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Logarithmic forms and group varieties

By A. Baker at Cambridge and G. Wiistholz at Ziirich

1. Introduction

The past decade has seen some spectacular progress concerning multiplicity estimates
on group varieties. The first substantial work in this context is due to Masser and Wiistholz
[18]; they considered a single differential operator on such a variety and their results led,
amongst other things, to the new theory of large transcendence degree. One of the main
ingredients was the use of effective commutative algebra which was introduced into the
subject by Nesterenko [20] through the study of E-functions and which was subsequently
extended by Brownawell and Masser [10]. In 1983, Wiistholz [29] succeeded in obtaining a
general theorem on multiplicity estimates appertaining to arbitrarily many differential
operators and, up to a constant multiple, the results are best possible. The work has already
found application to yield an abelian analogue of the famous Lindemann theorem and to
solve a long-standing problem concerning periods of elliptic integrals (see [26], [27], [28]).
The key result in this context is now the analytic subgroup theorem established in Wiistholz
[30] which includes as special cases most of the classical theorems in transcendence theory.
In particular it furnishes a generalisation in terms of algebraic groups of the qualitative
version of Baker’s theorem on linear forms in the logarithms of algebraic numbers.

The purpose of the present paper is to prove a quantitative version of Baker’s theorem
which is fully explicit with respect to all the parameters and which we believe to be a basically
definitive result. Our work has evolved from a long series of earlier researches in the subject
stretching over some twenty-five years and with roots going back to the celebrated
Gelfond-Schneider solution to Hilbert’s seventh problem.

Throughout the paper we shall denote by a,, ..., «, algebraic numbers, not 0 or 1,
and by loga,, ..., loga, we shall mean fixed determinations of the logarithms. Let K be
the field generated by aj, ..., «, over the rationals @ and let d be the degree of K. For
each « in K and any given determination of loga we define the modified height #'(«) by

K@) = %max(h(a),llogal, 1),
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where i () is the standard logarithmic Weil height of « (for the definition see § 2). We shall be
concerned with the linear form

L(zy,...;z,)=byz,+...+b,2,,

where b,,..., b, are rational integers, not all 0. In analogy with the modified height
introduced above, we define

WD) = max(h(D). 1),

where 4 (L) is the logarithmic Weil height of L (again see § 2). We shall prove the following
theorem.

Theorem. If A = L(loga,,...,loga,) + 0 then

log|A|>—-C(m,d)H () ... H(x,) K (L),
where
C(n,d)=18(n+1)!'n"*1(32d)"*?log(2nd) .

In order to compare with previous results we suppose that B = max|b;| and, for any
aas above, we take 4 as an upper bound for the absolute values of the relatively prime integer
coefficients in the minimal defining polynomial for «. Then (see § 2) if 4 = e, B = eand log
has its principal value we have '

W(L)=ZlogB, W@ <n+logd<4-2logA.

Since n! < n"*le "*! we obtain

C(n,d) £2400(3 - 5m)**3d"*2log(2nd),

whence
log|A|>— (16nd)*"*?logA,...logA4,log B,

where A4 is defined like A with a = a;. A result of this kind was established for the first time
by Baker [3], but with an extra factor log(log4, ...logA4,_,) on the right and with an
exponent 2007 in place of 2(n + 2). The deletion of the logarithmic factor is a consequence
of the work on multiplicity estimates discussed earlier and it was developed particularly
for this problem in the series of papers of Wiistholz [31], [32]. Here, especially, the
Geometry of Numbers played an important role. Based on these ideas, Wiistholz [32] and
Philippon and Waldschmidt [21] succeeded in giving inequalities of the desired type though
without establishing an explicit expression for C(n,d). The Philippon-Waldschmidt
approach originates from Waldschmidt’s paper [25] where certain improvements were
obtained in the constants occurring in one of the theorems of Baker [3]. It is not clear to us,
at the time of writing, exactly what form for C(n, d) can be derived from their exposition.
Studies of a group located at Bowling Green State University in Ohio [8] have yielded some
refinements in the work of Waldschmidt [25] but without changing the general shape.
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The first part of our proof follows on classical lines (see [4]). After the construction of
an auxiliary function of several variables one applies an inductive extrapolation algorithm to
increase the number of zeros of the function counted with multiplicities. By a suitable choice
of the size of the inductive steps one could now apply the result of [31] directly so as to yield a
theorem of the same kind as that quoted above; but the numerical values of the constants
occurring in our expression for C (n, d) would be greater. In order to obtain the version given
here we apply Kummer descent as in [3] so as to furnish a new function with a larger
proportion of zeros; the result then follows at once as in [32]. The extent of the descent is
determined by the multiplicity estimates and depends here only on n and d; in previous

applications it depended also on the heights of the a’s and this explains the occurrence of the
extra factor referred to above.

An important consideration in deriving our result has been the widespread application
of the theory of linear forms in logarithms to the solution of Diophantine problems. The
precision of C (n, d) is particularly significant in computations and it would seem that our
expression strengthens substantially all previous expressions in this context. Our aim has
been to establish a sharp result of general type useful in specific calculations. It should be
noted, however, that in special circumstances, for instance when 7 is small or when all the o’s

are near to 1, careful analysis adapted to the particular case would certainly yield some
improvements.

It is possible to extend our result to an arbitrary inhomogeneous linear form

Bo+Bizi+ ...+ Bz,

with algebraic coefficients and we would expect essentially the same estimate for log| 4| with
(L) replaced by h'(L) + log('(«,) ... #'(a,)). The work can further be generalised in the
direction of [2] (Sharpening II). The latter has been fundamental to several developments in
Diophantine analysis; see, for example, Baker and Stewart [6] which includes a particularly
efficient Kummer descent. Furthermore it is clear that analogous theorems can be proved in
the p-adic domain; we leave the details for future publications.

2. Heights

We give here the definition and basic properties of the logarithmic Weil height that we
use in our work.

Let K be an algebraic number field of degree d over the rationals Q. We signify by
van arbitrary place of K and we denote by K, the completion of K at v. Then @, denotes the
closure of Qin K, and we putd, = [K, : @,]. We normalise the absolute value | |, by defining
|pl, = p~% when v is non-Archimedean (written v ¥ c0) and divides the rational prime p
(written v| p), and by putting | x|, = | t(x)|* when v is an Archimedean place (written v| o).
Here © denotes the embedding of K into C which defines v and |7(x)| is the Euclidean
absolute value on R or C according as v is real or complex. Note that, when v|p, Q, is
isomorphic to Q, and, when v]| oo, it is isomorphic to R.
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Now let P" be the projective space of dimension n over K, and let

be a K-rational point of P". We define the logarithmic Weil height of x as

h(x) = zv"log(maxlle,,).

The expression is independent of the projective co-ordinates of x by virtue of the product
formula. For any « in K the point x = (1: «) is a K-rational point of P! and we define
h(a) = h(x). Similarly, for any linear form

L(zyy....z)=lLz,+...+1,z,

with coefficients in K, the point x = (/; :...: /,) is a K-rational point of 2"~ ! and we define
h(L) = h(x). It is customary to define the absolute logarithmic Weil height of a K-rational
point x in P" as hy(x) = (1/d) h(x); this is independent of the choice of K, that is, if K’
is a finite extension of K then h, defined with respect to K and K’ is the same. Plainly
the modified height occurring in our theorem is essentially the absolute logarithmic Weil
height. As obvious consequences of the definition of 4 (x) we have for any algebraic numbers
o, fin K

h(@p) < h(o) + h(B),
and, for non-zero a and any integer m,
h(@™) = mh(a) .

The classical results in the subject were expressed in terms of a different height, that is,
the least function A indicated in § 1. They can be readily related; indeed we have

[
o Sho(@) = loga, + ¥ logmax(1,|a]),
j=1 ~
where the minimal polynomial for « is

3
apx’+a x4+ . +ay=a, [ (x—a¥), a,>0.
j=1

By a well known inequality of Landau [14] (see also Mahler [16], [17]) we have
1 g,
ho(@) S — 73 —log (12:0 ) .

The right hand side does not exceed log([/iA). Further, if log « has its principal value, then
clearly |loga| < n + log(64). Hence we obtain the asserted estimate 4'(x) < n + log 4.
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3. Siegel’s lemma

As usual in this context we shall need to establish the existence of small solutions of a
system of homogeneous linear equations

N
j=1

An argument for deriving such solutions was implicit in the research of Thue but the first
explicit formulation is due to Siegel. He discussed the case when the a,; are rational integers
and he specified a bound for a non-trivial solution in integers x,, ..., xy by means of
Dirichlet’s box principle. Here we shall be concerned with the more general situation where
the a;; are elements of an algebraic number field K of degree d and we seek a small non-trivial
solution in the ring of integers O of K. Such studies are already well known in the literature,
the sharpest bound to date being due to Bombieri and Vaaler [9]. Their exposition is based
on the Geometry of Numbers and, in particular, on an adelic analogue of Minkowski’s
successive minima theorem (see the reference to work of Macfeat in the addendum to [9]).

The result that we shall use is the following:

Lemma 1. If N> M then the equations (2) have a non-trivial solution x = (x, ..., xy)
with co-ordinates in Oy such that

1 1 M 1
< _ —-dl )],
h(x) 2log|@|+N Mi=§1<2d 0gN+h(L,)>

where 9 denotes the discriminant of K.

The lemma is a consequence of Theorem 9 of [9]. For on writing 4 for the matrix (a;;)
and 4, for the row vector (a;,, ..., a;y) We have

H(A) S H(4,)...H(4y),
where H is the height defined in [9]. Hence Theorem 9 gives a non-trivial solution x with

1
N_Mi

1 M
h(x) < =log|2| + Y log H(4).
=1

But we have

1
logH(A,) = Ed logN + h(4);

indeed log H and our A differ only at the infinite places and there the local difference is at most
1
ilogN or log N according as the place is real or complex.

We remark that a result of the same kind as above sufficient for our purpose can be

obtained directly from Dirichlet’s principle after reduction to the rational case, but it is
plainly convenient to appeal to the existing literature.
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4. Discriminant

Let a,,..., a, be algebraic numbers, let K = Q(a,,...,,) and let d be the degree
of K. We establish here an estimate for the discriminant 2 of K. Estimates of this kind are
widely used in Diophantine problems but we could not find a convenient reference to our
particular result.

We define K; = @(;) and we denote by d; the degree of K;. Then K = K ... K, and
d; divides d. We shall use Lemma 7 of [23]; this asserts that 2 divides 2{/:... 2/, where
9; is the discriminant of K;. We proceed to prove that

log|9;| < d;(d;— 1)(2h(x,) +log2) .

This implies that log|2| is at most

S (d,—1)(2h(a) + dlog2).

j=1

Hence we have:

Lemma 2. log|2|<2(d—-1)(h(ay)) +... +h(x,) + %nd log2).

