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The Existence of Wave Operators in Scattering Theory

Lars Hormander

Department of Mathematics, Box 725, S-22007 Lund, Sweden

1. Introduction

We first recall the definition of “wave operators” for the Schrédinger equation.

Let H, be the self-adjoint operator in I?(R") defined by —A= - 0%/ox2.
If V is a real valued measurable function such that 1

JA+IxP)™MV(x)*dx < oo (1.1)

for some M, then the operator —A+V with domain #(R") has self-adjoint
extensions because the defect indices are equal. Let H denote such an extension.

The solutions of the corresponding time dependent Schrodinger equation
idv/0t=Hv

are given by t —»e~"""v where vel?(R") denotes the state at t=0. (Recall that
e~ """ is a unitary operator defined by means of the spectral theorem.) It is natural
to ask if there is a solution which as t - + 00 or t » — oo is close to a given solution
of the unperturbed equation, that is, close to t —e~"*Hoy for a given uel?. Since
¢ is unitary, this means that v should be close to ¢/*H ¢~i*Hoy We are therefore
led to ask if the limits

W, u= lim ¢"He-itHoy 1.2)
t—-too
exist for every u. Since the exponentials are unitary, this is true if the limits exist
for all u in a dense subset of I2, and W, W_ are then isometric. Moreover, the
intertwining property

W, =W, e*Ho,  seR, (1.3)

follows immediately. It implies that H is the direct sum of an operator unitarily
equivalent with H, in the range of W, and a self-adjoint operator in the orthogonal
complement. When W, and W_ both exist and have the same range then S=
W' W_=WZ*W_is a unitary operator commuting with H,, called the scattering
operator. The equation Su_ =u, means that there is a solution of the perturbed
Schrédinger equation which is asymptotic to e=""#ou_ at —oo and to e~iHoy
at + oo, so § describes the asymptotic effects of the perturbation.
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The existence of wave operators has long been known (see Cook [4], Hack [7],
Jauch-Zinnes [9], Kuroda [11]) for potentials which roughly speaking are
O(|x|~*~%) at infinity for some £¢>0. A large class of such perturbations, called
short range perturbations, is discussed in Section 2. We allow perturbations by
higher order operators and replace —4 by any self-adjoint differential operator
P(D) with constant coefficients. (See also Jorgens-Weidmann [10], Veseli¢-
Weidmann [12, 13] and the references given in these papers.)

For the Coulomb potential V(x)= —1/|x| it was proved by Dollard [5 6]
that the wave operators do not exist unless the definition is modified by substitution
of another convolution operator e~ "™ for ¢~i*Ho_ Further work in this direction
is due to Buslaev-Matveev [3], Alsholm-Kato [2] and Alsholm [1]. In Section 3
we shall improve their results and show that modified wave operators exist for
any V="V;+V, where Vj is a short range potential and

ID* VLIS CA+Ix)~ 7, ol <k, (1.4)

where e>1if k=1, e>1 if k=2 or ¢>0 if k=3. More precisely we show that it
suffices to assume that

ID* V() ISCA+[x)~,  |a|<3, (1.5)

where m(0),...,m(3) are positive and m(1)+m(3)>4. (Buslaev and Matveev
assumed (1.4) with k=[n/2]+2+[1/¢]; Alsholm and Kato assumed (1.4) with
k=1,¢>4together with a condition depending on ¢ on the second order derivatives;
Alsholm [1] made similar assumptions on a sequence of derivatives which are
too complicated to reproduce here.)

Our proof is close to that of Buslaev and Matveev in that we apply the method
of stationary phase rather than the formula

ei|p12t/2F(x)e—i|p|2t/2 =e—ilxlz/ZtF(pt)eile/Zl
of Alsholm and Kato which can only be used to study perturbations of the

Laplacean. We differ from all these authors by using exact solutions of the Hamil-
ton-Jacobi equation rather than approximate solutions obtained by iteration.

2. Short Range Perturbations

Let P(D), D= —i0/0x, be a partial differential operator with constant real coef-
ficients in R". It is well known and elementary that the closure in L*(R") of P(D),
defined originally on the Schwartz space &(R"), is a self-adjoint operator H,,.
If F denotes the Fourier transformation,

(Fu)(@)=a@)=[e " *Pu(x)dx,

then FH, F~! is multiplication by P() on the I? functions such that the product
is also in 2. Let

V(x,D)= 3 V,(x)D

laj = p
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be a differential operator such that for some M and all «
J IV )12 (1 +1]x]?)Mdx<o0. 2.1

Then V maps & into 2. We assume that V is not only symmetric on % but that
P(D)+V(x, D) with domain & has a self-adjoint extension H. Our purpose is
to examine the existence of the wave operators (1.2). In doing so we exclude the
trivial case where P(D) is independent of D.

Take ue and set u,=e~""Hoy. Then t —»u, is a C* function with values in
&, which proves the existence of the following derivative

d . . . .
W(e"”e"'”"u):e””(iH—— iHy)u,=ie"H vy,
The limits (1.2) exist if the norm is integrable, that is, if
[ IVulldt<oo. (2.2)

We shall determine completely when there is a dense set M = I? with FM Cy for
which (2.2) is valid. However, it is known (Alsholm [1]) that the wave operators
may exist although (2.2) is never valid when #i+0 is in Cg. To examine (2.2)
we note that

U (x)=Q2m) " j“ el =& _'P@”ft(f)dé.

The exponential has a critical point when x=tP'(¢). To make x/t bounded
away from O then we shall take ie C2 () where

Q={¢; P'(&)+0}. (2.3)

The complement of Q is of measure 0 since P is not a constant, so such functions
are dense in L*. Choose positive numbers r and R so that

2r=|P'(Y)I=R/2  when Eesuppil.
If |x/t|<r or |x/t| 2 R, the normalized exponent
€= (K%, &> =t P x|+ t])

belongs to a compact set of functions of ¢ having no critical point in suppil.
Hence Lemma A.1 shows that for every N

lu ()= Cy(L+Ix[+1t)™™ if |x/t|<r or |x/t|2R.
The same estimate is valid for D*u,=e¢~"Ho Dy, 5o (2.1) gives for any N

| ,,;( R);Vu,|2dx)%§ Cy (1 +1t))~N. (2.4)
x/t|¢(r,

Thus the corresponding contribution to the integral in (2.2) is always convergent.
Without paying attention to the properties of P one obtains a crude estimate
of the remaining part of (2.2) from Parseval’s formula, which gives

fID*u*dx = |D*ul*dx < o0 2.5
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for every a. In view of Sobolev’s inequalities we have

[WuPdysC % % [y [1Duldy

Bx la|<n |BlSu Bx
where B,={y; |x—y|<1}. If
Y [IV,()Pdy<I(t)*> when r<|x/t|<R,

a By

it follows that
o Wulfdy= CIty?,

r<|x/t|<R
which gives (2.2) if I is integrable. Hence we have proved

Theorem 2.1. Let P(D) be a non-constant differential operator with constant
real coefficients, and let V(x,D)= Y V,(x)D* be a differential operator with
coefficients in L% such that lal s

loc

ZF( sup | |V, (IPdy)dt<oo. (2.6)

a 1 t<|x|<2t|x—y|l<1

If H is a self-adjoint extension of P(D)+ V(x, D) with domain & and H, is the closure
of P(D) with domain ¥, then the limits (1.2) exist.

