to (D),, we also study (D),y, 0 the ring of integers in the basefield K.
One has a norm map of class groups and so the image under it of (D), can be described
via the Galois Gauss sums 7(x). Moreover one also has an involution x — x on Cl(o(I')),
corresponding to complex conjugation, and the corresponding element () (D) of Cl(o(I'))
will then be seen to have a description in terms of Artin conductors. In particular if,
for some , the conductor f(y) does not become principal in the field K(y) of values of y
then O cannot be free over o(I).

For the purposes of this paper a complete reformulation and further development
of the theory of class groups of group rings (over rings of algebraic integers) is necessary.
This involves their description in terms of Galois homomorphisms, the introduction of new
maps from the kernel group, based on the general idea of determinantal congruences, and
the study of the change of groups or base ring. At the same time one has, because of the
connection with resolvents, also to study twisted Galois homomorphisms (as already
considered in [19]). All this is of some independent interest and clearly generalises to orders
other than group rings and to general Dedekind domains as base rings. We shall however
here stick to the particular situation, which in any case already involves all essential features.
The discussion of these topics has been relegated to an appendix, referred to as A in the
main body of the paper, so as not to break the continuity of presentation.

This paper has been written using the formal concepts appropriate to the theory.
Where these are rather abstract, we have often endeavoured to point out to the reader
a corresponding “‘down to earth” explicit formulation. In any case it will be useful to
consider my notes of the Durham Proceedings (cf. [22]) as a ‘“companion volume”.
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These notes introduce the basic definitions and results in a less formal manner, and
avoiding technical details (and proofs!). Other less comprehensive and earlier surveys of
the general topic can be found in [20], [33] and [21]. For a comprehensive survey of Galois
Gauss sums see Martinet’s Durham lectures (cf. [31]), to which we shall also refer for
a number of proofs.

The present paper is closely connected with two predecessors. The first of these
(cf. [18]) deals with Galois module structure in general, without hypothesis of tame
ramification. The resolvents and associated objects, although not strictly a specialisation
of the invariants of [18], are closely related to these. One could use various results of [18]
for our proofs, but in fact we have kept our presentation independent. The main relevance
of [18] in the present context lies in its generality. Moreover we shall establish one
particular connection between our resolvents and the invariants of [18], which shows
that the latter indeed involve at least a partial generalisation to the wildly ramified case.
This last result will subsequently be used to get a new and fruitful interpretation of what may
be called ““Galois Jacobi sums”.

The other relevant paper is [19] and this will be used for references to some of the
proofs.

We shall now give a brief survey of the contents of the individual Sections. § 1 contains
the definitions and basic properties of resolvents and resolvent classes. We also introduce,
for completeness sake, the notion of resolvent modules, which formed the central concept
in an earlier version of the theory and which is still useful for a concise formulation
of some of its aspects. We then establish the description of (D), and (D), in terms of
resolvents. In § 2 we give a list of those properties of root numbers and Galois Gauss
sums, which will be assumed, and we state the theorem connecting the Galois Gauss sums
and the resolvents. It is shown then that both the statement and the proof of the theorem
falls naturally into two parts. The first is based on a precise determination of Galois action
on resolvents and Galois Gauss sums, and this is dealt with there and then. The second
involves the ideals generated by, or the valuation-values of these objects. We shall then show
that the required global theorem is the consequence of a local one.

The following three sections (§§ 3—35) deal with the properties of resolvents on change
of group or base field. The results here are again mainly local. § 6 contains the determination
of local resolvent values for Kummer extensions both in terms of a Kummer criterion,
and in terms of a class field criterion. For the latter all the properties of the local norm
residue symbol will be needed. The proof of the basic theorem equating in general local
values of the local Galois Gauss sums and of the local “integral” resolvents now follows
in § 7, using all that has gone before.

In § 8 we establish the basic signature theorem and in § 9 we at last turn to Galois
module structure proper. Here we establish the theorem that (D), r, lies in the kernel group
and give a suitable representative for it in terms of Galois homomorphisms, to be used
subsequently. It is clear at this stage that further progress will have to be sought on four
fronts: (i) determinantal congruences, (ii) embedding of local in global units of cyclotomic
fields, (iii) congruences for resolvents, (iv) congruences for Galois Gauss sums. The first
two lines of attack will give more insight into the structure of the kernel group D(Z(I'))
and the last two will yield information on (D). Work on item (iv) can be of independent
arithmetic interest, giving rise to quite new problems and results on the functional equation.
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The whole approach is illustrated in the contents of § 11 (two theorems on (iii) and (iv)
above, based on some induction properties of characters, collected in § 10), and of § 12
(connection between module invariants and symplectic root numbers).

The next section, § 13, contains, for completeness sake, the classical Hilbert-Speiser
theorem, as well as some not so classical applications. In § 14 we give a new, simpler proof
of the basic Galois module theorem of [13] on fields with the classical quaternion group
over Q. In § 15 we establish the connection with Artin conductors, with application
to (O)yry, and in § 16 the connection with the module resolvents of [18].

Part of this work was done, and an earlier version of this paper was completed
in Spring 1975, while the author enjoyed the hospitality of the University of Bordeaux.

Notations and conventions

The multiplicative group of invertible elements of a ring R will be denoted by R*.

The symbols Z, Q, R, C stand for the ring of integers, and the field of rational
numbers, of real numbers, and of complex numbers, respectively. The algebraic closure
of Q in C will be denoted by Q. The galois group of a normal field extension E/F will be
denoted by Gal (E/F). For F < Q we write Gal (Q/F) = Q.

A representation T of a finite group I' is a homomorphism I' = GL,,(Q), for
some m. The character y corresponding to T is the function on I' given by x(y)=trace T(y),
and the degree of y is m =deg(x). If F<= Q then the representation T can be extended to a
homomorphism T: F(I') — M,,(Q), where M,, denotes m by m matrices and where S(I')
stands for the grouping of I" over a ring S. More generally if B is a commutative F-algebra
we get a homomorphism

0.1) T: B(I')—> M, (Q ®; B).

If now A € B(I')* then det T(4) € (Q ® B)* and, indicating that it only depends on 4 and
we write

0.2 det T(2) = det, (4).

A virtual character is a difference y —y of “actual” characters, as defined above.
The virtual characters form an additive group denoted by Ry, the free abelian group on
the irreducible characters (always in the absolute sense). The function y + det,(4) then
extends to all y € R.

A number field is here always a subfield of Q of finite degree over Q. The ring of
algebraic integers in a number field F will be denoted by o, the adele ring by Ad (F),
the idele group by J(F). If p is a prime divisor of F we write F, for the corresponding
completion of F, and if V is an F-space, V, =V ®p F,. Thus if E is an extension field of F,
the space E, will be an F,-algebra. We shall use the same symbol p for a finite prime divisor
of F and for the corresponding prime ideal of or. Again o , stands for the completion
of oy at p, and if M is an og-module, we set M, =M ®,_ of ,. If p is an infinite prime divisor
then o , is by convention to be interpreted as F,,.

a9+
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Throughout the paper, but not in the appendix, we consider a surjective homo-
morphism

©.3) n:Qx—T,
where K is a number field and I' a finite group. We write

N= DKern

(fixed field of Ker ). Thus we have an isomorphism
©. 4 I' ~Gal(N/K),

and via this isomorphism N, N* completions of N, oy etc. will be viewed as I-modules. As
for most of the paper = is fixed once and for all, we shall as a rule not refer to it explicitly.
We shall also often use the simplified notations

0.5 og=0, oy=0,

in this context.

1. Resolvents

For the background to this section see [19], and [9]. Consult also A. I, IV,
VI (Appendix).

Recall the conventions, introduced in the preceding section (cf. (0. 3), (0. 4)). Let T
be a representation of I' with character y and let a € N generate a normal basis, i.e.,
a K-basis of N of form {a’} (y € I'). In other words suppose that aK(I")=N. We define
the resolvent by

(al) = det (z a’T(v)“> .

The dependence on K and 7, or on N/K will usually not be indicated explicitly in our
notation. The fact that the resolvent only depends on g, rather than on T is obvious.

We have to generalise this notion. Let in the sequel B be a flat commutative o-algebra.
The examples we have in mind are X, K, o, (completions at prime divisors of K, or of
some subfield of K), ] o, (product over all prime divisors of K), Ad(K) (adele ring).

P
Via the action of I' on O, the B-algebra O ®, B will be a [-module. Suppose first that B
is actually a K-algebra. Then © ® , B=N ®g B is free over B(I'). Let ae N ®x B be
a free generator. Let x be a character, corresponding to a representation 7. We may view
the T'(y) as matrices over Q ®x B (which indeed contains Q). We define, in this ring, the
resolvent by

. 1) (al) = det (z a’T(v)“> .

We shall not indicate the ring B explicitly, but we shall speak of adelic resolvents
(when B=Ad(K)), of local, or semilocal resolvents (when B=K,, p a prime divisor of K
or of a subfield of K), of global resolvents (when B = K). '
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Resolvents behave nicely with respect to change in the ring B. Thus a global resolvent
is adelic, and the component (a|x), of an adelic resolvent (a|y) in Q ® K, is a local resolvent
atp.

Now return to the general case of a flat commutative o-algebra B. Then B=B ®, K
is a K-algebra, and © ®, B is embedded in N ®¢ B. Thus, for ae O ®, B, and a free
generator of N ® B over B(I'), i.e., a(B(I'))=N ®g B, the resolvent is defined as
in (1. 1).

1. 1. Proposition. [f a(B(I'))=N ®x B, ae O ®, B then (a|y) € 05 ®, B (v the ring
of algebraic integers).

Indeed one can find a 7 corresponding to y with coefficients in og.

Resolvents of the type considered in the last Proposition are of particular interest
if aB(I')=9 ®, B. In the case B=90, one then calls {a’} a normal integral basis of N/K,
and one adopts a similar terminology also locally.

Immediately from the definition of the resolvents one has

(1.2 (aly +¥)=(aly) (aly).
For g the regular representation of I" one verifies
1.3) (al20) =det (tyx(a’a)), 5

where ty x (=3 7) is the trace N — K.
1. 2. Proposition. The following conditions are equivalent.

(1) © ®, B is a Galois extension of B with Galois group I', and aB(I')=0 ®, B.
(ii) The (aly), for all y, lie in (05 ®, B)*.
(iii) (alo) € (vg @, B)*.

Proof. (ii) and (iii) are equivalent with each other and are equivalent with (a|2¢) € p*,
by (1. 2). The last relation is equivalent with (i) by Galois theory.

We note a number of Corollaries.

Corollary 1. If B is a K-algebra then (aly) € (Q ®x B)*. In general, (a|y) € (Q ®x B)*,
where B=B ®, K. In particular, for B=K, the (aly) are non zero, and for B=Ad(K),
the (aly) are all ideles.

Thus for K-algebras we can, and shall, extend the map x> (aly) to all y € Ry.
It becomes a homomorphism Ry — (Q ®k B)*. Moreover it is clear then that
Y a’y"' € (N ® B) (I'))*, and we may write

(1.4 (aly)=det, (X a’y™").
Note that Proposition 1. 1. does not apply to virtual characters y in general.

Next we have

Corollary 2. Suppose that O,=a o,(I'). Then p is non-ramified in N/K if and only
if (aly) € (0, ,)*, for all y.
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Corollary 3. Suppose that, taking products over all prime divisors, we have

I D,=a(n op(r)>, ae Ad(N).

Then the local components of the adelic resolvents (aly) at all non-ramified primes are units.

Next we consider the effect of the action of B(I') on resolvents. We assume B to be
a K-algebra, and recall the notation (0. 2).

1. 3. Proposition. (a*|y) = (aly) det, (%), for A € B(I')*, and aB(I') = N ®x B. (Observe
that a*B(I')= N @ B!).

Proof. Show that 3" (a*")y~'=(X a’y~ ') 4, and use (1. 4). Or see [19].

Restricting the map det, to I and then lifting to Q via our surjection 7 of (0. 3) we
obtain a homomorphism

det, .: Qg — O*,
given by
1.5) det, ,(w)=det,(ntw).
When there is no danger of confusion we shall write simply
det, (w)=det, ,(w).

1. 4. Proposition. For w € Qx, (aly® ")* = (aly) det,_ ().
Proof. Obvious. See [19].

For a restatement of this Proposition, we use the language of the Appendix, A. IV.
Note that the det,(mw) may be viewed as elements of (Q ®g B)*, B a K-algebra.
The map y, @ — det, ,(w) defines a pairing

det=det,: R, x Qx — (0 ® B)*

which satisfies the conditions A. (IV. 1), and by the last Proposition we have the
Corollary. The map f,: y — (a|y), foraB(I')= B @k N lies in
Homg, 4. (Rr,(Q ®« B)*),
with Qy acting on (Q ® B) via Q.

Combining the last result with Proposition 1. 3, we note that e.g. in the case K=B
the resolvent maps y — (a|y) with aK(I') = N form a unique class (depending on the map n
of (0. 3))

(1.6 r(N/K)=r(K, n) € Homg, 4(Rr, ©*)/Det(K(I')*),
where the orbit set on the right occurs in A. (IV. 4). Next take B=o,, with p a prime
divisor of some subfield of K. Suppose that 3 a € O, with ao, (I') = O,. Then the set of all b

with bo,(I') =D, is exactly the set of all a* with A € (0,(I'))*. Hence the resolvents (b|y)
of these b form a unique class

1.7 v, (N/K)=1,(K, ) € Homg,_ 4o (Rr, ©¥)/Det (o, (1)*).
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Finally if N/K is tame, and B=]] o, (product over all prime divisors) then 3a e ] O,

4 p

with[TO,=a (]‘[ o, (I' )>, and the resolvents (a|y) of such adeles form a unique class
P 1Y

1.8) t(N/K)=r(K, ) e Homg,_ 4. (Rr, J(Q))/Det U(o(I)),
where U(o(I")) =TT o, (I')*. Localising at p we then get

(1.9) t(N/K), =1, (N/K).

Now return to K-algebras B in general. We assume that B=K ®, B, where k = K,
and B, is a k-algebra. Then Q ® x B=Q ®, B, and ©, acts via the factor Q in the second
tensor product.

In the appendix, A. VI, (cf. (V1. 10)) we introduced a norm R, on maps f, as above,
F being a subfield of K containing k. We shall use the notation

Riipta) (0 =Ngp(aly).
Thus explicitly
(1. 10) Rir(aly) =TTl ),

where {} is a right transversal of Qy in Qp, i.e., yields a complete set of embeddings K — Q
over F as fixed field. Warning. The expression in (1. 10) should not be viewed as the norm
of the element (aly). By A. VI, Proposition 3 and Proposition 4 or indeed by direct
verification we note

1. 5. Proposition. (i) x+— g r(aly) depends on the choice of {a} only to within
a homomorphism y — det, (w,), w, € Q, i.e., to within a homomorphism Rp — p (group of
roots of unity).

(ii) The map y — Nk p(aly) lies in Homg_ , 4o (R, (Q @k B)*), i.e., for v € Qp
Ry rlaly® e = RNy r(aly) - v r det, (o).
(Here vy is the transfer Hom(Qg, ) — Hom(Q;, ).)

From the last proposition and by A. VI, Proposition 1, we get unique maps (no
longer depending on the choice of {c})

Homg, 4 (Rr, O*) R Homg,_ ,4e(Rr, O*)
Det (K([' )*) Det (F(I' )*) ’
Homg, 4. (Rr, D—: ) Homg_ , 4o (Rr» O—:)

1. 11) Ry r Det (o, (1)) - Det (o5 ,(I")*) ,

Homg,  ge (Rr, J (O)) R Homg, ,4e(Rr, J (O))
Det U(o(I")) Det U(og(I))

Here p is assumed to be a prime divisor of k. In particular we get, under the appropriate
“normal basis” hypotheses, images

mK/Fr(N/K)a Ry rt, (N/K), Nk rr(N/K).
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Now assume that N/K is tame. Then indeed O is locally free over o, (I'), for any
subfield k of K. In particular [T O, =a (1"[ o, (I' )>, and thus r(X, n) = r(N/K) is defined.
» P

We shall now derive a description of the required module classes (D), and (D)),
for N/K tame, in terms of the pairing IT of A. (IV. 5). At the same time we shall state
a “down to earth” version of this result, yielding explicitly representatives of these classes,
in the sense of A.1 (cf. (I. 13)). We shall write, in the obvious notation, r(N/K)~! for
the set of maps y +— (aly) ™', withaK(I')= N.

Theorem 1. Suppose N/K is tame. Then
() ) oy =T (r(N/K)™", 1(N/K)).

(i1) (D)Z(r) = H(mx/or(N/K)_l, R0t N/K))
Explicitly, let ak(I') = N, a <[] o, |(N)=T19,. Then

(iii) x — (@l0) - (alp) ™!
is a representative of (D), r, and

(iv) X > Ryyo (@) - Ryo(alx) ™!
a representative of (O)zr.

Proof. We first prove that the map (iii) is a representative, as indicated, and this will
establish (i). For this we go back to the construction in A. I of a representative, leading up
to (I. 13). In the present situation g=1, and M=90. Now a is a free generator of N
over K(I'), and o a free generator of [ ] o, over [T 0,(I'). Thusa=a*, A € (K(I') ® Ad(K))*

p P

and so, with a slight change in notation the map
x> det, (4)
is a representative of O as an o(I")-module. But by Proposition 1. 3,
det, (4)=(lx) (alx) ™",
as required.

