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Banach Lattices of Compact Maps
John Chaney

Introduction

This is a study of some of the properties of a subspace of the space of
compact linear maps where the domain or range is a Banach lattice.
It is known that the space of compact maps from a Banach lattice into
a C(X)is a lattice, and the nuclear maps from a Banach lattice into the
space I! for a finite measure space is a lattice. These two examples of
subspaces of the space of compact linear maps which are lattices will be
shown to be special cases of a general subspace of compact maps which
is always a Banach lattice when the domain and range are Banach
lattices. This space of compact maps, denoted M_(E’, F), is shown to
represent a completed normed tensor product E ®,, F defined when E
is a Banach space and F is a Banach lattice.

Throughout this paper, E denotes a Banach space and F a Banach
lattice, unless otherwise stated. Define the |u|-norm on E® F by

||“|||u|=inf{

In the first section, we introduce the M-tensor product norm on E® F
and show that this norm is actually an alternate description of the
|u|-norm. The completion E®, F of the M-tensor product E®,, F
is characterized as a space M, (E’, F) of compact maps from E’ into F
in (1.3). In (1.7) it is shown that if both E and F are Banach lattices then
M, (E', F)is also a Banach lattice of compact maps.

In the second section, we show that M_(E", F) is canonically iso-
morphic to the space M(E, F) of all maps T: E — F that can be factored as:

Z lxll yill: u= Zx.-®y|' in EQF, y,gO}.
i1 i=1

E—T L F

A
Tl\/Tz
C

where T, is a compact map into an (4M)-space C and T, is a positive
map from C into F. We also show that M_(E', F') is canonically iso-
morphic to the space A(F, E) of all maps T: F — E that can be factored
as:

I Math. Z, Bd. 129



2 J. Chaney:

F—T ,E

A
T, T,
’
L

where T, isa positive map from F into an (AL)-space L and T, is a compact
map from L into E. It is then shown that the dual of E ®p F is equal
to E'®,, F for all Banach spaces E if and only if F' is a generalized
sequence space.

The general representation theorem (1.3) is applied in the third
section to obtain a characterization of the space IF(E) for 1Sp< o as
a space of compact linear maps from I7 into E. An extension of the
Dunford-Pettis theorem to the I? spaces for p>1 and a proof of the
equivalence of the Radon-Nikodym property for a Banach space E
with the property that every integral map from L* into E is nuclear is
also given in this section.

For general terminology and notation concerning functional analysis
we will use [8]; our references for ordered spaces will be taken from [6].
The background material concerning the © and e-tensor product norms
can be found in [3] and [7].

We shall now introduce some special results and terminology that
will be used throughout this paper. If z is a positive element in Banach
lattice F then define the space E; to be the linear hull of [ -z, 7] equipped
with the Minkowski functional of [—z z]. By Kakutani’s theorem
(see (8.5) of Chapter V in [8]), Eisa C(X) space. If 2" is a positive element
of F’, then define F_. .p to be the completion of the quotient space
F/p~1(0), where p is the Minkowski functional of [—z, 2']° equipped
with the norm induced by p.

Let S, (F,E) denote the space of continuous linear maps from F
into E which map positive summable sequences into absolutely sum-
mable sequences and equip this space with the norm defined for T in

S.(F, E) by
k k
Z Vi §1}-
i=1

[ T|l,=sup { Z [ Ty;ll: ;20 in F and
i=1
In [4], Jacobs defined a norm symmetric to the |u|-norm and showed
the dual of E®,, F is norm isomorphic to § +(F,E"). An element of
S, (F,E') is termed an order summable linear map. The triple bar norm
defined by Dinculeanu in [1] is the L-norm defined on order summable
operators, and the operators studied by Uhl in [11] are order summable
operators. These maps were also studied by Schlotterbeck in [9].

The author would like to thank Professors A. L. Peressini and H.P. Lotz for their
interest and suggestions.




Banach Lattices of Compact Maps 3

1. A Representation for the M-Tensor Product

A crossnorm, the M-norm, is defined on the tensor product E® F
of a Banach space E with a Banach lattice F. The completion of E®Q F
equipped with this norm is shown to be represented by M, (E', F), a
space of compact linear maps from E’ into F. We will show the M-norm
is equal to the |u|-norm. The M-norm has the advantage its value is
not dependent on all the representations of an element as a member of
the tensor product. When both E and F are Banach lattices, we will
show M_(E', F) is a Banach lattice for the usual notion of a lattice of
order bounded linear operators. See p.21-23 in [6] for the formulas
for the absolute value of an order bounded linear operator.

Definition. Let M, (E', F) be the space of linear maps T from E’
into F which have the decomposition T =T, T, where T, is weak* —
weak (w* —w) continuous and compact and maps E’ into some F, and
T, is the canonical map from F, into F.

Remarks. (1) In the definition above, since the spaces F, are (AM)-
spaces with units they can be replaced by arbitrary C(X) spaces, by
Kakutani’s theorem, when T, is restricted to be a positive map from
C(X) into F.

(2) M (E', F) can be identified under transposition with the space
of maps T from F’ into E which have the decomposition T=T,0 T,
where T, is the adjoint of some canonical map from F, into F and T,
is a w* —w continuous compact map from (F,)’ into E.

(3) In the definition of M_(E', F) the requirement T, be w*—w
continuous can be replaced by the condition that T be w* —w continuous.
It suffices to show that if T is w*—w continuous then the compact
map T, is w*—w continuous. Since T, is one-to-one then T, has
o((F), E)-dense range in (F,). Since T, is compact then T{ is w*—w
continuous. Let Cl denote closure. Because CI(T;(T;(F’))) contains
T, ((F, )) T'(F’) is contained in E, and T'=Tj o T, then T{((F,)) is con-
tained in E. Therefore, T, is w* —w continuous.

If T=T,o T, is an element of M,(E’, F) and U is the unit ball in E
then T, (U 0) is relatlvely compact in F By (3.10)on p. 95in [6],sup T, (U°)
exists in F,. Since F, is an ideal in F then sup T(U°) exists in F. Equlp
M, (E',F) with the norm I Tl 5= lIsup T(U)||z. Denote E ® F considered
as a subspace of M_(E',F) by E®,F, and its completion by E®,F.

Remarks. (4) It follows from the inequalities
sup (3 Cxi, x5 yill = || sup 3. Cxi, % i
<X Il yd [ S X Il 1yl
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for an element ) x;®y; in EQF that the identity maps E®, F —
E®yF, EQF—E®yF, E®yF—E®,F are continuous and the
M-norm is a crossnorm.

(5) If y,, ..., y, are disjoint elements of an order complete Banach
Yx@yf =¥ lxdivd {
i=1 M i=1

To see this, let B be the band in F generated by {y,,...,y,} and let B;
be the principal band generated by {y;}. By propositions (4.6) and (4.7)
on p. 39 in [6], B is the order direct sum of the B}’s. Let p; be the positive

lattice F and x,,...,x, are from E then

pro_lectlon of B onto B;. If s=sup Z {(x;,U% y, then s is in B and
s= Z p;(s) Choose x' in U° to satisfy kaH = (xk, x"» for the fixed index k.
Since 52 Z (xjp £33 then py(9)Z +p, ( Y G ) = £l v

Therefore, pk(s)guxk\l |y, for each index k, and s= Z 1, 1yil- Since
k=1

in general s< ) | x;] |yl then
j=1

ZX,-®,V.- =“S”=
i=1 M

3 ol ]

(1.1) Lemma. Let A be a subset of E such that A= —A and let T be
a continuous linear map from E into F such that sup T(A) exists in F.
If T(A) is a bounded subset of F, then sup | T(A)|l = lIsup T(A)llg,

Proof. Let s=sup | T(A)|;,. For every 6>0, T(A)yc(s+0)[—zz]
and —(s+0) z<sup T(A)<(s+9) z. Therefore |[sup T(A)|;, =(s+9) for
each 6>0 and hence ||sup T(A)||p, <s. Conversely, since A=—4 then
T(A) is contained in [ —sup T(A), sup T(A)] and s < |sup T(A)|f,-

(1.2) Corollary. If X is a compact Hausdorff topological space then
the norms on E ®,, C(X) and E ®,C(X) coincide.

Proof. The uniform operator norm on #(E’, C(X)) induces the norm
E®,C(X). Hence, if we let 4 be the unit ball in E', the result follows
directly from (1.1).

Remarks. (6) Since each F, has the approx1mat10n property then
(see the Corollary of Prop. 36 in Chapt. 1 in [3]) every w* —w continuous
compact map from E’ into F, is given by an element of E ®,(F,). Therefore,
M, (E, F)=U{E®,(F): y>0}

(7) Let u be an element of E® F,, then |ullg, rSIVIrluleeyr,
Hence, in view of (1.2) the canonical map from E®,F, into E®yF 1s
continuous and M_(E’, F)= U E®,F, then EQF is dense in M(E', F).

y20
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(1.3) Theorem. E ®,, F = M*(E', F).

Proof. In view of remark (7) it suffices to show M (E', F) is complete.
Let (T,) be a Cauchy sequence in M_(E’, F) and suppose [|T, =Tl
<2-2" Let z,=sup T,(U° and z, —sup( we1— T)U°):; note Izl

<2-2"for n=1. Define w= Z 2"z, then z,<w2 " Let z= Z z,. then

n=0 n=0
z— Z z,<2 N w. Thus, z, is summable to z in F,.

Choose positive elements y, in F so that ||y, |<27" and T, and

T,,,— T, have the decompositions T;: E'— F, — F and
7;1-;-1 - Tn: E"&L_)F\',.79F’

where R, is w* —w continuous and compact. Let yz( Y y,,) v w. There

n=0
exist decompositions T, ,—T: E — Sn F,——F. where S, is w*—w
continuous and compact and z, is summable to - in F,. We will now
see that (S,) is a summable sequence in Z(E". F).

N

n=M x'eU0|ln=M Fy
N
’
<|sup Y S,x
xX'eU® =M Fy

Let S= Z S, in Z(E', F). Since E® (F,) represents the space of w*—w

n=0
continuous compact maps in #(E', F) and E®,(F) is a closed subspace
of Z(E.F) then S is in E®,(F)and T=io$§ is in M_(E', F) where i
is the canonical map from F, into F. Finally, Ty convergesto T'in M (E". F)

since T—Ty=io Y §,and

n=N+41

IT— Tyl = lIsup (T—=T) (Ul

Sup( Z Sn) -

n=N+1 F,

Zlvlle

Sylle

o
Z -
n=N+1

Fy
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Remark. (8) If T is in M_(E', F) then
| Tl yy=1nf {||sup T(UO)HFZ: 220, |z| =1, T(U®) is bounded in E}.

For if, w=sup T(U°) and u=w/|w| then ITlp=Ilwlp=Ilwl; and
T(U®) is bounded in F,. Also, if T(U°) is bounded in F,zz0,and |z||=1
then ||wlp, = |wl ; because the unit ball of F contains [ -z, z].

(1.4) Theorem. The M-norm and the |u|-norm are equal.

Proof. We first consider the case F is order complete. For each
positive y in F let D, be the collection of elements u in E ® (F) such that

u=Y x;®y; where y,,...,y, is a set of disjoint elements of F,, and let
i=1

D=U{Dy: y20} where each D, is regarded as a subset of E® F. By
remarks (5) and (4) the two norms coincide on D. We will show D is
dense in E®, F. Since F is order complete then the spaces F, are also
order complete. By Kakutani’s theorem (see (8.5) in Chapt. V in [8])
and Nakano’s result (see p. 16 in [6]), F, is norm and lattice isomorphic
to a C(X) where X is an extremally disconnected compact Hausdorff
topological space. Let S be the space of simple functions defined on the
algebra of clopen subsets of X. It is known that S is dense in C(X);
therefore, E® S is dense in E®, C(X). If we consider S as a subset of
F then E® S is contained in D,. Therefore, D, is dense in E®,F,. Since
S,(F,E)=(E®,F) (see (4.1) in [9]) and (E @ F) =S (F.,E) (sec
(1.6) in [4]) then the identity map E® F— E®.F has a continuous
inverse. Since D, is dense in E ®,F, then it is dense in E ® F- Since the
inclusion map from E ®u F into E ®u F is continuous then D is dense
E®,, F. Since the two norms coincide on D (see remark (5)), D is dense
in E®,, F, and the identity map E® F—>E®yF is continuous
(see remark (4)) then the two norms are equal on EQ® F.

Now consider the case F is an arbitrary Banach lattice. We will
obtain our result by using the first case and the fact that F” is order
complete.

The inclusion map from M_(E', F)into M, (E’, F")definéd by T—io T
where i is the canonical map from F into F” is a norm isomorphism. In
fact, suppose that T=T, o T, is in M, (E', F) where T, is a w* —w contin-
uous compact map from E’ into F, and T, is the canonical map from F,
into F. Let w=sup T, (U®). Since w is the limit in F, (see the proof of (3.10),
p.95, in [6]) of a sequence (w,) of suprema of finite subsets of T,(U°)
and the map i o T, preserves the supremum of a finite set and is continuous
then w is the supremum of T(U°) in F and F". Hence, i(sup T(U°)=
sup (io T)(U°®), and so |T|[y,=|io T|,,. Consequently the canonical
map J from E ®,, F into E ®,, F" is a norm isomorphism.
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Next we show the map from S, (F", E) into S_(F, E') defined by
T— Toi is a metric homomorphism. If R is in S_(F,E') let S=joR"
where j is the adjoint of the canonical map from E into E”. Note S i=R.
By Corollary 5, p. 23, in [93, ISl = llje R"I, <[jl IR"[,<|R"],, and
by (1.6) and (1.7) in [9], IR"ll,=IIRll.. Therefore, ||S|| <|R],. Since
the restriction of S to F equals R and the L-norm is a supremum over
positive summable sequences whose sum lies in the unit ball then
ISI.=IR|. Therefore, |S|,=|IR|,and the map is a metric homomor-
phism. Since the dual of E ®, F is norm isomorphicto S (F, E’)equipped
with the L-norm (see (1.5) in [4]) then the canonical map I from E® | F
into E®, F" is a norm isomorphism.

By the first case the identity map from E®, F" into E®, F" is a
norm isomorphism. Since the diagram in Fig. 1 commutes, and the maps
1,J, K are norm isomorphisms then H is a norm isomorphism.

E@uF —1—>E®yF"

E® F ——E®F"
Fig. 1
(1.5) Proposition. If F is an (AM)-space then EQ®,F and E®yF are
norm isomorphic.

Proof. Consider the diagram in Fig.2, where the maps I,J,H, K
E®yF—1—>E®\F"

l,,

E®,F —1—EQ®,F"
Fig. 2

K

are canonical. By the proof of (1.4) J is a norm isomorphism. I is a
norm isomorphism since the ¢-tensor product preserves norm isomor-
phisms. By (1.2) K is a norm isomorphism. Since the diagram commutes
then H is a norm isomorphism.

Suppose both E and F are Banach lattices and define an element
of M (E',F) to be positive if it is a positive linear map. We will now
show M_(E', F) is a Banach lattice.

Definition. If G and H are Banach lattices define the projective cone

in the tensor product GQH to be the set of all elements ) g ®bh,
i=1

where g,, ..., g, are positive in G and h,, ..., h, are positive in H.
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(1.6) Lemma. If' X is a compact Hausdorff topological space then
E® C(X) is a Banach lattice for the closure of the projective cone.
Moreover, the absolute value of an element in E®EC(X is equal to
its absolute value as an order bounded linear map when E®,C(X) is
identified with the space of w*—w continuous compact maps from E’
into C(X).

Proof. From the usual proof that E®EC(X) is norm isomorphic
to C(X; E), the space of continuous functions from X into E one can
also see that the closure of K, coincides with the positive continuous
functions. Since C(X; E) is a Banach lattice then so is E®, C(X).

We will now see the notion of absolute value in this space coincides
with that of an order bounded linear map. Let T be a w*—w cominuouq
compact map in Z(E',C(X)). Define f in C(X;E) by f(t)=T'(c)
where ¢, is the point evaluation at . The function |f] deﬁned by
|11 (t)—lT (¢,)] is also an element of C(X;E), and it defines the w* —w
continuous compact map § in F(E, C(X)) by Sx'={|T'(g,), x). It
will be shown that (sup T[—x',x']) (1)=(Sx')(¢) for all positive x' in
E" and t in X. Suppose z is in C(X) and z= Ty for all y in [ —x', x'],
then z(1)=(Ty') (t)=<T"¢,, y'> and so

z(t)z sup <T"e,y)> =T ¢, x> =(5x)(1).

Iy <x

Moreover, for y" in [ —x', x'],
b

(Sx)(O)=LIT" ¢, x>2{T" &, y>=(Ty)(1).

Therefore, (S x') (t)=(sup T[ —x', x']) (t).

Definition. A subspace G of Z(E, F) is an operator lattice if it is a
lattice and the absolute value of T'in G is given by |T| (x)=sup T[ —x, x],
for all positive x in E.

(1.7) Theorem. If E and F are Banach lattices then E ®MF is a Banach
lattice for the closure of the projective cone. K, coincides with the cone
of positive elements in M, (E', F). Moreover, M, (E',F) is an operator
lattice.

Proof. From remark (6), (1.3), and (1.6), K coincides with the cone
of positive linear maps in M, (E', F) and M (E’ F)=J{E ®,E: z20}.
Hence, by (1.6), M, (E', F) is an operator lattlce

We now check the unit ball in M_(E', F) is solid. If T is in M, (E', F)
then note that T(U°) is bounded in F if and only if |T| (U°) is bounded
in F.Let B={z: ||z|| =1, z=0, and T(UO) is bounded in E}.
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Ty = llsup ITI (U]

=inf{||sup |T|(U°)||,: ze B} (remark 8)
=inf{sup {|[|T| x'll;: X' 20in U°}: ze B} (1.1)
=inf{sup{|sup T[—x",x]|,,:x’20in U°}: ze B} (1.6)
=inf{sup | T(U°)|,.: ze B} (1.1)
=T - (remark 8)

Since the norm is monotone on the positive cone then M_(E', F) is a
Banach lattice.

(1.8) Proposition. Let E and F be Banach lattices, then S, (F,E')
when considered as the dual of E®,F is an operator lattice.

Proof. The cone in S _(F, E') dual to K, in EQ F is the cone of positive
linear operators in S, (F, E'). Since the dual cone equips S, (F, E') with
the natural ordering then from (2.2) in [9] it follows that S_(F, E’) is
an operator lattice.

2. The Spaces M (E, F) and A(F, E)

Definition. Let M(E, F) be the space of all linear maps T from E
into F which have the decomposition T =T, T, where T, is a compact
map from E into some (AM)-space C and T, is a positive map from C
into F. Let A(F, E) denote the space of linear maps T from F into E
which have the decomposition T=T,o T, where T, is a positive map
from F into some (AL)-space L and T, is a compact map from L into E.

Let T=T,T, be an element of M(E, F) and let U denote the unit
ball in E. Since T, (U) is a relatively compact subset of the (4M)-space C
then sup T,(U) exists in C" by (3.10) p.95 [6], and sup T,(U) is the
limit of a sequence of suprema of finite subsets of T,(U). Since the
canonical map from C into C" preserves the supremum of a finite
subset and C is closed in C” then the supremum of T;(U) in C" is an
element of C. Let z=T,(sup T;(U)). Since T, is positive then T(U) is
contained in [—z, z]. Therefore, T has the decomposition T=S§,-5,
where S, is a compact map from E into F, and S, is the natural map
from F, into F. This shows M(E, F) is a vector space. and we can equip
it with the norm || T'||,,=sup T(U)|.

Note that if F is an (AM)-space then M(E, F)= C(E, F), the space
of compact maps from E into F.

If Tisin A(F, E) then T' is in M(E', F'). Equip A (F, E) with the norm
IT|,=T|l,. Note that if F is an (AL)-space then A(F, E)=C(F, E).

If E and F are Banach lattices then define an element of either
M(E, F) of A(F, E) to be positive if it is a positive linear map.
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(2.1) Theorem. (1) M(E, F) is norm isomorphic to M «(E",F) and

E' @, F. The isomorphism I from M_(E", F) onto M(E, F) is given by
I(T)=ToS§ where S is the canonical map from E into E'".

(2) A(F, E) is norm isomorphic to M_(E', F') and E®MF'. The iso-
morphism J from M, (E', F') onto A(F,E) is given by J(T)=T'oP where
P is the canonical map from F into F''.

(3) If E is also a Banach lattice then M(E, F) and A(F, E) are Banach
and operator lattices.

Proof. (1) Let T be in M_(E",F) and let T=T,-T, be a decom-
position of T where T, is a w*—w continuous compact map from E’’
into F, and T, is the canonical map of F, into F. Since S(U) is 6(E", E')-
dense in U°° and T, is w*—w continuous then T,oS(U) is o(F, (E))
dense in T,(U°°). Smce T,(SU) is convex then T, (SU) is norm dense in

T,(U°°%), and because the cone is closed in F, then sup T,(U°%) =
sup T;(SU). Therefore, I is a norm isomorphism. To see that I is onto,
let R be an element of M(E, F) and let R=R,o R, where R, is a compact
map from E into some (AM)-space C and R, is a positive map from
C into F. Since R,(U) is relatively compact in C then by Lemma I,
p- 111, in [8] there exists a compact subset B of C such that R,(U) is
compact in Cp and contained in B. By (3.10), p.95, in [6], sup R,(U)
exists in C; let z=R, (sup R, (U)). Consider the diagram in Fig. 3. Define

E-R ,c_ R ,fp

SH

Cy—F,
Fig. 3

R, by R, = ]OE where j is the canonical map. R, is compact since
R,(U) is compact in C,. Define R, by Rzoj——loR where i is the
canomcal map. By Schauders theorem ioR,o(R,") is in M_(E", F),
and its image under I is R.

(2) Let T be in M, (E', F'). Consider the diagrams:
F P F// T E”, E F/// T F/I/ F/
Since |T’oP|,=|(T'>P)||,, and the map I from M_(E", F') into
M(E', F’) is a norm isomorphism by part (1) then
I L =11P T yy=11PoT" oS py=lTllp>

and J is a norm isomorphism. Let R be an element of A(F, E) and
R=R,oR, where R, is a positive map from F into some (AL)-space L
and R, is a compact map from L into E. Let e be the unit in I and let
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x'=R/(e). Since R} (L’) is contained in E then R), is w* —w continuous
and since R factors through (F’),, then R'=R/oR) is in M_(E', F’).

(3) We know that both M(E, F) and A(F, E) are Banach lattices
because M_(E", F) and M, (E', F) are lattices and the positive cones
correspond under the isomorphisms I and J. It is not immediately
clear they are operator lattices. Let S and P be the canonical maps
from E into E” and F into F”, respectively. If T is in M(E, F) then its
absolute value is |T'|'o P (see (1.7)). The problem is to show that if T
is in M(E, F) then |T|=|T"|-S, and if T is in A(F, E) then |T|=|T'|'o P

Let T be an element of M(E, F), then T" is M, (E", F). Note for
positive x in E, S[—x,x] is o(E", E')-dense in [—Sx, Sx]. Since T”
is w* —w continuous then T"oS([ —x, x])isdensein T"[ -S x, S x], and

[T (Sx)=sup T"[ =S x, S x]=sup(T"=S)([—x, x])=|T| (x).

For T in A(F, E), first consider the case E is order complete. If y
is positive in F then T([ —y, y]) is majorized in E by |T’|' Py, and so |T}|
exists since E is order complete. Since |T| y<|T'|oPy=<|T|"Py=|T|y
then |T|=|T'|'o P. Now suppose E is arbitrary and T is in A(F, E). Since
SoT is in A(F,E") and E” is order complete then |Se T|=|(SoT)|oP.
Since S'([—z,z])=[—S"2z S8 z] for z positive in E” then |(SeT)|=
|T’|oS". Therefore, |So T|=S"o|T'|'e P. Since |T'| has its range in E then
|So T| has its range in E. Therefore, |Se T|=|T| and |T|=|T"|'> P.

Let F, denote F equipped with the topology O(F, F') of uniform
convergence on the order intervals of F' (see p.126 in [6]). A map
from F, into E is compact if it maps some O-neighborhood into a
relatively compact subset of E. Let C(F,. E) denote the space of compact
linear maps from F, into E.

(2.2) Proposition. C(F,, E) coincides with A(F,E), M_(E',F'), and
E ®,, F' under the canonical identifications.

Proof. By (2.1) it suffices to show that C(F,, E) coincides with
M, (E', F') under transposition. Let T be in C(Fy, E), then for some
posmve y in F’ the induced map T from the quotient space F_. o
into E is compact. Since T’ maps E’ into F. and T’ is compact and
w*—w continuous then T’ is an element of M, (E, F) Conversely,
if §'is in M_(E', F’) then let S=S§,0S, where S, is a w* —w continuous
compact map from E’ into F,. and S, is the canomcal map from F/ into
F'. Let T, equal S restricted to By and T, be the canonical map
from F into F_, .o, then T=T,oT, is in C(FO,E) and S=T".

Definition. A subset of F is relatively uniformly compact if it is a
compact subset of some F,.
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(2.3) Theorem. The following conditions on the Banach lattice F are
equivalent :

(1) For all Banach spaces E, (E ®,,F) = E’®M F'.

(2) For all Banach spaces E, S, (F.E')=A(F, E).

(3) For all Banach spaces E, ¢ (F,, E)=C(F,, E).

(4) Each order interval in F' is relatively uniformly compact.

(5) Each order interval in F' is compact.

(6) F' is isomorphic as a vector lattice to a generalized sequence
space S. For each element x=(x,) in S, at most countably many x, are
non-zero, and the filter of sections of (x,) converges to x in the topology
on S induced by the norm from F'.

Proof. Since (E ® F) =S, (F,E') (see (1.4)), Z(F,,E)=S_(F,E) (see
remark (1.9) in [4]), and E®, F' =A(F,E)=C(F,, E) (see (2.2)) then
(1), (2), and (3) are equivalent.

(3) implies (4). Suppose L (F,, E')=C(F,, E') for all Banach spaces E.
For each positive y' in F', define T, as the natural map from F, into
(F'). Then F_, .0 i1s a normed subspace of (F/) and the range of T,
is contained in F_,. ... T, is continuous; therefore by (3) it is compact.
Since T, is compact there exists an x' in F’ such that T,([—x',x]°)
is compact in F_, .0. Therefore, the map S induced by T, from
F_ 4 vp into F_ . .o is compact. Since S’ is compact and maps F.
into F, then [— ', y'] is compact in F,..

(4) implies (3). Suppose each order interval in F’ is relatively uni-
formly compact and let T be an element of Z(F,, E'). T has the decom-
position T=T,oT; where T| is the canonical map from F, into some
F_y yp and T, is a continuous map from F_, ., into E'. By hypo-
thesis, there exists an x’ in F’ such that the canonical map S from F.
into F,, is compact. Let P be the canonical map from F, into F_,. 1,
and let R be the canonical map from F_, .. into F_, . Since
R'=S then R is compact by Schauder’s theorem, and T=T,oRoP is
in C(F,, E).

(4) implies (5) is immediate, and (5) implies (6) follows from Theorem 1
in [12].

(6) implies (4). Let z=(z,) be a positive element of S, and let (a,)
be the sequence of indices for which z, +0. Let e’ be the element of
F’ which corresponds to the generalized sequence (0,4) In S (where
0,4 1s the Kronecker delta). Since, by hypothesis, (z,, €™) is summable
to z in F' then choose a sequence of numbers (c,) which are greater
than 1 and increase to infinity such that (c,z, e™) is still summable
in F'. Let y’ be the sum of this sequence in F’. We will show that [ —z, z]
is compact in F). Let w*=(w¥) be a sequence from [—z,z]. Observe
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that if o is not an «, then w*=0. By the compactness of IT[—z, ,z, ],
choose a subsequence (w®) and a generalized sequence (w,) so that
wk converges to w, as j tends infinity, for each a. Since |w,|<z, then
w=Y w, e is in [—z z]. Given >0, choose N such that n=N

implies 2<#¢,. Let Sy=min{c,z, : 1=n=<N}. Choose J so that j=J
implies [wh —w, |<nb for l<n<N Thus, for dny j=J and any n,
|Wf,—W,,|<’7¢ .-and [[w b —wll g, .. <n.Hence, [ —z, z]is compactin F..

3. Nuclear Maps and the Spaces I (E)

In this section we obtain a characterization of the space I7(E) as
a space of compact linear maps from I¢ into E. This result yields a
property of nuclear maps defined on an (AM)-space which neatly
distinguishes them from the integral linear maps. In addition, the
classical Dunford-Pettis theorem is extended to the I spaces for p>1
and a proof is given of the equivalence of the Radon-Nikodym property
of a Banach space E and the property that every integral map from
L* into E is nuclear.

Definition. Let (2, X, i) be a finite measure space. A function f: Q —E
is measurable if it is the almost uniform limit of a sequence of E-valued
X-simple functions. For 1<p<oo, define If(E) to be the space of all
equivalence classes of measurable functions f identified almost every-
where and such that || f|; is in [f. Equip I?(E) with the norm | f|l=
[11f1Ig]l - Let Sp denote the Z-simple functions from € into E.

(3.1) Lemma. For 1 <p< oo, Sg is dense in IV (E).
Proof. Let f be an element of I¥(E). Given n>0, find a 6>0 such
that if u(A4)<o then f | £(0)|” du(t)<n. Since f is measurable then for
A

some A in X such that u(A4)<d and some ¢ in Sy, which vanishes on A4,
we have | f()— ()P <n(u(Q)~') for all ¢ in @~ A. Therefore,

\I.f—¢|l"<9§ 1@ =p@IPdp®+ [l fOIF du(t)<2n.
~ A A

(3.2) Theorem. (1) For 1 £p<oo, L[P(E) is norm isomorphic to E®y L.
(2) For l<p<oo and 1/p+1/q=1, the space A(L? E) is norm iso-
morphic to I (E).
(3) If M is an (AM)-space then A(M, E) is norm isomorphic to M ®,E.
Proof. Equip Sy with the norm from I?(E). Define the map I from
S into E®MB’ by I (Zx XA) Zx ® x4, 1 is a norm isomorphism
i=1

since if ¢= Zx %4, Where the A; are disjoint then by remark (9),

i=1
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(D)= Z Ix;]] )(A“ =@l 1» (k- Since Sg is dense in I? then the range

of I is dense in E ®,,I”. Since S, is dense in I?(E) then I extends by
continuity to a norm isomorphism of I?(E) onto E@M I’

The second statement follows from the first and (2.1). The third
statement follows from Kakutani’s representation of the (AL)-space M,
(2.1), and the first statement.

Remark. (9) It is known that the space of integral maps from an
(AM)-space M into E is S, (M, E) (see (4.1) in [9]). The nuclear maps
from M into E are characterized in (3.2)(3) as A(M, E), a closed sub-
space of S, (M, E).

We now show that an order summable map defined on an 17 space
with range in a dual Banach space is determined by a scalar measurable
function. This gives a generalization of the classical Dunford-Pettis
theorem without the condition that E be separable.

In our discussion, we shall use %4 to denote the space of all scalar-
valued measurable functions f such that | f|7 is integrable or, if g= oo,
such that f'is essentially bounded. If fe £ we shall denote its equivalence
class in I4 by f. % is lattice ordered by the positive cone of functions
S such that f(t)=0 for all t in Q.

(3.3) Theorem. (1) Let 1<p<oo and 1/p+1/g=1.If T is in S (I, E)
then there exists a function g: Q — E' such that {g,x) is in 19 for all x
inE, |\glg is in L9 and for each x in E and h in I?,

(Th, X>=n§h(t) <g(0), x> dpu(t).

(2) Let X be a compact Hausdorff topological space. If T is in
S, (C(X), E') then there exists a positive Radon measure v and a function g
from X into E' such that {g, x> is in L1 (X, ) Jor all x in E, ||g| g is in
LY(X,v), and for each x in E and h in C(X),

(Th,xy= [h(t) {g(t), x)> dv(t).
X

Proof (1) If T is in S_(I?, E') then (see (1.4) in [9]) T = T,o T, where
T, is a positive map from I into some (AL)-space L and T, is a con-
tinuous map from L into E’. The adjoint map T from L into 7 is
positive, so T} maps the unit ball in L into an order interval [—f,f]
in I*. T} has the decomposition T/ =1IoR where R is the positive map
from L into (I%); induced by Tj, and I is the canonical map from ();
into I%. Let S=Ro T;oQ, where Q is the canonical map from E into E’.
Observe that the range of S is contained in (L¥),. Let f be a non-negative
finite-valued element of f. We will now define a map from (LY into
(£%);. For g in (I); and g in ¢ define the function g: 2 > R by g(1)=0
if /(1)=0 and g(t)=g(1)/f(t) if f(t)+0. Note if g, and g, belong to ¢
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then g, and g, belong to the same equivalence in L*(uf). Also note
that g and g f belong to the same equivalence class L. Define the map
o (- L (uf) by (@)= g. It can be seen that ¢ is a norm isomor-
phism. By Theorem 3 of Chapter 4 in [9], there exists a positive linear
map p: L* (uf)— £*(uf) such that p(1)=1 and nop is the identity
on L*(uf), where n: & (uf)— L*(uf) is the quotient map. Now define
o L*(uf)— (L), by a(g)=fg. Observe that A=gopo q!) is a positive
lmedr map from (L"), into (J“), such that A( j) fand { o 4 is the identity

n (L%);, where { is the quotient map from (&), into (Lf);. Define
g: Qv+ E’ by <g(1), x)=(A Sx))(t)foral]meandth Smce,t ()
is contained in [—f,f] then for every t in Q and x in E, |[{g(t), x)|<
ISx| f(t)y< K|/ x| f(t) where K is the norm of S. Therefore, g(t) is in
E'.|gllp is in 1%, and for i in I and x in E

(Th.x)y=<h. T'x)y = [h(0) (T") (1) dp(r)

2

—jh J(ASx) (1) du(t) jh(t {g(t), x> du(t).

(2) Since T is in S,(C(X),E') then (see (1.4) in [9]) T=T,° T,
where T, is a positive map from C(X) into some (AL)-space L and T,
is a continuous map from L into E'. Since T, maps the unit ball in L
into an order interval [ —v,v] in C(X) then T, has the decomposition
T, =10 R where R is the positive map from L into (C (X)), and I is the
canonical map from (C (X)), into C(X). By (8.6) of Chapter V in [8],
the closure of the range of I is I!(X, v). Let P be the positive projection
of C(X) onto L'(X,v) given by (4.7) in Chapterl of [6], and define
S=PoloRoT,0Q where Q is the canonical map from E into E".
Now procede as in part (1) to obtain g.

(3.4) Proposition. If E' is a separable dual Banach space or if E' is
a reflexive Banach space then S (L',E)=I!E') for 1=p<oo, and
S (L%, E)=A(L", E).

Proof. Let T be in S, (I*, E'). If E' is separable then apply (8.15.2)
in [2] and (3.3) to obtain T as an element of L{(E’). Now suppose E’ is
reflexive. By (1.4) in [9], T=T, o T, where T, is a positive map from Lf
into some (AL)-space L and T, is a continuous map from L into E".
Since E' is reflexive then T, is weakly compact and by (5.13) on p. 63
in [5] T, has separable range. Let H be the closure of the range of T,
in E'. Since E’ is reflexive then H is a separable dual space. Therefore,
T is determined by an element of L?(H), a subspace of L*(E’).

Let Tbein S, (L*, E'). By Kakutani’s theorem we can write L* = C(X).
If E' is separable then apply (8.15.2) in [2], (3.3) and (3.2) (3) to obtain T
as an element of A(L”, E'). The case for E' reflexive is similar to the argu-
ment above.
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From (2.3) and (3.2) it follows that S, (¥, E)=I4(E) for all Banach
spaces E and 1<p<oo if and only if I? is discrete. Therefore, some,
and not all, Banach spaces E satisfy S, (L”, E)=L4E). We will now
develop some characteristics of Banach spaces with this property.

Definition. Let (2,2, u) be a finite measure space. A p-continuous
vector measure G with values in E is a countably additive set function
G: X — E such that whenever u(4)=0 then G(A4)=0. G has finite varia-
tion if there exists a constant K such that for every partition (4,) of
Q2,3 IIG(A4,)|| <K. E has the Radon-Nikodym property if for each finite
measure space (2,2, u) and each u-continuous vector measure G of
finite variation there exists a function g in I!(E) such that for each A
in X2 and x" in E'{G(A), x> = IXA(tKg(t), x">dul(t).

Q2

(3.5) Theorem. The following conditions on the Banach space E are
equivalent :

(1) E has the Radon-Nikodym property.

(2) For all finite measure spaces, every integral map from L* into E
is nuclear.

(3) For all finite measure spaces, S_ (L, E)=A(L*, E).
(4) For all finite spaces and all p such that 1 <p< o0, S (I¥, E)=I(E).

(5) For all finite measure spaces and a particular p such that 1 <p < oo,
S, (I?, Ey=IYE).

Proof. (2) implies (1). Let G: £ — E be a u-continuous vector measure
of finite variation. Using G, we define a map T from L* into E, then
we show that T is a nuclear map which is represented by a function g
in L'(E). If A is in X then define T(x,)=G(A). Since G is yu-continuous
then T is well-defined on the equivalence classes of characteristic func-

tions. Extend T by linearity to 51mple functions. If ¢ = z ¢; x4, Where
the A’s are disjoint then ||T¢| < Zlc,-l G A)||<K||¢>|| where K is

i=1
the total variation of G. Therefore T can be extended to all of L* by
continuity. Next we show that T is order summable. Let (¢),) be a positive
summable sequence of simple functions in L, and for i=1, ..., n write

m

o= Z ¢ijX4, Where the As are disjoint and the c;; are positive. Since
]_

n

,; ITeill= 3

i=1

m

ZcijG( g

j=1

=3 (La) 16)1=K

S 6,

i=1

>
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T is continuous, and since simple functions are dense in L* then T is

order summable. It follows from (4.1) in [9] that T is integral, and so

by hypothesis (2) T is nuclear. Since T is a nuclear map then it is given

by u= Y y,®x; in (L*) ®E (see (6.5) and (7.1) in Chapter III in [8]).
i=1

By the Radon-Nikodym theorem, the map R: E' — (L*), which associates

with each x’ in E’ the scalar measure 4 — (G(A) x'>, has range in L.

Since R=T" then R is nuclear, and it is given by Z x;®y,in EQ,(L").

i=1
Let P be the band projection of (L*) onto L' (see (8.6) of Chapter V
in [8] and (4.7) of Chapter I in [6]). Since the range of R is contained in I}
then (Po R)Y=Q¢° T where Q is the canonical map from E into E".

Since (P o R) is glven by Z (Py)®x; then T is given by Z(Py)@x

in ! ® E. Let g= Z (Py,) x; in [}(E) then for A4 mZand x'in E’

i=1

(G (A), X’>=<T(XA), X’>=< Z <P.V.‘~ X4 x,-,} x/>

i=1

= [ x4(0) <gle), x> dp(t).
(9]

Therefore, E has the Radon-Nikodym property.

The equivalence of (3) and (2) follows directly from (4.1) in [9]
and (3.2) (3).

(1) implies (2). Let T be an integral linear map from L* into E. Since
T is order summable then it has the decomposition T=T, o T, (see (1.6)
in [9]) where T, is a positive map from L* into some (AL)-space L
and T, is a continuous map from L into E. By Kakutani’s theorem,
there exists a finite measure space (2,, Z,, v) such that L is norm and
lattice isomorphic to L!'(©,,Z,,v)=L\. Since T, is positive then
T,([—1,1]) is contained in some order interval [—f,f] in L. It was
shown in the proof of (3.3) that (L,), is norm and lattice isomorphic to
L*(Q,, 2, vf)=L5,. Therefore, the map T, has the decomposition
given by the diagram in Fig. 4, where each map in this diagram is either
canonical or induced by T;. Define

SN 5

. N

(L), |& s| 1!

NN

1
L1,
Fig. 4
2 Math.Z., Bd. 129
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G: 2 —>E by G(A)=T,>S0j(x,) for A in Z,. Since (2,,Z,,vf) is a
finite measure space and T, o S o j is order summable then G is countably
additive, vf-continuous, and has finite variation. By hypothesis (1),

there exists u=) fi®x, in L, ,®,E (see (6.5) in ChapterIII in [8])
i=1

such that (f;) is a norm bounded sequence in L, ;and (x;) is an absolutely
summable sequence in E and {(G(A4),x'>= | x4<g x> fdv where g=
© Q2

;f,.xi in L (E). Lf ¢ is a X -simple function then (T,oSoj(¢),x>=
g x>ofdv=Y {f;,d><{x;,x'>. Using the absolute summability
1 i=1

Q
of the x;s one can show for an arbitrary h in L7, that T, o So j(h)=

2. {fish> x;. Therefore, T,oSoj is nuclear (see (7.1) in Chapter III
i=1
in [8]), and hence T=T, o So jo R is nuclear.

(2) implies (4). Let T be an element of S, (I, E) where 1 <p<oo,
and let S be the canonical map from L” into I?. Since To Sisin S +(L*,E)
then by (4.1) in [9] and (2) it is nuclear. Since T’ maps E' into L4 then the
range of (T S) lies by L'. By the proof that (2) implies (1), T S is given
by an element fin L'(E). Note that f is measurable. (To S) is the map
from E’ into L' defined by (T S) (x')=<f, x'>. By (1.5) and (1.6) in [9],
T'(U°) is contained in an order interval [—g,g] in 4, where U is the
unit ball in E. Since § is the canonical map from L? into L' =(L*) then
(fix">isin[—g, g]forall x"in U°. Therefore, || || =sup {<, x'y:x'eU%
is an element of L4, and since f is measurable then f'is in I%(E). Hence,
S, (I?, E)y=I%(E).

(4) implies (5) is immediate.

(5) implies (2). It follows from an argument similar to the proof
of (2) implies (4) that if 1 <p<oo and S, (I, E)=[4(E) then S, (L}, E)=
L*(E). Therefore we can assume that S, (L', Ey=L*(E) and let T be
an integral map from L™ into E. T has the decomposition T= T,o T,
and T, has the decomposition given in the diagram of Fig. 4 as shown
in the proof of (1) implies (2). By hypothesis, T, o § is given by an element g
in L7 (E). Since T, Se j is given by the same function g which can be
considered as an element of L, (E) then T, S o j is nuclear. Therefore,
T,oS80joR=T is nuclear.
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Non-Replaceable Matrices

Andrew K. Snyder and Albert Wilansky

A sufficient condition for non-replaceability (defined below), based
on a formula in [4], was given in [1] and used to advantage. When
this condition applies, it gives a very simple proof of non-replaceability.
It does indeed apply to the noted original example of K. Zeller and so
yields a much simpler proof than the one given in [3]. It was our hope
that the condition would turn out to be necessary; however, we are able
to construct a coregular conservative non-replaceable matrix not
satisfying the sufficient condition. (Such an example was also outlined
in a letter from Professor K. Zeller to the authors.)

Let A be an arbitrary infinite matrix and c,={x: Axec} where ¢
is the set of convergent sequences. We call A replaceable if there exists B
with ¢y =c, and b,=lim b,, =0 for each k. Clearly a replaceable matrix

has convergent columns, and we shall consider only such matrices;
an equivalent condition is ¢ ,> E™, the set of finite sequences. As usual,
¢, is made into an FK space, [5], and following [4], we define F=
{xec,: Y f(*) x,isconvergent forallfec,}, B={xec,: {x"} is bounded}
where x™ =(x, X3, ..., X,;,0,0, ...), I ={x€ec,: Zak X, Is convergent}.

It is proved in [4], Lemma4.3, that F=BnI. Since F and B are
invariant, i.e. the same for all 4 such that c, is the same ([5], p. 203,
Corollary 1), it follows that a sufficient condition for non-replaceability
is F£B.

This test applies to the matrix of [2], p. 209 (pointed out to us by
Grahame Bennett). It also applies to the matrix of [3], p. 657 as we now
show. The matrix is

1 0 0 0 0 0.
1 a, 0 0 0 O .
Ao 0 ag 1 0 0 O .
0 ap 1 a, 0 O .
0 a, 0 a4, 1 0O .
0 a 0 as 1 qq
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where a,,+0 for all k, and ) |a,,/<o. Now let {x,,_,} be bounded,

divergent, and satisfy x,,,;—x,, ;—0. Define x,, by Y a,,x,,=
k=1

—X,;,_. It is obvious that xec, and x¢I. However xe B. To see this,
note that ¢, is a Banach space with norm h, where h(x)=sup|(4 x),|.
k
Y a,; x;|<M. But this quantity is
i=1
Y ay; X;;+¢ x| where r, s are suitably chosen, s is odd, and £¢=0 or 1.
i=1
So it is equal to |(4x),—x,,_;+&x|<h(x)+2sup|x,;_;|. So, finally,
xeB~1I hence B+BnI=F.

We shall now show a non-replaceable coregular conservative matrix
which fails the test, i.e. has F=B.

Thus it is sufficient to prove that

r

Lemma 1. For xeB we have x,=0(||A*|;') where J* is the k-th
column of A.

We have |a,, x| =(4 x*),— (4 x* 1), | Sh(x*) + h(x*~ ) where
h(x)=sup|(4 x),|. Since h is a continuous seminorm the hypothesis
implies that |a,, x,| <M for all n, k. Taking the supremum over n yields
the result.

Let

oo~ o
Bl Bl - O
o - 0o o
==
- o o o

hN
Il
N Np= NOfr et

It follows from Lemma 1 that every member of B is bounded, hence
is in I. Thus BeBnI=FcB, so that B=F. To show that 4 is not
replaceable we note that if it were, since it is coregular and conservative,
lim would be continuous on ¢, and so 1 would not belong to the closure
of E“. But indeed 1 does belong to this closure for let i be a positive
integer and define v=1v'by v,=0 for n<2i,v,=1forn>2i+1,v,,=2'"2,
Vgip1=—2""% Now (40v),=0 for n<i+2, (Av),=2"""142""*+! for
n=i+3, hence h(v)—0 as i —o0. Moreover v\ —0 as i »oo for each n,
so by [5], p.228, Theorem2, we have v'—0. Since 1—v'eE* and
1—v'—>1asi—oo the proof is complete.
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Normen auf freien topologischen Gruppen

Herbert Abels

F(X) sei die freie topologische Gruppe iiber dem vollstindig regu-
laren topologischen Hausdorff-Raum X. Es wird bewiesen, da3 die redu-
zierte Lange [(w) eines Wortes we F (X) gleich dem Supremum der Zah-
len N (w) ist, wobei N iiber alle stetigen Normen auf F(X) lduft, deren
Werte auf dem Bild von X in F(X) kleiner oder gleich 1 sind. Der Haupt-
satz 2.2 sagt genauer aus, daB3 sich die Normen N ihrem Supremum / in
ciner gewissen Weise gleichmaBig ndhern.

Als Folgerung erhilt man (Korollar 3.2), daB3 jede folgenkompakte
Teilmenge einer solchen freien topologischen Gruppe beschriankte redu-
zierte Linge hat. Das folgt auch aus einem Satz von Graev ([5], Satz4=
[6], Satz 26) mit einem Satz von Samuel ([13], 3, Satz 2, S. 596). Aus
Korollar 3.2 folgt, dall zwei naheliegende Definitionen der kompakten
Definierbarkeit fiir hausdorffsche — nicht notwendig lokal kompakte —
topologische Gruppen iibereinstimmen (s. [1], Proposition 2.2 fiir den
Fall lokal kompakter Gruppen).

Wir bemerken noch, daB eine freie topologische Gruppe F(X) iiber
einem kompakten unendlichen Hausdorff-Raum folgende eigenartige
Kombination von Eigenschaften hat: Sie ist abzihlbare Vereinigung von
kompakten Teilmengen, k-Raum im Sinne von Kelley ([8], S.230,
Beweis: [5], Satz 4=[6], Satz 26) und vollstidndig in ihrer rechten oder
linken uniformen Struktur ([5], Satz 6), aber nicht lokal folgenkompakt
(Korollar 3.4) und kein Baire-Raum (Korollar 3.5) und kein Punkt von
F(X) hat eine abzihlbare Umgebungsbasis (Korollar 3.6).

Der Hauptsatz wirtd bewiesen, indem geeignete Homomorphismen
J:F(X)— G in die Liegruppe G der biholomorphen Homdomorphismen
des Inneren des Einheitskreises in der komplexen Ebene € konstruiert
werden und man auf G die Norm

N (g)=d(0.g(0))

betrachtet, wo d die Metrik der hyperbolischen Geometrie ist. Die ste-
tigen Normen N o fauf F(X) miissen noch so normiert werden, daB3 ihre
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Einschrinkungen auf das Bild von X in F(X) Werte <1 haben. DaB3 die
so entstehenden stetigen Normen gegen die reduzierte Linge gewisser
Worter we F(X) konvergieren, 148t sich mit Hilfe von hyperbolischer
Geometrie und elementarer Analysis zeigen.

Zum Aufbau der Arbeit: Die Paragraphen 1 und 2 bringen Vor-
bereitungen und im Paragraphen 2 wird der Hauptsatz formuliert. Am
Ende des Paragraphen werden Verallgemeinerungen des Hauptsatzes
auf andere Typen von freien topologischen Gruppen diskutiert. Im
Paragraphen 3 werden Folgerungen gezogen. Die restlichen Paragra-
phen dienen dem Bewesis.

1. Freie topologische Gruppen (s. [13,7,4] und [9])

X sei ein topologischer Raum. Es gibt eine hausdorffsche topologische
Gruppe F(X) und eine stetige Abbildung fy: X — F(X) mit der folgenden
universellen Eigenschaft: Zu jeder stetigen Abbildung f: X — G in eine
hausdorffsche topologische Gruppe G gibt es genau einen stetigen Homo-
morphismus f: F(X) — G, so daB f=f o fy. Offenbar sind F(X) und fx
hierdurch bis auf Isomorphie eindeutig bestimmt und fy(X) erzeugt
F(X). fx: X — F(X) heiBt die freie topologische Gruppe iiber X.

Man kann F(X) folgendermaBen konstruieren (s. [7, 13]): M sei die
Menge aller hausdorffschen topologischen Gruppen G, die als abstrakte
Gruppen Faktorgruppen der freien Gruppe mit der Basis X sind und
fir die die natiirliche Abbildung i;: X — G stetig ist. M ist tatsdchlich
eine Menge. Die Untergruppe F(X) von [] G, die von der Teilmenge

GeM
([Ti6)(X) erzeugt wird, zusammen mit fy:= [] ig: X — F(X) ist offen-
GeM GeM
bar eine freie topologische Gruppe iiber X.

Als vollstindige Regularisierung eines topologischen Raumes X
wollen wir eine stetige Abbildung g: X — X, bezeichnen mit der folgen-
den universellen Eigenschaft: Wenn h: X — Y eine stetige Abbildung in
einen vollstindig reguldren Hausdorff-Raum ist, dann gibt es genau eine
stetige Abbildung h,: X,— Y mit h,o g=h. Wenn j: X — X die Stone-
Cech-Kompaktifizierung des topologischen Raumes X ist, dann ist
h,:=j|X: X —j(X) offenbar eine vollstindige Regularisierung von X.
Da jede hausdorffsche topologische Gruppe G eine uniforme Struktur
besitzt (s. [8], Kapitel 6, Problem 0) und daher vollstindig reguliir ist
(s. [8], 6.17), 14Bt sich jede stetige Abbildung f: X — G durch X, faktori-
sieren und daher kann man F(X)=F(X,) und fy= fx g annchmen. Wir
wollen deshalb im folgenden nur vollstiandig regulire Hausdorff-Riiume
betrachten. Falls X solch ein Raum ist, sicht man sofort aus der Defini-
tion der freien topologischen Gruppe iiber X, daB fy: X —fy(X) ein
Homoomorphismus ist, weil es geniigend viele stetige Abbildungen
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von X nach IR gibt. Der grundlegende Satz iiber freie topologische Grup-
pen ist der folgende

Satz 1.1. Falls X vollstdndig regulir ist, ist die F(X) zugrundeliegende
abstrakte Gruppe die freie Gruppe mit der Basis X.

Fiir Beweise sieche die angegebenen Arbeiten. Satz 1.1 wird auch aus
dem in dieser Arbeit bewiesenen Satz 2.2 folgen.

2. Normen (s. [9])

G sei eine Gruppe. Eine Norm N auf G ist eine Funktion N: G - R
mit den beiden Eigenschaften:

(N1) N(1)=0.
(N2) N(x-y ")SN(x)+ N(y) fiir je zwei Elemente x und y aus G.
Aus (N2) folgt mit x=y, dal

N(x)=0 firalle xeG

gilt. Weiter folgt aus (N2) mit x=1: N(y~!)< N(y). Vertauschen wir die
Rollen von y und y~!, so folgt:

Ny =Ny~ ") fiiralle yeG. (2.1
Aus (N2) folgt weiter:
=Ny HENX-y H=NXZN©). 22)

Wenn G eine topologische Gruppe ist, ist eine Norm also stetig, wenn sie
an der Stelle 1€ G stetig ist. Sie ist dann sogar gleichmaBig stetig beziiglich
der linken uniformen Struktur.

Wenn f eine beschrinkte reellwertige Funktion auf einer Gruppe G

ist, dann ist
N(X)==SU(1? ISy x)= ()l
ye
eine Norm. Denn N (1)=0 und
N(X‘y“)=sug|f(2'X‘y"’)—f(Z)l

ssup [f(z-x-y™)—f(z-x)l +sup |f(z-x)—f(2)l

zeG
=N()+N(x).
Satz 2.1. G sei eine topologische Gruppe. Dann ist das System der

Mengen N~'([0,1)), wo N alle stetigen Normen N: G— R durchliuft,
eine Umgebungsbasis von 1 in G.

Beweis. Wir verwenden die folgende Tatsache: Zu jeder Umgebung V
eines Punktes x eines uniformen Raumes X gibt es eine gleichmiBig
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stetige beschridnkte Funktion f: X — R, sodaB f(x)=0und f~!([0, ))<= V
(vel. [8], 6.12).

Wenn f eine beschréinkte reellwertige Funktion auf einer topologi-
schen Gruppe G ist, die beziiglich der linken uniformen Struktur gleich-
mailig stetig ist, dann ist

N(X)=§l:g S x)—f)I

eine stetige Norm. Denn zu jeder reellen Zahl ¢>0 gibt es dann eine
Umgebung U von 1 in G, so daB | f(y x)— f(y)| <e fiir alle ye G und alle
xeU gilt. N ist also stetig bei 1, also iiberall.

Die wichtigste Norm auf einer freien Gruppe mit der Basis X ist die
reduzierte Liange | der Worte in Elementen von X. Sie ist durch die
folgende Eigenschaft charakterisiert:

[(w)=sup N (w),
N

wobei N iiber alle Normen lduft, deren Werte auf X kleiner oder gleich 1
sind. Es erhebt sich die Frage, ob dieselbe Formel gilt, wenn N iiber alle
stetigen Normen auf der freien topologischen Gruppe iiber einem topo-
logischen Raum X lduft. DaB sie gilt, falls X vollstindig regulidr haus-
dorffsch ist, folgt aus dem Hauptresultat Satz 2.2 der vorliegenden Arbeit,
das nun formuliert werden soll.

Die freie topologische Gruppe iiber einem diskreten topologischen
Raum mit n Punkten x,,...,x, ist offenbar die freiec Gruppe F(x;;
i=1,...,n) mit der Basis x;, ..., x, versehen mit der diskreten Topologie.
Wenn x,, ..., x, Punkte eines vollstindig reguldren Hausdorff-Raumes
X sind, dann induziert die Einbettung {x;} — X —*» F(X) einen Homo-
morphismus g: F(x;; i=1,...,n)— F(X). Unter diesen Voraussetzungen
gilt

Satz 2.2. Zu jeder reellen Zahl ¢>0 gibt es eine stetige Norm
N: F(X)— R mit

Nofy(x)Z1  fiir alle xe X
und
Nogw)=(1—¢)-l(w) furalleweF(x;;i=1,...,n).

Insbesondere ist g injektiv; daraus folgt Satz 1.1.
Ferner folgt die oben behauptete Formel:

Korollar 2.3. Fiir jeden vollstindig reguliren topologischen Raum X
ilt
& l(w)=sup N(w) fiir alle we F(X),
N

wobei N iiber alle stetigen Normen auf F(X) lduft, deren Werte auf fy(X)
kleiner oder gleich 1 sind.
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Der Satz 2.2 wird in den Paragraphen 5ff. bewiesen.

Bemerkungen. 1. Nakayama hat in [11] die uniforme freie topologische
Gruppe F(X) iiber einem uniformen Hausdorff-Raum X definiert:
Eine gleichmiBig stetige Abbildung X —> F(X) von X nach F/(X),
versehen mit der linken uniformen Struktur, hei3t uniform freie topolo-
gische Gruppe iiber X, wenn es zu jeder gleichmafBig stetigen Abbildung
von X in eine Hausdorffsche topologische Gruppe G, versehen mit der
linken uniformen Struktur, einen stetigen Homomorphismus F(X)— G
gibt, der das Diagramm

X ——F(X)
N/
\
G

Auch fiir uniform freie topologische Gruppen iiber einem uniformen
Hausdorff-Raum gilt Satz 2.2 entsprechend, wobei man solche Normen
N zur Konkurrenz zuldBt, fiir die No f;: X — R gleichmiBig stetig sind.

Zum Beweis bemerken wir, da3 es in jedem uniformen Hausdorff-
Raum X zu je zwei Punkten x und y eine gleichmiBig stetige Abbildung
/ von X in das Einheitsintervall [0, IJ<IR gibt mit f(x)=0und f(y)=1
(s. Beweis von Satz 2.1). Satz 2.2 fiir uniform freie topologische Gruppen
wird nun auf Satz 4.1 zuriickgefiihrt, wie am Ende des Paragraphen 4.
Die dort auftretende Abbildung f, konnen wir gleichmifBig stetig wihlen,
die tibrigen Abbildungen sind sowieso gleichmiBig stetig.

2. Fiir die freie prakompakte topologische Gruppe (s. [7, 13]) liber einem
vollstindig reguldren Hausdorff-Raum X ist das Analogon zu Satz 2.2
falsch. Denn jede stetige Norm auf einer Gruppe ist gleichméBig stetig,
das Bild einer Norm auf einer prikompakten — oder dquivalent: total
beschriankten — Gruppe ist also auch total beschrinkt, also beschréinkt.
Das widerspricht aber der Aussage in 2.2.

3. Fiir die fireie abelsche topologische Gruppe A(X) (s. [9,7,13,4])
iiber einem vollstidndig reguldren Hausdorff-Raum X gilt Satz 2.2 analog,
wobei die reduzierte Linge durch die Summe der Exponentenbetrige

ersetzt wird:
e(nx?')=2|ai|-
Zum Beweis beachte man, daB} es auf dem vollstindig reguldaren Haus-

dorff-Raum X eine stetige Abbildung X — R" mit f(x;)=e¢; gibt, wo
{e;} die kanonische Basis des R" ist. Es sei

kommutativ macht.

N;: R">» R
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die Norm mit
N ylw 9yn Z'yz

Der von fmduzmrte stetige Homomorphismus sei f A(X) »R" Dann
erfiillt N:=N, o f die Gleichung

Nog=e,

wo g: A(x;;i=1,...,n)— A(X) der von der Einbettung x; — X induzierte
Homomorphismus ist.

3. Topologie der freien topologischen Gruppen

Eine Norm N auf der freien topologischen Gruppe F(X) iiber dem
vollstidndig reguliiren topologischen Raum X heiB3t zulissig, wenn fir
jedes Element aet(X) und jedes Element yeX die Funktion xi-»
N(a='-x-y~'-a)von X nach R stetig ist an der Stelle ye X.

Lemma 3.1. Jede zuldssige Norm ist stetig.

Dieses Lemma folgt aus der Konstruktion von Markov [9], allerdings
mit einem etwas engeren Begriff von ,,zulédssig”. Wir geben hier einen ein-
facheren Beweis: Z sei der Vektorraum der zuldssigen Normen auf
F(X). Die Menge B:={N~Y([0.7): r>0, reR, Ne Z} ist eine Filterbasis
auf F(X). Wenn V=N""([0,r)e® und NeZ ist, dann gilt fir W:=

~1([0,r/2)) wegen (N 2): W-W~'< V. Wenn « ein innerer Automorphis-
mus von F(X)ist und NeZ ist, dann ist auch NoaeZ. Daher ist mit Ve B
auch a(V)e B. Es gibt daher genau eine Topologie auf F(X), fiir die F(X)
eine topologische Gruppe ist und B eine Basis des Umgebungsfilters
von 1 ist. Wir nennen diese Topologie die zulidssige Topologie. Sie ist
offenbar feiner als die Topologie von F(X). Eine Abbildung f eines
topologischen Raumes Y nach F(X) mit f(y)=1 ist dann und nur dann
stetig beziiglich der zulédssigen Topologie an der Stelle y, wenn No f fiir
alle zulédssigen Normen N an der Stelle y stetig ist.

Ich behaupte, daB X —%» F(X) stetig ist in der zulissigen Topologie
von F(X). Sei yeX, R,-i: F(X)— F(X) sei die Rechtstranslation
wi—w-y~ ! mit y~'. Da nach Voraussetzung die Abbildungen No R, 1o
fx: X > Rmit x — N(x- y~")fiir alle zuliissigen Normen N an der Stelle y
stetig sind, ist fy an jeder Stelle ye X stetig. X —*» F(X) hat daher auch
in der zuldssigen Topologie die universelle Eigenschaft einer freien topo-
logischen Gruppe. Die Topologie von F(X) und die zuléssige Topologie
stimmen also iiberein. Insbesondere ist jede zulidssige Norm stetig an
der Stelle 1, also iiberall, q.e.d.

Korollar 3.2. Sei w,, eine Folge von Elementen einer freien topologischen
Gruppe iiber einem vollstindig reguliren Hausdorff-Raum. Wenn die Folge



Normen auf freien topologischen Gruppen 31

der reduzierten Ldngen l(w,,) gegen unendlich divergiert, dann besitzt die
Folge keinen Hdufungspunkt.

Beweis. X sei ein vollstindig reguldrer Hausdorff-Raum. Wenn es
eine Folge w,, von Elementen von F(X) gibt, die einen Haufungspunkt w
besitzt, fiir die aber /(w,,) gegen unendlich divergiert, dann gibt es eine
Teilfolge w, mit dem Haufungspunkt w und /(w,)=4"+ 1. Dann gibt es
nach Korollar 2.3 zu jedem w, eine stetige Norm N, auf F(X), so daB3

N,,(W,,)>2" (3.1)
und 1

/ . - . . .
Aus (3.2) folgt N, < IR Die Reihe ) N, konvergiert daher gleichmiBig

n=1
auf jeder Menge, auf der [ beschridnkt ist. Die Summe S der Reihe ist
folglich eine Norm, die auf jeder Menge stetig ist, auf der [ beschrinkt ist.
S ist insbesondere eine zuldssige Norm. Nach Lemma 3.1 ist S also stetig.

Dann ist S(w) Haufungspunkt von S(w,)= N, (w,) im Gegensatz zu (3.1).

Bemerkung. Man kann Korollar 3.2 auch aus Resultaten von Graev
([5] oder [6]) und Samuel [13] herleiten. Die Details sind einem Kiir-
zungsvorschlag des Referenten zum Opfer gefallen.

Die folgenden Aussagen dieses Paragraphen beschiftigen sich weiter
mit der eigenartigen Topologie der freien topologischen Gruppen.

Lemma 3.3. Wenn X ein vollstindig regulirer und nicht-diskreter
Hausdorff-Raum ist, dann gibt es in jeder Umgebung von 1€ F(X) Elemente
beliebiger Linge.

Beweis. Es sei x ein Punkt aus X, so daB jede Umgebung von x noch
wenigstens einen weiteren Punkt enthilt. V sei eine beliebige Umgebung
von 1€ F(X). Zu jeder natiirlichen Zahl n gibt es dann eine Umgebung W
von x in F(X), so daBB W"- x~"<V gilt. Falls y ein von x verschiedener
Punktaus X mit fy(y)e Wist,dann hat y" - x~"e V die reduzierte Linge 2n.

Aus Korollar 3.2 folgt nun

Korollar 3.4. Wenn eine freie topologische Gruppe lokal kompakt
(lokal folgenkompakt) ist, dann ist sie diskret.

Korollar 3.5'. Wenn eine freie topologische Gruppe ein Baire-Raum
ist, dann ist sie diskret.

Beweis. In der freien topologischen Gruppe F(X) iiber dem vollstindig
reguliren Hausdorf-Raum X sind die Mengen X,:=(/x(X)u{l}u

' Die entsprechende Aussage fiir die freie abelsche topologische Gruppe A(X) iiber emem
kompakten Hausdorff-Raum X findet sich in [3], Proposition 1, woraus Korollar 3.5 fiir
kompaktes X folgt, da F(X)— A(X) offen, stetig und surjektiv ist.
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fx(X)~')" abgeschlossen. Fiir kompaktes X ist das klar. Fiir beliebiges X
folgt das dann aus der Stetigkeit und Injektivitit der Abbildung
F(X)—F(X), die von der Einbettung X —»X von X in seine Stone-
Cech-Kompaktifizierung X induziert wird (s. [13], 3, Theorem 2).

Wenn nun F(X) ein Baire-Raum ist, enthélt eine der Mengen X,
eine offene nicht leere Teilmenge. Dann ist X,, eine Umgebung der 1.
Nach Lemma 3.3 ist X dann diskret und folglich auch F(X).

Der Beweis des Korollars 3.5 hingt nicht von den Ergebnissen des
Paragraphen 2 ab.

Korollar 3.6. Wenn in einer freien topologischen Gruppe ein Punkt eine
abzihlbare Umgebungsbasis hat, dann ist sie diskret.

Beweis. Wenn ein Punkt eine abzidhlbare Umgebungsbasis hat, dann
auch 1e F(X). Wenn X nicht diskret ist, konnen wir wegen Lemma 3.3
aus jeder Umgebung U, einer Umgebungsbasis von 1 ein w, mit [(w,)>n
auswihlen. Die Folge dieser w, konvergiert dann gegen 1 im Gegensatz
zu Korollar 3.2.

4. Beweisidee

Die Idee des Beweises von Satz 2.2 ist folgende: Wenn die Gruppe G
auf dem metrischen Raum E mit der Metrik d als Gruppe von Iso-
metrien operiert, dann ist

N(g):=d(g(x), x)
fiir jeden Punkt xe E eine Norm. Denn

N(g-h~")=d(gh~ 1x) x)
d(h~(x),g~"(x)
(

(

IIA

d(h~1(x), ) d(g~'(x), x)
d(x, h(x))+d(x, g(x))
N(h)+N(g).

Il

Wenn G eine hausdorffsche topologische Gruppe ist und die Operation
von G auf E stetig ist, dann ist N eine stetige Norm. Jede stetige Ab-
bildung f: X — G induziert dann einen stetigen Homomorphismus
f: F(X)—G. Dann ist Nof eine stetige Norm auf F(X).

Zum Beweis des Satzes 2.2 nehmen wir fiir E das Innere des Einheits-
kreises der komplexen Ebene mit der hyperbolischen Metrik d, fiir G
die Liesche Gruppe aller biholomorphen Abbildungen von E auf sich.
Wir werden zeigen:
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Satz 4.1. Zu jedem £ >0 und jeder natiirlichen Zahl n gibt es n Elemente
21y ..., 2,€G mit g,(0)%0, so daf fiir jedes Wort weF(x;,i=1,...,n) gilt

d(0, w(g)(0)>(1=e)-1(w) max d(0,g;(0)).

Dabei bedeutet w(g;) das Bild von w unter dem von x;— g; induzierten
Homomorphismus F(x;;i=1,...,n)—G.

Aus diesem Satz folgt der Satz 2.2. Denn wenn X vollstindig reguldr
ist, dann gibt es eine stetige Abbildung f;: X — [1,n] mit fi(x;)=i fir
i=1,...,n. Da die Menge der geG mit d(0,g(0))<r fiir alle r>0 weg-
zusammenhingend ist, gibt es eine stetige Abbildung f,: [1,n] — G mit
f2(i))=g; und

max d(O,fz(s)(O))g,_r{lax d(0,g;(0) fir se[1,n].
Die stetige Abbildung f:=f,of;: X —G setzt sich zu einem stetigen
Homomorphismus f: F(X)— G fort. Die im Satz2.2 gesuchte Norm
ist nun

d(0, f(w)(0))
~max d(0,g;(0)

i=1,...n

N(w)=

5. Reduktion auf ein Lemma
Das Innere des Einheitskreises der komplexen Ebene

E={zeC;|z|< 1}

versehen wir mit der hyperbolischen Metrik

1—ab
d(a, by=arcosh _l_Ta_L__
Y(1—aa)(1-bb)
a—b
1, T
T2 °8 a—b
1—ab

(vgl. [21, 1V, §5, (5) und (14), [12], §1). Setzt man zur Abkiirzung

v()=y/1-z2

. la—b|
" |1—ab|’

und

3 Math.Z, Bd. 129
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so wird der Ubergang zwischen beiden Formeln durch

1+t
11—t

=artanh ¢

1
d(a, b)=710g

=arcosh v(t)
und
_v(a)-v(b)

YO="1Zp

gegeben.
Sei ae E, a+0. Die Menge der Punkte xe E mit
d(x,a)=d(x,0), (5.1)
das Mittellot von a und 0, ist der Teil in E des euklidischen Orthokreises
1 1
mit dem Mittelpunkt — und dem Radius r=——1 =B£a—).
a aa |al
der Punkte K,={x€E; d(x,a)<d(x,0)} ist daher der Durchschnitt des
Inneren dieses Orthokreises mit E.
Jede biholomorphe Abbildung von E auf sich ist eine Isometrie

beziiglich dieser Metrik. Es seien a und b zwei Punkte aus E mit
lal|=|b|#0. Dann gibt es genau eine biholomorphe Abbildung g mit

Die Menge

g(a)=0
und
g0)=b,
ndmlich
b z—a
gz)=—-— :
a az—1
Das Mittellot 0K, wird dabei auf das Mittellot dK, abgebildet und
es gilt: _
g(K,)=CK,
und _
g(CK,)=K,.
N
b

.
Wi~

Fig. 1



Normen auf freien topologischen Gruppen 35

Wir betrachten von jetzt an nur noch den topologischen Raum E, die
abgeschlossene Hiille einer Teilmenge von E ist daher immer in der
Relativtopologie von E zu verstehen. Wir betrachten nun die 2n Punkte

aj=s-e 'J, 0<s<l1,j=0,...,2n—1

und die n biholomorphen Abbildungen

2ni

roz—ay; )
= E—— =0,..., —1
gj=e ar -1 j n
mit
gj(aZj)zo
und

gj(0)=‘121+1~

Wenn s hinreichend nahe bei 1 liegt, dann sind die Kreisscheiben K, =: K
disjunkt. Wir wollen von jetzt an annehmen, daf3 die K; disjunkt sind.

Dann gilt .
gi([ K2j)=Kzj.

g ([ Kaju1) =Ky
Hieraus folgt durch Induktion nach der reduzierten Ldnge: Wenn w
ein reduziertes Wort in den Symbolen g; ist, das mit g; beginnt: w=g;...,
dann ist w(0)eK,;,,. Wenn w mit g;' beginnt, dann ist w(0)eK,;.
Insbesondere ist die von den g; erzeugte Untergruppe von G frei.
Wenn w ein reduziertes Wort in den Symbolen g; ist, das nicht mit
g; ' beginnt, dann gibt es folgende Moglichkeiten:

und

w=g, w(0)=0, gj'w(0)=a2j+1’

5.2
d(()’ gjw(o))'—d(o, W(O)):d(o, a2j+1)=d(0,3), ( )
oder w+ &, w(0)e K;, i+2j. Dann gilt
d(0, g;w(0))—d(C, w(0))=d(g; ' (0), w(0)) —d (0, w(0))
= ian {d(ay;,2)—d(0, 2)}. (5.3)

i*2j
Wenn w ein reduziertes Wort in den Symbolen g; ist, das nicht mit g;
beginnt, dann gibt es die analogen Moglichkeiten
w=g: d(0,g; "' w(0))—d(0,w(0))=d(0, s); 5.4
wtg: d(0,g; w(O)—d(O,wO)z inf {d(ar.1,2)—d0,2)}.  (55)

i¥2j+1
3%
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Wegen der Symmetrie des Problems sind die auftretenden Infima alle
gleich und héngen nur von s ab. Wir setzen

D(s):= inf {d(s,2)—d(0. 2)}.
i+0

Wegen der Dreiecksungleichung ist

D(s)=d(0, s). (5.6)
Der Satz 4.1 ergibt sich, wenn wir das folgende Lemma bewiesen haben.
Lemma 5.1.
. D(s)
1 ——=1.
=3 d(0, s)

Aus den Ungleichungen (5.2) bis (5.6) folgt namlich durch Induktion
nach der Linge eines Wortes w in den Symbolen g E

d(0, w(0)=I(w)- D(s).

Aus dem Lemma 5.1 folgt dann, daB es zu jedem &¢>0 ein s<1 gibt,
so daB3
D(s)2(1—¢)-d(0,s)=(1—¢)-d(0, g;(0))

gilt, woraus der Satz 4.1 folgt.

6. Beweis des Lemmas, erster Teil

Es bleibt also das Lemma 5.1 zu beweisen. In dieser Nummer wird

D(s) berechnet. In der nidchsten Nummer wird der Limes fir s

D(s)
d(0,s)
gegen 1 berechnet. Das sind Aufgaben der hyperbolischen Geometrie
und der elementaren Analysis. Die verwendeten Formeln der hyper-
bolischen Geometrie findet man in [10].

Die Zahl s wird in diesem Paragraphen fest sein, daher oft wegge-
lassen. Wir wollen

D(s)= inlz_" {d(s,z)—d(0, z)}

i*0
berechnen. Wegen der Symmetrie des Problems geniigt es, i=1,...,n
zu betrachten. Auf den Linien, wo d(0,z) konstant ist — das sind

Y
Fig. 2
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euklidische Kreise um den Nullpunkt — hingt d(s, z) monoton vom
Winkel y ab, der von den — hyperbolischen und euklidischen —
Strecken Os und 0z bei O eingeschlossen wird; denn nach dem Kosinus-
satz der hyperbolischen Geometrie gilt

cosh d(z, s)=cosh d(0, z) - cosh d(0, s) —sinh d (0, z) - sinh d (0, s) - cos ;.

Zur Berechnung des Infimums D(s) braucht man daher nur Punkte z
aus der K, zugewandten Seite von (K, zu betrachten.

Zur Abkiirzung setzen wir
A:=d(s, 2)
B:=d(0,z)=d(go(0).2z) (s.(5.1)).

Es sei x der Schnittpunkt der Geraden 0 a,, a; =g, (0), mit dem Ortho-
kreis 0K, . Wir setzen

c:=d(x, z)
b:=d(x,a,)
a:=d(x,s)

Offenbar hingt z analytisch von ¢ ab und damit auch 4 und B.
Hilfssatz 6.1. A — B ist eine monoton fallende Funktion von c.

Beweis. Nach dem Kosinussatz der hyperbolischen Geometrie gilt

cosh A=cosh a - cosh ¢ —sinh a - sinh ¢ - cos «a, (6.1)

cosh B=cosh b - cosh c, (6.2)
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wobei a der von den hyperbolischen Geraden x z und x s eingeschlossene
Winkel ist. Differenzieren wir nach c:

sinh A - A'=cosh a - sinh ¢ —sinh a - cosh ¢ - cos a, (6.3)
sinh B- B'=cosh b - sinh c. (6.4)
Bei nochmaligem Differenzieren ergibt sich:
(sinh 4 - A')Y =cosh A
(sinh B - B’y =cosh B.
Wir beweisen die Behauptung A’ — B’ <0, indem wir zeigen, daB
fi=(A'—B’)-sinh 4 - sinh BLO0.

Es gilt
f'=cosh A -sinh B—sinh A-A"-cosh B-B’

—cosh B-sinh A—sinh B-B' -coshA- A
= —sinh(A—B)(1—A4'- B),

da sinh(4 — B)=sinh 4 - cosh B—cosh A4 - sinh B. Aus der Dreiecksun-

gleichung folgt
|[A(c+Adc)—A(c)|Z£4c,

also |4’|<1. Ebenso erhilt man |B'|<1. Der Faktor 1 —A'B’ ist also

nicht negativ. Da z¢ K, ist d(z,5)>d(z,0) und daher 4> B, folglich
f'<0. Wegen (6.3) und (6.4) ist

f(0)= —sinh a- cos a - sinh B(0) <0,
also f(c)<O fiir c>0 und daher 4A'—B' <0 fiir c20, q.e.d.
Daher gilt fiir D(s)=ci1>1£A — B das
Korollar 6.2. D(s)=lim A— B.

Das Resultat dieses Paragraphen ist:
Hilfssatz 6.3.
1+d?
24
de cosh a—sinh a- cos o
cosh b

Beweis. Nach (6.2) strebt mit ¢— +o0 auch cosh B— + o0 und
damit B— + c0. Wegen (6.1) und (6.2) gilt

cosh D(s)=
wo

cosh A —lim cosh a—sinh a-tanh ¢ - cos a _d
cow coshB  coo cosh b o
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Es ist
d=1,

da
A=B.

Deshalb strebt auch cosh 4 gegen + o fiir ¢ —» + o0 und damit auch 4.
Nach der Regel von de 'Hopital gilt also

cosh D(s)=cosh lim A—B

C— T

=1lim cosh(A4 — B)= lim cosh 4 - cosh B—sin A - sinh B

. 1—tanh 4-tanh B
=lim i

, B
——~ .tanhB—————-tanh A
lim coshzg " cosh’ B an
=1

ewx —(sinh A-cosh B- A" +cosh 4 -sinh B- B')
cosh’ A - cosh’ B

A’ -tanh B - cosh? B+ B’ -tanh A - cosh? 4

:errl A’ -sinh A - cosh B+ B’ -cosh 4 - sinh B
cosh B coshA cosh A
4. . " tanh A - .
lim tanh B sinh B +8'- tanh coshB sinh B
=h
oo 1 sinh 4 B cosh A4
sinh B cosh B
1+d?
24
denn
cosh 4 cosh 4
i =1l —.coth B=d
chjg sinh B LLIB» cosh B o
und
sinh A4 . cosh 4

im -coth B-tanh A=d,

- = lim
c—o sinhB ¢—« coshB

und nach (6.3) gilt

. , .. cosha-sinhc—sinha-coshc-cosa
lim A"= lim .
c— c— o0 sinh A

I cosh a-sinh c—sinh a-coshc-cosa  cosh A
= 1m " T C T =
c»w cosh a-coshc—sinha-sinhc-cosa  sinh 4
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und
lim B = lim cosh b - sinh ¢ —lim coshbh-sinhc¢ cosh B _
€ o0 o sinh B e-x coshb-coshe sinh B~
7. Beweis des Lemmas, zweiter Teil
Aus
1 1+s
5 log 1 -=d(0,5)=d(g0(0). g¢(5))=d (g, (0). 0)=2b

folgt, daB wir die Funktion b(s) umkehren kénnen und s als analytische
Funktion von b erhalten. ’!im s=1. Der Kosinussatz der hyperbolischen

-

Fig. 4

Geometrie liefert fiir das Dreieck x0s:
cosh a=cosh b - cosh 2b—sinh b - sinh 2b cos ¢ (7.1)
2
mit ¢=~2£. Der Sinussatz ergibt
n
sinha  sinh2b
singg  coso

Insbesondere sind a und o analytische Funktionen von b (b hinreichend
groB3!) und

lim cosha _
b—w cosh b-cosh2b

Fiir d erhalten wir

1 —cos ¢>0.

_ cosha—sinha-cosa

- cosh b

_ cosh a—sinh 2b -sin ¢
- cosh b ’

d
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also lim 4___{ ——=1-—cos ¢. Folglich ist lim d = o und daher auch
b~>» cosh2bh b x
d2
'!Lrl;l D—'}Ln} arcosh Y L.

Nach der Regel von de 'Hopital folgt durch Differentiation nach b

tim 20 _ gy 20
Gos X d(o S) b > 2b

4d>=2(1+d%)

— + 5
2 (55 -1
i 2d*—=1)-d —lim d"
= 3((12_ 1) A Thex2d
2d
Aus (7.1) folgt
(cosh a)’
’!Ln} coshb-cosh2b (1=¢)
und daher
" . coshb((cosh a) —2sinh 2b - sin ¢)
lim —=1
g T cosh? b
_lim {cosh b((cosh a) —2sinh 2b - sin ¢) —sinh b(cosh a —sinh 2b - sin ¢)}
b 2cosh b(cosh a—sinh 2b - sin ¢)
(cosh a) ) sinh 2b . sinh 2b
_ cosha —2sin¢ cosh a —tanhb+sin ¢ cosh b -cosha
:JLIE sinh 2b
2 (l —sing- cosh b - cosh a )
3—0-1+0
*‘W— 1, qed
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n-Groups that are M-Groups

Murray Schacher* and Gary M. Seitz**

An M-group is a finite group G such that each irreducible complex
character of G is induced from a linear character of a subgroup of G.
In this note we prove

Theorem. There is an infinite set of primes n such that all n-groups
are M-groups.

The existence of an infinite set of primes 7 such that for each p+¢
in , p has odd order (mod g) and ¢ has odd order (mod p) is proved
in § 1. Combining this with some standard techniques for proving groups
are M-groups, we have the above theorem. The class of groups described
in the theorem turns out to be a subclass of the class .# of groups G
such that |G| is odd and all chief factors of subgroups of G have odd rank.
It is proved in §2 that .# is a saturated formation of M-groups.

§1. A Set of Primes n

Our objective is to prove that there is an infinite set of primes S
satisfying: p,geS= order of p (mod q) is odd. We will construct the
set S inductively. Suppose then S, = {p,, ..., p,} is a set of primes satisfying:
pi=5(mod 8) i=1,...,r and the order of p;(mod p;) is odd for i,j=1,...,r.

Suppose p,, , is a prime satisfying:

(1) p, is a 4-th power (mod p,, ) fori=1,....r.

(2) p,, =1 (mod4p, ...p,)

(3) p,,1%E1 (mod 8).

Considering the set S, ,={p;,...,p,,,} We have: the order of
p,., (modp,) is 1 for i=1,...,r by (2), while for i<r the order of p
(mod p,. ) divides p’—*:‘:—l— by (1), and this is odd by (3). Hence the
order of p; (mod p)) is odd for i,j=1,....r+1, and the set S, ; is an

* Research supported in part by NSF Grant GP 28696.
** Research supported in part by NSF Grants GP 29041X and GP 20308.
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enlargement of our original set S,. Continuing inductively, or letting r
go to infinity, we could construct the infinite set S. Therefore it is sufficient
to prove that for any r there is a prime p,, satisfying conditions (1),
(2), and (3).

For notational purposes we write 1/p, (i=1,...,r) for the real 4-th
root of p; and Q(I/Pp .. f) for the real field obtamed by adjoining
these elements to the ratlonal field Q. If n is a positive integer we denote
by {, a primitive n-th root of unity over Q. In what follows we use freely
the theory of valuations over algebraic number fields.

Lemma 1. If p is a rational prime, then p; is a 4-th power (mod p)
for i=1,...,r if p splits completely in Q(i/pl, ...,f/p,)zL.

Proof. If p splits completely in L, then the polynomials x*—p, have
4 distinct roots mod p fori=1, ..., r

Since infinitely many primes split completely in an algebraic number
field, Lemma 1 insures that infinitely many primes satisfy condition (1).

Lemma 2. If a prime p splits completely in M =Q (/s ..., VPrs Capy.p)
then:

(@) p=1(mod4p, ... p,),

(b) p splits completely in L.

Proof. This follows from Lemma 1 and 7-2-5 of [7].

Lemma 2 guarantees an infinite set of primes satisfying (1) and (2).

Let T be the set of rational primes which split completely in M.
We are finished if there is some element peT so that p%1 (mod 8).
Assume then that all primes in T are 1 (mod 8); we show this leads to a
contradiction. The primes that split completely in M are then the same
as the primes that split completely in M((g); by Bauer’s theorem [2,
Theorem 9-1-3] M({g)=M. But M((g)=M(}/2,i)=M(}/2) where
i?=—i. Thus M({g)=M <>}/2e M. We establish our contrddlctlon by

showing 1/2¢ M.
To begin with we show

l/j¢Q(i/p_,,...,i/;j) for j=1,...,r
Clearly
V2¢Q(/p). for 1Y2eQ(/p)=0(/p)=0(/p. V=0 (/)

is normal over Q, a contradiction since iethe splitting field of x*—p,
over Q and Q( ]/ p,) is real. Assume we have proved

I/E¢Q(l/p1, ,l/p])= KJ
]/EEQ(VPT, ""i/Ej_:l—):Kj+l9

If
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then I
K. =K, (l/i I/P,-+1)=> K.,

is normal over K;. This is a contradiction as before.
For j=r, this establishes that

V2¢Q(/py ... V/p)=L.
Since L is a real field it is clear that |/ —2¢ L. It follows now that

V2¢QW/ Py V/Pr Cpr o)=L, )= M,,

since L({,, ) is not ramified at primes of L extending 2 by [7, 7-2-5].
For the same reason ][—2¢M0, and i¢ M. We show finally that

V2¢M=M)=00/py. ...V Py Lapy. )

If /2eM, then (a+bi)*=2 with a,beM,. Then: (a>—b*)+2abi=
2=a=0o0rb=0as1,iisa basis of M/M,.1f b=0, then a2=2=1/2€M0,
a contradiction. If a=0, —b?=2= —2eM,, again a contradiction.
This establishes:

Theorem 3. There is an infinite set of primes © satisfying: p.qen=

order p (mod q) is odd. The element of & can be chosen all congruent to
5 (mod 8).

Proof. We have proved that there are solutions p,_, satisfying (1),
(2), and (3). As p,,,;=1(mod4) and p, %1 (mod 8), we conclude
p,.1=5 (mod 8).

§2. A Formation of M-Groups

In this section we derive results about M-groups. If G is a solvable
group then chief factors of G may be viewed as vector spaces and it
makes sense to speak of the rank of a chief factor. Let .# be the largest
class of (solvable) groups of odd order G such that all chief factors of
subgroups of G have odd rank.

Lemma 4. Let G be a solvable group of odd order operating irreducibly
on a module V over a finite field K of characteristic p. Suppose that for
each prime divisor q=+p of |G| that p has odd order (mod q). Then V has
odd dimension.

Proof. We proceed by induction on |G|. We may assume that G is
faithfully represented on V. Write |G|=p®p$' ... p* where the primes
P, by, ..., p, are distinct. From the hypothesis it easily follows that p
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has odd order (mod p{") for each i, say d;. Let d= ]_[ d,, so that d is odd

and |x||p?—1 for each p’-element x of G. Write K = lF » and set L=IF,,..
Then IF,.< L so that L is a splitting field for the modular representatlons
of G in characterlstlc p ([11, (41.1) and (83.7)).

Wehave L V=V, ®---@® V, where the V,are all absolutely irreducible
and conjugate under the action of G(L/K) ([1], (70.15) and (70.23)).
Since |L: K|=d and d is odd we may assume that k= 1. That is we may
assume that V' is absolutely irreducible. Let M be a maximal normal
subgroup of G and apply Clifford’s theorem to M. Since |G:M|=
with g a prime the restriction of V to M is either the direct sum of ¢
non-isomorphic irreducible M-modules or there is just one homogeneous
component. In the first case we are done by induction since ¢ is odd.
Suppose then that the restriction of V to M contains just one homo-
geneous component. Then V,,=V,®---@® V, with the V,. all isomorphic,
absolutely irreducible, and of odd dimension. It remains to show that ¢
is odd. Let V=L® V where L is an algebraic closure of L. Then V=
V @D V where 17 L® V; and the 7 are still isomorphic and irre-
ducible. By 17.5 of [3] R,®R, where R, and R, are irreducible
projective representations of G, dim R, =dim 17, =dim V,, and R, is a
projective representation of G/M. As G/M is cyclic, R, is linear and = 1.
This completes the proof of Lemma 4.

Corollary 5. Let 7 be a set of odd primes such that for each p+q in ,
p has odd order (mod q) and q has odd order (mod p). Then £ contains
the class of all n-groups.

Proof. Apply Lemma 4 to the chief factors of a n-group.

Proposition 6. .# is a saturated formation.

Proof. Clearly # is closed under homomorphic images. Suppose
G/H,G/Ke# As H/HNK is G-isomorphic to HK/K it is clear that
G/HnN K has all chief factors of odd rank. Let Hn K< L<ZG. Since
LH/H=L/LNnH and LK/K=~L/LNnK, both L/LNnH and L/L~ K have
chief factors with odd rank and consequently L/H n K has chief factors
with odd rank. We have shown that .# is a formation.

To show . is saturated it suffices to show that if N is the unique
minimal normal subgroup of G, G/Ne.4, and N<®(G), then Ge#
Let |N|=p® for p a prime. Since N <®(G), the Frattini argument implies
that 0,(G/N)=1. Then G/O,(G) is represented faithfully on 0,(G)/
Nd?(Op(G)). Let xeG have prime order g+p. As G/Ne.#, 0,(G)<{x)/N
has all chief factors of odd rank and it follows that p has odd order
(mod g). Let H<G. Since G/Ne.# all chief factors of HN/N~H/HNN
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have odd rank. Using the above and Lemma 4 we also get the H chief
factors in H N N to be of odd rank. Thus Ge.# and the proof is complete.

Proposition 7. If Ge.4, then G is an M-group.

Proof. Let G be a minimal counterexample. Then G has a faithful
irreducible representation T which is not monomial. Since .# is sub-
group closed, G is primitive and the structure of Fit(G) is known
(Rigby [5]). If P is p-Sylow in Fit(G) then P=Z(P) R, where Z(P) is
cyclic and Ry is either trivial or extraspecial. Moreover not all Sylow
subgroups of Fit(G) are central so we may choose By+1. Let L/Z(P)
be a chief factor of G with L<P. Then L=Z(P)(R,n L) and L/Z(P)
has odd rank. Then E,n L is not extraspecial and since L/Z(P) is chief,
(B,nL)Y=1and L is abelian. As G is primitive L £ Z(P) a contradiction.

We remark that essentially the same proof shows that if NG
with G/Ne# and N an A-group, then G is an M-group.

Corollary 8. There is an infinite set of primes n such that all n-groups
are M-groups.

Proof. This is immediate from Theorem 1, Corollary 5, and Proposi-
tion 7.

Proposition 9. Let # be a class of M-groups of odd order such that
H is closed under homomorphic images, subgroups, and such that if |G|
is odd and G/Z(G)e.#, then Ge#. Then # < 4.

Proof. Let G be a minimal counterexample. Then Ges#, G¢.4 there
is a unique minimal normal subgroup N of G, and G/NeJf Let D be
an JS-normalizer of G, so that ND=G, NnD=1. Thus N=CgN)
and if [N|=p°, then O,(D)=1. Since G¢.# and all proper subgroups of
G are in .#, N must have even rank.

Let xeD have prime order g=+p. If N{x)> <G, then N{x)> has chief
factors of odd rank and it follows that p has odd order (mod q). Lemma 4
implies that G = N {x) for some such x. If [N| = p?' then x fixes a symplectic
form on N and thus there is an extraspecial group L of order p*'*!
such that x acts on L, centralizes Z(L), and acts irreducibly on L/Z(L).
Let G=L{x). Then G/Z(G)=Ge ¥, so that Ge#, But G has a character
of degree p' and no subgroup of index p'. Thus G is not an M-group,
and this is a contradiction.

We remark that Proposition 8 shows that .# is the unique largest
subgroup closed saturated formation consisting of M-groups of odd
order. Also .# is a Fitting class. If € is the class of M-groups described
in §2 of [6], then .# is precisely the class of groups in ¢ having odd order.
For further results along these lines the reader is referred to [4].
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Cross-Ratios and Projectivities of a Line

Nirmala B. Limaye

Introduction

In [3] a generalisation to local rings of the classical von Staudt’s
theorem was proved. In this note we extend this result to a larger class of
rings.

Let A be a commutative ring with 1 and M a free 4-module. Let
IP(M) be the set of all projective direct summands of rank 1 of M. If
spec A, the set of all prime ideals of A4, is connected in the Zariski topology,
we show in § | that the cross-ratio of any four collinear points in IP(M)
can be defined. Thus we extend the notion of the cross-ratio introduced in
[3]. In § 2, we prove that if A is a semi-local ring satisfying certain condi-
tions and if M is a free A-module of rank 2, then every projectivity of
IP(M) is given by a semi-linear map.

§ 1. Cross-Ratios

Let A be a commutative ring with 1. Let M be a free A-module. Let
IP(M) be the set of all projective direct summands of rank 1 of M. IP(M)
will be called the projective space associated to M. The elements of IP(M)
will be called the points of the projective space associated to M.

Definition. Points B, ..., P, in IP(M) are said to be collinear if there
exists a projective direct summand L of rank 2 of M such that for 1 <1,
j=nandi%j, B+P=L.

Proposition. Let A be a commutative ring with 1 such that spec A is
connected in the Zarisky topology. Given any four collinear points
R, P, P, B, in IP(M) there exists a unique element x in A such that for
every prime ideal p in spec A, there exist unimodular elements e, and e,
in S;'M such that S,' B=A,e,.S,' b=A,e,, S, ' B=A,(¢, +¢,) and
S, Bi=A,(e, +x,¢,), where A,=S,'A and x, is the image of x under
the natural homomorphism from A to A,.

Proof. First note that since A, is a local ring, every element inIP(S,; M)
is a free A,-module. Now consider the four points S, ' P, 1<i<4, in
IP(S, ' M). Clearly these are collinear and hence, as in [3], their cross-
ratio is well defined and is a unit in 4,. Denote it by x,. We can write
S,'P, 1<i<4, as A, ey, Ayey, Ayle;+er). Aj(e;+x,e,). If p and p,
4 Math. Z., Bd. 129
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are any two prime ideals in spec 4 such that p, Cp then we have a natural
homomorphism 4,—» A, andS, ' B,S, ! B.,S,' .S, ! P,areisomorphic
to A,e ® Ay, A e, ® Am, (e1+e2)® A, Ayle +x c2)® A, re-

spectxvely Hence x, —x in A4,

Now let p, and p, be any two prime ideals in Spec A. Since Spec 4 is
connected there exist sequences ¢, ..., g, of prime idealsand »,, ..., s, of
maximal ideals of 4 such that p, =q,, p, =¢,, while g; and g;_, are con-
tained in »,; ;,0<i<n—1. But then x, =x,,  =x, ,0=isn—1; that
is, x, =x, . Hence x, =x,, for any p, and p, in Spec 4.

