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Notes on random functions.
By
R. E. A. C. Paley{, N. Wiener and A. Zygmund.

1. The introduction of the notion of the random into analysis is in
the first instance the work of Borel'). His theory of probabilités dénom-
brables concerns itself with guantities depending upon an infinite sequence
of choices and with their average values. In the simplest case, the
choices in question are between two alternatives, which may be taken as
the signs + and —. Thus questions as to the probability of convergence
of the series

(1.01) T +e,
n=10

and of the distribution of its sums belong to this order of ideas. Such
questions have been much discussed in the pages of Fundamenta Ma-
thematicae and Studia Mathematica, and are associated with the
names of Steinhaus and Rademacher, among others. To Steinhaus in
particular is due the reduction of such questions to questions concerning
the Lebesgue integral.

The next step forward in introducing the notion of probability into
analysis consists in replacing numbers dependent on an infinite sequence
of choices by functions dependent on an infinite sequence of choices.
This step was taken by Palev and Zygmund?), who bhave developed
the theory of the analytic properties shared by “‘almost all” functions
of the form
(1.02) DA NCY

n =10
and the closely related problem of the properties shared by “‘almost all”
functions of the form ’

(1.03) 0,,6“1‘%’;"’ (@),

0

b8

n

1) Borel.
2) Paley and Zygmund (1), (2), (3) hereinafter referred to as PZ 1, 2, 3.

)
o



648 R.E. A.C. Paley}, N. Wiener and A. Zygmund.

where the numbers ¢, vary independently in the interval (0,1). In this
they were systematically developing a method of Littlewood for the pro-
duction of Gegenbeispiele. From this point of view, random functions
present themselves as a somewhat sophisticated analytical tool, and may
seem to belong rather to the pathology than to the natural history of
functions of the real variable.

There is however a way in which functions with an element of
randomness present themselves to the physicist. The Brownian movement,
the motion of a suspended particle in a fluid in response to the irregu-
larities of the molecular collisions to which it is subjected, is of so
strikingly random a character that it does not even seem to possess a
velocity. The physicist Perrin®) has commented on the striking way in
which this motion suggests the non-differentiable continuous functions of
Weierstrass, and Borel*) has commented on this in connection with his
theory of denumerable probabilities. The components of the displacement
of such a particle, regarded as functions of the time, are random func-
tions in a sense differing considerably from that of Zygmund and Paley.
Wiener®) has reduced the theory of such random functions to a mathe-
matically definite form, also depending upon a Lebesgue integration. For the
purposes of the present paper, we shall represent one of the components of
the displacement of the moving particle in the Wiener theory by y(a, ?),
where ¢ is the time and « the parameter on which Lebesgue integration
is performd for the purpose of averaging over all functions and deter-
mining probabilities. Wiener’s y («,?) is then, as he shows, a continuous
function of ¢ for almost all values of «, defined for 0 < a << 1,
0 <t <1, and vanishing for ¢ = 0.

The purpose of this paper is to bridge the gap between the PZ ana
the W theories, by proving for the W random functions theorems ana-
logous to those proved in the PZ papers. The analogy in question takes
two different forms, which are in a manner of speaking Fourier duals of
one another. The simplest and most obvious correspondence between the
two theories is that y («,?) determines what is really the limit of a large
number of choices of sign of small quantities, each choice being whether
over a small period of time a particle subject to the Brownian motion
will wander to the right or to the left. Thus formally

1
(1.04) [H@tye®dy (@)
0
3} E. Perrin (1)
4) E. Borel (1), (2).
5) N, Wiener (1).
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is an analogue to (1.02). On the other hand, it may be established that
if {y,(t)} is a set of normal and orthogonal functions (0,1), the quan-
tities

1
(1. 05) [ra@®dey(et)

[
appropriately defined all have a Gaussian distribution with the same
modulus, and are completely independent of one another. Thus

n =

(1.06) Zeufa(@) [ 7a(0dir ()

is an analogue of (1.02), and like it depends on an infinite sequence of
like independent probabilities, with thg difference that the probabilities
of (1.02) are all-or-none probabilities such as arise in the tossing of a
coin, whereas the probabilities of (1.06) are continuously distributed like
those of the errors in shooting at a target.

It will turn out that by far the greater part of the PZ theory has
a precise W analogue in both possible senses. The W theory is a little
less adapted to the construction of Gegenbeispiele than the PZ theory,
in that the absolute magnitude of the coefficients in (1.02) is determined
in advance, while that in (1.06) itself depends on probability considera-
tions. On the other hand, many averages concerning which the PZ
theory only yields inequalities are expressible in closed form in the W
theory.

