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A Brun-Titchmarsh theorem
for multiplicative functions

By P. Shiu at Loughborough

1. Introduction
Let d(n) be the divisor function, and let @ and k be integers satisfying
1.1 O<a<k, (a,k)=1.

o . . 1
In 1957 Linnik and Vinogradov [7] proved that if 0 <o <7, then, as x — o,

> dn<x d)k(f) x logx

(1.2) n<x

n=a(modk)

uniformly in @ and k, provided only that k < x!~* Here ¢ (k) is Euler’s function and the
implied constant depends only on a. Their proof reduces to estimating the number
¥ (x,y) of positive integers not exceeding x having no prime factor greater than y.
Unfortunately they made use of a uniform upper estimate of ¥ (x, y) by A. 1. Vinogradov
which is incorrect (see Norton [9]). Later Linnik [6] stated the generalisation of the
problem to the functions

dimy=(d,(n))', r=2,3,...; I=1,2, ...

where d,(n) is the number of ways of writing n as a product of r factors, taking account
of ordering. The expected result is that, as x — oo,

ri—1
(1.3) > dlin) <<% < 4’]((/‘) ]ogx>
ns:(——fnf)dk)

uniformly in k& < x!~* with the implied constant depending on r, / and «. This result has
been used by others (see, for example, [8]) to tackle a variety of problems.

The merit of these results centers on the range of uniformity for the modulus &
being large. Indeed, in the shorter range k <x?/37% Selberg (unpublished manuscript)
has obtained even an asymptotic formula for the sum in (1.2) (see also Hooley [4]
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and Heath-Brown [3]). The situation is similar to that in estimating n(x;k, a), the
number of primes p < x such that p=a (modk); the Brun-Titchmarsh inequality

n(x; k, a) < S pp
$ (k) log -

valid uniformly in k<x, is often used to supplement the asymptotic formula for
n(x; k, a) given by the Siegel-Walfisz theorem, which is known to be valid only for a
much shorter range of k. Indeed, the Brun-Titchmarsh inequality is sometimes used to
supplement even Bombieri’s theorem; for example, in the solution to the Titchmarsh-
Linnik divisor problem (see [2]).

We remark however that, unlike the Brun-Titchmarsh inequality, (1. 2) cannot be
extended all the way to k& < x. To see this, we choose k to be the largest prime less than x;
then the right hand side of (1. 2) is of order logx, whereas we can choose a < k such that
d(a) > log?x.

In 1971 Wolke [12] applied the method of Erdos [1]') to study the sum Y f(a,)

nsx
where f is a non-negative multiplicative function satisfying the condition that there
exist positive constants C; and C, such that for all primes p and all /=1,

(1.4 fPYsC I

and (a,) is a strictly increasing sequence of positive integers. However, the results they
obtained are not uniform with respect to any given class of sequences (a,), such as the
class of arithmetic progressions. Nevertheless, using their method, we can now give the
generalisation of the Brun-Titchmarsh problem for a class of non-negative multiplicative
functions f which satisfy conditions weaker than (1.4), and in a short interval
xX—y<n=sx.

I would like to thank Professor H. Halberstam who suggested the problem to
me in the first place and who has given me much valuable advice and criticism.

2. The main theorem

We shall consider the class M of arithmetic functions f which are non-negative,
multiplicative and satisfy the following two conditions:

(i) There exists a positive constant 4; such that
f(P)s 4}, pprime, I21.
(i) For every £> 0, there exists a positive constant A, =4, (e) such that

f(n)éAZnE’ ngi‘

1) Actually [1] antidates [7] and contains a more delicate argument.
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The following is our main theorem.

1 1
Theorem 1. Let fe M, O<a<—, 0<B<— and let a, k be integers satisfying

2’ 2
(1.1). Then, as x — o0,
1 f(p)
2.1 > f(n ex ( —,
x—y<n<x ) ¢(k) log’c p P<Xx [7
n=a(mod k) ptk
uniformly in a, k and y provided that
(2.2 k<y'=®*  xfP<y<x.