To establish the estimate for |2;| we put a = «; and we signify by a, the leading
coefficient in the minimal polynomial for a. Then 9; divides

a4 D IT (@® — a)2
k<l

where a® runs through the conjugates of a. Clearly
la® — a®| < 2max (1,]a® () max (1,|«”|)
and thus the product is at most

, 2(d;—1)
2d;(d; - 1) (I’[ max(1,|a® I)) :
k

The desired estimate now follows at once from (1).

The lemma gives a best possible estimate with respect to the dependence on d, as has
recently been demonstrated by Masser and Wiistholz.

5. Liouville estimate

An elementary lower bound for a non-vanishing logarithmic form with integer
coefficients can be obtained at once from simple manipulations of heights. The result
corresponds to Liouville’s inequality on rational approximations to algebraic numbers. We
prove the following lemma. ‘



Baker and Wiistholz, Logarithmic forms and group varieties 25

Lemma 3. Leta,,...,a, benon-zero algebraic numbers, let K = Q(a,, ..., a,) and let
d be the degree of K. Then for any rational integers y,, ..., y, such that the logarithmic form

A =yloga, +...+ y,loga,

does not vanish, we have
log| 4] 2 — |y |h@,) — ... — | | h(a,) — d log 2.

Proof. Leta=aj'... o) and let the branch of log « be defined such that loga = A.
Put o = o — 1. We first observe that

h(@) < h(a) + max(log|a'|,0) +(d—1)log?2.
For if v} oo then

max (log|o’|,, 0) < log max(|«|,, 1) = max (log|a/,, 0),
and if v|oo then
max (log|a’|,, 0) < d,log(1 + |«|}/*) < max (log|«|,, 0) + d,log2 .

Secondly we note that

log|a'| + A(¢') = max(log|a'|, 0).
This is obvious if log|a'| = 0, and it holds if log|a’| < 0 since by definition
h(a') = Y, max(log|a'l,, 0)

and this is at least

Y. logla’|, —log|o’| = —log|a]
by the product formula.
Now from our estimate for 4 (a') above we have
loglo/| = —h(x) —(d—1)log2.
But clearly from the basic properties of heights

h@) £ |y lh(@) +... + 1 3lh(a,) .
Further, since
lo — 1| < |logafe!*s*!,

we have

log|a’| < log|4|+14].
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The lemma follows at once for plainly one can assume that | 4| < log2.
As an immediate consequence of Lemma 3 we have
log|4| 2 —d(K () + ... + K (a,) +log2) exp (K (L)),

where L =y,z, + ...+ ,2,. This is clear on writing L = yL’, where y is the greatest
common divisor of y,, ..., y,, and noting that

K(L) = K (L) 2 log max (| y;|/y);
we then apply the lemma to A’ = L'(loga,, ..., loga,). On observing that
nmax (K (a)) +log2 S d" " '(n+d)H(2,) ... (),
it follows that ?t suffices to establish our theorem under the assumption
H(L)=logC(n,d)—nlogd—log(n+d).
Note that, for d = 2, we have log(n + d) at most logn + log d, whence our estimate for 4'(L)
exceeds the asymptotic bound log(d logd) as d — 0.

6. Logarithmic independence

~ We show here that it suffices to establish our theorem on the further assumption that
loga,,...,loga, are linearly independent over the rationals.

For suppose that they are linearly dependent. Then there is a smallest subset of
loga,, ..., loga, with this property. Without loss of generality we can assume that it is given
by loga,,...,loga, and furthermore that A'(x,) 2 H'(x;) for j=1,...,m. By [25],
Lemma 4.1, there exists a non-zero linear form L' = y, z, + ... + ,,2,, With relatively prime
integer coefficients such that :

L'(loga,,...,loga,) =0 .
and

exp(H'(L')) < Omd*\"H(a,) ... K (a,) .

This type of result was first obtained in the study of logarithmic forms (see [1]); a more
elementary derivation based on the Geometry of Numbers was subsequently given by
A.J. vander Poorten and J. H. Loxton and this was improved by M. Waldschmidt to give the
form quoted here (a further small numerical improvement is given by Yu Kunrui [33]).

By our assumption on m, none of the y; are zero. We eliminate z,, from

L=bz,+...+b,2,
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and get a new linear form

L™=y L—b L
with
K(L™) < k(L) + k(L) +log2 .

We now assume that our theorem is valid for linear forms in at most n — 1 variables.
Then for A™ = L™ (log«,, ..., loga,) we have

log|A™| 2 -~ C(n—1,d) K (ay) ... K(x,) K (L™)/K (a,,) .
Since A'(x,,) is maximal, we have
KH(L) £ m(log(9md?>) + logh'(a,,)) .
Hence, on recalling that #'(a,,) = 1/d, we get
K (L™)/K (a,,) < d(K (L) + 3m log(9md)) .
Now by the assumption at the end of § 5 it is clear that 4'(L) = log(9md) whence
log|A™| 2 - (Bm+1)dC(n—1,d)K(a,)... K (a,) H(L).

Finally we note that

log| 4| = log|A™]| —log| yul,
and the above estimates plainly give
log|y,| < 3md™hW(L)H (o) ... K (a,,) -
The required result now follows since

Bm+1)dC(n—1,d)+3md"< C(n,d).

7. Successive minima

We shall show in §9 that it suffices to establish a modified version of our theorem
subject to the familiar Kummer condition. The approach is based as usual on the classical
Kummer lemma but we develop here a new argument; it depends on the theory of successive
minima in the Geometry of Numbers, and it seems to us to be conceptually well adapted not
only with respect to the Kummer descent but also in connection with the multiplicity
estimates that we shall introduce later.

Here we record a well known result due essentially to Mahler [15]. Let 2 be a lattice in
R" and let f be a distance function determined by a bounded convex body symmetric about
the origin. We denote by 4,, ..., 4, the corresponding successive minima and by u,, ..., 4,
clements of Q with f(u;) = A; for 1 <j < n. Plainly the vectors uy, ..., u, generate a
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sublattice of Q but not necessarily  itself. In many circumstances, however, one needs a
basis for © enjoying a similar property as u,, ..., #,, and in this connection we have the
following lemma.

Lemma 4. There exists a basis wy, ..., w, for Q such that f(w,) < A, and

1.
f(wj) = 5]/1,'
forj=2.

The proof that follows is a modification of the exposition given in Gruber and

. . . . 1
Lekkerkerker [13] (see section 10.2) where the result is obtained without the factor > for

another proof and further references see J. W.S. Cassels, An introduction to the Geometry of
Numbers (Springer, 1959), section V. 4. We observe that in the linear subspace (1 < j < n)
generated by u,, ..., u; there is an element w; = a;u; +... + o;u; in Q such that w; has
minimal non-zero distance to % _,; here %, is the origin. Then either w; = u; has the

. . 1 .
property, in which case f(w;) = 4;, orwehave 0 <|a;| < 7 In the latter case, by subtracting
the linear combination a,u, + ...+ a;_,u;_,, where a,, ..., a;_, are integers nearest to

1 .
oy, ..., &;_4, WE can suppose that |a;| < 3 for1 </<j Thus,since 4, =... < 4,, we have

FO0) S| )+ .+ oyl ) < 3.

Furthermore w,, ..., w, form a basis for Q. For if €' is the lattice generated by these vectors
then any element in € can be expressed modulo Q" asc, w, + ... + ¢, w, with0 < ¢; <1, and
by the minimal property of the w; it follows by induction that ¢, =...=c¢, = 0. This
establishes the result.

8. A problem of Lehmer
Here and in the next section it will be convenient to work with a semi-modified height &
defined like the modified height 4’ but omitting the 1; that is for any a in K we put

1

h(x) = = max (h(a),| loga|) .

o

Thus we have A(x) = A'(a) unless A takes a value less than 1/d. We have also:
Lemma 5. Ifa +1 then ' (x) < ch(x), where ¢ = 60d log(6d).

The lemma is closely connected to a famous problem of Lehmer. He asked whether,
for any &> 0, there exists a non-zero algebraic integer, not a root of unity, such that
M () < 1+ ¢, where log M (o) denotes the right-hand side of (1) (see § 2). A well known result
of Blanksby and Montgomery [7] states that ’
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M(x)>1+(5261log(66))~*

for all non-zero algebraic integers o other than roots of unity and, for these a, Lemma 5
follows readily. For we have log M («) = (§/d) h(x) and this gives h(x) > 1/c’. If a is a root of
unity then o* = 1 for some positive integer k such that ¢ (k) < d, where ¢ is Euler’s function;

moreover, if o #+ 1, then k > 1 and thus |log a| = 2n/k. Since ¢ (k) > %k/logk fork>1, we

obtain |loga| > 1/c’; this proves the lemma when « is an algebraic integer and it holds
trivially for non-integral elements of K since then a, =2, whence M(x) =2 and so
h(e) = log2.

We remark that a short, elegant argument of Dobrowolski [11] shows that when a is
not a root of unity we have h(x) > (3d)”2. Furthermore there is a later paper of
Dobrowolski [12], originating from a method of Stewart, that gives an improved lower
bound for A(x) of order (loglogd/logd)3. Thus since k < d log logd, we obtain

K (a) < (d loglogd) h(x)

for all large d, where the implied constant is absolute and in fact about 103. Also in this
context, Smyth [22] has proved that M («) > 1-324 ... for all «, not 0 or 1, provided that the
minimal polynomial p(x) for a is not reciprocal, that is if x°p(1/x) # p(x).

9. Kummer condition

We shall say that elements#,, ..., ,, of an algebraic number field K satisfy the Kummer
condition with respect to K if the ﬁeld K(nt?, ..., nX?) has degree 2™ over K. We remark that
although we are using here only the prime p = 2 the subsequent theory holds similarly for
any prime p provided that K contains the pth roots of unity.

Let now a,, ..., a, and K be as indicated in §1. Our aim in this section is to replace
dy, ..., d, by new algebraic numbers a}, ..., a, in K which satisfy the Kummer condition and
also admit a good estimate for #'(a}) ... #'(a,,) in terms of 4’ () ... #'(x,). We do this in two
steps; the first is based on the classical Kummer lemma as given in Baker and Stark [5] and
the second on the theory of successive minima.

We begin by establishing inductively that for each v =0, 1, ... there exists a set of
non-zero algebralc numbers o, ..., in K such that for some non-negative integers
Vise.o, v, With v, + ... 4+ v, < v we have

j
A3) 2logal’ = ) mylogy; (1sj=n),
i=1

where the m,; are integers with [m;;| £ 2"~ (i <j)andm i = 2™V, The relations (3) hold for
some determmatlons of log & and these will be used in our definition of the heights. By
construction, the of? will satxsfy the Kummer condition as soon as the equation
Vi+...+v, = v fails to hold for v + 1, and we shall prove shortly as a consequence of § 6
that the latter must indeed occur for some v.