Thus, given any four collinear points F, P,, B, B,, we get an element
which is a unit in A4, for every p in Spec 4 and hence it is a unit in A. This
element serves the purpose.

Definition. Given any four collinear points B, B,, B, P, in IP(M), the
unique element in A given by the above proposition will be called the
cross-ratio of B, R, B, P,.

§ 2. A Generalisation of the Von Staudt’s Theorem

Let A be a semi-local ring, and »,, ..., #, be its maximal ideals. We
denote the natural homomorphism 4 —» [] A/ by . By the Chinese
1<ign

Remainder Theorem, » is onto. For an element a in 4, we denote by
1<i<n, the i-th component of »(a) in || A/#;. Note that a is a unit

15isn

in A if and only ifs(a) is a unit in || A/w; that is, a is a unit in 4 if

1<isn

and only if a'#%0 in A/#; for each i, 1 <i<n. For a semi-local ring A and
a A-free module M, IP(M) is just the set P(M) of all free direct summands
of rank 1 of M. Hence we can use the properties of cross-ratios given in
[3]. Any four collinear points in IP(M) are said to be harmonic if their
cross-ratio is —1. As in [3], we define a projectivity from IP(M) to IP(N),
where M and N are free modules of rank 2 over commutative rings A and
B respectively, to be a bijective map o: IP(M) — IP(N) such that, any four
points B, P, P, P, in IP(M) are harmonic if and.only if «(R), a(P),
o(P), a(B,) are harmonic.

Theorem. Let M and N befree modules of rank 2 over semi-local rings
A and B respectively. Let A satisfy the following conditions. (I) The field
A/m has a least 7 distinct elements for every maximal ideal s of A.
(I1) If the number of distinct maximal ideals of A is n, then 2,3,...,n+1 are
invertible in A. Then given a projectivity o: IP(M) —IP(N), there exists an
isomorphism 6: A— B and a a-semilinear isomorphism f: M — N such that
a(P)=f(P) for every P in IP(M); that is,a=P(f). If 6;: A—>B,i=1,2, are
isomorphisms and f;: A—B are o;-semilinear isomorphisms such that
P(f,)=P(f,), then there exists a unit u in A such that f,=f, -uand 6, =0,
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Proof. If (e, ¢,) is any basis of M, then as in the theorem of [3] we get
a bijective map o: 4 - B such that ¢(0)=0, ¢(1)=1 and
aA(e,+ae))=B(f,+o(a)f5)
for every a in A, where (f,, f>) is a basis of N. We also have
gla+b)y=c(a)+a(b)
for all a, b in A such that a+b and a —b are units, as in the lemma of [3].

Let x and y be any two elements of 4 such that either x+y or x—y is
not a unit. Because of the condition (I), we can choose an element
(Zyo.enz)in J] A/, such that z;# +)", +(x+), (x—y), for each i,

1<i<n
1 i< n. Since »1s onto, there exists an a in A such thats(a)=(z,, ..., z,);
thatis, a'=z;, 1 Si<n. Since zo(x+y +a),2e(x — y —a). »(y ia) are units in

[T Alne, x+y_ta, X—V—a, y+a are units in A. Now we have

1<isn
olx+y)+ala)=ag(x+yv+a)=c(x)+o(y+a)=a(x)+a(y)+a(a).

Hence o(x+y)=0(x)+a(y) for all x,y in A.

We can snmxldrly define a map t: 4— B such that 7(0)=0, t(1)=1,
aAla e, +e,)=B(t(a) f; + ). for every a in A and show that 7 is additive.
That o(a)=1(a) for any a in A such that 1 +a and 1 —a are units follows
asin [3].

If a in A is such that either a+1 or a—1 is not a unit, then as before
we choose (zy,....z,) in || A/, such that z;= £+ 1, (1—a). —(1+a).,

1<isn
1 i< n. But then there exists an element x in 4 such that w(x)=(zy,...,2,)
and (a+x41), (x+1) are units in 4. Hence og(a+ x)=1(a+ x); that is
g(a)+o(x)=1t(a)+t(x). This, with o(x)=1(x), gives a(a)=1(a) for all a
in A.

For a unit u in A we have A(e,+ue,)=A(u " 'e,+e,). Hence
B(f,+a(u) f2)=B(ow™") fi+/f5): that is, (u~")=0(u)"" for any unit
uin A.

Let now a be any unit in 4. Considers(a)=(a', ...,a". Letda'', ..., a"
belong to the prime fields of 4/s; , ..., A/wm; , where 0<r=<n. Because
of the condition (II), we can choose an integer m such that m is invertible
in 4 and m#d', 1<i<n; that is, such that m and m—a are units in A4.
Now using the identity a>=m[a—(a~'+(m—a)~')"'] and the fact that
o is additive we get

o(@®)=mla(a)+(c(a)™' +(m—a(a)~")""]:

that is o (a®)=[o(a)]? for any unit a in A. If a is not a unit then we choose
an integer m such that a—m s a unit in A. Hence o ((a —m)*)= [ (a) —m]?,
4*
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which gives o(a?)=[c(a)]? for all a in A. Now for any a, b in 4 using the
above fact and the identity ab=1%[(a+b)?—a’—b?] we get a(ab)=
a(a)o(b). Thus o is an isomorphism of rings.

We define /: M — N by f(a, e, +a,e,)=ala,) fy +o(d,) f5. Clearly f
is a g-semilinear isomorphism.

Let a, ¢, +a, e, be a unimodular element in M such that ¢, is a unit
in A. Then we have

aA(ay ey +aye)=aAle,+ar ' aye))=B(f,+a(a;) " ala,) f)
=B(0'(al)f1 "f‘o'(az)fz)'
Similarly if a, is a unit in 4 then
xA(a; ey +a, ez)zB(U(al)fx +‘7(az)fz)~

Let now (a, e; +a, ¢,) be a unimodular element in M such that ¢, and a,
are non-units. Since ¢, and a, generate the ring 4, and A is semi-local,
there exists an element x in A such that a; x+a, =u for some unit v in A4.
Choose an element (zy, ..., z,)in [[ A/m;suchthat z;%0, +d}, |Si<n.

15isn
Since 4 issurjective there exists a unit u’ in A such that s.(«)=(z,, ..., z,).
Now a, +u are units in 4. Since

a+u a,—u'x

, L =2ay xu' +2au'=2uu,
a,—u a,+u x

which is a unit in A4, the unimodular elements (a, +u’) ¢, +(a, —u’' x) e,
and (a, —u')e; +(a,+u x)e, form a basis of M. Now consider the
points
Al(a,+u') e, +(a,—u' x)ey], Al(a,—u')e,+(a, +u' x)e,],
Alay ey +aye;), A(u'ey—u' x,).

Since they are harmonic, their images
B[(o(a))+aW)) fi +(a(az)—a () a(x)) /2]
Bl(a(a))— o) fi +(o(a)+a W) a(x))jz], aA(a, e, +aye,),
Blo(u) fy —o()o(x) f3]

are harmonic. It can be easily seen that given any three collinear points
04,Q,,0, a point Q5 is uniquely determined such that Q,,Q,,0;,0,
are harmonic. Hence o A(a, e, +a, e,)=B(a(a,) f, +0(a,) f,). Thus
a=P(f).

The proof of the second part of the theorem is the same as in the classi-
cal case which can be found for instance in [1].
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Remark. The conditions (1) and (1) of the theorem are not necessary.
For example, if A=B=7Z;x Z,then one can casily verify that the only
isomorphisms from A to B are the identity and o, where a(a, b)=(b. a);
and the only projectivities are those which are given by semi-linear iso-
morphisms. Thus the theorem holds in this case.
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On Normal Subgroups of p-Solvable Groups

Morton E. Harris

Theorem. Let G be a finite p-solvable group, let S be a Sylow p-subgroup
of S and let T be a subgroup of S. Then the following two conditions are
equivalent :

(i) G contains a normal subgroup N such that T is a Sylow p-subgroup
of N;

(ii) T is a strongly closed subgroup of S with respect to G (i.e., no ele-
ment of T is conjugate in G to an element of S—T).

Proof. Clearly (i) implies (ii) in any group. In order to prove (ii) implies
(i), assume (ii) and proceed by induction on |G|.

Suppose that 0,,.(G)+ {1}. Setting G=G/0,/(G), we have |G| <|Gl, G
is p-solvable, S is a Sylow p-subgroup of G and T is a strongly closed
subgroup of S with respect to G. Since the theorem holds for G, it follows
that G satisfies (i).

Suppose that 0,.(G)= {1} and set P=0,(G). Then {1}+P=G and
Z(S)< P by a well known lemma of P. Hall and G. Higman. Since T is
strongly closed in S with respect to G and P<S, we have TS and
PAT<G. Whence TnZ(S)%{1}, so that PnT={l1}. Setting G=
G/P T, we conclude as above that G satisfies (1) and the theorem follows.

Finally, note that (i) implies (ii) for arbitrary groups G but (ii) does
not in general imply (i). For example, if G=5z(q) with q=22"*'>2
(a Suzuki simple group) and if S is a Sylow 2-subgroup of G, then T= Q,(S)
is a strongly closed proper subgroup of S while G is simple.

Dr. Morton E. Harris
Mathematics Department
The University of lllinois

at Chicago Circle

Chicago, 1llinois 60680, USA

( Received July 31,1972)






Math. Z. 129, 57— 63 (1972)
© by Springer-Verlag 1972

Kompakt erzeugte Rdume und Limesrdaume

Alfred Frolicher *

Einleitung

Verschiedene Probleme fiihrten in den letzten Jahren dazu, die men-
gentheoretische Topologie durch das Studium der Limesraume (cf. [8])
einerseits, der kompakt erzeugten Rdume (cf. [14, 12, 18]) andererseits
zu erweitern. Der Hauptvorteil dieser Raume besteht darin, daB sie,
mit den stetigen Abbildungen als Morphismen, Kategorien £# bzw.
A€ bilden, welche kartesisch abgeschlossen (cf. [15]) sind, was fiir die
Kategorie der topologischen oder der hausdorffschen Rdume nicht
zutrifft. Unter den Gebieten, auf denen dadurch bedeutende Fortschritte
ermoglicht wurden, seien erwidhnt: die Differentialrechnung fiir Vektor-
rdume ohne Norm (cf.[1,2,13,10,17]); die Dualitdtstheorie (cf. [5,
11, 6]); die Theorie der Funktionenalgebren (cf. [3, 4, 6, 7,9, 16]).

In dieser Arbeit wird gezeigt, daB die Verwendung kompakt erzeugter
Riume #quivalent ist zur Verwendung gewisser Limesrdume. Wir
ordnen jedem kompakt erzeugten Raum X einen im allgemeinen nicht
topologischen Limesraum [X zu und zeigen, daBl man aus /X den Raum
X dadurch zuriickerhilt, da man die Limitierung von /X durch die
zugehorige Topologie (cf. [8]) ersetzt. Man erhilt so einen Funktor
I: 46 — %A, durch den A& isomorph auf eine volle Unterkategorie
LRL° von LA abgebildet wird.

Als isomorphe Kategorien haben #& und £%¢/° die gleichen kate-
gorischen Eigenschaften: ebenso wie #2 sind sie vollstindig, covoll-
stindig und kartesisch abgeschlossen. Das gleiche wird auch nach-
gewiesen fiir die volle Unterkategorie %/ von ##, welche durch die
sogenannten lokalkompakten Limesrdume (cf. [16]) gebildet wird und
welche zwischen ##/° und FR liegt: AE = LR < LR < LR. Die
Funktoren, welche diese verschiedenen Kategorien kartesisch ab-
schlieBen, werden explizit beschrieben, wodurch auch die zwischen ihnen

* Diese Arbeit entstand wiihrend eines Aufenthaltes am Forschungsinstitut fiir Mathe-
matik der Eidgendssischen Technischen Hochschule Ziirich.
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Allgemeines iiber Limesriiume

Sind X, 9 Filter auf einer Menge M, so schreiben wir X< 9), falls X
feiner ist als ¥). Wir verzichten ferner auf die Bedingung, daf die leere
Menge @ nicht zu einem Filter gehoren diirfe. Dadurch erhalten wir einen
zusdtzlichen Filter auf M, namlich den durch & erzeugten Filter [&].
Dafiir bilden dann alle Filter auf M einen vollstindigen Verband.

Ist E ein Limesraum (cf. [8]), so bedeute X |, E, daB X ein Filter auf
der E zugrunde liegenden Menge E sei, welcher gegen a konvergiere. Ein
Punkt aeE heiBit Adhdrenzpunkt eines Filters X auf E, falls es einen Filter
Y mit [F]+YD=X und Y| E gibt. Ist speziell X=[A] der durch eine
Teilmenge A von E erzeugte Filter, so wird die Menge aller Adhédrenz-
punkte von [A] mit A bezeichnet. Der Operator A — A ist im allgemeinen
nicht idempotent; aber die Mengen A, fiir die A=A gilt, erfiillen die
Axiome fiir die abgeschlossenen Mengen einer Topologie. Den mit der so
erhaltenen Topologie versechenen Raum E bezeichnen wir mit tE. Ist
f+ E—F eine stetige Abbildung zwischen Limesrdumen, so ist auch
f:t E—tF stetig. Man erhilt somit einen Funktor

t: PR — T OP

der Kategorie der Limesrdume in die Kategorie der topologischen Rdume.
Die identische Abbildung 1: E — ¢ E ist dabei stets stetig. Ferner ist eine
Teilmenge U von E genau dann in t E offen, wenn U zu jedem Filter auf
E gehort, welcher gegen irgendeinen Punkt von U konvergiert.

Die Kategorie #Z besitzt induzierte (initiale) und coinduzierte (finale)
Strukturen; daraus folgt, daB sie vollstindig und covollstindig ist. Sie
ist aber auch kartesisch abgeschlossen (cf. [15]) mittels des Funktors

C: RPX LR — LR,

dabei wird C(E, F) gebildet, indem man die Menge der stetigen Ab-
bildungen von E nach F mit der sogenannten Limitierung der stetigen
Konvergenz versieht, fiir welche genau dann & |, C(E, F) gilt, wenn aus
X|,E folgt, daB &(X)|,,F. Die kartesische Abgeschlossenheit folgt
unmittelbar aus der folgenden universellen Eigenschaft von C(E, F):
eine Abbildung f: G — C(E, F) ist genau dann stetig, wenn die durch
f(z,x)=(f(2))(x) definierte Abbildung f: G x E — F stetig ist.

Daraus, dal der Funktor t: % — 0% zum Inklusionsfunktor
TOP — PR coadjungiert ist, oder durch direkte Verifikation, ergibt
sich leicht

Lemma 1. Besitzt F die durch die Abbildungen f;: E; — F coinduzierte
Limitierung, dann hat tF die durch die Abbildungen f;: t E;— tF coindu-
zierte Topologie.
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Die Kategorie der lokalkompakten Limesriiume

Eine Teilmenge K eines Limesraumes E heiBt kompakt, falls jeder
Filter auf E, der die Menge K enthilt, einen zu K gehorigen Adhdrenz-
punkt besitzt.

Das folgende Ergebnis stammt von Schroder (cf. [16]).

Lemma 2. Es sei K eine kompakte Teilmenge von E und € ein System
von Teilmengen von E derart, da jeder gegen einen Punkt von K konver-
gente Filter auf E eine Menge aus S enthalt. Dann kann K durch endlich
viele Mengen von S tiberdeckt werden.

Beweis. Sei & der Filter auf E, der durch die Komplementirmengen
S, Se &, erzeugt wird. Die Behauptung ist dquivalent zur Aussage
EKE‘&. Angenommen es wire |:K¢-3. Dann gilt G:=FA[K]+[=Z],
und wegen Ke® existiert dann ein Filter $ auf E mit []+H=6,
welcher gegen einen Punkt von K konvergiert. Folglich existiert ein
Se$ mit SeS. Da anderseits [SeF <=9, folgt =S [ SeH, im Wider-
spruch zu H=+[Z].
Fiir Limesrdume gilt auch ein Satz von Tychonof (cf. [16]), der wie
im klassischen Fall bewiesen werden kann:

Satz 3. Ein Produkt von nicht leeren Limesrdumen ist genau dann
kompakt, wenn alle Faktoren kompakt sind.

Definition 4. Ein Limesraum E heiBt lokalkompakt, wenn jeder
konvergente Filter auf E eine kompakte Menge enthdlt.

Jedem Limesraum E kann ein neuer Limesraum /E zugeordnet wer-
den, indem man E mit der durch die Inklusionen der kompakten Teil-
rdume von E coinduzierten Limitierung versieht. Man zeigt leicht, daf3
dann E und /E die gleichen kompakten Teilrdume haben und daB eine
Abbildung f: |E — F genau dann stetig ist, wenn f: E— F ,stetig auf
Kompakta“ ist, d.h. wenn die Restriktion f|K: K — F fiir jeden kom-
pakten Teilraum K von E stetig ist. Fiir die Konvergenz auf /E erhilt
man: X |,lE genau dann, wenn X eine kompakte Teilmenge von E ent-
hilt und X |, E gilt. Somit ist /E stets ein lokalkompakter Limesraum.
Weil anderseits das stetige Bild eines Kompaktums wieder kompakt ist,
impliziert die Stetigkeit einer Abbildung f: E — F jene von f: [E—IF.
Man erhilt somit einen Funktor

I: SR — LR,

wobei .##¢ die aus den lokalkompakten Limesrdumen gebildete volle
Unterkategorie von ## bezeichnet. Weil offenbar die identische Ab-
bildung [E — E stets stetig ist, ist I: 2 — LA/ zum Inklusionsfunktor
i PR — PR adjungiert. Ferner ist loi der identische Funktor von
LR Zusammenfassend hat man also:
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Satz 5. LA ist eine reflektive Unterkategorie von £R.

Korollar 6. Die Kategorie SR/ ist auch vollstindig und covollstindig.
Dabei fallen Colimites in SR mit den in LR gebildeten zusammen,
wihrend man Limites in LR erhiilt, indem man auf die in £R gebildeten
Limites den Funktor | austibt.

Im Spezialfall eines in #%¢ zu bildenden Produktes ist es allerdings
nicht ndtig, | anzuwenden; aus Satz 3 folgt sofort, daB jedes in ¥#
gebildete Produkt lokalkompakter Riume bereits lokalkompakt ist,
also mit dem in #%¢ gebildeten Produkt iibereinstimmt.

Satz 7. Die Kategorie SR¢ wird durch den Funktor (F, G)+— [ C(F,G)
kartesisch abgeschlossen.

Beweis. Es ist zu zeigen, daB fiir E, F, Ge %/ gilt:
f1 E—IC(F,G) stetig <> f: Ex F — G stetig.

Dabei bezeichnet Ex F das in ## gebildete Produkt von E und F,
welches, wie oben erwdhnt, mit dem in £/ gebildeten iibereinstimmt,
und f ist wiederum durch f(x, y=(f (i‘))(Y) definiert. Geméal der uni-
versellen Eigenschaft von C(F,G) ist f: Ex F— G genau dann stetig,
wenn f: E— C(F,G) stetig ist; letzteres ist aber gemiB Satz5 zur
Stetigkeit von f: E — | C(F, G) 4quivalent.

Die den kompakt erzeugten Riumen entsprechenden Limesriume

Durch Restriktion auf die betreffenden Unterkategorien erhalten
wir Funktoren [: S0P — %%/ und t: LR — TOP Man verifiziert
leicht den

Satz8. [I: TOP — LR ist zu t: SR —TOP adjungiert, und es
giltlotol=lundtolot=t.

Korollar9. tl: 0P — T 0P und lt: LR — LR sind idempotente
Endofunktoren. Die aus den gegeniiber tl bzw. It invarianten Objekten
gebildeten vollen Unterkategorien T OP* bzw. LRL* von TOP bzw.
LR sind isomorph. Die Funktoren tl bzw. It induzieren Retraktions-
funktoren tl: TOP—TOP* bzw. It: LR — FRC*, welche zu den
entsprechenden Inklusionsfunktoren adjungiert bzw. coadjungiert sind.

Korollar 10. 702* und L%&¢* sind vollstindig und covollstindig.

Lemmall.Ist E=1tEund F=ItF,dannist 1:t C(E, F)— CO(tE,tF)
stetig. Dabei bezeichnet CO(t E, t F) den mit der kompakt-offenen Topologie
versehenen Raum aller stetigen Abbildungen tE —tF.

Beweis. Auf Grund der Funktorialitdt von [ und t und der Voraus-
setzungen beziiglich E und F sind die zugrunde liegenden Mengen
von t C(E, F) und CO(tE,tF) identisch. Die behauptete Stetigkeit folgt,
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wenn gezeigt wird, dal jede Subbasis-offene Teilmenge von CO(tE, tF)
auch in t C(E, F) offen ist. Eine Subbasis fiir die offenen Mengen von
CO(tE,tF) wird gebildet durch die Mengen der Form W(K, U):=
{feCO(tE,tF); f(K)c U}, wobei K in tE kompakt und U in tF offen
ist. Sei also W(K, U) eine solche Menge; und sei fe W(K, U) und
&1, C(E, F). Es ist zu zeigen, daB dann W(K, U)e§ gilt. Ist nun xeK
und X |, E, dann gilt F(X)| ., F; somit.weil f(x)eU und U in tF offen:
UeF(X). Wir konnen daher zu xeK und X|,E Mengen F=F ;e§
und X =X, yeX wihlen, fiir die U> F(X) gilt. Diese Mengen X bilden
dann ein System &, welches die Voraussetzungen von Lemma 2 erfiillt;
es folgt daher, da3 K durch endlich viele solcher Mengen X tiberdeckt
werden kann: K< X,u...uX,. Es seien F, ..., F, die entsprechenden
Mengen von §, fiir welche also F,(X;)c U gilt. Dannist F:=Fn...nEey
und es folgt F< W(K, U); in der Tat, ist feF und xeK, so existiert
ie{l,...,n} mit xeX;, und wegen feF; folgt f(x)e F,(X,)< U.

Lemma 12. st E=ItE und F=ItF, dann ist 1: ICO(tE,tF)—
C(E, F) stetig.

Beweis. Bekanntlich hat die kompakt-offene Topologie die Eigen-
schaft, daBl die Evaluationsabbildung e: CO(tE,tF)xtE—tF ,stetig
auf Kompakta“ ist. Also ist e: [(CO(tE,tF)xtE)— It F stetig. Beniitzt
man, daB [ als adjungierter Funktor mit Produkten vertriglich ist,
und beriicksichtigt man die Voraussetzung betreffend E und F, ergibt
dies e: ICO(tE,tF)x E—~F ist stetig. Die universelle Eigenschaft
von C(E, F) liefert daraus direkt die Behauptung.

Korollar 13. Ist E=ItE und F=ItF, dann ist 1: 1t C(E, F)— C(E, F)
stetig.

Satz 14. Die Kategorie LR(* wird durch den Funktor (F,G)
It C(F, G) kartesisch abgeschlossen.

Beweis. Man bemerkt zuerst, dal fir F,Ge ¥%/* wegen Satz 8
auch [t C{F, G)e L%/* gilt. Der Rest des Beweises ist analog zu jenem
von Satz 7. Man beniitzt dabei einerseits Korollar 13; andererseits die
Tatsache, dal Produkte in #%/* mit jenen von ¥%¢ (und somit mit
jenen von ##) iibereinstimmen, weil ja der Inklusionsfunktor £%/* —
LR gemilB Korollar9 ein adjungierter Funktor ist und somit mit
Produkten vertriglich ist.

Satz 15. Ist X ein hausdorffscher' topologischer Raum, dann ist
t1X der zugehorige (in [18] mit kX bezeichnete) kompakt erzeugte
Raum.

' Kompakt erzeugte Riume werden in der Regel hausdorffsch vorausgesetzt. Satz 15 gilt
auch, wenn man von dieser Konvention absicht; man vergleiche Bemerkung 2 am SchluB3
dieser Arbeit.
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Beweis. Die Behauptung folgt aus Lemma 1, da bekanntlich die
Topologie von k X die durch die Inklusionen der kompakten Teilriume
von X coinduzierte Topologie ist.

Satz 16. Der Funktor | induziert einen Isomorphismus der Kategorie
A& der kompakt erzeugten Rdume auf die volle Unterkategorie LR°
von LRC*, die aus denjenigen Objekten E gebildet wird, fiir die t E haus-
dorffsch ist. Die Kategorie #R¢° wird durch den Funktor (F, G)— 1t C(F, G)
kartesisch abgeschlossen.

Beweis. Die erste Aussage folgt aus Satz 15 und Korollar 9. Fiir die
zweite Aussage beniitzt man folgendes:

a) Ist E,Fe LA¢°, so gilt t(Ex F)=t(ItExIltF)=tIl(tExtF), und
dies ist hausdorffsch, da 1: tI(tExtF)—tE x tF stetig ist und sogar
tE x tF hausdorffsch ist. Also ist Ex Fe £#¢°; das in ¥# gebildete
Produkt E x F ist also auch jenes von L #¢°.

b) Ist F, Ge LA¢°, so gilt gemaB den Lemmata 11 und 12: ¢/t C(F, G)
=tICO(tF,tG). Da CO(tF,tG) bekanntlich hausdorffsch ist, folgt
wie bei a), daB It C(F, G)e LA¢°.

Bemerkungen. 1) Aus dem Funktor, der #%/° kartesisch abschlieBt,
erhélt man mittels der Isomorphie von #%/° und #& auch den Funktor,
der A& kartesisch abschlieBt, nimlich (X, Y)r>tltC(IX,1Y). GemiB
den Lemmata 11 und 12 ergibt sich, daB dieser mit dem wohlbekannten
A& kartesisch abschlieBenden Funktor iibereinstimmt: fiir X, YeX&
gilt t 1t C(UX,1Y)=tICO(tIX,t1Y)=kCO(X, Y).

2) 702* ist die Kategorie der ,kompakt erzeugten Riume ohne
Trennungsaxiom®. Man gelangt von ihr zu #&, indem man die Objekte X
von JOZ* durch die Bedingung ,,X hausdorffsch® einschrinkt. Geht
man in die zu J 02* isomorphe Kategorie £2/*, so iibersetzt sich diese
Bedingung in ,,t E hausdorffsch“; von diesem Gesichtspunkt aus wiirde
die Trennungsbedingung ,E separiert (im Sinne der Limesriume)
natiirlicher erscheinen; ihr entspriche in J(02* die Bedingung /X
separiert”, und man wiirde eine zwischen #& und 7 02* gelegene Kate-
gorie erhalten. '
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Isomorphism of Modular Group Algebras

Inder Bir S. Passi and Sudarshan K. Sehgal

1. Introduction

For a group G. let M,;(G) be the i-th term in its Brauer-Jennings-
Zassenhaus series which is defined inductively by M,(G)=G, M;(G)=
(G, M,;_,(G)) M, ,(G) for iz2 where (i/p) is the least integer =i/p and
(G, M;_,(G)) denotes the subgroup generated by all commutators
(x,V)=x"1y 'xy xeG. yeM, ,(G). It is known ([1,5,6,11,13]) that
if k is a field of characteristic p>0 and 4, (G) is the augmentation ideal
of the group algebra k(G), then

M,(G)={geGlg—1€4(G)}.

It is also known [6] that
M, (G)= [] GI

ip/zn

where G, is the i-th term in the lower central series
=G,2G,2--2G;z--- ofG.

Our first main result is that if G and H are two groups with iso-
morphic group algebras over the field Z, of p elements for a prime p,
then they have isomorphic M-series for that prime. We exploit the fact
that the natural monomorphism

0— M,(G)/M, . ,(G)— 43 (G)/47."(G)

splits over Z,, to deduce that, in fact, the subquotients M;(G)/M;, ,(G)
are also 1somorphlsm invariants of the group algebra Z,(G) of G with
coefficients in Z,,.

We next consider the case when the coefficients are in the ring Z .
of integers mod p" p prime. Corresponding to the M-series, we have

the series [6]
M, , ,(G)= [167

where the product is taken over all i, j such that i2n or i pv="+"=n.
We denote by D, , ,(G) the i-th dimension subgroup of G with coef-
ficients in the ring Zp,. ie. D,y ,(G)= {glg—leA'Z .(G)} where AZ L(G)
is the augmentation ideal of Z ,»(G). By a result of Moran [81M;, p(G)-

5 Math. Z., Bd. 129
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D, , ,(G) for i<p. We show that the counterpart of the splitting men-
tioned in the previous paragraph is available for the natural embedding

0 G,/G, N D4(G, R)— 4%(G)/43(G)

where R is the ring of integers mod n, n odd, or R is the ring of integers
and G/G, is of odd exponent. D, (G, R) stands for the 3rd dimension
subgroup of G over R. Thus, for example, we show that whenever for
two groups G and H

Z,(G)=Z,.(H), pprime%2,

then G/M; . ,(G)=H/M, , ,(H) and moreover if, in addition, G and H
are each of exponent p" and class 2, then G=H.

2. Notations

Let G be a group, R a commutative ring with unity. We adopt the
following notation:

R(G)=the group ring of G with coefficients in R.

AR (G)=the augmentation ideal of R (G).

0, r(G)=4%(G)/4x"1(G).

AY(G)=4x(G) for i=1 and 4Y(G)=[4,(G), 44 1(G)]
the additive subgroup generated by all elements of the type

af—Po, aedg(G), BeAL"NG) if i>1.

A4g(G, N)=Kernel of the natural homomorphism R(G)— R(G/N),
where N is a normal subgroup of G.

G=G,2G,2---2G,;=-- denotes the lower central series of G.
Z,=the ring of integers mod n.

3. M-Series ]
Lemma 1. A%(G)+ A% (G)=4gx(G, G)+ A (G) for all i>1.
Proof. Induct on i or see [2, Theorem 6].

Following Zassenhaus [13] we define a series of ideals L, np(G)
of Z .(G) by setting

Ly 1,5(G)= . p" (49 + 4)(G) + 4™+ 1(G)

where 4=4 Zpw> the summation is over all i, j such that i<n, ipi=n
and by S?" for a subset S of Z p+(G) we understand the Z .-submodule
of Z .(G) generated by s¥', seS8.
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Lemma2. M, , (G)/D,,,, (G)nM,, ,(G)=L,, ,(G)/A"*'(G) for
allnz1.
Proof. By definition M, , ,(G)= [] GV

l'p(j——h+l)+;"
For geG,, we have g—1€4(G,) and by Lemmal g—1=a+f for
some ae AU(G), Be A+ (G).
If for some integer j, i pY="+V" >n, then (j—h+1)* =0 would mean
izn, g”’eG, and so g’ —1eA™(G)+ 4" (G). If j—h+1>0, then
consider

g"’—1=§ (pj) (g—1)"

) r=1 r
o ' j—h j—h ;
Now p" divides ( ) for r<p’~"*! and for r>p/~"**! we have ir>
r

ip~"*! zn. Hence, module L, , ,(G)

pj 1__ pj lpth+|
g —1= pj_h+1 (g—1)

=ap"'(g—1” """  wherea is an integer [9]
ap'ta+pr "

I

=0.
The equation
xy—1l=(x—D+@(—D+Ex=Dy-1) (*)
allows us to conclude that
meM,,,h'p(G): m—leL,,’,,‘p(G).

Define a map 0: M, , ,(G)—> L, , ,(G)/4""1(G)
m—m— 1+ 4"+1(G).

It follows from (*) that 6 is a homomorphism and clearly the kernel
of is D,y , ,(G). It remains to prove that 6 is an epimorphism. In
view of Lemma 1, we have only to verify that if geG; and ip’=n, then
p"~'(g—1)” has a preimage.

Now

g = (p

=ap"!(g—1)  where ais an integer [9].

Jj+h-1

. ) (g— 1)’ mod 4"+1(G)
Since there exists an integer b such that ab=1(mod p*), we have

b(g”"" ' —1)=p"'(g—1)” mod 4"+!(G).

5%
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Consequently N
g'v —1=p"(g—1)” mod 4"+ (G)

and 6 is onto as g” " 'eGV' " ' e M, , ,(G).

Theorem 3. Let 0: Z (G) — Z ,(H) be an isomorphism. Then

(i) M;(G)/M,;, (G)=M;(H)/M,, ,(H),

(i) M(G)/M,, ,(G)=M,(H)/M,, ,(H)
for all iz1, where M (G)=G2M,(G)2---2M,(G)2--- is the M-series
with respect to the prime p.

Proof. We remark first that one can assume without loss of generality
that 0 is normalized in the sense that the sum of the coefficients of 0(g)
is 1 for all ge G. Thus the expression on the right hand side of the iso-
morphism in Lemma 2 is a ring invariant and (i) follows from the fact
that D, ; ,(G)=M;(G)=M,  ,(G).

Consider the embedding
M;(G)/M; {(G)— 4 (G)/A*(G), A=4, ,
m+M,, (G)—>m—1+4+1(G), meM,G).
Since 4'(G)/4**'(G) is a vector space over Z,, the embedding splits
over Z, and we have
A4HG)A*HG)=A(G, M)+ 4+ (G)/ A (G) D K,(G)/ A+ (G),  (xx)

where K;(G) is a subspace of Z,(G). Moreover, since A+HG)S K, (G)c
4'(G), we can conclude that K,(G) is an ideal of Z,(G). We claim
that M;(G)/M; _,(G) is isomorphic to the group of units M;(G)+
K;,(G)/K;,,(G) of Z,(G)/K,, ,(G). Define the map

A Mi(G)—’Mi(G)+Ki+1(G)/Ki+1(G)
m—m+K; (G).

given by

Clearly 4 is an epimorphism and M, _, (G) is contained in the kernel of 4.
Suppose A(m)=1+K,,,(G) ie. m—1eK,, (G). Then m—1ed'*'(G)

i i+1

and so meM, ,(G). But because 4(G,M,,,)nK,, (G)S4™*+?(G), we
conclude that me M, , (G) proving the isomorphism.

By Lemma 4(a) below, () yields the splitting
A (H)/A™ (H)=A(H, M;(H))+ A"+ (H)/ 4™ (H)®0(K;(G))/A™ ' (H).
Therefore
M;(H)/M; , ,(H)=M,(H)+0(K,, ,(G))/0(K,,(G))
~M;(G)+K,,,(G)/K,;,,(G) (Lemma 4(b) below)

i

=M, (G)/M; ,,(G).
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Lemma 4. Under the assumptions of Theorem 3, we have

(a) 0(4(G. M, (G))+ 4" (G))=A4(H, M, (H))+ 4"+ (H)

(b) 6(M,(G)+ K, ,(G)=M,(H)+0(K,,,(G)
where K, , (G) is an ideal of Z ,(G) yielding a splitting of A"(G)/4"1(G)
as in (x*).

Proof. (a) Every element x of 4(G, M, (G))+ 4"+'(G) can be written as
x=m—1+a, meM,(G), xe 4"+ (G), since M, (G)=1+4"(G). As in the
proof of Lemma2, m—1eL,, ,(G) and therefore O(m—1)eL,  ,(H)
Also O(x)eL,  ,(H). Hence 0(x)eL, , ,(H). By Lemma 2 again 6(x)=
h—1+7y, he M, (H), yeA"*'(H) and we are done.

(b) Let me M, (G). Then 0(m—1)=h—1+7y for some he M,(H) and
yed" ' (H). As 0(K,,,(G)) yields a splitting, y=u—1+v for some
ueM,  ,(H), ved(K,,,(G)).

Therefore,
m—=h—1+u—1+4+v
=hu—14+w where w=v—(h—1)@u—-1).
As  (h—1)(u—1)ed™2(H)=0(4"**(G)<0(K,,,(G), web(K,,,(G))
Since hue M, (H), the proof of the Lemma is complete.
Corollary 5. Let Z,(G)=Z,(H). Then M;(G)=(1) if and only if
M;(H)=(1).

Proof. Suppose M,;(G)=(1). Then, by Theorem 3, M;(H)=M, ;(H)
forall j=0. M;(G)= (1) implies that G is a nilpotent p-group of bounded
exponent. Thus we can conclude [4, Theorem E] that ﬂA (G)=(0

where 4 =4z, and, therefore, ﬂ A'(H)=(0). 1t follows that M,.(H)=(1).
1
The converse follows by symmetry.
Related to Corollary 5 is the following remark :

Remark 6. Let Z,(G)=Z,(H). Then ﬂM (G)=(1) if and only if
() M,(H)=(1).

Proof. Suppose (| M;(G)=(1). Then G is residually nilpotent p-group
of bounded exponent. Therefore, ﬂAi (G)=(0) ([4. Theorem E] and
[7, Lemma 5.2]). Thus ﬂ 4, (H) (0) and, therefore, ﬂ M;(H)=(1).

The converse follows by symmetry.

Corollary 5 and Theorem 3 give the following:

Corollary 7. Suppose G has M-length <2 i.e. M;(G)=(1). Then
Z,(G)=Z,(H) implies G=H.
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The next result has been proved by Dieckmann [3] for finite p-groups
of class 2, p#2.

Corollary 8. Let G and H be two groups such that

(i) Z,(G)=Z,(H)

(ii) G is of class <p and exponent p".

Then H is of exponent p".

Proof. We observe that M,.(G)= [] G¥=(1) and that M, (G)=+(1)

ip/zpn

for k<p". It follows by Corollary 5 that M,.(H)=(1) and M,(H)+(1)
for k<p". Hence H is of exponent p".

4. Groups of Class Two

Let R be a commutative ring with unity, G a group. Consider the
natural epimorphism
a: R(G)—R(G/G,)
a(D rg)=Yrg where g=gG,.

reR
geG

a induces an epimorphism «: Q, x(G)—Q, r(G/G,) whose kernel is
evidently 4, (G, G,)+ 43(G)/43(G).

Consider the map
7: G/G,—>Q, r(G/G,)  given by 1(xG,)=(x—1)2+43(G).
t is well-defined. For, if yeG,, then
cy=1P=(x—14+y—1+x—1)(y—1)7
=(x—1)> mod 43(G), since G,<1+4%(G).

Extend 7 by linearity to R(G/G,). We assert that t vanishes on Ax(G/G,).
For, let x, y, ze G. Then, writing X = x G, etc., we have

(X=DE-DE-D)=(xyz=1—(xy—1)* —(x2=1)* — (yz—1)?
+(x =12+ (=1 +(z—1)*+ 43(G)
=(x—14+y—1+z—1)*—(x—14y—1)
—(x—14+z=1P2—(y—1+4z—1)
+x =1’ + (=1’ +(z—1)*+43(G)
=0.

Thus 7 induces an R-homomorphism

72 R(G/G,)/43(G/G3) —Q; r(G).
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Restricting to Q, z(G/G,) we obtain a homomorphism

1 @y, r(G/G3) Q5 r(G).
Theorem 9. oo 1=21 where I is the identity homomorphism.
Proof. Let x=xG,, y=yG, be elements of G/G,.
(X=DF-1)=(cy=1)*=(x=1)* = (y=1)* + 43 (G)
=(x=1y =D+ -Dx-1)+43(G).
Hence aot((X—1)(§— 1)+ 43(G/G,))=2(X— 1)(§— 1)+ 43(G/G ).

As the elements (X—1)(y— 1)+ 43(G/G,) generate Q, ¢(G/G,) as an
R-module, the result follows.

Corollary 10. If division by 2 is uniquely defined in Q, p(G/G,), then
the exact sequence

0 4(G, G,)+ 4z (G)/43(G) = Q, (G)—*>Q, £(G/G,)— 0
splits.

Proof. Define t': Q, ¢(G/G,)—Q, r(G) by
(z)=1(y) where2y=z y,zeQ, g(G/G,).
Then we have oot =1.

Let us examine the case when R=Z,, the ring of integers mod n,
n odd, or Z the ring of integers. The case n=0 in the following discussion
corresponds to Z as the ring of coefficients. For every group G we have
the exact sequence

0-G,/G,nD4(G, Z,) 50, 2,(G) =50, 4,(G/G;) >0 (4.1)
where i is the natural map induced by
it G,—Q, ,(G)
x—x—1+43 (G)

and D, (G, Z,) denotes the r-th dimension subgroup of G over Z,. We
also have the natural isomorphism

G/G, G =4, (G)/43,(G) 4.2)

induced by x - x—1+43 (G), xeG.

Suppose that the exact sequence (4.1) splits over Z,. Then we have a
Z,-submodule K of 43 (G) such that K=24; (G) and therefore is, in
fact, an ideal of Z,(G) and

0,.2,(G)=4,,(G, G,)+ 43 (G)/43,(G) @ K/43,(G). (4.3)
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Consider the ring S=Z,(G)/K. U=1 +4, (G)/K is a group of units of §
and we have a homomorphism 4: G— U given by i(x)=x+ K.

Let 6ed, (G). By 4.2)
d0=g—1+0,, 0,€4} (G)
=g—l+g,—1+k, g,€G,, keK (by(4.3)
=gg,—1modK.

Hence 4(gg,)=1+0+K. This proves that 4 is an epimorphism. Let
xeKer 4. Then x—1 eKEA%n(G). Therefore, xe G, G", say x=y z, yeG,,
zeG". Now

yz—l=y—l+z—14+(y—-1)(z-1).

The last term on the right hand side is in K, since K QA%"(G), For geG,

n

2

=0 since nis odd or 0.

&= 1=nig=1+(}) =17 mod 43, (G)

Thus G"=D,(G, Z,).

Hence z—1€eK. Consequently y—1€K. As yeG,, (4.3) implies that
y—leA%n(G) i.e. yeD;(G,Z,) and so xeD,(G,Z,). We have proved
the following

Theorem 11. If n is an odd integer or 0 and the sequence
0-G,/G,nD5(G, Z,) 50, 4,(G)—>Q, 4 (G/G,) >0

splits over Z,, then
G/D4(G,Z,)=1+4, (G)/K

where K/A3 (G) is a complement of Im i in 0,.,.(G).

If nis an odd integer or G is a group of odd exponent, then
Corollary 10 yields that the hypothesis of Theorem 11 is satisfied. The
case n=0, i.e. the integral case, for finite groups is due to Sandling
([10, 11]). By Lemma 1 4, (G, G2)+A§"(G) can be characterized ring
theoretically. Thus if, for some group H, Z,(G)= Z,(H), then the sequence
corresponding to (4.2) for H would also split. We thus have

Theorem 12. If n is an odd integer or G is a group of odd exponent,
and Z,(G)=Z,(H) for some group H, then

G/D,(G, Z,)~H/D,(H, Z,).

Corollary 13. If G and H are p-groups of exponent p", p+2 and class 2
with Z ,.(G)= Z ,.(H), then
G=H.
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Proof. By Theorem 12

G/D4(G,Z,)=H/D4(H, Z ).
Now
D,(G.Z,)= GGy Gy [8]

=(1) (since G is of exponent p" and class 2)
and similarly D,(H, Z ,,)=(1). Hence G=~H.

Remark 14. 1t has been proved in [12] that for finite groups G and H
with |G|=|H|=p™b, (p.b)=1 the isomorphism Z .n::(G)=Z 2mi(H)
implies the isomorphism Z(G)=Z,(H) where Z,, is the ring of p-adic
integers. Hence it follows [12] that if b=1 and Z .1 (G)=Z 201 (H)
then G/G,=~H/H,. The last two results replace the modulus p>"*' by
a much smaller power of p.
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A Limit-Point Criterion
for Separated Dirac Operators
and a Little Known Result on Riccati’s Equation

Hubert Kalf

Introduction

There exists a vast body of literature on the limit-point or limit-
circle behaviour of Sturm-Liouville operators, and even Dunford-
Schwartz’s long list of results [1, p. 1604-1607] is by no means complete.
For systems of two first order differential operators the situation is
quite different. Indeed, there seems to be only one result, the assump-
tions of which are mild enough not to exclude the most important
example occurring in applications, i.e., the three-dimensional separated
Dirac operator. This is Titchmarsh’s criterion [9, p.233] (cited here
as Theorem 1) for the differential expression

k
0 g,(x) —
Du(x):z(_l 0)u’(x)+ PR T "
‘x‘ q,(x)

(x€(0, a], a> 0 arbitrary; ke Z, k +0),

stating that the limit-point behaviour of (1) with a Coulomb potential,
remains unaltered under perturbations which are integrable down to
x=0. We shall derive a related result (Theorem 2)—bearing, as does
Titchmarsh’s theorem, some resemblance to Sears’s criterion for Sturm-
Liouville operators (see [ 1, p. 1606, 7(a), (b)]) — which allows even certain
nonintegrable perturbations of the Coulomb potential (and at the same
time certain integrable perturbations of the separation term k/x
[Remark 2]).

Our method of proof is entirely different from that of Titchmarsh,
who constructs a square integrable solution of

Du=iu (AeC) (2

by means of Picard-Lindel6fs method of successive approximation and
then shows that this is the sole solution of integrable square apart from
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constant factors. We use the fact that the nontrivial real solutions of (2)
with =0 may be obtained from the real solutions of the nonlinear system

k
@’:-[ql(x)cosz@+2;sin@cos@+q2(x)sin2@] (xe(0,a]) (3)

. k
(logp) =— {[ql(x) —q,(x)]3sin20 — - cos 2@} (xe(0,a]) (@)
by setting
_ (cos (0]
“=P sin @)

(Kamke [6, p.121£.]). This Priifer transformation was applied by Kamke
in 1939 to obtain comparison theorems of Sturm’s type for first order
systems (loc. cit., p.126f.; see also Weidmann [10, p.255ff.]). (3) in turn
is equivalent to the Riccati equation (whose directional field is easier
to discuss than that of (3))

1
y’=~[xq1(x)+2ky+xqz(x)y2]; (xe(0, a) (5)

by the transformation y=tan @ (cf. Kamke [6, p. 309, Eq. 1.79]).

Under certain conditions the non-integrability of 1/x makes all
solutions of (5) tend to one of the two roots of an algebraic equation
associated with (5). Such an observation was first made by Poincaré
[Amer. J. Math. 7, 204f. (1885)] under very special assumptions for the
coefficients of the Riccati equation, + co being the singular point. Later,
the behaviour of the solutions of Riccati’s equation near a singular
point was studied by Petrovitch [7, p. 78ff.], Horn [5, §1] and most
thoroughly by Falkenhagen [2], but their results seem to be little
known!. Those results of Falkenhagen we need for our Theorem 2
are stated in the appendix (Theorem 3 and its corollary). The frame-
work of the very simple though somewhat lengthy proof is outlined 2.

A Criterion of Sears’s Type

For the differential expression (1) Titchmarsh [9, p. 233] obtained
the following result.

! E.g., Hille, giving a very detailed account of the Riccati equation [4, p.273-276,
p.456-470] derives a similar result for a special case (loc. cit., p.464f), but does not
mention their work on the subject.

2 There exist results similar to those of Theorem 3 for quite general nonlinear systems
of dimension n>2 in which case one has to call on general topological principles (see
Hartman [3, p.279{.]; cf. also loc. cit., p. 205f.). This was pointed out to us by J. Walter
whom we should also like to thank for many stimulating discussions.
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Theorem 1. Suppose there exist constants® c,,c,€R and real-valued
unctions §,,q,€L1(0, a] such that
q91-4>

4="T+3,(x)  (=1.2)

Jor all xe(0,a]. Then we have limit-point case (I.p.c.) for (1) at x=0
if ¢, c,<k*—%. The constant k* —% is sharp.

Incidentally we note that Theorem 1 is an immediate consequence
of a well-known theorem on perturbed linear systems, at least if we
furthermore assume g;e C°(0,a]. In fact, change of the independent
variable by setting t = —log x, subsequent application of Theorem 5.4.5
in [4], p. 168 (see also [3, p.311f.] where much more general systems
than (2) are dealt with), and resubstitution show that (2) with i=0
has a fundamental system of the form

u, (x):=xi VkZI=cica

1 1
1 x€(0,
P *(1)"“ re®a)

whence the assertion of Theorem 1 follows. Besides, this result is un-
affected by integrable perturbations of the separation term k/x.

By the method indicated in the introduction we shall prove the
following limit-point criterion.

Theorem 2. Suppose there exist constants ¢,,c,€R and real-valued
functions q,,q,€ C°(0, a] with
4,—q,€l'(0,a] and lirg) xg;(x)=0 (j=12)
x—0+

such that c
4,0 =—1+7,(x) (j=1.2)

for all xe(0,a]. Then we have L.p.c. for (1) at x=0 if ¢, c,<k*—1%.
Remark 1. The potential

1
ql(x)=q2(x)=§-+m (xe(0,4], ceR)

x log x

satisfies the conditions of our but not those of Titchmarsh’s theorem.
On account of our regularity condition, there are clearly also examples
for which Titchmarsh’s but not our assumptions hold.

* Titchmarsh himself has ¢; =c, =:a though this is not necessary for his argument.
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Proof of Theorem 2. Suppose ¢, +0, 4:=k*—c, ¢,>0. According to
Theorem 3 of the appendix there exist solutions yl, y, of (5) such that

£V
Then @, ,:=arctan y, , are solutions of (3) satlsfymg
1-y1,,(0
141,00 (6)
_ c3—ci+4k-signe, /4
4k*+(c,—c,)? ’
1 1,2(0)
tlim+? sin 26, ,(x) —T_T_—ym )
_ —k(c; +¢,)Fle,—c,)-signe, /4
4k*+(c,—c;)? '
Thus (3) has a solution @, for which

Y1,2(0):= hm J’1 2(X)=——

lim cos 20, ,(x)=
x—0+ ’

lim (f%sinza(x) kcos20, ( ) VA

x-0+

holds, no matter whether ¢,>0 or c¢,<0. Consequently there exists
for every >0 an x,€(0, a] such that

2 5in 20, (x)—kcos20, (x)=})/4—¢
for all xe(0, a]. Hence

02 (x) = p2 (x,) exp 2 j"{tql(n—qz(rn%sm 20,0~ cos 2@40} dt
2 2 (x,) exp {— §1a,0-2,0115in26, 0 dr}
.exp{z fo[ )
> const (%)WZ— ?

for the corresponding solution p, of (4). If ¢, c,<k®—1 then }/4>1.

5in 26, (f)— k cos 20 (t)] dt}

2 .
Choosing e=———— we obtain

2
const
pi(x)=
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which means that (2) with A1=0 possesses a non-square integrable
solution.

In the case ¢, =0 the corollary to Theorem 3 establishes the existence
of solutions y,, y, of (5) satisfying

_ S
2k’

lim inf |y, (x)| = + o0.
x>0+

xljrgl_" yi(x)=

The corresponding solutions @, , of (3) have the property

lim cos 20, (x)=
x-0+

_“a
N 2k
Jim —-sin 26, WPW’
2k
lim cos20,(x)=—1,
x—=0+
lim $sin 20, (x)=0,
x—0+

i.e., (6) and (7) are again satisfied with signc, replaced by 1. Con-
sequently we have L.p.c. at x=0.

Remark 2. It is clear from the above proof that Theorem2 holds
true for systems slightly more general than (2), viz., differential expressions

k
of the form (1) with % replaced by ?+f(x) where feC°(0,a]n L0, a]
is real-valued and lim xf(x)=0.

x-0+

Appendix: A Result of Falkenhagen on Riccati’s Equation
Falkenhagen [2] studied the Riccati equation

y=[a(x)+Bx) y+y(x) »*1F(x) (—o=I<x=X,) (8)

under the following conditions on its coefficients:
(l) a, ﬂa Y, Fe CO(O’ xO];
(ii) o= lilln a(x), f:= lirln B(x), y;:= lirln y(x)*0 exist;
X—l+4 X—=l4 X—il4
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(iii) sign F =const. near 1%, [ |F(x) dx =+ o0
1
(iv) for x=1the roots Y,(x), Y,(x) of the equation

2 (x)+ B(x) y+7(x) y*=0 9
are real and distinct (let them be numbered such that Y, ()< Y,(])).

The essential statement of his theorem is that in the case y,+0,
all solutions of (8) cannot but behave continuously at x=1I and tend
to one of the two roots of the algebraic equation (9) on account of the
strong singularity of F at I In the case y,=0 this dichotomy in the
behaviour of the solutions still holds provided f,+0, but now at least
one solution of (8) becomes infinite at I (For the case that (9) has two
complex roots at x=1see Horn [5, p. 262-265] and Picard [8, p. 391ff.].
If (9) has a double root at x=I/—this is the most complicated case—
we refer the reader to Falkenhagen’s paper [2, p. 228-240].)

Theorem 3. Under the assumptions (i)~(iv) there exists exactly one
solution Y of (8) for which

lim ¥(x)=

Xxol4

Y, () if y F<O nearl
Y,() ify F>0 nearl

holds whereas all other solutions Y of (8) defined near | satisfy

Y,(l) ify F<O near |
Y,(l) ify F>0 near L.

Xxol4

lim Y(x)={

Corollary. Suppose (1)-(iv) hold with the modifications B,#0, y,=0.
Then there exists exactly one solution Y of (8) for which

lim ¥(x)= —% if BF<0 near |,

x-l4+ 1
limlinfl?(x)l =40  if BF>0 nearl
x-l+
holds whereas all other solutions Y of (8) satisfy

limlinle(x)l= + oo if BF<O0 nearl,
x—l4

lim Y(x)= -—°‘§L if BF>0 near I.

x-l4 1

4 Falkenhagen himself (loc. cit., p.227) assumes lim‘inf |F(x)|= + o0, but it is readily seen
x—l+

that the above assumption is sufficient for his proof of Theorem 3.
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Remark 3. If we consider (8) in the interval x,<x<m= + o0 under
the appropriately modified assumptions (1)-(iv) the assertions of Theorem 3
and its corollary remain valid if we replace “y F<0 near 1” and “f Fs0
near 1” by “y FZ0 near m” and “ B FZ0 near m”, respectively.

Since Falkenhagen’s proof of Theorem 3 is rather lengthy [2,
p. 216-228], a sketch of a slightly modified proof may be useful. The
details can easily be carried out by the reader.

Because of (i)-(iv) it is possible to choose x, so close to [ that

sup Y(x)< 1nf Y(x)— mg,

xe(l. xo]
and either y(x) F(x) <0 or y(x) F(x)>0 for all xe(l, x,]. We shall assume
y F <0 in the sequel. It is convenient to proceed in five steps.

1. There exists a unique number y with the following property: every
solution 'Y of (8) with Y(xo)>7 (Y(xo)<7¥) has a domain of definition
properly contained in (I, x,] (equal to (I, x,]). (This can at once be read off
from (8) written in the form y'=[y— Y,(x)] [y— Y, (x)] y(x) F(x).)

2. For every solution Y of (8) defined near | the existence of
Y= lirln Y(x) implies Y,=Y,(l) or Y,=Y,(]). (Integrate both sides of (8).)

x4

3. For every solution Y of (8) defined near | lim Y(x) exists. (The

possibilities Y_:=1lim mf Y(x) <hm sup Y(x)=:Y, or Y =Y, =—ooare
x4+

immediately ruled out by the d1rect10nal field of (8). Y_ =Y, =40 is
impossible since Z:=(K—Y)™! (K= Y,(l), Y,()) would be a solution of

V=)= [Bx)+2Ky(x)] y+ [2(x)+ K f(x)+ K?y(x)] y*} F(x)
(xe(l, xo])
(cf. Hille [4, p.275f.]) with Z,:= lim Z(x)=0 which contradicts 2.)

(10)

4. The solution Y of (8) wzth (xo) ¥ satisfies 11m Y(x)=Y,(). (It
suffices to show Y(x)=m, for all xe(l, x,].)

S. All solutions Y of (8) defined near | and different from Y satisfy
lir}) Y(x)=Y,(]). (This is clear for the solutions with Y(x,)<m,; and
x4

those solutions defined near ! that tend to —oo in the interval (I, x,].
For the solutions with Y(xo)€elm,, J) the desired result follows from
the Riccati equation for Z:=Y—Y after taking account of 2., 3., and 4.)

The corollary can be proved by applying Theorem 3 to the Riccati

equation (10) with K —7;-('— and subsequent transformation back to (8).
1
6 Math. Z, Bd. 129
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Absolute Continuity of the Essential Spectrum
2

of —ditz—+q(t) without Monotony of ¢
Johann Walter

1. Introduction

Let g be a twice continuously differentiable real function defined in
[0, o) such that g(oc): = lim ¢(t) exists. We consider the singular Sturm-
-7

Liouville differential equation
—u'"+qu=/,u, O0=Zt<o (1)
and the corresponding differential operator H defined by
Hu=—u"+qu, ueD(H),
D(H)={ulu,u’ locally absolutely continuous in [0, oc); (2)
u(0) cos a—u'(0) sin a=0; u, —u" +quel?0. ).
Operators of this kind are used in quantum mechanics as energy opera-
tors (Schroedinger operators) of hydrogen-like one particle-systems

where they are required to be selfadjoint. H is for example selfadjoint
if in the case g(o0)= — o0

«odr
——— =00 (3)
o
and
(f|Q(t, Mdi<oc!  for some Je(q(o0), ©), (4)

([5; p. 1409, Th. 20] with A=0).

[t is the aim of this paper to show that all regularity properties of
the spectrum of H usually required in applications can be deduced
from (3) and (4) without any additional assumption. This is especially
interesting in the case g(co)= —oo which at present could only be

! Here we have used the abbreviation

1 q 5@’
4 (A-q} 16 (A—g)}’

Q(t, A):=

6%
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treated by assuming monotony of g. (For g(co)> —oo better results
are given in [20; p. 311, Satz 5], [21; p. 118], [23; p. 293, Satz 5.1].)
Remark 1.1t is not self-evident but follows immediately from a lemma
of Atkinson-Coppel ([1; p. 108], [4; p. 121, Lemma 6]) that (4) implies
(10t A)dt<oc  forall ie(g(o0), x0). (5)

With the help of the lemma just mentioned one proves first that for
the same A as in (4)

o 4"l lq'|2
j((/l_q)%“‘“u_q);)dt<oo )
and
. Y
yim ((;—_q)—) =0. 0

(6) obviously implies (5). (7) will be used later. (The relations (5), (6)
and (7) even hold locally uniform for Ae(g(0), o0).)

In all examples of quantum mechanical problems with specific
“potentials” g the structure of the spectrum of H has turned out to
be sufficiently simple. More precisely the energy operator H of a
hydrogen-like one-particle-system should satisfy the following three
requirements:

(i) The essential spectrum o,(H) should coincide with the closure
of (g (o0), ).

(ii) Eigenvalues larger than g(oo) should not exist.

(iii) It should be possible to avoid the use of the Stieltjes integral
in the expansion formula for the interval (g(x), oc). Or equivalently:
the spectral function should be absolutely continuous in the same
interval.

Remark 2. The requirements (i) and (ii) can easily be motivated by
spectroscopic experience (cf. [17; Sec.30]). Requirement (iii) is less
restrictive than it seems to be at first sight. As a matter of fact the
invalidity of (iii) has never been seriously taken into account (cf. e.g.
the special character of the linear aggregates used for the computation
of the spectral family or of the formulas used for the normalization
of the socalled eigendifferentials in [3; p.584], [11; p. 153, 215], [17:
p.164], [19; p.68]). Moreover (iii) holds in all physically relevant
applications (this has been stressed recently by several authors, cf. [7;
p.211], [16; p.518], [18; p. 77], [23; p. 269]). In this connection it is
also interesting to note that Titchmarsh [21; p.123, Th.5.10] and
Neumark [20; p. 331, Satz 9] actually prove (iii) (this can be seen from
[21; p. 125, line 1] and [20; p. 331, (84)]) while only asserting (ii).
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Now the problem arises to find sufficiently mild conditions on ¢
which imply (i), (i1) and (iii).

Let o,(H) denote the subset of all isolated elements of the spectrum
o(H) of H and ¢, (H) the set of all real / such that (1) has no nontrivial
solution in I?(0, «¢). Then o,(H):=06(H)~0,(H) is called the essential
spectrum of H. (In our case this purely set-theoretic definition of the
essential spectrum is equivalent to the usual one since eigenvalues of
infinite multiplicity do not exist.)

Ad (i). Because of the nonoscillatory character of (1) for 2¢[q(>), =)
we have

a.(H)c[q(x), ), (8)
[5; p. 1464, Lemma 39]. On the other hand
oo(H)=o,(H), ©)

[23;p.279,Satz 3.1(b)]. For g(oc)> — oc weeven have g, (H)= [q(‘x ), o)
[5;p. 1448, Th..16]. In the case g(oc )= — ¢ the relation g, (H)=(—oc, )
holds if ¢'=0(}/|q|) and

q'(t)<0, signgq”(t)=const (10)

are assumed [7; p.116, Th.28]. This result has been considerably
sharpened by Hinton [14] who has recently shown that the monoton
condition (10) can be dropped. Note that Hinton’s condition ¢'=o0(}/|ql)
is not implied by and does not imply our conditions (3), (4). This can
sin 12

be seen from the examples = —1?, g= —H—fTA'

Let H, and H, denote the spectrally singular and discontinuous
part of H respectively (cf. [16; p. 514-518], and define?

o.(H):=(0,(H)~0(H,))’, 0,(H):=(0,(H)~0(H))’
(cf. [23; p.271]). Under assumption (i) requirement (ii) is equivalent to

a.(H)=(q(oc), o0) (11)
and (iii) is equivalent to

0ac(H)=(q(0), ). (12)
By abuse of language we call the spectrum of H “continuous”™ resp.
“absolutely continuous™ in (g(c0), o) if (11) or (12) hold.

Ad (ii). Let to(4) be a continuous function defined in (g(o0), o)
such that g(f)<4 for ty(2)<t and assume (5). Then it is known (cf. [2;
p.31, §1.22], [4; p.122, Th.14(i)], [10; p.371, Ex.8.3(a)]) that for
every Ae(g(o0), o0) the relation

ut)=p(A—q)=* {sin ( j; (A—q) dr+(p) +0(1)} (13)
to(4)

M? is the interior of M.
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defines a one-to-one correspondence between the set of all nontrivial
real solutions of (1) and the set of all pairs {p, p}e(0, c0)x [0,27).
Together with (3) (in the case g(c0)= — o) this obviously implies that
at least one solution of (1) is not in I?(0, o0). In order to prove (11)
(for every o occuring in (2)), however, it is necessary to show that for
every Ae(g(o0), o0) no nontrivial solution of (1) is in I2(0, o). For
q(0)> —oo this is an immediate consequence of (13) too. But for
q(c0)= — o it cannot be excluded prima vista that for a suitable choice
of p€[0, 2n) the solution (13) is an element of IZ(0, o). If g is monotone,
the nonexistence of a nontrivial square integrable solution of (1) follows
from (3) and (13) by means of a criterion due to Hardy?> [8] (cf. also
[6; p. 594, Nr.6]). This result is essentially contained in [5; p. 1412,
Corollary 21(b)]. But the proof is not complete because only (4) is
assumed (l.c, p.1410, Th.20, assumption (b)) although (5) is needed
in the proof (p. 1414, line 2 and 3).

We shall derive the same result for ¢ not necessarily monotone
(our Theorem 2) by using a new inequality (Theorem 1) which may be
of independent interest. This inequality can be considered as an inversion
of inequalities like

d b
(c,d)c(a,b)=[|fldt< [|f]dt.

Its proof is based on an inversion of Schwarz’s inequality we have
derived in [22; Satz 2].

Ad (iii). In the mainly interesting case g(co)= —oo Titchmarsh
[21; p. 123, Th. 5.10] has proved (12) under the assumptions (3), (10) and

q'=0(q|") for some ae(0,3). (14)

In his proof he makes use of complex values of 4 and gets (12) by
letting Im(4) - 0. A strictly “real” proof of (12) under the same assump-
tions has been given by Neumark [20; p. 331, Satz 9]. Titchmarsh needs
the monotony assumption (10) only once, namely to infer from (14)
that the convergence of (5) is locally uniform in A [21; p. 121]. Neumark
needs (10) a first time [20; p. 287] to obtain (6) from (14). In both cases
the conditions (10) and (14) can be replaced by (4) on account of Remark 1.
But Neumark uses the monotony of g at a crucial point a second time
[20; p. 330, line 1].

This second use cannot be eliminated as easily as in the former
two cases.

It is the purpose of this paper to show (Theorem 3) that the above-
mentioned inequality allows to give a “real” proof of (12) in which
the monotony-assumption for g can be dropped.

3 This was pointed out to the author by H. Kalf, Aachen.
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2. Asymptotic Behaviour and Explicit Bounds for the Solutions of (1)

As we have seen it is sufficient for (11) that the property of (1) of
not having a nontrivial solution in I*(0,c0) holds pointwise in the
J-interval (q(c0), o). In contrast to this the relation (12) requires certain
properties to hold uniformly with respect to 4. More precisely we have
(12)iffor every finite interval [4,, 4,] < (q(o0), o0)and for every ue 12(0, o0)
the function (E, u, u) is absolutely continuous in [4,, o

(For this it is sufficient to show that a constant K exists such that
UE;—E)uuy <K(A"—7) (15)

forall X', A" €[4, 4,1, A <A")
Information concerning uniformity with respect to A cannot be
deduced from (13) until the A-dependence of o(1) is made explicit. For

the convenience of the reader this more explicit information will be
given in the following.

Estimates Near Infinity. Let matrices B, Y and a function F be
defined by

Bﬂ:( (A—q)** 0 ) Y:( cos s sins)
+id—9) (g (A—q7) —sins coss/’
- (16)
F(t, )= [10(z, l)ldt-exp{ f 1o, i)ldt}.
t to(4)
Let u be a solution of (1); then (::) is a solution of
0 1
= ) 17
v (q—l O)D (17

In the interval [t,(4), c0) we introduce new independent and dependent
variables by . ~1
s= [ (A—q)*dt, x=YBv

t0(2)
(Liouville transformation and variation of constants). Derivations with
respect to the variable s are indicated by a dot. Let t(s) be the inverse

function of s(t). A simple calculation shows that

sin s cos s sin’ s
X = —g)? 18
x=0(t, ) (1—q) ( —cos’s —sinscos s) (18)

* E, denotes the spectral family of H;

(uyvyi= [udbdt.
[
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Because of (4) there exists a fundamental matrix X of (18) such that

|xik(s)'—6ik|§F(t(s)’ /1) for SE[O’ (X)), l,k=1,2

-1
(cf. [10; p.275, (1.14)]). The matrix BYX is a fundamental matrix of
(17) in [to(4), o). Hence it follows from (16) that for every nontrivial real
solution of (1) there exists exactly one pair {p, ¢}€(0, o) x [0, 27) and
functions f;(t, 1), i=1, 2, 3 such that

uupqnz—qr%{gn( j(z—qﬁdr+¢)+fugm}, (19)

to(4)
W ()=p(l—q)? {COS ( (&) (A—q)* dr+<p) + 26, )+ f3(1, /1)}, (20)

|fi(t, DIS4F(t, 4), i=1,2, (21)

mmm#ﬁﬁ%ﬂ

(L+2F(t, 4) (22)
for te[t4(4), ).

Estimates Near the Origin. (19), (20), (21) and (22) give estimates
for u(t) near infinity. In the following an estimate for u(¢) near the origin
is also needed. Let ¢, be any positive number.

For te[0, t,] the inequality
lu(@O= {lu )]+ 1w’ @)]} - eXP{f(HM ql)dt} (23)
can easily be derived (cf. [10; p. 54, Lemma 4.1]).

3. An Inequality for Positive Functions

Theorem 1. Let g be a continuously differentiable positive function de-
fined in some interval [t,,o0). Let a,b,c,x,y,z,w be numbers with
O0<ash, ty=<x=y=<z<w such that

fﬂ- (24)
= 5)
gOISc  for telto, o). (26)

We define , ,
h(a, b, c):= (% [(%—+c) exp {c(b—a)} —al—z]) (%+c) a. (27)
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Then we have

[gdt<h(a,b,c)|gdt. (28)

Remark 3. An inequality of type (28) does not seem to have been
formulated as yet. But a qualitative analysis of Theorem 1 shows that
comparable results exist. Qualitatively Theorem 1 states that on intervals
the length of which is roughly speaking proportional to g the variation
of g is small in a certain sense. In other words the ratio

g(t+const. g(1))

does not differ too much from 1. Results of this kind can be found in
Hartman [9] and Hinton [13; p.127, (6)] (cf. also [10; p. 349, Ex. 5.6(b)],
[12:p.473], [15; p.129]).

Proof of Theorem 1. From the mean value theorem and (24) we
obtain the existence of a number &e(y, z) such that

o1
go)=--(z=y).
(26) then implies

1

—(E=ptelE=n, re(ny)
gl)=

.;I.(z_y)+c(t—y), te(z, w).

Because of (24) and (25) we have

¥ » dt
A ~<b-a,
A cz—t) 7 ;—}——»—i—c(r -y)
a a
which gives after simple calculations
)— X 1 2 1
wox 4 [(—~+c) exp {c(b—a)} —--2~] . (29)
z—y ¢ a a

In [22; Satz 2] we have proved an inversion of Schwarz’s inequality a
special case of which is

w w -1
f gdrg{(f ig) + sup |g’<z)|}(w—x)2

XStsw

é{—l—+c} (w—x)%.
a
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On the other hand Schwarz’s inequality yields

: Sq\t 1,
Z|l)|—) E=y)yr=—(©=—-y". 31
ysgdtz(yf g) 2=y =—(z—y) 31)

a

(28) now follows from (27), (29), (30) and (31).

4. Continuity of the Spectrum
Theorem 2. Under the assumptions (3) and (4) the spectrum of H is
continuous in (q(0), o).

Proof. We have to show that for every Ae(q(oo), oc) and every
¢@€[0,2m) the solution u of (1) represented by (19) is not in L2(0, co).
Suppose Ae(g(oc), 00) and @e[0,27). Without loss of generality we
may assume that the p appearing in (19) is normalized by

p=1. (32)

From (19) we obtain
t

w(OP 23 (i—q) sinZ( [ (- dr+<p) = ALAR (33)

to(4)
for te[ty(4), 00). Now we use Theorem 1 with
a=—, bzn’ C=1’ g:(,{——q)_%,
.. n
writing M,:=h (Z,n, 1) .

In view of (7) and (21) it is possible to define in (¢ (o), 00) a continuous
function t,(-) with t,(4) < t,(2) for Ae(g(c0), 0) such that

(oar)

LAt A=

<1, (34)
1 —

for te[,(2), o0). Let we[t,(4), o) be sufficiently large. It is then possible
to define a partition

(35)

W)= xSy Sz X8 EX, =0

of the interval [t,(4), w] such that

Xk +1 Zk b4
k]

J A-gtdisn,  [G-gtdi=7

t

sinz( [} (/l—q)%dt+<p) =1 for te(y, z)

to(4)
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(k=1,...,n—1). From this, Theorem 1, and (34) we infer
1 ¢ dt 1 onglxen dy

4M, zl(jzl) (/1_‘1){— 4M17k=1 Xk (i—q){
1n 1 zk dt
=3
k=1 v (l Q)
n—1 zx t
ST ( j(z—q)%drw)dz.
k=1 yx to(A)

Replacing the integration intervals (y,,z) by (X;,X,,;) on the right
hand of the last inequality we finally obtain?®

l w dt 1 (0] t

1 ;
------------ - — sin ( (A—q)* dr+(p) dt. (36)
4M1 rl(jl) (2—q)* 2 ;.(j;) (A—q) n.(Im

Integrating (33) over [t,(4), w] and using (35) and (36) we get

© o dt
u (t)yde= - -
n([l) &M, n(jx) (A—q)

(37)
Letting w — oo the assertion of Theorem 2 follows because of (3)°.

5. Absolute Continuity of the Spectrum

Theorem 3. Under the conditions of Theorem?2 the spectrum of H is
absolutely continuous in (q(c0), o0).

Proof. 1t is sufficient to show (15) for every ue I*(0, c0) with compact
support in [0, o) (cf. [23; p.295, Lemma 5.5]).

Let [4,,4,] be an interval in (¢(c0), c0) and u a function with com-
pact support. Let M, be a number such that
u(t)=0 for te[M,, ). (38)

We consider a sequence of selfadjoint operators H, with D(H,)=
{vel?(0, 0)|v, v’ absolutely continuous in [0,m]; —v"'+qvel?(0,m);
v(0) cos a— v’ (0) sin e =v(m)=0} and

—v'(t)+q)v(t), O0=t=m

0, m<t

(H,, l’)(t)={

5 If g is monotone (36) is a direct consequence of the above-mentioned criterion of Hardy.
$ Another (indirect) proof of Theorem 2 can be based on a result of Hille: Let u be a
solution of (1) in I2(0, o). Then by a theorem of Levinson (cf. [12; p.503, (10.1.27)])
(A—g)~*w e*(0, o0) too. This is not compatible with (3) because of [12; p.472, (9.5.6)].
It would be interesting to know if by this method a proof of Theorem 3 can also be given.
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for ve D(H,), m=1,2,3,.... Let ET be the spectral family of H,. Then
for every ve L?(0, oc ) and for every Ae(g(c0), o0)

lim (EG v, v)=<E,v,v)

(cf. [23; p.273, Satz 1.2]). Because of the regularity of the corresponding
boundary value problems the spectra o(H,,) are purely discrete. Let 4,
be the n-th eigenvalue of H,, and v,,, the corresponding eigenfunction.
Evidently we have v,,,(t)=0 for t =Zm. Without loss of generality we may
assume v,,, to be normalized as indicated in (32). We define
f:= ler[I}?.)SIz]tl *).

Applying Theorem 1 as in (36) and (37) we obtain for 4,,€[4,,4,] and
for sufficiently large m>t,

m m l m d
[omal?= 02, dt= | v2,dt= !
0

. 39
t1(Amn) - 8M1 II u’mn—q)2 ( )

2

From (19), (20), (21), (22), (23) and (32) follows the existence of a constant
Mj such that

Amn€ A1, 2] = [0, (DS M5 for te[0, ). (40)
Now assume A, A" €[4, 4,], A’ <A". On account of the spectral theorem
we have
2
vmn
(Ep-Epuay= ¥ u ) (@1)
A <Amn<A “Umn“
We define
1 M, 2
Ki=— M, M2 (j Iuldt). 42)
n 0
From (38), (39), (40), (41) and (42) we deduce
R N
Ep-Epuwsk ([5) Y 1 @)
o (A'—q)? A < Amn <A

Let N(t',t",2) denote the maximum number of zeros of a real non-
trivial solution of (1) in [¢, t"]. Then it is known that

rr ,
Nitz,m )=— [ (A—q)* dt
t2

§1+—71t—j"|Q(t,/1)|dt (44)
(cf. [10; p. 348, Ex. 5.5(b)]),

N(O, 6, DS T+-2- sup [A-q(0)? @s)
0

Stst
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dt?

(Sturm’s comparison theorem) and

Y 1SN, m A= N(O,m, 2)+1
V< S A (46)
<N(O, ty, )= N(O, t5, ')+ N(ty, m, A")— N(t,, m, A')+2

(cf. [21; p. 143]). (44), (45) and (46) imply the existence of a constant M,
with

1 r R 1r \
Y AEMy+— [ (2 =)t di——[ (X —q)* dt
nt ntz

A< AmnSA 2
AT=Am dt
=M.+ TRt
¢ n l.f (A" —q)*

Inserting this into (43) taking (3) into consideration and letting m —»oc
we finally get

UE—Ez)u,uysK-(4"=14),
g.e.d.
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Surfaces of Constant Mean Curvature
Which Have a Simple Projection

Robert Gulliver and Joel Spruck

1. Introduction

According to a result of Radoé [7, p. 35], if a minimal surface in E*
of the type of the disk spans a curve I', which projects simply onto
the boundary of a convex plane domain D, then the surface itself may
be represented as the graph of a function over D. It is the purpose of
the present work to give a generalization of the above statement for
surfaces of constant mean curvature H; we shall accomplish this under
the assumption that D is of class C2, that I is the graph of a C* function
on @D, that the curvature of D is 22 H, and that the surface is con-
tained in a slab of thickness 1/H (Corollary 4.2). As in Rado’s result,
the surface in question is not required to be immersed.

A similar result has been proven by Serrin [8; cf. proof of Theorem 2]
under the additional hypothesis that the surface is embedded, but
requiring I" to be only continuous. The proof rested on Serrin’s results
in [9] on the Dirichlet problem for the constant mean curvature equation.
The present work does not use those results, but leads to an independent
proof for them, under additional smoothness hypotheses, using the
authors’ solution of the Plateau problem for surfaces of prescribed
mean curvature in a cylindrical region (Corollary 4.7).

Section 2 is devoted to a preliminary result of independent interest:
if x: B—> Q gives a surface of constant mean curvature H in conformal
parameters, where Q is a domain in E® whose boundary is C* and has
inward mean curvature =|H|, then x is transversal to JQ. Section 3
gives our main result, and some applications are worked out in Section 4.

2. Transversality to the Boundary

In this section, we shall consider a generalized surface of constant
mean curvature H, that is, a mapping x: B—E?, xeC°(B)n C%(B),
which satisfies in B the systems

Xput Xpo=2H x,AX,, (2.1)

2 2 —
xX;—x5=x,-x,=0, (22)
8 Math. Z., Bd. 129
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where H is a nonnegative constant. Here, B= B, (0), where B, (p) denotes
the open disk in R? of radius r and center p. We write C*** for the
class of functions whose k-th partial derivatives satisfy a Holder condi-
tion with exponent a.

2.1. Lemma. Suppose x maps 0B into a Jordan curve I of class C2.

Then, xe C'**(B) for each a<1. Moreover, if, for some w,€B,
X, (Wo) A X, (Wg)=0,
then x satisfies an asymptotic representation,
x,(W)y=aw—wo)" ! +o(lw—wy|™ ), (2.3)

for some m22 and ae C*~ {0} with Y (a*)*=0.

Proof. This was proved in [4].

Observe that if x,(wy) A x,(w,) %0, an asymptotic representation of

the form (2.3) holds with m=1; the condition ) (a*)*=0 is just (2.2).
Thus, for any point w,, we may make the

b .
2.2. Definition. Nx(w0)=ﬁ, where b,ceR® and x satisfies a
C

representation of the form (2.3) with a=b+ic%+0.

It may be readily seen from (2.3) that N, is a continuous mapping
of B into the unit sphere.

2.3. Lemma. Suppose {: B— C is of class C' near w,e B and satisfies
{w)=(w—wy)"+0(w),

where a(wo)=0 and D a(w)=o(lw—w,|""") as w—w,. Then there is
a neighborhood U of w, in B and a C'-diffeomorphism F of U onto its
image with F(w,)=0 and

Lw)=[Fw)]™ for weU.
If, moreover, { is of class C? and Dzo(w):o(lw—wd'""z), then D*F =
o(lw—wg|™h).
Proof. This may be seen from the proof of Lemma 2.2 in [1].

24.Lemma. For some ceR? c#+0, let K be the disk {xeR?:
|x—c| <|c|}, and suppose given two functions @, : KL {0} - 1R of class
C*(K)n CH(K U {0}), with ¢(0)=5(0), =& in K, £ & in K. Suppose
Llel=(1+1D @) 40~ ¢,i ¢y 9is—2H(1+]|D ¢|?)1 0, (24)

ij

while
L[¢]=0. (2.5)

Then, ¢ - grad ¢(0)>c - grad @ (0).
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Proof. The difference @ — satisfies a linear, homogeneous, uni-
formly elliptic partial differential inequality (cf. [6, p.150]). The con-
clusion then follows from the boundary-point lemma of E. Hopf (cf. [6,
p.67]). Q.E.D.

2.5. Theorem. Let Q be a region in E* such that 0Q is of class C*
and has mean curvature =H at each point with respect to the inward
normal. Let T=Q be a Jordan curve of class C?*. Suppose x(B)cQ,
x(@B)<I and x(B)dtdQ. Then, for wy,eB with x(w,)€dQ, N, (w,) is
independent of the normal to 0Q at x(w,).

Proof. By Lemma 2.1, for some m=1,
x,(W)=(b+ic)(w—wo)" ' +o(lw—wo|™ "), (2.6)

where b, ceR3, b+ic=+0, b>*—c?=b-c=0. Thus there exists an ortho-
normal system of coordinates (x!, x2, x%) at x(w,) in terms of which
b=(4,0,0), c=(0, —4,0) and N, (w,)=(0,0, —1). Integrating (2.6), we
have

b+ic

x(w)=Re {2 (w—wo)"'}+o(|w—w0|"').

m ’
Introducing a new variable, w' = (ﬁ) (w—wy), this gives
m

xXL+ix2=wm+o(w|™M={(W), 2.7
x*=o(lw'|™)=y(w).

Denote B'={w': we B}. Applying Lemma 2.3, there is a neighborhood
U of 0 in B and a C'-diffeomorphism F of U onto its image with
F(0)=0 and such that
x!'+ix?4+[Fw)]™ forwel.

Let >0 be such that B,(0)nF(0U N B')=

First, suppose woeB Then we may assume Uc B'. Let K be any
open disk in the (x', x?)-plane with 0e 0K, small enough that K c BB,.,(O)
There is a well-defined mapping p: K —B (0) such that x!+ix?=
[p(x!, x?)]". Define ¢: K—IR by ¢=ycF 'op. Then x*>=¢(x', xz)
(x', xz)eK is a nonparametric description of a portion of our original
surface, a surface of constant mean curvature —H with respect to the
increasing x3-direction. Thus ¢ satisfies L[ —¢]=0, where L is defined
in (2.4).

If w,€ 0B, we must go into more detail. Denote by n: R*—R? the
projection onto the (x!, x?)-plane. Since F(dB') is a C' curve, and since
m21, the directions at 0 which point into the set [F(U)]™ include a

sector of angle m. Therefore, since I is a C? curve, we may choose an
8*
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open disk K< B,..(0)~n(I') to contain at least one point P'e[F(U)]™.
We assume ¢ is small enough that n(I') separates B,.(0) into two
components. It is readily seen that there is a well-defined map p from
the component of B,.(0)~=n(I') containing P’ to F(U) such that
x'+ix?=[p(x', x?)]™. In particular, this gives us the map p: K — F(U)
which we need to define ¢ as in the preceding paragraph.

In either case, since lim N (w)=N,(wy)=(0,0, —1), we have
D ¢(x', x*)—0 as (x!, x2) - 0.

Now let N be the interior normal to dQ at x(w,), and suppose,
for contradiction, N=0 N (w,), where o=+ 1. Then dQ may be rep-
resented nonparametrically in some neighborhood of 0 in the (x', x?)-
plane by x*=a(x', x?), and D@ (x!, x?)-0 as (x', x?) - 0. The hypo-
thesis on Q implies L[ —o®]=0, while the hypothesis x(B)< Q implies
—0o(@—9)=0. Meanwhile, x*= —0o ¢(x', x?) represents a surface with
mean curvature c HSH so that L[—o0¢]<0. With these facts, and
recalling that ¢ (0)=0=¢(0) and D ¢(0)=0=D ¢(0), Lemma 2.4 implies
that =@ on K, i.e., x(w)edQ whenever [F(w')]"e K.

Now, by hypothesis, there is w, € B with x(w,)¢ Q. Choose a curve y
in Bu {w,} from w, to w,, such that for some £¢>0, [F(w)]"e K when-
ever w=y(t) for 0=t <e. Let w, be the last point on y with x(w,)edQ.
Then w,eB and N, (w,) is normal to 0Q. We may therefore carry out
the above discussion with w, in place of w,; since w,eB, K may be
taken as any circle in the tangent plane at x(w,) with 0edK and with
sufficiently small radius. This shows x(w)edf2 for all w in a neighbor-
hood of w,, contradicting the choice of w,. Q.E.D.

2.6. Corollary. Let Q, x be as in Theorem 2.5. Then x(B)< Q.

Proof. Suppose wyeB and x(wy)edQ. Let N be a normal to 0Q
at x(w,). By Theorem 2.5, N (w,) is independent of N. Now, given a
vector T perpendicular to N, (w,), there is a ray w=y(t) starting from
w, such that xoy may be re-parameterized as a regular C' curve with
tangent vector T at x(w,); this may be seen from Eq. (2.7) and Lemma 2.1.
In particular, T could be a direction pointing out of Q, contradicting
the hypothesis x(B)=cQ. Q.E.D.

2.7. Corollary. Let Q,x be as in Theorem2.5. Then x,Ax,(wy)+0
for wyedB.

Proof. If x, A x,(w,)=0, then we have m>2 in the representations
(2.3) and (2.7). As in the proof of Corollary 2.6, consider rays w=1y(t)
emanating from w, and going initially into B. Their directions comprise
a sector of angle n. Their images may be re-parametrized to form C'
curves, whose initial directions will form a sector of angle mn>n in
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the plane perpendicular to N, (w,). Since N, (w,) is independent of N,
some of these images must leave Q initially, contradicting the hypo-
thesis x(B)c Q. Q.E.D.

2.8. Remarks.

(1) The conclusions of Theorem 2.5 and Corollary 2.7 together are
equivalent to the transversality of x to 0.

(2) All results of this section remain valid with the constant H
replaced by a continuous function H(x). The hypothesis on 0Q in
Theorem 2.5 and its two corollaries would then be that the mean
curvature of @Q at xeQ (with respect to the inward normal) should
be =|H(x)|.

3. Transversality to All Vertical Lines

For the purposes of this section, suppose given x: B— E?,
xe C°(B)n C%(B) satisfying Eqs. (2.1)-(2.2). Let D be a domain of R?
with oD of class C? and having curvature =2H at each point. Thus,
without loss of generality, we may assume Dc B , ,(0). Let Y: 0D >R
be a C? function and 'cE*=R? xR its graph. We assume x maps
0B monotonically onto I" and that x(B)c D x R.

3.1. Definitions. A vector in E* will be called horizontal if it is
parallel to IR?x {0}. Given a horizontal vector N, and given &>0,
we define a transformation T: E* — E? as follows: introduce orthogonal
coordinates (x', x?) in the plane IR? so that N, is parallel to the x'-axis.
Write x* for the remaining coordinate in E®. Define T: E* —E? by
T(x', x2, x¥) =(x' — @y (x% x?), x%, x7), where

o (x%, XY= —[(2H) 2 —(x*)]*

1 : . 1
for |x2|< iﬁIT—:; and ¢, is extended linearly for |x2|g~(—2——g)~—n o)
that @,e C'(R?). Let n: E®—~R? denote the projection on the first
two coordinates.

3.2. Corollary. N, (w,) is not horizontal for w,€0B.

Proof. Follows from Theorem 2.5 with Q=D x R. Q.E.D.
For w, € B, a regular point of x, denote by K(w,) the Gauss curvature
of the surface T x(B) at T x(w).

3.3. Lemma. Let N, be a horizontal vector, (x', x*, x*) the correspond-

ing coordinates and T: E*— E* the corresponding transformation. Sup-
1 .

pose wyeB with Ny (wy)=N, and |x2(w0)|<m—£. Then, for any

sufficiently small neighborhood V of wq, Ny (V) is a neighborhood of
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N, on §? and Ny (w)* N, for weV~{w,}. If, moreover, w, is a regular
point of x, then K(w) <0 for we V ~ {w,}.

Proof. Applying Lemma 2.1 as in the proof of Theorem 2.5, there
is m=1 and a similarity transformation w - w such that

x?+ix3=w"+o(0™),
x!'=o0(w™).

As is well known, a mapping satisfying (2.1) must be real-analytic;
therefore, we actually have

x2+ix}=0w"+0(w),
xt=y(w),

where D*6(w) and D* y(w) are O(w™*'~¥) for all k=0. We may now
apply Lemma 2.3 to find a C' diffeomorphism F of a neighborhood
of 0 with a neighborhood W of 0, with F(0)=0 and D?F(w)=o0(w"})
such that

x2+ix3=[F(w)]". (3.1)

Write {=¢'+i¢?*=F(w). Denote x!=y(({); that is, y=yoF'. Then
YyeC*(W) and for k=0,1,2, we have D*y({)=0(™*'"). Further
because it describes a surface of constant mean curvature H in com-
bination with (3.1), y satisfies the elliptic partial differential equation,

2 Wa(l+A2 DY) H]a=2HA%, (32)

where A=m|{|™" 1. Deﬁne 11/0({) ©o({™ where the pair (x2,x%) is
identified with x?+i x*. Then y,, is also a solution to (3.2), and D* Yol0)=
O(CIP™*)=0(||™*'~*) for all k=0. Applying techniques analogous
to those used for Lemma 2.4, ¥ =y — i, satisfies a lmear homogeneous
elliptic partial differential equation

aij 'I’ggéj+ai q’{;‘:O, (3.3)

where aVe C'(W) and a'e C°(W). For details, see [1, Section 3]. We
may now apply a result of Hartman and Wintner [3, Theorems 1*
and 2*] to show that ¥,({)=c {"+0({") for some n>m and ce C {0}.

In some neighborhood of any {,e W~ {0} the surface x(B) may be
represented nonparametrically by x'=¢(x?, x?); then ®=¢— ¢, gives
the nonparametric representation x'=®(x?, x% for Tx(B). Note
¥({)=®({™). The unit normal may be described by

Ny =(1+DOP)4(1, .2, —D,3). (3.4)
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Now, with z=x%+ix3={", we have

— dC — ¢ n--m+1 n—-m+1

=¥ = [T o (),
From this it may be readily seen, e.g., by way of Lemma 2.3 and well-
known properties of conformal mappings, that for { in any sufficiently
small punctured neighborhood U’ of 0, the image of D@ is again a
punctured neighborhood of 0. Hence, from (3.4), the image of U’ under
Ny, is a punctured neighborhood of N, on the unit sphere, as was to
be shown.

Now suppose w, is a regular point, i.e.,, m=1. Then z={, the func-
tions @ and ¥ coincide and are real-analytic and the coefficients in
Egs.(3.2) and (3.3) are real-analytic. It now follows from a result of
Lewy [5, pp. 259-260] that

Goa .y — (Do) =K(1+ D)2 <0

holds in a punctured neighborhood of 0. Q.E.D.

Remark. It is reasonable to suppose that the assumption of regularity
is not necessary for the second part of the conclusion.

Recall that at a point w,eB with K(w,)=%0, the sign of K(w) is
the degree of the mapping N,,: B—S? at w,, where the unit sphere
S? is given the outward orientation. In general, fora C' map F: M —» M/,
where M and M’ are oriented surfaces with boundary, we write deg F(p)
for the sign of the Jacobian of F at pe M. For p’e M’ which is a regular
value of F, we write

deg (F;p)= ) degF(p).
peF~1(p")
It is well known that if p’ is a regular value of two C!'maps, F,G:M—>M'
which are homotopic via a homotopy which leaves the mapping fixed
on dM, then deg(F; p’)=deg(G; p). It follows that as a function of p’,
deg(F;p') is constant on components of M'~ F(0M). Thus deg(F;p’)
may be defined by continuity for all p’e M’ F(OM).

3.4. Lemma. There exists a mapping f: B—E?3 feC?*(B), which
agrees with x on a neighborhood of 0B, such that nof: B— D diffeo-
morphically.

Proof. Applying Corollaries 2.7 and 3.2 with the continuity of N,
we see that the set of points we B which are critical points for x or
which have N,(w) horizontal lie in a compact subdomain of B. Thus
(via Corollary 2.6), their images under nox lie in a compact subdomain
D' of D. Choose ¢>0 but less than the distance from D’ to 0D, and also
less than the smallest radius of curvature of dD. Let D” be the set of
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points in D and within ¢ of éD. Then B”=(nox)"'(D") is connected:
any interior component would contain a point w for which the distance
from x(w) to éD xR would be a local minimum, hence N, (w) would
be horizontal. Observe further that each point of B” is a regular point
of mox. Thus degmox(w) is constant for weB”. Meanwhile, since
nox(dB)=¢D, deg(nox;p) is constant for peD. By Corollary 2.7,
deg(mox;p)=+1 for p near @D, hence for all peD. It follows that each
point of D" has exactly one pre-image under nox, i.e., x(B”) lies non-
parametrically over D".

Now, denote by I'" the intersection of x(B) with the parallel surface
at distance ¢/2 from @D xIR. Thus I'"" is a smooth curve which may be
represented nonparametrically over a curve in R2. Clearly, I may be
spanned by a smooth nonparametric surface. This surface may be
patched to that part of x(B”) which describes a nonparametric surface
bounded by I" and I'"", and then smoothed to give a mapping f: B— E?*
with the desired properties. Q.E.D.

3.5. Lemma. For any horizontal vector N, deg(Ny.; N)=0.

Proof. Let f be as in the conclusion of Lemma 3.4. Observe N, is

a .
‘pS (x2,x%)=0, it follows that Ny, is

nowhere horizontal; since

nowhere horizontal. Now for t€[0, 1] define y,(w)=1x(w)+(1 —1)f(w),
and let F; =Ny, . We have just shown that F; = N;., does not assume any
horizontal values; therefore deg(F,; N)=0. But, for wedB, F(w)y=F,(w)
for all t€[0, 1], i.e., the homotopy leaves the boundary mapping fixed:;
therefore deg (N, N)=deg(F,; N)=deg(F,; N)=0. Q.E.D.

3.6. Lemma. N, is nowhere horizontal.

Proof. Suppose N, (w,) is horizontal. Consider the continuous func-

_ 1
tion N,: B—R? defined by N (w)y=n [x(w)+(~2H~) Nx(w)], where
n: R* > R? is the projection on the first two coordinates. For any
we B with N (w) horizontal, we may take N, =N, (w) and define the cor-

. . . . 1 .
responding transformation T; then assuming Ixz(w)|<15m—z;, this

choice gives Ny (w)=N,. Applying Lemma 3.3, w,, has a neighborhood
V such that N (w)=% N, (w,) for we V'~ {w,}. Now, by Lemma 2.1 and
Corollary 2.7, there are only finitely many critical points of x. Therefore
we may choose w, € V'~ {w,} such that N,(w,) is horizontal and N, (w,)+
N, (w,) for any critical point w, of x.

Having chosen w, fix Ny=N,(w,) and let T be the deformation of E?
associated with this N, and with ¢ >0 as defined in the proof of Lemma 3.4.
Thus whenever N, (w) is horizontal, there holds [x2(w)|<(2H) '—s.
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Further, whenever Ny (w)=N,, we have N;(w)=N,=N,(w,), so that w
must be a regular point of x. Thus, by Lemma 3.3, there are only finitely
many points w with Ny (w)=N,, and each has a neighborhood V' so
that deg(Ny |, ; Ny)<0. Since there is at least one such point, namely,
w,. it follows that deg(Ny: N,) <0, contradicting Lemma 3.5. Q.E.D.

