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To A. M. Ostrowski






ALEXANDER M. OSTROWSKI






‘To A. M. Ostrowski’

On the occasion of your 75th Birthday, mathematicians specialized in many
directions, dedicate to you the papers collected in the present volume, as a symbol
of their high regard for your contributions to mathematics and as a token of affection
for you personally. Among these, you will particularly welcome the tributes from
some of your distinguished pupils and collaborators.

It is proper at this time to refresh our memories of some of your outstanding
work, but its breadth and depth make only a superficial sampling possible. However,
we hope that this survey will encourage experts in some of the fields in which you
have worked, to get acquainted with your accomplishments in others.

Your first published result caused general excitement in the mathematical com-
munity. HILBERT in his famous lecture to the International Congress of Mathemati-
cians in Paris in 1900 stated a series of outstanding problems one of which was to
show that

z,5)=)n""2"

does not satisfy any algebraic partial differential equation. This, and more, you
solved in your thesis, by completely elementary methods.

In the theory of analytic functions, the subject of overconvergence, until your
intervention, was merely a series of examples; after your work, the situation was
completely clarified. Elsewhere in this domain, your fundamental contributions to
the theory of the boundary correspondence and boundary distortion in conformal
mapping, your investigations on the harmonic measure and harmonic majorants,
uniqueness and factorization of analytic functions in the unit disk, your profound
work on quasi-analytic functions, your researches on PICARD’s and SCHOTTKY’S
theorems and on the Riemann {-function — all have a definitive place in the literature.
Your introduction of the spherical metric in the complex plane, which you first used
in your characterization of normal families, has been taken over into standard modern
treatises on complex function theory.

In the field of algebra, we recall your essential advances in the theory of valuations
which, before your research, was in a tentative state. Not only did you determine all
possible valuations of the rational numbers, but you laid the foundations for the
local treatment of many algebraic and arithmetic questions which are so topical at
this time. Here we must also mention your work on the fundamental theorem of
algebra, on Galois theory and on the theory of invariants.

You have enriched many parts of the theory of numbers, in particular, we note
your work on WARING’s problem, on diophantine approximation and on various
problems in algebraic number theory.



2 ‘To A. M. Ostrowski’

In the theory of functions of real variables, we remember, as of particular interest
to our ‘Aequationes Mathematicae’, your study of convex functions and of the Cauchy
functional equation which has not been essentially improved during the last 40 years.
Further, we call attention to your work on the topology of oriented line elements
and your more recent research on positive operators.

Your longtime interest in computation — it was you who introduced the concept
of a Horner — was intensified, to the benefit of all of us, by the advent of automatic
computors. You have contributed to many areas of numerical analysis and your
presence at various centers in the U.S.A. and elsewhere has had a profound influence
on its development. You never hesitated to plan and carry out computational exper-
iments, in conformal mapping and other areas. Your skill and scholarship in linear
algebra has led to much progress, e.g., in the theory of norms and matrix inequalities,
the analysis of methods of the solution of linear systems, the approximation to
characteristic values (in particular, problems associated with the names of GERSCH-
GORIN and LYAPUNOV).

You have enriched the classical parts of the theory of equations and modernized
much of it, including your recent designs of root finders. As early as 1937, you were
deeply concerned with numerical stability and your papers on error estimates are
models for the serious numerical analyst. No one who was not trained in the analytic
theory of numbers could have completed — as you did, in a series of five papers —
an investigation of one of the standard processes for determining characteristic values
of matrices.

Apart from your major research papers and monographs, you have enriched our
literature with your series ‘Mathematische Miszellen’ — these are not what your modest
title implies; they are genuine masterpieces of mathematical ingenuity and competence
which we read with as much pleasure as profit.

You have found time to issue your famous lectures and exercises on Differential
and Integral Calculus so that those not fortunate enough to be able to attend your
classes can benefit. English translations of these will soon further widen your influence
on mathematical education.

Your Washington lectures on ‘Solution of Equations and Systems of Equations’
and your later researches in this basic field of numerical analysis have also been made
available to a wider public in book form.

To this sketch of an impressive demonstration of mathematical versatility we
would like to add our most cordial good wishes. In particular we hope that your
wonderful creative powers will long remain with you in strength so that you can
continue to enrich mathematics with beautiful new results just as you have been
doing uninterruptedly from 1913 to the present.

THE EDITORS
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Research Papers

Solution générale de I’équation fonctionnelle
flx+yf)]=fx)f(»).

STANISEAW WOLODZKO (Cracovie)

Dédié a A. M. Ostrowski a I'occasion de son 75° anniversaire

Introduction

Dans ce travail nous donnons la solution générale de I’équation fonctionnelle

STx + 2/ ()] =F () f(») (1)
ainsi que certaines conclusions qui résultent de cette solution.

L’équation (1) fut obtenue par S. GoLaB') en cherchant les sous-groupes 4 trois
paramétres du groupe centro-affine sur un plan
X'=ax+by
y=cx+dy,
ol a, b, c, d désignent les nombres réels tels que
'a, b
W= c, d
d=d(a,b,c). )

#0, et

En effet, en composant les transformations
xX'=ax+by o x'=ax +by
y=cx+d(a, b, c)y amst que Y= x" +d(@a, b, )y
nous obtenons
x"=(aa" +cb)x+[a'b+bd(ab,c)]y
yi=lac +cd(a,b,c)]x+[c'b+d(a,b,c)d(a,b,c)]y.
Comme la condition (2) doit &tre remplie, on aura
dlaa’+cb',a’b+b'd(a,b,c),ac’ +cd(a’,b,c)]=cb +d(a,b,c)d(a’, b, ).

1) Indépendamment de S. GorAB une équation pareille fut obtenue par J. AczEL en partant de
certains problémes de la théorie des objets géométriques [1].

Regu le 26 juli, 1967
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; nt ) , ,
De Ia, en posa a=a =1 b=b =0, c=x, c=y

nous obtenons d[1,0,x + yd(1,0,x)] = d(1,0, x) d(1, 0, ),

donc, en posant f(x)=d(l, 0, x) nous obtenons 1’équation (1).

Dans le travail [2] S. GoraB et A. SCHINZEL ont donné une vaste classe des solu-
tions en particulier toutes les solutions régulieres de I'équation (1) dans I’ensemble
des fonctions réelles de la variable réelle. Les résultats les plus importants de ce travail
contiennent les propositions données plus bas 1-5. En outre on a montré dans le
travail [2] D'existence des solutions non mesurables de I'équation (1) en donnant
certaines propriétés des solutions mesurables de ladite équation. Les solutions
mesurables générales de I’équation (1) furent aussi étudiées par C. GH. Popa dans le
travail [3]. Les résultats de ces deux travaux concernant les solutions mesurables
sont donnés dans la proposition 5. Nous allons maintenant citer les propositions 1-5
(avec quelques changements insignifiants).

ProrosiTioN 1. Les seules solutions continues de I'équation (1) sont les fonctions
suivantes:

@ f(x)=0,
(b) f(x)=1+ax,
0 pour x<—1
© fx)= 1
1+ax pour x>—a (a>0), 3)
ll+ax pour x<2
@ )= ;
l 0 pour x>a (a>0),

oll a est une constante réelle arbitraire.

Parmi les solutions de I’équation (1) les auteurs du travail [2] distinguent les
solutions dites triviales et les solutions micropériodiques. Nous dirons que la fonction
J est une solution triviale de I"équation (1) si 'ensemble des valeurs de cette fonction
est contenu dans I’ensemble {—1, 0, 1}. Nous dirons que f est une solution micro-

périodique de I'équation (1) si O est le point d’accumulation de ses périodes.

ProposiTION 2. La fonction fest une solution non-micropériodique et non triv-
iale de (1) seulement s’il existe un nombre a0 et un groupe multiplicatif G qui ne
contient seulement + 1, mais aussi d’autres nombres, et G est tel que

_{1+ax, quand (I +ax)eG, )
f(x)—( quand (1 +ax)eG. § @)
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PROPOSITION 3. Si la solution non triviale de I’équation (1) n’est pas de la forme
(3) (b), (c) ou (d), dans ce cas cette solution est discontinue en tout point d’une certaine
demi-droite ou bien elle est de la forme (4) ou le groupe G se compose de nombres
a" ou +4" a étant un nombre réel différent de zéro.

PROPOSITION 4. L’équation (1) posséde des solutions micropériodiques non triviales.

PROPOSITION 5. Si la fonction f est une solution mésurable de I'équation (1), dans
ce cas f est soit continu (de la forme (3)), soit égal presque partout a zéro.

Ce travail se compose de trois parties. Dans le § 1 nous donnerons un moyen
d’obtenir les solutions de I’équation (1) appelé par nous «construction K». Nous
montrerons ensuite que toute solution de I’équation (1) qui n’est pas identiquement
égale a zéro peut étre obtenue au moyen de cette construction (proposition 6). Le
probléme sera résolu dans I’espace linéaire arbitraire sur un corps quelconque. Dans
la démonstration de la proposition 6 nous utiliserons I’axiome du choix. Dans le §2
nous montrerons comment on peut obtenir les propositions 1-4 de la proposition 6.
En méme temps, la proposition 1 sera présentée en faisant des suppositions affaiblies
(remarque 5). Dans le § 3 nous donnerons les solutions continues de I'équation (1)
dans ensemble des fonctions complexes d’une variable complexe.

§ 1. Soit E I’espace linéaire sur un corps donné &. Les éléments de I’ensemble E
seront désignés par les lettres latines, et les éléments de @ par les lettres grecques.
Pour les opérations dans I’ensemble E les symboles additifs, et dans I’ensemble @
les symboles additifs-multiplicatifs seront utilisés. Pour une opération extérieure nous
adopterons la convention suivante:

Aa=al.

Supposons que la fonction f soit I'application de ’ensemble E dans ’ensemble &,
Ce que nous noterons
ffE->®.

Nous passons maintenant & un moyen d’obtenir les solutions de I’équation (1).

Construction K

1. Nous choisissons un sous-groupe multiplicatif arbitraire Z’ du groupe multi-
plicatif @' =@\{0}.

2. Nous déterminons dans I’ensemble Z’ une fonction arbitraire w dont les
valeurs appartiennent a ’ensemble E, c’est-a-dire

w:Z - E,
3. Nous déterminons la fonction

a(A,py=w(@Apu)—w(i) — Aw(u) pour A, ueZ'. (5
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4. Nous désignons par 4’ un sur-ensemble arbitraire de I’ensemble des valeurs
de la fonction a(4, p), c’est-a-dire
a(Z' xZ')yc A'.

5. Nous désignerons par A4” I’ensemble de tous les produits Aa ol ae A’ et leZ’
(C'est-a-dire A"=27"-4").

6. L’ensemble A" génére un groupe additif; nous le désignerons par A4. Ainsi
I'ensemble 4 se compose de toutes les combinaisons linéaires kiaj+---+k,a, ou
a,...,a,eA” et ky,..., k, sont des nombres entiers arbitraires, n étant également un
entier quelconque.

7. Choisissons un sous-groupe multiplicatif arbitraire Z du groupe multiplicatif
Z' tel que pour tout leZ et 1#1 (voir la remarque 1)

w(A)EA. (6)
8. Déterminons la fonction (voir le lemme 3)

F(x) VA silexiste A€ Z tel que [x — w (4)]€ A, si un tel 4 existe )
~ (0 pour les autres x. \

(7

REMARQUE 1. Pour tout groupe Z' de I'ensemble A’ et pour toute fonction w
il existe un groupe Z remplissant la condition (6), p. ex. Z={1}.

Nous allons maintenant démontrer cinq lemmes concernant les propriétés des
ensembles et des fonctions qui apparaissent dans la construction K.

LEMME 1. aeA pour un aeF si lacA pour un AeZ et si acA alors lac A pour
tout AeZ'.

Démonstration. 1. Soit ae A. Il résulte de la définition méme du groupe A4 qu’il existe
un nombre entier positif #, des nombres entiers ky,..., k, et des éléments a,...,a,eA”
tels que

a=kyay +--+k,a,. (8)

D’autre part, il s’ensuit de la définition de I’ensemble A” qu’il existe des aje 4’ et des
AieZ’ tels que
a;=aid (i=1,..,n). 9
De (8) et (9) nous obtenons
a=kyay Ay +--+ kya,i,.
In en résulte que
Aa=kyay Ay 4+ kya, A, pourtout leZ’. (10)

Le groupe Z’ étant un groupe multiplicatif, on a de (10) et de la définition des en-
sembles 4" et A
AaeA,
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2. Soit maintenant Aae A4 pour un AleZ’ et aeA. De la partie précédente de la
démonstration on obtient
[A~'(La)]eA.
Ainsi ae A.

LEMME 2. Si A, ueZ’', on a [w(Au)—w(d)—iw(p)]eA.
Démonstration. La proposition s’ensuit directement de la définition des ensembles
A, A" et de A.

LEMME 3. La régle (7) définit une fonction.
Démonstration. 11 suffit de montrer que pour tout xeF il existe au plus un leZ

pour lequel
[x —w(A)]ed.

Pour cela il suffit de montrer qui si 4, ueZ et A#u, on aura pour chaque xe E

[x —w(4)]EA ou [x—w(u)]EA. (11)
A étant un groupe additif, (11) a lieu si
[w(A) —w(u)]JEA pour A#p et A ueZ. (12)

Pour démontrer (12) remarquons que du lemme 2, en posant u et A/u au lieu de 1 et
I, respectivement, on obtient

[w(l)—w(,u)—yw(i)]eA pour A, pueZ. (13)

D’autre part, pour A#pu et A, ueZ on obtient a cause de (6) w(A/u)€ A4, donc aussi
(lemme 1) pw(4/p)€A. De 1a et de (13) on arrive a (12).

LemMe 4. f~1({1})=A.
Démonstration. Du lemme 2, en posant A=1, nous obtenons

—w(l)eA.
De 1a, puisque A est un groupe additif, on a
w(l)eA.

Il s’ensuit, que xe 4, si [x—w(1)]e A et dans ce cas seulement. De 1a et de (7) résulte
la proposition a démontrer.

LEMME 5. L’ensemble A est un ensemble de périodes de la fonction f.
Démonstration. 11 suffit de montrer que ae 4, si et seulement si pour tout xe £

G+ a)=f(x). (14)
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I. Supposons que
aeA.

Dans ce cas pour un xeE un des cas suivants doit subsister:
a) il existe AeZ tel que
[x —w(d)]eA,
b) pour tout ieZ
[x —w(A)]EA.
Dans le cas a) nous avons

f(x)=1.

D’autre part, on conclue de (15) et de (16) que

[x+a—-w(A)]eA.

Alors:
f(x+a)=21.
De la et de (18) on obtient (14).
Dans le cas b) nous obtenons
f(x)=0.

Mais de (15) et de (17) nous avons

[x+a—-w(A)]EA
pour tout Ae Z. Il en résulte que
fx+a)=0.
De la et de (19) nous avons (14).
2. Supposons maintenant que pour tout xe E

f(x+a)=f(x).

De 13, en posant x=0, nous obtenons

f(a)=1(0).
Puisque 0e 4, il s’ensuit du lemme 4 que
0)=1.

De 13, de (20) et du lemme 4 résulte que aeA.
Nous démontrerons maintenant le

(15)

(16)
(17)

(18)

(19)

(20)

THEOREME 1. La fonction f, non identiquement nulle, est une solution de I'équation
(1) si et seulement s’il existe des ensembles Z', A" et Z et une fonction w qui remplie les

conditions de la construction K telle que la fonction f soit la forme (7).

Autrement dit, I'ensemble des solutions de | "équation (1) (laissant & c6té la solution
identiquement nulle ) est identique avec I'ensemble des fonctions qui peuvent étre

obtenues par la construction K.
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Démonstration de la suffisance. Nous supposons que pour la fonction f'il existe des
ensembles Z’, A’, Z et une fonction w tel que f(x)soit de la forme (7). Nous montrerons
que la fonction f est la solution de I'équation (1).

Pour les x, y arbitrairement déterminés de I’ensemble E trois éventualités peuvent
avoir lieu:

a) il existe A, peZ tel que [x—w(d)]ed et [y—w(u)]e A,

b) [x—w(4)]ed pour un certain AeZ et [y—w(u)]€A pour tout ueZ,

¢) [x—w(L)]€A pour chaque Ae Z, y étant un élément quelconque de I'ensemble E.

Ad a). Puisqu’il existe des constantes a, be 4 telles que

x=wA)+a e y=w)+b
on a alors

Flx+yfx)]=f{w(A) +a+[w(u)+b]f[w(A) + al}. (@A)

D’autre part, il résulte des lemmes 1 et 5 que a, b et bf[w(A)+ a] sont des périodes de
la fonction f. Il s’ensuit que

fw@ +a+[w)+blfIw@) +al} =fw@) +w)fIv@A]}. (22
De la définition de la fonction f nous avons
fw(A)]=4 pour ieZ. (23)
Nous concluons du lemme 2 que

FIwA) + 2w(w] =fIw(Ap)], (24)

et de (23) et (24) nous obtenons

W@ +w flwD)]} = iu=fIwD1f Iw (W] =5 () S (). (25)
L’énonce du théoréme résulte de (21), (22) et (25).
Ad b). Comme dans le cas a) nous constatons que

x=w(l) +a ' (26)

ou ae A. D’autre part, il s’ensuit de (7) que f(»)=0.
11 suffit donc de montrer que

flx+yf(x)]=0.
Admettons, pour la démonstration par le contraire, que

flx+yf(x)]=pn#0.
De 1a et de (26) s’ensuit que

(W) + 4y —w(w]eA. 27
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D’autre part on obtient du lemme 2

[w(/z) —w() = i <Z>]6A (28)

A étant un groupe additif, nous obtenons de (27) et (28)

Iw(d) + Ay — w(u)] + [w(,u) —w(i)— Aw@)] - A[y - W<Z>:|EA.

De la et du lemme | nous avons
A

f(y)=0¢l;~

ce qui impossible puisque

Ad c). Dans ce cas f(x)=0. Donc aussi

fIx +3f(x)] =f(x) =0,
d’ou résulte la these.

Démonstration de la nécessité. Supposons que la fonction f soit une solution de
I'équation (1) qui n’est pas identiquement égale a zéro. Nous montrerons qu’il existe
des ensembles Z’, A’ et Z ainsi que la fonction w tel que /2 la forme (7). Nous citerons
auparavant sept lemmes (lemmes 6-12). Puisque ces lemmes sont démontrés dans le
travail [2], nous citons ces lemmes sans les démontrer.

LEMME 6. f(0)=1.

LEMME 7. Si f(x)=/f(x")#0, la différence x—x" est une période de la fonction f
Supposons que

daf
A= 71D,
LEMME 8. L’ensemble A, est I'ensemble des périodes de la fonction /.

LEMME 9. L’ensemble A, est un sous-groupe additif du groupe additif E.
Désignons par F I’ensemble des valeurs de la fonction f.

LEMME 10. L’ensemble F\{0} est un sous-groupe multiplicatif du groupe multiplicatif
(Y| {0}).

LEMME 11. ae A4, pour un aeF si et seulement si AaeA; pour tout e F\{0}.

LEMME 12. Sif(x)=1#1, on a f[x(1—2)~1]=0.
1l résulte de ce lemme que si la fonction S est une solution de 1’équation (1) qui
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n’est pas identiquement égale a I'unité, dans ce cas cette fonction posséde les points
ou elle est égale a zéro. Nous allons utiliser ce fait dans les paragraphes suivants.

Soit

A, Lf71({A)  pour  AeF\{0}.

I1 résulte des lemmes 7, 8 et 9 que ’ensemble A, est une couche du groupe additif
E relativement au sous-groupe A;. Nous choisirons un point dans chaque ensemble
A, et nous le désignerons par x;. Il est évident que pour 1# 1

X,EA; . (29)
Il s’ensuit de la définition des ensembles A; et des points x; que

(4 silexiste Ae F\{0} tel que [x — x;]e4,, )
(0 pour les autres x. )

flx)= (30)
On voit maintenant de quelle maniére ou peut obtenir la fonction f de la construction

K. 11 suffit pour cela de supposer que

Z' =Z =F\{0}, (31)
A=A, et (32)
w(d) = x,. (33)

En effet, de la structure de I'équation (1), de la définition du point x, et des lemmes
7 et 8 il s’ensuit que
[xi,—x,—Ax,JeA, pour 4, ueF\{0}.

De 14, ainsi que de (5) et (33), nous avons
a(A, u)eA, pour A, ueF\{0}.

Nous en déduisons que I’ensemble A" défini par la relation (32) est un sur-ensemble
de I’ensemble des valeurs de la fonction a. D’autre part, nous obtenons du lemme 11
que

A" = A,

et puisque A4; est un groupe additif, on a
A=A4,.
Le fait que (6) a lieu résulte de (29) et (33). De ces conclusions et de (30) nous avons (7).

REMARQUE 2. L’ensemble des valeurs différentes de zéro de la fonction f déter-
minée par la relation (7) est 'ensemble Z. On peut se poser la question, dans la con-
struction K pourquoi nous sommes partis d’un certain sur-ensemble Z’ de I’ensemble
Z et non de 'ensemble des valeurs de la fonction a construire, comme le suggére la
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seconde partie de la démonstration du theoreme 6 (v. (31)). Le procédé exposé dans
la construction K est motivé parce que I’ensemble Z’ ne peut pas remplir les conditions
(6) (p. ex. dans le cas ou 4=E) ce que nous oxigeons de I’ensemble des valeurs de la
fonction f.

REMARQUE 3. La question peut étre posée si ’ensemble A’ (introduit dans la
construction K comme un sur-ensemble de I’ensemble des valeurs de la fonction a)
peut étre défini comme I’ensemble des valeurs de la fonction a. Nous allons donner
un exemple duquel il résulte que la construction K ainsi modifiée ne fournira pas
toutes les solutions de I’équation (1).

Considérons un groupe de KLEIN de quatrieme ordre (E, +). En désignant les
¢léments de ’ensemble E par 0, 1, 2, 3, nous obtiendrons la table d’addition suivante

+/0,1 2 3
010[1]23
11 03 2
22 3.0 1
33210

Supposons que (@, +,.) désigne un corps & deux éléments. Si nous désignons les
¢léments de I'’ensemble @ par O et 1, nous obtiendrons les tables de régles suivantes:

+ 01 .01
001 0.0 0
1i1]0 1,01

L’opération extérieure du type ¢ x E— E peut étre définie au moyen de la table

Joj1)213
0j/ofol0 0
1o 123

Il est facile de voir que I’ensemble E est un espace linéaire sur un corps variable @.
Nous allons maintenant appliquer la construction K a la résolution de ’équation
(1) dans I’espace linéaire E. Nous obtenons successivement

Z' = {1}
w(l)=k, ou keE,
a(l, D)=w()—w() =1 w(l)=—w(l)=—k=k.
En considérant 4” comme I’ensemble des valeurs de la fonction a nous avons

A ={k}. Alors A" ={k}.
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De la et de la définition du groupe A4, nous avons

A={0, k}.
Puisque nous ne pouvons pas admettre que Z= 1, nous obtenons quatre solutions de
I’équation (1)

\ 1 pour xed={0,k},

Sulx) = (0 pour xeE\A

pour k=0, 1, 2, 3. Dans I'ensemble des fonctions obtenues ne se trouve pas la solution
fx)=1.
Nous I’obtiendrons de la construction K en posant p. ex. 4'=E.

REMARQUE 4. L’analogie entre les lemmes 1-5 et les lemmes 6-11 n’est qu’appar-
ante puisque les lemmes 1-5 sont formulés en supposant que la fonction f est obtenue
de la construction K, tandis que les lemmes 6-11 — en supposant que f'est une solution
de I’équation (1).

§ 2. Dans le paragraphe nous nous occuperons des solutions réelles d’une variable
réelle de I’équation (1). Nous démontrerons d’abord le lemme suivant.

LEMME 13. La solution unique de I’équation
wAuw)=w(h) + iw(n), pour i ueG, (34)

ot G est un sous-groupe multiplicatif arbitraire du groupe des nombres réels, est la
Sfonction
wA)=(1-2ec,

oli ¢ est une constante réelle arbitraire.
Démonstration. Si G={1}, la proposition est évidente. Soit maintenant G {1}.
On a de (34)

w(pa)=w(u) + pw(l).
11 en résulte que

w(4) + Aw(u) =w(u) + uw(i).

1l s’ensuit que pour A#1 et u#1 on a

v _ v
=2 1—-pu
Donc
w()=(—4)c pour A#1, (35)

¢ étant une certaine constante réelle.
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D’autre part, en posant A=1, et de (34) nous obtenons
w(1)=0.

Ilen résulte que (35) a lieu pour tout Ae G. Nous constatons au moyen d’une vérification
directe, que (35) est une solution de I’équation (34) pour chaque c réel.

Nous allons maintenant démontrer, en nous basant sur le théoréme 6, les propo-
sitions 1-4 citées dans I'introduction.

Démonstration de la proposition 1. Si la fonction f est une solution continue de
I’équation (1), ’ensemble F des valeurs de cette fonction est un ensemble connexe.
En excluant la solution égale identiquement a zéro, nous savons que l’ensemble
F\{0} est un groupe multiplicatif. De 1 et du lemme 12 nous concluons qu’un des
trois cas suivants doit subsister:

a)  F={1},
b) F=(0,+©),
c) F = (-0, +m).

Dans le cas a) nous avons f(x)=1. Dans le cas b) et ¢) nous pouvons remarque
qu’il résulte du lemme 1 que le groupe A ne peut étre composé que du nombre 0.
Il s’ensuit que

A=A = {0}.
Alors
a(Apu)=0 pour A ueF\{0}.

De I et du lemme 13 résulte que
wA)=(-2)c, (36)
ou ¢ est une constante réelle.
D’autre part, puisque 4= {0}, on a de (7) et de (36) que

(A pourx=(1—2A)c etieF\{0},
(0 pour les autres x.

f(x)=

De 12 nous obtenons dans le cas b) les solutions (3) (c), (d) et dans le cas ¢) la solution

3) (b).

REMARQUE 5. On sait que si un sous-groupe multiplicatif d’un groupe de nombres
réels contient au moins un intervalle non dégéneré, dans ce cas ce sous-groupe est un
groupe de nombres réels positifs, ou bien ¢’ est un groupe de nombres réels différents
de zéro. De 12 et de la démonstration de la proposition 1 (donnée plus haut) s’ensuit
que les seules solutions de I’équation (1) dont I’ensemble des valeurs n’est pas un
ensemble — frontiére sont les solutions de la forme (3) (c), (d) et (3) (b) pour a+0. Il
en résulte que ’énoncé de la proposition 1 sera vrai si 'on suppose que seulement
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I'ensemble des valeurs de la fonction f - solution de I'équation (1) — est un ensemble
connexe. En particulier les seules solutions de I’équation (1) qui ont la propriété
Darboux sont les solutions du type (3).

Nous démontrerons maintenant le

LemME 14. Si la fonction f est une solution non triviale de I'équation (1) et si
ensemble ' ({1}) possede des éléments différents de zéro, dans ce cas la fonction
fest une fonction micropériodique.

Démonstration. 11 résulte de la supposition faite qu’il y a des nombres a et A tels
que a#0etaed, |[A|#1 et AeZ. De la et du lemme 1 nous obtenons que a1"€ 4 pour
n=0,%1,.... Puisquelima"=0 oulima A" =0, la fonction f doit étre micropériodique.

n—=+o n——o

Démonstration de la proposition 2

1. Nécessité. Supposons que la fonction non micropériodique f soit une solution
non triviale de I'équation (1). De 1a et du lemme 14 résulterait que 4= {0}. Alors,
comme dans la démonstration de la proposition 1, il s’ensuit que

w(@)=(1-4ec,

ol ¢ est une constante réelle; de (6) et de la supposition faite on aurait ¢ 0. Il suffirait
donc de prendre a= —(1/c) pour de (7) obtenir ’énoncé.

2. Suffisance. Supposons maintenant qu’il existe un nombre a#0 et un groupe
multiplicatif G contenant I’élément A tel que |4|#1 et tel que (4) soit valable. Puisque
la fonction 1+ ax épuise I’ensemble de nombres réels, il s’ensuit de (4) que le groupe
G est ’ensemble des valeurs de f différents de zéro. En admettant maintenant dans la
construction K que

1
Z=2=G, w()=-(1-1) et 4 ={0),
a

nous obtenons que la fonction f est de la forme (7), c’est-a-dire elle est une solution

de I’équation (1). f est une solution non triviale (I’ensemble des valeurs de la fonction

est le groupe G) et non micropériodique puisque elle n’est pas périodique (4= {0}).
Démonstration de la proposition 3. Considérons deux cas

1) A#{0},
2)  A=1{0}.

Ad 1). De la supposition que la fonction f est une solution non triviale de ’equa-
tion (1) on conclue que cette fonction est micropériodique et comme elle n’est pas
constante, elle doit étre discontinue sur toute la droite.

Ad 2). Puisque nous excluons les solutions continues, donc (v. remarque 5)
I’ensemble des valeurs de la fonction f est un ensemble-frontiére. Nous obtenons de
1a (v. [2] p. 123) que trois cas sont possibles:
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a) L’ensemble F\{0} se compose de nombres de la forme a" ou +a"ou a est un
certain nombre réel différent de zéro et n=0,+1,....

b) L’ensemble F\{0} est un ensemble dense dans I'intervalle (0, + 00).

c) L’ensemble F\{0} est dense dans l'intervalle (— 0, + ).

D’autre part, (en tenant compte de la proposition 2) la fonction f est de la forme
(4). Alors, dans le cas a), nous obtenons la thése; dans le cas b) nous avons la dis-
continuité de la fonction f sur la demidroite et dans le cas ¢) — la discontinuité sur
toute la droite. D’ou résulte la proposition.

Démonstration de la proposition 4. L’exemple d’une solution micropériodique non
triviale de 1'équation (1) qui était donné dans le travail [2] peut &tre obtenu de la
construction K en procédant comme dans la seconde partie de la démonstration du
théoréme 6. Nous allons donner encore un exemple qui est en méme temps Iillus-
tration dont on peut se servir de notre construction pour obtenir des solutions de
I’équation (1). Soit

Z=Z={i:3 3 (=35,
keN seN

ol N désigne I'ensemble de nombres entiers et

w(3“5%) = (1 — 3*5%) /2 + w'(3*5") pour Kk, seN,

ok es 0 pour les s pairs, k-entiers,
wsy=0 P pars, )
(3 pour les s impairs, k-entiers.

On aura dans ce cas
0 pour les t pairs, k, s, r-entiers,
a(3*5%,3"5) =1 — +(1 + 3*5%) pour les s, t impairs, k-entiers,
1(1 + 3*5%) pour les s pairs, t impairs, k, r-entiers.

En posant maintenant

A=A4A"=A4=<x: 3 x:——flr, .
a,r,heN 3'5'

nous obtenons la solution cherchée. Le fait que cette solution est micropériodique
résulte du lemme 14.

§ 3. En terminant, nous allons considérer le probléme des solutions continues de
I’équation (1) dans I'ensemble des fonctions complexes d’une variable complexe.
Nous montrerons comment on peut obtenir ces solutions au moyen de la construc-
tion K.

Supposons que f désigne la solution continue de I’équation (1)

f:C-C,
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ou C est I'ensemble de nombres complexes. Pour éviter dans la suite la considération
des cas triviaux, nous supposons que la fonction f ne soit pas identiquement égale a
zéro ni a I'unité. Nous introdisons maintenant les désignations suivantes:

F=f(C).
R={r: 3 (r=14)}.
Ae F\{0}
Q={w: 3 (0=Argi).
ie F\{0}
A=f71({).
ReAd = {x: 3 (x =Rea)}.
acA
ImA={x: 3 (x=1Ima)}.
aeA

Le fonction f étant continue dans un ensemble connexe, I'ensemble F est égale-
ment connexe. Il s’ensuit que
I’ensemble R est connexe. 37

Dans le cas contraire il existerait r, € R tel que dans deux intervalles (0, r,) et (ro, + c0)
il'y aurait des éléments de I'ensemble R. 11 s’ensuit qu’il y a des éléments de I'ensemble
F qui appartiennent a I'intérieur du cercle limité par la circonférence |z|=r, et aussi
des éléments qui sont a I'extérieur de ce cercle. Par contre aucun point du cercle
|z| =r, ne fait partie de 'ensemble F. La conclusion obtenue est en contradiction avec
la connexité de I’ensemble F.

D’autre part nous savons (lemme 10) que I'ensemble F\{0} est un sous-groupe du
groupe multiplicatif des nombres complexes. Nous allons montrer que

I'ensemble R est un sous-groupe du groupe multiplicatif des nombres réels positifs .
(3%)

Choisissons dans ce but deux éléments arbitraires r,, r,e R. De 13 et de la définition
des ensembles R et Q résulte qu'il existe wy, w,eQ tels que A, =r,€“, 1, =r, e ®* et
aussi 4;,4,€F\{0}. L'ensemble F\{0} étant un groupe multiplicatif, on a aussi
Ay,43 'eF\{0}. Dautre part A;,A; '=rr;'ei@1") De la et de la définition de
I’ensemble R nous avons r, r; '€ R, ce qui termine la démonstration.

Remarquons encore (ce qui n’est pas nécessaire pour les considérations ultérieures)
que Ion peut pareillement montrer que I’ensemble Q est un sous-groupe du groupe
additif modulo 2n des nombres réels.

De (37) et (38) nous obtenons deux éventualités: R={1} ou R=(0, + c0). Nous
montrerons maintenant que le cas R= {1} doit étre exclu. En effet, dans ce cas de la
définition méme de I'ensemble R résulterait que les valeurs de la fonction f différentes
de zéro appartiennent a Ia circonférence |z|=1. D’autre part la fonction f n’est pas
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égale identiquement a 1, donc aussi (lemme 12) OeF ce qui est impossible puisque
I’ensemble F est connexe. Finalement donc

R = (0, + o). (39

Rappelons ensuite (lemme 9), que 'ensemble A4 est sous-groupe du groupe
additif des nombres complexes. De 14, en raisonnant comme dans la démonstration
de la conclusion (38), nous obtenons que les ensembles ReA et Im A sont des sous-
groupes du groupe additif des nombres réels. De 1a, de (39) et du lemme 11 nous
obtenons quatre cas possibles:

a) ReA =1mA4 = {0} C’est-a-dire A = {0},
b) Re4 =(—o0, +0),ImA = {0} c’est-a-dire A = (—o0, + ),
c) Red ={0},ImA4 =(—o0, +0), C’est-d-dire 4= {z:Rez =0},

d) ReAd = (-0, +0),ImA4 =(—o0, + o), cest-a-dire A4 =C.