3 Journal fiir Mathematik. Band 442
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For v = 0 we simply take o{” = a;(1 < j < n). Now suppose thata{”, ..., «!" have been
constructed to satisfy the inductive hypothesis. Then either the Kummer condition with

respect to this set holds or it does not. In the former case we put a{'* " = «{"(1 < j < n) and
take the same values of v,, ..., v,. In the latter case we appeal to Lemma 3 of [5]; this gives

)] loga( =mloga”+ ...+ m,_,logal? , +2logy
for some k and some non-zero element y of K with m; = 0 or 1. Here we are using the fact that
the multiplicative equation determines the value of log y? and that, by replacing y by —y if
necessary, we can ensure that logy? = 2logy; the analogue for an odd prime p, namely
log y? = p log y, leads to the supposition about the pth roots of unity. From (3) and (4) we see
that

k
2*llogy = ) mjloga,

i=1

for some integers mj, with m}, = m,,. Now write mj, = r,—2"*'s, for i + k, where r;, s; are
integers with |r;| < 2. Then define

VD =af. . agkty
and take af'* V) as of") for j + k. This gives (3) with v replaced by v + 1, with m, = r,(i + k),
with m,, = mj, and with the remaining m,; replaced by 2m,;. Finally we replace v, by v, + 1

leaving the other v; unchanged; then mj, = 2t*D~"* 1D a5 required.

It is clear from the properties of the heights that, for v; = 1, (3) gives
h(@M) < 1 4 4
(%):5( (@) +...+ (“j))'

For v, = 0 the construction shows that m,; = 0(1 < i <j) and thus a{” = ;. Hence, if we
introduce an ordering, say #'(a,) < ... < h'(x,), as we may without loss of generality, then we
obtain

1., .
K@) S 5iH@) @sj<n)

and #'(&") < H'(a,). It follows that
K@) ... K@) < 2" YHH (ay) ... K (x,) -
We now appeal to the Geometry of Numbers. Consider the distance function
F(x)=1x| K@) + ... + x| K (a,)
and the convex body F(x) <1 with volume

VIF)=@Mm)H@y)... K@) ™"
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Let © be the lattice in R" generated by the vectors vy ..., U,, Where
Uj=2_v(m1j,...,mjj,0,...,0) (1§j§n).

The lattice has determinant 4 = 2~®1*--*w)_ By Minkowski’s theorem, the successive
minima 4,, ..., 4, of F(x) <1 satisfy

Ao, 22"a(V(F))~ L.
Further, by Lemma 4, there exists a basis w,, ..., w, for Q such that F (w)) = W, where

By iy S (Y20 H 2.0 4,.
We write

Wy =27 (Wyjs ey Woj) = Uy 0+ .o+ Uy 0,5

then.the u;; are integers and we have

n
Wij = Z m,-l u,j .
I=i

This gives

n n
27V Y wyloga; = Y uylogaf”.
i=1 =1

We can express the right hand side as log ] for some element o of K. Then, since F (w)) = u;,
we obtain h(a]) < u;. Hence h(«}) ... k(o) is at most

27 bt == D)2 () .. K (a,) -

Note that if «f,...,a®" satisfy the Kummer condition then so do «f,...,as; for, by
construction, wy, ..., w, is a basis for Q whence the u; have determinant + 1 and thus the
field generated by the square-roots of a{, ..., a{"? over K is the same as that generated by the
square-roots of afj, ..., a, over K.

Now, by Lemma 5, if a # 1 then we have h(x) > (c’d)~!. From §6 we know that
loga,, ..., loga, are linearly independent over the rationals and, since again w,, ..., w,isa
basis, we see that «] + 1(1 < j < n). Thus we obtain

F@) ... k@) > (cd)™".

It follows that v, + ... + v, is bounded; let its maximal value be v. Then, as indicated above,
this implies that «f, ..., «f satisfy the Kummer condition.

We put ¢ = ¢"n! and define o}, ..., o, asaf, ..., «,if 2* > cand asaf’, ..., ol if 2" < c.
Then, in either case, o], ..., «, satisfy the Kummer condition. Moreover we have

loga; =2""L;(logay, ..., loga,),
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where L,, ..., L, are independent linear forms in z, ..., z, with integer coefficients; indeed
L; is given by

™M=

J
W;Z; or Yy myz;.
1 i=1

]

Now we have #'(a)) < g;(1 <j < n), where o; is defined as c'y; if 2¥> ¢ and as % JH ()
for j>1, K'(a,) for j=1if 2" < c. Then o, ... g, is at most

(/2" Y min(c/2", 1) K () ... K (x,) .

Further, since F(w;) = y; and #'(¢,) <... < H'(x,), we see that, in either case,

Y 10L,/0z,|K(@) < 2’6, (1<j<n).
i=1

10. Multiplicity estimates

In this section we shall give a summary of the multiplicity estimates proved in [31]. Our
aim is to state the main result established there in the form needed in our present work.

Let & be a linear form B, Z, + ... + B, Z, with rationals B,, ..., B, and assume that
B, + 0. For independent variables Y, ..., ¥, we consider the polynomial ring C[Y,, ..., ¥,]
and we introduce the differential operators

9 9 9
0=BY, 5 ~BY,>

8o =7—"> ,
) A f

(I=j<n),

-~

which are linearly independent derivations of the ring. Our proposition concerns a non-zero
polynomial 2 (Y,, ..., ¥,) defined over C with degree at most 9, in Y, for j=0,1,...,r.

LetSf=...2%20,1letJ, =... = 7, = 0 beintegers and suppose that & + ... + &,
and 7, + ... + 7, are bounded above by & and 7, respectively. Suppose further that

I+ m+ 0, :
m o > ] mo .. my
)] 5(;.( m+s,, ):(m+1)-@o -2
form=0,...,rand forallmg,...,m, 0or 1, where my+ ...+ m, =m+1and J,,, is the
reversed Kronecker delta, that is é,,, = 0 for m =r,d,,, = 1 otherwise. (Here, by conven-
tion, we have x° = 1 for all x including x = 0.)

Letnow§,, ..., 6, be algebraic numbers and assume that logf,, ..., log#6, are linearly
independent over the rationals with some fixed determinations of the logarithms. We put

A" = B,log, + ...+ B,log0,

and assume that | 4’| < n/. We further assume that 9; < , forj=1,...,r and 7, < 9,
Then the following holds.
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Proposition.  Suppose that for all non-negative integers t,,, ..., t,_ 1 with

tot+...+t,_ =T
we have
0Q...00-1P(s,05,...,00)=0

for integers s withQ < s < . Then there exists an integer ¢ with 1 < g < r having the following
property. For any positive real numbers a,, ..., a, there is a set of primitive linear forms

Ly ZyinZy, ..., Z, with integer coefficients such that ¥ is in the module generated by
&y, ..., &, over the rationals and, on defining

r

A= Y @lo%/0z) (1sj<o)

i=1

and € (@) = 21 7%(9!)?(ro)®, we have

'9:?‘1+Q—1 m, m m
©) 2,..R,%_, o1 < € (o) max(2%°(a, 2)™ ... (a,2)™),

where the maximum is over all my, ..., m,, 0 or 1, with my+ ... + m, = g.

Here, as usual, a set of linear forms &, ..., %, in Z,, ..., Z, with integer coefficients is
said to be primitive if the minors of order g of the matrix of coefficients are relatively prime.
This implies in particular that the rank of the set is g. It is well known thata set &, ..., %,
of primitive linear forms can be extended to a basis %, ..., &, of the module generated by
Z,,...,Z, over the integers. Thus, as in §9, we see that if 0,, ..., 0, satisfy the Kummer

condition with respect to K then so do the numbers 6, ..., 6, defined by
log0; = %,(logb,, ...,log8,).

It follows a fortiori that 67, ..., 6, also satisfy the Kummer condition with respect to K and
this is the property we shall use later.

The basic Theorem 1.1 in [31], I, is a result on the commutative algebraic group
G = G, % G, where G, denotes the additive and G,, the multiplicative group variety. We
shall now indicate briefly how to derive our proposition. Since £ is a non-zero poly-
nomial, Theorem 1.1 implies that there exists a connected algebraic subgroup H of G such
that the property (i) or (ii) stated there holds. Further, H is non-trivial since it has rank at
most 7 and it is also proper by construction. Now any algebraic subgroup of G can be written
as a product of an algebraic subgroup of G, and an algebraic subgroup of G,, and so it
must have the form G, x H or O x H for some subgroup H of G, where QO is trivial. If
H = G, x H then H is plainly proper and if H = Ox H then H is plainly non-trivial. In
fact assuming, as we shall verify in a moment, that property (ii) can be excluded, we see that
H is always non-trivial and proper. Indeed if H = O x H then the condition on the Lie
algebra in (i) implies that / is proper. If H = G, x H and H were trivial then it would
have rank n and one of the partial degrees of H would be 1, the remainder 0; as a consequence
we would have, by (i),
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g _ -1
y;_l( ot ) <r9,..9,
r—1
contrary to (5) with m = r, namely
g,
.9;( r“) 20+1)!9,..9,,

by virtue of the hypotheses %, < %, _,, 7,<7,_, and 7,< 9,

We note now that H can be defined in the Lie algebra of G, by linear forms in
Z,, ..., Z, with integer coefficients. The set of these forms defines a free module £ over the
integers whose rank is equal to the codimension ¢ of / in G.. Hence, since H is non-trivial
and proper, we have 1 < g < r. We identify & with a submodule 2" of Z" by attaching to a
linear form its vector of coefficients. In § 2 of [31], I1, the volume ¥ of 2" is defined in terms
ofa,, ..., a,and the minors of the matrix formed by a set of basis vectors; the absolute values
of the minors are in fact the partial degrees of / and bounds for these can be calculated from
the partial degrees of H given in Theorem 1.1. Thus we see that if (i) holds then

g;_l"‘g—l

b1 ) < ¢! max(27°(a, 2,)™ ... (a, 2,)™),

1”,?;_1(

where the maximum is over all mg,...,m,, 0 or 1, with my+ ...+ m, = 9. Now by
Lemma 2.1 of [31], II, there exists a set of linear forms %, ..., %, corresponding to a set of
generators of 2" such that

R,... R < (oY,

where ' is defined like #; in the proposition but with %] instead of ;. In order to obtain
primitive linear forms we need a basis rather than a set of generators. Accordingly we replace
the application of Minkowski’s theorem by an appeal to our Lemma 4. This gives linear
forms <, ..., %, such that

Ry ... R, <21 %N (re)*V

and the estimate (6) in our proposition follows at once. The assertion that & is in the module
generated by %, ..., %, over Z is equivalent to the property of the Lie algebra in (i) by
duality.

