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On a lemma of Littlewood and Offord on the
distribution of certain sums *
By
DANIEL J. KLEITMAN

1. Introduction

Let ay, ..., a, be complex numbers greater than one in magnitude. LiTTLE-
wooD and OFFORD [I] showed that of the 2" sums of the form

in which each ¢; is +1, the number of sums lying in any circle of unit radius
could be no more than ¢ 2" n~* log n. ErDOs [2] improved this upper bound
to C2"n~% (1).

In this paper we show that binomial coefficient C,,,, is an upper bound,
and the best one. ERDOS conjectured that the same result might hold if the
a, ..., a, were vectors in any Hilbert space. We show below that the estimate
(1) holds in any finite dimensional space; and we present a proof that C, /2]
is an upper bound in any finite dimensional space for sufficiently large ».

I1. Two Dimensions

In this section we prove the following theorem.

Theorem I. If {a;} are n complex numbers of magnitude greater than unity,
the number of sums of the form

.Zlf’i a;  (g==1)
F

which lie within any circle of unit radius in the complex plane is less than or
equal to the binomial coefficient C,p,2; (Wwhere [K] represents the integral part
of k).

This result is a direct consequence of the following theorem.

Theorem II. Let S be an n element (finite) set, X a class of subsets of S,
and T an m element subset of S. If there are no distinct A and B in X such that

* Supported in part by the Air Force Office of Scientific Research under contract
number A, F. 49(638)1380.
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252 DANIEL J. KLEITMAN:

A> B and either A—B<T or A—B<S—T then the number of elements X is
less than or equal to C,p,)2;.
To obtain Theorem I from this result we let S be the indices from 1 to »;

to each sum
n

2. &4,

Jj=1
we associate the set of indices j for which ¢; g, is in the upper half plane, and
we let X represent the class of sets of indices for which the corresponding
sums lies in any particular unit radius circle. We let T be the set of indices
for which a; lies in the first or third quadrants. If 4—BcT then the sums
corresponding to 4 and B differ by the sign of one or more terms each of
which is of magnitude greater than one and which lie in the first quadrant. Since
the sum of numbers in the first quadrant of magnitude greater than one is
likewise such a number, the numbers represented by 4 and B must differ by
twice such a number, and hence cannot both be in X. As similar remarks
hold for the case 4—B<S—17, application of Theorem II yields Theorem I.

Theorem IT may be proven by use of the following two lemmas, the second
of which is due to ErDOs [2].

Consider a finite, n-element set S. Define a chain to be an (n+1) element
class of subsets of S that is totally ordered by inclusion. Each chain contains
exactly one subset of S having j elements in it for each j less than n. A subset
of a chain obtained by omitting the chain’s k& smallest an k largest elements
for 0=k <n/2 will be called a subchain. Note that a subchain so formed will
have n+1—2k elements, the smallest of which will contain k elements of S
while the largest contains n—k elements of S. If » is even subchains will have
an odd number of elements, and vice versa. If the subchain contains j elements
its largest element will contain —Ei;—_——l— elements of S.

Lemma I. The class of all subsets of a finite set can be expressed as the
union of a collection of disjoint subchains.

Proof. The proof will proceed by induction. For a one element set the
set of all subsets is a subchain. Suppose S contains 7 elements, and the theorem
holds for all sets having n—1 or fewer elements. Let a be an element of S.
S—{a} has n—1 elements and therefore the set of subsets of S—{a} can be
written as

a
U X,
J=1
with each X (for 1<j<a) a subchain of S—{a}. Let the largest element of
each X; be denoted by L;. Consider the following subchains of S.

Y,=X,u{L,u{a}},
Y.;={4u{a}|de(X,~{L;})}.
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Since every subset of S is either a subset of S—{a} or the addition of 4 to a
subset of S—{a}, all subsets of S are in the subchains given above. They are
clearly disjoint. If there are n—2k elements in X ; the smallest element of X' f]
has k elements, the largest has n—k—1 elements. The smallest element of Y;
has therefore k elements and the largest has n—k elements, while the smallest
element of Y,.; has k+1 elements and the largest has n—1—k elements.
Thus Y; and Y,,, are indeed subchains of S if X, is a subchain of
S—{a}.