La derniére possibilité doit &tre exclue parce que dans ce cas la seule solution de
I’équation (1) serait la fonction f(x)=1. Evisageons donc les autres cas.
Ad a). Remarquons tout d’abord que dans ce cas nous avons

Q =[0,2n), (40)

puisque dans le cas contraire existerait woe[0,27) tel que w,EQ. Par suite, de la
définition de I'’ensemble Q et de (39) s’ensuit que
f(re)=0

pour tout r>0, ce qui est impossible puisque la fonction f est continue et f(0)=1.
De (39), (40) et du lemme 12 résulte que F=C.

D’autre part, puisque dans ce cas nous avons A={0}, donc de la construction K
s’ensuit que

a(Lu)=0 pour A ueC ¥ C\{0}.
Nous obtenons en conséquence

w(iw)=w(d)+Aw(u) pour i pel’
et

w:C' - C.
De la, en raisonnant comme dans la démonstration du lemme 13, on a
w(A)=(1—-4)c,

ou c est une constante complexe arbitraire, mais (a cause de la condition (6)) différente
de zéro. Par suite nous obtenons de la construction K
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(4 pour x=(1-24)c, et ieC\{0}, )
(0 pour x=c. )

f(x)= (41)

Ad b). Dans ce cas nous concluons du lemme 1, que
Q= {0}.
Il s’ensuit que
F=[0, +0).
D’autre part nous avons de la construction K
w(Au)=w(A) + Aw(n) +a(4 1) pour A ueF ¥ F\{0}, (42)

ou

w:F - C,
et

a:F' x F' > (-, +0).

De (42) nous obtenons

Im[w(Zp)] = Im[w(2)] + 4 Im[w(u)].

De la et du lemme 13 nous avons

Im[w(A)]=(0—-4)c,
ou c¢ est une constante arbitraire réelle différente de zéro; par suite

w(d)=(1 -2 ci+b(h),

ou

b:F' - (—00, + ).
Remarquons encore que la condition

[x —w(2)]e4
est équivalente a la condition
Imx=(1-4%)c.

De 1a et de (7) nous tirons la conclusion, que

{1 sl existe A€ F\{0} tel que Imx = (t=%c,
( 0 dans le cas contraire . )

~

fx) = (43)

Ad ¢). En raisonnant comme dans le cas b), nous abtenons

Q2 = {0}
et ensuite
w(Ap) =w(d) + iw(u)+a(d ) pour A ueF’, (44)
ou, de nouveau,
w:F' - C.
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Mais maintenant
a:F' x F'> A={z:Rez=0j.

De (44) nous concluons que
Re[w(Au)] = Re[w(A)] + A Re[w ()]

De 1a et du lemme 13 nous avons

Re[w(})]=(10—-2)c
ol ¢ est une constante réelle arbitraire differente de zéro. Donc

wA)=(1—=2c+b(4)i;

b est une fonction arbitraire telle que

b:F' - (—o0, + ).

Remarquons encore que les conditions [x—w(4)]ed et Rex=(1—21)c sont équi-
valentes. De la et de la construction K nous obtenons

{ A sl existe Ae F\{0} tel que Rex = (1 — A)c, )
? 0 dans le cas contraire.

f(x)= (45)

En résumant, nous obtenons de (41), (43) et (45)

THEOREME 7. Les seules solutions continues de I'équation (1) dans I’ensemble des
fonctions complexes de la variable complexe sont les fonctions suivantes:

(a) f(x)=0,
(b) f(x)=1+cx, oiuicestune constante arbitraire complexe,

(l+cImx, si 1+4+cImx>0,
C ==
©  JM= si 14¢Imx<0.

oll ¢ est une constante réelle arbitraire
1+cRex, si 1+cRex>0,

@ =

( 0 si 1+c¢cRex<O.

ol ¢ est une constante réelle arbitraire.
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Analytic Solutions of the Equation ¢ (z) = /4 (z, o [ £ (2)])
with Right Side Contracting

by W. SMAIDOR (Katowice, Poland)
Dedicated to A. M. Ostrowski on the occasion of his 75th birthday

§1. In the present paper we are concerned with the functional equation

¢(z) =h(z 0[/(2)]), (1
where f'and 4 denote known functions of the type:
f[:C">
h:C"x C"-C"
and ¢ of the type:
@:C"—>C"
denotes the required function.

In the previous paper [9] (cf. also [8]) we have proved (under suitable assumptions
regarding the functions / and /') the existence and uniqueness of local analytic solu-
tions of equation (1) in the case where the characteristic roots of the matrix
[6]’,.(2)_‘

0z j fz=o
weaken this restriction allowing those roots to have absolute values not
greater than 1, but assuming instead that the characteristic roots of the matrix

[Qhk (z, ),

] have absolute values smaller than 1. In the present paper we
i,j<n

o' { have absolute values smaller than one.
W iz, w=, o)k, i<m

In spaces C", C™ and C™"" we define norms of the elements z=(z,,..., z,),
w=(w!,..., w") and w'=[wh], <, ;<. by formulae
n 1/2 m 1/2 m n 1/2
= (S 1) ita= (5 147) S = (L Zme)
i=1 k=1 K=1i=1
For a complex matrix U= [uf‘]kllgm we define the norm | U] as
22 1/2

)

We assume the following hypotheses regarding the function 4:
(I) The function A(z, w)=h"(zy,..., 2 W'y eeey W), .0, K24, ... 2 W, w™)) is
analytic for ||z]|,<ro and ||w|,,<R,, and /(0, 0)=0.

m

IUll= sup Uwl, = sup ‘Z > upw'

[Iwlim=1 [wllm=1(k=1|1=1

k

(II) . . a Ohk(z, W)"
”{‘lo,z]k,zs'n” <1, where ag,=

k,l=1, ..., m.
l bl 9 9 b
Wl w=(0.0)

Received July 27, 1967
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It follows by virtue of hypothesis (I1) and from the continuity of the functions

oht(z, w), )
AT ,I=1,..., m, that there exist numbers 0<1, r,<r, and R<R, such that

oW
| 7hk s |1
'i ¢ (Z,W) <0, (2)
h 8W k,l<m
for ||z|,<r, and [[w], <R.

First we shall investigate the existence of a solution of equation (1) for f(z)=Sz,
i.e. for the equation

@(z)=h[z (S2)], 3)
where
s;, 0 ... 07
S = 0 5, ...0 4)
‘_0 0 ... 5,
In the sequel we shall assume that
(111) lsi<t, i=1,..,n.

Let us define the functions Hf(z, w, w"), k=1,...,m; i=1,...,n, as:

m

ALk (- ALK (o
H} (2, w, w‘”)z(h ("W)+ 2 ch (_’“)w'.c

ivis
0z, ow'

1—1
and let

H(z,ow, w") = [HE (2o wo W) e i<

LEMMA 1. Suppose that hypotheses (1)~(111) are fulfilled. Then for arbitrarily fixed
point We C™*" and for arbitrarily fixed positive number ¢ there exists a constant L,
independent of z, such that the inequality

IH(z,w, ﬂ»‘”) — H(z, w, ﬁv‘”)”mx" < Ljw — v@“m + 0w — ﬁx‘”nmx"
holds for |z)l,<ry; W< R, W], < R, #, H e R(#1, o), where
K (", 0) = {wec™ " w3 V|, <o}

Proof. Since the function H(z, w, w(")) is analytic, for arbitrarily fixed point
weC™ " and for arbitrarily fixed positive number ¢ there exists a constant L,
independent of z and W™, such that inequality

[ H (z, w, ") = H(z, W, ")l puw < L0 = ¥, )

holds for |z||,<r; |W],.<R, |W[,,<R and WP e R(W, o). In virtue of (IIT) we have
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the inequality R

|H(z, w w(l)) H(Z W, Ml))“mxn Z Z Zah (z ‘f’)s (Al xz)

klllll

W — W2 o (z, w) W a’f’- 2
(e fn ot

klll

By (2) each { } term is less than 6%, and by the definition of the norm of elements

w we have
~A ~(1 s ~
IH (z, , ) — H(z, w, ¥)1 2, < 2% =W D)2,, (6)

for |z|l,<r; Wl <R, IW],, <R and WV, ¥ eR(wD, o). Finally we get by (5) and
(6) the inequality of the lemma.

§2. Let ¢(z) be an analytic solution of equation (3) in a neighbourhood of z=0

fulfilling ¢ (0)=0. Let us put
, 99" (2)
: :| .9 ()= [ 8 .
z=0ldk<m,i<n Z; k<m,i<n

29 (2)
Differentiating both sides of relation (3) and then setting z=0 we get

0z;

m

(1) k k 1

C = [ai‘o + Z ao_lC,-Si] 5 (7)
=1 k<m,is<n

V= [C’E]ksm.isn = [

(z,%)=(0,0)
Formula (7) shows that the value of the derivative of an analytic solution of equa-

tion (3) at the origin cannot be quite arbitrary. It must fulfil the system of linear
equations (7).
We shall prove the following theorem.

THEOREM 1. Let hypotheses (I)-(111) be fulfilled. Then for every matrix ¢!’ whose
elements fulfil system (7), there exists exactly one solution ¢ (z) of equation (3) analytic
in a neighbourhood of z=0, and such that

p(0)=0, ¢'(0)=c". (8)

Proof. Let K be an arbitrarily chosen positive number. H(z, 0, ¢’) is an analytic
function in a neighbourhood of z=0. Thus there exists a number r, <r; such that the
inequality

IH(z,0, <)~ H(0,0, ¢)mxn < (1 — ) K )]
holds for | z|,<r,.
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Now we choose a positive number r in such a manner that the following inequalities
hold:

r<r,, (10)
1
r(K + |ic(1)||,,,x,,)<min<R, - (1 ——())K>, 1)
2L
Lr+0<9, (12)
where
0<3<l1.

We define the function space # as the set of the functions ¢(z) which fulfil the
following conditions:

(i) @(z) is analytic for |z]|,<r and ¢'(z) is continuous for ||z, <r;
(ii) ¢(0)=0 and ¢’ (0)=cV;
(iii) 9" (2) =V lxn<K for |z],<r.
Next we define a metric ¢ in the set # putting
Q((Pl’ (pZ): Sup ”(p,l(‘:)——(p'Z(Z)”ans q)l’ (PZE'%' (13)

[[zllnsr
By the mean-value theorem (cf. [1], ch. 8, § 5) we have for ¢,, p,e#
”(pl (Z) - (pz(:)”m <r |]Sup ”(p,l (:) - (PIZ (Z)”mxn .
zl|n<r
Hence and from the definition of metric (13) we infer

sup |, (Z) - @2 (Z)”m < "Q((Plv (Pz)- (14

lzlln<r
It follows from (14) and from the Weierstrass theorem (cf. [2], ch. 1, §4) that the

space Z with metric (13) is complete.
Now we consider the transformation iy = ®[¢] defined by the formula

Y (z) =hlze(52)]. (15)
We shall show that ¢ is a map from Z into % and that it is a contraction map. Hence,
in view of Banach’s fixed-point theorem it follows that @ has a unique invariant point,
i.e. that there exists exactly one function ¢ which is analytic for ||z||,<r and satisfies
equation (3) and conditions (8).
If e, then by (iii) and by the mean-value theorem we have
lo@lm <7 sup 10" (2)lmxn < (K + 1€V ]xn)s (16)

lfzllnsr

whence we get in view of (11)

lo@)ln <R for z|, <r.
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Thus the function y(z) defined by (15) is analytic for ||z||,<r and ¥’(z) is continuous
for ||z|,<r We get according to the definition of H

V' (z)=H(z, ¢(Sz), ¢'(S2)),
and on the other hand, since the elements of matrix ¢ fulfil system (7)
H(0,0, ) = ¢,

Consequently ¥(0)=0 and y'(0)=¢" Thus y fulfils conditions (i) and (ii).
It follows from (9), (10) and from Lemma 1 that

1 (2) = ¢Pllmxn < 1H (2, 9(S2), 9" (S2)) = H(2, 0, ¢)llmnn +
+[H(2,0,¢M) = H(0,0, ) xn
SLI@(S2)lm+ 019" (Sz) = ¢Vllpxn + 3(1 = 0) K.

By (16) and (iii) for ¢ we obtain hence
1/ (2) = Pl S L [F(K + 1P lxn)] + 0K +4(1 - 0) K.
This together with (11) yields
”‘p,(z) - C(l)”mxn < K’

i.e. Y(z) fulfils condition (iii). Thus Y € Z.
Let us write Y, =®[¢,], ¥,=P[¢,], ¢1, p,€Z#. By Lemma 1 we obtain the
inequality

11 (2) = Y5 (2)lmxn = 1H(z, 0, (S 2), 91 (S2)) — H(z, 95(S 2), 93(S2))lmxn
SL|9(S2) = 02(S2)lm+ 01901 (S2) — 03(S 2)lmn-

Making use of (13) and (14) we get

eV, ¥2) < (Lr+0)e(e1, 92),
and finally by (12)

oW1, ¥2) < 8a(oy, 02).

Consequently @ is a contraction map and the proof of the theorem has been com-
pleted.

§3. Let us denote by A, k=1,..., m, the characteristic roots of the matrix
[ab, e, 1<m- We can replace hypothesis (II) by the following hypothesis

(Iv) Ao = max |4]<1.

We shall prove the following
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LEMMA 2. Under hypotheses (II1) and (IV) the system of linear equations (7)
possesses exactly one solution.
Proof. For fixed i (i=1,..., n) system (7) has the following form
—aj o= (ag,1si — 1) ¢l +ag rclsi+-+ ap ncl's;
- aiz,o =aj ¢l s+ (a(z),zsi e+t a(z),mC;"Si

m m 1 m 2 m m
—aio=4dg, ¢ S;+ag ¢ 8+ +(ag w8 — 1) ¢

Suppose that the determinant of this system is equal to zero. Then 1 is a characteristic
root of the matrix [s;a} ], ;<m- Consequently 1/s; (s;#0) is the characteristic root
of the matrix 1/s;[5;a5 Jx.1<m=1[ab. 1]k, 1<m- Since 1/|s;| =1, 1/s; cannot be a charac-
teristic root of the matrix [@} ,]i. ;< Thus the determinant of the above system cannot
vanish and system (7) has exactly one solution.

THEOREM 2. Let hypotheses (1), (I111) and (IV) be fulfilled, and let the elements of
the matrix ¢V fulfil system (7)!). Then there exists exactly one solution ¢(z) of equa-
tion (3) analytic in a neighbourhood of z=0 and such that ¢(0)=0.

Proof. 1t is known (cf. [5]) that for every £>0 there exists a non-singular matrix
T=[t{1i 1<msuch that | 77! [af . 1<m T < Ao +e. We choose ¢ so small that A+ <1.
The function g(w)=Tw is analytic and maps the space C™ onto itself. We have for
h(z, w)=g ' {h[z, g(w)]} defined in the set R(0, ro)x g~ [R(0, Ro)]:

G0 I FTCN') B
ow' k.1<m ow k.1<m

If ¢(z) fulfils equation (3) then Y (z)=g ' [¢(z)] fulfils equation
V() =h[z,¥(S2)] (17)

and conversely. Thus, the fact that equation (3) has a solution is equivalent to the
fact that equation (17) has a solution. The function /i(z, w) fulfils hypotheses (I) and

(1) Let 40— [d"]k< e,

If elements of the matrix ¢* fulfil system (7), then elements of the matrix d* fulfil

the system
)
d( = [ 0 =+ Z ao 1 :I ’
where k<m,is<n
~k ‘ ~k
& Oh(z,w) +  Oh(z, w)
di,0 = Py » Ao =—— |
z iz, w)=(0, 0) ow l(z, wy=(0, 0)

Thus, all hypotheses of Theorem 1 are fulfilled. Consequently equation (17) possesses

1) It follows from Lemma 2 that there ex1sts exactly one c(1),
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exactly one analytic solution defined in a neighbourhood of z=0 and such that
¥ (0)=0 and y'(0)=d". Let ¢(z)=g[¥(z)]. The function ¢ so defined is the unique
analytic solution of equation (3) in a neighbourhood of z=0 fulfilling the condition
®(0)=0.

§4. Let us admit the new hypotheses:
(V) The function f'(z) of the type

f:cr-ct
is analytic in a neighbourhood of z=0, f(0)=0. ‘
In the sequel s; will denote the characteristic roots of the matrix [ 621 ]
and S will be matrix (4). jz=0tijsn
(VI) There exists an analytic solution y(z) in a neighbourhood of z=0 of the

equation

1 (2)]=Sv(2)

such that y(0)=0 and y(0) is a non-singular matrix.

In the case n=1, if |s| <1, hypothesis (VI) is always fulfilled (cf. [3]). In virtue of
C.L. SiEGEL’s theorem (cf. [6]) this hypothesis is also fulfilled for almost all s such
that |s|=1. (For n>1, cf. [4]).

THEOREM 3. Suppose that hypotheses (1) and (III)~(VI) are fulfilled. Then there
exists exactly one analytic solution ¢(z) of equation (1) such that ¢(0)=0.

Proof. It follows from hypothesis (VI) that there exists a function y which is
analytic and invertible in a neighbourhood of z=0 and such that

Sz=y{fly"" )1} (18)
If ¢(z) satisfies equation (1) then y/(z)=¢[y~'(2)] satisfies the equation
V(@) =hEy 6T @), (19)

where hi(z, w)=h[y~!(z), w], and conversely. Thus functional equations (1) and (19)
are equivalent. In view of (18) the latter can be written in the form

V(z)=h[z,¥(Sz)]. (20)

Since the hypotheses of Theorem 2 are fulfilled, there exists exactly one analytic
solution ¥/ (z) of equation (20) such that y(0)=0. The function ¢(z)=y [y(z)] is the
unique analytic solution of equation (1) fulfilling the condition ¢(0)=0. This com-
pletes the proof.

§5. In this section we shall formulate a theorem on the existence of a solution of
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the linear equation
e[f(2)]=¢(x) e (z) + F(z) (21

in the case n=m=1.

THEOREM 4. Let the functions f, g and F be analytic in a neighbourhood of z=0
and let £(0)=F(0)=0, |g(0)|#1 and f(0)=s with |s|=1. There exists a set A of linear
Lebesgue measure 2, contained in the circle |z| =1 such that if s€ A, then equation (21)
possesses exactly one analytic solution ¢(z) in a neighbourhood of z=0 such that
¢(0)=0.

Proof. Let us assume that |g(0)|>1 and let

w— F(z2)

g(z)
The function 4 so defined is analytic in a neighbourhood of (z, w)=(0, 0), #(0, 0)=0
and |#,,(0, 0)] <1. In virtue of SIEGEL’s theorem (cf. [6]) there exists a set A4 of linear

Lebesgue measure 2w contained in the circle |z| =1 such that if s€ 4, then the Schroder
equation

h(z,w) =

y[f )] =s7(2)

has exactly one analytic solution in a neighbourhood of z=0 such that y(0)=0 and
7"(0)=1. Thus on account of Theorem 3 the equation

o[1()] = F2) _
g(z)

has exactly one analytic solution such that ¢(0)=0. This equation is equivalent to
(21).

If |g(0)l <1, then putting /i(z, w)=g[ f ~"(z2)]w+F[f ~'(z)] and replacing f(z)
by f ~'(z), the previous argument applies. Thus, the proof is finished.

It follows from the last theorem and paper [7] that the non-homogeneous linear
equation (21) possesses a local analytic solution for almost all s such that |s|=1,
where |g(0)|<1, or |g(0)|>1 or g(0)=s*, k=0,1,2,.... The case, where |s|=1,
lg(0)]=1 and g(0)#s*, (k an integer) is still left undecided.

?(2)
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An 0 (#2) Method for a Non-Smooth Boundary Value Problem
PuiLiPPE G. CIARLET (Gien, France)

Dedicated to A. M. Ostrowski on the occasion of his 75th birthday

§ 1. Introduction
Consider the linear boundary value problem
wW=pXu+q(x), O0<x<l, (1.1)
u(y=oa, u(l)=4. (1.2)

Given a uniform partition of the interval [0, 1], of mesh size 4, the standard three-
point difference scheme as applied to (1.1)~(1.2) is known to yield an 0(h?) accuracy
at the mesh points. The argument, going back to GERSCHGORIN [3], assumes that
p(x)=0o0n [0, 1] and that the solution ¢ (x) is a C*-function on [0, 1]. This result
can be easily extended to the case where ¢ (x) is a C-function, and ¢"(x) satisfies
a Lipschitz condition on [0, 1]. However, the convergence will be only 0(4) (Resp.
o(1)),if ¢ (x)is only a C3-function (Resp. a C*-function) (for details, see for example
[8, Chapter 6]). The proofs generally use discrete Maximum Principle arguments,
as is described in [9]. This is why a condition such as p(x)>0 is required. However,
this condition can easily be relaxed to p(x)>y> —8, for some constant y <0 (cf. [5]).
Likewise, a quasilinearity can be introduced in the right-hand side of (1.1) (cf. [2, 5]):
the two-point boundary value problem

u'=f(x,u), O<x<l, (1.3)
u(@=a, u(l)=4, 1.4

has a unique solution ¢ (x), whenever df/du (x, u) exists and is bounded below by a
constant y> —n2, for 0<x<1, and all real u. Again, if ¢(x) is a C*-function, the
three-point difference scheme will yield an 0(/4*) accuracy. For such problems, a
Maximum Principle is still valid when y> —8 (if —8>7> —n?, the proofs are more
refined and they use Energy-type arguments). Anyway, the error analysis for the
three-point difference scheme is subject to the same limitations as in the linear case,
depending upen the smoothness of ¢ (x).

In this paper, we consider a boundary value problem such as (1.3)-(1.4), and we
assume the following:

f(x,u)eC®([0,1] x R), (1.5)

Received September 28, 1967
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there exists a constant y such that

C ey ) S0 u),

Uy —u, (1.6)
forall 0<x<1, —oo<u,, u,<+ow, Uy #u,,

for every positive number c, there exists a finite number M (c) such that

f(x, uy) —f(x,u,)
T < M(e), l

forall 0<x<1, Ju<ec, |uy/<e, uI;éuz.I

(1.7)

The boundary value problem (1.3)-(1.4), subject to the hypotheses of (1.5)-(1.6)—
(1.7) has a unique solution ¢ (x) (cf. [2]). However, the solution might be only a
C?-function. In that case, all that has been shown by matrix methods is that the
three-point difference scheme will yield a o(1) error (i.e. uniform convergence as
h—0). We will show in Section 2 (Theorem 1) how a variational method using piece-
wise linear approximations yields an 0 (/%) (Resp. 0(4*'?)) error when 7> —8 (Resp.
—8>y> —n?) and finally a numerical example will be examined in Section 3.

The results we present here are part of [1].

§ 2. Proof of the Main Result (Theorem 1)

Denote by (P) the boundary-value problem of (1.3)—(1.4) subject to the hypotheses
of (1.5)~(1.6)-(1.7). We also assume, without loss of generality, that the constants
o, B of (1.4) are both set to be zero and that the constant y of (1.6) is chosen once and
for all to be nonpositive.

Let S denote the linear space of all real functions w (x) satisfying w (0)=w(1)=0,
such thatw (x) is absolutely continuous in [0, 1] and w'(x)e L?[0, 1], that is, S coincides
with the well-known Sobolev space Wy [0, 1]. Solving (P) is then equivalent to
minimizing the following functional

w(x)

F[w]=j{%[w'(x)]2+ [ f(x,n)dn}dx | @)

over the space S, and the discrete problem (Py) consists in minimizing the functional
F[w] of (2.1) over appropriate finite dimensional subspaces Sy of S (for details, we
refer the reader to [2]).

In this paper, we study the effect of minimizing the functional F[w] over subspaces
of piecewise linear functions. In so doing, we consider the special case m=1 of the
smooth Hermite spaces Hy"(r), defined for any positive integer m, which have been
already considered in [2].
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More precisely, given any positive integer N, let n:0=x,<--<xy,;=1 denote
a uniform partition of the unit interval with joints x;=ih, h=1/(N+1),0<i<N+1.
Then the subspace HS" (n) denotes the collection of all continuous functions w(x)
defined on [0, 1] which are linear on each subinterval [x;, x;,;], 0<i/< N, and which
vanish at the end points. It is readily seen that the vector space Hy'" (n) is a subspace of
dimension N of S and, for brevity, it will be denoted by Sy in the sequel. A convenient
basis in Sy can be constructed as follows: let w;(x), 1 </i< N, be the (unique) element
in Sy which satisfies w;(x;)=0;;, | <j<N. Then, the collection {;(x), 1 <i<N} con-
stitutes a basis in Sy: any function w(x)e Sy can be written as

w(x) = .; u;wi(x). (2.2)

In [2], it was proved that the discrete problem (Py) has one and only one solution
N

W(x)= ) #@;w;(x) in any finite dimensional subspace Sy of S, the unknowns i,
i=1
1 <i< N, satisfying identically the following nonlinear system of equations:
1 1
N N
> {fw,’(x) W (x) dx} i; + fwi(x)f<x, Y Lijwj(x)> dx=0, 1<i<N, (23)
Jj=1 " o ji=1
N
which simply represent the M equations 0F/du;[ Y i@;w,(x)]=0, I <i<N. Such a
ji=1
system can be easily solved by standard numerical techniques (cf. [7]), and we again
refer to [2] for details involved in its numerical solution. The error analysis developed
in [2] for the subspaces H{"(r) in general yielded an error estimate of the form

9 = iyl = Max [¢(x) =y (x)] = 0(h),

for the special case m=1.
We now present the following improvement, which had been conjectured in [10]:

THEOREM 1. With the assumptions of (1.5)—~(1.6)-(1.7), we have
¢ — iyl =0(h*?). 24)

If the constant y of (1.6) satisfies moreover

y>—28, (2.5)
then we have

¢ — vinll, = O(h*),  for sufficiently small h. (2.6)

The proof of Theorem 1 is rather lengthy and involves several intermediate steps.
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First, given the solution ¢ (x), we define its Sy-interpolate W (x) to be the unique
function in Sy with the property:

W(x)=¢(x), 1<i<N.

Also, let us note the following formulas which will be useful later on:

2 .
1 h, l",/y
[wemeyar=y 1 @7)
" h’ Il .,l_]-’
0, li—-jl=2, 1<i,j<N,
2h .
1 3, l_j,
fw,.(x)wj(x)dx= h R (2.8)
s 6’ ll .]l_l’
0, li—jl=2, 1<i,j<N.

The central idea in the proof of Theorem 1 will be to compare the two functions
N

W (x) and w (x). Since w(x)= Y i, w,(x) satisfies the N equations (2.3), we are led to let
i=1

1

N

ki=Y {fw,f(x) wi(x) dx} ﬁj—fwi(x)f(x, jglﬁjwj(x)) dx, 1<i<N, (29)

i=1

the i;’s being the coefficients of the expansion of W (x) over the basis {w;(x), | <i<N },
and we will compute upper bounds for the k;’s (Inequalities (2.13)).
An integration by parts gives

1 1

fwg(x) @' (x) dx + fwi(x)f(x, $(x))dx=0, 1<i<N. (2.10)

0 0

Hence, by subtracting (2.10) from (2.9), we obtain

k= f Wi (x) W (x) = ¢/ (x)} dx
0 ) @.11)
+ [p6) () 5~ W) dx, 1N,

0o
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where the function p (x) is defined as follows:

T w(x) = f(x. ¢(x))

p(x) = W(x) — ¢ (x) sx<1l, Ww(x)# ¢(x),
0 L 0<x<l, W) =6,

In [2], it was proved that an a priori bound for [¢[ ., (valid also for [|Ww],, a fact
that we will use in proving inequality (2.15)) can be computed. Since W], <|¢ll..,
it follows from (1.6) and (1.7) that there exists a constant P independent of N such that

—m<y<p(x)<P, 0<x<1. (2.12)
Next, an integration by parts on each interval [x;, x,;;], 0<i<N, shows that
_]fwg (x) {W'(x)—¢'(x)} dx=0, 1 <i<N, by definition of the Sy-interpolate w(x). This
t(zact combined with the inequalities of (2.12) shows that |k;| < Ciwi(x) [W(x)— ¢ (x)]dx,

1<i<N, where C=Max{|P|, |y|}. Finally, using a standard result in interpolation
theory (cf. [2]), it follows that

M
|W(x)”‘¢(x)| < ;(x—x,-)(xiH - Xx), X <x< X541, 0KISN,

where M, =|/¢"|,,- Thus from the definition of the basis functions w,(x), we obtain
the estimates

ki <Kh*, 1<i<N, (2.13)
where K=CM,/12.

Likewise, subtracting equations (2.3) from equations (2.9), and letting
v;=1i;—i;, | <i<N, we obtain

z {j w0 w0 s}
o 1 (2.14)
+j§1{fq(x)W:(x)wi(x)dx}vjzki’ I<i<N,

0

where again (as in (2.12)), there exists an explicitly computable bound Q independent
of N such that the function ¢ (x) satisfies

—nt<y<q(x)<Q, 0<x<lI. (2.15)
In other words, the vector vy=ii— il satisfies the matrix equation

Av =k, (2.16)
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where
A=(a;,), 2.17)
and

=f{w;(x)w;.(x)+q(x)w,.(x)wj(x)}dx, [<i, j<N. (218

The matrlx A of 2.17) 1 1s clearly real and symmetric. By using the Rayleigh-Ritz
Inequality =2 j [w(x)]Pdx< j [w'(x)]* dx, valid for any function w (x)e S, it then follows

that the matrlx A is positive deﬁmte (incidentally, this is the reason why we imposed
that the constant y of (1.6) be bounded below away from —n?).

At this point, we remark that if £(x, u) is a function of x only, we obtain k=o.
Since the matrix 4 is positive definite, we conclude that v=o. In other words,
4;=d;=¢(x;), 1 <i<N, which proves that the ordinates at the mesh points are given
exactly, a fact that has been already observed in [2] and [6].

Going back to the matrix equation of (2.16), it follows from a well-known property
of symmetric and positive definite matrices that

1Kl

M < =% 2.19)

N
where [ull,={} |u,~|2}” ? is the classical Euclidean vector norm, and 4, is the smallest
i=1

eigenvalue of 4. Since we are interested in finding an upper bound for |v|,, we
look for a lower bound on 1, for which we will use the characterization

Ay=  Inf { Z Vidi; Vi)

Ey,z 1 i,j=1

From the Rayleigh-Ritz inequality mentioned above, it follows that

Lilh%nv=j{L§3wﬁﬁﬂz+QOOL§jﬂ%@ﬂ?dx

> (1 + y/n2>lf [}i ¥; W}(x)] ’

Using formulas (2.7), we recognize that the expression

1

o [Zrme]
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is the quadratic form associated with the familiar matrix
T O
-1 2 -1

Ao = — . . . (2.20)

whose smallest eigenvalue 4/h* sin® 1 h/2 is bounded below by 4 for all / (cf. [8]). Thus,

1

N 2
J[Z ij}(x)] dx=4hy i,
=1

0

and hence A, =9k, where o=4(1+ y/n?) is independent of /.
Next, the estimates of (2.13) yield that

N 1/2
Ik, = {Z |k,.|2} < K(NRh®)'? < Kh*?*, since N(h+1)=1.
i=1

i=

Thus, going back to the inequality of (2.19), we deduce that

N 1/2 K
Ivll, = { Y |vi|2} < . h32. (2.21)
i=1

As a consequence, we also have

K
Max |v)] < W2, (2.22)

1<i<N Q

and from the definition of the vector v=1ii—1, it finally follows that

Max |¢(x;) — w(x;)| = 0(h*'?). (2.23)

1<iSN

It then follows that the error is 0(/4*'%) uniformly on [0, 1], for let xe(x;, x;1;)
for some 0<i< N (if x=x; or x;4,, apply (2.23) directly). We have:

¢ (x) = W) < [ (x) = W) + [W(x) = ()],

and we have seen in deriving inequalities (2.13) that

M
|¢(x)-»v(x)|<782h2, where M, = [¢"||,.
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On the other hand, since both 1% (x) and W (x) are linear in [x;, x4 1], it follows that

I (x) =0 ()l < Max {19 (x)) = W (), 16 (x4 1) = W (x5 I} = O(h¥2),
by using (2.23), which proves our assertion.

Hence, the first part (Equation (2.4)) of Theorem 1 is proved.’

We proceed now to show that with the further assumption y> —8 of (2.5), the
error is actually 0(4?). Our method of proof will be based upon proving (Lemma 1)
a Maximum Principle satisfied by the matrix 4 of (2.17). We need first recall a few
definitions and results from matrix theory:

Let A=(a;;) and B=(b;;) be two N x N real matrices. Then A= B if and only
ifa;;2b,; for all 1<i, j<N.

Given any N-vector v={v;, 0,,..., vy}, we define the norm I¥ll, =Max]o,|.

1<i<n

Given any N x N matrix 4=(q, ;) the corresponding matrix norm 4l,= Sup
N

Ixllgo =1
l4x], is then | 4] ,= Max ¥ |a,,| (cf. [8, p. 15]).

1<iSN j=1
A real and symmetric N xjN matrix 4=(a;;) with a; ;<O for all i#j is a Stieltjes
matrix if and only if A4 is positive definite, or equivalently if its inverse is a non-
negative matrix (i.e. 4~'>0). For details, see [8, p. 85-87].
We now prove

LEMMA 1. Let A be the matrix of (2.17)~(2.18) and let Aq be the matrix of (2.20).
Then, for h sufficiently small, we can decompose the matrix h™ ' A as

R YA=A, + 4,, (2.24)

where A, is a Stieltjes matrix which dominates Ay (ie. A;=A,).
Moreover the following estimates hold
147 e < 3, (2.25)
and
420l < — 7y <8. (2.26)

Proof: Write q(x) as q(x)=¢*(x)+¢~(x), where ¢*(x) = Max {q(x),0}>0, and
024" (x)=Min{q(x),0} >y> —8.Accordingly, we write the coefficients a; j(Equations
(2.18)) of the matrix 4 as

+
a;;=a;;+a;;, where

al; = f {wi(x) wi(x) + q* (x) wi(x) w;(x)} dx, and

ai= 4= (0w wy(x) ax.

0
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Hence we can write h~' A=A, + A, (Equation (2.24)) by letting A4, =(h~'a;}) and
A2=(h‘1ai‘j). Using formulas (2.7)~(2.8), the coefficients of those two matrices can
be written as

2h* .
2+’31 ql+l ’ l=]’
1
= 2 2.2
(A1) h? _1+116 q,_+j’ li—jl=1, (2.27)
0 , li—jl=2, 1<i,j<N,
and
%qi_i’ l=.1’
(A2)i; =1 $ai;» li—jl=1, (2.28)
0 , li—jl=2, 1<i,j<N,
where (Q being the constant of the inequality of (2.15))
0<4q5<0Q, a5=4qj;» 1<i,j<N, (2.29)
and
-8<9<¢;;<0, q;;=q;;, 1<i,j<N. (2.30)

Clearly, || 4,],, < —7y<8, proving (2.26), and 4, > 4,.