Now we obtain (ii), and hence the description (iv) of a representative of (), by
using A. VI, Proposition 2. We only have to observe that o(I') is a free Z(I")-module,
whence (0(I'))zry=1.

Remark. It is of interest to get a formula also for (O),. with FcK, but not
necessarily F= Q. Using A. VI, Proposition 2 this reduces to a description of (0(I')),.(r-
Note that o(I'))=0 ®,, 0(I') is the og(I')-module induced from the or-module o, i.e.,
by VII, Proposition 1

(©))orry = 0**((0)s)

where 0: {1} — I' is the inclusion map of the trivial subgroup. We identify R;,=Z, and
Homyg,_(Z, H(Q))=~ H(F). The map 6*: R — Z coincides with the degree map y — deg().
Thus if ¢ € J(F) = Hom,, _(Z, J(Q)) represents (o), then

(1. 12) x> c*t® (yeRyp)
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is a representative of (o(I')),.r, in Homg, (Rr, J(Q)). Finally to find such a ¢ we use
the procedure given in A. I, now for I'=1. We take {v;} a F-basis of K and {w;} a free
[ 1 of ,-basisof [T o,, and then have

P

a.13 c=det(v?)"" - det(w?),
where {g} is a right transversal of Q¢ on Q. Indeed if a;; are adeles of F so that

w; =3 a;ivj,
j

then indeed the right hand side of (1. 13) clearly coincides with det (a;;).

Resolvent-modules. Although this is not strictly needed in the sequel, we introduce
here a notion, which is a module theoretic or ideal theoretic counterpart to that of an
adelic resolvent. Some of our results are more naturally formulated in this language, and
the new concept is also useful in applications. In a previous version of the theory it took
in fact the central part.

Let x € Ry. Denote by k(y) the field of values x(y) (y € I') over k. If F is a number
field, ¢:Qp — F* a homomorphism with open kernel, then the elements x € Q, with
x° = x¢(w) for all w € Q, form a one dimensional F-subspace of Q, to be denoted by V (F, ¢).
If now aK(I') = N then, by Propositions 1. 4 and 1. 5,

(aly) € V(K(x), det,)
Ny (aly) € V(k(x), vgu det,).

(Strictly speaking we should have written det,|Q,, (restriction to Q,)—and similarly
in the second inclusion.)

(1. 14)

Suppose again that N/K is tame. Let (0: x) be the o ,,-module generated by the (a|x)
with a € O. More generally let Nk, (o: x) be the o, -module generated by the Nk, (alx)
with a € ©. By Proposition 1. 5, Nk, (0:x) no longer depends on the choice of the right
transversal {o}. We may write (0: ) = 9 x(0: x). This is the resolvent module.

1. 6. Proposition. For all k, the o,,,-module Ny, (0 : ) is finitely generated, of rank one.
If y is an actual character, corresponding to a representation of I', then My, (0: x) consists
of algebraic integers only.

o (1‘[ o,(F)) ~[19,, then
(@) (n Our.o) =TT (R (0: 1)),

(product over all prime divisors of k).

Proof. The rank assertion is a consequence of (1. 14). Also for any prime divisor p of o,,
we have Ry (alx) (Okp.p) = (Rxx(0:%)),. By Corollary 3 of proposition 1.2, or just by
observing that (a|y) is an idele (cf. Proposition 1. 2), the modules (9t (0: x)), are integral
for almost all p. Hence Ry, (o:) is finitely generated, and we do get the last adelic
equation in Proposition 1. 6. If actually y is a character of a representation, then by
Proposition 1. 1, (Mg (0: x)), is integral, for all p, hence R (0: x) is integral.

Using the last proposition, together with Theorem 1, and the representation of
Cl(o(I")), C1(Z (I')) as quotients of I(o, I'), I(Z, I') in A. (L. 11), we get a variant of Theorem 1.

Journal fiir Mathematik. Band 286/287 50



390 Fréhlich, Arithmetic and Galois module structure

Let S be a finite set of prime divisors of Q, containing all prime divisors of order (I)
and the infinite prime divisor, and used for the definition of the ‘“I-groups” above.
We have then immediately

Theorem 1.a. Suppose N/K is tame. Let aK(I')=N and suppose that for all pe S
also avo,(I') = O, (semilocal completions). For all y € Ry,

(0:7) (aly)”'=b(y)

is a fractional ideal of K(y), and

x—=b(n)

is a representative of (O)yry in 1(o, I'). Also
x> (Rgeb) (0 =TT6( ),

with {c} a right transversal of Qy in Qq, is a representative of () in I(Z, I').

2. Galois Gauss sums

For the background to this section see e.g. [31], [21]. We write A(s, x) for the
enlarged Artin L-function (including Gamma factors) of y e Ry, I' being identified
with Gal(N/K) via (0. 4). This satisfies a functional equation

@1 A(s, =41 =s, D) W),

the constant W(yx) being called the Artin root number. Here y is the complex conjugate
of x.

Let p be an infinite prime divisor of K, B a prime divisor of N above p and ¢
the element of I" which acts as the “Frobenius at ", i.e., is the generator of Gal(Ng/K,) = I
If x corresponds to a matrix representation 7, put

2.2 n(x, p) = number of eigenvalues — 1 of T'(0),

and extend this function by linearity to R;. It does indeed only depend on p and y. Now set

2.3 W,(0=i"""", Wo(=I1W,(

(product over all infinite prime divisors). The Galois Gauss sum t(x) (cf. [25]) is given
by the formula

2.9 W=t W,(0 Ni()™"2,

where Nf (y) is the absolute norm of the conductor, and the exponent indicates taking
positive square roots. Equivalently one can write

2.5 W) t()=Ni'"? Wo(0™',

where the right hand side may be viewed as the square root of the norm of the conductor,
with infinite components.

Remark 1. In [19] we based ourselves on a different, less customary, definition of W (y)
(take it over to the left in (2. 1)) and as a result got a formula different from (2. 4).
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Remark 2. In most of the present paper we look at one extension N/K with fixed
Galois group. For future applications, and in a number of contexts, it is however important
to remember that W(y), t(x) etc. do depend on the particular representation of I' as
Galois group, i.e., on the surjection n of (0. 3). If we consider several such representations
then we must write

(2.6) W0, ()

etc. Indeed root numbers, Galois Gauss sums over K etc. should in principle be viewed
as functions of characters of Q in the first place, and as functions of characters of I'
only via ©: e.g. W, (x)= W(x o m). In many situations the classical, slightly less precise
notation

2.7 W(N/K, x), ©(N/K, x)
will suffice.

Remark 3. We shall at each stage state exactly which properties of root numbers,
Galois Gauss sums etc., we are assuming. One property which is used throughout,
without further reference, is additivity, i.e.,

(2.8) gx+v)=g(x) gW) for g=f,W,7, W,.

We can now state the central theorem of this paper, and we shall do so both in terms
of adelic resolvents, and of resolvent modules. We use the notation introduced in A. L.
Thus U(F) is the group of ideles, which are units at all finite places, U(Q) is the union
of their groups for all number fields F.

Theorem 2. Suppose N/K to be tame. (i) Let

a[To,(I')=2D, (product over all prime divisors).
P

Let, forall y € R,
T(0) u(x) = N0 (2 2)-

Then
u € Homg, (R, U(Q)).
(ii) Forally € Ry,
(0:0)=1(0) 00 -

The theorem naturally falls into two separate assertions, which are indeed proved
separately. Namely, if « is as defined in (i) then

2.9 u € Homg, (R, J(Q)),
and
@. 10) u € Hom(Ry, U(Q)).

The first equation is an immediate consequence of the additivity of y— 7(y),
and x — Ngo(aly), of the way Qq acts on resolvents, i.e., of Proposition 1. 5. (ii), and
of the corresponding result for Galois Gauss sums, which we restate as a Theorem.
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Theorem 3. The map y — t(y) lies in Homyg, , 4 (R, Q*), i.e. the t() lie in O* and,
forallwe Qq, all y € Ry

(" l)w =1(%) vkjo detx ().

This was proved in [19]. The principal steps are as follows. (i) Prove a Galois action
formula for the local abelian Gauss sums (see (2. 15) below). (ii) Via the product formula
and class field theory (see (2. 19) below) derive the Galois action on global Gauss sums for
actual characters, i.e. characters corresponding to an actual representation, with deg(y) =1.
(iii) Use the induction formula for global Gauss sums (cf. [19] (8. 2), or [31] (Theorem 8. 11))
to get the Galois action on induced characters. (iv) Use additivity to complete the proof.

An alternative proof was given by Martinet in [31]. Here one first reduces to local
Galois Gauss sums (see below), then uses induction for these to get back to the Jocal
abelian case.

For the proof of (2. 10) one can start with the local abelian case, then go to the global
abelian case and then use the functorial properties of adelic resolvents and Galois Gauss
sums with respect to induction etc. This was the method used in a previous version.
Here we shall adopt however an essentially local approach, which indeed does give more
information.

We shall need the concept of local Galois Gauss sums, defined by Martinet in [31]
and based on the local root numbers of Langlands, which are now accessible in the literature
due to Deligne (cf. [7])—see also the account given by Tate (cf. [40]). We recapitulate
the properties to be used. In the sequel in this chapter p is always a finite prime divisor
of K. Let B be a prime divisor of N above p. We shall denote by I, the image in I" of
the decomposition group of P in Gal(N/K), under (0. 4). Alternatively, if Qg , is the Galois
group over K, of its algebraic closure, mapped into Q in the standard manner, then
I,=n(2g ,). A local character is a character of I',. The image in R, of y € Ry will be
denoted by .

Assuming the definition of the local root number, the local Galois Gauss sum of
0 € Ry, is given by

2. 11) 7, (0) - N, (0)™'% =W, (0),
or equivalently
(2.12) W, (0) t,(0) =dety(—1) - Nf,(6)"/>.

Here det, is viewed as a character of K¥ via the local Artin map. Nf,(0) is the absolute norm
of the local conductor, i.e., is a positive rational.

It will be convenient to define a function t, on characters of I', simply by writing

Te o (0 =7,00=7)-

We then have firstly additivity, i.e.,
(2.13) T, +Y)=1,(0) 7, (V).
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Next let 4 be a subgroup of I' with fixed field L= N4 Then n:Qy — I' induces a
surjection m,: €, — 4; if Y is a virtual character of 4, and ¥, the induced character of I'
then we have the induction formula

(2.14) (V) =TT 1p(¥), ifdeg(y)=0.
Blp
Here the product extends over all prime divisors ‘R of L above p, and indicating the relevant
surjections we have

Ty =Trps T9p=Tp, g

Next let y be an actual character with deg(y) = 1. Via local class field theory view y,
as a homomorphism K¥ — Q*. Then one has the abelian formula

(2.15) T (0 =2 2y (ue™ ") Yy (uc™).

Here the sum extends over a complete set {u} of representatives in o, of (o,/f,(x))*,
and c is an element of KX generating the ideal D, f,(x), with D, the different of K,/Q,,
where p lies above p. The symbol ¥, denotes an additive character K, — Q*, whose precise
definition will not be needed. All that will be required is that in the case f,(x)=p,
the map x> Y (xc™') yields a non-trivial character of the additive group of o/p.—
If actually f,(x) = o, then (2. 15) is to be interpreted as

(2. 16) 1,00 =1, (D) "

Note here that as y, is non-ramified it may be viewed as a function on ideals.

Next let 4 be a normal subgroup, and let 0:I' — I'/4=ZX be the quotient map.
Write again L= N“. We get a surjection 0 o n: Qi — X, yielding an isomorphism X =~ Gal(L/K).
If y € Ry, then 8%y € R, and we have

(2 17) rn.p(G*X) = rl)n.p(X)‘
Finally, we note the product expression
(2.18) (0 (0= £ Ni, (0)-

These are the formal properties of local Galois Gauss sums to be used. In due course
we shall need the prime decomposition of tame such sums, which can be derived from
(2. 15). Finally the connection with the global Galois Gauss sum is given by

(2. 19) ) =T170.

(The product on the right is indeed finite.)

We can now state the promised local theorem. We view Q* and QF as embedded
in J(Q).

Theorem 4. Let p be a finite prime divisor of K, at most tamely ramified in N.
Let po,(I')=D,, let {c} be a right transversal of Qy in Q¢ and let, in J(Q),

1, (0 u, () =TTBIx" ).

Then
u, € Hom (R, U(Q)).
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As, with u defined as in Theorem 3, the u(x) and u,(x) for all p and all x lie in J(E)
for some number field E, we get from (2. 19) and from the definition of the adelic resolvent
a convergent product

(2. 20) u()=ITu,(0)-v(x)

where v(y) is an idele localised at infinity. Hence we have indeed the
Corollary 1. (2. 10) holds.
Thus Theorem 2 will follow once we have established Theorem 4.

By Proposition 1. 1, the product [T(f|x’ ')’ in the theorem is integral, when y is
the character of a representation. Thus we have

Corollary 2. If x is the character of a representation then t,(X) is an algebraic integer.

Here yx is in the first place the character of an extension which is tame at p, i.e.,
is a locally tame character. But one knows that local root numbers for wild characters
differ only by roots of unity from those of their tame components. Hence combining
the two results one gets the Corollary for all local Galois Gauss sums. This result goes
back to Dwork (cf. [8]).

We shall give a more formal restatement of Theorem 4. For this one needs
the action of Galois groups on local Galois Gauss sums (cf. [31]). Composing 7, 7,: Rp — Q*
with Q* — J(Q)/U(Q) one gets maps

T,T,:R— J(Q)/U©)
so that T, is trivial for almost all p, and
(2. 21) T=11T,.
P

By the way the Galois group acts we see that
T, T, e Homy (Rr, J(Q)/U(Q)).

On the other hand if BK,(I')= N, then composing x — (B|x) with QF — J(Q)/U(Q)
we get a map

P, € Homg, (R, J(Q)/U(Q)),
so that P, =1 for almost all p. Define Ng,oP, by Nk, 0P, () =T1P,(x" ")*. Then we have

Theorem 4.a. T, =Ny (P, .
Thus
T=T1 NP, = NRio 1P,
P P

which is equation (2. 10) in the new language.

It will be useful for the sequel to define T, and P, also for a prime divisor p
of a subfield &k of K by

2.22) T.=I1T,, P,=IIP,

the product extending over all prime divisor q in K above it.
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Remark. One can restate and prove Theorem 4 also in terms of resolvent modules,
using the language of radical modules (cf. [10]).

3. Transition to quotient groups

In the next three chapters we shall consider changes in group or in field, specifically
in their effect on the classes of resolvents, defined in § 1. As v(N/K) is determined by
the r,(NV/K) we shall state our results in terms of the latter objects, and of the r(N/K) only.
As we now consider changes in group, explicit reference to n (cf. (0. 3)) will be made
in a number of instances.

The present section is based on A. VII. We assume given a surjection
3.1 0:I' -2, KerO0=4.
(Note change of notation compared to A. VII.) Let
L=NA4
Then 6 o mis a surjection 2 — X, yielding an isomorphism
3.2 2 =Gal(L/K).

If N/K is tame then so is L/K and we have an isomorphism 0, = O ®,, 0(Z). Hence by VII,
Proposition 1,

(3.3 (OL)ox = ** (D)air)-
By the commutativity of (VII. 3) we get well defined maps
o {HomQF. +(Rr. @%)/Det (F(I')*) — Homyg, ,(Ry, Q*)/Det (F(Z)*),
"|Homg, 4(Ry, ©¥)/Det (o ,(I')*) — Homg, ,(Ry, O¥)/Det (o5 ,(2)*).

where F is a subfield of K, ¢ = vk det and p is a prime divisor of a subfield of F. With these
notations we have then

Theorem 5.
(i) 0** Ry (r(N/K)) = Ny (r (LK),
in particular
(ia) 0** (r(N/K)) =r(L/K).
If all prime divisors above p are at most tamely ramified in N/K then
(i1) 0** RN p (rp (N/K)) =Ry (x, (L] K)),
in particular
(iia) 6** (r, (V/K)) = 1, (L/K).

Remark. If one insists on the more rigorous notation r(K, m), etc., then e.g. (ia) reads:
0**(r(K, m))=r(K, 6 - m).

Proof. Using (VIL 5) it will suffice to prove (ia), (iia). If aK(I')=N then
ty(@) K(X) =L, where ty, is the trace, and (2w (@)1 X)Lx = (@l0x)n k> for x the character
of a representation T of X. This yields (ia), and the proof of (iia) is exactly the same.
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4. Extension of base field and extension of group

This section is based on A.V and A. VII. Let E be a number field containing K,
and let

4.1 A=7(Qy),
nasin (0. 3). We then get a surjection

4.2 np:Qp— A4
whose fixed field is the composite NE of N and E, and via (4. 2)

4.3 A~Gal(NEJE).

In the present section let 8 denote the embedding 4 — I'. The commutativity of A. (VIL. 3)
ensures again that we get maps

Homg, 4e((Ry, Q*)/Det (E (4)*) — Homg, 4 (Rr, Q*)/Det (E(I')*),
Homg, 4e((Ry, D: )/Det (DE. p(A)* )—’ Homg, 4e(Rr, D: )/Det (UE. o(D)* )
On the other hand, we also get induced maps

Homg, g (Ry, @%)/Det (K(I')*) — Homg,_ 4o (R, Q*)/Det (E(I')*),
Homg, 4 (Rr, OF)/Det (o, (I'y*)—Homyg,_ 4. (Rr, QF)/Det (og , (IN*).