It remains to exclude the possibility (ii) in Theorem 1.1. We proceed as above to obtain
a free module 2 which defines the Lie algebra of M. Then (ii) implies that the point
(5,05, ...,0)isin G, x H for some positive integer s < & (Note that the statement of (ii) in
Theorem 1.1 erroneously refers only to the case s = 1; our corrected version is clear from the
proof.) Hence (6, ..., 6;) is in H and so the value of any linear form in & at Z; = slog 6,
(1 £j < r)is an integer multiple of 2#i. If we had ¢ 2 2 then elimination of =i would give a
linear dependence relation for log8,, ..., log 8, contrary to hypothesis. Thus we must have -
¢ = 1. Now if & were in 2 then s4’ would be a non-zero integer multiple of ni whence
| A’'| 2 magain contrary to hypothesis. Hence . is notin Z. In this case the partial degrees
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of H are respectively bounded above by (%, +1)7'9; for j=1,...,r; the assertion is

obvious from the proof of (5.8) of [31], I. We obtain accordingly J; + 1 £ max 9; which
contradicts another hypothesis.

We remark that the assumptions on A’ and J; would not be needed if 6, ..., 6, were
multiplicatively independent. This will correspond to the multiplicative independence of
oy, ..., 0, a condition that can in fact be attained in the same way as the logarithmic
independence was established in § 6; but there would be some loss in the expression for
C (n, d). The assumptions will be trivially satisfied in the subsequent work.

We remark also that, since (6) is homogeneous with respect toa,, ..., a,, there would be
no loss of generality in assuming that a,, ..., a, are all = 1. This is in fact in the general
hypothesis of [31] but it was used there only to obtain (ii) in Lemma 3.1 of [31], II, which is
not needed here.

The proposition will be applied to a polynomial (Y, ..., Y,) as above but with the
differential operators d,, ..., d,_, replaced by a new set as follows. Let L be the linear form
bz, +...+b,z, indicated in §1 and assume that b, + 0. In the next section we shall
introduce linear forms L, ..., L, in z,, ..., z, with integer coefficients such that L,, ..., L,
are linearly independent over the rationals and satisfy

L=B,L,+...+B,L,

for some rationals B,, ..., B, with B, + 0. We write
r—1
of =(1/B,) Y (®, 0L;/0z;— b;0L;[0z,)0; (1=j<n).
i=1

Here the matrix of coefficients of the 0, has rank r — 1; for if the expressions on the right
vanish when rationals B; are substituted for d;(1 < i <r) then

b,B,L,+...+B_,L,_)=b,L,

where

-1
B;oL,/0z,,
1

r
,——
b, =
i

whence the linear independence of L,, ..., L, implies that all the B; are 0. It follows that the
set 0¥, ..., 0*_, contains a subset of r — 1 linearly independent differential operators and we
shall suppose, as we may without loss of generality, that it is given by df, ..., dF_,. Then the
proposition holds with these in place of d,, ..., 0,_,. Note that the asterisked operators can
be written in the form

o* = Y (8,0L,/0z,— b;0L,/0z,) ¥,0/0, .

i=1
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11. Inductive hypothesis

Let L be the linear form b, z, + ... + b, z, indicated in § 1. We shall assume, as we may
without loss of generality, that b,,...,b, are relatively prime, that b, + 0 and that
K (a;) < K (a,) forallj. Our basic hypothesis is that there exists a set of linear forms L, ..., L,
in z,, ..., z, with integer coefficients having the following properties. First, L,, ..., L, are
linearly independent and L is in the module generated by L,, ..., L, over the rationals.
Secondly, on defining v as in §9, the algebraic numbers a, ..., o, given by

loga;=2""L;(loga,,...,loga,) (1Sj=<7)

are in K and satisfy the Kummer condition with respect to K. Thirdly we have #' () < o;
(1=j=rand

Y 0L ozl (@) S 20, (1SjS7)
i=1

for some positive real numbers o, ..., o, satisfying
) 6,...0, Sxk(N)H(,)...W(x,),

where
k(r) = (64nd)" " (n!/2"~ ) min(c/2",1) .

The construction of § 9 establishes the existence of linear forms as above for r = n. We
now take r as the least integer for which such a set exists. Then we can assume that r = 2. For
if r =1 then gL = L, for some positive integer ¢ whence A, as defined in our Theorem, is
given by (2'/q) log a}; but by Lemma 3 we see that

log|loga}| 2 —dao; —dlog2

and, on noting that g divides the coefficients of L, and that 4’ («,) = 1/d, we obtain g < 2"dg,,
whence log| 4| 2 — 3d 20, and our Theorem follows in this case since we have

o, k(MK (xy)... N (), 3d’k(1)£C(n,d).

Assuming now the basic hypothesis stated above and supposing further that our
Theorem is not valid, we proceed to establish the existence of a polynomial £ as in the
proposition of § 10 with 6, = «;. Thus we shall conclude that there exists an integer ¢ with
1 < ¢ <rand linear forms %,, ..., %, as described there. Then, taking 6;, ..., 6, instead of
oy, ..., 0, this will imply that the hypothesis is satisfied with r replaced by ¢ whence the
minimal choice of r will give the required contradiction. We note that on writing

K(F) = (9/8)(n + 1) '+ 1 (64d) *2log(2rd) max (2*/c, 1)

we have, by (7),
K(roy...0, S C(n,d)H (a,)... H(a,),

and therefore the supposition gives

(8) log|ld| S —K(r)o,...qH(L).
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12. The delta functions

A delta function was first introduced into the theory of logarithmic forms by Feldman
in order to obtain a best possible estimate with respect to the height of L. The topic was

subsequently developed by Baker in two directions leading to the refined delta functions IT
and O defined below.

Let k be any positive integer and z be a complex variable. Our basic function is defined
by

A(z;k)=(z+1)...(z+ k)/k!.
We write 4(z; 0) = 1. Plainly 4(z; k) is an integer when z is an integer. For non-negative

integers ¢,, ..., t,_, and complex variables z,, ..., z,_, we define

r—1
Mz, .y 2,95ty t_y) = [1 4Gty .
. ji=1

Then the functions IT with ¢, +...4¢,_, < T form a basis for the vector space of
polynomials in z,, ..., z,_, of total degree at most T. Further we have, for T > 0,

I <e™(1+ Izl + ...+ 2, )IT)T.

This is readily verified for r = 2, on noting that k! = k*e~**!, and the general result follows
by virtue of the inequality of the arithmetic and geometric means.

Suppose now that / and m are non-negative integers. We put

Oz k,I,m) = % (%)m(zl (z; k).

From Lemma 1.6 of Yu [33] we have
101 < (e + |zI/R)) .

Further, for any positive integer ¢ and any x for which gx is an integer the expression
g (u(k))™ O (x; k, I, m) is an integer, where u(k) denote the lowest common multiple of
1, ..., k; see Tijdeman [24] or Baker [3] (the lemma refers there to the case x > 0 but clearly
remains valid for all x). Furthermore, by Yu [33], we have u(k) < 3*. Note here that the
prime-number theorem implies that log u (k) ~ k as k — oo and so the constant 3 cannot be
reduced below e, the best possible value.

Finally we recall that, by Lemma 2 of Chapter 3 of Baker [4], the polynomials
(A4 +j;k) with0<j<k—1and/=1,2,... are linearly independent.
13. The auxiliary polynomials
Let 0 be the ring of integers of the field K generated by a,, ..., o, over Q. Further let

Y, ..., Y, be independent variables. We shall construct a polynomial P = P(Y,,...,Y,) of
the form
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D-,

D,
P=Y ... Y pW(AXy+A_h)oriyp, Y
A-1=0 Ar=0

with coefficients p(1) = p(A_4, ..., 4,) in O.

Let now L and L,,..., L, be the linear forms indicated in §11. Further denote by
oy, ..., 0, the differential operators specified in § 10 and put 0§ = 0/0Y,. Then we have

oYM Yr=yYh. Y 1Z5j<n),

where

%= Y, (b,0L/0z;— b,0L,/0z,)A;.
i=1

For any set ¢ of non-negative integers ¢,, ..., ¢,_, we put
H(t) = H(vIQ'--a‘Yr—l; tla --"tr—1)1
O (Yo; ) = (u(h))°O Yo+ A_;; h Ao+ 1,1,).

We now introduce further polynomials Q(7) = Q(Y,, ..., Y,; t) by

D-,

D,
0= Y ... 3 pWINO (Y DYM.. Y.

A-1=0 4,=0

Then the vector space generated over K by the Q(¢) is the same as that generated by the
polynomials d*P where 0’ = 95 ... o) 4.

In order to define the quantities D_, ..., D, we first put

D =2r(32dy*tlog(2rd)o,...0,.
Then we write
D, = [rD/2log(2rd)], D;=[Djrde;] (1<j<r).

Fﬂrther we write D_, = h — 1, where
h=[K(L)+vlog2].
We proceed to determine the p(4), not all 0, by Lemma 1 such that
) - Q(say,..,a050)=0

for all integers s with |s| < S and all sets ¢ of non-negative integers ¢,,...,7,_, with
to+...+t,_., =T Here S and T are defined by

S=16rdh, T=[11-75D].
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Then by (8) we have
10) log|4| =—9.2"SD.
This follows from the estimate
h< (m+1)A(L)max(2¥/c, 1).
To verify the latter we recall that ¢ = ¢"n!, where ¢’ is defined in Lemma 5, whence, by the

assumption at the end of § 5, we obtain logc < nh'(L); the desired inequality is now a
consequence of the fact that

vlog2 < (logc) max(2¥/c, 1) .

We shall need height estimates for I1(¢), @ (s; t) and o™ ... o/**. To deal with IT(¢), we
note that y; is an integer and, since #'(a;) = 1/d, we deduce from §11 that

Iyl S P2 Y do, A, < 1D

r
=1

Thus we have I1(¢) an integer such that
|T@)| £e" (A + (@ —1)e"*'D/T)T
for T"> 0, where T" =t, + ... + t,_,. The expression on the right is at most
e’ (1 +erD|T)T

and the latter factor can be replaced by (1 + e?rD/T)T by monotonicity. Thus the definition
of T shows that

I <A +e2/11-T)T e 7T
By §11 we see that @ (s; ¢) is an integer with absolute value at most
3ho(e(2 + S/h))rPo* D)
Further, using the fact that 1 + log (2 + 8 x) does not exceed 3 - 27 log x for x = 4, we obtain

(1 +log(2 + S/h))(Do +1)<1-64rD=<0-14T
whence
log|©(s; t)| < htylog3 + (0-14)AT.