We make the following remarks on our conditions (i) and (ii). First, the condition
(1. 4) clearly implies both (i) and (ii), and it is easy to construct a function f'e M which
does not satisfy (1. 4). Secondly, if e M and 6 > 0, then there exists 4; = 4;(0) such that

(»"
@3 23 M <u.
p 1=2

Finally we point out that the rather strong condition (ii) is actually vital to the truth
of the theorem, and, in particular, we cannot replace it by (2. 3). For suppose that (ii)
does not hold; then there exist &,>0 and a strictly increasing sequence of positive
integers (n,) such that f(n,) > nf°. We can now show that (2. 1) does not hold by setting

1
=15 min (g4, 1). We define a, k, x and y as follows: For large r, we put

a=n,, k=the least prime in the interval (a, 2a), x=y=k' “+1.

Then the left hand side of (2. 1) is at least f(a) > a*, whereas the right hand side is at

most
1+a

<k'™®

y yl+
o) T k-1

We note, in particular, that Theorem 1 cannot be extended to cover the case when
f(n)=2%"_ We shall give some examples in which Theorem 1 is applicable in
section 6.

1
< k3 < q@?*<g’3t/10,

3. Notations

The letters a, b, d, h, i, j, k, I, m, n, r and s are used to denote positive integers
and we shall assume that (1. 1) always holds. The letters p and q are reserved for prime
numbers. We let p(n) and g(n) denote the greatest and least prime factors of n
respectively, while Q(n) is the number of prime factors of s, taking account of
multiplicity, and p(1)=¢q(1)=Q(1)=1.

The letters x, y, z, «, B, 0 and € denote positive real numbers and 4 a real number.
We put

Y(x,z)= > 1, and @(x,y,z;k,a)= Y 1.

nsx x—y<n<x
p(n)=z n=a(modk)
qm>z

All the constants implied by the < and O-notations depend at most on «, ff and f.
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4. Preliminary lemmas

We shall require the following lemmas.

Lemma 1. For all sufficiently large x, we have

1
¥ (x, logx loglogx) < exp {_?Og—xl} ‘
(loglogx)*

Proof. As a consequence of the prime number theorem, we have, for all large y,
that

1 < 2y
@1 =y logp ~log?y’
We now use Rankin’s method (see [10]). Let 4 > 0. We have, for large y,

1 1 1 1
P, )= 2 1=x* ¥ S=x* ¥ S5=x"11 <1+—5+—23+"'>
n<x n<x n nz1 n Py P p
pm=y p(m=y p(m=sy
=x’T1 <1+ ! ><exp<510gx+2 ! )
p<y pP-1)= Py p-1

<exp <5 logx+~1— > b

2y
< ol —
S =y logp)‘eXp< ogx+ 5log2y)

1
by (4. 1). Now put y=logx loglogx and set é = (loglogx) 2 and we see that the result
follows.

Lemma 2. Let a and k satisfy (1. 1) and suppose that k <y <x and z=2. Then

2

y
. <
(D(X,y, z, k, a): d)(k) 10gZ+Z

This can be proved using the simplest Selberg upper bound sieve method; see [2],
p. 104.

Lemma 3. Let fe M. Then as x — oo,

n<x PEX p
(n,k)=1

prk
uniformly in k.

> f%)—«exp(z ﬂﬁ)—)

Proof. Since fe M, we have, by (2. 3), that

s ™ (1+f(p)+ 5 f(1:’)> <exp {z (f(p)+ 5 S )}
nsx N p<x P 1=2 P psx\ P 1=2 P
(n,k)=1 prk ptk
=exp{2 f%+0(1)}<<exp(2 f._(plf)_>
o o
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Lemma 4. Let fe M. Then, as - — o0,

2 M«exp(i M——Lrlogr>
n p

rs: 10
n=E pik
p(m <z
(n,k)=1
log=

uniformly in k and r, provided that 1 <r< .
loglog -

This lemma corresponds to Lemma 3 in [12] except that we generalise it to
incorporate the condition (n, k) =1, and replace the implicit constant for the coefficient
of r logr by an absolute constant. Since it is crucial for our application that the constants
involved are independent of k, and our class M is larger than Wolke’s, we shall give
the detailed proof here.