Example. If V,e %, and |V, (x)|< C|x|™' 7% &>0, then (2.6) is fulfilled so the
wave operators exist.

The weak link in the preceding argument is that we did not examine how the
contributions to the I? norm of u, are distributed over the annulus r <|x/t|<R.
This can be done by means of the method of stationary phase. For the sake of
simplicity we shall first assume that det P” (&) +0.

With the notations above we set y=x/t, and obtain if r<|y|<R

u ()=, (ty)=@2m) " [ COFOR(E) de.
Since we assume that det P #£0, the complement of
={leQ; det P"(§)+0}

is of measure 0, so0 CJ (,) is dense in L?. We may therefore assume that iie Cg (2,),
and obtain using Lemma A4

lu,()|=Clt|™2,  r<|x/t|<R, 2.7)
Similar estimates are valid for D*u,, so it follows that

Vul2dx<CY [ V(x)lRdx/el.

r<|x/t|<R a r<|x/t|]<R
Hence (2.2) is fullfilled if for every o

0

FC f  W(xtx)Pdx)tdi<co. 2.8)

1 r<|x|<R

It suffices of course to have (2.8) for example when r=1, R=2.
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It was pointed out to the author by S. Agmon that (2.8) can be further relaxed
in a way which is useful for the application to the many-body problem. The point
is that by Lemma A.1 we know that u,(ty) is bounded by any power of 1/t if
r<|y|=R andy is outside a fixed neighborhood of { P’ ({); éesupp}. It is therefore

sufficient to know (2.8) when the integral is taken over compact subsets of the
open set

{P'(&); £eQy}.

Moreover, since P’ is a local diffefomorphism in Q,, the inverse image P'~'(Z)
of any closed set X of measure 0 is closed and of measure 0. Removing it from
2, we obtain an open set Q, such that Cg (£,) is still dense in I2. Thus we are led
to the following definition.

Definition 2.2. The operator V= ) V,(x)D* is said to be a short range
la| S p
perturbation with respect to P if for every « the coefficient V, satisfies (2.1) and
almost every x,eP’'(R") has a neighborhood w such that

2

Summing up the discussion above, we have proved

P—‘g-“8

([ 1V, (£ 1x)]2dx)}dt < oo. (2.9)

Theorem 2.3. Let P(D) be a differential operator with constant real coefficients
such that det P"(£) is not identically 0. Denote the self-adjoint realization of P(D)
in I2(R") by H,. If V is a short range perturbation with respect to P and P(D)+V
with domain ¥ has a self-adjoint extension H, then the limits (1.2) exist and define
isometric operators intertwining H and H,.

Note that short range perturbations form a linear set for fixed P Moreover,
if the variables x in IR" are split into two groups x’'elR™ and x"eR"’, n' +n"=n,
and if V,(x') is a short range perturbation in R” with respect to the Laplacean,
then V,(x) D* is a short range perturbation in R" with respect to the Laplacean
there. The only exceptional directions (x’, x"’) are those where x'=0 or x’ is one
of the old exceptional directions. Thus Theorem 2.3 is applicable to the many
body problem if the two body interactions are of short range.

We shall now study the case where P” has lower rank. Let the maximal rank
of P” be k. We can label the coordinates so that det E/. is not identically 0 if
&=(&, ..., &) The definition of Q, above is changed to

Q,={¢eQ; det R, (£)+0}. (2.10)
With éie C§ (,) having support near a point &, € Q,, we shall study the properties of
U (ty)=Qm)" [ 'O POLE)dE. 2.11)

If V is a sufficiently small neighborhood of &, then {y=P'(¢);&éeV} is a k-
dimensional manifold parametrized by y'=(y,, ..., y,), thus of the form y"=g(y),
ge C®. Now we apply the method of stationary phase to the integral with respect
to & in (2.11). The critical point of the phase is then determined by y'=dP/0¢&,
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which by the implicit function theorem can be solved as &'=¢(y/, £”). At this
point the phase is

J: &)=<y, 0>+, &) —P(e, &)

with differential

df=<{@,dy>+d{y",{") =B (9,8 d¢".

In particuiar,

>f‘é/” —_ y!l - Pg,, ((p, éll) — yII _ g()]I)
since f;, =0 when y”=g()') and ¢ is independent of y”. Thus
J3. &)=L+ —g(), &

For each term in the asymptotic expansion of the integral with respect to ¢
in (2.11), the following integration with respect to &” is therefore a Fourier trans-
form. It follows that for any integer N

lu (£ y)| < Cylt] ™2 (A + el 1y —g )V +1e17Y),  r<|yl<R. (2.12)
Hence

[ Vo) u,(x) 1> dx

r<|x/t|<R

SC(2+ [ WenPA+1tY —g0)) el *dy).

r<|y|<R

We have now proved

Theorem 2.4. Let P be a non-constant differential operator with constant real
coefficients and denote by k the maximal rank of P"(£). Let Q, be defined by (2.10)
and denote by Q, an open subset such that m(Q,~ Q,)=0. Assume that V, satisfies
(2.1) and that for every compact subset K of Q,

) }Odl(f V(£ ey (1+td (n) Vel dy)t < 0 (2.13)
a 1

for some N. Here dy (y) is the distance from y to the compact set P’ (K) in the immersed
k-dimensional manifold P'(2,). Then the wave operators W, can be defined by (1.2),
and they are isometric operators intertwining H and H,,.

Theorem 2.1 is of course a very special case of Theorem 2.4 but it is clearly
the best result which follows from Theorem 2.4 if one ignores completely the
properties of P.