Remark. The number of subchains containing q or more elements in a
decomposition of the set of subsets of S according to Lemma I is Catrta-1y2
if n—1+q is an even integer. In general, this number is Catmtay23-

n+q-—1

5 elements is

Proof. The number of distinct subsets of S containing
.. h+q-—-1
C,, (ntg—1) if 2
is an integer. Each such subset lies in one and only one subchain of length
greater than g in a decomposition of the set of subsets of S into disjoint sub-
chains. For, as noted above, a subchain of length ¢ contains as largest element

+9

a subset of S having ”—2—_—1 elements if n—1+gis an even integer. If n—1+¢

is not an integer n+q is and the number of subchains of length greater than ¢
is equal to the number of length greater than g+ 1.

Lemma II. (ERrDOs [2]) Let X,, ...y Xy be disjoint sets of subsets of S
with the property that no element of X j contains any other element of X; for
J=1, ..., q. The number of elements in

is then less than

q
2. Catns gy21-
=

Proof. Let M, ..., M, be a collection of disjoint subchains whose union
is S. The number of elements in the union of the X’s that lie in any subchain
M, is less than g. Thus, with

q
=1
we have

[¥]= £[¥nM]s 3 min- @, [MD
18+



254 DANIEL J. KLEITMAN:

where [Y] indicates the number of elements in ¥. From the remark above

we have
n+l a

[Y]é Z Z min(‘b r) 6[M,]r

r=11=1
n+1

= Zlmm(q, D) [Catn+ry21— Cotntr+ 1210
=

n+1

= Zl C, [(n+r)/2](min(q, r)—min(q, r— 1))

q
éjzl Cn [(n+r)/21:

The proof of Theorem II then proceeds as follows:

Let the subsets of T be expressed as a union of disjoint subchains according
to Lemma I. For each D7, let X, denote the set of subsets B of S—7 such
that DU BeX. No element of X}, can contain any other, and the sets X, are
disjoint for all D that lie in a subchain of T by the hypotheses of the theorem.
By Lemma II above the total number of elements of X whose intersection with
T lie in a k element subchain in the decomposition of T, must be less than

k
Z Cn—m[(n-m+r)/2] .
r=1

The total number of elements in X, by the remark above, must be less than

m+1 k

& Zlcn—m[(n—m+r)/2](cm[(m+k)/2]_Cm[(m+k+1)/2])
=1 r=
m+1 m+1
= Zl kz Cn-m[(n—m+r)/2](Cm[(m+k)/2]"'Cm[(m+k+1)/2])
r= =r
m+1

= Zl Co-m [(n—m+r)/2] Cn [(m+r)/2]
r=

m
= 2 Cm[m/2]+rcn—m[(n—m)/2]+r

r=-
=Cnins23-

This is the desired result.

II1. p Dimensions

The arguments of the last section may be used in any number of dimen-
sions; the set T can correspond to the indices of vectors in a real p dimensional
space lying in any 2P-ant and in the 2P-ant obtained from it by reflection
through the origin. The set S—T may be chosen likewise; S will then consist
of those indices for which the corresponding vectors lie in 4 particular 2P-ants.
Clearly the 2P-ants can be oriented so that the number k of elements of § is
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at least (4/27) n, for p22. For each choice of epsilons for those indices which
lie outside of S, (of whicl} there are 2"~* possible choices), at most Citiny
can lie within a p-sphere of unit radius, by Theorem I above. The total number
of sums which can lie with a unit p-sphere is therefore less than 2*~* Crri/215
asymptotic value of which for large k is

2"(n k/Z)'*, or (21,_2)* C, [n/21>
or
c,2"n R
with

cp=(27t)_* 272,

This evaluation of the coefficient c, is definitely not a best result. The
2P-ants above may be replaced by cones of 60° half aperture; moreover,
increasing the number of dimensions produces a spreading among the sums
which is not at all taken into account in the argument above.

We deduce below that in a real p-dimensional vector space, the bound on
number of sums in a unit p-sphere is C, tns23 for sufficiently large n. If most
of the vectors a; point in essentially the same direction, the situation is essen-
tially one dimensional and arguments of the type above prove the result. If,
on the other hand, the vectors are spread widely, a different type of argument
is required. We make use of Lemma III to obtain such:

Lemma III. Let S be an n element set, X, Y, Z disjoint classes of subsets
of S with the property that if AeX, B> A then BeY, and if AcX, B< A the
BeZ; then

[X1=(Copn21/2N [X L YU Z]

where [X] represents the number of elements of X.