3.7. Theorem. Let n: R® — R? denote the projection onto the first
two coordinates. Under the hypotheses set out in the first paragraph of
this section, mox: B - D is a diffeomorphism.

Proof. Since x maps @B homeomorphically onto I =graph(),
mox maps B homeomorphically onto ¢D. It follows that for yeD,
deg(mox:y)=+1. By Lemma 3.6, N, is never horizontal, so that mox
is a local diffefomorphism except on the finite set of critical points. In
particular, the local degree (i.e., orientation) of 7 x is constant. It follows
that each regular value in D has exactly one pre-image. Using the asymp-
totic representation (2.3) with the fact that N, is nowhere horizontal. it
is readily seen that this excludes critical points. Thus mox is a homeo-
morphism which is also a local diffeomorphism, hence a diffeomorphism:
B->D. QED.

3.8. Corollary. x is an embedding.

3.9. Corollary. Suppose mox|.z: B —» D is orientation-preserving
(orlemauon -reversing ). Then x(B) is the graph of a function y: D — IR,

e CY(D)n C*(D), satisfving L[Y]=0 (L[—y]1=0) and Y=y on ¢D.
Here L is the operator defined in (2.4).

Proof. That x (B) is the graph of a function ¥ is clear from Theorem 3.7,
and the smoothness of y follows using Lemma 2.1. Now x satisfies
Egs. (2.1)~(2.2), and so describes a surface of constant mean curvature
H with respect to the normal N,, whose component in the x*-direction
has constant sign; this sign is the same as the sign of the x*-component
of (mox), A(mox),. Since mox: (B (D preserves (reverses) orientation,
this sign is positive (negative) at the boundary and hence everywhere.
Therefore, (—y) satisfies the constant mean curvature equation,
L[¢]=0. Q.E.D.

4. Further Consequences
In this section, we suppose given a constant H=0; a domain
DcB, ,;,(0)=R? with éD of class C? and the curvature of D=2H; a
C? function ¢: 0D »IR, I' the graph of . Denote the cylmder Z=
5 -1 1
B, ,,(0)x R<E* and the slab S= [ o (2H)] xR?*c
The following preliminary result is of independent interest.
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4.1. Lemma. ( Inclusion principle ) Suppose x: B— S, xe C*(B)n C°(B),
x satisfies Eqs. (2.1)~(2.2) in B, and that x(0B)< D x R. Then x(B)< D x IR.

Proof. We shall first show that we may assume x(B)c Z. Let (v', y2, y%)

1
be coordinates in terms of which S is described by |y |"(“2"171)— Let

={yedZ: +y*=0}. Since x(B) is compact, we may translate 2,
and 2 _ in the direction of increasing and decreasing y?, respectlve]y,
until we reach a point of last contact with x(B), which we denote x(w,).
Denote the translated surface which makes this contact by Z. If w, edB,
then since x(0B)cDx RcZ, we would have = 2, or X _, so that
x(B)c Z as desired. If w,€B, we consider two cases: (1) If x(w,)eds,
then since x(B)< S, N = N (w,) is normal to 88, as in the proof of Corol-
lary 2.6. 2 and 0S are tangent in this case, so that N is normal to X.
(2) If x(w,)eint S, then x(w,) is an interior point of X, so that N is again
normal to 2 since x(B) lies on one side of X. In either case, there is a
closed disk K in the plane orthogonal to N, with x(w,)edK, such that
a piece of X may be represented nonparametrically over K by a function
¢: K— R. Assume the direction of increasing @ is toward the interior
of Z;; then L[¢]=0. As in the proof of Theorem 2.5, if K is chosen
sufficiently small, a piece of x(B) may be described nonparametrically
over K, by a function ¢: K — . Thus ¢ satisfies in K either L[¢]=0
or the same equation with the sign of H changed. In either case, L[¢]<0.
Now ¢= and Do=Do at x(w,); while 2@ in K since x(w,) is a
point of last contact. By Lemma 2.4, this implies ¢ =% in K that is,
x(U)= 2 for some open subset U of B. Denote the central axis of X by
V' =0,y =a;define h: RS~ R by hiy', 12, 1) =(3') 407 ~aF —
Then hox=0 on U. But h and x are real-analytic, so that hox=0 on B.
In particular, hox <0. Thus if we replace Z by the cylinder h<0, we
have x(B)< Z, with no loss of generality.

Now suppose, for some wyeB, x(wy)¢D x RR. There is a continuous
one-parameter family of circular cylinders Z,= 1 2 m(p)x R with
DxRcintZ, for 0=t<1, Z,=Z and x(wo)e(')Zf, in fact, the center
curve t+— p, may be taken to be a straight segment. There must be a first
value s such that 0Z, meets x(B). Let w,eB be such that x(w,)edZ,.
Then w,eB. Observe that N (w,) is normal to 0Z, since otherwise s
would not be the first value for which contact occurs (cf. proof of Corol-
lary 2.6). As in the proof of Theorem 2.5, we may show that there is a
circular disk K in the plane passing through x(w,) and tangent to Z,,
with x(w,)e 0K, such that portions of x(B) and dZ; may be represented
nonparametrically over K by giving the signed distance from K in terms
of functions ¢ and : K — R. Since N,(w,)isnormal to 6Z,,Dp=Dp=0
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at x(w,). Since x(w,) is a point of first contact, ¢ =¢ while ¢=0¢ at

x(w,). But Llo]= 0 and L[¢]<0, where L is defined in (2.4), which
1mp11es ¢ = by Lemma 2.4. As above, it follows that x(B)<= 6Z,, which
contradicts Dx Rcint Z,. Q.E.D.

4.2. Corollary. Suppose x: B—S, xeC*(B)nC°(B), x satisfies
Egs.(2.1)-(2.2) in B, and x maps 0B monotomcally onto I'. Then x(B) is the
graph of a function - D — R, ye C*(D)n C"(D), satisfying L[y]=0 or
L[—-y]=0.

Proof. Immediate from Corollary 3.9 and Lemma 4.1.

4.3. Lemma. Let I' be given either orientation. There exists a mapping
x: B->DxIR of class C*(B)n C'(B) which maps 0B diffeomorphically
and in an orientation-preserving fashion onto I', satisfies Eqs.(2.1)-(2.2)
in B, and minimizes the functional

El]=[{(y2+y2+2Hn(y)- y,Ay,)dudv. 4.1
B

among smooth mappings y: B— Z such that y|,5 is a monotone mapping
onto I'; here m: R — R? is the projection on the first two coordinates.

Proof. The existence of x: B — Z, xe C2(B)n C°(B), which satisfies
(2.1)~(2.2) in B, minimizes E in the class described, and maps ¢B homeo-
morphically onto T, is proven in [2; Theorem 3]. Lemma 4.1 shows
x(B)c D x R. That xe C'(B) is shown in Lemma 2.1, and critical points
on @B are ruled out by Corollary 2.7. It follows that x maps 0B dif-
feomorphically onto I'.

It remains to show that either orientation may be chosen for the
boundary mapping. To accomplish this, we return to the proof of the
existence of a solution to the variational problem briefly described above.
In that proof, the boundary values of a minimizing sequence were required
to satisfy a three-point condition [2; p.174]. The choice of the three
points may be made in such a way that any monotone mapping: 0B — T’
satisfying the three-point condition will be of degree 1 (over the integers).
The limiting mapping x: 8B — I satisfies the three-point condition,
has degree 1, and hence is orientation-preserving. Q.E.D.

To this existence statement we may now add the following uniqueness
result.

4.4. Corollary. Let I' be given either orientation. Suppose given two
mappings x,, x,: B— S, x,e C*(B)n C°(B), satisfying Egs. (2.1)~(2.2) in B,
and mapping 0B monotomcally and in an orientation-preserving fashion
onto T'. Then there exists a diffeomorphism f: B— B such that x,=x,o .

Proof. Let the orientation of I" be inherited from the positive (negative)
orientation of dD. From Corollary 4.2 we know that for i=1,2, x,(B)
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is the graph of y,: D — IR, where L[,]=0 (L[ —y,]=0), and ,=
on ¢D. Now suppose ¢, —/, assumes a maximum M (a minimum m) at
Po€D. So, DY, (po)=DV,(p,). Further, Y, <y,+M (Y, 2y, +m) on a
neighborhood of p,, with equality holding at p,. But L[y, +const.]=
L[Y,]1=0 (L[—y,—const]=L[—y,]1=0); applying Lemma 24, we
have Y, =y, + M (y, =y, +m) on a neighborhood of p,, and by extend-
ing the process, on all of D. This forces M(m) to be zero. Thus ¥, —/,
cannot assume a positive maximum or a negative minimum, so /, =,
and defining f=(nox,) 'omox, gives x,=x,0f as required. Q.E.D.

4.5. Corollary. Let I' be given either orientation. Denote by C(I') the
class of mappings y: B — Z of class C*(B)n C°(B), which map 6B mono-
tonically and with degree 1 onto I'. Then xe C(I") minimizes the functional E
(defined in (4.1)) for the class C(I') if and only if x satisfies Egs.(2.1)-(2.2)
in B.

Proof. That a minimizing mapping must satisfy the Euler equations
(2.1) and the conformality relations (2.2) is well known. Now suppose
x=x, satisfies (2.1)-(2.2). By Lemma4.3, there is x,eC(I") which
minimizes E for the class C(I') and satisfies (2.1)-(2.2). Applying Corol-
lary 4.4, there is a diffeomorphism f: B — B such that x,=x,of. Since
both x, and x, satisfy the conformality relations (2.2), f is conformal
and orientation-preserving. This implies E[x,]=E[x,], so that x,
is also minimizing. Q.E.D.

4.6. Remark. A simple example shows the conditions x(B)< S and
x(B)c Z are necessary for the two preceding corollaries. If I' is a small
plane circle, each of the two parts of a sphere of radius 1/H, separated
by I', in conformal parameterization, defines a smooth mapping x: B - E*
satisfying (2.1)-(2.2) and taking ¢B diffeomorphically onto I'. Let one
of them be rotated about a diameter of I" so that the boundary orienta-
tions agree. Then these two mappings satisfy all hypotheses of Corol-
lary 4.4 except the requirement that x(B)< S. Further, the larger segment
of the sphere is not in stable equilibrium for E: as the radius of the sphere
is increased, E decreases monotonically toward — .

The following result has been proven by Serrin [9] with weaker
hypotheses on the smoothness of dD and i, using entirely different
methods.

4.7. Corollary. There exists a function D — R of class C*(D)~ CY(D),
satisfying W= on 0D and L[}y]=0 (L[ —y]=0) in D, where L is defined
in (2.4).

Proof. Let x: B— D x R be as given in Lemma 4.3, where I is given
the orientation induced from the positive (negative) orientation of ¢D.
Then, by Corollary 3.9, there exists { as claimed. Q.E.D.
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Added in Proof. The statement of Lemma 3.5 is incorrect; its proof fails in that {F;} need
not be a continuous family. For each critical point w of x, satisfying an asymptotic represen-
tation (2.3), we call the integer m— 1 the order of branching at v. Let s denote the sum of the
orders of branching at critical points of x. The statement of Lemma 3.5 should be that for
any horizontal vector N, deg (N;,; N)=3s. Since sZ0, this modification does not affect
our main results (see the proof of Lemma 3.6). To prove this corrected statement, we first
extend the oriented surface Tx(B) to a C2 compact surface X of the type of the sphere, such
that on the added piece of surface, each horizontal normal direction is assumed exactly
once, at a point of positive Gauss curvature. In doing this, we may modify Tx(B) in a closed
subset of Tx(B" U &B), where B” is as in the proof of Lemma 3.4. X will have critical points
corresponding exactly to those of x. The Gauss-Bonnet formula may be applied to Z, after
removing small neighborhoods of its critical points, to show that the integral curvature
of £ —which is 47 times the degree of its unit-normal map —equals 4 +2mns (see the proof
of Lemma 3 of [Heinz and Hildebrandt: The number of branch points of surfaces of
bounded mean curvature. J. Differential Geometry 4, 227-235 (1970)]). But that contri-
bution to the degree of the unit-normal map of £ at N which arises from the surface added
to Tx(B) is exactly 1.
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On Planes of Lenz-Barlotti Class 1 6
and Planes of Lenz Class I11*

JillC.D.S. Yaqub

It has been recognized for some time (Liineburg [11, 12]), that there
is a group-theoretic connection between planes of class 16 and planes
of class I1I. In each case the group 4 which is generated by the given
perspectivities fixes a special line f; and there exists a set S of points on f
such that the permutation group 4* induced on S by 4 has the following
properties: i) 4* is doubly transitive on S, ii) if X €S then the stabilizer
A% contains a normal subgroup which is transitive and regular on
S—{X}. (For class III, S = f; for class 16, f contains a point F which is
fixed by 4, and S= f—{F}.) It has been shown, in the first instance by
the combined work of several authors who used a variety of methods, all
depending on deep results in finite group theory, that there is no finite
plane of class I 6 or of class I1I. (An account of this work, up to 1968, is
given in Dembowski [5], §4.3.) A unified proof, which in particular
completes the result for class I111, has now been given by Hering and
Kantor [7], who use the recent theorem of Hering, Kantor and Seitz [6],
in which all finite permutation groups satisfying i) and ii) are deter-
mined explicitly.

In the infinite case, where such powerful group-characterization
theorems are not available, the existence of planes of class I 6 and planes
of class ITI can be studied by means of Hall's ternary ring. The ternary
ring of a plane of class 6 has been investigated by Pickert [15], Jons-
son [9], Yaqub [17] and Jagannathan [8]: the results suggest that there
is probably no plane of this class. The only known planes of class III
are the “generalized Moulton planes™, which furnish examples of both
class 111 1 and class I11 2 (Moulton [13], Pickert [14], p. 93, Yaqub [16],
André [1], Yaqub [18]), but it seems not unlikely that there exist others.

Here we continue the study of (infinite) planes of class16 and of
class I1I by coordinate methods, and at the same time attempt to exploit
the properties of the permutation groups 4*. In §1 we consider per-
mutation groups which satisfy i) and ii) and which also satisfy a further

* This work was supported by U.S. National Science Foundation Grant GP-8933, and
was extended while the author held an Alexander von Humboldt Fellowship at the
University of Tiibingen.



110 J.C.D.S.Yaqub:

condition, fulfilled by the groups A* associated with a plane of class 1 6
or of class I11. § 2 is concerned with planes of class 1 6: § 2.1 contains the
required known theorems, in §2.2 we consider the additive loop, ex-
tending results in [9] and [17], in § 2.3 we apply § 1 to the multiplicative
group and in §2.4 we assume that the plane admits a certain type of
duality. § 3 is concerned with planes of class III: § 3.1 contains known
theorems, in § 3.2 we simplify the criterion given in [16] for a cartesian
group to coordinatize a plane of class III, § 3.3 contains some scattered
results connected with the “distributor ™ defined in [1] and [18], and in
§ 3.4 we apply §1 to the additive group.

For the sake of a uniform notation in the present work, the notation
differs in places from that of [17] and [18]; such differences are pointed
out in the foot-notes. Basic definitions and theorems concerning pro-
jective planes can be found in Pickert [14], and Dembowski [5].

I am grateful to Professor G. Pickert for reading my manuscript and for suggesting
a number of improvements in the exposition.

1. A Class of Doubly Transitive Permutation Groups

Throughout this section we make the following assumption:

(A) Let I' be a group which is doubly transitive on the set S (finite or
infinite ), and suppose that the stabilizer I, of an element xeS contains a
normal subgroup N, which is transitive and regular on S — {x}.

Elements of I will be denoted by Greek letters. If xeS and yer,
then x - y will denote the image of x under y. Let 0, 1€S, 0= 1. By hypoth-
esis I, contains a normal subgroup N, which is transitive and regular
on §—{0}. If aeS and a=0, let ¢, be the unique element in N, which
maps 1 on a. If x, ae S and if a %0, define xxa=x - ¢_; define xx0=0 for
all x. Since N, is regular on S—{0}, @ ,.,,=¢, ®, for all a, b+0 in S.
Thus N,=(S—{0}, %) is a group, permutation-isomorphic to N, with
neutral element 1; also x*0=0%x=0 for all xeS. Let N, be the unique
subgroup of I} which is conjugate to N, in I. Then N, is normal in []
and is transitive and regular on S—{1}. If aeS and a#1, let y, be the
unique element in N; which maps 0 on a. Define xoa=x-y, if x, ae$
and a=1, and deﬁne xol=1 for all x. Since N, is regular on S— {1},
Viaty=Va ¥, for all a, b+1 in S. Thus N, =(S— {l} o) is a group, per-
mutation-isomorphic to N, with neutral element 0;also xol=1ox=1
for all xeS. If a+0, let a~' denote the inverse of a in N,. Then ¢,-, =
()" for each a=+0. Henceforth we make the followmg additional
assumption:

(B) If aeS and if a0, 1, then -, =(y,)""; equivalently, aca™'=0
ifa+0,1.
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Theorem 1.1. If a%0, 1, let y,=(¢,)" " ¥,(d,)"". Then i) 0-y,=1 and
1-7,=0, i) (bxc)-y,=(b-y)o(c-yx,) for all b, ceS, iii) (boc) y,=
(b-y)*(c-x,) forallb,ceS,ivya-y,=a".

Proof. 1) By definition, 0-y,=0-(¢,) ", (¢,) ' =0y (d,) ' =
(¢) '=1Lwhilel-y,=1-(¢,)" 'Y (d) "=a 'Y () ' =0-(¢,)" ' by
(B), =0. i) If either b or ¢ is 0, then at least one of b- y,, ¢ - Xa is 1, whence
(bxc)- x, 0 Xa=1=(b-x)o(c-x,). If d+0, then (x,) ' P x.= Y- >
since (xa "¢, x,€N, and maps 0 on d-y,. Thus, if b, ¢c+0, the result
rO“OWS from the fa(’t thdt (Xa ¢(b*c) Xa [(Xa) ! d)b Xa] [(la) ! ¢c Xa]
iii) can be proved similarly. iv) By definition, a- y,=a - (¢,) "' Y, (¢,) "' =
1y (d) ' =1(p,) ' =a".

Ifa+0,1and if n is a positive integer, let a”, a!™ denote the n'™ powers
of a in N,,, N, respectively, and define a™"=(a 'y, al""'=(a')"; define
a’=1, a'”’=0. Then for all integers m, n, a™*"=a"*a", (a")"=a™",
am+m = gl g and (@i™)im = g,

Theorem 1.2. Let a, b0, 1. Then for every integer n, i) b"-y,=
(b g, i) By =(b- ) i) @y =a"", iv) a™ y,=a"" v) The
element a has fntte order nin N, if and only if it has order n in N;. vi) The
element b - y, has finite order n in N, if and only if b has order n in N,.

Proof. By Theorem 1.1, 1)-iii), the map x—Xx-y,, x€S, a0, 1, in-
duces an isomorphism of N, onto N, and an isomorphism of N, onto N,,.
Statements 1), ii) follow 1mmedldtely from this and from (B), and 111)
iv) are obtained by setting b=a and applying Theorem 1.11v). State-
ment v) holds because y,: N,— N, maps a on a~' and a' is the inverse
of a in N,. Finally b has ﬁmte order nin N, if and only if b - y, has order
nle,le by v), in N,.

Theorem 1.3. Let n be a positive integer. Let a, 0, 1, be an element
such that a"+1 for 0<r<n. Then i) (a""=a=(a")", ii) x"=a=>x=a'";
W =g=y=q".

Proof. We show first that i) implies ii). Suppose i) holds. Let n be a
positive integer, and let a40, 1, a"+1 for O<r=<n If x"=a and if x"=1
for some r with 0 <r <n, then a"=1 contrary to hypothesis. Hence i) can
be applied to x, and x=(x")"'=a!". If y" =g and if y"=1 with O<r<n,
then by Theorem 1.2v), y"'=0, whence a'"=0 and a"=1. Hence by i)
applied to y, y=(")"=a".

We shall prove i) by induction on n. The statement is true for n=1.
Let n>1 and assume as induction hypothesis that for every ¢=+0, 1 and
every m<n with ¢"+1 for r=1,...,m the equations (¢™)"=c=(ci")"
hold. Let a#0, 1 and let a"+1 for 0<r<n. By Theorem 1.2iii), a—®~ 1.
Xa=a"" . By definition, a= "~ V. y,=a="" V(¢ ) Y, (¢,) ' =(a "oa)*
a”'. Hence a" =(a""oa)*a™ !, i.e. a=a"o(a" xa). Let b=qal""1.
9 Math.Z, Bd. 129
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Then by the induction hypothesis with c=a and m=n—1, b"" ' =
Hence

(1) b"_l=b"("_”0b".

If b"=1 for some r with 0<r=<n, then a"=1, contrary to hypothesis. If
b**=1 for some s with 0<s<n-—1, then a*=b"", whence by the in-
duction hypothesis with c=a, b~! and m=s, a=(a*)=[(b"")]=b""1.
But this implies that a" = 1. Thus the induction hypothesis can be applied
with ¢=b" and m=n—1, whence b"=(b"""V)"~11 Now, by (1), b"~ ! =
b= o (prin=Dyin=11" = prn=1)n j e g=(a")". Then a '=a-y,, by
Theorem 1.1iv), =(a"y"- y,=(a"- x,)" by Theorem 1.2ii), =[(a- x,)"™]"
by Theorem 1.2 i), =(al™™)" by Theorem 1.1 iv)=(a)~" by (B). Hence
a=(a")". Thus, by induction, i) holds for all positive integers n.

Theorem 1.4. If a, +0, 1, has finite order n in NO, then n is prime.

Proof. Suppose that a, 0, 1, has finite order n in N,. Let 4 be the
cyclic subgroup of N, which is generated by a, and let p be the smallest
prime which divides n. If xeA, x=+1, then x"+1 for O<r<p. If n>p,
there exists beA with b?+1. By Theorem 1.3, (b?)P'=b. There also
exists ceA with c+1, c?=1. Since (bxc)P=b"*1, [(b*c)F]P'=bxc by
Theorem 1.3. But this implies the contradiction b ¢ =b, since (b*c)? =b".
Hence n=p.

Theorem 1.5. If a, +0, 1, has order p in N,, and if n£0 (mod p), then
i) (@) =a=(a"y, ii) x"=a=x=a" and y"=a= y=a", iii) a"™e A, the
subgroup of N, which is generated by a.

Proof. Since n+0 (mod p), n=kp+r where k is an integer and
O<r<p. Since a?=1, a”=0 by Theorem 1.2v). i) By Theorem 1.3,
(@)M=a=(a"y, whence (a")\"=(a*P*"*r+=(@")f1=a and similarly
(a™)" =a. ii) If x"=a, then x"? = 1. Since x has prime order by Theorem 1.4
and since x" 1, it follows that xP= 1, whence x"=a. By Theorem 1.3 ii),
this implies that x =a!"), =a'". Similarly, if y"=a then y'"’=0 and y=a".
iii) Since n is relatively prime to p, A contains a solution x of the equation
x"=a. By ii), x=al".

Theorem 1.6. If a0 and if a is not of finite order in NO, then there is
an isomorphism o of (Q, +), the additive group of the rational numbers,
into Ny, with (m/n). a=(a"" for all integers m, n with n=0; the image of
(Q, +) under o will be written as N,(a).

Proof. If a+0 and if a is not of finite order in N,, then a satisfies the
conclusions of Theorem 1.3 for every positive integer n. Note that if m, n
are integers with n=+0, then (a™)"'=(a"". For if a™=b, then a=»",
whence (@™ = (""" =p™ A similar argument shows that if m,n, k, |
are integers with n, [40, then (@™ =(a*)" only if m =k n. Moreover if
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m,n, k, | are integers with n, 140, then (a™)™# ("= (a™'**""Y; for if
a[nl] =b then a= b"l, and (am)[n}* (ak)[l] =bml * bkn=bmi+kn=(aml+kn)[nll‘ FOI'
each positive integer n, let A, be the subgroup of N, which is generated

by a"l. Then A,c A,,, for every n. Let Ny(a)=|JA,; then Ny(a) is a
1

subgroup of N,, and contains the element a. If r is rational and r=m/n,
where m, n are integers and n+0, define r. o=(a)™. Then it is easily
verified that a: (Q, +)— (N, (a), *) is an isomorphism.

In view of Theorem 1.6, we shall write a™” for (a™y" if a+0,1 and
m, n are integers with n#0. It is to be understood that the domain of
exponents for the element a is GF(p) if a has finite (prime) order p in N,
and is Q if a is not of finite order.

Theorem 1.7. Let a+0, 1.i) If u%0, thena" - y,=a~ ', ii)if r,s,r +s+0,
then a"oca*=a" " *9,

Proof. Suppose first that a is not of finite order in N,. i) Let u=
m/n, where m, n are integers and n=0. Let al"=b, so that b"=a. Let
w=a"-y,, =b"-y,. By Theorem 12i), w'"=b""-y,=a™ y,, =a '/
by Theorem 1.2iii). Hence w=a"""=qa" """ ii) If r,s,r+s+0, then by
i), dea®=(a""" y)o(@ V- y)=(a"""*a"'"*)- y, by Theorem I.1ii),
=(a' "1+ =19y .y by Theorem 1.6, =a"*"** by i). If a has finite order p,
then u, +0, e GF(p) and i) is a restatement of Theorem 1.2iii). Note that
by Theorem 1.5, a~/“e A4, the group generated by a in N,. Thus, in the
above proof of ii), the statement a~ /" xa~!/*=qa{~/"* (= /9 is now justified
by the fact that a™'",a" ' e 4.

Theorem 1.8. If a,beﬁo, a,b+1, and if for some prime p, a®?=1 but
bP+1, thenaxb+bxa.

Proof. Suppose that a?=1,b?+1 and that axb=b+a. By Theorem 1.3
(or by Theorem 1.5 if b has finite order <p), b=(b")'"\. Since axb=b=*a,
(axby?=bP+ 1.1f (axb) = 1 for some r with 0 <r<p, then 1 =(axb)’"=b"".
By Theorem 1.4, the order of b is prime, whence, since b”+ 1, b"=1. But
then a"=1, contrary to hypothesis. Hence, by Theorem 1.3, (a*b)=
[(a*b)”]'?), and this yields the contradiction axb=b.

Theorem 1.9. If _IVO is abelian, then either a) N, is of exponent p for
some prime p, or b) N, contains no element of finite order and is the direct
product of groups isomorphic to (Q, +).

Proof. If N, contains an element of order p, then by Theorem 1.8 every
element has order p. If N, contains no element of finite order, then
for each a1 in N, and for every positive integer n, the equation x"=a
has a unique solution x in N,, by Theorem 1.3. Since N, is abelian and
contains no element of finite order, this implies that N, is the direct
product of groups isomorphic to (Q, +). (Kurosch [10], § 23.)

9%
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Definition. Let (I7 S, N,), (I, §', N;) satisfy (A) and (B). Then (I} S, N,)
is permutation-isomorphic to (I, S', N;.) if and only if i) there exists a
bijection f: S-S with 0f=0" and an isomorphism o: I'—I", with
y”=pB""'y B as the image of y under g, ii) (N,)” = N}..

If (I, S, N,) is permutation-isomorphic to (I, §’, Ny) and if 18=1",
then N =Nj., since N, is defined as the subgroup of I, which is conjugate
to N, in I and N/, is defined similarly in I"". Moreover if ae S, a+0, then
(¢a)° =5, since (¢,)"e N;. and maps 1’ on a f; similarly, if a=+ 1, then
(¥,)" =y, It follows that f: S— S’ induces an isomorphism of N, onto
Nj. and an isomorphism of N; onto Nj., and that if a%0, | then (y,)" =
X.p- The bijection ff can be chosen so that 1 - B=1', where ¢’ is any element
0" in S". For, by (A), there exists 7'l with 0'-7'=0"and 1’ - ¢'=1¢'; it
is easily verified that f, o can be replaced by 1" and ¢ % respectively,
where 7 is the automorphism of I in which y"—(t")~!y' 7’ for each y'el"".

Let (K, +, ) be a skew-field. Let K =K U {o0}. For each ae K, define
0 P,=0, x-p,=x+a if xeK, and let E* (K)={¢,lacK}. For each
aeK—{0}, define 0-y,=0 and x- Y,=x@a if xeK, x+0, where
x@®oo=xand,ifa 0, c@a=a,(—a)@a=o0 and x@a=x(x+a) 'a
if x4 00, —a. Let E¥(K)={y,lacK — {0}}. We denote by PSL(2, K) the
permutation group on K which is generated by E* (K) and E¥*(K). It
can be shown, either by direct calculation or by suitable interpretation in
the desarguesian plane over K (cf. §3), that (PSL(2,K), K, E%(K))
satisfies (A) and that E¥(K) is conjugate to E* (K). Moreover, if o0, 0 are
chosen as the special symbols previously denoted by 0, 1, then (B) is
also satisfied, since if a4 0,0 then (¢,)"'=¢_, and (y,) ' =y —a. The
operations +, @ (extended by the definitions x+oo =00 and x@0=0
for all xe K), now coincide with the operations x, o respectively. Ifa =+ o0, 0,
let y,=(¢,) "', (¢,) ! as before. Then we find:

(2) Ifa,b#00,0,then y,y, fixes 0,0 and if x+0,0,x- y, y,=ab~'xb~'a
(evaluated in K ).

Thus if a# 00, 0, then (x,)? is the identity. Furthermore, if a, b+ o0, 0
and if ab™! =z is in ZK, the centre of K, then given any d + oo, 0, there
exists ¢# oo, 0 such that y, y,=y,x., namely ¢c=zd, =dz. The following
theorem will be required in § 2.

Theorem 1.10. Let K be a skew-field with centre ZK, and suppose that
(I;'S, Ny) is permutation-isomorphic to (PSL(2, K), K, E* * (K)), with asso-
ciated bijection f: S — K and isomorphism o: I' - PSL(2, K) chosen so that
0-p=co and 1 - B=0. Then i) N, is abelian, ii) if aeS, a+0, 1, (x,)? is the
identity, iii) if a,b,deS, 0,1 and if (aP)(bP)"'eZK, then there exists
ceS, c+0,1 such that y, x,= x4 %.-

Proof. i) By hypothesis N, is isomorphic to the abelian group E* (K).
ii) If a+0, 1 then a8+ o0, 0. Thus since (Xa)" =45 and since ()(j,,,)2 is the
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identity, (z,)* is the identity. iii) If a,b,d+0,1 then afB,bf,d =+ ,0.
Hence, since (a f)(b f)~'e ZK, there exists ¢’ #+ o0, 0 such that Abp Xap=
Lap Xer- Let e B=c. Then c¢+0, 1 and y, x,= x4 Xc-

Remark. By the theorem of Hering, Kantor and Seitz [6], if I S
satisfy (A) and if S is finite, then there exists H<1I" = Aut H such that H is
isomorphic to one of the following, in its usual representation: i) a sharply
doubly transitive group, ii) PSL(2, q), iii) S z(q), iv) PSU(3, q), v) a group
of Ree type. In the last three cases the subgroup N, contains elements
which are not of prime order, whence by Theorem 1.4 these groups do not
satisfy (B). Moreover if | S| > 4, a sharply doubly transitive group also does
not satisfy (B). For such a group is the group of all permutations x —
xa+b, a+0, where the elements and operations are those of a right
near-field. (See [5], p.33.) With our previous notation, if a+0, ! then
x*a=xaand xeca=x(1 —a)+a. Hence, if (B) holds, a 'ca=a~'(1—a)+
a=0foralla+0,1.Thenl —a=a(—a),and withb= —a,1+b=(—b)b=
—b%*forallb+0, —1.If1 +1%0,thenwithb=1, 1+ 1+ 1=0.1f|S|> 3 and
if b%0,1, —1, b2+ b+1=0, whence b2—b=b—1, i.e. (b—1)b=b—1.
But this implies the contradiction b=1. If 1 + 1 =0, then b*=b+1 for all
b+0, 1, whence b*=1 and b~'=b+1. If |S|>4, there exist b, c=+0, 1
with b=c¢, be+1. Then beb=(c"'b"'+1)b=c"'+b=c+1+b, and
similarly ¢bc=b+1+c¢. Since addition is commutative, bcb=cbe,
whence (bc)>=cbe™!. But (be)>’=c'b7!, so that (c”'b)*=1 and we
obtain the contradiction b=c. Hence if 4 <|S| < o0, condition (B) in fact
characterizes the groups with H~PSL(2,q) among the finite groups
which satisfy (A).

2. Planes of Class 16

2.1. Known Results

The projective plane « is of class I 6 if and only if it contains a point-
line pair (F, f) with F on f such that i) = is (X, (X)) transitive for each
X +F on f, where 8 is a bijection between the points & F on f and the
lines = f on F, ii) n is not (P, ]) transitive for any other pair (P, [). Note
that every collineation of = must fix F, f and preserve 0.

We use the coordinate system of [17]. Let R+ denote the additive
loop and R* the multiplicative loop of the ternary ring R. Let x=a~b
if and only if a+x=> and let y=b/a if and only if y+a=». In particular,
foreachalet —a=a~0and let ~a=0/a, so that a+(—a)=0=(~a)+a.
We write b—a for b+(—a). R+ has the left inverse property if and only
if a+(—a+x)=x for all a, x. In general ~a=+ —a, but if R+ has the
left inverse property then ~a= —a for all a. The right nucleus of R+,
denoted by RN, is the set {x|a+(b+x)=(a+b)+x for all a,beR}. The
left and middle nuclei, LN and M N, are defined analogously. Each of the
right, left and middle nuclei is a group. Their intersection is the nucleus, N.
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If = is a plane of class I 6, the fundamental coordinate quadrangle
VUOE can be chosen so that V=F, VU= f, 6(U)=VO0 and 0((1))=[1]
(Pickert [15]). Since = is (U, OV) transitive, R is linear (i.e. the point
(x, y) is on the line [m, c] if and only if y=m x +c), and multiplication is
associative. The (U, OV) homology which maps (1) on (a), a#0, is given
by (x,y)—(a"'x,y), [mc]—[ma,c] ([14], p.102). Neither distrib-
utive law holds and addition is not associative ([14], pp. 104, 105, 100).
n admits the (V, UV) elation a* which maps (0, 0) on (0, a) if and only if
a€eRN; in this case (x, y) a*=(x, y+a), [m, c] a*=[m, c +a]. (Note that
collineations are regarded as acting on the right.)

Theorem A (Pickert [15]). If = is of class 16 and is represented as
above, then i) 0((p))=[p~'] for all p%0 in R, ii) p~ ' +(p+x)=1+x for
all p+0,1 and all x in R, iii) (a+b)+1=a+(b+1) for all a,b in R, iv)
a+1=1+a for all a in R, v) & admits the (V, UV) elation 1*.

Theorem B (Jonsson [9]). Let n be of class 16, represented as above.
Let acb=a+(ab~b). Then i) for each p+0, 1, the ((1), [1]) perspectivity
which maps (p) on U is given by (x,y) = (pox, p+(px~y)), [m,c] -
[mop=',p~'N\(mp~'4¢)], ii) if p#0,1, then p+(px~{mx+c})=
(mop™ N (pox)+(p~ '\ {mp~1+c}), iii) the elements other than 1 form a
group with respect to the operation o, with neutral element 0; pol=10p=1
for all p; for all p£0,1, pop~t=p~lop=0,iv) if p,x=+0, p*1 and if
px#+1,then p~'(pox)=p+(x~'p~'=p), V) if p,x,y+0,1 and if xy=+1,
then [p+(x—p)le[p+(y—p)=p+(yx—p) and [p+(x—p)][p+(y—p)]
=p+[(yox)—pl, vi) if p+0,1 and if p*+1, then p*op*=p=(pop)*;
moreover x>=p only if x=pop and xo x=p only if x=p?, vii) ifacb=ba
for all a,b with a,b+0,1, ab%1, then 1+1+1=0 and x*=1 for all
x =0, viii) R contains no element a0, 1 such that a+(x—a)=x for all
x in R.

Theorem C (Liineburg [11], Cofman [4]). Let © be of class 16. Let
S=f—{F}. If XeS, let Hy denote the group of all (X, 0(X)) homologies
and let H% denote the permutation group induced on S by Hy. Let A be
the group generated by all Hy with X €S, and let A* be the permutation
group induced on S by A. Let ZA denote the centre of A. Then i) A4* is
doubly transitive on S, ii) if X €S, H¥ is normal in the stabilizer A% and
is transitive and regular on S—{X}, iii) 4/ZA~ A%, iv) ZA consists of
those (F, f) elations of © which are contained in A.

It is easily verified that in fact A is generated by any two distinct
homology groups Hy, Hy, with X, YeS, X +Y.

Theorem D (Yaqub [17]). Let = be of class 16. Let ©’' be a subplane
of msuch that F, fen' and if Xef then Xen' if and only if 6(X)en'. Then

' is either of class 16 or desarguesian. If 7' is desarguesian, it is of finite
order 2,3 or 4.
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Theorem D is proved in [17], Lemma 2, under the hypothesis that
7' is fixed by some non-identical collineation of n: however, this hypoth-
esis is used only to show that =’ satisfies the assumptions of Theorem D.
Note that the theorem applies to any subplane n' which contains the
coordinate quadrangle VUOE (chosen as above). For V, VU, U, VOer'
and if p#0 then X =(p) is in n’ if and only if (X)=[p~']isin 7.

Theorem E ([17]). Let R be the ternary ring of a plane of class 16
represented as above. Then i) p+(z+c¢)=[p+(z—p)]+[p+c] for all
pz.c i) if z#0, [p+(z—p)] ' =p+(z"'—p), iii) if pP?*1, p+(p+2)=
p2+(p*+z) for all z in R, iv) R+ has the left inverse property if and only
if 1eN, v) if, for some p, x=p-+(y—p), then x*=1if and only if y*=1,
vi) if ¢, denotes the (U, OV) homology which maps U on (a), a0, ify,*
denotes the ((1), [1]) homology which maps U on (a), a%+ 1, if

1a=(9)" V(¢ a%0.1,

and if ¢, =02 " a b0, 1, then (x,y)d,,=({b+(a+x)}/b+a),
b+(a+y—1), [m cld,,=[{b+(a+m)}/(b+a), b+(a+c—1)], vii) for
each t+0,1, —1 in R, n admits the collineation ®, where (x, y)P,=
(t+(—t+x), t+(—t+y) [mc]@=[t+(—t+m)t+(—t+c)], vii) if
aeRN and if t+0, 1, a, a— 1, © admits the collineation &, ,, where

(x,y)¢,'a=(l+{(—t+a)+x}—a,t+{(—t+a)+y}——a),
[m, c] <D,‘a=[l+{(——t+a)+m}—a,t+{(—t+a)+c}—a],

ix) either a) 1+1=0o0rb) 1 +14+1=0and (—1)*=1.

Theorem F (Burn [3]). If = is a projective plane of Lenz-Barlotti
class >12, then © cannot admit both an involutory homology and an in-
volutory elation.

Theorem G ([17]). Let R be the ternary ring of a plane of class 16,
represented as above, with 1+1=0. Then i) if a%0,1, if a*=1 and if
a+(a+x)=x for all x, then a+b=>b+a only if b=0,1,a or a+1, i)
if R+ has the left inverse property,ifa+0,1 and if y+a=a+yora+y+1
for all y, then either a®=1 or a® =1, iii) if the conditions of ii) are satisfied
and if also a+a=0, then a+b=>b+a if and only if b=0,1,a0or a+1.

Theorem G i) can be proved by the argument given in [17], (12): the
fact that a+(w—a)=z implies a+(z—a)=w follows easily from Theo-
rem E i) and the assumption a-+(a+ x)=x, while a*=1 and Theorem E
iii) together imply that a~' satisfies the same hypotheses as a. Theorem G
ii) and iii) are proved in [17], (7) and (8), under the assumption that =
is finite. However, finiteness is used only to show that p*>+1 for any

' ¥, 1, are the inverses of the y,, , defined in [17]; ¢, , is the ¢, , of [17].
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p=+1, and this is also true in the infinite case, since by Theorem A v)
n admits the involutory elation 1*, and hence by Theorem F cannot
admit an involutory homology.

Theorem H ([9, 11, 4, 17, 7]). There is no finite plane of class 1 6.

2.2. The Additive Loop

Throughout this section, R denotes the ternary ring of a plane of
class I 6, represented as in § 2.1.

Theorem 2.1. i) For all p,z, (p+2)p=p+(z—p), i) p+z=z+p if
and only if p+(z—p)=z, iii) p+(=p+c)=~p+(p+c) for all p,c, iv)
p+Ipx~(x+c)]=(pox)+c for all p,x,c, v) [b+(a+x)])/(b+a)=b+
[{a+(x—a)}—b] for all a, b, x.

Proof. By TheoremEi), p+(z+c)=[p+(z—p)]+[p+c] for all
P, z, c. Statements i) and ii) follow immediately, by taking ¢=0. With
z=—p and ¢=0, we find ~p=p+(—p-p). Hence with z= —p and
arbitrary ¢, p+(—p+c)=~p+(p+c). If p=0 or 1, iv) follows from
Theorems A and Biii); if p#0, 1, take m=1 in Theorem B ii). Finally,
by Theorem Ei), (b+[{a+(x—a)}—b])+(b+a)=b+[{a+(x—a)}+a]
=b+(a+x), whence we obtain v).

Theorem 2.2. i) LN = MN, ii) MN < {1, 0}, iii) if 1€ MN then 1 +1=0.

Proof. i) If pe M N, then for all z, ¢, p+(z+c)=[p+(z—p)]+[p+c]
by Theorem E i), =[{p+(z—p)}+p]+c since pc MN, =(p+z)+c by
Theorem 2.1 i). Hence pe LN. Conversely, if peLN then for all z, c,
p+(z+co)=[p+(z—p)l+[p+c]l=p+[(z—p)+(p+c)]. Write p+c=d.
Then c= —p+dand z+(—p+d)=(z—p)+d for all z, d. Thus —peMN,
whence pe MN. ii) Suppose that ae MN, a+0, 1. Choose b+0,1, —a,
—a+1 and write b+a=u; then u+0, 1. Since ae MN and since (u+x)/u
=u+(x—u) by Theorem 2.1 i), the collineation ¢, , defined in Theorem E
vi) gives (x,)) @, p=(u+(x—u), u+y—1), [m,c] G p="[u+(m—u),
u+c—1]. Choose c= —u. Then since ¢, , preserves incidence,

[u+(m—uw][u+(x—u)]=u+mx—u) forall m, x.

But by Theorem Bv), [u+(m—u)][u+(x—u)]=u+[(xom)—u] if m,
x+0,1 and mx+1. Hence xom=mx for all m,x+0,1 with mx=+1,
and by Theorem B vii), 1 +1+1=0and x2=1 for all x+0. In particular
a’=1, whence a+a=1 by Theorem A ii). Thus, since ac MN, 1e MN.
But then for all x, x—1=—1+(1+x—1)=—1+x by Theorem A iv).
This contradicts Theorem B viii), since — 11, Hence if ac MN then
a=0or 1.iii) If e MN, then 1 +1e MN, whence 1+ 1=0 by ii).
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In Theorems 2.3-2.6 we consider the case 1+1+ =0, and in Theo-
rems 2.7-2.10 the case 1+1=0.

Theorem 2.3. If 1 +1+1=0, then RN ={0,1, —1}.

Proof. By Theorem A iii), {0,1, —1}<RN. Suppose that aeRN,
a+0,1, —1. Then for each 140, 1, —1 the collineation @, defined in
Theorem E vii) fixes the subplane n' generated by V, U, O, E and (a, a),
since t+(—1+a)=a. By Theorem D, r’ is strictly of class 16, since it is
clearly of order >4. Let R’ be the subring of R which coordinatizes 7.
The equation z+(—1+x)=x has a solution zeR’ for each xeR'. If
z40,1, —1 then z+(—z+x)=x for each xeR'. Hence the required
solution z is 0, 1 or — 1. But certainly z40, and z#+ — 1 since by Theorem
Aii), —1+(=14+x)=x+1. Hence 1 +(—1+x)=x for each xeR". But
then, by Theorem A ii) and iii), —1+x=x—1 for each xeR" This
contradicts Theorem B viii) in n’. Hence RN ={0, 1, —1}.

Theorem 2.4. If 1+1+1=0 and if s>=1, s+1, then s+a=a+s if
and only if a=s,0or 1.

Proof. Certainly s+a=a+s if a=s,0 or 1. Suppose that s+a=a+s
where a+s,0, 1. By Theorem Biv), a~'(aca™'s™")=a+(s—a), =s by
Theorem 2.1ii). Hence a=ascsa. Similarly s=sacas. Since s?=1,
0=(saoas)o(saoas),:(as<>sa)o(as<>sa)=0,whenceal=1 by Theorem
Biii). But then (sa)(as)=1, contradicting the fact that sacas=s, 0.

Theorem 2.5. If 1+1+1=0, then a+(—1—a)=b+(—1-=b) if and
only if a=b,b+1 or b—1.

Proof. Write a=b+ c¢. By Theorem E i),

at(—1—a)=b+(—1-b)<a—1=[b+(—1-b)]+a<(b+c)—1

=b+(—14+0)=c—1=—-1+c,

since —1eRN, < ¢=0,1 or —1 by Theorem 2.4. (This argument does
not apply to a general involution s, since we have used the fact that
—1eRN)

Corollary. If 1 +1+41=0, then R* contains infinitely many involutions.

Proof. The element — 1 is an involution in R*, whence by Theorem E ii)
a+(—1—a) is an involution for each aeR. Since R contains infinitely
many elements, R* contains infinitely many involutions by Theorem 2.5.

Theorem 2.6. Suppose that 1+1+1=0 and that x2=1 for all xeR*.
Let m, be the subplane generated by V,U, O, E. Let t#0,1, — 1. Then 1)
—t=t—1, ~t=t+1 and t=—(—1), ii) the collineation @, defined in
Theorem Evii) is of order 3; it fixes the elements of a subplane m, such
that m, properly contains m, and (1, )¢m,.
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Proof.1) By Theorem Aii), t +t=1,whence —t=t—1.Thent= —(~1t)
=~t—1, so that ~t=t+1. Also —(—t)=t—1—1=~t. ii) The col-
lineation @, fixes V, U, O, E and hence fixes the points and lines of a
subplane &, such that 7,2 n,. Now &, induces the automorphism t on R,
where x - t=t+(—t+x) for all x. By i) and Theorem 1.1iii), we may also
write x-7=—t+(~t+x)=~t+(t+x) for all x. On composing the
three expressions for 7 in a suitable order and applying Theorem A ii),
we find x-13=x for all x. Since t-t= —1t, +t, it follows that @, has
order 3 and that (¢, t)¢n,. Let w=t+(—1—1t). Then

w-t=—t+[—-1-(-1)],
=w by i) and Theorem 2.5. Since w0, 1, — 1, 7, # r,,.

Theorem 2.7. If 1+1=0 and if ueRN, u%0, 1, then u+u=0, u*=1
and RN={0,1,u,u+1}.

Lemma. If 14+1=0 and if ueRN, u=+0, 1, then there exists ac RN
witha=+0,1,a+a=0and a®>=1.

Proof of Lemma. Let ue RN, u=%0, 1. Let n, be the subplane generated
by V, U, O, E, (u,u) and let R, coordinatize r,. For each t=+0, I the col-
lineation @, defined in Theorem E vii) fixes the points V, U, O, E, (u, u)
and hence fixes all points and lines of n,. Thus t+(—t+y)=y for all
yeR, and for all t+0, 1. Since also 1+(1+y)=y for all y, R, + has the
left inverse property; then by Theorem E iv) the element 1 is in the nucleus
of R, +. If m, is of order 4, then it is desarguesian and u+u=0, u*=1.
Suppose =, is of order >4. For each <0, 1,u,u+1, the collineation
@, , defined in Theorem Eviii) fixes the elements of n,;. Hence, by the
left inverse property, (—t+u)+y=—t+(y+u) for all yeR, and all
t#+0,1,u,u+1. For each fixed yeR,, the maps t—(—t+u)+y and
t— —t+(y+u), teR,, are bijections of R, onto R,. If ¢ takes all values
in R, except 0,1, u,u+1, then (—+u)+y takes all values except u+y,
u+y+1, y and y+1 while —t+(y+u) takes all values except y+u,
y+u+1, —u+y+u and —u+y+u+1. Hence for each yeR,, either
y+u=u+y or y+u=u+y+1, since certainly y+u=+y or y+1. Thus
by Theorem Gii) applied to u in R,, either u®> =1 or'u® = 1. In either case,
by Theorem Eiii), u+u=u"'+u"!, whence u+u+u+u=0 by Theo-
rem Aii). Since u®#1, u+u= 1. Hence either u+u=0 or the element
a=u+u satisfies the conditions aeRN, a+0,1 and a+a=0. In the
latter case we can apply the above argument to the element a. Thus,
without loss of generality, assume that u+u=0. If u>=1, then =, has
order >4 and by Theorem Giii) applied to u in R, u+y+y+uif yeR,
and if y#0,1,u,u+1. Hence y+u=u+y+1 for all yeR, with y+0, 1,
u,u+1, i.e, since 1 is in the nucleus of R, +, u+(y—u)=y+1. But if
u+(y—u)=y+1 and if u+(z—u)y=z+1, then u+(y+z)—u=y+z by
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Theorem E i) and the fact that ue RN. Hence n, has order 8, and this
contradicts Theorems D and H. Thus u*=1. This completes the proof
of the Lemma.

Proof of Theorem 2.7. Let ueRN, u#0,1. By the Lemma, there
exists ac RN with a+a=0 and a*=1. Suppose that beRN, b+0,1,aq,
a+ 1. Let n, be the plane generated by V, U, O, E, (a, a) and (b, b) and let
R, coordinatize m,. For each t+0, 1, the collineation &, fixes m, point-
wise, whence R, + has the left inverse property. In particulara+(a+y)=y
for all yeR,, whence by Theorem Gi) applied to ain R,, a+b*b+a.
For each t+0, 1, a,a+ 1, the collineation @, , fixes V, U, O, E, (a, a) and
interchanges the points (b, b) and (a+b—a,a+b—a). Thus @, , induces
a Baer involution on ,, whose fixed elements form a subplane 7, which
is maximal in m,. Note that n, is independent of t, since @, , is completely
determined in 7, by its effect on the generating points. Let R, coordinatize
m,. If , has order 4, then 7, has order 16, which contradicts Theorems D
and H. If n, has order >4, then, by the left inverse property, (—t+a)+y
=—t+(y+a) for all t,yeR, with t+0,1,a,a+1. It follows, as in the
proof of the Lemma, that y+a=a+y or a+y+1 for all yeR;. By
Theorem Giii), y+a=a+y for yeR; only if y=0,1,aora+ 1. lf y+a=
a+y+1, z+a=a+z+1, then (y+z)+a=a+(y+z), as before. Hence
m, has order 8, and this again contradicts Theorems D and H. Thus RN
contains only 4 elements. Since ue RN by hypothesis, RN = {0, 1, u,u+1},
utu=0and u*=1.

Theorem 2.8. If 1 +1=0and if RN={0,1,a,a+1}, thenb+a=a+b
if and only if b=0,1,a or a+1.

Proof. Let 1+1=0, aeRN, a+0, 1. Then a+a=0 and a*=1 by
Theorem 2.7. If b=0, 1,a or a+ 1 then b+a=a+b. Suppose that b+a=
a+b where b+0,1,a,a+1. Then a+(a+b)=a+(b+a)=(a+b)+a=
(b+a)+a=b,since ac RN and a+a=0. Let 7, be the subplane generated
by V, U, 0, E, (a, a) and (b, b), and let R, coordinatize rr,. The collineation
@, defined in Theorem E vii), fixes the elements of m,, since it fixes the
generating points. Hence a+(a+ y)=y for all yeR,. But then a satisfies
the conditions of Theorem Gi) in R,, whence a+b+b+a, a contra-
diction.

Theorem 2.9. If 14+ 1=0and if RN={0,1,a,a+1}, then b+(a—b)=
c+(a—c)if and only if b=c, c+1,c+aor cta+1.

Proof. Write b= c+d. By Theorem E 1),
b+(a—b)=c+(a—c)<>b+a=[c+(a—c)]+b<(ct+d)+a
=c+(a+d)=d+a=a+d,
since aeRN, <> d=0, 1, a or a+ 1 by Theorem 2.8.
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Corollary. If 14+1=0 and if RN={0,1,a,a+1}, then R* contains
infinitely many elements of order 3.

Proof. By Theorem 2.7, a* =1, whence, by Theorem Ev), [b+(a—b)]?
=1 for every beR. Since R contains infinitely many elements, R* contains
infinitely many elements of order 3.

Theorem 2.10. If 1+1=0 and if RN = {0,1,a,a+1}, then there
exists xe R* with x> +1.

Proof. Suppose that RN ={0, 1, a, a+ 1} and that x*=1 for all xe R*.
Let beR*, b= 1. By Theorem Eiii), b+(b+y)=b"'+(b~'+y) for all y,
whence b+[b+{b+(b+y)}]=y for all y by Theorem Aii). Consider
the collineation ¢, , defined in Theorem Evi). Since ¢?, fixes all lines
on U and also fixes the lines [0], [1] on V, ¢2, is the identity, whence
®y,5 is either the identity or an involution. Since b+(h+y)+y+1 for
any y, by Theorem Aii), ¢, , is neither the identity nor a Baer involution.
Hence ¢, , is an elation, by Baer’s Theorem and Theorem F, and is
necessarily a (V, UV) elation. Since RN ={0, 1,a,a+ 1} and since b+ b+ 1,
$pp=1%a* or (a+1)* and for all y, b+(b+y)=y, y+a+1, or y+a
respectively. In particular, since a+a=0, a+(a+y)=y for all y. By
Theorem 2.9 we may choose teR so that t+(a—¢)+0,1,a,a+ 1. Let
b=t+(a—1). Then b+b=[t+(a—t)]+[t+(@a—1)]=t+[a+(a—1)] by
Theorem E i), =0. It follows that b+ (b+y)=y for all y. Now b+ a =0, 1,
and (b+a)+(b+a)=0,a or a+ 1. If (b+a)+(b+a)=0, then (b+a)+ b=
a=b+(b+a). This contradicts Theorem G i), applied to the element b.
If (b+a)+(b+a)=a, then (b+a)+b=0, contradicting the fact that
b+b=0. Finally, if (b+a)+(b+a)=a+1,then b+a=b"'=b+ 1. Hence
there exists xe R* with x3=+1.

Remark. With the notation of Theorem C, the group Z4 consists of
those (V, UV) elations which are contained in A4. By Theorems 2.3, 2.7,
|Z4|<4. If RN={0,1,a,a+ 1}, then, as has been shown in the proof of
Theorem 2.10, ¢, ,=1*. Since ¢, €4, |ZA|=2 in this case. If RN =
{0, 1} and if R+ has the left inverse property, then ¢_,.=1% for every
a+0, 1, and |ZA4|=2. In general it is not evident that [RN|=|Z 4.

2.3. The Multiplicative Group

Let n be of class 16 and let S=f— {F}. Then, with the notation of
Theorem C, A4*, S, H} satisfy condition (A) of § 1. Moreover, if X, YeS,
then H} is conjugate to H} in 4%, since Hy is conjugate to H, in 4.
If the coordinate system is chosen as before, S={(m)|meR}. Thus we
can identify S with R, by means of the map (m)— m; in particular we
write HY for H¥ . If 6e4, let 6* denote the permutation induced on S
by 4. (Note that in this section, and in § 3.4, Greek letters which denote
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permutations of S will always carry an asterisk.) If aeR, a#0, let ¢,
be the (U, OV) homology which maps (1) on (a), and if aeR, a+1, let
W, be the ((1), [1]) homology which maps U on (a). Then, with the nota-
tionof § 1,if meR,mxa=m-¢¥ifa+0,and m+*0=0, while mea=m- ¥
ifa+1 and mo1=1. Hence m* a=ma, and by Theorem B1), iii), moa=
m+(ma~ a) for all m,aeR. By Theorem Biii), if a40, | then aoca™'=0.
Hence 4*, R, HY also satisfy condition (B) of § 1, and the results of § 1
can be applied. In the present case (H¥, *) is the multiplicative group
(R*, ), while (H¥,0) is the “circle-group™ (R° ) of Theorem Biii),
where R®=R —{1}.

If a+0,1 and if 7,=($,)" Y, ($)"", 75 =5 Y (@), Thus
if meR, m-y*=(ma 'oa)a™', and from Theorems Biv) and Eii) we
find 0-y*=1, 1-y*=0 and m-g*=a""+(m '—a™') if m+0,1. On
taking inverses, we see that the basic identities in Theorem B v) corre-
spond to Theorem 1.1ii), iii). By Theorem 1.2v) and vi):

Theorem 2.11. 1) If a+0, 1 then a has finite order n in R* if and only
if a has order n in R. ii) If b0, 1, the element a+(b—a) has finite order
nin R* if and only if b has order n in R*.

Theorem 2.111i) is a generalization of Theorems Eii), v). Theorems
1.3-1.9 can be restated as follows, where now «",a'" denote the n'"
powers of a+0, 1 in R*, R respectively. Theorem 2.12 is seen to be a
generalization of Theorem B vi).

Theorem 2.12. Let n be a positive integer. Let a,e R*, be an element
such that a1 for 0<r<n. Then i) (@"\"=a=(a")", ii) x"=a=x"=
a[n]; yln]:a = y=a".

Theorem 2.13. If a=+0, | has finite order n in R*, then n is prime.

Theorem 2.14. If a=+0, 1 has finite order p in R* and if n£0 (mod p),
then i) ("M =a=(a"y, ii) x"=a = x=a"; y=a=y=4d", iii) a"eA,
the group generated by a in R*.

Theorem 2.15. If a=+0 and if a is not of finite order in R*, then there
is an isomorphism o of (Q, +) into R* with (m/n) g =(a™" for all integers
m, n with n+0; the image of (Q, +) under o will be written as R*(a).

Theorem 2.16. i) If u+0, then a+(a*—a)=a""ii) if r,s,r+s+0, then

aro as =ars/(r+s).

Theorem 2.17. If a,beR*, a, b+ 1, and if for some prime p,a”=1 but
bP+1, then ab+ba.

Theorem 2.18. If R* is abelian, then either a) R* is of exponent p for
some prime p or b) R* contains no element of finite order and is the direct
product of groups isomorphic to (Q, +).
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In fact we can say a little more here if R* is abelian.

Theorem 2.19. Suppose that R* is abelian. i) If 1 + 14 1=0 then R* is
of exponent 2,ii) if 1 +1=0 then RN ={0, 1} and either R* is of exponent
p for some odd prime p or R* is the direct product of at least two groups
isomorphic to (Q, +).

Proof i) If 1 + 14 1=0, the element —1 has order 2 in R* by Theorem
E ix), whence R* is of exponent 2.1i) If 1 +1=0and ifae RN witha=+0, 1,
then by Theorem 2.7 a® =1, whence R* is of exponent 3: this is impossible
by Theorem 2.10. Hence RN ={0, 1}. If R* is of exponent p, then p is
odd by Theorem F. Suppose that R* is isomorphic to (Q, +). Let ae R*,
a# 1. By Theorem 2.15, R* 2 R*(a) where R*(a) is isomorphic to (Q, +).
Hence R*=R*(a). Let r,seQ—{0}. The collineation ¢,. , defined in
Theorem E vi) maps (x, y) on ({a" +(a°+x)}/(a"+a°), a"+(a*+y—1)) and
[m, c] on [{a"+(a’+m)}/(a"+a°), a"+(a’+c—1)], and in particular fixes
the points U, (1). If m+0, 1 then m=ad' for some t+0. By Theorem 2.1 v),
{a"+(a*+a")} /(@ +a’)=a"+[{a’+(a' —a’)} — a"]. By Theorem 2.16 1), a* +
(@' —a*), =a*+[(a*)*—a*], =a*, and similarly a"+(a*"—a")=a"".
With r=s5=1, the collineation ¢, , fixes all points on VU and all lines
on V, whence, since RN={0, 1}, a+(a+y)=y or y+1 for all y. Since
a+a#+1, a+a=0. Moreover if r,s,u,veQ —{0} and if r/s=u/v, then
(Pus o) (@Pav )~ ! fixes all points on VU and all lines on ¥, whence
a+a’=a"+a’ or a"+a’+1, by considering the y-coordinate. Since
a+a=0,a+a*+0. Thus a+a®=a* for some s€Q; clearly s+0, +1, +2.
Let r=s/2. With u=1, v=2 in the above, a’"+a*=a+a?+ 1. But this
yields the contradiction a"=0 or 1. Hence R* is not isomorphic to (Q, +),
and it follows that if R* contains no element of finite order then R* is
the direct product of at least two groups isomorphic to (Q, +).

In the excluded case R*~(Q, +), it is not hard to show that (4*, R, HY)
would be permutation-isomorphic to (PSL(2, Q), Q, E*(Q)), by using
Theorem 2.16ii) and the fact that R* =R*(a), a0, 1. It is natural to ask
whether there exists any skew-field K such that (4*, R, H¥) is permutation-
isomorphic to (PSL(2,K),K, E*(K)). A partial answer is given in
Theorem 2.21. We first note a more general result.’

Theorem 2.20. If a,b+0,1, if b+a,a™! and if a+b=b+a, then i) a
and b are conjugate in R®, ii) b is of finite order p in R* if and only if a is
of finite order p in R*, iii) ab+ba.

Proof. i) By TheoremBiv), a~!(aca ‘b Y)=a+(b—a), =b by
Theorem 2.1ii). Hence a=aboba, and similarly b=bacab. Thus a and
b are conjugate in R°. ii) By i), a and b have the same order in R, and
hence in R* by Theorem 2.111). iii) If ab=b a, then the proof of i) yields
the contradiction a=b.



Planes of Class 16 and I11 125

Theorem 2.21. Let K be a skew-field, with centre ZK, and suppose that
(4*, R, HY) is permutation-isomorphic to (PSL(2, K), K, E* (K)). Then i)
if 14+1=0in R, ZK=GF(3),ii) if 1+1+1=0in R, ZK=GF(2).

Proof. Let the associated bijection f: R — K be chosen so that 1 - =0.
By Theorem E vi),ifa, b+0, 1, 4 contains the collineation ¢,, ,, = (1, 1)
where (x,y) ¢, ,=({b+(a+x)}/(b+a), b+(a+y—1)) and [m,c]l¢, ,=
[{b+(a+m)}/(b+a),b+(a+c—1)]. i) Suppose 1+1=0 in R. Since
R* is abelian by Theorem 1.10i), RN={0,1} by Theorem 2.19. By
Theorem 1.10ii), (x*)* is the identity for each a+0, 1, whence either
a+(a+y)=y for all y or a+(a+y)=y+1 for all y. By TheoremF,
a+a=+1. Hence a+a=0 for all a and R+ has the left inverse property.
Suppose that a,b+0, 1 and that (a )(b f)~'€ZK. Then if d+0, | there
exists ¢ %0, 1 such that yj y* =y x*, by Theorem 1.10iii). Thus ¢ ,= ¢% 4,
whence, since RN =1{0, 1}, either b+(a+y)=d+(c+y) for all y or
b+(a+y)=d+(c+y)+1 for all y. In the latter case, since 1eN by
Theorem Eiv), b+(a+y)=d+[(c+1)+y] for all y. So we can assume
without loss of generality that there exists ¢+0, 1 such that b+(a+y)=
d+(c+y)forall y. Setting y=0, c =d + (b+ a) by the left inverse property,
whence d+[b+(a+y)]=[d+(b+a)]+y for all y. With y=a+(b+d),
we find:

(3) If a,b+0,1 and if (ap)bP) '€eZK, then d+(b+a)=a+(b+d)
for all d+0, 1.

Since the maps t -t +(b+a) and t - a+(b+1) are bijections of R, it
follows from (3) that b+a=a+b or a+b+ 1. By Theorem 2.20, b+a+
a+bifb+a,a ' Hence:

(@) Ifa,b=+0,1,ifb+a,a 'andif(apP)(bp) '€ ZK,thenb+a=a+b+1.

Since R* is isomorphic to E* (K),a™! = —(a f)ifa=+0, 1. Calculating
in K, —(a p)=(a p)(—1), whence (ap)(a~'f)~'=—1.(Note that 1 +1+0
in K, since R* contains no involutions.) Suppose that there exists ze ZK
with z2+1, —1. Let aeR, a+0,1 and let b,c be determined by afi=
(bB) z=(c ) z2. Then, b, c+0,1,a,a” and b#c, ¢~ ', so that, by (4),b+a=
a+b+1, b+c=c+b+1and a+c=c+a+1. Since 1eN, [c+(a—c)]+
[c+(b—=c)]=(a+1)+(b+1)=a+b. But by Theorem Ei) and the fact
that —c=c,[c+(a—c)]+[c+(b—c)]=c+[a+(b+c)], =c+[c+(b+a)]
by (3), =b + a. Thus we have the contradiction b+a=a+b, and it follows
that if ze ZK then z2=1 or — 1. This implies that the prime field of K is
GF(3) or GF(5). In the former case, if ze ZK and z2=—1, ZK2GF(9),
whence ZK contains an element of order 8, which is impossible; thus
ZK =GF(3). If ZK =GF(5), let aeR, a+0,1 and consider the collinea-
tion ¢, ,. By definition ¢% ,=(} x%) ' =x*-2xi-1. If aB=a,, then
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a~'f=—a,anda"? = —2a,, since R* is isomorphic to E* (K). Hence,
by (2)in§1,if m+0,1 then

(m- 6% JB=[(—a)(=2a) " (mp)(=2a) " (=a)], =-mp.

Since this is independent of a, it follows that a+a?=b+b%+1 for all
a,b=+0,1. Let a+a’=t. Then t+0,1 and we have the contradiction
t=t+1t*>ort+t>+1. Hence ZK + GF(5).

ii) Suppose 1+1+1=0 in R. Then RN={0,1, —1} and R* is of
exponent 2 by Theorem 2.19, whence K is of characteristic 2. Suppose
that a,b+0,1 and that (af)(bB) 'e€ZK. Then if d+0,1 there exists
c+0, Lsuch that y} y* = y¥ x* by Theorem 1.10iii). Since RN = {0, 1, — 1},
it follows from considering the collineations ¢, ,,,, that either
b+(a+y)=d+(c+y) for all y, or b+(a+y)=d+(c+y)+1 for all y or
b+(a+y)=d+(c+y)—1 for all y. In the first case c=d+(b+a)— 1 and
d+[b+(a+y)]=[d+(b+a—1)]+y+1 for all y, by Theorem A. With
y=a+(b+d), 0=[d+(b+a)—1]+[a+(b+d)+1], whence d+(b+a)=
a+(b+d) by Theorem 2.6. Similarly, in the second and third cases
d+(b+a)=a+(b+d)—1, a+(b+d)+1 respectively. Hence if d+0,1,
then d +(b+a)=a+(b+d)+k(d), where k(d) may depend on d and can
take the values 0, I and — 1. Define x~ y ifand only if x=y, y+1 or y—1.
Then “~™ is an equivalence relation on R. The maps t— ¢+ (b+a),
t—a+(b+1) are bijections of R, and if t+0, | the images of a given ¢
belong to the same equivalence class. Moreover the excluded images
a+b, a+b+1 belong to the same class. Hence (b+a)~(a+b). Then
[-1+(b+a)]~[(a+b)—1]~(b+a). But —1 +(b+a)£b+aorb+a+1,
and —1+(b+a)=(b+a)—1 only if hb+a=0,1 or —1, by Theorem 2.4.
Thus if (af)(bf)"'€ZK and if b+a, then b+a=0 or —1. But if
(@p)(bB)~'=z, €ZK, then for m#0, 1, (m- x} x*) f=z(mp) z, by (2) in
§1, whence 5 xx has no fixed elements +0, 1 if b#a, since z2=1 only
if z=1. Now if b+a=0or —1, ¢*,, =(y¥x*)~", fixes the point (—1).
Thus (ap)(bf)~'¢ ZK if b+a=0or —1, and it follows that ZK =GF(2).

We conclude this section with a theorem which gives a little informa-
tion about the possible finite orders of elements in R*.

Theorem 2.22. Let p be an odd prime such that 2 is a generator of the
multiplicative group of GF(p). Then i) if 1+1+1=0, R* contains no
element of order p, ii) if 1+1=0 and if a has order p in R*, then Sforall y,
a+(a+y)=y-+u, where ueRN and u=+1.

Proof. 1) Suppose that 1+1+1=0 and that a’=1, a%1. By Theo-
rem E iii) and the condition imposed on p, a+(a+y)=a~'+(a"'+y),
whence a+[a+{a+(a+y)}]=y—1 by Theorem A ii). It follows that the
collineation @, , defined in Theorem E vi) is either the identity or an
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involution. Since a+(a+y)#+y+ 1 for any y by Theorem Aii), ¢, , cannot
be the identity or a Baer involution. Hence ¢, , is an involutory homology
by Baer's Theorem and Theorem F: this is impossible, since ¢, , fixes
v, U,(1),[0]and [1].11) Suppose that 1 + 1 =0 and thata?=1,a+ 1. Then,
asini), a+(a+y)=a ' +(a"'+y), whence now a+[a+{a+(a+y)}]=y
for all y, so that again ¢, , is either the identity or an involution. Since
a+(a+y)+y+1 for any y, ¢, , cannot be the identity or a Baer involu-
tion, and hence is a (V, UV) elation. Thus a+(a+y)=y+u, for all y,
withue RN, u=+1.

24. (U, 0V ) Homogeneity

Let n be a projective plane, and let (P, /) be a non-incident pointline
pair in . A (P, ) duality of n is a duality ¢ such that X §=PX for all X
on land xd=Inx for all x on P. 7 is (P, [) homogeneous if and only if for
each Y, +P and ¢/, and for each y, +/ and ¢ P, such that ye PYn/|,
there exists a (P, /) duality § such that Yo=y. If = is (P, [) homogeneous
then 7 is (P, ]) transitive; if 7 is (P, ) transitive and admits a (P, /) duality
then = is (P, I) homogeneous. If n is (P, /) homogeneous and if ¢ is any
collineation of =, then = is also (P ¢, | ¢) homogeneous (Baer [2]). For a
plane of class 16, the only possible (P,/) homogeneity pairs are the
(X,0(X)) with X €S; if = admits a single (X, 6(X)) duality for some X €S,
then it is (X, 6 (X)) homogeneous for all X€eS5.

Theorem 2.23. Let R be the ternary ring of a plane of class16, rep-
resented as above. Then w is (U, OV) homogeneous if and only if 1) R+ has
the left inverse property, ii) a+a=0 for all a, iii) multiplication is abelian.

Lemma. Let R be the ternary ring of a projective plane n. Then 7 is
(U, OV) homogeneous if and only if 1) R is linear and multiplication is
associative, ii) R+ has the left inverse property, iii) (—a)(—1)"'(—=bh)+
ba=0 for all a,b.

Proof of Lemma. If = is (U, OV) homogeneous, then =n is (U, OV)
transitive, whence R satisfies i). Consider the (U, OV) duality é which
maps (1) on [1]: Vé=UV, (UV)é=V, (x,y)6=[x%y] and [m,c] o=
(m", ¢), where o, t are bijections of R such that 0°=0=0", 1°=1. Since
incidence is preserved, y=mx+c¢ implies c=x"m‘+y, i.e. c=x"m"+
(mx+c¢) for all m, x, c. With ¢=0, x? m*= ~(m x) for all m, x, whence R +
has the left inverse property. It follows that ~a= —a for all a. Since
I"'=1,x"=—x for all x. With x=1, (= 1)m*=—m,i.e. m"=(—1)"1(—m)
for all m. Hence (—x)(—1)"!(—m)+m x=0 for all m, x. Thus R satisfies
i)-iii). Conversely, if R satisfies i)-iii) then = is (U, OV) transitive and
admits the (U,O0V) duality J§, where (x,y)o0=[—x,y], [m,cldo=
(=1~ (=m),c).

10 Math. Z., Bd. 129
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Proof of Theorem. Let n be of class 16, represented as above. If & is
(U, OV) homogeneous then R+ has the left inverse property, by the
Lemma, whence —a= ~a for all a and, by Theorem Eiv) and Theo-
rem 2.2, 1+1=0. With b= —a in condition iii) of the Lemma, (—a) a+
(—a)a=0 for all a. Let a%0,1. Then —as%a and by Theorem Bv),
ao(—a)=[a+(a—a)]e[a+(—a—a)]=a+[(—a)a—a]. Also, by defini-
tion, ao(—a)=a+[a(—a)~ —a]. Hence a(—a)+[(—a)a—a]= —a, so
that, by the left inverse property, a(—a)+(—a)a=0. Thus a(—a)=
(—a) a. By Theorem 2.20, since a commutes with —a both additively and
multiplicatively, and since —a#0, 1,a” !, we have —a=a. Hencea+a=0
for all a, and by condition iii) of the Lemma, multiplication is abelian.
Conversely, if R satisfies i)-iii) of Theorem 2.22, then n admits the (U, OV)
duality ¢ with (x, y) 6=[x, y], [m, c] =(m, c).

3. Planes of Class III

3.1. Known Results

The plane 7 is of class 1111 if and only if i) = contains (E, f) with F ¢ f
such that = is (X, XF) transitive for each X €/, ii) n is (B, ) transitive for
no other pair (P, I);  is of class 1112 if and only if it satisfies i) and ii) =
is also (F, f) transitive but is (P, ]) transitive for no other pair (B, [). The
plane n is at least of class 111 if it satisfies i), and is at least of class 1112
if it satisfies i) and is also (F, f) transitive.

Theorem I (Liineburg [12]). Suppose n contains (F, f) with F¢f such
that m is (X, X F) transitive for all Xef. If X ef, let Ey denote the group of
all (X, XF) elations and let E% denote the permutation group induced on f
by Ey. Let A be the group generated by all Ey with X €f and let A* be the
permutation group induced on f by A. Let ZA denote the centre of A.
Then i) A* is doubly transitive on f, ii) E% is normal in the stabilizer A%
and is transitive and regular on f—{X}, iii) 4/Z A~ A*, iv) Z A consists of
those (F, ) homologies which are contained in A.

Note that in fact 4 is generated by any two distinct elation groups
Ey,Ey with X, Yef, X<+Y and that n is at least of class III provided
that it is (X, X F) and (Y, YF) transitive for 3 non-collinear points X, Y, F.

If  is at least of class III, we may choose the coordinate quadrangle
VUOE so that U=F and V, O€f{. Since = is (V, VU) transitive, the cor-
responding ternary ring is a cartesian group, i.e. is linear and has asso-
ciative addition; = is also (0, OU) transitive. Conversely, if & is (V, VU)
and (0, OU) transitive, then & is at least of class III. With this choice of
coordinate quadrangle, if = is strictly of class III then neither distributive
law holds; = is of class II12 if multiplication is associative, and is other-
wise of class I1I'1 ([14], pp. 100, 103, 104).
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Let (R, 4+, ) be a ternary ring. In this section, since addition will
now be associative and multiplication in general non-associative, we
define the symbols ~.,/ as follows: if a,beR and if a0, then a~b=c
if and only if b=ac and b/a=c if and only if b=c a. In particular, if a0,
define a~ 1=aR, 1/a=a", so that aa®=1=a"a. In general a*+aR, but
if ab=a® we denote the common value by a~'. If R is linear then n
admits a (U, OV) homology « mapping (1, 1) on (a, 1), a+0, if and only
if x(a y)=(xa) y for all x, yeR, and in this case (x, y) a=(a x, y), [m, c] o=
[ma~*, c]([14], p.103).

Theorem J (Yaqub [16]). Let C denote the cartesian group with respect
to a chosen quadrangle VUOE of a (V, VU) transitive plane n. Let C'=
[C—{0}]u {o0}, where the symbol oo corresponds to the line UV in the
pencil on U. Let the operation @ be defined on C' as follows: a@® o =
w@®a=a,a®(—a)=0,(a+x0),a®b=a/[b~(a+b)],(a,b+0,a+b+0).
Then =t is (0, OU) transitive if and only if i) the operation @ is associative,
it) if u,x,ce Cn C' then ' x=ux—uc and ux=(uc) d together imply that
(Wc)d=u'x.

Theorem K (Yaqub [18]). Let © be (V, VU) and (0, OU) transitive for
a given quadrangle VUOE, and let (R, +, ) be the corresponding ternary
ring. If acR, let ¢,* be the (V, UV) elation which maps O on (0, a) and if
a=+0 let Y, be the (0,0U) elation which maps V on (0, a). If a+0, let
1a=(0) "W (@) " and if a,b+0 let ¢, ,=x,x,- Then i) if y*0, —a,
0, ) ¥, =(0, {(y+a)/y}~a), (0, —a)y,=V, i) Vy,=0, Oy,=V and if
y=*0, (0, y) Xa=(—a)(y\a), "1) lf X, Y, m, ¢ =0, (x’.V) d)a.b:({('—a)/x}\bs
(=D)L {(—a)y~a)} ~b])[m.c1d, ,=[(~bYm~a).(—b)({(—a)c~ )} ~b)];

if x, y,m or c=0, the corresponding coordinate in the image is 0.

If « is at least of class III and is represented as above, let R* denote
the multiplicative loop of R and define H = {xe R*|x(a+b)=xa+xband
x(ab)=(xa)bforalla,be R}, H*={yeR*|(a+b)y=ay+byand(ab)y=
a(b y) for all a, be R}. Note that H, H* are subgroups of R*.

Theorem L ([18]). Let n be at least of class 111, represented as above.
i) m admits a (V, OU) homology o« which maps (0, 1) on (0, a), a+0, if and
only if acH, and in this case (x,y)a=(x,ay), [m,cJa=[am,ac], ii) n
admits an (0, UV) homology B which maps (0, 1) on (0,b) if and only if
be H*, and in this case (x,y) B=(xb, yb), [m,c] f=[m, cb], iii) H=H*,
iv) [(=1)v] v¥= —1 for each v+0.

Theorem M (André [1]). Let = be at least of class 111, represented as
above. i) If there exists seH such that s2=1, s+1, then s=—1 and

? ¢, is the inverse of the ¢, defined in [18].
10*
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a(—l)=—a=(—1)a for all aeR, ii) if —leH, —1%1, then (—1)?=1,
a(—1)= —a=(—1)a for all aecR and addition is abelian.

Corollary. If —1e€H, —1+1, then [a(—1)]b=a[(—1)b] for all a,b
and m admits the involutory (U,0V) homology (x, V-1 x, V)
[m, c]—[m(=1),c].

Theorem Mi) is proved in [1] under the hypothesis that multiplica-
tion is associative, but the same proof applies with the present assump-
tion. The Corollary follows from Theorem L i)-iii) and Theorem M ii),
either by direct calculation or by Ostrom’s Theorem ([5], p. 120, 8 a).

3.2. A Simplified Ternary Ring Criterion

When expanded and viewed purely as ternary ring identities, the
algebraic conditions in Theorem J are quite complicated. In Theorem 3.3
we derive an equivalent condition, which does not involve the additional
symbol co and which is somewhat simpler, particularly if multiplication
is associative.

Theorem 3.1. Let (C, +, ) be a cartesian group. If a,be C and if a, b,
a+b=£0, let a®b=a/[b~(a+b)]. Then condition ii) of Theorem] is
equivalent to: ii) if a,b,xe C and if a,b, a+b, x+0, then

(a/x)([(a+b)/x]~b)=a®b.

Proof. Suppose first that Theorem Jii) holds. Let a, b, a+b, x+0. Let
u,u,d,cbedefined byu'x=a,ux=a+b=bd,uc=b.Thenu' x=ux—uc
and ux=(uc)d, whence by ii), (u'c)d=u'x. But ' =a/x, u=(a+b)/x,
c=[(a+b)/x]~b,d=b~(a+b). Hence [(a/x)([(a+b)/x]~ b)] [b~(a+b)]
=(a/x)x=a, i.e. (a/x)([(a+b)/x]~b)=a/[b~(a+b)], =a®b. Thus ii)
implies ii). Conversely, if ii)’ holds, let u, x, c+0 and suppose that u’'x =
ux—uc, ux=(uc)d. Then d+0, and we can assume that v’ 0, since if
u' =0 then certainly (W'c)d=u'x. Leta=u'x,b=uc. Thenux=a+b=bd
and a, b, x,a+b=+0. Hence by ii), since a/x=u/, (a+b)/x=u, u~b=c
and b~ (a+b)=d, we have u'c=(u'x)/d, i.e. (W' c)d=u'x.

Corollary. If C satisfies Theorem Jii), then if a,b,a+b+0, a®b=
al(a+b)~b]=[a/@+b)] b=[(a+b)/a]~b=(a/ly~(a+b)])(y~b) for
each y=+0.

Proof. In ii) take x=1,a+b, a, y~ (a +b) respectively.

Theorem 3.2. If C is a cartesian group such that C,C’,@® satisfy
conditions i) and ii) of Theorem J, then i) if a,beC and if a,b,a+b=0,
then a®b={(—b)/[b~(a+b)]}+b; if b,ceC and if b,c,b+c+0, then
b®c=b+{[(b+c)/b]~(=b)},ii)if a,b,ceC and if a,b,c,a+b,b+c=+0,
then a+(b@®c)=0 if and only if (a®b)+c=0.
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Proof. i) By TheoremJi), (a®b)®(—b)=a. By the Corollary to
Theorem 3.1,

(a®b)®(—b)

(a®b)([(a®b)+(—b)]~(—b))
=(a/[v~(a+b)])([(@®b) +(—b)]~(—b)).

Hence [(a @ b)+(—b)]~(—=b)=b~(a+b),i.e.a®b={(—b)/[b~(a+Db)]}+b.
The other equation can be deduced similarly from the fact that (—b)®
(b@®c)=c. ii) Let a,b,ceC, a,b,c,a+b, b+c*0. If a+(b@®c)=0, then
a®(b®c)=x, whence (@@ b)@c= by Theorem Ji). Since a+b=+0,
a@® b=+, whence (a®b)+c¢=0. The converse can be shown similarly.

Theorem 3.3. Let C be a cartesian group. Then C, C', @ satisfy con-
ditions 1) and ii) of Theorem J if and only if C satisfies the following con-
dition: iii) Let b, x, ye C —{0}. Let X ={(—b)/x}+yb, Y=bx+{y~(—b)}.
If r,s€ C—{0}, then [(bx)/r][s~X]=b< [Y/r][s~(yb)]=b.

Proof. a) We first show that Theorem Ji), ii) imply iii). Let
b,x,ye C—{0}. If x=y=1, then X =Y=0, and since neither equation
in iii) has a solution (r, s), iii) is satisfied vacuously. If x=1and y+1, then
[(bx)/r1[s~X]=bifand only if r=s~\ X,i.e.ifand only if sr= —b+yb.
Let c=—b+yb. Then ¢,b+c¢+0. By Theorem 3.21),

b@c=b+{[(b+c)/b]~(-b)}, =Y,
since (b+c¢)/b=y and x=1. If sr=c¢, then
LY/rIls~(b)]=[b® /s~ )]s~ (b+c)].

But, by the Corollary to Theorem 3.1, b@c=[b/{s~(b+)}][s~].
whence [ Y/r][s~(yb)] =b. Conversely, ifr, s+0and if [Y/r][s~ (yb)]=b,
then since this equation has only one solution r for each given s, it follows
that sr=c, whence [(bx)/r][s~ X]=b. Hence iii) is fulfilled when x=1,
y=+1. A similar argument applies to the case x%1, y=1.

Suppose that x, y+1. Let a,c¢ be defined by a+b=bx, b+c=yb.
Then a, ¢,a+b, b+ ¢=+0. By Theorem 3.21),

(a@®b)+c=({(=b)/[b~(a+b)]} +b)+(—=b+yb)., ={-b)x}+yb=X.

and similarly a+(b@®c)=Y. Thus, by Theorem 3.2ii), X =0 if and only
if Y=0. If X = Y=0 then neither equation in iii) has a solution, and iii)
is satisfied vacuously. Hence we can assume X, Y=0. By Theorem 3.1
and its Corollary, if r30 then

a®b®c)=(a/n([{a+b@)}/rI~[bdcl)=[a/r]L(Y/N~ (bS],

while if s+0, (@a@®b)@c=[a@®b)/(s~ X)][s~c]. If [(bx)/r]1[s~X]=b.
then [(a+b)/r][s~X]=b, whence a®b, =(a/r)([(a+Db)/r]1~b) by ii),
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=(a/r)(s~ X). Thus [(a®b)/(s~X)]=(a/r), and (a@®b)® ¢ =(a/r)(s~c).
Then, since (a@®b)@c=a®(b@c) by Theorem Ji), (Y/r)(s~c)=bDc.
But by the Corollary to Theorem 3.1, b®c=[b/{s~(b+c)}][s~c].
Hence, recalling that b+c=yb, [Y/r][s~(yb)]=b. Thus we have shown
that if x, y= 1, then [(bx)/r][s~ X]=>b implies [Y/r][s~(yb)]=b. The
converse can be proved similarly.

b) Suppose now that C satisfies Theorem 3.3 iii). Note first that for
given b, x, y+0, X =0 if and only if Y=0. For if X 0 and Y=0 then the
first equation in iii) has solutions but the second has none; similarly iii)
is contradicted if X =0 and Y 0. Let the operation @ be defined on C’' =
(C—{0})u{oo} as in Theorem J. It follows immediately from the
definition that the element oo associates with any two elements of C’
and that if b+oo then (—=b)@®[bD(—b)]=—-b=[(-b)Db]D(-b).
Hence in verifying Theorem J i) we can assume that a, b, ce C — {0} and
that at least one of a+b,b+c+0.

Leta,beC,a,b,a+b+0. Let x be defined by a+b=bx; then x+0, 1.
Choose y=1.Then Y=bx—b=a. Letr, s%0, be such that [ Y/r][s~(yb)]
=b, i.e. let sr=a. Then, by iii), [(bx)/r][s~ X]=b, whence

X =(a/r)([(a+b)/r]~b)

for all r+0. With r=b~(a+b), X=a@®b. Hence C satisfies ii), and
equivalently Theorem Jii), and it follows that a@® b can be written in each
of the forms given in the Corollary to Theorem 3.1. By definition X =
{(—=b)/x}+b (where we still assume y=1), whence, since X =a®b
and x=b~(a+b), [(a®b)+(—b)][b~(a+b)]={(—b)/x}=—b. Thus
C satisfies the first identity in Theorem 3.21). Moreover
(@@b)®(—b)=[a®b][{(a®b)+(-b)} ~(=b)]=[a®b][b~(a+b)]=a.
Similarly we can show by applying iii) with x=1, y+1 that C satisfies
the second identity in Theorem 3.2i), and that if b,c, b+c=+0 then
(=b@bdc)=c.

Let a,b,ce C—{0}, a+b, b+c+0. Let x, y be defined by bx=a+b,
yb=b+c;thenx, y+0,1and x=b~ (a+b), y=(b+c)/b. By Theorem 3.2
i), X={(=b)/x}+yb=[a®b)+(—b)]+(b+c)=(@®b)+c. Similarly Y
=a+(b®c). As noted above, iii) implies that for any b, x, y+0, X =0
if and only if Y=0. Hence here (a@®b)+c=0<>a+(b®Dc)=0, and it
follows that (a®@b)Dc=0w0 <=>a@®b@c)=w. So assume X, Y=+0.
Choose r,s so that [(a+b)/r][s~X]=>b. Then by iii), since a+b=bx
and b+c=yb, [Y/r][s~(b+c)]=b. Now

a®b®c)=[a/r]I[(Y/r)~(bD)],
by ii)’ and the fact that Y=a+ (b@c), and similarly
(@a®b)@c=[(a®b)/(s~X)][s~].
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But (@@b)/(s~X)=(a®b)/([(a+b)/r]~b), =a/r by ii), and similarly
(Y/r)~(b@® c)=s ¢ by the Corollary to Theorem 3.1. Hence (a@b)®c=
(a/r)(s~c)=a® (b ®c). This completes the proof of Theorem 3.3.

Corollary. Let C be a cartesian group with associative multiplication.
Then C, C’ satisfy conditions i) and ii) of Theorem J if and only if for each
b, x,ye C—{0}, [(=b)x"'+yb] x=y[bx+y ' (=b)].

Proof. If multiplication is associative, condition iii) becomes: If
b,x,y,r,s+0,thenif X =(—b)x '+ yband Y=bx+y '(=b),bxr 's7'X
=b if and only if Yr~'s~'yb=b. On cancelling b and eliminating
r~'s™! this reduces to X x=yY.

3.3. The Distributor H

Let © be at least of class 111, coordinatized as in § 3.1, and let H, H*
be defined as in § 3.1. Let R* denote the multiplicative loop of the ternary
ring R.

Theorem 3.4. If —1e€H and if —1%1, then i) x*=x" for each x+0,
ii) if b,m, x %0 then b[(mx)~' ~b]=(b/m™")(x~ '\ b), iii) if mx+0 then

(mx)"'=x"'m™ 1.

Proof. If —1eH and if —1+1, then by Theorem Liii), —1e H* and
by Theorem M and its Corollary (—1)*=1, a(—1)=—a=(—1)a for all
a and [a(—1)] b=a[(—1)b] for all a,b. Thus —1 commutes and asso-
ciates with all elements of R. i) By Theorem Liv), x“=x® for each x+0:
denote the common value by x~'. ii) For each b+0, = admits the col-
lineation ¢_, , defined in Theorem K. By the above properties of —1,
ifx? ,V, m, C*Othen (X, .V)¢—1,b=([_ 1][X_l\b],b[y_1\b]), [m’ C]¢—-1,b
=[(b/m=1)(—1), b(c~'~b)], while if x, y,m or ¢=0, the corresponding
coordinate of the image is 0. Since ¢_, , preserves incidence, we find
with y=mx that b[(mx)~'~\b]=(b/m™")(x~'~\b) for all m,x,b=+0.
iii) In particular, with b=x"'m™!, (x"'m™H[(mx)"'\(x"'m™)]=
x"'m~', whence (mx)"'=x""'m™ %

Theorem 3.5. Let —1eH, —1+1.If a,beR*, let axb=a""'~b. Then
(R*, %) is a (right) Bol loop, i.e. ax[(bxc)xb]=[(a*b)*c]xb for all
a,b, ce R*.

Proof, R* satisfies the conditions given in Theorem 3.4. Ifaxb=a""'~\b
for each a, beR*, it is easily verified that (R*, =) is a loop with neutral
element 1 and that a !*a=1=axa~! for each a. Moreover, since
a Y(axb)=b, xy=z if and only if y=x"'*z. By Theorem 3.4iii), if
t=x"'m~! then t'=mx. Thus if m~'=x*t then x=m™'*t~', whence
m='=(m~'*t~ ) xt for all m, ¢, i.e. (R*, x) has the right inverse property.
Let b,m, weR* and let x be defined by w=b[(mx)~'~b]. Then by
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Theorem 3.4 i), w=(b/m~Y)(x " !\b). If mx=u then x=m 'su If
b/m~'=v then b=vm™', whence b~'=mv~! by Theorem 3.4iii) and
v '=m " 'xb"!. Since w=b[u"'~b],uxb=b""'%w, whence

u=>b"1xw)xb!

by the right inverse property‘ Since w:(b/m“)(x"'\b). =r(x*b),
xxb=v""xw, ie. M xu)xb=(m 'xb ) xw. Substltutmg for u and
using the right inverse property, we find that m= x (b~ xw)xb~1]=
[(m='+b~")xw]xb~'. Thus, since b,m,w were arbitrary elements of
R*, (R*, *) is a (right) Bol loop.

Theorem 3.6. Let n be at least of class 1112, represented as aborve.
Let ZR* denote the centre of R*. Then i) if ac ZR*, (—a)(—1)"'aeH,
i) for each a,beR*, [—{b~'(—a)}](=1)"'(—b)a 'eH.

Proof. 1) Since multiplication is associative, for each aeR* the
collineation ¢_, , defined in Theorem K is glven by (x,y)¢_, =
(xa,(—=a)(=1)~"ya), [m 1 ¢_, ,=[(—a) (=)~ m, (—a) (= 1)~ ca]
Since 7 is (U, OV) transitive, it admits the (U, OV) homologya given by
(x,y)a=(a""'x,y),[m c]a=[ma,c].Leth=(—a)(—1)"'a.Since aec ZR*,
(x,y)o¢_y ,=(x,hy) and [m,c]a¢_, ,=[hm, hc]. Hence a¢_ S !
(V,0U) homology, and heH by Theorem Li). ii) Let a,beR*. The
collineation ¢abdeﬁned 1nTheoremKlsg1ven by (x, y) (l)ab—(x( a)~'b,
(=bya~'y(=a)~'b),[m,c] ¢, ,=[(—b)a~"m,(=b)a~"c(—a)~'b]. Let
d=b"'(—a), h=(—d)(—=1)"1(— b)a‘l and let y=¢,,¢_,,. Then
(X, ¥)y=(x,hy), [m,c]y=[hm,hc], whence y is a (V,OU) homology
and heH.

Corollary. If n is at least of class 1112, represented as above, and if
—1€eH, —1%1, then i) if ac ZR*, a*€ H, ii) the derived group of R* is
contained in H.

Proof. 1) If —1eH and — 141 then (—a)(—1)"'a=a? by Theorem M
ii), whence a*e H by Theorem 3.6i). ii) If a, be R* then, since —1eH,
[—{b""(=a)}](=1)""(=b)a~'=b"'aba"'. Hence b 'aba 'eH by
Theorem 3.6ii). Thus since all commutators in R* belong to H and since
H is a subgroup of R*, the derived group of R* is contained in H.

No example is known of a plane of class 111 in which —leH, —1+1.