Given a symmetric operator P(x, D) with coefficients satisfying (2.1) there
may very well be several ways of writing P(x, D)=P(D)+ V(x, D) so that the
hypotheses in the preceding theorem are fulfilled. A well known argument in the
theory of multi-channel scattering then shows that the different wave operators
which can be defined have orthogonal ranges:
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Theorem 2.5. Suppose that F,(D)+ V,(x, D)=P,(D)+V,(x, D) with domain &
has a self-adjoint extension H, and denote by H; the closure of P(D) with domain &.
If say the wave operators

H —tH .
Wi=slimetemti, j=1,2,

exist, then their ranges are orthogonal if B +P,.

Proof. 1f u;e #(R"), then the unitarity of ¢'¥ gives
(Wiuy, Wf”z)z lim (e_“H‘ u, e "Hay,)

llm (27[) nfelf(Pz(f) Px(C))u 0 dé

t— + o0

Taking u; =u, +0 we conclude that F, — P, cannot be constant, and if u; is chosen
with support where F — P, +0, then Lemma A.1 shows that the limit is 0.

Example. In R? let
P(x,D)=D?+D,yD,

where e C* is 1 when x3>x?+1 and 0 when x4 <x2. Furthermore we assume
that D*y is bounded by a polynomial when |«|< 1. Since the coefficients are real
a self-adjoint extension exists, and from Theorems 2.3, 2.4 it follows that the wave
operators exist if P(x, D) is regarded as a perturbation either of D? + D2 or D?.

Examples such as the preceding one show clearly that the hypotheses which
allow one to prove the existence of wave operators are far too general for asymptotic
completeness to be expected.

3. Long Range Perturbations

We shall now study modified definitions of wave operators which are applicable
to perturbations such as the Coulomb potential which are not of short range.
The idea is as follows. Let W, (&)= W(¢, t) be a real valued C*® function. Then the
convolution operator exp—iW,(D), consisting of multiplication of the Fourier
transform by exp —i W, (&), is a unitary operator. If the limit

W,u= lim ¢"He Wy (3.1

t-+

exists for a dense set of ueI?(R"), it exists for every u and W, is an isometric

operator. Moreover, if H,, is the self-adjoint operator defined by P(D), then

e HW, e sHoy =W hm L expi(W,,,—W,—sHo)u

provided that the latter limit exists. By the dominated convergence theorem the
limit is equal to u if for almost every ¢ and every seR

Hm (W, t+5) = W(E, 1) —sP(£)=0. (3-2)

When (3.2) is valid it follows that (3.1) gives isometric operators intertwining H
and Hy.
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One might object to the modified definition of wave operators that it depends
on a fairly arbitrary choice. To examine this point we denote by W another
function of (¢, #) such that the corresponding limits W, exist. We shall determine
when the range of W, is equal to that of W, (same sign). Since ¢'H ¢ =% — w,
strongly, it follows that eWee ity Wiy weakly, and W3*u has the same norm
asu if ueIm W, so the limit is in the norm then. If W, and W have the same range,
we can replace u by W, u and obtain

W*W, u=lime M- Wy

with strong convergence. Hence W*W, u=Fu where F is the weak L* limit
of expi(W,(§)— W, (). It follows that |[F|=1 almost everywhere and that

F~1exp i(W,(¢)— W,(¢)) > 1 weakly in L°. Hence there is convergence in measure,
that is, for every compact set K and every ¢>0
m{¢eK; |dWE-FED _F(E)|>e} 50, -+ 0. (3.3)

The argument can obviously be reversed so we have proved

Theorem 3.1. Assume that the limits (3.1) exist as well as the corresponding
limits W, when W is replaced by W. Then W, has the same range as W, (same sign)
if and only if expi(W(C, 1)~ W (&, t)) converges in measure as t — + oo to functions
F, . In that case W =W, F, (D).

We note that the unitarity of the scattering operator would be independent
of the choice of W in this situation but that the scattering operator itself is not.

As stated in the introduction we shall consider perturbations which can be
written as the sum of a short range perturbation and a rather smooth long range
perturbation. It is then important to make the long range part as smooth as
possible by means of a regularization leaving a short range error. Similar but
less elaborate arguments occur in Alsholm and Kato [2] and Alsholm [1].
We first prove a preliminary lemma (cf. Alsholm [1]).

Lemma 3.2. Let Ve C*(IR") and assume that
ID*V(x)|SC(A+|x)™0, |a|<k, (34

where m(0), ..., m(k) are positive numbers. Then the same estimates are valid with
another C if m is replaced by the smallest concave majorant m' such that m'(j)—j
is decreasing.

Proof. Integrating the differential of D*V from oo to x we conclude that
ID*V(x)|< C(1+|x|yt —me+D o] <k,

provided that the exponent is negative. By repeated use of this argument we can
replace m by m* where

*(Py— o
m*(j)= max m(j+i)—i
is a majorant of m and m*(j)—; is decreasing. Now consider the derivatives of
V(x+ty) with respect to ¢t of orders a and b, both <k. If
P+ XD~ @ =" =0 |y P (L4 |x]) ™™ @,
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that is,
IYl=c(l+]x)m@-moe-b_R,

we have R <|x|/2 if c is sufficiently small. The derivatives of V(x+t y) of orders a
and b with respect to t have the same bounds when |t|< 1, so they are bounds for
the intermediate derivatives when t=0. If a<j<b and |a|=j, we obtain

RV D* V()| < C (1 +|x]) ™ ® R,

and if the definition of R is introduced we see that m* can be replaced by the smallest
concave majorant.

Lemma 3.3. Suppose that V satisfies (3.4) and that
0<d< 0ma_lxk(m(j)— 1)), é<1.
<js

Then one can split V=V, +V, so that for some ¢>0

W)l =CA+|x)~1e, (3.5)
thus V| is of short range, and for all «

ID* V()= Cy(1+|x )~ =0, (3.6)

m’(j)=i;nj,z})ékm(i)+6(j—i). (3.7

Proof. Choose a function e C§ (R") with Y (x)=1 when |x|<1 and ¥ (x)=0
when |x|>2, and set

Vo)=Y X)) V(x), v,X)=02CT"x)=¢ 2" x)V(x), v=1.
By Lemma 3.2 we may assume that m(j)+i=m(j+1i), which gives

ID, v,()| S C'(1+]x) ™00, |a|<k. 3.4y
In the sum V=) v, at most three supports overlap. Choose yeC® (R" with

0
fxdx=1, [ x* x(x)dx=0 when 0<|a| <k, and set

LU=, =2
If 0<j<k we have by Taylor’s formula

[v, % x, (X)—v,(X)|SC (1 +|x|)"™D¢],
and since ¢, is comparable to (1+]|x|)’ in the support of v,, we obtain
IV, (x)|S C(1+|x|*-m0

if we define V=V -V,

V2<x)=§vv*xv(x).