Furthermore from § 5 we have
K(L)=2logC(2,1)—1log3>19
and thus A = 19. We conclude therefore that

log|II(1)©(s;1)| < (0-14 +log3) AT+ T log(1-7) £1-27hT.
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For the factor involving the «; we note that by §11 we have A'(x)) < o; whence
h(a)) < do;. Now by the basic properties of heights we see that

R, o) < [s|A h(@) + ...+ |s]A k()

and the expression on the right is at most
r
|sld Y. Dyo; < |s|D.
j=1

We now apply Lemma 1 with Kreplaced by K’ = Q (), ..., «,) and with L, given by the
left hand side of (9). Let d’ and 2’ be the degree and discriminant of X', respectively. Then the
lemma gives a non-trivial solution in 0. with

1 , 1 M
ho(x) < ﬁloglg |+ NeM .-;1 <§logN+ho(L,-)).

By Lemma 2 we see that
1
log|2'| £2d'(d —1)(ho(ay) + ... + ho () + Erlog 2).
Now Ay («)) < g;/d and, since o; 2 1/d, we have

rld<e,+...+0,<rd" 'ag,...0

y .

Hence we obtain

1 1
T 1= . = <
57 log|Z2'|<0,+...+0,+ 2rdlog2_

D
32r+ 1°
We turn next to the contribution of the sum. Our estimates above give

ho(L) £1:-27hT + (1/d)|s|D .

!

Further we have
N=D_;+1D)De+1)...(D,+1) = 2;+1hDo.,. D,.
The right hand side is at most 45 (64 D) whence
log N < log(4S) + rlog(64 D)
and since clearly log(4S) < S and log(64D) < 10™*D we get
11) | logN S0+ 0014T.

The summation is with respect to i =1,..., M, that is over all s with |s|] < S and all
tos-..st,—y With to+ ...+ t,_; S T. Thus the number of terms in the sum is
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M= (2S+1)<T+'>

and its value is at most

(T+'> {(1-271hT 2S +1) + (1/d) DS (S +1)} .

Since S = 608, this does not exceed
M{1-2711hT+0-501(1/d)SD} .
Finally we estimate N — M. We have
N=hDy+1)...(D,+1)
and, by choice of parameters, this is at least

32rdh(32D) = 2S(T)rye

T+r (T+r)'<er 1+Z’
r = r! r

it follows that N = 0-99eM. Hence we have

Since T = 10°r2 and

M|(N—-M)=<0-592
and the solution to the system (9) gives a point p with projective co-ordinates p (1) such that
ho(p) £0-592{1-271hT +0-5011(1/d)SD} .
Thus, noting that dhT < 0 - 7355D, we obtain
12) h(p) <0-858D.
Here we recall from § 2 that

h(P) = zlogmaxlp(j'—l, sy )‘r)lvs

where the maximum is over all A_,, ..., 4, and the summation is over all places v of K.

14. The auxiliary functions

Let L, L,,..., L, be the linear forms in z,, ..., z, specified in §11 and let

Q(t) = Q(YO, cees Yra )
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be the polynomials constructed in § 13. We now define linear forms

10L ,
M,=L,—B——a-zlL (Agjsr).
Then clearly
n—1

bnMj= z (b"aLj/azi-—b,aLj/az,,)Z,
i=1

so that M,, ..., M, involve only z,, ..., z,_,. We shall consider in the sequel the functions
given by

S Coyer2y_i3t) = Q(zg, M, ..., eM%50).

We put
f@)=f(z2""zloga,,...,27"zloga,_,;1)

and proceed to estimate | f(z)| for arbitrary complex z and all sets ¢ with

to+...+t,_ST*,

where T* < T.

We note first that
|A,0L,/0z,+ ...+ A, 0L, [0z,| < 2'D;
this follows from the estimate
|OL,/0z, 1K (2,) S 2'0; (1SjS7),
given by §11, combined with #'(a,) 2 1/d and A; < D/(rdo;). Thus we see that
A Ly+...+4,L)— (A4 M +...+4,M,)| <2'D|L]|.
Onsubstituting z; = 27"z loga;forj =1, 2, ..., n, the right hand side becomes | Az| D and by
(10) this is less than 0 - 001|z|D. The first sum on the left becomes
(Alogai +...+ A,\log o)z

and this has absolute value at most |z| D since by §11 and the definition of 4’ we have

llog )| < dK' () < do;.

It follows that the expression
A M, +...4+ A, M,|

evaluated as above is at most 1-001|z|D.
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Now as in § 13 we have
log|IT(¢)| < h(T*—1t,)+ T log(1-7)
and we observe that log(1-7) < 0-0284. Further, by §11, we obtain
[0z 0)| < (u()(e(2 + |2|/m)HP+D.

On noting that, for any u > 0, the maximum of the function (2 + x/h)*e™** occurs at
x=(u—2)h, we get

(e + |zI/R)* < (ue?myrelein

and hence
log|© (z; 1)/(u(m))°| < {(log st + (2/w)) h + | z|/u} (Dy +1) .

Taking u = 57rd, it follows from
log(57rd)/log(2rd) < log114/log4
that the expression in braces on the right does not exceed
{(log114 + (1/57))(S/16) + (1z/57)} log (2rd)/(rd log 4)
and the product with D, + 1 is at most
(0-1085+0-007|z|)D/d .
On combining our results, noting that
(logu(h) —h)ty < 0-1AT,
and recalling that dhT < 0 - 7355D we obtain
log|II(t)@(z;t)| ShT*+(0-203 +0-007|z|/S)SD/d.
Hence, since the number N of summands in the expression for Q satisfies (11), this gives
13) log|f(2)| < In(p)+ hT* +0-204(1/d)SD +1-008|z|D,
where, for brevity, we have written In(p) = log max|p(4)| .
In analogy with f(z) we define
g(@)=Q0(z,af, ..., 0%1).

Then our discussion shows that the function log| f (z) — g(2)| does not exceed the right hand
side of (13) with the additional sum

| 42| D + log(| 4z| D) .
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Indeed f(z) — g(2) is given by f(z) with a further factor 1 — ¢**®# inside the summation
where d(z; A) is the expression

(}'IL1+"'+A'rLr)_()‘1Ml+"‘+}‘rM)
evaluated at z; = 27"z loga;; we have
log |1 — €°=4| <16(z; A)| +1log|d(z; A)|

and |d(z; A)| £ | 4z| D, whence our assertion. Now noting that x < pe®™~!forall x = 0 and
any p > 0, we obtain

log|zD| <0-001((1/d)SD +|z| D).
Thus, by (10), we see that our upper bound for log|f(z) — g(z)| does not exceed

(14) In(p) + hT*+ {0-205(1/d) +1-01(|z|/S) — 9.7} D .

15. Algebraic estimates

We now observe that, when s is an integer, g(s) is an element of the algebraic number
field K. Our main objective here is to estimate | g(s)| from below, assuming that g(s) + 0.

In view of the preceding discussion, we can readily estimate | g(s)|, from above, where
v is any valuation of K. In fact, on writing

Q=Y D;log max(1,|ajl,),
j=1

we see that if v is non-Archimedean then

log|g(s)l, = log max|p(d)|, + 5|2, ,

}

and, by § 14, the same estimate holds if v is Archimedean with the extra quantity
hT*+(0-204+0-007|s|/S)SD/d

multiplied by d, =1 or 2. Now, if g(s) # 0, then by the product formula for algebraic
number fields we have

2 loglg®)], =0,

where the summation is over all valuations v of K. Hence, noting that |g(s)| = |g(s)],, or
|g(s)|L/? for some v,, we obtain either

0

loglg(®)|=— Y log|g(s)l,

v¥*vo
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. 1. .. . .
or the same with a factor 5; in fact it will suffice to deal with the first case, thatis d, =1, since

the conclusion for d, = 2 holds similarly and indeed in stronger form. Then we have

2. logmax|p(d)|, = h(p) —In(p) .

v¥yg

Furthermore, since Q, = 0 for all v, we see that

Y Q.= ) Dih(x),
v¥vg j=1
and, by virtue of the definition of g;in § 11, we have 4(x}) < do; whence the latter sum does

not exceed D. It follows, since there are d — 1 Archimedean valuations v #+ v, counting v
twice if d, = 2, that log|g(s)| — In(p) is at least

(15) —{h(p) + (1 —1/d)(dhT* +0 - 204SD) +1-007|s| D} .

We now observe that, if |s| < 2"S, then
1
|f(9) —g(®] < 3 F{OIK

indeed, on taking z = s, we see that (14) does not exceed In(p) — 7.2"SD whereas, from (12),
itis clear that (15) is at least — 2.2"SD. Thus we obtain | f(s)| > % | g(s)|. On combining (12),

(13) and (15), we conclude that for any integer s such that g(s) # 0 and |s| < 2"S we have
log| f(z)/f (s)| at most
)

(16) dhT* +1-055SD +1-008(|z| +|s|)D .

Finally we establish an estimate analogous to (16) with the integer s replaced by s/2. In
this case g (s/2) is an element of the field K’ = K(«;}/%, ..., «,}/?) and we assume that it is not
0. The field K’ plainly has degree at most 2"d and in fact this is the precise value in view of our
Kummer condition. On taking v to run through all valuations of K’ rather than those of X,
we obtain

2. logmax|p(4)|, = 2h(p) —In(p),

v¥vg

and, moreover, we get
r

T 0,52 Y Dh@E);

v¥yo j=1

here the heights 4 (p) and k() are still those with respect to Kand d,, = 1. Now the estimates
given earlier for | g(s)|, remain valid for | g(s/2)|, if v/ 2. In the case v| 2 we have to take into
account the fact that @ (s/2; t) may not be a 2-adic integer. However, by our remarksin §12,
we see that 22#@e* 1@ (s/2;¢) is an integer. Hence, if v|2, then it suffices to include an
additional term

2h(Dy + 1) log|2],

4 Journal fir Mathematik. Band 442
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in the estimate for log|g(s/2)|,. On using
Y log|2|, = 2"d log2
v|2
together with
2h(Dy+1)1og2 <0-032SD/d

and noting that there are now 2'd — 1 Archimedean valuations v # v, counting as earlier, we
deduce that the expression

17 27" {log| g(s/2)| — In(p)}

is at least (15) with 1/d replaced by 1/(2'd), with s replaced by s/2 and with an extra
— 0-032S8D. Furthermore, if |s| < 45 then we have | f(s/2)| > %l g(s/2)|; this follows as

before since (17) is at least — 4. SD whereas, when z = s5/2, we see that (14) remains at most
In(p) — 7.2"SD. We conclude from (12) and (13) that for any integer s with g(s/2) # 0 and
|s| < 4S8 we have log| f(z)/f(s/2)| at most

(18) 2" {dhT* +1-087SD +1-008(|z/2"| +|s/2) D} .

We remark that the small additional contribution to the estimate for | g(s/2)| arising
from the valuations v dividing 2 increases inductively in a procedure that we use later referred
to as the Kummer descent. It is this feature that is the basis of the second order logarithmic
factor that occurs in the work of Baker [3] mentioned in § 1. The introduction of multiplicity
estimates enables one to limit the descent to a relatively small number of steps depending
only on rd; as in Wiistholz [32], this eliminates the factor and it turns out to be one of the
most critical aspects of the exposition.