Proof. Again we use Rankin’s method. Let 3-§5§ 1. We have, by (2. 3), that
s SO o o SOy 5 SO
n=x n - nzx ° = nx1 nﬁ
p(msy pm=y p(m<y
(n,k)y=1 (n,k)=1 (n,k)=1
!
i <1 05 10 >§exp { £ }
Py Py
prk prk
Now f(‘f:) _/(p) +f(p) (p'~?—1), and, by condition (i),
p P p
Ay 2 ((1=0)logp) * (1-=9)log" 'y lo
s /D) s ey Ay (« )' gr) <4, 3 )’g 5 logp
Py psy P n=1 h: = n psy P
w0 1__
<24, 3 2008 o 4 exp (1) ogr =24,
n=1 .
Therefore we have
> S <<exp{(5—1)logx+ 2 M+2A, }
n=x n p=y P
p(m=y pLk
(n,k)=1
1 1
2 rlogr. Note that if

= = r :1—
Now put x=z", y=z and set ¢ Tlogz

3
1<r<logz/loglogz, then rlogr<logz and so Z<5§1.

Moreover, we now have

rlogr 1 1
- = -—logz=—rl
(1-9) logx Tlogz 2 ogz g rlogr
and
1-8 logr %
yl—6=Z r =ZZlos2_r

Journal fiir Mathematik. Band 313 22
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We now have

1 L
> L(—)—<<e p(Z &—)-———rlogr+2A1r4>
e P8

xf(r:;z"l pik
(=1

and the required result follows at once.

5. Proof of the main theorem
Let k and y satisfy (2. 2) and put
¢S.1 z= yla—o.
For each n satisfying x —y <n < x, n=a (modk) we express n in the form
n=p} - pPpFil Pl =bud,, (p1<py<---<p),
where b, is chosen so that

(5.2) by<z<b,p¥t.

We devide the set of such integers n into the following classes:

1
I g(d)>72;

[N

1
0: qd)<z, b,<z%;

[ SR

II: g(d,)=<logxloglogx, b,>:z";
1 1
IV: logx loglogx <q(d,) = 2, by>z.

First we have

Zf(n)"Zf(bn)f(d)<Zf(b) z f( >= Z fo)y 2 f(@),

nel x—y<nsx x_Jy X
n=a (modk) ®, k) 1 b~ p<dsh

n= 0 (mod b) d=a’ (mod k)

1 1

a(§)>=2 a(d)> 22

1 L 1&
where a'=ab, bb=1(modk). From (5.1) we have q(d)>z —y 205 x?°, so that

Qd )_l—olg()%%— jg and hence, by condition (i) f(d) < A?? <A—7’T We have therefore

1
Sfm< 3 f(b)d>(b Y Ak, a’).
nel b=z

(b,k)y=1



Shiu, A Brun-Titchmarsh theorem for multiplicative functions 167

Since k<y'™* and b<z<y* so that kb<y, it follows from Lemma 2 that

x Yy % 2y
b —,—, z: k, — =
(b - a) #) b log: , and therefore

y N 1)
T T e

(b, k)y=1

ZiA
N

From Lemma 3 we arrive at

L /(p)
(5 3) Zf(n) <« {m;"ra }exp Z P )

nel
p*k
1

Next, to each n € I, there correspond p and s such that ps||n, ps 22 and by (5.2)
1

p*>z0 Let Sp denote the least posmve integer s satisfying p*> z

(ST

so that s, =2 and hence

1 1
p~*<min(z ,p ~2); thus Y ~—< S+ Y ptxz t
| %4 % p§:§ p>:%
it now follows that
y 11
G.4 Y1y X =z Lotomp<d el
nell 1 x-y<nzx k ? k
psz? n=a (mod k) ps:?
n=0(mod psp) pik

i

Suppose next that nelll. Then there exists b such that b|n, 27<b§z, and
p(b) <logx loglogx. Consequently we have

2 1= 2 r 1= ¥ {~—+0(1)}
nelll 1 x—y<ns<x 1 kb
22<b<z n=a (mod k) 22<bsz
(5.5) p(b)<logx loglogx ;=0 (modb) p(b)i;j’ff:"f“k’"
y -3 1
éﬁ > ¥(z, logx loglogx) + O(2) <<_z R

1

<%z_z, and so, from (5. 4)

_1
3

by Lemma 1. Since k <y'™* we have, by (5. 1), z<y*z
and (5. 5), we have

1
Y1+ Y 1<zt

nell nelll k

For y > x we have, by condition (ii) and (5. 1), that

af a o 1
f(ny<n®® §x§% <y®0=28
so that we arrive at

_1
(5.6) X fim+ X f(n)<<—2 L

nell nelll

22*
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Lastly we deal with the class IV. We have

2 fm= wa(bn)f(dn)é IR0 2 Jdy).

nelv x—y<nsx

z2<b<z n=a(mod k)
bp=b,q(dn)>p(b) .
log x loglog x <q (dy) £ z2

Let us put
logz
5.7 Fo= : ’
log(logx loglogx)

1 1
. Let 2<r<r, and consider those n for which 2" *' < g(d,) < z".