By hypothesis §j—m(j)< —1 for some j so (3.5) follows. To prove (3.6), (3.7)
we just note that when |a|=j=i and i<k, we can calculate D* v, * y, (x) by letting i
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derivatives fall on v, and j—i derivatives on y,. The latter differentiation con-
tributes a factor ¢t;Y~" comparable to (1+|x[)~°Y~?, Since only finitely many
supports overlap, the lemma follows.

We shall now introduce the class of perturbations to be studied. The conditions
may seem artificial at first sight but they occur quite naturally in the proof later
in this section.

Definition 3.4. V(x, D)= ) V,(x)D* is an admissible long range perturbation
la| = p

of P if V can be written in the form ¥V =V5+ V* where V5 is a short range pertur-
bation with respect to P in the sense of Definition 2.2, the coefficients V* of V-
are real and

IDFVE()ISC(1+|x) D, B3, (3.8)
where m(0), ..., m(3) are positive and m(1)+m(3)>4.

Remark. 1f the derivatives of V" of positive order are O(|x|~!~*) for some >0
then the difference between the adjoint and the complex conjugate of VL is of
short range. To assume V" real is therefore equivalent to assuming that V% can
be taken symmetric which is perhaps more natural but less convenient in the proof.

By Lemma 3.2 we may always assume that m(j)—; is decreasing and concave,
and then the condition m(1)+m(3)>4 implies m(2)>2 and m(1)>1. As a further
explanation of the definition we prove

Proposition 3.5. If the coefficients of V satisfy (3.4) with positive m(0), ..., m(k),
then V is admissible if one of the following conditions is fulfilled :

a) k=1and m(1)>3;

b) k=2 and 2m(1)+3m(2)>9;

¢) k=2and mQ2)>1;

d) k=3 and m(3)>3.

Proof. In case a) we can take >4 in Lemma 3.3 and obtain a splitting in a short
range term and a long range term corresponding to exponents m’ with

m(3)>m' (1)+22=m(1)+1,
hence m’'(3)+m’(1)>2m(1)+ 1>4. In case b) we can take any § <(m(2)—1)/2 and
obtain for m’(3) any number <m(2)+(m(2)—1)/2. Um(1)+mQ2)+m?2)—1)/2>4,
the splitting given by Lemma 3.3 satisfies the conditions in Definition 3.4, which
proves b). c) is a consequence of b) since we may always assume that m(1)>m(2)—1.
d) follows since we can assume m(1)>1 then.

In view of Lemmas 3.2 and 3.3 we may and shall assume in what follows
that VI satisfies estimates of the form (3.8) for all § and that

my(j) is concave, m(j)—j decreases, (39)

m(j)—dj increases and is constant for j= 3 for some §>3.
To avoid a minor technical complication we require

m1)<2, m@3)<3 39y

which can always be achieved by decreasing the numbers m(}).
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Let us now examine formally how the proofs of Section2 change when the
definition of wave operator is modified. Thus take fie CZ and form
d

it e‘i‘HW (" e "euy=(H—-0oW,(D)/ot)ye " u

=V5(x,D)e " u+Vt(x,D)e """ u+e " (P(D)—OW,(D)/dt)u. (3.10)
Here we have used the decomposition of Definition 3.4, and
e M D u(x) =) " | SO ED g d,
e (P (D)~ W, (D)/0t) u(x)
=Q2m)7" [ /O -WENP ()~ W (L, 1)/or) (&) dE.

A formal application of the stationary phase method would show that the main
contributions occur when x =gJW /0¢&. One can expect to handle the first term on
the right hand side of (3.10) exactly as in Section 2, and the leading terms in the
others should cancel if

VLW /OE, &)+ P (&) — dW(E, 1)/0t=0. (3.11)

This is the Hamilton-Jacobi equation of classical mechanics, in the momentum
space variables. We shall solve it in the usual way by integrating the Hamilton
equations

dgjdt=—oVE(x, &)/dx, dx/dt=0P/d¢+aVE(x, £)IE. (3.12)

Since V" is small at infinity we expect the classical orbits to be nearly straight
lines in the x space and nearly constant in the ¢ space. Before integrating (3.12)
it is convenient to have a lemma on composite functions which will help us to
keep track of the estimates.

Lemma 3.6. Assume that y: R™ -»R"™ and ¢: R™—>R™ are C* germs at
x and at y=y (x), depending on a parameter t, which satisfy estimates of the form

ID*Y ()| S C, 170, IDFp(p)|S G U, 1>1, (3.13)
for all o, B. If a and b are convex sequences, it follows that
ID (@) ()| Cy e, y+0, t>1, (3.14)

where C} only depends on C,, C for |a+ | <|y| and
c(k)=max(b(l)+a(k),bk)+ka(l)).

Moreover,
ID" (@) (x)=¢' () D" Y ()| C D, Jy|>1, ¢>1,
d(k)=max (b @2)+a(l)+ak—1),bk)+ka(1)).

Proof. Every term in D’ (¢ o y)(x), |y| =k, consists of a derivative of ¢ of order j,
1 £j<k, multiplied with j derivatives of y of orders k,, ..., k;, each at least equal
to 1 and with sum k. We can estimate it by a constant times ¢ to the power

b(j)+a(k))+---+a(k).

(3.15)
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In the convex set of all k,,...,k; which are =1 and have sum k, the extreme
points are the points where j—1 indices are 1 and the remaining one is k—j+1.
The maximum over all choices of k;, ..., k; is therefore

b()+(—1Dal)+ak—j+1)

which is a convex function of j. The maximum when 1 <j<k or 2<j<k is therefore
assumed at an end point, which proves (3.14) and (3.15).

Remark. If a=b and a(1)=0, then c(j)=a(j) so we have a class of estimates
which is preserved under composition then. If y satisfies (3.13) and ¥’ (x) is in-
vertible, we conclude from this that the inverse ¢ =y ~! satisfies estimates of the
same type with constants only depending on C, and a bound for ¥'(x)~!. In fact,
if we differentiate the identity y o ¢ (y)=y using (3.15) we obtain |y’ D? ¢| < C,t*("
if estimates for lower order derivatives of ¢ are already proved.

Now we integrate the Hamilton equations.