We now prove that A7 ' >0; first, 4; is a real matrix with (4));;>0, I<i<N,
and (4,),;<0, 1<i, j<N, i#j, provided h is small enough. Next 4, is irreducibly
diagonally dominant (cf. [8, p. 23]) for sufficiently small 4. This, coupled with the
above mentioned sign pattern implies that 47 ' >0 (even >0), proving that 4, is a
Stieltjes matrix (cf. [8, p. 85]). From the fact that 4,>4,, we next deduce that
A5 >A7'>0 (cf. [8, p. 87]), and also that A} (|, <[l45 . <# (cf. [8, p. 171]),
which achieves the proof of Lemma 1.

We finally need an upper bound for |A7'|,. To obtain it, we use a classical
procedure (cf. [4, p. 55]): by Lemma 1, we know that A7 Ayl < —7/8<1. We
write 47 as A" '=h"'(14+A4;'4,)" 47", and we use the estimate

1 8
L+ A7 4) o, < T ,
I AT AD e < 4y, Sy

which gives

1A~ (2.31)

e < :
h(8 +7v)

Returning to the matrix equation 4v=k of (2.16), combined with the estimates
of (2.13), we finally obtain

IVl = Max Jo)l < A7 Kl < K (2.32)
w T il o) 0 + »y . .

1<isSN 8
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Hence, Max ¢ (x;)—#(x;)| =0(/h?), and the error is thus 0 (h2) uniformly on [0, 1],

1<iSN
which achieves the proof of Theorem 1.

§ 3. Numerical Results
Consider the two-point boundary-value problem
u'=u+gq(x), O<x<l, 3.1

u(0)=u(1)=0, 3.2)
where
— 12— 5x + 6x2, O0<x<i,

q(x):{b— 12_5x+6x2+15(2X~1)1/2“(23‘—1)5/2, %<X<] } (33)

This problem is clearly a special case of a boundary-value problem of type (1.3)—
(1.4) and the assumptions of (1.5)~(1.6) and (1.7) hold. Hence it has a unique solution
¢ (x) which can be seen to be given explicitly by:

b(x) = -6x>+5x, 0<x<4%,
V-6 +5x+2x— 12, i<x<l.

The function ¢ (x)is in the class C[0, 1]. However, ¢ (x) has no further smooth-

ness properties since lim ¢” (&)= + oo.
é.—;I/Z-{»

We have solved this problem via the three-point finite difference method (Table 1)
and via the variational method (Table 2) with the same mesh sizes. The finite difference
technique shows an oscillatory phenomenon coupled with a slow convergence while
the variational method shows a faster convergence and an 0(h?) error as shown by
the last columns of the tables where we have computed the product (N+1)2-g(N),
where

(3.4)

Max |¢(x;) — uy, (Table 1),

e(N) = ll\jli:xN|¢(x,-)~—W(xi)|, (Table 2).

1<i<N

Table 1
Finite Differences

N &(N) (N+1)2-e(N)

6 1.08-10-2 5.30-10-1

8 7.49-10-3 6.07-10-1
11 2.80-102 4.03-10-1
16 3.03-10-3 8.76-10-1
23 9.60-10-3 5.53-100

32 1.20-10-3 1.31-100
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Table 2
Variational Method

N e(N) (N + 1)2-¢(N)
[ 1.61-10-3 7.89-10-2

8 9.72-10-4 7.87-102

11 5.48-10-4 7.89-102

16 2.74-10 4 7.91-10-2
23 1.37-10 4 7.89-10-2
32 7.27-10-° 7.92-10 2

One of the difficulties with the variational method is the computation of the second
integral in equations (2.3). However in the numerical example given above, this
integration can be carried out in closed form. For the general case, we refer the
reader to a forthcoming doctoral dissertation by R.J. HERBOLD (Case Western
Reserve University).
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Involutory Functions and Even Functions
H. SCHWERDTFEGER (Montreal Que. Canada)

Dedicated to A. M. Ostrowski on his 75th birthday

Introduction

In anearlier note [1]J. AczeL has discussed relations between involutory functions,
i.e. solutions of the functional equation

) =x 0.1)
and even functions: ¢(— &)=¢(£), based on the remark that an involutory function
¥ = f(x) coincides with its own inverse and that therefore its graph in a cartesian
X, y-coordinate system is symmetric with respect to the bisectrice y =x. Taking this
line as the n-axis of a ¢, n-system obtained from the x, y-system by a —45° rotation
about the origin the connection between an involutory function and the corresponding
even function is realized analytically by

E=3V2(—f(X), @O =12(x +£(¥).

We shall study involutory functions strictly in intervals of uniformity. The
graphical representation then suggests that an involutory f(x) defined for a non-
negative x-interval can be defined in the corresponding non-positive interval so that
it becomes an odd function: f(—x)= — f(x). If such an f(x) is continuous and has
the positive fixed point xo,=f(x,), then also —x, is a fixed point.

There are other relations between involutory and even functions which apparently
have not been observed so far. These relations are functional equations which,
although they cannot be solved in full generality, may serve to define involutory
functions in many special cases. The derivation of a functional equation will be based
on a geometrical construction involving the graphs of the given functions. Only such
solutions will be considered which are significant with respect to the geometrical
interpretation.

In the following all constants, variables and functions will be supposed to be real,
the functions defined in suitable intervals such that the occurring functional compo-
sitions are meaningful. Properties of smoothness and differentiability will be assumed
in accordance with the requirements of the described analytical operations.

§ 1. Let an even function g(x)=>0 be given and let C be its graph in a cartesian
coordinate system. Let F be a family of straight lines / =/ [x] with x as parameter,

symmetric with respect to the y-axis so that if a line / passes through the point (0, a),

Received September 28, 1967 and, in revised form, December 14, 1967
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Figure 1
Definition of f(x).

a=a(x), with the slope p=p(x), then through this point passes exactly one further line
[*=1[—x]eF with the slope p*= — p=p(—x). Fig. 1 illustrates the situation in the
special case that g(x) is convex and g(0)=0. It is clear that a(x) must also be an even
function. Moreover we shall assume that there is an x,> 0 such that a(xo)=g(x,).
The figure suggests that for some interval I of positive values x there is an odd
involutory function f(x) such that if a line of F passes through the point (x, g (x))
of C the line meets C a second time?) at the point (— f(x), g(f(x))). Then the line /*
passing through (/(x), g (f(x))) and (0, a(x)) meets C a second time at the point

(=), g(fC ) = (= x, g(x))
so that indeed f(f(x))=x for xel. For reasons of symmetry this relation is also
satisfied for the corresponding negative x and so if f(x)>0 for x>0 we have
f(=x)=—f(x).
Since the lines through (x, g(x)), (—f(x), g(f(x))) and through (f(x), g(f(x))),
(=x, g(x)) intersect the y-axis at the same point (0, a(x)) it follows that

a(f(x))=a(x). 1.1
Moreover we have to assume a(x)>0.

Between the three functions g(x), a(x) and f'(x) there exists a functional equation,
readily derived from Fig. 1. Since

o8 -g(f(x) _gx)—alx)_ax)-¢g ; (f(x))
p(x) = i) . 69 (1.2)

1) There are situations in which this is not the case; cf. § 2.
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we have
(g(x)—a(x)f(x)+(g(f(x)) —a(x))x=0. (1.3)

Either of the three functions: g(x), a(x), even and positive, and f(x), odd, in-
volutory and positive for x>0, may be considered as the unknown, the two others
being prescribed in accordance with the geometrical interpretation. We observe that
(1.3) always has the solution f(x)= — x, which, however, is geometrically insignificant
and therefore to be ignored.2) Given g(x) and f(x)# —x the function a(x) is readily
found:

o) = ET) + 50 x
fx)+x

it is even, positive and satisfies (1.1).

If x, is a fixed point of f(x),then a(x,)=g(x,) and conversely, if g(x) is monotonic
for xel.

§ 2. Now let the two even functions g(x) and a(x) be given subject to the con-
ditions indicated in § 1, so that f(x) is the unknown odd involutory function, to be
determined as a solution of (1.3) with the condition (1.1). From the geometrical
interpretation it is evident that f(x) might exist in several different intervals and that
some of these may cover each other wholly or partially. We shall restrict ourselves
to a local study of f(x) which means that we take into consideration only a curve
(or an arc of a curve) C and a line family F for which f(x) exists in one certain interval
I of positive values x. It will be seen that this is so if g(x) has certain properties as
shown in Fig. 2-5 and the only turning point, a maximum or a minimum of a(x), lies
on C. Assuming g(x) and a(x) sufficiently smooth it appears that every more general
situation is made up of a finite number of these special cases some of which will be
discussed.

First we shall explain the geometrical meaning of (1.3). Since the slope p(x) is
defined by g(x) and a(x) (cf. (1.2)), the line family F itself is defined by these two
functions. Indeed the line / [x] has the equation n=p(x) & +a(x); the intersections of
I [x] with C are therefore defined by the roots of the equation

p(x) ¢ +a(x)=g(f). 2.1

One of its roots is &=x. Assuming x>0 we are interested in a second, negative,
solution &= — f(x). Thus (2.1) is essentially the same as equation (1.3).

Let us consider the case of a convex g(x), increasing for x>0 as shown in Fig. 2

or Fig. 2a. The function a(x) is also given by its graph K in the same coordinate

system as C. Let x, be the point where the two curves meet: p(xo)=0, f(xo)=x,.

2) This solution corresponds to the case that F is the family of tangents to C. It is, however,
not covered by our initial assumptions.
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g(x) convex, increasing if x>0, K has cusp on C.
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If for x <x, we have a(x)>a(x,) so that g(x)<a(x), it follows that f(x)>x, and
because of (1.1) the function a(x) is automatically defined for x> x, if its values are
given for x <x,; this is also evident from the construction indicated in the figures.

Assuming g(x) and a(x) continuous in a neighbourhood of Xo we shall show that
there also f(x) will be continuous. Indeed the line through (0, a(x)) and (x, g(x))
performs a continuous motion; this means that p(x) and a(x) are continuous. Thus
the intersection of /[x] and C, i.e. the point (— f(x), g(f(x))), moves continuously
on C; hence f(x) is continuous in an interval containing x,, in particular at x,; thus

f(X)>xo as x-x,.

Now we consider the horizontal line through (x, a(x)). It passes through the point
(f(x), a(x)). As x—x, these two approach the one point (x0, £(x0)) and the hori-
zontal line approaches the line / [x,] which therefore has with the curve K only the
point (xo, g(xo))= (X, @(x)) in common; hence if a’(x) exists in the interval around
Xo, then a’(xo)=0. This also follows from the fact that a(x) has a minimum for x = Xo-
Indeed a(x)>x, and y=f(x)> x, as x < x,; it follows that a(y)=a(xy)>x,. In Fig.
2a is shown a situation where a’(x,) does not exist.

Another special situation is illustrated in Fig. 3. It is again assumed that apart
from the convex g(x) (increasing if x>0) the even function a(x) is prescribed for
positive x <x,. The figure then indicates — as in the preceding cases — how the curve
K can be completed. In the present case K turns out to be a closed curve.

The interval 7 of uniformity of f(x) is bounded left-hand by a point Xy <Xxq for
which f”(x,)=0. Since by (1.1)

a (FOS' () = @' (x) 22)

% % W

Figure 3
g(x) convex, increasing for x> 0, a(x) has maximum on C.
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we conclude that a’(f(x;)) must be infinite; therefore the right-hand bound y,>x,
of Iis to be found as the solution of the equation a’(y) ™' =0 and so x; appears as the
positiveroot(<x,)ofa(x)=a(y;).

Two further special cases are represented in Fig. 4-5. They can be similarly
discussed.

¢ ¢
K \ g
\N
_—,_/\ \§\[
= _ A
X 0 X
- ) x>

Figure 4
g (x)< 0, 2" (x)> 0 if x> 0, a(x) has minimum on C.

Figure §
g’ (x)<< 0, g”(x)<< 0 for x>0, a(x) has maximum on C.
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REMARK. The completion of K from a given part of K as required in these dis-
cussions is a geometrical construction which can be carried out for a curve K with
respect to a given curve C, if C and K are in suitable mutual position. The construction
is analytically realised by an element transformation (in the sense of LiE)

X=F(xp /), Y=G(x,y /), Z=H(xy, /)
so that if z=dy/dx then #=dY/dX. Indeed if y=a(x) then dy/dx=a’(x) and
dY a'(x)
dx  f'(x)
Thus the element transformation is a contact transformation. Over the uniformity

interval of f(x) it coincides with its own inverse. Since by (0.1) /' (X) f'(x)=1, we
have

X=f(x), Y=a(f(x))=a(x)=y, a(f(x))=a(X) byQ2).

dy ., . dY a'(X)
XSSO0, = er = L

ExAMPLES: In the case a(x)=g(x) the lines /[x] are all horizontal; therefore
f(x)=x.

Further let us assume that a(x)=a is a positive constant. This function satisfies
all the conditions, incl. (1.1). The fixed point x, of f(x) is defined by g(xo)=a. Here
are some simple examples:

(a) Let g(x)=x?; then (1.3) is a quadratic equation in f(x):

xfP+(x*—a)f=ax

and its only significant solution is /'(x)=a/x.
(b) g(x)=|x|. It is geometrically evident that a solution does not exist in the
interval — }a<x<}a. The functional equation (1.3) becomes

(Ixl —a)f +(Ifl —a)x =0

and
ax .
5 if x>1a
xX—a
flx)=
—ax
— if x<-—1a.
2x+a

(c) If g(x)=[sin x| (= {n<x<1n) and a>1 the geometrical problem of § 1 has
no solution.
Finally a numerical example with a variable a(x), cf. Fig. 6. Let again g(x)=|x|;
moreover a(x)=2x,—x for 0<x<x,. Then the line / [x] has the equation
X — xO .

N=2Xg—x+2° 0f,
X
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g(x)  Ixla(x) 2x0—x(x" xo)

The (negative) abscissa of the (second) intersection of / [x] with the graph C of
g(x) defines — f(x). So we find

2X0— 2
X =f(x)=x > x, for 3xp<x<Xxg
3x —2xp

and therefore for all X>x,:
X=f(X)=—1(3X = 2x0) + 4/8 X% + (X — 2x,)*.
The (positive) interval I in which f(x) is defined is thus seen to be x,<x<o0.
§ 3. Given an odd involutory function f(x)>0 for x>0 with the positive fixed
point x, and a positive even function a(x) satisfying (1.1) which has its maximum or

minimum at x,. We ask how far the equation (1.3) then determines a certain non-
negative even function g(x). We write (1.3) in the form

S(¥)8(x) + xg(f(x)) = a(x) (/ (%) +x). G3.D

Evidently the function a(x) is a solution of this equation. Thus if /1(x) is a suitable
solution of the corresponding homogeneous equation

F(x) h(x) + xh(f(x))=0 (3.2)
g(x)=a(x)+ h(x). 3.3)

we have

Any solution of (3.2) can be written in the form /i(x)=xp(x) where p(x) is an
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arbitrary function satisfying the conditions

p(f(x) =—p(x) = p(—x).

Thus certainly g(x) is an even function. If we interpret p(x) as the slope of the line
! [x] we find that (3.3) coincides with one of the relations (1.2). Only at the fixed
points +x, of f(x) are the values of g(x) defined: g(xo)=a(x,), i.e. p(x,)=0. The
values of p(x), and therefore those of g(x), can be prescribed arbitrarily for positive
X <xg after which g(x) is completely defined.

§ 4. There are various other ways of describing a symmetric line family F analyti-
cally with respect to a given even function g(x) in order to determine a positive odd
involutory function f(x). For instance F may be given as the system of the tangents
to the graph I' of an even function ¢(X)>0. Let us choose g(x) again convex in-
creasing and a suitably situated I' (cf. Fig. 7). The line / touching I' at the point

4 K

N

0 1) X x=b X b

Figure 7
Construction of K for given C and I

(X, ¢(X)) has the equation n=¢(X)+¢'(X)(¢£—X); hence we have the following
relations between x and X :

p(x) = ¢'(X) = %(32,; . (X)

»oa¥)=e(X) -0’ (X)X. (4.1
With regard to (1.2) (second expression for p(x)) it is clear that ¢ (0)= g(xo)=a(x,);
thus by (4.1) ¢'(0)=0 if ¢’(0) exists.

For suitable constellation of the curves C and I' the equation (4.1) will have a
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solution X=F(x). Since p(x) is an odd function while g(x) and ¢(X) are even, it is
readily seen that F(x) must be odd.

Using the first expression for p(x) in (1.2) we obtain the functional equation
@' (F(x)) (x +f(x) = g(x) = g(f (). (4.2)

As an example let g(x)=x2 and ¢(X)=X2+5b* (b>0). A simple calculation and
reference to the geometrical situation (Fig. 7) shows that

. x—b if x>0
X_F(x)_{x—{—b if x<0.
Hence by (4.2)

—x+2b if 0<x<2b

f(x):{—-x-—2b if 0>x>—2b.

From the second relation (4.1) we find a(x)= —x(x—2b). Thus in this example the
three curves C, K, I' are congruent parabolae. The data fixing the mutual situation
of the three curves are shown in Fig. 7. In particular it may be mentioned that the
tangent to K at (0,0)is also tangent to I at (b, 2b%) and meets C at (0,0) and (25, 4b%).

§ 5. Further we consider what might be called the archimedean condition: Let the
area enclosed by the graph C of the even function g(x) represent a perpendicular
section through a cylindrical homogeneous ship (swimmer) oscillating (rolling) around
its position of equilibrium under the influence of gravity about a (variable) axis,
perpendicular to the x, y-plane. With respect to this section of the ship the (plane)
surface of the water marks the lines /e F. According to Archimedes’ principle of
hydrostatics the area, enclosed by the curve C and any of the lines / has constant
measure u. This implies that

(c +/) @ + U -2 [ e)di=2n. (5.1
. —fx)
Putting f(x)=y and observing that | g(r)df=G(x) is an odd function this
0

equation can be written in the form

F(x,p)=(x+y) (g(x)+g(») —2(G(x)+ G(y)) = 2u. (5.2)

The function F(x, y) is symmetric in x and y and the involutory function f(x) is
obtained by solving the equation (5.2) with respect to y. Because of the symmetry
also x = f(y). The relation between involutory and symmetric functions has also been
pointed out in [1].

In the present case it is now possible to determine the curve I' of sect. 4, i.e. the
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envelope of the family of lines /:

(g(x) g E—(x+yn+g(x)y+xg(y)=0

where x is the family parameter and y = f(x). Using the standard procedure and the
differential equation

_ 80 —g()—(x+y) g

g —gX)+(x+y) g

derived from (5.2) by differentiation, we obtain by a simple calculation

X=3(x—f(x), Y=2%(gx)+g(f(x) (5.4)

as parameter representation of the curve I'. Elimination of the parameter x would
lead to the function Y = ¢ (X).

It may be pointed out that the formulae (5.4) represent the second theorem of
Dupin in the theory of swimming bodies; for the usual proof cf. [2].

In the special case g(x)=x? we find F(x, y)=4(x+»)* and therefore

(5.3)

y=f(x)=—x+a, o’=6u.

For the curve I we have Y = ¢(X)=X?+ La® Thus we come back to the formula
with which we started in the example of § 4.

§ 6. Other suitable conditions on the line family, with or without immediate
geometrical interpretation, can readily be formulated, although their explicit evalu-
ation may be hard or even impossible. A condition with a geometrical, if not immedi-
ate mechanical, interpretation is the following: Let the lines / with respect to the
curve C be fixed so that the ‘submerged arc’ of C, i.e. the arc under the line /, has
constant length y. Thus putting

s(x)=fJ1‘+g'(t)2 dt

and noting that this is again an odd function, one has

S(x)+ S(f(x))=7y. (6.1)
By differentiating (6.1) with respect to x we obtain the differential equation
: 1+ g (x)?
Yy =— \/—7 o 6.2)
J1+20)
[ts solution y =f(x, ¢) contains an arbitrary constant ¢ for which the proper value
can be found by using (6.1).
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The differential condition (6.2) of (5.3) can easily be generalized into

Y= H(x, v, g(x), g(»). g'(x), &' () (6.3)

where the function H of the six variables has to satisfy the relation

H(x. y; g(x), g(0): g (x). g () H (x5 2(0). 8(x): g (1) &' (x) = 1

to make sure that the solution y = f(x) of (6.3) can be involutory. Indeed from (0.1)
follows f'(x) f'(y)=1.

§ 7. In section 3 we have dealt with the problem of finding g(x) for a given f(x);
this led to the linear equation (3.1). The equation (6.1) is of a similar type if we consider
S (x) as unknown function. Functional equations of this kind have been studied in [3]
without the restriction that f(x) be involutory.

Part of this paper was subject of a brief report at the Conference on Functional
Equations, Waterloo, April 1967. In its present (revised) form the paper owes much
to the constructive criticism of a referee.
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PART I

Introduction

Since the end of the seventeenth century, the study of functions has been a focal
point in the development of mathematics. To date, the major effort has gone into the
study of special functions and classes of functions, usually defined on domains with a
special structure. With the outstanding exception of group theory, and an early
attempt by BABBAGE and HERSCHEL [3; 16], the study of functions from a purely
algebraic point of view is a recent development. And this development has been
uneven: while the theory of systems of one-place functions (both in themselves and in
connection with other types of algebraic systems) can be regarded as well-established
(see, e.g., [5:6;20;23;30;32; 33]), the corresponding theory of multiplace and
vector-valued functions, though the subject of much recent work (e.g., [10; 24; 26;
31]), is less advanced.

1) This work was supported in part by NSF Grants GP-7067 and GP-6303.
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In this paper we begin the development of a comprehensive theory of multiplace
vector-valued functions over arbitrary sets. Our approach is both an outgrowth from
and a drastic modification of an earlier attempt [34]. Its basis is the consideration of
the entire set Z  (S) of functions from subsets of Cartesian powers of a set S into
other such subsets (see Section 2). We introduce two unary operations, L and R, and
three binary operations into %, (). The first binary operation, which we call serial
composition and denote by ¢, coincides with ordinary function composition whenever
the latter yields non-empty results. Like ordinary composition, serial composition is
associative ; in fact, as we show in Section 4, the system (. (S), o, L, R)is a function
semigroup (see [32; 33] and Section 1). We regard this result, which originally came
as a complete surprise to us, as highly significant: On the one hand, it testifies to the
naturalness of the operation a; and on the other, it shows that the theory of function
semigroups, developed for the abstract study of one-place functions, is of importance
for the theory of multiplace functions, and thus for such topics as general Q-algebras
(see [7]).

In Section 5, we introduce the second binary operation, called parallel composition
and denoted by 7. Like o, 7 is associative (though there is no identity element for it),
and there are (conditional) interassociative and distributive laws connecting ¢ and 7.
The functions which we, following MENGER [23], call selectors, are studied in Section
6: these are the functions J,,(1<m=<n) such that J,,(xi,..., x,)=x, for all
(X1,..., X,)€S8". We show that, under ¢ and =, the single selector J,, generates not only
all the selectors, but also all the multiselectors (vector-valued counterparts of selectors)
as well. In Section 7 we define the third associative binary operation, denoted by B,
in terms of ¢, n, and multiselectors. The use of f permits us to simplify many ex-
pressions and proofs.

The four remaining sections are devoted to applications. In Section 8, we show
that all the usual ‘compositions’ and ‘modes of generation’ of multiplace functions
can be subsumed under g, 7, and f, plus the use of multiselectors. Linearity and
generalizations of linearity are taken up in Section 9. It is shown that, wherever
linearity is meaningful, the set of linear transformations is closed under each of the
operations ¢, 7, and f. Among other things, this permits us to introduce three
everywhere-defined associative operations on the set of all matrices over a ring, one
of these operations being an extension of the ordinary matrix product. A brief
indication of the fact that these considerations extend to multilinear transformations
is also given. In Section 10, after discussing constants and place-fixing, we give a
‘variable-free’ definition of ‘essential variables’ and prove a theorem equivalent to the
left-representation theorem for semigroups.

Finally, since we feel that the theory developed in this paper is the natural setting
for the study of functional equations over a set, we very briefly touch on such equations
in Section 11. The discussion ends with an application to the definition of recursive
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functions: We show that the entire set of primitive (resp., general) recursive functions
can be characterized in terms of 4 (resp., 5) functions, instead of the usual countably
infinite set of initial functions.

As this summary indicates, in this paper our entire approach to the subject is
concrete rather than abstract. That is, we do not define our system as a set of abstract
elements subject to certain postulates, but as a collection of concrete functions over a
given underlying set. Still, axiomatization remains one of our aims*); and, looking
ahead to this, we have consistently tried to make at least the statements of our
theorems fit either a concrete or an abstract setting.

The original version (outlined in [34]) of cur present system was also concrete and
dealt with essentially the same set of functions. But in most other respects the two
versions differ greatly. In [34], a 2-place function, for instance, was defined as a 1-place
function whose values are ordinary 1-place functions. This device, which was borrowed
from combinatory logic (cf. [8], pp. 83-84) has been discarded, and all functions in
the present system are on the same footing. In [34], a countably infinite set of binary
operations was introduced. These have been superseded by the two operations ¢ and
n: All the old operations are definable in terms of the new ones (see Section 8). Lastly,
an equivalence relation employed in [34] has been dropped.

An announcement of the results of this paper appeared in [35]. Since then we have
made a few changes, chiefly in notation. The only ones of significance are: (a) the use
of o instead of simple juxtaposition to denote serial composition (b) the use of « to
denote parallel composition, so that we write Fr G instead of (F, G); (c) the use of I,
instead of J, to denote the identity function on S”. Also the operation f§ did not appear
in [35]. (For future use it may prove convenient to have several different notations for
serial and parallel composition, in which case the notations of [35] can be revived.)

Because of its length, this paper is divided into two parts. Part I is in this issue and
contains the Introduction and Sections 1-5; Part Il will appear in a later issue and
contain Sections 6-11; both parts include the complete Table of Contents and
Bibliography.

Lemmas, theorems, and formal definitions are each numbered consecutively
throughout the paper and referred to by number: Lemma 6, Theorem 11, Definition 5.
Corollaries are referred to by the theorems to which they belong; thus ‘Corollary 7°
indicates the single corollary of Theorem 7, while ‘Corollary 2.7> denotes Corollary 7
of Theorem 2. In the body of proofs, such references are abbreviated: thus, ‘L6
‘T11°, ‘D5’, ‘C7’, “‘C2.7’ for the examples cited. Displayed formulas are numbered
consecutively within each section. They are referred to by number alone in the same
section, and by section number and display number in a different section.

The influence of K. MENGER is evident throughout this paper. We have also

*) Note added in proof. ThlS aim has been achleved to the extent that we can characterize systems
isomorphic to closed subsystems of (£ o (S), 7, 7, L, R).
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profited greatly from discussions with numerous colleagues, notably J. AczEL,
V. D. BELousov, M. A. McKIERNAN, B. M. ScHeIN and H. I. WHITLOCK. We have
gained much from our participation in the various conferences on functional equations
held in Oberwolfach and in Waterloo. Finally, we thank the referees for their careful
reading of the manuscript and for their many helpful comments and suggestions.

1. Functions and Function Semigroups

In this paper we take the notion of a (concrete) function, as well as the related
notions of domain, range, argument, value, etc. for granted. The domain of a function
/ will be denoted by Domf;; the range by Ranf; and the value of f for xe Domf by fx.
It is possible for either Domf or Ranf to be empty; if either one is, then the other is
also, and f'is the empty function 9. The usual way of defining a function fis first to
identify Domf, and then to specify fx for every xe Domf. Thus, given any set S we
can define a function jg, the identity function on S, by the specifications:

Domjs =S, (N
jsx=x forall xeS. 2

With any function f/ we associate two related functions, Lf and Rf, as follows:

Lf=jRanf’ Rf:jDomf' (3)
If f=Rf then f=Lf, and conversely; in this case we call f a sub-identity. The empty
function 0 is a subidentity.
Given any two functions fand g, we define a third function fog by:

Dom(fog) = {x|]xeDomg, gxeDomf}, @)
(fog)x=f(gx) forall xeDom(fog). ®)

We call fog the ordinary (or natural) composite of f and g (in that order). Ordinary
composition is an inherently associative operation: (fog)oh=fo(goh) for any three
functions f, g, h.

There is also an intrinsic partial ordering among functions: we say that fis a
restriction of g, or g is an extension of f, and write f< g, if:

Dom f < Domg, (6)

fx=gx forall xeDomf. @)

Composition and restriction are connected by the fact that f= g if and only if f=go Rf.
Moreover, if Rf<g and g is a subidentity, then fog=/; similarly, if g is a subidentity
and Lfcg, then gof=f. It follows in particular that Lf~f= f=f0o Rffor any function f.

A set of functions closed under o, L, and R is a (concrete) function system. A
function system with an identity element, i.e., an element j such that jo f=f=foj for all
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elements f* of the system, is a function semigroup. (Since natural composition is
associative, every set of functions closed under composition is automatically a semi-
group. But not all semigroups of functions are function semigroups, or even function
systems.)

We denote the set of all functions whose domains and ranges are subsets of a set
S by Z (S). For any non-empty set S, the set # (S) is always closed under o, L, and R.
Therefore (30' (S), 0, L, R) is a function system; and since it has an identity element —
Js — it is a function semigroup. We call it the primary function semigroup on S.

For every function f there is a function g such that

fog=Lf=Rg (8)

(this assertion is in fact equivalent to the Axiom of Choice [32]). If g is related to /in
this manner, we say that g is a right-subinverse of f and write g[RS]f. A function
system in which every element has a right-subinverse in the system is said to have the
right-subinverse property. Evidently, every primary function semigroup has the right-
subinverse property.

An abstract function system (cf. [33]) is a quadruple (&, o, L, R) consisting of a
non-empty set <, a binary operation ¢ and two unary operations, L and R, on .%,
subject to the following axioms:

AxioM 1: The pair (<, o) is a semigroup.

AxioM 2: For all elements f of .¥:
(a) LRf=Rf, RLf=L{,
(b) Lfof=f=foRf.

Axiom 3: For all pairs of elements f, g of &:

(a) L(fog)=L(foLg), R(fog)=R(Rfog),

(b) LfcRg=RgoLf,

(©) Rfog=g-R(f0g).
In [33], we showed that every (abstract) function system with the right-subinverse
property is isomorphic to a subsystem of some primary function semigroup: and in
[32], we gave a complete axiomatic characterization of primary function semigroups.*)

2. Functions over S

Throughout the rest of this paper, S will denote a fixed non-empty set. For any
positive integer n, S" will denote the n-fold Cartesian power of S. As usual we identify
S! with S. Elements of S, i.e., ordered n-tuples of elements of .S, will be written as

*) Note added in proof. For another characterization see: GLUSKIN, L. M., Ideals of Semigroups of
Transformations, Mat. Sb. (N.S.) 47 (89), 111-130.
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strings, €.g., X; X, ...X,. If m=<n, then the string x, ... x,, is an initial segment of the
string x; ... X,, and x; ... x, is an extension of x; ... x,,. Note that every string is both an
initial segment and an extension of itself.

If S’ is any non-empty set of strings of elements of S, then E(S’) is the set of all
extensions of all the strings of S’. If S’ is the empty set, then E(S")=5".

In particular, E(S") is the union | S*. The set E(S) is thus the union of all the sets

S, ie., E(S) is the set of all strings. The elements of E(S) form a semigroup - the
free semigroup on S — under concatenation [6]. Thus we can write, indifferently,
(X1 e Xp)oen Xy O Xy ... X,

DErINITION 1. For any two positive integers d and r, the set of all functions whose
domains are non-empty subsets of S¢ and whose ranges are subsets of S will be
denoted by #,,(S). The union of all the sets #,, (), together with the empty function
0, will be denoted by F  (S). An element of F  (S) will be called a function over S.

Note that the set % (S) is a proper subset of # (E(S)), and that #,, (S)u{0} =
Z (S). Functions over S will usually be written with Latin capitals, e.g., F, G, H; in
particular, the identity function on S", which belongs to /,,,,(S) will be denoted by
I,. Any non-empty function over S belongs to a unique #,,(S); accordingly, we can
make the following:

DEFINITION 2. If F is a non-empty function over S, then the degree?of F is the
unique positive integer 6 F, and the rank of F is the unique positive integer ¢ F, such
that FeZ ;i ;1 (S). The index of F, denoted by 1 F, is the difference 6 F—¢F.

A function of rank 1 will be called a multiplace function (over S); and a multiplace
function of degree n will be called an n-place function (over S). The set of all multiplace
functions of degree at least n, together with the empty function 9, i.e., the union

(UF14(S)u {0}, will be denoted by.#, (S). Thus.# (S) comprises @ and all multiplace
d=n

functions over S.

If FeZ . (S) is non-empty and DomF consists of all of $°F, then we call F a
transformation (over S). The set of transformations of degree d and rank r will be
denoted by .7,,(S); and the set of all transformations over S will be denoted by
7 (S). Note that ,,(S) is a proper subset of % ,,(S), and that 7, (S) is a proper
subset of # _ (9).

The empty function @ has no intrinsic degree, rank, or index, but we adopt the
convention that any suitable combination of these parameters may be attributed to
0 as convenience dictates. Another convenient practice we shall follow is the sup-

2) Note that many authors (e.g., JONssoN and TARskI [18]) use the term ‘rank’ to denote what we
call ‘degree’.
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pression, whenever no ambiguity results, of explicit reference to S, and consequent
abbreviation of E(S), #,,(S), # . (S),M,(S), 7 ,(S), t0o E, F,40 F,, M, T, etc.

It is readily verified that %  is closed under R and L; in fact we have RI,=LI,=
I,, and RFc Iy LF<I,, for any non-empty function F over S. Since # , is closed
under composition, it follows that (#, o, L, R) is a function system, in fact a
subsystem of the primary function semigroup (# (E), o, L, R). However, from our
point of view this system is defective. It has no identity element, hence is not a sub-
function semigroup of (# (E), o, L, R). Moreover, the composite Fo G of two functions
in &, is non-empty only if 0F=¢G. These defects can be remedied by modifying the
binary operation of natural composition; the next two sections are devoted to this
modification.

3. The Set &_(S)

DErFINITION 3. For any function Fin % , e F is the function in & (E) specified by
the following conditions:
Dom (e F) = E(Dom F); (N

(eF)xy - x,=(Fxy-Xs)--x, forany x;---x,eDom(eF). (2)

The set of all functions eF, i.e., the range of the function e, will be denoted by & (S)
(briefly, &,).
Note that eQ=0, while e F is a proper extension of F whenever F is non-empty.

LeEMMA 1. The function e of Definition 3 is one-to-one from F ,, onto & .