16. A differential lemma

We recall that in §13 we constructed polynomials Q(Y,, ..., Y,;¢) for any set ¢ of
non-negative integers ¢, ..., t,_,, and we specified differential operators 3, ..., 9*_, on the
ring C[Y,,...,Y,]. Let now T',T” be any real numbers and let ¢,¢” be any sets of
non-negative integers #,,...,%,_, and f;, ..., t;_, respectively such that

to+...+t_ ST, th+...+t/_ST".

We shall prove the following lemma.

Lemma 6. The polynomial

(19) oxt... ¥ Q(Y,, ..., Y t")

is in the vector space generated over C by the polynomials Q(Y,, ..., Y,; t) where t runs through
all sets of non-negative integers ty,...,t,_ withto+...+t,_ ST +T".
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Proof. We begin by recalling that d%,...,0*, is a maximal set of linearly
independent differential operators among 8%, ..., 0*_,. Hence we see that 93™... 9* 1 is
a linear combination of operators of the form d3™... 0¥ * with sets t of non-negative
integers 7, ..., T, satisfying 7o + ... + t,_,; < T". It suffices therefore to prove the lemma
with (19) replaced by

(20) oxe... 0¥ Q(Y,, ..., Y,;t").

By the property of 9;* recorded in §13 we have

OF ... O¥ Y Y =iyt YL YA
Further, from our remark in §12 on the functions II, we see that the polynomial
LALI-siar s | £ - PP SPEE I i)
is in the vector space generated by
Oz, ..osz, 5t esti_y)
as ty, ..., 1,_; run through non-negative integers with
L.+t S+ FT o)+ ).
On substituting z; = ;, it follows that yi*... y;={ I (") is a linear combination of the I1(¢)

with coefficients independent of 4,, ..., 4,, where the elements of the sets 7, ¢” and ¢ satisfy the
above inequality. Now since

030 (Yo;1") = (u(h) " ((zo + 15)!/15D) O (Yo; T + 1),
it is clear that the expressions
oF°... 0¥ (1) O (Yo 1) Y1 ... X
which occur in the polynomial (20) are linear combinations of
OO Yy t) Y., .Y, to+...+t,_ ST +T",
with coefficients independent of the A’s. The lemma follows from the definition of
o(Y,, ..., Y,;0).
17. Differential estimates

Let 7" = 0 and T” = 0 be real numbers with 7"+ T” < T*. We denote by f(z) the

function defined in §14 corresponding to a set ¢” of non-negative integers #g, ..., _,

satisfying ¢ + ... + t’_; < T". We signify by m any integer with 0 < m < T and we write
for brevity

d m
w0 =4(5) ro.
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By g(z; t) we designate the function g(z) defined in § 12 and we shall assume in this section
that g(/;¢) = 0 for some complex number / and for all sets ¢ of non-negative integers
tos...ot,_y With to+ ... +1¢,_; S T'+ T". We proceed to derive an estimate for f, (/).

We begin by noting that if £ (z;¢") is the function

0 to 9 th 5 thes )
(b;(;) (b"b}:) "'(bnazn‘l‘) f(zgs.s2u_15t")

evaluated at z, = z and z; = 27"zloga; for j =1, ...,n—1, then we have

f@ =Y (2b,) ™01/t a(t) f D (z;1"),
where
a(t') = (loga,)"... (loga,_ )" /(! ... 6,

and the summation is over all non-negative integers f, ...,#,_, With 15+ ... +¢,_; = m.
We shall compare f¢(z;¢") with the corresponding expression g“’(z; ") defined by (19)
with Y, =zand Y, = fori=1,...,r. Since
(bna/azj)el,Ml +...+tA-M, = .yje).,M, +..+A M,
and the right hand side is just 8* Y7!... Y*- with Y, = e™:, we see that the difference
j 1 r i
fO;") — g (z;1")
is given by the sum over A_,, ..., 4, of the terms

PO O (z;1") ol byt o (e — 1),
where )
O'(z;t") = (8/02,)* O (z;t")

and d(z; A) is the expression indicated in § 14. By our discussion there we have
log|1 —e™%=d| < {0-001(1/d) +0-002(|z|/S) —9.2"}SD .

Further, as in § 14, we see that
log|ai}...a/*%| < |z|D.

Moreover, by §13, we have
log|II(t")| S h(T" —1tg)+ Tlog(1-7).

Now since #'(a;) 2 |log a,|/d and furthermore, in view of § 11, the inequality ' (a)) < A'(,)
holds for all j, we obtain

|y loga;| < e*®d }, {|0L,/oz;| K () + |0Ly/0z, | K (%,)} 4 -

i=1
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It follows from our inductive hypothesis that the summand on the right is at most 2g; 4,
whence the same bound that we gavein § 13 for | y;|, namely e** ' D, is valid also for | y; log «; |.
Thus the absolute value of the expression

L(¢) = a@) ... v
can be estimated by

(eh+1D)"‘+"‘+“'"/(t'1!. t' |)

eelp_q-:

and the logarithm of this quantity is at most A(T" — t,) + (n — 1) e D. Now, as already noted,
the assumption at the end of § 5 implies that 4 > 19; moreover, since k! = k¥e~**!, it implies
further that A = (2n+1)(1 + logn) so that 2 2 5n for all n. Since T = 11:-75rD —1 and
r = 2, this gives

(mn—1)eD+Tlog(1-7)<0-06nT.
Hence we obtain

log|T'(¢)II(t")| <h(T*4+0-06T)—h(ty+1g) -
It follows as in §13 that
log| T (YI(t")O(z;¢' +t")| S hT*+ (0-226+0-007|z|/S)SD/d .

Now as noted in §16 we have

@’(z;t”)_ to+1t\ Ozt +1")
!\ 1 (u(m))®

and the binomial factor is at most 27. Hence on combining our estimates we see that the
logarithm of the absolute value of

A/t a(®) ([ (z;1") — g (z; 1)

is at most (14) with 0 - 205 increased slightly to 0 - 255; here we are again using (11) for the
number of terms in the sum over A_, ..., 4, and the fact that T log 2 is less than 0 - 027 SD/d.

The desired estimate for £, (/) now follows readily. By virtue of Lemma 6 we see that
g"(l;¢")is a linear combination of terms g(/; #) for sets 7 of non-negative integers ¢,, ..., t,_;
with fo+...+¢t_, ST+ T". Hence by our hypothesis at the beginning we have
g®(1;t") = 0. On noting that the number of sets ¢’ is given by

m+n S2T+u
n =

and recalling that 4 2 max (19, 5n), we conclude that log| £, (/)| does not exceed (14) with z
replaced by / and with 0 - 205 increased to 0 - 282.
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For later application we actually need an estimate for the quotient of f£,(/) by f(s)
rather than for £, (/) itself; here s is any integer such that g(s) # 0 and |s| < 2'S. Then from
(12) and (15) we see that log| £, (1)/f(s)| is at most

(21) dhT*+(1-133-9.2)SD+1-01(|/| +|s])D.

Similarly if s is any integer such that g(s/2) + 0 and |s| < 4.5 then, on noting that the terms
involving 1/d cancel up to a residue 0 - 02, we deduce from (12) and our estimate for (17) that
log| £,(1)/f(s/2)| is at most

22) 2 {dhT*—7-893SD +1-01(|//2'| +|s/2]) D} .

18. Finite Blaschke products

We shall turn in the next section to the question of extrapolation and we shall use there
finite Blaschke products of the kind well known in conformal mapping theory; as regards
previous application in the context of transcendence studies we refer to M. Mignotte and
M. Waldschmidt [19]. Here we record some simple properties.

Suppose that R > 0 and let k be an integer with |k| < R. We consider the Blaschke
factor

. R(z—kK)
k) = R*—kz’

This fractional linear transformation maps the Riemann sphere conformally onto itself.
Moreover the image of the complex disc|z| < R is given by |z| < 1 and it takes the circle
|z| = Rto |z| = 1; this can be verified briefly by observing that the images of the points + R
and iR each have absolute value 1. Thus we have | B(z; k)| =1 for |z| = R. Since clearly
B(z; k) is the complex conjugate of f(z; k) where Z denotes the conjugate of z, we see that the
image of any region symmetric with respect to the real axis is again symmetric. It follows that
any disc with centre on the real axis is again mapped onto a disc with real centre. We note
also, by computing the derivative, that the function f(x;k) for real x with |[x| S R is
increasing. |

We shall be concerned in the sequel with integration over the circle C, given by

|z—1|=nwhere0 <n < % and /is an integer with |/| £ R — n. From our discussion above it
is readily verified that for z on C, we have |B(z;k)|=B(—n;k) if />k and
|B(z; k)| = —B( +n; k) if I < k. For I = k the situation is different since then the image of
the disc with boundary C, contains the origin; in this case we have |f(z; /)| at least
—B(U—n;1)if 1 =2 0and B(/+n;1) if I<0. We now observe that for £ > 0 we have

|B(z; k) B(z; —K)| 2 (k+ 1 —n)||k—1I'|—nl|/R?,
where for simplicity we have written /' for |/|. This follows in the case / 2 k from

BU—n; k) B —n; —k) = R*((I—n)* —k?)/(R* = k* (I —n)?) ;
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it follows similarly with # replaced by — # in the case / < — k, and for the remaining range,
thatis —k <[ < k, we use

BU+n; k) BU—n; — k) = R*(I* — (k — n)?)[((R* — kn)* — K*1%) .
We note also that | f(z; 0)| = |/’ — #|/R for all I.
Now let X be any integer with 0 < X < R — 5. We define the Blaschke product by

B(z; X)= [ B(zk)

Ikl =X

and we proceed to derive a lower bound for its absolute value on the circle C, where |/| < X.
On writing

X
B(z; X) = B(z;0) kl:[l Bz k) B(z; — k),

we see that the results just obtained give the lower bound

x X
R—(zx+1)(n (k+1'—ﬂ))( 11 |Ik——1'|—?1|>-
k=1 k=0

We estimate the first product from below by
X
[Tk+r=D=@+I'-D)YT -1)!.
k=1

For the second product we use the bound 7 (1 — #)? for the terms given by k = /' — 1, /' and
I 4+ 1 that occur in our range, and we then estimate the complementary factor from below by
X —I'= 1!’ — 1)!; here the first factorial is interpreted as 1 when /' is X and X — 1, and
similarly for the second factorial when /' is 0 or 1. We conclude that

|IB(z; X)| 2 n(1 —n)?R™CX* DX+ I - DX -1 —-1)!.
On replacing X +/'—jby X —jforj=1,2,...,I', we get
X+ - DX =T =2 (X -1,
Now from Stirling’s formula we have X! = (X/e)* ]/(71:1’—); this gives
(X=1)222nXx2X"1e™2X
and therefore our bound for | B(z; X)| becomes

21"1(1 - ”)Zx—ze—ZX(X/R)2X+1 .
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Finally we compare B(z; X') with B(x; X') where x is any real number with | x| < R.
Suppose first that |x| = X. Then for k =1, 2,..., X we have

|B(x; k) Bx; —k)| = R*(x* — k*)/(R* — k*x*) < x*/R* .
Clearly this remains valid for x in the range k < | x| £ X; if | x| < k then, on interchanging x

and k on the right, the estimate here becomes k2/R2. Thus, since | B(x;0)| = | x|/R, we
obtain, for all x,

(23) | B(x; X)| < (max(|x|, X)/R)***1.
Now on combining with our previous result we see that, for z on C,,
(24 |B(x; X)/B(z; X)| < Qan)~'(1 — n)~2X 2> (max (1, | x|/X))*** 1.