3.4. The Additive Group

Let m be at least of class III. Then, with the notation of Theorem I,
4%, f, E% satisfy condition (A) of § 1. Moreover if X, Yef then E* is
conjugate to E} in 4%, since Ey is conjugate to E, in 4. If the coordinate
system is chosen as before, f={(0,c)|ceR}uU V. Thus we can identify f
with R=R U {0}, where (0, ¢) is represented by ¢ for all ceR and V by
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the additional symbol oo; in particular we write E} =E*, E}=E}.
Let R"=R—1{0}. If 54, let 6* denote the permutation induced on f
by o. If aeR, let ¢, be the (V, UV) elation which maps O on (0, a) and if
aeR’ let Y, be the (0, OU) elation which maps V on (0, a). With the no-
tation of § 1, if o0, 0 are chosen as the “special ™ symbols there denoted
by 0,1 yxa=y-¢*ifaeR and y* 2 =0, while yoa=y -} if aeR" and
yo0=0.Henceif y,aeR then yxa=y+a,and if y,aeR’ thenyoa=y®a,
where by Theorem Ki), o@a=a@® v =a and if a ¢, (—a)Da=
and y®a= {(y+a )/v}~ a. (The last expression can also be written in the
various forms given in Theorem 3.1 and its Corollary.) If aeR, a# =, 0,
then (¢*)~'=¢* ,and (YF) ' =y _,, since a®(—a)= . Hence 4% R, E*
also satisfy condltlon (B) of § 1. In the present case E* is the addmve
group (R, +)and E}¥ is the group (R', @), which we abbrev1ate to R+,R’
respectively.

If aeR, a+x,0, let y,=(¢,)" ' ¥,(¢,)~"'. Then by Theorem Kii),
% y*¥=0,0-y*=00 and if y# 0,0,y ¥ =(—a)(y~a). Since we now
have an additive notation, if ae R, a+ 0,0 and if n is an integer, let an,
a[n] denote the n'" powers of a in R+, R’ respectively. The main theorems
in § 1 can then be restated as follows, where it is assumed throughout
that 7 is at least of class IIT and is represented as above.

Theorem 3.7.1) If a, b, ¢, b+ ¢+, 0, then

i)(—a)[(b+('\a]—[ —a)(b~a)]@[(—a)c~a)],

i) (—a)[(b@®)~a]l=[(—a)b~a)]+[(—a)c~a)].

Theorem 3.8. Let a, b+ 52,0. Then i) the element a has finite order n

in R+ if and only if it has finite order n in R, ii) the element (—a)(b~ a)
has finite order n in R+ if and only if b has order n in R +.

Theorem 3.9. Let n be a positive integer. Let a, 00,0 be such that
ar+0 for 0<r<n. Then i) (an)[n]=a=(a[n])n, ii) xn=a=x=a[n]
and y[n]=a = y=an.

Theorem 3.10. If a, # 20,0, has finite order n in R+ then n is prime.

Theorem 3.11. If a, + %, 0, has order p in R+ and if n%0 (mod p),
then i) (an)[n]=a=(a[n])n, i) xn=a = x=a[n] and y[n]=a = y=an,
iii) a[n]e A, the group generated by a in R +.

Theorem 3.12. If a is not of finite order in R+, then there exists an
isomorphism o of (Q, +) into R+ with (m/n)a=(a[n])m for all integers
m, n with n+0.

Theorem 3.13. Let a+o0, 0.1) If u=0 (where ueQ or GF(p)), then
(—a)(au~a)=a(—1/u), i) if r. s, r+s%0 (r,s€Q or GF(p)), then

(ar)@(as)=al(rs/(r+s)),
where the last bracket is evaluated in Q or GF (p) respectively.
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Theorem 3.14. If a,beR, a,b+0, and if for some prime p, ap=0 but
bp+0, thena+b+b+a.

Theorem 3.15. If R+ is abelian, then either a) R+ is of exponent p
for some prime p or b) R+ is the direct sum of groups isomorphic to (Q, +).

The possibilities given in Theorem 3.15 all occur in suitable desar-
guesian planes. No plane of class III is known in which R+ is of ex-
ponent p. If m is a generalized Moulton plane over the skew-field K, with
ternary ring R, then since 4* is generated by the permutations x — x +a
and x - x@®a, and since the operations +, @ are identical in R and K
([16], p. 149), (4*, R, EX (R)) is permutation isomorphic to (PSL(2, K),
K, E%(K)).
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Detecting Stable Homotopy Classes
by Primary BP Cohomology Operations

Larry Smith and Raphael Zahler

Foreach odd prime p, Toda [13] has discovered an infinite family
{a,: t=1} of non-trivial elements in the p-primary component of the
stable homotopy of spheres. These are complemented by the 2-primary
families {o,: t=1} and {ug,,,: t=0} of Adams [1; §12]. In [12;1] it
was shown how to construct and detect these elements using the spectrum
MU representing complex cobordism. In fact, however, the methods of
[12] imply that these elements are all detected by primary operations of
the Brown-Peterson spectrum BP for the prime p [2,3, 10]. Moreover,
these operations detect the entire p primary part of the image of the
J-homomorphism for an odd prime p.

In [12;1] there was also introduced for each prime p>3 an infinite
family {f,: t= 1} of non-trivial elements of order p in the p component
of the stable homotopy of spheres, generalizing the elements {f;: 1<i<p}
already discovered by Toda [13] for all odd primes. It can also be shown
that the entire family {f,: t=1} is detected by secondary BP operations
when p> 3, and that {$,, 8,} are so detected when p=3 [16].

The manner in which the classes o, are detected by BP cohomology
operations is analogous to, and generalizes, the way in which Steenrod’s
definition of the Hopf invariant detects the element «; of Hopf invariant
1 mod p in the (2p—3)-stem for an odd prime p. Recall that in the case
of Z, cohomology we say that an element {ent of the stable r-stem, is
detected by the stable cohomology operation ¢ if when we represent ¢
by a mapping

C: sntr s S",
the operation
@ H'(C(); Z,)»H™ ™ H(C(0): Z,)

is non-zero, where C() is the mapping cone of (. If this happens { must
be essential, since all cohomology operations are zero in S" v Srr+t,
The solution of the Hopf-invariant-one problem by Adams (p=2)
and Liulevicius, Shimada and Yamanoshita (p odd) implies that the only
elements detected by ordinary primary cohomology operations are the
Hopf maps nen;, veny, oen’y of 2-primary order, and, for each odd
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prime p, the element o, €7} ,_5. In order to detect more stable homotopy
elements we can try to carry through the above procedure using a gener-
alized cohomology theory in place of Z, cohomology. This was first
explicitly done by Adams [1] and Toda! using complex K theory and
their results were very influential on further developments.

We will use the theory given by the stable Brown-Peterson spectrum
BP for a fixed prime p. This is closely related to the Thom spectrum M U.
which defines complex cobordism. Localized at the prime p MU becomes
a sum of suspensions of BP [5]. Hence MU and BP define the same p
primary Adams spectral sequence and detect the same homotopy ele-
ments. Our choice of BP in place of MU is to fit our results better with
[16] and really only a matter of taste.

The paper is divided as follows. In the first section we carefully
introduce the BP Steenrod-Hopf invariant. There are some added
complications not present in the classical case that must be handled
precisely. Section2 shows how this invariant detects the elements
{o,: t = 1}, modulo technicalities postponed to the last section. In Section 3
we connect up our invariant with the J homomorphism and the BP
Adams-Novikov spectral sequence. Section 4 is devoted to applications.

§ 1. The BP Steenrod-Hopf Invariant

We denote by p a fixed odd prime and BP the Brown-Peterson
spectrum for p[3] as presented by Quillen [10,2]. (We shall assume
familiarity with the notations of [2, 15] upon which we will draw freely.)
There is [10, 2] the coalgebra # of BP cohomology operations, free as
Q,-module on generators r;, where E=(e,, ¢,, ...) runs over all finitely
non-zero sequences of non-negative integers and

degry,=2 (Z (p'— l)e,-) =|E|.
i=1
The comultiplication is given by
A*(rg)= ), 15, ® T,
E\+E>;=E
addition of sequence being componentwise and ro___o,= I by convention.
The coefficient ring n,BP=BPF,, a polynomial algebra on classes x;
of degree 2p'—2,i=1,2,3, ... is an algebra over #.
Let us suppose that we are given a mapping

f: S"+21(’7_1)—1-—>S" (Vl,[>0)

! Toda’s work appeared in an article written in Japanese for the Journal Sugakii. An
English translation by Mi-Soo Bae Smith is to appear soon in the journal Advances in
Mathematics.



Detecting Stable Homotopy 139

and let C(f) be the mapping cone of f. There is then the cofibring
S§ni, C(f)~j—>S"+2"""1)
from which we obtain an exact sequence
0« BP*(S") - BP*(C(f))« " BP*(S"*' "= 1)~ 0,
the shortness of which follows from the fact that
f*: B’\P*(Sn)___)BAP*(Sn+2HP-1)—1)

must vanish for degree reasons. Thus BAP*(C(f)) is seen to be a free BP*-
module on generators

I eBP(C(f) and A, -1 €BP"HHP=D(C(f).

The generator 4, ,,,_1, is uniquely determined by the requirement

that A, 20 1)=J* Tui 2051 Where Oy 21(p_1)EBP" 21D (Sn+ 21 =1
is the canonical class. The generator 4, depends on choices and is only
determined up to addition of an element of the form v 4, ,,(,_1) Where
veBPp~2"-=BpP, ., . Choosing generators /,,,,,_1) and %, as
above we find for each element pe # of degree 2t(p—1) that

PUD=S,() Fns20p-1)

for a unique element S,(f)eQ,. The element S,(f) is, however, not
uniquely determined by the mapping f. For if A,=4,+04,, 2,1 1S

some different choice of a generator of degree 2¢(p— 1) for BT’*(C(A/')) we
find by the Cartan formula

PN =pp+0Ani20p-1)
=0yt P Any20p-1)
=ply+ P ® P ni2ipo1)
=S,(f) Ans2ep-1y TPV Ans20p-1)

=(Sp(f)+l)l.) Ay 20(p—1)
where

Mp=)p' ®p"
and we have used the fact that
p” /l,,+2,(pA1,eB~P"+2""‘1”deg””(C(f))zo for degp” +0.
Introduce the cokernel of the mapping

p: BPy,_1y>BP,=0,
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which is seen to be a cyclic group Z 4, for some non-negative integer
¢ (p). The above equations show that the residue class S,(N)EZ 50 is
a well defined homotopy invariant of f. We call it the BP Steenrod-Hopf
invariant of f, or just the S invariant of f, by analogy with Steenrod’s
definition of Hopf’s invariant using primary cohomology operations in
Z, cohomology.

The S invariant is readily seen to be stable under suspension and so
passes to a function (homomorphism)

.S
Sy Mip-1y-1Zpom
defined on the stable stem ng,(p_l,_l = Jirgn,,“,(p_l,_l(S"). It is apparent

that practical calculations with this invariant will depend on the eval-
uation of the number ¢ (p) for suitable operations p. This brings us to:

Proposition 1.1. For each positive integer t there exists an operation
0,€R of degree 2t(p—1) such that ¢(p,)=t, and p,(v})=p' for a suitable
generator v, €m,, , BP~Q,.

The proof of (1.1) is rather technical and appears in Section 5. The
first few operations p, are as follows:

pi=t, 1=t=p;
pp+1:rp+1+pp_1rA2;
Pp+2=rp+2+Pp_1r(1.1)-
Our next task is to evaluate the S invariant
S: My p_y_1—Zpt

determined by the operation p,eZ#. Before doing so we wish to amplify
our remark that the S invariant is the BP analog of Steenrod’s mod p
Hopf invariant. It is clear that we have merely mimicked the definition
of the Z, Hopf invariant in BP cohomology. This analogy however, has
more to recommend it than sheer formalism.

Let u: BP— KZ, be the natural morphism of spectra. Let pe# and
write p=Y A(E)rg, A(E)eQ,. It is shown in [11, 15] that the diagram

BP*(X) ———5—— BP*(X)
u u

H*(X; Z,) 55— H¥(X; Z,)

Z A(E) x(PE)

commutes for all finite complexes X where PE is the usual element of
Milnor’s basis for the Steenrod algebra for p odd (the usual modification
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thereof for p=2), and y denotes the canonical antiautomorphism of the
Steenrod algebra. Thus choosing p=r,, the BP Steenrod-Hopf invariant
and Z, cohomology Steenrod-Hopf invariant are seen to agree up to
a sign. Suitable other choices of p may be made to evaluate higher order
cohomology operations in Z, cohomology [11, 12; I1I].

§ 2. The S Invariant and the « Sequence

Recall the infinite family of elements o,en3,,_;,_; introduced by
Toda [13]. These elements are known to be of order p. The objective of
the present section is to give another proof that the elements «, are
essential by using the BP Steenrod-Hopf invariant introduced in the
preceding section. While it has been clear since the appearance of [9]
that Toda’s elements &, were detected by primary cobordism operations
specific formulas have been lacking. Using the results of [10,15] it
becomes apparent that primary BP cohomology operations will also
detect. We make this explicit.

Theorem 2.1. Let p be an odd prime and t a positive integer. Then
S(a)=p'~'€Z, for the operation p, of (1.1).

In more naive terms (2.1) says that the mapping o, may be seen to be
essential by comparing the action of the BP cohomology operation p,
in the complex

C(o) =S, e* PP

to its action in the complex
SO v SZt(p—l)

and that these two actions are fundamentally different. (Examples of
such computations may be found at the end of Section 5.) In view of our
discussion in Section1 we might paraphrase (2.1) by saying that a
suitable BP Steenrod-Hopf invariant of «, is p'~' mod p'.

The proof of (2.1) is not difficult, but requires that we fix carefully our
notations. We will of course draw freely on the notations of [15, 11]
and [4].

We will employ the explicit construction of the mapping o, given
originally in [14], but in the context of [11;1,§2]. Let V(0)=S°u, ¢!
and note that duality applied to [12;1.2.1] yields a stable mapping

¢, SHP-D-1y(0)— §°
such that

(¢)* (60)=[CP(p— 1)]')’2:(,;—1)



142 L. Smith and R. Zahler:

where 0,e MU°(S°) and yz,(p_1)eM\UZ“"“’(SZ'“”“V(O)) are the
canonical classes. Let [10, 2]

MUQ,—>MUQ,

WV

BP

be Quillen’s presentation of the Brown-Peterson spectrum and set
v, =n[CP(p—1)]en,,_,(BP). (This is consistent with the choice of v,
in (1.1).) By naturality we obtain

o (0o) =1} Y2t(p-1)

where now g, and y,,(,_;, denote the canonical classes in BP°(S°),
BP3(®-1)(g2t(-1) V(0)) respectively.
Introduce the following diagram:

SZl(pfl) J— SZr(p—l)

S2p=D-1__ % G0 a4, (C(g)—b ,§HE-D__Tx g
t

i h

SV Y(0) s SO C (o) —— S PV Y(0) 1 !

]

SZI(p—1)+l SZI(p-1)+1

where i is the canonical inclusion and all the remaining maps are defined
by the requirement that the horizontal and vertical rows are cofibrings.
The commutativity of the left-hand square may be taken as the definition
of o, enl,p_1y_1 [1; 12.6].

Concerning this diagram we have the following readily verified facts:

generator: o

BP*(S") { "

relations: none,

B~P*(V(O)) generator: 1y,
relations:  py, =0,
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generators: Vo, Var(p—1)+1
~ . relations:  A(F2,,—1)-1)=(p, 1)
ormulas: Y2e(p-t)41 = V2t (p-1)+1
. B ri—
J Vo=P0o,
generators: g, Az p_1)
relations: none
~ formulas: b*o =4
* . 2t(p-1) 2t(p-1)
BP*(C(a,)) Xy
a“Ap=09
* ) -
€ A2(p-1y=P 02t (p-1)
* PR §
e io-vm'zup—l)'

With these choices of generators at hand we have:
Lemma 2.2. The following formula holds in BP*(C (a,)).
pAo—11 Azep-1y=h*(PTo)-
Proof. We have
e*(pAo—1y izz(p—l))=l7€’* Ao— 1] e*/lzz(p—n)
=pr} ‘72:(,;—1)_”’1 PO2i(p-1)

=0.
Therefore by exactness

Pro—01 220 1y=h*(AT0o +BV2r(p—1)4+1)-
Then BeBP,,(,_1,,1 =0 so B=0. Applying a* to the preceding equation
gives
poo=a*(pio+1i Ay p—1)=a*h*(ATo)=j*(ATo)
=Aa,
and hence A=p as required. []
Lemma 2.3. For all operations pe of positive degree,

1
p(io):”l‘)‘ P A2 pony-

Proof. By (2.2) we have
p(plo—1i /12:(;1—1)):/’(’1*17?0)
=ph*(pTo)=0
since 7§, is spherical, while
PP Ao—18 Azrp-1)=PP A0 — P V) A2i(p-1)
=ppho—2 P V0P A2ip-1)
=ppio—p ) A2 p-1)

since p" Ay,(,_1,=0 for p” of positive degree. []
11 Math. Z., Bd. 129
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Proof of (2.1). From (2.3) we obtain the formula

1
Pr )bo:? P01 Azep-1)
and applying (1.1) we get

1
Pr AO=?pt}‘21(p—l)=pt—l /12:(,;—1)

which is the desired conclusion. [

A similar analysis may be carried out mod 2 for the element o, ey, _,
and pg,,,€mng, ., of order 2 [1;§12] by employing [11;IL,§5]. In this
way we obtain:

Theorem 2.4. Let t be a positive integer. Then S(a,)=2*""1e€Z, for
the operation p4, of (1.1), and S(ug,,,)=2*"€Zu+1 for the operation
Parsr of (1.1). O

An application of the detection of the elements ug,, , by primary BP
operations will be found in Section 4.

§ 3. Detecting the Image of J
Denote by
J: n (SO)—m,

the classical J homomorphism. Let p be an odd prime. It is known that
the p-component of the image of J is zero for *+1%0(p—1), and is
cyclic of order p'**»® for x=t(p—1)— 1, where v,(t) denotes the power
ofpint. Letoyem,,,_;,_; be a generator of the p-component of image J.
Write 1+4v,(t)=n. We may apply [12;1I,§4] to construct a diagram
(the notation with primes being less refined than [12;11,§4])

Slt(p—l)u"eZt(p—l)+1 . Sune’
P Y P

)

2t(p-1 1
S (p—-1) § AS’

ae

which defines a particularly useful representative of «;. Here

(¢))*: BP*(S° Upn € 1)— BP* (52!~ D, et p=h+l)
is given by
(@)*(y1) =1} Y2t(p—1)+1
for suitable generators

')'IEBPI(SO Up" el) and th(p_lH-leBPZt(p—l)-i-l(SZI(p—l) Up" (’2'("_1)+1).
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Let the mapping cone of
(X;I SZt(p—l)—l_}So
be C(o;). Then BFT’*(C () is a free BP*-module on the two generators

lo€BP°(C(&), A31(p—1,€ BP¥P~V(C(0y)). Following the arguments of
§2 it may be shown that

Pr /10=p,-")“2!(p—1)
for suitable choices of the A’s. Thus we have shown:

Theorem 3.1. For an odd prime p and positive integer t there is
a;ensm(p—l)—l’

a generator of the p-component of the image of J, satisfying S, ()=
pt~(1+v,,m)ezph D

Corollary 3.2. For an odd prime p and positive integer t the p-component
of the subgroup ImJcn%,,_y,_, is detected by the S invariant for the
operation p,.

Recall that for an odd prime ImJ ® Q,cn, ® Q, is a direct sum-

mand [1]. Hence any element ae, ® Q, may be written uniquely in the
form
=0 & oy

where o;€elmJ ® Q, and o, lies in the complimentary summand.
Proposition 3.3. For an odd prime p and any aem, ®Q, we have
S,(@)=S,(0))EZ o, x=2t(p—1)—1, and S,()=0, x+1%0 (p— nH. O
Before beginning the proof of (3.3) we return for the moment to the
general situation of a mapping
f Sn+k—l__}an

where k>1 and C(f)=S5"y, ¢"*k One then has the exact sequence

0— BP*(S"**)— BP*(C(f))— BP*(S"—0
of the cofibring
§"— C(f)—>S"+-

This sequence is split as a sequence of BP* modules, and hence represents
an element
E(f)€Exthi ap) (BP*, BP*)= E}*

where {E,,d,} denotes the BP Adams-Novikov spectral sequence [9, 15]
for the sphere. The elements of E} * represent the potential elements of
T, ® Q, that are detected by primary BP cohomology operations. In

1n*
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fact [9;§10, 11] Novikov has shown that if p is odd all elements in E} *
survive to E, and represent the p-primary part of the image of the J
homomorphism.

The groups
Extgp'sp) (BP*, BP*)

have been computed by Novikov [9] and one has

Zp1+vp(,): k=2t(p— 1)
0: k£0(p—1).

The invariant S, can be defined for elements

EcExt}2 &>V (BP*, BP¥)

Ext};‘pk.(Bp)(BP*, BP*)Z{

exactly as in Section 1 and gives a homomorphism
S,: ExthiZ (i (BP*, BP*)— Z o
whose value on E(f)is S,(f).

Proof of 3.3. The result is now immediate from the commutative
diagram
T ip—1)—1

\
E()J \Sp

EXtIIJ}’%ng”)_I)(BP*a BP*)‘TP“’ZP«»(;»)
and the preceding discussion. []

Theorem 3.4. Let p be an odd prime, t a positive integer, pe® an
operation of degree 2t(p—1), and s€ Z ,6(»». Then there exists an element
UETS (p—1)—1 SUch that S(x)=5€Z s iff s lies in the subgroup of Z 6.
generated by S, (o). In particular for p=p, and an element se Z ,. there is
an o€my,,_1y-1 With S, (0)=s iff s lies in the subgroup generated by
Sy (a)=p =) O

From the stability of the invariant S,( ) we now obtain:

Corollary 3.5. Let p be an odd prime, t a positive integer and seZ ,.
Then there exists a two-cell complex C(f)=S8"y, &"+2'?~1) with

s=S,(f)eZ,
iff s lies in the subgroup of Z . generated by p'~ +¥»®) ]

A similar discusssion can be carried out for the prime 2 modulo the
usual technicalities and the fact that the elements py,eng,,, of [1] are
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also detected by primary BP cohomology operations. In particular one
finds for the three Hopf classes neni, veny, and gen’ that

S(n)=1€Z, (relative to p;)

S(v)=1€Z, (relative to p,).

S(e)=1€Z,, (relative to py).

Note that the S invariant detects the correct order for # and o but fails
to catch one power of 2 for v as is apparent from [15; Table 2].

§ 4. Applications

In this section we will show how the preceding results may be used
to deduce a result of Harris [5]. Let us suppose given a map

f:S">B
where B is a CW complex, such that
[*: BP*(B)— BP*(S")

is surjective. According to Toda [13] the elements o, may be defined
on S°. Let us suppose that n=3, and

o S"+21(P——1)——1__)5n
»
is a mapping representing «,. Let

f,=foc,: S’H—Zl(p'”_l"B

and suppose that [ f{]=0emn, +21(p—1)—1(B). Then we may construct an
extension

F:8"y, et2e-D"1B

of the mapping f. Let 4,, A, 2,(,—1) be generators of
BNP*(S" Ua en+2t(p—1)),

clements chosen as in the proof of (2.1) so that p, =D Ansaio—1y-
(That this choice is possible follows at once from the fact that p, is stable
and such a choice is stably possible.) Let ne BP"(B) be a class such that
f*n=o0,. Then F*y is also an acceptable generator of

Y n+2t(p—1)
BP*(S"u, e )
of degree n, so

F*(p,m)=p F*n=p"" duy20p—n(mo0dp).
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In particular F* p, is a non-zero multiple of the class 4, +21p—1)- Let
to: BP*()—>H*( ; Q)
be the natural mapping. Then
F*polpm)=po F*(p ) +0e H"*21P=D(gm y n+210=1); )

and hence the class p,(p,n)e H"+2'*»~1)(B; Q) is a non-zero indecom-
posable class since pg 4,4 2¢(p_1) 1.

Thus we have shown (compare [5;2.1]):

Theorem 4.1. Suppose given a mapping f: S"—B, n>3 satisfying
f*: BP* (B)—>B7’*(S") is surjective. Then either

L= fu [0 ] +0€My, 2 p_1)_1 (B) or H"™*2*=1(B; Q)

contains a non-zero indecomposable element. In particular if B is a finite
complex then [ f]#0€n,, ,,_1)_1(B) for sufficiently large t. [

It is not too difficult to combine the calculations of Petrie, the theorem
of Hodgkin and results of [4] to show that for a compact semi-simple
1-connected Lie group G the Thom map

u: BP*(G)— H*(G; Q,)

is surjective iff H,(G; Z) is free of p-torsion. If we now let f: S*— G be the
canonical inclusion for such a Lie groups we obtain (compare [5; 3.1]):

Corollary 4.2. Let G be a compact semi-simple 1-connected Lie group
and p a prime for which H,(G; Z) is free of p-torsion. Let f: S G be the
canonical inclusion. Then elther Se e FO0€ms (1), 2(G) 0F T3 (p_1),3(G)
contains an infinite cyclic summand. In particular f, o, +0€m,,,_1)42(G)
Jor t sufficiently large.

Proof. 1t only remains to recall that the Hurewicz map induces an
isomorphism [8; Appendix]
7,(6) ® 0— PH,(G; Q)

and that the primitives PH,(G; Q) of H,(G; Q) are dual to the indecom-
posables of H*(G; Q). [

Continuing to follow [5], we suppose that ¢ is a vector bundle, over a
complex B, that is orientable for BP cohomology theory (for example a
complex bundle). Let

0:8">T¢
be the orientation class. Of course

o*: BP*(T &)— BP*(S")
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is surjective. Hence (assuming n=3) we find either

0*(01.')4:0675”21'(,;—1)_1(Té)
or
QH"+1P=1(T &5 0) 40.

A particularly interesting application occurs for p=2 where we use the
fact that the classes ug;,;€my;,; are detected by a BP cohomology
operation p, ;. €2 of degree 8j+2.

Let & be the canonical bundle over BSp(k) and
S** > M Sp(k)
the canonical mapping. Since p4;,, detects ug;,; we may (assuming k

large, so that yig;, ; is defined on §**) conclude as above that

Hgit1 *0€7T4k+8i+1(MSP(k)),
or

QH4K+8i+2(MSp(k); Q)#O
But

H*(M Sp(k); 0)=0, *==£0(4)
and hence we conclude that
Hgit1 4:067!4k+8i+1(MSp(k))~

Letting k— oo we obtain the well-known fact

Theorem 4.3. Let S— M Sp be the natural map of spectra inducing
QIr—2, Q. Then ®(ug;, ) +0€Q37,, for all i>0. [J

§ 5. Construction of Operations

The present section is devoted to the proof of Theorem 1.1. We will
require a number of preliminary steps. The proof that we will give is
constructive; however, we have been unable to write a closed formula
for the operations p, that we obtain. Perhaps some alternate construction
will yield similar operations with more readily useful formulas.

Notations. We choose classes v;€7, ., BP such that

n*(B):Qp[Ula Uz, ]
The Milnor criteria give

rAn U"=p
and

rev,=0mod p: |E|=2(p"—1).
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For the sake of computing some examples later in the section we will
suppose that v, v,, ... are as in [7, 6] so that

h(vr)zpur_ Z h(vr—s)ps m

O<s<r

where
h: n,BP—H_(BP;Z)
is the Hurewicz map,

H, (BP; Z)~Q,[m;, m,,...],
and as usual [2, 15]
mi=%hn[CP(pi~ 1)].

Lemma 5.1. For |E|=2q(p—1),

Pt E=q4,
4y —
(1) {0: otherwise.

Proof. By the Cartan formula

re(v9)= Y Tg, Vg - Tg, Uy,
Ei+ - +Eq=E

while degree considerations show that deg F=2p—2 iff F= A,, in which
case r4, v; = p. Hence we find
T, Uy ... g, 0 =0
unless each E;=A4,, in which case
E=A1 ++A1 =qA1
and

rg(])=(ry,v,)"=p*
as required. []

Definition. If E=(e,,...,¢,) and F=(f, ..., f,) are index sequences
with |E|=|F| then E > F iff there is an integer k such that

€; =.ft (l < k)a
and

ex>fr
(This is just the standard lexicographic ordering.)
Example. If |[F|=2t(p—1), F#t,,, then F<t,,.

Proposition 5.2. If E and F are index sequences of the same degree,
|E|=2t(p—1)=|F|, with E>F, then ry v® =0 (here v¥ =151 v52 ... v%").
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Proof. Let us proceed by induction on t. The case t=1 is trivial
allowing us to start the induction. Set

E=(e;,..-5€,)
F=(fi,--s Ja)-

Suppose first that e, > f;. Applying the Cartan formula gives
reof= Y (rp, 05 (g, 0T,
Fy+F,=F
By Lemma 5.1 ry v§'=0 unless Fy=e; 4,. But if Fj=e;4, then fi2¢;
contrary to assumption. Hence

e, U= for all F; with F{+F,=F,
so that
rpef=Y 0-rp, 0P 71 41=0

as required. Having handled the case ¢,> f; we may safely suppose that
e,= f;. Hence there exists a positive integer [ such that

e;=/ i 1Zisl
e 1> fivn-

There are two cases to consider. The first of these is when e;=0=f:
1<i<1 Then we set

E'=e 14151,
E”:(O, ...,O, €l+2, ...).
Applying the Cartan formula we get
re 0P =1 (05 0F)
= ) Ui (i
F'+F'=F
Now as in the proof of Lemma 5.1 we obtain
T U =
unless
F/=e,+1 FW.
Since
F'=(0,0,...,0, iy 1s fis2s--2)

degree considerations show this is possible iff f,;=e¢;,;. But then
fiai2fl,1=e,, contrary to assumption. Therefore rp tf'=0 for
all F’ such that F=F'+F", giving

rptF =Y rp 0f T F =0
as required.
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In the remaining case there is an integer j with 1<j<land e;= f;+0.
Set /
E'=(e,,...,e)

E”=(O, ..‘,0, e1+1, ooy en).
Applying the Cartan formula we get
re vE =rp 0F 0F”

= Y rpofrpoof.
F'+F"'=F
Now note that F'< E’ for each F' with F'+ F”=F, and deg ¥ <2t(p—1)
since [>0. Hence by the inductive assumption 7z, v¥'=0 unless F'=E,
so we obtain

retE=rp ¥ rp_p vt

But then F—E <E" and since degvf" <2t(p—1) again because />0
we obtain rp_ g v®" =0 from the inductive assumption. Therefore

) retE=rg vf . 0=0
as required. []

Lemma 5.3. Let F=(0,0,...,0, f,, fo 1, ..., fn) be an index sequence
with |[F|=2q(p"—1). Then

re 1= pq: F=qA"
F™™00: otherwise.

Proof. This is similar to Lemma 5.1. One applies the Cartan formula
to get
retd= Y Tp Uy Tp, Uy
Fi+--+Fg=F
By Proposition 5.2 ry, v,=0 unless F; > 4,. Hence F;=(0,...,0,f; , ..., fi.m)
must have f;,=1 for all i or the right hand side will vanish. Degree
considerations then force F=4, for i=1, ..., g, so that

rrti=0: F£q4,
while the Cartan formula gives

rqA,. UZ = (rA,, Un)q = pq
as required. []

Lemma 54. Let F be an index sequence with |F|=2t(p—1), and set
”F"=f1+f2+ Then roszIIFH.

Proof. We proceed by induction on t. The case t=1 is as usual routine
so we pass to the inductive step. Now suppose that F=(0, ..., 0, f,, ..., /)
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Then by the Cartan formula
re vF =1 (v oF =4

= Y e e
F'+F'=F

n F—fndn
=1y, U 1p_ g, (07T
n F = fndn
=15 g, 0"
completing the proof by induction. [J

Lemma 5.5. Let E be an index sequence with |E|=2t(p— 1) and suppose
that pe R is an operation of degree 2t(p—1). Then pv* =0 mod plEl,

Proof. By repeated application of the Cartan formula we find that
poF is a sum of terms
(01 01)" . (0, 1,)

and recalling that each term o; v; is divisible by p we get
(6, 0)°...(0,0,)"=0mod p** p**... p*"

from which the result follows. [J

Proof of Theorem 1.1. The monomials vE=05'... 02" with indices E
of degree 2t(p— 1) from a basis for the free Q ,-module 75,1 BP. Let
the elements of this basis be

vE vF2 L vEs  Ey>Ey> - > E

in the lexicographic ordering. We will construct inductively operations
Prqg»d=1,...,s, of degree 2t(p—1) such that

e |pir=1
vhr=
Pra 0: 1<r<gq.

Since E,=t 4, we may begin by setting p,  =r, since 7, vj=p'by Lemma
5.1. Assuming inductively that we have constructed p, , we proceed to
construct p, ... Let

P:.q(”E“l):al’l, (a, p)=1’
and note that by Lemma 5.5 A= | E . [l. By Lemma 5.4

Eg+1— pllEq+1ll
rEq+|v a* =p 4

while by Proposition 5.2
rg,,, 0 =0: 15r=q.
Now set

— _gp*-lIEq+1ll
pt,q+l—pr,q ap 4 rEq+l'
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By Proposition 5.2
Prar1 Vo =p v  1=5r<gq
while
Prg+1 vFa '=0,

completing the inductive construction of p, .. It is clear that the
required operation p, may be taken to be p, ;,,. [J

It is perhaps instructive to examine a few examples to indicate why
we have taken such care with the indeterminacies and constructions.

Example. t=p+ 1.
It is readily seen that
T2 (p+1)(p—1) BP~ Qp@ Qp

with generators for the two summands being given by v¥*! and v,. From
the formulae [7, 6]

h(vy)=pmy—h(v)" m

_ m,_;: E=p"~" 4;
EM™TV0: otherwise

and [2, 15]

we find
Tpr1U2=—p.
Therefore, since
+1__ 1
Tp+1 vt =pPt
the cokernel of

Fpr1: Tap2_p BP— g BP

is the cyclic group Z ,,, while

pP’
— -1 .
P=Tp1— P’ 14, My, BP—my BP
has cokernel Z ;...

Let us see how this would apply to detecting stable homotopy
classes. Consider the complex

Cla,, )=S0y, , @b,

ap+1

and choose generators lo,/lz(pz_l,eBNP*(C (2,,1)) as in Section 2. For
the complex
SOy 520t -0

let ooe BP°(S® v §2* 1), g, ._, e BP*®P*~D(S°y S2¢"~1) be the can-
onical generators and set 64 =0,— v, 0,(,>_;). Then using (2.3) and the
preceding discussion we get the formulae

py1Ao=Dp" Azp2—1y

T
Tp+100=D O3p2_1)»
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so that the operation r,,, does not distinguish the space Clo,, )=
00U, ,,¢*% " from the space S° v §2®*~1 and hence r,,; does not
detect the homotopy element o, ;.

On the other hand one may set =14y +v, A;(,2_1, in which case we
find from (2.3) the formula

" (pP— pP) j _
Fpi1 lo=(p"—p )AZ(pz——l)'—O

Tps100=0,
showing again that the operation r,,, does not distinguish C(a,,,+)
from SO v §2@W* 1,

Finally we see that the operation p,,, does distinguish the space
C(x,,,) from S°v §*#*~. For

—nP
Pp+1)~0—l7 }‘2([72‘1)

while for any o =00+ (av{*' +bv,)- 05,2y One gets
v p+1 — 1
P =(ap’* +b-0)04: y=ap’ 03421y

s0 that p does distinguish $°v 82>V from C(a,,)=5",,,, """
and hence detects o, ;-
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Simple Flat Extensions. 11

Wolmer V. Vasconcelos

Introduction

This note deals with the relationship between the flatness and the
finite presentation of algebras over commutative rings. Specifically it is
concerned with the question raised in [9] on when the flatness of the
A-algebras A[t]/I as an A-module implies the finite generation of I.
This question was given an affirmative answer in [6] provided the subset
of nonzero polynomials in I of least degree contains a regular element.
In §1 we give a relatively brief proof of this fact. § 2 contains the result
that if A[¢]/I is an injective flat epimorphic image of A then I is finitely
generated.

During the writing of this note the author benefited from conversa-
tions with W. Heinzer, J. Ohm and A. Viola-Prioli and had access to a
manuscript with the details of the results announced in [6].

§ 1. The Theorem of Ohm-Rush

Let A be a commutative ring with identity, let t be an indeterminate,
let I be an ideal of A[f] and write B=A[t]/I. We shall be concerned
here with conditions which ensure the A[t]-finiteness of I when B is a
flat A-module via the natural map. The argument in [9] then shows
that I is in this case a projective ideal.

The ideal of A generated by the coefficients of polynomials in [
(the so-called content of I, notation: c(I)) is, in case B is A-flat, a pure
ideal of A, i.e. A/c(]) is a flat A-module (e.g. [4, P 4407).

The following describes the local behaviour of I when B is A-flat
and considers a fairly broad situation implying the finiteness of I.

Theorem 1. Let B=A[t]/I be flat as an A-module.

(a) For any prime ideal P of A[t], I, (=localization of I at P)isa
principal ideal of A[t]p.

(b) If Min(I) ( = subset of polynomials in I of least positive degree)
contains a regular element then I is finitely generated.

Part (a) is a very special case of [8, p.23] and has also been proved
in [5] by other means. As for Part (b), it is proved in [6]. The proofs
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given here are somewhat shorter than its correspondents in [5, 6] and
are very akin to the mgthods of the remarkable [8].

Proof. (a) Let P be a prime ideal of A[t] and write Q=A4NP. We
may first localize A[t] at the multiplicative set 4~ Q, and thus, by
abuse of notation, assume A local, of maximal ideal Q, with AnP=0Q.
Let (A4, Q') be a henselinization of (4, Q); then A’ is faithfully flat over 4
[3, p.182] and thus A'[t] is also faithfully flat over A[t]. This change
of base ring allows then the substitution of A by 4’ and we may assume A
to be henselian.

In the exact sequence
0->I1—>A[t]—%>B—0. (*)

We have that c(I) is a pure ideal of 4 and thus ¢(I)=(0) or 4, A being
a local ring. We assume c(I)= A4, the other case being trivial. Then ¢ (P)
is isolated over Q as B® A/Q is an artinian ring. According then to the
Zariski Main Theorem [7, p.41] we may write B,=C,, where C is the
integral closure of 4 in B, fe C\¢(P) and ( ), denotes localization with
respect to the multiplicative set generated by f. As A4 is henselian and B
is of finite type over 4, C, (and so B,) is a finitely generated module
over A. In particular the image u of t in B, satisfies an integral equation
over A,i.e.wehaveg=1t"+a,_,t""'+--- +a, such that there is h¢ P with
q=h-gel. Consider then the sequence

0—1/(q)—>A[t]/q)—>B—0.

Since By is a finitely generated flat A-module, and (4[1]/(q)), is a free
A-module on <n generators, (I/(q)),, is finitely generated as an A[t],-
module and so is Ip.

(b) Assume now that Min (I) contains a regular element. This means
that there is fe of least degree, with leading coefficient a regular element
of A. Let C be the integral closure of A4 in its total ring of quotients. Then

0-I1®,C—C[]>B®,C—0

makes B®, C=B' a flat C-algebra. It is clear that Min(I ® , C) has the
same regularity property of Min (I).

Let us first prove (b) under the condition that 4 be integrally closed
and “descend” the general case.

Let f=a-t"+---+a, be a regular element in Min(I) and let J denote
the ideal generated by its coefficients. If g is another element in I we
may write a™-g=h-f by the generalized euclidean algorithm. As
c(I)= A, there is a polynomial g in I with ¢(g)= A. Using this polynomial
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in the above equation we get

a"-c(g)=@m=c(h-f)=ch)-c(f).

According to the “content formula” [2, p.97], there is an integer k with
c(f)-cthf=c(f-h)-c(h~* or c¢(f)-c(h)- L=a™- L with L=c(h}*"".
Thus a~™ - c(f) - c(h) is integral over A4 since L contains a regular element
and thus ¢(f)- c(h)=(a™. But the equality c(f) - c(h)=(a") implies that
¢(f)=J is an invertible ideal of A. With J~' denoting its inverse, the
elements in J~! - f lie all in A[t]; since a-J~'-f<I and B is A-torsion-
free, we have J~'-f < If J=! is generated by c,, ..., ¢, we claim that
the polynomials h;=c; - f generate I. First notice that the contents c(h;)'s
generate the unite ideal. Let P be a prime ideal of A[r] and Q=ANP.
Then for some h;, (which we write simply as h) we have c(h)¢Q. We
claim that (h),=1I,. This would be clear by the content formula and the
euclidean algorithm if we only knew that the image of h in A, [t] actually
lies in Min (I). To see that this is really the case, let gel,,; theng=> a;-g;
a;,€ Ay, g;€l. By multiplication by a high enough power of a and the
euclidean algorithm we have a™-g=q-f for some geA,[t]. Thus
degree g=degree f.

We are now ready to prove the general case of (b). Let C be the
integral closure of A. By the preceding we know that 1®, C is finitely
generated over C[t]. Let g,,..., g, be elements in I which generate
I®,C and let I,=(g,,...,g,). We claim that I,=1. Consider for that
the exact sequence 01y —>1—>E—0

of A[t]-modules. Tensoring it with C[¢] we get E®,, C[t]=(0). Also
by Part (a) E is locally finitely generated. We are now in the following
situation:

Lemma. Let R’ be integral over the subring R and let E be an R-module
for which Ep is Rp-finitely generated for each prime P of R. Then if
E®zR'=(0), E=(0) also.

In fact we may assume R local; let
0>K—->F—>E—O0

be a minimal projective cover of E. By tensoring this sequence with R’
we get that K®z R’ maps onto F®gzR/, which contradicts the Cohen-
Seidenberg theorem, unless F = (0).

§ 2. Simple Injective Flat Epimorphisms

In [5] an example of a simple flat epimorphic image of a local ring
is given which is not of finite presentation. As we show here the difficulty
resides only with the non faithfulness of the extension.

12 Math. Z,, Bd. 129
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Theorem 2. Let A be a commutative ring and let B=A[t]/1. Then
if Bis a faithful flat epimorphic image of A, 1 is finitely generated over A[t].

It might be possible that the conditions above imply the regularity
of Min(I) and then the conclusion would follow from the Ohm-Rush
result. The proof here relies on other ideas, however.

Proof. First notice that c(I)=A; otherwise, since c(I) is a pure ideal,
for some prime ideal P ¢(I,)=(0) and A,[¢] would be an epimorphic
image of Ap, which is impossible. Tensor the exact sequence (*) with B
to get

0-B®,I—-B[t]>B®,B—0.

Since B®, B= B, this sequence makes B a B[t]-algebra with the action
of t given by t-b=u-b where u is the image of t in A[t]/I. With this
action of t there is another presentation of B

0—(t—u)-»B[t]>B—0.

By Schanuel’s lemma we may then write (t—u)® B[t]=B® I ® B[t],
which by taking exterior powers yields (t—u)~B®, I as B[¢]-modules.
Say that B®,I is generated by Y b,® f;, b,eB, fiel, i=1,...,n. Let now

J={red|rueA}. According to [1, p.206] J-B=B, which says that
J - A[t]+I=A[t]. This enables us to write an equation

er-gj+f=l (*%)

with r,eJ, fel. We claim that I=(f, f;,...,f,). Indeed, if gel, as
I—>B®,I (A— B is injective) g=h(). b,®f;), he B[t]. The coefficients
of h and the b;’s can be written as “polynomials” in u of degree bounded
by, say, k. Raising the equation (x*) to the power 2k we get an expression
p+q-f=1 where all the coefficients of p lies in J>*. Thus g=(q-g) f+
p-g=(q-8) f+p-h(} b;®f) But p-h(} b;®f;) is by the choice of k,
a linear combination of the f;s with coefficients in A[¢].
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Ein Existenzsatz iiber mafitreue Abbildungen

Hans Martin Reimann

MabBtreue Abbildungen sind Homdomorphismen ¢ zwischen Ge-
bieten G und G’ des euklidischen Raumes R", welche das n-dimensionale
MaB |A| der meBbaren Mengen A< G invariant lassen: |¢(4)|=|4] fur
alle A=G. Die vorliegende Untersuchung entstand aus der Frage, ob
zwei diffeomorphe Gebiete in R" durch eine diffeomorphe maBtreue
Abbildung aufeinander abgebildet werden konnen.

Eingehend werden Diffeomorphismen ¢ zwischen Gebieten — und
allgemeiner zwischen Mannigfaltigkeiten — konstruiert, die ein gege-
benes Volumenelement 7 in ein Volumenelement ¢ iiberfithren; ein Sach-
verhalt, der sich durch die Beziehung

o=t

b(4) A
ausdriicken ldBt, die fiir alle meBbaren Mengen A im Definitionsbereich
von ¢ gelten soll. Im folgenden wird die Notation ¢ * =0 verwendet. Wir
stiitzen uns bei diesen Betrachtungen auf den Satz von Moser [2]:

Sind t und o zwei positive C®-Differentialformen vom Grade m ( Volu-
menelemente ) auf einer kompakten, m-dimensionalen, zusammenhdngenden
C®-M annigfaltigkeit M, so existiert ein C*-Diffeomorphismus ¢: M — M,
der 1 in co iiberfiihrt (¢ *T=co), wobei die Konstante ¢ durch [co= {1
gegeben ist. M M

Moser gibt fiir diesen Satz zwei Beweise an, die sich beide wesentlich
auf die Kompaktheit der Mannigfaltigkeit M stiitzen. Aus dem zweiten
Beweis ist ersichtlich, daB der Diffeomorphismus ¢ so konstruiert werden
kann, daB er C*-differenzierbar von t und o abhéngig ist. Der erste Beweis
verwendet eine endliche Uberdeckung von M durch geeignet gewihlte
Umgebungen und 1aBt sich wortlich auf die folgende Situation libertragen:
Korollar zum Satz von Moser:

Sind © und o zwei positive C®-Volumenelemente auf einer nicht not-
wendigerweise kompakten Mannigfaltigkeit M derart, daf§ o= ft und
M M

daB t=0 auPerhalb einer kompakten zusammenhingenden Menge, so
existiert ein C*-Diffeomorphismus ¢: M — M, der 1 in o iiberfithrt

(¢ xt=0).
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Im ersten Teil dieser Arbeit wird ein wichtiger Spezialfall behandelt:
die offene n-dimensionale Einheitskugel. Es wird gezeigt, daB der Satz
von Moser in diesem Falle immer noch gilt. Im zweiten und dritten Teil
wird dasselbe Resultat auf Produktmannigfaltigkeiten und gewisse all-
gemeinere, ebenfalls nicht kompakte Mannigfaltigkeiten erweitert. Zum
AbschluB3 werden die Ergebnisse zur Aufstellung von Existenzsitzen iiber
maftreue Abbildungen zwischen Gebieten in R" und insbesondere in R3
verwendet.

1. Ein Satz fiir die offene Einheitskugel

Satz 1. Es seien t und o zwei positive C*-Volumenelemente auf
B={xeR"||x|<1}, n=2,
welche die Gleichung o= [t erfiillen. Dann existiert ein C*-Diffeomor-
B B

phismus ¢: B— B der t in o iiberfithrt: ¢ xT1=0.

Das Euklidsche Volumenelement wird mit dm bezeichnet. o 148t sich
dann als fdm schreiben, mit fe C*(B). Es geniigt offenbar, daB man einen
Diffeomorphismus ¢, von B, -- der offenen Kugel vom Radius d — auf
B konstruiert, welcher fiir alle meBbaren Mengen A < B, der Gleichung

j o= jdm
bo (A) A

genligt. d ist so bestimmt worden, daBl |dm= o (0<d=0). Der ge-
B4 B
suchte Diffeomorphismus ¢ ergibt sich dann durch Komposition ¢ =

by 0 ()"
S kann als Produkt zweier positiver C*-Funktionen g und h darge-
stellt werden derart, daB folgende Bedingungen erfiillt sind:

_§1 in einer Umgebung von x=0
TV fur (xizd

fgdm={fdm= | dm.
B B

By

Zuerst konstruieren wir eine Hilfsabbildung y,: B, — B der Form

x
‘//1(x)=|—x‘ r(|x]).
Die Funktion r wird durch die Gleichung

gdm= [ dm

x| <r@) x| <t
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eindeutig festgelegt. ¢, ist ein C*-Diffeomorphismus mit positiver
Funktionaldeterminante a. Es gilt

fgdm= [ goy,-adm= | g dm
A Y t(4) Yt (4)

mit g, =(g o ,)- a. Insbesondere schlieBt man aus der Beziehung

gdm= [ gidm= [ dm 0O<t<d
x| <r() Ix|<t |x|<t

daB

[gyds=[ds firaller,0<t<d.

St St
ds bezeichnet das Oberflichenelement auf der Sphire S,={xeR"}|x|=t}.
Mit Hilfe des eingangs erwihnten Satzes von Moser, angewandt auf die
Sphiren S, mit den Volumenelementen g, ds und ds, schlieBt man auf die
Existenz von C*-Diffeomorphismen v, ,: S,—S,, welche (fiir alle mef-

baren Mengen A = S,) der Gleichung [ g, ds= [ dsgeniigen. Diedurch
4 V2,0 (A)
¥y ls,=V,., gegebene Abbildung ist ein C*-Diffeomorphismus von B,

auf sich. Fiir x 0 folgt dies aus der Bemerkung zum Satz von Moser, und
in einer Umgebung von x =0 ist y, die Identitit.
Fiir alle Kugeln B, , mit Mittelpunkt x und Radius r, die in B, liegen,
gilt nun:
[ dm=[dt | ds
Bx, r Bx. rNSe
= [ gdm= [ gdm.
w3 (Bx,r) Wi o¥s (B, r)

Der Diffeomorphismus y =, o (,)~" erfiillt daher fiir beliebige A< B,
die Gleichung
[ gdm=[dm.

(A) A

Es muB noch gezeigt werden, daB ein Diffeomorphismus y: B;— B,
existiert, welcher das Volumenelement (ho ) dm in das Euklidsche Vo-
lumenelement dm tiberfiihrt. Es gilt dann

[ fdm= | g-hdm= [(hoy)dm= [ dm,
v (4) v (4) A x(4)

woraus man schlieBen kann, daB yo y~' =¢, die Gleichung

[ o= {dm

bo(4) A

erfiillt. Die Existenz von y ist nun aber eine Konsequenz des Korollars
zum Satz von Moser, denn die Voraussetzungen g o = 1 auBerhalb einer
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kompakten Teilmenge von B, und
[ @oy)dm= [dm
Bd Bd

sind bei der ausgefiihrten Konstruktion erfiillt.

AbschlieBlend sei bemerkt, daB die Abbildung  sich direkt aus der
Funktion f (anstelle von g) definieren lieBe. Es ist jedoch fraglich, ob die
derart konstruierte Abbildung im Nullpunkt C*®-differenzierbar wiire.

2. Produktmannigfaltigkeiten

M sei eine kompakte, zusammenhingende, m-dimensionale Mannig-
faltigkeit mit einer C*-Struktur {(o;, 0,)}. Die offenen Mengen 0, bilden
hier eine endliche Uberdeckung von M und die o; sind Hom6omorphis-
men von O; auf U;=R™ B ist die offene Einheitskugel in R" (n>2). Wir
betrachten die Produktmannigfaltigkeit M x B. Etwas allgemeiner for-
muliert kdnnen wir B durch eine Mannigfaltigkeit N ersetzen, deren
(C*-)Struktur durch eine einzige Karte, nimlich durch einen Homéo-
morphismus  von N auf B<R", bestimmt ist. Ein Atlas auf M x N ist
durch die offene Uberdeckung {0, x N } und durch die Homdomorphismen
7:=(o;, B) gegeben: y,(y, ) =(o;(y), B(z))e U; x B fiir Punkte (y, z)e M x N.
Dieser Atlas definiert eine C*®-Struktur auf M x N. In M x N sind die
Untermannigfaltigkeiten M x {z} definiert. Sie bilden eine Parametrisie-
rung von M x N. Als Parameter wird t=pf(z)e B verwendet. Mit den
derart eingefiihrten Bezeichnungen gilt:

Satz 2. Sind zwei positive C*-Volumenelemente 1,6 auf M x N vor-

gegeben, die | o= | t erfiillen, so existiert ein C*-Diffeomorphismus
MxN MxN
¢ von M x N auf sich, der t in o iiberfiihrt: ¢ xt=0. Ist N=(—1, 1), so
existiert ein derartiger Diffeomorphismus unter der zusdtzlichen Voraus-
setzung [ o(= [ 1)<oo.
Mx(-1,1) Mx(-1,1)
Das Volumenelement o auf M x N induziert auf Grund der Beziehung
og(4)= | o ein C*-Volumenelement o, auf B. o, und 1, erfiillen
Mxp~1(A) ‘
die Vorausget(zungen zum Satz 1 und es existiert daher ein C®-Diffeo-
morphismus y: B— B, der 1, in o iiberfiihrt: x*t,=0,. Mit Hilfe von y
kann man einen C*-Diffeomorphismus von M x N auf sich definieren,
indem man in lokalen Koordinaten

Yy, 2) =97 (»), xoB(z) fiir (y,2)€0,x N

setzt. Y ist also die Identitét in der ersten Komponente (M) und ist in der
zweiten Komponente (N) durch die Transformation des Parameter-
bereichs bestimmt. Der Diffeomorphismus i transformiert das Volumen-
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element t in ein Volumenelement p =y 1, fiir welches die Beziehung

o= | p
M x -1 (A) Mxp~-1(4)

gilt (A ist eine beliebige Borelmenge in B).

Sind ue U, ve B die Koordinaten fiir eine Karte mit dem Parameter-
bereich U x B, so besitzen p und ¢ Darstellungen der Form

p=gdu,...du,dv, ...dv,
o=hdu, ...du,dv, ...dv,

mit positiven C*-Funktionen g und h. Soll p in einer anderen Karte durch
p=g du;...du,dv;...dv,

dargestellt sein, so transformiert sich g nach der Bezichung

’

ou;
g (U, ..o Uy, U, ..., 0p) - det ( aul ) =g(Uyy ey Uy, Uy oens D),
k

denn die Koordinatentransformation fiir die v} hat die spezielle Form
v}=vj,j=1, ..., n. Man schlieBt daraus, daB gdu, ... du, fir festes veB
ein m-dimensionales C*-Volumenelement p, auf der Untermannigfaltig-
keit M x {f~*(v)} darstellt.

Aus der Definition fiir p, bzw. o, ist ersichtlich, daf3
p=[dv,...dv, | p,
Cxp-t(a) A Cx (-1}
fiir beliebige Borelmengen A = B, C = M. Mit Hilfe der Gleichung
p= | o
Mxf1(4)  MxB'(4)
148t sich daraus die Integralbedingung

p,= | o,

. . B
herleiten. Mx (=" @) Mx (g1 ()

Der Satz von Moser wird nun auf die Mannigfaltigkeit M mit den
C*-Volumenelementen p, und o, angewandt. Die Diffeomorphismen
¢, M —> M, welche p, in 6, = ¢, * p, iiberfiihren, werden als Abbildungen
von M x {B~'(v)} auf sich interpretiert. Die Abbildung ¢: M xN —
M x N, welche auf M x {#~'(v)} mit ¢, iibereinstimmt, ist ein C*-Diffeo-
morphismus. Fiir Borelmengen AcB, CcM erhilt man:

p={dv,...dv, | p,
Cxpt) A Cx(B 1)

= [dv, ... dv, § 0,= | I
A GO XB-1@)  GCxPTIA)
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es gilt also ¢ * p=0. Der Diffeomorphismus ¢ oy erfiillt nun alle For-
derungen von Satz 2.

3. Eine Verallgemeinerung

Unter einer Einbettung einer m-dimensionalen C>*-Mannigfaltigkeit
M’ in die (m-dimensionale) C*-Mannigfaltigkeit M versteht man einen
C*-Diffeomorphismus y: M’ — M. Wir betrachten zusammenhingende
Mannigfaltigkeiten M, die ,,zerlegt werden konnen: Es existieren endlich
viele kompakte (m — 1)-dimensionale C*-Mannigfaltigkeiten N, i=1,..., k
und Einbettungen y;: N;x(—1,1)— M derart, daB fiir alle a;e(—1,1)
i=1,...,k

M~ O ¥i(N; x (a;, 1))

kompakt und zusammenhiingend ist und der relative Rand von
k
‘p.(N; x(a;, 1))

1

in M aus

C=

Vi(N; x {a;})

i

1
besteht.

Die im zweiten Abschnitt behandelten Produktmannigfaltigkeiten
konnen alle zerlegt werden. Als weiteres Beispiel sei erwihnt: Ist M eine
kompakte, zusammenhingende berandete C®-Mannigfaltigkeit mit den
(endlich vielen) Randkomponenten OM; i=1,... k, dann ist

k
M~ ) oM,

i=1

eine C*-Mannigfaltigkeit, die zerlegt werden kann. Man vergleiche in
diesem Zusammenhang auch mit der Arbeit von Banyaga [1], in welcher
der Satz von Moser auf kompakte berandete zusammenhingende C*-
Mannigfaltigkeiten ausgedehnt wird.

Satz 3. Sind ¢ und t zwei positive C®-Volumenelemente auf einer zu-
sammenhingenden C*-Mannigfaltigkeit M, die zerlegt werden kann, so
existiert ein C*-Diffeomorphismus ¢ mit ¢ * v =0, vorausgesetzt daf} nur

fo=[r<oo.
MM

Der erste Teil unseres Beweises stiitzt sich auf Satz 2, fiir den zweiten
verwenden wir das Korollar zum Satz von Moser.
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Zuerst wird ein positives C*-Volumenelement ¢, mit den Eigen-
schaften
o :{U in (N x(c;, 1))
"1t in M~y (N, % (0, 1))

fom

konstruiert. Die Konstante ¢, >0 wird so gewihlt, da3

0< f o< [
Y1 (N1 x (c1,1)) Y1 (Ny x(0,1))

Da §a<oo, existieren immer derartige Konstanten ¢,. Der Satz 2 kann

M
nun auf die Mannigfaltigkeit M, =4/(N, x (— 1, 1)) mit den durch ¢, und ©
induzierten Volumenelementen angewendet werden. Die Integralbedin-
gung ist erfiillt und aus dem Beweis des Satzes 2 ist ersichtlich, daB die
resultierende Abbildung ¢, fiir eine klein genuge Konstante b, > —1 auf
¥ (N, x (— 1, by)) die Identitit ist. Da der relative Rand von y; (N x (b, 1))
aus Y, (N, x {b, }) besteht, kann die Abbildung ¢, durch die Identitit zu
einem (wiederum mit ¢, bezeichneten) C*-Diffeomorphismus auf ganz
M erweitert werden.

Diese Konstruktion laBt sich wiederholen: Zu vorgegebenen a;_,;
werden Diffeomorphismen ¢, M — M konstruiert mit @;*(o,_,)=0;,
i=2,..., k. Es ist nun wesentlich, da das Volumenelement o, auflerhalb
einer kompakten zusammenhingenden Menge in M mit ¢ iiberein-
stimmt. Aus dem Korollar schlieBt man daher auf die Existenz eines
C*-Diffeomorphismus ¢,: M > M mit g= @, * (,). Mit

b=b0° dioo by

ist der Satz 3 erfiillt.

4. Abbildungen zwischen Gebieten in R", insbesondere in R

Ist M eine zusammenhingende n-dimensionale C*-Mannigfaltig-
keit, die zerlegt werden kann (s. Abschnitt 3), so bezeichnen wir das
beschrinkte Bild von M unter einer C*-Einbettung in R" als Normal-

gebiet N. Wir setzen immer n=2 voraus. Beispiele von Normalgebieten
sind:

die Kugel ~ B={xeR"||x|<1},

1

n-2
der Torus T_—-{x:(zl,...,zn_z, ro)|(r—27%+ Y z2 <1, 0_£_(p<27r},
i=1
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beschrinkte Gebiete, die durch endlich viele kompakte C*-eingebettete
(n—1)-dimensionale C*-Mannigfaltigkeiten berandet sind.

Ein Homdomorphismus i zwischen zwei Gebieten G und G’ in R"
ist maBtreu, falls das n-dimensionale MaB der meBbaren Mengen 4 in G

erhalten bleibt: [dm= [ dm fiir alle AcG. Ein Diffeomorphismus
4 wid)
ist genau dann maBtreu, wenn die Funktionaldeterminante im ganzen

Gebiet die Konstante +1 ist.

Satz 4. Sind G und G’ zwei zu einem Normalgebiet N (C*-)diffeomorphe
Gebiete in R" mit gleichem, endlichem, n-dimensionalen Map, so existiert
ein maftreuer C*-Diffeomorphismus ¢ von G auf G'.

Korollar. Ist n=2 oder n=3 und sind G und G’ zwei zu einem Normal-
gebiet N homéomorphe Gebiete mit gleichem, endlichem Map, so existiert
ein maftreuer C*-Diffeomorphismus von G auf G'.

Das Korollar ergibt sich aus dem Satz durch Approximation der
Homd&omorphismen y: N — G und y': N —» G’ durch Diffeomorphismen
von N auf G beziehungsweise auf G'. DaB derartige Approximationen
existieren, ist wohl bekannt fiir n=2. Fiir n=3 wurde dieses Resultat von
Munkres bewiesen (s. Munkres [3], Satz 6.3, p. 544; man vergleiche die
Anmerkungen zur Entstehung dieses Satzes, loc. cit. p. 544/545).

Fiir beliebige n lassen sich die C*-Diffeomorphismen y: N — G durch
C~-Diffeomorphismen y von N auf G approximieren, s. Munkres [4].
Es kann also vorausgesetzt werden, daB N durch C®-Diffeomorphismen
Y und y' auf G bezichungsweise G' abgebildet werden kann. Mit J,
bezeichnen wir den Absolutbetrag der Funktionaldeterminante von .
Auf N betrachten wir sodann die C®-Volumenelemente J,dmund cdm,
wobei die Konstante ¢ durch die Bedingung [cdm= [J,dm eindeutig

N N

festgelegt ist. Nach den Sétzen 2 und 3 existiert nun ein C®-Diffeomor-
phismus 3: N — N mit § +(J,dm)=cdm. Wird § analog definiert, so
erfiillt der Diffeomorphismus ¢=1y/'c(¥)"* o 3oy~ die Forderungen
von Satz 4. Fiir meBbare Mengen A < N ist nimlich

fedm= [ J,dm= [ dm
A $-1(4) Vo3~1(4)

und fiir " und & gelten die entsprechenden Beziehungen. ¢ ist also maB-
treu.

Erhilt man das Normalgebiet N durch Einbettung einer Produkt-
mannigfaltigkeit (im Sinne von Abschnitt 2), so kann man in Satz 4 auf
die Forderung, daB die n-dimensionalen MaBe von G und G’ endlich sein
sollen, verzichten.
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A Coclassifying Map for the Inclusion
of the Wedge in the Product

John W. Rutter

1.

The Whitehead product map S(X X Y)—SX vSY is known to
coclassify the inclusion SX v SY—SX x SY. I show in this article that.
when B has a comultiplication with homotopy identity and homotopy
inverse, the inclusion SAv B—SAx B is coclassified by a map w:
AX B—SAv B if, either SA and B are simply connected CW complexes,
or the comultiplication on B is homotopy associative and A and B have
nondegenerate base points. When B is an h-coloop the class of w is
uniquely determined and is the cooperator product class defined and
investigated in [5].

LetB=B v, I=BuUl/{x 1}anda: (B, 0)— (B, *) the projection. Since *
is a nondegenerate base point there is a homotopy inverse f8: (B, x)— (B 0)
to o. The comultiplication m on B induces a comultiplication m on B by

i By - (BvB I P (BB I By V(B

where [0,4] in the I produced by f is doubled in length and folded back
onto the original stalk I and [3, 1] is doubled in length to make the
stalk I in the second B (see Diagram 1.1).

0 1
0] 0 0

1
1 (tvBimvy 1 o ‘\\ .
B B

Diagram 1.1 (the comultiplication on B)

This comultiplication on B clearly induces a comultiplication on
AxBUCA=AxB/Ax0U*x1.

Define

6: (AxB)uC(AvB)—»SAVB
13 Math Z.Bd 129
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by
g|AxBu CA=(lg, V) $d—p,

where ¢: Ax BU CA—SAv(AxBu CA) is the coaction and

p,: (AxB)uCA—B
the projection, and
o|CB=0: x~1—af

is a map obtained from some nulhomotopy. The map w is the composite
®: AXB—(AxB)uC(AvB)—2—>SAvB
where the first map is a homotopy inverse to the projection (fuller details

for all the above constructions are given in [5]).
The main result in this article is the Theorem:

Theorem 1. Let A and B have nondegenerate base points and let B have
a comultiplication with homotopy identity and homotopy inverse, then there
are maps h and k with k homotopic to the identity making commutative the
Jollowing diagram of weak cofibration sequences' :
AXB—2>SA4AVvB C S(AX B)

w

L

SAVB——SAxB——(SA)XB.

Furthermore h is a homotopy equivalence®? if either, B is an h-cogroup.,
or SA and B are simply connected spaces having the based homotopy
type of CW complexes.

Remark 1.2. A necessary condition for X v Y— X x Y to be coclassified
in the manner specified is that XX Y is a suspension. The sufficiency
conditions given in the Theorem imply that XX Y is the suspension of
space having comultiplication with homotopy identity.

Remark 1.3. The class of h is functorial in 4, and it is “functorial” in
B for maps which preserve, in the topological category, the product and
inverse and the maps f and 6.

! The lower sequence is the cofibre sequence induced by the inclusion SAv B—SA4 x B
modified by the projection (SA x B)u C(SA4 v B) » SAX B which is a homotopy equiva-
lence by Satz 16 and Satz 17 of [2].

? If B=SK is a suspension this Theorem is equivalent to Corollary 2.3 of [6].

* If SAv B— SA x Bis a cofibration, then h is a cofibre equivalence by Theorem 5.3 of [4].
This is true for example if (S4 x B, SA v B)is a CW pair.
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Remark 1.4. The cofibration sequence

B—2 3 AxBuCA—2%->AXB

is a sequence of homomorphisms when B has a comultiplication and in
the induced exact sequence of homomorphisms

[B,SAvB] <% [AxBUCA,SAvB]
% _[AXB.SAvB]«[SB,SAv B]

the class {(15,V p,) ¢ —p,} is in the kernel of i¥ and hence is the image of
an element {w} of [AX B, SA v B]. The kernel of g* is zero since

AXB—SB

is nulhomotopic (cf. the proof of Proposition 3.4 of [5]). If B is an
h-coloop then ¢* is a homomorphism, with zero kernel, of loops and
hence a monomorphism. In this case then the class of w is uniquely
determined and is the universal example for the cooperator product as
defined in §4 of [5].

Remark 1.5. For X or Y compact and regular the “unreduced”
Whitehead product map was shown to coclassify the inclusion
Sy X vS, Y-S, X xS, Y of unreduced suspensions by Cohen in Theo-
rems 2.4 and 2.5 of [1] (cf. Proposition 2.1 and Corollary 2.3 of [6]).
I note herc that the maps i and k of Proposition 2.1 of [6] are homotopy
equivalences without any restriction on the spaces, and it therefore
follows, for any Hausdorff spaces X and Y. that the “unreduced” White-
head product map X * Y-S, X v S, Y coclassifies the inclusion

Sy X VS, Y5, X xS, Y.

To show that /i is a homotopy equivalence, it is sufficient to prove that
the bijection S, X xS, Y-S, X x S, Y is a homotopy equivalence: this
may be proved using the standard method (cf. the proof of Lemma 5.81)
of [5]). It now follows that the reduced Whitehead product map coclas-
sifies the inclusion SX v SY—SX x SY of reduced suspensions provided
X and Y have non degenerate base points.

2. Preliminaries

I consider hausdorff spaces X with base point usually denoted *. The
unreduced cone, suspension and cylinder are CoX =X xI/X x {0},
SoX=Cy X/X x {1} and X xI with base points {X x {0}}, {X x {0}}
and (%, 0) respectively; and the reduced cone, suspension and cylinder are

CX=CyX/xxI, SX=S,X/xxI and XXI=XxI/*xI.

13*
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The map f: (X, *)— (X, 0) and homotopy fa~ 1 are assumed chosen
to satisfy the Lemma:

Lemma 2.1 (cf. Hilfsatz 14c) of [2]). The map B and the homotopy
H: fa~1: (f(, 0)— (X, 0) can be chosen to satisfy H (I)c I.

An M’-space is a space, X, with a comultiplication m: X > X v X
having homotopy identity, an h-coloop is an M'-space whose comulti-
plication induces a loop* structure on [X, Z] for each space Z°, and an
h-cogroup is a homotopy associative h-coloop.

It is convenient in the proof of the Theorem to modify the topology
on certain quotient spaces in order to ensure that the functions defined
are continuous. Since products of identification maps may not themselves
be identifications, the maps

(AxI)xB—>S,;AxB and (AxI)xB—>C,AxB

may not be identifications. The sets S;Ax B and C, A x B with the
quotient topology from these maps will be denoted S, A x Band C, A x B;
then S;AXxB—-S;AxB and C,AXB—C,AxB are continuous
bijections and the first is a homotopy equivalence by Lemma 5.8 of [5].

3. Proof of Theorem
Define

W=10h Uh,: C,=(SAvB)y,(C(AxBuUC(AVB)
) U(AXxBUC(AVB)XI)—>S,AxB/*x1x1
by
hy((a, b, 5),t)=(0, 0(b, s1))
and
(hy | CBXI)((b, 5), 1) =((x, 1), 0(b, 5))

and otherwise the t-th level of h, by
(hyl(Ax BU CAYXI),=(h,,),—(h,,),

where (see Diagram 3.1)

((a, 251),0) 0<s<!
hy((a.b,s), t)=1((a, 1), 2s—1) $=s<I
((a, 1).b) s=1,

hy,((a, b, s), t)=((*,t),b).

* A loop is a set having a binary structure with two sided identity and unique solutions x
and y for xa=band ay=h.

5 Equivalently [X, X v X7 is a loop.

® In AxBuUCA, (a,b)e A x B is denoted (a, b, 1) and (a, s)e CA is denoted (g, *, 5).
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.

\1/2
EE———

A B

Y e

Diagram 3.1 (the map h,,: (4 x BUCA)YXI—->S,A X B/xxIx1)

In particular
h|(AxBUC(AVB)x1)=0: AxBUC(AvB)—>SAx00U1xB.

The subspace SAx0uU1xB of S AXxB/xxIx1 is denoted SAvV B.
Define h to be the composue C,— " S, A% B/xxIx1->SAx B.Then
the composite C,—-"—SA x B »SAX B is constant on

(SAvB)LC(C(Av B))
and hence determines on taking the quotient a map’

k: S(AX B)—>SAX B

which satisfies k=x+S(a 3 ((o. ¥)m f))~ 1. Since the projection map
S, A% B/xxIxI-—>SAxB is a homotopy equivalence by the standard
arguments (cf. Proposition 2.2 and Lemma 5.8 of [5]), it is sufficient to
show that h': C,— S, A X% B/+x I x I is a homotopy equivalence.

Given that SA v B is simply connected and A and B have the homo-
topy type of CW complexes then h is a homotopy equivalence by, for
example, Theorem 5.1 of [4] and homotopy type considerations.

To prove that i is generally a homotopy equivalence when B is an
h-cogroup I construct a homotopy inverse g to h'. Define

g=g,0gy: Sy AX B/xx IxI1=CyAxB/(xxIxTUuAx1x0)
UC, A% Bj(xxIx1u CyAx0)

»C,=SAvBU,(C(AxBUC(AV B)))

7 S(AX B) has the quotient topology from 4 x B x I.
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as follows. The first map — the homeomorphism —is,on S, A4 X B/* x I x 1,
induced by the usual decomposition

S A=(Ax[0,51/Ax0)U(Ax[L,1]/Ax1)=C,AUC, A

into the union of the first and second cones; on Cy A x I/xx I x 1 it is
induced by the homeomorphism which is inverse to the map

yrIx I Ox[3,1]->1Ix1

' B (s,(2—19)1) t
s t)_{(s, 1—s(l—n) 1

given by

IA II{\

(see Diagram 3.2).

t

Pl I/

Lo Y
Ll 4 ///
Ll | — I /1
L 1/ /1]
I T I 1/ /11

Diagram 3.2 (the homeomorphism y: I x [/0x [, 1]—=1x 1)

The function g, is the composite
g CoAXB/s+xIxIUuAx1x0
—(CAXI/Ax1x0)U(Cy A% B/ xIx1I)
BB S AV (Co AR Bl x Ix 1L Cy Ax0)
—2, €, =(SAV B)U C((Ax B)U C(Av B))
where the first map is the homeomorphism induced by
B=(Bv[5 1D, [0,31=B v,
g1((a, s), t)=(a,s(1—1)eSA,

gy, 1s the projection, 1, is the inclusion of SA into the space S4 v B at the
base of the mapping cone and J is obtained from the following map ¢’
by taking quotients: the map ¢’ is the composite®

3" (Ax BU CAXI 22X (By (A x BU CA)XI)
=(BXI)v((AxBUCAXI)—>Bv C(Ax Bu CA)

8 + is the structure induced on 4 x Bu CA by the comultiplication on B.
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where 1, is the inclusion into the second factor, m, is the composite
Ax BuCA->BcBv(AxBu CA) of the projection and the inclusion
to the first factor, and BX I — B is the projection (see Diagram 3.3).

0
B
. — CA CA
|
I 1
|
I A [
1/2 2+.7[2
cB B
t
0 1
B ! 1 AxB | ca SA

SAVBV (C(AxBuC(AvB))
Diagram 3.3 (the t-th section of g,;: CoA X B/x x IxIUAx1x0-C,)

Now, at s=1, g, is the function®
(=g (Mgavp)d—p)+p)d~py: (AxB)u CA—SAV B,
and the inverse of this homotopy determines the function'®
g, CoAXB/xxIx1UCyAx0=(AxBU CAXI/~—>SAvB
where the equivalence relation on the second term is induced by the

projection p,: (4 x Bu CA) x 0— B. This completes the definition of g.
Clearly g restricted to

SAVB=SAx0UlxBcSy A% B/xx1x1

is the identity map onto SAv BcSAv BuU C(AxBu C(Av B))."
The Theorem is now immediate from the following Lemma.

Lemma 3.4. g is a homotopy inverse to h'.

° Homotopy associativity seems to be necessary at this point.

' The function g, and therefore g will depend on the choice of the homotopy above:
however by Lemma 3.4 the homotopy class of g is unique. though the cofibre homotopy
class may not be unique.

' Also g|0 x B is homotopic to the identity map of B, and g could if necessary be modified
in the obvious way to give the identity map on SAx0U0xBuU 1 xB.



180 J.W. Rutter:

Proof. 1) Consider the composite

u: S AX BaxIx1—*—C,—" S A% B/*xIxI—>SAxB

a

where the last map is the projection, and let u, and u, be the composites

U : S AXB/xxIx1—"—->SAxB—SA

uy: Sg A% B/xx Ix | —*—SAxB—B
of u with the projections onto the factors. Now u, restricted to
So(*¥) X B/x x I x I =%xIx B/ x I xx*
is homotopic to the composite
#X [ X B4 xIx*—>xx1xB—"-B

where the first map is the projection onto the subspace and the second
map is already the identity. Since the construction of u is functorial in 4
it now follows, by considering the map 4 — x, that u, is homotopic to the
projection r,: S; A X B/ x I x [ - B. Similarly u, restricted to

So A (¥)/x+x I xI=SAXI
is homotopic to the composite
SAXI—>SAx0—"-84

where the first map is the projection and the second is again the identity.
Now the map u is not functorial in B: however it is “functorial™ with
respect to maps B— B’ which preserve, in the topological category, the
map f: B— B, and the comultiplication, coinverse and the homotopies
which give the h-cogroup structure to B; such a map is B— *. It follows
now that u, is homotopic to the projection r;: S5 A % B/xxIxI—SA.
The projection S, A% B/xxIxI—SAxB is a homotopy equivalence
and since u is now shown to be homotopic to it it follows that h'g is
homotopic to the identity.

i1) Consider next the map gh': C,— C,. Denote by
M,=(SAv B)u,(AxBu C(AvB)XI

the mapping cylinder of ¢ where the attachment is made at the 1-end of
the cylinder, and, for convenience, let P=A x Bu C(A v B). The map gh'
may be written as the composite

C,=M,U(PXI)u CP 2% C_
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where u(M,)cSAv B, w(CP)cSAv B and v(P xt)=SAv Bv (P x1) for
0<t< 1. The map vuw is now deformed such that the section P x t of
PX 1 is kept in SA v Bv (P x 1) throughout the deformation. First (see
Diagram 3.5) the map v: PXI—(SAv B)u CP can be pulled off SA

cB CcB B SA

t

o

AxB CA AxB CA :

!

—

*k~1— o f 1+T7 \
1-p2
— —

S lw\=————
B

Diagram 3.5 (the map v: P xt—S4 v Bv (Px 1)

(for t<1) since the final map into SA clearly factors through CA; the
resulting map is constant on the top three quarters of the cone CA4, and
using a further homotopy the second-vertical-map is deformed to the
identity on CA. The combined homotopy V- (PXDXI—(SAv B)u CP,
say, satisfies V,| P x 0=v|P x 0 for all , and therefore uu V gives a homo-
topy uuv=uu V,~uu V,. Now the t-th section of V; is independent of ¢
and is given by

(V) (A x Bu CA)=(1+m,)(1=p,)
=(1+4mn,)—(p,+m,)
~1-p,
~1

since p, can be pushed out along the cone CB in the image; and using the
restriction of this homotopy to B, a compatible homotopy

(V| CB~y+ ey
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is obtained, where y: SB— B, since any part of the image lying in CB can
be pushed off to the vertex, and where + is given by the coaction CB »
SBv CB. In order to show that y can be taken as the constant map by
suitably modifying the homotopies above, it is sufficient to prove that
the composite function !2

n,;leuCA(AXBU CA, 1)—$_>nf(AXBUCA,12)_m—*,7[F(B, 1)

is an epimorphism. However, since B and 4 x Bu CA are h-cogroups,
and i, B>AxBuUCA is a homomorphism, this is equivalent by
Lemma 1.2.2iv) and Coprimitivity Theorem 3.3.3 of [3] to showing that

[AxBUCA, Q(AxBU CA)]—= [B.Q(Ax BU CA)] 22 [B, QB]

is an epimorphism, which is easily seen to be the case: in fact (i), p3
is a splitting. Thus v: PX 11— C, is homotopic by a level-preserving
homotopy W to the projection

W,: PXI— CP—(SAv B)uCP.

The homotopy can be extended to a compatible homotopy of w: CP-—
SA v B and a compatible homotopy of u: M, —SA v B by using

WIPx0x1
and respectively
WIPx1xI

in the usual way. The end-function of this homotopy gives, on taking
quotients, a function

@i, 1, w,): C,~>M,uC,vSP—C,

where ]\70 is the double mapping cylinder obtained from PXI by
attaching a copy of SAv B at each end. Clearly gh'~ (i, 1, W,) is a
homotopy equivalence with homotopy inverse (—iu,, 1, —w,) and
hence, since h'g~ 1, it follows that gh’~ 1. This completes the proof of
the Lemma.
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Kriterien fur n-te Potenzreste

Horst von Lienen

§ 1. Uberblick und Bezeichnungen

Unter n-ten Potenzresten mod m (n, me N) werden ganze Zahlen ¢
verstanden, fiir die die Kongruenz

x"=q modm (1)

mit ganzzahligen Werten x 10sbar ist. Zerlegt man die Zahl m in Prim-
zahlpotenzen, so ist (1) gleichwertig mit den simultanen Kongruenzen

p Primzahl, aeN: x"=gq mod p* (2)

fiir alle Faktoren p* in m.

Es ist iiblich, noch die Bedingung (q,m)=1 bzw. ptgq vorauszu-
setzen. Wie wir in Satz 1 zeigen, ldBt sich der Fall p/g aber sehr wohl
allgemein behandeln. Fiir n=2 findet sich ein Satz hierzu im Kapitel
.Einige neueste Sitze liber elementare Zahlentheorie* bei Holzer [12],
Bd. III. Auch im Fall p=2, der iiblicherweise ausgeschlossen wird, kann
man vollstindig durch n und o ausdriicken, welche Restklassen g n-te
Potenzreste mod 2% sind (§ 2). Einen Ansatz hierzu unternahm Bachmann
nach Vorlage von Arndt in [5].

In § 3 leiten wir zusammen mit dem ofter festgestellten Potenzrest-
kriterium, das nach der Teilbarkeit des Index von g fragt, ein verall-
gemeinertes Eulersches Kriterium her, das fiir alle Primzahlen p und
alle dazu primen Restklassen ¢ gilt. Fiir ungerade Primzahlen findet es
sich bei Bachmann [5], Nagell [19] und Winogradow [25], fiir einen
Spezialfall von p=2 bei Scholz/Schoeneberg [21]. Mit ihm lassen sich
die folgenden Siitze viel kiirzer und vor allem fiir alle Primzahlen zu-
gleich beweisen.

Gilt p¥ngq in (2), so ist die Zahl g genau dann n-ter Potenzrest
mod p? wenn sie n-ter Potenzrest mod p ist. Dieser Satz, der fiir ungerade
Primzahlen p in einer Richtung von Nagell aufgestellt wurde [19], wird
in beiden Richtungen und fiir alle Primzahlen p bewiesen. Er bedeutet,
daB sich n-te Potenzreste nicht durch Jacobi-Symbole beschreiben las-
sen. Neu ist der Satz, wie sich eine Potenz g reduzieren 148t, wihrend die
Riickfiihrung eines Produkts n mit einem anderen Beweis bei Holzer
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vorkommt [12, Bd. I]. Sie verallgemeinert eine Arbeit von Storchi [22]
in zwei Richtungen. Die umgekehrten Fille, ndmlich Produkte g und
Potenzen n aus einfacheren Kriterien aufzubauen, sind dagegen nicht
moglich (§ 4).

Ausfiihrlichere Regeln fiir g als n-ten Potenzrest mit n>3 sind fiir
einige Paare ¢, n, fiir =1 und p=1 mod n bekannt. Sie stiitzen sich stets
auf Zerlegungen der Primzahl p durch quadratische Formen, die vom
jeweiligen Wert n abhéngig sind. Fiir n=3 wurden sie von Euler, Jacobi,
Nagell und — als Kongruenzen zum Berechnen der Koeffizienten fiir
alle Primzahlen ¢ — von Lehmer angegeben. Entsprechend sind fiir
n=4 Gaul, Cunningham/Gosset und Lehmer zu nennen. Ferner gibt
es fiir n=5 Kriterien von Lehmer und Alderson und fiir n=8 von
Western, Halter-Koch und dem Verfasser. Soweit handelt es sich um
Primzahlen q. Auch auf Kriterien fiir einige zusammengesetzte Zahlen g,
die vom Verfasser bewiesen wurden, wird hingewiesen. Eine Formel von
Euler, fiir die Fueter einen Beweis gegeben zu haben glaubte, und eine
Behauptung von Tihanyi werden richtiggestellt (§ 5).

Die Bezeichnungen von (2) sollen fiir die ganze Arbeit gelten.

§ 2. Sonderfille

Satz 1. Gilt in (2) die Beziehung p/q, so ist die Kongruenz fiir g=0
mod p* immer losbar. Gilt n= o, so ist sie es auch nur dann. Ist p im Fall
n<a und g£0 mod p* die gréfite in q enthaltene Potenz von p, so ist die
Kongruenz (2) nur sinnvoll, wenn B durch n teilbar ist. Durch Dividieren
von g und dem Modul p* durch p* wird dieser Fall auf p ¥ q zuriickgefiihrt :
Die Kongruenz (2) ist genau dann losbar, wenn die so entstandene es ist.

Beweis. Schreibt man (2) in der Form
X"=qgo+rp* mit 0=qo<p® und reZ, 3)

so folgt aus der Beziehung p/q, sofort p/x und p"/x", wenn es eine Losung
x gibt. Fiir n=o hat man jedenfalls p*/x". Also muB auch p*/q, oder g=0
mod p* gelten. Dann gibt es die Losung x =0, die auch fiir n <a den Fall
q=0 mod p* 16st.

Fiir n<a und g0 mod p* schreibt man die p-adische Darstellung

Go=0y_1P* ' +a,_,p* % +--+ap mit 0<qg;<p firi=1,...,a—1.
Soll es eine Losung x geben, so muB p"/q, gelten, die Werte
A1y y_sy ..,y

miissen also verschwinden. (Fiir n=1 wird hier nichts Zusitzliches
festgestellt.) Nun werde x=py gesetzt. Durch Division mit p" ergibt
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sich aus (3)
Vi=de  p* " a,_, pt T T 4 a,r pt T,

Ist a, =0, so liegt der Fall p.t ¢ vor.

Gilt n2a—n, so kann g, nicht verschwinden, wenn es eine Losung
geben soll. Nach dem ersten Teil miifite sonst g, =0 sein. Wenn im Fall
n<a—njedoch a, verschwindet, miissen die Zahlena,,_,dy,_5, ..., a4,y
ebenfalls O sein, wenn es eine Losung geben soll. Dann setzt man y=pz
und dividiert erneut durch p", bis man schlieBlich insgesamt durch
p*" mit keN geteilt und a,,#0 gefunden hat. Wenn (3) losbar ist, ist es
auch die so entstandene Gleichung. Hat diese umgekehrt eine Losung,
so ist (3) bzw. (2) mit dem p*-fachen Wert als x 18sbar. Damit ist der
Satz bewiesen.

Man kann ihn auch so formulieren: Entweder mufi g=0 mod p* sein,
oder die p-adische Darstellung von q muf} ein Vielfaches von n Nullen am
Ende haben. Dann entscheidet sich die Losbarkeit von (2) am Fall p 4 q.

Kiinftig werden wir immer q teilerfremd zu p voraussetzen.

Satz 2. Ist in (2) p=2, a=3, q ungerade und n=2°v mit ungerader
Zahl v, so gibt es drei Fille:

1. Fiir a=0 ist jede ungerade Zahl q n-ter Potenzrest.
2. Fiir 1<a<a—2 sind genau die Restklassen g=1+s-2°"* mod 2°
mit s=0,1,2,3,...,2*79~2 —1 n-te Potenzreste mod 2*.

3. Fiir azoa—2 ist nur die Restklasse ¢=1mod 2* n-ter Potenzrest
mod 2%,

Beweis. Die Zahl x kann in (2) alle primen Restklassen mod 2* durch-
laufen, und wir betrachten, welche Restklassen nach dem Potenzieren
mit n iibrigbleiben. Die primen Restklassen mod p* sind gegeben durch
die beiden zyklischen Gruppen A={5, 5%, 5%,...,5* ’=1} und B=
(=5, —52, =53 ..., =5% "= —1}. Das Potenzieren jedes Elements mit
der ungeraden Zahl v bringt in 4 und B nur die Zihlung von einer anderen
Stelle an, da v teilerfremd zur Ordnung ist. Im ersten Fall des Satzes wird
also jede prime Restklasse ¢ mod 2* als n-ter Potenzrest erreicht.

Enthilt n den Faktor 2, so bedienen wir uns der Beziehung
x?*=1 mod 2°*?  fiir a=1, x ungerade, 4

die sich leicht mit vollstindiger Induktion beweisen 1d8t. Durch Poten-
zieren mit v erfahren wir fiir a+2<a, daB nur die im zweiten Teil des
Satzes genannten Restklassen n-te Potenzreste sein konnen. Um zu
zeigen, daB sie alle vorkommen, geben wir ebenso viele inkongruente
Restklassen als n-te Potenzen an: 5", 52", 53" ..., 5% “*"mod 2% Wire
fir 1 <k, +k, <2*~*"2 nimlich 5" = 5*2" mod 2° so miiBte (k; —k,) n=0
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mod 2%~ 2 gelten, d.h. 2*%~2/(k, — k,) v. Da dies nicht moglich ist, ist der
zweite Teil bewiesen.

Fiir a+2>=a schreiben wir in (4) nach dem Potenzieren mit v die
Restklasse 1 mod 2°*2 als 1 mod 2% Sie ist n-ter Potenzrest zu x=1.
Damit ist auch der dritte Teil des Satzes gezeigt.

§ 3. Allgemeine Kriterien

Satz 3. Sei p ungerade oder p*=2 bzw. 4 und gelte pk q. Nennt man
den groften gemeinsamen Teiler (n, ¢ (p*))=d, so ist die Beziehung

dfind g

notwendiges und hinreichendes Kriterium, daf3 q n-ter Potenzrest mod p*
ist. Die Bedingung ist unabhdngig davon, welche primitive Wurzel des
Moduls p* dem Index zugrundegelegt wurde.

Der Beweis durch Ubergang von (2) zu den Potenzen einer primitiven
Waurzel findet sich bei Bachmann [57], Nagell [ 19], Winogradow [25] und
Holzer [12]. Einen anderen Beweis, der die Kongruenz d =k n mod ¢ (p*)
mit keZ benutzt, kann man aus einem Ansatz bei Scholz/Schoeneberg
[21] entwickeln. Die Unabhingigkeit von der primitiven Wurzel, die
indirekt enthalten ist, wurde nie betrachtet. Es 1Bt sich jedoch zeigen.
daB jeder Teiler von ¢ (p*) alle Indizes zugleich teilt oder nicht teilt.

Man kann die Sdtze 2 und 3 zu einem verallgemeinerten Eulerschen
Kriterium fiir alle Primzahlen p zusammenfassen:

Satz 4. Ist fiir p ¥ q u der kleinste Exponent, der alle primen Restklassen
zu 1 mod p* macht, so ist q genau dann n-ter Potenzrest mod p*, wenn gilt

u

¢g™“=1 modp". (5)

Beweis. Mit den Voraussetzungen von Satz3 ist u=¢@(p”). Bei der
Darstellung von ¢ in (5) mit einer primitiven Wurzel wird der Nenner
(n, u) gerade weggekiirzt, wie Bachmann [5], Nagell [19], Winogradow
[25] und Scholz/Schoeneberg [21] genauer ausgefiihrt haben. Wir weiten
den Beweis auf p*=2 bzw. 4 aus, denn Voraussetzung ist nur, dal es eine
primitive Wurzel gibt. Die iibrigen Fille von p=2 brauchen einen
gesonderten Beweis:

Betrachtet man p und « nach Satz'2, so ist u=2*~2. Die Zahl (n, u) sei
mit d bezeichnet. Im Fall 1 ist d=1 und (5) wird zur Kongruenz (4) mit
a=a—2, die genau von den ungeraden Zahlen erfiillt wird. d ist 2¢ im
Teil 2 des Satzes. Ist ¢ n-ter Potenzrest mod 2% so folgt "= x"9/!=
x"*=1mod 2% wie in (5) behauptet wird. Umgekehrt kann man die
ungerade Zahl g nach Satz 2, 1. als ¢ = + 5" mod 2* schreiben. (5) bedeutet
dann, daB r durch d teilbar sein muB}, da nur ganze Vielfache von u als
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Exponenten die Restklasse | erzeugen. Wegen des Faktors n=dr im
Exponenten ist ¢ als n-ter Potenzrest dargestellt. Im dritten Fall des
Satzes schlieBlich ist d =u und (5) wird zur Kongruenz ¢=1 mod 27 die
nach Satz 2 genau die n-ten Potenzreste beschreibt.

§ 4. Reduktion von Kriterien

Satz 5. Gilt p¥ q und p ¥ n. so ist die Zahl ¢ genau dann n-ter Potenzrest
mod p*, wenn sie n-ter Potenzrest mod p ist.

Beweis. Wendet man (5) an und setzt f = p* ! fir die Voraussetzungen
von Satz 3, =p* 2 sonst, so ist (n,u)=(n, f (p—1))=(n, p—1), da f nichts
zum groBten gemeinsamen Teiler beitrigt. Der von o unabhingige

-1 . . .
Bruch P sei mit w bezeichnet.

Aus der Kongruenz ¢ =1 mod p bzw. der Gleichung ¢ =1+ p mit
reZ folgt durch (x—1)- bzw. (x—2)-faches Potenzieren mit p (vgl. (4)),
daB ¢*/=1+sp* mit seZ ist. Damit ist nach Satz4 die eine Richtung
gezeigt.

Gilt umgekehrt die letzte Gleichung. so folgt sofort die Kongruenz
¢"/ =1 mod p. Ist t der Exponent, zu dem die Restklasse ¢ mod p gehort,
so gilt danach t/wf. Wegen der Beziechungen t/p—1 und (p—1,f)=1
ist aber (t, /)= 1 und daher t/w oder ¢" =1 mod p. Das war zu beweisen.

Beschreibt man die n-ten Potenzreste mit dem verallgemeinerten
Legendre-Symbol (¢/p),= &4, worin &, eine d-te Einheitswurzel ist,
so gilt nach Satz 5 fiir p.k nq und alle Zahlen xeN

)=,

Satz 6. Es gelte p.k q. und u sei der kleinste Exponent, der alle primen
(n, 1)

Restklassen zu 1 mod p* macht. Ist dann g=)", g=(h.n,u) und
n n

(‘, u) .50 ist q genau dann n-ter Potenzrest mod p*, wenn y —-ter Potenz-
g g

rest mod p* ist.

. ) (n, u)
Beweis. Es sei h=rg, also (r,f .

n
) =1. Ist y —-ter Potenzrest, so
4

ist g=y" durch Potenzieren in (2) nr-ter Potenzrest, also auch n-ter
rgu
Potenzrest mod p*. Setzt man das letztere nach (5) in der Form plnw =1

) ru
mod p* voraus und gehort y zum Exponenten t mod p”, so gilt ¢ / e P
Da r prim zum Nenner, also auch zu u ist, t aber u teilt, ist der Faktor r
14 Math Z,Bd 129
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prim zu t, und man kann ihn fortlassen. Dann erhiilt man die Kongruenz

STTrRT ..n o
y"&® =1 mod p*: y ist —-ter Potenzrest. Damit ist der Satz fiir alle
Primzahlen p bewiesen.
Bei den bekannten Kriterien wird immer n/u vorausgesetzt; dann ist

. n,u ..
die Voraussetzung —(-?l= (% u) erfiillt, und man kann g=(h, n) setzen.

Satz 7. Es gelte pY¥q, n=rs und (r,s)=1. Die Restklasse q ist genau
dann n-ter Potenzrest mod p* wenn sie zugleich r-ter und s-ter Potenzrest
mod p* ist.