Proof. Let F and G be distinct non-empty functions over S. If DomF# DomG,
then Dom (e F)# Dom (eG), whence e F#eG. If Dom F=Dom G, then again e F#eG,
since eF and eG extend F and G, respectively, and the same function cannot be an
extension of two distinct functions with the same domain. It is obvious that e F=0
if and only if F=0, and the proof of the lemma is complete.

Since e is one-to-one, it has an inverse e~ ! which maps &, onto.# . The notions of
degree, rank and index can therefore be extended to elements of &, by setting
Sf=0d(e”'f),ef=0(e”'f), 1f=1(e”"f), for any non-empty fe&,,.

To save parentheses, we shall frequently write F, G instead of eF, eG, etc. Note
that 0 F=6F, oF=9F and 1 F=1F.

LEMMA 2. If F is a non-empty function over S, and x, ...x, is a string in Dom F,
then Fx, ...x, is a string of length n—1F=n—1F. If y, ...y, is a string in Ran £, then
Vi ---Vm is the image under F of a string of length m+1 F=m+1F.

Proof. By definition,if x; ... x,e Dom F,then n>=6Fand Fx; ... x,= (FX; ... X;5) ... X,.
But Fx, ... X is a string of length ¢ F, whence Fx, ...x, is a string of length n—dF +
oF=n—1F.1fy, ...y,eRan F, theny, ...y, = Fx, ... x, for some string x, ... x,e Dom F.
Hence m=n—1F, whence n=m+1F.
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Lemma 2 can be used to prove the following result, a special case of which yields

a useful representation for the function e 1.

LemMA 3. If F is a non-empty function over S and n=8F, then F I,= I_.>Fisa
function in F,_ g . Similarly, for m2oF, 1, F=F 1I,.,pis afunction in F, .. -
In particular,

I‘:olaF=lL,Ff>l*:= QFLF‘<,I(;F=F=8_I[:—. 3)

Proof. It is easily seen that Dom (£ 1,) is the set of all strings of length # in Dom F;
this set is non-empty if 7= F. By L2, it follows that Ran (F. 1,)is the set of all strings
of length n—1F in Ran F. This set in turn is equal to Ran(I,_,zoF). Applying L2
again, we find that Dom (I,_, ;o F)=Dom(F 1,). Hence F-1I,and I,y F are equal;
and since Dom (F>1,)< 8", Ran(F-1,)=5"'F, it follows that F [,e#,_, ,. Similar
arguments yield the second statement in the lemma. In particular, Folsp= I,ro Fis the
restriction of F to the set of all strings of length 8 F in Dom F. But this latter set is
precisely DomF. Hence Folyp=1,p>F is the restriction of F to DomF, which is
F. Finally, since F=1I,;0F, we have F=I, po(Folyp)=1,pc F I This proves the
lemma.

LemMA 4. If F is a non-empty function over S, and m, n are integers such that
OF<mZn, then

Fxy..x,=(Fx{...x,)...x, forall x,..x,eDom F. 4
Proof. By (2), we have

Fxyoxy=(Fxy . Xgp) oo Xp = (FXy o Xgp) oo Xp) oo X, = (F X1 00X,,) 0 X

ns

since concatenation of strings in associative.

LEMMA 5. The set &, is closed under natural composition.

Proof. Let Fand G be in & . If F..G is empty, then F>G is automatically in &
Therefore we can suppose FoG non-empty. Set d=max(3F+1G, 6G),andr=d—1F
—1G=max(¢F,0G—1F). Then d=6G,d—1G=r+1F=max(dF,0G)=dFandr=¢F.
Define: s oA

H=1LoFcGol,. (5)
By L3, Lo Fe#, ,,,r and GoI,eF ,_ ¢ 4 Since r+1F=d—1G, it follows that H, if
non-empty, is in .%,,. We next show that Dom (F-G)=E(DomH). To this end, let
Xy ...x,eDom(FoG). Then x,...x,eDomG and Gx,...x,eDomF. Hence n24G
and n—1G=06F, whence n=>d. Since d=46G, we have x;...x;ceDomG, x;...x,€
Dom(Goly), and (Gol,) x, ... x4=Gx; ...x,. From the fact that G x, ... x, is an initial
segment (of length d—1G=r+1F) of the string Gx,...x,eDom F, it follows that
(Gol) x, ...x,eDom (I,0 F). Thus x, ... x,e Dom H, which implies that Dom (FoG)<
E(Dom H).
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Conversely, let x; ... x, be an extension of x, ... x,e Dom H. Then, since X{...X4€
Dom(Gol,)cDomG, we have x,...x,e DomG. Similarly, since Gx,...x, is an
extension of (Gol,) x,...x,eDom(L,oF)cDomF, we have Gx...x,eDomF.
Thus x; ... x,e Dom (£0G), whence E(Dom H)< Dom (£ G). Therefore Dom (£>G)=
=E(DomH)=Dom H.

Finally, using L4, for any x, ... x,eDom (FoG)=Dom H we have

Hxy..x,=(Hx,...x;)...x,
=((LoFoGol)x;...x)... x,
= (Lo F)(Gol) x; ... x,)) ... x,
=(F(Gxy...x7)... x,
= F((Gxy...xy)... X,)
=F(Gx,...x,)
=(FoG)(x;...x,).

Thus FoG=H and the proof is complete.

It is important to note that, unlike the composite of two functions F, G in % s
which is non-empty only if 6F=¢ G, the composite of two functions £, G in & « can be
non-empty when 6F # ¢G. For example, if Fis a transformation, then regardless of
the relation between 6F and ¢G, FoG is non-empty whenever G is non-empty.

Straightforward computation yields:

LEMMA 6. If F, G are in F ,, and if d=max(6F+1G, §G), r=max(¢F, 0G—1F),
then
d=0F+1G<r=9F<J0F =9G; (6)

d=0Gxr=9G—1F<dF <0G, @)

and, in each case, d—r=1F+1G.

LemMA 7. If Fand G in &, are such that F.G is non-empty, then

0(FoG) = max(oF +1 G, 6G) 8)
0(FoG)=max(¢F, oG — 1F) 9)
1(FoG)=1F +1G. (10)

Proof. Let H, d and r be as defined in the proof of L5. Then A= FoG whence (8)
and (9) follow from 6H =d=G8H and ¢ A= H=r; and (10) now follows from (8) and
(9) and Lé6.

The preceding lemmas can be combined to yield the following useful result:
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LEMMA 8. Let F and G be non-empty functions over S. Then

e(FoeG), if 0F=0G,
eFoeG=e(eFoG), if 6F<oG, (11)
e(F G), if 6F=9G.

Proof. If eFoeG is non-empty, then we consider 3 cases: 0F2¢G, 0F=<0G,
0F=0G. If F20G, then g(e FoeG)=¢F by virtue of L6 and L7. Hence, using (3),
weobtain oG = ee '(eFoeG)=e(l,preFoeG)=e(FceG).
If 6F<0G, then § (e FoeG)=0G. Therefore we have:

eFoeG=ce '(eFoeG)=e(eFoeGoly) =e(eFoG).
If 6F=9G, then both 6 (e FoeG)=4G and g(eFoeG)=¢F. Hence,
eFoeG=e(l,poeFoeGoly)=e(FoG).
Finally, if e FoeG is empty, then (11) is trivial. This completes the proof.

LEMMA 9. An element FeF , is a subidentity if and only if e F= F is a subidentity.

Proof. If FeZ , is a subidentity, then F is the identity function on DomF. By D3,
it is immediate that eF is the identity function on E(Dom F)=Dom (e F), whence e F
is a subidentity. Conversely, if e Fe &, is a subidentity, then F= I ceF is the com-
posite of two subidentities, and hence is itself a subidentity.

LEMMA 10. The set &, is closed under the operations R and L. In fact, for any
Fe% ., we have:

R(eF)=e(RF), L(eF)=e(LF). (12)

Proof. Since RF is a subidentity, e(RF) is a subidentity, specifically the identity
function on E(Dom(RF)). But by D4 and the definition of R, E(Dom(RF))=
E(Dom F)=Dom (e F). Hence e (R F)= R (e F). Similarly, e (L F)is the identity function
on E(Dom(LF))=E(RanF), so that it only remains to show that E(RanF)=
Ran (e F). This is immediate if Fis empty. If Fis non-empty, let y, ...y, be a string in
Ran (e F). Then there is a string x; ... x, in Dom (e F) such that y; ...y, =(eF) X ... x,.
But(eF) x;...x,=(Fx ... Xs5) ... X, and Fx, ... x;p€Ran F, whence y; ... y,,€ E(Ran F).
Conversely, if y, ...y, E(Ran F), then m= ¢oF and there is a string x; ... xsr in Dom F
such that y;...p,p=Fx;...Xsp. Hence y;.. Yo Vm=Y1 . Ym=(Fx; e XgF) e V=
(eF) X, ...Xsp...,, sO that y,...y.,eRan(eF). Hence Ran(eF)=E(RanF) for all
Fe# _, and the proof of the lemma is complete.

As an immediate consequence of Lemmas 5 and 10, we have:

~ LemmA 11. The system (6 ,,,0, L, R) is a function semigroup with identity element
Iy =el,, and null element 0.
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Proof. Since &, is closed under o, R, and L, the quadruple (&,,c, L, R) is a
function system, a sub-system of the primary function semigroup (F(E), ,L,R). It
only remains to show that / is an identity element for the system. This is immediate,
for 1, is the identity function on E(DomI,)=E(S), whence /, =Js)- But jgs, is the
identity element for (# (E), », L, R) so a fortiori I, is the identity element for the
subsystem.

In any function system (&, -, L, R) the relation < defined via:

f<cg ifandonlyif f=g~Rf (13)

is a partial order on % (cf. Definition 3 and Theorem 5 in [33]). As remarked in
Section 1, in concrete function semigroups or systems, in which the binary operation is
natural composition, the relation < coincides with restriction. In particular, the set
&', is partially ordered by restriction. In addition we have:

LEMMA 12. The set of subidentities {I,} is linearly ordered; in fact, I, <1, if and
only if n<m. .

Proof. Since I, is the identity function on E(Dom L)=E(S")= S, it follows
that Dom f,, = Dom/, if and only if n<m. ren

Before going on to the next section, it is instructive to compare the mapping e
with a mapping employed by A. S. DAVIS in [10] for similar purposes. DAvis has no
special symbol for his mapping: we shall denote it, ad hoc, by é. The domain of ¢ is
# 5. The domain of ¢ on the other hand, is the union of .7°, and E(S). We shall
confine our attention to the part common to Dome and Dom e, whichis.7 . For any

transformation F, Dom (e F)=E(S°")=|S", while Dom (& F)= E(S)={JS". Hence
n=0F n=1

Dom (e F)=Dom(éF), with equality holding if and only if F=1. Now consider
a string x,...x,eS8" If n<dF, x,...x,¢Dom(eF), but x, ...x,eDom(éeF), and
(éF)x;...x,=Fz, ...z5;, where the string Zy...Zgp is related to the string x,...x, as
follows: For 1<m<J§F, z,,=x,, where r is the least positive integer congruent to m
modulo n. If n=6F, then x;...x, is in both Dom(eF) and Dom (éF); but
(eF) xy...x,=(Fx; ... Xsp)...X,, while (¢F) Xy ...X,=Fx;...xsp. Thus eF and éF
agree only on $°; and Ran(éF)=RanF, while Ran (eF) is a proper extension of
Ran. F. Itis readily seen from this that the sets Rane and Ranéare completely disjoint.
About the only property the two sets have in common is that both of them are closed
under natural composition. Finally, e is one-to-one, while it is easy to give examples
that show that ¢ is not.

4. Serial Composition

Using the machinery developed in the preceding section, we can now introduce our
modification of natural composition in # .
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DEFINITION 4. Let F and G be functions over S. The serial composite, FoG, of
F and G is the function over S specified by:

FoG=e¢ '(eF.eG). (1
It follows at once from Lemma 8 that:

]FuC, il 0F20G,
FoG=1)F~G, if 6F<0G,
F- G, if 0F=90G.

(2)

The expressionsin (2) are easily modified so that Fo G is always expressed as the natural
composite of functions in %, . This results in:

LEMMA 13. Let F and G be functions in # . If either F or G is empty, then Fo G=0.
Otherwise we have:

F (I G), if 0Fz¢G, '
FoG=(F I,5) G, if dF=0G, (3)
FoG, if 0F=09G; l

and I,;FoGe.”F(,F,(,FHG, folgﬁeega(;_,p,gc.
Proof. If either F=0 or G=0, then eF. ¢G=0, whence FoG=0 by (1). If Fand G
are both non-empty and F=¢G, then

FeG=F G=(Foly) G=Fo(l;06)

and, by L3, I;;0G€Z 45 sp+.6. This proves the first part of (3); similar arguments
establish the rest.

In our announcement [35], the serial composite of Fand G was defined in a manner
equivalent to the following:

If either F=0 or G=0, then Fo G=0.

If Fand G are non-empty then set

Dom(F o G) = {x;...x4x, ... xsg€ Dom G, y, ...ys;peDomF},

where d=max(3F+1G, §G), X; ... X5 is the initial segment of length 6G of x;...x,,
and y,...y,r is the initial segment of length §F of the string (Gxy...x56)...x4. IF
Dom (FoG) is empty then Fo G=0. Otherwise, Fo G is the function on Dom(FoG)
defined by:

(FO'G)x1--'Xd:(F)’l-~-."&F)-~-}"d—zc» “

for any x, ... x,e Dom (Fo G), where y; ... y4—, =(GX; ... X56) ... Xa-

Lemma 13 can be regarded as a more ‘algebraic’ version of the above definition.
Like that definition, it serves to bring out the basic idea behind serial composition:
We can look upon functions over S as devices that process strings of fixed lengths to
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produce other strings of fixed lengths. If §F=g G, we can use the ‘outputs’ from G as
‘inputs’ to F. If F does not match ¢ G, we cannot do this directly; but we can, and do,
proceed by modifying F or G. If 6F> G, then we modify G; the resulting function
I;zoG turns out strings long enough to be accepted by F. If §F< oG, then we modify
F instead ; the resulting function Fo I, now accepts strings from G. In both cases, the
modification is the minimum necessary to enable our functions to be successfully
connected in series: hence the name ‘serial composition’.

After this metaphorical interlude, we turn to the basic properties of serial com-
position. The most fundame ntal of these is associativity. In fact, we have the following:

THEOREM 1. The system (F , o, L, R) is a function semigroup with identity element
I, and null element 0.

Proof. We shall show that e! is an isomorphism from (&, o, L, R) onto
(Z »,0,L, R). Let F, G be arbitrary elements of &. By (1), we have

e ' (FoG)=e"(ee ' Foee ' G)=(e"' Fla(e ' G),

whence e”!, being one-to-one and onto, is an isomorphism from the semi-group
(€ »,0) onto the groupoid (F ,, o). Since any homomorphic image of a semigroup with
identity and zero is again a semigroup with identity and zero, (& ,, ¢) is a semigroup
with identity e "1/, = I, and null element e~ '@ =0. Next, using L10, we have

e "(LE)y=e"(L(ee™ " F))=e""(eL(e” " F))=L(e ' F),
e '(RF)=e¢"(R(ee " F))=e"(eR(e”" F))=R(e ' F),

so that e ! preserves the unary operations L and R. Hence (Z , o, L, R) is isomorphic
to the function semigroup (&, o, L, R), and therefore is itself a function semigroup.
Associativity of serial composition permits us to define positive integral powers of
a function over S in the usual way: for any Fe%# , we set F'=F, and F"*'=F¢ F"
for all n=1. If F2=F then F is idempotent.
When Lemma 7 is restated in terms of serial composition we immediately have:

THEOREM 2. Let F and G be functions over S. If Fo G is non-empty, then

0(F o G) = max(6F +: G, 4G), 5)
¢(Fo G)=max(¢F, 0G — 1F), 6)
1(FoG)=1F +1G. )

Note that 6 (Fo G) is independent of ¢ F and that ¢(Fo G) is independent of 6G.
Note also that §F=¢G if and only if both 6(Fo G)=6G and ¢(FoG)=¢F.

By induction or appropriate specialization, we arrive at the following corollaries
to Theorem 2:
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COROLLARY 1. Let Fy, F,,..., F, be functions over S. If the serial composite
F,0F,0...0F, is non-empty, then

O(F,0F,0...0F,) =max(6F, —¢F, + 0F, —oFy ++ OF,, )
5Fy — 0Fy ++++ 6F,, ..., 0F,),

o(FyoF,0...0F,)=max(¢F,oF, —6F, +¢Fs, ..., )
oF, —O0F, +oF, — 0F, +---+¢F,),

1(FioF,0...0F)=1F +1F, +-+1F,. (10)

COROLLARY 2. If F" is non-empty, then

n JOF+(n—1)1F, if 1Fz0;

oF “{5F, if (F<0. } an
. JoF, if 1F=0;

oF —{QF—(n——l)tF, it (F=<0. } (12)
1F"=n(1F). (13)

COROLLARY 3. If F is idempotent then 0F"=gF"=0F=0F and 1F"=1F=0, for
all n=1.

COROLLARY 4. Let F be a one-place function. If Fo G is non-empty, then o (FoG)=
5G, 0(FoG)=0G, 1(Fo G)=1G. If Ga F is non-empty then 38(GoF)=06G,o(GoF)=
0G, 1(GoF)=1G.

COROLLARY 5. If F is an m-place and G an n-place function, then Fo G is empty or
is an (m+n—1)-place function. Thus each of the sets M, of multiplace functions of
degree at least n is closed under serial composition.

COROLLARY 6. Let F, be a p,-place function for m=1,2,...,n. Then the serial
composite Fy6 Fyo...c F, is either empty or is a (py+py+ -+ +p,—n+1)-place function.

COROLLARY 7. Let each of the n functions Fy, F,,..., F, be a p-place function. Then
the serial composite Fyo Fy0...0F, is either empty or an [n(p—1)+1]-place function.
In particular, if p=2 then Fyo Fyo...0F, is either empty or an (n+1)-place function.

Since (€, 0, L, R) is partially ordered by restriction, the definition:

FcGinF <eFceGind,, (14)
induces a partial order in (# , 0, L, R). Now, by (3.13),
¢FceG<=eF=eGoR(eF).
Using D4 and L13, we have
¢eF=eGoR(eF)=eGoe(RF)=e(GaRF).
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It follows that:
FcGin# _ «F=GoRF, (15)

i.e., the partial order induced in (¥, o, L, R) by (14) coincides with the standard
function system partial order. However, in (# , g, L, R) this standard partial order
no longer coincides with restriction. The precise connection between the two different
partial orders is brought out by the following discussion.

THEOREM 3. Let F, Ge% ,, be such that F is non empty and F=G, i.e., F=GaRF.
Then G is non-empty, 1F=1G, and 6 F-G=09F—9G=0.

Proof. Since G=0 implies Go RF=0 for any F, it follows that G RF=F+#0
implies G#0. Next, since 1 (RF)=0, upon using T2 we obtain:

0F =(Go RF)=max(6G + 1(RF), 6(RF))=max(6G, 6F) 2 0G,
which implies F—0G =0, and
1F=1(G6RF)=1G+1(RF)=:G,
from which 0F—0G =9 F—9G follows at once.

LemMA 14. If F and G are functions over S, then F< G if and only if either: F=0;

or:
(i) F and G are both non-empty,
(i) All strings in Dom F are extensions of strings in Dom G,

(iil) Fx;...x5p=(Gx;...X55) ... x5p for all x, ... xszeDomF.

Proof. If F=0, then RF=0, whence for any Ge# ., we have Go RF=Go0=0=F,
ie., F=G. Conversely, if FSG for all Ge# ,, then in particular F=@. Hence
F=0o RF=0.

If F is non-empty and FEG, then by T3, G is non-empty and 6F =6G. Now let
Xi...Xsr be any string in Dom F=Dom(Ga RF). By (2), Go RF=G - RF, whence it
follows that (RF) x; ... Xsp=X; ... X;p is in Dom G. Hence x, ... x4 is an extension of a
string in Dom G. Using (2) again, we have:

Fx{..xsp=(GoRF) Xy ...xsp
=(GoRF)xy ... Xz
=G((RF) Xy ... Xs5)
=Gxy x50 = (Gxy . Xgg) vv Xgp -

This yields (i), (ii), and (iii). Finally, given (i), (ii), and (iii), we can reverse the above
arguments to obtain F=Ga RF, whence F= G. This proves the lemma.
Combining Lemma 14 and the definition of restriction immediately yields:

LeMMA 15. The partial order defined in & , via (15) is strictly finer than the partial
order by restriction, in the sense that:
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(a) If F is a restriction of G, then FS G’

(b) If FEG and F#0, then F is a restriction of G if and only if SF=0G. In particular,
if G is any non-empty function and n>3G, then Gol,=G, but Ga I, is not a restriction
of G.

Proof. In view of L14 and the definition of restriction, it is clear that only the last
statement in (b) requires explicit proof. As for that, we note that, since I, is a subidentity,
Gol,=G holds automatically. Since I, is a transformation and G is non-empty,
Ga I, is non-empty. Finally, since 6(Go 1,y=n>0G, Ga I, cannot be a restriction of G.
Indeed, Dom(GaI,) and DomG are disjoint.

THEOREM 4. The set of subidentities in # , forms a lattice under the partial ordering
<. The lattice has the maximum element I, and minimum element 0. If Fand G are
subidentities, then FnG=FoG=Go F; and if F and G are non-empty, then § (FNG)=
o(Fn G)=max(3F, 6G), §(FL G)=¢(Fu G)=min(0F, 6G).

Proof. The subidentities in any function semigroup form a meet semilattice, with
FAG=FaG (see T6 of [32]). If Fand G are non-empty, then, since 1F=1G=0, we
have 8 (Fo G)=g¢(Fo G)=max (JF, dG). Turning to unions, let F and G be non-empty
subidentities (if either F or G is empty, then the existence of FUG is trivial), and set
m=min (6F, 5G). Let (Dom F),,, (Dom G),, be sets the consisting of the initial segments
of length m of all strings in DomF, DomG, respectively; and let S,,=(DomF),,u
(DomG),,. Since S, is a subset of S™, the function js, is a subidentity in #,,,. Itis
readily verified that jg, is the required union, Fu G, whence we have d(FUG)=
0 (FUG)=m=min(0F, 6G). Finally, the inclusions @<= F< I, for any subidentity F
are trivial.

The lattice of subidentities of % is even complete, as an easy extension of the
above proof shows.

Since e~ ! is order-preserving, we can apply Lemma 12 to obtain:

COROLLARY 1. The functions 1, form a chain within the lattice of subidentities of
F . Specifically, 1,<1, if and only if mzn, whence 1,0 L= Lo mm and L,90l,=
Imin(m,m)'

Combining this corollary, Lemma 15, Theorem 7 of [33], and the fact that
RFc Iy, LF<1,; for any non-empty F, we obtain:

COROLLARY 2. If FeZ , is non-empty, then Fo I,=F if and only if n<0F, and
I,0F=F if and only if m<oF.
We can use Theorem 4 to justify a convenient definition of zero™ powers of
functions over S, as follows:
F = RFULF forany non-empty FEZ . (16)

Thus 6F° =g F°=min (0F, ¢ F), 1F°=0.
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We regard F° as generated by F under serial composition just as we regard
F"for n=1 as so generated. This convention will be adhered to without further com-
ment throughout the rest of this paper.

THEOREM 5. Let Fe#  be non-empty, and let m and n be positive integers. Then
I,cF=Fol, an
if and only if either:
(i) m+o0F=n+goF,; or
(i) m=<oF and n<JF.
Moreover, the 2 sides of (17) are both equal to F if and only if case (ii) holds. Cases (i)
and (ii) are not mutually exclusive.]
Proof. If (ii) holds, then (17) follows immediately from C4.2, and both sides of

(17) are equal to F. If (ii) does not hold, but (i) does, then we have m> g F, n>dF and
m+1F=n. In this case we use (2), L3, and (2) again to obtain:

I,6F =1,0F=Fol,=Faql,.

Conversely, if (17) holds and the 2 sides of (17) are both equal to F, then (ii) holds by
virtue of C4.2. If (17) holds with neither side equal to F, then by C4.2 we have m>g F
and n>dF. Hence we have:

m + 6F = max(m, ¢ F) + 0F
=max(m,oF)+ 1F +¢F
=max(m + 1F,0F) + oF
=06(l,0F)+¢oF
=6(Fol)+oF
= max (J6F, n) + ¢ F
=n+9oF.

Thus (i) holds, and the proof of the theorem is complete.

Application of standard function-system identities now yields the following
corollaries:

COROLLARY 1. If (17) holds, then R(I,,c F)=RFol, and L(Fol,)=1,0LF.

COROLLARY 2. If F+3G20G+1 and RF=Is, then R(F6G)=RGo Iypy,g. If
0F+0G20F+1and LG=1,;, then L(FoG)=I,;_,ro LF.

COROLLARY 3. If RF=1I;z and RG=1I;, then R(FoG)=IsF,6y; ie, T, is
closed under serial composition. If LF=1,r and LG= I ¢, then L(FoG)= I, .-

COROLLARY 4. If RF=1I;, then RF"= Iz for all nz1; if LF=1,g, then LF"=
Ipnforallnz1.
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Note that Corollaries 3 and 4 extend standard results on domains and ranges of
composites of ‘full’ functions and ‘onto’ functions.

THEOREM 6. The function semigroup (# ., o, L, R) has the right-subinverse property.

Proof. Every primary function semigroup has the right-subinverse property.
Every function Fe.# , is in the primary function semigroup (# (E), ~, L, R). There-
fore for every FeZ , there is a function geF (E) such that Domg=RanF, Rangs
DomF, F .g=LF=Rg. If F=0, then g=0. If F is non-empty, then Domgs S,
Rangc< S%F. Hence g is a function in % , and 6g=0F, gg=0F.By L13, Fog=Fog.
Hence Fog=LF=Rg, so that gis a right-subinverse of Fin (#, 0, L, R).

5. Parallel Composition

DEFINITION 5. Let Fand G be functions over S. If either For G is empty, then the
parallel composite, FnG, of Fand G is 0. If Fand G are non-empty, let
m=max (6F,0G). Then FnG is the function over § specified via:

Dom (FnG) = {x; ... X,|x; ... xspeDom F, x; .. x;c€DomG}, 0
(FRG)Xy...Xp=Fx;...xspGXy ... Xo6 forall x,...x,eDom(FnG). )

THEOREM 7. If F and G are functions in F ,, and Frn G is non-empty, then:

8(F 1 G) = max(dF, 6G), 3)
o(FrnG)=¢F +¢G, 4
I(FnG)=1F +1G — min(3F, 6G). ®)

Proof. Immediate from DS5.

COROLLARY. If FeZ ,, then FnF=F if and only if F=0. Thus there are no non-
trivial idempotents in F ,, under parallel composition. In particular, there is no identity
element for parallel composition.

THEOREM 8. For any F and G in % ,, we have:
R(FnG)=RFoRG. (6)

Proof. From (1) it follows that Dom (FnG) is the set of all strings is S™ whose
initial segments of length dF (resp., 6G) belong to Dom F (resp., Dom G). Thus,

Dom (F nG) = Dom(F ¢ 1,) » Dom (Gol,)
=Dom[R(Fol,)oR(Gal,)].

Hence, upon using well-known identities from the theory of function semigroups and
the fact that 6(R Fo RG)=m, we obtain:
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R(FrG)=R(Fol,)oR(Gal,)
=RFol,6RGol,
=(RFoRG)aol,
=RFoRG.

COROLLARY. If RF=1I;; and RG=ls;, then R(FnG)=Isy,q. Hence 7 is
closed under parallel composition.

Proof. By (6), R(FnG)= I;z0 I, which in turn is equal to I ., s, 56)= lsrr ) DY
virtue of T4 and C4.1.

THEOREM 9. Parallel composition is associative.
Proof. By T8, we have:

R[(FrG)nH]=R(FrG)6RH=RFoRGoRH
=RFoR(GrnH)=R[Frn(GrnH)],

whence Dom [(FrG)n H]=Dom[Fr(GrH)]. Hence (FnG)nH=0 if and only if
Frn(GnH)=0. If (FrG)nH and Frn(GnH) are non-empty, they have a common
domain and a common degree d=max (6F, 6G, 6H). Let x,...x, be any string in the
common domain. Then we have:

[(FrG)rH] x{...xq=(FrnG) Xy ... Xsp ngy H X1 ... Xs14
=Fx;... x50 Gxy...x56 Hxy ... X5
=Fx;..Xspg (G H) X{ ... X506 11)
=[Frn(GnH)] x,...x4.

Combining Theorems 7, 8, and 9 yields:

R(F,nFyn..nF,)=RF, 6RF,0...6RF,, @)
6(FynFyn...nF,) = max(0F,, 0F,, ..., 0F,), (8)
o(FinFyn...nF)=0F +0oF, ++0oF,. )

Parallel composition also has a weak cancellative property which may be for-
mulated as follows:

THEOREM 10. If RFOURGZSRH and either FnH=GnH or HnF=HnG, then
F=G.If FrF=GnG, then F=G.

Proof. If RFOURG<RH, then RFSRH and RG=RH. Hence RFeRH=
RHoRF=RF and RGoRH=RHsRG=RG. So if either FtH=GnH or HnF=
HnG, then RF=RG. Hence F=0 if and only if G=0. If F and G are non-empty, let
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X; ... Xsp be any string in their common domain. In case Fr H=Gn H then x;...x5p
is in Dom (Frn H)=Dom(Gn H), and we have:

Fx,..xspHx,...xsy=(FnH)xy...Xs
=(GrnH)x,...Xsp

=Gx,...Xsp HXx{ ... X5 .

Since two strings are equal only when identical, it follows that Fx; ... Xsp=G Xy ... Xsp
for any x, ...x;ze Dom F=DomG, whence F=G. Similarly, F=G in case HnF=
HnG. A similar (and simpler) argument establishes the second part of the theorem.

Formula (6) has exhibited one connection between parallel and series composition.
The remainder of this section will be devoted to establishing other such connections,
beginning with:

THEOREM 11. If F is non-empty and H is a subidentity such that SH=JF and
RF< H, then for any G:
FnG=Fo(HnG)=(FoH)nG. (10)

Proof. Let m=max (3F, 6G). Since o(HnG)=¢H+0G=0H+9G=0F+0G>JF,
it follows from T2 that 6 (Fo (HnG))=8(HnG)=max (6H, 6G)=m=4(FnG). Next,
for any Xy ...x,e Dom(HnG), we have:

(HRG)xy ... X = X .. Xop G Xy oo X5+ (1
Thus,

Dom (Fo(HnG)) = {x,...X,|x; ... x,€Dom (Hn G), x ... x;p€ Dom F}
= {X; ... Xplx; ... XspeDom H, x; ... x,c€ Dom G,

X ...x;peDom F}.

But since RF< H and 6 H=0F, Dom FEDom H, so that the last set above is just
Dom (FrG). Next, upon using (11) we obtain:

Fo(HnG)xy...x,=Fx;...X;p G Xy .. X6 =(FrnG) Xy ... X,

which proves that FnG=Fo(HnG). Finally, since Fo H=F, we have (FeH)nG=
FrG.

COROLLARY 1. For any non-empty F,
FnG=Fo(lznG)=Fa(RFnG). (12)

Using the associativity of parallel composition, a straightforward induction yields:
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COROLLARY 2. If all the functions Gy,...,G,_, are non-empty and if H,,..., H,_,
are subidentities such that dH,=06G, and RG,= H, for p=1,..., n—1, then for any G:

G, nGyn...nG,_nG=G,0(H, nG,)o[(H o Hy)nG;3]o...
6[(Hio...0 H,_)nG] (13)
=G,o(l,,nGy)o...a(l,,_,nG).

where m,=max (4G, ..., G,) for p=1,...,n—1.
A relation valid in any function system takes the form L(FoG)S LFin . . An
application of this to (10) yields:

COROLLARY 3. L(FrnG)<LF.
THEOREM 12. If Fo G is non-empty, and 6F <0G, then

Fo(GnH)=(FoG)nH. (14)
Proof. If 6F<0G, then § (Fo G)=45G by T2. Applying (12) twice, we obtain:

Fo(GnH)=Fo[Go(I;anH)]
=(FoG)o(Isg,cymH)
=(FoG)nH.

CoROLLARY. If 6F<0G,, then
Fo(G,nGyn..nG,)=(FoG)nG,yn...nG,.

We shall refer to the property expressed in Theorem 12 as the (conditional)
interassociativity® of series and parallel composition.

LEMMA 16. For any three functions F, G, H in F ., we have:
R((FrnG)oH)=R((FoH)n(GoH)). (16)

Proof. Using (6) and several identities from the theory of function semigroups, we
obtain:

R((FrG)oH)=R(R(FnG)oH)
= R(RFoRGoH)
=R(RFoHeR(GoH))
=R(FoHoR(GoH))
=R(R(FoH)sR(Gao H))
=R(FoH)oR(GoH)
= R((Fo H)n(G o H)).

3) In view of the conditional nature of (14), we prefer the relatively neutral term ‘interassociativity’
to the more common term ‘modularity’, with or without an adjective.
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LemMA 17. Ifeither (FrG)o H or (Fo H)n(Go H) is non-empty, then o[ (FnG)o H]
=o[(Fo H)n(Go H)] if and only if ¢ H<min(JF, 6G).
Proof. Using T2 and T7, a simple computation yields:

o((FnG)oH)=oF + 0G + max(0, o H — max (dF, 6G)),
o(FeH)n(GoH))=0oF + ¢G + max(0, ¢ H — max (JF, 6G))
+ max (0, ¢ H — min(3F, 6G)).

The two numbers differ by max (0, ¢ H—min(8F, 6G)), which is 0 if and only if
o H<min(8F, 6G).

THEOREM 13. If F, G, and H are functions in F , then the right distributive relation
(FrG)oH =(FoH)n(GaoH) a7

holds if and only if: either both sides of (17) are empty, or ¢ H< min (3F, 6G).

Proof.ByL16, Dom ((Fr G)o H)=Dom ((Fo H)n(Go H))in all cases. Consequently,
one side of (17) is empty if and only if the other side is, in which case (17) is trivial. If
both sides are non-empty, then by L17, ¢ H<min(JF, 6G) is a necessary condition for
(17) to hold.