If the finite range of ¢ in y(«,t) is replaced by an infinite range,
as is easily possible, the theory undergoes but little change. On the
other hand, the Fourier series is replaced by the Fourier integral, and
the symmetry of the latter makes the two analogues of the PZ theory
reduce essentially to one. Furthermore, a new type of functional arises
over the infinite range — the mean as contrasted with the integral, and
the evaluation of the distribution of such means introduces new con-
siderations. Under certain circumstances, such means will almost always
assume a certain fixed value.

LBy WLif(p=0Z4,0=... 251

2.01)  [F(r(at) x(@t) —x(@b), o (e ta) = £ (@t —)) da

n : < <
= =" J] (g —tp—1)"** _““J""ﬁ 5 du,
1 — — o

exp. [.,. ff % ]F(ul, ey Uy).
1

el
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From this it is easy to show that if 4, = ¢,

H 1-3.5... 2n—1
2.02)  [[zt) —z(@u)Prde = S =)
3

[ [ (o) — 1 (e B +1da = 03

and that if none of the intervals (f, p, &y, ,) overlap,

(2.03) IT [7 (ot ) —z (a1, )] P

o P=1

= IVI f [y (o, ts, p) — (o by, p)]np do

=14

Since 1-3-5 ... (21— 1) represents the number of distinct ways of par-
celling 2% objects into pairs, it follows from (2. 02) and (2.03) that the
integral in (2.03) may be evaluated by parcelling the product in the
integrand into pairs in all possible ways, integrating the product of each
pair, multiplying the integrals for all the pairs in each parcelling, and
adding these products over all parcellings. From this it results immed-
iately that

1
(2.04) 3 7 (o) (e d) - 7 (@ tan) o

0
1 1 1
= [1t) 2@t da [ gt glt)da . [ 7t )z b da
] 0 [§]

- all similar sums for all other parcellings of #,, ..., £, into pairs;
1
[ 2@t)gt) o g(@har)da=0.
[

This enables us to establish:

- Lemma 1. Let o,(t), 0,(2), ... 02a(t) be functions of limited total
variation over (0.1). Then

@.05)  [do[xt)de®) [zEb)de - [1lnh)de ()
0 0 0 Q0

1 1 1 1
= J.‘Z(h(ﬂ}“' j.ds‘??n(tm) _{d% f‘z%{xf‘xn{'l}%(“1%)%(“2:%)2(“@&)'“
I I o 6

% (s By n—1) 1 (%us ta0) + €tC.|,
where the “ete.”’ stands for all other distributions of the 2m s over the n
ay’s, two to each, permutations of the w;’s among themselves not bewng
counted as distinet.
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Another very easy result to establish is that if g, and g, are of
limited total variation and ¢, (1) = @, (1) = 0,

(2. 06) j da jx(«,mdel (t,) j 2 (o 8) d gy (t,)
=1 [tde,t) [doi(t) +3 [tyde,(t) [do, (t)
0 i 0 23

—1[t{a®do )+ o Ode®) =1 [o® et

Thus we may give to Lemma 1 the somewhat compacter form:
Lemma 1. Let ¢,(2), ... psn (?) be functions of limited total variation
over (0,1). Then

1 1 1
(2.07) faa [x@t)do, () .. [ 1 (ton) dosn (tan)
] 0 0

1

=27 (0,00, (Mt [ oy 0, ()1 .. fenﬂ(t)ggn(t)dt+et&

1
In particular, if j[g ®F =1, and o) is of limited total variation,
0

: i 2n
1-3-5...22—1
2.08 d [ (ot det] _L3s..zao1
( ) ! o 6‘/{(1 ) () =
From this we may readily prove that if P (w) is any polynomial in 1,
1 1 -
(2.09) j.duP[jz(a,t)dg(z)] =3 Ip(u)e*“zdu.
0 s 72

We may readily extend this result to:
Lemma 2. Let o () be a function of limited total variation, and let

j[g(z)]ﬁdz = 1. Le

@.10) I= -ﬁ TL Fw)edu
exist as a Lebesque integral. Then
1 1
2.11) j'daF{ jz(d,t)dg(z)] =1
[ o

I
This may be expressed in words by saying that _" x(o,)do(t) has a
(]