Here we have used the symbol det for det,, for the restriction of det, to Q, which also
coincides with det,, .

Theorem 6. (i) 0**r(N E/E) = ix 57 (N/K).

4. 4) 6**: {

(4.5) g ‘

(ii) Let p be a prime divisor of a subfield of K. Suppose that every prime divisor of K
above p either is at most tamely ramified in N and non-ramified in E, or is non-ramified in N. Then

0**rp (NE/E) = iK/Erp (N/K) .

(iil) Suppose that N/K is tame, and that every prime divisor of K is non-ramified
either in N or in E. Then

0** ((DNE)OE(A)) =ligE ((DN)o(r))-
(For a down to earth statement of (i), (ii) see (4. 8).)

Proof. Let B be a flat commutative o-algebra. We consider the oy ® B algebra
O ®, 0g ®, B. On this I' acts as a group of automorphisms, makingitintoan(og ®, B) (I)-
module. On the other hand observe that the set of A-maps Map, (I, oyg ®, B), with 4
acting on I" from the right, and on oy ®, B via oy, is a commutative ring by pointwise
operation: (g+h) (y)=g()+h(), gk(y)=g(y) k(y). It admits I' as a group of auto-
morphisms: g’ (y") =g(yy’). We then have a homomorphism

4. 6) 1g: 0 ®, 0 ®, B— Map,(I', oyg @, B)
of rings and I'-modules, given by
np(x ® y) ) =x"y, xe€O,yeop®, B,

where we view O as embedded in oyg ®, B via oyg. Via 5z we get the structure of
og ®, B-algebra on the right hand side in (4. 6), and I" will preserve this structure.
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4. 1. Lemma. 1y is an isomorphism, for B=K, for B= o, under the hypothesis of (ii)
in Theorem 6, and for B = o under the hypothesis of (iii).

Proof of the Lemma. For B= K, we get a map
Nk N @k E— Map,(I', NE)

which is easily verified to be injective. Counting dimensions over E we conclude that it is
surjective.

It now follows that ny_is an isomorphism. As n, is given as a restriction of this,
itin turn will be injective, mapping the o,-order O, ®, o , into the o -order Map 4(T’, oy ;).
But as, under the stated hypotheses the former order is maximal, the map #, must be
surjective.

Finally under hypothesis (iii) all the #, are isomorphisms, hence so is #,. This
completes the proof of the Lemma.

We shall first prove Theorem 6, (iii). By the Lemma, for B= o, we have
(D ®o DE)DI{(F) = (Map/l(r’ DNE))U;-(I )

The module on the right is just the ogz(I')-module induced by the ogz(4)-module oyg.
Assertion (iii) now follows from A. V, Proposition 1 and A. VII, Proposition 1.

To establish (i) and (ii) we prove the required result for any B, under the hypothesis
that #5 is an isomorphism (as asserted in the Lemma), rather than just for B=Kand B=o,.
What we have to show is the following: Let

{D ®, B=a(B(I)),

oyg ®, B=b((0r ®, B) (4)).

Then, forming resolvents, 3 A € ((0x ®, B) (I'))* so that, in (Q ®, B)*= (05 ®, B ®, K)*,
4.8 @l = (blo* YINEJE detx .
Corresponding to the given b we define f, € Map,(I', oyg ®, B) by

@.7

b, yed,

f,,(y)={0, yel, vy¢A

Then f, is a free generator of this module over (o ®, B) (I'). On the other hand if vg is
the embedding © ®, B— © ®, 0z ®, B then vz(a) is a free generator of the right hand
module over (0 ®, B) (I'). Therefore 31 € ((0; ® B) (I'))* with

4.9 ns ' (fi)* = vp(a).
Let 7: I — GL,(Q) be a representation of I'. We embed
0 @B VR0, ®,B6VQER,B=NQE®,B
and extend 7 to an algebra map E(I") — M,(Q), hence also to
T:(N®x E®,B) (I — M,(N ® Q ®, B).
Taking invertible elements we get, as before in A. I, a homomorphism
(4. 10) T: (N ®x E®, B)(IN)*— GL,(N ®x 0 ®, B).
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By (4. 9)

4.11)  det T(z n,;‘(fb)’y“) det T(4) = det T<z vB(a)yy_1>.
Y Y
Now we have a ring surjection ¢: N ®x Q— Q (where ¢(x ® y)=xy), yielding
a commutative diagram
N®xE®,B) (I M,(N ®x Q ®, B)
(4. 12) 1 0 l ¢
(NE®,B)(I) ——— M,(0®,B)

where the columns are induced by g, and denoted by the same symbol and where T
is the algebra map, as indicated and induced by the given representation of I. Moreover
we also clearly have a commutative diagram

GL,(N ®x 0 ®, B) —=— (N ®x 0 ®, B*
(4. 13) l ¢ l ¢
GL,(@ ®, B) “ -0 ®,B*

Applying ¢ to equation (4.11) and using the commutativity of (4.12), (4. 13)
we get the equation

4. 14) detT(Z QnE’(ﬂ)v‘l) . det T(g4) = det T(Z evg(av)y-*),

T

b4

using the fact that nz and vy commute with I'. Now A € (0 ®, B) (I') =(E ®, B) (I') and
the map ¢ (cf. left hand column in (4. 12)) acts like the identity on this submodule of
(N ®k E ®, B) (I'). Thus

(4.195) det T(o2)=det T(~) =det,(2)

if x is the character associated with 7. Similarly gvyis just the embedding © ® , B— NE ®, B.
Hence

(4. 16) detT(Z QvB(ay)y"‘>=detT<Z a’y—1>=(a|x).

Finally, as one verifies by the definition of 5, we have (on5 ') (/) = (1) for
fe MapA(rs 0NE ®o B)

Thus by the definition of f, we have

b yed
-1 — s
(en3") UF) {0 T péd.
Therefore finally )
detT(Z Qngl(fb’)y“>=detT(Z b"5“1>=(b|9*x).
b4 ded

This last equation, together with (4. 14)—(4. 16) implies (4. 8). This completes the proof
of the Theorem.
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We note some Corollaries, to be used later.

Corollary 1. Let p be a prime divisor of K, at most tamely ramified in N and
non-ramified in L=K* for AcT. If 0*y=0, then (x|x) is a unit at p for ao,(I')=9D,.
(In other words, if 0%y = 6*y’ then (a|Y) (ax|y") ™" is a unit).

Corollary 2. Suppose the hypothesis of Theorem 6 (ii) holds. With B=o, and a, b
as in (4. 7) we have

(@lx) (b10*p) ™" € 0 .

5. Restriction of group and of base field

Here we shall use A. VI and A. VIII and briefly A. IV and A. VII. Throughout 4 is
a subgroup of I', and L=N“ Thus 4=~Gal(N/L), and = restricted to Q, yields a
surjection m; :€; — 4. Note that the extension K/F in A. VI now is written as L/K.
By A. VI and A. VIII, Proposition 2 we note that

G 1 @r/a ((D)o(r)) = mux ((D)oL(A)) (DL (A))D(A) s
for N/K tame.

We have to introduce certain discriminantal objects associated with the extension
L/K, without any hypothesis of tame ramification. Let sr, be the signature homo-
morphism I'— +1 of the permutation representation of I' on I'/A. Via = this is
a homomorphism s, : Qg — +1. Let k& be a subfield of K, and let B be a commutative
flat o,-algebra. Write in the sequel

B=B®,k.
Define
(5.2 Q@B =[xe(Q® B*Ix=xs x(w), all 0 € Q].

This set admits multiplication by (K ®, B)*, and hence in particular by (o ®,, B)*, and
we shall have to consider the orbit sets

(-3 (Q ®: B}, /(0 ®,, B*.

Suppose now that o, ®, B is free over o ®,, B, say with basis {v;}. Let {0} be
a right transversal of 4 in I', or of Q; in Q. Then

det(vf) € (Q ®y B*)s,
and its class in (5. 3) only depends on L, K and B. According we get, in the respective cases

B=k, B=o,,, B=[]n, (product over all primes)
P

classes of determinants det(v{) as above, denoted by

(549 el/K)eQ  JK* e (L/K)e Q) /05, e(L/K)eT(Q),,/UK).

51*
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For an alternative description, we define a pairing
Z x Q¢ — (Q ®, B)*

again denoted by s, and given by s, x(n, w)=s, x(w)". This satisfies A. (IV. 1), for I’
replaced by the identity group {1}. The map f'+ f(1) then yields bijections

Homg, g, . (Z,(Q ®x B)*)=(Q ®s E):‘L/K )
Homy, (Z,(0g ®,, B)*)=(0 ®,, B)*.

With the appropriate identification via (5. 5), the embedding 0,: {1} — 4 yields
a change of group map (cf. A. (VIL. 1) and (VII. 2))

(5 6) 0:’1‘* . (C ®k E):L/K/(D ®nk B)*_’ HomQK.O**sL/K (RA’ (o ®k B)* )/HomQK (RAa(DG ®ok B)* )

Explicitly the image of the class of ¢ € (Q ®, B)* is represented by y +» 48,

.5

Let now w € Qg, x € R,, and x, € Ry the character induced by . The well known
formula for the determinant of an induced character tells us that

(5. 7) SL/K ((J))dcg(z) N l",/I\' detz((!)) = dcl/*((’)) .

This can be interpreted as a product of pairings in the sense of A. (IV. 1). In using the
definitions of the appendix, we now have to be somewhat careful with notations. Firstly we
have the pairing (occurring in (5. 6) on the right)

(5. 8) 0** sy = 05* s Ry X Qg — (Q @y B)*,
‘ 0** 51k (1, @) = 5,k ()27,

' vk det,, (1, ) = (vyx dety) (),
(5. 10) {Qrm det,: Ry x Qg — (Q ®; B)*,
‘ QT/A detn (X’ (U) = detx,,(w) .

(5. 7) now yields the equation

0**spk - vk det,, = or 4 det,

of pairings, hence—as in A. (IV. 3)—a pairing of Hom-sets, which in turn induces a map
Homg, g, (RAa(O Qx B)*) % Homg_ , 4e (RAa(Q_ < B)*)
Homyg, (Ry4,(0 ®,, B)*) Homg, (R, (0 ®.,, B)*)
Homg,, or/a det,.,(RA’ (Q @ B)* )
HomQK (RA ’ (Dé ®ok B)* )
For B=k, B=0o, ,,and B=]] o, , we have on the left of (5. 11) elements
P

(5. 11)

(i) 03*e(L/K), FRyxr(N/L)
(i1) 03* e, (L/K), My xr,(N/L)
(iii) 05* e(L/K), Ry xr(N/L)
with images on the right hand side of (5. 11) denoted by
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(i) 0%*e(L/K) - Ny kr(N/L),
(i1) 0F* e, (L/K) - Ny kr, (N/L),
(iii) O%*e(L/K) - Ny xr(N/L).
Here we assume for (i) that N/K should be tamely ramified above p, and for (iii)

that N/K should be tame. On the other hand we have on the right hand side of (5. 11)
also elements

(@) or a7 (N/K),
(i1) Qrialty (N/K),
(iii) or/at(N/K).

Now we get

Theorem 7. (i) 0%*e(L/K) - My xr(N/L) = or 41 (N/K),
(i) 0%*e, (L/K) - Ny 1, (N/L)= o 41, (N/K), if N/K is at most tamely ramified above p.
(iit) OF*e(L/K) - Ny xx (N/L) = 04t (N/K), if N|K is tame.

Proof. What we have to prove in down to earth terms is the following. Given that
a and b are free generators of © ®,, B over (0 ®,, B) (I'), and (0, ®,, B) (4) respectively
and that {c;} is a free basis of 0, ®,, B over 0 ®,, B, there exists 4 € (0 ®,, B) (4)* so that
forall y € R,

(5.12) (det Cg)degm : mL/K (b|X)N/L = (a‘X*)N/K detl (4,

where {c} is a right transversal of @, in Qg (used also to define M, k) or of 4 in I' and
where x, € Ry isinduced by y.

Bwill be taken as k for (i), as o, for (ii) and as [ ] o, ,, for (iii).
P
Let {w;} (1=i<gq) be a free basis of O ®,, B over (0 ®,, B) (4). The existence of
either a or b as above ensures thg exis_tence of such a basis. With {¢} as above, we
consider the g by g matrix W over (Q ®, B) (4) with row index ¢ and column index i, and

o,ientryY w;°?6™'. Let T:4— GL,(Q) be a representation. Extend it to an algebra
ded _
homomorphism Q(4) — M, (Q), and then further to a homomorphism

T:M,((Q ® B) (4)) = M, (Q ®, B).

The determinant det 7(W) then solely depends on the character y associated with T rather
than T itself. We denote it by det, ({w;}). Explicitly it is computed as det (T(X w{*0™'),.;),
the determinant of a block matrix, whose g, i entry is the matrix 7(3 w?*6~1).
Note that
det, ({w;}) € (Q ®, B).

It will appear as an incidental consequence of our proof, that this determinant is invertible.
It is already clear that det ., , ({w;}) = det, ({w;}) det, ({w;}).
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Let {w;} be a further free basis of © ®,, Bover (0 ®,, B) (4). ThenI ;e (o ®,, B)(4)
with w;=3 w}i, and the matrix (4;) lies in GL,((0 ®,, B) (4)). Moreover we verify
J

7
that
S wioT =3 (X w4y,
1] j o
i.e.,in M, ((© ®, B) (4)) we have the equation W' = W(A;). Thus, for all actual characters
of 4,
det, ({w;}) = det, ({w;}) det, ((4;))-

By an argument used already in A. I, we know with our choice of Bthat3 4 € ((0 ®,, B) (4))*,
so that det, ((4;;)) =det, (%) for all y € R,. For B=k, and B =, g this follows from the fact
that o ®,, Bis semilocal. For B=]T] o, ¢ it follows by localisation. Thus indeed we have

(5. 13) det, ({wi}) = det, ({w;}) det, (4), L€ ((o ®,, B) (N)*,
and this holds for all y € R, for which det, ({w,}) is defined, in particular for all “actual” .

To get (5. 12) we make some special choices. First we put w;=¢;b, where c; and b
are as given. Then 3 w6~ ! =¢? 3 b*§~'. Thus we have the matrix equation

)
(z w;‘°6“>a.i ~ diag, (2 b"”«s-‘) Dot
0 o

the first matrix on the right being a diagonal one with subscript 6. Hence
det, ({w;}) = det, (diaga (Z b%s” ‘)) - det (¢9),.;-
]

Clearly det, (c{) = det (T'(c{)) = det(c{))*#™, if y is the character of T. Next, with the
same ¥,

detx (diaga (Z bé"é—l)):l—[ det <z baaT(é)—1>=H det ((Z b"(T((S)”‘)"”'>6>
B o p ; -
=T1 (det <§ b"(T(é)—l)a—x)>0 A 1)0 =9,k (bl

Thus we conclude that
(5. 14) det, ({w;}) =det(c7)*s® R,k (bly),
and this now extendsto all y € R,.

Write S={o} for the given right transversal, now viewed as one of 4 in I.
With a as given originally, one verifies that {a° '}, (6 € S), is a free basis of (O ®,, B)

over (0 ®,, B) (4). Our matrix is now of the form W= Zae""”5”>¢o. Let T be
o

a representation 4 — GL,(Q). Write 7, for the induced representation I' — GL,,(Q),
obtained in the standard manner, (see below). We shall show that with the usual
extensions of representations, we have

(5. 15) T(W)=T, <2 avw)
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This implies that det,({a° '})=(alx,), and this in conjunction with (5. 13), (5. 14) now
yields (5. 12) and thus the Theorem.

To establish (5.15) we need a representation theoretic Lemma. Let A be
a commutative ring, and let W= ® Vo (direct sum of 4-modules) be an A4(I')-module,

oceS

where V' is an A(4)-module, free as A-module. Choosing a basis {v;} of V, we get
a matrix representation 7 of A(4), and with respect to the basis {v;6} we get a matrix
representation 7, of A(I'). For Ae A(I'), the matrix 7,(4) can be written as a block
matrix with blocks indexed by (g, 0) € S x S, of the form

0

= T* (/1)
o T(4,.0)

where A, g€ A(4d)and cA=3 A, ,0. Let now
0
I A — A(4)

be the A-linear map with
y ifyed,
N(y)=
a®) {0 ifyel, y¢d.
Then we have the
Lemma. A, ,=14(cA07").
Proof. Immediate.

To prove (5. 15) one then has to show that

n («; (z a’y")@‘l):Z P
Y o
which is clear.