To show that the condition is also sufficient, we first note that when ¢ H<min (F,
5G), the common value, d say, of 3((FrG)o H) and 6((Fo H)n(Go H)) is equal to
1H+8(FnG), and that § (Fo H)=0F+1H, 6(Go H)=0G+0H. Then for any x, ... x,
in the common domain of (FrG)o H and (Fo H)n(Go H), we have:

(FrG)oH) x, ...x,=(FnG) ((Hxy .. Xo) .. X)

=F[(Hx{ ... Xsp) . Xspain] GUHX{ o Xon) o XsG+.1]
=(FoH)x...Xsp 4,1 (GO H) X ... X564

=[(FeH)n(GoH)] x; ... x,.
COROLLARY. If G, G,, ..., G, and H are functions over S, then
(G,nGyn...nG,)o H=(G, o H)n(GyoH)n...n(G,0 H) (18)
holds if and only if: either both sides of (18) are empty, or ¢ H<min (6G,, G5, ..., 0G,).
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The Numerical Range of a Continuous Mapping of a Normed Space

F.F. BonsaLL, B.E. CaiN, and HANs ScHNEIDER ) (Edinburgh and Madison)

( Dedicated to A. Ostrowski on the occasion of his 75th birthday)

1. Introduction

Let X denote a normed linear space over the real or complex field, X' the dual
space of X, G(X) the set of all continuous mappings of S(X) into X, where S(X) is
the unit sphere of X, i.e. the set of all xeX such that |x||=1. Given xeS(X), let
D(x)={feX":f(x)=|fll=1};and, given TeG (X),let V(T,x)={ f[T(x)]:fe D (x)}.
The numerical range V(T) of a continuous mapping TeG (X) is defined by

V(T)= U {V(T, x):xeS(X)}.

In the special case when X is a Hilbert space and D (x) can be identified with {x},
the numerical range of a linear operator has a long history [7]. Under the name ‘field
of values’, the concept has been extended by F. L. BAUER [1] to linear operators on
all finite dimensional normed linear spaces. The numerical range of a linear operator
on a semi-inner-product space has been studied by G. LUMER [4]. A normed linear
space X has, in general, many semi-inner-products that correspond to the norm of X.
The choice of one of these semi-inner-products corresponds to the choice of a mapping
x—f, of S(X) into X’ such that f,€ D (x) for each x. Then the numerical range W (T)
for this semi-inner-product is given by

W(T) = {/(T x):xeS(X)}.

Thus if T'is a continuous linear operator, ¥ (T) is the union of all the numerical ranges
W (T) in the sense of LUMER.

When T is a continuous linear operator it is classical that V(T) is a convex set
if X is a Hilbert space [7], but an example is given in [5] of a linear operator on a
two dimensional normed linear space for which ¥ (T) is not convex. Our main result
is that ¥V (T) is connected for every normed linear space X and every Te G (X) (unless
both X is the real numbers and 7T(—«)# —T(«) where S(X)={o, —a}). We give two
proofs of this result and include an example of a (continuous) linear operator on a

real or complex two dimensional semi-inner-product space for which W(T) is not
connected.

1) This research was supported in part by NSF Grant GP-7073.

Received November 13, 1967
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Our first proof of the connectedness of V(T) depends on the upper semi-continuity
of the set-valued mapping x— D(x) with respect to the weak* topology on X'. We
show that this mapping is also upper semi-continuous for the norm topology on X’
when X =(c,), the sup norm space of sequences converging to 0, (and also of course
when X has finite dimension) but not when X' =(c), the sup norm space of convergent
sequences, or for certain other spaces. As an alternative to upper semi-continuity we
also work with a topology on the set of subsets of X ’_which, although it is probably
less familiar than upper semi-continuity, permits us to use the class of continuous
functions and their widely studied properties in place of the class of upper semi-
continuous mappings. Our second proof shows that when X is not the real numbers
P={(x,f/)eXx X :xeS(X),feD(x)}is connected in certain topologies, and this may
be of interest in itself.

2. Connectedness of the numerical range

Let #(U) denote the set of all subsets of the set U. If E is a topological space, let
{#(U):USE; Uis open} be a basis for the t-topology on 2 (E). Adjectives used with
reference to the t-topology will bear the prefix ‘z-’, e.g. t-open. A mapping x— A4 (x)
of a topological space F into the set of subsets of a topological linear space E is upper
semi-continuous (usc) on F if and only if for every xeF and every neighbourhood U
of 0 in E there exists a neighbourhood ¥ of x such that for all ye V', 4 (y)sdx)+U
(cf. [6], pages 35-36). There are other definitions of upper semi-continuity currently
in use (cf. [2]). In fact, what we are calling t-continuous is sometimes called upper
semi-continuous.

LEMMA 1. Let F be a topological space and let E be a topological linear space. If
the mapping x— A (x) is T-continuous, then it is usc. If for every x in F, A(x) is a compact
subset of E, then the function A is t-continuous if and only if it is usc.

Proof: Assume 4 is T-continuous. If xe Fand U is an open neighbourhood of 0 in E,
then, since 2 (A (x) + U) is a t-open subset of 7 (E),itfollows that A~ '[# (A(x)+ U)] =
{yeF:A(y)S A(x)+ U} is an open subset of F. Hence A" '[Z(A(x)+U)]isa V
whose existence is required in the definition of usc, and A4 is usc.

Assume that A is usc. Let Z(U), with U an open subset of E, be a basic T-open set.
If xeA™'(#(U)) then 4 (x)= U. The compactness hypothesis now provides a neigh-
bourhood of 0 in E, denoted G, such that A (x)+G< U (see [3] pages 35 and 36 for
the details). Since A is usc there is a neighbourhood ¥ of x such that for each yeV,
A(y)cA(x)+G<U. Thatis, A(y)e?(U). Thus xe V=A™ [#2(U)].So A~ [Z (V)]
is open and 4 is T-continuous.

An application of the Hahn-Banach Theorem shows that for each xeS(X) we
have D (x)#0. In the weak* topology, D(x) is a closed subset of the (solid) unit ball
in X’ and hence is compact (cf. [3] page 155). Since D(x) is convex, D (x) is connected
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in any topology which makes X’ a topological linear space, because in any such
topology a—af +(1—«) g, 0<a <1 is a continuous function.

LEMMA 2. Let S(X) have the norm topology and let X' have the weak* topology.
Then the mapping x— D (x) is t-continuous and usc.

Proof: Since D(x) is compact in the weak* topology, Lemma 1 shows that it is
sufficient to prove that x—D(x) is usc. Suppose that the mapping is not usc. Then
there exist xeS(X) and a weak* neighbourhood U of 0 in X’ such that for every
positive integer n there exists y,eS(X) and f,eD(y,) satisfying ||y, —x||<1/n and
/+#D(x)+U. Since | f,|l =1, there exists a weak* cluster point g of { f,} with | g| <1.
Then

lg(x) = 1] < lg(x) = fua (Ol + 1£a (%) = £ ()]
<1g(x) = fu(¥) + lIx = yall -

Since ||x—y,l| <1/n and g is a weak* cluster point of { £,}, the righthand side can be
made arbitrarily small by correctly choosing n, and so g(x)=1. Therefore ge D (x).
However, since g is a weak* cluster point of { f,} and U is a weak* neighbourhood
of 0, we have f,eg+ U= D(x)+ U for some n, which is contradictory.

LEMMA 3. Let TeG(X), and let the scalar field have its usual topology. Then the
mapping x—V (T, x) is a t-continuous and usc mapping of S(X) with the norm topology
into the set of subsets of the scalar field.

Proof: Observe that V(T, x), for xeS(x) and TeG (X), is compact, because it is
the image of the weak* compact set D (x) under the weak* continuous mapping
f = f(T(x)). Therefore, by Lemma 1, it suffices to prove that x— ¥ (7, x) is usc.

Let xeS(X) and >0, and let U={geX"':|g(T(x))|<e/2}. Then U is a weak*
neighbourhood of 0, and so, by Lemma 2 and the continuity of T, we may choose
0>0 such that for every yeS(X) with ||x—y|| <§ it follows that || T(x)—T(»)| <e&/2
and D(y)sD(x)+U. Soif ye S(X), |x—y| <9, and fe D(y) then f =g+ u for some
geD(x) and ue U. Since g(T(x))e V(T, x) the distance from f(T(y)) to V(T, x) is
at most | f(7(y))—g(T(x))l and | f(T(»))—g(Tx))I <1 1(T(»))— £ (T () +|u(Tx)|
<|T(y)-T(x)| +¢/2<e. But f(T(y)) was an arbitrary point of V (T, y), and so
V(T,y)< V(T, x)+{te scalar field: |¢| <e}. Thus x— V(T x) is usc.

The two proofs of the connectedness of the numerical range which we give use
the connectedness of S(X). Since S(X) is disconnected only when X is R, the real
numbers, that case is treated separately. In fact when X=R, V(T)={1/a T(a)}u
{—1/a T(—a)} where S(X)={«, —a}. This gives:

ProposiTiON. If X=R, V(T) is connected if and only if 7(—oa)= —T(«), where
S(X)={o, —a}. In particular, if T is linear, V(T) is connected.

Both proofs also use the following fact: If {L,} is a family of connected subsets
of some topological space and if G;UG, =|_JL, is a decomposition of | JL, into two



Vol. 2, 1968  The Numerical Range of a Continuous Mapping of a Normed Space 89

non-empty disjoint sets, G, and G,, open in the relative topology, then for each x the
entire set L, lies in either G, or G,.

THEOREM 1. Let TeG(X). If X#R then V(T) is connected.

Proof: Suppose X#R and V(T) is disconnected. Then V(7)< H;UH,, where H,
and H, are open sets giving a decomposition V(T)=G,uG, of V(T) into disjoint,
non-empty, relatively open sets G;=V(T)nH; for i=1 and 2. By Lemma 3, the
mapping x— V (T, x) is t-continuous, and therefore, for i=1 and 2, the inverse image
U, of the t-open set Z(H;) under x—V/(T, x) is an open subset of S(X), the domain
of the mapping. For xeS(X), the set (7, x) is connected, being the image of the
set D(x), which is connected in the norm topology, under the norm continuous
mapping f — f(Tx). Hence, by the sentence preceding the theorem, V(T, x)=G S H,
or V(T, x)=G,<H,. Thus xeU, or xeU,, but not both. We deduce that S(X)=
U,uU,, where U;nU, =0. But this is impossible, since S(X) is connected, and the
theorem is proved.

Here we begin our second proof of the connectedness of V(T). Let P denote
{(x.f)eX x X":xeS(X), feD(x)}. We shall first prove the following general theorem:

THEOREM 2. Let X#R, and let X have the norm topology. Let X' have a topology
satisfying

(a) X' is a topological linear space,

(b) x—D(x) is usc for all xeS(X),

(¢) D(x) is compact, for all xeS(X).

Then P is connected as a subset of X x X' with the product topology.

We shall then deduce:

COROLLARY. Let X#R, and let X x X' be topologized by the product of the norm
topology and the weak* topology. Then P is connected, as a subset of X x X",

Finally we shall show that this implies Theorem 1.

Proof of Theorem 2: We shall first show that every sequence { f;} in X which is
eventually in every neighbourhood of D(x) has a limit point g in D(x). For suppose
this is false, then D (x) has an open covering by sets each containing only finitely many
/7’s. Since D(x) is compact it has a finite covering by such sets. But the union of the
sets in this finite covering is a neighbourhood of D(x) containing only finitely many
f7’s. Since this is a contradiction, the f7s must have a limit point g in D(x).

Let 7:P—S(X) denote the projection mapping (x,f)—x. Then n is a closed
mapping. For suppose K is a closed subset of P and x is a limit point of n(K). Then
there exists {(x;, f;)} < K such that x =limx;=lim n(x;,f;). Since t—D(t)is usc, { D (x;)}
is eventually within each neighbourhood of D (x). Since f;e D (x;),{ f;} is eventually in
each neighbourhood of D(x) and hence has a limit point g in D(x). Thus (x, g)e

{(x:, /)} <K, whence xen (K), and so 7 (K) is closed.
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Suppose that P =G, UG, where the G;’s are non-empty, disjoint, open and closed
subsets of P. For each xe S (X) the set n ™' (x) is connected because it is homeomorphic
to D(x). The set n~'(x) must thus be a subset of either G; or G,. It follows that
n(G,)nn(G,)=0. Since n(G,) and n(G,) are closed and cover S (X), this contradicts
the connectedness of S(X). Hence no such G;’s can exist and therefore P is connected.

The Corollary now follows immediately from Theorem 2, in view of Lemma 2 and
the compactness of D(x) in the weak* topology.

Let X x X' have the product topology formed from the norm topology of X and
the weak* topology of X'. If X is infinite dimensional, it can be shown that the
mapping (x, /)— f (x) is not continuous on X x X’, because it is unbounded on every
open subset of X' x X’. However:

LEMMA 4. Let F be a norm-bounded subset of X'. Let X x X' have the product
topology formed from the norm topology of X and the weak* topology of X'. Then the
mapping (x, f)— f (x) defined on X x X' is a continuous mapping of the set X x F with
the relative topology.

Proof : Suppose that Fis contained in a ball of radius r centered at the origin of X".
If (x;, f;) is a net in X% F,

Ifi(x) =f I < |Sfi(x = x)l + 1fi () = f ()l
<rllx = xl + 1fi(x) = f (x)I.

Thus f;(x;) will converge to f(x) if both x;—x in the norm topology and f;— f in the
weak* topology, i.e. if (x;, f})—(x, /) in Xx X".

Second Proof of Theorem 1. Let X x X' be topologized as it was in the Corollary
to Theorem 2 and Lemma 4. We view the mapping (x, /)— [7(x)] defined on P as
the composition of the continuous functions (x, /)—(7(x), f)— f[T(x)]. (Lemma 4
shows the continuity at the final step.) Since by the Corollary to Theorem 2, P is
connected, it follows that ¥ (7) must be connected, as it is the image of P under a
continuous function.

However, the numerical range W(7T) need not be connected:

ExAaMPLE. Let X be R? or C? with the norm given for each x=(&,, £,)eX by | x| =
max (|€,], |&,]). Given a=(a,, a,)eS(X), and x=(&,, &;)e X, let f,(x), T be defined by

Wlil it ol =1,
(&262 if Jol<1.

fa(x) = Tx = (¢;,0).

Then f,e D(a), and T is a continuous linear operator. Also

01 oyl =1
FTa =10 it oy <1.
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Therefore the numerical range W (T) in the sense of Lumer for the semi-inner-product
space corresponding to the mapping a— f, is the set with exactly two elements, 1 and 0.

3. Upper semi-continuity and t-continuity of the mapping x— D(x)
with the norm topology on X'.

If X has finite dimension, the norm topology coincides with the weak* topology
on X', and so, by Lemma 2, the mapping x—D(x) is upper semi-continuous and
z-continuous with respect to the norm topology on X'. We show that the mapping
x—D(x) is also upper semi-continuous and t-continuous in this sense when X =(co),
but not for certain other spaces X including the space (c).

Let F denote either the real or the complex field, and P the set of all positive
integers. We denote by (m), as usual, the Banach space of all bounded mappings of
P into F with the sup norm

Ixll, =sup{|x(n):neP} (xe(m)),

and by (¢) and (c,) the subspaces of (m) consisting of all sequences that converge and
converge to zero respectively. Also, as usual, we denote by (/;) the Banach space of

all mappings x of P into F such that |[x[,= Y |x(n)| < oo, normed by || l:-

n=1

THEOREM 3. Let X =(co). Then the mapping x—D(x) is a usc and t-continuous
mapping of S(X) into subsets of X' with respect to the norm topologies in X and X'.
Proof: To each element /" of X" corresponds a sequence {%)} of elements of F such

that 3 [4]=|/1l and
k=1 o
fx)= Y Hx(k) (xeX).
k=1
Given xeS(X), let E,={keP:|x (k)] =1}. Then E, is a non-empty finite set.
Let aeS(X) and ¢>0. Since the set {keP: la(k)|=1/2} is finite
sup{la(k):keP\E,} =1—1

with #>0. Choose ¢ with 0<d<min(e, n), let beS(X) with [|b—al <9, and let
feD(b). The sequence {4} corresponding to [ satisfies

8

]

= Y b(k)=1.
1 k=1

k

Therefore J, =0 (ke P\E,) and 4, =4 b (k) for all k. Let i =14 a(k) (keP),and letg
be the element of X’ corresponding to the sequence {1} Since [|b—al o <n, we have
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E,c E,, and therefore |a(k)| =1 whenever 4, #0. Therefore

lgl = kZ L = Z 14l =1,

8

8@ =¥ ma()= ¥l =1.
Thus ge D(a). Also

If—gll = z |4 — el

i —a(®<Ib-al,<e

Since f'is an arbitrary element of D(b), geD(a), and f=g+(f—g), this proves that
D(b)=D(a)+{heX':||h| <e}. Thus x— D (x)is usc with respect to the norm topologies
in X and X'. Furthermore x— D (x) will be t-continuous if each D (x) is compact. For
each xeS(X), D(x) is a subset of { feS(X'):support (/)< E,} which is homeo-
morphic to the compact set S(F*), where k is the order of E, and F* has the norm
(¢, ..., t)l =Y |t;]. Therefore since D(x) is closed in the norm topology, it is compact.

That P is connected when X =(c,) and X’ has the norm topology is a special case
of Theorem 2.

THEOREM 4. Let X be a linear subspace of (m) such that (c)< X. Then the mapping
x— D(x) is not upper semi-continuous with respect to the norm topologies in X and X'
(and therefore not t-continuous).

Proof: Given neP, let e, a, b, denote the elements of X defined by
if k<n

e,,(k)={1 oo a(k)=1—:€(k€P)’ ”n(")={?(k) it k>n

0 if k#n
Let f, be the element of X’ defined by f,(x)=x(n) (xeX). Given geD(a), we have
g(e,) = 0(neP);
for we have ||a+ &e,||, =1 whenever |£| < 1/n, and so
1>1g(a+&e)l =11+ Cg(e)l (Il <1/n),
which is impossible unless g (e,) =0. Therefore, for all ge D(a),
Ifa— gl Z1(fu—g)(e)l =1 (neP).

However f,eD(b,) and ||b,—a|,=1/n. Thus b, tends to a, but D(b,)ED(a)+U,,
where U, ={feX':| f|l <1}, and the result follows.

THEOREM 5. Let X =(l,). Then the mapping x— D(x) is not upper semi-continuous
with respect to the norm topologies in X and X' (and therefore not t-continuous).
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Proof: Given neP, let a, b, be the elements of S (X ) defined by

(2"(2" — 1)2* (k< n)
(0 (k> n).

o 1 L, T
a— = - L= -
nli1 2n__l 2k 2k 2n—l
k=1

h=n+1

a(k)y= 1/2¢ (keP), b,(k)=
Then

Let /, be the functional defined by
0= Y x() (xeX).

and let ge D(a). Since a(k)>0(keP), we have

D

2= Y x()  (xeX).

Also f,eD(b,) and | f,—gll =1 (n€P). Thus the mapping x— D(x) is not upper semi-
continuous with respect to the norm topologies in X and X'.

Note added in proof: Our lemma 2 is known, cf. Theorem 4.3, D. F. CupIA: The
Geometry of Banach spaces. Smoothness. Trans. Amer. Math. Soc. 110, 284-314
(1964).
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Eigenvectors Obtained from the Adjoint Matrix

D. Z. Diokovi¢l) (Waterloo, Ont. Canada)

Dedicated to A. M. Ostrowski on his 75th birthday

1. Introduction

Let A be an n-square complex matrix. By 4, we denote the k-th column of 4 and
similarly for other matrices. Let 4y, 4,,... be the distinct eigenvalues of 4,

fA=@A=-2)"(A—-41)"...
the characteristic polynomial of 4, and B(1) the adjoint matrix of A/— 4. Then

(I —A)BA)=f(A)1. ("

Putting A=4, in (1) we get
(A, T —A)B(4,)=0.
We infer that each non-zero column of B(4,) is an eigenvector of 4 belonging to 1.
This simple remark appears in GANTMACHER [2], p. 85-86. Let us suppose that some
column, say the first column, of B(4,) is zero. Let (A—2,)"' be the highest power of
A— 2, which divides the first column of B(4). In addition suppose that k; <r,. By k,
times differentiation of (1) with respect to 4 and putting A=1, we conclude that the
first column of B*”(1,) is an eigenvector of 4 belonging to 4,.

Hence, each column of B(1) which is not divisible by (A—4,)"" gives rise to an
eigenvector of 4 belonging to 4,. We can go further. Indeed, by differentiating
ki, k;+1,..., r,—1 times the first columns in (1) we get

(’11 I- A) B(lkl)()‘l) =0,
(4, T — A) BED () + (ky + 1) BYP(2,) =0,

(M T-4) B(ln—l)(ll) +(ry=1) B(lrl_z)(’ll) =0.

Let x; be the first column of B*'*i=D(2,) divided by (k;+i—1)!. Then
Axy =Xy,

Ax, = A x5 + Xy,

AXp —kgr1 = A X k1 T X iy

1) This research was supported in part by NRC Grant No. A-2972.
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The vector x, is an eigenvector of 4 belonging to 4. The vectors X5, ..., X, —k, +1 are
generalized eigenvectors (Hauptvektoren) in the sense of [4], section 19.4.

This procedure for generating eigenvectors and generalized eigenvectors is dis-
cussed in [1] in the case of real matrices and real eigenvalues. The discussion is valid
also for complex matrices. In [1] it was conjectured that by this procedure we obtain
a system of eigenvectors and generalized eigenvectors of 4 belonging to Ay which span
the A,-primary component of 4. We recall (cf. [3], p. 132) that the A;-primary com-
ponent of 4 may be defined as the subspace of vectors x such that

(A, I—A)y' x=0.

The purpose of this paper is to prove that this conjecture is true.

2. Invariant Factors of the Adjoint Matrix
We consider A/—A and B(A) as A-matrices.

THEOREM 1. Let @y (2) | @2 ()| ... | @4(4) be invariant factors of AI—A. Then the
invariant factors of its adjoint matrix B(2) are the polynomials
or () =fD@y-r+1(2), k=1,....n.
Proof. Let D, (%) resp. Dy () be the greatest common divisor of all k-rowed minors
of 21— A resp. B(1). We note that D,(4) and D} (%) are monic polynomials in 4, by
definition.

It is well known (cf. [2], p. 21) that between the minors of AI—A and B(2) there
exists the relationship

13(/1) (i', Ik) — (- ])p%l(i,+jp)!(ll _ A)(’:‘ j,:,—k)
JieeJk | Ly eeely—k
On the left hand side we have the minor of B(4) whose elements lie in the intersection
of the rows iy, ..., iy and the columns j;, ..+ jx- The similar term on the right hand side
denotes the corresponding minor of 17— A4. The indices i{, ..., i, are complementary
10 iy, ..., iy, and SO aT€ ji, s Ju-k O Jiseeos Jie
From (2) it follows that

D (%) :f('l)k—an—k(A), k=1,...,n.
Using the relationship between g.c.d. of minors and invariant factors we get
9¥(2) = DEAIDE- ()
— FG) ! Dy DAY 2 Dyiar ()
=f(A)@n-r+1(4), k= 2,..., 1.

¥ (1) = D} () = Dot (1) =f D)/ @4 (4).

S 2

For k=1 we have
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This proves our theorem.
Note that f(1)=¢,(4)...¢,(4) and so

or() = H 9:(4). 3)

iFn—k+1

3. Generation of Eigenvectors

We shall say that a square A-matrix is an elementary matrix if its determinant is a
non-zero constant. The inverse of an elementary matrix is also elementary. There exist
elementary matrices E(4) and F(1) (cf. [2], p. 141) such that

B(1)=E(2)S(4) F(4),
where S(2) has canonical diagonal form, i.e.,

S(2) = diag (@7 (2), ..., or (3)).
Let us put C(4)=E(4) S(4) and G(4)=F(4)~'. Then B(4)=C(4) F(1) and from (1)
we get

(A=A C()=f(4)G(A). Q)

Let (A—4,)"" be the highest power of 1— 4, dividing ¢7(4). Then (A—21,)"" is also
the highest power of 41—/, dividing the first column of C(4). Indeed, since E(4) is
elementary, its first column is not divisible by A—4,. It remains to note that the first
column of C(2) is equal to the first column of E(A) multiplied by ¢7(4). Similar
statements hold for other columns of C(4). Let ¢ be the number of elementary divisors
of A4 which are powers of A—4,. From (3) we conclude that ¢; (1) is divisible by
(A—Ay)"" or not according to whether k>r or k<t.

We recall that C; (1) denotes the first column of C(4). From (4), by differentiation
in turn sy, sy +1,..., ry — 1 times and putting A= 1, we get

(Al I—A) C(ig')(il) =0,
(AT —A)CE V() +(s; + 1) CEV (1) =0,
(LW I=A)CT VA + (= 1) Cr2(2,)=0.

In this way we obtain an eigenvector of A belonging to A, and generalized eigen-
vectors associated with it. From (3) again we see that r, —s, is the greatest exponent
u such that (1—24,)" is an elementary divisor of A. Therefore the vectors

C$V(21), .0, C70(1)

span a cyclic subspace corresponding to the elementary divisor (1—4,)" 7'
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We have similar results concerning the second, third, ..., #-th column of C(4).
The eigenvectors of A corresponding to A; which were obtained from different
columns of C(A) are linearly independent. Let s, 55, ..., 5, have similar meaning as s;.
Then these eigenvectors are

CFY (A1), s G2 (A1) ©)
Since
CH () =E@4) S (), k=1,..,1

we see that these eigenvectors are proportional to the corresponding columns of

E(4,). But E(4,) is nonsingular and this implies that the vectors (5) are linearly in-
dependent.

Note that the last n—¢ columns of the matrices

C (1), €' (A), .., €77V () (6)

are zero. Therefore we have the following result:
All columns of the r, matrices (6) span the 1,-primary component of 4.
Now we use the relation between B(2) and C(4):

C(A)=B(4)G(%).
By differentiation we find
k

coay=> (1) B0 6
i=0 '
(k=0, 1,..., ry—1). It follows that all columns of the matrices (6) are linear combina-
tions of the columns of matrices

B(A), B'(41),.... B" V(1)) 0

We know already that the non-zero columns of (7) are the eigenvectors and generalized
eigenvectors of 4 belonging to ;.
Hence we have proved

THEOREM 2. The columns of the ry matrices (1), where B(2) is the adjoint matrix of
21— A, span the A,-primary component of A.
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On Rota’s Problem Concerning Partitions

R. MuLLIN (Waterloo, Ont. Canada)

Dedicated to Professor A. M. Ostrowski on the occasion of his 75th birthday

1. Introduction

Let P, denote the set of partitions of a finite set of cardinality n. Two members of
P, are comparable (or dependent) if one is a refinement of the other; otherwise they
are incomparable (or independent). In anticipation of later notation, we denote the
set of partitions of P, with exactly k parts by L, (P,) or simply L,, if there is no risk
of ambiguity. Further if neL,, we write r(n)=k. It is well known ([1], p. 91) that
|Ly (P,)| =S (n, k), where S(n, k) is a Stirling number of the second kind. We denote
by K (n) the largest integer for which S(n, k) is a maximum. Clearly, since all partitions
of Lg,, are independent, a largest set of independent elements (or largest antichain)
in P, has cardinality B(n)>S(n, K(n)). We show that B(n) =S (n, K(n)) for all positive
integers # if and only if the maximum number of independent elements in Ly, 4+,
Ly L -1 s S(n, K(n)).

2. Generating Sets

Since our proof will rely on induction, we require an investigation of the relation
between independent sets of partitions on sets of cardinalities n+ 1 and n. Let I be an
independent set of partitions on a set S,,; of cardinality n+1 for n>1. If some
element x of S, is removed from each member of 7, a list of partitions of a set S,
is obtained. The elements of this list form a set which we call a generating set G=G ()
for 1. Members of I are obtained from some member g of G(I) either by: (1) the
addition of x to some part of g; or (2) by adding a new (singleton) part {x} to g.
Let us enlarge the concept of generating set to include any collection G* of partitions
of S, by adding operation (3), we ignore any partitions of G * we choose in the creation
of an independent set I in S, ;. Such a set will be called an extension of G.

Clearly if we use a generating set G* to generate an independent set I, G(I)=G*.
We shall refer to G (I) as the basic generating set for I relative to x. Let G* be any
generating set of partitions of S(n). Let us endeavour to create as large an independent
set I from G* as possible.

Let us note that if operation (2) is performed on a partition © to obtain x’ than
neither operations (1) nor (3) may be applied to 7, since any resultant of operation (1)
on n would give an element comparable to 7'

Received November 15, 1967 and, in revised form, February 1, 1968
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Further, if 0 is finer than 7 and operation (2) is applied to = to obtain n’, then
operation (1) cannot be applied to 0 since the resultant would be comparable with =’
Any of the above operations applied to incomparable elements leaves the resultant
incomparable.

We further note that if r () =1, then (1) can be used to obtain up to ¢ independent
members of 1. However, if x is adjoined to a part p of a partition «, to obtain n’ and
0 is finer than m, then x may not belong to any part of 0 which is a subset of p, since
the resultant would be comparable to n'.

Nevertheless, adding x to any or all parts of a set of incomparable elements of G *
produces incomparable partitions of S, ;.

Now any extension 7 of G* partitions G * into three classes, C; =C, (1), C, =C, (1),
and C; = C;(I), those subject to operations (1), (2), and (3), respectively. Let us denote
the number of elements of I obtained from a partition 7 under operation (1) by S(=n).
Then we obtain the equation

=3 S(m)+ICal. (3.1)
neCy
Evidently C, is an independent set. Let p be a part of a partition 7 in a generating
set G*. We say that p is flagged (relative to /) if x is added to p in 7 in the construction
of 1. In this case, ne C,. Thus we may view C;UCj; as a sub-order of P in which
certain parts of the partitions are distinguished (flagged). The flagging obeys the rule
that if 7 is a refinement of ©" and p is flagged in 7', no subset of p is flagged in =.
Conversely any sub-order with parts distinguished in accordance with this rule may
be considered as a flagging of C;UC; for some generating set G* relative to some
extension 7. Such a flagging on a sub-order of P, will be called admissable. If C'is an
admissably flagged partial order, we write
Y (€)= ZCS(H),
for any generating set G* containing C, where, of course, S (n) is the number of flagged
parts of 7. Thus equation (3.1) may be written as

1] =¥ (C) +1Cal . (3.2)

3. Convergent (partial) orders

A finite (partial) order P with 0 element is said to be graded if fpr any element p
of P, every maximal chain from 0 to p has the same length. Let /1(p) be the length
of such a chain. Then & (p) s called the height of p or rank of p. Given a ranked order P

and a positive integer m we define L,,(P), by

L,(P)={p:peP, h(p)=m}.
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If there is no ambiguity as to the order in question, we abbreviate L, (P) to L,
If two elements, x and y, of P are comparable, we write x Ry. If X is a subset of P,
we define M,, (P, X) or (M,, (X)) by

M, (P, X)={p:peP, r(p)=m, pRx for some xe X}.

We say that P is ascendingly convergent to L, if r<m, and WcL, implies
W< M,y (W)

Similarly P is descendingly convergent to L, if r>m, and W<, implies
|W|<|M,_,(W)|. P is convergent to L,, if it is both ascendingly and descendingly
convergent to L,,.

LEMMA 1. If P is convergent to L,, then |L,| is the greatest cardinality of a set of
mutually incomparable elements of P.

Proof: Let X be a set of mutually incomparable elements of P. Let h=min {h(x)}.
xe X

If h<m, let X'={x:xeY; h(x)=h}. Replacing X’ by M,,,(X’) gives a set X* of
mutually incomparable elements with | X*|>|X].
Repeating the operation we construct a set ¥ of mutually incomparable elements such
that

(1) h(y)=m, for each yeY;

(2) 1YI1=1X].

By using descending convergence, we eventually form a set Z of mutually in-
comparable elements such that

(1) h(z)=m, for each zeZ;

) 1Z|=1X|.

Hence if X is a set of mutually incomparable elements, |X|<|L,|. Since distinct
elements of the same rank are incomparable, the lemma follows.

4. Some Properties of Stirling numbers

Let % (n) be the list of Stirling numbers S (n, k) of the second kind, for any non-
negative integer 7 and all integers k. (It is well-known that forn>1, § (n, k) is non-zero
if and only if 1<k <n, and that S(0, k)=, 4. We shall say that & (n) is of type I if
n=0, or if S(n,1)<S(n,2)<--<S(n K(n)—1)<S(n, K(n)) and S(n, K(n))>
S(n, K(n)+1)>-+>S(n,n); and F(n) is of type I if S(n, N<Sn2)<-<
S(n, K(n)—1), S(n,K(n) —1)=8(n, K(n)), and S(n, K(n)>S(n, K(m)+1)>--->
S(n, n).

It is well-known for n>1, that S (n, k)=S(n—1,k—1)+kS(n—1, k) (cf. [1], p. 33)

n—1 _
and that S(n, k)= ) (n i 1> S (j, k—1),(cf. [1], p.43). We establish further properties
ji=0

below.
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LEMMA 2. For n=1, % (n) is of type I or type 11, and K(n)=K(n—1)+¢&(n), where
¢(n) is either O or 1, with e(n)=1if & (n) is of type 1L.

Proof. (Induction). The lemma is trivially true for n=1. Let us assume that the
lemma is valid for 1 <n<m. We examine & (m+ 1), noting that the hypotheses imply
that K (m)> K (n) for m>n>1. There are two cases to consider.

CASE 1. & (m) is of type II. Now

S(m+1,k)—S(m+ 1,k —1)=S(m, k—1)=S(m, k—2)
+ k[S(m, k) — S(m, k — D] + S(m, k —1),

which is strictly positive, for 1 <k < K(m) by hypothesis, and the fact that S(m,—1)=
S(m, 0)=0 for m>1. Further,

S(m+1,k)=S(m+1,k—1)= Z(’;’) S, k—1)=S(j, k—2)],

j=0

which is negative for K(m)+1<k<m+1, since by hypothesis, K(m—1)=K(m)—1
if & (m) is of type 11, hence S(j, k—1)—S(J, k—2) is non-negative for j<m and
k> K(m)+1. Thus if ¥ (m) is of type I, % (m+1) is of type I, and &(m+1)=0.
CASE 2. & (m) is of type L.
Again we have

S(m+1,k)—S(m+1,k—1)=S(m, k— 1)—S(m, k—2)
+ k[S(m, k) = S(m, k—1)] + S(m, k — 1),

which is strictly positive for 1 <k < K(m). Also

m

S(m+1,k) = S(m + 1,k - 1):2(’;‘)[5(1,k— 1) —S@, k=21,

i=0

which is negative for K(m)+2<k<m+ 1, by hypothesis.

Let us examine 4 =S(m+1, K(m)+ 1)=S(m+1, K(m)). & (m+ 1) is of type ILif
and only if 4 =0, in which case K(m+ 1)=K(m)+1, that is e (m+1)=1. On the other
hand if 40, & (m+1) is of type 1, and ¢(m+1)=0if 4 is negative, e(m+1)=1if 4
is positive. This establishes the lemma.