1
Gaussian distribution with modulus dependent only on f [e (B dt.
0

Mathematische Zeitschrift. 87. 49
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A reasoning of the same sort will establish:
Lemma 3. Let o, (), ..., 0. (t) be functions of limited total variation
for which

i 0; [k+1]
) =1
(2.12) fere0ar={" Ty
and let
s e —-guf

(2.13) an? Jdug ... | duF(uy, .. u)e !
exist as a Lebesque integral. Then

1 1 1
2.14) jdaF[jx(oc,t)dg] ©, - jx(a,t)dgn(t)]

0 0 1]

exists and has the same value.
Let it be noted that we have hereby established that the set of

functions
1 1
(2.15) Dy tar 2y () = (200 dos @) - [x (0 dos, ()
0 0
[A; =+ 4 if j 5 K]
is normal and orthogonal. They are analogous to a set of normal and
orthogonal functions given by Walsh, and assuming only the values £ 1.

Unlike the Walsh functions, they are continuous.
We may put Lemma 3 more strikingly by saying that the quantities

1
}. x(x t)d o, () are completely independent — not merely linearly inde-

o
pendent — of one another, and that they all have a Gaussian distribution

with the same modulus.
3. Let us now introduce:
Definition 1. If o(¢) s a function of limited total variation over
(0,1), we shall write
1

1
(3.01) Je®dy@t = ezl — [2(@0de(
0 0
As before, let {g,(f)} be a complete set of normal and orthogonal

functions of limited total variation. Let X a2 converge. We wish to
1

consider the behaviour of .
1 n
(3.02) [[Zaen]arws
0
as n— . By Lemma 3, this question may be answered in terms of

n
the distribution of J a,u; when the individual variables %, have inde-
1
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pendent Gaussian distributions with the same modulus. This again is
formally the same question as that of the distribution of x(x, @

+af+ ... +ad). As has been said, Wiener has shown that for almost

all values of «, y(«,?) is continuous in ¢. Thus almost always
(3. 03) lim y (e, X ai) = g (o, X ai)
7 —> o 1 1

from which it follows that Y a,u; almost always converges, and that
1

N~

5.04) tim {2 axen0] 270

almost always exists. We now introduce:
Definition 2. Let o(t) belong to L,, and let

(3.05) ’ 0 () ~ Xaz e ().

Then we shall put
1 1 n

6.0 [edz@y=lm [[Fan0]dr@.
0 n—y 0 1

We now wish to show that Definitions 1 and 2 are consistent, in

1
the sense that they almost always lead to the same value of j. o{tydy (1)

0
when they are both applicable. Let us then adhere to Definition 1, and
let us suppose that

i n
(3.07) [le@Pdi—Xa<e

0 1
It will follow from Lemma 2 that

H ra
(3.08) xjg(t)dx(oc,!)-«f{zl,’akgk(t)}dz(a,t)1<s
3 0 0 -

except over a set of values of o of measure not exceeding

(3.09) [upedu=e2.

L
el _
Thus (3.08) cannot tend almost everywhere to any lLimit other than 0,
and we have established the consistency of the two definitions. A preci-
sely similar argument will show that Definition 2 is independent of the
particular choice of the set {o;(f)}.

Let it be noted that by (2.08)

1 n 1 2m 1 e
3.10) [dx[Safa0iren] = 22522 [l oral.

42%
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Let it also be noted that

(3.11) Jim jda{ j[.lz”'akgk(z) dy (@ 1) — fg(t)dx(oc,t)}2: o

N—> x4

This results from (3.06) and the fact that by (2. 08)

(3.111) lim jda{gzakok(t)]dy(a,z)} = 0.

My, f—> X o

From (3.11) and (3.10) it readily follows that

(3.12) jdoc[a[g(t)dz(a,t)} < 1:3:5. 2m “[o t)]2dt]
Applying this to

n
(3.13) 2 () = o) — 2 a0 (),
we get
} 2 m
(3.14) lim jda[j 0u (0 dy (% z)] = 0.
B>, 0
This together with (2.08) yields
1 1 2m 1 m
. 1-3.5... 2m—1
6.1 [da| Jewdy@y] =22 2n=t (o ppar] .
0 0 0
We have thus established:
Lemma 2'. Let
’ _1 7 o
(2.10) Imﬁ_i Flu)ye*du

1
exist as a Lebesque integral, and let j[g OPdt = 1. Then
0

(3.16) fdap[fg(t)dl(a,z)] — I

Lemma 3 also possesses an extension of the same sort to functions
0 (¢) not of limited total variation. Once these lemmas are established,
it follows that Definition 2 will yield the same result even if the g,’s
are not functions of limited total variation. Of course, in this form it

would be circular and of no value as a definition.