Corollary 1. Let k = K. Then
(1) Ngp05*e(L/K) - Ny pr(N/L) = Ryporar (N/K).
(@ii) If p is a prime divisor of k, so that N/K is at most tamely ramified above p,
Nxp05* e, (L/K) - Rppry, (N/L) = Riporaty (V/K).
(iii) If N/K is tame
Ry 0%* e(L/K) - Nyt (N/L) = Ry a1 (N/K).
Proof. From A. VI, Proposition 1.
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Corollary 2. Let ¢ be the identity character of A, i.e., e(0)=1 for all 5. Then
with {c;} and a as given for (5. 12)

(det(c)))=(ale,) (mod det, ((0 ®,, B) (4)*)).

Indeed, we may assume that (bje) =1.

6. Kummer extensions

In this section we make the following hypotheses:

(i) K contains the group u, of all n-th roots of 1.

(ii) I' is cyclic of order n and x is a homomorphism I — p,,.

(iii) p is a finite prime divisor of K, not dividing ~.

The set of all elements x of Q, with x”=y(y)x, Vy eI, is a one dimensional vector
space over K, contained in N,, denoted by V(K,, ). For all x in that space we have
x"€ K, and for x+0 also x" € K}. We denote by v,: K* — Z the normalized valuation
(abuse of language, but no danger of confusion) of K, and for any B in N above p by vy
that valuation of N} (extended to N} = (N ® K,)*) for which vg|K}* =v,. Thus v is not
normalised and takes values in Q. If x € V(K,, x) we have nvg(x) = vy(x") = v,(x), and
thus vg(x) only depends on p, not on the choice of P. Accordingly we write vy (x) = v, (x).
We shall write r, (y) for the least non-negative value which v, takes on V(K,, y), i.e.,

6.1 ro(7)=inf[v,(x)|x € V(K,, ) 0 O,].

Next via class field theory y becomes a character on J(X), hence on the group
U,=o} of p-adic units, and for ue U,, the value x(x) only depends on the class u
of u mod p. We write x,, (i) = x(u). This defines a homomorphism (o,/p)* — p,. Compose
with the residue class map u,< o} — (o,/p)* and we get an endomorphism of (o,/p)*,
which must be (uniquely) of the form x — x~®™ Y where 0<k <1,k € Q*, and Np
is the absolute norm of p. Write k = s,()). This is thus uniquely characterised by

6. 2) Xy (@) = u~ V2= Ds(0 (mod p), 0<s,(p)<1.

We then have, noting that (a|y) € V(K,, ), forae N,,
Theorem 8. Suppose that O, = avo,(I'). Then

v, (@) =r, () =5,(2)-

The first equation is a “Kummer criterion” for v,((alx)), that in terms of s,(x)
isa “Class field criterion”.

Proof. As (aly) e V(K,,x) N O,, clearly v,((al x))=r,(x). On the other hand,
if xe V(K,, 1) N O,, then x=a*, e o,(I'), and nx=3 x"y(y) "' =(aly) - det,(4). Hence

v, (%) = v, (nx) = v, ((alx)) + v, (det, (D) 2 v, (al).
Thus r, (x) 2 v, ((alx)), and this yields the first equation.

For the second equation we use the definition and properties of the local norm
residue symbol (see e. g. exercises in [1]). Choose x € V (K, x) so that v, (x) =r,(x) =r/n say.
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Thus, in K¥
no_ pa—
6.3) X'=n'w, (m)=p, wel,.

Let 4 be the local Artin map and let u € U,. Write u=()"),, y" € K*. Then
x@)=xx""1 (asx e V(K,, 1))

_ < n ‘: u > (by (6. 3) and the definition of the symbol)

=< ik ) (multiplicativity and <M—> = 1\
P /n P )
_[mn

\»

> (skew-symmetry)

n

=(y*™y~1)~" (definition)

=y "™~ D(modp) (asA(r)=Frobenius)

y
=y "p ((Np—1) =
u'r , as r‘,(x)—j.

Thus indeed 7, (x) = s, (%)

7. Proof of Theorem 4

Let p here always be a finite prime divisor of K. Let T, be the Q,-homomorphism
Ry — J(Q)/U(Q) (=group of all fractional ideals) for which

T, (0 = (7, (0)-
Let P, be the Qx-homomorphism Ry — J(Q)/U(Q) for which

P,(0)=((al®))
where, always under the hypothesis that N/K is tame at p,
7.1 ao,(IN=29,.
We have to show that for all y € Ry

(7.2) T, 0= NkPy) (0
(see Theorem 4a), where we throughout assume the surjection n: Q — I” as fixed.

I* reduction. 1t suffices to prove (7. 2) for a set of generators of R;.

Indeed this follows by the fact that T, and 9k, P, are homomorphisms.

2" reduction. It suffices to prove (7.2) under the hypothesis that deg(y)=1,
more precisely that y is the character of an actual representation of degree one.

Journal fiir Mathematik. Band 286/287 52
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We use the Brauer induction theorem, together with the induction properties of
the maps involved. Let A<I, L=N4, and ye R,. Assume that, with respect to the
representation 7, : Q; — 4,

(7.3) T,00=roPy) (1),

where we use the extended definition (2. 22) (for L/K instead of K/k). Let x, be the
character of I" induced by yx. Let

bo, (4)=9D,
and let {c;} be a free basis of o, over o,. By Theorem 7, (see (5. 12)),

(det(c?))**5® - Rk (bl ) = (alyy) det, (),

for some 4 € o,(4)*, where {o} is a right transversal of Q; in Q. Now det, (1) is a unit,
and the ideal (det(c{)) can uniquely be described as b, (L/K)'/?, where d,(L/K) is the relative
discriminant at p. Thus we have the ideal equation

D, (L/K) 972 -y kP () = Py (1)
and hence if {w} is a right transversal of Q in Q,

IT [bv (L/K)de 8072 . mL/K Pp Ca 1)]0J =11 Pp (X::_ l)w .
This gives

(7.4 Ni oDy (L/K)*E 92 - (N 16P,) (1) = Rk Py) (14

On the other hand, the induction formula for Galois Gauss sums of characters of
degree zero (cf. (2. 14)) yields, with ¢ the identity character of 4,

T, (1) = 7, ((x — deg (1) e)y.) 7, (6,) ¥
=[I1g (X —deg (X)g) ‘T, (5*)deg(1)

Blp
=TT 1(x) - 7,(,)*** (product over all prime divisors above p in L).
Blp
By (2. 18), 7, (,)? = + Nd, (L/K). Thus
(7.5 Ny (L/KY B2 T, () =T, (2,) -

Now (7. 3)—(7. 5) imply (7. 2) (with x replaced by ).

Now we take deg(y) =1, with y e Hom(I', Q*). We write order(x) for the order of y
in the group Hom(I", Q*). Let in the sequel p be the prime number divisible by p.

3™ reduction. We may assume p .t order (). In fact let

x=¢y, order(¢)=p°, (order(y),p)=1.

By the hypothesis that N/K is tame at p, there is a subgroup 4 of I', so that N4/K is
non-ramified at p and so that the restrictions of ¥ and of Y to 4 coincide. By Corollary 1
to Theorem 6, the ideals ((a|y)) and ((alx)) coincide, and the same applies to ((aly* "))
and ((alx®™ ")), for all € Q. Thus

Snx/o Pp = gtK/Q Pp W).
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By formula (2. 15) also

T.(=T,¥).
(The ¥ here is of course not that in (2. 15)!!)
From now on we shall then assume that
(7.6) deg(x)=1, xyeHom(I', Q*), order(y) primetop.

Let B be a prime divisor of Q(x). Both Nk ¢ (aly) (with a always as in (7. 1)) and 1,(x) are
units at all P, not above p. So we shall assume that 9B lies above p. Let vy, be the normalised
‘B-adic valuation, which maps Q(x)§ onto Z. We then have to show that

7.7 vy (T, (1)) = v (M0 (al ).

Here we have introduced the extension of vy already used in § 6. More precisely here,
and in the sequel, we use the following convention: Let F be any number field, q a finite
prime divisor of F, with v, the normalised valuation F* — Z (surjective). We extend this
to a homomorphism v,: J(F) — Z. If now x e J(Q), and for some m >0, also x™ € J(F)

1
then we define v,(x) = o Ua (x™).

We first consider the left hand side of (7.7), and begin by recalling a result of
Stickelberger. Let F, be the field of g =p" elements, F}, F its multiplicative and additive
groups, respectively, 6:F* — C*, :F; — C* homomorphisms, the latter non-trivial
and 0 of order f. Let L be a field between the field Q) of f-th roots of unity and QY™ Y
of g — 1-st roots of unity. Let q be a prime divisor of L above p. Thus 0, /q can be embedded
in F,. Let then ¢: o, — F, be a homomorphism of rings with Ker ¢ =q. Let

=3 0(x) ¥ (x).
xey;
Then for some m>0, t™ € L, and so, as before, v,(t’) is defined, and is in Q*. Denote
by r(y) the fractional part of a real number y, i.e.,

(7.8) 0=sr(y)<1, y=r(y) (modZ2).

Then we have the formula, going back to Stickelberger,

n—1

(7.9)  v()= X r(ptf), if e0x)=x"“"DT  0<r<f.
j=0
This is usually stated for L=Q“"". One can find a proof e.g. in [3] (Lemma 3.7 and
Theorem 3. 6). Coates actually states the result in p-adic form, but the translation creates
no difficulty. It is also clear that the result extends to any field L between Q“~" and QV),
(see also [6]).

To apply (7. 9) let ¢ be an element of Gal (Q(y)/Q), fixed once and for all, for which

(7. 10) B ' 'Nnk=pnk where k=Kn Q(3).
Let X, as in § 6, be the character of (o/p)* induced by x. Suppose
(7. 11) order (x,) =/, Np=p" ie. flp"—1

(Np the absolute norm). Let p be a prime divisor of K(y,) above p with
PO Q) =P " N Q(xy) =a° ', where g=P N Q(x,). Such a prime divisor P exists.

52
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Moreover as y, is a residue class character mod p, the prime ideal p will split in K(x,),
in other words the embedding o — o, , yields an isomorphism o/p = ok, ,/p. Now the
compositum

-1

Q0005 O0(z,) S OKize,p — Oke, /P = 0/P
has kernel q. Assume then that for all u € o},
(7.12) 0Ny @) =u~ M~V (1 =umod p).
Then by (7. 9), and recalling (2. 15), we have

n—1

v (. ()= X r(@P’lf).

i=0
As P is non-ramified over q also
n—1
(7.13) vp(7,(0)= X r(t’lf).
j=0

Before we turn to resolvents it is useful to introduce a generalisation of the usual
norm N, for an extension of number fields. Let {6} be a right transversal of Qp in Q.
For x™ € J(E) (m > 0) define

(7. 14) Ner () =T1 X

This depends on the choice of 6 only to within a unit idele, and again Ng(x)" € J(F).
Thus if R is a prime ideal of og, and r=R N F then both vg(x) and v, (Ng(x)) are
uniquely defined, independent of the choice of {4} and

(7. 15) U (Ngp(x)) =3 (vg(x) X (residue class degree of R/r)).

R(r

Apply the above to (a|x® )= x, E=K(y), F=Q(). If {6} is as above, i.e., a right
transversal of Qg in Qq,, and if {w} is here, and in the sequel, a right transversal of €,
in Qq, then {dw} is also a right transversal of Qg in Q,. Using this and the fact that ¥’ =1y,
we get the formula

inx/o (aln=TI1 NK(x)/O(x) ((alx“" 1))‘” >

connecting the “norm operator’ on mappings on the left and the element norm on the right.
Hence

(7. 16) vy (Rej0(@l) =X vy (Nxeprom ((@lx®H))-
But one sees easily that
Vg (N pioon (X)) = vy =t (Nkpio 0 (X))
Moreover vg. ((alx)) =0, for any prime divisor $8* in K(y), not above p. By (7. 15),

(7.17) Uggeo =1 (Nx(,,/o(x)(alx“’_‘))=0

except possibly when p and P ' have a common prime divisor in K(x), i.e., when
Bk '=(Pnk)y’ (cf. (7. 10)). Let now {B} be a set of representatives in Q¢ of the
decomposition group 4(p, k/Q) of p in k/Q. Without loss of generality we may suppose
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that f and the fo, with o as in (7. 10) belong to {w}. Thus (7. 17) will hold except possibly
when 0= fo. As P #7' = R°" we conclude that

(7.18) vy (Ngs0(aln) =% vge= (Nipronn @™ 7))

Let now ‘R be a prime divisor of K(x) above ° ' and above the prime divisor p
of K(x,) considered earlier, in the definition of ¢ prior to (7. 12). ‘@ thus lies above p.
Let A(*B) be its decomposition groupin Gal(K(x)/K). View A(‘R) as a subgroup of Gal(Q(x)/k).
As such it is a subgroup of the decomposition group A(P)=A4(P° ") of P and P° ' in
Gal(Q(x)/k). Thedistinct prime divisorsin K (x) above p are the ‘B, with y running through
a transversal of A(*B) in Gal(K ()/K). Now B will lie above " precisely when under
the isomorphism Gal (K (x)/K)= Gal(Q(y)/k) the element y falls into A(R). Thus the P’
with {y} a right transversal of A(*)/4(*F) will be the distinct joint prime divisors of 7"
and of p in K(x). Note that the residue class degree in K(x)/Q(y) of all prime divisors above p
is the same. We thus now have by (7. 15)

(7.19)  vy(Ryjoal))=m ¥ vg((@lx” *™")), m=residue class degree of B in K(x)/Q(x).
B.y

Let 4=n(Q,) and let ¢ be the restriction of y to 4=Gal(N(x)/K(x)). By
Corollary 2 to Theorem 6, we have for all o, 8, y and for bog,, ,(4) =0y »>

(7. 20) v ((aly”™ 7)) =vg ((bl¢" 7).

Moreover, by Theorem 5, we may assume that actually N(y) = E is a Kummer extension
of K(y) of degree = order (¢). Now we can use Theorem 8, and get from (7. 19), (7. 20)

v$(9tx/o(alx))=mﬂz k(y, ) where 0=k(y,p)<I,

7.21) i ]
¢ P (uy=um VPR P (mod P for all ue o, g

It remains to compute the k(y, ). By the definition of g, prior to (7.12), and
by (7. 12),

 @=u ™" (mod p),

for u € o}, (viewed as embedded in J(K)) and p as in (7. 12). For any element # of Q,
let a(n7) be an integer so that x*™" = x for all roots of unity x in Q(y). We thus now get, for y
as above,

X ! W=y Lya(y) (u)= u M (= (Np=1)1/f) — 1= (Np— l)ta(y)/f(mod )
for all u € o} (thus u” = u).

Now by the definition of ¢, viewed as an idele class character, ¢ (o) = x (Ngx (@)
a e J(K(x)). View o}, - as embedded in J(K(x)). Then, for u € of,, g, we have

Niox(@) = UNB=DND=1 (o Y
and thus

- - -1 -1
¢ P W)= P (W) = P77 (Ngyx ()
= (NK(Z)/K(u))—(Nv—l)m(lf)a(y)/f =y~ NB-DaBam)if (mod sBr)

Thus indeed
k(y, By=r(ta(B) a()/f).
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Hence by (7. 21)
(7.22) vy (N (aly))=m Zﬁ r(ta(y) a(B)/f).

Let ¢=residue class degree of B in Q(x)/Q, b= residue class degree of P in K(/K.
Recall the definition of n and m (cf. (7. 11) and (7. 19)). This gives mc=nb. As 4(B)
embeds in 4 (B) we know that b|c. Thus

c

3= d (integral).

n ——
=
Now in (7.22) the product yB runs precisely over a right transversal of A() in the
decomposition group 4(p, Q(x)/Q) of p in Q(x). The bigger group is cyclic of order c,
the smaller is of order b, hence is generated by the d-th power of the Frobenius. Thus the
product a(y) a(f) may be taken as running over powers p'** (j=0,...,d—1), with k
fixed. In other words, for all &,

d-1

Za r(ta(y) aB)/f)= X rp’*¥[f).

ji=0
Sum this for k=0, ..., m—1 and we get

n—1

m 26 r(ta®) a(B)/f)= X r(tp’lf).

i=0

This, in conjunction with (7. 22) and (7. 13) at last yields (7. 7), and this completes the proof
of Theorem 4.

8. Signatures

Recall the definition of a symplectic character given in A.II. The character of
a representation 7 is symplectic if 7(I") leaves a non-degenerate alternating form invariant.
The subgroup of R, generated by such characters is denoted by R}, and the virtual characters
X € R} are also called symplectic. These are characterised by two properties: (i) x is real
valued, and (ii) det, (R(I')*)>0. All characters of the form T(¢)=¢ + ¢ are symplectic
and mod T(R;) the group R} is generated by the irreducible symplectic characters.

Theorem 9. Let y € R}.. Then
@ W, = =1,
(i) 7, (° ") =1,(x) and §,(x)="F,(x) for all »eQq.
If in addition N|K is tame at p then
(i) W,(x*)= W, (x), for all w € Qq,
(iv) 7,(x) € Q* and §,(y) is the square of an ideal in K.

The proof is easy. It was first given in a previous version of this paper for the
corresponding global result and in [31] Martinet stated and proved the local version.