Note also that, in view of our earlier remarks, we have | B(z; X)| = 1 on the circle C given by
lz| =

Analogous estimates hold for the function B'(z; X) defined like B(z; X') but with k
restricted to run through odd integers and X is assumed to be even. In fact the number of k is

then X and (23) s clearly valid for B’ with the exponent 2 X + 1 replaced by X. Moreover, for
z on C, with / odd, (24) holds for B’ with a slightly modified expression on the right, namely

(25) @nm) ' (1 —n/2)72X e (max (1, | x|/X))* .

To prove this, we write k = 2k’ — 1 so that, for k > 0, we have k' =1, 2, ..., X/2, and we put
I"=(I'—1)/2. Then

k+l—n=2('+1"—n/2)
and the product of the quantity on the right over k' is at least
2X2((X[2) + 1" = D" = D)}

assuming that /” > 0; if /” = 0 then the estimate holds with a further factor 1 — #/2. Similarly
we have

llk=1I|—n|=2|lK—1"=1]|—n/2]
and the product over k' is at least
(/21 —n/2)* 2% ((X/2) = I" = 2)! (" = )}

in the case I” = 0 we can omit one of the factors 1 — /2. Hence a lower bound for | B'(z; X)|
on C, is given by

/2 —n/2* Q/RY* (X/2) + 1" - )I((X/2) - I" = 2)!.

Now the product of the factorials is at least 27(X/2)*~2e~* and (25) follows.
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19. Extrapolation

We proceed first to show that forj = 0,1, ..., r — 1 we have g(s; t) = 0 for all integers s
with |s| < 2/S and all sets ¢ of non-negative integers t,, ...,,_, with

(26) tot...+t,_ S ¥T,

where £ =1 — (0 - 536)/r. The proposition is valid for j = 0 by virtue of our construction of
the polynomial Q. We assume that it holds forj = J, where Jis aninteger with0 < J < r — 2,
and we shall prove the assertion for j = J + 1. Accordingly we shall verify that g(s; £) = 0 for
any integer s with $’ < |s| < 25", where S’ = 2’ S, and any set ¢ satisfying (26) withj = J + 1.

Let now f(z) be the function defined in § 14 corresponding to our set ¢. Further let
F(z)=(B(zS))"**

where T’ = [(1 — €) ¢/T] and B(z; X) is the Blaschke product with R given by 7-2S5'. We
consider the integral

1 f(@d:z
SI=4(Ffs)= zmc(z—m,

where C is the circle |z| = R. By Cauchy’s theorem we have

@7 I —F=fOFQ),

where

I)"'dz
21t ,Z Zﬁ"()j —8)F(2)

==8"m=0

and C, is the circle defined in §18. We now assume that there exist s, ¢ as above such that
g(s;¢) + 0; then (16) holds with T* = ¢’T and moreover (21) is valid similarly since the
hypothesis at the beginning of § 17 holds with T" = £7*1T. We shall show that the estimates

imply that |.# | and | # | are both less than = | f(s)/F(s)|; this contradicts (27) and we conclude
that g(s; ) = 0 as asserted.

First we note that, on the circle C, we have | F(z)| =1 and also |z — s| 2 5-25". This
gives at once

|£] = 2sup| f(2),
where the supremum is taken on C. By (23) with R =7 -2S’ we have
log|F(s)| = — QRS+ 1)(T"+1)log(3 - 6)

and, since (1 — £) T = 6 - 297D, the bound is at most — 16 - 13¢’ S’ D. Further, from (16), on
using dhT* < 0-735S8D and |z| +|s| £ 925", we get

log| f@)/f ()| = ((1-79/2) +9-274)S'D
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Hence we see that the expression

log | (F(s)/f(s))#1
is at most
{(1-79/27)+9-275—-(16-13)¢’}S'D
Now we have J < r — 2 whence ¢’ = e~ 2336, Thus, for J = 4, our estimate does not exceed

— 0-05S'D. This holds also in the cases J = 0, 1, 2 and 3 as one verifies readily on using the
fact that £ = 1 — (0 - 536)/(J + 2). The desired result for |.#| follows.

To deal with # we begin by noting that, for z on C,, we have |z—/| =7 and
|z —s| 2 1 —n. Hence the integral over C, has absolute value at most

2an™* (1 —n) " tsup (|F(2)7Y).
By (24) with X = S’ we see that the product with | F(s)| does not exceed
(211')— m- T(l )—ZT"S(S12828'228'+1)T’+1 .
It follows that we can estimate | F(s) #| from above by
@5+ 1)(S'2ef* YT+ max| £, (),
together with a factor
n—(T’+l)n—T’(1 . n)—Z(T’+2) ,
. 1 -
where the maximum is over all / and m. On choosing n = 3 the factor is just

%(41:/27)"7'“’

and, since $’ = 608, its logarithm is then at most 0 - 0025’ (T’ + 1). Further, the logarithm of
the quantity involving S is at most 3 - 415’ (T’ + 1). Furthermore, from (21), on noting that
11} 45| £ 35’, we obtain

log| £, (1)/f(s)| S4-98'D—9.2'SD .

Hence we see that the expression

log |(F(s)/f(5)) £
does not exceed
3-58(T'"+1)+4-98D—-9.2'SD.
Since T'S(1—-¢)T<6-3Dand S’ £ 2"~ 28, we get the upper bound — 2 - 2.2"S D, whence
|l = -;—I f(s)/F(s)| and our proposition is established.
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Now let s be any integer with |s| < 4S and let ¢ be any set of non-negative integers
tos ---» t,— satisfying (26) with j = r. Our object is to prove that g(s/2; t) = 0. This certainly
holds if s is even in view of the above result with j = r — 1. Hence we shall assume that s is
odd. Taking S’ and T as before with J = r — 1 and the same definitions of R, F and f, we
consider the integral # = S (F, f, s/2). Then (27) holds with s replaced by s/2 and with ¢
modified similarly. We assume that g(s/2; ¢) # 0; then on defining T* and T” as above with
J =r —1 we see that (18) and (22) hold. We proceed to obtain a contradiction as before.

Clearly our basic estimate for .# remains valid and (23) now gives
log|F(s/2)| £ —2S' +1)(T" +1) log(7 - 2);
here the bound is at most — 24 - 86 ¢~ 1S’D. Further, from (18), since T* = ¢""!T and
12/2| +15/2| £ 5-6S,
we deduce that log| f(z)/f(s/2)| is at most
27{0-735¢""1+6-732}SD.

Hence we see that the expression

log|(F(s/2)/f (s/2)) #|
does not exceed
2{0-735¢""1+6-733—12- 43¢ 118D

Now using the fact that "1 > ¢~ 2'536 we get the bound — 0 - 21.5'D and the desired result
for | #| follows.

1
As regards #, we note that s is odd, whence on C, we have |z —(s5/2)| 2 3~ n and

. 1
the same basic estimate holds for the integral over C, with 1 — n replaced by 51N Further,
by (24), the product with | F(s/2)| does not exceed

1
(Sfes’)Z(T’+ 1) .

@ T a—n = (5 -n)

It follows that we can estimate | F(s/2) # | from above by the same expression as before with
2e replaced by e and with a new factor

. . _af1 -1
(Zn)—(T +1)”-T (1 _ ")—ZT 3 (5 — ) .
Again choosing n = %, we see that the logarithm of the factor is at most 0 - 001.5'(T" + 1).

Further, the logarithm of the quantity involving S is at most 2 - 03S'(T" + 1). Furthermore,
from (23), on noting that

12 +1s/2 S 2- 58,
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we obtain
log| £, (D/f(s/2)| £ 2{0-735¢""1 —5-368}S'D .

On combining our estimates we see that the expression
log | (F(s/2)/f (s/2)) £ |

does not exceed
2{1-028"(T" +1)+0-735¢("1S'D —5-368S'D} .

Now for any x = 0 we have (1 — (x/r))"~* <1 — (x/2) whence "~ < 0 - 732. Since also
T' £ 6-3& 1D we get the upper bound — 0 - 255D and the result follows.

20. Kummer descent

We have now proved that the polynomials Q(Y,, ..., ¥,; ) defined in §13 have the
property that

Q(s/2, 0, ..., a2 1) = 0

for all integers s with |s| < 45 and all sets ¢ of non-negative integers ¢,, ..., t,_, satisfying
(26) with j = r. Here a/}/2, ..., a'/? are the square-roots determined by the definition of the
logarithms in §11. In fact, by the hypothesis there, we know that aj, ..., a, satisfy the
Kummer condition with respect to K and hence the equations hold for any determinations of
the square-roots.

We can express Q in the form

(28) 0(Yy, ... Y50=Y Q.(Yo, Y2 ... Y. 0) Y. Y,

where the summation is over the 2" vectors ¢ = (g, ..., ¢,) with ¢; = 0 or 1 and

0.(Xgs .., X,;0)

denotes a polynomial in X,,..., X, with coefficients given by a subset of those of
Q; moreover this decomposition is unique. It holds in particular in the case ¢ =0,
that is t,=...=1¢,_, =0, and then Q coincides with the polynomial P defined in §13.
Now, by construction, P does not vanish identically and thus there is an & such that

Q.(X,, ..., X,;0) is not 0. Let QM(YY,...,Y,™M; 1) denote Q, with X, = % Y and
X,=Y{Vforj=1,2,...,r. Then by the Kummer property of a}, ..., a, we see that
(29) oW (s, o, ..., 0% 1) =0

for all s and ¢ as above and with s restricted to be odd. Furthermore we have

Lemma 7. The analogue of Lemma 6 holds for Q') with the differential operators
0%, ..., 0%, defined in terms of the new variables YV, ..., Y,
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Proof. We have Y{V=2Y, and YV =Y? for j=1,2,...,r whence the new
operators are precisely twice the original operators. On applying 9} to (28) we get a similar
decomposition for 0} Q with coefficients 3} Q, + y; Q,, where y; = 0 for j = 0 and y; is y; for
j > Oevaluated at 4; = ¢;(1 < i < r). Now, by Lemma 6, we see that 0} Q(Y,, ..., Y,;t")isa
linear combination of polynomials Q (Y, ..., Y,; t), where ¢ runs through all sets as in the
assertion with 7" = 1, whence the same combination of the Q,(Y,, Y% ..., Y.2; t) gives the
coefficients in the decomposition of 9} Q. The analogue of Lemma 6 for Q, and for a single
differential operator follows from the uniqueness of the latter on noting that y;Q, can be
included in the combination. The corresponding conclusion for Q) is evident on
substituting the new variables Y ", ..., Y, for Y,,...,Y, and the general result is then
obtained by induction.