5. Equivalent propositions

Let us consider the order defined on P, under the relation n< #’ if 7' is a refinement
of n. Clearly the order (P,, <) (which we normally abbreviate to P,) is graded, and
h(m)=r(n). We prove the equivalence of the following propositions.
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(i) P, is convergent to L, for n=1,2,3,....
(i) The maximum number of independent partitions in P, is S(n, K(n)),
n=1,2,3,....
(ili) The maximum number of elements in Ly 41 (P,)U Lk (P,)U L1 (Py) is
S(n, K(n)), forn=1,2,3,....
By Lemma 1, (i) implies (ii), and trivially (ii) implies (iii). We now prove

THEOREM 1. Proposition (iii) implies proposition (i).
Proof: (Induction). Proposition (i) is trivially true for n=1, 2. Let us assume that
(i) is true for n<m. We consider P, ., as being partitions of the linearly ordered set
1<2<3<---<m<x. It is now convenient to form a new representation of the
elements of P,, ;. We proceed as follows:
Consider the sets
To=1{1,2,3,...,m}
T,=1{1,2,3,..., m}
T,=1{1,2,3,..., m}

T,=1{1,2,3,...,m}.
Let 7 be a partition of T}, and p; be the part of = which contains j. We say that
7 is admissable if for every /in p;, I>j. Also any partition of T, is admissable.
Let Q,,(j) represent the set of admissable partitions of T;. Let Q,,= ) Q,(/).
j=0

Now consider the mapping from P,,,, into Q,, defined as follows. Let p be that
part of n(eP, ) which contains x. If |p|=1 delete x from =. If |p|>1, let j be the
least element of p. In &, replace j by j and delete x. The resultant member of Q,, we
denote by ¢ (n). Clearly ¢ is a bijection from P, to Q,,.

We now show that P, ; is ascendingly convergent t0 L+ 1)=Lg(m+1) (Pn+1)- Let
X be any subset of L,, where r <K(m+1). Hence r< K(m). Define ¢ (X) by

$(X) = {$(x):xeX}.

Now form sets R(X,j)=¢(X)nQ,.(j).
Let |R(X, j)|=g,. Thus

Zgj=|Xl-
j=o

Caskt 1. There are two cases to consider; r<K(m), and r=K(m). If r<K(m),
consider P =(P,, <) defined on T}, j=0, 1, 2,..., m. Since each member of R(X, j)



Vol. 2, 1968 On Rota’s Problem Concerning Partitions 103

has rank r, for 1 < j<m, we may form sets S(j) =M, (P, R(X, j)). By the inductive
hypothesis, if /1;=|S ()|, h;=g;.

Similarly we form S(0)=M,,, (P, R(X,0)) of cardinality /,. Again ho>go.
Each member of S(j) is admissable, j=0, 1, 2,..., m, since a refinement of an ad-
missable partition is admissable. Further if e S(j), ¢ ' (1)eM, ,, (X). Hence

m

M, (X)I= Y h;= Y g;=1X|, asrequired.
j=0 j=0

CASE 2. If r=K(m), then K(m)<K(m+1), that is e(m+1)=1 since otherwise
r=K(m+1), contrary to hypothesis. Thus r+1 = K(m+1), hence the maximum num-
ber of independent points in L, (P4 )UL, sy (Pysq) is |Lys i (Ppiy)l. Let us assume
that there is a subset X of L,(P, ) such that |M,,, (X)[<|X].

Consider the set Y=XU(L, ., — M, (X)).

Now | Y|>|L, .|, and the members of Y are independent, by definition of M, . (X),
which is a contradiction. Hence for any X< L,, |M,,;(X)|>|X|. Hence P, is as-
cendingly convergent to Ly, 41y

We now show that P, is descendingly convergent to Ly, subject to the
validity of proposition (iii).

Let us assume that the theorem is valid for n<m. Suppose X<L,(P,,), for
r> K(m+1). There are again two cases to consider.

CASE 3. r—1>K(m).

Let x be a fixed element of P, .. Now G=L,(P,)uL,_, (P,)UL,_,(P,) will serve
as a generating set (with respect to x) for any set of incomparable elements of
L,(Pps1)UL,_{(Pyyy). Clearly any element of L, _, (P,)) must occur in C, (1) or C3(I).
Also no member of L, (P,) can occur in C; (/).

Suppose p is any part of cardinality y(=1) which occurs in some of the partitions
of P,. If p is flagged o times in L,(P,) and f times in L, . (P,,), p contributes -+ f
to Y (G).

Let N,(p) and N,,(p) be the sets of partitions in which p is flagged in L, and
L, respectively.

Removing part p from these partitions produces o members of L, (Py—1p) and
8 members of L,(P,_,)- These partitions are independent and since r—1> K(m)>
K(m—|pl), Pp—p is descendingly convergent from L, to L,_y, and o+ f} is greatest
when all members of L,_, are flagged, (and no member of L, is flagged). Thus ¥ (G)
is largest when C; (I)=L,—1 (P,)-

Also by the inductive hypothesis, P, is descendingly convergent to L), hence
since r—2< K(m), the largest independent set in L,_UL,—, is L,_,. (We assume
m>2.) Thus |C,| is a maximum when C; =L, _,. Thus I is maximized when C; =L, _,
and C,=L,_,. Butinthisinstance /=L, _; (P, ). But this implies thatif X< L,(Pp+1)s
then | X|<|M,_,(X)|; as required.
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CasE 4. If r —1=K(m), then g(m+1)=0. In this case we use the fact that the
greatest number of elements in Ly, +1)YLgm+1y+1 18 [Lgen+1)l to show thatif X< L,
then |X|<|M,_;(X)|, by arguments similar to those of case 2. This concludes the
proof of the theorem.

There is an interesting graph-theoretic formulation of maximum value of y (S) for
S=Lgm+1y+1 (Pu)YLgm+1y(Py) (Which is of interest when &(m 4 1) =0). Consider the
set of points

U ={(n, p):n€Lgm+1)+1(Pn); pisa partof n}
and
V ={(n, p):n€Lgm+1,)(Pn); pisapartofn}.

Form the graph G as follows: (w, p) in U is joined to (0, ¢) in ¥ if and only if 7 is
a refinement of 0 and p is a subset of ¢. A set of vertices in G is independent if no pair
is joined G. It is evident from the definition of  (S) that max y (S) is the cardinal
number of the largest independent set in G.

The author wishes to express his gratitude to the referee for his comments, criticism,
and suggestions which were most useful in the preparation of the present revised form
of this paper.
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Some Properties of the Jordan Operator

EINAR HiLLE (Eugene, Oregon)

To Professor Alexander Ostrowski on his 75th birthday

There is an extensive theory of Jordan algebras for which see, e.g., H. BRAUN and
M. KokecHER [1]. This theory indicates the lively interest taken by the algebraist in
the Jordan operator. In this brief note we aim to show that Jordan operators are also
of some interest to the functional analyst.

1. Let B be a non-commutative Banach algebra with unit element e and let aeB
but not to the center of B. Define four linear bounded operators L,, R,, J, and S, on

B to B by

L(x)=ax, R,(x)=xa, J(x)=4%(ax+xa), S,(x)=axa 1))
so that

Jo=3(La+R).  Si=LiR,=R,L,. @

These operators are elements of the algebra € (B) of linear bounded operators on B
to B. Here L, is the image of the element a in the left regular representation of B
while R, is the image in the right regular representation. J, is the Jordan operator
defined by a. On the other hand, S, is the quadratic representation of B as defined
at a. For a general non-associative algebra the quadratic representation is given by

P,=L,(L,+ R,) — L= R, (L, + R,) — R,

which in the associative case reduces to S,.

We shall be concerned with the spectral properties of these operators. Spectra will
be denoted by the letter ‘a’, point spectra by the symbol Po’. 1t is well known that
the spectra of the operators L, and R, with respect to the algebra € (*B) are identical
and coincide with the spectrum of @ with respect to B.

Since L, and R, commute the Gelfand representation theorem may be used to get
a grip on the spectra of J, and S,. Their spectra with respect to €(B) are the same
as the spectra with respect to the commutative algebra B, obtained by taking the
second commutant of the algebra generated by L,, R, and the identity operator 1.
This gives

THEOREM 1. The spectrum of J, with respect to € (B) is contained in the mid-point set
S, =[4(x + p) | aec(a), e (a)] ®3)

Received November 22, 1967 and, in revised form, February 3, 1968



106 E. Hille AEQ. MATH.

while the spectrum of S, is contained in the product set

S;=[af|aea(a), fea(a)]. @

This result is well known to the algebraists in the finite dimensional case (See [1],
Chapter VIII, Theorem 1.3.). In this case necessary and sufficient conditions are
known in order that a particular combination 4 (x+ f8) or a8 shall be a characteristic
value. The following result is closely related to this criterion.

THEOREM 2. Let ae Pa[L,], fePa[R,] and suppose that L,(u)=au, R,(v)=pv,
u#0, v#0. Then either the mapping x—uxv annihilates all x in B or % (a+p)e Po[J,]
and affePc[S,].

This follows from

J,(uxv)=L(auxv+uxva)=%(a+pfuxv, 5)

S,(uxv)=auxva=afuxv. 6)

There is one case in which we can be sure that the second alternative holds.
N. JacoBsoN [4, p. 196] has introduced the notion of a prime ring. Such a ring has
the important property that if uxv =0 for all x in the ring, then either u=0 or v=0.
Finite matrix algebras and the operator algebras €(X) of linear bounded transfor-
mations on a Banach space into itself are examples of prime rings. This concept is
eminently suitable for our problem and leads to

THEOREM 3. If B is a prime ring and the assumptions of Theorem 2 are valid, then
3 (a+p)ePolJ,]), afePa[S,]

CoroLLARY. If B =9IN,, the algebra of n by n matrices over the complex field, then
6(J)=Po(J,)=S; and ¢(S,)=Pa(S,)=S,.

For 9, is a prime ring as well as a B-algebra under the usual definition of the
algebraic operations and a suitable norm. Further the spectral values of a matrix are
isolated and belong to the point spectrum of the corresponding L and R operators.
All this is of course well known to the algebraists.

The following result belongs to the same range of ideas.

THEOREM 4. If aePo (L,)nPa (R,) and if au=ua=ou where u is an idempotent #0,
then aePa(J,) and a*€Pa (S,).
For
J,w)=%(au+ua)=au, S,(u)=aua=d’u. @)
The following special case of Theorem 1 is of some independent interest.

THEOREM 5. A necessary condition for the equation

ax+xa=0 ®
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to have a non-trivial solution x is that a is either singular or has two spectral values of
sum 0. The condition is sufficient if B is a prime ring.

2. The resolvents of J, and S, may be found by a construction given by
Yu. L. DALETSKY [2] in 1953. Let us cover the spectrum of a by a finite number of
closed e-disks. Let X, be the union of these disks and form the mid-point set 4 !and
product set 47.

A} = [3(@+ )l 42 = (2p), 2€Z,. BeZ,. ©

Let A be the complement of A! and A2 the complement of 47. We denote the
resolvent of a by R(4, a) with similar notation for other resolvents.

THEOREM 6. For any A€ A the solution v of the equation

Ay—4(ay+ya)y=x (10)
is given by
L _ 1 R(x, a) xR(B. a)
J'—R(l,Ja)[X]—(zni)zjj P (@t ) do dff (1)
Ie Te

where I',=04,. Similarly the solution z of the equation

Az—aza=Xx (12)
for Ae A} is given by
. 1 R(a,a)xR(f, a
z:R(i,S,,)[xJz(zni)ZJ. j ( l)—aﬂ( )dcxd/f. (13)
r. I.

We shall sketch the argument for the first case. The second is handled in a similar
manner. Denoting the integrand in (11) by Q we can write (A1—J,) [v] as

ffm—%m+ﬁﬂQdmw+ff;we—wgdmw+Jf%QWe—@dwm.

The first integral reduces to x, the second and the third are both 0 as is seen with the
aid of the identities

(xe —a)R(x,a)=e¢, R(B,a)(fe—a)=e
which are valid on the boundary. This shows that
(T = J)R(G, 2 [x] = x
for AeAL. In a similar manner one verifies that

R(A, J) [Ax — Jo(x)] = x.
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In the matrix case % (x, /) and #(B, /) are rational functions of « and B,
respectively. Thus if we substitute their well known expansions in partial fractions in
(11) and (13), the evaluation of the double integrals is reduced to the evaluation of
numerical integrals which act as coefficients for certain matrix products. In the case
of #(4, J.;) the numerical integrals are of the form

b= 51 yﬁﬁ B2t P dndp (1)

Here 1; is the jth characteristic value of the matrix o7, 1<j, k<n. Further p is a
positive integer <m;, the multiplicity of 4; as a pole of #(a, 7). The integral is
multiplied by the factor (2, "' 2 (2,)* " where (2,)° =2; with Z; the idempotent
and 2; the nilpotent associated with the characteristic value. Further, y; is an e-circle
centered at 4;. A simple calculation gives

_, (u+v- 2)

1. ) /1 — utv—2 ﬂA_

@ =@ -y
This shows that 2 (1, J,;) is also a rational function of 4 and its poles are located at

all the points 4 (4;+4,). A particular pole y will usually come from several terms in

the expansion and the multiplicity of the pole is < max (m;+m,—1) where jand k run

through those integers for which

[A—3(+ )70, (15)

Actually the maximum is reached since we can choose a matrix 2, so that a particular
(2)" Ty (2" = #0

while this Z annihilates all other terms of the same degree in (A—y)™".
We get similar results for the operator S,. Here
p+v—2)!

( u—1v—1 A N—(ut+v—1 n—1 v—1
R4, S4) [X] = Z - 1)", ’(*v’*‘*])*, BT (A - A 4) ( (2 2 (2)
(16)

The summation extends over the spectral values 4; of &/ and u<mj v<m,. The
2 ;and 2; are as previously defined. All the products A; A are exhibited as poles of the
resolvent and the multiplicity of a particular pole y=4;  is again <max (m;+ny—1)
where j and k run through the integers for which y=21;4. Again the maximum is
reached since we can choose & as a ‘buffer’ so as to keep any particular term in the
expansion while annihilating the rest.

These results for M, extend, at least locally, to arbitrary B-algebras by virtue ofa
theorem which is essentially due to S. R. FOGUEL [3].
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THEOREM 7. Let y be an isolated point of the set S; and suppose that the equation

y=4(@+p) a7
has only a finite number of solutions («, ) where o and  are in o (a), say
(alaﬁl)’ (0‘2, BZ)"”’(“W ﬁp)‘ (18)

Suppose that for each j the numbers o; and P ; are poles of R(%, a) of order m; and n;,
respectively. Then y is a pole of R(2, J,) of order =max (mj+n;—1) and if B is a prime
ring the maximum is reached. If in this announcement S, is replaced by S, and % (a4 f)
by a3, we obtain the corresponding result for R(4, S,).

A proof can be based upon formulas (11) and (13) and the double decomposition
of the spectrum suggested by (18). In the first case we get a number of integrals of
type (14) which are holomorphic save for a single pole at =3 (a;+ f;) of order
<mj+n,—1. In addition there are integrals arising from the complementary spectral
sets all of which are holomorphic at the points under consideration. Only the integrals
corresponding to k =j give poles at y. A similar argument applies to R(4, S,).

3. In the preceding discussion we have obtained precise results only for the case
in which the constituent singularities belong to the point spectrum of L, and R,.
If they are isolated they are then poles of R(4, a). If B is an operator algebra, the
resolvents R(4,J,) and R(4, S,) may have other singularities than poles. The
following simple example presents a case with a singular line.

We take B =E[E] where €=C[0, 1] so that B is the algebra of linear bounded
transformations on C[0, 1] into itself. Take the two operators U and V defined by

t

VL0 =10 VI 0 = 2 ds. (19)
We consider J, and aim to evaluate R(4, Jy) V operating on f'in C[0, 1]. Here
R 10="" )

so that ¢ [U] is the interval [0, 1] of the real axis. This interval is also the set S; for
the operator J, and the set S, for Sy. To prove this it is enough to exhibit an operator T’
in €[€] such that R(4, Jy) T is not an element of €[] forany 2in S, and R(4,Sy) T
is not an element of €[€] for any A in S, =S;. Here we can take T=V since

@n

o—t
rr 0

1 t s)ds dod
R(LJy) VIfI() = ’(2’;1’02“‘ 'jf/g)—s p- %(&{:ﬁ)'
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Here I surrounds S; and a simple calculation gives

t

d
RGI VU0 [ IO @
0
Similarly we get
‘ s)d
RG.sovI0= 40 @)

Both expressions define holomorphic functions in C[0, 1] for 4 not in S, =S,. For 1
on the interval [0, 1] the integrals normally do not exist at least not as elements of
C[0, t]. Thus every point of this interval belongs to the spectrum of Jy as well as the
spectrum of Sy.

The operator ¥ is quasi-nilpotent and so are the corresponding operators J,, and
Sy. In this case S; =S, reduces to a single point, A=0, which is an isolated essential
singularity of the resolvents.

Finally it is a pleasure to acknowledge help from a referee who supplied the
reference to [1] and thus led me to revise the paper and sharpen the results.
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Problems and SOlllﬁOl»lSm

This section publishes problems and solutions believed to be new and interesting. Problems
are designated by P1, P2, ..., solutions by P1S1, P1S2, ..., and remarks by PIR1, P1R2, ....
Correspondence regarding this section should be sent to the Problems Editor. In case several
similar solutions are received, the solutions may be edited with credits given the individual
contributors.

The following problems are formulated Vol. 1, No. 3, of this journal in the report
‘Fifth Annual Meeting on Functional Equations, Waterloo, Ontario’, as Problems
and Remarks 1, 3,4, 5, 6, 21, 7.8, 12, 13, 14, 16, 19 respectively: P20 W. EICHHORN;
P21, P22 J. Aczer; P23 P. Fiscuer; P24, P32 G. Szekeres; P25 R. D. Luck;
P26 G. Tarconski; P27 E.Vincze; P28 J. H. B. Kemperman; P29 M. A.
McKiernan; P30 V. D. BELousov, S. L. SEGAL, G. Szekeres; P31 B. SCHWEIZER.

P28S1 - J. A. Baker and S. L. SEGAL independently (this issue, p. 114)

The existence of additive functions ¢: R— R and sequences (,) such that ) a, ¢ (x*)
converges for all real x has been shown independently by the above authors by using
derivations over the algebraic field. There still remain some unsolved questions
concerning this problem, in particular, P34 below.

P28R1 - S. L. SEGAL

In his solution P28S1, S. L. SEGAL has included the following elementary proof of the
existence of derivations of the field of real numbers over the field of algebraic numbers,
using well known results for finitely generated extension fields and Zorn’s lemma. While
not a new result (for example N. BourBaki, V. 5 §9) his proof may be of interest relative to
P28, and is therefore included here.

Given a field k, a derivation D in k and a finitely generated extension field G of &,
the construction of a derivation D’ in G such that D’ restricted to k is D is considered
in detail (in [1], pp. 11-14).

Quoting freely from [1], let A4 be the real algebraic numbers and R the real
numbers. Define D(x)=0 for xeA and let é be real and transcendental over A.
Then there exists a derivation D’ in A(8) with D’'(8)=1, and D'(x)=0 for xe 4.
Consider the family of all fields containing 4(8) which are contained in R and which
have a derivation agreeing with D’ on A(d). This family is partially ordered by
algebraic extension and applying Zorn’s Lemma has a maximal member, call it M.
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We claim M=R. For if M+# R, then there exists a simple extension field M (&)
of M such that
Mg M(@E<R

and a derivation in M which does not extend to M(&). But this means that ¢ is in-
separably algebraic over M, contradicting the fact that M is of characteristic O (since
A is of characteristic 0) and hence perfect. Hence M =R and a function L:R—R
with the desired properties exists.

REFERENCES

[1]1 WEIL, A., Foundations of Algebraic Geometry, American Mathematical Society Colloquium
Publications, (New York, 1947).

P30S1 - S. L. SEGAL (this issue, p. 116)

The most general solution of the matrix functional equation system
F(X+Y)=F(X)+ F(Y)
F{[F (X)=X][F(Y)- Y]} = {0}

which is bounded on some set of positive n*-dimensional measure is found.
The author also poses questions concerning i) the existence of Hamel-type
solutions, (see below P30S2) and ii) solutions over (finite) fields.

P30S2 - Z. MoszNER (this issue, p. 118)

The author constructs a non-bounded solution of the system of equations using
a Hamel basis.

P33 - B. SCHWEIZER

Let C[0, 1] be the space of continuous functions on [0, 1] into [0, 1], under the
usual sup norm. Let % = C[0, 1] x C[0, 1] be endowed with one of the usual product
norms. Let 4 be the set of all pairs (f, g) in # which commute under composition.
A, aclosed subset of a complete metric space, is thus itself a complete metric space.
Let B be the set of all pairs of functions in % which have a common fixed point.
W. M. Boyck and J. P. HUNEKE have shown that 4 A B is a proper subset of A. I
conjecture that 4 A B is of the first category, and possibly even nowhere dense, in A4.

In the report of the 5Sth Annual Meeting on Functional Equations (Vol. 1,No. 3) B. SCHWEIZER
conjectured on the nature of the space of functions f [0, 11—[0, 1] which commute and
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have a common fixed point (Isbell's conjecture). Since this original formulation, the results
of Z. MoszNerR P33S1 and M. Kuczma P33S2 below have led to the above reformulation
of the problem.

P33S1 - Z. MoszNer (this issue p. 120)

In the notation of P33, it is shown that B is nowhere dense in #.

P33S2 - M. KuczMma (this issue p. 123)

It is shown that also 4 is nowhere dense in %

P34 - S. L. SEGAL

Essentially we have shown (P28S1) that there exist Hamel-functions L(x) such
that M (x) 2 e™*L(e*) is also a non-linear additive function. Problem: describe L(x)
in terms of a Hamel basis.

Alternatively, given a derivation L, satisfying L(x + y) = L(x) + L(y) and L(xy) =xL(y) +
+ y L(x) for x, y real: describe L in terms of a Hamel basis for the reals.

P23S1 - Z. MoszNER (to appear in Aequationes Mathematicae)

Let ¢ be defined for x>0 and satisfy (1) $(x) =0, (2) $(Ap) = A¢(x) for rational 1> 0,
(3) ¢(x +¥) < $(x) + $(»). Problem P23 (P. FiscHER) secks a characterization of such ¢,
and conjectures that ¢(x) = || f(x)| where f:R—H, H is a strictly convex space, and fis
additive. Z. MoszNER constructs a family of functions ¢ satisfying (1), (2) and (3) for which
FISCHER’s conjecture does not hold, using a Hamel basis.
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P28S1

On a Problem of Kemperman Concerning Hamel Functions
J. A. BAKER, and, independently, S. L. SEGAL

At the Fifth annual meeting on Functional Equations held in Waterloo, Ontario,
April, 1967, J. H. B. KEMPERMAN posed the problem:

Determine whether or not there exists a sequence {a,} of real constants (a,#0
for infinitely many k) and a corresponding non-linear additive function ¢ on the
reals such that ©

Y @ (x) (1
k=1
is convergent for each real number x.
A real-valued function of a real variable ¢ will be called a derivation in case

e(x+y)=0(x)+o(y) and
p(xy)=x0(y)+yo(x)

for all real x and y. If ¢ is a derivation it is easy to prove, by induction, that

p(x)=kx*"1o(x) 2)

for every real x and every positive integer k. It is also not difficult to show that a
derivation must vanish at every algebraic number. Thus the only linear (continuous)
derivation is the trivial derivation ¢ =0. The existence of many non-trivial derivations
follows from [2], pages 120131, and also [3]. We remark that a non-linear additive
function is nowhere continuous, non-measurable, and has a graph which is dense
in the plane, (see [1], pages 31-36).

Let {a,} be a sequence of real numbers such that Z a,x* converges for every
k=0

real number x. Denote the sum of this series by f(x) and let ¢ be a non-trivial deriva-
tion. Then

o) () =0() % kax™ = 3 (k™ ()

0

for every real x so that, by (2), ), a,¢ (x*) converges absolutely to ¢(x)f"(x) for

every real x.
J. A. BAKER notes further that if ¢, and ¢, are derivations and if we define

0 (x) =0, (02(x))

for every real x, then ¢ is additive and

‘P(xk) =k(k—1) xk_z‘Pl(x) @2 (x) + kx"! Py (‘Pz(x))
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for each real x and every positive integer k. If {@,} and f are as above, then clearly

0

Y a,¢(x*) converges absolutely to

F7() 01 (%) 02.(3) + £ (x) 01 (02(%)

for every real x. In general, if ¢ is the composition of a finite number of derivations

0

then it is not difficult to show that Z a, @ (x*) converges absolutely for every real
x with {a,} chosen as above. k=

S. L. SEGAL notes: we know that there exists a Hamel-function L (x) such
that M (x) 2\ e=* L(e*) is also a non-linear additive function. Problem: describe L(x)
in terms of a Hamel basis.

The interesting question Given a non-linear additive function @(x), for what
sequences {a,} does (1) converge for all real x remains open and is no doubt difficult.

S. L. SEGAL wishes to thank CHARLES WATTS and NEwWCOMB GREENLEAF for
conversation concerning derivations.
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P30S1

On a System of Matrix Functional Equations of Belousov
S. L. SEGAL

At the International Symposium in Functional Equations held in April, 1967 in
Waterloo, Ontario, V. D. BELousov asked for the solution of the system of matrix
functional equations

F(X+Y)=F(X)+ F(Y) (N

F(LF(X) = XT[F(Y) - Y]) = {{0}}. )]

where the domain and range of F are assumed to be the set of all nx n matrices over
the real numbers for some fixed n, and {{0}} indicates the n x n matrix all of whose
entries are 0.

Throughout this note {{C;;}} indicates the matrix with entries C;;; matrices
without reference to their entries are denoted by upper-case Latin letters; lower case
being reserved for the entries; X={{x;;}}, Y={{yi;}}, I is the nx n identity matrix.

In this note we prove the

THEOREM: The most general solution of the system (1), (2) (with the matrices
defined over the real numbers) which is bounded on an n*-dimensional set of positive
( Lebesgue n*-dimensional) measure is

F(X)= {{xij(l - eij)}}

where either e; ;=1 or e; e, ;=0 for all p, 1<p<n.

iptpJ

REMARKS: Two interesting questions which remain are:

(i) What can be said about the existence of Hamel-type solutions of the system
(1), (2)? (see P30S2).

(i) What happens if the matrices are defined over a finite field?

ProOF: The equation (1) is easily reduced to the 1-dimensional case, and it then
follows from well-known results that the most general solution of (1) which is bounded
above on an n?-dimensional subset of positive measure is

F(X)= {{fi;xi;}} where X ={{xi;}} 3

(e.g. [1], p. 347-349, and references therein).
Defining e;;=1—f;; and substituting (3) in (2) gives

F(({= eyx )} (= e viD) = (O},
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and so by (3) we get
(1 _eij)kzl eikxikekjykao 4

presumed to hold for all x;;, y;;, 1</, j<n.
Let U, , be defined as the matrix with a 1 in the «™" row and B™ column and
otherwise having zeros for entries. For each i, j, and each p, I<p<n, taking

X=U,, Y=U,,; sgives } )

(l—eij)eipepjzos 1<p<n

for each i, j; whence the theorem follows since it is easily checked that the condition
is also sufficient.

ADDITIONAL REMARKS: (i) If F(X)={{x;;(1—e;))}} can be realized by either just
a pre- or just a post-multiplication; i.e. if F(X) has either of the forms DX or XD,
then D*=D.

In fact, suppose X — F(X)=A X B; then (2) becomes

A XBAYB>*=AXBAYB

for all matrices X, Y. Letting X=Y=(BA)', where (BA)' denotes the Moore-
Penrose generalized inverse of BA (cf [2], [3]), we get

A*(BA) B*=A(BA)' B
or,
BA*(BA)'B*A=BA. (6)
If B or A=1I, then (6) becomes A>= A or B>= B respectively, and clearly if K*=K
then also (/—K)*>=1I—K. (ii) A similar computation shows that if X—F(X)=A4XB
and 4 and B are both non-singular then B=A4"".
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P30S2

Réponse a un probléme au sujet des fonctions additives
ZENON MOSZNER

Monsieurs V. D. BELousovV, S. L. SEGAL et G. SZEKERES ont formulé la conjecture
(voir [1]) que le systéme des équations fonctionnelles

fX+Y)=£(X)+ f(Y) )
X)) =fFX)Y + X f(Y)-XY), )

ol f est une fonction de 'ensemble M™ ol M est I’ensemble des n x n matrices des
nombres reels, posséde seulement des solutions de la forme

f(X)=(xij(l _eij)) (&)
ou X=(x;;) et pour chaque i et j:
e;;=1 ou e,e,;=0 pourchaque p=1,2,....n.

M. SEGAL a démontré dans la note [2] que cette conjecture est exacte sous la
supposition complementaire que la fonction f est borné sur un ensemble n?*-dimen-
sionnel de mesure lebesguienne n>-dimensionnelle positive. Il a posé dans la méme
note la question: qu’est qu’on peut dire au sujet de I’existence des solutions du type de
Hamel pour les équations (1) et (2).

On peut démontrer facilement qu’il existe des solutions de cette sorte, donc qu’il
existe des solutions des équations (1) et (2) qui ne sont pas de la forme (3).

En effet pour la fonction additive ’équation (2) est équivalente a I’équation

H((FX) = X) (f(Y) - Y))=0. C)
Si nous posons n=1, la rélation (3) prend la forme
f(X)=(0) ou f(X)=X. Q)

Si nous donc posons
f*(Wo +wiby 4+ Wyby) =w; by 4+ Wy by,

ol by, by, ..., b, sont les éléments différent pas rationnels et en outre arbitraires de
base de Hamel Z de I’ensemble des nombres reels, wg, wy, ..., w,, sont rationnels et
arbitraires et 14, dans ce cas la fonction f* est additive, f*(x) =0 pour x rationnel,
f*(x)—x est un nombre rationnel pour chaque x et de 1 la fonction f (x)= (f*(x;1))
remplit I’équation (4), n’étant en méme temps de la forme (5).
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Wyzsza Szkola Ped.

P33S1

A propos d’une conjecture de M. B. Schweizer
ZENON MOSZNER

M. B. SCHWEIZER a formulé, pendant la cinquiéme conférence annuélle des équa-
tions fonctionnelles en I’Université de Waterloo [1], I'hypothése suivante. Soit
C[0, 1] l'espace des fonctions continues, qui transforment I'intervalle [0, 1] dans
lui-méme, muni de norme

df
Ifll= sup If(x).
xel[0,1]
Désignons par ¥~ I’ensemble des paires (f, g) des fonctions de I'espace C [0,1]
telles que

flg(x)) =g(f(x)) pour xe[0,1],

et qui ont le méme point fixe, donc pour lesquelles il existe un point x, de [0, 1]
tel quel)
f(x0) = xo = g(xo)- 1)

On conjecture que A est de I** catégorie dans C[0, 1]x C[0, 1].

L’auteur de cette hypothése ne dit pas quelle est la norme ou en général la métrique
dans C[0, 1]x C[0, 1], mais on peut deviner quon prend une norme simple pour
le produit cartesien, c’est-a-dire la norme

I(F. )l = 11+ gl ou I(F> )l = /IfI* + llgl* ouenfin
I(f. @)l = max(lf 1, lgl)-

Si cela a lieu, alors la conjecture ci-haut est exacte, puisque nous allons démontrer
un peu plus: lensemble B des paires de I'espace C[0, 1]x C[O0, 1] qui remplissent la
condition (1) est non-dense.

1) Le symbole A correspond icia A4 /\ B dans le probleme P33 et dans la note P33SZ
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Remarquons d’abbord que 'ensemble B est fermé, donc il suffit de montrer qu’il
est frontiére.

Puisque la condition (x) est équivalente a la condition

{eif(x) = x=0}n{x:g(x) —x=0} #¢,

donc pour démontrer que B est un ensemble frontiére, il suffit de démontrer le lemme
suivant:

LEMME. Soit F I'ensemble des fonctions f continues sur I'intervalle [0, 1] et rem-
plissants sur [0, 1] la condition

-x< f(x) <1 —x. (2)
Pour chaque £>0 et pour chaque paire (f,g) de Fx F il existe une paire (f;, g,) de
Fx F telle que

I(f,8)—(fe)ll <e

et

{x:fl(x)=()}m{x:g1(x)=0} =¢.

Démonstration du lemme. Soit ¢ arbitraire, positif, et soit (f, g) une paire de F'x F.
Nous allons démontrer d’abord qu’il existe une fonction f; de F telle que

&
”f—fl”$2

et ’ensemble
Z, = {x:f,(x)=0}
est non-dense.
L’ensemble

Z,={x:/(x) =0}

est fermé, donc chaque composante est un intervalle fermé. Si chaque composante
se reduit & un point, ’ensemble Z, est non-dense et il suffit de poser f; =f. Dans le cas
contraire sur chaque composante [a, b] de Z, qui ne se reduit pas & un point (donc
a<b) prenons pour f; la fonction continue qui remplit les conditions suivantes

f@=1i0)=0. 0<s9<min(s-x )
et

fi(x)#0 sur (a,b).

Si nous posons f; =f sur les autres points de Iintervalle [0, 1] nous recevons la
fonction qui remplit les conditions exigés.
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Passons a présent a la définition de la fonction g;. L’ensemble

E* = {x:|g(x)| < j}

est ouvert dans [0, 1], alors il est la somme d’une suite finie ou non des intervalles
A,, 4,, A5... overts dans [0, 1] et disjoints. Prenons un intervalle 4, et considérons
les cas suivants — la fonction g prend sur les deux éxtremités a, et b, (a,<b,) de 4,

a) les valeurs différentes de zéro et du signe contraire, ou

b) les valeurs différentes de zéro et du méme signé, ou

c) g(a,)=0c¢et g(b,)#0, ou

d) g(b,)=0 et g(a,)#0, ou enfin

e) g(a,)=g(b,)=0.

Dans le cas a) soit x, le point de I'intervalle 4, qui n’appartient pas a Z, et posons
g, sur 4, comme la fonction continue, prenant la valeur zéro seulement dans le point
X, et remplissant les conditions

gi(a)=g(a,)., g (b)=g(b,), —x<g(x)<l—-x
et

g, (X < j

Dans le cas b) posons
g, (x)=g(a,) sur A4,.

Si le cas ¢) a lieu, alors a,=0. Supposons que Xo & la méme signification que plus
haut et soit g, une fonction continue qui remplit les conditions

g (b)), —x<g()<l-x lal<,

et si g(b,)>0 on a g, (x)#0 sur 4,, par contre dans le cas g(b,)<0 a lieu g,(x)=0
sur 4, seulement pour x=x,. Dans le cas d) (qui a lieu seulement pour b,=1) nous
définissons la fonction g, analogiquement comme dans le cas c).