Lemma 3.7. Let K be a compact set in R" where P’ (£)+0 and assume that

Vi, &= 3 V()¢

lal<p

is real and that

ID? V- ()| < Cp(1+|x])~m 8D (3.16)
for all| B and a positive sequence m(j) satisfying (3.9), (3.9). If 1/t, and & are sufficiently
small, then the eqs. (3.12) have a solution for all t=t, with arbitrary Cauchy data

¢=n, x=t,y when t=t,, (3.17)

such that neK and |y — P'(n)| <e. The solution represents a nearly uniform motion
in the sense that

D, (E(t, y,m)—m)| < C el +mmlel+d e <1, (3.18)

lx(t, y, m)/t=P" (& (t, y, )| = C ¢t ™D, (3.19)
Moreover,

D5, (& (t, y, ), x (2, y, m)/1)| < C, #0120 (3.20)
for all o, where

uk)=max(0,k+1—-m(k+1)). (3.21)

Proof. Choose ¢>0and >0 so that, with the notation V for V%,

[P'(n)|>3¢ if neK, [|P(&)—P'(n)l<e if neK and |g—¢&|<d. (3.22)
Let t, be so large that

loV(x, &)/o¢l<e if |x|>et, and |E—n|<d, nekK.

We can solve egs. (3.12) for an interval t,<t<T with initial data yeK and
|y —P’(n)| <e. As long as the solution exists and |£ —n| <4, | x| 2 ¢t, the component
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of dx/dt in the direction P'(x) is at least ¢, hence [x(O)|22ety+e(t—to)>et=et,
then. Furthermore,

t [ee}
IE=nl< [10V(x, &)/ox|dt< C [t~V dt <52
to to

if t, is chosen large enough. It follows that the solution exists for all t=t, and
satisfies the conditions |x(t)|=¢t, |&(t)—n|<5. We have already proved (3.18)
when a=0. If £_ is the limit of ¢ as ¢ — oo, then

9]
E=ElSC im0 diC, tomw,
t

|dx/dt—P'(£,)| < C(1' =m0 4 ~m@) < €, p1-meh,
Integration gives |x—t P'(¢_)| < C t2~™®, hence
|xX/t=P ()< C -=md

which proves (3.19).
Now differentiate the Hamilton equations with respect to one of the variables
.1, which we denote by s. The differentiated equations are

d&jdt=—*V/ox2 x,— 82V /ox OE &
dx/dt=0*PJOZ? &+ 0> V/OE2 &+ 02 V/OE dx X..

It follows that |£,| and | x| are bounded for ¢ > to by positive solutions of a system
of differential inequalities

dE/diZzC(t P X+t "M E),  dX/dt=C(E+t™W X)

which are bounds initially. We can pick such majorants for large t of the form
X=M;t, E=M,(1-t7"M,)

where 1<y+1<m(2)—1<m(1) and
M, M;y>C(M,+M,), M,>CM,.

This proves that x/t and &, are bounded. Integration of the preceding equations
gives then

[ee]
|&—n|SC [ tt-m@ gy
to

which completes the proof of (3.18).

Let us now consider a derivative of order k of the Hamilton equations with
respect to the variables (y,#), assuming that k>1 and that (3.20) has already
been proved for derivatives of order <k. If we write Vi(ty, ©)=d(t,y, ), then

ID;,g (plé C t—m(|a|+l)+|a|

so Lemma 3.6 shows that in the derivatives of order k of Vi(x, &)=d(t, x/t, &)
with respect to y, 5, the terms where & is differentiated at least twice can be bounded
by t raised to the power

max (—m(3)+2+p(k—1), —=m(k+1)+k)=pu (k) — 1
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because

pl)—pk=1)zpQ)—p1)=3-m@3), kz2.

Similarly we can estimate the derivatives of V; (t x/t, £). Here the preceding esti-
mates for the derivatives of @ are multiplied by fmU+D-ml) hence at most by t.
Thus the k-th order derivatives of &, x with respect to y,n are bounded by solutions
of

dE/dt= C(t™™® X + ¢~V E) 4 @1
dX/dt=2C(E+t™™® X)++®

which are bounds initially. Majorants of the form
E=t*® M, X=t+r®M,

can now be used. (We have assumed (3.9) to avoid logarithms here.) The proof
of the lemma is complete.

By means of the lemma solutions of the Hamilton-Jacobi equation are ob-
tained in a standard way:

Theorem 3.8. Assume that VE(x, &)=Y V.'(x) & has real coefficients satisfying

(3.16) where m(j) fulfills (3.9), (3.9). Then there is a C* function W(&, t) such that
for & in any compact subset of Q={¢&; P'(£)+0} we have for large |t|

oW /ot=P(&)+ VE(OW/DIE, &) (3.23)

IDEW(E )| S C et +r==0, gl 21, (3.24)

IDHW(, t)/t— P ()| +IDg VE(@W/IE, &)< C, "1™, (3.25)
Here p is defined by (3.21) and

v(k)=max (1 —m(1)+ u(k), k —m(k)). (3.26)

Proof. Let Q,cQ,=Q,c--- be open sets with union €, each with compact
closure contained in the following one. First solve the Cauchy problem for (3.23)
with initial data

W t)=tP() when {eQ,, t=t,,
where t, is large. This means that we solve the Hamilton equations with initial data
E=n, x/t=P'(n) when t=t;, nef,.

If ¢, is large enough we know that the solutions exist for t>¢,. By (3.18), (3. 20) and
the remark following Lemma 3.6 the mapn — ¢ is invertible and x/t can be ex-
pressed as a function of & satisfying

ID%(x/t)| £ C, t#42D,

The solution of the Hamilton-Jacobi equation will then exist at least in ©, x [t,, )
and be defined by 0W/0¢&=x. Thus (3.24) is valid and

[t~ OW/[0E—P' (§)|S C it~ (3.27)

This solution we denote by W,.
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Suppose we have already a solution W, in Q;x[t;, o) satisfying (3.24) and
(3.27). With ye C§ (2, equal to 1 in a neighborhood of Q;_, we solve the Cauchy
problem for the Hamilton-Jacobi equation with initial data in Q.
W=xW+(1-0tP, t=¢,,.
If t; ., is large enough it follows again from Lemma 3.7 and Lemma 3.6 that the
solution exists in ©; ; x [t;, ,, 00) and is equal to W;in Q; | x[t;, , 00); moreover,
it satisfies (3.24), (3.27). Continuing in this way we obtain a function satisfying the
Hamilton-Jacobi equation and (3.24), (3.27) for large t over any compact subset
of Q. We continue it in a C® fashion to be 0 for |t| <1 say and construct W similarly
for large negative t.