4. Let us now consider a function of ¢ and the parameter 7 of the form

(4.01) B, (z,1) = {Vfok (@) ex t)

where the functions g, (¢) are normal and orthogonal over (0,1) and

(4.02) P [ @i =8 < .
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Then except for a set of values of 7 of zero measure,

(4.03) jdm[j@n(r,t)dl(a,t)]2m= i’3'5"2;z2m"1[§'[6k(r)}2]m
' [,

It follows that
(4.04) fdafdz[f@n(r,t)dx(a,z)]m
— 1-3.5. 2m‘)m———1 J.[Z{O'(T}]z] dz.

Thus if @ (z,t) is any function belonging to L, as a function of ¢ and 7
simultaneously, and

(4.05) Purh) = Zo:) [0 (1.5) a9 s,

an argument precisely similar to that of the last paragraph will show
that for almost all values of «

(4. 06) Lim j@ (. ) dy (1)

T~ O

exists, and that as before we may define J D(r,t)dy (o, t) by

(4.07) f@(r, Hdy(x,t) = Lim. J}@O (7, t) d i (=, 2).

The consistency of this definition with previous definitions and its inde-
pendence of the choice of p,’s involve no new discussion. If we reflect
that the finiteness of

(4. 08) f clr[ jl [® (v, t)]ﬂdz]m
carries with it the boundedness of
(4.09) fdr[ f (@, (z, t)}%dt}m

for all », and the fact that

1 v
(4.10) lim j dr[ [ (B (7, ) — Bu(z, t)fdt] =0,
then the methods by which we have established Lemma 3’ are adequate
to establish:
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Theorem I. If

.11) 31 dr{f [® (, z)}ﬂdt}m< o,
then ° °

1 1 1 2 m
(4.12) _fdajdz“@(z,z)dx(u,t)]

.

B U =PRSS jdz[j{@cnn?dﬂ,

and
(4.13) jdqus(z,t)dx(a, t)]

0
exists for almost all values of «.
Particular cases for which (4,11) is valid in case ¢ == 2m are: {a)
(4.14) @ (z,0 = B0 (x,1),
where $(t) belongs to L, and

1

(4. 15) jmr,t)quz<3

0

and B is an absolute constant; (b)

(4.16) B (1,8) ~ X b [ (1) 04 (0
where '
(4.17) I < oo;
(£.18) Jewea0d =G50
(4.19) “f,,(r)lqd1<B;

0

and B is an absolute constant. These two cases form the two different
analogues by the two methods we have mentioned, of Theorem IL of
PZ1. A more precise analogne of this is:

Theorem II. If hypothesis (a) or hypothesis (b) holds, and q = 2,
without necessarily being an integer,
q

(4.éo) fdzif@(r,t)dx(«,t)ii

exists for almost all values of .
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Here the proof is exactly alike in the two cases. We have in
cagse {a) for 2m —2 <g<2m

1 2 m, 1/2m
(4. 21) jda;jqﬁ(r t)dy(oc,t)} g_{ do “@(z,z)dz(a,t)] }

1

]

0

1.3:5...2m—I\am |
= (=]

[f [BO)Pf(z, t) ng]x'q[fma)}%dt]@"%%q

where C, depends only on g¢.
Raising both sides to the qth power, and integrating with respect
to 7, we get:

(4. 22) j}docfdt

1y
[ OP[f(z, mw]

1 q
'{qﬁ(r,t)dx(a,t);
0

q— 2,2

|
]

1|/\

af feera] [ fBorlicora

<a] poral s

from which Theorem II follows at once.
It follows at once from Theorem I that:

Theorem III. Let

(4.23) f [ (1, )P dt < w*
where w s independent of . 0 Then of
(4. 24) Gu) = 3 a,ur
has only positive coefficients in its M;claum'n series, and
(4. 25) ‘71:_—;~£G(uw)r“2du< w
then for almost all
(4.26) ier{f@(r,t)dx(m,t)}<oo.
In particular, almost :;lways '
(4. 27) fdr expz[ f@(z tdy (x t)T

o é
where

(428) A< lwi.
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In the particular case where @ (7,f) is of form (4.16), where (4.17)
and (4.18) hold, and where (4.19) is replaced by the condition that f, (z)
is bounded for all values of n and 7, the methods of Theorem III of PZ1
will enable us to show that condition (4.28) is unnecessary.