Enfin dans le cas ¢) (qui a lieu si et seulement si 4,= [0, 1]) nous prenons pour
g, une fonction continue qui remplit les conditions

3
lg () < - —x<g (x)< 1 =x,
et g,(x)=0 seulement pour x=2x,, oll Xo a la méme signification comme plus haut.

En posant g, (x)=g(x) sur I'ensemble [0, 1]\E*, nous recevons la fonction qui
avec la fonction £, satisfait aux conditions du lemme.
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P33S2

On a Conjecture of B. Schweizer
MAREK Kuczma

At the 5™ Meeting on Functional Equations B. SCHWEIZER has expressed a
conjecture [5] which may be formulated as follows.

Let C=C[0, 1] be the space of continuous functions on the interval [0, 1] with
values in [0, 1], under the usual sup norm, and put # =Cx C. Let A<.# be the set
of those (f,g)e# that commute: fog=gof, and let Bc F be the set of those(f, g)eF
that have a common fixed point: f (xo)=g(xo)= X, Xo€[0, 1]. The conjecture is
that the set AnB is of the first category in #.

Now, the truth of B. SCHWEIZER’s conjecture is striking if one realizes how rare a
feature is the permutability among pairs of continuous functions! In fact, we are
going to show that the set A is nowhere dense in . The same applies, of course, to the
set AnBc A.

A is evidently closed and thus it is enough to show that it has no inner points.
Let (f, g)e4 and suppose that one of the functions, say g, is not the identity. Then
there exists an x,€[0, 1] such that y, £ g(xo)#x,. Given an ¢>0, one can find a
function f; € C with the following properties

fi1(x0) = f(x0), fi(o) # f(yo), If = fill <e.

Now, the pair (f;, g) is as close to (f, g) as one likes, provided ¢ has been chosen
small enough, but (f}, g)¢ 4, since

fi (g (xo)) = f1(yo) # f(yo) = f(g(xo)) = g(f(xo)) = g(fl (xo))-

This shows that 4 has no inner points (adding one point consisting of two identity
functions cannot change the situation).

As Z. MoszNER [4] has recently proved, the set B also is nowhere dense in #.
However, his proof is much longer than that given above.
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It was a long-standing conjecture [3] that AcB, i.e. AnB=A. This has been
recently disproved by W. M. Boyck [1] and J. P. HUNEKE [2]. The latter result was
the origin of B. SCHWEIZER’s conjecture. But in view of the present considerations as
well as of those in [4] the problem of whether the set 4 NB is in some respect small
(e.g., whether it is of the first category) in 4 seems more adequate. (Similiarly, one
can investigate the smallness of 4 "B in B). A problem to this effect has indeed been
raised by B. SCHWEIZER (cf. P33).

Jagello University, Katowice, Poland
and
Mathematical Institute of the Polish Academy of Sciences
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Short Communications

This section consists of self-contained 25-100 line short communications which
are prepublications of results, the details of which are to be published in either
aequationes mathematicae or other journals with referee systems or equivalent systems
of pre-reviewing papers. Aequationes mathematicae will endeavour to publish these
short communications in the shortest possible time after the underlying papers have
been accepted for publication. Unless indicated otherwise details of results described
in this section will appear in subsequent issues of aequationes mathematicae.

Solution générale de I’équation fonctionnelle /[ x + 3/ (x)] =f(x)f(»)*)

S. WOLODZKO

Dans son travail I'auteur donne la construction fournissant les solutions de
I’équation fonctionnelle fx+yf(x)] =f(x)f(y) dans I’espace linéaire E sur un corps
variable @. Cette construction est la suivante.

Supposons que la fonction f(x) soit I’application de I’ensemble E dans I’ensemble
@, ce que nous noterons f: E—-»®. Nous passons maintenant a un moyen d’obtenir les
solutions de I’équation en question.

1. Nous choisissons un sous-groupe multiplicatif arbitraire Z” du groupe multi-
plicatif ¢'=®\{0}.

2. Nous déterminons dans I’ensemble Z’ une fonction arbitraire w(4) dont les
valeurs appartiennent a I’ensemble E, c’est-a-dire w:Z'—E.

3. Nous déterminons la fonction a(4, u)=w(Ap)—w(1)—Aw(u) pour 4, ueZ’.

4. Nous désignons par A’ un sur-ensemble arbitraire de 'ensemble des valeurs de
la fonction a(4, p), c’est-a-dire a(Z'x Z" )= A’

5. Nous désignerons par A” I'ensemble de tous les produits Aa, ol ae 4" et e Z’.

6. L’ensemble A” génére un groupe additif; nous le désignerons par 4.

7. Choisissons un sous-groupe multiplicatif arbitraire Z du groupe multiplicatif
Z' tel que pour tout AeZ et A#1, w(1)¢A4.

8. Déterminons la fonction

Fo s (4 silexiste AeZ tel que [x —w(A)]eA,
N ( 0 pour les autres x restants.

L’auteur applique cette construction pour les démonstrations des théoréms 1-4
du travail cité de S. GoLAB et A. ScHINZEL [1] ainsi que pour trouver les solutions

*) Cf. pp. 12-29.
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continues de I’équation en question dans I’ensemble des fonctions complexes de la
variable complexe. Le résultat est contenu dans le théorém suivant.

ProPOSITION. Les seules solutions continues de P’équation en question dans
’ensemble des fonctions complexes de la variable complexe sont les fonctions suivantes.

f(x)=0,
f(x)=1+c-x, oucestune constante arbitraire complexe,

f(x)_ﬂl“}'c‘lmx, sii 1+cImx>0  (c-constante réelle),
0 si 14+c¢Imx<0,

(
1(%) _S l1+cRex, si 1+cRex>0 (c — constante réelle),
o 0 si. 1+ cRex<0.

A Grammar of Functions*)

B. SCHWEIZER and A. SKLAR

For a given non-empty set S and positive integers d, r, let #,, denote the set of all
functions whose domains are (non-empty) subsets of $¢ and whose ranges are subsets
of S". If Fe#,,, then we call d the degree of F (written 6F) and r the rank of F (written
o F); the index of F (written 1F) is the integer F—¢F. The union of all the sets & 4,
together with the empty function @ is denoted by -# ,, and an element of #, is called a
function over S.

Into the set %, we introduce 2 unary operations L, R, and 3 binary operations
o, m, . For any function F over S, L F is the identity function on the range of F, and
RF is the identity function on the domain of F. The binary operation o, called serial
composition, coincides with ordinary composition o of (partial) transformations
whenever the latter operation yields non-empty results; but Fo G can be non-empty
even when 8F#9G, in which case FoG is always empty. Like ordinary composition,
serial composition is associative; in fact the system (# , o, L, R) is a function semi-
group (cf. B. SchwEizer and A. SKLAR, The Algebra of Functions, Math. Annalen
139, 366-382 (1960), 143, 440-447 (1961), 161, 171-196 (1965); Function Systems,
Ibid. 172, 1-16 (1967). In this function semigroup we have ¢RF=0RF= OF,
SLF=0LF=oF whenever F#0, and §(FoG)=max(3F+1G, dG), ¢(FoG)=
max(¢F, 0G—1F),1(FoG)=1F+1G, whenever FoG#0.

The other binary operations,  (called parallel composition) and f, are also asso-
ciative, and we have §(FrnG)=max(3F,dG), ¢(FnG)=0F+0G,d3(FBG)=
=8F+0G, o(FBG)=0F+0G, 1(FBG)=1F+1G whenever FrnG (resp., FBG) is
non-empty. There are many relations, e.g., conditional distributive laws, connecting

*) Cf. pp. 62-85.
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the binary operations, and some of these relations involve special classes of functions,
called selectors and multiselectors, over S.

The structure thus developed has many applications. We show, for example, that
all the usual ‘compositions’ and ‘modes of generation’ of multiplace functions can
be subsumed under o, 7, and S, plus the use of multiselectors. We also indicate appli-
cations to questions of linearity and multilinearity, to constants, place-fixing, ‘essen-
tial variables’, and representation theorems, and to functional equations. We con-
clude with some remarks on the definition of recursive functions.

Remarks on the Square Norm *)

M. HosszU

In a linear space G the function f (x)= F(x, x) has the usual property of the square
norm

fx+)+fx—y)=2f(x)+2f(y), x,yeC 1

if (x, y) = F(x, ) is a real or complex valued bilinear function (cf. [2]). J. AcztwL [1]
has given the solution f of the functional equation (1) by means of a function F
additive in both variables assuming that G is an abelian group and the range is another
abelian group A in which every equation 4a=>b has a unique solution a€ 4 for ar-
bitrarily fixed a, be A. If we omit this last solvability condition and the commutativity
of (G, +) then, assuming only f(0)=0, the following results can be established:

I) The functions

(%, )= Fi (%, 9) =f(x +3) = [(x) =f (), (%, )= F2(x, 7)) =/ (x + ) =S (x =)
have the properties F, (x, x) = 2F, (x, x) = 4f(x) and

F(x,y)=F(y,x), F(x,00=0, F(x+y,x+y)=F(y+x,y+x), l

F(x+y,x=y)=F(y+x,x-y) ()
F(x+y,z)+F(x—y,z)=2F(x,z), x,y,zeG‘
for every solution f of (1).
II) The function x —f(x) = F(x, x) satisfies /(0) = 0 and
2f (x+y) +2f (x = y) =4 (x) +4f (), X, yel (1"

for every F having properties (2).
IIT) The function F, defined above is additive in both variables iff f(x + y +z) =
f(y + x + z) holds identically.

*) Received December 4, 1967
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Ein allgemeiner Vierscheitelsatz fiir ebene Jordankurven*)

O. Haurt

Der sogenannte Vierscheitelsatz geht zuriick auf S. MUKHOPADHYAYA (1909) und
A. KNESER (1912); dabei wird unter einem Scheitel der betrachteten Kurve C (in der
euklidischen Ebene) jeder Punkt se C vertanden derart, dass beliebig kleine Um-
gebungen von s auf C (minsestens) vier Punkte enthalten, die auf einem Kreis liegen.
(Diese Definition ist — jedenfalls fiir stetig gekriimmte Kurven C - gleichwertig mit der
klassischen Definition des Scheitels als eines Punktes extremer Kriimmung.) Wihrend
bei KNESER beliebige stetig gekriimmte Kurven C zugelassen sind, beschrinkt sich
MUKHOPADHYAYA auf (stetig gekriimmte) Ovale, verfiigt aber andererseits {iber eine
allgemeinere Beweismethode. Diese benutzt nimlich im wesentlichen nur die folgende
Eigenschaft (K) der Kreise: Ein Kreis ist durch beliebige 3 seiner Punkte eindeutig
bestimmt und dndert sich stetig mit solchen Punkten; liberdies liefert sie Vierscheitel-
sitze nicht nur fir Ovale, sondern fiir alle (Jordan-)Kurven C, welche — abgesehen
von geeigneten Differenzierbarkeitseigenschaften (D) — der Bedingung (V) geniigen:
Auf der orientierten Kurve C besitzen, bei geeignet orientiertem Kreis K die Punkte
von CnK die gleiche Reihenfolge wie auf K. Demnach liefert die Methode von
MUKHOPADHYAYA 4-Scheitelsitze fiir Kurven C, welche die Bedingungen (D) und (N)
erfiillen, auch dann, wenn das System der Kreise ersetzt wird durch ein System f von
Kurven, welches die Eigenschaft (K) besitzt und im iibrigen beliebig ist; man bemerkt
dazu, dass sich der oben an erster Stelle erklirte Begriff des Scheitels wortlich auf
den Fall der Systeme ¥ iibertriigt. Die Methode von MUKHOPADHYAYA ist also durch-
aus topologischer Natur. Da bei KNEser die Bedingung (N) nicht bendtigt wird,
erhebt sich erstens die Frage nach der Entbehrlichkeit von (V) auch bei MUKHOPAD-
HYAYA, und zweitens — entsprechend dem topologischen Charakter der Betrachtungen
— die Frage nach einer topologisch formulierbaren Bedingung (D). Dass ohne ein
solches (D) im allgemeinen nur zwei Scheitel vorhanden sind, zeigen Beispiele
(2-Scheitelsatz). In der vorliegenden Arbeit werden beide Frage bejahend beantwortet
durch den Nachweis, dass fiir Jordankurven C und beliebige Systeme f der Vier-
scheitelsatz gilt, falls in der Umgebung eines jeden isolierten Scheitels eine gewisse
topologische Beziehung (D) zwischen C und den Kurven Kef erfillt ist.

Die vorliegende erste Mitteilung gibt eine Zusammenstellung der erforderlichen
Definitionen und Hilfssitze sowie den ersten Teil des Beweises, der im wesentlichen

*) Eingegangen am 8.12.1967
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auf kombinatorischen Betrachtungen beruht. — Eine zweite, spéter erscheinende
Mitteilung bringt den noch fehlenden Beweis eines Existenzsatzes fiir Scheitel mit
Hilfe des Grundgedankens von MUKHOPADHYAYA.

Non Negative Definite Solutions of Certain Differential and Functional Equations *)

E. Lukacs

Problems in probability theory or mathematical statistics are often formulated
in terms of random variables or distribution functions since this is the natural way
in which they occur. However, it is often desirable, and also possible, to reformulate
these problems in such a way that they involve only the Fourier-Stieltjes transforms
of distribution functions, called in probabilistic terminology characteristic functions.

The original problem takes then the form of a differential equation or of a function-
al equation which the characteristic function (or functions) must satisfy. However,
it is not enough to solve this equation since the solution of the equation will in general
contain also functions which are not characteristic functions and which do not lead
to a solution of the original probabilistic or statistical problem. It is known (BOCHNER’s
theorem) that a function f(¢) is a characteristic function if, and only if, it is non-
negative definite and if £(0)= 1. The main difficulty in problems of this kind is often
the determination of those solutions of a differential or functional equation which
are non-negative definite.

The paper gives a survey of studies of these problems. Section 2 deals with certain
functional equations while section 3 treats questions concerning the non-negative
definite solutions of certain differential equations.

Sur le reste de certaines formules de quadrature **)

TiBERIU PopPovICIU

Le reste R[f] de la formule de quadrature

[reax= L 4+ R n

ot les noeuds x, de I’axe réel sont distincts et les A, sont des constantes réelles données,
est de la forme

R[f] = A[él’ éZa ey €m+2;f:| + B[é’ls 612""’ é;n+2’f] (2)

*) Received December 12, 1967
**) Regu le 12.12.1967
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La fonction f est supposée continue, m est le degré d’exactitude de la formule (1),
les points &, d’une part et les points &, d’autre part, sont distincts mais dépendent en
général de la fonction f. Les constantes 4, B sont indépendantes de la fonction f.
Enfin [y, ¥3, ..., ¥,; f] désigne la différence divisée, d’ordre r —1, de la fonction f'sur les
noeuds Yy, Va,...s V-

Lorsque dans (2) on peut prendre B=0 le reste R[ /] (ou la formule de quadrature
(1)) est dit de la forme simple. Cette derniere notion est en étroite liaison avec la
théorie des fonctions convexes d’ordre supérieur [1].

Dans le présent travail on montre comment, sous des hypothéses bien précisées,
dans le cas ou le reste n’est pas de la forme simple, on peut rétablir une sorte de
simplicité par une généralisation convenable de la notion de différence divisée et de la
convexité correspondante.

[1] Poroviciu, Tiberiu, Mathematica / (24), 95-142 1959.

Endomorphismenringe in der Galoisschen Theorie *)

WOLFGANG KRULL

Es sei N ein beliebiger Korper. Jedem ce N werde der durch ,,c'a=c.a fiir alle
ae N festgelegte Endomorphismus ¢’ der additiven Gruppe N zugeordnet. Dann gilt:
Allgemeinster Unabhingigkeitssatz: Sind A,,...A, paarweise verschiedene Auto-
morphismen des Kérpers (und damit Endomorphismen der additiven Gruppe) N, so
folgt aus,,( Y. cid;) o = Ofiir alle e N** stets ¢ = -+ = ¢, = 0.— Der Beweis arbeitet mit

i=1
der Vandermondeschen Determinante; er ist konstruktiv und vollig elementar. — Es
sei jetzt N separabel und normal iiber K mit der Galoisgruppe G={4,,..., A4,}. Fiir
einen beliebigen Korper L zwischen N und K werde L' ={c¢’| ceL} gesetzt. Nach
ARTIN betrachtet man schon in der elementaren Galoisschen Theorie den Ring K
aller Endomorphismen { Y a;4;| a;€K}, derzum Gruppenring von G iiber K isomorph
i=1
ist. Angesichts des allgemeinsten Unabhingigkeitssatzes erscheint es angebracht,

neben K gleich auch den Ring N¢ aller Endomorphismen {} ¢4, |c’eN} einzu-
i=1

fithren. N ist ein Vektorraum der Dimension n? iiber K, aber nicht zum Gruppenring
von G iiber N isomorph, weil i.a. 4;¢'=(A4;c)’ A;# c’A;. Definiert man fiir den K&rper
L das Rechtsideal Ry ; von N¢ durch R ={¢ | ¢ ceL fiir alle ce N}, so gelten die
Sitze: Es ist Ry, gleich der von dem Komplexprodukt L'- Rg x erzeugten additiven

*) Eingegangen am 13.12.1967
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Gruppe. Rg_ ist ein minimales Rechtsideal von Ng; und ein Vektorraum der Dimension
niiber K'. Man hat Rg x={) (4;c)’ A;| ceN}. - Das letzte Resultat zeigt, daB der
i=1

schon durch seine Minimaleigenschaft ausgezeichnete Ring R x eng mit der sym-
metrischen Bilinearform verkniipft ist, die man erhilt, wenn man nach dem Vorbild
von Dedekind die Menge Nx N der Paare {c,d) (¢, deN) durch die Vorschrift
,,(¢c, d)=Spurc-d* bilinear in K abbildet. Die frithe Einfithrung von Rg g diirfte also
fiir den Aufbau der Galoisschen Theorie ebenso niitzlich sein wie die von K.

Functional Equations in Vector Spaces, Composition Algebras, and Systems of Partial
Differential Equations*)

WOLFGANG EICHHORN

Let X be a vector space over a commutative field F of characteristic #2 and let x
be an arbitrary element in X. The following problem is considered : Find a linear map-
ping L of X into the vector space Hom (X, X) of the linear transformations of X with
the property that there exists another such mapping, say M, such that the product of
the two transformations M(x) and L(x) satisfies the functional equation

§ I identity map X — X,

M(x) L(x)=pu(x)1 (u: X > F,charF #2, u#0. @

The assumption that L and M are linear says that the following further functional
equations hold:

Lax+py)=oLl(x) +fL(y), Mx+py)=aM(x)+pM@y), ) (1
plax)=oa*u(x) (o, feF;x, yeX).

One sees that u is a quadratic form.
Two applications of the above problem shall be mentioned:
a) (1) is of interest in the theory of algebras: Every solution L(x), M(x), fi(x) of

(1) leads to the definition of an algebra </ over the vector space X by defining
xyr=L(x)y (2)

as multiplication in X. L(x) is then called left regular representation of the element

xed. Perhaps then new classes of non-associative algebras can be found.
b) In case F=R, u(x) non-degenerate, the above problem can be considered as

*) Received December 15, 1967
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the following algebraic problem arising in the theory of systems of partial differential
equations: Find systems

AV AL Gom d
Tk =0 (yifeR;i,j,k=1,2,...n), short: L{ _-Jv=0, (3)
0¢; 0x

i=1 (pll

such that there exists another operator of the same kind, say M(d/0x), with the follow-
ing property:

M(a L<a = (72+ﬁ o + & 0
ax) Flox ) =\ %o T P o 0e, T Ca2) T

0 0 0
Y R), short: M Ly- = =0.
(o, B weR), shor (é’x) <0x> v=p (c')x) v=0

This problem is of interest in connection with

(i) generalization of function theory (especially if the partial differential equation
(4) is the Laplace equation)

(ii) Dirac’s ‘linearization’ of the wave equation

L
o0& o&y oL

4

)Qo(élaéb €3, ¢4)=0. 5)

Let L(x), M(x), i(x) be a solution of (1), let P, Q, R be non-singular linear trans-
formations, let Ae F, #0. Then it is obvious that

L(x):=PLQx)R, M(x):=iR"'M@x)P"", fA(x):=21i(Qx) (6)

is a solution of (1), too. In consequence of this remark we call two solutions L(x),
M(x), i(x) and L(x), M(x), f(x) of (1) isotopic if there exist non-singular P, Q, R,
and A#0 such that (6) holds. Note that the relation ‘isotopy” is an equivalence rela-
tion and that the following definition is due to Albert: Two algebras .o/, o with left
regular representations L(x), L(x) are called isotopic if the first identity in (6) is
valid.

TuEOREM: Let L(x), M(x), fi(x) be a solution of (1) such that the algebra </ defined
by L(x) is isotopic to an algebra <7 with identity element e. Then &7 is an alternative
quadratic algebra. If, on the other hand, </ is an alternative quadratic algebra
and L(x) its left regular representation, then one can easily find an M (x) and a p(x)
such that L(x), M(x), u(x) is a solution of (1).

Consequences of the Theorem: A) The problem of determining all solutions
L(x), M(x), u(x) of (1) with the property that the algebras defined by L(x) are iso-
topic to algebras with e is equivalent to the problem of determining all alternative
quadratic algebras.
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All alternative quadratic non-degenerate algebras, the so-called composition
algebras €, are known: They only exist in dimensions n=1, 2, 4, 8, and one has only
the following examples:

n=1: €=Fe

n=2: € is an extension field of F of degree 2 or isomorphic to FOF

n=4: % is a quaternion algebra over F

n=38: ¥ is a Cayley algebra over F.

B) Assume in the above Theorem that i is non-degenerate. Then &7 is one of the
above composition algebras.

Since every division algebra is isotopic to an algebra with identity element e one
has the following corollary of B):

C) If an algebra defined by a solution of (1) is a division algebra, then it is isotopic
to one of the above composition algebras.

From C) follows

D) Every elliptic system of partial differential equations (3) with the property (4)
can be transformed into a system

y + y + 0 ( + + 4 )=0
e e+ e e e, +--- e,)=0,
oL, 1 ¢, 2 ae, o b€ T P8, Pnéy

where the e, e,, ..., e, form the usual basis of the complex numbers, quaternions, or
Cayley numbers.

Further results: E) If the dimension of X equals n=p2?(p odd, ¢=0, 1, 2,...) then
there does not exist any solution of (1) such that the rank of p is greater than 2¢+ 2.

The statement E) contains in particular:

F) If the dimension # of X is finite and if y in (1) is non-degenerate then solutions
of (1) exist for n=1, 2, 4, 8 only. In other words: Systems of partial differential equa-
tions (3) with the property (4), 4 non-degenerate, exist for n=1, 2, 4, 8 only.

G) In dimensions 2 and 4 there exist examples of solutions L(x), M(x), i(x) of
(1), i non-degenerate, such that the algebras defined by L(x) are not isotopic to a
composition algebra.

Zur Begriindung der Theorie der automorphen Funktionen in mehreren Variablen *)

M. EICHLER

Under a number of assumptions the following theorems on automorphic forms in
n variables are proved:

A. There exist n+ 1 independent automorphic forms.

B1. The number of linearly independent automorphic forms of a given degree &
is O(4").

*) Received January 2, 1968
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B2. The quotients of automorphic forms of equal degrees form a finite algebraic
function field of » variables.

Cl1. Let yy(2),..., y,(2) be independent automorphic forms of equal degrees.
Denote the domain of the variables by 3, the underlying group by I'. The y,(z) map
the quotient 3/I" on an open point set of a projective variety I of dimension n. The
closure of this set in I is equal to M.

C2. The graded ring of automorphic form is generated by a finite set.

D. All Siegel modular forms can be generated by such whose Fourier expansions
have rational integral coefficients.

The assumptions are easily verified in the case of the ‘classical’ modular groups.
The group I is a subgroup of a Lie group of analytic mappings of 3 onto itself. Some
assumptions concern the behaviour of the Fourier expansions in the cusps. The com-
pactification (C1) hinges on the assumption, that a specialization to automorphic
functions in one variable is possible. For the proof of D theta constants are
used.

Canonical Decompositions, Stable Functions, and Fractional Iterates*)

A. SKLAR

Following B. SCHWEIZER and the author [Function systems, Math. Annalen 172,
1-16 (1967)], functions are treated as elements of axiomatically defined ‘function
systems’. Each such system has a binary operation o corresponding to composition,
and 2 unary operations L, R corresponding to the projections of a function onto the
identity functions on its range and domain, respectively.

It is shown that all functions fin an appropriate function system admit a ‘canonical
decomposition’ into the composite f; - /> of an ‘invertible’ function f; and a ‘strongly
idempotent’ function f, with Rf; =Lf,. It is noteworthy that the ‘concrete’ analog of
this abstract result is equivalent to the Axiom of Choice.

Next, canonical decompositions f=f; o f5 such that f"=f{" f, for all iterates /" of
[ are taken up. The ‘separable’ functions that admit such decompositions are charac-
terized, and an important subclass of separable functions, the ‘stable’ functions, are
characterized in turn. The ‘concrete’ analogs of these characterizations are the
following: the function f is separable if the restriction of f to its range is an invertible
function; f is stable if it is separable and its range is a subset of its domain. Thus the
(real) sine function is stable; the (real) cosine function, on the other hand, is not even
separable, but its 2nd iterate (the cosine of the cosine) is stable.

These notions are then applied to the study of the functional equation /" =g, where
g is a given, and f an unknown function, and n>1 is a given integer. This ‘fractional

*) Received January 8, 1968
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iterate’ equation has generally been studied only under the assumption that both f
and g are invertible. Such restrictions can now be partially removed: thus we can, for
example, characterize all stable fractional iterates of stable functions. Other applica-
tions of the results of this paper will appear later.

Some Graphical Properties of Matrices with Non-Negative Entries*)

A. L. DULMAGE and N. S. MENDELSOHN

A bipartite graph K has two vertex sets X and Y and a set of edges (which may be
null) each of which is a pair of vertices (x, ), xeX, yeY. A transversal of K is a
subgraph G every vertex of which has exactly one edge. The order of a transversal is
the number of its edges. If 4 is an m x n matrix of non-negative elements, the bipartite
graph K of A (denoted by K,) is the bipartite graph for which the vertex sets X and Y
are the sets of rows and columns of 4. The pair (x, y) is an edge of K, if and only if
the element in row x and column y of A4 is greater than zero. An m x n sub-permuta-
tion matrix of rank r is an m x n matrix of mn—r zeros and r ones with at most one
non-zero in any row or column. The bipartite graph of a sub-permutation matrix of
rank r is a transversal of order r, together with m+n—2r free vertices.

Let X and Y be arbitrary sets and let /(x, ), xe X, ye Y, be a function with domain
X x Y and range some subset of the non-negative reals. The bipartite graph K of the
function f (denoted by K,) has vertex sets X and ¥ and (x, p) is an edge of K if and
only if f(x, y)>0. A sub-permutation function g of rank r on X x Y is a function such
that g(x, y)=0 for all pairs (x, y), xx X, yx Y with the exception of a set of pairs
(%1, ¥1)» (X2, ¥2)s - (Xpo 1), X:# X, ¥ # Y for i#j for which g(x, y)=1.

For a non-negative real valued function f with domain X x Y we define the bipar-
tite graph K. The vertex sets of K, are X and ¥ and the pair (x,y), xeX and yeY
is an edge if and only if f(x, y)>0.

We say that a transversal G of a bipartite graph K catches a vertex if this vertex is a
vertex of G, and that G catches a set U of vertices if every vertex of U is a vertex of G.

If W is a finite set, | W] denotes the order of W, that is, the number of elements in W.

The bipartite graph X x Y is the graph with vertex sets X and Y such that every
pair (x, y), xeX, yeY is an edge of the graph. If K is a bipartite graph with
vertex set X and Y, and if Uc X and V<Y then (Ux V)N K denotes the bipartite
graph with vertex sets U and V every edge of which is an edge (u, v) of K such that
ue U, veV.

If K is a bipartite graph with vertex sets X and Y then K has a unique subgraph
which has the same edges as K and is such that every vertex of the subgraph has at
least one edge. This subgraph is called the essential subgraph of K and is denoted by K".

*) Received January 10, 1968
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Reference will be made to irreducible and semi-irreducible graphs and to the
canonical decomposition of a bipartite graph as defined in (2), (5) and (6).

Consider an m x n matrix A4 (n>m) of non-negative reals with sum S and maximum
row or column sum M. Let R; be the sum of the elements in the ith row and C; the
sum of the elements in the jth column. Thus M=Max(R;, C;)i=1,2,..., m;

j=1,2,..,n, and S= ) R;= ) C;. This mxn matrix can be augmented to an
i=1 j=1

nxn matrix B of non-negative reals with the same S and M, by adding n—m rows
of zeros. The matrix B has all the row and column sums of 4 and in addition has
R;=0fori=m+1,..., n. Let 6 =|S/M|. As shown in (4), the matrix B may be extended
to a matrix C with row and column sums A/¢ by the addition of n—0¢ rows and n—g¢
columns provided n>o. Let B=(b;;). The matrix C=(c;;) is defined as follows:

c;;j=by; lor i<n j<n,
S
— R,
6 . .
C;;= for i<nn+1<j<2n-o,
n—o
S ~
a_(j
c,~j=n for n+1<i<2n-o0,j<n,
-0

;=0 for n+1<i<2n—o,n+1<j<2n—-o.

Since C has equal row and column sums it is expressible in the form ) k;P; where the
k; are >0 and the P; are permutation matrices (of order 2n—¢). Thus the bipartite
graph K¢ of the matrix C has the property that for every edge ¢ of K. there exists a
transversal G of order 2n—o of which e is an edge. Let K, be the bipartite graph of A.
The transversal G has exactly 2 (n—o) edges which are not edges of K, and hence has
exactly 2n—o—2(n—o0)=o0 edges which are edges of K.

Now let 4 be a matrix of non-negative integers with sum S and maximum row or
column sum M and let o=|S/M]| (the greatest integer in S/M). It is shown in this
paper that A4 is expressible as a sum of subpermutation matrices of rank ¢ and a sub-
permutation matrix of rank ¢, 0<g<o. Further, let K be a bipartite graph with
finite vertex sets X and Y. Let S be the total number of edges and let M be the max-
imum number of edges which have the same vertex. It is shown also that K has a
transversal G of order o=|S/M| with vertex sets U and V such that every vertex of
X which has M edges is an element of U and every vertex of Y which has M edges is
an element of V.

Let X and Y be finite or countably infinite sets and let f be a function with domain
X x Y and range some subset of the non-negative reals such that the bipartite graph
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K, has a maximal transversal, and S= Y. Y f(x,p) is finite. We conjecture that
xeX yeVY

fis expressible as a possibly infinite sum Y ¢;g; where the c; are positive reals and the
g; are sub-permutation functions on X x Y of rank r, if and only if I <r<o.

On a ‘Cube Functional Equation’*)
H. HArUKI

In a previous paper in this journal we studied the following functional equation
which we called a ‘square functional equation’:

F+ty+)+fGx—ty+)+f(x=ty—1) o
+f(x+t,y—1)=4f(x,y),
where x, y, t are real variables and f(x, ») is a real-valued function of two real

variables x, y in the whole x y-plane.
In this paper we consider the following functional equation:

SJx+ty+tz+)+f(x+t,y+tz-1)
+f(x+t,y—tiz+t)+f(x+t,y—tz—1)

+fx—ty+tz+t)+f(x—t,y+tz—1) )
+f(x—ty—tz+0)+f(x—t,y—t,z—1)
=8f (x,,z),

where x, y, ¢ are real variables and f'(x, y, z) is a real-valued function of three real
variables x, y, z in the whole x y z-space.
By considering the geometric meaning of (2), we call (2) a ‘cube functional equa-

tion’.

We prove the following theorem:

THEOREM: If f (X, y, 2) is a real-valued continuous function of three real variables
X, ¥, z in the whole x y z-space and satisfies (2) in the whole x y z-space, then and only then

ai+j+k
f(x,p,2)= }: Cijk oxi oy 07" P(x,y,z),
0<i, j,ks5

where c; ;. (0=i, j, k<5) are real constants and P(x,y,z)=xyz(y*—z%) (z2—=x?)
(x*=»?).

In order to prove this theorem, we use distributions and two lemmas.

*) Received January 22, 1968
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Expository Papers

Non-Negative Definite Solutions of Certain Differential and Functional
Equations

EuGENE LUKACs (Washington, D.C.)1)

Dedicated to A. M. Ostrowski on the Occasion of his 75th Birthday

1. Introduction

Problems in probability theory or mathematical statistics are frequently stated in
terms of random variables or distribution functions. Since there exists a one-to-one
correspondence between distribution functions and their F ourier-Stieltjes transforms
(called in probabilistic terminology characteristic functions) it is often possible to
reformulate problems in probability theory or mathematical statistics so that they
involve only characteristic functions. The original problem takes then the form of a
differential equation or of a functional equation which the characteristic function (or
functions) must satisfy. However, it is not enough to solve this equation since the
solutions of the equation will in general contain also functions which are not charac-
teristic functions. It is known (BOCHNER’s theorem) that a function fis a characteristic
function if, and only if, it is non-negative definite®) and f (0)=1.

The main difficulty in the above mentioned problems is often the task of deter-
mining those solutions of a differential or of a functional equation which are non-
negative definite.

No systematic study of this question seems to be available at present. The purpose
of this paper is to give a survey of some of the isolated results which are scattered in
the literature. Itis hoped that this exposition might stimulate further researchinthisarea.

In section 2 we discuss certain functional equations, section 3 deals with questions
concerning differential equations. We indicate also — as far as possible — the proba-
bilistic motivation which led to the study of these equations.