Proof. Let n(j, X), n(j, Y) and n(j, Z) represent the number of elements
of X, Y and Z respectively which contain exactly j elements of S. These sym-
bols will satisfy the relations

nk+1, D275 (n(k, V) +n(k, X))
@) X ,
, (n=n'j!
g,go"(” X (n—(k+ D)1 (k+1)!
and
n(k—1, Z)gn—__(-llz_—l)(n(k, Z)+n(k, X))
(2) n+1 . (n—j)‘]’
g,;,"(” B "D m—k+D

where we have assumed that BeY if BoC, CeY and BeZ if BcC, CeZ.
The smallest classes Y and Z for a given X will satisfy these latter relations.



256 DANIEL J. KLEITMAN:

The numerator n—k in (1) represents the number of different k41 element
sets that can be formed which include each k element set in X and ¥, while
the denominator k+1 represents the maximum number of times a k-+1
element set can be formed in this manner. Similar remarks apply to relation (2).
Summing these relations over k yields

n+1

[X U YUZ]= 3 (2(k X)+n(k, V) +n (k. 2)

n+1 n+1
J’(n J)' n!
ZZWO,X) Z o kKl(n—k)!
n+1
gznjzon(j: X)/an’
from which we obtain
n+1 n+t

[x]= Z n(j, X)=C, [n/21 Z n(j, X)/C, [n/21
j=o0 j=0
n+1

é Cn [n/2]jzon (j’ X)/ Cn Jj

é(cn [n/Z]/2”) [X vYu Z] ’
as desired.

The result if most vectors lie essentially in one single direction is Lemma IV.
Here we assume that all binomial coefficient arguments are large and write
27en ,,,,[,,,,2] as a* 27" C,p,z; for convenience; no result is critical to this
approximation.

Lemma IV. If more than o N of the N vectors a; lie in a cone C of half
aperture 9 for 1>a>F5 and 9, determined by condition (I) below, then at
most C”[,'/z:' Qf the sums

> &4

j=1
can lie in a sphere of radius 1 where each ¢; is +1 and the a; are vectors of
magnitude greater than 1 in any Hilbert space.

Proof. Let the cone center be in the direction n,. At least one vector a,
must lie outside a cone of half angle 60° centered about n,, or the conjectured
property may be proven by the methods above. This vector may be written
as ap=c(xo no+X; ny) with |e|21, |xo[*+|x;>=1, (nys m) =0, | x0| <%.
Moreover at least one vector, a;, must lie outside the cone of 60° half angle
centered about n, and a similar one centered about n, or the conjectured
property may be proven by the same methods. Let this vector be written as
ay=d(yo no+yy ny+y,; n;) with

2
)Zol.)’llz“"’ls (P 1) =01 |dI>1, |yol<3, Iyil<i.
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Any of the vectors a, lying in the cone C can be written in the same notation as

" ap=r,(ngcos,+n,sin9,e,,+n, sin8,¢;,+n;,sind,e5,)
wit

3
jZ:lll-:“,[2=1, Ir,121, 0<3,<3,.
Consider the hyperplane whose normal # is in the direction of

X1 Y2Mo—Xo Yy 1y +(Xo ¥1 =Xy Yo) 3.

This hyperplane contains the vectors 4; and a,. Furthermore the magnitude
of the scalar product of its normal with any vector in C satisfies

l(ap’ n)lglxl yZCos‘gpl_ISingpalpxoyﬂ
—|sin ‘gp(l—slp)*(xo Y1—%1 yo)l

so that we can choose a real angle 9, such that this magnitude will always
exceed one half.

Let S be the sphere of radius 1 in question and let e be its center. To each
sum lying in § we can correspond three others lying in spheres centered about
three of et+2a;, e+ 24y, e+2a;+2a, by inverting the signs of a;, a, and both.
By the conditions above

(a] ’ ak) 2
—L = <(1+]/3)/4.
Tal-Tap =V
Suppose
(a;, a) < _1_ .
lasll-laell =2

These spheres cannot then overlap; consequently only one fourth of the sums
that lie in a hyperplane sheet containing S normal to » of thickness 2 can lie
in § itself.