The equation {,(x) ={,(x), and W, (x*) = W, (x) for infinite p, holds for all x € R;.
Statement (i) and the remainder of (ii) follow from the fact that det,(I')=1, and from the
way €, acts on the Galois Gauss sums.
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For tame y, f,(x)=p"*", where n(x, p) is the number of eigenvalues *1 of a
generator of the inertia group of p in the representation corresponding to y (assuming y
to be an actual character). As y is real valued, complex eigenvalues occur in pairs, and as
det,(I')=1 the eigenvalue —1 occurs in even multiplicity. Thus n(x, p) is even. It now
follows that N, (x)'/* € Q*. Hence 1, (x) = W, (x) Nf,(x)"/* € O*.

Corollary. If N/K is tame and y symplectic then W (x®)= W(y) for all w € Q, and
7(x) € Q*. (For the first equation see [14].)

Note also that the formula

W =10 W, (0/Ni(n'*

for symplectic y, with

@1 Wo ()= 1_'[f W, (0
implies that
(8.2 W(x) We () =signg 7(v),

for any infinite prime divisor q of Q(x). (Recall that x is real valued, hence Q(x) totally
real, and that, as det, (') = 1, and by Theorem 3, t(x) will be in Q(), even when N/K is not
tame.)

For the next theorem observe, for symplectic y and for aK(I') = N, that, as det, (I')=1
and by Proposition 1. 4, (aly) will lie in K(x) and similarly RNk, (alx) will lie in Q(y).
If p is a real prime divisor of K then the infinite prime divisors of K(¥) above p are real.

Theorem 10. Let y € R}. If p is a real prime divisor of K then for every infinite prime
divisor *B of K(x) above p, and all a € N, withaK([')= N,

(i) signg ((al)) = W, ().
For every infinite prime divisor q of Q(x)
(11) Signq (mK/O (a|X)) = Wuo (X);
and
(ii) signg (T(1) - R0 (aln))=W(Q).
Proof. (i) was established in [19] (Theorem 1). (iii) follows from (ii) and (8. 2).

To derive (ii) from (i), denote by j the complex conjugation, considered as an
element of Q, and consider a right transversal {o} of Qy in Qq. If Qgo = Qkaj, or which
is the same, if K< /R then there corresponds to ¢ a real prime divisor p=p(o) of K
so that x°=x, for all xe K. Call such a ¢ a “real” element. Denote by “sign” without
subscript the sign function of R. Thus sign(x”)=sign,,,(x). Extending to K(x) we see
by (i) that

sign ((al)°) = W y0)(0)-
But W,,, () = Wyoy(X* "). Thus taking the product over all real o we have

@®.3) sign (1’1 (a!x"")">= TT Wiy @)



412 Fréhlich, Arithmetic and Galois module structure

Next suppose Qx0o 3 Qxoj. We may suppose that g/, as well as o occurs in the given
transversal. We now have a non-real infinite prime divisor p(s) with x"=x,,,, for
all xe K. For such a g, we know that W, (x) = 1. On the other hand

(@lx’ )7 (aly Y= (@l "))
is real and positive. Thus the right hand side in (8. 3) is indeed [ W, (x) = W, (x) and
the left hand side is sign (R, (alx)). Thus sign (Rg,o(alx)) = W, (x). If w € Qg also
sign (Yﬁx/o(alx)“’) =sign (N0 (aly))=W, 1) =W, (7).
In other words, we have (ii).

Remark. In this proof, as indeed in all the results of this section, the fact that we view
number fields as subfields of C is crucial.

9. Galois module structure

It will be useful to introduce a variant of the root number. We define

W (x), if x is irreducible symplectic

. W.(0)=W ()=
©-1) () @ {1, if y is irreducible, non-symplectic,

and extend by linearity to R-. Then

9.2 W (x)=W(y) foryeR}.
Suppose that N/K is tame. Let o [] 0,(I") =90, and aK(I')= N. We shall moreover
assume
ao,(I'y=290,, for all finite prime divisors of order(I").
Then we may choose
9.3) a,=ua, for all infinite p and all finite p dividing order(I").

Combining Theorems 1, 2 and 10 we get a neat and useful explicit form for a representative
of (O)z(r, in the sense of A. I, (13).

Corollary to Theorems 1, 2 and 10. Suppose N/K is tame. Let aK(I')=N and
ao,(I')=29,, for all finite prime divisors of order(I'). Then (D), has a representative
feHomg, (Ry, J(Q))so that

®) SO0 =100 W' (0 Rysolaln)™ ulo)
where u e Homg_(Rr, U(Q)) and
(i) £ (0, =1 for all infinite p and all finite p dividing order(I').
For the notation see A. II. By the definition of D(Z(I')) (cf. A. 11, (1)) we now have
Theorem 11. If N/K is tame then (D), € D(Z(I')).

We know (cf. A.II) that D(Z(I'))=Ker[Cl(Z(I')) = C1(M)], M a maximal order
of Q(I') containing Z (I"). Thus we have the

Corollary 1. O is stably free over M.
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For K= Q this was conjectured by Martinet. For K4 Q when OM is of rank > 1,
Ot will actually be free.

Martinet’s conjecture is not in general true when the ramification is wild, although
it is for some groups I" (cf. [4], [5]).

We also note that under the isomorphism A.Il, (2), which represents D(Z(I'))
as a quotient of Homg_(Rp, U(Q)), there is the

Rule. (O);r is represented by

©. 4 {u € Homg, (Ry, U(Q)) where izz particular for all finite p dividing order(I'),
u(0), = [Rxolaln) W0 1) ™'

Examples. We note a further consequence of Theorem 11.

Corollary 2. If D(Z(I'))=1 and N/K is tame then (D), =1.

This is the case when I' is dihedral of order 2" (cf. [23]) or of order 2/, / an odd
prime (cf. [28], [24]). In both these cases © will actually be free. For K=Q, I' dihedral
of order 2/ the result is contained already in Martinet’s thesis (cf. [29]).

10. Some character theory
Here we shall collect some results to be used in the next section. For the background
on general character theory see [37], and for some proofs see [31].
We consider again the subgroup R} of virtual symplectic characters.

If A4 is a subgroup of I' then restriction R, — R, yields a map R} — R, and
induction a map R — R}. We shall single out particular symplectic characters. Firstly
if ¢ is of degree one then ¢+ ¢ is symplectic, and we call this a cyclic symplectic
character. Next let

(10. 1) H,,=gplo, wle"=w? w*=1, 0 'cw=0""]
be the (generalised) quaternion group of order 4m, m > 1. It has a faithful representation T,

with

0 . .
T(0)= (g 0 1), n a primitive 2m-th root of unity,

0 1
T(co):(_1 0).

Suppose now that I' has a quotient H,,,. Then the character y of the representation
- H,,——GL,(Q), Tasabove,

is symplectic. We call it a quaternion character. Note that = ¢, the character induced
from a degree one character of even order of a subgroup 2 of index 2. We write for such a ¢,
yielding a quaternion ¥, and for the subgroup X

(10.2) b=¢y, Z=I,.

Journal fiir Mathematik. Band 286/287 53
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If m> 2 then the subgroup of index 2 is unique, and for a given subgroup Z, ¢, will be
unique to within the substitution ¢,, — ¢ .

10. 1. Proposition. R} is generated by characters induced from cyclic symplectic and
Jfrom quaternion characters of subgroups.

As cyclic symplectic characters of a group 2 lie in 7(2) and the operator 7:
¥ — ¥ + 1 commutes with induction we have the

Corollary. R} mod T(Ry) is generated by characters induced from quaternion
characters of subgroups.

The proof, due to Serre, follows a similar reasoning as his proof for the corresponding
theorem on orthogonal characters (cf. [38]), based on a theorem of Borel-Serre (cf. [2]).
For details see [31].

Throughout the remainder of this section let / be a prime number. We already
recalled in A. III the definition of the subgroup Kerd,=Kerd, . We repeat:

(10. 3) Kerd,=[y € Rr|x(y)=0 for all l-regular y].

We shall need a somewhat more detailed treatment here.

For any virtual character ¢ of I', or more generally any class function ¢ on I" we
define a function ¢, ¢ as follows. Write the element y of I in the form

y=7'y", (order (y"), I)=1, order (y") = power of /,

and set
(10. 4) gd()=00").

The map ¢ — ¢¢ is linear in R and ¢¢¢ =¢¢. If ¢ vanishes on lLregular elements
then ¢,¢ =0, and ¢ — ¢,¢ always vanishes on /-regular elements. Thus

(10.5) Kerd, =[all ¢—¢¢e R, forsome classfunction ¢].
Observe that if ¢ is the character of an actual representation of degree one then
SO is g ¢.

10. 2. Proposition. Kerd,  is generated by virtual characters induced from virtual
characters of subgroups A of the form ¢ —&,¢, where ¢ is the character of a representation
of degree one.

This is known (e.g. [7], § 1). It can be deduced by an argument similar to—but
easier than—that used in the proof of Proposition 10. 3 below.

Note that g¢ =¢,@. Thus by the above comment, & is cyclic symplectic if  is.

From now on until the end of the chapter assume / to be odd. If ¥ is a quaternion
character then so is &y, and indeed 2,y =2, ¢,y =& @,.

10. 3. Proposition (i) T(R;) n Kerd,= T(Kerd,).

(ii) R} n Kerd; mod T (Kerd)) is generated by the images under induction of virtual
characters of subgroups A of form y — s, with \ quaternion.
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Proof. By a standard argument the proof is reduced to the case when I' is
R-elementary, i.e. the semidirect product of a p-group IT (for some p) and a normal cyclic
subgroup C, of order prime to p, with IT acting on C via a homomorphism A: IT— +1,
by the rule n”'cn=c"™. Thus I' has a normal LSylow group @, complemented by
a subgroup @', which intersects all conjugacy classes in I" of [regular elements non-
trivially. The composition i: I' = I'/® =~ ¢’ — I' is an endomorphim of I" and for all y € R,
we get

(10. 6) ax () =x(i()).
As g (R}) < Ry, for this group I', we conclude that
(10.7) Kerd, r n Ry=(1—¢) (R}),

where we view (1 — g;) as operator on R} Similarly
Kerd,r nT(R)=(1-¢&) T(Rr)=T(1 —¢&) (Rr)=T(Kerd, r),
as (1 —¢) (Rp) =Kerd, r and as T commutes with (1 —¢&;). This yields 10. 3, (i).

If 4 is a subgroup of I of index prime to / then one easily checks that the diagram

Ry—/ R,

€1, 4 &, r
2

RA—_—’RI'

with rows representing induction, commutes. Thus (10. 7) will imply Proposition 10. 3,
provided we can strengthen Proposition 10. 1 for odd primes / and R-elementary groups I,
to show

10. 4. Lemma. R} mod T'(Ry) is generated by images under induction of quaternion
characters of subgroups A of index in I prime to I.

Indeed let ¥ be a quaternion character of a subgroup 4 of I'. Let, as before, ¢ be
the normal /-Sylow group of I'. The character of 4® induced by y is of the required form
Z .. This immediately gives the Lemma and hence the Proposition.

11. Congruence properties

Throughout this section / is a prime number. Let E be a number field, and let £ be
the product of the prime ideals of og dividing /. A congruence a=1 (mod &), for a € og
or more generally for a € E, and /-integral, implies the same congruence a=1 (mod £f)
for any other number field F containing a. Accordingly we shall simply write this
as a=1 (mod £). A similar convention will apply locally, i.e., with E replaced by
E;=E®, Q, and £; by £;, defined in the obvious way. Alternatively one can view £
as the radical of the ideal /og, or locally /og ;.

Theorem 12. Suppose that N/K is tame above I. Let ao,(I') =D,. Then, for x € Kerd,,
the element (a|y) of QF is an l-unit and
53 *
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@ (aly)=1(mod 8)
and, more generally, if F = K then
(i1) Ny p(aly) =1 (mod L).

Remark. There is a quick proof, using a simple determinantal argument, such as
that leading to A.IIl, Proposition 2, in the case when N/K is non-ramified above /
(see [19], Theorem 5). We shall however here give a general proof.

Proof. We shall use an induction argument. Let 4 be a subgroup of I' with fixed
field L=N4.1If ¢ € Kerd, ,and A € o, ;(4)* then

(11. 1) dety())=1 (mod L).

This follows by the standard argument used e.g. in the proof of A.III, Proposition 2,
namely that det;, =1asd;¢p=0.

Let a be as in the theorem and let bo, ;(I') =O,. We use Theorem 7, in the explicit
form of equation (5. 12). As deg(¢) =0 we get from (11. 1) the fact that (a|¢,)/R, x(b|P)
isa unitat /,and is =1 (mod £), where ¢,, is the character of I" induced by ¢. By Proposition
10. 2 we now see that it will suffice to prove the theorem with y of the special form

11. 2) y=nv—n, n and v characters of representations of degree 1, (order (), [)=1, v'" =1.
( A=nv—n,1 g "

To deal with this case we shall in turn use Theorem 6, in the explicit form (4. 8).
Let now A=Kerv and E=N“. Let bog ,(4)=9D,, and let a be as before. As E/K is
non-ramified above / (as[E:K]=/"), we can apply (4. 8). Using again a congruence
such as (11. 1), this time for I' instead of 4, we conclude that (a|y)/(b|6*y) is a unit
at /and =1 (mod &), where 0*y is the restriction of x to 4. But
0*x=0*(m) —6*(n)=0, as0*(v)=e,
whence (b|0*y) = 1. This gives the result.

Next we turn to Galois Gauss sums. Let u® be the group of roots of unity in Q,
of order prime to /.

Theorem 13. Let p be a finite prime divisor of K, at most tamely ramified in N.
Then there is a unique

Yo.1 € Homg, (Kerd,, u®)
so that for all y € Kerd,

(l) Tp (X) Eyp. l(X) (mOd 2)
Ifye Ry nKerd,theny, (y)=1, i.e.,
@) 7,(0)=1 (mod ).

Proof. Suppose that, for some set S of generators of Kerd,;, we can find elements
Yp.1(x) € u®, satisfying congruence (i) above. Then the t,(y), for all x € Kerd,, will be
units at /, and the map y +— 7,(x) (mod £) is an Q¢-homomorphism. As reduction mod £ is
injective on 4 the map y, ;: S — p® will extend to a Q,-homomorphism y, ;: Kerd, — u®,
and will uniquely be determined by (i). Moreover the local Galois Gauss sums are
invariant under induction of characters of degree zero (cf. (2. 14)). By Proposition 10. 2,
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the first part of the theorem will be established once we have found elements Ve (0)
satisfying (i) for all y of form (11. 2).

Assume then that y is of this form. We shall in the sequel use the explicit
representation given in (2. 15), (2. 16). We have to consider a number of cases. Note that
if v is non-ramified at p then so is #.

11. 1. Lemma. (i) If nv and n are both ramified at p, or both non-ramified then
7,(1v) 1,(n) " is a unit at [ and =1 (mod Q).
(ii) Ifnvis ramified at p, butn isnot thent,(nv) t,(n) ™" isaunitatl,and = —n,(p) ' (mod L).

Proof. Recall the notation used in (2. 15), (2. 16). First if both n and #v are non
ramified then indeed 7,(nv) 7,(n) "' =v,(p) "' =1 (mod 2).

Next suppose that both #v and # are ramified at p. Then (v), (x) =#,(x) (mod L),
hence certainly 7,(nv)=1,(n) (mod £). If p does not lic above / then 7,(nv) and t,(#)
are units at / (e.g. by (2. 18)), hence again the required result. If p does lie above / then
v is non-ramified at p and hence #,(u) = (1v), (1) for all u € o}¥. One easily deduces that
7,(nv) T,(n) " =v,(c"")=1(mod 2).

Finally assume that #v is ramified at p but 5 is not. Then p does not lie above /.
Now ,(n) ' =#,(D,). Also mod £

T, (V) =2 (), (uc™ ") Y (ue™ ) =1, ()" T v (ue™ ) Y (uc™?)
Enp(c)_l Z '//(uc_l)= _np(c)—l'

As (c), = pD, we get the result.

This completes the proof of the Lemma, and thus of the first part of the theorem.
We now turn to the second part. Denote complex conjugation as always by x +— x. First
assume that /=2. If y=y then y, ,(x) =y, ,(x). As this is a root of unity of odd order,

V(=1

From now on assume / is odd. Clearly y, ,(¢+ @)=y, ,(¢) yi,(¢)=1. Using
Proposition 10. 3 and induction, the proof now reduces to the following case:

2 is a subgroup of I of index 2, # and v are characters of X~ of degree 1,
(11.3) (order (), [)=1, order (v) =I". The character (yv), of I is a quaternion
character. x = (V) — )

By Lemma 11. 1 and the induction properties of 7, it will moreover suffice to
consider the following case:

(11. 4) v is genuinely ramified at some prime divisor above p but # is not.

As the fixed field L of Ker v is normal over K, (11. 4) implies that v is ramified at all prime
divisors above p of the fixed field of X, which we shall denote by F. By Lemma 11. 1 we now
have to show that

(11.5) TI(=n(P))=1 (product over all prime divisors P of p in F).
®
If p is ramified in F/K and its prime divisors in F are genuinely ramified in the fixed

field L of Kerv, then the inertia groups in Gal(L/K) above p are non abelian. As the
ramification is tame this cannot be the case. Thus indeed p is non-ramified in F/K.
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Let ¢ be the non-trivial character of Gal(F/K), viewed as a character of Q.
In terms of characters of 24 we have then

det"‘ = UF/K” . ¢ .
But (11. 3) implies that 7, is a quaternion character, i.e., det, = 1. Therefore
(11. 6) UF/KV]=¢.