The Hamilton-Jacobi equation can be written

OW—tP())ot=V (OW/OE, &) =d(t,t~! OW /B¢, )

where ®(t, y,&)=V"(t y, £) has derivatives of order k>0 with respect to y and
¢ bounded by ¢*~"® for y and ¢ in suitable compact sets. By Lemma 3.6 and (3.24)
the derivatives of V*(0W/0¢, &) of order k can therefore be estimated by ¢ raised
to the power

max (1 —m(1)+ pu(k), k—m(k)+k u(1)), k>0.
Since 41(1)=0 this proves that
IDE VE@W/0¢E, &) < Crled,

which is also true when |«|=0. Now v(lal)> —1 so integration with respect to ¢
also gives the first estimate in (3.25).
We can now state and prove the main theorem in this section.

Theorem 3.9. Let P be a differential operator with constant real coefficients such
that det P" %0, and let V(x, D) be an admissible perturbation such that P(D)+ V(x, D)
has a self-adjoint extension H. If W is a solution of the Hamilton-Jacobi equation
(3.11) with the properties listed in Theorem 3.8, then the modified wave operators
(3.1) exist, and they are isometric operators intertwining H and H,, .

Proof. Since (3.25) implies that 0W /0t —P — 0 as t — oo, the condition (3.2) is
fulfilled so the last assertion is obvious.

Let Q, be an open set with complement of measure 0 such that P'+0 and
det P”+0 in Q,. In addition we require that VS satisfies (2.9) for every compact
subset of P'(€,). We have to estimate the terms on the right hand side of (3.10).
To the first the arguments of Section 2 are applicable with minor modifications,
but for the others we have to examine the higher order terms in the asymptotic
expansion of the stationary phase method much more carefully.

The support of & can be chosen so small that & — P'(§) is a difffomorphism
in a neighborhood. The critical points of (x, &> —W(¢, 1) are given by

x/t=P' &)+t (@W/0E—1t P'(¢),
and by (3.25) we have
IDE(e™! oW/0E~P'(Q)ISC 1@,  |a|<1.
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Since v(2)=max (4 —m(1)—m(3), 2—m(2))<0, we see that there can only be one
critical point in or near supp & when ¢ is large. It is close to the critical point of
X, & —tP(E)

Let ¢ <4 be the slope u(j+ 1) — u(j) for large j. (In the notations of (3.9) we have
c¢=1-4.) Then the é-derivatives of order =2 of

g2 W/ D)
are uniformly bounded in view of (3.24). We shall make a change of variables to

take advantage of this, but since #(£/t°) has increasing support we must then
decompose by means of a partition of unity

Y x4 (O)=1.

Here g runs over all lattice points, x,€ Cg and y, (x)= xo(x —g). Set

8, (&) =2(E/1%) 1,0)-
Then

e Mru(x)=2n)"Y fexpit' T2 ((x, &) T =2 T W/ 1) B, (E) d g,
E (3.28)

and the number of terms which do not vanish identically is O(t"‘). We shall now
consider separately contributions close to and far from the critical point.

a) Since t2¢~! W(&/t%, t) has uniformly bounded derivatives of order =2 and
the support of the integrand is fixed after a translation, we can find a constant K
such that if

|t~ e — Wi (g/15, )| > K, (3.29)

then Lemma A.1 is applicable to prove that the corresponding term in (3.28) can be
bounded by any desired power of ¢t ~* or indeed by any power of (¢+|x—W/|)~".
In particular, if x/t is outside a fixed neighborhood of P’(supp i) and ¢ is large,
then this estimate is applicable to all terms in (3.28) and we obtain then

le™™ u(x)|< Cy(1L+Ix|+eh ™.
b) If &1, is not identically O then g/t is at distance O (1 ™) from supp i, so if
|x/t— Wi g/t )/t|l=Kt™°, (3.30)

we conclude using (3.25) that g/t is at distance O(t~°) to a critical point of
{x, &y —W(E, t). Hence there is a fixed bound for the number of such terms.
Using Lemma A4 we obtain an asymptotic expansion of the corresponding
terms in (3.28) with an error term after N steps, which can be bounded by
C(t1~2¢)~"2-N 50 it is as small as any desired power of 1/t if N is large. Summing
up: we have seen that e~*"* u(x) with an error O ((1 +|x|+ |t|)~™) for any desired
M is given by finitely many terms in the asymptotic expansion of the stationary
phase method at the critical point. To study these terms it is convenient to use a
Morse lemma with a formal change of variables starting from the original inte-
gration variables &.
Thus we apply Lemma A.6 to

f@)=<x/t, &> =W, nft,  ak)=pk=1).
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It follows that in the asymptotic expansion of
j‘ x> -WE,n) i (f) dé¢
the terms are products of ¢! ~W (&N by the terms in the expansion of
fet A »izy ()], (v)dy (3.31)

where v,  is the composition of # and the change of variables, and J, , is the
Jacobian. The symmetric matrix 4 may depend on t and x but 4 and 4! have
uniform bounds. From (A.10) and Lemma 3.6 we obtain

ID*v, Q)= C 1D |D*J, (0)|< C el +D (3.32)

We shall consider separately the terms in the expansion (A.5) of (3.31) where v,
is not differentiated, for these will finally cancel out as a consequence of (3.11).
In the other terms we have at the j-th step, j>1, a factor ¢=—"/2~J multiplied by
derivatives of v, _ and J, , at 0 of order a resp. b such that a+b=2 jand a=1. This
is bounded by a constant times ¢ raised to the power

—n/2—j+u(@)+pubd+1).

The maximum must be taken either when a=1,b=2j—1 or when a=2j, b=0,
so it is —n/2 plus

—JH M)+ pR2))=pQ2j)—jSp2)-1=2-m(3).

The norm of the product of the coefficient Vy:(x) and the considered terms can
therefore when 0 <r <|x/t| <R be bounded by

C t2—m(3)—m(0)S C t3 —m(3)—m(1)

which by hypothesis is an integrable function when ¢> 1. If we replace # by &1
and V" by V}, the same conclusion is obtained.

We have now estimated all terms in the asymptotic expansion of the term
VEi(x,D)e= ™™ u in (3.10) except VI(@W/a¢, EU(E) KO -WEN g where S
denotes the terms in the formal asymptotic expansion of

@m)" [ Arniz () dy.
However, these are cancelled by terms in the asymptotic expansion of
e (P(D)=0W, (D)ot) u=~2m)~" [ XD WD VLW, &) i) de.