Beweis. Setzt man v =(r, u) und w=(s, u) mit der bisherigen Bedeutung
von u, so gilt (n, u)=vw und (v, w)= 1. Ist nun g r-ter und s-ter Potenzrest,
, . e (o)
d.h. nach (5) ¢*=¢""=1 mod p?* so ist g*/* g"* =¢q """ =1 mod p*.
. u . .
Darin muB3 schon — ein Vielfaches des Exponenten sein, zu dem g
vw

gehort, denn der Faktor v+ w ist prim zu vw und zu u. Ohne ihn folgt aus
(5), daBB g auch n-ter Potenzrest mod p* ist. Der umgekehrte Schluf3 ist
trivial, da g =x" mod p* als x"* geschrieben werden kann.

Mit Satz7 ist ein Resultat von Storchi [22] in zwei Richtungen
verallgemeinert. Storchi behandelt den Fall ¢=2 fiir die Zahlen n=6, 12,
24 und 48. Man rechnet leicht nach, dal3 das Ergebnis die bekannten
Kriterien fiir =3 und s=2,4, 8 und 16 kombiniert.

Die Sdtze 6 und 7 zeigen, daB sich Kriterien fiir Potenzen ¢ und
Produkte n auf einfachere Formen zuriickfiihren lassen. Das Umge-
kehrte, ndmlich Produkte ¢ und Potenzen n zu reduzieren, liBt sich
nicht allgemein 16sen: Im ersten Fall miite man z B. fiir ungerade
Primzahlen aussagen kdnnen, wie sich die Teilbarkeit von ind ¢, und
ind g, durch d zu der von ind g, +ind g, durch d verhilt. Das geht
natiirlich, wenn d einen der Summanden teilt, aber nicht, wenn beide
nicht durch d teilbar sind. Im zweiten Fall miite man unter der iiblichen
Voraussetzung n/p—1 von n,/ind g auf n¥/ind g schlieBen, was nicht
moglich ist. .

§ 5. Spezielle Kriterien

Die allgemeinen Potenzrestkriterien von §3 galten bisher als un-
handlich, weil man primitive Wurzeln nur durch Probieren findet,
bevor man eine Indextabelle berechnen kann, und weil das Potenzieren
im Eulerschen Kriterium sehr langwierig war. Heute 148t sich beides
mit den elektronischen Rechenanlagen leicht bewiltigen.

Spezielle Kriterien fiir n>2 benutzen stets Zerlegungen der Prim-
zahlen p durch quadratische Formen und sagen aus, daB g genau dann
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n-ter Potenzrest mod p ist, wenn bestimmte Kongruenzen zwischen den
Koeffizienten der Darstellung von p erfiillt sind. Sie sind nur fiir a=1
bekannt und werden fiir n/p—1, also p=1 mod n formuliert, da man in
der Beziehung d =(n, p— 1) beliebig groBe Zahlen n wihlen kdnnte, ohne
d zu veridndern.

Die #ltesten Formeln stammen von Euler [7]. Fir n=3 und die
Darstellung p=a?+3b?
nannte er die Bedingungen fiir die Falle ¢=2,3,5.6,7 und 10. Fueter
gab im Vorwort zum entsprechenden Band von Eulers Werken (S. XX1 —
XXV) Beweise an, ohne zu bemerken, daB das Kriterium fiir g=7
nicht ganz richtig war. Von den Beziehungen

1)21/b; 2)7/aund 3/b; 3)21/a+b; 4)7Tjat4db: 5)72a+h

sind die vierte und fiinfte gleich und miissen richtig heillen: 21/a+4b.
Sonst miifte die Restklasse 7 fiir p=103 mit a=10 und b=1 kubischer
Rest sein, was nicht zutrifft (Genaueres bei von Lienen [16], S. 56f.).

Jacobi benutzte eine andere Zerlegung, die bis heute iiblich blieb:
4p=A*+27B%.

Er gab die empirischen Regeln fiir die Primzahlen bis ¢=37 an [13].
Bei dieser Primzahldarstellung nehmen die Kriterien fiir g=2,3,5 und
7 die einfache Form g/4B an. Sie wurden von Nagell [20] bewiesen,
nachdem Tihanyi die beiden ersten Fille gezeigt, sich aber mit der
Behauptung geirrt hatte, fiir Zwillingsprimzahlen ergidben sich immer
gleiche Formeln [23] (vgl. von Lienen [ 16], S. 60f.). Aligemeine Aussagen
zu den Kriterien fiir kubische Reste finden sich bei Bachmann [4], Nagell
[18] und Hasse [10]. 1958 gab Lehmer Regeln an, wie man fiir alle Prim-
zahlen ¢ die K oeffizienten der Kongruenzen in 4 und B berechnen kann,
die Kriterien fiir ¢ als kubischen Rest sind [15]. Fiir einige zusammen-
gesetzte Zahlen ¢ bewies der Verfasser Kriterien: fiir =6, 12, 18, 10, 20
und 50 [16]. Auf die damit bekannten Fille sind alle zusammengesetzten
Werte g reduzierbar, die nur aus Potenzen von 2 und 3 bzw. 2 und 5
bestehen.

Auch fiir n=4 stammen die ersten Kriterien von Euler [7]. Mit der
Zerlegung p=a*+b*  (a ungerade)
nannte er die Regeln fiir ¢= +2,3 und 5. GauB} bewies sie und gab die
Bedingungen fiir die Primzahlen bis ¢=23 an [8]. Cunningham und
Gosset erweiterten die Liste bis g=41 [6]. Allgemeine Aussagen iiber
Kriterien fiir biquadratische Reste finden sich bei Hasse [10]. Auch in

diesem Fall wurden von Lehmer Formeln angegeben, mit denen man die
14+
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Koeffizienten der Kriterien fiir alle Primzahlen ¢ berechnen kann [15].
Der Verfasser bewies Regeln fiir die zusammengesetzten Zahlen ¢=6
und g=10 [16] aus Ergebnissen von Aigner [2].

Im Fall n=5 macht die quadratische Form Miihe. Lehmer benutzt
die Darstellung

16p=a*+50b*+50c? +1254d>

mit einigen Zusatzbedingungen und bewies Kriterien fiir g=2 und g=3
[14]. Alderson verwandte eine andere Zerlegung und l6ste damit den
Fall g=2 [3].

Fiir n=28 betrachtet man die Darstellungen
p=a*+b*=c?+24d%.

Damit bewies Western die Bedingungen fiir die Primzahlen bis =13
[24]. Der Fall g= 42 wurde klassenkorperthcoretisch von Aigner neu
bewiesen [1] und ebenso g= —3,5, —7 von Halter-Koch [9]. Der Ver-
fasser zeigte, daB3 die unterschiedlich aussehenden Regeln iibereinstimmen
und leitete aus den Westernschen Formeln einige hinreichende Kriterien
fiir alle Primzahlen ¢ und die vollstindigen Bedingungen fiir die Prim-
zahlen bis g=41 her [17].

SchlieBlich wurde noch der Fall n=16, ¢= +2 von Aigner [1] und
anderen behandelt und fiir n=32, g=2 von Hasse keine geschlossene
Form mehr gefunden [11].

Literatur

1. Aigner, A.: Kriterien zum 8. und 16. Potenzcharakter der Reste 2 und —2. Deutsche
Mathematik 4, 44 — 52 (1939).

2. Aigner, A.: Einige handliche Regeln fiir biquadratische Reste. Math. Nachr. 17,
219223 (1958).

3. Alderson, H. P.: On the quintic character of 2. Mathematica 11, 125 — 130 (1964).

4. Bachmann, P.: Die Lehre von der Kreisteilung und ihre Beziehungen zur Zahlen-
theorie. Leipzig: Teubner 1872. Verweis: S. 143 u.a.

5. Bachmann, P.: Niedere Zahlentheorie, Bd. 1. Leipzig-Berlin: Teubner 1921.

6. Cunningham, A.J.C,, Gosset, T.: On 4-tic and 3-bic residuacity tables. The Messenger
of Mathematics 50, 1 — 30 (1920).

7. Euler, L.: Opera omnia, ser. I, Band 5. Ziirich: Orell FiiBlli, Leipzig: Teubner 1944.
Verweis: S. 250ff. in Tractatus de numerorum doctrina capita sedecim quae supersunt.

8. GauB, C.F.: Theoria residuorum biquadraticorum. Werke I1. Géttingen: Konigliche
Gesellschaft der Wissensch. 1863.

9. Halter-Koch, F.: Kriterien zum 8. Potenzcharakter der Reste 3, 5 und 7. Math. Nachr.
44, 129 — 144 (1970).

10. Hasse, H.: Bericht iiber neuere Untersuchungen und Probleme aus der Theorie der
algebraischen Zahlkorper, Teil I1: Reziprozititsgesetz. 1930; 2. Aufl. Wiirzburg-Wien:
Physica-Verlag 1965.

11. Hasse, H.: Der 2"-te Potenzcharakter von 2 im Korper der 2"-ten Einheitswurzeln.
Rend. Circ. mat. Palermo (2) 7, 185—244 (1958).



12
13.

14.

15.
16.

24.

25

Kriterien fiir n-t¢ Potensreste 193

Holzer, L.: Zahlentheorie. Leipzig: Teubner. Bd. 1 1958, Bd. ITI 1965.

Jacobi, J.G.D.: De residuis cubicis commentatio numerosa. J. reine angew. Math. 2,
66—69 (1827).

Lehmer. E.: The quintic character of 2 and 3. Duke Math. J. 18, 1118 (1951).
Lehmer, E.: Criteria for cubic and quartic residuacity. Mathematica 5, 20— 29 (1958).
Lienen, H. von: Regeln fiir kubische und hohere Potenzreste. Dissertation, Bochum,
1970.

. Lienen, H. von: Primzahlen als achte Potenzreste. Erscheint demnichst im I. reine

angew. Math.

. Nagell, T.: Zahlentheoretische Notizen. Skrifter utgitt av det Norske Videnskaps-

Akademi i Oslo, Matem.-naturv. Klasse; 1923 (1924), No. 13; hier Teil IV. — Siche
auch: Sur les restes et les non-restes cubiques. Ark. Mat. 1, 579 — 586 (1952).

. Nagell, T.: Introduction to number theory. Stockholm: Almquist-Wiksell, New York:

John Wiley 1951.

. Nagell, T.: Sur quelques problémes dans la théorie des restes quadratiques et cubiques.

Ark. Mat. 3, 211 —-222 (1958).

. Scholz, A., Schoeneberg, B.: Einfiihrung in die Zahlentheorie. 4. Aufl. Berlin: De

Gruyter 1966.

. Storchi. E. Alcuni criteri di divisibilita per i numeri di Mersenne e il carattere 6.

12me 24me_48™ dell' intero 2. Boll. Un. Mat. Ital. (3) 10. 363 —375 (1955).

. Tihanyi, M.: K&bos maradékok ismertetd jele (Kennzeichen kubischer Reste). Mate-

matikai és fizikai lapok 27. 76 — 79 (1918).

Western, A. E.: Some criteria for the residues of eighth and other powers. Proc. London
math. Soc. (2) 9, 244 — 272 (1911).

Winogradow, 1. M.: Elemente der Zahlentheorie. Ubersetz. der 6. Aufl. aus dem Russ.
Miinchen: Oldenbourg 1956.

Dr. H. von Lienen

Institut fiir Mathematik der
Ruhr-Universitiit

D-4630 Bochum

Postfach 2148
Bundesrepublik Deutschland

( Emgegangen am 7. Jum 1972)






Math. Z. 129, 195 —206 (1972)
© by Springer-Verlag 1972

A Characterization of the Hopf Map by Stretch

Agnes Chi-Ling Hsu

1. Introduction

Let f: M" - N* be a C' map of Riemannian manifolds and let f, be
the differential of f. The stretch 6,(x) of f at xe M" is defined to be the
maximum of | f, u|| over all unit tangent vectors u at x. For compact M,

let
%= i 0

d, is called the stretch of f.
In [8; p.387, (3.2)] Olivier remarked that the Hopf bundle maps
have stretch exactly 2. He also proved [8; p. 480]:

1.1. Theorem. If {: S"—S? n>2, is C' with 0,<2, then [ is null-
homotopic.

Moreover, he conjectured that, if f: S§"— 8% n>2,1is C! with o,=2
and f is not null-homotopic, then f is a fiber bundle map. We extend his
theorem and a fortiori answer his conjecture affirmatively with the
following theorem.

1.2. Theorem. Let f: 8" —S? n>2, be a C' map, with 6,<2, and let
U(1)=S" be the subgroup of O(4) defined by scalar multiplication on C*.
Then either

a) f is null-homotopic: or

b)n=3,6,=2 and there exists a unique right coset A of U(1) in O(4)
such that for every W €A, f =h oy, where h: S* — S? is the Hopf bundle map.

An analysis of the Hopf bundle maps suggests introducing a class
H(n) of maps, where >0, characterized as: fe Hy(n) if f: S"— Sk is
a C! map such that for all ge S" there isa k-plane I (q) = T, S", I} (q) L ker f,
and | f,,v,ll =nlv,|l for all v,eI;(q). The Hopf bundle maps he HX*=1(2)
(k=2,4) (for a detailed proof see [4; p. 19, Proposition 2.3.1]). A classi-
fication of H} (i) is obtained as following:

1.3. Theorem. H} (1)=& unless
a)n=k and n=1:H'(1)=0(n+1);
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byn=k=1 and y is a positive integer: H,‘(q):{gnow:g”(:)zz" and
veO2)}; or

) (n, k)=(3,2), (7, 4) or (15,8) and n=2.

Thus our study focuses on HZ*~'(2) (k=2,4,8), and we prove the
following theorem, which characterizes H3(2), and is the essential part
of the proof of Theorem 1.2.

1.4. Theorem. If f, g€ H; (2) and there exists a point xe S* such that

i) f(x)=g(x), and
i) f|T, S°=g,IT.S>

Then there is a unique Y € O(4) with \ (x)=x and > = identity such that
f=geo.(In fact, in some coordinates, i (x;, x,, X3, X4)=(+ x,, x,, X3,X,).)

This is part of a Ph. D. dissertation at Syracuse University, directed
by Professor P.T. Church, and supported by S.U. Fellowship.

2. Preliminaries

In this section we summarize results from Wolfs paper [10] that are
needed and observe that the differentiability hypothesis can be replaced
by C', the same proofs carrying through.

2.1. Definition. Let f/: M — N be a C' map of Riemannian manifolds.
everywhere of rank dim N. The associated Ehresmann connection
={H,} .\ 1s defined by

H, is the orthogonal complement of V,=Kernel (f, , on T,M).
Thus, by the Rank Theorem f, . is an isomorphism of H_ onto T, N
We define a sectionally smooth curve to mean one which is piecewise

regular, i.e., is an immersion except for a finite number of points, and
the one-sided derivatives exist at these points.

2.2. Definition. A tangent vector Xe T,M is horizontal if XeH_;
a C' curve in M is horizontal if each of its tangent vectors is horizontal.
Let a(t), cSt=d, be a sectionally smooth curve in f(M)c N. Given
xef ~!(a(c)), if there is a C' horizontal curve « (1), c<t<d, in M such
that 1) « (c)=x and ii) foa, =0, then 2, is called the horizontal lift of =
to x. If o, exists for every xef ~'(x(c)), then we say that o has horizontal

lifts.

2.3. Definition. Let f: M — N be a C' map of Riemannian manifolds.
f is metric-compatible if there exists a continuous positive real-valued
function A on N such that if geM and YeT;, N, then there exists an
xeT,(M) such that i) f, X =Y and ii) | Y| Z A(f(q) | X |
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2.4. Proposition. Let 2 M -> N be a metric-compatible map of con-
nected Riemannian manifolds. If M is complete, then f(M)= N, and every
sectionally smooth curve in N has horizontal lifts relative to the associated
Ehresmann connection [10; p. 68, Proposition 3.4].

3. Hy(n)

In this section we develop some basic properties of maps in H} (i)
which are used to characterize H} ().

3.1. Remarks.
(i) If fe H} (), then rank f=k: thus nzk.
(i) If feHy). then 1;=1{1(q): q€S"} is the associated Ehresmann
connection.
(i) If fe H}(n), then f is metric-compatible.
(iv) If fe HI(n). then f(S")=S* and f: S"-> S is a locally trivial fiber
map (cf. [3; p. 31]; see also [10; p. 67, Corollary 2.4]).
(v) If fe H! ), then for every yeS*. f~'(v) is a regular embedded sub-
manifold of 8" of dimension n—k. if k=2, then each f ~'(v) is connected.
(vi) If fe H}(n), then o, <n.
(vii) If fe H}(n). then for any u. vel;(q) where qeS" {fy u. fo )=
> u, vy,
(viii) HP ()= {f: S" > S¥|fis C'. 0, =, and for every g€S™ there exist
k-independent vectors v, ,€T,S" i=1,2.....k [ fy,(c; JI=nlv; I} (In
fact, {v; .} is a basis for T;(q).)

Proof. Except for (v), the proofs are immediate.

In (v) the first statement is from Rank Theorem. Now assume that
k>2. Since f(S")=S* f has a unique monotone light factorization
[11; p. 141, Theorem 4.1]. say f=heog, where g is a monotone map
(i.c., g~ '(g(q)) is connected, for every geS") onto an intermediate space K
and h is light (i.e., dim f ~'(3) =0, for all ye S*). By [9: p. 64, Lemma 2.4],
K is a k-manifold and h is a d-to-1 covering map of K onto S* for some
integer d. Since 7, (S¥)=0,d = 1. Thus h is a homeomorphism and f = Hy)=
g '(h='(y)) is connected.

Thus, in the definition of Hj(n), ker f,, is the tangent plane of
;::?;EZB at ¢, and the perpendicularity condition becomes: I;(g)L

3.2. Lemma. If fe H!(n), then the horizontal lift of any geodesic is a
geodesic.

Proof. Let 6, be a geodesic in S* (i.e., a great circle arc) through f(x),
where xeS”, with velocity vector veT;,S* 0<|o] <m o, [0, 17— s*
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da

lo,
is defined by o,(1)=exp; -0, and H (;Tr' (a)||=
ael0,1) [6; p.55]. It follows that ‘

0) “—- vl for all

Lo, —Ndt=allv] forall a€[0,1).

Let g,,: [0,1)— S" be any horizontal lift of o, to x relative to I}, ie,

0,.0)=x, foo,., =0, and for all ae[O 1), 22 (q) el (o, (a); in other
do,,

£ (55=) @) -

For any a€[0, 1) we have
1) length of

words,

a

il

o N

dt

T+ (d;%(t))

qul[o,a]: L(val[o.a])= j
0

which is equal to

(/n)f S (feo,) () dt= dt—(l/n)jllvlldt—alltli/'?

Thus a=(n/|[v]|) - L(0,l(0.,) that is to say, the parameter of o, is equal
to (n/||v]|) times the arc length parameter of g, .

2) For any other piecewise smooth curve y joining x and o,,(a),

L('y)zL(o-vxl[O.a])'
If not, we would have L(y)<L(g,,l.4) Since o, is the minimal
geodesic joining f(x) and o, (a), L(f°7)2 L(0,l0.4)- Hence

L(fo)) _ Loy __alvl _
LG) 7 Lol  G@lol/m
contradicting the fact that ,<#.
From 1) and 2) it follows that ¢, is a geodesic [6; p. 61, Corollary 10.7].

33. Lemma. If f: 8" — S*is C' and §,<1, then either f is null-homo-
topic, or n=k and f is orthogonal.

Proof. If n<k, then f is not surjective [2; p. 1037, Proposition 4];
thus f is null-homotopic. Thus we may suppose n=k.

If there is a point peS” and a v,e T, S" such that || f, v, <|lv,|l, view
£(S") as the image of all geodesic joining p and — p (antipodal point of p)
under f. Since 0, <1, either f(—p)=—f(p) or —f(p)¢f(S"). Let g, be
the geodesic joining p and —p with velocity vector mv,/|v,[l. Then
L(f(o,))<m, and so f(—p)+—f(p). Hence f is not surjective, and
again f is null-homotopic.
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The remaining case is that for every veTS", || f, vl =|v|. 1t follows
immediately that k=n, and [ is an isometry. The only isometries on S"
are orthogonal maps.

3.4. Proof of Theorem 1.3. Let fe H} (). By Lemma 3.2, any horizontal
L . L 1 .
lift of a geodesic o in S is a geodesic t in §”, and L(t)=— L(o). Thus if ¢
n

is of length 25 7, then t is of length 27, and hence a great circle in 5™
Therefore |t is a map of circle to circle with stretch » everywhere. This
implies that  is a positive integer and f|t is an 7-to-1 covering map.

By 3.1(iv) and (v), f: S"— S* is a locally trivial fiber map, with a
compact (n— k)-manifold F for fiber. In particular, if n=k, then /: §" — Sk
is a covering map.

If n=k=2, then n,;(S")=1and fis a C! homeomorphism; from the
first paragraph, n=1, so that (by 3.3) feO(n+1).

Suppose n=k=1. Let S'={z=¢"'e C:0<0 <27} and let g,: S' > S’
be defined by g, ()= z" By the above argument, f:S'— S' is an n-to-1
covering map, and the domain S' can be viewed as a horizontal lift of
the range S' to some point zo=¢'% with f(z,)=1. Since n - L(t|(o ¢)=
L(alg.q) for any 0, f(z)=e*0=%) The continuity of f shows that the
sign (+) is independent of z.

Denote by « either the identity map or the reflection along x-axis,
according to whether the sign is positive or negative. Let Y €0(2) be the
rotation of negative angle 0, (i.e. clockwise rotation through 0,),
followed by a. Then (zy)=1 and

g ol (D) =g, o Y(e)=g, (" TN =0T~ 1(2),
forany z=¢""eS'. i.e., f=g,° Y.

Finally, suppose that n>k. Using a theorem of Browder [1; p. 353,
Theorem 5.1], Timourian [9; p. 64, Lemma 27] proved that if f: §"— S*
is a fiber bundle with fiber a compact (n—k)-manifold, then (n, k)=(3, 2),
(7, 4), or (15, 8), and the fiber is a homotopy S', §3 or S7, respectively.
Thus our f: §2%~' —» S has fiber a homotopy $*~!, k=2, 4, 8. Suppose
that f is null homotopic, i.e., f, =0. From the homotopy sequence ofa
fibering, we obtain the short exact sequence

0—m;,, (S-S — m (8271 —0
(k=2,4,0r8;j=1,2,...).Forj=2k—2,a contradiction results, since
(S)xZ,, mSHRZ+Z,, MaSNRZ50, MsSHRZ+Ziy

[S: pp. 329 and 332]. Thus f is essential.
If n were 1, f would be null homotopic from above lemma; thus
n=2,3,....
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The exponential map exp, at the point xeS" sends the open n-ball
in T_§" diffeomorphically onto an open subset of §”, viz S"—{ — x}. For

e, let
B,={wel (x)c T.S8": |w| <&};

then exp, |, is an embedding. Let S* =exp, (B,). S* can be viewed as the
union of horizontal lifts to x of closed geodesics in S* with length 5 .
Note that for each /=0,1,....[n—1/2], f(Cexp, By, )nm)=—f(x)
and ¢ exp,(B,,) is diffeomorphic to S*~'. Since f“t-—f(x)) is a con-
nected (k — 1)-manifold, by Brower’s Theorem on invariance of domain,
Cexp,B,, is both open and closed in f ~'(~ f(x)). Hence ¢ exp, B, =
f Y= f(x)). Foreach /=1,2,....[n—1/2],

a) —
¢ exp, B/ iiyem N CEXP, B,,=%

implies that [n—1/2]=0, i.e, n=2. This completes the proof of the
Theorem.

4. A Characterization of H; (2)

This section is devoted to the proof of Theorem 1.4.

Let o, be a geodesic in S* through f(x) (=g(x)) with unit velocity
vector ve 7}()6)52 and L(o,)=2n. By Lemma 3.2, the horizontal lifts of o,
to x relative to I} and I, are geodesics of length 7 passing through x with
velocity vector v'e[;(x) and v"elL(x) respectively, and where f, (v')=r=
g, (). Since I} (x)=1,(x) and Jellp(x)=g I[(x) is 1-1, v”"=v". By the
uniqueness of geodesic in S passing through x with velocity vector ¢
and length=n [6; p.56, Lemma 10.2] ¢, is the unique horizontal lift
of o, to x relative to both I} and I. Thus fo 0, ,=0,=go0,, or

./blo.vnglo-vx'

The exponential map exp, at the point x sends the open n-ball in
T.S? diffeomorphically onto an open subset of S, viz. §*—{—x}. For

e<m, let
B,={wel[(x)=T,S*: |lw||<e};

then exp,|B, is an embedding. Let S =exp, (B,). Note that S_ is a
geodesic 2-sphere; and it can be viewed as the union of the images of 7, ,
where ve T, ,S* with |jv]|=1 and L(s,,)=n. Hence f(q)=g(qg) for all
q€S,. Denote exp,(B,,) by N,. Then f(y)=g(y)= — f(x) for all yedN,.
0N, is diffeomorphic to S'; N, = /= (f () ng~'(g(y)) for every yedN,;
and both f~'(f(y)) and g~'(g(y)) are manifolds of dimension 1. By
Brower’s theorem on invariance of domain, dN, is open in both f ~*(f(y))
and g~'(g(v)). But 0N, is also closed in both f~'(f(y)) and g~ (g()-
Since f~'(f(y)) and g~'(g(y)) are connected, we have f ~'(f(y))=0N,=
g '(g(y), thatis, f ' (f (y))=g (g () for all yeoN,.
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(1) Thus, we have shown that if f, ge H3(2), f(x)=g(x), and f, ., =g,
for some xe S, then f|N,=g|N_and oN,=f ~'(f(y)=g '(g(y) for all
yelN,.
The commutativity of the diagram
B,, L NN

RY

!
|

N N

é,

i *gx;,;@,,*sz—{—./'(x)}

where B,={reT;,,S*: ||t <n} and the fact that f, [B,,, exp,IB,;,
expy !B, are diffeomorphism imply that f[N,(=gIN,) is a diffeo-
morphism. Hence f,|T, N.(=g,|T,N,) is an isomorphism of T, N, onto
T, S?. for every geN, .

Since the diagram opd o
B, N

X

f /1
|

B~ S
where B’Zfz{ue'l;mszz lvll <2¢}. commutes for every e<m/2, f maps
Cexp, B, =exp, (B, onto ¢ exp; ,(B,,)=exp;, 0B, dexp, B, is a circle
in N_ with radius sin¢ and ¢exp,,B), is a circle in S? with radius
sin 2¢. Thus the stretch of f on ¢exp, B, at the point gedexp,B, is
sin2¢,/sin g, =2 cos &,. So is the stretch of g at g.

For every zeS?—{f(x), — f(x)}, let u,(z) be the tangent vector of
length 2 along the great circle from f (x) to — f (x) containing z. Orient S2.
Let u,(z)eT,S? be orthogonal to u,(z) with length 2 so that u,(z) and
u,(z) give the positive orientation. For any meridian ¢ (with f(x) as a
pole) in S, w,lo—{f(x), —f(x)} and wu,lo—{f(x),—f(x)} can be
extended uniquely to o, so that u,|o and u,|o are continuous.

Forevery ge N, — {x}, let w} (q)e T, N, such that f, , Wy (q) =g, W2 (@)=
uy(f(q)). Then wh(q) is tangent to Jexp,B, if gecexp, B, [6: p.60.
Lemma 10.5]. Hence

(2) | feaWa (@) = 84 q(Ws @) =2 cos &[5 (@)l
Since f, | T, No(= g, | T,N,) is an isomorphism forall ge N.— {x}, u5(f(q)) %0
wi(q)

. 10 ! = :
implies w)(q)#0. Let w, (q) lws (@)l

For every qe N, —{x}, let w,(q)e T, N;, t (el (q), and t,(q)el;(q)
such that f, w,(q)=g,w1(q)=u;(/(q) and fy (@) =u2(f(q)= g4 1(q)-
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For each half meridian ¢, on N, beginning at x ending at yedN,,
wilo,—{x,y}, w,lo,—{x, y}, t,la {x v} and t,|o,—{x,y} can be ex-
tended to o, uniquely and continuously. Thus

f* ° W1|0'y=g* ° Wllo,——-ulifo Oy,

g* ° WZIGy

/, Wz|0'
_2 *k — ;
A ey Ig, =Wl

Iwilo,(@ll=1 and |¢|o,(g)l =llt,lo, (@l =3I f,(t/l0,(q)]

=3 (f@)=1-2=1

Jeo trloy=gy° tlo,=

for every gea,. Moreover, since u, (f(q))Lu,(f(q)) for all gea,, by 3.1(vii)
and [6; p. 60, Lemma 10.5], t/|o (q), tlo,(q) and w,(q) are all orthog-
onal to w,(q).

Alternatively u,|fo o (f(x)) of length 2 (resp. w, o, (x) of length 1) is
orthogonal to foo, at f (x) (resp. o, at x) and translates parallel along
feoo,(resp.g,)to defme Uy feo, (resp w,la,).

Now TS3 L@@V (g)= F( )®V,(q), where V,(q)=kernel of f,,.

V(q)= kernel of g, For any point g on the half merldlan o, on N,,

w,lo,(@)=a,(q) t;]o,(q)+v,(q), for some v (g)eV,(g);
and
w,lo,(q)=b,(q) t,l0,(q)+v,(q), for some v,(q)eV,(q).
I fxaw2lo, @)IP = <a,(q) f4 (110, (@), a,(q) £, ,(t/10, (@)
=(a,(@) {frqltslo, @), fry(trlo,(@))
=(a,@)? [us1f> 0,(f (@)
=4(a,(q))*.

va(W210,(@)|* =(2 cos ¢,)* where ged exp, B,
and 0<e¢ = Thus a (q) tcosg,. alo,—{y} is continuous and non-
Zero (smce e, ¥7/2 for q+y); the connectedness of o,—{y} implies that
alo,—{y} 1s either positive or negative. Since I (x) T.N,, tjlo,(x)=
wzla (x), so that a,(x)=1>0. Hence a,20 and a,(q)=cos ¢, for all
geo,. Same argument shows that b (q)=cos ¢,

Since for every ge N, I:(q)LV,(q)and I, (q)J_ Ve(@);

{wla,(q) t70,(9)> = a,(q) <t/lo,(q), t;]0,(q)> =a,(q)=cos ¢,
=b,(@)=b,(q) <t,|0,(q) t,]0,(9)> =W, l0,(q). t,]0,(4))
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for every geo, and yedN,. Moreover

cos ¥ (w,la,(q). t,l0,(q)) =< w,l0,(q), t;la,(q)) =cos &,
=W, |0,(q). t,l0,(q)) =cos % (w,|0,(q), t,l0,(9) Z0.

Hence ¥X(w,[0,(q), t;10,(@))= + ¥(w,|0,(q), t,l0,(q)).
Since w,|0.(q), t;|0.(q) and |5 (q) are on the 2-plane in TqS3 orthog-
onal to w,la,(q). either t|o,(q)=1,]a.(q) or x(t/la,(q). t,lo,(q)=2¢,.

In particular, at y, either t,(y)=t,(y) or {t(y), t,(y)) =cos (2 . %) =—1,

ie, 1(y)=—1,(y). By continuity of the function g — {t;|6,(9), t,|0,(q)>
from o, to R, if t;(y)=1,(y) then tlo,=tlo,; and if t.(y)= —t,(y) then
(tlo,(g) t,lo,(q)) =cos 2¢, forall geo,.

On the other hand, by the continuity of the function y — {t;(y), £,(y)>

on ¢N,; and the connectedness of ON,, {t,(y), t,(¥)> =1 for all yedN, or
{t(v), t,(y)y=—1for all ye@N,. Hence if t,(y)=t,(y) for some yecN,,
then t, =t, on 0N,. Thus, in that case, t, =1, on N, —{x} so that Jea=8x4
forall ge N, .
(3) Now let t, and t, defined above be denoted by 1, . and t, . to show
the dependence on the initial point x. We have shown that if f, ge H 3(2),
f(x)=g(x) and f, =g, for some xeS§?, then {t, (1), 1, (y)==%1 for
all yedN,. Moreover, if {t, (¥),t, (V) =1 for some yedN,, then
fya=84,forallgeN,.

Now return to our proof, and pick a point y,€@N,. Then there exists
a unique map Y eO0(4) such that y leaves the geodesic 2-sphere con-
taining N, pointwise fixed, and (1, (vo)) =1, (o). Actually if t,(yo)=
t;(vo), then y is the identity; if £,(yo)= — t;(vo), then Y is a reflection such
that ., (¢,(vo))= —t; (vo) =t,(y,). Hence g oy eH3(2); go ¥ (9)=g(q)=
£ (g) for all ge N, (by (1)); and (g o ¥), .= f,- Since f, g and g o satisfy
the hypothesis of this theorem, for every yecN,,

ON=f"Hf)=g " (g)=(go¥) " (go¥) ()
by (1). Thus I;(y)= I (y)=I,.,(y). Now
(€ o W), £ (Vo) =8 (W 1 (00) =241, V) =210, (/ (Vo))
Therefore t,(vo)=t;.4 (Vo) e, {t(yoht, Jo»=1 By (3 (fl@=
(o) (g) and) f, ,=(g o ¥),, for all geN,.
For every qeN,, we can define N, and the vector fields ¢, , and

oy, o0 N,—{q} and for all zedN,, t;,(2)= %1y, ,(2). Define o N, —

{—1,1} by
a(g)=l;4(2) 1, 442> = %1
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(independent of the choice of : zeCN,). o is continuous; and o(x)=1.
Therefore a=1, i.e., )=ty (2 )for all zecN, and all geN,.

Again by (3), f, ,=(g o), , for all peN, where qu In particular,
Jep=(g°W),, for all pecN,. Since qelN,, by (1), we have /“(_I'(q)):
(go¥) (g ¥(q). That is, "for all geN,. (/@) =(g o) Hgowig).
Since f(N,)=57 given any zeS? zef ~!(f(q) for some geN,. Thus
goy(z)=goy(q)=f(9)= f(z). and the conclusion follows.

5. Proof of Theorem 1.2
We first extend Theorem 1.1 (Olivier) to the following lemma.

S.1. Lemma. Let f: S"— S? be a C' map, with n>2 and (),_2 If
there exists a point qeS" such that at most one tangent vector v, in TS"
has || f, 2|lv,ll, then fis null homotopic.

Proof. We use the notation of the proof of [8] and extend that proof.
Let

xalall =

={xeR™: x{+ - +x}+(x,,, — 1)*=1}.

We may assume q is the north pole, i.e., g=(0,...,0,2). Let v be any
non-zero tangent vector at ¢ along maximal stretch direction. Thus
I fe vl £2|v||. Visualize 1,5" as {(x,...,x,,0)eR"*'}; then v has co-
ordinates (a,, ... ,,,0) Smce v=£0, at least one of the a;+0, say a,+0.
Then v¢ {(x,, xz, ...,0)eR"™ 1} Let

“2={xeS" x,=x,=0}.

Any point PeS""?—{0} together with x, —Xx,-plane determines a
3-dimensional linear subspace L, in R"*!, and L, S"=S2 a 2-sphere.
Denote S3=1{0}. For any two distinct points B and B in S"" 2
S5 S5, ={0}; and every pomt of §"—{0} lies on exactly one of the
-spheres Let $'={xeR"*': x}+x2=1; and x,=0 for all i>3}. Any
PeS""? and ueS"' determine a meridian M,,: [0, 1] S2 with reduced
arc length parameter such that M, ,(0)=0 and M,,(1)="P. If P44, then
L(Mp,)<mn forall ueS'; if P=q, then L(M,,)=n for all ueS".
In Olivier’s proof, as long as L(f(M,,u))<2n for all PeS"~ % and
ueS', the theorem results. In our case, when P=gq,

L(f(Mp,)) <2 L(M,,)<2m,

for all ueS'. When P=g, remember that vé¢{(x,,x,,0,...,0)eR"*+'},
which can be visualized as TS2 and || f, (w)l =2]lw,| only if w,is a
multiple of v,=v. Thus the stretch of f along any merldlan M, 19 less

than 2, so tl’ldt
L(f(Mp,)<2:L(Mp,)=2n

The conclusion results.
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5.2. Remarks. (i) In a canonical way SO((2)=U(1) is a subgroup
of 0(4). Specifically, identify C? with R*, and let S' = C act on C? by
scalar multiplication. The subgroup thus is the set of matrices in the form

a —b 0 0
h a 0 0
0 0 a —b
0 0 b a

where a, be R satisfy a® +bh*=1.

(ii) Let A4 denote either the complex numbers, the quoternions or the
Cayley numbers. For k=2,4,38

St ={(z,s)eAx Az T 45,5, =1,
and
Sk={(z,)eAx R, zZ+1*=1}.

The map h: S**='  S* defined by
hizy,25)=(22,2,, 15,17 =1z,
is the Hopf map [7; p. 102].

5.3. Lemma. Let h: S*— S? be the Hopf map, and let 2.€0(4). Then
h=ho iif and only if 7.€SO(2).

Proof. For e C with |i]=1 (i.e. 2€SOQ2)), h(hzy, Azy))=h(zy, ;)
proving “if”.

Now suppose that h=ho i We first suppose, in addition, that
40, 1)=(0, 1), and deduce that 2 is the identity. Since £ maps fibers into
fibers, 4, .1, (1;(0, 1)=1,(0, 1). Since hy o 1,0, 1) is an isomorphism,
/40.0)1(0, 1) is inclusion. Thus % on the plane C x {0} is inclusion. Also
1, (0, 1)M+ ¥,(0, 1) is plus or minus the identity (where V},(0, 1) is the
tangent space of the fiber of h at (0, 1)). Thus 4(z,, z,)=(z;.Z,) or / 1s the
identity. The former map does not satisfy h=ho 4 so that 4 is the
identity.

Finally, suppose h=h o A, where €0 (4). There is ©u€S0O(2) (so that
h=ho u) with 1(0, 1)=4(0, 1). Since p~' o 4 satisfies the previous prop-
erty, it is the identity, so that 2eSO(2).

54. Proof of Theorem 1.2. 1f there exists a point q in S" such that f
has at most one direction with stretch 2 at ¢, then f is null-homotopic
by 5.1.

Therefore we may suppose that for every geS". there are two in-
dependent unit vectors v, and v, in T,S" with || f,, (0l = | fag0)ll=2.
By 3.1(viii), feH3(2). and he H3(2) also; the existence of i follows
from 1.4.

IS Math. Z, Bd. 129



206 A.C.-L. Hsu: A Characterization of the Hopf Map by Stretch

Suppose that f'=ho ¢, for another peO(4). Then h=hoyo ¢!, so
that y o 9 ~'€SO(2) by 5.3, i.e., ¢ and Y are in the same right coset.

5.5. Remark. If feH3(2)—precisely if f=hov, where ye0(4)
(Theorem 1.2), then fo o= f if and only if ¢ is in the conjugate subgroup
Y 1oSOQ2)e .
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Decomposition of Modules
over Right Uniserial Rings

Vlastimil Dlab and Claus Michael Ringel

One of the fundamental problems in the theory of rings is to charac-
terize the rings of bounded representations type in terms of their structure.
The problem has been solved for some classes of rings (for references, see
Gabriel [8]); however, in general, it is still open. In the present paper, we
give a complete solution of the problem for the class of (local) right
uniserial rings with a commutative residue field.

Theorem. Let R be a right uniserial ring with a commutative residue
field Q = R/W. Then R is of bounded representation type if and only if R
is also left uniserial or if W2 =0 and g W is of length <3. Moreover, if R is
not uniserial and (W is of length 2 or of length 3, then there are just 3, or 5,
isomorphism classes of finitely generated indecomposable lefi R-modules,
respectively, and every left R-module is a direct sum of these. Similarly, if
R is not uniserial and (W is of length 2 or of length 3, then there are just 3,
or 5, isomorphism classes of finitely generated indecomposable right
R-modules, respectively, and every right R-module is a direct sum of these.

Here, by a right uniserial ring R we understand a right artinian ring
whose right ideals are linearly ordered by inclusion. In particular, such
aring is local.

A ring R is said to be of bounded, or finite, representation type if the
lengths of the finitely generated indecomposable left R-modules are
bounded, or if there is only a finite number of finitely generated inde-
composable left R-modules, respectively (cf. [4]). The apparent asym-
metry in this definition is removed by Proposition 1.1. The fact that, for
a semi-primary ring R, the number of the finitely generated indecompos-
able left R-modules equals the number of the finitely generated indecom-
posable right R-modules, implies in conjunction with a recent result
of Tachikawa and Ringel [11] that, for a right artinian ring R of finite
representation type, every right R-module is a direct sum of finitely
generated indecomposable right R-modules, that the last statement of
Theorem is a consequence of the preceeding one. We remark that Tachi-

kawa-Ringel theorem is not used to derive direct decompositions of left
15%
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R-modules, but that these decompositions are constructed directly. Also,
if W2=0 and the length 0 ;W =3, five finitely generated indecomposable
right R-modules can be described explicitely and an alternative proof of
the fact that they are the only ones, based on Tachikawa’s duality theory
[10], can be given (Remark 6.4).

Now, semi-primary rings of finite representation type are necessarily
left artinian, and thus of bounded representation type. And, Theorem
asserts that, for right uniserial rings with a commutative residue field,
also the converse, i.e. the Brauer-Thrall conjecture, holds. The proof of
the essential part of this statement is given in § 5 and involves an extension
of Roiter’s method in [9]. There, Roiter proved the Brauer-Thrall con-
jecture for finite-dimensional algebras.

Throughout the paper, R denotes a right uniserial ring, W its radical
and Q=R/W the residue division ring which is always assumed to be
commutative. Considering W/W? as a left or right vector space over Q,
it is easy to see that if R is not left uniserial, Q must be infinite. In §§2, 3
and 4, we consider the case when W?2=0. First, the indecomposable
injective left R-module is shown to be of length 2 in § 2. Then, in the case
when the length 0 ;W of (W is greater than 4, we construct an infinite
family of non-isomorphic local left R-modules in § 3. And, in §4, we give
the description of the five indecomposable left R-modules in the case
0gW=3, and show that every left R-module is a direct sum of these
modules. Let us remark that the case d ;W =2 was treated in [5]. Finally,
in §6, the investigation of rings R with W20 is reduced to the case
W2 =0, which completes the proof of Theorem.

We conclude the introduction with a brief remark on our notation.
If A is a ring (with unity), all A-modules are assumed to be unital. The
symbols ,M or M, will be used to underline the fact that M is a left or a
right A-module, respectively. The length of M will be denoted by oM,
the socle of M by Soc M.

§ 1. Correspondence Between Left and Right 4-Modules
In [2], Auslander and Bridger have defined a duality functor by using
projective resolutions of finitely presented 4-modules. Starting with a
finitely presented left A-module ,M and a finite presentation f of M,
that is a morphism which gives rise to an exact sequence
AP ot 42— M—0

with ,P, ,O finitely generated projective, they apply the functor

*=Hom,(,—, 4,4,
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to fand consider the cokernel M, of f*,
04— P¥— M, 0.

Obviously, this is a finite presentation of the right A-module M. Also,
starting with a finitely presented right A-module ard its finite presenta-
tion g, the application of the functor Hom,(—,, ,4,), which we denote
again by *, leads to a finitely presented left A-module, namely Cok g*.
For a finitely generated projective module ,P, we have ,P**= ,P, and
also for a finite presentation f: ,P— ,0 of ;M we get f**= f(as mor-
phisms). Thus, ,M =Cokf=Cokf**, that is to say, it is possible to get
M back. However, it should be noted that starting with ,M, the module
M, is not uniquely determined, since we may use another presentation;
it is only determined up to a “stable equivalence” [2].

Auslander and Bridger usually assume that A is noetherian, but the
above procedure works obviously for arbitrary rings. Moreover, for a
semi-perfect ring A, the existence of projective covers [3] enables us to
define a one-to-one correspondence between finitely presented inde-
composable left A-modules and finitely presented indecomposable right
A-modules. For, if ;M is finitely presented, we consider only minimal

resentations
P AP“_I_’AQ——p—’AM_’O«

that is p and f are projective covers of ;M and Ker p, respectively. Two
such minimal presentations f; and f, of ,M are isomorphic (as mor-
phisms); therefore also fi* =~ f;* and Cok f;* =Cok f;*. Moreover, if M
is indecomposable and not projective, then it is easily seen that /* is a
minimal presentation of Cok f*. Now, ,M is indecomposable if and only
if f cannot be decomposed as f=f; ® f,, f;: Bb—Q,;, with P=F, ® P, and
a non-trivial decomposition Q=0, ® Q,. In this case, in view of the
minimality, there is not even a decomposition f=f, @ f, with, say,
fy: P,—0 and P,+0. We have f=f, @ f, if and only if /*=/*@® f;*;
thus, if ,M is indecomposable, also Cok f* is indecomposable. Altogether
we get a one-to-one correspondence between the finitely presented
indecomposable left A-modules which are not projective and the finitely
presented indecomposable right A-modules which are not projective.
But the finitely generated indecomposable projective left A-modules and
the finitely generated indecomposable projective right A-modules are in
a one-to-one correspondence using the functor *. By means of this
correspondence we can easily sharpen the result of Eisenbud and
Griffith [7] to the following

Proposition 1.1. Let A be semi-primary.

(a) The lengths of the finitely generated indecomposable left A-modules
are bounded if and only if the lengths of the finitely generated indecomposable
right A-modules are bounded.
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(b) There is only a finite number of finitely generated indecomposable
left A-modules if and only if there is only a finite number of finitely generated
indecomposable right A-modules and, in this case, the numbers are equal.

Moreover, if (a) or (b) holds, then A is left and right artinian.

Proof. (a) If the lengths of the finitely generated indecomposable left
A-modules are bounded, then A is obviously left artinian. Assume that 4
is not right artinian, and write 4 ,=P, @ P,, with an indecomposable P,
which is not artinian. For every natural n, we find a submodule K, of P,
which is generated by n elements and cannot be generated by less than n
elements. Let

Qn _'_fn_‘) R«l - Bl/Kn_’ 0

be a minimal presentation of P,/K,. Calculating a bound for the length
of the left A-module Cok f*, we get

dCokf*>0 ,0%—8 P*=n—0 ,P*,

and thus (since 0 ,P* is finite), n—0d ,P* can be arbitrarily large. This
shows that A is right artinian. It remains to prove that also the lengths of
the finitely generated indecomposable right 4-modules are bounded.
But these modules are finitely presented (because 4 is right artinian), and
therefore they occur as Cok f*, where f are minimal presentations of
finitely generated indecomposable left A-modules M, say

AF*’AQ_’AM-

In particular, every Cokf* is an epimorphic image of P¥. But, by
our assumption, there is a bound m such that every ,Q is generated by
less than m elements, and consequently there is also a bound m’ such that
every submodule of ,Q is generated by less than m’ elements (take, for
example, m'=m- 0 ,A). Therefore, also ,P and P} are generated by less
than m’ elements. This proves (a).

(b) Now, assume that there is only a finite number of finitely generated
indecomposable left A-modules. Then there is only a finite number of
finitely presented indecomposable left 4-modules, and therefore also
only a finite number of finitely presented indecomposable right A-
modules. Consequently, the semiprimary ring 4 is both left and right
artinian. For, assume that A is not left (or right) artinian and let ,P
(or P,) be an indecomposable direct summand of ,A4 (or 4 ,) which is not
artinian. If Q is a submodule of P of finite length, then P/Q is obviously
finitely presented and P— P/Q is its projective cover. Now, every iso-
morphism P/Q— P/Q’ can be lifted to an automorphism of P which
maps Q onto Q' and thus P/Q =~ P/Q’ implies 6Q =0Q’. Since P is not left
(or right) artinian, there are submodules of P of arbitrarily large length
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and therefore there is an infinite number of non-isomorphic finitely
presented indecomposable left (or right) 4-modules, in contradiction to
our hypothesis. Finally, finitely generated modules over an artinian ring
are finitely presented, and hence (b) follows.

§ 2. Rings with W2=0

As stated in the introduction, R stands always for a right uniserial
ring, W for its radical and Q for its residue division ring R/W which is
assumed to be commutative.

Here, in addition, we assume that W2=0. Consequently, W can be
considered as a left or a right vector space over Q. One of the main tools
of our paper is the following generalization of the concept of an algebra
over the field Q (cf. [5]).

Definition. A bimodule ,V, over a field Q with a multiplication o is
said to be an algebra, if (V, o) is a ring and if, for all x|, k,€Q and v}, v, €V,

(kK vy) o (v k) =K (v o vy) K5

Thus, if W2=0 and w, is an arbitrary (fixed) non-zero element of W,
we can define a Q-isomorphism ¢: Q,— W, by p@=w, p and define a
multiplication o on W as follows

Wy py)o(w, p)=w,p, p, forall p,p,eQ.

One can see immediately that ,W, is an algebra with respect to the
operation o and that (W, o) is isomorphic to Q; it is therefore commutative
and w, is its identity element. The proofs of the statements which follow
will illustrate the use of this concept.

Lemma 2.1. Let W2 =0 and 0w'e W with
Aw'=wp forsome A, peR.

Then Aw=wp for all we W.
Proof. Obviously, we can assume that A¢W and p¢W. Then, we
consider the algebra (W, o) with the identity w, =w’ and, writing

i=A+WeQ, p=p+WeQ,
calculate
Iw=Aw=(Aw)ow =i(wow)=A(Wow)=(Aw)ow
=W p)ow=wo(w p)=(wow)p=wp,

as required.
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Lemma 2.2. Let W2 =0 and
T={teR|wteRw for all we W}.
Then ¢ \W=20Q,.
Proof. First, notice that

OW=0,W and Q=00 =27w0,

where T/W is obviously a subfield of Q. Thus, in order to establish the
lemma, it is sufficient to show that

OrwQ=20,W.
Notice that, in view of Lemma 2.1,
T={teR|w,teRw, for a (fixed) non-zero w,eW}.

Now, writing p=p+ WeQ, i=1+WeQ and 7=1+ We T/W, define the
morphisms a: Q— Wand f: T/W— Q by

pa=w,p
and .
TB=4 with 1 satisfying w,t=Aw,.

Clearly, both o and f8 are well-defined bijections. In fact, it is easy to
verify that o is an isomorphism between the additive groups of Q and W
and f is a ring isomorphism of T/W and Q. Moreover, if peR, teT and
A€Rwithw, t=Aw,, then(Tp)a=Tpa=w, tp=7iw, p=Aiw, p=(Tp)(pu),
and this implies the required equality.

Proposition 2.3. Let W?=0 and dim ,W=s. Then the injective in-
decomposable left R-module 4E is of length 2.

Proof. First, let us show that the right action of Q on W is transitive
on hyperplanes, i.e. on (s— 1)-dimensional subspaces of ,W. Let us

choose a basis
of LW,

Wi, Woy ooy Wy

take the hyperplane H generated by the vectors Wi, Wy, ...,w,_; and
show that, for any given hyperplane H' generated by s—1 vectors

S
U= pyw,  1Sk<s—1,
j=1
there exists ae Q such that H a=H'; let

S
wloc=-zlozjwj.
J=
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Notice that

Wi o= (w; 0w, ) o=(w, a)ow—Za w; °W)_Zﬁu i
j=1

where f§;; are Q-linear combinations of «;’s. Now, for each 1<i<s—1,
o is required to satisfy

Z/%W,‘W“‘ZK Z Z":kl‘k} i
k=1 j=1
yielding a homogeneous system of s(s— 1) linear equations

s—1

Bii— Z Kig ;=0
K=1

for unknowns «; and x;, over Q. Since the number of the unknowns is
s+(s—1)>=s(s—1)+ 1, the system has a non-trivial solution. Moreover,
it is easy to see that all a;’s cannot be zero and thus there exists a (non-
zero) o with H o= H', as required.

Finally, in order to prove that ,E=R/H is injective, it is sufficient
to show that every morphism

@ W E

can be extended to a morphism from zR to zE. In view of the first part
of our proof, we can assume that

w,p=0 for 1<i<s—1 and wip=Aw,+H.

Then, taking peQ such that w, p=2Aw, and making use of Lemma 2.1,

it is easy to check that the right multiplication xR —» E is an extension
of ¢. The proof is completed.

§ 3. Rings with W2 =0 and dim ,W >4
The objective of this section is to prove the following
Proposition 3.1. Let W?=0 and dim ;W=s=4. Then there is an

infinite number of non-isomorphic local left R-modules of the same length
(equal to 0 4R —2).

Proof. In order to prove Proposition 3.1, we are going to investigate
the right action of the field Q on the two-dimensional subspaces ,P
of ,W. Observe that two local R-modules of length 0 xR —2, say R/P
dnd R/P’, are isomorphic if and only if there is xeQ such that

Poa=P';
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this follows immediately from the fact that an isomorphism between the
modules can be lifted.

First assume that s=4. Consider the algebra (oW, °) and choose a
basis for ,W. Obviously, there are two cases to be cons1dered We may
assume that the basis is either of the form

2 3
Wi, Wy, Wy=w3, w,=w3 with wi= an

or of the form
4

2
W, Wy, Wy, Wo=w,ow; with wl= Zp, w;, and wi=)mw,
i=1 i=1

Let us observe that there is an infinite subset {x,, k,, ...} of non-zero
elements «; of the field Q such that
Ki+kj+Kkin,#0 forevery i%j.

Correspondingly, there is an infinite number of distinct planes Be, W
generated by the vectors

wy and w,+xwy, i=1,2,....

We are going to show that all R/P, are non-isomorphic.
Assuming the contrary, take i=j and a€Q such that Pac B; let
4
woa=)Y o;w;, with oeQ.
i=1
We are going to show that necessarily a=0. First, since wyaepP, we

have o, =0 and
3

0 W= iy Wy Vi (wWy+K;w3).
i=1

From here, u, =a,, v, =, and, consequently,

ay=0, K.
Furthermore,

3 4
(W, + K, wy)a= (.Zlai wi> o (W, +k; w3)=.zl/3,- w,EeP,

and thus
Ba=0,K;+ay+ak,71,=0.
Therefore,
oy (ki + K+ K k;m,)=0,
and hence,

o, =0.
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Thus, also a; =0. Consequently,
(Wy+ K;wa) =0ty Wy + 0ty k; w3 P

Therefore,

O Wy 0y KWy = Uy Wy + v, (W) + K W5),
and we get

n,=0, v,=o; and o (x;—x;)=0.
Thus, o, =0 as required.

Now, if s >4, then we can always choose a basis of ,W which contains

a subbasis of one of the following three forms:
either (i) wy, w,, wy=wi, wy=w3, ws=wj3,
or (i) wy,w,, wy, Wy =w, 0wy with wi=p, w, +p,w,,
or (iii) wy, Wy, Wy, Wy =W, 0 Wy, Ws=W3.

In either of these three cases, it is a matter of routine to check that the
above method applies and to complete the proof of Proposition 3.1.

§ 4. Rings with W2 =0 and dim ,W =3

Throughout this section, we shall always assume that the ring R
satisfies the conditions W2 =0 and dim oW=3. And, {wy, w,, wy} will
be a fixed basis of ,W.

In view of Proposition 2.3, we can formulate

Lemma 4.1. Let W?=0 and dim ,2W=3. Then there are just 4 iso-
morphism classes of local left R-modules L,, L,, Ly and L,, represented
by the simple module ¢R/W, injective module gR/(Rw; +Rw,), by xR/Rw,
and by xR, respectively.

Lemma 4.2. The left R-module
X5 =(xR®gR)/(R(w;,0)+R(0, w))+R(w;,w))
does not possess epimorphic images of types Ly or L; consequently, X is
an indecomposable module of length 5.
Proof. First, let ¢: X5 — gR. Then, ¢ can be lifted to

()

rRR®rR —> R
with w, o, =w, a,=0. Hence, o, and a, lie in W and ¢ cannot be sur-
jective.
Second, let y: X5 — xR/Rw,. Again, i can be lifted to

(52)

R®RR -5 (R
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with
w pieRw,,  w f,eRw, and w,f, +w;p,eRw,.

Now, in view of Lemma 2.1,
wyBy=4Aw, and wyfB,=4,w,,4,4€ER;

therefore, w, f; =w; f,=0 and we deduce again that §, and £, belong
to W. Thus ¢ is not surjective.

Finally, the fact that X is indecomposable follows easily. For, if X
were decomposable, then it would be a direct sum of two local left
R-modules one of which would be of type L, or L, .

Lemma 4.3. Let N be a simple submodule of a direct sum M of modules
of type Ly. Then either M/N contains a submodule of type L, or M/N is
a direct sum of a copy of X and several copies of L.

Thus, in particular, if {x, y, z} is another basis of oW, then
X =(rR®gR)/(R(x,0)+R(0, x)+ R(y, z))= X .
Proof. Obviously, we may assume that M is a finite direct sum. Let
M = (C? #R)/D
with D=@® Rw,, be a representation of M. Let

N=R[(x;,X,, ..., x,)+D].

Observe that the left ideal L=Rw,+ ) Rx; satisfies the relations
Rw,+LcW. -1

First, assume that L+ W and write, without loss of generality,

L=Rw,+Rx,.
Then, for 2<i<n,

x;=k;w;+4;x;  with suitable k;, 1;eR,
and we have

M/N =(® xR)/(D+R(x,, x,, o X)) =(® gRY(D+R(x, Ay X,y oy A, X))

Take p;e R such that

X, p;=—4x, for 2<iZn,
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and consider the isomorphism ¢: @ R —@® iR given by the following
triangular matrix of right multiplication
Lopy s o
1
0

Clearly, in view of Lemma 2.1,

D,=[D+R(x;, Ay X[,..., 4, X)]@=D+R(x,,0,...,0),

and thus
M/N =(® R)/D,

n

contains a submodule of type L,, namely
R[(1,0,...,0)+D]=4R/L.
Thus, let L= W and let
L=Rw +Rx +RXx,.
Then, there are elements s 1 veER such that
gwy X vy, =w o for j=1.2.
Moreover. take o, 8, (j=1, 2) such that
xpop=q;x, and  x, fi=v;x,,

and consider the isomorphism /: @ xR — @ xR given by the matrix
o, o, O

B By O
0o 0 1 0
0 1
Again, using Lemma 2.1, observe that
D'=[D+R(x;, X5, X3, ... X,)JY=D+R(wy, w3, X5,...,X,).

Now,
xX;=6w +w, +vwy for 3sisn;
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take, for 3<i<n, a; and f3, such that
wyo,=—w;w, and w;f;=—v,w;,

and consider the isomorphism 5: @ xR — @ R given by the triangular

matrix " "
I 0 oy ... a
1 By ... B,
1
0
0
1

It is easy to verify that
D,=D'n=D+R(w,,w;,0,...,0),

and, consequently, that
M/N =(® «R)/D,~ X @K,
where K is the direct sum of n—2 R-modules of type L,.

The final statement of Lemma 4.3 follows trivially.

Lemma 4.4. Let xeSoc X . Then there exists a submodule of type L,
in X5 containing x.

Proof. Without loss of generality, assume that the basis {w,, w,, w;}
of ,W satisfies with respect to the multiplication of the algebra (W,°)
the following conditions: w, is the identity, wy;=w, ow, and w; o w,=

3
Y m; w;; notice that n, +m, 75 +0.

i=1
Refer to Lemma 4.2 for the definition of X5 and put
x=(xy,x,)+D
with D=R(w;,0)+ R (0, w,)+R(w,, w;), x, =kw; and x,=puw,+vws.
If k=0, then
xeR[(0,1)+ D]= xR/Rw;,.
Thus, assume « #0. Consider the homomorphism

@: RR-22 R® R X,
where
wia=(KTy— V)W, +Kw,,

Wy B=(—K )W +Kw,,
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and ¢ is the natural epimorphism. Obviously,

w,o=[(kmy—V)w, +rw,, (L—KT)w +Krwy]e=0,

Wy p=[(ky—V)Wy+ KWy, kT w, +uw, +KTywy]e
=[kwy+(KT3—V)wy, (LW, +VW3)+ KT W, +(KT3—V)ws]e
=(x,,x,)+D,

and
Wy @=(.c, AW+ k(T + 1y m)w, + A3 ws)e0,

because k(m, + 1, n;)+0. Consequently, R¢ is of type Ly and xeR ¢,
as required.

Lemma 4.5. Let xeSoc(P@®Q), where P= X, and Q=L,. Then there
exists a submodule of type Ly in P@®Q containing X.

Proof. Again, assume that the basis {w, w,,w;} of ,W satisfies with
respect to the multiplication o the same conditions as in the proof of
Lemma 4.4.

Consider the following representation of P@Q:
P®Q=(xR®yRO®xR)/D,
where D=R(w,,0,0)+ R (0, w,, 0)+ R(w,, w;,0)+R(0,0,w,); let
x=(X;,X,,X3)+D.
In view of Lemma 4.4, we may assume that x;=0. Furthermore, we may
obviously assume that Rw, + i R x;= W. But then it is easy to follow
i=1

the method of the proof of Lemma4.4 and to verify that there is an
automorphism ¢ of ,R@® xR@gR such that

D'=D@=D+R(0,w,,w,).
Thus,
M'=(P@®Q)/R x=(RORR®R)/D"

Now, consider the following mapping
RR (x, B, ¥) RR®RR®RR—L’M',

where w oa=w,, w f=myw, +w,, W y=—n,w +w; and & is the
natural epimorphism. Obviously,

w @ =(W,,Ty3W; +W,, —m,w, +w;)e=0,

Wy @ =(W,, Ty Wy + Wy, MWy +73W3) =0
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and
wip=(wj,...,...)e=%0.

Thus, RRe=R(m+Rx) is an injective submodule of (P@®Q)/R x. But
since P@®Q does not contain any injective submodule, xe Rm and Rm
is of type L,, as required.

Lemma 4.6. Let M be a direct sum of copies of X. Then every socle
element of M is contained in a submodule of type X s, and for that matter,
in a submodule of type L.

Proof. First, consider the case when M =P@Q is the direct sum of
two copies P,Q of X 5. Let x=(p, g) be an element of Soc M. By Lemma 4.4,
q belongs to a submodule Q' of Q of type L, and thus x belongs to
P®Q'. Consequently, in accordance with Lemma 4.5, x belongs to a
submodule N M of type L;. Therefore, M/R x contains an injective
submodule N/R x (of type L,). It follows that

M/Rx=N/Rx®C

for some complement C. We want to show that C also contains a sub-
module of type L,. Let P=Rm; +Rm,, Q=R m;+Rm, with ORm,;=3
for all 1<i<4. Then three of the ms generate together with N the
entire module M, say

M=Rm +Rm,+Rmy+N=P+Rmy+N,

and thus C is an epimorphic image of P+ Rmj;. Since ¢(P+ R m;)=8
and dC =1, there is a socle element yeSoc (P + R m;) such that

C=(P+Rmy)/Ry.

But, by Lemma 4.5, y belongs to a submodule of P+ R m, of type L,
and therefore C contains a submodule of type L,. Summarizing,

M/Rx=1,®1,®C" with I, and I, of type L,.
If we lift the homomorphism
rRR®RR 51, ®1,—> M/R x,

with the canonic epimorphism ¢ and imbedding 1, to a homomorphism
rR @ xR — M, then both copies of xR are mapped onto submodules of
type L, which intersect in R x; this follows from the fact that M has no
submodules of type L,. Now, according to Lemma 4.3, the latter two
submodules of M generate a submodule of type X which contains x.
And, the lemma is proved in the case that M is the direct sum of two
copies of X.
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In the general case, we may assume that M is a finite direct sum;

for, every element of M has only a finite number of non-zero components.

Thus, let
us, i¢ X=(X;, X,, ..., X, )€Soc M =Soc(® X).

Assuming, by induction, that (x, x,, ..., x,_;)€Soc(@® X;) belongs to a
submodule P'S @ X of type X5, el
n—1

X=((X;, X400y X, 1) X,JESOC(P D X).

But then, by the first part of the proof, x belongs to a submodule of M
of type X, as required.

The last statement of Lemma 4.6 is an immediate consequence of
Lemma 4.4.

Lemma 4.7. Let xeSoc(P@®Q), where P is a direct sum of modules of
type X5 and Q is a direct sum of modules of type L. Then there exists
either a submodule of type Ly in P@®Q containing x or there is an auto-
morphism ¢ of P@Q which is the identity on P and which satisfies x p€ Q.

Proof. Since x has only a finite number of non-zero components and
since an automorphism of a direct summand extends to an automorphism
of the entire module, we may assume that both P and Q are finite direct
sums. Write x=p+ g with pe P and ge Q. Then, by Lemma 4.6, p belongs
to a submodule P’ of P of type X 5. Assuming that the lemma is true for
P'@® Q. then either x belongs to a submodule of type Ly in PP @Q <P @ Q,
or else there is an automorphism ¢ of P'@Q which is the identity on P’
and which satisfies x @eQ. Obviously, we can extend ¢ to an auto-
morphism of P@Q which is the identity on P. It follows that it is sufficient
to consider the case when P is of type X5 and Q is a finite direct sum of
modules of type L;. Let

P®Q=(6:) #R)/D,
with D=®Rw, +R(w,,w;.0,...,0). In view of Lemmas4.4 and 4.5,
we may as;ume that n=4. Let
X=(X,, X5, ..., X,)+D.
Without loss of generality, assume that
x,eRw,+Rw, for lsi=sn.

First, suppose that there are two linearly independent elements
among x;, X4, ..., X,; say, x; and x,. Then

x;=K;Xy=/4;x, for j=1,2,
16 Math. Z, Bd. 129
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and there are elements pj» 0;€ R such that
x3p;=—kK;x3 and x,0=—4x, (j=1,2).

Consider the automorphism of @ 4R defined by the triangular matrix

1
0 1
pr Py 1 0

g, o, 0 1

1

acting from the right. In view of Lemma 2.1, it maps D into D and thus
induces an automorphism ¢ of P@®Q. It is easy to see that ¢ acts as the
identity on P and that

[(¢, %5, .0, x)+D]9=(0,0,x5,...,x,)+DeQ.
Second, if all x5, x,, ..., x, are multiples of a certain x,, then
X;=A;X,=x,p; withsuitable 4, p,eR for 3<i<n.
We may assume that not all p;’s belong to W. Consider
m=(0,0, p5,p4,...,p,)+D.
Obviously, by Lemma 2.1,
x,m=(0,0,x, p3, X4, X)) +D=(0,0,x3,%,,...,x,)+D,

and thus xe P+ R m. Since, again according to Lemma 2.1, w, m=0 and
since P@Q contains no injective submodule, necessarily dR m=3; hence,
Rm is of type L;. Consequently, in view of Lemma 4.5, x belongs to a
submodule of type L,, as required.

Lemma 4.8. Let M be a direct sum of submodules of types L, L,
and Xs. Then every socle element of M is contained in a submodule of
type Ly or L,.

Proof. Write
M=(@gR)/D, where DS @ W with an index set I.
1 1

Since, Soc M =Rad M, we have
Soc M =(@® xW)/D,

1
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[
[S9]
]

and thus xeSoc M can be written in the form

x=w)+D with (w)e®  W.
1

Take a fixed non-zero we W and define the element
(p)e@gR
1

as follows: If w;=0, then p,=0; if w,;=+0, then p, satisfies the relation
wp;=w,. Obviously,
wip)=(w),
and thus
wl(p,)+D]=(w)+D=x.

Since M contains no submodules of type L,, the submodule
R[(p)+D]=M
containing x must be of type Ly or L,.

Proposition 4.9. Let W2 =0 and ¢ ;W =3. Then there are 5 isomorphism
classes of indecomposable left R-modules L, L,, Ly, L, and X, defined
in Lemmas 4.1 and 4.2. Moreover, every left R-module is a direct sum of
these modules.

Proof. To prove our proposition, we shall show that every left
R-module M can be expressed as a direct sum of modules of types L, L,,
Ly,L,and X,.

First, take a submodule I of M which is maximal with respect to the
property of being a direct sum of modules of type L, . Since I is injective,
M is a direct sum of I and a submodule of M which contains no sub-
modules of type L, .

Thus, assume that M does not contain any submodule of type L,
and let X be a submodule of M which is maximal with respect to the
property of being a direct sum of modules of type X,. Then, let Y; be a
submodule of M which is maximal with respect to the property of being
a direct sum of modules of type L, which intersects the submodule X
trivially. Furthermore, let Y, be a submodule of M which is maximal with
respect to the property of being a direct sum of modules of type L, which
intersects the submodule X @ Y, trivially. And finally, let Z be a comple-
ment of the socle Soc(X @ Y, @ Y,) in Soc M. We want to show that

X®Y,0Y,0Z=M.
Assume the contrary, i.e. that there is an element

meM~(X®Y,0Y,®Z).

16*
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Then Rm must be of type L; or L,, because m¢ Soc M and M contains
no submodules of type L, .

First, consider the case that Rm is of type L, and that
(X @ Y;)nRm]=1.
Then, the submodule N =(X @ Y;)+ Rm< M is isomorphic to
(X @Y, @ Q)Rz,

where Q is of type L, and zeSoc(X @ Y; @ Q). Hence, by Lemma 4.7,
N either contains a submodule of type L,, which is impossible, or there
is an automorphism ¢ of X @ Y; @ Q which is the identity on X and
which satisfies z¢p e Y; @ Q. In the latter case,

XDY,®Q/Rz=X DY ® Q)/R(z)];

however, in view of Lemma 4.3, (Y; ® Q)/R(z¢) contains either a sub-
module of type L, which is impossible, or a copy of X, in contradiction
to maximality of X.

Thus, consider the second case when Rm is still of type L, but

O[(X ® Y;)nRm]=2.
Writing
N=(X®Y)+Rm=(X®Y,®Q)/(Rz, ®Rz,),

where Q is of type L, and z;, z,eSoc(X @ Y; ® Q), we deduce from
Lemma 4.7 that there is an automorphism ¢ of X @ Y, @ Q which is the
identity on X and which satisfies z, o€ Y; @ Q. This follows from the
obvious fact that z; cannot belong to a submodule of X ® Y; ® Q of
type L;. Now,

N'=[(X® Y, ® Q)/R(z, 9)I/R(z; 9).

By Lemma 4.3, (X @ Y, @ Q)/R(z, ¢) contains either a submodule of
type L, or a submodule of type X . By passage to the quotient module N',
a submodule of type L, cannot avoid the kernel R(z, ¢); but then it
produces a simple direct summand of N’, a contradiction. Thus, the only
possibility is that (X @ Y; @ Q)/R(z, ¢) contains a submodule of type X5
which, in view of maximality of X, cannot avoid the kernel R(z, p).
Thus, N’ contains a submodule isomorphic to a quotient module of X
by a simple submodule. But such a quotient module contains, according
to Lemma 4.4, a submodule of type L, . This contradiction completes the
first part of the proof.

Second, consider the case when Rm is of type L,. Since

X®Y;®Y,)nRm=0,
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there is, according to Lemma 4.8, a submodule Rac X ® Y,®Y, of

type L or L, such that
Ran Rm=*0.

Let r,a=r,m*0 for some r,, r,€R. Obviously, r; and r, are non-zero
elements of W and thus, since R is right uniserial, there exists pe R with
r,p=r,. Put b=m—pa. Then

r,b=r,m—r,pa=0,

and thus @R b<3. Consequently, in view of the first part of the proof,
RhSX®Y,® Y, ® Z, and thus

RmcRa+RIPSXDY,0Y,DZ,
as required.

§ 5. Brauer-Thrall Conjecture

We have seen in § 1 that, under certain assumptions, R is not of finite
representation type, and we want to deduce that R is not even of bounded
representation type.

Roiter [9] has shown that every finite-dimensional algebra of bounded
representation type is of finite representation type. In his paper, he
remarked that the same conclusion holds for an arbitrary left artinian
ring and that, to prove it, only the proof of a certain lemma requires
slight modifications. However, in order to exclude at least the case where
one of the indecomposable injectives is not finitely generated, it is clear
that already the statement of that lemma has to be modified. And thus it
remains open whether there are left artinian rings which are of bounded
representation type, but not of finite representation type.

Here, we shall show that, for a right uniserial ring R with W2=0and
commutative R/W, Roiter’s method can be used. To this end, the following
lemma is crucial.

Lemma 5.1. Let R be left artinian and W2 =0. Given a finitely generated
left R-module @M, there is a local ring T and a bimodule structure zM such
that, for every finitely generated left R-module gN, the left T-module
Extl,(xMy, gN) is finitely generated and is annihilated by the radical
Rad T.

Proof. Assume that ;M +0 and put
T={teR|wteRw forallweW}.

We will show that M can be considered as a right T-module and, more-
over, that M is finitely generated and My is a bimodule. For, let

M=(® gR)/D, where DS® gW.
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Then the scalar n x n matrices
T
0 .
T, with teT,
T

0

form a subring of End(@® xR) isomorphic to T, and all these endomor-

phisms map, in view of Lemma 2.1, D into D. Now, according to our
assumption, d x W is finite and thus R is finitely generated by Lemma 2.2.
Consequently, also

M;=(® R;)/D
is finitely generated. "

Now, we want to prove that, for an arbitrary finitely generated
R-module gN, the left T-module Extk (M, zN) is finitely generated and
annihilated by the radical Rad T of T. Denote by E &N the injective hull
of xN and consider the exact sequence

0— xN—>E N —(EN)/N -0,
which gives rise to the exact sequence of left T:modules
Hompg (xM, (E &N)/N)— Exty (:M, &N)— Extg (xMy, EgN).

Obviously, since E zN is injective, the last term is zero. Consequently, the
left T-module Exty (M7, xN) is an epimorphic image of

rH =Homg (M, (EgN)/N),

and therefore it is sufficient to prove the assertion for ,H. Since the
injective indecomposable module E zQ is of finite length, also (E rN)/rN
is of finite length; hence, (E xN)/gN is isomorphic to a finite direct sum
® gQ. Also, using the above representation M =(@ RR)/D, one can see

easily that every homomorphism
RM — (EgN)/gN
factors through @ (xR/xW)=@® rQ, which is again an R-T-bimodule

decomposition. Thus, we get the T-isomorphisms

TH;HOHIR(@ RQT’ @ RQ)%J@ HomR(RQT’ RQ)?

where the last T-module Homg(zQ;, zQ) is obviously annihilated by
W=Rad T and, according to Lemma 2.2, finitely generated.

Now, having proved that, for any two finitely generated left R-modules
rM and gN, always Exty (zM;, xN) can be considered as a finite-dimen-
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sional left vector space over T/Rad T, only a slight modification of the
proof in [10] (consisting in replacing the base field by the division ring
T/Rad T) is required to establish the following assertion.

If, under the conditions of Lemma 5.1, M\, M,, ..., M, N are finitely
generated left R-modules, then there exists a natural number ny, such that,
for every exact sequence of left R-modules

!
Co>N->X—> @ @® M,—0 with ;20 and 0pxX>ng,

i=1n,

there is a direct decomposition of the left R-module X of theform X =Y @ M,
for some i.

Now, using this assertion, the method of [9] yields that R is in this
case of bounded representation type if and only if it is of finite representa-
tion type. Therefore, if R is left artinian, W?2=0 and 0 zW =4, then, by
Proposition 3.1, R is not of bounded representation type. But, if R is not
left artinian (and W2=0), then R has obviously local left R-modules of
arbitrary finite length. Consequently, we get

Proposition 5.2. If W?=0 and 0 ;W =4, then R is not of bounded
representation type.

§ 6. Rings with W20
In this final section, we are going to reduce the investigation of rings
R with W20 to the case when W2=0. First, we need the following
Lemma 6.1. Let W20, W3=0 and & o(W/W?)=2. Then 0 ;W?*=4.
Proof. Since R is right uniserial and W?3=0, R has only two proper

right ideals, namely W and W2, and these are the only two-sided ideals
of R.

Now, for ae W ~ W2, the left annihilator [(a) is just W?2. For, since
ae W, obviously W2<I(a). On the other hand, if bel(a), then

bW=baR=0,

because W =a R. Thus b belongs to the right socle of R which equals w2,
Let S=R/W? and consider W as a left S-module. Evidently

Rad (W=Rad ;W=W?
As we have shown, every element ae W ~Rad ¢W has zero-annihilator

in S and thus,
Sax=S.
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Therefore, if O5(W/W?2)=0 o(W/W?)>4, then

0Soc(Sa)=0SocS=4
and hence
OgW?=0sW?2=0Soc W 24.

As a consequence, we may assume that
es(W/W?)=2 or 3.

But then, we can apply the decomposition theory to sW. Since for every
aesW~Rad (W, Saxs, it follows from Proposition 3 of [5] or from
Proposition 4.9 that W is a free S-module. Moreover, it is obviously a
free S-module on 2 or 3 generators, and thus 0 xW?=0Soc sW=24, as
required.

Now, our intention is to construct, for every local ring R with W2 <0,
another local ring with radical-square zero and compare the indecompos-
able modules of both rings. This will be done in the following lemma
which modifies arguments of Auslander [1]. Recall that, given a bimodule
4M, over a ring A, the split extension of ,M, by 4 is a ring whose
additive structure is that of the direct sum 4 @ M and whose multiplica-
tion is given by

(a,m)(a’,m)=(ad,am +ma).

We shall identify M with the two-sided ideal 0 @ M. Notice that, if A is a
local ring, the split extension is a local ring as well.

Lemma 6.2. Let A be a local ring with radical J and S = Soc ,AnSocA,.
Let B be the split extension of 43Sy by AJJ. Then, if A is of bounded
representation type, also B is of bounded representation type.

Proof. We shall define a function F from the set of all isomorphism
classes of finitely generated left B-modules into the set of all isomorphism
classes of finitely generated left A-modules as follows. Given a finitely
generated left B-module ;,M, we consider its representation

sM=(® B)/D with Dc@® ,S.

If (@ zB)/D’ is another such representation of sM, then obviously m=n

equals the minimal number of generators of ;M, and there is an auto-
morphism ¢ eEnd(@® zB) with D¢ = D'. We can write ¢ as an n x n matrix

@=(b;;), where b;;e B. If ¢’ = (b; )e End (® »B) with b;;—b;;eS forall 1<,
J=n, then, in view of DS=0, also D¢’'=D'". Thus, we may take

bi;=(a;+J,0)  for some a;€A.
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Now, consider (a;)eEnd(® ,A). Since D(a;)=D’, (a;;) induces an
endomorphism of (@ ,A)/D. It is easy to verify that (a;;) induces, in fact,
an isomorphism between the left 4-modules (® ,A4)/D and (® ,A)/D".

Denote the isomorphism class (or its representative) of these modules by
F(M). The above argument can be reversed which shows that F is an
injective mapping.

Now, assume that zM=(@® ,B)/D is indecomposable. Then also

F(M)=(@® ,A)/D is indecomposable. For, assume that F(M)=,X @ ,Y.

We can write

X=(® 44)/D, and ,Y=(&® ,A4)/D, with n, +n,=n.

ny ny

Thus, there is an automorphism ¢ =(a;)€ End(® ,A) mapping D onto
D, ®D,.Since D= ® ,S, also "

D,®D,=Do=(® ,5)¢=@ ,S,

n

and therefore F(M) is also the image of

(® 5B)/D, @ (@ zB)/D,

nm n2

under F. Hence, the latter module is isomorphic to zM. It follows that
either n, =0 or n, =0. Consequently, the image F(M) of an indecompos-
able B-module zM is an indecomposable A-module.

Finally, it is evident that é ;M <0 ,F(M), and thus, if 4 is of bounded
representation type, so is B.

Proposition 6.3. If W0 and R is of bounded representation type, then
R is left uniserial.

Proof. Obviously, we may assume that W3 =0.If Ris not left uniserial,
then @ W24, by Lemma 6.1. Denote by B the split extension of oWs
by O = R/W. Note that W2 =Soc zR=Soc Rg. Now, Bis a local ring with
(Rad B)2=0, B/Rad B=~Q and @ gRad B=4. Thus, in view of Proposi-
tion 5.2 and Lemma 6.2, R is not of bounded representation type, in
contradiction to our assumption.

Remark 6.4. In this final remark, we would like to supplement the
description of the indecomposable left R-modules given in Lemmas 4.1
and 4.2 by a similar description of the indecomposable right R-modules.
It is easy to verify that, if W?=0 and d ;W =3, then the simple module
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C, =Ry/W, the projective module C, =R, the module

C3=(Rg @ Rp)/(w,,w,)R,
the injective module

C,=(Ry® R ® Rp)/((w;, w,,0)R+(w,,0,w3)R)
and the module
Ys=(Rg @ Rg ® Rp)/(w;, w,, w3) R
are non-isomorphic indecomposable right R-modules.

Proposition 1.1 yields then that these are the only indecomposable
right R-modules. The latter statement can be also derived by means of
Tachikawa’s duality theory [10], using the following statement the proof
of which is rather technical: If W2=0 and @ xW =3, then the centralizer
% =End(C,) is a local ring with radical %~ such that #*=0, 2=%/#"
is commutative, 0 ;# =3 and #, is simple.
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Projective and Free Modules

Istvan Beck

1. Introduction

Kaplansky proved in [3, Theorem 2] that over a local® ring any
projective module is free. Another large class of projective modules were
shown to be free a few years later. Bass [2, Corollary 3.2] used another
of Kaplansky’s theorem to show that if R/N is a left Noetherian ring,
any uniformly big projective R-module is free.

The definition of uniformly big is given at the end of this paper,
and N denotes the Jacobson radical of R.

Our main result (Theorem 6) asserts that if P is a projective R-module
for which P/NP is a free R/N-module, then P is a free R-module. As a
corollary we get Kaplansky’s theorem that over a local ring projective
modules are free. Another corollary of Theorem 6 asserts that if uni-
formly big projective R/N-modules are R/N-free, then uniformly big
projective R-modules are R-free. Hence, when proving Bass’ theorem
[2, Corollary 3.2] one may as well assume that R is left Noetherian.

We close the paper with an application of Theorem 6 to the case
when R is a commutative semi-local ring.

Our proof of Theorem 6 uses Kaplansky’s theorem [3, Theorem 1]
that any projective module is a direct sum of countably generated
modules. An elegant application of Eilenberg’s Lemma given by Bass
in [2] will also be useful:

Let P be a projective module which is a quotient of a nonfinitely
generated free module F. If P has a direct summand isomorphic to F,
then P=F.

Proof. FxP®Q and P=F®U. We get
FXFOF®  ~POQOP®Q® -=POFOF® -=PDF.
Also POF~F®F®U=F®U=P. Hence P=F.

Most of the notation is standard. R denotes an associative ring with
a unit element, and N denotes the Jacobson radical of R. Modules are
unitary, and module=left module.

Let F be a free module with a basis {e;};.;. Let z=) rie;, ,€R be
an element in F. The support of z, supp z= {i|r;+0}. iel

' No chain condition.
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Finally, I am grateful to Peter J. Trosborg for several helpful dis-
cussions and for calling to my attention Bass’ paper on projective modules.

2. Projective and Free Modules

Nakayama’s Lemma asserts that if F is a finitely generated module
with a submodule F’ such that F=F'+ NF then F'=F. We prove that
if we remove the finiteness condition on F and instead require F to be
free, then F’ has a direct summand isomorphic to F.

Theorem 1. Let F be a free R-module and let F' be a submodule of F
such that F'+ NF =F. Then F has a direct summand F', F" < F and F"=F.

Proof. If F is finitely generated it follows from Nakayama’s Lemma
that F'=F and we are done. So let {¢;},., be a basis for F where I is an
infinite set. Consider the set § of all pairs (J, ¢) where J=I and ¢ is a
function from J to F' such that supp(¢(j)—e;)nJ =2 for all jeJ.

We note that § is non-void. For let ie I and write
e;=x+r e, +--+rne.

where xe F' and r,eN (1=t=<k). We get that x=u,e;+z where u; is a
unit and i¢supp z. Let J,={i} and define ¢,: J,— F by ¢, ()=u; " x.
Then (J,, @y)eF.

We introduce a partial order < on & by defining (J, p)<(J', ¢')
if J=J and ¢'|J=¢. It is easily proved, using Zorn’s Lemma, that &
has a maximal member, say (J, ¢). We claim that I =) supp ¢ ()).

Jjed
Let F'=) Ro(j). Since supp(p(j)—e,)nJ =g for all jeJ we see
jed
that F” is a f;ee module with {¢(j)},., as a basis.

Define u: F—»F by p(e,)=0 when k¢J and p(e)=e¢(k) if keJ. It
follows that im u=F" and u is a projection, i.e. u>=pu. Hence F" is a
direct summand of F with ker y as a complementary summand.

We have that F=F'+ NF=F + NF"+ N ker p. Since F”"< F’ we get
that F=F'+N ker u. Let iel and i¢| ) supp ¢(j) and write e;=x+z

Jjed .
where xe F’ and ze N ker p. We get that x=v,e;+2z where v, is a unit,
i¢supp z and supp z'nJ = @. We observe that i¢J since J = ( ) supp ¢ ().

jed
Let J'=Ju {i} and define ¢': J'> F by ¢'|[J=¢ and ¢'(i)=v; ' x. It is
easily seen that (J', ¢')e§. Further, (J, 9)<(J', ¢') and J+J'". This con-
tradicts the maximality of (J, ¢) and we can conclude that I = ) supp ¢ (j).
jed
The set I is infinite so I and J are equipollent, hence F”~F. This com-
pletes the proof of Theorem 1.

Corollary 2. Let F be a free R-module and let F' be a submodule of F
such that F'+NF =F. Then F' has a surjection onto F.
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Let F be a free module with a basis {¢;} and define ¢: F—F by
@(e)=e,+z; where z,e NF. It is a simple application of Nakayama’s
Lemma to show that ¢ is an injection. This idea is used of Bass when
proving that P+ NP for a nonzero projective module P [1, Proposi-
tion 2.7]. We extend his result to projective modules.

Theorem 3. Let P be a projective R-module and let ¢ e Homg(P, P)
be such that ¢ (x)— x is contained in NP for all xe P. Then ¢ is an injection.

Proof. Bass has given a proof of Theorem 3 when P is a free module
[1, Proposition 2.7]. Let P@Q=F where F is a free module and define
$: F>F by a(p+q)=¢(p)+q for all pe P and qe Q. Then @(x)—xeNF
for all xe F so @ is injective. Hence ¢ is an injection.

Corollary 4 (Bass). If P is a nonzero projective R-module then P+ NP.

Let P and P’ be two finitely generated projective R-modules. The
uniqueness of projective covers implies that P=P’ if PINP=P'/NP'.
We use Theorem 3 to drop the assumption that both P and P’ are
finitely generated.

Theorem 5. Let P and P’ be two projective R-modules and assume that
P/NP=P'/NP'.If P (or P') is finitely generated then P=P'.

Proof. Let n: P— P/NP and n': P'—> P'/NP’ be the canonical projec-
tions and let ¢: P/NP— P'/NP'be an isomorphism with an inverse y.
Since P and P’ are projective we can find maps @: P— P" and y: P'-P
such that g n=n"® and ny =y .

Since P is finitely generated and imy +NP=P it follows that
imy=P. We also get n'¢ Yy=¢pny=¢yn'=n" This shows that
@ ¥)(x)—xeker n'=NP’ for all xeP'". It follows from Theorem 3 that
@ is injective, and therefore i is a bijection. Theorem 5 is proved.

We prove now the main theorem in this paper.

Theorem 6. Let P be a projective R-module. If P/NP is a free R/N-
module then P is a free R-module.

Proof. If P/NP is a free R/N-module we have an isomorphism
P/NP~F/NF for some free R-module F. If P or F is finitely generated
we get that P=F (Theorem 5). We may therefore assume that both P
and F are nonfinitely generated modules.

Since P is projective we get a map ¢: P— F such thatimo+ NF=F.
From Corollary 2 it follows that im ¢ has a surjection onto F, hence
P=~F@®U for some module U. We wish to prove that P is a quotient
of F and then use Eilenberg’s Lemma. We distinguish two cases.

Case 1. P is countably generated but not finitely generated. We have
assumed that F is not finitely generated and P is therefore a quotient of F.
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Case 2. P is not countably generated. By Kaplansky’s theorem
P=@® E. where each P is a countably generated nonzero projective

iel
module. Let N=card I. Then P can be generated by & elements, and
P/NP also requires ¥ generators since F,/N P, #(0) for all ie I (Corollary 4).

Hence F has a basis of cardinality N so P is a quotient of F.
Corollary 7 (Kaplansky). Any projective module over a local ring is free.

We recall a definition from Bass [2]. An R-module P is uniformly
N-big? if P can be generated by N elements and P/4P requires N gener-
ators for all two-sided ideals A(=# R).

Corollary 8. If all uniformly N-big projective R/N-modules are R/N-
Jfree, then all uniformly N-big projective R-modules are R-free.

Let us now assume that R is a commutative ring. Let P be a projec-
tive R-module and let mespecR. Then P, is a free R, -module of
rank r, (P).

Theorem 9. Let R be a commutative semi-local ring with maximal
ideals my, ..., m,. A projective R-module P is free if and only if
s (P)=r,, (P) =+ =, (P).
Proof. Let m be a maximal ideal in R. Since R/m=~R, /mR,_ it is
easily seen that r, (P)=[P/mP:R/m]. Let P be a projective R-module

and assume that r,, (P)=---=r,, (P). There exists then a free R-module F
such that P/m; P~ F/m,F (1<i<k). We get:

P/NP=R/N®P=(R/m®---®R/m,)® P
=(R/m@P)@® - ®(R/m@P)=P/m; P®---®P/m, P
=F/m F®--@F/m FX(R/m®@F)+-+(R/m,®F)
=(R/m@ - ®R/m)®F=R/NQ®F=F/NF.

Hence P/NP is a free R/N-module and it follows from Theorem 6 that
P is a free R-module.
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Dualititen mit zwei Geraden aus absoluten Punkten
in projektiven Ebenen

Armin Herzer

Ist € eine projektive Ebene, und sind g; und g, verschiedene Gerade
von &, so heiBe die Dualitiit § eine (g;, g,)-Dualitit, falls alle Punkte von
g, und g, absolute Punkte von § sind. Solche (g;, g,)-Dualititen, ihr
Zusammenhang mit bestimmten SchlieBungssitzen sowie ihr EinfluB3
auf die Struktur der Ebenen, in denen sie existieren, und deren Ternir-
korper sollen hier untersucht werden.

Wie in Baer [1], wo die p— L-Dualitdten definiert und betrachtet
werden, zeigt sich auch hier bei verwandter Fragestellung das dhnliche
Ergebnis, daB man nidmlich nicht allzuviele (g,, g,)-Dualitdten zuzu-
lassen braucht, um als Terniirkorper bereits einen kommutativen Korper
zu erhalten’.

Andererseits ist die Existenz einer (g,, g,)-Dualitit in direkt einzu-
sehender Weise gekoppelt mit der Giiltigkeit des Satzes von Pappos mit
gewissen Festelementen. Der Satz von Pappos mit festen drei oder zwei
Tragergeraden wurde von Pickert in [6] untersucht ? mit dem Ergebnis,
daB letzterer schon den allgemeinen Satz von Pappos nach sich zieht.
Hier treten an deren Stelle als Festelemente unter den 9 Punkten und
9 Geraden der Papposkonfiguration ein inzidentes Punkt-Geradenpaar
(P, h) sowie die beiden iibrigen Geraden durch P und die beiden iibrigen
Punkte auf h. L#Bt man den letzten dieser Punkte stattdessen variabel,
so gilt bereits der Satz von Pappos.

1. Bezeichnungen und grundlegende Definitionen

Mit & wird die zu betrachtende projektive Ebene bezeichnet. Sind
gund h zwei verschiedene Gerade von €, so bezeichnet gn h den Schnitt-
punkt von g mit h; sind A und B zwel verschiedene Punkte von €, so
bezeichnet A + B ihre Verbindungsgerade. Die Einfiihrung der Koordi-
naten von G beziiglich des nicht-ausgearteten Punktequadrupels O, U,
V. E und die Definition des zugehorigen Terndrkorpers & mit terndrer
Verkniipfung T geschieht nach Pickert [7], S. 34ff.

! Untersuchungen idhnlicher Art iiber eine Verallgemeinerung der p— L-Dualitét wurden
von Jénsson in [S] unternommen.
2 Von Burn in [2] mit anderen Beweismethoden und in erweiterter Form behandelt.
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Mittels & wird die Ebene € folgendermaBen beschrieben: Die Punkte
von € auBler V haben entweder die Form (x, y) oder die Form (z) fiir alle
x, y,zef. Es ist 0=(0,0), E=(1, 1), U=(0), weiter soll noch sein W=(1).
Die Geraden von € auBler U + V haben entweder die Form [m, k] oder
die Form [z] fiir alle m, k, ze K. Es ist (x, y)I[m, k] genau dann, wenn
y=T(m,x, k) gilt, und (z2)I[m, k] g.d.w. m=z gilt, und (x, y)I[z] g.d.w.
x=_zgilt. Stets gilt VI[z]und(z,)E[z,]Jund (x, V) (U+ V)und (z) (U + V).
Insbesondere ist 0+ V'=[0] und E+ V=[1].

Ist € beziiglich O, U, V, E der Ternidrkorper & zugeordnet und also
€ durch & auf die obige Weise beschrieben, so heifit € auch projektive
Ebene iiber K.

[st g eine Gerade von €, so ist die durch g geschlitzte Ebene diejenige
affine Ebene, die aus € durch Entfernen der Geraden g und aller mit g
inzidenten Punkte entsteht.

Ist  eine Dualitdt von €, so hei3t der Punkt P von € absoluter Punkt
von 8, falls PIP? ist; andererseits heiBit die Gerade g von € absolute
Gerade von 9, falls g°Tg ist.

Es bezeichnet I'(€) die volle Kollineationsgruppe von € und I'(Q, g)
die Gruppe aller (Q, g)-Kollineationen von €.

Alle weiteren Bezeichnungen, soweit nicht nachstehend definiert,
schlieBen sich an Pickert [7] an.

Definition 1. P, 4;, A, seien Punkte von €, und h,g,, g, seien Ge-
raden von €. Dann heiit D=(P, h, 4,, 4,, g,,g,) ein Gestell, falls fol-
gendes gilt: h, g,, g, sind paarweise verschieden, und P, 4,, A, sind paar-
weise verschieden. Weiter ist P=g, ng, und h=A4,+ A4, und PIh. —
Zur Kennzeichnung eines Gestells D schreiben wir auch kiirzer D=
(P, h, A;, g;). Dabei wird stillschweigend vorausgesetzt, daB der Index i
die Werte 1 und 2 annimmt.