We shall interpret this in terms of characters on ideals, to get (11. 5). Indeed if first p
splits in F, p=P; B,, and so ¢(p) =1, then

TT(—n(B)=n(B,) 1(B) =vexn(P)=d(P)=1.

P
Next if B=pog, then ¢(p)= —1 and
[1(=1(B))=—n(P)= —vrxn(®)= —p@)=1.

P
This then establishes (11. 5) and completes the proof of the theorem.

Corollary. Suppose N/K is tame. Then there is a unique y, e Homg,_ (Kerd,, u?) so that
forall y e Kerd,

1=y (modf).
If y € Ry n Kerd, theny,(x)=1, i.e.,
(x)=1 (mod ).

Apart from the uniqueness, this follows directly from the theorem. Uniqueness
follows by the fact the reduction mod £ is injective on u®.

12. Symplectic root numbers as module invariants

Here we use A. III and the results of § 11. We first connect up the notations of the two
sections. To say that an element x of 0g ; is =1 (mod £) is the same as saying that its image
in ¥,(Q)is 1. (Here /is some prime number.)

The theorems of the present section use the homomorphisms #,, #*, and k,, k* defined
in A. III. Note that by the Corollary to Theorem 9, the map y — W () = W,.(x) = W(N/K, x)
defines an element of Homy,  (R}/T(Ry), +1) which we denote by W,.

Recall the definition of #° and A, (cf. A. (I11. 10)) and of k* and k, (cf. (II1. 13), (II1. 14)).
Theorem 14. Suppose N/K is tame. Then
| (D) =k (Wy).
Theorem 15. Suppose N/K is tame. Then
h((D))=k(W,), foralll.

Remark 1. One would want ideally an equation /((D))=k(W,), but at present this
cannot be established in full generality. See however a forthcoming paper by Cassou-
Nogues.
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Remark 2. Although the groups E,(I'), E°(I'), E(I') give information on D(Z(I'))
for certain groups I', for others this is very limited. Thus for an /-group I', all these groups
are trivial. In fact, E;(I') is clearly of order prime to / while D (Z(I')) is an l-group, when I
is an lgroup. (In the abelian case see [11], in general see [35]). Moreover in this
case D(Z(I')) can become very big; for abelian l-groups (/ fixed) the order of D(Z(I'))
tends to infinity with that of I' (cf. [36] or [12]). One then has to consider “higher
congruences” rather than those mod £. See a forthcoming paper by M. Taylor.

Corollary 1 to Theorems 14 and 15.
m((©)=1=F(O)
Corollary 2. If I' has no irreducible symplectic characters, or if more generally W(y)=1
JSor all real valued y then h,((D))=1=h*((D)).
Corollary 3. If k, is null then h, (D))= 1. If k* is null then h*((D))=1.
Corollary 4. 1, ((D))=1.

Proof of Theorems 14 and 15. Recall (9. 4). With u as defined there, A,((D)) is
represented by the map

(12.1) wiixu() mod (Labovel) (xeKerd),

and the element 4*((D)) by the family {w;}, of such maps with y restricted always to Rf..
On the other hand, by the definition of W’()) in (9. 1) and of the maps &, k*in A. 111, k,(W,)
is represented by

(12.2) r— W(()modL (Labovel) (yeKerd)

and k*(W,) by the family of such maps, again with y restricted to R} (when of course
We() =W (1)).

Next, by (9. 4), Theorem 12 and the Corollary to Theorem 13 we have for each /
and all y € R} n Ker d, the equation

(12. 3) wi(x) = W' () mod €.

Hence indeed by comparison of (12. 2) and (12. 3) we get the equation k*(W,) = #*((D)).

Next, for fixed /, we see by (9. 4), Theorem 12 and the Corollary to Theorem 13 that
for all y € Kerd,,

wi () =W (x) yi(x)"! mod £.

Now y, € Homg_(Kerd,, u¥). As multiplication by / acts as automorphism on u®,
and by A.(IIL. 2), Homg_ (Kerd,, u®) is a direct component of Homg, (Rr, u). Extend
then y, to an Q; homomorphism R — u” 0¥ again denoted by y,. We see that the
map x+> y,(x)~" (mod &) lies in r,(Homg_ (R, 0f)). Thus 4,((D)) is also represented by
(12. 2), hence the result.

Examples. 1) The theorems of this section give the proper framework for the results
of [16] which can be deduced from either Theorem, and which now extend to any
basefield K instead of just Q. In fact if I'=H,, is the quaternion group of order 47,
I an odd prime, then Homg (R}/T(Rp), +1), E(I') and E*(I') are all vector spaces of
dimension r over the field F, of 2 elements. If /= —1 (mod 4) then k;, k* are isomorphisms,
if /=1 (mod 4) they are null.
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2)Let '=H,,,, m odd and let K= Q. Then it is shown in [22] that each element
of Homg, (R}/T(Rr), +1) occurs infinitely often in the form W,, even with further
arithmetic “‘boundary conditions’’ imposed.

13. Absolutely abelian fields

Here we take K= Q. As a special case of the change of group maps we have the
surjection D(Z(I'))— D(Z(I'™")), where I'*® is the commutator quotient of I'. We know
that if N/K is tame the image of (D) is (D%)zrar), Where O% is the ring of integers
in the maximal abelian subfield of N. But one knows (cf. [26]) that O is free over Z(I').
Thus we have

Theorem 16. Let N/Q be normal and tame with I =~ Gal(N/Q). Then
(D)z(r) € KCI'D(Z(F)) — D(Z(rab))

The proof of Theorem 16 is usually by direct construction of a “‘normal integral basis”
in terms of roots of unity. From the point of view of our general theory the crucial point
is that in the absolutely abelian case the resolvents for a good choice of generator coincide
with the Gauss sums. One can make this observation indeed into a (somewhat round
about) proof of Theorem 16. By a standard argument one reduces to the case N = Q(&2™/7),
p an odd prime. One then has only to show that &™/ is a free generator of O, over Z,(I')
for all I|p—1 (not as in the usual argument for /=p, which is more difficult). Then one
verifies that t(y) (™/F|y) ' =1.

Theorem 16, in conjunction with Theorems 14 and 15 yields normal integral basis
theorems. E.g. if K= Q, I has no irreducible symplectic characters and

D(Z(N))— D) x TT E(T)

is injective then ()= 1. This is the case e.g. for I metacyclic of order /g (a cyclic group
of prime order / on which a cyclic group of order g acts without fixed points other than 1),

(cf. [17]). :

This example, with many other significant ones and a number of partial results
lead to

Conjecture. If K = Q then (D)3, = 1. (Of course N/Q is assumed to be tame.)

14. Invariants for Hy

In this section we consider the case of tame extensions N/Q, normal with Galois
group I' = Hg, the quaternion group of order 8. This was the first special case in which
the connection between root numbers and Galois module structure appeared (cf. [13]).
The proof in [13], based on a criterion of Martinet’s (cf. [30]), was highly technical and
obscure. Here we shall, as an application of our general theory, give a new, simpler, proof
of the main result of [13]. We shall refer back to [13] for details of some elementary
computations. Another proof, suggestive of local aspects behind the result, has recently
been given by Martinet (cf. [32]).
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We first consider the Vierergroup V. Let [, be the field of 2 elements. Then F, (V)*/V
is of order 2. The sum of all elements of ¥ other than 1, which we shall denote by x is an
element of F, (V)*, not in V. We thus have a homomorphism

(14.1) p(Z, (M) — (F,(N)* Ve +1.
Let ¢ be the regular representation of V. Then we have

2, Det,(x)

14. 1. Lemma. For a € (Z,V)*, u(o) =< 5 ) (Hilbert symbol).

Proof. Show that

2,Dety(@) \ | 1, ifaeVora=1+2B,eZ,(V),
2 Tl =1, ifa=x.

The details can be left to the reader.

Combining the last Lemma with [23] (‘“Proposition’) we get a useful isomorphism
for D(Z(Hg)) (and analogously for D(Z(H,»))—which we do not need). Let y be
the irreducible character of degree 2 of Hy and view the character ¢ of the regular
representation of V as a character of Hg via its surjection onto V.

14. 2. Lemma. The map

S: Homg, (Ry,, U(@)) — 1 with S(/)=( —1,2f~(t/f)> (2, f2'(9)>

induces an isomorphism
D(Z(Hg))= 1.

Now let Gal(N/Q)= Hg, with N/Q tame. Let Uy= +1 be the image of () under
the above isomorphism. Let W, = W(N/Q, ¥). Then (cf. [13]):

Theorem 17. Uy = Wy.

Proof. Let aZ,(I')=9,. By (9.4) and the fact that W(y)=1 for all irreducible
characters y of Hg other than y/, we have, in the notation of Lemma 14. 2,

Uy=S@)

for u(x), =t(0); ' ((@))r0): W(2),, all x. We shall show that

(14. 3) ( -1, (;I‘//)N/o > ( 2, (a|2Q)N/O )___ 1.

Hence

sw=(—7Y)-w.

which is the required result.
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Let here F be the biquadratic subfield of ¥, d,, d,, d; the discriminants of its three
quadratic subfields, and A(F) the product of the primes p ramified in F/Q. Then

1(@) =)/d,d,d3 = A(F). On the other hand the explicit computations in [13], (XII) for
local root numbers of y, a character of Gal(N/E) inducing ¥, and with E a quadratic

subfield of F, show that r(n//)=< A?F)) ( T ;l) > A(N). Here A(N) is the product of

rational primes ramified in N, and we have used the fact that f(y)=A4(N)? i.e

[t()| =A4(N). As ( A(Ii’) )EA(N) (mod 4), we get T(Y) = (A(ﬂ) (mod 4), hence

(=5~ ) (257)-(5%)
2 A(F) 2 2 )’

i.e., we have (14. 2).

To prove (14. 3) we need a Lemma, which is true for any field F with Gal(F/Q)=V,
and 4(F) odd.

14. 3. Lemma. IfbZ,(V) =0y , then

=1, 150 (") \ (2, Bl)rie \ _ 1
2 2 '

Proof. Note first that as

tro(B) 0, fpyg (CHETM (b)* (mod?2),

trjo(b?) is a unit of Z,.
We now show that for b as in the Lemma and o € (Z, (V))*,

(14.4) tpi0 (b®)?) = g0 (b?) p(x) (mod 4),

with p defined in (14. 1). It suffices to prove this for all b so that bZ,(V)=op , and
for a generating set of (Z,(¥))*. The congruence (14. 4) is obvious for a € ¥ and for
ael+2Z,(V). It remains to prove it for o =x, the sum over the elements of V' other
than 1. Then (bo))* = (¢5,0(b) — b)?, hence

trio (b®)?) =ty (0%) +2(tro (D)} = — gy (b%) = tg10 (V%) 1(®),

as required.

. -1,
On the other hand (ba|@)re = (blo)r,o Det,(x). Observing that u(x) =<—*—2”—(@—

and using Lemma 14. 1, it follows that the left hand side in the equation of Lemma 14. 3
is unchanged on replacing b by ba, a € (Z(¥))*. But as « runs over (Z(V))*, the element ba
runs over all elements b’ with b'Z, (V)= oy ,. Thus the product of the two Hilbert symbols
is independent of b.

1
Now take b=— (1+ 1/3,—+ ]/E;-i— |/ d,d,), where as before d,, d, are discriminants
of two distinct quadratic subfields of F. Writing (b|@)f, as the product of the (b|®)g

1
with deg(¢) =1, one sees that (b|g)F,o =d, d,. On the other hand #,,(b?) =7 (1+d) (1+4,).
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A simple calculation, e.g., setting d; =1 + 4m;, now establishes the equation of the Lemma
for these values. (This is reminiscent of computations in [30]!)

Now we return to the proof of (14. 3). With a as before, we shall show that

(14.5) (@l)nio =ty ((a—a")?)

where n generates Gal(N/F). (Note that (@ —a")* does lie in F.) On the other hand
a+ a"= b satisfies the hypothesis of Lemma 14. 3. Now

lp o) =10 o ((a+d") =1y o((a—a™?) (mod4).
Thus indeed by (14.5), (al¥)y0 = tro(b*) (mod4), while also (alg)ye = (blo)ro- The
equation (14. 3) thus does follow from Lemma 14. 3.

It remains to establish (14. 5). Let E be a quadratic subfield of N, ¢ a generator
of Gal(N/E), and w an element of Gal(N/Q) not in Gal(N/E). Then ¥ is the character

of the representation
. i 0 R 0 1
77V —i) -1 0

and for the character 0 of Gal(N/E) of degree 1, with 0(¢) =1, we find

(al B)N/E (a” g)N/E))
=d .
@ . << —(@’|O)ye  (al g)N/E

Hence (alY)no=(al0+0)ye+(@l0+0)ye. But (al0+0)y=(a—a")*+ (a—a")?".
Substituting into the preceding equation yields (14. 5).

Remark. By a variant of this proof one can show that for quaternion 2-groups
of order > 8 actually () = 1. The method of proof is however as yet rather unenlightening
and we shall not go into this here.

15. Artin conductors and duality

This section is concerned with the structure of © as an o(I")-module, rather than
a Z(I')-module, always assuming that N/K is tame. The tool is a connection between
Artin conductors and resolvents.

The resolvents (a|yx+j) are all fixed under Q,.,, as det,, (I')=1. Let in
particular p be a prime ideal of o, and let ao,(I')=90,. Then the idele (alx+) in
J(K(x + 7)) defines a fractional ideal ((alx + %)) of 0g(+ - We then have

Theorem 18. Suppose p is a prime ideal of o, tame in N/K. Then, if ao,(I') =D,
((‘Z'X + @) = fp(X) DK(1+ x)?° for all X9
where f,(y) is the local conductor.

Corollary. Let N/K be tame. If a [T 0,(I') =[1 D, then
((alx + D) =F(0) ok(+ > Sforally.

54*
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Remark. One can re-express this result in terms of resolvent modules. Clearly
(o:x+x)is a fractional ideal of o, , ,, and one then has

(07 +0=T00 0k -

Proof. The proof is similar to, but much less deep and technically easier than that
of Theorem 4. Accordingly we shall only give a brief outline.

We assume that ao,(I')=9, and denote by /,(x) the ideal ((alx+x)). We have
two ,-homomorphisms /, and f, from R into J(Q)/U(Q). To prove that they coincide it
suffices to show that 7, (y) =, (x) for a set of generators of R. Using Brauer induction and
the induction properties of f, and I, (the latter by Theorem 7) one reduces to the case
when deg(y) =1. Using Theorem 6, and the analogue for f,, one reduces to the Kummer
case, with p forder(y). Then one uses the first half of Theorem 8, to prove that p is ramified
at y or not, according to whether v, ((aly))+v,((alx))=0 or=1. This implies that
v, ((alx + 1)) = v, (T, (x)) as required.

For the remainder of this section we need A.IX as background. From A.IX,
Theorem 1.a. and Theorem 18 we see that, with the choice of a as in Theorem 1.a,
the fractional ideals

b’ =70 (alx+n~"
define a representative in /(o, I') of the class (D), - (O)yry- By [19] (Proposition 5. 1)

(alx+ ) =det, (k(@), k(@)= tyx(a-a’)y ' e KI)*.

If now all prime divisors p of order (I') stay non-ramified in N then for all these p
actually k(a), € 0,(I')*. Thus in this case, by the definition of G(o, I') in A.I, (v), (vi),
((alx+7)) € G(o, I'). We conclude:

Theorem 19. Suppose all prime divisors of order(I) are non-ramified in NJK.
Then the fractional ideals §(x) define a representative of (D)gry (D)o in I(0, I).

This theorem is a source of counter examples.

Corollary. If, for some y, f(x + ¥) 0x(, + o is not a principal ideal of vk, ,, then O is not
a stably free, and not even a stably self dual o(I')-module.

Finally we have from Theorem 14, Theorem 15 immediately also
Theorem 20.

hl ((D)Z(r) (b)l(l")) =1, K ((D)Z(r) (E)zm) =1.
Conjecture. (), (D), ,=1ifK=0Q.

16. Module resolvents

We recall the definition of the module resolvent (cf. [18]) in the particular situation
required here. Let F be a number field containing K and let M be an og(I')-lattice, i.e.,
an og(I')-module which is finitely generated and torsion free over og. The character associated
with the Q(I')-module M ®,_ Q will also be called the character of M.
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Let p a prime ideal of o. The two modules Hom,, ,(M,,(O ®, 0g),) and M,
have the same rank over og . Let {f;} be a free basis of the ﬁrst and {m;} one of the second
module. Then det f; (7)) is an invertible element of (N @ E),. We define

5* (Mp’ (D ®o DE)p) = DE.p detﬁ(mj)

(cf. [18], § 3). This is independent of the choice of bases. Applying the multiplication
homomorphism g, : (N ® E), — (NE), we get an og ,-module

gvs* (Mv’ (D ®o DE)v)
in (NE),.