Let w, . (y) be the composition of VX (aW/3¢, &) and the change of variables above.
If we use (3.25) and observe that

max (v(1)+ u(k), v (k) +k p(1))=max (1 —m(1) + u(k), v(k)) = v (k),
it follows that

ID* W, ,(0)| < C, (=D
For the terms in the j-th step of the asymptotic expansion of

j ot <AY Y2 w, () () dy
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where w, . and J, . are differentiated a resp. b times, we obtain as estimate a
constant times ¢ raised to the power

—n2—j+v(@)+ub+1).

Here a+b=2j and we consider only terms with a=1. The maximum of
v(a)+ u(b+ 1) under these conditions is

max (v (1) + p(2)), v(2)) + p(1)) = max (1 =m(1)+ u(2)), v 2)) = v (2))-

Hence ¢ is raised to a power < —n/2—j+v(2j)< —n/2—1+v(2). In the beginning
of the proof we saw that v(2)<0, so the norm when r <|x/t|<R is an integrable
function of t on (1, o).

We have now estimated the I? norm of all terms in (3.10) except V5(x, D) e=*"* u.
However, the preceding estimates show in particular that D*e~*"*u(x) can be
bounded by Ct~"2, and at the beginning of the proof we obtained the bound
Cy(1+4|x|+]t])~™ for any N when x/t is outside a fixed neighborhood of P’ (suppi).
The same estimate of this term as in the proof of Theorem 2.3 is therefore appli-
cable. The proof is complete.

The definition of W, in Theorem 3.9 depends first on the choice of splitting
V="V5+ VL and then on the choice of solution W of the Hamilton-Jacobi equation
with the Hamiltonian P + V%, Suppose that V=V5+ VX and W is another choice
and that W, W satisfy a part of (3.24), (3.25) namely

ID; WE DI+IDFW(E DISClel,  lal=2, (3.33)
IDY(W(E )=t PE)+IDFW(E )~ tPE)ISClef 2, lal=2, (3.34)

for some £>0 when ¢ is in a compact subset K of Q and |¢| is large. When £eK it
follows for large |¢| by subtraction of the Hamilton-J acobi equations and application
of Taylor’s formula that the difference R =W — W satisfies a differential equation

OR/ot={a, OR/IE) +(VE —V®)(0 W/0¢E, &), (3.39)
where
al t)= j Vi (ow/o¢ +s(OW/0E—0W/0E), &) ds.
0

By (3.33), (3.34) we have if s<m(2)—2<m(1)—1
IDia(&)|SCe™70,  |a|=1.

If K, is a compact subset of the interior of K it follows that the integral curves of
the equation

dé/dt=—a(t); E=neK, when t=t,,
stay in K for all t>t, if t, is large enough. Moreover,
IDi(Em, )-mISCt5?  JalS1. (3.36)

If ¢, is sufficiently large the map K, 35 — &(n, t) is therefore a diffeomorphism.
Now the Eq. (3.35) can be written

dR/dt=F (3.35)
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where d/dt denotes differentiation along the integral curves of ¢ and
F=(VS-V%)(@W/o¢, &)

considered as a function of 1 and t. We shall prove that |F| is integrable when
nekK, and t>t,. To do so we first observe that

IFISC Y (VS@W/0¢)|+ VS (@W/o¢g)|).

It is therefore natural to introduce x=t"1OW(E(n, 1)/0¢ as a new integration
variable instead of #. The Jacobian is dx/on =t~ 52 W/6&29¢/on and from (3.34),
(3.36) we obtain

[t~ 02 W/0E2— P (E)|<Ct~5, [0&/on—1I|<4.
Hence
Idet(@n/ox)|<C if t>t,, nekK,,

provided that ¢, is large. If K is sufficiently small, themap n — x is a diffeomorphism
and we obtain

J TIFldnde<C [de[ ¥ (73@9i+ VS dx
K to to

w

for a set w to which (2.9) is applicable. Since an I! mean value is bounded by the
corresponding [? mean value, the integrability of F follows, so (3.35) shows
that R(¢(+, ), 1) has limits in I}(K,) as t — + o0. Denote the limits by R, . Since
n—&(n, 1) has an inverse ¢, with Jacobian <2, say, this proves that

R(*,t)=R, 00,0, t—-+ow,

in L norm. But ¢, has a diffeomorphic limit ¢ in the C! topology so this implies
that

R(“,)=R c0,—-0
in I!. Hence we have proved, in view of Theorem 3.1,

Theorem 3.10. Let V be an admissible potential in the sense of Definition 3.4
for an operator P(D) with detP" %0, and let

V=VS+VEL V=VS4VL

be two splittings such that VS and V5 have short range and V%, VL are real and
satisfy (3.8) for |BI<2, where we assume that m(2)> 2. Let W, W be solutions of the
Hamilton-Jacobi equation (3.11), with V replaced by V" in the case of W, and
assume that (3.33), (3.34) are fulfilled. Then W — W has a limit in L. (Q)ast—+ o0
or —oo for an open set Q<IR" with complement of measure 0. If Wy, Wi are
modified wave operators defined by means of W and W, it follows that W, and W,

(resp. W_ and W_) have the same range.
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Appendix
The Method of Stationary Phase

Our purpose is to derive asymptotic expansions of oscillatory integrals of the form
I(w)={ "/ Pu(x)dx (A.1)

where f is real valued and @ —oo on R. The first elementary lemma focuses
attention on the critical points of f.

Lemma A.l1. Let K<RR" be a compact set, Q a neighborhood of K and
feC*+1(Q,R) a function with f'+0 in K. Then we have for weRR

|jei“’f""u(x)dxlgC(1+|w|)"‘|u|k, ue Ck (K), (A2)
where
|u|k=||z sup|D*ul. (A.3)
al<k

The same constant can be used in (A.2) for all f in a compact subset of C**'(Q)
satisfying the hypotheses.

Proof. It suffices to prove that if x,eK and f;(x,)+0 then there is a neighbor-
hood U of x, and a neighborhood V of f, in C**'(Q, R) such that (A.2) is valid
when ue C?(U) and feV. In fact, by a partition of unity we then obtain (A.2)
for all ue C¥(K) when f is close to a function satisfying the hypotheses in the
lemma, and the full statement follows by the Borel-Lebesgue lemma.—We may
assume that df,/0x, +0 at x,. By the implicit function theorem there is a neighbor-
hood U, of x, such that

U ax - (f(x), x5, ..., x,)eR"

is a diffeomorphism on f(U,) with uniformly bounded inverse ge C*+1 provided
that f is close to f,. Let U be relatively compact in U;. Then

fu)ee/@dx= [ u(gy)e” |detg' (y)dy, ueCs(U),
S)

s0 (A.2) has now become a well known estimate for the Fourier transform proved
by k partial integrations. '
We shall next consider the simplest type of critical point.