b. Now that we have obtained the formulae for the mean values
of expressions of the form

(5. 01) fdr[ f@(r, t)dz(oc,t)]m

let us investigate the mean squares of the departures from these means,
We have formally:

(5. 02) fda{ fdz[fcb(z,t)dx(a,z)]m

__1‘3'5";““_1;“[;[@(% t)}%lt]m}z

2
1

- fdafdg .‘.dr[f@(r,t)dx(ac,t)Tmf@(a,t)dx(oc,t)fm

[
m, 2

___{1.3.5...2m——1 fd’c’[j}{é(f,t)Pdt] }

2m

If we evaluate (5.02) in accordance with Lemma 1', we get for the case

m =1
1 1 1 1 . 2
(5.03) < dafdr“@(a,t)cb(z,t)dz]; ,
0 0 []
for the case m = 2,

1

.04 o j}da fa- qu(a,t)gb(z,z)dzf[@(a, NP de f[@(t,t)]“’dt
0 ) 0 0

+
INp
ey

(s ¥
Q
O&._—s,’_‘

1 3
dr{ y@(a,t)cb(r,t)dt];
0 0
and for the case m = 3,

(5.05) % j}do' fdr{f@(a,t)@(t, t)dtTf[@ (o‘,t)}idtj}[@(r,t)]zdt
0 ] 301 . . [ . 0
+-2—£do'!dr[5,’d§(a,t)¢(7:,t)] .

By the Schwarz inequality, each of these expressions will be finite with
the appropriate

(5. 06) j dr[ Of [ (z, t)}%dt]m.
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In the first instance, we have only established (5.03), (5.04), and (5. 05)
in the case of functions @ (o,t) of limited total variation in ¢, but there is
no difficulty in extending them by processes now familiar to the general
case for which (5.06) is finite.

If the mean square departure of a quantity from the value 4 is B?,
the quantity cannot differ from 4 by an amount exceeding B except
over a set of values of measure not exceeding B2'C;. We thus obtain:

Theorem IV, Let

1 1

(5.07) 5 [dv [ a1, (r, 0 = 4 =12 ..]
and let ’ '
7 [1 {4 fd{fq)(t)ab( yad L
(5. 08) = |do T e (0,1) Dy, (7, 1) t]
converge. Then except for a set of values of a of zero measure,
(5.09) lira jdz“@ (t,t)dx(a,t):l
N> O 4

Similar theorems hold for cases (5.04), (5.05), ete.
In particular, let

(6.10) @n(r,t)=nzifz————~<t<r,a—}———<r<t
D, (t,t) == 0 otherwise,
Then
1
(5.11) [@u(0.0) @, (r,0)dt = O (1) if |6 —7] < n*;
0

1
j‘ D, (0,t) D, (7,t)dt = O otherwise.
0

Thus the series of (5.08) reduces to

(5.12) > 03 < oo,

n=1
Formula (5.09) becomes
b

. P . 1\72 1
(5.13) n]immna+§;zl_4[,¢(oc, ) —y(wr—=)] dv = 506 —a).
We have already proved, however (W 1) that except for a set of values
of « of zero measure, there is an 4 such that
(5.14) [ (&%) — g (o, 0)F < 4|7 —otia
for all v and ¢. Without substantial change, the argument will show
that there is almost always an A4 such that
(5.15) [x (2, 7) — (¢, ) < Ajr — 020
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for all v and 6. Thus f (p -+ 1)t e,
b .
(. 16) nt J’ g (e, 7—28) — g (e, T—n"Pdr =0(n"2)

a4 n4

uniformly in ¢, so that by (5.13) we have almost always

b
. 1
G17) - lim ot 5:;/ (@7 —x (@t —ePdr = 5 (0—a)
and hence
b
(5.18) m = [ D) —z@r—oPdr = 3 (b—a)
e>0 ¢ a-+s

as ¢ > 0 in any way whatever. This is almost always, true for every
rational @ and b, and it may consequently be proved to hold almost
always for every ¢ and b in (0,1)

6. We now come to the consideration of random functions over an
infinite range. If we put:

—-}z‘eot—le——t)
(6.01) £(wt)=Va| x(oc,u)dcscnu——-x(oc;zl—cot—l(——t)) isa
17’2
+ 7% 3)

we shall find that &(«,0) =0, and that if —0 < <t <... <4,

1
(6.02) [ F(£(mt) —E(at), Elot) — (o 0a)y oy § (0, 8) — £, ta ) da

_n=1 = - no oy
=7 ? ]] (t—te—1) f du, ... ydunexp{m _tk—_’_l’;;_—l]
2 e e 2
F(uy, ..., U,).
Formally,
o 1
(6.03) [e@ndo®) =Vm | y(x )d{escmto(—eotzt)]
—c0 0

so that if p () belongs to L,, and o (£) ¥1 + # is of limited total variation
over (— o, ©) we may define

oo

(6.04) j@(t)df(a,t)z—— gf(a,t)dg(t).