Theorem 21. Suppose N/K is tame at P and let ao (F )=90,. Let M be an vg(I')-lattice
with character y. Then

gvs* (Mp’ (D ®, OE)p) = DE.n(a'X) .
Proof. We shall choose particular bases { f;} and {m;}. Write <, for the pairing

M, xM,— og,
where M, = Hom,, (M,, o5 ,). Forue M, define

gu:M,— (O ®,0p), =D, ®, 0g, by gum)=Xa @<my™', up.
V4

The map u +— g, is an isomorphism

M,=Hom,, 1 (M,,(O ®,0g),),
namely the composite of the well known isomorphism

Mv = Homoﬁ,, (r) (Mv’ DE.v(F))
given by u +— [m > Y. {my~', u)y] with the isomorphism y — @’ ® 1.

Let {m;}, {u,} be dual bases of M, and M,, i.e., so that {m;, u,» =5, (Kronecker
delta). Then

5* (Mp,(D ®o DE)p)= DE.p det (Z ay ® <mj‘y~l’ uk>)j k'
, :
Hence
16.1)  g,5*(M,,(D ®, 0),) =0, det (z @ (mpy, uk>)j ;
, .

Let myy= Z «(¥)my, and the matrices T'(y) = ( 15(y)) define a representation with

character y. Thus
(16.2) (aly) =det (z aszk(y‘l)).
Y

But clearly {m;y, ;> = t;;(y). Thus the theorem follows by comparing (16. 1) and (16. 2).

We have now seen that the s* do indeed provide a partial generalisation of
resolvents to the wildly ramified case.
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Using the interpretation of resolvents via Theorem 21 together with certain module
theoretic results and with Theorem 4, or Theorem 18, respectively one can show that for
actual characters y and ¢, the quotients of local Galois Gauss sums

7, (05 1, () F P 7, () ',

respectively of conductors

T (05D T, ($) 5D 1, (x )"

are integral. The details'will be given in a separate publication.

Appendix A.
The class group of integral group rings

I. For the theory of locally free modules over group rings see [27], [35], [15].
We take as our starting point the definitions and results of [15]. A great deal of what we
have to say applies to orders other than group rings, but we shall not aim here at generality.
The few hints given should suffice to enable the interested reader to find the more general
formulation. Throughout this appendix we are considering pairs (F, I'), where F is an
extension of finite degree of Q and I is a finite group. Representations of I" as Galois group
do not enter and are irrelevant here. The additive group of virtual characters of I, i.e.,
the free abelian group on the absolutely irreducible characters of I will be denoted by R;.
The Galois group Q.= Gal(Q/Q) acts on R, by pointwise operation on the characters,
the latter viewed as functions from I' into Q. Thus, for ye Ry, w € Q, and ye I' we
have x°(y)=(x(y))”. This structure is the same as that given by twisting Q(I')-modules
by the semilinear action of w.

The aim of this first section is the derivation and description of the isomorphisms
(1. 10), (I. 11). Once this is taken for granted the remainder of this section will no longer be
needed in the sequel. If one wants to consider an arbitrary order in some algebra A over
a number field F then one should replace R, in what follows by the Grothendieck
group Ky (4 ®f Q).

Let the set of fixed points of a group 4 in a 4-set X be denoted by X“. Let k be
a number field. We consider covariant functors H from the category of extension fields F
of k of finite degree to abelian groups. If 4 is a group of automorphisms of F/k then
H(F*)— H(F) factorises through H(F)? and we shall require that it induces an iso-
morphism

@ 1) H(F%~ H(F)*.

Thus H preserves injections. We shall then define H(Q) as the direct limit, hence union,
of the H(F), with F running over the finite extensions of k in Q, and analogously for all
subfields of Q. We also extend H to a functor on finite dimensional semisimple commutative
k-algebras, by

1.2) H (1‘; F) =[1H(F) (finite direct product).

Let C be a finite dimensional, semisimple, commutative K-algebra, with Ka number
field containing k. Let G be the set of non-zero homomorphisms C— Q over K,
X the free abelian group on G.. Then Qg acts on G by composition [g*(c)=g(c)*],
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hence on X¢. Note that indeed Gc may be identified with the set of isomorphism classes
of simple C @ Q-modules, and X with K, (C ® Q). If now x € H(C) then 6,:g+— H(g) (x)
isa map G, — H(Q), compatible with the action of Q. Thus

6, € Map,,, (G, H(Q))=Homg,_(Xc, H(Q)).

Clearly x> 0, is a homomorphism of groups. Under hypothesis (I. 1) one now easily
concludes that we have an isomorphism

(1. 3) 0: H(C)=Homg_ (X, H(Q)).

Now let C=cent (K(I')), the centre of the group ring of I" over K. A representation
T:I' - GL,,(Q) extends to a K-algebra homomorphism

1.4 T:K(I')— M, (Q)

(m by m matrices over Q). Suppose T is irreducible and restrict 7 to g:C — Q. Then
indeed g = g, solely depends on the character y corresponding to 7" and the map y+ g, yields
an Qg-bijection of the set of (absolutely) irreducible characters of I" onto G.. We thus may
identify X = R and hence get from (I. 3) an isomorphism

(1. 5) H (cent(K(I')))~Homyg, (R, H(Q)).
An isomorphism of this type, for a particular H, occurs already in [41] (section 2. 3).

Note that if 4 is any closed subgroup of Q, then H(Q)? = H(Q?). As R, is fixed
by a subgroup of Q4 of finite index it follows that we may replace the right hand side
of (I. 5) by Homy, (R, H(E)) for a suitable number field E. This is the point of view
adopted in [22].

The particular functors H which we shall consider are of the form
(1. 6) H(F)=(of ®,, B)*,

where B is a flat commutative o,-algebra. Here ( )* is the multiplicative group of
invertible elements of a ring ( ). It is clear that these H satisfy (I.1). Examples:
B=0; , (completion at a finite prime divisor p); B=k; B=k, (completion at a prime
divisor p—if p is infinite we introduce the convention that o, ,=k,); B=[]o,,

p
(product over all prime divisors); B=Ad(k), the adele ring of k. Note that if B is
actually a k-algebra then o ®, B=F ®, B. Note also that F @, Ad (k) = Ad(F).

With K as above, C=cent(K(I')) and Ba commutative k-algebra we have the reduced
norm

n: (K(I') ® B)* — (C ®; B)*.

(Note that K(I') ®, B=K(I') ®x (K ®, B).) More generally with M_(k) denoting the g
by ¢ matrices over k, we still have C = cent (M, (k) ®, K(I')), and get the reduced norm

n: (M, (k) ® K(I') ®i B)* = (C @, B)*.

On the other hand a representation T: I' — GL,,(Q) yields a K-algebra homomorphism T
(cf. (1. 4)), hence with Band C as above a homomorphism

T: M, (k) ® K(I') ® B— M, (k) ® M, Q) ®,B=M,,(0Q) ®,B.
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Taking determinants on the right, and writing H(F) = (F ®, B)*, we get a homomorphism
(1.7 det T=det,: (M, (k) ®, K(I') ® B)* —» H(Q),

which indeed only depends on y, the character corresponding to 7. If y is irreducible and
g, : C — Qis the homomorphism, associated with y (see (I. 4) and after) then immediately
from the definition of the reduced norm we see that

(I1.8) det,=H(g,)on.

For each xe (M, (k) ®; K(I') ®, B)* the map Det(x): y > det,(x)=det T(x) is
additive on characters, i.e., extends to a homomorphism R, — H(Q). As det,..(x) = (det (x))9
it preserves Qg-actior. We thus gei a homomorphisir

Det: (M, (k) @ K(I') ®, B)* — Homg, (R;, H(D)).
By (I. 8), the diagram
(M, ) ®, K(I) @, B)*
(I 9) [n Det

H({C) —— > Homg, (R;, H(Q))

will commute.

Now apply the isomorphism 0 of (I. 3) in each of the following cases: (i) H(F) = J(F),
the idele group of F,i.e. in (1. 6), B=Ad (k), (ii) H(F) = F*,i.e. B=k, and (iii)) H(F) = U(F)
the group of unit ideles of F, i.e., those ideles which are units at all finite prime divisors—
here B=T]o,, (product over all prime divisors). Write also U(ox(I"))=TT og ,(IN)*

P P
(product over all prime divisors). By the commutativity of (I. 9) for g=1 and B= Ad(k),
we get

0n (U (0x () = Det U(og ().
From the isomorphism
Cl(og(I')) = J (cent (K(I')))/cent (K(I))* - nU (ox(I'))
of [15] (Theorem 2), for the class group of og(I"), we thus now derive the isomorphism
(I. 10) Cl(og(I'))=Homg,_ (R, J(Q))/Homg, (R, Q*) - Det U(ox(I)),
which is central for our work. ‘
Analogously to [15], (X) (note change of notation) one gets a second isomorphism
1. 11) I(og, 1N)/G(vg, I') = Cl(og (IN)).

Here we start with a finite set S of prime divisors of &, including all those dividing order (I),
as well as all infinite ones. An element of I(og, I') is a function b defined on R, so that

(1) b(y) is a fractional ideal of K(y), the field of values of x over K,

(it) The numerator and the denominator of b(x) is prime to all prime ideals
(i.e., finite prime divisors) in S,
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(ii1) b(x + ) =b(x) b(¥),
(V) b(x?)=b(x)*, all w € Q).
The elements of G(og, I') are those b with
(v) b()=(b(x)), for all x, b € Homg, (R, ©%),
where moreover
(vi) b(x), € Det (0 ,(I'))*, forallp e S.

To derive (I. 11) from (1. 10), let J'(F) be the subgroup of J(F) of ideles with
component 1 atall p € Sand let U'(F)= U(F) n J'(F). Going over to the ideal (‘‘contents)
generated by an idele, we get an isomorphism

(1. 12) I(og, I = Homg, (Ry, J'(Q))/Homg, (R;, U'(Q)).

On the other hand the inclusion J'(Q) — J(Q) yields an injection of the right hand side
of (I.12) into Homyg, (R, J(Q))/Det U(og(I')). From (I.12), (I.10) we now get
a homomorphism I(og, I') — Cl(0g(I")), whose kernel is easily checked to be G(og, I"),
and which, by weak approximation, is surjective. This yields (I. 11).

We shall now describe an element feHomg, (R;,J(Q)) which under the
isomorphism (I. 10) represents the class (M) in the class group Cl(vg(I')) of a locally
free ox (I")-module, say of rank ¢g. We consider the diagram of inclusions

M®,, K
« Q
M M ®, Ad(K)=M ®, Ad(k)
Q< c
M ®0K H OK.O
P

where, as usual, [T is the product over all prime divisors. By hypothesis, M ®,, [ ok,
is free over [ | oK‘:(F), sayonw, ..., w,. Also M ®,, Kisfreeover K(I'),onuv,,..., Zq say.
Thus bothp Wi,...,w, and v,...,v, are free bases of M ®, Ad(K) over
Ad(K) (I')=K({') ®k Ad(K)=K(I') ®, Ad(k). Hence

Ix=(a;) e GL,(K(I') ®x Ad(k))= (M, (k) ®; K(I') @, Ad(k))*

sothatw;=3 via;, j=1,...,4.
1

The required element f, which we shall call a representative of (M) is then given by
1.13) S=Det(x),

the image of x under (I. 9), with B=Ad(k), i.e., with H=J. This can be verified by going
through the explicit descriptions for various maps given in [15] and in the present section.
If one moreover chooses vy, ..., v, so that these define a free basis of M ®,, ok , over
o ,(I"), for all p € S, and then takes b (x) as the contents of f(x) then b, represents (M)
in I(og, I'). (In an earlier version we used the term *“‘family of invariants for M”.)

II. We need an ““‘absolute” definition of totally positive ideles, which is independent
of the field chosen, hence by necessity different from the usual one. We call an idele « of
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a number field E fotally positive if for every infinite prime divisor p of E, whether real or
not, the element a,, is real and positive.

A representation T: I’ — GL,,(Q) is symplectic, if T(I') leaves a non-singular alternat-
ing form invariant, i.e. if T factorises through Sp,,(Q). The subgroup of R, generated by
the characters of symplectic representations will be denoted by Rj. Its elements are
the (virtual) symplectic characters.

If G is an Qg-subgroup of J(Q) we shall write Homg_(R, G) for the subgroup of
Homy, (Rr, G) of maps f for which f(y) is totally positive whenever y € Ry. Taking
now k =Q, one knows that Det U(Z(I")) = Homg, (R, U(Q)). (See [15], (IX).) We thus
have, by (I. 10), a surjection

(. 1) Cl(z(I))— Homg, (R, J(D))/Homgo (R, Q%) Hom;;o (Ry, U(@))
Its kernel, the so called kernel group is denoted by D (Z(I')). Thus

(IL2)  D(Z(I')=Homg, (R, U(Q))/Homp, (Rr, of) Det U(Z(I)),
where og is the ring of integers in Q.

There is a module theoretic interpretation for (II. 1). Indeed, if 9 is a maximal order
of Q(I'), then Det U(IM) =Homg_ (R, U(Q)) (cf. [15], Theorem 2), and thus the right
hand side may be identified with the classgroup C1(¥)X), and the map with that given by
extension of scalars to a maximal order, containing Z(I'). Also the isomorphism (I. 11)
yields an isomorphism

(1. 3) D(Z(N)=P(Z,INGZ,T),
where P(Z, I') is the subgroup of I(Z, I') of functions b with
(vii) b(x) = (b(x)), for all x, where b € Homg_(R, Q*).
Remark. With appropriate changes all this extends to the base ring oy in place of Z.

III. Let / be a prime number. We shall first need some results on “‘reduction” of
characters mod /. For the required results on representation theory see [37].

Let RY be the Grothendieck group of finitely generated F,(I')-modules, F, any
algebraically closed field of characteristic /, and P{¥ that of projective such modules.
We have the commutative triangle

i a,r )
PP ———— R

Ry

with d, r=d, the so called decomposition map. The maps as stated here are unique only
to within Q,-conjugacy, but Ker d, and Im ¢, are unique, namely

(L 1) Kerd, = [x|x(y) =0 for all l-regular y],
’ Ime, =[x|x(y)=0 for all l-singular y].

Here y is l-regular if its order is prime to / and /-singular if the order is divisible by /.
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One knows, and it follows from (III. 1), that

Ime, N Kerd,=0
(1. 2) {Rr/I’m e+ Kelr d, i’s I-torsion.
For any number field Flet £, denote the product of all prime ideals of o above /and let
(1. 3) Vi(F) = (op/Lp)*.
H =V satisfies (I. 1). Note that if o;, is the completion of o at /, i.e., o ;= 0y ®; Z,, then
(I1I. 4) of ;= V(F) x a pro-l-group.

If fe Homg (R, U(Q)), say f: R — U(F) for some number field F, then we write r,f
for the compositum

reduction mod £

Kerd, — Ry — U(F) ().
This defines a homomorphism
(I11. 5) r: Homg_ (Rp, U(Q)) — Homy, (Kerd,, ¥,(Q)).

Using (I11. 4) one sees easily that
H0m50 (Rr, U(C)) — Homy,, (Rr, VI(D))

is surjective. As V,(Q) is a torsion group in which all elements have order prime to /,
and by (I11. 2),

Hom,,, (R, V,(Q)) — Hom,, (Kerd,, V,(Q))

is surjective. Hence we have shown that r, is surjective. More generally let /; (i=1,...,1)
be distinct primes, and define

(L. 6) r, . =TIIn:Homg (Ry, U(Q)— T] Homy, (Kerd,, V(D).
i=1

[
Then one concludes
I1L. Proposition 1. r,, _, is surjective.

Note. One can always restrict to / dividing order (I'). For, otherwise Ker d, =0, hence
the right hand side in (I11. 5) is null.

More generally by restricting further from Kerd, to R} n Kerd, one gets a homo-
morphism

L7 #

1 -

.- Hom¢ (Rp, U(Q)— [T Homy,, (R} N Kerd,, V,,(Q)).
i=1

Now we have
I11. Proposition 2. Det U(Z(I')) = Kerr;.

Proof. The map r, on DetU(Z(I')) factorises through the components map
Det U(Z(I')) — DetZ,(I')*. We thus have to show that if xe Z,(I')* and € Kerd,
then the image of dety(x) in V,(Q) is 1. But 6=y — where y, ¥ are characters of
representations 7' and S with lintegral coefficients, which on reduction mod/ have
the same irreducible factors. Hence indeed det, (x) = det, (x) (mod £), as required.
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Define
(I11. 8) E(I')=Homy, (Kerd,, V,(Q))/r,(Homg_ (R, 0f))
and
ET)= lil HomQO(Kerd,i, Vi.(@Q)/n,......(Hom™ (Rp, 0f)),
(111 9) o
E*(I')=T] Homg, (R} N Kerd,, V,(Q)/ri, ..., (Hom" (Rp, 0§)).

i=1

with /;, ...,/ being the distinct prime divisors of order(I'). By Proposition 2 we get
homomorphisms

hy:D(Z(I))— E(I),
(I11. 10) h :D(Z(I'))— ET),
WD (Z(I'))— ET),

of which the first two are surjective by Proposition 1. Of course, 4, and 4* will factorise
through A, but unfortunately arithmetic results which can be established in terms of 4,
and A° are at present unobtainable in terms of 4.

Next write 7: R — R, for the map given by
(I11. 11) T(¢p)=d + P, ¢ thecomplex conjugate of ¢.