Lemma A.2. Let A be a real symmetric non-degenerate matrix of signature o.
Then the following identity is valid when >0, ue¥

j‘eiw<Ax,x>/2 u(x)dx=‘det2nwA‘-—%enio/4 s a(é)e—KA-’z:,i)/Zw dé. (A4)

For every integer k>0 and every s>2k+n/2, we have when ue ¥

k-1
‘ [ elotm012y (x)dx —|detwA/2n|*e"7/* § (A7 D, DY u(0)/j!Qiwy
0
§Ck,sw_n/2 —k“““(s)’ w>1. (A.5)
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Here C, , is a continuous function of A and s, and
lullg=(@m)~" f (A + 1P [@(&) > d&)
is the Sobolev norm.

Proof. (A.4) is just an elementary computation of the Fourier transform of
x — e <4%¥/2 and (A.5) follows if the exponential on the right hand side of (A.4)
is expanded by Taylor’s formula. The details can be found on p. 145 of
Hormander [8].

To reduce more general phase functions to quadratic forms one needs the
Morse lemma:

Lemma A3. Let fe C*(Q) be a real valued function in a neighborhood Q of
0 in R" and assume that f'(0)=0 and that A= f"(0) is non-singular. Then there
exist neighborhoods Q, and Q, of 0 in R" and a diffeomorphism X: Q, — Q, such
that X (x)—x=0(x|?), x>0, and

fX)=f0)+<{AX,X>2, xeQ,.
Proof. By Taylor’s formula
JX)=f0)=<{B(Xx)x,x}/2

where

B(x)=2;f”(sx)(1—s)ds.
0

Hence B(0)=A. Now there exists in a neighborhood of 4 in the set of symmetric
matrices a C* map B — R(B) with values in the set of real invertible matrices
such that

R(B)*AR(B)=B, R(A)=I.

In fact, the differential of R —» R* A R with respect to R when R=I1is R » R*A + AR,
and it is surjective since R*4A+ AR=C if R=A47!C/2 and C is symmetric. Now
we can just take X =R(B(x))x.

The proof is clearly applicable uniformly to all functions in a neighborhood
of fin C*(Q) having a critical point at 0. By the implicit function theorem there
is automatically one close to 0 so we can always make 0 a critical point by a small
translation.

Lemma A 4. Let [ be as in Lemma A.3. Then there exist differential operators
L, ; of order 2j such that when ue C§ (K), K compact =€,
k—1
fux) e’ @dx— ' 0|det f7(0)2n|"ter/* S OL  u(0)ow=I—"2
=

SCo "2 ¥y, (A.6)
provided that s>2k+n/2 and w> 1.

Proof. (A.6) follows from (A.5) if we apply Lemma A.3 and introduce X
as variable instead of x.
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From the proof it follows that the remainder term in (A.6) is uniform if f is
replaced by any function in a C* neighborhood. This can be exploited in com-
puting the operators L ;. To do so we assume f(0)=0 and write

fx)=C{Ax,x)/2+g(x), gx)=0(x[).

Then
dN
dsV

If we apply (A.6) to the right hand side, the terms in the sum vanish when 2j <3 N

so it can be estimated by w ~"2~**N if k<3 N/2. Thus an application of Taylor’s
formula with remainder term gives

|feTudx—[ Y 4> (jwg(x)u(x)/k!dx|< Co"2~N2,
k<N

j‘ glo4x,x>/2 +sg(x))u(x)dx =§ o Ax,.x>/2 +5g(x) (iwg(x))”u(x)dx .

In view of (A.5) and (A.6) this means that as formal power series

YL, u0)/o'=Y (iw}'27'<A~1D, DY (g*u)(0)/k!1!. (A7)
J k, 1

Note that on the right hand side we must have 2/ >3k in a non-zero term. When

| —k=j this implies /<3j, k<2j, so there is just a finite number of such terms.

Altogether 3k derivatives are required to remove the zero of g at 0, so derivatives

of g are of order <3+2/—-3k=3+2j—k=<2j+2 when k>1. In view of the

standard formula for the inverse of a matrix we have therefore proved

Lemma A.5. (det /”(0)*/L,; has coefficients which are polynomials in
f"O),...,f®*2(0), homogeneous of degree 3nj—j. They can be computed
from (A.7).

From the definition it is clear that |det f”(0)|"*L, ;u(0) is invariant if f
is transformed as a function and u as a density. Note also that these quantities
only depend on the formal power series expansions of f and of u at 0, so we can
control them by means of a Morse lemma on the formal power series level:

Lemma A.6. Let f be a C* germ at x, with f'(x,)=0 and A=f"(x,) non-
singular. Assume that for some t>1

ID*f (x)| £ Ct*®D, a1, , (A.8)

where a(k) is a convex sequence with a(1)=a(2)=0. Then there is a diffeomorphism ¢
of a neighborhood of 0 on a neighborhood of x,, such that

foo)=1(x0)+<Ay,y>/2, (A9)
ID* ¢ (0)| < C, g01=l+1) (A.10)
where C, only depends on the constants in (A.8) and on a bound for A~!.

Proof. We may assume that x,=0. Define the symmetric matrix B(x) as in
the proof of Lemma A.3. Then

ID*Bj, (0)| < C; 1ol +2),
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In view of Lemma 3.6 it follows that
ID*R(B)(0)| < C' et +2)

if we note that ka(3)<a(k+2) because aB)=aB)—a)=a@—aB)<---
<a(k+2)—a(k+1). For the derivatives of X (x)=R(B(x))x this gives

ID* X (0)| < C2 ¢(lel+D),

Estimates of the same form are valid for the inverse ¢ by the remark following
Lemma 3.6. This completes the proof.

In our applications of the preceding results the phase f and the amplitude u
will often depend on the frequency w. This is justified by the uniformity of the
preceding methods of proof.
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Note Added in Proof. Dr. P.K. Alsholm has informed the author that Lemma 3.3 above allows him
to reduce the conditions in [1] to

m(l)+c>2, c=max(m(k)—1)/k.

Writing the condition in the form m(1) + (m(1) + 2 c) > 4 one concludes that it implies that V is admissible
in the sense of Definition 3.4. On the other hand, if m(j)=j+¢, j<k, then the preceding condition
reduces to &> 1/(k + 1) whereas Proposition 3.5 shows that V is admissible if e>1/2, k=1, or £>1/5,
k=2o0re>0,k>2.