1
For such n, we have p(b,)=p(b) <q(d,) <z" and moreover, as before,

ro+1

so that logx loglogx >z

logx < (r+1)logx < 10(r+1) - 20r

Q) =@y = gz B~ ap

(=]

!

=)

2
so that f(d,) S AP <Ay, As=A7".

It follows that
S fs T 43 ¥ ) T 1

nelV 2=5r=ro 3 x—y<nsx
z <b§lz n=a (mod k)
p(b)<z7 n= 0 (mod b)

F<a(f)<s

< r X y r-+1-1_ ’
< Y Al 12 f(b)® B p C sk, a
- z2<bZz

1
pb)y<zr
b k=1

where a’=ab, bb=1 (modk). From Lemma 2 we have

l ;—h AP< y(r+1) r42‘1
¢< 5 b,z ’kaa>= c/)(k)blogz+z >

| =

o

and therefore

o (1)
nNs|———+z r+1)4 Ty
Evf”—(as(k)logz >Z( =T
p(b)<z%
(b,k)=1

From (5. 7) we see that we can apply Lemma 4 to the inner sum here giving

1
(5.8) nezl:vf(n) < (Wylc)g;_'_ZZ) exp (,,gz%@_) Zgéro r A% exp (——E rlog r)
prk

Yy f(p)
< (-———¢(k) opz + 22) exp (pgz T)

prk
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For k <y'~* we have, by (5. 1),

5 k 23 vl—a+3a/10 v

“s ¢(k) log:z = 'd)(k) log: < q,‘)(k)' logz "

From (5. 3) and (5. 8) we now have

‘ y f(p)
T+ Y fn)< Bk log= exp <p§: 7)

nel nelV
prk

and this, together with (5. 6), gives the desired result (2. 1).

6. Applications of the main theorem

It is easy to see that the expected result (1. 3) is an immediate consequence of our
main theorem; indeed we have:

Theorem 2. Let a, 8, A be real numbers and let a, k, r be integers. Suppose that

1 1
0<<x<—2—, 0<[3<—2—, r=2, O<a<k, (a,k)=1.

We have, as x — o0,

rA—1
> dinx —;:— ( ¢I((k) 1ogx>

x—y<nsx
n=a(mod k)

uniformly in a, k and y provided that
<yt xXf<y<x.

Next, let r(n) be the number of ways of writing n as a sum of two squares so that
if f(n)=r(n)/4, then fe M. Smith [11] has obtained an asymptotic formula for the sum
S r(n) valid for k <x?/37% Here we have

nsx
n=a(modk)

Theorem 3. Let o, B, /. be real numbers and let a, k be integers. Suppose that

1
0<a<%, O</3'<~2—, O<a<k, (a,k)=1.

We have, as x — o0,

y 2* a1l
6.1 r*(n) < I <1 ~~> (logx)? !
( ) x—ygngx ¢(k) plk V4
n=a(mod k) p=1(mod4)
r(n)>0 p>2*

uniformly in a, k and y provided that
k<y'™e, xf<y<x.

Note that if we put A=0, then (6. 1) becomes

1 1 y
1 -1, '
x—-y;ngx = (]’)(k) l!_g‘ < p) I/ IOgX

p=1(mod4)

n=a(modk) "
r(m>0
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We call a positive integer s a square full integer if s is a product of squares and
cubes, and let 6(n) be the number of square full divisors of n. Knopfmacher [5] has
obtained an asymptotic formula for the sum Y J(n), valid for k <x7/3~% As our

n<x
n=a(modk)

last application of the main theorem, we have

Theorem 4. Let o, B, A be real numbers and a, k be integers. Suppose that

1 1
0<<x<—2—, O<ﬁ<7, O<a<k, (a,k)=1.
We have, as x — o0,

> n) <2
x—y<nsx k
n=a(mod k)

uniformly in a, k and y provided that

k<yt™e, xf<y<x.
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