Then T(R;) < R} and R}/T(Ry) is of exponent 2 (or 1). Mapping an irreducible character
into 0 if it is not symplectic, and into its class mod T(Ry) if it is symplectic, and extending
by linearity, we get a homomorphism R;— R}/T(R;) of Q,-modules. If now
feHomg, (R}/T(Ry), 1) then we write s, f for the composition

Kerd,— Rr — R}/T(Rp) = £1 "5 1,(Q) < V(D).
Thus s, is a homomorphism
(I11. 12) Homyg, (R}/T(Ry), £1) — Homyg, (Kerd,, ¥;(Q)).

Composing with the surjection of the right hand side onto E;(I'), or first taking products
on the right and then mapping onto E(I") we get homomorphisms

k,:Homg, (R}/T(Ry), +1)— E/(I),
(L 13) {k : Homg, (R}/T(Ry), +1)— E(T) .

Restricting to R} n Kerd,, we get a homomorphism
(I11. 14) k*:Hom, (Ry/T(Ep), £1)— E(I).

IV. We shall have to consider homomorphisms from R into Q,-modules, which
are twisted by Galois action. Such objects were already considered in [19] (“Galois
character functions’’), but in a slightly different notation.

Let then G be an Q,-module, written multiplicatively. We consider, for K a number
field containing k, pairings

QR xQr— G
so that
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PO +y, w)=¢ (1, ) W, w),
(Iv. 1) PO w0)=d(x, ) ¢(1, ®'),
d(° ", ) =1, w)

forall y, ¥ € R, w, o' € Qg, 0 € Q. The set of homomorphisms f: Ry — G, with

av.2 fG =90 f(0, allyeRy, allwe,

will be denoted by Homg_ (R, G). If ¢,, ¢, are two such pairings multiplication in
Hom(R, G) yields a pairing

Iv.3) I(¢,., ¢,): Homg,, , x Homg, 4, — Homg, 4,4,-

In particular Homg, (R, G) is either empty or else it is a coset of Homy, (R, G).

We shall be concerned with a special case. Assume that Homg, 4(Rp, Q%) is
non-empty. Then Homg, ,-:(Rp,Q*) and Homg, ,(Rr,J(Q)) are non-empty and
pairings II(¢ ™', ¢) and II(¢, &) (with &(y, w)=1, all x, w) define actions of Det (K(I')*)
and, Det U (og(I')) respectively on these sets, with orbit spaces

Homg, ,(Rr, Q%)  Homg, 4(R,J(Q)
Det(KT)*) Det U(ox(I'))

(IV. 4)

In view of (I. 10) we get, induced by IT(¢ ™', ¢), a pairing

_( Homyg, 4-1(Rp, Q%) Homy, 4(Rr,J(@)_,
av.s) H.( Det (K(I))* )Dﬂwm< Det U{og (1) ) Cl(ox (D).

Here the left hand side is the subset of the product of the two orbit spaces in (IV. 4)
represented by pairs /!, g, for which the element fg of Homy, (R, J(Q)) actually lies in
DetJ(K(I'). The symbol J(K(I')) denotes the idele group of K(I'), i.e,
J(K(T'))=(K(I') ®: Ad(k))*. The reduced norm on ideles is surjective, modulo principal
ideles. In terms of determinants this means that

Homyg, (Ry, Q*) - DetJ(K(I'))=Homyg, (Ry, J(Q)).

Thus we know that
IV. Proposition 1. I1 is surjective.

V. In the following sections we are concerned with a change of group, or of field in
the pair (K, I'). In each case we shall study maps on the groups Homg,  or sets Homg, 4,
on Cl(og(I')) in terms of operations on modules, and on the images under Det, and
we shall show that the various maps are indeed compatible.

Base field extension. Let E be a number field containing K. We have the embedding
V.1 ixe: Homg, (Ry, )— Homg (R, ).

If a pairing ¢ on Ry x Q is present, the same applies with ¢ on the right replaced by its
restriction to Ry x Q. Moreover with the usual meaning of the symbol B, the map ix p will
take Det((0x(I") ® B)*) into Det((0g(I') ® B)*). On the other hand extension of scalars
yields a map

(V. 2) i Cl(ox (') = Cl(0(I))
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on class groups, taking (M), into (M ®,, 0g),.r)- Immediately from the description
in I we conclude

V. Proposition 1. The maps iy, commute with the isomorphisms (1. 10).

VL. Base field restriction. Here K> Fok. Let G be an Qp-module. The trace map
Homg, — Homg,, is standard. As we use multiplicative notations we write this as
a “‘norm” map, i. e., we define

(VL. 1) Ny,r: Homy, (Ry, G) — Homy, (R;, G)
by
(VL. 2) Qe =TT/

where {a} is some right transversal of Qg in Q.

VL. Proposition 1. If B=k, or B=o,_, (p a prime divisor of k), or B a product of such
rings then Ny maps Det ((ox(I') ®,, B)*) into Det ((05(I') ®,, B)*). In particular

Ny,r Det(K(I)*) = Det (F(I')*),
Ny, r Det (0 ,(I)*) = Det oy ,(I)*), p as above,
Ry,r Det U(og(I)) = Det U(og(I)).
We shall give a proof below.
Note that by the last Proposition, and via (I. 10) we get a map
Ny, : Cl(og(I')) — Cl(ox(I)),

induced by N,» on Homg,_ (R, J(Q)). On the other hand, restriction of base rings yields
a functor from locally free modules over og(I') to such modules over og(I"). We then have

VI. Propesition 2. Let M be a locally free ox(I')-module of rank m. Then

M Jor) = (°K r ))3}(” “Nyp ((M Jox(I) )

Proof of Proposition 1. It suffices to prove this with B=k, or B=p,,. Put
B=B ®,k.

Let L be the normal closure of K over F. Each ¢ € Q yields an automorphism of

L(I') ®, B as F(I') ®, B-algebra. Explicitly (Z ayy>‘7 =Y aly, fora,e L ®, B. Let T be
Y Y

a representation of I', extended as in I, to a homomorphism L(I') ®, B— M,,(Q) ®, B.
As Y a;T(y)= (Z a,T(y)’ ’>¢ it follows, for x the character corresponding to 7, that
v Y

(VL. 3) det, (X agy) = (det,.-* (T a,)) .

Let now {4;} (i=1,..., t=[K:F]) be a free basis of og ®,, B over o ®,, B, hence
a free basis of ox(I') ®,, B over op(I') ®,, B. Let a € (0x(I') ®,, B)*. Then La=3 Aja;
J

and more generally, with ¢ € Q,

(VL. 4) Mo’=3 Aa;, (a;)€GL,(0p(I) Qo B).
Jj
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As op ®,, B is a semilocal ring we know, by a well known result in K-theory
(cf. [39] (Prop. 8.5) or [15], (C)), that GL,(0p(I') ®,, B) and (0;(I') ®,, B)* have the
same image under the reduced norm n. In other words, 3x € (0(I') ®,, B)*, so that
n((ap)=n(x).
With the definition (I. 7) and by (I. 8), we now know that
(VL. 5) det, ((a;;)) = det, (x).

By (VL. 4) and as, with ¢ running through a right transversal of Qy in Qp, the matrix (47)
is non-singular it follows that

(VL. 6) I det, (a7) = det, ((a;y)).

By (VL 3), [Tdet,(a”)=TT(det,.-*(2))°. In other words if f(y)=det, (x), we now see

by (VL 5), (VL 6) that (Ryrf) (1) =det, (x), i.e. Rpf=det(x), x € (0p(F) @y B)¥, as
required.

Proof of Proposition 2. As N, is a homomorphism, we may assume m = 1, and indeed
take M as embedded in K(I'). Let now B=]] o, , (product over all prime divisors) and let
now o be a free generator of M ®,, B over ox(I') ®,, B. We may view M ®,, B asembedded
in K(I') ®, Ad (k). Thus o € (K(I') ®, Ad(k))*. With {4} as in the proof of proposition 1,
we may take

(VL. 7) {40} a free basisof M ®,, Bovero.(I') ®,, B.

[UR

We have again

(a;;) € GL, (F(I') ®, Ad(k)).

Jis

J

In the same way as in the preceding proof we deduce that

det, ((;)) =TT (det,o ()",

or writing now f'(x) =det, («)
(VL.9) det, ((a;)) = (Rxrf) (1)

Let next {v;} be a free basis of K/F, i.e., also of K(I') ®, Ad(k) over F(I') ®, Ad (k).
Then

j‘] = Z Ulblj, (blj) (S GLI (F(F) ® Ad (k)), iia = Z’ U,b,jaﬁ .
1 J-

Put det, ((b;))=g(x), det,((b;) (a;))=h(x). By the description given in I, g represents
(0k(I))opry as {A} is a free basis of og(I") over op(I'), and h represents (M),
But h=g(Ng /), by (V1. 9), and f represents (M),, - Hence the result.

We now turn to the norm operator for twisted homomorphisms. Use the notation
of IV, and define in general

(V1. 10) R /) O =TLSC™Y
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with {o} again a right transversal of Qg in Q. Let with a different choice of right
transversal {4} say,

Rige)) (0= I;If (C

Then one has
VI. Proposition 3. There is an element w, € Qy so that, for all y, and all
feHomg, ,(Rr,G),

(m;(/rf) (= (mK/F./) (0) - d(x, wg).

Next let v = vk be the transfer (Verlagerung) Hom (€, ) — Hom(Qg, ).Forgiveny,
the map ¢(x, ) is a homomorphism Qg — G. Write v (x, ) for its transfer, and v¢
for the pairing x, w — v¢ (), w). Then one has

VL. Proposition 4. RNy maps Homg, ,(Ry, G) into Homg, ,4(Rr, G).
The proofs of the last two propositions are straight forward and left to the reader.

We finally note that
(VI. 11) iRK/FH((f’x s 92) =1 (v, v,) ° ERK/F'

VIIL. Change of group. Here we give ourselves a homomorphism 0: 4 — I' of groups,
the two cases of special interest occurring when @ is the inclusion of a subgroup, or
the quotient map to a quotient group. ‘‘Restrictions” of representations from I to 4, or
of functions on I' to functions on 4 yield a homomorphism 6*: R, — R, and a map 0**
from functions on R, to functions on R;. We thus obtain natural homomorphisms

(VIL. 1) 0**: Homg, (R4, G) — Homy, (R, G),
or maps
(VIL. 2) 0**: Homg, 4(R,, G) = Homg, guy(Ry, G).

With B a commutative k-algebra, as before, and H(F)=(F ®, B)*, one verifies that
the diagram

(K(4) @ B} ——  (K() & B)*
(VII 3) Det Det
Homy, (R4, H(Q)) —=— Homg, (Ry, H(Q))
commutes. It follows that we get, via the isomorphism (I. 10), an induced homomorphism
(VIL 4) 6**: Cl (0g (4)) — Cl(og(I)).

If M is a locally free og(4)-module then M ®,, (4 ox(I') is locally free over og(I').
We then have
VII. Proposition 1.
(M ®DK(A) DK(F))oK(F)= 9**((M)ox(A))'
This is almost immediate from the fact that tensoring up preserves free bases.
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We also note

(VIL 5) 0** o Ny p=Nyp o 0%,
(VIL. 6) O%* o iy p =i p 0 O**,
and
(VIL 7) TT(0** ¢, 0%*p,) o 0*¥* = 0** o [T(¢,, ¢,).

VIIL. Restriction to subgroups. Here A4 is a subgroup of I'. If y € R, we denote by yx,
the induced character of I', i.e., x, € Rr. For fa map on R write ¢4 f= gf for the map on

R, with ¢ f(x) =f(x,)- This yields

(VIIL. 1) eria: Homg (Rp, G) — Homy,, (R,, G)
and similarly when a pairing ¢: Ry x Qg — G is given, with the induced pairing
00: Ry xQy—G.

VIIL. Proposition 1. Let B=k or B=o, g, or B a product of such rings. Then

0r1a Det (0 (1) ®a, BY*) = Det (0k(4) ®a, B)*).
From this proposition we get, via the isomorphism (1. 10), a homomorphism
(VIIL 2) 0rsa: Cl(og (")) = Cl(0k(4)).
VIII. Proposition 2. Let M be a locally free og(I')-module. Then
(M)t = Qria((M)oxr)) -

In preparation for the proofs of the two stated propositions, consider a commutative
k-algebra B and an element o € (K(I') ®, B)*. Let {y;} be a left transversal of 4 in I
Thus we have

(VIIL 3) oy =3 i, (a;) € GLg (K(4) @ B),s=[I":4].

Let T:4— GL(V) be a representation of 4 on a Q-space V. The underlying
Q-space for the induced representation 7, of I' (viewed as a left '-module) can be thought
of as the direct sum @ vy, V. In terms of matrices this implies that under the homomorphism

T,:(K(I') ® B)* — GL,(Q)
the matrix T, («) is the block matrix (7(a;;)). In other words, in terms of characters, we
have
(VIIL 4) det, (2)=det, ((a;))-

Proof of Proposition 1. 1t suffices to take B=k or B=o, ,, p a prime divisor of k.
Put B=B ®, k. If a € (0x(I') ®,, B)*, then, in (VIIL 3), we have (a;) € GL, (0x(4) ®,, B).
Now B is semilocal. Thus, using once more the same K-theoretic result as in VI (cf. [39]
(Prop. 8.5) or [15], (C)) Ix € (v0x(4) ®,, B)*, with n(x)=n((a;)), whence by (I.8),
det, (x) =det, ((a;)), for all x € R,. By (VIIL. 4), we conclude that

QI'/A Det(a) = Det(x) N

as required.
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Proaf of Proposition 2. We may take M to be of rank 1 over og(I'), and embedded
in K(I'). Let « be a free generator of M ®, B over ox(I') ®,, B, with B=[]o;,
(product over all prime divisors). Then ae(K(I') ®, Ad(k))*, and Det(x) is a
representative of M as og(I')-module, in the sense of I. Moreover we have again
equations (VIIL. 3), with B=Ad (k). As {ay;} is a free basis of M ®,, B over ox(4) ®, B
and {y;} a free basis of M ®, k=K(I') over K(4), it follows that Det((a;)) is
a representative of M as og(4)-module. (Recall (I.13).) But by (VIIL 4),
ors Det(a) = Det ((a;;)), as required.

We note

(VIIL 5) Oria ° (¢y, ¢)= H(Qr/4¢1 » Qrja®2) © Oria»
(VIIL. 6) 0r/a° Nr=Nyr© 0rjas

(VIIL. 7) Or/4 ° ix/E=Ix/E ° Or/a-

. Remarks on sections V—VIII. 1) We have not stated the obvious functorial
properties, e.g. transitivity (such as grs=g045° 0rs if Z=A<T). For 9 some care is
needed in the twisted case, but it works then as expected.

2) We have not stated the analogous definitions and results for I(og, I'). These are
obvious.

IX. Duality. This topic is not connected with the preceding sections. We only need 1.
The map y+ ) is an involutory automorphism of R,. Viewing y as the dual or
contragradient of y it is obvious that this automorphism is one of €,-modules. Hence
we obtain an involutory automorphism [+ f of Homg,_(Rr, G), natural in G, and given
by f(x)=/(x).- (More generally the map f f is a bijection of Homg,,_ ,(Ry, G) onto
Homy,_3(Ry, G), where ¢ (x, @) = ¢ (i, ®).) On the other hand, the map

1

ay—Yay=3xay ,

a, € ox ®,, B, defines an involution on o (I') ®,, B. Writing H(F)= (0z(I') ®,, B)*, we
note that that involution yields an involutory automorphism of H (cent (K (I'))).

IX. Proposition 1. The isomorphism (1. 5) commutes with the given involutions.
Next suppose Bis actually a k-algebra. Then we have
IX. Proposition 2. For x € (K(I') ®, B)* we have

Det (x) = Det (x).

In fact let T be a representation of I extended to a homomorphism
T:K(I'N) ®,B— M, (Q) ®, B. Let x be the character corresponding to T, and let
x=3 a,y,witha, € K ®, B. Then

det, (x)=det (X a,7(»)" "),
while, denoting by S, the transposed of a matrix S,
dety(x)=det (X a,7(y); ).

Clearly the two determinants coincide and this implies Proposition 2. Proposmon 1.
follows analogously.
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By the last proposition we get, via (I. 10), an involutory automorphism (M) — (M) of
Cl(ok(I')). There are two other such automorphisms, namely (M) — (M)~" (inverse in
Cl(og(I')), and (M) — (M), where M =Hom,, (M, o) is the dual, or contragradient of M.

IX. Proposition 3.
(M)=()"".
Proof. 1t suffices to consider M of rank one, embedded in K(I'). Let a be a free
generator of M ®; B over og(I') ®; B, where here B=[]o,,. Thus Det(x) is a

P
representative for (M), and Det(«™") is a representative of (M)~!, and by Proposition 2,
Det(a) is that of (M). We have therefore to show that Det(a™!) is a representative

of (M).

Let N be the unique og-submodule of K(I') so that N ®, B is free over ox(I') ®, B
on &~ '. Then N is locally free og (I")-module, and the pairing

n: KM x K(I')— K

with
1 y=290
o) = oerl
n(y, 0) {0 y+5}’ y,0€el,
identifies N with M.
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