By hypothesis, at least a N of the vectors a, lie within C, so that they
have components greater than 4 normal to this sheet. The number of sums
lying in this sheet must therefore be less than 2 C, , (427 2"~ *™ which is approxi-
mately 20"% C, tr/23+ The number that can lie in S is therefore (approximately)
less than a™#/2 C, ;-

If

Bas @nad 1
U+ TaT 22

the spheres can overlap. We divide the sphere S into an overlap region S,
and a non-overlap region S,. The dimension of the overlap region normal to



258 DANIEL J. KLEITMAN:

the hyperplane sheet can be shown to be less than

2 ( V§2"1 )*.

If 9, is chosen to satisfy the following relation (I):

(%) c0s g— <V +1 )sin.%g(—l{sz;l)i

then by the same argument as above the number of sums lying in the hyper-
plane sheet containing all overlap regions must be less than a *C, tnj21- The
number [S;] in §; must be less than half of this or 4 a2 C,,/2;. The previous
argument tells us that

4[S,142[S;]1<2a *Cppayag-

We may therefore conclude that the number of sums lying in S is less than
$a™* Cyppyay, or, if a>F5, than C,ppay.

Theorem III. If a,, a,, ..., a, are vectors of length greater than 1 in a
real vector space of finite dimension d, there is a number N, such that if n is
greater than N, the number of sums of the form

n
Z a;g;
ji=1

with each ;= +1, that can lie within a d-sphere of radius 1 is less than C,p,/5;.

Proof. Let the d dimensional space in question be divided into regions
in a manner symmetric under inversion through the origin such that the sum
of any two vectors of length greater than s that lie in one region is also a
vector of length greater than s lying in the same region, for all positive real s.

Given a sphere S of unit radius, application of Lemma III shows that

[(S+R)USU(S+(—R))]=(2™/Cy, (29 [S]

where (—R,) represents the region obtained by inverting region R, through
the origin; the brackets here denote the number of sums lying in the contained
region; n, is the number of a; in R, and (—R,).

If this relation is summed over all the regions R, it is seen that

2"+R> [E,: 2™[C,, [n.m] [s]

where R represents the overcounting of the number of sums in all space that
takes place as a result of the overlap of the various regions SU(S+R,) U
(S+(—R))) for different a.

The theorem is proven if for n sufficiently large a division into regions R,
can be found for which we have

2"+RZY (2/Cy, tney2)) Cuiwiz
a
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hence [S]= C,(,/2;- Upon making use of the asymptotic properties of binomial
coefficients the desired relation can be reduced to

1+R27"LY (n,/n)*
which will follow from )
1+R27"<(ny[n)t +(1—(ny/n))2.

If the region R, is contained within a cone of half aperture 9,, by LemmalIV
we need only consider here the case 1—n,/n>k; by suitable orientation of
the regions, #n,/n may always be chosen greater than some m which depends
only upon geometry and not upon z. If, in addition R2™™ can be shown to
approach zero as n increases, the theorem is proven.

The following construction shows that indeed R2™" can be made to ap-
proach zero. Let the 4 dimensional space be divided into the analogue of qua-
drants (i.e., 2%-ants); let a cone of half aperture 3, be constructed such that one
sheet lies in the center of one quadrant. Within it construct a convex non empty
region R, with hyperplane boundaries all of which intersect at the origin.
This entire structure should then be reflected through the origin. Choose as
the regions R, all 2%ants except those containing the cone; and, the various
regions into which the hyperplane boundaries of R, divide the 2%-ants contain-
ing R, or its image under inversion in the origin, when they are extended to
meet the boundaries of these 2%-ants.

The overcounting that contributes to R is confined to hyperplane sheets
of thickness 2 containing the boundaries of each region. Let the region within
R; such that the scalar product of every vector within it with each of the
normals to each of the boundaries of R, is greater than ¢ be denoted by 4,.
Since R, is nonempty there must exist a nonempty region 4, for some positive &.
Choose ¢, such that A4,, is nonempty. Let the whole system of regions be
oriented such that the maximum number of vectors a lie within 4,,. As n
increases the number of vectors lying within 4,, can be made arbitrarily large.
The number of sums lying with any hyperplane sheets of finite thickness
containing boundaries can therefore be made arbitrarily small compared with
2", by application of Lemma II. This proves the theorem.
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