Definition 2. g, und g, seien zwei verschiedene Gerade von €, und
0 sei eine Dualitdt von €. Dann heiBt 6 eine (g,, g,)-Dualitit, falls alle
Punkte von g; und g, absolute Punkte von ¢ sind. Weiter heif3t § eine
(Ay, A3, 81, 8,)-Dualitat, falls 6 eine (g, g,)-Dualitit mit A?=g,; ist fiir
i=1,2. Ist (P, h) ein inzidentes Punkt-Geradenpaar, so heiBt & eine
(P, h)-Dualitdt>, falls es Punkte A4,, A, und Geraden g,, g, gibt, so daB
(P, h, A;, g;) ein Gestell und é eine (4,, 4,, g,, g,)-Dualitiit ist. In diesem
Falle heiBt 6 auch (P, h)-Dualitit beziiglich A,, A,,g,,g,. Mit der in

* Wegen PIh ist keine Verwechslung mit der Baerschen p— L-Dualitdt zu befiirchten;
denn dort ist stets p4 L vorausgesetzt (vgl. [1]). Ebenso ist die (P, h)}-Dualitiit von der
(C, c)-Korrelation in [5] (einer Verallgemeinerung der p— L-Dualitit, bei der auch CI¢
zugelassen ist) wohlunterschieden: Ist ¢ eine (C, c)-Korrelation und ist & eine (P, h)-
Dualitét, dann ist ¢2 eine (C,c)-Kollineation, wihrend 52 keine (P, h)-Kollineation
(liberhaupt keine zentrale Kollineation) ist, vgl. unten Satz 1.
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Definition 1 getroffenen Vereinbarung tiber den Index i, werden dem-
entsprechend die Abkiirzungen g-Dualitdt, (A;, g;)-Dualitdt und (P, h)-
Dualitdt beziiglich A;, g; eingefiihrt.

Da der Index i nur fiir 1 oder 2 steht, ist er in Ausdriicken wie g, ,,
stets modulo 2 zu verstehen.

Fiir die folgenden Definitionen wird ein Gestell D=(P, h, 4,,g)
benotigt. Mit dessen Hilfe werden D-Sitze als SchlieBungssdtze mit den
Festelementen P.h, A,, A,,g,.g, definiert. Ein solcher D-Satz kann
dann auch als (A4,, g;-Satz und schlieBlich auch als (P, h)-Satz beziiglich
A, g; bezeichnet werden. Ein (P, h)-Satz beziiglich A,, g,, g, ist der ent-
sprechende D-Satz fiir alle Gestelle D=(P,h, A, X, g,,g,) mit festen
P.h A, g, g,. Entsprechend sind #hnliche Bildungen zu verstehen.
Insbesondere fillt der Begriff eines (P, h)-Satzes mit der iiblichen Be-
zeichnungsweise zusammen: Ein (P, h)-Satz (ohne nidhere Angaben) be-
sagt den entsprechenden D-Satz fiir alle Gestelle D=(P, h, 4;,g;) mit
diesen vorgegebenen Elementen P und h.

Definition 3. Der D-Satz von Pappos ist die folgende Spezialisierung
des Satzes von Pappos vom Rang 3 (vgl. Fig. 1): Fiir jedes inzidente
Punkt-Geradenpaar (Q,g) mit Qfh und PZg folgt aus gng,=R,,
2.1 (A;+Q)=S8; auch (R, + 4;) N (R, +A)I(S; +8S,).

Fig. 1

Definition 4. Der D-Satz von Desargues ist die folgende Spezialisierung
des Satzes von Desargues vom Rang 3 (vgl. Fig. 2): Ist g, eine Gerade
mit PIg, und g, +£g,+¢,, sind weiter C;, D; fiir j=0, 1, 2 jeweils Punkte
mit C;Zh und D;Zh und C;Ig; und D;Ig;, und gilt ferner 4,1(Cy+ C))
und A4,I(D,+ D;), dann gilt auch [(C, + C;)nh]I(D, +D,).

Definition 5. a) Der kleine axiale D-Satz von Pappos ist der kleine
axiale Satz von Pappos mit Achse h, Diagonalpunkten P, A4,, 4, und

festem Geradenpaar g,, g,, also folgender SchlieBungssatz vom Rang 2:
Ist C ein Punkt mit CZh, und R;=(C+A4;)ng;, S;=(R;;{+A)Ng;, so

gilt (S, + 4,) " (S, + A,)]I(C+P).

17" Math. Z.. Bd. 129
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Fig.2

b) Der kleine zentrale D-Satz von Pappos ist der kleine zentrale Satz
von Pappos mit Zentrum P, Diagonalen h, g,,g, und festem Punkte-
paar A,, A,, also folgender SchlieBungssatz vom Rang 2: Ist ¢ eine
Gerade mit PXc und ri=(cng)+A4;.1, si=(r;Ngis)+A;, so gilt
(cnh)Il(s; ng)+(s20gr)]

2. Die g;-Dualitiit und mit ihr zusammenhiingende SchlieBungssiitze

Satz 1. Seien g, und g, verschiedene Gerade von €. Sei § eine g;-Dualitiit
von € und sei A]=g;. Ferner sei P=g,ng, und h=A,+ A,. Dann gilt:

a) Alle Gerade durch A; sind absolut. Es ist A;¥g,.

b) Firr Q mit QFhist Q°=[(Q+A4,)ng, ]+[(Q+A4,)ng,].

c) Esist gl =A,.; insbesondere vertauscht 6 also P mit h.

d) Fiir g mit PEgist g=[(gng)+A,]n[(gng)+A4,].

€) ¢ ist durch A;, g; schon eindeutig bestimmt. Dabei bildet (P, h, A;, g;)
ein Gestell.

f) Alle absoluten Punkte von 6 liegen in g, oder-in g, , und alle absoluten
Geraden von ¢ gehen durch A, oder durch A, .

Beweis. a) Sei A;1g; wegen A =g, folgt dann g’ g;. Also ist g* abso-
luter Punkt und es gilt g°I g®*. Anwendung der Dualitiit 5~ ! ergibt dann
g°I g, d.h. g ist absolute Gerade. Ist nun g=+g;, dann folgt aus g’I g und
g°Ig; sogar g’ =gng;. Also ist die Abbildung g g ng; auf der Menge
der von g; verschiedenen Geraden durch A4, eine Injektion. Da es wenig-
stens 2 derartige Geraden gibt, muB} 4;% g; gelten.

b) Sei Q% h. Wie im Beweis zu a) gezeigt, gilt dann

(4;+0P=(4,+Q)ng,.
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Also ist
Q°=[(4,+0)n(4,+Q))

=(A,+ Q) +(4,+0Q)
=[(4,+Q)ng ]+ (4, +Q)ngs].
c) Sei B,,B,1g;, B;+B,. Dann ist

B)=[(4,+B)ng]+[(4:+B)ng:]

=B;+[(A;, +B)n g1 1=Bj+ 4y
Daher ist auch

g0=(B, +B,)’=B]nB,=(B,+A4;1 )N (By+ A 1)=Aiy1-

Ferner ist

P’=(g, r\gz)(;zgtls“’g(;—_‘/‘12‘+”1‘11:h
und

W=(A,+ A, =AInAS=g,ng,=P.

d) Sei PZg. Nach Beweisteil c) gilt dann (gng)’=(gNg)+ A
Also ist s s
g’ =[gng)+(gng,)]
=(gng)ngng,)

=[gng)+A4,1nlgng.)+A4].

¢) GemiB b) ist 6 allein durch die Festlegung von 4; und g; schon auf
allen Punkten der durch h geschlitzten Ebene definiert. Dann a8t sich
5 bekanntlich hochstens auf eine Weise als Kollineation von ganz €
(auf die zu € duale Ebene) fortsetzen. Zum Beweis, dal (P, h, 4; g;) ein
Gestell ist, muB noch gezeigt werden g, +h+g,, A;+P+ A4, und PIh.
Nun ist nach Definition PIg;, also P absoluter Punkt, d.h. PT P?. Nach
¢) ist P°=h, also PIh. Nach a) gilt 4,%g;; daraus folgen die iibrigen
Aussagen.

f) Sei CEg; fiir i=1,2. Ist CIh, dann ist C+P, also CP+P’=h=
C+ P. Andererseits ist h®=P also PIC’. Beides zusammen erzwingt
CZ C?° Nun sei CTh; insbesondere ist 4, + C# 4,. Angenommen, es ist
CI C? dann folgt wegen CZg;, daB gilt C’=C+[(C+A4)ngl=C+A4,,
also C+A4,=C’=C+A,, woraus wegen A, +A4,=h der Widerspruch
CIh erfolgt. Also liegt jeder absolute Punkt in g, oder g,. Ist nun um-
gekehrt r eine absolute Gerade, so folgt aus Ir, indem man §~' an-
wendet, r* ' I(r* ')’ Also ist ¥ ' ein absoluter Punkt und liegt daher in
g, oder in g,. Nach c) liegt dann A4, oder 4, inr.

Satz 2. Sei (P, h, A;, g;) ein Gestell von €. Genau dann existiert in ¢
die (A;, g;)-Dualitit 5, wenn in € der (A;, g))-Satz von Pappos gilt.

17*
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Beweis (vgl. Fig. 1). In € existiere die (4;, g;)-Dualitit 6. Sei (Q, g) ein
inzidentes Punkt-Geradenpaar mit Q¥ h und P%g. Sei gng;=R,; und
(Q+A4,)ng;=S;. Nach Satz 1b ist dann Q°=S§, +S,, und nach Satz 1d
ist g=(R;+4,)n(R,+A4,). Da § Dualitit ist, folgt aus QIg auch
g’IQ% dh. (R +A4,)"(Ry+A)I(S; +8S,). Also gilt in € der (4,,g,)-
Satz von Pappos.

Nun sei umgekehrt die Giiltigkeit des (4;, g;)-Satzes von Pappos in
€ vorausgesetzt. Sei ‘B die Menge der Punkte von €, die nicht in h liegen,
und sei & die Menge der Geraden von €, die nicht durch P gehen. Auf
B wird eine Abbildung ¢ wie folgt definiert: Fiir Q% h soll sein Q°=
[(4;+Q)ng, ]+ [(4,+Q)ng,]. Auf ® wird eine Abbildung 1 wie folgt
definiert: Fiir r mit PEr soll sein r'=[(rng,)+A4,]n[(rng,)+A4,].
Man stellt nun fest, dal 6 eine Abbildung von ® in ® ist, wihrend 5
umgekehrt & in P abbildet. Ebenso sieht man schnell, daB o5 die
Identitit auf B ergibt und # ¢ die Identitit auf 6 ergibt. Also ist & eine
Bijektion von B auf 6.

Wir zeigen, daB 6 solche Punkte aus B, die mit einer Geraden aus ®
inzidieren auf Geraden aus ® abbildet, die alle durch einen Punkt aus
B gehen: Sei g eine Gerade mit PZ g, sei R;=g ng;. Nach Definition von
o ist dann (vgl. den Beweis zu 1¢) R?=R;+ A4,,,. Nun sei QI g, und sei
S$;=(Q+A;)ng;. Da der (4,,g;)-Satz von Pappos gilt, ist (R, +A4,)N
(R;+A,)I(S,+S,). Das heifBit aber, es gilt RZ AR5 Q% und R} N R} ist
der gesuchte Punkt aus P.

Daher induziert 6 auf den Geraden aus ¢ eine Abbildung in R,
definiert durch g°=[(gng,)+A4,]n[(gng,)+A4,]. Man sieht, daB die
Abbildung n von R in ®, definiert durch

S'=[(S+A4)ng 1+ [(S+4:)ng]

die zur vorigen Abbildung inverse ist; also induziert § sogar eine Bi-
Jektion von ® auf . Nun sei g eine Gerade mit PI g, und R und S seien
zwei von P und untereinander verschiedene Punkte von g. Sei T= R’ S°.
Angenommen es ist TZh. Dann liegen nach dem eben Bewiesenen die
Urbilder aller Geraden durch T unter § auf gendu einer Geraden r mit
P r.Dadann wenigstens einer der Punkte R oder S nicht auf r liegen kann,
ist das ein Widerspruch. Also gilt TT h, und es folgt TI Q’ fiir alle Qe
mit QIg. Daher ist nun gezeigt, daB § eine Kollineation einer affinen
Ebene (ndmlich der durch h geschlitzten Ebene €) auf eine affine Ebene
(nédmlich die zur vorigen duale durch P geschlitzte Ebene €) ist. Dann
1aBt sich aber ¢ bekanntlich als Dualitiit auf ganz € fortsetzen.

Bemerkung 1. Der (P, h)-Satz von Pappos beziiglich 4,, 4,,g,, g, ist
gleichwertig mit dem (P, h)-Satz von Pappos beziiglich 4,, 4,,g,,2,:
Die Giiltigkeit des (P, h)-Satzes von Pappos in € beziiglich 4,, 4,, g, g,
ist gleichwertig zur Existenz der (P, h)-Dualitédt 6 in € beziiglich 4,, 4,,
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g,.g,. Diese ist aber gleichwertig zur Existenz einer (P, h)-Dualitdt in €
beziiglich 4,, A4,, g,, g, (ndmlich 67"), was schlieBlich gleichwertig zur
Giiltigkeit des (P, h)-Satzes von Pappos in € beziiglich 4,, 4,, g,, g, ist.

Satz 3. Aus dem D-Satz von Pappos folgt der T-Satz von Desargues.

Beweis (vgl. Fig.2). Sei D=(P, h, 4,, g;) ein Gestell von €, und in €
gelte der D-Satz von Pappos. Nach Satz 2 besitzt dann € die (4,, g,)-
Dualitit é. Seien g,, C,, D;, j=0, 1,2, Elemente von € welche die Vor-
aussetzungen von Definition 4 erfiillen. Offenbar ist dann C}=C, + C,
und Dy =D, +D,. Ferner ist gy=(P+ Co)°=hn(C,; + C,). Wegen D,Ig,
gilt auch g2 I D2, d.h. es gilt [hn(C,+ C,)]I(D, +D,). Also gilt in € der
D-Satz von Desargues.

Der (V, U + V)-Satz von Desargues beziiglich W, U, [0], [«] 148t sich
leicht als Bedingung im Terndrkorper ausdriicken (vgl. [7], S.971).
Dies fiihrt auf das folgende

Korollar 1. Notwendige Bedingung fiir das Vorhandensein einer
(V, U+ V)-Dualitéit beziiglich U, W, [0], [a] ist die Giiltigkeit der Regel

Tma, k)=ma+k  firalle m keKk.

Beweis. Besitzt € die (V, U+ V)-Dualitit § beziiglich U, W, [0], [a],
dann besitzt € in 6! auch die (V, U + V)-Dualitét beziiglich W, U, [0],
[a], also gilt nach Satz 3 in € auch der (V, U+ V)-Satz von Desargues
beziiglich W, U, [0], [a]. Nun sei C,=(0,0), C,=(a,ma), Co=(ma,ma),
D, =(0.k), D,=(a,ma+k), Dy=(ma, ma+k), dann sind mit g,=[ma]
alle Voraussetzungen dieses Satzes erfiillt. Insbesondere ist (C; + C,) N
(U+ V)=(m). Der Satz besagt dann, daB D, + D, =[m, k] ist. D, I[m, k]
ergibt aber gerade T(m, a,k)=ma+k.

3. Weitere SchlieBungssiitze bei speziellen g;-Dualititen

Sei (P. h, A;, g;) ein Gestell und ¢ die (P, h)-Dualitdt beziiglich 4;.g,.
Wie Satz 1 zeigt, vertauscht 6 gerade 4, mit 4, und g, mit g,, wihrend
P und h von 6 festgelassen werden. Das legt die Frage nahe, unter wel-
chen Bedingungen 6* eine zentrale Kollineation mit Zentrum P und
Achse h ergibt. — Andererseits ist 3*=1: Sei CIg, mit C# P, dann be-
rechnet man: CP=(C+A4,)ng,, C'=(C”+A4,)ng,. Wire C'=C,
so wiren C, A,, A, kollinear, also CIh.

Satz 4. Sei 6 eine (P, h)-Dualitit von € beziiglich A;, g;. Dann sind
gleichwertig:

a) 8% ist eine zentrale Kollineation,

b) in € gilt der kleine axiale (P, h)-Satz von Pappos beziiglich A,, g;,

c) in € gilt der kleine zentrale (P, h)-Satz von Pappos beziiglich A,, g;.

Beweis. Sei 6% eine zentrale Kollineation. Es ist 6*+1 und P hat die
drei Fixgeraden g,, g,, h, wihrend h die drei Fix-Punkte 4,, 4, und P
besitzt. Also hat 6* das Zentrum P und die Achse h.
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Sei CEh,R;=(C+A4)ng;, S;=(R;,; +A4)ng;dannist C°’=R, +R,,
C”=(R;+A4,)n (R, +A4,),
C”=[C"+A4)ng]+[(C”+A,)ng,]

=[R;+A4)ng J+[(R,+4,)ng,]
=S5,+S,,
C'=(S,+A4,)n(S,+4,).

Ist 6* zentrale Kollineation mit Zentrum P, so folgt C**I(C+P), d.h.
[(S;+A3)n(S;+A,)]I(C+ P). Daher gilt der kleine axiale (P, h)-Satz
von Pappos beziiglich 4;, g; in €.

Offenbar ist die Richtung dieses Beweises umkehrbar; also sind
a) und b) dquivalent.

Wendet man nun ¢ auf eine Konfiguration des kleinen axialen (P, h)-
Satzes von Pappos beziiglich 4;, g; an, so erhilt man gerade eine Konfi-
guration des kleinen zentralen (P, h)-Satzes von Pappos beziiglich 4, g;.
Also sind auch b) und c) dquivalent.

Eine Aquivalenz der beiden kleinen D-Sitze von Pappos 4Bt sich
auch mit Hilfe der in Korollar 1 gefundenen Bedingung fiir einen geeig-
neten Terndrkorper beweisen:

Satz 5. € besitze beziiglich O, U, V, E einen Ternirkérper K, welcher
der Bedingung
T(m,a,k)y=ma+k  firallem, ke R

fiir ein festes a+0 geniigt. Dann sind gleichwertig :

a)x+(a+z)=a+(x+z) fiuralle x,zeR,

b) in € gilt der kleine axiale (V, U+ V)-Satz von Pappos beziiglich
U, W,[0], [al,

¢) in € gilt der kleine zentrale (V, U+ V)-Satz von Pappos beziiglich
U, W, [0], [a].

Beweis. Der kleine axiale (V, U + V)-Satz von Pappos beziiglich U, W
laBt sich als Thomsen-Bedingung im U, V, W-Gewebe auffassen. Von
dorther ergibt sich die Aquivalenz von a) und b) unmittelbar (vgl. auch
[6], S. 58). Wir leiten sie im folgenden noch einmal kurz her. Nach Vor-
gabe des Punktes C=(x, x+z) sollen die Punkte R;, S; gemiB8 Defini-
tion 5a bestimmt werden (vgl. Fig. 3). Man erhilt R, =(0,x+z), R, =
(a,a+z), §;=(0,a+z), S;=(a,a+(x+z). Sei D=(S,+W)n(S,+ V)
und D+ V=[x]. Dann folgt aus DI(S,+ W), daB D=(x', x'+(a+z))
ist, wihrend DI(S,+ U) andererseits D=(x', a+(x+z)) impliziert. Gilt
nun a), so folgt x'+(a+z)=a+(x+z)=x+(a+z), also x=x', mithin
DI[x]. Mithin folgt b) aus a). Gilt umgekehrt b), dann gilt D+ V=[x],
also x +(a+z)=a+(x + z); demnach folgt auch a) aus b).
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Nun soll die Aquivalenz von a) mit ¢) gezeigt werden. Wir verwenden
die Bezeichnungen von Definition 5b (vgl. Fig. 4). Sei ¢=[m, k], dann
ist ¢ [0]=(0, k) und wegen der besonderen Voraussetzung iiber den
Ternirkorper K ist ¢n[a]=(a, ma-+k). Weiter ist r,=[1,k], r,=
[0, ma+k], r,n[al=(a,a+k), r,n[0]=(0, ma-+k), s;=[0,a+k]. s,=
[1,ma+k], s,n[0]=(0,a+k),s;n [a]=(a, a+(ma+k)).Seid=(0,a+k)
+(a,a+(ma+k)=[m,a+k]. Dann ergibt (a,a+(ma+k)Id, wenn
man noch die vorausgesetzte besondere Eigenschaft von & verwendet,

die Gleichung

a+(ma+k)=ma+(a+k).

Gilt nun a), dann folgt m a+(a+k)=ma+(a+k), also m=m’; das ist
aber ¢). Gilt umgekehrt c), so folgt m=n, also die Formel

a+(ma+k)y=ma+(a+k).
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Fir ma und k konnen dabei beliebige Elemente von & genommen

werden, also gilt a).
Satz4 und 5 zusammen ergeben unter Verwendung von Korollar 1

das Folgende

Korollar 2. € besitze eine (V, U + V)-Dualitat ¢ beziiglich U, W.[0], [a].
Genau dann ist * eine zentrale Kollineation, wenn gilt

a+(x+z)=x+(a+z) firalle x,ze K.

Es ist moglich, den Sachverhalt von Satz 5 auch ohne Koordinaten
zu formulieren und zu beweisen, was anhangsweise im folgenden noch
geschehen soll:

Satz 6. Sei D=(P, h, A;, g;) ein Gestell von €. Gilt in € der D-Satz von
Desargues, so sind in € der kleine axiale D-Satz von Pappos und der kleine
zentrale D-Satz von Pappos dquivalent*.

h Eal
A P Az Ao
Fig. 5

Beweis (vgl. Fig. 5). In € gelte der D-Satz von Desargues und der kleine
axiale D-Satz von Pappos. Wir verwenden die Bezeichnungen von
Definition 5b. Sei ¢ eine Gerade von € mit P¥c. Sei cnh=A4,. Gilt
Ao=A, fiir i=1 oder i=2, so ist der kleine zentrale D-Satz von Pappos
trivialerweise erfiillt. Sei also 4,+A,+A4,. Sei cng;=R;, also r,=
* DaB die kleinen D-Sitze von Pappos nicht etwa aus dem D-Satz von Desargues folgen,

erhellt schon aus der Existenz cartesischer Gruppen mit nicht-kommutativer Addition
(vgl. [7], S.91) zusammen mit Satz 5.
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R,+ A;,,. Weiter wird definiert S,=r,,;ng;, was s,=S,,,+4; ergibt.
SchlieBlich sei s;ng,=T, und s;ns,=D. Dann ist also zu zeigen
Ay I(T,+ T,). Sei noch C=(A,+ R,)n(A,+R;), dann erfiillen C, R,, §;
die Voraussetzungen des kleinen axialen D-Satzes von Pappos gemil
Definition 5a. Also folgt DI(C + P). Setzt man nun g, = C+ P, so erfiillen
C, D, R,, T, alle Voraussetzungen des D-Satzes von Desargues, wenn
man in Definition 4 nur C,= C, Dy =D, und fiir i=1, 2 noch C;=R; und
D,=T; setzt. Also folgt A, I(T,+ T,).

Jetzt werde vorausgesetzt, daBl in € der D-Satz von Desargues und
der kleine zentrale D-Satz von Pappos gilt. Sei C ein Punkt von € mit
CZh, sei go=C+ P. Um triviale Fille auszuschlieBen, diirfen wir wieder
g, % g, +¢, annchmen. Seien R,, S; gemdB Definition Sa bestimmt und
D=(S,+A,)n(S,+A,). Dann ist DIg, zu zeigen.

Sei T;=(D+A)ng;. Setzt man nun c¢=R;+R,, n=R;+A4,,,,
s,= D+ A;, so erfiillen ¢, r;, s; die Voraussetzungen des kleinen zentralen
D-Satzes von Pappos gemiB Definition 5b. Setzt man noch A,=cnh,
so folgt also auch, dal A, I(T;+ T5) gilt.

Angenommen DZ¥g,. Sei (4,+T;)ngo=D" und (4,+D)ng,=T;.
Insbesondere ist D+D'. T,+T,, T;+T,+T,+T,. Aber die Punkte
C, R,, R,, D', T,, T; erfiillen dic Voraussetzungen des D-Satzes von
Desargues, wenn man sie gemil3 Definition 4 der Reihe nach mit C,, C;,
C,, Dy. D,, D, bezeichnet. Also muB auch gelten A,I(7T,+ T;). Aber
Ao =+ T, ergibt nun den Widerspruch

T+ T,=T+A.=Ti+T,.
Also gilt DI g,.

4. (P, h)-Dualititen in (P, h)-transitiven Ebenen

Wie in Abschnitt 2 und 3 wird auch hier ein Element a=+0 des
Ternirkorpers von € zur Definition des Gestells einer (V,U+V)-
Dualitit & herangezogen. Jedoch soll a diesmal nicht zur Bestimmung der
Geraden g, sondern des Punktes A4, dienen; dadurch werden die Rech-
nungen einfacher, und die Ergebnisse gewinnen an Ubersichtlichkeit *. —
(P, h) bezeichnet stets ein inzidentes Punkt-Geradenpaar.

S Betrachtet man eine fest gewihlte Dualitdt & von €, so kann man sich Koordinaten
von € so bestimmt denken, daB & die (V, U + V)-Dualitit beziiglich U, W,0+V, E+V ist.
Dann kann man also, weil jetzt a=1 ist, die Ergebnisse von Abschnit 2—4 gemeinsam
betrachten. Ist € auflerdem als (V, U + V)-transitiv vorausgesetzt, so existiert in € zu
vorgegebenem 0= aeR genau dann die (¥, U + V)-Dualitiit beziiglich (0), (a), 0+ V, E+V,
wenn in € auch die (¥, U + V)-Dualitiit beziiglich U, ¥, [0], [a] existiert. Denn wendet
man & der Reihe nach auf (0), (a), [0], [1] an, so erhélt man (z.B. nach den Formeln vor
Korollar 3) [0, [«],(1),(0). Nun benutze man noch Bemerkung | und Hilfssatz2 (im
6. Abschnitt). — Also ist auch fiir diesen Fall Abschnitt4 mit den vorigen Abschnitten
verbunden.
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Satz 7. € sei (V, U+ V)-transitiv. Genau dann besitzt € eine (V, U + V)-
Dualitdt beziiglich (0), (a), O+ V, E+V, wenn gilt

(a—ax)z=az—(az)x firalle x, ze K.

Beweis. Wegen der (V, U+ V)-Transitivitit von € ist der Ternir-
korper & von € (definiert beziiglich O, U, V, E) eine cartesische Gruppe.
Nun besitze € die (V, U + V)-Dualitdt 6 beziiglich (0), (a), O+ V, E+ V.
Seix, zeR, g=[az,0], y=(az)x, Q=(x, y), also QI g. Mit Satz 1 b, d folgt

Q" =([(x, )+ O] N (O +V)+([(x, ) +(@] N (E+ V)
=([0,y]1n (0 +V))+([a, —ax+y]n(E+V))
=0, y)+1,a—ax+y)
=[a—ax,y],

g’ =[(laz, 01O+ V))+(a)]n[([az, O] (E+V))+ 0)]
=[0,0+(@]n[(1,az)+(0)]
=[a,0]1n[0,az]
=(z,az).

Da 0 eine Dualitit ist, folgt aus QT g auch g°IQ’ also (z,az)I[a—ax, y].
Beachtet man noch y=(a z) x, ergibt das

az=(a—ax)z+(az)x.
Nun sei umgekehrt & eine cartesische Gruppe, die der Bedingung
(a—ax)z=az—(az)x fiiralle x, zefR

geniigt, und € seidie projektive Ebene iiber K. Sei B die Menge der Punkte
von € der Form (x, y), und sei ® die Menge der Geraden von € der
Form [m, k]. Dann definieren wir eine Abbildung 6 auf P uU G durch

(x, y)5=[a——ax, v], laz k]sz(z, az+k).

Man stellt leicht fest, daB § die Menge B auf &, sowie & auf B bijektiv
abbildet. Seinun(x, y)I[a z, k],alsoy=(a z) x + k. Dannfolgt (a—ax) z+y
=az—(az)x+(az)x+k=az+k, also [az k]’I(x,y)’. Nun ist P
gerade die Menge der Punkte von €, die nicht in U + V liegen, wiihrend ®
die Menge derjenigen Geraden von € ist, die nicht durch V gehen. Also
konnen wir den Gedankengang im Beweis zu Satz2 hier ebenfalls
anwenden mit dem Ergebnis, daB durch ¢ eine Dualitit & auf € definiert
ist. Weiter ist (0, y)’=[a, y] und (1, y)°=[0, y]. Also sind alle Punkte
aus B, die in O+ V oder E + V liegen, absolute Punkte von §, also muB
auch der letzte noch iibriggebliebene Punkt dieser Geraden, namlich V,
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cin absoluter Punkt sein. Wegen (0, y)’=[a, y] fur alle ye& ist dann
(0 + V) =(a); entsprechend folgt aus (1, y)’=[0, y] fiir alle yeR auch
(E+VY=(0).

Nach Definition 2 und Satzlc ist § also die (V, U+ V)-Dualitit
von E beziiglich (0), (a), O+ V, E+ V.

Man berechnet iibrigens leicht die é-Bilder der Punkte von U+V
und der Geraden durch V:

(azP=[z], [x)°=(a—ax).

Korollar 3. Genau dann ist € projektive Ebene iiber einem kommuta-
tiven Quasikorper ®, wenn es in € ein inzidentes Punkt-Geradenpaar (P, h)
derart gibt, daf € eine (P, h)-Dualitdit besitzt und (P, P)- oder (h, h)-transitiv
ist.

Beweis. Sei (P, h) ein inzidentes Punkt-Geradenpaar von € und ¢
sei die (P, h)-Dualitit von € beziiglich 4;, g;. Dann bildet o die Menge
der Paare (X, h) mit X Ih auf die Menge der Paare (P, x) mit PIx ab
und umgekehrt. Das bedeutet: Ist € (h, h)-transitiv, dann auch (P, P)-
transitiv und umgekehrt. Also folgt aus der Voraussetzung, dal € sowohl
(P, P)- als auch (h, h)-transitiv ist. Wihlt man nun 0, U, V, E so, daB
O0+V=g, E+V=g,, A;=U und 4,=W ist, so ist der zugehorige
Terndrkorper R ein distributiver Quasikodrper ([7], Satz 38 und 39,
S.101), der iiberdies nach Satz 7 (fiir a=1) die Regel

(1-x)z=z—zx fiiralle x,zeK

erfiillt. Daraus folgt aber die Kommutativitit der Multiplikation von K.

Sei nun umgekehrt € die projektive Ebene iiber dem kommutativen
Quasikorper & Dann ist & ein distributiver Quasikorper und nach den
oben zitierten Sitzen ist € (V, V)- und (U + V, U + V)-transitiv. Uberdies
erfiilllt & die Regel (1—x)z=z—zx und besitzt daher nach Satz 7 die
(V, U+ V)-Dualitit 6 beziiglich U, W, 0+ V, E+V, definiert durch

P =0-x)1 (=[]
[m kP =(m,m+k); [z]°=(1—2).
Da nach [7], Satz 6, S. 163 kommutative Alternativkdrper bereits Korper
sind, ergibt sich noch das folgende

Korollar 4. In einer echten Moufang-Ebene gilt der D-Satz von Pappos
fiir kein Gestell D.

Zu Formulierung und Beweis des nichsten Satzes bendtigen wir
noch die folgende

6 d.h. ein Quasikérper mit kommutativer Multiplikation.
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Definition 6. Ein Punkt-Geradenpaar (S, r) heiBt ausgezeichnet in
bezug auf die (P, h)-Dualitt 9, falls gilt

S’=r, =S, (5,1)*(Ph).

Sei 6 die (P, h)-Dualitit von € beziiglich 4,, g; und (S, r) ein ausgezeich-
netes Punkt-Geradenpaar in bezug auf 6. Dann gilt PIr und also auch
STh: Sei ndmlich r**=r, aber PZr, und sei R,=rg,. Dann folgt mit
Satz 1

R?2=(rmgi)62=r62ﬂg?2="mgi+1=Ri+1-

Andererseits sind aber nach Satz 1 die Punkte R;, R?” und 4,, , kollinear,
also 4,, R, R,, A4, kollinear. Das ergibt aber den Widerspruch r=
A +A,=h.

Das ausgezeichnete Paar (S, r)steht auch in merkwiirdiger Beziehung
zur Konstruktion harmonischer Punktequadrupel mittels eines voll-
stindigen Vierecks (vgl. Fig. 6). Sei Q ein von P verschiedener Punkt

Fig. 6

mit QIr, dann gilt also Q”Ir. Ist R;=(Q+ A) N g, so ist Q°=R, +R,,
also §=(R, + R,) n h. Weiter ist Q°° =(R, + A,) " (R, + A,). Insbesondere
ist 0°"+ Q (denn sonst wiiren R,, R,, Ay, A, kollinear, also QT h). Wegen
QZ%h gilt auch R;=(Q+A4,)n(Q”+A4,,,), und wir erhalten, daB S die
(Q, Q%)-harmonische Konjugierte von P in bezug auf (A;, A,) ist (vgl. die
Definition auf S. 332 von [3]):

S=(A;+4) N ([(41+ Q)N (A + 0]+ [(A, + Q) (4, +0%)]).

Diese Aussage gilt fiir alle Paare (Q, Q%) mit Q% P, QIr. Durch Anwen-
den von ¢ erhalten wir die duale Aussage fiir r.

Es gilt aber auch umgekehrt: A, ist (R, R*’)-harmonisch konju-
giert zu A4, in bezug auf (P, S) fir alle RIg,, R+ P: Sei g cine Gerade
von € mit SIg, g+h. Dann gilt also SIg” Sei R,=gng, Dann
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ist R”=(R,+A;,,) N g ,,. Daher ist R, =(R,+S)" (R}’ +P) und R}’ =
(R +S)n(R,+P) und A,=(R,+R?)n(P+S). Wegen A4, I(R,+RY)
ist daher A4, die (R,, R}’ )-harmonisch Konjugierte zu A, in bezug auf
(P.S).

Die projektive Ebene € sei nun als (¥, U + V)-transitiv vorausgesetzt,
und es existiere in € die (V, U + V)-Dualitit ¢ beziiglich U, W, 0+ V,E+ V.
Dann liest man aus der im Beweis zu Satz 7 explizit angegebenen Formel
fiir & (mit a=1) ab, daB ein ausgezeichnetes Punkt-Geradenpaar (S, r) in
bezug auf § genau dann existiert, wenn der zugehorige Terndrkorper K
ein Element z, mit z,+z,=1 enthilt. Es ist dann S=(z,), r=[2z,], mit
einem Element z, der beschriebenen Eigenschaft.

Ist R sogar ein kommutativer Quasikorper mit einer von 2 ver-
schiedenen Charakteristik, so existiert ein solches z, und ist eindeutig
bestimmt. Dann gibt es also zu J ein eindeutig bestimmtes ausgezeich-
netes Paar (S, r); diese Tatsache lieBe sich auch aus der jetzt geltenden
Eindeutigkeit der harmonischen Konjugierten beziiglich (V.(m)) fiir
alle me K erschlieBen (vgl. [3], Theorem 3.3).

Im folgenden Satz bezeichnen wir wie in [7], Satz 14, S.70, mit
S(€) die Menge der inzidenten Punkt-Geradenpaare (Q, g), fiir die gilt:
€ ist (Q, g)-transitiv, und benutzen die Klassifikation der Ebenen nach
Lenz (vgl. [7], ebenda).

Satz 8. Besitzt die nicht-desarguessche Ebene € eine (P, h)-Dualitdt o
und ist S(€)%@, so ist € von einem der folgenden Typen:

I1. S(€)={(P, h)}.

1. S(€&)={(0.2)|Q1g.QIr SIg}, (S,r) ein ausgezeichnetes Paar in
bezug auf 9.

V. S(€)={(Q.2)|QIg, Q=P oder g=h}.

Beweis. Wir untersuchen die moglichen Lagen von (Q,g) zu dem
zu & gehorigen Gestell (P, h, A;, g;) und die sich daraus mittels ¢ ergeben-
den Typen von Ebenen. Dabei wird es geniigen, jeweils den niedrigsten
Typ anzugeben.

1. Sei zuerst g=h, also QI h. Ist Q =P, so ergibt sich der oben ange-
fiihrte Typ I1. Sei also Q+ P. Dann ist auch (g, 0°)=(P. Q°) ein Element
von S(€). Sei T ein von P und Q verschiedener Punkt von h. Wegen der
(P, Q%)-Transitivitit von € und wegen Q°=+h gibt es dann ael'(€) mit
Q*=T, h*=h. Daher ist € auch (T, h)-transitiv. Die (Q, h)- und (T, h)-
Transitivitidt zusammen ergibt nach [ 7], Satz 11, S. 67 die (h, h)-Transitivi-
tit von € Nach Satz 7 folgt jetzt, daB € von dem oben angegebenen
Typ V ist.

2. Durch Anwendung von ¢ erledigen sich dual dazu alle Fille mit

Q=P
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3. Nun sei g=#h und Q= P. Dann gilt (g°, 0°)+(Q, g). Denn Gleich-
heit wiirde bedeuten, daB Q ein absoluter Punkt, also QI g; ist, und eben-
so, daB g absolute Gerade, also A4;Ig ist. Dann priift man aber leicht mit
Satz 1 nach, daB (Q, g)+(g° Q°) oder (Q, g)=(P, h) ist.

3.1. Sei Q=g° oder Q°=g. Indem wir eventuell noch & anwenden,
konnen wir 0.B.d.A. die erste Alternative annehmen. Da Q absolut ist,
gilt etwa QIg, und daher 4,Ig (Fig.7); Anwendung von &% ergibt die

Fig.7

(R, s)-Transitivitit von € mit R=(Q+ A4,)ng, und s=Q+A4,; ins-
besondere ist g+ 5. Ist R" ein von R und Q verschiedener Punkt mit R'Is,
so gibt es demnach aeI'(Q, g) mit R*=R’, also ist € auch (R/, s)-transitiv.
Aus der (R, s)- und (R, s)-Transitivitdt von € folgt jetzt wieder wie vor-
hin die (s, s)-Transitivitdt von €. Wegen s° =g und s’=R ist  dann
(g, g)-transitiv und (R, R)-transitiv; wegen RZg folgt daraus ersichtlich,
daB€eine Moufangebene ist, und nach Korollar 4 ist € dann desarguessch.

32. Sei Q+g°und Q°+g.

3.2.1. Sei zuerst PI(Q +g°) und (g Q% Ih. Wiire Q1h, so folgte jetzt
PIg, im Widerspruch zu Q+P, g+h. Entsprechend erhilt man, Pg.
Sei S=gnh und r=P+Q. Dann ist (S,r)+(P,h) und S$°=(gnh)’=
g+P=Q+P=rund r=(Q+PP=0°nh=gnh=S; also ist (S, r) ein
ausgezeichnetes Punkt-Geradenpaar in bezug auf 5. Wegen A, + S+ A4,
ist einerseits g’% g, andererseits ist Q I g; also sind Q und g° verschiedene
Punkte mit Q+g°=r. Ganz ebenso sind g und Q° verschiedene Gerade
mit gnQ°=S. Aus der (Q, g)-Transitivitit von € folgt auch die (g°, Q%)-
Transitivitdt, und beide zusammen ergeben offenbar die (R, s)-Transitivi-
tét fiir alle inzidenten Paare (R, s) mit RIr und SIs — also ist der Typ I1I
der Behauptung unter diesen Umsténden die kleinstméogliche Stufe.

3.2.2. SchlieBlich sei P¥(Q+g’) oder (gnQ%%h. O.B.d.A. kann
PZ(Q+g% angenommen werden. Sei R=hn(Q+g%. Ist € nun (Q, g)-
transitiv, dann auch (g°, Q°)-transitiv, wegen Q+g° und Q°+g ist €
dann (R, s)-transitiv fiir eine Gerade s mit RIs. Ist s=h, so sind wir
in Fall 1.



Dualititen mit zwei Geraden aus absoluten Punkten 251

Fig. 8

Sei nun s=+h. Wir diirfen wieder R’ +s annehmen. Wegen RIh, aber
R+ P ist ohnehin s°+ R, aber PIR? (vgl. Fig. 8). Wegen PZs ist s” #s.
Sei zuerst R% =R. Aus der (R, s)-Transitivitiat und der (R, s**)-Transitivi-
tit folgt, daB € dann (R, R)-transitiv und schlieBlich auch (R’ R%-
transitiv ist. Wegen RZ R’ ist dann € eine Moufang-Ebene und nach
Korollar 4 also desarguessch. Endlich sei R”=+R. Dann sind (R, s),
(R?, %), (s°, R%) drei verschiedene inzidente Punkt-Geradenpaare ohne
weitere Inzidenzen, deren Punkte nicht kollinear und deren Geraden
nicht konfluent sind (vgl. Fig. 8). Sei § =5 (R** +5°). Dann ist S+ R und
es gibt oe I'(R”, s”) mit s**=S. Ist R°*=s, so folgt aus der (R, s)-Transi-
tivitdt, daB € auch (S, S)-transitiv und insbesondere (S, s)-transitiv ist. Die
(S, s)-Transitivitit von € folgt aber ebenso aus der Annahme, dal}
R%*=s ist. Ist € aber (R, s)- und (S, s)-transitiv, dann auch (s, s)- und also
auch (s°, s°)-transitiv. Wie oben folgt jetzt, daB € eine Moufangebene
und damit desarguessch ist.

Damit sind jetzt alle Fille erledigt.

Bemerkung 2. Fiir welche nicht-inzidenten Punkt-Geradenpaare
kann € noch zusiitzlich transitiv sein? Aus der Liste der moglichen Lenz-
Barlotti-Typen (vgl. z.B. [4], S. 126) geht hervor, dall hochstens noch
Typ 11.2 oder I11.2 in Frage kommt, d.h. es handelt sich um ein einziges
Paar (S, ) mit PIr und STh Dann muB aber (+°, $°)=(S, r) sein: Ist €
mit der (P, h)-Dualitiit § vom Typ II oder II1, dann ist € zusétzlich (S, r)-
transitiv hochstens fiir ein beziiglich § ausgezeichnetes Punkt-Geraden-
paar (S, r).

5. Beispiele

Beispiele distributiver Quasikdrper mit kommutativer Multiplika-
tion sind schon seit langem bekannt (man vergleiche die Zusammen-
stellung in [4], 5.3); daher ist auch an Ebenen vom Typ V mit einer
(P, h)-Dualitiit kein Mangel.

Hier sollen nun Ebenen vom Typ II mit einer (P, h)-Dualitét 6 nach-
gewiesen werden. Dazu werden cartesische Gruppen & mit kommutativer
Addition und Multiplikation konstruiert, wobei & als Menge mit der
Menge R der reellen Zahlen iibereinstimmt; auch die Addition in |
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stimmt mit der in R iiberein, nur die Multiplikation in & (geschrieben ., o *)
wird neu erkldrt. Unter diesen Umstiinden — die additive Gruppe von
R enthilt kein Element der Ordnung 2 — ist es von Vorteil, eine etwas
andere Lage des zu ¢ gehorigen D-Gestells zu den Bezugspunkten des
Koordinatensystems zu wihlen.

Die von uns konstruierten cartesischen Gruppen K werden der
folgenden Regel geniigen:

(=x)oy=—(xoy) fiiralle x, yeK.

Man weist nun leicht allgemein nach, daB fiir projektive Ebenen tiber
cartesischen Gruppen mit — 11, deren Addition und Multiplikation
kommutativ ist, und die iiberdies die obige Regel befolgen’, die Ab-
bildung 6, definiert durch

(x,y’=[=x1+y]; [x]°=(—x),
[m, kP =(m, 1+k); (2 =[z].

eine Dualitdt von € ist, derart, daB alle Punkte der Geraden [17 und
[ —1] absolute Punkte, und alle Geraden durch (1) und (— 1) absolute
Geraden sind (vgl. den dhnlichen Beweis zu Satz 7). Daher existiert in
einer solchen projektiven Ebene die (V, U+ V)-Dualitit beziiglich
(1), (= 1), [1], [ - 1]. Zum Nachweis, daB &+, o) eine cartesische Gruppe
ist (vgl. [7], S. 90), geniigt es wegen der Kommutativitit der Multiplika-
tion, neben der Regel

lox=x, 0ox=0 fiiralle xe®

noch zu zeigen, daB die Funktion h mit h(x)= —ao x +bo x fiir a+b und
x20 streng monoton und stetig ist mit lim h(x)= + . (Wegen h(—x)

= — h(x) folgt Entsprechendes fiir x <0.)

Konstruktion 1. Sei ¢ eine auf dem Intervall [1, o) definierte reell-
wertige, differenzierbare, monoton nicht-fallende Funktion mit ¢ (1)=1.
Dann soll sein

b {ab, falls |a|<1 oder |b|<1
aobD=

sign (a) sign (b) |a|?PV |b|*eD sonst.

Damit ist eine stetige und kommutative Multiplikation erklirt mit
lox=xund Qox =0 fiir alle xe K. O.B.d.A. sei nun b>0 und |a| <b. Die
Funktion x> bo x ist streng monoton wachsend mit lim bo x = o0. Das-

X = 00
7 In Ebenen iiber solchen cartesischen Gruppen & gilt, — sogar schon bei nichtkommu-
tativer Multiplikation — daB (m),(—m) eindeutig bestimmte harmonische Konjugierte
in bezug auf U, V sind und U, V eindeutig bestimmte harmonische Konjugierte in bezug
auf (m), (—m), fiir alle 0+meK.
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selbe sicht man fiir a <0 sofort fiir die Funktion h mit h(x)= —acx+box.
Fiir 0<a<1<b ist h(x)=(b—a)x und fiir 1 <a<b ist h(x)=(b*""—
a?®) x?@ so daB auch in diesen Fillen lim h(x)= ist. SchlieBlich

X— X
erhilt man nach kurzer Rechnung fiir diese beiden Fille A’ (x)>0, was
man nur fir x=1 nachzuweisen braucht.

Seien a, b, ¢ reelle Zahlen >1 und ¢(c)>1. Dann ist
doc+boc=a?" ¢?@ 4 po© o
S(a“"”+b“"c’) c?a +b)
<(a+ b)w(r) C(p(a+b)
=(a+b)oc,
also ist & nicht distributiv.

Wiihlt man andererseits a, b, ¢ als positive reelle Zahlen mit b<1,
a>1, ¢>1 derart, daB ab<1 aber bc>1 und sogar ¢(bc)>1 ist, dann
wird (aob)oc=abc

< aq?(b ) (b C)q’(a)
=ao(bec),
also ist K auch nicht assoziativ.

SchlieBlich sieht man aus der Definition von ,,o*, daBl das Gesetz
(=x)o y=—(xoy) fiir alle x, ye K erfiillt ist.

Konstruktion H (vgl. [4], S. 126, FuBnote). Sei f eine auf R definierte
differenzierbare streng monoton steigende ungerade (reellwertige) Funk-
tion, derart daB f” fiir x=0 monoton nicht-steigend, f(1)=1, und
lim f(x)= > ist. Sei g die Umkehrfunktion von f. Dann soll sein

aob=g(f(a)f(b)) firalle a,beR.
Man sicht, daB die so definierte Multiplikation kommutativ und asso-
ziativ ist mit 1 o x =x und O x =0 fiir alle xe K. Mit f ist auch g ungerade,
also ist (—x)oy=g(/(=x) /()
g(—f0) 1)
—g(f(x) S ()
=—(xey).
Fiir a<0<b sieht man wieder direkt, daB h(x)= —aox+box streng
monoton steigend ist und gegen oo geht. O.B.d.A. sei jetzt 0<a<b. Nun

ist g eine schwach konkave Funktion mit g(0)=0, d.h. fiir u=0, v=0 ist
g(u)+g(v) < g(u+v), also ist fiir x — o0

h(x)=—g(/f (@) f(x))+g(f(b) f(x)
2g((f(b)—f (@) f(x) =0

Il

18 Math Z., Bd. 129



254 A. Herzer:

und fiir alle x

—f(a) 1(b)
. ‘
) (f’(g(f(a)f(x))) T (b))

Wir machen nun die (spiter nochmals benétigte) zusiitzliche Voraus-
setzung, daB fiir 0=x <1 gilt f(x)=gx (¢>0), daB aber andererseits g
stellenweise echt konkav ist. Dann finden wir positive reelle Zahlen
a,b,cmit a+b=<1 und
acc+boc=g(f(a)f(c)+g(f(b)f(c)

<g((f(@+f(b) f(c)

=g(f(a+b)f(c)

=(a+b)oc,
also ist & nicht distributiv.

Nun soll noch ausgeschlossen werden, daB die projektive Ebene €
liber & vom Typ IIT ist. Das einzige in bezug auf § ausgezeichnete Punkt-
Geradenpaar von €ist (U, O + V). Daher geniigt es nach Satz 8, zu zeigen,
daB € nicht (0, O + U)-transitiv ist.

Dazu setzen wir voraus, daB fiir 0Sx<y<1+c¢ stets gilt xoy=xy,
aber fiir hinreichend groBes m die Kurve y=mo x im Intervall | x<1+¢
echt konvex oder echt konkav ist. Im Falle der Konstruktion I ist das
dadurch zu erreichen, daBl man ¢ (x)=1 fiir | <x<1+¢und ¢(x)>1 fiir
x>1+¢ fordert. Im Falle der Konstruktion II setzt man wohl f(x)=x
fiir 0Sx=<1+4¢ und verlangt fiir groBe m und 1 <x<1+¢, daB f(mx)<
f(m) f(x) gilt (z.B. setze man f(x)=1+¢+log(x—e¢) fiir x=1+¢).

) -f'(x)>0.

D
% P - / I
1
~ C]
~ /
~
- ./
D, //
() e A Ry 2
// 7 U:A2
——"Cy g C2
P /
o 92 /
1 +1
Ay n 0:P Ao
Fig.9

Mit Verwendung der Bezeichnungen von Definition 4 sei P=0,
h=0+U, go=0+V, g1=[1,0]’ gZ:[%’OJ’ A1=(_1’0)’ A,=U, Ay=
(C;+Cy)nh=(1,0) (vgl. Fig.9). Weiter sei Cy=(0,4), C,=(1,1),
C,=(1,3),D;=(1+¢1+¢,Dy=goN (A4, +D,),D,=g, (A, + D). Dann
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sind alle Voraussetzungen des Desarguesschen (O, O + U)-Satzes (be-
ziiglich A;, g;) erfiillt, sowohl in € als auch nach den besonderen Vor-
aussetzungen iiber & in der Ebene iiber R; daher liegen die Punkte
Ao, Dy, D, in der reellen Ebene kollinear, aber nicht in €; denn die
Gerade von €, welche 4, und D, verbindet, ist — da es sich um eine
groBe Steigung handelt — (in der reellen Ebene) eine echt konvexe oder
konkave Kurve. Also ist € nicht (0, O + U)-transitiv.

Da nach [7], Satz 45, S. 102, in projektiven Ebenen iiber cartesischen
Gruppen K die Assoziativitit der Multiplikation in & gleichwertig ist
mit der (U, O+ V)-Transitivitdt von €, liefert uns Konstruktion I Ebenen
vom Typ I1.1, withrend Konstruktion II Ebenen vom Typ 11.2 liefert, —
beide mit einer (1. U + V)-Dualitit.

6. Der (P, h)-Satz von Pappos beziiglich 4,, g,, g,
Dieser Abschnitt dient dem Beweis von

Satz 9. Aus dem (P, h)-Satz ron Pappos beziiglich Ay, g,, g, folgt der
Satz von Pappos.

Wir benotigen zuerst einige Hilfssdtze.

Hilfssatz 1. Aus dem (P, h)-Satz von Pappos beziiglich A,, g,, g, folgt
der Desarguessche (A, g,)-Satz.

Beweis. In € gelte der (P, h)-Satz von Pappos beziiglich 4,,g,. ..
Sei R ein von P und A, verschiedener Punkt mit RT h, dann existiert in €
also die (P, h)-Dualitit beziiglich 4,, R, g;, g,; diese werde mit oy be-
zeichnet. Wir zeigen, daB € (4, g,)-transitiv ist, indem wir fiir Punkte
R, S von h, welche von A, und P verschieden sind, fiir « =0 d5 ' nachwei-
sen, daB ael(4,,g,) und R*=S§ gilt. Es ist R"*=g, =5, also R*=S.
Ist s eine Gerade mit 4, Is, so ist nach Satz | nun s’®=sng, =5, also
s*=s:und ist T ein Punkt mit TI g,,s0ist T°* =T+ A, =T’%,also T*=T.
Daher gilt ael'(A,, g,).

Hilfssatz 2. Ist 0 cine (P, h)-Dualitiit und ist  die (P, h)-Dualitit be-
ziiglich A, g;, so ist 5~ ' n~' 8 die (P, hy-Dualitdt beziglich g}, A;.

Beweis. Jedenfalls ist 6~'#~'6 eine Dualitit. Ist nun QI A7, also
A, TQ% " so ist Q° ' eine absolute Gerade in bezug auf n, d.h. es gilt
Q° '"1Q* ", woraus QIQ? ' " folgt. Also ist Q absoluter Punkt in
bezug auf 6~ ' 4~ ' §. Ferner ist (g)P ' =gl P =AN g+ gl =(g,ng,)
=Pi=h, A°NAL=(A,+A4,’=h"=P. Also ist (P,h,g}, A?) das zu
0~ 'y~ 5 gehorige Gestell.

Hilfssatz 3. Aus dem (P, h)-Satz von Pappos beziiglich A,, g,, g, folgt
der (P, h)-Satz von Pappos beziiglich A, g;.

18*
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Beweis. In € gelte der (P, h)-Satz von Pappos beziiglich 4,,g,,g,.
Es ist nachzuweisen, daB3 zu vorgegebener Geraden s mit g, #s+h und
PIsund zu vorgegebenem Punkt R mit 4, +=R=+P und RIh in € die
(P, h)-Dualitidt beziiglich 4,, R, g,, s existiert. Es sei dx wie im Beweis zu
Hilfssatz 1 definiert. Dann ist S=s’+" ein Punkt von € mit ST/ und
A, #+S+P, so daB} auch dg existiert; ferner ist d5 ! dic (P, h)-Dualitiit be-
ziiglich A,,S,g,, g, Nun ist g5* =A4,, g9® =R, A* =g,. §°®*=5. Nach
Hilfssatz 2 ist daher 0x'ds0gx die (P, h)-Dualitit von € beziiglich
AR, gy, s

Beweis von Satz 9. In € gelte der (P, h)-Satz von Pappos beziiglich
A1, 81, g2; nach Hilfssatz 3 gilt dann dieser Satz sogar beziiglich 4,, g,.
Mit Hilfssatz 1 folgt daraus, daBl € nun (A4,, g,)- und (A4,, g5)-transitiv
fiir zwei untereinander und von h verschiedene Gerade g,,g, mit
g,Ngy=P ist, daher (4,, P)- und insbesondere (A4,, h)-transitiv. In €
existiert die (P, h)-Dualitdt ¢ beziiglich 4,, 4,,g,, g, (mit geeignet ge-
wihltem A,), und es ist 43" =4,, h®’ =h. Also ist € auch (4,, h)-transitiv
und wegen A, + A, sogar (h, h)-transitiv. Nach Korollar 4 ist dann €
projektive Ebene iiber einem kommutativen Quasikorper K. Dabei ist
das Koordinatenquadrupel O, U, V,E derart zu wihlen, daB V=P,
U=A,, sowie etwa O+ V=g, und E+ V=g, gilt. Nach dem oben Be-
merkten ist dann € aber (U, V)-transitiv, was nach [7], Satz 46, S. 103
nun auch noch die Assoziativitit der Multiplikation in ! erzwingt.
Also ist & ein (kommutativer) Korper und in € gilt der Satz von Pappos.

Bemerkung 3. Den letzten Teil des Beweises von Satz 9 (Assoziativitit
der Multiplikation) kann man auch mit Hilfe von Satz 7 einsehen: Sind
die Koordinaten wie oben gewihlt, so besitzt € die (V, U + V)-Dualitiit
beziiglich (0), (a), O+ V, E+ V fiir alle 0+ ae K, es gilt also die Gleichung

(a—ax)z=az—(az)x fiiralle a,x,zef.
Da K distributiv ist mit kommutativer Multiplikation, folgt
(xa)z=(ax)z=(az)x=x(az) firalle x,q,zeK.

Bemerkung 4. Hilfssatz 1 kann zugleich als Spezialisierung des Satzes
von Hessenberg angesehen werden. Freilich wird hier nur der Desar-
guessche (Q, g)-Satz fiir Q% g ins Auge gefaBBt. Um Entsprechendes fiir
Q1Ig zu bringen, konnte man auch direkt beweisen, daB aus dem (P, h)-
Satz von Pappos beziiglich A4,,g, der Desarguessche (P, h)-Satz folgt,

indem man Satz 3 verwendet und benutzt, daBl aus dem (P, h)-Satz von
Desargues beziiglich 4, g; schon der Desarguessche (P, h)-Satz folgt.
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Automorphismen und Erzeugende
fiir Gruppen mit einer definierenden Relation

Gerhard Rosenberger

1. Einleitung

A. Sei F, eine freie Gruppe von endlichem Rang ¢ = 1,und sei Aut F,
die Automorphismengruppe von F,. Sei G eine von g, aber nicht vong—1,
Elementen erzeugte Gruppe (Rang(G)=g). und sei AutG die Auto-
morphismengruppe von G.

Wir nennen G eine quasifreie Gruppe (vom Rang q), wenn Aut G
epimorphes Bild von Aut F, ist. Wir nennen G eine fast quasifreie Gruppe
(vom Rang q), wenn Aut G epimorphes Bild einer Untergruppe von
Aut F, ist. Insbesondere ist jede quasifreie Gruppe auch fast quasifreie
Gruppe.

Gegenstand der vorliegenden Arbeit sind die Gruppen

g n
F(n*g)'={AlsBl"“’Ag7Bg;(H[A,',B,‘]):1}
i=1

mitnzl,g=1.

Diese Gruppen sind auch deshalb von groBem Interesse, weil sich
F(n,g) fiir =2 als Fuchssche Gruppe mit kompaktem Fundamental-
bereich vom Geschlecht g und fiir n=1 als Fundamentalgruppe einer
orientierbaren geschlossenen Fliche vom Geschlecht g présentieren
1iBt. Es sei noch bemerkt, daB F(n, g) von 2g, aber nicht von 2g—1,
Elementen erzeugt wird ([19]).

Die Gruppen F(1, g) sind von Nielsen [12] und Zieschang ([18] und
[19]) weitgehend untersucht worden. Es erscheint aber doch sinnvoll zu
sein, nach einer Verallgemeinerung der von Nielsen und Zieschang
erzielten Ergebnisse zu fragen.

Hier zeigen wir, daB die Gruppen F(n, g) fiir g=1 quasifrei und fur
g>1 fast quasifrei sind (Satz 1 und Satz 2). Weiter charakterisieren wir
die quasifreien Gruppen mit einer definierenden Relation (Satz 3).

Durch Satz4 und Satz 5 16sen wir das Isomorphieproblem fiir die
Gruppen F(n,g), d.h. es ist nach endlich vielen Schritten entscheidbar,
ob eine beliebige Gruppe mit einer definierenden Relation zu einer
Gruppe F(n,g) isomorph ist oder nicht. Satz5 verallgemeinert das
Resultat von Zieschang [19] iiber die Gruppen F (1, g). Satz 4 zeigt, daB
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wir ein Resultat von Nielsen [10] tiber freie Gruppen vom Rang zwei
auch fiir die Gruppen F(n, 1), n22, aussprechen konnen, denn es gilt:

Zwei Elemente U, V von F(n, 1), n=2, sind genau dann Erzeugende
von F(n, 1), wenn [U, V] in F(n, 1) konjugiert ist zu [4,, B,] mit = + 1.

Beim Beweis von Satz 2 und Satz 5 greifen wir in starkem MaBe auf
die Ergebnisse von Nielsen und Zieschang iiber die Gruppen F(l,g)
zuriick. Weil die Gruppe F(1, 1) abelsch ist, fiilhren wir die Beweise fiir
die Gruppen F (n, 1) gesondert.

B. Einige Definitionen und Vereinbarungen erweisen sich als niitzlich.
Es bedeute:

F,={a,, ..., a,} die von den qa,, ..., a, erzeugte freie Gruppe.
F,={a;,b,,...,a,,b,} die von den a;.,b,,...,a,,b, erzeugte freie
Gruppe.

G={A,,...,A,} die vonden 4, ..., A, erzeugte Gruppe.

Aut G die Automorphismengruppe von G.

1(G) die Menge der inneren Automorphismen von G.

G’ die Kommutatorgruppe von G.

G={A4,,...,4; R(A,,...,A,)=1} die von den A4,,..., A, erzeugte
Gruppe mit der definierenden Relation R(A4,, ..., 4,)=1.

[4,B].=ABA™'B~! der Kommutator von 4 und B.
g n
F(n,g). ={A1, By,...,A,, B,; (I_[ [4;, B,-]) = 1}
i=1

mitn=1,g=1.

¢, der durch a;+> A4;, b;+— B; definierte natiirliche Epimorphismus
von F, auf F(n, g).

Y, der durch A;+ A;, B;+— B; definierte natiirliche Epimorphismus
von F(n, g) auf F(1, 2).

Wir fassen eine Gruppe G={A4,,..., A,} als epimorphes Bild der
freien Gruppe F,={a,,...,a,} unter dem durch g;~ A4; definierten
Epimorphismus F, — G auf.

Einen Ubergang von (A, ..., A,) zu einem anderen Erzeugenden-
system (A4}, ..., A;) von G nennen wir frei, wenn es ein freies Erzeugenden-
system (aj, ...,a;) von F, gibt, so daB3 das Bild von g; bei dem durch
a;+> A; definierten Epimorphismus von F, auf G gleich 4; ist (vgl. [19]).
Durch a;+- a; wird ein Automorphismus von F, definiert, der aber
keineswegs auf G einen Automorphismus zu induzieren braucht.

Wir identifizieren die PSL(2,R) mit der Gruppe aller linearen
Transformationen der oberen Halbebene auf sich. Es ist PSL(2,IR)=
SL(2,IR)/{E, —E}, d.h. die PSL(2,R) besteht aus den Paaren (W, — W)
mit WeSL(2,R). Es ruft keine Mi3verstandnisse hervor, wenn wir kurz
W statt (W, — W) schreiben. Es bedeute:

Sp U die Spur von Ue SL(2,R).
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2. Automorphismen von F (n, g) und die quasifreien Gruppen
mit einer definierenden Relation
Lemma 1 ([10], vgl. auch [8] und [9]). Sei F, = {a, b} eine freie Gruppe
vom Rang zwei. Zwei Elemente u,v von F, sind genau dann Erzeugende
von E,, wenn [u, v] in F, konjugiert ist zu [a, b]* mit e= £ 1.
Lemma 2 (vgl. auch [12] und [19]). Sei g=2. Sei H(F,,) die Unter-
gruppe von Aut F,, die von den o€ Aut F,, mit

” (ﬁl [ai,b,-]) —h (1_5[1 [ai,bi]g) W

heFy, und c=+ 1, erzeugt wird (es ist H(F,,)# Aut F,). Sei K, der von
£
|1 ai, b erzeugte Normalteiler von F,,. Sei N (F,,)=1(F,,) der von den

=1

Automorphismen k: cr>tct™', ceF,, und teK,,. erzeugte Normalteiler
von H(F,,). Dann induziert @, einen Epimorphismus ¢,: H(F;)—
Aut F(1,g) durch (¢,(8))(D). =§,(5(d)) fiir deF,,, e H(F,,) und $,(d)
=D, und es gilt die kurze exakte Sequenz

1> N(F,)—H(F,) 2> AutF(l,g) 1.

Beweis. Aus ¢,(d)=¢,(d) folgt @,(5(d)=7,(5(d") fir d.dekF,,
0eH(F,,), denn es ist 6 (K, )= K, fir 6e H(F,,).

Damit induziert ¢, einen Homomorphismus ¢, : H(F,,) — AutF(1,g)
durch (¢, (0))(D). =§,(5(d)) fir @,(d)=D und ée H(F,,). Nach [18; p.159]
ist ¢, sogar ein Epimorphismus. Natiirlich gilt N (F; )= Kern (¢,) = I(F},).
Um Kern (¢,)=N(F,,) zu zeigen, brauchen wir nur zu zeigen: Sei
ael(Fy,) mit a# 1,5, und o: cr>ses™ ! Hfir ¢, seF,,, aber s¢ K, . Dann
ist @ (0)F 1 au 11~ Das ist aber erfiillt, denn es gilt

(1) (A)=?(sa, s )+ A4,. qed
Satz 1. Die Gruppen F (n, 1)={A4, B; [4, B]"=1} sind quasifrei.

Beweis. Nach [8: p. 169] ist die Aussage fiir n=1 richtig. Sei nun
n=2. Aus @,(d)=p,(d) folgt 9,(5(d)=7,(0(d) fir d,d'eF,, de Aut F,.
Damit induziert @, einen Homomorphismus ¢,: Aut F, — Aut F(n, 1)
durch (¢, (8))(D). =,(d(d)) fiir §,(d)=D und 6€Aut F;. X

Sei nun deAut F(n, 1). Nach [8: p.269] ist dann [5(A4),(B)]=
(T[A, B} T}, e==+1, keN mit 1=k<n—1 und TeF(n,1). Nach
[14; Lemma 3] gibt es Erzeugende u, v von F, mit

S(A)=P,(u)=7,(6(a))=(¢,(8))(A)

5(B)=,(1)=,(5(b))=(,(0)(B)
fiir ein e Aut F,, d.h. ¢, ist ein Epimorphismus. q.e.d.

und
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Satz 2. Die Gruppen F (n, g),g = 2, sind fast quasifrei, aber nicht quasifrei.

Beweis. Fiir n=1 sind wir fertig. Sei nun n=2. Sei H(F;,) wie in
Lemma?2 gegeben. Aus @,(d)=9,d) folgt 7,(6(d)=¢,0(d)) fir
d,d’erg, d0eH (F,,). Damit induziert ¢, einen Homomorphismus

.. H(F,,)— Aut F(n,g) durch (¢,(0))(D). =,(6(d)) fir @,(d)=D und
6eH(Fzg)

Aus Y, (C)=y,(C) folgt gb,,( O)=y,(8(C)) fir C,C'eF(n,g),
deAut F(n, g). Damit induziert i, einen Homomorphlsmus U, Aut F(n,g)
— Aut F(1,g) durch (,(8))(,(C)). =,(3(C)) fir deAut F(n, g). Wir
erhalten folgendes kommutative Diagramm

AutF, +H(F,,) —"— Aut F(n,g)

.
@1 7 Yn

1> N(F,) > H(F,)—%—AutF(l,g)—1,

wobei N (F;,) wie in Lemma 2 gegeben.
Jedenfalls ist ¥, ein Epimorphismus.
Weiter ist fiir 6 Aut F(n, g) nach [8; 269]

5 (ﬁ[A,,B,]):(Ti[j [A4;, B, T“)k, (*)

e=+1,keNmit 1<k<n—1und TeF(n,g).

Wir sind fertig, wenn wir zeigen konnen, daB3 der Kern von , nur
aus inneren Automorphismen von F(n, g) besteht, denn dann ist Kern (y,)
epimorphes Bild von N(F,,) und ¢, ein Epimorphismus.

Sei also ye Kern (i,). Es ist

Un(7(40) = (Y (7)) (0 (4) =, (4
Un(7(B2)) =V (B).

Im Zusammenhang mit () bedeutet dies aber, daB 7 ein innerer Auto-
morphismus von F(n, g) ist (vgl. [8; 271]). q.e.d.

und

Bemerkung. F(n, g) 1aBt sich fiir n=2 auch présentieren als Gruppe
8
Gz{S,Al,Bl, s Ag, By S"=S [ [4i, B]= 1}.

In [18] hat Zieschang unter anderem gezeigt, daB jeder Auto-
morphismus von G von einem Automorphismus von F,,,, induziert
wird. Da G aber schon von 2g Elementen erzeugt wird, wollen wir bei
dieser Prisentierung nicht von einer fast quasifreien Gruppe sprechen.
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Satz 3. Sei F, eine freie Gruppe von endlichem Rang q. Sei G eine
von g, aber nicht von q— 1, Elementen erzeugte Gruppe mit einer definie-
renden Relation (Rang (G)=g).

Genau dann ist G eine quasifreie Gruppe, wenn entweder

(i) g=1und G={A; A"=1} fiir n=1,2,3,4 oder 6 oder

(i) g=2 und G={A, B;[A, B]"=1} fiirn=1ist.

Beweis. Fiir g=1 ist die Behauptung evident. Fiir g=2 ist die Be-
hauptung nach Satz I hinreichend. Sei G={4,, ..., A;; R(4,, ..., A))= 1}
quasifrei und g=2.

Nach [8; pp. 165, 172 und 261] ist dann R(ay, ..., a,) in F; konjugiert
zu R(ay,ay,as,...,a,), zu R(ag, a;, ..., a,_4)', 2u R(a;',a,,...,a,) und
zu R(a,a,,a,, ..., a,), ¢= 1 (vgl. auch [9] und [11]). Das ist aber nur
moglich, wenn ¢=2 und R(a,, a,) in F; konjugiert zu ([a,, a,I')", e= £ 1,
n=1,ist. q.e.d.

Bemerkung. Es scheint sehr schwierig zu sein, die quasifreien Gruppen
zu charakterisieren.

Weitere Beispiele fiir quasifreie Gruppen sind:

1) G={A, B; A>=B*=(AB)*=1},

2) F,/F,)und F,/F,3,. wobei Fy,) der n-te Term der unteren Zentral-
reihe von F, ist [1]. [3] und [8]).

3) K/F; und F/F'(F)", wobei F,’ die zweite Kommutatorgruppe
von F, und m eine Primzahl ist ([2] und [4]).

Dagegen gilt:

a) F/F,,, ist fir n=4 im allgemeinen keine quasifreie Gruppe
([1] und [3]),

b) F/F, ist fir ¢=3 im allgemeinen keine quasifreie Gruppe ([5]
und [6]).

3. Erzeugende von F (n, g)

Lemma 3. Sei F(n,1)={A4,B;[A,B]"=1} fiir n=2. Seien U,V be-
liebige Erzeugende von F(n, 1). Dann ist [U, V]"=1 fiir einr=2.

Beweis. F(n, 1) sei treu dargestellt als Fuchssche Gruppe vom Ge-
schlecht eins mit den kanonischen Erzeugenden A und B (vgl. [14]).
Es seien also ohne Einschrinkung 4, Be PSL(2, R) mit [4, B]"=1, nx2.

Seien U, V belicbige Erzeugende von F(n, 1), und sei ohne Ein-
schriinkung 0<Sp U, Sp V. Jedenfalls ist dann natiirlich sogar 2=Sp U,
SpV,|SpUV|,ISpUV .

Es bezeichne:

E..={(R,S)| Es gibt einen freien Ubergang von (U, V) zu (R, S)}.
Insbesondere ist F(n, 1)={R, S} und Sp[R, S]=Sp[U, V'] fiir (R, S)eEf
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(vgl. Lemma 1 und [16]). Setze:
Lp.={(SpR,Sp S,Sp RS)|(R, S)e Er und 2<Sp R<Sp S<Sp RS}.
Wegen 2<Sp U, Sp Vist L nicht leer. Setze:
Ar.={SpR|(SpR,Sp S, Sp RS)e L},

Br.={Sp S|(SpR,Sp S, Sp RS)e L}
und
Cr.={SpRS|(SpR,Sp S,Sp RS)e L}.

Sei x. =inf Ap, y. =inf By und z. =inf Cp.

Dann ist:

a) 2sx=y<z,

b) x+y+z=<Sp R+Sp S+ Sp RS fiir alle (Sp R, Sp S, Sp RS)e L, und

¢) xy—z=zoder xy—z=0 unter Beachtung der Gleichung Sp RS ™!
=SpR-SpS—SpRS.

Der Fall x y—z =<0 kann nicht eintreten, denn sonst gibe es (R, S)e E,.
mit 2<SpR, SpS und SpRS™'< -2, d.h. F(n, 1) wire freie Gruppe
([13] und [16]). Esist also xy—z=z.

Angenommen

Sp[U, V]1=(Sp UP+(SpV)*+(SpUV)*—~SpU-Sp V-Sp UV —-2=2.

Wegen der Diskretheit von F(n, 1) ist sogar Sp[U, V]>2 (vgl. [16]).
Dann ist x?+y?+z2—xyz>4 und sogar x>2, denn fiir x=2 wire
x?+y*+z2—xyz=4. Damit gilt: 2z2<xyz<x?+y>+z2—4, d.h
z—y<x—2. Es folgt:

0<x®—4+(z—y)P—(x=2)yz<(x=2)2x—yz),

d.h. yz<2x im Widerspruch zu 2=<x=<y=<z.

Es ist daher Sp[U, V] <2. Es kann auch nicht Sp[U, V]< —2 sein,
denn sonst wire F(n, 1) freie Gruppe ([13] und [16]). Damit ist ins-
gesamt —2<Sp[U, V]<2. Wegen der Diskretheit von F(n, 1) gibt es
ein relN mit [U, V]"=1 ([7; p.91]). Weiter ist r=2, da F(n, 1) sonst
abelsch wire. q.e.d.

Satzd4. Sei F(n,1)={A,B;[A,B]"=1} fir n=2. Zwei Elemente
U,V von F(n,1) sind genau dann Erzeugende von F(n, 1), wenn [U, V]
in F(n, 1) konjugiert ist zu [ A, B]® mit e= + 1.

Beweis. 1) Seien U, V beliebige Erzeugende von F(n, 1). Dann ist
jedenfalls [U, V]"=1 fiir ein r = 2, wobei ohne Einschrinkung [U, V]*+1
fiir 1ISksr—1ist.
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Wir haben folgendes kommutative Diagramm:

F, <2"——» F(n 1)

4
2N Un

Ny

F(1,1)

Dann sind ,(U) und , (V) Erzeugende von F(1,1), und es gibt Er-
zeugende u, v von F, mit ), (U)= =, (@, () und ¥, (V) =, (@, (v)).

Das bedeutet:

1) @,(u), $,(v) sind auch Erzeugende von F(n, 1),

2) @,(u)=UX, §,(v)=VY fiir X, YeKern(,),

3) [UX,VY]"=1und [UX,VY]+1 fir ISksn—1.

Damitistr=n, U=R@,(u) R~ und V=R @,(v) R~ firein ReF(n,1).
Dabher ist die Bedingung notwendig.

I1) Seien U, V Elemente von F(n, 1) so, daB [U, V] in F(n, 1) kon-

jugiert ist zu [A4, B]* mit ¢=+1. Nach Lemma 1 gibt es Erzeugende
u,, v, von F;, mit

1+[U, V]=,(h[a,b] h™")=,([u,,v;D)=[U,, V1]
fir he F,, Uy =®,(u;) und V; =9,(vy).
Dann sind nur folgende vier Falle moglich:
1) U=U, V{, V=V, (mod Kern (¢,)) fiir n=2,
2) U=U,, V=V, U (mod Kern (@,)) fir n=2,
3) U=V, U, V=U, (mod Kern (,)) fiir n=2 und
4) U=V,,V="U,V{ (mod Kern (¢,)) fiir n=2.
Damit sind U und V Erzeugende von F(n,1). q.e.d.
Satz 5. Sei g#3. Sei (U, ..., U,,) ein beliebiges Erzeugendensystem

von F(n,g). Dann gibt es einen frezen Ubergang von (A, By, ..., A,, B,)
zu (Uy, ..., Upp).

Beweis. Fiir n=1 ist dies Satz 6 von [19]. Fiir g=1 und n=2 ist dies
Satz4. Sei also nun g=2 oder g=4 und n=2. Wir haben folgendes
kommutative Diagramm:

F2 Aﬂ_»F(’Lg)

g

Zamn
@1 Yn

F(l,g).
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Sei (Uy, W, ..., U,, V,) ein beliebiges Erzeugendensystem von F(n,g).
Dann gibt es nach Satz 6 von [19] ein Erzeugendensystem (u;, v;,...,u,,0,)
von F,, mit ¥,(U) =, (@, (u) )und :p,,(V) U (@,(vy) fir i=1, ..., g, denn
(¥ (UY), Uy (V) s W (U,), Y (V,)) ist ein Erzeugendensystem von F(1, g).

Nun konnen wir (eventuell nach einem geeigneten freien Ubergang)
ohne Einschriinkung u;=a; und v;=b;, d.h. 9,(u;)=4; und ¢,(v;)=B,,
annehmen.

Das bedeutet:
1) UX,=4;,V,Y,=B, fir X;, Y;eKern (), i=1,....¢,

) ([Ttux. ¥x1) =1 und

i=1

g k
) (T, vix) +1 for skt

Diese Aussagen sind analog zu den Aussagen im Fall g=1, und wir
konnen auf den Fall g=1 zuriickgreifen. Wegen U, (U) =1, (U, X,) ist
U,=R;U;X;Z;R;' (mod Kern (3,)) fiir R;eKern (y,,) und

Z=Z(U X, V, Yy, ., U X, V, X

Dann ist aber Z;=1, denn die Annahme Z; = 1 fiihrt nach Durchfiihrung
aller moglichen Kiirzungen in F(n,g) zu einer weiteren, von 2) un-
abhingigen definierenden Relation von F(n,g). Weiter ist U;Uj=
R;UX;R7'R;U;X;R;" (mod Kern (¢,)) d.h. R;=R;=.R. Entsprechend
ist V,=SV,Y,S~! fir ein SeKern (y,) und UV RUX R7'SV; YS!
(mod Kern (@,)), d.h. R=S. Es ist also U;= RA R™! und V.= RB R n
Daher gibt es einen freien Ubergang von
(Ay,By,...,A,,B,) zu (U, V,....,U, V). ged

Bemerkungen. 1) Die Einschrinkung g3 war nur durch den Beweis
von Satz 6 aus [19] bedingt. Wahrscheinlich ist die Aussage von Satz 5
auch fiir g=3 richtig. )

2) In [15] und [17] wird unter Benutzung eines bestimmten Systems
von Automorphismen von F, (T-Transformationen) ein konstruktives
Verfahren zur Losung folgender Frage gegeben: Gibt es zu

Apyeens Qs Wy, ..., WEF, 1<k=q,

ein ae Aut F, mit wy=o (a;), i=1,...,k? Auf Grund von Satz 5 kann man
daher mit Hxlfe d1eses Verfahrens entschelden ob eine beliebige Gruppe
mit einer definierenden Relation isomorph zu einer Gruppe F (n, g), g +3,
ist oder nicht.
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3) Wirformulieren folgendes allgemeine Problem:Sei G ={A4, ..., 4,}

eine quasifreie Gruppe vom Ranggq. Sei (U;,...,U,) ein beliebiges

q

Erzeugendensystem von G. Gibt es dann einen freien Ubergang von
(A, ...y A zu (U, ..., Uy)?
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Stable Equivariant Bordism

Theodor Brocker and Edward C. Hook

§ 0. Introduction

Given a compact Lie group G, there are at least two reasonable
approaches one can use in defining a G-equivariant bordism theory.
The first of these methods is the geometric approach initiated by Conner
and Floyd in [3,4]. which has been extensively studied by Stong (cf.. for
exemple, [8]). The second approach is to construct an equivariant version
of the appropriate Thom spectrum and then to define G-bordism theory
to be a suitable homology theory with coefficients in this spectrum. This
has been done by tom Dieck in [9, 10], where he considers the unitary
case. We propose in this paper to investigate the relationship which
exists between these two approaches: for simplicity, we restrict attention
to the unoriented case, although similar results would hold in the
unitary case. The main result is Theorem (4.1): Stabilized geometric
equivariant bordism is isomorphic to homotopy theoretic equivariant
bordism.

The second-named author would like to take this opportunity to
express his gratitude to Prof. R.E. Stong for many helpful conversations
and a great deal of encouragement.

§ 1. Homotopy-Theoretic Equivariant Bordism

Let G be a compact Lie Group. Let RO(G) denote the set of real
finite dimensional orthogonal representations of G. The set RO(G) is
partially ordered by V< W if V' is isomorphic to some G-submodule
of W. If VeRO(G), let |V|=dimension of ¥, and RO,(G)={VeRO(G)|
|VI=k}.

If Ve RO(G), let D(V), S(V) denote the unit disc and unit sphere in V,
and X (V)=D(V)/S(}) the quotient space, with base point S(V')/S(V).

Let W be any real orthogonal representation of G (possibly infinite
dimensional) and let BO,(W) be the Grassmannian of n-dimensional
subspaces of W, with the G-action induced by the linear action on W.
There is also the space

EO,(W)={(V,x)e BO,(W)x W|xeV}

192 Math Z,Bd 129
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which is the total space of the “tautological” n-plane bundle y"(W)
over BO,(W), and there is an action of G on EO,(W) by bundle maps
covering the action on BO,(W) and such that the projection is equiv-
ariant; y"(W) is a G-vector bundle. Moreover the unit disc bundle
Dy"(W) and its boundary sphere bundle Sy"(W) are equivariant sub-
spaces of EO,(W), such that we have a G-action on the Thom space

MO,(W): =M y"(W):=Dy"(W)/S y"(W).

If |[W|=n, then MO, (W) is just the sphere X (W).

We now define R*(G) to be the orthogonal direct sum of countably
many copies of each of the irreducible finite dimensional orthogonal
representations of G with the obvious action of G. Then, for any non
negative integer n, the above construction determines an object MOf in
the category Top, (G) of pointed G-spaces. The bundle

y": EOS:=EO,(R*(G)) — BO,(R*(G))=: BOS

is known to be a universal equivariant n-plane bundle in the category of
G-spaces.
If We RO, (G), one has a suspension map

m, . Z(W)AMOF — MOY, ,
induced by the Whitney sum. Note that
MOf, ,=MO, ,(R*(G))=MO, ., (WOR™(G)).

The spaces MOY together with the suspension maps m, , constitute a
G-spectrum, denoted by MO°.

We may now define the homotopy-theoretic G-bordism groups of a
space X in Top,(G) to be the groups

NS (X):=lm [ZV, X AMO§,,,]§, . VeRO(G),

where [ , ]§ denotes equivariant homotopy classes of pointed maps,
and the limit is taken over the direct system indexed by the partially
ordered set RO(G) and the maps induced by suspension.

These are the spectral homology groups of X with coefficients
in MO, as introduced by tom Dieck [10]. They constitute an equiv-
ariant homology theory in the sense of Bredon [1], but in addition have
suspension isomorphisms for all suspensions with linear G-action; i.e. if
Ve RO, (G), there is a canonical isomorphism

(L.1) o(V): NE(X)— NS, (Z(V) A X)
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(see [2. 1V] for the completely analogous proofs in the non equivariant
case). Moreover the graded group N (X) is a natural N,-module, and
the suspensions are maps of N,-modules (N, is the unoriented bordism
ring).

§ 2. Stable Equivariant Bordism

For any pair of G-spaces (X, A) one defines NG (X, A), the G-equiv-
ariant bordism of (X, A), as follows (see [8] for a more detailed account):
A singular G-manifold of (X, A) is a pair (M, f) where M is a compact
differentiable G-manifold with boundary, and f: (M, dM)— (X, A) is an
equivariant map. Two singular G-manifolds (M, f), (M’, /') are bordant,
if there is a triple (V, V,, F) where V is a compact differentiable G-manifold
with boundary, and 0V is the union of the invariant regularly imbedded
G-manifolds M, V,, M', with M N Vo=0M; M'nVy=0M'; MnM'=g;
(MUM)AVy=2cV,: and F: (V, V,)— (X, A) is an equivariant map ex-
tending / on M and f’ on M'. Bordism is an equivalence relation, and
on the set NY(X, A) of equivalence classes one has a group structure,
which is induced by disjoint union of manifolds.

G-equivariant bordism also defines an equivariant homology theory
in the sense of Bredon [1]; this theory does not have suspension iso-
morphisms for suspension with non trivial G-action (e.g. for G=2Z,).
One does, however, have a suspension homomorphism

(2.1) a(V): NEX) > NG, 1 (Z(V) A X)
assigning to f: (M, dM)— (X, ) the class of
(D(V)x M, a(D(V)x M)) — (D(V) x X, (V) x X UD(V) x %)
T(ZV/\ X, *).

Obviously one has a(V@W)=a(W)o a(V), hence for a pointed G-space
X one has the direct system, indexed by RO(G), of N,-modules
NE(Z(V)AX), VeRO(G),

and suspension homomorphisms, and we define the stable G-equivariant
bordism group

NES(X):=lim NG, (Z(V)AX),  VeRO(G).

These groups also form an equivariant homology theory which, by
construction, has suspension isomorphisms for all suspensions with
linear G action. For pairs of G-spaces one has an analogous stabilization,
and the suspension isomorphism take the form

s(V): MES(X, =N, (D(V)x X, D(V)x AUS(V) x X).

19b Math. Z., Bd. 129
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Let ¢: E— X be a k-dimensional G-vector bundle and let A<= X: then
we have a natural Thom homomorphism

T(&): NE(X, A)—> NG, (D(E), D(E|A) U S(E))

defined as follows: If f: (M, 0M)— (X, A) represents a bordism element,
then one has the induced bundle map

JPE—— B
T

T(&)[M, [ ] is represented by
(D(f*E), 6(D(f*E)))~T+(D(E), D(E|A)US(E)).

If ¢&: E5>X and &': E'— X are G-vector bundles, then ¢ @ ¢ is the
composite ¢*E'— E —z— X and

(2.2) €@ L) =1(E*E)o1(d).

If 7: V x X — X is the trivial bundle with Ve RO(G), then t(m)=0a(V) is
the suspension homomorphism. So by (2.2) in particular the Thom
homomorphisms are compatible with suspensions, and passing to the
limit we have a Thom homomorphism

(2.3) T(&): NES(X, A) > NS, (D(E), D(E|A)US(E)).

(24) Lemma. Let & be a G-vector bundle over X which is stably invertible.
Then the Thom homomorphism (2.3) is an isomorphism.

Proof. One has formula (2.2) also for the stable Thom homomorphism.
If ¢ is an inverse bundle of &, then t(¢ @ &') is an isomorphism, being a
suspension. Thus 7(&) has a left inverse, and t(&* ') has a left and a right
inverse, so t(&* &) is an isomorphism and 7 (&) is an isomorphism. [

The bundle ¢ is invertible in particular if X is compact, but in fact it
is sufficient to assume that X is a limit of a sequence of closed subspaces
X,, such that £|X; is stably invertible, for stable bordism is compatible
with direct limits. So we have a Thom isomorphism for every reasonable
G-bundle, in particular for the universal bundle y". In the absolute case
one can pass to quotients to get a Thom isomorphism

(2.5) (&) MES(X)—> NS (D(E), S(E) = NS5, (M(€)).
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§ 3. The Pontrjagin-Thom Construction

As noted by tom Dieck [10], there is an equivariant Pontrjagin-Thom
construction

(3.1) D NE(—)>NE(—)
which will be shown to stabilize to a transformation
(3.2) D5 NES(—) > NE(—).
The construction of @ runs as follows:

Let f: (M, M) —(X, %) represent an element of g (X, *). Choose an
equivariant imbedding ¢: M — D(V), for some VeRO(G) (see [6,7]).
Then M’s tangent bundle (M) is a subbundle of M x ¥, and the normal
bundle v of the imbedding ¢ is defined to be the orthogonal complement
of t(M) in this bundle. Then a small disc bundle D v of v can be identified
with a compact subset of D(V), called a “tubular neighbourhood”
although it is not a neighbourhood, and there is the usual collapsing
map

k: Z(V)=D(V)/S(V)—>Dv/D(yv|eM)U Sv).
On the other hand v has a classifying map u: M—»BOfﬂ_" covered by
i: Dv >D7V1=" and the map (fov,ut): Dv— X x D7I=" induces an
equivariant map Dv/(D(v|éM)uU Sv)— X A MO, _,; if we compose this
with the collapsing map k, we get a map which represents the element
D[M,fleNF(X, *).

One shows as in the classical case, that we have produced in this
manner a well-defined natural transformation @: ‘Jlg(—)aNf(— ),
which preserves degrees and respects the N,-module structures present.

In order to be able to stabilize this transformation we have to show:

(3.3) Lemma. The natural transformation & is compatible with the sus-
pension homomorphisms (2.1) and (1.1).

Proof. We have to follow an element [M,f]eNE(X) around the

diagram . <
NE(X) o> NG (EW) A X)

[ [

NS X))~ Nl EW) A X), - WeROL(G).
If one constructs @ [M, f] by means of an imbedding e: M —D(V), one
may use the imbedding 1 x e: D(W)x M —> D(W)x D(V)=D(W@® V) for
the construction of ®a(W)[M,], and then the verification is straight
forward. [
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As a consequence we get by passing to the limit a natural trans-
formation of N,-modules
% NI (=) > NZ (—),
which preserves degrees and is compatible with suspension isomorphisms.

Remark. Our presentation of the Pontrjagin-Thom construction in
this section differs from that in [5], chiefly in being more flexible, though
both result in the same natural transformation.

§ 4. The Isomorphism Theorem

Call a pointed G-space admissible, if the inclusion *< X of the
basepoint is an equivariant cofibration. Then our main result is

(4.1) Theorem. For any compact Lie group G and any admissible G-space
X the natural transformation
D5 NS (X)—> NE(X)
is an isomorphism.
Proof. One may suppose that X is compact because both theories are

determined by their values on compact spaces, and one may suppose
that the basepoint is disjoint, by looking at the exact sequences of the

cofibration (JU{+] Xt X

We construct an inverse transformation ¥ for @5 using the following
idea: By definition the homotopy-bordism of X * may be considered as
stable equivariant homotopy groups of the spectrum MO% A X *. If we
denote such homotopy groups by n¢*¥(—)— without defining them — the
transformation ¥ will be defined by the following diagram:

n¢S(X+ AMO®) ——— NES (X AMOC)

-1

NE(X) NGS(X x BOY)
'I’ Prix
NES(X)
here k is the canonical map which looks at a sphere as a particular
manifold (which bounds when projected to the point), and 7 is essentially
the Thom isomorphism for the bundles X x y", where y" is the universal
G-bundle.

For a more explicite construction, suppose a.e N°(X *) is represented
by a: (D(V), S(V))— (X " AMy¥1="(Q), +) for some V, Qe RO(G); here
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we use the compactness of D(V)to replace R *(G) by the finite-dimensional
representation Q (this in fact is unnecessary by the remark after (2.4)).
The map a then also represents an element

=[D(V),a]eRES (X AMyY1="(Q)).

The space in brackets is the Thom space of the bundle ¢:=X x yIVI=";
thus we can apply to the element x(a) the composite

NP (M) 5 NG (X X BO ,(Q) —r TN )

where 7(&) is the Thom isomorphism (2.5). Then it is easy to verify that
the element ¥(x):=pr;.ot(¢)~ ! o k(x) only depends on o and not on the
choices involved in the definition, so that we have a well-defined degree-
preserving function

P NS(XH)-NESXT)

which, it is claimed, inverts @5.

It is easily seen that ¥ o @S is the identity of M&:5(X). For the proof
let [M", f 1e %5 (X ) where we may assume that the range of f isactually X,
by passing to the appropriate suspension. To obtain ®5[M",f] we
chose an imbedding ¢: M — D(V) with normal bundle v which has a
bundle map i: Dv—Dy!V1="(Q) for some Qe RO(G). These define the
map of pairs

(fov,u): (Dv,D(v|cM)uUSV)
(X x Dy"'=(Q), {+} x DyVITM(Q@)u X x S7VIT(Q)),

and there is the canonical projection

p: (X x Dy"177(Q), {(x} x DY Q) u X x SyV17"(Q))

— (X AMYYVI="(Q), %).
Now in 9t¢:S(M, M) there is the fundamental class 1, represented by the
identity of M, and t(v)(1)eN/¥(Dv, D(v|dM)U Sv) is also the funda-
mental class. Therefore by an obvious bordism [3, p. 12f.] the element
Pyeo(fov,u), T(v)(1) represents k®[M.f],
and by naturality of the Thom isomorphism
(&) pgo(forv, W) T(M)=T()" ' kP[M,[]
is represented by
(f, ulM): (M, 0M)— X x BOy|_,(G).

This establishes that ¥ o % is the identity.

We now consider the composition @%o ¥. Given ae N°(X *) repre-
sented by f: (DV, SV)— (M &, *), we can find a G-manifold with boundary
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L<Int D(V) of dimension | V|, such that f ~'(B&)cL—¢7L and f ~ ()"

L=g (see [3,(3.1)]). If we vary f within its G-homotopy class, we get a
commutative diagram
(D(V).S(V))

(4.2) (2V, %) —— (L/CL, %) —— »(M¢, %)

therefore x [D(V), f J=r[L,qof | L]eNGF(ME).

NowletE @ &'=n:Q x X -> X for Qe RO(G);thena(Q)=1(E* &) o 1(&)
or equivalently

(4.3) a(Q)ot(§) I =1(E* ).

The right side of this equation describes 7(£)™' up to suspension. We use
this fact to define the manifold M to be D((f|L)* &* &) which comes
provided with an equivariant map into D(Q)x B(¢); if we compose this
map with the projection onto D(Q)x X and the canonical map into
2(Q)A X, we receive an equivariant map h: M —2(Q)A X", and by
definition of ¥ and (4.3) o(Q)o W(x)=[M, h]e‘JR,,Hm(Z(Q)/\X*), SO
that to compute ¢(Q)o @50 ¥(x), we have to apply the Pontrjagin-Thom
construction to the map h.

For this purpose, note first that M is equipped with an equivariant
imbedding into

D((fIL}*E*(E @ &) =D(Q)x L=D(Q)xD(V)=D(Q @ V),
so we may use this imbedding in performing the construction. Moreover,
a “tubular neighbourhood” of this imbedding is just D(Q)x L and this

is the “neighbourhood” we employ in the construction. Now consider
the diagram

D(Q)x L 55 D(Q)x D()=D(Q) x X x Dy"1="(Q)

Neer
\P 3
‘ N
(4.4) M —— D(*&)=D(Q)x B¢ Dy"=(Q)

| |

L 7L Dé Bé pra BO|VI~n(Q)
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in which thc unnamed maps are either bundle projections or induced
by the pullback construction. This diagram is commutative and the map
M ->BO,y,_,(Q) classifies the normal bundle of M in D(Q) x D(V). By an
examination of diagrams (4.2) and (4.4), we eventually see that the
Pontrjagin-Thom construction applied to the map h yields the “Q-fold”
suspension of the map with which we began. Equivalently, we have
shown that ¢(Q)o @50 W(x)=0(Q)(«); since ¢(Q) is an isomorphism this
completes the proof. [J

The way transversality was circumvented here may have many more
applications in equivariant bordism theory.