We now prove that (29) holds not only for odd integers but also for even integers s with
|s| < 4S5 provided that we restrict ¢ to sets satisfying (26) with j = r + 1. We shall extrapolate
asin § 19 and accordingly we define " and g'*’ as the functions fand gin § 14 with Q@ = Q).
It is clear that if s is an even integer as above and g* (s) # 0 then log| f ' (z)/f ¥ (s)| can be

estimated by (16) with (]z| + |s|) replaced by %(Izl + |5]). Indeed the degree of Q¥ in Y,V

2 2

for j =1 is at most 1Dj and we have now oV(z =6 (1 z; t) in place of @ in f; thus
(13) holds with f= f and with |z| replaced by 1|z| and similarly, since s is even, the
lower bound deduced from (15) for | f*(s)| holds with |s| replaced by = |s| Further, for
I and m as in §17, we see that log| £ (1)/f M (s)| is at most (21) with (|1| + |s]) replaced

1
by '2‘(|1| +sD.
We consider the integral & = .# (F', f1), 5) with
F,(Z) = (B,(Z, 2sl))T'+ 1 ,

where B'(z, X) is the lacunary Blaschke product defined in §18 and S =28,
T'=[(1—-¢&)¢T] and R=7-2S" as before. Then (27) holds with F’ and f‘) in place
of F and fin # and where / runs through the odd integers with |/| < 2.5". By the analogues
of (23) and (16) we see that

log|F'(s)| < —16-13¢"S'D

and

log| fR )/ f V()| £ % (1-79+9-274)S'D.

Now for any x = 0 we have (1 — (x/r))" 2 (1 — (x/2))*> whence &" 2 0 - 535 and the desired
conclusion that | #| is at most % | £ (5)/F’(s)| follows. To obtain the same conclusion for #

we note that, by (25), the product of | F'(s)| with the absolute value of the integral over C;
does not exceed

2n—T’nm—T'(1 - '1/2)—2(T’+1)(1 _ n)—l(srzeZS’)T’+1 .
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Thus we can estimate | F'(s) # | from above by

2S/(S:eS’)2(T'+1) max I./;sl)(l“

together with a factor which, on choosing n = %, has logarithm less than 0 - 001.5' (7" + 1).

Moreover the logarithm of the quantity involving S’ is at most 2- 0358’ (7T’ + 1). Now we
have |/| + |s| £ 4S8’ whence the analogue of (21) gives

log| £/ fP(s)| £1-9SD+2-028'D—9.2'SD .

Since T < 63D and S’ = 28, it follows easily that | #] is bounded above by

SIOGFO.

This contradicts (27) and hence (29) holds for even s as asserted.
We can now proceed with the Kummer descent. For I = 0,1, 2, ... we define
SO =¢-rIg and TW = ¢T
Then for every set ¢ of non-negative integers ¢, ...,t,_, with
to+...+t,_  SETD

there exists a polynomial QW (Y™, ...,Y, ;1) in the variables Y{P,...,Y, ") wijth the
following properties. The polynomial QU*V(YU*1, ... Y,¥* ;) is given, for some ¢,
by the coefficient QP (YD, Y12 ..., Y,M% 1) occurring in the decomposition (28) with
Q = 0", on substituting Y{'* = 2Y{" and Y'*V = YD?; here ¢ is chosen so that Q¥+
does not vanish identically for ¢t = 0. Further we have (29) with Q¥ in place of Q¥
for all integers s with |s| < 2S” and all sets ¢ as above. The hypothesis for I =0
corresponds to the case j = 1 in the proposition at the beginning of § 19 with Q©© = Q. We
have just shown that this implies the result for 7 =1; for clearly {7"<1-87 whence
28M < 48. ’

The general result can be deduced similarly for all 7 up to a certain bound 7*. In fact
let £V and gV be the functions f and g with Q') in place of Q. Then the lower bound for
f®(s) implied by (15) remains valid with |s| replaced by 277 |s| and with an extra Kummer
contribution 2h1(D, + 1) log 2 arising from the 2-adic valuation of @ (s; 1) = @ (27 's; 1)
occurring in g. Hence (16) and (21) hold for £V with |/|, | s| and | z| each multiplied by 2!
and with the same additional contribution. Further, the estimates (18) and (22) remain valid
for f® with the analogous modifications inside the braces. It is now clear that the
extrapolation procedure in § 19 goes through without essential change taking S and 7" in
place of S and T so that, in particular, the value of S T remains fixed. The modifications
just mentioned do not affect the basic estimates provided that I < I* with I* = 50 log(2rd).
It will suffice to verify this in the case based on (22); we have then

127 +|s/2| £ 2- 580



Baker and Wiistholz, Logarithmic forms and group varieties 59

whereas the Kummer contribution is
2hI(Dy+1)log2 < {0-0441/log(2rd)} SD .
Thus we need to show that al+ b~ < 1, where
a=0-044/(2-5log(2rd)), b=2¢".

Now the function ax + b~ with @ > 0 and b > 1 is continuous for real x and it has a single
stationary point, namely a minimum at x = (log log b — log a)/log b. Here we have a < 0 - 02
and b = 1 - 07 whence the minimum occurs for x > 0. The function takes the value 1 at x = 0
and, for x = I*, it is less than 1. The desired inequality for I < I* follows; a similar
observation applies in the cases based on (16), (18) and (21) where 9-2, 5-6 and 3

respectively are present in place of 2 - 5. This establishes the existence of polynomials as
asserted.

21. Group variety reduction

We shall now complete the proof of our theorem by referring to the propositionin § 10.
Accordingly we take 2 = Q¥ with Y; = Y, and with I = [J*] and ¢ = 0. Then 2 does not
vanish identically and bounds for the degrees are given by 9, = h(D, + 1) and 9; = 27D,
for j21. We define & =28? and J =¢TP and we then put & = /(r+1) and
I,=[T/(r+1)]fori=0,1,...,r. Let now L,, ..., L, be the linear forms in § 11 and let
B, ..., B, be the rationals indicated in § 10. Then with the differential operators d,, ..., d,_,
given there we see that the vanishing hypothesis in the proposition holds with ; = ] for
Jj=1,2,...,r. Taking the determinations of the logarithms as in § 11 we obtain A’ =27"4;

1
now clearly log ¥ < SD whence, from (10), we have | 4’| < n/<. Further, since £" = > we

plainly have 9; < %, forj 2 1 and furthermore, using {” < e %3¢ and I 2 49 log(2rd), we
get 7,< 9,.

We shall verify below that (5) is satisfied. Thus we conclude that there exists an integer @
with 1 < ¢ <r as in the proposition. Let %,, ..., %, be the linear forms indicated there
corresponding to a; = o;. Further let &}, ..., %, and %’ be the linear forms inz,...,z,
given by substituting Z; = L;in %,, ..., %,and &, respectively. Then L = #"and so L isin
the module of rank ¢ generated by 4, ..., &, over the rationals. Moreover the algebraic
numbers 0, ..., 0, given by

logf; =27"%/(loga,,...,loga,) (1<j=<0)

are the same as those defined in § 10 whence, as noted there, they satisfy the Kummer
condition with respect to K. Since 4'(x;) < o; we see that /'(0)) < ®, for j=1,...,0, and
from the differential identity

0%;(0z; = kZI (0%;/0Z,)(0L,/0z,)
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together with the estimate for the sum with j = k in the inductive hypothesis, we obtain
Y 100z K () S2'R; (1Sj<0).
i=1

We shall prove shortly that (6) gives
(30) R.. BR=x@HW(x,)...H(a,);

thus all the assumptions in § 11 hold with g in place of r. By the minimal choice of 7, we have a
contradiction and this establishes our Theorem.

In order to verify (5) and (30) we observe first that, by our choice of parameters, we
have

1
S(T+1y 2 5 (/YD D, ... D,
where { = 32/11-75 <1-002e. Now, in the case m = r, the inequality (5) becomes
x(y':”) >(¢+1)2,9,...9,.

Here the left hand side is at least %, (7, + 1)"/r! and the right hand side is at most

r+1)12-"*hD, D, ... D,.
Thus, since ‘
&,=28"18/(r+1), T,+12ETTIT(r+1)

and (14 1/T) < 2, it suffices to verify that
@Y 248U (@ + D)+

We have {771 2 ¢7 9336 = (- 585... and 7 2 49 log(2rd) whence (2¢71)! = (2r)7 and the
desired result follows easily. To deal with the case m < r it is enough to show that

S T+ D 2 (n + D)) Do D
where my + ... +m, = m + 1; this is in fact readily checked on noting that
% (T +1) 2 max((1/r) D, r D))
for j 2 1 and J, +1 2 b'9, where, as in §20, b = 2&" 2 1- 07 so that b’ = (2rd)>.

It remains to ﬁrove (30). Now clearly 2, 2 0;2;for all j 2 1. Thus the maximum in (6)
is at most

h(Do + 1)~ 'DJrd)e~1 .
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Further we see that
*?;—1(37;—1 + 1)0—1 g (r+ 1)—9€(r1+ 1)(¢—2)+IS(T+ 1)0—1

and moreover our choice of parameters gives as above

S(T+1Y 2 JEIY Dy + DDJrdY (o, .. 0) .

Hence, by (6), we have
Ry... R SbT1@VETex(g)g, ... 0,

where
k*(Q) = 4(e — D@+ D)™ V(/ry(T+Drd/Dy~¢*t.

We conclude from (7) that, to obtain (30), it suffices to show that the coefficient of g, ... g, is
at most (64rd)"~°. On substituting for T, we see that x* does not exceed

4 —D!€ (@) (r + 1)°(/rE) 1 (33rd)y ~et .
Thus it is enough to verify that
BeDET 2 80 — 1)I(33r2d) (3) 1 ().

But the definition of € (g) in the proposition gives € (¢) < r*¢ and, since (o — 1)! < r¢~ 1, the
right hand side is at most (3{r>)°~*(264r%d). Now ¢ ">1-7 and, if r = 3, we have
b=1-108. Hence £~"T > (2rd)?¢ and b’ = (2rd)® and the result follows.
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