Up to Definition 2, the theory of random functions over the infinite
interval is precisely parallel to that over the finite interval. In Defini-

tion 2, we may now generalize j o (t)d £ (x,?) so as to eliminate not merely

the condition that o (¢) should e of limited total variation, but all con-
ditions concerning its order of magnitude, and as before, we now merely
require that o (f) shall belong to L,, this time over (— o, ). Up to
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Theorem III, no change is made by introducing an infinite range of
both ¢ and 7, and even in Theorem III the changes that are intro-
duced over a finite range of 7 are trivial and obvious. In particular,
the reasoning of Theorem IV is still valid, and all that part of W1 which

applies to the proof that the spectral density of j o (t)d &(d,t) is almost

always
p ! ¥ 3
(6.05) —'Lim. 0 (t)e“““dz‘i

4n M-—>oo __ |

will remain valid when o () merely belongs to L,, and

oo oo 2
(6.06) jdu[ jg(z)9(¢-+u)dt]<oo
If we put -
M
(6.07) o) = ~=Llim. | yp()evtdy,
&25’! M-—> v

these conditions reduce themselves to the condition that w(u) should
belong both to L, and L,.

7. We now restrict ourselves to the case (4.14) and prove a theorem
analogous to Theorem VIII of PZ 1., We have first to generalize
Lemma 6 of that paper. This may be done in the following way. Let

(7.01) 0 =t, <ty <ty..<ty=1
divide the interval (0,1) into N portions. We write

N—1 n4—1

(7.02) Fo(@) = 2 () j B ey (@)

where @, (z) denotes Rademacher’s functlon, defined in PZ 1. We denote
by S,(«) the maximum
41

3 o j ﬂ(t)dx(a,t)g

n =0

(7.03) S: () = Max

m=N—1

We wish to investigate the behaviour of the average

(7. 04 [ st

0
We observe first that, if we write,

(7. 05) ) =n (L <t<tF 0=ZnEN-1)
then, for a given value of z, we may write
(7.06) Py (@) Ay (o,8) = dy (o' 1),
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since the left hand side of (7.06) clearly represents an arbitrary Brownian
motion. The correspondance between « and «' is 1 —1 except in a set
of measure zero, and measure (in space «) is preseired. It follows that

(7.07) 8. () = 8, (o),
and that
1 1
(7.08) [St@)da = [ 83(a)do.
0 0
Applying Lemma 6 of PZ 1, we have
1 1 1
(7. 09) [ Sg)da = jdz [ St da
0 0 0

1

1 1
j'cloa jsz(a)dm
0 (1]

1

C, fda [1Fe@rde

IA

= qudx f{Fw(ac){‘Ida

goq(fﬁww)%q,

where the constants C, depend only on q. Now denote by 8* («) the
upper bound

K tl
(1.10) St —smp | [F0d G, t)i’
By proceeding to the limit in (7. 09) we obtain

(7.11) fs*q(a)dm goq(fﬁi(t)dtfq

The above result is analogous to Lemma 6. We may now prove the
following result, analogous to Theorem VIII.

Theorem V. Let 8*(v,a) denote

. ‘
(7.12) Oggglgfﬁ(t)f(r,t)dx(a,t)],
where -

(7.13) [PHdt< e,

(r.19 [lfwoar <5,
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and B is an absolute constant. Then, for almost all «, we have
1

(7.15) [ 8*1(zr,a)dv < oo.

13
Suppose that f(¢) is a function of bounded variation for which

1
(7.16) [Pwydt=w.
0
It may be shown*) that, for almost all «, the integral
1
(7.17) fBWOdy @
; .

does not exist is the sense (3.01). We may now prove the following
theorem analogous to Theorem IX of PZ 1.