Theorem (4.1) was proved in [5] for the special case of the group Z,,
using very different methods. A proof of the present version was later
discovered and shown to tom Dieck, among others. He and the first-
named author raised objections to this proof, concerned with assumed
stability properties of homotopy theory which led to false consequences
in the case G=/{1}. Fortunately, the first named author was able to
circumvent the need for these assumptions.
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Fixelemente von Automorphismen
nulldimensionaler abelscher Gruppen

Peter Plaumann

Reinhold Baer zum sicbzigsten Geburtstag am 22. Juli 1972

Es ist bekannt, daB eine lokal kompakte Gruppe mit kompakter
Zentrumsfaktorgruppe eine relativ kompakte Kommutatorgruppe hat
(s. [3]). In [1] beweist Baer, daB fiir eine abelsche Gruppe G und eine
Untergruppc A von Aut G die Endlichkeit von je zwei der Zahlen
|A|. |G: C;(A). |G| dic Endlichkeit der dritten nach sich zieht.
Daraus folgt sofort, daB eine Gruppe mit endlicher Kommutatorgruppe
und einem abelschen Normalteiler von endlichem Index eine endliche
Zentrumsfaktorgruppe hat. Beim Versuch von Endlichkeit auf Kompakt-
heit zu verallgemeinern, stoBt man auf folgendes Gegenbeispiel: Sei |
cine unendliche Menge, und fiir jedes x€l sei G,=gp{z,} eine zyklische
Gruppe der Ordnung4. Ferner sei H,=gp{2z,}. Wir bilden G=
[ ]G, als abstrakte Gruppe. versehen mit der Topologie. die durch

xel

H=][]H, mit der Produkttopologie als offene Untergruppe gegeben
ael

wird (s. [4], 6.15.c). Sei nun y der Automorphismus (g+> —g) von G.
Dann ist G '*"=H= C4(y) kompakt, aber G/H ist eine unendliche
diskrete Gruppe.

Wir werden in der folgenden Note einen Satz beweisen, der die Natur
des angegebenen Beispicls erldutert, und in einem Korollar dazu unter
recht speziellen Voraussetzungen ein Kriterium fiir die Kompaktheit der
Zentrumsfaktorgruppe herleiten.

Die auftretenden abelschen Gruppen schreiben wir additiv. ihre Auto-
morphismengruppen multiplikativ. Mit [] bzw. ) bezeichnen wir die
volle bzw. die eingeschrinkte direkte Summe abelscher Gruppen.

1. Die Charaktergruppe XG einer kompakten, total unzusammen-
hidngenden abelschen Gruppe G ist eine diskrete Torsionsgruppe ([4].
Theorem 24.26) und zerfillt als solche in die direkte Summe ihrer Pri-
mérkomponenten (XG),. Wenn wir in der iiblichen Weise G mit XXG
identifizieren, so ist G zum direkten Produkt der Charaktergruppen der
Primirkomponenten von XG isomorph ([4], Theorem 23.21).

20 Math Z.Bd 129
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Mit (g, n)+> g n bezeichnen wir die bilincarc Abbildung von G x XG
in die Gruppe KK der reellen Zahlen modulo | und wir setzen
A(G.Y)={geG:gY =0},
A(H.XG)={neXG:Hn=0}.

Definition. Sei G cinec kompakte, total unzusammenhédngende
abelsche Gruppe. und p sei eine Primzahl. Dann nennen wir

=A(G. Y (XG),)

q*p

11"

die ropologische Primdrkomponente von G zur Primzahl p.

Eine interne Definition von G, liefert die folgende Bemerkung. von
der wir allerdings keinen Gebrauch machen werden.

Bemerkung. Die topologische p-Komponente einer kompakten, total
unzusammenhingenden abelschen Gruppe G besteht genau aus den
Elementen von G, die p-Potenz-Ordnung haben, zusammen mit den-
jenigen Elementen von G, die in einer zu den ganzen p-adischen Zahlen
isomorphen Untergruppe von G liegen.

Es liegt auf der Hand. wie sich die elementaren Eigenschaften der
Primdrkomponenten einer diskreten abelschen Gruppe([2]. Theorem 2.1)
auf die topologischen Primédrkomponenten iibertragen.

Hilfssatz 1. In ciner kompakten, total unzusammenhéingenden abel-
schen Gruppe G gelten folgende Aussagen:
(1) G, ist charakteristische Untergruppe von G.

G n G(l’)’

3 (m—X«XGH

(
(4) Fiir q=%p ist G, cindeutig durch q teilbar.
(
(6

)

)

) G, ist die Torsionsuntergruppe von G,
) (G/G

Beweis. Als Annihilator einer charakteristischen Untergruppe von
XG ist G, charakteristisch in G.

Aus der Beziehung XG=Z(XG),, folgt

5

(p)°

=0 und (G/G )y =G6,,+G,)/G,-

(q)

G=XXG=X(LXG))=[[A(G. L XG)=T]G,

4 q¥p
Die Aussage (3) folgt aus
X((XG),,);X(XG/Z(XG),,); (G. Z XG

q¥p q¥p

117)
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Nach (3) gibt es also einen Isomorphismus  von G, auf X((XG),). Sei
\e(z”,, Als p-Grruppe ist (X (), eindeutig durch ¢ # p teilbar. Also gibt es
cin cindeutig bestimmtes Element WeX((XG),) mit " n=x(g ') fiir
alle ne(XG),,. Es folgt. daB y=¢ " v ist.

Wegen (4)ist (G,,)), =0 fiiralle g # p. Sci ve G ein p- Element. Wegen (2)

istx=a+hmitaeG , undbe [ | G,,. Dannistaberauch b ein p-Element.
q+p
also ist hb=0 und damit xeG,,.

Aussage (6) endlich folgt aus der Bezichung

(¥l

X(G G=X(]]6G,)= Y XG, = ) (XG),.

q+p q*p qFp

Hilfssatz 2. Sei G cine kompakte. total unzusammenhdangende abelsche
Gruppe. und sei p cine Primzahl. Dann sind die folgenden Aussagen dqui-
valent :

(hH G,
aruppen .

ist noethersch [ Maximalbedingung fiir abgeschlossene Unter-

(2) (XG),, ist artinsch [ Minimalbedingung fiir (abgeschlossene ) Unter-
gruppen .

(3) (XC)I,_Z(p y'@ E. n eine natiirliche Zahl oder 0. E eine endliche
Gruppe.
(4) G, =A@ E.n eine natiirliche Zahl oder 0. E eine endlic he Gruppe.

, die Gruppe der ganzen p- -adischen Zahlen.

Beweis. Nach Hilfssatz 1 konnen wir G, mit X((XG),) identifizieren.
Dic Aquivalens von (1) und (2) folgt nun aus der Tatmche daB dic Abbil-
dungen Hi » A(H.XG) und Y1 > A(G.Y) Dualitdten zwischen den Ver-
binden der abgeschlossenen Untergruppen von G und XG sind.

Dic Gleichwertigkeit von (2) und (3) folgt nach Theorem 19.2 aus [2].

SchlieBlich sind (3) und (4) gleichwertig wegen

X(AI®E)= (XD OXE=Z(p’ V' DE.

(Siche [4]. Theorem 23.18. 25.2. 23.27(d))
Fiir cine abelsche Gruppe G und eine natiirliche Zahl n setzen wir
Gn={geG:ng=0j.

Hilfssatz 3. Es sei G eine lokal kompakte abelsche Gruppe mit einer
Untergruppe H= A" so daff G/H eine beschrinkte Torsionsgruppe ist.
Ist G torsionsfrei. so ist G/H eine p-Gruppe vom Rang hichstens k.

Beweis. Es sei n(G/H)=0. Dann ist g=(x1 »nx) ein Monomorphis-
mus von G in H. Also ist G/H zu cinem Torsionsfaktor von A% isomorph,
und fiir diese trifft dic Behauptung zu.

20*
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2. Im folgenden betrachten wir eine diskrete Gruppe A. die auf einer
topologischen abelschen Gruppe G als Gruppe von Automorphismen
operiert. Wir setzen

D(G. A)=gp{g(l —a):geG,aeA},
C(G.A)={geG:gA=g]}.
Fiir e X G wird durch x(xn)=(x%) 5 cin Element 2 ne XG definiert und
die Abbildung x+ > (y+>2n) ist ein Antiisomorphismus von A4 in dic
Automorphismengruppe von XG (vgl. [4]. Theorem 26.9). Wir betrach-

ten im folgenden mit der Darstellung von A4 auf G zugleich immer dic
oben beschricbene Darstellung von 4 auf XG.

Hilfssatz 4. Sei G eine lokal kompakte abelsche Gruppe und sei A eine
Gruppe von Automorphismen von G. Dann ist

D(G. A)=A(G.C(XG.A) und C(G.A)=A(G.D(XG. A)).

Beweis. Wegen der Dualitidt geniigt es. eine der beiden Bezichungen
zu beweisen. Fiir cin ge G gilt aber

O=g[(I=2)n]=(g—g2)n
fiir alle xe A und e XG genau dann, wenn g—g¢ a=0 fiir alle xe 4 gilt.

Hilfssatz 5. Sei G eine diskrete abelsche Gruppe und sei A eine Gruppe
von Automorphismen von G mit n=\A| endlich. Mit den Bezeichnungen

o= G=n—ao

xe A
K={xeG:xa=0) K={xeG:x5=0}
D=D(G. A) C=C(G, A)

gelten dann die folgenden Aussagen:

() nGEK+K,

(2) KNnK<=G(n),

3) nKeD<K,

(4) nK< C<K,

(5) CnD=G(n).

(6) G C+D.

Beweis. Wir fiihren die wohl bekannten Rechnungen rasch durch.

Sei ge G. Dann ist

gat=gY )Y n)=g(n} a)=gna.
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Also ist R
&aza&za(n—c)z—(r'+no':—~na+na:0.
Fiir alle geG ist also
¢geK und goek.
woraus
ng=gn—o+o)=gd+goeK+K
folgt. Also gilt (1).
Fiir xe Kn K ist
xo=0=x0=x(n—o),
woraus n x=x ¢ =0 folgt. Also gilt (2). Sei nun ge G und a€e 4. Dann ist
g(l—oc)azg(a—ao):g(o—a)=0.

Also ist D K. Fiir xeK ist wegen xo=0

nx=nx+x(—a)=x(n—o)=x[ Y. (1—x)]eD.

acA
Also ist n K= D, und (3) ist bewiesen.
Fiir ge C ist go=ng. Daraus folgt

B gg=gn—0)=0
und somit C= K.
Fiir xeK ist xo=nx. Also ist fiir alle xe 4

nx(l—rx)zxa(l—oc)=x(6—acx)=x(a—a)=0.

Es folgt, daB nK = C ist.

SchlieBlich ist (5) eine Konsequenz von (3) und (4) sowie (2) und (6)
eine Konsequenz von (3) und (4) sowie (1).

Es sei angemerkt, daB ein Hilfssatz S entsprechender Sachverhalt
stets dann gilt, wenn es ein invariantes Mittel iiber die Funktionen auf A
mit Werten in G gibt (vgl. dazu [5]).

3. Wir beweisen nun das Hauptergebnis dieser Note.
Satz Sei G eine total unzusammenhingende, lokal kompakte abelsche
Gruppe, und sei A eine endliche Gruppe von Automorphismen von G mit

|A|=n. Ferner sei D(G,A) kompakt und es sei D(G, A),,, noethersch fiir
alle Primteiler p von n. Dann is G/C(G, A) kompakt.

Beweis. Beim Beweis verwenden wir die folgenden beiden Reduktions-
schliisse:
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(I) Ist H eine A-zuldssige Untergruppe von G und U irgendeine Un-
tergruppe von G, so gilt genau dann U/H < C(G/H, A), wenn D(U, A)c H
ist.

Die Giiltigkeit von (1) folgt aus

(g+H)a=g+H<g(l-0)=g—gaecH.

(IT) Ist H eine A-zulissige Untergruppe von G und ist X /H = C(G/H. A)
so folgt aus der Kompaktheit von X/C(X, A) und (G/H)/C(G/H, A) die
Kompaktheit von G/C (G, A).

Dies gilt, weil unter den Voraussetzungen von (I1) ja bereits G/C(X. A)
kompakt ist.

Zunichst sei nun H= ZD(G’A)r Wegen Hilfssatz 1. (5) und Hilfs-

satz 2 ist H eine endliche Gprluppe. Nach (I)ist fiir X/H= C(G/H. A) dann
D(X,A) als Untergruppe von H gleichfalls endlich. Nach [1] folgt
daraus die Endlichkeit von X/C (X, 4A). Wegen (II) miissen wir also nur
noch zeigen, daB (G/H)/C(G/H, A) kompakt ist. Wir konnen also im
folgenden 0.B.d.A. stets annehmen, daB D (G, 4),=0 fiir alle Primteiler p
von n gilt, da ja D(G/H, A)=D(G, A)/H ist.

Unter der oben gemachten Annahme ist C(G,A)nD(G, A)<
D(G, A)(n)=0 wegen Hilfssatz 5, (5). Nach (I) folgt daraus C(G/C(G, A). A)
=0, so daB3 wir C(G, 4)=0 annehmen konnen und dann die Kompakt-
heit von G zu zeigen haben.

Wir bezeichnen mit d(G) die Anzahl der Primteiler von n, fiir die
D, #0 ist, und beweisen den Satz durch Induktion nach d(G). Wir
setzen D=D(G, A).

Ist d(G)=0, so besagt Hilfssatz 1, (4), daB} D eindeutig durch n teilbar
ist, wihrend aus Hilfssatz 5, (6) folgt, dal n*> G < D ist. Also wird durch

t=(gr>(n*)""(n?g))
ein Epimorphismus von G auf D mit t? =t definiert. Es folgt, daB G=

D@®G(n?) ist. Nun ist aber G(n?) eine charakteristische Untergruppe
von G, also sicher A-zuldssig. Also ist

D(G(n?), A)=D N G(n*)=D(n?)=0,

woraus G(n*)< C(G,A)=0 und G=D kompakt folgt.

Wir nehmen nun an, der Satz sei falsch. Dann gibt es ein Gegen-
beispiel G mit minimalem d(G)=1. Wegen Hilfssatz1,(6) und
D(G/D,, A)=D/D,, ist d(G/D,)=d(G)—1. Um also (II) mit H=D,,
und C(G/D,,,A)=X/D,, anwenden zu kdnnen, miissen wir noch dic
Kompaktheit von X/C(X, A) nachweisen. Nach (I) ist D(X,A)=D,,.
so daB} es wegen Hilfssatz 2 eine natiirliche Zahl k mit D (X, A);A’,‘7 gibt.
Wire die Torsionsuntergruppe von X von 0 verschieden, so gibe es eine
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Primzahl ¢ mit S= X (¢)#0. Da aber S eine abgeschlossene charakteristi-
sche Untergruppe von X ist, gilt D(S,A)=D(X,A)nS=0. woraus
S< C(X,A)=0 folgte. Also ist X torsionsfrei und wegen Hilfssatz 5, (6)
ist X/D(X,A) cine beschriinkte Torsionsgruppe. Nach Hilfssatz 3 ist
dann X/D(X, A) endlich und somit X kompakt. Wir konnen also (1)
anwenden. und es folgt, daB G kein Gegenbeispiel ist.

Durch Dualisierung crhalten wir das folgende

Korollar 1. Es sei G eine lokal kompakte abelsche Gruppe, fiir die jedes
Element in einer kompakten Untergruppe liegt. und es sei A eine endliche
Gruppe von Automorphismen von G mit |A|=n. Ferner sei C(G. A) eine
offene Untergruppe von G und es sei (G/C(G, A)), artinsch fir alle Prim-
teiler p von n. Dann ist D(G. A) eine diskrete Untergruppe von G.

Beweis. Nach [4]. 24.18 ist XG total unzusammenhingend. Wegen
Hilfssatz 4 und der bekannten Sitze aus der Dualitidtstheorie der lokal
kompakten abelschen Gruppen sind in XG die Voraussetzungen des
Satzes erfiillt, so daB

XD(G, A)=(XG)/A(XG.D(G.A)=(XG)/C(XG. 4)

kompakt ist.

Ist G irgendeine lokal kompakte Gruppe, so bezeichnen wir mit
2G den AbschluB der Kommutatorgruppe von G und mit 3G das
Zentrum von G. Mit G, bezeichnen wir die zusammenhingende Kom-
ponente des Neutralelements von G.

Korollar 2. Sei G eine lokal kompakte Gruppe mit endlich-dimensionaler.
offener Zusammenhangskomponente. Ist DG kompakt und besitzt G einen
total unzusammenhéngenden abelschen Normalteiler N mit kompaktem G/N.
so ist G/3G kompakt.

Beweis. Da dic abgeschlossene Hiille der Kommutatorgruppe vorn
N und G, eine zusammenhiingende Untergruppe von N ist, liegt NG,
in C;(N),dem Zentralisator von N in G. Also ist die von G in N induzierte
Gruppe A =G/Cg(N) von Automorphismen endlich. Es sei D=D(N, A4).
Dann ist DSdG kompakt. Da G, in G offen ist, ist D/(D N G,) diskret,
also endlich.

Nach den bekannten Sitzen iiber zusammenhingende Gruppen
(vgl. [6]) gilt folgendes: Zunichst ist DN G, als kompakte Untergruppe
von G, in einer maximalen kompakten Untergruppe K von G, enthalten.
welche zusammenhingend ist. Weiterhin ist K = R B, wobci R zusammen-
hiingender abelscher und B halbeinfacher Normalteiler von K ist. Wegen
der endlichen Dimension von G, ist B das Produkt endlich vieler cin-
facher liescher Normalteiler, so daB R~ B< 3B endlich ist. Es sei K=

K/3B und es sei F=(DnG,)3B/3B. Als total unzusammenhingender
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Normalteiler von K ist F in 3K =R enthalten. Nach [4], 24.25 und
24.28 ist X R eine diskrete torionsfreie abelsche Gruppe endlichen Ranges.
Also hat XF=XR/A(F,XR) endlichen p-Rang fiir alle Primzahlen p.
Dasselbe gilt nun fir DN G, wegen F=(DnGy)/(DnG,n3B) mit
endlichem D G, 3B. Es folgt also, daB (DN Gy),, noethersch ist fiir
alle Primzahlen p. Die bereits bewiesene Endlichkeit von D/(Dn G,)
sichert dann die Anwendbarkeit des Satzes auf N, 4. Die Behauptung
folgt nun aus C(N,A)<=3G.

DaB in den Voraussetzungen von Korollar 2 die Annahme, daB N
total unzusammenhingend sei, auch unter sonst giinstigen Bedingungen
unentbehrlich ist, zeigt folgendes Beispiel: Es seien K, und K, isomorph
zur Gruppe KK der reellen Zahlen modulo 1, und es sei o der durch

a=((u,v)> (u,u+v): K, ®K, K, ®K,

gegebene Automorphismus. Wir bilden die semidirekte Erweiterung von
K@K, mit der von o erzeugten Gruppe A von Automorphismen.
Dannist dG=K,=3G, und es ist K, 4 ein abelscher Normalteiler von G
mit kompaktem G/K, A.

Literatur

1. Baer, R.: Endlichkeitskriterien fir Kommutatorgruppen. Math. Ann. 124, 161 —177
(1952).
2. Fuchs, L.: Abelian groups. Oxford: Pergamon Press 1960.
3. Grosser, S., Moskowitz, M.: Compactness conditions in topological groups. J. reine
angew. Math. 246, 1 —40 (1971).
4. Hewitt, E., Ross, K. A.: Abstract harmonic analysis [. Berlin-Gottingen-Heidelberg:
Springer 1963.
5. Hofmann, K. H.: Zerfdllung topologischer Gruppen. Math. Z. 84, 16 —37 (1964).
6. Iwasawa, K.: On some types of topological groups. Ann. of Math. (2) 50, S07 — 558
(1949).
7. Plaumann, P.: Erweiterungen kompakter Gruppen durch abelsche Gruppen. Math. Z.
99, 123 - 140 (1967).
Prof. Peter Plaumann
FB Mathematik
Universitit Trier-Kaiserslautern
D-675 Kaiserslautern, Postfach 1049
Bundesrepublik Deutschland

( Eingegangen am 20. April 1972)



Math. Z. 129, 287 —298 (1972)
© by Springer-Verlag 1972

0 Maps between FK Spaces and Summability

Robert DeVos

1. Introduction

The problem of determining when one FK space is closed in another
has been considered by several authors. Wilansky and Zeller in [17] con-
sidered the problem for conservative matrices and showed that ¢ is closed
in ¢, if and only if 4 sums no bounded divergent sequences. This equi-
valence was extended by Berg, Crawford and Whitley in [3,4, 13] to
include the condition if and only if 4€6(c, ¢) where 0(c, ¢)= B(c, ¢). For
certain classes of FK spaces and matrices, we show for 4 a matrix in
B(X.Y), X isclosed in Y, if and only if Ae0(X, Y). This gives us the Berg,
Crawford, Whitley result as a special case.

This result, along with some results of Lacey, Whitley [9, 14] and
Stiles [12] enable us to prove that /7 for 0 <p<oc cannot equal, nor can
it be a closed subspace of (¢,,) , or /4 for p£¢.0<g<oc and 4 any matrix.

In [2]. Bennett has shown that if En/?, | <p<oc is not closed in E,
then E contains a sequence in ¢s~/". In Section 4 we prove that if En /7,

0<p<oo is not closed in E, then E contains a sequence in ﬂ /4.
q4>p

2. Preliminaries

An FK space X is a vector space of complex sequences which is also
a Fréchet space, (complete linear metric) with continuous coordinates.
We shall also consider that all FK spaces considered contain E*, the
set of all sequences all but finitely many of whose terms are zero. A BK
space is a normed FK space. The basic properties of FK spaces can be
found in [15] and [20].

The following BK-spaces will be important in the sequel: m, the
space of all bounded sequences: ¢, the space of all convergent sequences;
¢o, the space of all null sequences. /7, 0 < p< o0, the space of all absolutely
p-summable sequences. As usual | ||, denotes the norm on /7, for
I<p<oo and !!, the paranorm of /” for 0<p<1, and | | the norm
onm,c and ¢g.

e denotes the sequence of “ones ™, (1, 1, ...); el j=1,2,..., the sequence
(0,....0,1,0,...) with the “one™ in the j-th position. Let E be an FK
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space, xe E and define P,(x)= ) x;¢' the n-th section of x. If P (x)— x

m\

i=1
then we say x has AK. E is said to have AK if and only if B, (x) — x for all
xeE.
Let s be the space of all sequences. For any subset E of s and any
matrix A, E, denotes the set:

{xes: Ax exists and AxekE}.

By [18], Theorem 4.10, E , is an FK space if E is, and E, will be called
a summability domain. d  is the existence domain of the matrix and is
just E, for E=s.

3.

Let X and Y be FK spaces, B(X, Y)will denote the set of all continuous
linear transformations from X to Y. 8(X,Y) will denote those continuous
linear transformations which are range closed and have a finite dimen-
sional null space.

Theorem 1. Let X and Y be FK spaces and A a matrix mapping X to
Y. If AcO(X,Y) then X is closed in Y.

Proof. A: X — Y has closed range and finite dimensional kernel,
hence there exists subspaces W and Z of X such that Z=ker 4 and
X=WaZ.

The range of A4 is closed, hence the R[A] is an FK space where its
topology is the restriction of the Y topology. So 4: W— R[A] is a
continuous, one to one, onto mapping between FK spaces, hence by
the open mapping theorem A is a homeomorphism between W and
R[A]

To show Wis closed in Y,, let w and w", n=1,2,..., be elements of
W s.t. w" — w in the topology of Y,. Hence Aw" —» Aw. Wand R[A4] are
homeomorphic, so w"— w in the topology of W. This implies that the
Y, topology restricted to W is equivalent to the natural FK topology
of W. Hence W is closed in Y,. )

Since X is the topological direct sum of W and the finite dimensional
space Z, X is closed in Y.

We would like to thank John Hampson for his collaboration in the
proof of the previous theorem.

Theorem 2. Let X be a BK, AK space such that X' is a BK, AK space,
Y an FK space and AeB(X,Y). If X is a closed subspace of Y, then
Ael(X,Y).

Proof. Let || | and | | be the norms of X and X' respectively and ¢
be the paranorm of Y. By [14], p. 207, Theorem 1, we may assume that
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X and X' have {¢*};_, as a monotone basis. That is for xe X (zeX’)
I|P, x|l (|P, z}|') is @ monotonic increasing function of n.

Suppose A¢0(X, Y) then for each £>0 and each positive integer N,
there exists a ze E” such that

a) lzll=1,
b) Ky(2)=0, (%)
c) qg(Az)<e.

Let " be the n-th row of A. and let r(n) be an increasing sequence of
positive integers such that Ila"—}’”mocf|1’<~2]n— for j<n. This is possible
since X' has AK.

Now, we inductively define a sequence k(n) of positive integers and
=" a sequence of elements of E” of norm 1. Let k(1)=1, and pick sleE*
of norm 1 such that g(A4z')<}. Next choose k(2)=r(2) such that B, ,,=' =

;. By (%) there exists a z2€E” such that |z?|=1, B ,,,,z°=0 and

;(A :2)<312—. Continuing this process, we get an increasing sequence
k(n) of positive integers and =" of elements of E” of norm 1 such that
a) B,
b) B,

=z forj<n—1,
"=0,

(n)

m+1 =
) 1

c) q(A:z )<E'7'

Let x"= ) z"and x be the sequence such that
i=1
0 if kesupport of any z'
N =9 i . i
o, if kesupport of Z'.

Clearly x"— x pointwise. {A4(z")} forms an absolutely convergent series
in Y, Yis an FK space. hence there exists a we Y such that

x

Y AE)=w.

n=1

Next, we would like to show that xed, and A(x)=w. xed, if and

onlyifaf- x exists forg=1,2,...1.e. a,. X, is convergent forg=1,2, ...
k=1
Let h> q. By the definition of z" we have

h(n+1) 1
Y ooa,t <=
4j“Jj 2h ’
j=k(n)+1
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[l —F,

r

ap <! ayr L
i @ <—5 o hence || P, o' — B, || <5 SO

Z aqu?

J=k(n)+1

<

Ea
k(n)
Hence Y a,,x, converges. Since lim } a,;x

ﬂ—»)(,-’ 1

q —
;%= W, we have af- x=w,

Hence A x=w.
The topology of Y, is given by

x— x| j=12,...
x—»sup Za,” S qg=1,2,
x—-q(Ax).

In order to prove x"— x in Y,, it remains to show that

m

Y. a,,(x" =)

j=1

-0 asn-oo forg=12,....

sup
m

Let g be fixed and ¢>0 be given. a?e(Y,) so there exists a K such that
for k, m=K, Zaqlx,

support of x" an=d d=zK. Foreachs=r

<¢. Choose r such that there exists a d in the

m

Z LTTRY

i=k(s+1)

<e&.

qi

Hence x"— x in Y, and each x"€ E* which implies that xe E”. x¢ X
since {F,, x} is not a Cauchy sequence in X. Thus X is not a closed
subspace of Y, .

The spaces ¢, and /7, | <p<oo are BK, AK spaces whose duals have
AK hence they are choices for X in the previous theorem. The contri-
bution of Berg Crawford and Whitley to the Theorem mentioned in the
introduction is a special case of Theorems 1 and 2 where X =c,and Y=c.

In the proof of Theorem 2, the only place we used the AK property
of the dual was to insure that the rows of the matrix had AK. Hence the
following theorem follows with a similar proof.

Theorem 3. Let X be BK, AK space, Y an FK space and AeB(X,Y)
such that the rows of A as elements of X' have AK. If X is a closed subspace
of Y, then Ae0(X,Y).

Theorems 2 and 3 are partial converses of Theorem 1. We have not
been able to prove the converse in general. For X =/?, 1 <p<oo. Theo-
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rem 2 is the converse. The following theorem is a converse for X =/7
forO<p=1.

Theorem 4. Let X =77, 0<p<1, Yan FK space and AcB(X, Y). If X
is a closed subspace of Y, then Ac0(X,Y).

Proof. Let !! be the paranorm of /7. Assume A¢0(X, Y). We induc-
tively define a sequence k(n) of positive integers and z" a sequence
of elements of E™ such that

a) !z! :,,1-’
n

b) B, /=2 forj<n—1,

¢) w1 2"=0,

d) g(Az")<} n where ¢ is the paranorm of Y,
and proceed as in Theerem 2.

Mr. Glen Meyers has a proof for this Theorem in the case where X
and Y are /.

A transformation A€ B(X, Y) is strictly singular if it is not a homeo-
morphism when restricted to any infinite dimensional subspace of X.
Clearly if A is strictly singular it is not in 0(X, Y). In [14], Whitley
proved that if l<p<oc and 1 <g<oc, p*q then all maps in B(¢7,/9)
are strictly singular. By Theorem 1.2 of [14] every mapping from /
to /4 for 1<g<oo is strictly singular. Hence for p+q, 1<p.g<~
every mapping is strictly singular hence not in 0(/7, /9).

In Corollary 2.2 of [12] Stiles has shown the space /7, 0<p<1
contains no infinite dimensional, subspace isomorphic to a Banach space.

Hence we have

Proposition. Let 0<p <1 and X any Banach space. All maps in B(/?,X)
and B(X, /") are strictly singular.

So if p or ¢ lies between 0 and 1 and the other is =1, 0(/7, /) is
empty. Hence we have the following.

Theorem 5. Let X be a BK, AK space s.t. X' has AK, Y an infinite
dimension BK space and 0 <p<1.

a) X cannot equal nor can it be a closed subspace of (% for any matrix A.
b) /7 cannot equal nor can it be a closed subspace of Y,.

Now suppose 0<p,q<1,p+q. In Theorem 5.1 of [12] Stiles has
shown that dim, /” and dim, /9 are incomparable. Hence /7 is not iso-
morphic to a subspace of £ and vice versa which implies 0(/7, /%) is empty.

Combining the statements in the previous paragraphs we have.
If0<p,g<oo, p£g. 0(/%, 7% is empty. This statement along with Theo-
rems 1, 2 and 4 prove the following.
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Theorem 6. Let Ac B(/?,/4),0<p, q<©

a) If p=gq, /" is closed in ¢} if and only if AcO(/*,/7).

b) If p=q, " is not closed in £}.

For g=1and p> 1, this result was proven by Bennett as Corollary 2,
p. 104 of [2]. His techniques are completely different.

As Corollary 12, p.3 of [9] Lacey and Whitley prove that every

continuous map from a weakly complete space to ¢, is strictly singular.
This statement along with Proposition 1 and Theorems 2 and 4 prove.

Theorem 7. /7 for 0<p<oo cannot equal nor can it be a closed sub-
space of (cg), or ¢4 for any matrix A.

A proof for p>1 was given by Bennett, using different techniques as
Corollary 2, p. 109 of [2].

Lacey and Whitley in [9] have also shown that any mapping from ¢,
to a weakly complete space is compact. This statement along with
Proposition 1 and Theorems 2 and 4 prove.

Theorem 8. Let 0<p<oo. ¢, cannot equal nor can it be a closed
subspace of ¢ for any matrix A.

We can replace ¢, in the previous theorem by any FK space X which
contains ¢, as a closed subspace and obtain the same conclusion.

We will now restrict ourselves to the case where the first space is ¢,
We will need the following lemma

Lemma 1. Let X and Y be BK, AK spaces and A: X — Y then A'=A".
Proof: A'g(x)=lim A’ g(P, x) since x has AK.

=lim g A(P,x)= lim ) g,[A(P,x)]; since Y'=Y’

n— o0
0 n n 20
=lim Y g ayx,=lim ) (Zqiaik) X,
N> -1 k=1 =0 =1 \i=1
n

=lim Y (A'g)x,= Y (A8 x,
k=1

=L k=1
=A"g(x).
Theorem 9. Let Y be a BK, AK space suchthat Y has AK and A:c,— Y.
The following are equivalent.
a) A€fl(cy, Y)
b) Y,nm=c,
C) ¢, is a closed subspace of Y.

Proof. The equivalence of a) and c) was shown in Theorems 1 and 2.
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Hence, the proof will be complete when we show that a)=> b) and
b)=>c¢). a)=> b) A: ¢, — Y where ¢, and Y are BK, AK spaces hence by
Lemmal. A'=A" A1 Y' - ¢ where Y' and ¢/ are BK, AK spaces, hence
applying the lemma again we have A" =A4""= 4""= A. Theorem 2 of [7]
proves that if Te B(X, Y) has closed range, then the null space of T is
reflexiveifand only if T" ' YS X. A"=As0 A" 'Y= X ie. Y,nm=X.
b)=> ¢). Let p be the paranorm on Y, and suppose c, is not a closed
subspace of Y,. Then for any ¢>0 and any positive integer N, there
exists xec¢, s.t. {|x||, =1, p(x)<e and Pyx=0. Call this property ().

Using (%), we inductively define an increasing sequence {k(n)} of
positive integers and a sequence {x"} of elements of ¢, such that for
n=1,2,...

(@ ¥, =1,
. 1

(b) p(x") <.

(c) By x"=0,

(d) [Ix"=Beiny X"l =

(n41)~ x = on :

Let k(1)=1 and by (x) pick x'ec, of norm 1 such that B x,=0
and p(x')<!. By (¥) there exists x?€ ¢, of norm one such that B, ,, x*=0.
Continuing this process, we get a sequence {k(n)} of positive integers and
{x"} of elements of ¢, with the required properties.

Let x=) x". xeY, and xem~c, hence Y,nm=c,.

Theorem 10. Let X be a BK space containing ¢, as a closed subspace,
Y a BK, AK space such that Y' has AK and A a matrix, A: X->Y. If
Xnm=£c, then A¢0(X, Y).

Proof. Suppose A€0(X,Y). Then A: c,—Y is in 0(c,, Y) and the
result follows as an application of the previous theorem.

Note that if X and Y satisfy the hypothesis of the previous theorem
and X nm=¢, then X and Y are not linearly homeomorphic via a
matrix transformation. Wilansky in Corollary 1 of Theorem 3 of [16]
proved the above result for X =c and Y =¢,.

In the proof of their part of the Theorem mentioned in the intro-
duction, Wilansky and Zeller used the “gliding hump” technique to
show that if ¢ is not a closed subset of ¢, then 4 sums a bounded diver-
gent sequence. This result was extended by Meyer-Konig and Zeller
in [10, 11] who replaced ¢, by an arbitrary FK space E. In [18] Yurimae
proved that if # is not closed in #, then there exists an xe(bs~¢)N7,.
Bennett in [2] extended both the results of Meyer-Ko6nig and Zeller and
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those of Yurimae. He proved that if En ¢, 1<p<oo is not closed in E
then E contains a sequence in ¢s~/*. The following theorem is of a
similar type.

Theorem 11. Let E be an FK space with En{?, o <p<oc not closed
in E, then E contains a sequence in [{7]= ﬂ 48
q>p
Proof. Assume first that p= 1. A similar proof will follow for 0<p<1.
We may assume the topology of E is given by a family of seminorms.

m 1/p

{q,} =, with the property that (le,-l”) <4, (X) =g, (x) for xeE,
i=1

m=1,2,.... En/? is not closed in E, hence given ¢>0, M >0 and any

positive integer m, we can find an xe En/” such that

dn(x)<e and |x|,=M. (1)

1 1
Let ¢,=— i and M,=—--. We want to inductively define an
n

increasing sequence {m,} of positive integers and {x"} of elements of
E n¢? such that

1 .
(b) I x! -P, x||p_~£;:1— for i=1,...,n—1, (2)
., 1
(© G, () <7

1

. . 1
Let m;=1, and choose x' as in ;1). With 22553 and M,=
choose m, such that ||x' —PB,, x|, <55 . By (1) choose x2 s.t. g, (x?) <&’

and ||x?|| = . Suppose now that m,,...,m,_, and x', ..., x"~! have
P 1 n—1

otip
been chosen. Pick m,>m, _, s.t.

1
X ”I"’—2"+—1 for i=1,...,n—1.

Ix*=F,

mn

. 1
By (1) we can find an x"e En/? s.t. qm"(x")<7l¢1— and ||x"||p=71vp-.

Hence we have sequences {m,} of positive integers and {x"} of elements
of En ¢? which satisfy (2).
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Note that if j<n, ¢;,(x") < ¢,(x") =g, (x") < . Let x= Z x" and

n+1
2 o

k
we claim xe E. Let j be a fixed positive integer and y*= ) x". ¢;()*) is a
n=1
Cauchy sequence of real numbers for each j. E is an FK space hence K
converges to some point of E. y* converges pointwise to x, hence xeE.
Now let ¢>p be fixed. We want to show xe/¢~/". In the interval

m<ks=m; , (j=12,..)we have

By, =)<l =( S |x,,|")”p
»

k=m;+1
)I/P

) 'Yl ”'7

m,u

E:xk

i=

=m;+1

II(F,

my my

A
B

[l
—_

|

i

IIA

IB,,,,—B) X, + (B, ., =B, ),

[

+ Z mJ 41 Bn_,) xin

i=j+1

<A+B+C.

Leti<j, (B, ,,—B,) X'l < Ix' =B, X'l, <7 zm by (2)(b). Hence

-1
Zm 2B, ST
So

j—1

Aé 7_1+I

H(P'"JH—B”J)xj“pé—iT?}T'
1 o i
Bé*}.;ﬁ;. Leti>},

1
B, =B )X, S HE L X S d, () S G (X) < T

by (2)(c).
Hence
o0 ; 0 1 1
Y B, —R)X,S Y S =
i=j41 i=j+1

21 Math Z., Bd. 129



296 R. DeVos:

So C=< 21 . Thus

mj4y 1/p i
( Y |xk|") < +j”” + ST < i (3)

k=m;+1 J

for j large. By the triangular inequality we have

(B, —Bu) XN, — Z (B, ., —E,) X'l

- Y W&, —B,)xl,
i=j+1
<|(B,.,~B,)xl,
(B, —B) X, Z %], ~ | B, xll, = Ix' =B, X[l
By (2)(a), (b) and (c) respectively |lx’|| 1 R
: 1
HX’ R,IJHXJ”I,__‘EJ—T and ”P X ” <—— 2J+1 .
Hence 1 1
B, — B ) X! ” i T i+l T iz
So
1 1 1 1 1 j—1 1
jl/l’ - 2i+1 _jj+2 - 2i+1 - 2i+2 - i+l - 9i+1 é”(Bn,H_Bn,)X“p'
Hence 12
]1//p <&, ,—F)xl, forlarge;. 4)

Combining (3) and (4) we get

12 my -1 1/p 2
—/-_<_( Y |xk|") <= for large j.

jl/P - k=m,+1 2 /p
Hence
1 2 P my+1 2p
( ﬁ) ¥ |p§_}_ for large j. )
k=m;+1

Since (5) is true for all large j, x¢ /7. It is easily seen that (a+b) =a"+b"
for a and b non negative and r= 1. Let r=%

2P \4lp my+1 alp my 41
(5) 2( E wr) 2 T e

J k=m;+1 k=m;+1
Hence xe/“.
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Note that for r>g>p, we cannot say there exists an xe(/"~/9)N{P
forletr=3,g=2and p=1./'n¢>=¢"is not closed in /2 but (/> ~¢*)n
l=g.

Corollary 1. Let o<p<oc, Y and FK space and A€B(/F,Y). If
A¢0(/F,Y) then Y, contains a sequence in [£7].

It is well known (see Bennett [2]) that the union of a countable family
of nested increasing FK spaces is not an FK space.

Theorem 12. Let En¢? not be closed in E for all p, 1 <p<oco. Then

x>0
» inc . o 7 P
E contains a sequence in ¢y~ () £7.

n=1

Proof. Izm(U /"): (J(En¢™. En¢™ is not closed in E, hence
n=1 n=1

{En¢"} is a nested strictly increasing sequence of FK spaces. By the
remark preceeding this theorem, the union is not an FK space. Enc is

an FK space and Ency> U (En /") hence we have strict containment.

n=1

Bennett in [2], p. 26 has shown that if {F"} is a decreasing sequence

of FK spaces and E a BK space such that ES () F". Then E is closed in

n=1
the intersection if and only if E is closed in F™ for some positive integer n.
The following theorem is an application of Bennett’s result and Theo-
rem [11].

Theorem 13. Let A" be a sequence of matrix maps: X—¢? where
X=c, (", 1<p<o0 and p#+4q) and 0 <q<oo. Such that £4,>¢%.... Then

there exists xem™c,([¢"]) such that xe ﬂ .
n=1
Proof. By Theorems 6 and 8, X is not a closed subspace of /4, for any
integer n. Hence by Bennett’s Theorem ¢, (¢”) is not a closed subspace of

ﬂ 74.. So the intersection contains a bounded divergent sequence by
n=1

the result of Meyer-Konig and Zeller quoted before Theorem 11 (contains
a sequence in [/”] by Theorem 11).
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Non-Linear Potentials and Approximation
in the Mean by Analytic Functions

Lars Inge Hedberg

1. Introduction

The first part of this paper is devoted to a variant of potential theory.
We study the non-linear potential V=K (K% pu)P~! of a measure p
on RY, where K is a kernel depending only on | x|, * denotes convolution,
and p is a number greater than one. This kind of potential appears
implicitly in the theory of potentials of functions in Lebesgue classes
of Fuglede [18, 20], Meyers [34], and ReSetnjak [37]. It was introduced
as an independent object of investigation and given its name in the
work of Havin and Maz’ja [24, 25]. The classical Newton and M. Riesz
potentials are obtained by setting p=2 and choosing suitable K.

Following Brelot [9, 10] we define thinness (effilément) of sets with
respect to these potentials. We give a necessary condition of Wiener
type for a set E in R? to be thin at a point in R? (Theorem 2). Under
supplementary assumptions on p, d and K this condition is also sufficient
and contains the classical Wiener criterion as a special case. Among
the consequences we can mention a result on the local behavior (pseudo-
continuity) of functions in general Sobolev spaces (Theorem 5). Finally
we extend some earlier results on the “instability of capacities” to this
general setting (Theorem 9).

In the second part of the paper we specialize to the Sobolev spaces
Wa of functions whose first derivatives are in L. (Here and throughout

the paper %} +%= 1.) By duality this gives results on the possibility

of approximation in I on planar sets by analytic functions, and in W
by harmonic functions. We obtain conditions which improve those
given earlier by the author [27], and while being slightly short of
necessary and sufficient they are more explicit than the necessary and
sufficient condition given by Bagby [6, 7].

The author is grateful to V.P. Havin for valuable comments.

2. Thin Sets for Non-Linear Potentials

We first recall some known results. We refer to the papers mentioned
in the introduction for details.
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Let K(r), r>0, be a positive, decreasing, continuous function. For
xeR% x+0, we define K(x)=K(|x|), and we assume

[ K(x)dm(x)< o0,
|x] <1

where m is d-dimensional Lebesgue measure.
For fe#(RY, 1 <q< x, we define a potential

U’ (x)= U (x)=(K * /) (x)= K(x—y) f(y) dm(y).
and for a positive (Borel) measure u we similarly define
U (x)=Ug (x)=(K * p) (x)=| K(x—y) dp(y).

For an arbitrary set EcIR? the (outer) (K, g)-capacity Cg 4(E) is
defined by . _
Cx,q(E)=1;lf§ If(X)I"dm(x)=1;1f 115

where the infimum is taken over functions felI? such that f >0 and
U{(x)=1 on E.

A property which holds for all points outside a set E with C_,(E)=0
is said to hold (K, g)-quasi everywhere or (K, g)-q.e.

For an arbitrary Borel set E < IR? we also define a capacity ¢, 4(E) by
ck.q(E)=sup u(E),

where the supremum is taken over all positive Borel measures con-
centrated on E such that
TUEI, = 1.

The two extremal problems are paired by the bilinear form

O(f, w)=] U dp=[ U £ dm,

and this duality gives the following theorem. See the literature quoted
above for proofs, especially Meyers [34]. The closure of E is denoted E.

Theorem 1. Let E be a Borel set, and let 1 <g< 0. Then

(a) CK,q(E)= CK,q(E)I/q‘ -

(b) There is a measure u supported by E such that u(R%)=cy. 4(E)
and ||Ug|l,=1.

() There is a unique function fel? such that | f|i=Cx ,(E), and
U{(x)=1 (K, g)-g.e. on E.

(d) u and f are related by

S=xg(EYUPP, e, Uf = (E)(K » (K » ™).
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(e)  is concentrated on the set En{U{(x)=1}=F, and Cg ,(F)=
Ck 4(E).
We write
VY=V ,=K*(K=* vyt

This is called a non-linear potential of v, and if v=cg ,(E)*"' u. where
i is the extremal measure above, we call Vg , the (K, g)-capacitary
potential for E. Then v(E)=cg ,(E)"= Cg ,(E), and we call v the (K, q)-
capacitary measure for E.
It is easy to see that Cg ,(E) can also be defined by the following
extremal property.
Cr.q(E)=sup u(E).

where the supremum is taken over measures px supported on E such that
W, (x)=1,  xeSuppp.

The space of functions U{, fe L4, normed by ||U{| =l f1l,.is denoted
by #¢. If K(x) is a Riesz kernel R, (x)=|x|*"% 0<a<d, or equivalently
the corresponding Bessel kernel J,, defined as the Fourier transform
of (1+(t]*)~*2, we write U/, ¥4, C, ,. etc.

It is a well-known consequence of the Calderon-Zygmund theory
that for integralo ¥°7 equals the Sobolev space W, of functions whose
distribution derivatives of order up to o are functions in L4, and that
the norms are equivalent. See Calderén [11], or Stein [39; Ch. V:3.3].

In classical potential theory there are various equivalent definitions
of thin (effil¢) sets. See Brelot [9, 10]. We adopt the following one
as suitable for our purposes.

Definition. Let EcIR? be an arbitrary set. E is said to be (K, g)-thin
at a point x, if and only if there is a positive measure v such that the
non-linear potential V¢ , is bounded and satisfies

VK 4(x0) < limiEnf( )V,(“‘q(x).

Remark. By the maximum principle of Havin and Mazja [24, 25]
(see also Adams and Meyers [2, 3]) it is sufficient to assume that Vy ,
is bounded on the support on v. In particular any capacitary potential
is bounded.

Denote by B, (8) the ball {y; |y—x|<d}.
Theorem 2. Let K be a kernel as above, and assume that K in addition

satisfies
K(0)<AK(29) (1)
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for some A>0 and all sufficiently small 6>0. Let EcIR? be a Borel
set. Then E is not (K, q)-thin at a point x if

[ Ck.o(ENB @) K@y do=c0. )
0

If K(x) is a Riesz or Bessel kernel the above theorem takes the
following form.

Theorem 2'. A Borel set Ec R is not (a, q)-thin at x if

j( CoolEN B, (9)) ) ds_

o 5d~aq S (3)

Remark 1. Theorem 2’ is interesting only for ag<d, since U/ is
continuous for all fel? if ag>d. Note that
1\'~¢
C, (B (0)=6'"* forag<d, and Ca‘q(Bx(é))z(log 7>

. q
for xq=d. See Meyers [34; Lemmas 7, 8].

Remark 2. Maz’ja [33] has studied the Dirichlet problem for a class
of quasi-linear elliptic equations including the equation

div(grad u|grad u|?=%)=0

and proved that if x is a boundary point of a region D, then (3) with o =1
and E=0D is a sufficient condition for x to be regular. His proof is quite
different, and the relation between the two problems is not clear.

Remark 3. For p=2 the potential V¢ , becomes a classical, linear
potential with respect to the kernel K * K. By well-known convolution
properties of Riesz and Bessel kernels it follows that C, , equals the
classical Riesz or Bessel capacity C,,. If we set 2a=/ (3) becomes

(CHEOBO) 45y opsa
0

Together with Theorem 4 below this gives the classical Wiener criterion.
Naturally the proof simplifies in this case. Previously the Wiener criterion
seems to be recorded in the literature only for the case 0<f<2, ie.
when the strict maximum principle holds. See e.g. Landkof [31, p. 356].

Remark 4. 1t is easily seen that (2) is equivalent to
Y Cr (ENB,Q P KQ P2 "=,
n=1

Remark 5. In a letter received just before this paper was first sub-
mitted for publication D.R. Adams kindly informed the author that he
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and N.G. Meyers have worked extensively on the problem of finding a
Wiener criterion for non-linear potentials. In particular they have also
found Theorem 2. (Added in proof: This work has appeared in Indiana
Univ. Math. J. 22, 169-197 (1972).) See also the recent papers [ 1-4, 21, 35].

Proof of Theorem 2. We let x=0, and we denote E N By(d) by E;.
The restriction of a measure v to B, (d)= B; is denoted v;.

We assume that (2) holds, i.e.
[ Ci o(EP ' K(d)P 6 ' do=oc.
0

We start by the observation that for any positive measure v

bel

[ V(B K(Sy 6~ d6 < AVE,(0) (4)

0

for some finite constant A4, independent of v. In fact, using (1) we find

Ve 0)=[ K(y)dm(y){[ K(t—y)dv(t)}*~!

= [ Kpdmy{ | K@=ydv@op
n=-—x0 27" lafyls27n jfjs2-n

=) ) K(y)KQ™ "'y~ v(By .y~ tdm(y)
n-— st g2 o

= A, [ K(y)" (B~ dm(y)

=A [ K@) v(B,) ' "do.

0

We now assume that v is a positive measure such that Vg =V"=1
(K, g)-quasi everywhere on ENG, for some neighborhood G of 0. We
also assume that V" is bounded, or somewhat weaker, that

lim sup ! { v¥edv=Iim sup L f(uydm<o.  (5)

50 V(B g, o0 v(B,)
We claim that under these assumptions ¥*(0)= 1. Since V" is lower semi-
continuous it follows that V*(0)= l(i)m i,nf'()} VY (x).

The proof is a refinement of a method used by Carleson in [12;
Lemma 1] and [13; Theorem II1:3]. It consists in approximating V" (0)
with a suitable sequence of averages of V*. We choose measures o, with
(compact) support in E;, such that g, has unit mass, and

1Ull, <2 Cx 4 (E) ™" (6)
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Then, if 6 is so small that E;< G,
[V (x)doy(0)21,
or, by changing the order of integration,
JUm U p)r-tdmy)z1.
Let £>0, and choose p>0 so small that

HI K@{Ur()yr~tdm(y)<e,
yi<p
which is possible if V¥(0) < co. Consider

11=||j U ({U (n)}P~tdm(y).
As 50 o

U (y)=] K(x—y)das(x)— K(y),

uniformly for |y| = p, so

limli= [ Km){U )}~ dm(y),

90 Iylzp
which tends to V¥(0) as p — 0. If we can show that
liminf | UW{U ()P 'dm(y)<Ae

4=0 yxp
it will follow that

V”(O)=1i1;1 E)nfj V¥(x)dos(x)=1.
We first consider
J6=j Ues {Uvaa}p—l dm.
By Holder’s inequality
L= U, (U= = U], | U5~
By (5) and (6)
JySACk (E5) 14 v(By,)
for sufficiently small 6, and by (2), (4), and (1)

lim inf J,=0.

-0
It remains to estimate J;, where

= | dm(y)jK(x—y)dGa(X){Hj K(t—y)dv(t)}!
t|245

Iyl <p

={do,(x) | K(x—y)dm(y){Hj K(t—y)dv()}r'.
t|246

Iyl <p
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First consider 26 <|y| < p. (We can assume 45 < p.) Then, for |x| <3, we
have |x —y|=|y|~[x|>3]yl, so by (1)

K(x—y)dm(y){ § K(t—y)dv()}r!

10syl<p

lZ
<A | K@ydmy{[K (t~ dv(t)}r=!,  for some 4.

[¥l<p

Now let |y|<348. For |x| <48, and |t| 246 we then have
lt—yl = 1= (y=x)=|x|Z3[t=(y—x)I,

since |y—x|<36, and |t—(y—x)|>36=3|x|. Thus, for |x|<J, and
some A, (1) gives

[ Kx=ydmy){ [ K(@—ydv(}"!

Iyf<io [t|z40
<4 [ Kx=ydmm{ [ K(—=(y—=x)dv@e)"!
I¥]<3o [tlz46
<4 | Kx—y)ydmy){K({t—(y—x)dv)}"!
Iy—x|<p
=4 [ K@y)dmy{f K(t=y)dv(®}!
I¥l<p

where the last equality is simply a change of coordinates.
It follows from the finiteness of V*(0) that for any ¢>0

lim sup J;<¢,
00 ES
as soon as p is small enough. The theorem follows.

Remark. We have actually proved more, namely, that

VY(0)= liminf V*(x)

x-0, xe Ex {0}

for all sets E and measures v such that

1

llm mf Cro(Ey)

Whether the converse to Theorem 2 or 2’ is true in general appears

to be an open problem, but the following result can sometimes serve as a

substitute. It is due to D.R. Adams (Univ. of Minnesota thesis, 1969),

and, independently, to Havin and Maz’ja (see [24], where it is implicit

in Theorem 4, and [25]). I am grateful to these mathematicians for

communicating the theorem to me. A relatively simple proof, due to
N.G. Meyers, is found in Adams [1].

[(Usoy dm=0. (7)
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Theorem 3. Let u be a positive measure, and let w(u, & —sup 1(B,(9)).

Then, for 1 <q< oo, qu=d, there is a constant A, depending only on q, o
and d, such that for all x

w(u, ) \p—1 d()
twsAf (557

When g > 2—1,
d

and the work of the above authors gives the following (see [25, 1]).

i.e. (d—a)(p—1)<d, the situation is much simpler,

Theorem 4. Let | <g< oo, qa<d, and g>2 ——Z—. Then a Borel set E is
(o, g)-thin at x if (and thus, by Theorem2', if and only if)

C, (EAB,(G) V" do
j("w(ade“qX( ))) S, (8)

It should be noted that Theorem 4 contains the linear case p=2.

We shall now draw some consequences of the definition of thinness.

Definition. (See Fuglede [18].) A function f is said to be (K, g)-
quasicontinuous if it is defined (K, g)-q.e., and if for any £> 0 there exists
an open set G with Cg ,(G)<e such that the restriction of f to [G is
continuous.

For classical capacities the following lemma is due to Deny [16].
Lemma 1. Functions in £ are (K, q)-quasicontinuous.

Proof. Let g=U{, fel? f=0. Then, by the definition of (K, g)-
capacity
CK.q{Uf(X)>;L} 57 118
The lemma follows as in [16].

Definition. (See Brelot [9].) A function g which is defined (K, g)-q.e.
is said to be (K, q)-pseudocontinuous at x, if for all A1>0 the set
{x;1g(x)—g(xo)| =24} is (K, g)-thin at x,.

The following theorem is due to Fuglede [19, Theorem 3]. See also
Deny [15, p. 171].

Theorem S. Every (K, q)- quaszconnnuous Sfunction is (K, q)-pseudo-
continuous (K, q)-quasi everywhere.

Proof. For the reader’s convenience we reproduce Fuglede’s proof.
First some notation.

For any set E the set of points where E is (K, g)-thin is denoted by
e(E). Thus e(E) contains the exterior and part of the boundary of E.
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The set Eu[(e(E)) is denoted E. Clearly Cg ,(E)= CK‘q(E"), since EcE
and the capacitary potential for E is =1 g.e. on E.

Consider all open intervals (a, 8) with rational o and 5, and let {4,}{"
be an enumeration of their complements. Suppose g is (K, g)-quasi-
continuous. Then, for any ¢>0 and each A4, there is an open set G with
Cx.,(G)<e such that g~'(4,)\G is closed. Denote g (4,) by B,.

Then

B,<((B,~G)u Gy <(B,~Gy uG=(B,~G)uG=B,UG.
Thus B,~B,cG, and CK,q(B,,\B,,)§ CK.q(G)zCK_q(G)<g. It follows
that Cy_,(B,~B,)=0, and then also Cx_, ( U (B"\Bn)) —0.
But for all x,¢ O(B,,\B,,), every B, su(,;; 1that Xo¢ B, is thin at x,.

n=1
Thus for every ¢>0 the set {x;|g(x)—g(xo)|=e¢} is thin at xo. which
proves the theorem.
The following theorem is due to Choquet [14] in the classical case.
Unfortunately we have not been able to extend it to all kernels K.

Theorem 6. Let Ec IR be a Borel set, and let g>2 —%. Then for any

¢>0 there exists an open set G such that G contains the set e(E) of points
where E is (o, q)-thin, and C, ,(EnG)<e.

Proof. The proof follows Choquet [14]. Let {0,}7 be an enumeration
of all balls B, (9) with rational x and o. Let V, be the capacitary potential
for En0,.and let A, be the subset of 0, where V, < 1. By Theorem 4 it is

clear that () A,=e(E).

1
By Lemma | and Theorem 1 there exists for given £>0 an open set
w, such that w, contains the points of EN O, where V, <1, C, ,(w,)<e27",

o0

and V, restricted to [ w, is continuous. Let F=E~|Jw,. which implies
1

o0

that F (U u),,) —g. For all xeF and all n we have V,(x)=1. Since V,
1 _ _
is continuous off «, it follows that V,(x)= 1 for all xe F. Thus F ne(E)=42.

Let G=[ F. Then ¢(E)< G, and moreover,

Gr\Echr\Ech",
1

SO CM(GmE)§Z C, (w)=e.

1
Theorem 6 has the following immediate corollaries [14].
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Corollary 1. The subset of E where E is (a, q)-thin, q>2—%, has
(o, q)-capacity zero, i.e.
C,.4(Ene(E)=0.
Corollary 2. A set which is (o, q)-thin, q>2—%,
points has (o, q)-capacity zero, and conversely.

at each of its

Theorem 7. Let EcR? be a Borel set. Suppose that the part of E
where E is (K.q)-thin has (K, q)-capacity zero, i.e. Cx (Ene(E))=0.
Then Cg ,(EnG)= Cg ,(EnG) for all open G.

If q>2—70;— the following conditions are all equivalent.

@) C, ,(EnG)=C, (EnG) for all open G.

(b) There is an n>0 such that C, (EnG)2nC, (ENG) for all
open G.

(©) C,(Ene(E)=0.

Proof. Suppose Cy_,(E ne(E))=0. Then any bounded (K, g)-potential
that is =1 (K, gq)-quasi everywhere on EnG is also 21 (K, g)-quasi
everywhere on ENG. This proves the first part of the theorem, and
that (c) implies (a).

That (a) implies (b) is trivial. Now assume that C, ,(Ene(E))>0,
and let #>0 be arbitrary. By Theorem 6 there exists an open set G
such that e(E)=G and C, ,(EnG)<nC, ,(Ene(E). But C, ,(Ene(E)
<C, ,(En G), which proves that (b) implies (c).

Theorems 2 and 4 immediately give quantitative corollaries to the
above Theorems 5-7. The following consequences of Theorem 3 will be
of use later in the absence of a converse to Theorem 2.

Theorem 8. Let EcR? be a Borel set, 1 <q< oo, and qu<d. Let h
be an increasing function such that

hS) \P- do
) 5=
Let F be the set of all points xe E such that

> JAENB(d
lim soup~—c—‘i‘1£~r—\—x~((—))w<oo.

Then C, ,(F)=0.

Proof. Suppose C, ,(F)>0. Then there exist an A<oo, a d,>0,
and an F'cF such that C, ,(F)>0 and C, ,(EnB.(d))<Ah(0) for
8<d, and xeF'. We can also assume that F’ is compact and that its
diameter is less than any given r>0.
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Let £¢>0 be given, and choose r so small that r<4d,, and

f'( h(d) )"*‘ ds dé

o) 5 ThOTT T Saape

<e,
0

which is possible by assumption.
Let V', be the capacitary potential for F', v(F')=C, ,(F"). Then

V(F'ABL(0) S C, o(F B (0) S C, y(ENBL(8)SAR(20)

for all x and 8<d,/2, and v(F' " B,(8))<Ah(r) otherwise. It follows
from Theorem 3 that ¥, (x)< Ce for all x and some C. If Ce<1 this
is a contradiction.

Corollary 1. Let h be as in Theorem 8. Let E be a Borel set such that
for all xeE

Then C, ,(E)=0.

Corollary 2. Let h be as in Theorem 8. Let E be a Borel set and suppose
that there is a set F < E such that C, ,(F)>0, and such that for all xeF

lim sup Cag(ENBL(9))

540 h(d)

Then, for any n>0, there is a ball B,(d) such that
C,.o(EABL(8)<n C, o(ENB,(6)).
Proof of Corollary 2. Suppose there is an #>0 so that
C, o(EnB(8)ZnC, J(ENBL()

for all x and &. This leads to a contradiction in the same way as in
Theorem 8.
For everywhere dense sets Theorem 7 can be sharpened.

Theorem 9. Let K be as in Theorem 2, and let Ec RY be an every-
where dense Borel set. Then the following are equivalent.

(@) Ck J(ENG)=Ck (G) for every open G.

(b) Ck_4(EN B (8)=Ck ,(B4(0)) for all x and é.

(See Remark 1 to Theorem 2.)

(c) For almost all x (with respect to Lebesgue measure)

o Cx.o(EnB,(9))
llrgl_‘s(}Jp *'—“"gd_“—“>0- 9)
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Remark. A slightly weaker theorem for a=1, d=2 was proved in
Hedberg [27]. In that paper references to earlier work on the “instability
of capacity” are also given. For a=2 the above theorem was proved
in the report [29]. The proofs given in [27] and [29] have recently
been extended by Polking [36] to prove a result similar to the above
for Bessel kernels.

Proof. 1t is clearly enough to prove that (c) implies (a). The basic
idea of the proof is the same as in the proof of Theorem 2 above.

Let G be open and assume (9) holds almost everywhere in G. Let
Ul=U’ belong to £¢, i.e. feli, and assume U’/=1 (K,q)-quasi
everywhere on ENG. We claim that U/=1 almost everywhere, and
thus everywhere, in G. This will clearly prove the theorem.

Choose x,e G so that (9) holds at x,, so that

| K(xg—x)|f(x)| dm(x) <, (10)
and
;irréé“' [ 1S G)—=f(xp)dm(x)=0. (11)
- |x—x0|<d

Here (11) is true for almost all x,eG by a simple modification of the
Lebesgue differentiation theorem (see e.g. Stein [39; Ch. 1.5.7]).

Set x,=0. For any 6>0 we can find a probability measure v with
support in En B (d) such that

| URI, <2 Cx ,(E N By(9)) . (12)
Then, if B, ()= G,
1<(Udv=[fU"dm.
We shall show that for a suitable sequence {J;}

lim [ fU* dm= U’ (0).

4, -0

Choose ¢>0 and p>0 so that

| K)|f)ldm(x)<e. (13)

|x|<p
Let 6 be arbitrary, 0<d < p/2. Then
[ f U dm— U’ ()| =|f f(x)(U" (x)— K(x)) dm(x)|
< [ K@ @ldmx)+| [ ) U (x)dm(x)]
25

Ix|<p Ixl <

* Ifl LS () U (x) dm (x)
I |x|<p
+ [ 1SOU ()= K(x)| dm(x)

|x|2zp

=I|+|12|+I3+I4
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By (13) I, <¢, and for | x| = p (lsin(l) U"(x)= K(x) uniformly, so ;itl(l) 1,=0.
L= | (J)=fO)U'(x)dm(x)+((0) | U'(x)dm(x)=I+13,

|x] <28 |x|<26

ILI={ [ /=) dmx)} vy,

|x}<26

<2674 | ()= SO dm(x)}"1 {69 Cy o(E N Bo(d))} "

Ix|<20
by (12). Thus rilimol’2=0 by (11) and (9) for a suitable sequence {,}.

l;im I5 =0, since
-0

51 Z1/O) fdv(y) | Kx—y)dm()=If0)] | K(x)dm(x).

|x| <24 |x| <36
Finally
Iy={dv(y) f| K(x=yI/(x)ldm(x)
26 |xl<p
<fdv(y) | KD @dmxEA [ KO )] dmx)<Ae
|xl<p Ix|<p

by (1) and (13). Since ¢ is arbitrary the theorem follows.
The proof also gives the following.

Corollary. Let ge £, and suppose that g vanishes (K, g)-quasi every-
where on a set E satisfying either of the conditions in Theorem9. Then
g=0. Le. [ E is a set of uniqueness for Z¥.

3. Approximation in the Mean by Analytic Functions

In this section we specialize the results of the previous section
to £, or equivalently W In this case more can be said, because these
spaces are closed under truncation.

If G is open we denote by W4(G) the closure in W(RR) of the C*
functions with compact support in G. The interior of a set E is denoted E°.
For a set EcC with positive Lebesgue measure we denote by L (E)
the subspace of I?(E) which consists of functions analytic in E°, ie.
felL(E) if §|f(z)Pdm(z)<oo and %:0 in E°. The closure in I7(E)

i )
of the rational functions with poles off E (or equivalently the closure
of the functions analytic in neighborhoods of E) is denoted R”(E). We
give several conditions for when functions in W4 (RY), whose (compact)
supports belong to a set E, actually belong to W2 (E®). By duality we
get conditions for when RP(E)= L (E), and similarly for approximation
in WP by harmonic functions. For 1<p=2 (p<d/(d—1)) the results
are essentially due to Havin [22], who also pointed out the need for
a study of the fine continuity properties of functions in W in order

22 Math. Z.. Bd. 129
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to solve the problem in general. Bagby [7] gave a necessary and
sufficient condition for the above approximation property to be true.
By applying the conditions for thinness given above we get more
effective conditions which in the general case are slightly short of being
necessary and sufficient, and improve those given earlier by the author
[27]. We also show that for open sets G analytic functions of the form
iz~ !, where u are complex-valued measures on [ G, are always dense
in I%(G). See the remarks below for a more detailed discussion of
earlier work.

We write u#*z '=ji, the Cauchy transform of p. Similarly the
Cauchy transform of a function f is f=f%z"'. From now on we will
write C, instead of C; ,, g-thin instead of (1, g)-thin, etc.

The following lemma will be essential to what follows. A proof
can be found e.g. in Deny-Lions [17; p. 316].

Lemma 2. Let fe WA (RRY), 1<g< . Then

f* =Max(f,0)e W(RY),
and
[lgrad f *|9dm= | |grad f|*dm<{|grad f|*dm.
S>0

We take the opportunity to clarify the relationship between C,
and various other equivalent capacities. We will assume that 1 <g<d,
and omit the easy modifications needed for the case g=d. For g>d
all non-empty sets have positive g-capacity.

Definition. Let E < IR? be an arbitrary set. Set I (E)= inf [ |grad w|* dm,

where the infimum is taken over all we W/? such that w=1 ¢-q.e. on E.

By Lemma 2 it is equivalent to consider o such that w=1 g-q.e.
on E.

This capacity is well known. It was introduced by Maz’ja [32] and
has been studied and used by several authors. See e.g. [6, 7, 23, 27, 28,
33, 38, 41, 42].

[t is an immediate consequence of the equivalence of norms in &7
and W{¢ that I} is equivalent to C,, i.e. there are constants 4, and A,
independent of E such that

A, C(E)ST(E)S A, Cy(E).
In the complex plane € we also define the following capacities,
in addition to ¢,, C, and I .
Definition. (a) Let E< C be arbitrary. Set

q

0
Jw dm,

I, (E)=inf | 25
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where the infimum is taken over all complex-valued we Wy such that
w=1g-q.e. on E.

(b) Let EcC be compact. Set y,(E)=sup u(E) where the supremum
u

is taken over positive measures g on E such that |lu * z"’||,,§1
(¢) Let EcC be compact. Set

7[,(E)=S\;plf’(oc) =SLflp|}Ln3 zf(2)],

where the supremum is taken over all feL‘;(EE) with [| /]|, £1. (§,(E)
is an “analytic g-capacity ". See [27].)

For arbitrary sets F we define y,(F)=supy,(E), E compact, and
similarly for 7, EcF

Lemma 3. Let Ec @ be a Borel set. Then there is a constant A not
depending on E such that

¢ (E)=v,(E )—,q(E)—*lv [E) = T(E)"< AC,(E)"=Ac,(E).

1
2n
The following corollary is known, see Havin-Maz’ja [24].
Corollary. Let E be compact. Then L‘Z,([: E), 2<p< o, is non-trivial
if and only if ¢,(E)>0, i.e. if and only if there exists a non-zero measure
won E such that {|px|z|7'|,< ©.

Proof of Lemma3. It is enough to assume E is compact. That
¢ (E)=C,(E )"/ is part of Theorem 1. It is clear that ¢, (E)<7,(E)<7,(E),
and that F(E)<2 IL(E)ySAC,(E).

For any dlfferentlable function  with compact support, such that
w=1 in a neighborhood of E, and a suitable curve ¢, we find

L [/ w(z)dz
n c

’ _ 1» -
= ‘m-m

[‘(af:“_) dz A d_| ‘ffi‘idm

1
T 2n
L

q

Thus 7, (E )_S_~ IZ(E)‘/". That equality holds was proved in [27, Lemma 1].

The following lemma is well-known for g>d, and due to Bagby [7]
for g<d. We give a proof which differs somewhat from that of Bagby.

Lemma 4. Let e Wi(RY), 1<qg<x. Suppose ¢=0 g-q.e. on a
compact set F with C,(F)>0 (F+g& for q¢>d). Then g€ Wa(l F).

Proof. It is no restriction to assume that ¢ has compact support.
By Lemma 2 we can assume that ¢ =0, and it follows from the same
lemma that we can assume that ¢ is bounded.

22*
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We first assume g>d. Then ¢ is continuous. Let ¢>0 and define
¢@.=(p—c¢)*. Then ¢,=0 in a neighborhood of F, and

[lgrad(¢—)1*dm= | |grad ¢|*dm,
O<gp<e

which tends to zero with ¢.
Now let <d. By Lemma 1 there is for every n an open set G, such that

Cq(G,,)<+r11-, the restriction of ¢ to [ G, is continuous, and ¢ =0 on F ~G,.

There exist w,e W, such that w,=1 on G, and [|grad w,|*dm=<A/n
+

for some A. Let l//,,:((p—%) , and set @,=y,(1 —w,). Then ¢, W,

and ¢,=0 in a neighborhood of F. And

lgrad (@ — @)l < llgrad (@ — ), + [V, grad o, + o, grad .

As n— oo the first term tends to zero as above, and the second term
is <A Max|@|n~ "4 The third term is <|w, grad ¢||,, which tends to
zero since o, clearly tends to zero in measure. This proves the lemma.

Theorem 10. Let 1 <p<oo. Let G be open with compact boundary
and suppose C,([G)>0. ([G+g2 for p<2.) Suppose G is bounded if
p<2. Then the Cauchy transforms, [i(z)=pux*z"", of complex-valued
measures y supported by [ G are dense in L}, (G).

Remark. For 1<p<2 the theorem is known and due to Bers [8]
and Havin [22]. See also [27].

Proof. Suppose g is a complex-valued function in [#(G) such that
{gftdm=0 for all u supported by (G such that | * |z|="]l,<5c. Then
by Fubini’s theorem [ g du=0 for all such u. By Lemma 3 this implies
that §=0 g-q.e. on [G. But geWy, and by Lemma4 the real and
imaginary parts of § can be approximated in Wy by functions with
compact support in G. For every such function ¢, and every feL;,(G)
we have

0 i
| ‘0";‘ fdm={ (g, /)dm=0

by Green’s theorem. Thus
. 0g 0 .
fg.fdm—ﬂjgfdm—j (E(g_(ps)) fdm,
SO
|fgfdm|<|grad@—e )l I /I,

which is arbitrarily small. This proves the theorem.
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If p<2 the measures on the complement of G in Theorem 10 can
always be assumed to be point masses. We shall now investigate for
p=2 when the measures on [ G can be replaced by point masses on
the exterior of G. We will assume that G is the interior of G, and we
are therefore going to consider compact sets E.

Theorem 11. Let EcC be compact, and suppose 2=p<>. Then
the following are equivalent.

(a) RP(E)=L;(E).

(b) If pe W and ¢ =0 g-q.e. on [ E, then ¢pe Wa(E°).

(c) If pe Wg and ¢ =0 g-q.e. on [ E, then ¢=0 g-g.e. on CE.

(d) Cq(G\E)qu(G\EO)for all open G.

(e) For some n>0 C,(GNE)zn C,(G~E®) for all open G.

Remark. The theorem is essentially known. The equivalence of (a)
and (b) is well known. See e.g. Havin-Maz’ja [23]. The equivalence
of (a), (¢) and (d) was first proved by Bagby [6, 7]. See also [27], where
further references are given. The theorem and the corollaries below
should be compared to the results of Vituskin [40] for uniform rational
approximation.

Proof. (c) implies (b) by Lemma 4, and that (b) implies (a) follows
as in the proof of Theorem 10. We will prove that (e) implies (c), (a)
implies (c), (b) implies (c), and that (c) implies (d).

To prove that (e) implies (¢} we reproduce an argument used by
Bagby [7] (see also Fuglede [19, Lemma ).

A set U is called quasi open if for every £>0 there is an open G
with C,(G)<¢, such that U~ G is open in [;G. Then (e) implies that
C,(U~E)zn Cq(U\EO) for all quasi open U. In fact, let G be open,
C,(G)<¢, and U~G open in [ G. Then

C, (U ~ENZC,((Uv G)~E")
<n 'C,(Uu G)NE)<n '(C,(U~E)+ C,(G)).
Now, @e W implies that ¢ is quasi continuous, i.e. {{¢|>0} is quasi
open. Let this set be U. Then
Cq(U\E")én‘qu(U\E)zo,

which proves (c).

Suppose (c) does not hold. Then there exists a @e Wy such that
¢ =0 g-q.e. off E, but ¢ >0 on a compact subset K of 0E with C,(K)>0.
There is by Lemma 3 a positive (non-zero) measure u supported by K
such that fiell(E), and even [u*|z|~'[,<oo. Then [ du>0, but
[y du=0 for all y with support in E° so @¢W1(E®), and thus (b)
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implies (c). Moreover, cp:% %(g— *xz L sofpdu=—— j——- ftdm. Thus
N z
% does not annihilate all of IZ(E) although it does annihilate all of
RP(E) since ¢(z)=0 off E. Thus (a) implies (c).

Now assume that (d) does not hold. Then there is an open set G
such that C,(GNE)<C,(GNE°). Let ¢ be the g-capacitary potential
for GNE, and let y=min(¢p, 1). Then YyeW? by Lemma 2. There is
a compact KcdEnG with C,(K)>0 where <1, since otherwise
C,(GNE)=C,(G~E®). Let w be any function in C{ (G) which is 1
in a neighborhood of K. Then w(l —y)e W, w(l—y)=0 on [:E and
w(1—y)>0 on K. Thus (c) implies (d). The theorem is proved.

Theorems 2’ and 9 now give the following corollaries to the above
theorem.

Corollary 1. Let E< C be compact without interior, and let 2<p< x .
Then the following are equivalent.

(a) R?(E)=IL*(E).

(b) pe W&, and =0 g-q.e. off E implies ¢p=0, i.e. E is a set of
uniqueness for W.

(¢) C,(GNE)=C,(G) for all open G.

(d) C,(B.(0)~E)=C,(B.(9) for all balls B.(5). (Note that
Cq(Bz((S))z(Sz““, q<2, C,5(B.(d)~1/log1/s.)

C,(B.(9)~E)

(e) lil? sup W—>0 for almost all z.

Remark. For d:1 and g=2 the equivalence of (b) and (c) is due
to Ahlfors and Beurling [5, p.124]. A related problem is solved in
Carleson [13; Theorem VI.2]. The sets of uniqueness for ¥7(R"),
o« <1, have been similarly characterized by Carleson. See [26, p. 79].
A slightly weaker result than the equivalence of (a), (c), (d) and (e) was
proved by the author in [27, Theorems2 and 3]. See also Bagby [6]
and Polking [36].

Corollary 2. Let E be compact,"2<p<oc. Then RP(E)=L)(E) if
(if and only if for p<3) the part of OE where [ E is g-thin has g-capacity
zero. Thus RP(E)= L% (E) if (if and only if for p<3)
(A___(li (0)\E) )”“ do
5=
for g-quasi all zeOE.
Proof. To prove Corollary 2 one only has to combine Theorem 2’

and Theorem 5 or Theorem 7 with Theorem 11. It is also easy to see
that on 0E~0(E") it is enough to assume that
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lim sup —+—5——+
for almost all z. 6-0 1)
Corollary 3. Let E be compact, 2<p< . Then RP(E)=L,(E) if the

inner boundary &' E (i.e. the points on 0E which are not on the boundary
of any component of [ E) has C, (&' E)=0.

>0

Remark. For p=2 Corollary2 is due to Havin [22]. Instead of
applying Theorem 2 we could also have applied the Wiener criterion
of Maz’ja [33] referred to earlier. A weaker form of the corollary was
proved in [27] by yet another method. In that paper Corollary 3 was
also given.

Corollary 4. Let E be compact, 2<p<c. Then RP(E)# LL,(E) if there
is an increasing function h such that

(o
g\ora) 57
and a set K< JE with C,(K)>0 such that for all ze K
C
q(BZ((s)\E) <
h(d)

lim sup -
-0 p

Remark. A weaker version of this corollary was given in [27].

Proof. Just apply Corollary 2 of Theorem 8.

Finally we note that the equivalence of (b)—(e) in Theorem 11 also
gives approximation theorems in higher dimensions.

If G= R is open we denote by W ,(G: IRY) the subspace of WP (IRY)
which consists of functions harmonic in G. The following theorem is a
counterpart to Theorem 10.

Theorem 12. Let 1 < p< 0. Let G<=R? be open with compact boundary,

d d
and suppose C,([ G)>0 if ngjl—. Suppose G is bounded if pgﬂ.
Then potentials jux|x|>~ of signed measures p supported by [ G are dense
in W ,(G; RY).

Now let E be compact. Denote by W{?,| the space of restrictions to E
of functions in W7 ,(E’; RY), normed by the usual quotient norm,
| f|lz=inf | g|l for g=/ on E. DY|is the closure in this norm of functions

g
harmonic in neighborhoods of E. 1
[¢

Theorem 13. Let E = R? be compact. Then D} | =W, |gif 1=p < T

If p2 H'iﬂ . DP,=WP, . if and only if one of the equivalent condi-

tions (b)—(e) in Theorem11 holds.
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We omit formulating the corollaries corresponding to Corollaries 1-4
above.

The problem of approximation in I by harmonic functions and by
solutions of other elliptic equations leads by duality to problems of
approximation and continuity in the Sobolev spaces W\, where o is an
integer =2. Here only partial results are known, except in the case of
sets without interior. See Polking [36] and the author [30].
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Gleason Parts and a Problem
in Prediction Theory

Samuel Merrill, T11*

0. Introduction

Two linear manifolds in a Hilbert space are said to be at positive
angle if
sup |(f. g)I<1
where / and g range over the elements of the manifolds, respectively, of
norm 1. Let p be a finite positive regular Borel measure on

T={ZeC: |Z|=1}.

Denote by P the linear manifold spanned by the functions ¢’ n=0.1, ...
and B, the submanifold of P consisting of polynomials with constant
term 0. For any set S of complex-valued functions, write S={f: feS}.

In [4] Helson and Szegd obtain the following result.

Proposition. The manifolds Ry and P are at positive angle in I*(dy) if
and only if p is absolutely continuous with respect to Lebesgue measure
dm on T. so that du=w dm, we L' (dm). and w=e"|V| where u is real and
bounded, Ve H'. and |arg V| <(n/2)—¢ for some £>0.

Here H' is the closure of P in ! (dm). Helson and Szegd also show
that V is outer. i.e.. the functions {Vf: feP} are dense in H'. As they
indicate, this result solves a prediction theory problem concerning
stationary stochastic processes and gives a necessary and sufficient
condition that the projection of B, + P onto R, be bounded in L2 (dp).

Devinatz [2] and Ohno [10] extend this result to a setting in which P
is replaced by a uniform algebra A(X)and K by 4,,= {feA(X): [ fdm=0}
where dm is a (unique) representing measure on X for a complex homo-
morphism of A(X). Our result is in this setting except that we consider
different linear manifolds defined in terms of the Gleason part of m,
which we assume non-trivial.

In Section 1 we prove the main theorem and derive from it a necessary
and sufficient condition that the projection in I*(d ) onto the closure of
the ideal of functions in H* (dm) vanishing on the Gleason part of m be
bounded in the norm of I2(dy). In Section 2 we strengthen the theorem

* Partially supported by NSF Grant.
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for the case in which A(X) is an algebra associated with an ordered
group, and in Section 3, we interpret the latter result to solve a problem
of prediction theory type concerning doubly stationary stochastic
processes.

1. The Main Theorem

Let A=A(X) be a uniform algebra, that is a uniformly closed,
separating algebra of continuous, complex-valued functions containing
the constants on a compact Hausdorff space. Assume that m is a complex
homomorphism of 4 such that m has a unique representing measure dm
on X and the Gleason part P(m)= {gespectrum (A): ||m—a| <2} + {m}.
Define H? as the closure of A4 in [P(dm) (norm closure for 1<p<x;
w* closure for p=o0). For 1<p=<o0, define I’={feH": [fd 6=0 for
all ce P(m)}, E={feL’(dm): [ fhdm=0 for all hel*UI*}, and finally
JP=12®I". By [9. Lemma 5, p. 467], H? < J?. If fe L} (dm), we define the
support set E, of f as the complement of a set of maximal m-measure on
which f is null. Clearly E, is defined only up to sets of measure zero.
Note that if fel?, then the characteristic function of its support set is
also in I? [9, Lemma 6, p. 468].

Let u be a finite positive regular Borel measure on X which is
absolutely continuous with respect to dm, so that du=w dm, we L' (dm).
Write E=E,, for the support set of w. Denote the norm in I*(dy) by || ||
and let S;={fel”:[|fII=1},S,={feJ™: | fI=1}.

Theorem 1. The manifolds 1° and J* are at positive angle in 12 (dp).
ie.,

p=sup|ffgdul<l (feS;.ges,), (1)
if and only if

(A) ygel® and w=e"|V| where u is real and bounded, Vel', and
larg V| < n/2 —¢e(mod 2 w) for some £>0.

Corollary 1. Let T be the projection of 1°@J* onto 1°. Assume that
(ITf 1> du=0 for some fel®. Then the operator T is bounded in the norm
of 12(dp) if and only if (A) holds. Moreover, 1°@J* is dense in 12 (dp), so
that if T is bounded it has a unique bounded extension to I*(dp).

Proof of Corollary 1. First note that p<1 if and only if { >0, where
Y=2-2p=inff|f+gl>du (feS,,geS)). (2)

If T is bounded with norm K>O0, then | f+g|?=K"'|f|?=K'
for feS,; and geS,. Conversely, if ¥ >0, |Re(f,2)|=|AZa<1 if feS;,
geS;. To see that T is bounded it suffices to obtain é>0 such that for
each fixed feS,and geS,, | f +cg|*=é for all real c. But p(c)=| f +c&|*
=1420c+c?=2p(—)=1-A?=1-0a% Let =1—a?
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To prove density, suppose ge L* (dp) with {fgwdm=0 (felI*@J”).
Since gweL' (dm) and 1*@®J* is w* dense in L” (dm) by [9. Lemma 5,
p.467], g=0(dp), so I @J* is dense in L* (dp).

Proof of Theorem 1. First assume that p<1 so that >0. In parti-
cular
inf[|1—f1?du>0 (fel™). 3)

Hence the projection G of 1 into the closure in [?(dy) of I” is not identi-
cally 1. If hel*, and f,el” such that [|f,—Gll —0, then |[(1—f,)h—
(1—G) h|| -0 so that (1 —G) is orthogonal to (1-G) hin I?(dp). Thus

fI1=GPhdu=0 (hel” UI®).
It follows that
[1—G?w=k?, 4)
where keI2, k=0 (see the proof of [9, Lemma 8, p. 469]).

We define G =1 off E. so the support set F of 1 —G is contained in E.
We show F=E.

Let .o be the g-algebra of Borel subsets 4 of X for which the char-
acteristic function y,€l*. For Ae.«/ and p(A4)>0, define

Y(A)=inf |/ +gl*dp )
A

where fel*, geJ*, and [|f|*du={lg|*du=1.1f no such f exist. define
A A

W (A)=2. Since F (the support set of 1 —G) is also the support set of k,
Fe.«/ by [9, Lemma 6, p. 468] and so is F'=X\F. By definition of G,
there exists f,e1 such that [|G— f,*du — 0. Since G=1on F',

inf {[1—f?du=0. (6)
Sel® g

We may assume that the functions f in (6) have supports in F’ (by
multiplying by y, if necessary). If ((F)>0, then Y (F)=0. and it is
then easy to check that y (X)=0. This contradiction implies that u(F)=0,
i.e., E=F and in particular E€A4.

Thus we may define
D=k/(1-G) (7

on E and D=0 off E. Thus w=|D|?>. We show that [D1*]=y;I?, where
[ ] denotes the closure in L* (dm).

Lemma 1. If h lies in the closure of 1* in [*(dp), then
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Proof. The equality holds for k replaced by k+¢ and continues to
hold as ¢ — 0, since convergence in [ (dm) is dominated by |1— G |h|wk !
=|h|wre*(dm).

Lemma 2. The function D defined in (7) is an element of J*, k=D,
where D, is the projection of D onto 12 in I?(dm), and

j|D1|2dm=fi€1}£j|1—flzd/t>0. (8)
Proof. If hel™,
h(1—G)k? -G
IhDd’?l:jh l\/(l_G)dmzjfllfil—_Gi()fle d’n:y”i(ﬁlikffldﬂzo
E E E

by Lemma 1.

To show that D, =k, it suffices to show that [hD dm= [ hkdm for
all heI. Using Lemma 1 for the second equality,

[hDdm=[h(1-G) k~'du=[h(1—=G) k™" du—[h(1-G)G k™" dpu
=[hl1=GP k™" du=|hkdm.

Finally
[ID?dm={k*dm= [|1—G|? d'll:,-ierlli“l_'flz du>0
by (3).
Lemma 3. For A€ o/, define

v(A)=inf{|1—fPdu  (fel™). 9)

Then v is a countable additive measure on (X, .</) and

v(A)zjll—Glzd,u. (10)
A

Proof. Suppose A, Be.o/, An B=g. By standard properties of in-
fima, v(4UB)=v(A)+v(B). Also there exist f, gel” with support sets
contained in 4 and B, respectively, and

v(A)+v(B)+e= [|1— fIPdu+[11—g|*dpu
A B

= [ Uta—fP+lxp—glldu= [ 1= (f +2)I> duzv(4UB).
AUB AuUB
Countable additivity is proved similarly, using the dominated con-
vergence theorem. Details are omitted as we will need only finite addi-
tivity. To prove (10) note that if f,eI* and | f,— G| — O, then y, f,e1™
and ||y, f,— x4 Gll = 0. Hence v(4)< [|1—G|*dp. The same inequality
A

holds for X . A4. Since v(X)=v(A4)+v(X ~ A4), equality follows.
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Lemmad. If DeJ? is any function such that |D|*=w and (8) holds,
then [DV" ] =y -1> and [DJI*] =y - J*.

Proof. Assume {|D,|* dm=1. By (8) there exist f,eI* such that
Thus fl—f 2 IDPdm — 1.

fID, = (1= f)DI*dm=[|D,|*dm—2Re [ D,(1— f,) (D, +D,)dm
+§|1—jn|2 ID?dm —»1-2+1=0.

Thus D,e[DJ*]. Since D,el?, [D,J*]=[D,L]+[D,I”]. Thus to
complete the proof it suffices to show that yye[D,L]. Since [D,I7]
corresponds to a doubly invariant subspace of L*(T) in the sense of
[9. Lemma 4, p. 466], [D, I*] =y, - IZ where E, is the support set of D;.
Note that y; €L . We must show that E; =E.

Clearly E,<E. for D,=—D, off E. so (1—yp)D,eEnI? so
m(E,; ~ E)=0. Observe that

JIDyP dm=v(X)2¥(E)=inf [l7s, D fxg, DI dm= [ IDi[* dm

since D, is the projection of yg, - D onto IZ. Hence
0=v(ENE)= [ k*dm
E~E;
by (10) and (4). Since k does not vanish on E, m(E~ E;)=0, so we may
assume E, =E.

Lemma 5. The set of products fg with feJ? gel? and [|f|*dm=<1
and [ |g|>dm<1 is dense in the set of functions hel' with flhldm<1.

Proof. Suppose hel', [[hjdm=1 and O<inf[|1—ol*|h|dm(xel®).

Let H be the projection of 1 into the closure of I in I%(Jh|dm). Then by
previous argument the support set F of 1 — H is the same as that of

p*=|1—H*|h|dm, (11)

and yyel?. Then h=fg where f=p/(1—H) and g=(1—H)h/p on F
and zero off F. By direct computation using (11) we find [|f|*dm=
flg|*dm=1. We have feJ* by the proof of Lemma 2 and gel? by the
definition of H.

Now suppose
0=inf_[|1—a|2|hldm (eeI™) (12)

and let hy;=h+J. For fixed ael”, lign fIL—al? |hyldm= [ |1 —al? |h|dm.
Given ¢ >0, we can choose 0<J <e by (12) such that

inf |1 —ol? |h;ldm<e  (xel”). (13)
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Define A,,={xeA:[adm=0}. Since h;eH' the generalized Szego
theorem and Jensen inequality [6] imply that

inf [|1—? |hyldm inf [|1—ol |hyldm [ 5 dm>0.

Applying the argument above to h;, we have h;= fg where here f and g
are in J2. Writing f = f, + f,, fie 2. f,e€l?%, we conclude from Lemma 2
and (13) that {|f;|*dm<e. Thus

If2g=hsllE =118l A3 )3 <e(l+0)<e(l+2).

The conclusion of the lemma is now straightforward.
To complete the proof of Theorem 1, write w=¢~'*D? on E. Then

p=sup|{(fD)(gD)e "*dm| (f€S;.g€S,).
By Lemmas 4 and 5

p=sup|[he ' ?dm| (hel'; [|hldm=1).
E

E

Thus p is the norm of the linear functional on I' defined by

Yy)y=[he ?dm.
E

Arguing as in [4, p. 125], p=inf|xz e *— Al|,, (AeJ™), and p<1 if and
only if there exist ¢>0 and AeJ” such that |A(x)|=¢ and |@(x)+
arg A(x)| £m/2—¢ (mod 27) for xe E. Thus w=|D|*=|AD*|(1/|4])=|V| "
where u is real and bounded and |arg V|<7/2—¢ (mod 2 7).

Conversely if w=|V|e* where u is real and bounded, VeJ', and
larg V| <n/2—¢ (mod 2 ), then p< 1. For we may assume w=|V| (u=0).
Let A=1, w=Ve %, so argV=¢, and |p+argA|=larg V|=n/2—¢
(mod 2 7).

2. Algebras Associated with Ordered Groups

Let G be a compact abelian group with ordered dual I' determined
by a positive semigroup I, (see [11, Chapter8]), A(G)={/fe C(G):
f(y)=0, for y <0}, and dm be normalized Haar measure. Clearly A(G) is
a uniform algebra and dm is the unique representing measure for a
complex homomorphism m. In this section we show that if m lies in a
non-trivial Gleason part, then the circle group is a direct factor of G,
and the function V of Theorem 1 has a property analogous to the
generative property of outer functions.

Lemma 6. If the Gleason part of m is non-trivial, there exists a least
positive character 7, which considered as a function on G is the Wermer
embedding function Z, except for a constant factor of modules 1 (see
[9, p. 464]). If H={xeG: yo(x)=1}, then G=H x(G/H) and G/H=T.
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Proof. Choose ae P(m)~ {m}. By [1, Theorem 3.1 and Theorem 4.1,
p. 381-382], there exist xeG and p: I, — [0, 1] with p (y+8)=p(y) p(d)

(y,0€erl},) such that a(y)=p() (x.7) (y>0) Since oeP(m) and m(y)=0
for 7>0. sup p(j)= supla () =c<1. (14)
v> p>

If there is no least positive character y, in I', then there exist
71>72>>0
with p(y,)/c> ¢ for large n. But then
PG ) =P 0P n=Tns) ZP O/ C>C,

which contradicts (14). Since the function y, has constant modulus one,

we can conclude that 7,=2 by showing that 27, is the projection of 1

into H2(d o) for an appropriate constant 4. Since 10€ HZ(d o). it suffices

to show 1 =iy, L HX(do). For y>0, [(1=25)ydo=p()(x,7) {1—~ATo(x)/
'0)} =0 if we choose A= p(7¢) yo(X)-

Clearly H is a subgroup and G/H=T. If A={yel':y(x)=1for xe H}
is the annihilator of H, A~the integers, so that A=Iy={ny,: n an inte-
ger}. This coupled with the fact that if yel, ~I then y>ny, for all
integers n implies that the order on I’ mduces an order on I'/A. Thus
I'/A is torsion-free [11, Theorem 8.1.2.(a), p. 194] so that its dual H is
divisible [5. 24.25, p. 385]. In turn G = H x(G/H) [5, A. 8, p. 441].

We thank our colleague T. Wilcox for discussions about topological
groups.

The following result (for the special case H=T) appears in the
thesis of Lal [7]. We give his proof.

Lemma 7. Suppose G=TH, TnH=/{e}, where T and H are sub-
groups. Then

fil}f [I1=f1?wdm={[exp [logw(t, h) dh]dt
el T H
where dt and dh denote the normalized Haar measures on T and H.

Proof. If G is defined as in the proof of Theorem 1. then there exist
g,€1” with j lg,— G|* wdm — 0. Replacing g, by a subsequence if nec-
essary, this implies that

[lgalt h)—G(th)>w(th)dh -0
H

for almost all t. Define G,(h)=G(t h). It follows by the generalized Szegd
theorem [6, p. 289] that

{11 =G, () w,(h)ydh=exp [logw,(h)dh.
H H

Integrating with respect to t, we obtain the result.
23 Math. Z., Bd 129
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Theorem 2. If A= A(G).dm is normalized Haar measure, and m lies in
a non-trivial Gleason part, then the function V of Theorem 1 has the property
[V-1°], =y - 1" where [ ], denotes closure in L' (dm).