Theorem VI. Suppose that, corresponding to every set B of positive
measure in the interval (0.1), we can find a set G — G (E), such that

(7.18) [PWdt =,
(7.19) [ £ @dr> 8 (t<6)
E

where 5 is a positive constant, which may depend on BE. Then, for almost
all o, the integral

(7. 20) [B0iEndz @Y

exists i the sense (3.01) for almost no .
S. It was proved in PZ 1 that almost all the functions

(8.01) Fe) = X ane 0 () (2 = rei9),

where X'aj converges, satisfy the inequality

(8.02) , Max [f(rei)] —o(} Iogl_l_r).

A gegenbeispiel was given to show that (8.02) was best possible. This
gegenbeispiel was a lacunary trigonometric series, and therefore, being of
a somewhat special type, may not be regarded as altogether sufficient
evidence that almost all functions are unbounded. Leater, in PZ. 3, it
was shown that the function (8.01) was unbounded for almost all ¢
subject only to the divergence of the series

. am+1 \Ya
(5.03) layl -+ & ( b3 az) :

M==0 \gy o oM

*) The proof is almost identical with that of Theorem B in the paper Zyg-
mund (1).

ek
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Here we give a very simple gegenbeispiel with smooth coefficients, which
illustrates the phenomenon in a rather different way. We write

6 25in
(8.04) F)(r,0) = Vv Z~7®—3”— o~ "1 cosn O y,,
n=1

where » is an even integer, k is a number which remains to be chosen,
and y,, Y, ..., Y, Tepresent independent Gaussian distributions of mo-
dulus 1, and o = g, is defined by the equation

(8.05) o~ =ce.

Clearly the average value of

27z

(8.03,) [(Fo@Q, 0)yd0

is less than on absolute constant independent of » (but depending on k).
Now consider

&0 2sin >
(8.06) F®(0,0) = Vo Y cosn@y,
n=1
— had smn\@—}—iv\) ke sm‘n(@——w——) >
= “ ;T n Yn n yn[
n=1 n=1
1 Iy
_ o sinn(a—%—-—) > sinn (@—--——y \
(s, 3 i)
n=1k"]+1 n=Tk11+1
= Fj(0,0) + R, (0).
Wiener has shown¥*) that
2\ \sinn 6
(8.07) V(z) 2=
n=1
represents an arbitrary Brownian motion y (x,0), and thus
(8.08) F3(e.%) (h=0,1,..., }r—1)

represent independent Gaussian distributions

— 27 4+1 27 —1
(8.09) VV<Z(“’_ v )——-x(fx, v ))’
whose modulus is independent of ». Also )
(B:10) Average Max |Fj(e,6)| = Average _ Max B3 (e2),

<1,<1/2 P |

x(oc, 2;'—%"1) ——x(a, Ez’—;———}—)lda.

K4

=e6=2n

IV Max

0=S1=Yyv—1

*) Wiener (2).
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The last integral may be evaluated by means of (2.01), and exceeds a
fixed multiple of Vlog». It follows that
1
%
(8.11) Averagigliagwlﬁ‘y (0,60)| = B Vlog(lw_—e).

Insuring now to R;—(@), we observe that, since

2z
(8.12) Average f R} (©)d O =0(lk),
we have ’ ‘

! b 2sin—7zcosn6 ,
8.13 Average Max [ ——-v—-~——”2n)
(8.13) 0<8<Mi¥ [k%x n "I

1y, 1

= ol Jrog (113,

¢ being a number which remains to be chosen. Also since

27 P) & 2sin%cosu9 ’ .
8.14) Avera,gea" 37\ Vo Z w-—n_—rtfznyn (Z@:O((lw,)},

. -1
it fellows that

a < 2sin = cosn @
(8,15) Average Max 5_ 1‘/ Z ———— g }

i=6x=2n Zrl+1 i
1 N 112

=0¢Eit1)
1—r

Integrating the result (8.15) from r = g to r = 1, we get

.on
<. 28in—cosn®

(8.16) Average Max Vv —(1—0") u.'

0=6=22| i »

11
~o{ru—pe(r1y))"
If we now choose g so that kv (1—g) = 1, then, combining (8.13) and
(8.16), we have
> 2sin—:’icos ne g

n -—y’“

(8.17) Average Max Vv _O(io"(kv))‘!z

0=6=27' [Tt
Finally by choosing k sufficiently large, and combmmg (8.11) with (8.17),
we obtain the desired result
(8.18) Average Max { FP(0,0)|=1B Vlog ( ——l—:}
0==6="2

It is not difficult to combine functions of the form FY so as to

form a function F,(r,®) for which
1

(8.19) Max |F,(,6)| = 2] (=)

0==6=2
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for almost all y, ‘(1 —7) being an arbitrary function which tends to
zero with 1 — 7.
Suppose that &, (m) denote a set of functions for which

N
(8.20) T oim) =1;
(8.21) zi' B, (m) B (m) = O.

We may show, by means of the argument already given, that, if ¥,
Yy .-+, Yx denote independent Gaussian distributions of modulus 1, then

5 0, (m) 9. | = BY(Flogh),

n=1

(8.22) Average Max

1I=m=N
where B is an absolute constant.

A further property of y(a,t), which has attracted the attention of
Perrin as an experimentally ohservable fact, is that for almost all values
of «, it nowhere possesses a derivative with respect to . We shall in
fact prove the more comprehensive.

Theorem VII. The values of a for which there exists at such thai

(9.01) l_i_ino (z (@t + &) — z (1), << o [A>1]

form a set of zero measure.

To prove this, let us subdivide the interval (0,1) binarily. If (m2—¢,
(m -+ 1)2—9) is a subdivision of the ¢ order, its middle point will be
(2m + 1)2—9—1, and the differential determining the distribution of the
pair of quantities g (¢, (2m 4+ 1)27¢71) — y(a, m279) = u, and
g (o (m-+1)279) — 5 (o, (2m + 1) 2797 1) = u,, will be

LI
(9. 02) W exp.(—- ?;}'___L—_ui)dulduy
If we put u, -+ 4, = u, this becomes
1 3 —_—
©.09) 2 e (- ?-LZ{*Z_}”;-_I—“L’—)M,M
w\2 wu?
1 —(w—3) YWY
- nz“l-l exp. o—g—1 @ Uy U.

From this we may readily conclude that the probability that cither Uy
or %, is less than A4, in modulus does not exceed

4 __ v
(9. 04) S S fo e du< 2 49,
Vn2—9'"2__A = Va

The probability that of the 2¢t1 quantities |y (x,(u -+ 1)2~77)
— g (&, #2—97)], at least N, do not exceed 4,, whatever the distribution
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of the 2¢ analogous quantities of the proceeding series, thus does not
exceed

2¢+1

(2@'{'1}? — __{6_ 9al2 Wty 16 i . A
(9.05) g?zﬁﬁtzgl WA2> ijwﬁ

=N
e du
< [,
LA "

N—~—V1£~.422
VI:G:AQ%Q-Fl
Let us now put
9.06 2 16 ,q(3—wx)
(9.06) =2 ‘la,Nq=—n~2 = <]

Then the dominant expression in (9.05) becomes:

€

e gy
(sG—ma_gg)y \* 2
and we have

(9.08) 3T, < .
1

Thus it is infinitely improbable that more than a finite number of ¢’s
can be found for which at least N, of the 2¢+1 quantities |y («, (u-+1)2—2-1)
— z (&, 27971)| do not exceed 4,, N, and 4, being defined as in (9.06).
On the other hand, the probability that the N, intervals of the gt stage
have any point in common for all values of ¢ from @, +1 to @,, does
not exceed

Q> (§'~"“) M
16 29%2 (l__ ) @3
(9.09) 2@ +1 ’] = < C, 0322 3 T H
Q+1 Vﬂ 2

where O, and C, are constants. If u >}, this tends to 0 as Q,—> co.
Thus it is infinitely improbable that there is any point common to S, for
all ¢’s from some stage on, S, consisting of all the points in the N,
intervals of the ¢t stage for which

0.10) [zl u+ 1277 — (e, p2700)| < 2-Haa

It is thus, infinitely improbable that there exist any point common to
an infinite sequence of intervals satisfying (9. 10), and @ fortior; infinitely
improbable that any point lie in intervals of the binary subdivision, all
of which from some stage on satisfy (9.10). This is in the first instance
true for one value of @, but since the sum of a denumerable number of

sets of zero measure is itself of zero measure, we may extend it to the
Mathematische Zeitschrift. 37. 43
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case in which (9.10) is supposed to hold for amy value of . From this,
Theorem VII follows at once.
We have already noted that if 4 < %, then except for a set of cases

of zero probability,
(9.11) lim (7 (¢t + &) — g (1) /e = 0

& —3» 0
uniformly for all values of ¢.
This was proved in W, for the case 2 = 14, and the methods are
substantially unchanged. The study of precisely what happens in the
case A = } demands the use of more refined methods, and is not

treated here.
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