Proof. By Lemma6, we may assume G=H xT. By Theorem 1,
Re V=20, so Re V,=20. It is well known that this implies that V; is outer
for almost all t with {t} x H<SE (see, e.g., [8, [1.2.2, p. 53]), so that

exp [ log| V()| dh=] [ V;(h)dh]=|V, (1) >0
H H

for such t (V; denotes the projection of V into Ll). The second equality
follows from the facts that Z =y, (Lemma 6) and L' is the closure of the
characters in I;,. Integrating with respect to ¢ we obtain

[[exp [log|VIdh]dt={|V,|dt>0. (15)
T H

But V=(AD)D is the product of functions in J2, each of which must also
satisfy (15). Thus using Lemmas4 and 7 and an argument similar to
that of [6, Theorem 6.3, p. 299] we conclude that

V-17) =y 1"
In fact V' =¢**"# where the restriction of a+if to {t} x H is in L' (H)

and o, is the conjugate of — f3, in the sense of [3, II, Theorem 6, p. 192]
for almost all t with {t} x H<E (cf. [4, Theorem 1, p. 123]).

3. Application to Doubly Stationary Stochastic Processes

Let (2,2, P) be a probability measure space. A stochastic process
Ynm(n.meZ) of complex-valued random variables in [*(dP) is called
doubly stationary [3, 1, p. 168] if the covariance

(Xnm ’ Xn'm'):(XnAn’.m-m’ s X00)= ,0(” - ”’~ m— m’)

is a function of (n—n’) and (m—m’). In this case p is a positive definite
function on Z x Z, so by a theorem of Bochner [11, p. 19], there exist a
finite positive Borel measure y on G=T x T (the spectral measure of the
process) such that ji=p. The correspondence of the functions y,,, to the
characters e~"% ¢~'™¢ on G induces an isometry of the closed linear span
of y,m onto I (dp).

Let A(G) be the uniform algebra determined by the semigroup
{(n,m): n>0} U {(0, m): m=0} (see Section 2). The maximal ideal space
of A(G) can be identified as

{0,9): 101=1,[@|=13 L {(0,9): |p|<1}.

Haar measure on G represents the center of the non-trivial Gleason part
P={(0, ¢):|p|<1}. I and J* are defined in terms of this part.
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We assume that the spectral measure p is absolutely continuous with
respect to Haar measure and define the past of the stochastic process by
I=span {},,: n<0, meZ} and the future by J=span {},,,: n20.meZ}.

Then
sup|(x.y)|=sup|{ fg dpul| (16)

where xel. yeJ. [x||=|vll=1;and fel”, ged”. {|fPdu=[|gl* du=1.
Theorem 2 applies and gives a necessary and sufficient condition that
the suprema in (16) be strictly less than 1. This is a result of prediction
theory type. in the extended sense of [3] and [4].
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Flat Modules and Torsion Theories

William Schelter and Paul Roberts

In Morita's paper [4] he investigates the torsion theory and the
quotient ring arising from a flat module. If RU is a flat module then one
can consider as torsion all modules My such that M®, U=0, or one
may look at the idempotent Gabriel filter {D<,R: DU=U}, or at the
torsion theory coming from the injective right R-module Homg [ r U, Q/Z].
All three coincide. But which torsion theories come from flat modules,
since we know, for instance, that every torsion theory comes from an
injective? We give an example of a torsion theory on a commutative
ring, which does not come from a flat module. We also show that if the
Gabriel filter has a countable base then it must arise from a flat module.

Theorem. If @ is a right Gabriel filter for the ring R, and if @ has a
countable base, then there is a flat left R-module U such that &=
{DL,R: DU=U}.

Proof. Let (D,),. be a base for &, such that D, =D,. Let

n+1—=

I= {(di)ieINenDi: VnelN\-/j§ndj dj+1 dnEDn}
ieN
and let I, be the restriction to | | D;, for each neN.
If d=(d;);.n€l, we denote (:d,.),.g,, by d". Let F, be a free R-module
with |I,| basis elements, denoted &(d"). We define

oyt Fn - F;1+1 :E(d")}'—*dnb‘(d'H l)

to be a left R-homomorphism. Let zU=lim F,, which is a flat left
R-module.

We show that, if M is @-torsion, then M ®g U=0. Take me M and
e(d"eF,. Since M®U =lim (M®F,), we must find a j>n such that
Moo _y... %, ¢(d")=0. We select j>n such that mD;=0, and observe
that )

00y - Oy ed)=d,d,...d;e(d)
and
d,d,. ..deD;.
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Next we show that if M +0 is “-torsionfree then M®, U=+0. To do
this we build a sequence d =(d,), .y I such that

ma,...o &(d)+0, all nelN,

for some fixed me M. Take any me M. We know mD, £0, so take d, €D,
such that md, 0. Now md, e M, which is &-torsionfree, so take

dyeD,nd; '(D,)
such that md, d, +0. In general take
d,eD,n(d,...d,_ )" 'D,n...nd; ' (D,)

such that md,...d,=+0. Clearly d=(d,), does what is required.

It remains to show that if MU =0 then M i1s “-torsion. If not,
M/T(M)=#0 is Z-torsionfree but

0=M®U->M/TIM)®U —0
is exact, a contradiction. //

We now give an example of a commutative ring, such that the Utumi
filter, i.e. the largest Gabriel filter such that Ry is torsion free, does not
come from a flat module. Let R = C(X), where X is the real unit interval
[0,1], and C(X) is the ring of real valued continuous functions on it.
An ideal D of R is in the Utumi filter .# iff the cozero set of D (i.c.
{xeX: feD, f(x)%0}) is an open dense subset of X. Let D ={feR:
f71(0) is a neighborhood of x} for each x in X. Suppose .# comes from
a flat module U. By Lazard’s result (see [3]) we can write Uz!ijﬂ) F,

F; finitely generated free, where J is directed and we have p;;: F, IHE,
where i <j. If U0 then there is a ze F;, for some i, such that p,;(z)#0,
for all i<j.

We know O:R/Dx®U=li£1> (R/D,.®F,). Thus there is a j, such that
(14+D,)®p;; (z)=0. This means that each component of p;; (=) lies in D, .
Let Z, be the intersection of the zero sets of each component, thus Z| is

a neighborhood of x. Let | ) Z,, be a finite subcovering of X. Choose
k=1

$>j,,., for all k<n. It is now clear that each component of p; (z) must be

zero, since it must be zero on every Z, . Thus U =0, and so could not

have given us the Utumi filter.

Proposition. If R is a commutative noetherian ring every Gabriel filter
arises from a flat module.

Proof. Let E be an injective which gives rise to the Gabriel filter in
question. E=@®E(R/P), where the P. are prime ideals. The torsion

iel
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theory determined by E(R/P) is the same as the one coming from the
flat R-module Ry, (i.e. R localized at F).

Homz[® Ry, Q/Z]~[] Homy[Ry, Q/Z].

and the latter injective gives the same torsion theory as [ [ E(R/P), which
gives the same torsion theory as ®E(R/P)=E. /

If U, and U, are two flat R-modules, then it is clear that the inter-
section of the corresponding torsion theories is given by U@ U, .

We shall call U, equivalent to U, if U; and U, give the same torsion
theory. Denote this by U, ~ U,.

Corollary. If R is commutative and noetherian, and U, and U, are flat

R-modules, then U, ® U, gives rise to the smallest torsion theory containing
those of U, and U, .

Proof. First observe that if U ~U and U,~U; then U ®gU,~
U, ®g Us. since if MeMod R

MU, ®U,) =0 < (M®U,)® U, =0
= (MEU;)® U =0.

Thus, by the proof of the Proposition, it suffices to check the corollary

where U, and U, are sums of localizations. If U, =U, ~ @®Rp. then we

must show MR U,® U, =0 = M® U, =0. But el
0:M®(,®1RR)®(®1RP.):M® (RR®R,3)

i, jeJ

—(MR@R,)®(M(® R, ®R,))
iFj

= M®(®(Rp)=0.

If U, #U,, suppose U is a flat module representing the join of the
torsion theories of U, and U,. Suppose further there is an MeMod R

such that
M®U+0 but MRU,®U,=0.

Thus M®U, is U,-torsion and hence MU, ®U=0. Thus MU 1is
U,-torsion so that MQU®U =0. This says, by the first case, that
MU=0. /

The reader should note that for non-noetherian rings the corollary
does not hold. Indeed, if we let R=Q[x,: ieN]/(x}: ieN), and let

U=lim(R "> R>R—-)
—

where the maps are multiplications by x;, then U®g U =0, but U is not
equivalent to zero, since only zero is equivalent to zero.



334 W. Schelter and P. Roberts: Flat Modules and Torsion Theories

Bibliography

1. Fine, N..Gillman, L., Lambek, J.: Rings of quotients of rings of functions, p. 11. McGill
University Press 1961.

2. Lambek, J.: Torsion theories, additive semantics and rings of quotients. Lecture Notes
in Mathematics 177. Berlin-Heidelberg-New York: Springer 1971.

3. Lazard, D.: Sur les modules plats. C.R. Acad. Sci. Paris 258, 6313-6316 (1964).

4. Morita, K.: Flat modules, injective modules and quotient rings. Math. Z. 120, 25-40
(1971).

Dr. W.Schelter and Dr. P. Roberts
Department of Mathematics
McGill University

Montreal, Canada

(Received May 27,1972)



Math. Z. 129, 335349 (1972)
© by Springer-Verlag 1972

Distinguished Selfadjoint Extensions
of Dirac Operators

Upke-Walther Schmincke

§ 1. Introduction

The Hamiltonians in quantum mechanics are given mostly as formal
differential expressions. To realize them, i.e. to get them as operators, one
has to choose suitable domains of definition in a Hilbert function space.
The point which decides on the physical relevancy of such a formal
Hamiltonian is the question whether it generates a selfadjoint operator
in a certain unique manner, or whether there exists a domain on which
it defines a selfadjoint operator distinguished among other selfadjoint
operators with the same formal part (if there exist any at all).

In nonrelativistic quantum mechanics there is no difficulty to make
the notion of the “distinguished selfadjoint realization” precise. For it is
a fact that, for instance, all physically important Schrodinger operators,
defined as minimal operators on suitable sets of good-natured functions,
are essentially selfadjoint or semibounded. Then unless the closure of
such a minimal Schrédinger operator is already selfadjoint one can take
its Friedrichs extension as the distinguished selfadjoint realization. It is
this realization which in the respective case is employed in physics;
usually it is obtained by restricting the adjoint of the minimal operator
in terms of a “distinguished boundary condition™ (Friedrichs [2],
Rellich [97; for a discussion, cf. Kalf [3]).

In relativistic quantum mechanics the situation is more complicated.
Dirac operators, for instance, as all relativistic Hamiltonians for particles
with a half-integral spin, will never be semibounded. So the problem
arises to characterize those minimal operators which are not essentially
selfadjoint but nevertheless have distinguished selfadjoint extensions in
a familiar sense. As the most important example we consider the minimal
Dirac operator T of one-clectron ions which has the formal part

Zo
|x|

>

I =d-p+

(x=1/137,038 ... fine structure constant, Z atomic number; for its domain
and the other notations see §3). Applying the Weyl-Stone theory (for
systems) to the separated radial part of 7~ one obtains (cf. Weidmann [15])
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a) limit-point case at oo for 0SZa < o0,

b) limit-point case at 0 (hence essential selfadjointness of T) for
0=<Za=17/3 (which corresponds to Z<118),

¢) limit-circle case at 0 (hence non essential selfadjointness of T) for
Za>1)/3 (Zz2119).

However, in the transition interval }1/3<Za<1 (119Z<137) we
have only a “weak ™ limit-circle case at 0 because of the nonoscillatory
fundamental system of the radial part of 7. Hence a suitable boundary
condition eliminating the faster divergent solution defines a distinguished
selfadjoint realization of 7 (which is actually used in physics; there it is
only the range Za>1 (Z>137) that is in general excluded from con-
sideration, cf. Landau-Lifschitz [7]).

It is the aim of this paper to give a criterion for formal Dirac operators
to possess such a distinguished selfadjoint realization. The criterion
attaches to the possibility to construct this realization as an extension
of the minimal operator. The method applied can be considered as a
generalization of the closing procedure: we introduce a suitable operator
G (the “intercalary multiplicator™) and receive the desired selfadjoint
extension of the given operator A as the closure of the aggregate G~ GA.
The abstract construction is carried out in §2 (Theorem 1). Having
established some relations for concrete vector operators (§3) we apply
the abstract result to the Dirac operator (§4). We obtain a large class of
potentials for which this extension exists (Theorem 2). Finally we give
the characterization of this extension by boundary conditions (Theorem 3).
So we are able to show that in the special case of the Dirac operator for
one-electron ions with Za<1 (Z<137) the constructed selfadjoint
extension coincides with the usually employed one. In this case the
boundary conditions (as in the analogous case for the Schrodinger
operator —A+v/|x|? in R3~\ {0} where —i<v<2 is the transition
interval) can be interpreted physically as the requirement for the potential
energy to be finite.

§2. The Intercalary Multiplicator Extension

The following is based upon a Hilbert space H. All operators are
assumed to be linear. The restriction of an operator 4 to a subspace
D<= D(A) is denoted by A|D. Bounded operators are necessarily densely
defined for us; the notion of relative boundedness is the same as in Kato
[5], though.

Lemma 1. Let A, B be densely defined operators with D(B)=2 D(A) and

[Bul <alull +blAull, ueD(A),
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where a=0, be[0, 1) are suitable constants. Moreover, let A be closable.
Then the following statements hold :

(i) The operator A+ B is closable, and D(A+ B)=D(A).
(i) If B is closable, then A+ B= A+ B.
(iii) If A has a bounded inverse A~' with al|A~'||+b<1, then the
operators A+ B, A+ B have bounded inverses, too; in particular

R(A+B)=R(A+B)=R(A)=H.

Proof. See Kato [5], p. 190 and 196. 1

The proofs of the following two lemmata are not difficult and may
be omitted.

Lemma 2. Let A, B he closable operators; furthermore, let the pro-
duct AB be closable.

(i) If B is relatively bounded with respect to AB, then AB< AB.

(ii) If B is invertible and the operator B~! closable and relatively
bounded with respect to A, then AB< AB.

Lemma 3. Let K, L be operators with R(K)=H, R(L)= D(K), where
K is densely defined. Then R(LKL) is dense in H.

Theorem 1. Let A, B, C, G be operators, where A, is essentially self-

adjoint and B and G symmetric. Assume that the following hypotheses are
Sulfilled :

(i) Dy:=D(Ay)=D(B)=D(C)S D(G)=:D,;
(ii) R(4,)UR(B)UR(C)SD;;
(i) R(G)=D,, R(G|Dy)=Dy;
(iv) there are numbers c,>0, ¢,>0, ¢, >1, ¢3>1, ¢,>1 such that all
ue D, satisfy the following inequalities:

lAgull Zcollul, 140 G*ullz ey full, (1), (2)
Ao GullZc, (Ao G—G Ag)ul, 3)
[GAqull 2 ey [GCul, (4)

1G(Ag+ C)ull 24 IG(B+C)ull. ©)

Then G is invertible, the operator GA with A== A,— B is closable, and the
operator -
A;=G1GA

is an essentially selfadjoint extension of A.

Remark. As our example in §4 will show, the assumptions of the
theorem do not imply the essential selfadjointness of A.
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Proof. We shall prove the theorem in three steps.

Step 1. First we deduce the following statements:

(I) (i) The operator A, G* is closable and has a bounded inverse;

(i) the operator A,=GA,G is closable, and D(A,)=D
R(A,))=H;

(iii) there are positive numbers cs, ¢, ¢, such that for all ueD,
the inequalities
| Agull Zes lull, N1 Agul Zee 1G7ull, [ Aqull Zeq Ao G2 ull (6).(7).(8)
hold.

Ad (Li). Obviously D(4,G?)=D,. The closability of 4,G? is then a
simple consequence of the symmetry of the operators A, and G*. In view
of (2) it remains to be shown that R(A4,G?) is dense in H. Now A4, is
selfadjoint; according to (1) the point 0 belongs to the resolvent set of

A, so that A has a bounded inverse with domain H. Because of R (A4, G?)
=R(A, )thls gives

R(4,G?)=R(49)2R(4,)=H

Ad (Lii). The symmetry and so the closablllty of A are evident. It is
also clear that the operators 4, and P:= A,—A,G? have domain D,.
From (3) the inequality

1
HPullé*C— |4y G*ull,  ueD,, )
2

follows, hence regarding (1.i) and applying Lemma 1 to the operators
A, G*, P we get our assertion.

Ad (Liii). These inequalities are trivial consequences of (9), (1),
and (2).

Step 2. Now we prove:
(II) The operator A:=GAG=G(A,—B)G is symmetric and has the
properties

(i) D(A)=D(4,), R(A)=H;
(i1) there is a positive number cg such that all ue D, satisfy the

i alit . .
inequatity lAulZcq | Agull. (10)

The symmetry of Ais trivial. We introduce the operators B:=GBG and
C:=GCG. Obviously D(B)=D(C)=D, and for all ue D,

~ 1 “
[Cull =— Ay ul, (11)
C3

& A 1 oA
||(B+C)u||§--c— (Ao + C)ull, (12)
4
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according to (4) and (5). Takmg account of (I.ii) and (11) and applymg
Lemma | to the operators A, C we obtain the closability of Ay+Cand
the relations

D(A,+C)=D(A,). R(A,+C)=R(4,)=H.
Application of Lemma 1 to the operators /‘I +C, B+ C yields

D(A)=D(A,+ C—(B+C)=D(A,+ C)=D(A,), R(A)=R(4,+C)=H.
The inequality (10) is trivial.
Step 3. Finally we show:
(I11) (i) The operator GA is closable, and
Ag=G 'GA=G TAG . (13)

~ (ii) Let x be a real number with 0<|x|<c, cg and put K:=
A+ikG* L:=G '. Then

K:E+i;\'(7, (14)
D(A)=D(K)cR(L), R(K)=H, (15)
LKL=Ag+ixE. (16)

(iii) A4 is essentially selfadjoint.

Ad (111.1). The closability of GA can easily be inferred from the sym-
metry of the operators G and A. The existence of G~! is trivial, too.
From (7) and (10) we get

|Aul=cq cg|G?ull, ueD,, (17
and as a consequence
1

6C

IIGUHZ=(GZu,u)§~C lAul - |ull, ueD,. (13)
Therefore (G™')~! is relatively bounded with respect to A. Noting the
equality AG~' =GA and applying Lemma 2, (ii) to the operators A,G !
we obtain AG-T=GA. The opposne inclusion follows by Lemma 2, (1)
from the relative boundedness of G~ with respect to GA= AG~! which
evidently results from (10) and (6):

JAG  ullZcglAg G ul Zeseg |G ull,  ueDy.
Thus the equality AG ! =GA is deduced; left-sided multiplication with
G~ " gives (13).

Ad (I1L11). Accordmg to (17) the operator ik G* is relatively bounded
with respect to A with an A-bound smaller than 1; hence by Lemma 1 the
relations (14) and D(K)= D(A) are obvious. Also we have R(K)=H in
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virtue of (IL.i). In addition we get regarding (18)
D(K)=D(A)= D(G)=R(G~")=R(L):

so (15) is proved. Now the symmetry of G implies the relative bounded-
ness of G=(G~")~! with respect to G2. Hence according to Lemma 2, (ii)

G?G T=G2G '=G.
Therefore we get with (14) and (13)
LKL=G "(A+ikG) G 'SG (AG "+ixG)=Ag+irE.
To prove the equality in (16) the inclusion
D(A;+ik E)y=D(A;)=D(LKL) (19)
remains to be verified. Let u be an element with

ueD(Ag)={v|lveD(G 1), G "veD(A), AGreD(G1)).
Since D(A)=D(K)=D(G?), we have Lu=G"'ueD(K) and
KLu=(A+ix GG Tu=AG "u+ixGueD(L):

thus ue D(LKL). This proves (19).
Ad (111.1i1). Applying Lemma 3 to the operators K, L owing to (II1.1i)
we obtain

R(A;+ikE)y=R(LKL)=H.

On account of the symmetry of A; (which is easily seen from (13)) we
thus have deduced the essential selfadjointness of A,.—As A, is an
extension of A the proof of the theorem is complete. |

§ 3. Relations for Some Vector Operators

The Hilbert space we shall use in the subsequent sections is H=
[ (R*)]* the space of all functions u: R*— C* with components
ujeLZ(]R3) (these functions just as the elements of C* are written as
column vectors). The underlying inner product is

(u,v) f[u (x)] v(x)

here “¢™ denotes the transposition of the matrix u(x). Writing IR3 :=
R*~ {0} we also use the spaces

Dy:={ulueH,u;e Cy(RY) (j=1,...,4)},
D:={ulueH,u;e C3(R3) (j=1,...,4)}.
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Moreover, let o, a,, oy, 2, be Hermitian 4 x4 matrices which satisfy
the commutation relations

wu+u =20, E (j,k=1,2,34),
where E is the unit 4 x 4 matrix (also being identified with the identity
operator in H).
We then introduce the following vector operators (cf.[11]) the
components of which are assigned to have the domain D,:
a) X:=(x,X,, X;) (x; denotes the operator of multiplication by the
position coordinate x;),

by 5 1§ i I
) = s , = —i RPN 5 P
) P=P1:P2:P3) ((’x'l Cx, (".\'3)

¢) L=(L,,L,, Ly)=[%,p],
d) d:=(oy, %y, %3), .
e) d= (01,02,6\):—%[&,&].

If f'is a real-valued function eC°((0, = ))the operator of multiplication
by f(|x|) defined on D, is denoted by f(r) (or sometimes only by /). With
the help of the above vector operators we then define the following
“scalar™ operators:

f) p=r"'(X-p—iE). g Ly=d-L, h)a=r"3 %)
Lemma 4. The operators f), g), h) and the components of the vector

operators a).....e) are symmetric. Let feC'((0, x)). Then the following
identities hold (ue D,):

(p-X—X-plu=-—3iu, (20)
(PSV= ) pyu=—iXf'(r)r~"u, 21
(P, S ()= f(r) pJu=—if"(r)u, (22)
*2u=pfu+r_zi,2u, (23)
@-X)P2u=rtu, (@ pYu=pu, (24)
@-¥)(@ - pu=(x-p)u+ilL, u, 25)

G- p)E-X)u=(p-X)u—iL,u,
G- p) () G p u=p, f(r)put [ ™2 Lutr™" [ () (L, +E)u,  (26)

(G- p) S —f ()@ pu=—ia, f"(r)u, (27)
LG P) f(r) o, —f(r) e, @ Pu= =i f' () u=2ir"" f(r) (L, +E)u, (28)
(G- p) f(r) oy +og f(r) (@ P u=iog o f'(r)u. (29)

Proof. Most of these identities have been proved in [11]. The rest
can easily be verified by calculation. 1
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Lemma 5. Let fe C'((0, 0)) be a positive-valued function. Then f(r)
commutes with all components of L and with L, and the following in-
equalities hold (ueD,):

Xl

(f(r) B u,u)=0, (30)
(f(r) L, u,u)= —(f(r) [ u,u). (31)

Proof. See [11]. 1

Lemma 6. ( An inequality of Hardy’s type.) Let m be a real number and
let ue D,. Then

(r™ p,u, p,u)Z (m—23)* (™~ u,u). (32)
Proof. We start from the commutation relation (see (22))
p,r2m =2 lp = —i2m—1)r*""?|D,.
Right- and left-sided multiplication by r'~™ gives
remp rm—rmp, "= —i(2m—1)E|D,.
Now, let ueD, and (excluding the trivial case) u#6, m+3. Then
v:i=r""!y+@, and we obtain:
Rm—1| vl =|(—i@m=1)v,v)|=|(""" p,r" v—r"p,r' " v, 0)
=10, " p, 0 = (7 p M v o) 2 0l [ p, el
hence after division by 2 ||v|| and squaring
(m=3)* ol rm p,r'=m ol

Revoking the substitution we get our assertion. [

§ 4. Selfadjoint Extensions of Dirac Operators

Let ge% (R?) be a real-valued function. We consider the formal

Dirac operator :
Ti=08-p+p+q(x)

(here we write conventionally §: =, and understand the vector operators
only in a formal sense) and associate with it the minimal Dirac operator T
given by

Tu=7u, D(T)=D,.

As an application of Theorem 1 we now state our main theorem.

Theorem 2. Let s€[0,1), k>1, ¢>1. Assume that q can be expressed
as q=q,+q, where q,e C°(R3), g, L*(R?) are real-valued functions
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with (r:=|x|)
17, s 12 1
oS sk oo+ o]

2
gp{fm+;—i~+%fvﬁ xeR3,

J€C'((0,2)) being a positive-valued function which is bounded from
above by (1—5)/2 ¢. Then there exists a bounded symmetric operator S such
that the operator

Tyi=r "2 r"X(T—-5)+S
is an essentially selfadjoint extension of T.

Remark. For s=0 the theorem reduces to an assertion we have essen-
tially proved in [11].

Proof. We shall apply Theorem 1. Therefore we identify the Hilbert
spaces equally denoted, in like manner the spaces denoted by D, D,,
respectively. Furthermore, setting

g:=t7"f(t) (0<t<),

1 .
Sor=, r @ +a) s +2re)gf—ig Bo,],
S:=Sy+¢q,, D(©S)=D(S,)=D,,
we make the following identifications:
Apg=0-p+f, C=igua,,
B=—-q,+S, (D(B)=D,), G=r"2

The symmetry and the boundedness of S are easy to verify. Since A4, is
essentially selfadjoint (see [11]) and the inclusions (i), (i), (iii) involved

hold. For then we have proved that the operator G~! G(A4,— B) is an
essentially selfadjoint extension of

A:=Ay—B=T—q,—q,+q,—So=T-S

from which the proposition of the theorem is evident.
Let ueD,. Then we have
I Agull®=i(a- p+B) ull=(p* u, u)+ lull* = u|?

so that (1) is satisfied with co=1.
24 Math Z., Bd 129
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Next, putting r:=G? u we get in virtue of Lemma 4, (23), Lemma 5,
(30), and Hardy's inequality (Lemma 6 with m=0):

1o 22402 0,0+ [0 = ({20 2w ),

It is clear that the right-hand side is greater than const lull? with a
positive constant which proves (2).

Now put w:=Gu. Then according to Lemma 4, (27), and Hardy’s
inequality we get

(Ao G—GAg) G wli = [ ) —r* 2 p)] 2w

2

“ io, —Ar ‘ w

=7 rmrw,w)S s (7 wow) 57 [ A w2,

so that (3) is fulfilled with any c,€e(l1, 1/s).
As to the inequality (4), we state that it is satisfied with ¢;=c. First
we obtain by means of the identities of Lemma 4:
Ay G* Agu—c*G*C*Cu
=@-p)r@-put+{GE -prp+priE - plutru—ctrgu
=p.rpu+r 2 Pu+sr AL+ Eu+ifoasr  utru—ctrigiu.

Using the inequalities of the Lemmata 5 and 6 and the assumptions of
the theorem we find

|GAgull? —c? ||GC ul|* =(Ay G* Agu, u)—c*(G* C* Cu, u)

: 1)\?
g(%—_z—) (2w u)+ (P2 2w u)— s 2 L2 uu)+ 500" 2 u,u)

—s(r tuu)+(Fuu)—c(f P P u,u)=20.

To verify the last inequality —with c4=ﬂ—we start from the
expression

§:=|G(Ag+ C)ull®> =k |G(B+ C)ul?
=(A, G? A0u+{A0G2 C+C* GZAO}M-I—G2 C* Cu,u)
‘k(GZ [(—q+ C*)+Se1(—q,+ O)+So] ”«“)-
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Some calculations yield:
(A, GECH+C*G* A u=(r*""fYu+2r 2 f(Ly+E)u+2ir [ fo,u,
ifo(s+2/)r tu=kG* [(—q,+ C*) So+So(—q,+C)]u,

Si= reA gt +qr) (s+2f)°

1
4k?
Regarding the assumption of the theorem we get with the help of the
relations of §3:
=0 p,u. pyu)+ (2 L2 uu)+5(r° "2 Lyu,u)+s(r' 2 u,u)

+i(Boay s uu)H )+ (f P ruu)+(s— D)2 fu,u)
T )+ 200 2 Ly, ) + 2007 2 fuu)+ (T 2 f B uu)
—k(r (g} +g)) )= k(GH[(— g+ C*) So+So (=g, + CO)] u.u)

1
—k (r"‘ Y r2 gt g s +2) ) . u)

eI | )
g({l e kg b )

R 1
+({1=s=2f}r 2 L uu)+ (r“{l —er”z(gz+q,2)"‘(s+2_f)2}u, u)
>0.
Thus (iv) is shown to be satisfied and the theorem is proved. 1

A more expllcn characterization of the constructed selfadjoint
extension Ty of T is given in the following theorem. We point out here
that under the above assumptions on ¢ the adjoint of T can be charac-
terized by

T*u=7u,

D(T*)={u|lueH,u;e H (R})(j=1,...,4), 7ueH},
H} .(R%) being the usual Sobolev space of I, .-functions which possess
local derlvatlvcs of first order in the distributional sense (cf. Evans [1]).

Theorem 3. Assume ¢ to satisfy the hypotheses of Theorem 2. Let TF
denote the restriction of T* to the subspace DY : =D(T*YnD(r?), o being
a real number. Then

o 1 s
T,=T}* ( «gagl——“). (33)

24*
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Especially T}, the restriction of T* to the subspace
u
D’{‘:{ulueH ueHL (R})(j=1,....4 H, | ‘—lq——d }
lR‘

is an essentially selfadjoint extension of T (its closure being equal to T; ).
1 : .
Proof. Let ()’6[7, 1—-%] . We proceed in two steps.

Stepl. T,= T},

Since T'< T, and therefore T, < T, = T < T*, it is sufficient to prove

the inclusion
D(T;;)ED(r""). (34)

We start from the elementary fact that there are two positive numbers
a,, a, such that the inequality

léal tZ:r—s_’_aZ t—(2~s—2rr)

holds for all te(0, o). Multiplying by ¢~ 2° we obtain an inequality from
which the relation
Ir=ul?<a, Ir="2ul® +a, P2~ |, ueD,, (35)

is obvious. On the other hand, connecting the inequalities (10), (6),

and (8) in the proof of Theorem 1 and replacing u by G~ u we get (ue D,):
IGAul| Zcs cs |G ull=cscg r™ 2 ul], (36)
IGAulZcqcq l|Ag Gull 23 ¢5 cq [Ir = ul],

where we have used Hardy’s inequality again. From the inequalities (35)
and (36) we easily infer
D(GASD(r").

Since Ty=Ag+S and S is bounded we get
D(Tg)=D(Ag)=D(G T GA)SD(GA)=D(r "),

which proves (34).

Step 2. T*<Tj.

It is sufficient to prove the symmetry of T* since in that case we obtain

TosTF=(TH,
hence o o
TF =(T)* =(Tof* =

Thus we have to show
Im(T*u,u)=0, ueD*. (37)
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Let ueD*, u+0O. Let p, R be numbers with 0<p<R and set
Lgi=i | {[7u(x)] u(x)—[u(x)] Fulx)} dx

Gy R

where G, g:={x|x€R? p<|x|<R}. Then obviously

=i {(T* u,u)—(u, T* u)} = lirr(x) I, g.
p—

Rox

Now it is our aim to apply Gauss’ theorem and then to estimate the bound-
ary terms. In general this is not possible since the functions in the class (') u
will not be sufficiently regular. However, according to a theorem of
Sobolev every class ve H) (R3) possess a distinguished representative
for which the restriction to the twodimensional spheres|x|=1 (0 <t <)
can be defined as a square integrable function; moreover, this represen-
tative allows the application of Gauss’ theorem (Ladyzenskaya-Ural’ceva
[6], Smirnov [13]: see also Kalf [3]). We assume the representative of
our ue D¥ to be chosen such that his four components have the mentioned
distinguished property. Then an easy calculation yields:

3 ou ' 3 ot
I o= L [ T ] I
ox G,I(.R %,; [a" ax.i] e Z’l% 0x; “

J

3
= S [ou()]) u(x)vydo=1,+1Ig,

2Gp.r j=1
where we put

3
I‘,:=—~L [ Y loyuliix;do.  Igi=— [ do.

P xj=p j=1 R |x]=R

Since the limits exist separately we have
n=lim 1, = lim [, 4 lim [y =g+ 7.

Now we show 7, =7,=0. If 7, would not be equal to zero, then for a
certain R, >0
0<i|p|S|IglSconst | [ul*do (RZRy).
|x]=R
Integration from R, to o leads to oo <|u||?> which is a contradiction
toue H. In order to prove 7, =0 we need the boundary condition ue D(r 7).
Assume 7,+0. Then for a certain p,>0 we have |I| 241yl (0<p=py),
hence with a positive constant
— Po
o> 7ul?2 [ |ux)?|x]7> dxZconst | p~2"dp=c0

|x| < po 0

which is absurd. This proves n=0 and so (37). 1
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Example. We consider the Dirac operator T with the Coulomb

potential I
q(x)= —W, xeRy,

u being a positive number. One easily verifies that the assumptions of
Theorem 2 are satisfied if the inequality

1-4p?=(1-s)? <4(1—p?)

holds (se[0,1) a suitable number) so that they can be fulfilled for any
u<l.

In the case y<%1/§ it is possible to choose s=0 so that T is seen
to be essentially selfadjoint (cf. Rellich [8, 10], Evans [1], Weidmann [15].
and [11]).

In the case 4 |/§<u<1 one must choose s> 0 (because T is no longer
essentially selfadjoint as we know!). Then according to Theorem 3 for
1<o<i+y/1—p? the closure of T* is constant and equals the dis-
tinguished selfadjoint extension T,. The special boundary condition
ueD(r~¥) can obviously be regarded as an expression for the finiteness
of the potential energy, just as in analogous cases for the Schrodinger
operator (cf. Kalf [3]), so that the distinction of T; becomes physically
conspicuous.
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Vanishing Tensor Powers of Modules

Roger Wiegand and Sylvia Wiegand

A module M over a commutative ring R is said to vanish if the tensor
product of some finite number of copies of M is 0. The smallest integer d
such that ®%*' M =0 is denoted by d,(M), and we set 4(R)=sup dx(M),
the supremum taken over all vanishing modules. In § 1 we show that if R
is noetherian then A4(R) is less than or equal to the Krull dimension of R.
The second section is devoted to a Z/(p™)-like construction over general
commutative rings, and some applications are given in § 3. In particular,
it is shown that if some proper ideal of R contains an R-sequence of
length d, then A(R) = d. In the last two sections we show that A(R/(soc(R))?)
=A(R) for every ring R, and that the vanishing R-modules form a (non-
hereditary) torsion class provided 4(R) is finite.

We make the standing assumption that all rings are commutative
and all modules and ring homomorphisms are unitary. When there is
no danger of confusion, we write M ® N for M ®g N, and 6 (M) for o (M).

1. Noetherian Rings

We begin with a simple necessary condition for a module to vanish,
which implies, in particular, that a non-zero vanishing module cannot
be finitely generated.

1.1. Proposition. If xM is a vanishing module, then Mp=PM, for each
prime P.

Proof. Let K=R,/PRp, and let V=Mp/PM,. Then, if ®; M =0, we
have 0=(®% M) ®x K=®%(M Q@ K)=®j% V. Since K is a field, this
clearly implies V=0, as desired.

If M is a vanishing abelian group, (1.1) says that pM =M for each
prime p, and M ® Q=0. In other words, M is a divisible torsion group.
Conversely, if M is divisible and torsion, clearly M ® M =0.

The converse of (1.1) is false in general. For example, let R be a ring
with exactly one prime ideal P, and suppose 0+ P=P2 (A suitable
homomorphic image of a non-discrete, rank 1 valuation ring will do.)
Then @, P maps onto P"=P, so P does not vanish, but F,=PF,. In §3
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we shall see that there are noetherian examples. On the other hand, if R
is noetherian and has finite Krull dimension, we have the following:

1.2. Theorem. Assume R is noetherian with finite Krull dimension d.
Then the following conditions on a module M are equivalent:
(i) M vanishes.
(i) ®*+'M=0.
(iiiy Mp=PM, for each prime ideal P.

Proof. (ii) = (i) trivially, and (i) = (iii) by (1.1). To prove (iii) = (ii)
we may assume R is a local ring with maximal ideal .Z. We proceed by
induction on d. If d=0, then .# is nilpotent, and we have M=. /M =---=
H"M=0. Now assume d>0, and set N= ®“ M. Then, for each prime
P+ ./, we have Np= ®’}<P M, =0, since R, has Krull dimension at most
d—1.

Let F be an arbitrary finitely generated R-submodule of N, and let
be the annihilator of F in R. Let P be an arbitrary non-maximal prime.
Then since N, =0, we have F, =0, and since F is finitely generated, I &£ P.
Therefore either I =R or .#/I is the unique prime ideal of R/I, and in
either case .#"<I for some n. Therefore FQM=F® . 4"M=.4"F®M
=0. Finally, ®*' M=N @M =1lim(F ® M)=0.

F
If we let dim(R) denote the Krull dimension of R, then (1.2) implies
that 4(R)<dim(R) for noetherian rings R. In §3 we shall see that if K
is a field then A(K[x,,...,x,])=d, so that the estimate given above
cannot be improved in general.

2. M-Sequences

Let M be an R-module and let x,, ..., x, be elements of R. Then
(X, ..., x,) is said to be an M-sequence provided

(i) Foreach j(1<j<d), x;isa non-zero divisor on M/M(x,,....X;_y),
and

(i) M(x,,...,x)*F=M.

Remark. Let k be an integer (1<k<d). Then (x,...,x,) is an M-
sequence if and only if (x,, ..., x,) is an M-sequence and (x; ... X,) is
an M/M(x,, ..., x,)-sequence.

Given an arbitrary sequence x,, ..., x, in R and an R-module M, we
let [M; x,, ..., x,] denote the direct limit lim M/M(x{, ..., xp), with re-

n
spect to the maps ¢, - M/M(x], ..., x§)— M/M(x], ..., x;) induced by
multiplication by (x, ... x,)"~™ (The notation M/M(x{’, ..., x;) would
be more suggestive, but is more cumbersome.) The next lemma will not
be used until the next section, but this seems to be an appropriate place
to record it.



Vanishing Tensor Powers of Modules 353

2.1. Lemma. Let M be an R-module and let x,, ..., x,€R.
(a) For each permutation m on {1, ...,d},

[M: Xo0ys oo X LM x5, X]
(b) For each R-module N,
M@[N:x, s X =M @N; xp,....x,4].
(c) Foreuch j(1<j<d),
[[M; X X X s X = IM X X ]

(d) For each xeR, [M; x, x]=0.

Proof. The proofs of (a), (b), and (c) are straightforward. To prove (d),
simply note that ¢, ,, is induced by multiplication by x2(=m: hence
(pZnAn(M/M Y"):0

We will need the following technical lemma, part of which occurs as
an exercise in [2]:

2.2. Lemma. Let (x,, ..., x,) be an M-sequence, and let n; be positive
integers (1< j<d). Then the following are true:

(A) (X, ... x}") is an M-sequence.

(B) If aeM and ax;e M(x}',....x}) for some i, then

n,—1

ae M(X, .o xtop X T X L ).
Proof. We show first of all that

Mx;nM(x,,....: Xg)=Mx(x5....,Xy).
Obviously

M X (Xy, oo, X)) EM X, A M (x5, ..., X,).
For the reverse inclusion, let

aAX|=dy Xy+ - +d;X,.

Then a;e M(x,,....x,_,), and we may write

ax,;=b, X, 4+ +by_ X4 Fex;x,.

Then h,_,€eM(x,, ..., X,_,), and we can repeat the process, eventually
getting a x,e M x,(x,, ..., x,), as desired.

We can now verify the following special case of (B):

(B) IfaeM,n=1,and a x,e M(x{,x,, ..., x,), then aeM(x} 71 x50, X).
To see this, write a x, =b X} + ¢, where ce M(x,, ..., x,). But then ce M x,,
50 ceEM x,(X,, ..., x,). Since x, is a non-zero divisor, (B') follows.
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Next, we prove a special case of (A), namely:

(A’) Foreach nz1, (x{,x,,...,x,) is an M-sequence. Since (A’) is
obvious if either n=1 or d=1, we may assume inductively that n>1,
d>1,and (x]7', x;, ..., x,) and (x}, x,, ..., x,_,) are both M-sequences.
Suppose ax,e M(x], x,,...,X,_y). Then aeM(x, x,,...,x,_;), and we can
write a=bx, +c, with ce M(x,,...,x,_;). Then bx, x,e M(x],x,,....X,_),
and, by (B') bx,e M(x} ™", x5, ..., x,_;). But then be M(x] ™", x5, ....x,_ ).
Since a=bx,+c¢, we have ae M(x],x,,....x,_;), and (A') is verified.
Statement (A) follows immediately, by induction and the remark at the
beginning of this section.

Finally, we prove (B). Set y;=x} (1= j<d),and let N=M(y,....v; ).
By (A), (X, )i,1s---» Vg) 18 an (M/N)-sequence, and, letting d=a+ N, we
have

ax;e(M/N)(X{, yii1s s Vo)
By (B),
ae(M/NY(X " Yipts oo V),
and

, 1 ,
AEM Yy, s Vi s X1 3 Vigts oo V)

2.3. Theorem. Let (x,, ..., x,) be an M-sequence. Then the induced maps
Oumt MIM(XT, ..., x3) > M/M(X], ..., x3) are monomorphisms. In par-
ticular, [M; x,, ..., x,] +0.

Proof. By 2.2(A) it will suffice to show that ¢, , is a monomorphism.
Suppose aeM and a x, ... x,e M(x3, ..., x7). Then

2 2
ax,...x;_eM(XT, ..., x5_1, X)),

by 2.2(B). Repeating the process, we eventually get ae M(x, ..., x,), as
desired.

The construction of [M; x,, ..., x,] was inspired by a conversation
with David Eisenbud, who has shown (unpublished) that if (x,, ..., x,)
is an R-sequence generating the maximal ideal P of a regular local ring R,
then [R; x,, ..., x,] is the injective hull of the R-module R/P. Using (2.2)
one can prove in general that [M; x,,"..., x,] is an essential extension of
M/M(x,, ..., x,), provided (x,...,x,) is an M-sequence. Of course,
[M;x,,...,x,] may fail to be injective.

3. Applications

3.1. Proposition. Let S=R[x] be the polynomial ring in one indeter-
minate over R. If A(R)= oo then A(S)= oo. If A(R)< 00, then A(S)Z A(R)+1.

Proof. It will suffice to show that if 6, (M)=d then

3s((M ®gS) @ [S; x])=d+1.
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We first observe that if 4 is any non-zero R module then (x) is an
A ®p S-sequence. (This is best seen by thinking of 4 ® S as the module
of polynomials with coefficients from A.)

Now if 04 (M)=d, we have ®%*'(M ® S)=0, and since
[S: x]®s[S; x]=[S; x. x]=0,
it follows that ®§*2((M ®x S)®[S; x])=0. On the other hand,

5§ M @ S) @ [S: x])=(®5(M @ S)) ®s[S: x]
=((®% M) ®% S) ®s[S; x]1=[(®; M) ®% S; x]+0,
by Theorem 2.3.
Combining this result with Theorem 1.2 we have the following fact:
3.2. Corollary. If K is a field then A(K[x,, ..., x,])=n.
Actually, Corollary 3.2 is a special case of a much more general result.

3.3. Theorem. I/ some R-module M admits an M-sequence of length d,
then A(R)=d.

Proof. Let (x|, ..., x,) be an M-sequence, and let
A=[R: x] @@ [R: x,].

From Lemma 2.1 we see that ®*'4=0, and ®'A4=[R; x,,...,x,].
But then M ®(®'A4)=[M; x,,....x,]+0 by Theorem 2.3. Therefore
®"A+0.

The problem of determining A4(R) is really a local one. The fact
that A (R)<sup4(R;), P ranging over all maximal ideals, is easy, and
has already been used (in the proof of Theorem 1.2). We prove the
reverse inequality in a somewhat more general setting.

34. Lemma. Let R — S be a ring homomorphism, and assume the
multiplication map S®zS— S is an isomorphism. Then, for each S-
module M, ®¢ M ~ @y M. Therefore A(S)< A(R).

The proof is a straightforward juggling of associativity formulas.
We record the following immediate consequence:

3.5. Proposition. For each ring R,
A(R)=sup{4(Rp)|P maximal} =sup{A(Rp)|P prime}.

Recall that a Cohen-Macaulay ring is a noetherian ring R such
that R, contains an R ,-sequence of length dim(R) for each maximal
ideal .#. Combining (1.2), (3.3), and (3.5), we have the following
observation:
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3.6. Corollary. If R is a Cohen-Macaulay ring then A(R)=dim(R).

3.7. Proposition. If A(R)=0 then dim(R)=0, that is, prime ideals
are maximal.

Proof. If dim(R)>0, then R maps onto a domain S that is not a
field. If O%x is a non-unit of S, then &4[S; x]=1. Hence, by (3.4),
4(R)z4(S5)= 1.

G. Sabbagh has pointed out that the converse of (3.7) is false in
general. For, suppose f: R— S is a non-surjective ring homomorphism
satisfying the hypotheses of (3.4). Then it is readily verfied that the
cokernel of f'is a vanishing module, and hence 4(R)>0. Lazard [4, V.
Proposition 3.2] has constructed a ring R of Krull dimension 0 that
admits such a homomorphism.

We conclude this section with an example of a noetherian ring R
for which 4(R)= 0.

3.8. Example [5, p.203]. Let K be a field and let P be the prime
ideal of the polynomial ring K[x,, x,, ...] generated by

s

Thus F=(x,), P, =(x,, X;),.... Let S be the intersection of the comple-
ments of the P, and let R=S""'K[x,x,,...]. Then R, ; contains an
Rp g-sequence of length i, and it follows that A(R)= . It is known
[5, p. 203] that R is noetherian.

This example also shows that the converse of (1.1) can fail, even
if R is noetherian. In fact, if R is an arbitrary ring such that A(R)=x
then there exists a non-vanishing R-module M such that M,=PM,.
To see this, choose, for each i, a module M, such that i<d(M;)< 0.
Clearly, M=® Z M, is not a vanishing module.

IIA

i(i;])éj i(i;l)}

4. Semiprime Rings
If M is an R-module we denote by z(M) the singular submodule
of M, that is, the set of elements x such that (0: x) is an essential ideal
of R. It is well-known and easily checked that R is semiprime (has
no non-zero nilpotent elements) if and only if z(R)=0.

4.1. Lemma. If R is a (von Neumann) regular ring then A(R)=0.
Proof. Apply (3.5), noting that R, is a field for each P.

4.2. Theorem. If R is semiprime and M is a vanishing R-module,
then z(M)=M.
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Proof. Let Q be the maximal quotient ring of R. By [3, §2.4] Q is
a commutative regular ring. Also, by [3, §§4.3,4.5], Q is injective as
an R-module.

Now suppose M is a vanishing R-module, say ®z M =0. Then
0=(®r M) @ 0=®H(M ®; Q), and by (41, M®zQ=0. Now
rQ < xHomg (Q. Q) via multiplications; hence

Homg (M, Q)= Homy (M, Homg(Q, Q))=Homg (M ®; Q, 0)=0.

Since gQ is injective, it follows that Homg(Rx, Q)=0 for each xeR.
If (0: x) is not essential, choose 0= yeR such that (0: x)n Ry=0. Then
x -y determines a non-zero element of Homg (R x, Q), a contradition.

4.3. Corollary. Let I be an ideal contained in the socle of R. Then
A(R/I?)=A(R).

Proof. By Lemma 3.4, 4(R/I*)< A(R). To prove the reverse inequality,
it will suffice to show that 1> M =0 for every vanishing R-module M.
Let xe M and let J be the prime radical of R. Since M/JM is a vanishing
R/J-module, (4.2) implies that (JM : x) is an essential ideal of R. There-
fore I<(JM:x), and I?x<IJM. But clearly I1J=0, so I>x=0, as
desired.
5. A Torsion Theory

By a torsion class, we mean a collection of R-modules closed under
homomorphic images, arbitrary direct sums, and group extensions [1].

5.1. Theorem. The vanishing R-modules form a torsion class if and
only if A(R)< 0.

Proof. If A(R)=c0, we have already seen (at the end of §3) that
one can find a collection of vanishing modules whose direct sum is
not vanishing. Conversely, assume 4(R)=d.

Claim. If M, ..., M, are vanishing modules, then
M® @M, =0.

To see this, set M=M,®---®M,_,. Then M is clearly vanishing,
and if M, ®-®M,,,+0, we would have ®**'M=+0, contradicting
A(R)=d.

It follows from the claim that an arbitrary direct sum of vanishing
modules is vanishing. Clearly, a homomorphic image of a vanishing
module is vanishing. Finally, let 0—>A4—>B— C—0 be an exact
sequence, with 4 and C vanishing. For each i,j, k=0, let D, ; ,=
(®A)®(®'B)®(®"C). We show by induction on j, that D;;,=0
whenever i+ j+k=d+1. If j=0, this follows from the claim above.
Now if i+(j+1)+k=d+1, we tensor the original exact sequence with
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D;jtoget Dy =Dy = Dijayy 0 Itfollows that D, ;. =0,
and the induction is complete. Setting j=d+1, we have ®‘*'B=0,
as desired.

Note added in proof. M. Hochster has recently shown us that by interpreting the module
[R:x,....,x,] in terms of local cohomology, one can prove that .1(R)=dim(R) for every
noetherian ring R.
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Some Remarks on the Bohme-Berger
Bifurcation Theorem

Floris Takens

1. Introduction and Statement of the Results

This paper originated from an attempt to give a rigorous proof
of Berger’s bifurcation theorem [1; 10.8]. In the mean time Bohme [2]
gave a good proof of this theorem in an even greater generality than I
intended to. In this paper we give some related results which, 1 hope,
will give a better understanding of the “topological meaning” of this
theorem.

The theorem, mentioned in the title, concerns eigenvalue problems
of certain non-linear operators on real Hilbert space which are invariant
under the involution “ —id ™ and which are of “gradient type”. More
precisely, it concerns the solutions of the equation

L)+ ¢y (u)=A(u+d,(u) (1

depending on 2€R for u in some real Hilbert space H. In this equation
L is supposed to be a self adjoint (linear) operator on H and ¢, and ¢,
arc supposed to be of gradient type, i.e. for certain functions F, and F,
on H we have ¢;(u)=(grad F;)(u). Moreover we assume that (1) is
invariant under —id, ie. L(—u)=—L(u) and ¢;(—u)=—¢,(u) for
i=1,2. We also assume that d¢;(0)=0 for i=1, 2.

Before we state the results, we want to point out that finding
solutions of (1) is equivalent with finding critical points of a certain
function depending on A, namely:

Let F, and F,, as above, be such that ¢,(u)=(grad F)(u) and let the
quadratic function Q be defined by Q(u)=4<{L(u), u)>. Then it is clear
that u, is a solution of (1) for A=4, if and only if u, is a critical point
of K;,: H-R; K, is defined by

Kzl,(“):Q(“)+Fx(“)—'10(% ““||2+F2(u))~ (2)

As the results, we want to prove, are essentially about the finite dimen-
sional aspects of (1) (or (2)) we shall assume from now on that H is
finite dimensional.

We first restate the theorem of Bohme and Berger for our (finite
dimensional) case.
25 Math 7, Bd 129



360 F. Takens:

Theorem 1 [2]. Suppose, in Eq.(1) above, i, is an eigenvalue of L
with multiplicity r and suppose also that ¢, and ¢, are at least C! [it
is of course also assumed that ¢, and ¢, are of gradient type, that (1) is
invariant under ** —id” and that d$;(0)=0].

Then there is for every 6>0 an ¢>0 such that, for each ce(0, ¢), there
are at least 2r points py, ..., py,€H with } || p;|>+ F,(p)=c (F, as in (2))
and with, for each p;, a real number A, |i;— A,| <0, such that p, is a

solution of
/ L)+, )=, -+ 6 )
Lor p; is a critical point of K, ].
This theorem suggests the following

Problem 1. Does Theorem 1 remain true if we replace the condition
“3p:I*+F(p)=c" by “R(p))=c for some fixed C*-function R: H— R
with R(0)=0, dR(0)=0 and d* R(0) positive definite (i.c. with

*R

i,jz=1 (au,- auj) (0) u; u;

a positive definite quadratic form)”?

or even the following

Problem 2. Is it true that, under the hypothesis of Theorem 1, there
is an >0 and at least 2r pairs (p;, A;) with ||p;|*=¢, p; a solution of (1)
for A=74; and such that each (p;,/;) is in the same arcwise connected
component of S as (0,0); S={(ug, Ao)e Hx R|u, is a solution of (1) with
A=1lo}?

We shall show that the answer to these questions is in general no.

Theorem 2. There is a C*-map ¢,: R? - R2, gradient of a C*-
Junction Fy, with ¢,(0)=0, d¢,(0)=0 and ¢,(—u)= —¢,(u), and there
is a C*-function R: R*> - R with R(0)=0, dR(0)=0 and d* R(0) positive
definite such that, for some sequence {c;}, of positive real numbers
with lim ¢;=0, no solution of

1= 0

G (u)=71-u (')
(for any 2eR) lies in R™(c;), i=1,2,3, ....

Remark. In Theorem 2 we wrote R? instead of H. This was not
only done in order to make the explicite construction of ¢,, R and
{c;}i~ o easier but also because the theorem is wrong in case we replace
R? by an odd dimensional Hilbert space:

! After this paper was submitted, a paper of R. BShme (Math. Z. 127, 105-126 (1972))
appeared, containing also a proof of this theorem.
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Theorem 3 (see also [2; Satz 1] and [4, Ch. 1V, §2, Theorem 2.1]).
Let H be an odd (and finite) dimensional Hilbert space. Let ¢,, ¢,:
Hx R —H be C' maps with, for each i€R, ¢;(0,)=0 and d¢,;(0, 1)=0
(we do not require this time that ¢, is of gradient type or that ¢;(—u, 1)=
—¢i(u,4)). Let R: HXR >R be a C? function with, for each ieR,
R(0,4)=0, dR(0,1)=0 and d*R;(0) positive definite (R, is defined by
R, (u)=R(u, 7).

Then there is for each 6>0 an ¢>0 such that, for each c€(0, ¢), there
is at least one point (p, 2)e H x R with R(p, A)=c, |4|<d and

¢1(P»)~)='1'(“+¢2(p,/1))- (1”)

Remark. Using Theorem 3 one can show that if in Theorem I
“Ilp:lI*+ Fy(p)=c" is replaced by “R(p;)=c for some fixed C?-func-
tion R: H— R with R(0)=0, dR(0)=0 and d*?R(0) positive definite”
and if r (the multiplicity of 4,) is odd, then there is at least one (instead
of 2r) solution (p.4) for each ce(0,¢); hence under the assumptions
of Theorem 3, the answer to Problem 1 is affirmative. 1 conjecture that
under these assumptions also the answer to Problem 2 is affirmative.

2. Proofs of the Theorems

For a complete proof of Theorem | we refer to [2]. Here we give
a proof for the special case that r=dim(H) because this proof has a
strong relation with the proofs of the Theorems 2 and 3. Our proof is
essentially the same as in [2].

2a. The Proof of Theorem 1 with r=dim(H)

Without loss of generality we may assume that 1,=0; this means
that L=0. We take ¢,>0 so small that for each c€(0, ¢,],

S.={peH|}|p|*+F(p)=c}

is a sphere (of dimension (r— 1)) and such that the map S, — S"~!, which

. . u . . .
assigns to each ueS, the unit vector ——, is a diffeomorphism. Because

[l
of symmetry (F,(—u)=F,(u)), S, is invariant under the involution
“—id”. We now consider, for arbitrary ce(0, &y], the function F,|S.
(F; was the function with ¢, (u)=(grad F}) (u)). Also F, is invariant under
“—id”, so we can make the following commutative diagram

~_ FilS.
~

25%
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where n is the projection map which identifies ueS, with —ueS,;
F, is determined by the requirement that the diagram commutes. Note
that P is diffeomorphic with the (r— 1)-dimensional projective space;
from this it follows, using Lusternik-Schnirelman theory [5], that F,
has at least r critical points on P. Hence F,|S, has at least 2r critical
points (n is a double covering). Let peS. be such a critical point of
F|S.; we then have, for some y, dF,(p)=pu-dF;(p), where F;(p) stands
for Jllpl*+F,(p). Hence it follows that p is a critical point of
K,=F—uF;.

Finally we have to show that if we take ¢ small, then the correspond-
ing values u for peS,, and p a critical point of F,|S,, also become small.
This is proved as follows:

For some constant A>0 we have that for each peS,, ce€(0,¢,],
ldF;(p)||= A ]/; On the other hand, because dF,(0)=0 and
d*F,(0)=0, there is some continuous function o: R, - IR,, with
2(0)=0 (R, -—-{tEIR|t>0} such that, for each peS,, ce(0,¢],
ldF(MISY ¢ a()/ ).

From this it follows that if peS, is a critical point of F,|S,. then
the corresponding u satisfies

the righthand side of this expression goes to zero for ¢ — 0. This com-
pletes the proof.
2b. The Proof of Theorem 2

We consider the annulus 4={(x,,x,)eR|x}+x%e[1,4]}. Cc A is
the curve given by $x?+ix3=1. First we want to construct a C*
function f: R? —» R with

(i) fx)=[(=x),
(i) sup(f)<=A,
(iii) for each ceC, (x1

of af 1
;2 , Jio=t

To construct such f we first defme a smooth function f on a small
closed neighbourhood U of the four points (0, +1/3 and +|/2 0)
in IR? such that f; satisfies (i) and (iii) (one has to take U so thdt X€e U
implies —xeU). If we take the four components of U (one for each
of the four points) small enough, such f; can clearly be constructed.
Next we extend f; differentiably over all of Cu U such that (i) still
holds. In each point ce C\U we then have the following situation:

0

(
Xi—=———X,
0x, 0x,

is not tangent to C; the directional derivative of f,
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along C is given (because f, is defined on C) and by (iii) the derivative
of f; (or rather of an extension of f; over R? satisfying (iii)) in the
direction x, 7i~—x2 ;7
X3 0 Xy
extension f; of f;| C, satisfying (iii), in each point of ce C is determined
and depends C” on ¢ Let f;: R? > R be such that f,|C=/,|C and
such that in each point ce C the 1-jet of f, is such that (iii) holds. It is
clear that f, and f, - (—id) have, in each point ce C, the same 1-jet (this
is because f, satisfied (i)). Hence f3: R? - R, defined by f3(x)=
1 f5(x)+ 1 f>(—x), satisfies (i) and (iii). Finally we take f (x)=4(l|x]}) - f3(x)
where 4 is some C*-function with 4([}/2,1/3])=1 and Z(R~[1,2])=0.

is given. This means that the 1-jet of any

Using the above function f we write F,(xy,x,)= Y o f(2'x;,2'x,),
i=0

where the sequence {o;}7_o, %;€R, 2;>0 is so that the C' norm of
%, f(2'x,,2'x,) is smaller than 27" From this condition it is clear
that F, is well defined and C~.

For R we take R(x,,x;)=2x?+3x3. We now want to show that
the sequence ¢;=2"2% i=0,1,..., satisfies the conditions in the con-
clusion of Theorem 2 with ¢, (x)=(grad F}) (x).

Let x=(x,,X,) be some point of R™'(c;) for some i. Then, by
definition, 2' x=(2' x,, 2" x,) is a point of C=R~'(1). From the definition

. °F, oF, .
of F, it then follows that (xl—ﬁ;~—x2 o )(c):i:O. Hence, for no 1€ R,
SN2 S

x is a critical point of K, (defined by Ki(x)zFl(x)——% [ x|1?). Hence
there is no /4 for which x is a solution of ¢,(u)=A4-u; this proves the
theorem.

2¢. The Proof of Theorem 3

We first fix a 6>0. Then we take an ¢ >0 such that for each
ce(0, )  R'(c)n{(u, e H x R||A|£6} is diffeomorphic  with
§"~'x R: n=dim(H). Next we take an &,€(0,¢,) such that, for each
ce(0, ¢,), the map ¥.: {(u, A)e H x R|R(u, )=c and A6} -»8"" %
[—0. +0], defined by ¥ (u, 1)= (WZTI z), is a diffcomorphism. Finally
we take £e(0, ¢,) such that in each point (u, A)eR™'(0, £] with A=+,
resp. A=—0, {[A-u+i-dy(u )= (u,A)],uy>0, resp. <0. Such ¢
exists because for each A, ¢,(0,1)=0 and d¢;(0,1)=0.

To prove the theorem we have to show that, for any ce(0,¢),
{(u, A)|R(u, A)=c, |A]| £} contains a solution of (1"). Suppose that, for
some fixed ce(0,¢), {(u, A)|R(u,A)=c and |A]<0} does not contain a
solution of (1”); we shall derive a contradiction from this assumption.
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Consider the map ¢¥."': §" " 'x[—3J, +5]—>S""! where ¥ is as
above and
, Arutd-dy(u, A)—y(u, ) _
D(u, )= -@|Im(¥!
B VTR S MR N0 AL
is defined if and only if Im(¥,~')={(u, 1)|R(u, A)=¢ and |1|<J} does
not contain any solution of (1”).
Because in each point of R™'(c) with A=+, resp. A= —J, we have
[A-u+i-dy(u, A)— oy (u, 1)], uy >0, resp. <0,

QY S "I x {6} S"Ix{—d} 8!

is homotopic with the “antipodal map™ and
QY S Ix {+8): ST Ix {48!

is homotopic with the “identity”. As in our case n=dim(H) is odd
and hence n—1=dim(S""') is even, the identity and the antipodal
map of §"~! to itself are not homotopic [3]. On the other hand, ¥, !
realizesa homotopy between @, '|S" ' x { —5}and ¥, '|S" ! x { + 6} :
this is the required contradiction.
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On the Second Cohomology Groups
of Semidirect Products

Ken-ichi Tahara

Introduction

Let G be a finite group, then H*(G, Z) is canonically isomorphic to
H?(G, ©Q/Z), which is called the Schur multiplicator of the group G. In
general we study H*(G, A), where 4 is a G-module with trivial G-action.
The second cohomology group H?(G, A) is the additive group of 2-co-
cycles taken modulo the subgroup of 2-coboundaries, where a map
f:GxG-»Alisa2-cocycle on G if and only if f satisfies the following:

f(O', T) ‘f(P g, T) +f(P’ O'T)—f(p, G):O (p’ a, IGG)~

and f'is a 2-coboundary on G if and only if there exists a map g: G— A
such that ‘
fle,0)=g(0)—gle)+glo) (0.7€G).

Lyndon [5] proved that if a finite group G is the direct product of its
normal subgroups N and T, then the cohomology group H"(G, A) of G
with a coefficient module A with trivial G-action is related to the com-
pound cohomology groups H*(T. H""¥(N, 4)) 0=k =n).

In this paper we show that, when G is the semidirect product of a
normal subgroup N and a subgroup T, then

H*(G, A)=H?(T. A)® H*(G, A),
and we have the following canonical exact sequence
0 > H' (T, H'(N, A) > H*(G, A)—"=— H*(N, AT
%, H2(T,H'(N, A)) > H*(G, A).

where Hi(G, A)is the kernel of the restriction homomorphism H{(G, A)—
H(T, A). When both N and T are finite cyclic subgroups, the homo-
morphism d,, and H?(G, A) hence H?*(G, A) can be determined com-
pletely for an arbitrary G-module 4 with trivial G-action. As its applica-
tion, the Schur multiplicator of a semidirect product of cyclic subgroups
is concretely computed.

The author would like to express his appreciation to Professor
Y. Akagawa who pointed out to him an error of the first draft of this
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paper, and also to Professor T.Oda for his helpful suggestions and
encouragement during the preparation of this paper and for his critical
reading of the manuscript.

§ 1. Theorems

Let G be a finite group, and let A be a G-module with trivial G-action.
Then it was shown by Eilenberg and MacLane [3] that the cohomology
group H"(G, A) is unaffected even if we restrict ourselves only to those
n-cochains f which satisfy f(g,,g,,...,2,)=0 whenever one of the
arguments g; is 1 (=the identity element of G). Since this condition is
very useful in computation, we henceforth assume that all cochains
satisfy the condition.

If G=N-T is the semidirect product of a normal subgroup N and a
subgroup T, then every element g of G is uniquely represented in the form
g=nt (neN, teT), and for any neN, teT,

th="'nt  with '"n=tn¢".

Proposition 1. Let G be the semidirect product of a normal subgroup N
and a subgroup T, and let A be a G-module with trivial G-action.

(I) Let a map f: G x G— A be a 2-cocycle on G. Then f can always be
normalized up to cobcundaries as follows :

(*) J(N, T)=0,
and hence

@ fnt,n' )= f(t, )+f(t,n)+f(n','n')  (m,n'eN, t,{'eT).

We call such a 2-cocycle f a normal 2-cocycle. Thus a normal 2-cocycle
S on G is determined uniquely by f |y, v, flr 7 and 1, -

(I1) Thedataf |y, y.f |7« andf |y, y determine a normal 2-cocycle on G
if and only if they satisfy the following :

(b) fiis a 2-cocycle on N,

(c) fiis a2-cocycle on T,

(d) f(te,m)=f(t',n)+f(t,"n) (neN,t,t'eT),

(€) f(n,n)—f(n,'ny=f(t,n)—f(t,nn')+f(t,n') (n,n'eN, teT).

Proof. For the discussion in this proof, it is more convenient to treat
the law of composition of A as multiplication. There is a one-to-one

correspondence between the elements of H?(G, A) and the classes of
equivalent central extensions

l1-A—->I->G-1,
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and giving a 2-cocycle f representing a cohomology class corresponds to
giving a section n: G — I1, via the relation

/(g g)nlgg)=n(g) n(g) (g g€G).

It is clear that a 2-cochain f satisfies (+) if and only if the corresponding
section satisfies

(%%) n(nty=n(n)n(t) (neN,teT).
Hence the normalization () of 2-cocycles on G is obvious, and since
nntyn(m O)=f(nt,n't)Ynmen't)y=f(nt, ' tYc(n'n'tt’y (n,n'eN,t,t'eT),
and the left hand side is equal to
) n(t)n(n)n(t)y=nm) f(t, ) n(n) () n(t)
=f(t,n) f(n,'n)f(t,tYm(n'n'tr’),

we have (a). To prove (I1), suppose f satisfies (), and let n be the cor-
responding section satisfying (xx). Since

n(yam=[tn)aen)=f(t,n)z(nt)=f(t,n)n(n) () (neN,teT),
it follows that

) nm) @) '=f(t,ma(n) (neN,teT).
By replacing t by tt" or n by nn’ in the above relation, we easily get (d)
and (e), respectively.

Conversely it is easy to show that a map f: G x G— A satisfying the
relations (a) ~(e) is a 2-cocycle on G. Q.E.D.

Let H'(G, A) be the kernel of the restriction homomorphism
res: H(G, A)— H(T, A).
Then by the splitting of the exact sequence
1 »N->G »G/N—1,

rn
%
T

H(G, A=H(T, AA® H'(G, A)  (iz1),

we see that

canonically.

Theorem 2. Let G be the semidirect product of a normal subgroup N and
a subgroup T, and let A be a G-module with trivial G-action. Then

(I) H*(G, A)~H*(T, A) ® H*(G, A) canonically.
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(IT) We have a canonical exact sequence
0—H'(T, H'(N, A))—H*(G, A)—"*> H*(N, A)"
—% L HY(T, H'(N, 4)) > H*(G, A).

where T acts on H'(N, A)=Hom(N, A) and H>(N, A) via the canonical
action induced by conjugation of T on N, and H*(N, A)" is the subgroup of
T-invarients. The homomorphism res: H*(G, A)— H?*(N, A)" is induced by
the restriction map res: H*(G, A)— H*(N, A).

Proof. Let Z. =ZZ(G, A) and B2 =B2(G, A) be the groups of normal
2-cocycles and 2-coboundaries, respectively. By Proposition 1, we have
H?(G, A)=Z}/B}. Let Z? be the subgroup of elements f of Z2 for which
f(T, T)=0. Put Bl=72 mBZ Then by Proposition 1, it is easy to see
that H%(G, A)~Z? /B because_/ is an element of B? if and only if there
exists a map v: -‘»A with v(1)=0 such that

ft,m)=v(mn)—v(n) (neN,teT),
and f,n)y=v(m)—v(mn)+v@#)  (n,n'eN).
By Proposition 1, the homomorphism sending fto (|, n. fly.x) is an
injection 55 . | 2
Z:>Z'(T, C'(N, A))® Z*(N, A).
Its image consists of elements (u, h) satisfying

h(n,n)—h(n,'ny=u(t,n)—u(t,nn)+u(t,n’) (n,n'eN,teT). (1)

We identify Zi with its image in the right hand side. The subgroup
consisting of elements (u, 0) withue Z' (T, H'(N, A))is obviously contained
in Z2. We identify Z'(T, H'(N, A)) with its image in

Z'(T, C'(N, A)) ® Z*(N, A).
It is straightforward to see that
B2~ Z'(T, H'(N, A))=B'(T, H'(N, A)).
Thus we have a canonical injection .
H'(T, H'(N, A))— H*(G, A4).
Consider the homomorphism p: Z2 - Z*(N, A) sending (u, h) to h.

Lemma 3. p_l(Bz(N,A))=Zl(T; HI(N’ A))—}—f)‘i

Proof. Let (u, h) be an element of Z2 with he B*(N, A). Then there
exists a map v: N — 4 with v(1)=0 such that

h(n,n)y=v(m)—v(mn)+v(n) (n,n'eN).
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By (1), we get
{u(t,n)—vm)+v(n)} +{u(t, n)—vn)+o(n))
={u(t,nn)—v(mn)+v(mn)  (n,neN, teT).
Thus u'(t, n)=u(t, n)—v(n)+v('n) is in Z'(T, H'(N, A)) and (u', 0) is con-
gruent to (u, h) modulo B2. Q.E.D.

Proof of Theorem 2 ( continued ). So far we obtained a canonical exact
sequence :
0->H'(T, H(N, A))— H*(G, A)—2— H?*(N, A).

Moreover p is obviously induced by the restriction map res: H? (G, 4)—
H?*(N. A). By (1), the image of p is contained in H2(N, A)T.

Next we define a canonical homomorphism
dy: H*(N, A)"— H?*(T, H'(N, A)).

Let h: Nx N—>A4 be a 2-cocycle on N representing a cohomology class
of H*(N, A)". Then there is a map u: T x N — A4 with u(1, n)=u(t, 1)=0
(neN, te T) such that

h(n,n)y=h('n,"WY=u(t,n)—u(t,nn’)+u(t,n’) (n,neN,teT).

Consider (dy (. ¢,m)y=u(t’,n)—u(tt,n)+u(t," n).

d, h is easily seen to be contained in Z*(T, H'(N, A)). We now show that
this d, gives rise to the sought-for homomorphism. Suppose h': N x N— A
is another 2-cocycle cohomologous to h. Then there existsa map v: N— A4
with ¢ (1)=0 such that

Wnon)=hmnn)y+cm)—cmn)+c#) (n,n'eN).

Let u: TxN ->A be a map with u'(1,n)=u'(t.,1)=0 (neN, teT) such
that

W(n,n)=h(n'n)y=u(t,n)—u (t,nn)+u'(t,n) (n,neN, teT).

Then w(t, n)=u'(t, n)—u(t, n)—v(n)+v(‘n) is easily seen to be contained
in C'(T, H'(N, A)). It is straightforward to see that

(dy W) (e, t',n)y=(d, h)(t, ¢, n)+w(t',n)—w(tt,n)+w(t,"n) (neN,t,t'eT).

Thus d,: H*(N, A)" — H?(T, H'(N, A)) is well defined.

To show the exactness of the sequence, suppose d, h is cohomologous
to 0. Then there exists we C'(T, H'(N, A)) with

(dy (e, ', n)=w(t',n)—w(tt,n)+w(t,"'n) (neN,t,t'eT).
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Then
u(t,m)y=w(t,n)+z(t,n) (neN,teT),

with z(¢',n)—z(tt',n)+z(t,"n)=0 (neN, t. ' € T), and

hin,n)=h('n,'"ny=z(t,n)—z(t,nn')+z(t,n’) (n,n'eN,teT).

Thus (z, h) is in Z.

Finally we consider a canonical homomorphism H?(T, H'(N, A4)) -»
H*(G., A). Let [ Tx T—>H'Y(N, A) be a 2-cocycle on T representing a
cohomology class of H*(T, H'(N, A)). Then fis considered as a map from
TxTxN to A, and it is easy to see that f'is a 3-cocycle on G with

f(n L't nutu)zf(t, . n") (n,n',n"eN, t,t.t"eT).

Suppose f'is cohomologous to zero. Then there existsamap t: Tx N » A4
with v(1,n)=rv(t,1)=0 (neN, te T) and

v(t,nn)=v(t,n)+v(t,n’) (teT,n,n'eN)
such that

fe, e, n)y=v(t',n")—v(tt,n")+uv(t,"n")y (t,t'eT,n"eN).

Putting v(ut, n't')=uv(t, n') (n,n'eN, t, '€ T), we have easily

o

flg.g.g")=v(g, g —v(gg g )+v(g g'g)—v(gg) (g.¢.8"€G).

Thus the canonical homomorphism H*(T, H'(N, A))—>H3(G, A) is well
defined.

To show the last exactness of the sequence, let h: NxN— A be a
2-cocycle on N representing a cohomology class of H>(N, A)". Then
thereisamap u: T x N — A with u(1,n)=u(t, 1)=0 (ne N, te T) such that

h(n,n')—h('n,'n")=u(t,n)—u(t,nn’)+u(t,n’) (n,neN,teT).

Putting v(nt,n't')=u(t,n’)+h(n,'n’) (n,n'eN, t,t'e T), we have easily

o

d,h) (g, g,g")=v(g g")—v(gg,.g")+v(g.gg)—v(gg) (2.g.2"€GC).

Thus its image in H*(G, A) is zero. Conversely let f: TxT—H'(N, A)
be a 2-cocycle on T representing a cohomology class of H*(T, H'(N, A)),
and let its image in H3 (G, A) be zero. Then there exists a mapv:GxG— A
with v(1, g)=v(g, 1) (g€ G) such that

fg.g.8")=v(g,g")~v(geg.g")+v(g, gg")—v(gg) (g¢.g"€C).
Putting u(t, n)=v(t,n)—v('n, t) (te T, ne N) and

h(n,n)=v(n,n’) (n,n'eN),
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we have casily
hn',n")=h(nn', ")+ h(n,n'n"y—h(n, n)=0 (n,n,n"eN),
h(n,n'y=h('n,'"ny=u(t,n') = u(t, nn')+u(t,n) (n,n'eN,teT),
and
S n)y=u(t,n")y—ut',n")y+u(t,"n") (t,'eT,n"eN).

Thus h determine an element of H2(N, A)", and the cohomology class of
dyhin H*(T H'(N. A)) is equal to that of f, Q.E.D.

Remark 1. In general there is the Hochschild-Serre spectral sequence
EL“=H"(G/N, HY(N, A)) = H"*4(G, A).

When G »G/N splits, E5¢ with ¢>0 converges to HP*9(G, A). The
exact sequence we obtained in Theorem 2 is nothing but the exact
sequence of terms of low degree in this latter spectral sequence. Our proof
gives us concrete descriptions of H?(G, A) hence H*(G, 4), and d, (cf.
Theorem 7, 8 below).

We denote by H?(N, A)* the image of res: H2(G, A)-> H*(N. 4)". By
Theorem 2, H*(N, A)*=Ker d,.

Corollary. If G =N x T is the direct product of N and T, then canonically
H*(G. A)=H*(T. A)® H'(T. H'(N, A)) ® H*(N. 4).

Proof. T acts trivially on N, hence H?(N, A)" =H?*(N, 4). Thus we
have an exact sequence by Theorem 2,

0 »H*(T. Ay@® H'(T, H'(N, A)) > H*(G, A)— H*(N. A).
By the splitting of the exact sequence

1-T->G >G/T-1

IV

U

N
we have

H*(G,A)=H*(T, A)® H'(T. H'(N, A)) ® H*(N, 4). Q.E.D.

Remark 2 (Akagawa). In general H* (N, A)* is not equal to H2(N, A)T
Here is an example. Let G be the group generated by elements n, t with
defining relations:

n=3=1, tnt"'=n*
Then G is the semidirect product of the normal subgroup N ={n} and
the subgroup T'= {t}. Let A =Z/3Z be the G-module with trivial G-action.
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Then easily

HX(T, A)=Z/3Z, H'(T, H'(N, A))=7/3Z,
and

H*(N,A)"=27/3Z, H*(T. H'(N, A)=Z/3Z.

By Theorem 8 below, we have d, =identity and hence H2(N, A)* =0 and
H*(G, A)=H*(T, A)® H'(T, H\(N, AN=ZRZL D Z)3Z.
Remark 3. In general H?(G, A) is not equal to
H*(T. A)® H'(T, H'(N, A)) @ H*(N, A)*,
namely the canonical exact sequence
0— H'(T. H'(N, A)) > H*(G, A) > H*(N. A)* >0

is not split. Here is an example. Let G be the group generated by elements
n, t with defining reiations:

W=t"=1, tnt'=n".

Then G is the semidirect product of the normal subgroup N ={n} and
the subgroup T={t}. Let A=7Z/27Z be the G-module with trivial
G-action. Then easily

H*(T, A)=7Z/3Z, H'(T, H' (N, A)=Z/3Z,
and
H*(N, A)T=72/3Z, H*(T, H'(N,A)=Z/3Z.

By Theorem 8 below, we have d, =3 -identity =0, and hence
H*(N, Ay*=H*(N, A" =Z/3Z.
On the other hand we have by Theorem 7 below,
H*(G, A)=Z/9Z+ H'(T, H\(N, A)@ H*(N,A)*=Z3Z ® Z/3Z.

We now determine completely H?(G, A) hence H(G, A), and identify
the homomorphism d,, when N and T are both finite cyclic groups and
G is their semidirect product.

The following is well known, and may be proved in the same way as
in Proposition 1.

Lemma 4. Let S be a cyclic group of order s generated by an element o,
and let A be a left S-module. Then a 2-cocycle > Sx S—» A can always be
normalized as

s =[] -[ ][] seo e,
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where [ ] is the Gauss symbol. Moreover the homomorphism sending f to
s—1

flo.a™ ) (mod ( Y rf’) A) gives a canonical isomorphism

1=0
s—1
H2(S, A)-:—AS/( Y a') A.
120
LemmaS5. Let G=N - T be the semidirect product of a normal subgroup
N and a finite cyclic subgroup T={t}=Z/mZ, and let A be a G-module
with trivial G-action. Let amap f: N x N — A be a 2-cocycle on N repre-
senting an element of H* (N, A)". Then there exists a map v: T x N — A with
v(l,n)=c(t.1)=0(neN, t'eT) which satisfies the following :
-1

(i) v(ton)=Y r(t,"n)  (0<i<m, neN),
1=0

il

and
(i) A/"(n,n’)-—‘/‘("n,"n'):l‘(t',n)—r(t/,nn')+v(t’,n’) (n,neN,t'eT).

Moreoverd,: H*(N, AY"— H*(T, H'(N, A)) sends the cohomology class
of f 1o that of a 2-cocycle on T with coefficients in H'(N, A):

i+j i IN<' o -
(I:""l"]_"[,;:l—[";]) Igol(r’ n) (I,jez’nEN).

Proof. Let a map f: N x N —» A be a 2-cocycle representing an element
of H*(N, 4)",then there existsamap u: T x N — 4 with u(1, n)=u(r’, 1)=0
(ne N, t'e T) such that

S ) =f(n, " y=u(t' ) —u(t',nn')+u(t', 0’y (m,n'eN,eT).
Consider
(dy N m=ut" . ) —u('t", n)+u(t',"'n)  (,1"eT, neN),

which represents an element of H*(T, H'(N, A)). Since T is cyclic, there
exists a map w: TxN-—A with w(l,n)=w(t. 1)=0 (neN, t'e T) and
w(t',nn)y=w(t',n)+w(t',n) (t'eT, n,neN), which normalizes d, f as in
Lemma 4, ie.

(dy N U 0+ {w (@, n)—w(t™ T )+ w(t', "n)}
={u(,n)— () +u(e, “n)} + {w(t, n)—w(t™7, n)+w(r, “n)}

- ([_’i’,] _ [i] — [#]) {dy, N my+we = n)+w(t, ' 'n)
(i, jeZ).

Then the map v=u+w: Tx N — A satisfies the relations (i) and (ii). The
rest follows immediately. Q.E.D.
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Lemma 6. Let G=N - T be the semidirect product of a cyclic normal
subgroup N={n} =Z/KkZ and a subgroup T, and let A be a G-module with
trivial G-action. Let a map f: N x N — A be a 2-cocycle on N of the form

f(n', nf)= ([1—7{—]] - [%] - [—IE]) f(n,n=Y) (i, je Z) such that

(i) [, n"y—f(n M) =u(t, )y —u(t, 0’ n”")+u(t,n’”) (W, n"eN,teT)
foramap u: Tx N— A withu(l,n)=u(t,1)=0 (n"eN, teT). Then

(iv) u(t,n)= ([irlit)] — [—;{—]) f,n~Y+iu(t,n) (i€eZ, teT).

where r(t) is an integer with 'n=n"" and [ ] is the Gauss symbol.
Proof. Obvious.

Let G, ,, be the group of order km generated by elements n, ¢ with
defining relations:

nf=1, =1, tnt '=n" with =1 (modk).

Then G, ,, is the semidirect prdduct of the cyclic subgroups N ={n} and
T={t}.

Theorem 7. Let G=G,_,, be as above, and let A be a G-module with
trivial G-action. Then H?(G, A) is isomorphic to the additive group con-
sisting of elements (a, b) in Ax A with the relation :

m—1 m
B LT —1) r—1 k wl_o
) ("” by {(k,r—l)"+(k,r—1) ’

taken modulo the subgroup consisting of elements

(vi) (ke,(1=r)c)  with ced,

via the map sending a cohomology class of f to the element (a,b) with
a=f(n,n"") and b= f(t, n), provided f is normalized as

([ [ [ e e

rm—1

m—1
Here (k,r—l, Yor -
P k

) and (k,r—1) are the greatest common

m—1 m__ 1

divisors of k, r—1, Z v and —rk— ;and k and r—1, respectively.
1=0

Proof. Let f be a normal 2-cocycle on G representing a cohomology

class of H?(G, A). By Proposition 1, f is a 2-cocycle on N, hence by



On the Second Cohomology Groups of Semidirect Products 375

Lemma 4, fcan be normalized as follows:

Fot, )= (H’-’] - [ﬂ - [—kﬂ]) S GjeZ). ()

But by Proposition 1,
f,n"y—fn, )y =f,n)—f(t,n'n")+f(t',n")  (n,n"eN,t'eT),

hence by Lemma 6,

i jr J . T .
ren=([F]=[E]) s eisen gen. @
On the other hand by Proposition 1,

FEC )= [t )+, n)  (t, "eT,n'eN).
Then
i-1
f(t,n)= le'(r,’ln’) (ieZ),
=0
hence by (4),

(', n)= ([%] - [Tl]) f(n, n‘1)+j:;l)r’ ft,n) (i, jeZ). (5

Since f(1.n)=f(t'.1)=0(n'eN,t'eT), we have

(r—1) f(n,n " H+kf(t,n=0 (6)

and
’.m . 1 m—1

e f(n,n™ Y+ Y P f(t,n)=0, (7)
k 1=0

by setting i=1, j=k, and i=m, j=1 in (5), respectively. Moreover (6) and

(7) can be unified to be a single equality

(k I mf ol ) =l remb=0, ®
‘ = : T 1 4\ 1’ ’ 1 N Al = 9
T AT T (kr—1) - (kr—1)
which is (v) with a= f(n,n™") and b= f(t, n).

Conversely if f(n,n~") and f (¢, n) satisfy (8), then f(n', n’y and f(t', n’)
are well-defined by (3) and (5), respectively. Moreover they satisfy (b)~(e)
in Proposition 1, hence determinea normal 2-cocycle on G with (T, T)= 0.

Let f be a normal 2-coboundary on G with f(7, T)=0, then there
exists a map v: G — A with ¢(1)=0 such that

flg.g)=v(g) —v(gg)+vE) (88€0).

26a Math 7 . Bd 129
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Then it is straightforward to see that
fn,n " Y=kv(n) and f(t,n)=(—r)v(n)

which is (vi) with a= f(n,n™"), b= f(t,n) and c=r(n).

Conversely if f(n,n™')=kc and f(t,n)=(1 —r)c with ce 4, then fis a
normal 2-cobundary on G with (T, T)=0. Q.E.D.

Let 4 be a G, ,-module with trivial G, ,-action. Then by Lemma 4,
the canonical isomorphism

HZ(N’ A)T;(l——r)(A/kA)

sends a cohomology class of fto f(n,n~") (mod ,A) with (1 —r) f(n,n~ ")+
ku(t,n)=0, provided f'is normalized as follows:

S, i) = ([': / ]- [ﬂ - [—,’;]) S (i je),

', nYy—fn,'ny=u(t', ) —u(t', 0 n")+u(t',n") (n,n"eN, teT),

and

foramap u: Tx N — A withu(l,n)=u(t’,1)=0(n'eN,t'eT).
Moreover by the same lemma, the canonical isomorphism

m—1 m-—1
H*(T, H'(N, A)):N“"(r~l)(kA)/( ) "’) kA:(k.r—liA/( ) "1) xA
1=0 1=0
m—1
sends a cohomology class of h to h(t,t™", n) (mod ( > r’) kA), provided
h is normalized as =0

h(t', ¢, n)=([%:—j] — ['rinv] — [—Jn;]) h(t,t=',n') (i,jeZ,n'eN).

Theorem 8. Let G=G, ,, be as above, and let A be a G-module with
trivial G-action. Then the homomorphism

m—1
dy: u_,.M/kA)m.,_,.,A/( Y )t
1=0
sends a(mod k A) with (1 —r)a=kb to
rm 1 m—1
a+ Z rh(mod(z )kA>.
k =0

Proof. Let f, with f(n', n')= ([i{—-j—] - [%] - [%]) f(n,n~Y) (i, jeZ),

be a 2-cocycle on N representing a cohomology class of H*(N, A)”, then
by Lemma 5, there exists a map v: Tx N— A with v(l,n)=v(t,1)=0
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(n"'eN, t'eT) such that
i—1
v(t,n)= Z v(t,"n)  (0Zi<m.neN),
S, n)—f(n, )y =v(t, n)y—v(t, n' )+ o, w) (i, jeZ),

and that the cohomology class of d, f'is

m—1 m—1

Y e, n) (mod ( > r') kA).

1=0 1=0

On the other hand by Lemma 6,

v(t.n')= ([IkL] - [T’]) f,n YHY+jot,n)  (jeZ).

Hence (1—r) fn,n=Y)+k (1, n)=0,

and

m—1 . m__ ) m—1
Y 1’([,’11)=L—~~~» fnon=H+ Y ro(e,n). Q.E.D.
=0 k 1=0

§2. An Application: Schur Multiplicator

As usual Z, @ are the ring of integers, the field of rational numbers,
respectively. Then

0-Z->Q—>Q/Z-->0 (exact).
Let G be a finite group. Then
H*(G,Z)=H*(G, Q/Z).

This group is called the Schur multiplicator of the group G.

Let G be a finite abelian group, then H*(G, Z) is trivial if and only if
G is cyclic. We now compute H?(G, Z) when G is a semidirect product of
its finite cyclic subgroups. Let G, ,, be the group of order km generated
by elements n, t with defining relations:

=1, =1, tnt~'=n" with r"=1(modk).

Then G, ,, is the semidirect product of the cyclic subgroups N = {n} and
T={t}.
Proposition 9.

m—1 ,m_l
H3(Gk.m,Z)=Z/(k,r—l, Y )z,
=0 k

m—1 m_q . o

where (k, r—1, Y r, ! p ) is the greatest common divisor of k, r—1,
1=0

m—1 m__ 1

Y. r'and ! )

1=0 k

26b Math Z, Bd 129
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Proof. Since the Schur multiplicator of a cyclic group is trivial, we
have by Theorem 7

m—1
H*(G, ., Z)=H"(T, H'(N, (Q/Z)):Z/(k, r—1, ¥ -
1=0

F"—1

k

)Z. Q.E.D.

We list below the Schur multiplicators of all non-abelian groups of
order =30, but in this table there are some groups whose ones are
computed by the well-known methods, e.g. the restriction map and the
transfer map. We use the notation of Coxeter-Moser [2] (p. 134).

Order Symbol H3(G,Z) Order Symbol H3(G,Z)
6 D, 0 21 R" 0
8 D, Z2Z 22 D,, 0
0=¢2,2,2> 0 —_———
— ——1 24 Z,x A, (Z)22)
10 Ds 0 Z,x D, (zn2zy
12 D, ZZ ZyxD, Z27Z
A, ZNRZ ZyxQ 0
<2’2,3> 0 Z4XD3 Z/2Z
- Z,xQ2.2,3)  2pZ
14 D, 0 D,, Z12Z
16 Z,xD, z)2z) Ss Z2z
2 2,3,3> 0
Z,xQ (Z)2Z)
D )2z (4,6/2,2) Z2Z
(<2425 0 xR0
2,212 0 {2,2,6) 0 B
{2,214,2) 7127
44122 @pay 26 Dis 0 -
R (Z)2Z)* 2
Q2.2.4 o 27 (3,313,3) (z/32)
,,,,,,, R 0
18 Z,x D, 0 - - -
D, 0 28 Dy, ZNZ
(3,3,3:2) Z)3Z 2,2,7> 0
20 Do Z)2Z 30 Z,x D, 0
R’ 0 : Zsx D, 0
{2,2,5)> 0 D, 0
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Papers submitted for publication may be written in English, French or
German. A summary for Zentralblatt fiir Mathematik (including key words
for classification) should be attached.

To speed up publication, authors will receive only one set of proofs: provi-
sionally numbered page proofs. Authors are requested to correct typo-
graphical errors only; they will be charged for corrections mvolving changes,
additions or deletions to the original manuscript.

Manuscripts must be in their final form, typed on one side of each sheet only,
with double spacing and wide margins. Formulae should be typewritten
whenever possible. Mimeographed copies are not acceptable unless clearly
legible.

Please include a “Note for the Printer” explaining markings used. See
suggestions overleaf.

Diagrams should be submitted on separate sheets, not included in the text.
They should be drawn in Indian ink in clean and clear uniform lines, the
whole about twice the size of the finished illustration. Inscriptions should
allow for the figure 1, for example, to be about 2 mm high in the final version
(i.e. 4 mm for reduction x3). The author should mark in the margin of the
manuscript where diagrams may be inserted.

Footnotes, other than those which refer to the title heading, should be num-
bered consecutively and placed at the foot of the page to which they refer (not
at the end of the article).
Please give on the first page of the manuscript a running head (condensed title),
which should not exceed 70 letters including spaces.
References to the literature should be listed at the end of the manuscript.
The following information should be provided for journal articles: names and
initials of all authors, full title of the paper, name of the journal, volume, first
and last page numbers and year of publication. References to books should
include name(s) of author(s), full title, edition, place of publication, publisher
and year of publication.
Examples
Bombieri, E., Giusti, E.: Harnack’s inequality for elliptic differential equations
on minimal surfaces. Inventiones math. 15, 24 —46 (1971).
Tate, J.T.: p-Divisible Groups. In: Proceedings of a Conference on Local
Fields, pp. 158 — 183. Berlin-Heidelberg-New York: Springer 1967.
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B. Marking
1. Text

Words or sentences to be set in italics should be marked by single underlining.

The words “Theorem”, *Proposition”, “Lemma”, “Corollary” etc. arc normally printed in
boldface, followed by the formulation in italics (to be underlined in the manuscript).

The words ™ Proof ”, ™ Remark™, ** Example™. * Cuase™ etc. are printed in italics, and * Definition™
in boldface with the formulation in ordinary typeface.

2. Formulae

Letters in formulae are normally printed in italics, figures in ordinary typeface.

It will help the printer if in doubtful cases the position of indices and exponents is marked thus:
b/ . aV . Spacing of indices and exponents must be specially indicated (4,,","). otherwise they
w1ll be set (A7)

Underlining for special alphabets and typefaces should be done according to the following code:

mn

single underlining: small letter

double underlining:  capital letter

brown: boldface (headings. boldface letters in formulae)

yellow: upright (abbreviations e.g. Re, Im, log. sin. ord. id. lim. sup. etc.)

red: Greek

blue: Gothic

green: Script

violet: the numerals | and 0O (to distinguish them from the small letter [ and

the capital letter O)
The following are frequently confused:

%,0,0,0; U, u (.U x.x, X, ki v.oovr 0,0,0,0.0.2; Y ¥ e
a,a'; thesymbol a and the indefinite article a:

also the handwritten Roman letters:

o C;, el ],J: kK: 0,0; pP; WS owU; oV, wW. xX: =7

Please take care to distinguish them in some way.

C. Examples
1. Special alphabets or typefaces

Seript oA, B, D E F, G, H I I AL, M N, PIRS, T, U NN ALY
a, /;, e d, (,/, 4 é, ‘, 7 £, 7, wiy iy O //, Gl VA7 7 e ¥

Sanserif A.B,C,D EFGHILJKLMNOPQRSTUVWXYZ
a, b,c,def g hiijklmnopaqgrstuvwxyz

Gothic WAWB,ECDERGH T, IR/ LLPIO0 VAR SITUVWEXYJ
abedefgb i Lo pagrs i tu,owsng

Boldface AB,CD EFGHLJKLMNOPOQRSTUVWXYZ
abcdefghijklmnopgqrstuvwxyz

Special Roman A,IB,(EIDIEIFGIHIIJIIK,ILIMIN‘DIP(DRSTI"IUVWXYZI

Greek r,A,0, A2 112 0,V Q
% By O e, Comy O 1w, 2y v, E o, L, T 0, By @

2. Notations

preferred form nstead of preferred form instead of
* oy b ¥ & _xi?

/fl ,h,,,-v, v' i_byL exp(—(x2 +v?)/a?) e

lim sup, lim inf lim, lim |

inj lim, proj lim EIH,]M cos(1/v) cos "

f:A—>B A--->B (a+b/x)"? B
L - a+

J / x
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