1) Research supported by the Air Force Office of Scientific Research, Office cf Aercspace
Research, United States Air Force under AFOSR grant AF-AFOSR-437-65.
2) A complex valued function f of a real variable 7 is said to be non-negative definite if it is
continuous and if for any positive integer N and any real 11, f2,.. . IN and any ccmplex &1,&q,...,¢N
N N

the sum L X f(tj—t1)&sEx is real and non-negative.
j=1 k=1

Received December 12, 1967
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2. Functional Equations

The first equation which we discuss is of great importance in probability theory.
It occurs in connection with the study of the limit distributions of normalized sums of
independently and identically distributed random variables. This study leads to the
following problem: Determine the characteristic functions (non-negative definite
functions) f which have the property that to every b; >0, b,>0 there corresponds a
b>0 and a real y such that the functional equation

f(byt) f(bat)=f(b1)e" @2.1)

is satisfied for all real z. It can be shown that all non-negative definite solutions have
the form

f(t):exp{iat—cltl“[ +1/i w(lt[ a)]} 2.2)

where

I

o .
Itg 5 if a#l
(|, o) =
l log|t] if a=1
T

while a, ¢, B and o are real parameters such that
c=20, |fI<1, O0<ax<?2. 2.3)

If the conditions (2.3) are not satisfied then (2.2) is still a solution but is not non-
negative definite. The solution is obtained by studying functional equations of the
form
glau)=g(a,u) +g(au).
The characteristic functions (2.2) are called stable characteristic functions.
The next problem which we consider deals with two non-negative definite func-
tions. The problem is to determine all characteristic functions /" which satisfy the

relation £y =1 (ct) £.(1) 2.4)

where 0 < ¢ <1 while f, is a characteristic function which depends on the parameter c.
The non-negative definite solution of (2.4) are given by
-0
2.2
ot . 1tu
t)=explita — + et —1———]dM(u
rw=ewfita-" + [ ( ) am )
o o (2.5)

+ f(e““— 1— f'i” )dN(u)}

+0
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where a is real, 62 >0 while M and N satisfy the following conditions:
(i) M [resp. N] is non-decreasing in (— oo, 0) [resp. (0, c0)] and M(—o0)=
=N(+ 0)=0,
(1]

(i) {w?*dM(u)and [ u®dN (u) are finite for all £>0,
- 0

(iii) M and N have left and right derivatives and u—»uM’'(u) [resp. uN'(u)] is
non-increasing for u<0 [resp. u>0]. Here M’ (u) and N’ (u) are either right
or left derivatives and may be different at different points.

The characteristic functions satisfying (2.4) are called self-decomposable charac-
teristic functions (or functions of the L-class); their distributions are the limit distri-
butions of normalized sums of independently (but not necessarily identically) distri-
buted random variables.

Equations (2.1) and (2.4) were first studied by P. LEvy; for the proofs of the
statements we refer the reader to GNEDENKO-KOLMOGOROV [1].

D. A. Raikov [14] showed that the normal distribution is characterized by the
fact that all of its factors belong to the same type.3) He did this by investigating the
functional equation

f(t)y=e*f(c 1) f(c0) (2.6)

where ¢, and ¢, are positive real numbers while a is some real number. He succeeded
in proving that the only non-negative definite solution of (2.4) which is not identically
zero is the characteristic function of the normal distribution, that is the function

t>f(t)=exp[iat — o’ t*/2]. 2.7

In the examples which we discussed until now it was possible to use probabilistic
methods and to determine the non-negative definite solutions of the functional equa-
tion (2.6) [resp. (2.1) or (2.4)] without investigating all solutions. The situation is
different in the problems which we discuss next. In these cases it will be necessary to
determine first all solutions and then to select those which are non-negative definite.

A number of authors investigated the stochastic independence of linear forms.
Final results were obtained almost simultaneously and independently by V. P. Skito-
vicH and G. Darmors. They studied the following equation involving n complex
valued functions of real variables:

f[ filaju+b;v) = 1j1 filaju) f;(b;v) (2.3

3) In the theory of factorizations of characteristic functions one considers only factors which are
themselves non-degenerate characteristic functions (that is which do not have the form exp (iat)
with a real). We say that two characteristic functions f1 and f» belong to the same type if f1(¢) =eit?
fe(at) with a>0 and b real.
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where ay, ..., a,; by, ..., b, are real and such that a;b;+0 for j=1,2,..., n. The above
mentioned authors showed that the solution of this equation has the form

fi(u) = exp [P;(w)] (=12,...n) (2.8a)

where the P;(u) are polynomials of degree not exceeding n. (For details of the proof
see E. Lukacs-R. G. LaHA [8]). The solutions (2.8a) are however not necessarily
non-negative definite functions. A theorem, commonly called Marcinkiewicz’ theorem
(see J. MARCINKIEWICZ [13]) states that a function of the form t—e"® where P is a
polynomial can be non-negative definite only in case the degree of P does not exceed
2. Using well known properties of characteristic functions it is then possible to show
that all f;(u) are characteristic functions of normal distributions possibly having
different parameters, that is

fiw)=expliua;—oju*2] (j=1,2,...,n).

J. MARCINKIEWICZ derived the above mentioned theorem as a tool needed for his
investigation of identically distributed linear forms. In this connection he studied the
functional equation

[1f(a;)=T1S(b;1) (2.9)

where the product can be either finite or infinite. If it is infinite it is assumed to be
uniformly convergent in every finite interval. The a; and b; are real numbers such
that the sequence {|a;|} is not a permutation of the sequence {|b;|}. MARCINKIEWICZ
also assumed that f has derivatives of all orders. Using these assumptions he could
show that necessarily f (t)=exp [P (t)] where P is a polynomial. It follows then, as in
the previous case, that the only non-negative definite solution of (2.9) is the charac-
teristic function (2.7).
The case of a finite product (2.9)

]jl f(a;1)= 'I:[1 f(b;1) (2.92)

is of particular interest and is the object of a study of Yu. V. LINNIK [6]. He showed
(§ 55 of [6]) that (2.9a) admits non-negative definite solutions different from (2.7) if
the assumption that f has derivatives of all orders is dropped. Yu. V. LINNIK presents
a deep and exhaustive study of the equation (2.9a), his results are based on the investi-
gation of the analytic properties of the entire function

z—>G(z)= Zl (laj|* = |b,I*).
j=
The equation

[1f(@0)=f() (2.10)
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was studied by E. Lukacs-R. G. LaHA [2]. Here no differentiability assumption is
needed, only the inequality
w0 > Zaf. =1

had to be assumed. The solution of (2.10) is then again (2.7). This work was motivated
by studying a finite or infinite linear form in independently and identically distributed
random variables and assuming that the distribution function of the linear form is
identical with the common distribution of the random variables occurring in the
linear form.

We conclude this section by listing some equations which occur in connection with
the characterization of certain stochastic processes. These equations differ in two
respects from those treated in the first part of this section: (1) They involve the
logarithms of characteristic functions instead of the characteristic functions them-
selves, (2) they contain integrals.

In the following we denote by f a characteristic function and by ¢ its logarithm.
Let 4 and B be two possible real numbers, 4 < B, and suppose that a and b are two
continuous functions in [4, B] such that max l|a(f)]+ max [b(¢)|. The equation

B B
f@[ua(t)] c11=f¢[ub(t)] dt (2.11)
A A

occurs in connection with a characterization of the Wiener process. It can be shown
that ¢ is a polynomial so that it follows from the theorem of MARCINKIEWICZ that
f=exp¢ has the form (2.7). A number of similar equations or systems of such equa-
tions were studied by R. G. LAHA and E. Lukacs ([3], [4], [5]) and by E. LUKACS
([91, [10D).

3. Differential Equations

The study of non-negative definite solutions of differential equations was originally
motivated by certain characterization problems. We describe briefly one example.
It is desired to determine a non-negative definite function f which has the property
that ¢ =log f satisfies the differential equation

(p(P-H') (t) — i qo(m(t) = "P*rC (3'1)
with initial conditions
PP ) =ik, [s=0,1...,(p+r—1]. (3.1a)

Here ¢ (1) =(d*/dt*) ¢ () while the K are certain real parameters (called cumulants)
of the distribution whose characteristic function is f. Equation (3.1) occurs in con-
nection with the characterization of the Poisson distribution by a regression property.
Equation (3.1) can be solved easily, however, it is rather complicated to determine the
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non-negative definite functions f=exp¢ obtainable from the solutions ¢ of (3.1).
One gets (see [11] and [12])

F@W)=exp{A (e = 1)+ 8,4 (e = 1) +c,it—e,c, 1?2}
where 4,20, 1,20, ¢, 20, ¢, real and

0 if risan odd integer . 0 if p=1 .
0, = . . = . .
" {1 if risan even integer while e, {1 if p>1 (p integer)

A number of similar differential equations were studied by various authors who
worked on characterization problems. If one surveys these works one notices the
absence (and also the desirability) of a general theory. Such a theory would be useful
even if it does not yield the non-negative definite solutions of differential equations
but succeeds only to give analytical properties of the non-negative definite solutions.
We conclude this section by describing the first successful attempt in this direction.
For details of this work we refer to papers by Yu. V. LinNIK [7] and A. A. ZINGER-
Yu. V. LinnNIK [15].

We consider an ordinary differential equatton with real constant coefficients
A

Jtseesdn

YA TSI LO) LfIN() = e [f ()] (3.2
The summation runs over all non-negative integers j,, ..., j, such that

Jit+ i< p. (3.3)

Here p is an integer such that at least one of the coefficients 4;, _; withj +---+j,=p
does not vanish. Let m be the order of the differential equation (3.2). We introduce
the polynomial

1 . .
AXpy e X)) = 25N Ay XAl Xl (3.9)
n!

The first summation ) * is taken over all permutations (k, ..., k,) of the first » integers
while the second summation runs over all (j,...,j,) satisfying the inequality (3.3).
We say that the differential equation (3.2) is positive-definite if 4(x,,..., x,) is a non-
negative polynomial. A. A. ZINGER and Yu. V. LINNIK obtained the following results

(A) All non-negative definite functions f which satisfy in a neighborhood of the
origin a positive definite differential equation have derivatives of all orders at the
origin.

(B) All non-negative definite functions which satisfy in a neighborhood of the
origin a positive definite differential equation (3.2) of order m>n—1 are entire func-
tions.
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A. A. ZINGER-Yu. V. LINNIK [15] imposed also further conditions on the differ-
ential equation (3.2) which assured that the non-negative definite solutions have
necessarily the form (2.7), that is they obtained a characterization of the normal
distribution. However, these conditions are so restrictive that many known charac-
terizations of the Normal population are excluded. Several known characterizations
of the Gamma distribution lead to differential equations similar to (3.1) which are
not positive definite. It would be interesting to obtain results similar to (A) and (B)
for equations of this type, of course it might be necessary to replace the condition
that the equation be positive definite by a different assumption. The study of differ-
ential equations whose non-negative definite solutions are rational functions would
also be valuable.
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Research Papers

Uber ein Funktionalgleichungssystem der Informationstheorie
ZoLTAN DAROCZY (Debrecen, Hungary)

Herrn Professor Alexander M. Ostrowski zum 75.
Geburtstag gewidmet

Einleitung

In den Arbeiten [5], [6] und [7] von J. KaMPE DE FERIET und B. FORTE kann man
eine axiomatische Grundlegung des Informationsbegriffes finden. In diesen Unter-
suchungen wird die Information ohne Beniitzung des Wahrscheinlichkeitbegriffes
erklért. In der Arbeit [7] spielt ein Funktionalgleichungssystem eine Rolle, das auch
in sich selbst interessant ist. Dieses System wurde von C. BAloccHI in der Arbeit [3]
gelost. Das Hauptergebnis von [3] ist das folgende:

Es bezeichne R die Menge der reellen Zahlen und es sei f': R— R cine Funktion,
fiir die die Bedingungen

S+ fWI+ /) =Sy +f0)]+/(x) (%, yeR), ()
f(=x)=f(x)+x (xeR), ()
lim f(x)=0 (3)
erfiillt sind. Ist f stetig, so hat f(x) die Darstellung
f(x)=—+{Ix| + x}, 4
oder
f(x)=—1141n(l+e’”), (5)

wobei 4 >0 cin konstanter Wert ist.

Die Grundidee des Beweises ist die folgende: Man kann zeigen, dass fim Falle
f(x)# —3{|x|+x} eine stetige Ablcitung der Ordnung zwei besitzt, und aus dieser
Behauptung folgt eine Diffcrentialgleichung fiir die unbekannte f. Die Ldsungen
dieser Differentialgleichung sind die Funktionen (5).

In dieser Arbeit wollen wir alle stetigen LOsungen des Funktionalgleichungs-
systems (1) und (2) ohne der Bedingung (3) angeben. Unsere Methode ist von der
Beweisidee von C. BatoccHi grundsitzlich verschieden. Wir werden einen fiir die

Eingegangen den 2.1.68
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Informationstheorie auch sonst wichtigen Satz von P. ErDOs ([4], vgl. auch [8], [9],
[2] und [1]) verwenden.

§ 1. Hilfssitze

Wir beginnen mit folgender

DeriNITION 1. 9% ist die Menge aller Funktionen f/: R— R, fiir die die Funktional-
gleichungen

FIx+fWMI+f)=fly+ )]+ f(x) (x, yeR) (1)
f(=x)=f(x)+x (xeR) )

erfiillt sind.

HiLFssATZ 1. Ist feIN, so ist die durch

Xxoy=y—flx=y) (x,yeR) (6)
definierte Operation kommutativ und assoziativ.
Beweis. Aus (2) folgt
Xoy=y—flx=y)=y—fy—x)-(=x)=x-fr—x)=yox,

damit haben wir die Kommutativitit bewiesen. Von den Gleichungen (1), (2) und
von der Kommutativitit folgt

(xoy)ez=z—f(xoy—2)=z—fy—z—-f(x—y)]
=z—flz—y+fx=N]-[z—y+fx=M]=y-flx=y+fz-)]
—f(z=y)=zoy—f(x—zoy)=xo(z0y) = xo(yo2z).
Damit ist der Beweis des Hilfssatzes vollendet.

DEFINITION 2. Es sei f€IR. Die zur Funktion f gehdrende Folge {¢,} (n=1,2,...)
definieren wir folgendermassen:

'(P1=0, ¢, =~ f(o1), (Psz“f((l’z)’---’(/’nﬂ=_f((Pn)a~~ (N

HILFSSATZ 2. Ist {¢,} die zu einer Funktion €I gehorige Folge, so gilt die Funk-
tionalgleichung

Opim = Pno®p (n,m=1,2,..). (8)
Beweis. Wegen (6) gilt die Gleichung
@001 =0~ f(@1—0)=—J(0) =92,
d.h., es gilt die Identitét
@roPn= Prn ©)

im Falle n=1. Setzen wir jetzt voraus, dass die Gleichung (9) fiir eine n=1 gilt; so
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erhalten wir wegen des Hilfssatzes 1

Pro@Pui1 = QPpyy1o@Py = @y "f((PnH - ‘P1)=_f(‘Pn+1)=§0n+2,

damit haben wir die Identitit (9) fiir alle n bewiesen. Es sei jetzt n fix, dann bedeutet

9), dass
©) OroPn = Pr+n (10)

im Falle k=1 gilt. Aus (10) und (9) folgt falls (10) fiir ein k> 1 gilt,
Ors100n=(0100K) 0Py = @10(PioPn) = ProPhsn= Ppin+1>
und damit ist der Beweis vollendet.

HiLrssATZ 3. Ist {¢,} die zu einer f€IN gehirige Folge, so gilt die Funktional-

gleichung Oum = On+ @ (n,m=1,2,...). (11)

Beweis. Nach dem Hilssatz 2 gilt

(Pn+m=(pn°q)m=¢m_f((pn—'q)m)' (12)

Setzen wir jetzt n=m in (12), so erhalten wir

@20=0u— f(0) =0, + 01,
d.h., (11) gilt im Falle m=2. Nehmen wir an, dass ¢, ,= ¢, + ¢, gilt, so erhalten wir aus
dem Hilfssatz 2
Pk+1)yn = Pkn+n = PrknoPn = Py — f(@rn— @) = 05 — [(01) = On + i1«

damit haben wir den Hilfssatz 3 bewiesen.

§ 2. Uber die stetigen Losungen von (1)

In diesem § beweisen wir einen Hilfssatz {iber die stetigen Losungen der Funktio-
nalgleichung (1).

HiLrssatz 4. Ist f(x) eine stetige Losung der Funktionalgleichung (1), so ist
f(x)=0 oder f(x)<0 fiir alle xeR.

Beweis. Nehmen wir an, dass die Behauptung des Hilfssatzes falsch ist. Dann
existieren zwei Zahlen x,#x,, so dass die Ungleichungen f(x,)<0 und f(x,)>0
gelten. Dann gibt es — wegen der Stetigkeit von f — zwischen x; und x, einen Punkt
X, derart, dass f(x,) verschwindet. Setzen wir in (1) x=Xx,, so ergibt sich

flxo+f()]=0 (13)
fiir alle y:sR. Wegen der Stetigkeit von f nimmt f(y) alle Werte aus dem Intervall
[f(x;),f(x;)] an, d.h. aus (13) folgt

f(x)=0 falls xe[xo+ f(x1), Xo + f(x2)]. (14)
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Mit vollstindiger Induktion werden wir zeigen, dass die Gleichung

f(x)=0 falls xe[xq+ nf(x,), xo + nf(x,)] (15)

fiir alle natiirlichen Zahlen n gilt. Fiir diesen Zweck setzen wir voraus, dass (15) fiir
eine fixgehaltene » erfiillt ist; so erhalten wir aus (13)

fIx+f(»]=0 falis xe[xo+nf(x,), xo + nf(xz)]

fiir alle y e R. Wir wissen schon, dass f(y) alle Werte aus [ f(x,),f(x,)] annimt, daher
gilt
f(x)=0 falls xe[xo+(n+1)f(x,),xo+(n+1)f(x:)].

Im Falle n—oo gilt [xo+nf(x;)]>c0 (wegen der Ungleichung f(x,)<0) und
[xo+nf(x;)]— + o0 (wegen der Ungleichung f(x,)>0), d.h., aus (15) folgt

f(x)=0

fiir alle xe R. Dies ist aber ein Wiederspruch, d.h. f(x)=0 oder f(x)<0 fiir alle xe R
ist.

§ 3. Das Hauptergebnis
In diesem § wollen wir das folgende Hauptergebnis beweisen.

SATZ. Die allgemeinsten stetigen Losungen des Funktionalgleichungssystems (1) und
(2) sind die Funktionen

f(x)=——1141n(l+e’”), (16)
und

f(x) =% ${Ix| ¥ x}, (17

wobei A#0 ein konstanter Wert ist. (Die Losungen (17) kann man aus (16) mit dem
Grenziibergang 4— + oo erhalten).

Beweis. Nach dem Hilfssatz 4. ist f(x)20 oder f(x)<0 fiir alle xeR. Erstens sei
f(x)=0. Dann gilt wegen der Gleichung (2)

fx)+x=f(-x)=z0 fir xeR,

d.h., fiir alle xeR gilt die Ungleichung

- f(x)=x. (18)
Aus (18) und aus der Definition der Folge {¢,} folgt
(png_f((pn)':(er‘l (n= 1’ 2"") (19)

d.h., die Folge {¢,} ist monoton abnehmend.
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Nach dem bekannten Satz von P. ErDOs [4] (Siehe noch [8], [9]) gilt die Darstellung
g,=alnn (n=1,2,..), (20)

wenn die Folge {¢,} die Eigenschaften (11) und (19) hat. Wegen der Ungleichung (19)
ist der konstante Wert a<0. Jetzt wollen wir zwei Fille unterscheiden.

1) Es sei f(0)#0. Dann ist ¢,= —f(0)%0, d.h. in (20) gilt a=(1/4)<0. Mit der
Beriicksichtigung der Gleichungen (12) und (20) erhalten wir f((1/4) In n—(1/A) In
m)=(1/A) In m—(1/4) In(n+m) fir alle natiirliche Zahlen » und m. Aus dieser

Gleichung folgt
1 n 1 n
fl-In- J=—-In{l+ |,
A m A m

1l = 1l 1
f<A nr>_——»A n(l +r)

fiir alle positiven rationalen Zahlen r=n/m. Aus der Stetigkeit von f(x) folgt dann

1 1
- Int)=— In(l1+¢
f(A n > p n( )
fiir alle #>0. Es sei jetzt x=(1/A) In #(xe(— o0, ) falls 7¢(0, 00)), so gilt

d.h., es gilt

fx)=—- L In(1 4 e*¥)

fiir alle xe R. Damit haben wir die Losungen (16) mit 4 <0 erhalten.
2) Es sei f(0)=0. Dann ist, wegen (7), ¢,=0 (n=1,2,...). Aus der Ungleichung

(18) folgt lim f(x) = oo,

X —

d.h., fnimmt alle Werte aus dem Intervall [0, c0) an. Setzen wir y=0in (1), so erhalten
wir wegen f(0)=0
FLfx)]=0,

woraus
f(=0 Tfalls t=f(x)e[0,o) 21
folgt. Aus der Gleichung (2) erhalten wir
f(=—¢ falls t<0. (22)
Aus (21) und (22) folgt die Losung
f(x)=4{x] = x}

fiir alle xe R. Diese ist eine der Losungen (17).
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Zweitens sei f(x)<0. In diesem Falle erhalten wir analogerweise die Losungen (16)
mit A>0 und die zweite der Losungen (17). Damit haben wir den Satz restlos be-
wiesen.

Unser Satz enthilt den von BaloccHi [3] als Korollar (unter den stetigen Losungen
(16) und (17) von (1) und (2), wird (3) nur durch (4) und (5) erfullt).

§ 4. Probleme

ProBLEM 1. Im § 1. haben wir keine Stetigkeitsvoraussetzung iiber die Funktionen
/ €M ausgeniitzt. Dies fithrt auf das Problem der allgemeinen Losung des Funktional-
gleichungssystems (1) und (2).

PrOBLEM 2. Im §2. haben wir ein Ergebnis iiber die stetigen Ldsungen der
Funktionalgleichung (1) bewiesen. Nun fragen wir: Welche Funktionen sind die
allgemeinen stetigen Losungen der Funktionalgleichung (1)? Unsere Vermutung ist
folgende: Die alle stetigen Losungen der Funktionalgleichung (1) sind f(x)=g(x+a)
oder f(x)=a, wobei g(x) eine der Funktionen (16) oder (17) und aeR ein konstanter
Wert ist.
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Some Graphical Properties of Matrices with
Non-Negative Entries

A. L. DuLMAGE and N. S. MENDELSOHN (Winnipeg, Manitoba, Canada)

To Alexander M. Ostrowski On His Seventy-Fifth Birthday

1. Introduction

The parameters S and M were introduced in (1), (3) and (4) in connection with the
stochastic rank and the term rank of a matrix. The results of this paper involve these
same parameters.

Two of these results are the following. Let A be a matrix of non-negative integers
with sum S and maximum row or column sum M and let o=[S/M] (the greatest
integer in S/M). It is shown in theorem 1 that A is expressible as a sum of sub-
permutation matrices of rank ¢ and a sub-permutation matrix of rank ¢, 0<g<o.
Further, let K be a bipartite graph with finite vertex sets X and Y. Let S be the total
number of edges and let M be the maximum number of edges which have the same
vertex. It is shown as a consequence of theorem 3 that K has a transversal G of order
o=[S/M] with vertex sets U and ¥ such that every vertex of X which has M edges
is an element of U and every vertex of Y which has M edges is an element of V.

Theorem 1 may be proved as a corollary of theorem 3 but the connection of
theorem 1 with the doubly stochastic extension of a matrix is interesting. It is on this
connection that the proof of theorem 1 in section 3 is based.

2. Definitions and Notation

A bipartite graph K has two vertex sets X and Y and a set of edges (which may be
null) each of which is a pair of vertices (x, y), xeX, ye Y. A transversal of K is a
subgraph G every vertex of which has exactly one edge. The order of a transversal
is the number of its edges. If 4 is an m xn matrix of non-negative elements, the
bipartite graph K of A (denoted by K,) is the bipartite graph for which the vertex
sets X and Y are the sets of rows and columns of 4. The pair (x, y) is an edge of K
if and only if the element in row x and column y of A4 is greater than zero. An mxn
sub-permutation matrix of rank r is an m x n matrix of mn—r zeros and r ones with
at most one non-zero in any row or column. The bipartite graph of a sub-permutation
matrix of rank r is a transversal of order r, together with m+n—2r free vertices.

Let X and Y be arbitrary sets and let f(x, y), xeX, yeY, be a function with
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domain X x Y and range some subset of the non-negative reals. The bipartite graph
K of the function f (denoted by K ) has vertex sets X and Y and (x, y) is an edge of K
if and only if f(x, y)>0. A sub-permutation function g of rank r on X x Y is a function
such that g(x, y)=0 for all pairs (x, ¥), x€ X, ye Y with the exception of a set of r pairs

(xl’ yl)’ (x2’ _V2), (xr’ )',), X; # Xj, Vi #* yj for i ?éj

for which g(x, y)=1.

We say that a transversal G of a bipartite graph K catches a vertex if this vertex is a
vertex of G, and that G catches a set U of vertices if every vertex of U is a vertex of
G.

If Wis a finite set, | W| denotes the order of W, that is, the number of elementsin W.

The bipartite graph X x Y is the graph with vertex sets X and Y such that every
pair (x, »), xe X, ye Y, is an edge of the graph. If K is a bipartite graph with vertex
set X and Y, and if Uc X and V<Y then (Ux V)n K denotes the bipartite graph
with vertex sets U and V every edge of which is an edge (u, v) of K such that ueU,
ve V.

If K is a bipartite graph with vertex sets X and Y, then K has a unique subgraph
which has the same edges as K and is such that every vertex of the subgraph has at
least one edge. This subgraph is called the essentialsubgraph of K and is denoted
by K'.

Reference will be made to irreducible and semi-irreducible graphs and to the
canonical decomposition of a bipartite graph as defined in (2), (5) and (6).

3. The Decomposition of a Matrix of Non-Negative Integers

Consider an m x n matrix 4 (n>m) of non-negative reals. Let R; be the sum of the
elements in the ith row and C; the sum of the elements in the jth column. Thus

M=max(R,C;) i=12,....m; j=12..n,
and

This m x n matrix can be augmented to an n x n matrix B of non-negative reals with
the same S and M, by adding n—m rows of zeros. The matrix B has all the row and
column sums of 4 and in addition has R;=0 for i=m+1,...,n. Let a=[S/M]. As
shown in (4), the matrix B may be extended to a matrix C with row and column sums
S/o by the addition of n—o rows and n— o columns provided n>o. Such an extension
is called a (n— o, S/o) doubly stochastic extension. Let B=(b; ;). The matrix C=(c;;) is
defined as follows:
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S
-~ — R,
o
ij=-—— - for i<Kmn+1<j<2n-o,
n—o
S
o—Cj
¢;j= - - for n+1<i<2n-o,j<n,
n—o

¢;;=0 for n+1<i<2n—o,n+1<j<2n—o0.

Since C has equal row and column sums it is expressible in the form Y k; P; where
the k; are >0 and the P, are permutation matrices (of order 2n— o). Thus the bipartite
graph K, of the matrix C has the property that for every edge e of K, there exists a
transversal G of order 2n— ¢ of which e is an edge. Let K, be the bipartite graph of 4.
The transversal G has exactly 2 (n— o) edges which are not edges of K, and hence has
exactly 2n—o—2(n—o)=0 edges which are edges of K.

We are now in a position to prove our first theorem.

TuEOREM 1. Let A be an mxn matrix of non-negative integers with sum S and
masximum row or column sum M andlet 6=[S/M]. Let t be an integer, | <t<o, and
let p and q be the unique integers such that p >0, 0<g<tand S=(M+p)t+q. Then 4
is expressible as a sum of (M 4 p) m x n sub-permutation matrices of rank t and (if ¢>0)
one m x n sub-permutation matrix of rank q.

Proof: Since t<o < S/M, we have S> Mt and hence the integers p and g always
exist.

There are two cases to consider.

Cast 1: p=g=0. Since S=M1, we have t=0. Let G be a transversal of K¢ of
order 21— o and let H be the intersection of G and K ;. Let X and Y be the vertex sets
of K, and let I and J be the maximum subsets of X and Y respectively such that
R.=M, xel,and C,=M, yeJ. Let U and V be the vertex sets of H. Since S/o— M =0,
no edge of K¢ joins a vertex of  or J to any vertex not in K, and we have Ic U and
J< V. In other words, the transversal H catches the vertex sets I and J. Let P, be the
m x m sub-permutation matrix of which H is the bipartite graph. The rank of P, is g.
Let A—P,=A,. A is an m x n matrix of non-negative integers of sum §; =S—o0 with
maximum row or column sum M; =M —1. Also
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Thus
Sy

g, = =g0.
M,

Let C, be the matrix with n— 20, rows and columns which is the (n—o;, M) doubly
stochastic extension (4) of 4;. Let G, be a transversal of K, of order 2n—o;, let H,
be the intersection of G, and K, and let P, be the m x n sub-permutation matrix of
which H, is the bipartite graph. Let A, —P,=A,. The process is repeated until
Ap=0.Thus A=P,+P,+---+ Py. A is the sum of Mmxn sub-permutation matrices
of rank ¢.

Cask 2: At least one of p and g is positive. Since S/M =1+ (pt+q)/M, we have
t<S/M.

If S/M is an integer, we have r<go. Let G, be a transversal of K¢ of order 2n—o
and let H; =G, nK,. Let I and J be defined as above. Since H, catches / and J, there
exists at least one edge e, =(x,,y;) of H; such that x,el or y,eJ. Let L, be the
transversal of order o — 1 which results from removing e, from H;.

If S/M is not an integer, we have 1< and S/o> M. Since S/e — M is positive, K¢
has at least one edge e, =(x,, y,) such that x,e/ and y,¢K, or x,¢K, and y,€J. Let
G, be a transversal of K¢ of order 2n— o of which e, is an edge and let L,=G,nK,.
The transversal L, has order ¢ and I or J has at least one vertex which is not a vertex
of L,.

If p>0let N, be a transversal of order ¢ which is a subgraph of L, or L, (according
as S/M is or is not an integer), let Q, be the sub-permutation matrix of which N, is the
graph and let A —Q, = A4,. For the matrix 4;, we have S; =S~—tand M, =M so that
S,=(M;+p—1) t+q. If p>1, we have 1<S,/M; and the process may be repeated.
Eventually we find 4—Q,;—Q,—--—Q,=4,. For the matrix 4, we have S,=S—pt?
and M,=M so that S,=M1t+q.

If g> 0 we repeat the process except that we let N be a transversal of order ¢ which
is a subgraph of L, or L, and let Q be the sub-permutation matrix of which N is the
bipartite graph. The matrix 4,,;=4—0; —Q,——0,—Q has §,,;=8S—pt—q
and M., =M so that S, =Mt.

The matrix A,, is a matrix of the type discussed in case 1, and hence is expressible
as A,,; =P, +P,+--+ Py where the P, are sub permutation matrices of rank 7.

Thus

m p
A=Y P+ ) Qi+0Q
i=1 i=1
as required.

COROLLARY 1: Let K be a bipartite graph with S edges and let M be the maximum
number of edges at any vertex. Let 6=[S/M]. Let t be an integer, 1 <t <o, and let p and
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q be the unique integers such that p>0,0<q<t and S=(M+p) t+q. Then K can be
expressed as the union of M + p transversals of order t and (if g >0) a transversal of order
q. No two of these transversals have an edge in common.

If S/M is an integer it has been shown in proving theorem 1 that there exists a
transversal of order ¢ which catches all the rows and columns of maximum sum. (The
proof given is valid also for a matrix of non-negative reals.) However, if S/M is not an
integer, the following example shows that it is not possible to show the existence of
such a catching transversal simply by first reducing S to S; =0 M, keeping M fixed.
Let A4 be the 3 x 3 matrix with a3, =0, a5, =0, and the other elements equal to 1. We
have M =3, =7, 0=2. In whatever way we reduce S to S, =6 keeping M, =M=3,
we must reduce the sum for at least one of row 1, row 2, and column 3. For the
matrix 4, the ratio S,/M, is an integer and, by the above result, there exists a catching
transversal of order 2. This transversal catches the rows and columns of A, with sum
M;, but may not catch all the rows and columns of 4 with sum M. However the
catching transversal of order o does exist when S/M is not integral, as we shall see
on proving theorem 3 of the next section.

4, The Existence of a Transversal which Catches the Rows and Columns which Have
Sums Close to M

We begin with a theorem on the existence of certain transversals of a graph of
which one of the vertex sets may be countably infinite.

THEOREM 2. Let X be a finite set of order n and Y a finite or countably infinite set.
Let f be a function with domain X x Y and range some subset of the non-negative reals
such that R,=Y f(x,y) is finite for all xe X and let Y. f(x,y)=C,. Let S= Y R,

xeX

yeY xeX

=Y C,and let M=Max(R,, C,), xeX, yeY. (Since S is finite, there exists y,e Y

yeY

such that Sup(C,)=C,,). Let Z be the subset of Y consisting of all y such that C,

yeY
>nf(n+1) M and let the order of Z be v. Let K be the bipartite graph of the function f.
Then either Z=4 or the order of Z is less than or equal to n and the subgraph (X x Z) nK,
of K, has a transversal of order v.

CoRrOLLARY. Ifin addition to the assumptions of 2, we assume that K, has a trans-
versal of order n, then K, has a transversal G of order n which catches the vertex set Z.
Proof: Let S*= ) C,. We have

yeZ

n v
S*=Y C,>v— Mz —8S.
yeZ n+1 ’l+1

Since $*< S we have v/(n+1) <1 so that v<n. (If C,>0 for at least n+2 distinct »’s,
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the condition C,>n/(n+1) M may be replaced by C,>n/(n+1) M). If (Xx Z)nK,
has no transversal of order v then by (2) theorem 2 the exterior dimension of this
graph is less than v. Let (4, B), A< X, B< Z, be a minimal exterior pair [(2), (5)] for
(Xx Z)nK,. We have

v>|A|+|Bl=v—k,k>0.

Also,
W—KM=S*>0. " M>v =
n+1 v+ 1
so that
2
v,
v—k> - -
v+ 1

which gives a contradiction.

Proof of Corollary. Let P and Q be the vertex sets of a transversal H of a bipartite
graph K of finite exterior dimension. If the order of H is less than the maximal order g,
then the first algorithm in (6) replaces H by a transversal G which is maximal and
catches the vertex sets P and Q of H. Now let H be the transversal of order v of
(Xx Z) nK,. If v=n this transversal is satisfactory since it catches Z. If v<n, then the
algorithm in (6) provides us with the required transversal G.

Alternatively, theorem 1 of (1) may be stated as follows. Let K be a bipartite graph
with vertex sets X and Y and let H and L be any two transversals of K. (These trans-
versals need not be maximal, in fact, the graph need not have a maximal transversal).
Let U be the first vertex set of H and let V be the second vertex set of L. Thus H is a
maximal transversal of (Ux Y)nK and L is a maximal transversal of (Xx V)nK.
Then there exists a transversal G the edges of which are edges of H or L, which catches
the vertex sets U and V. The corollary follows at once from this theorem. We are now
in a position to prove the main theorem.

THEOREM 3. Let X and Y be finite or countably infinite sets and let f be a function
with domain X x Y and range some subset of the non-negative reals such that the
bipartite graph K ; has a maximal transversal, andS= Y. Y f(x,y)isfinite. Let g be the

order of the maximal transversal. Let xeXyeX
Rx = Z f(X, ),)
yeY
and
C, = ZX f(xy)
and let

M= max (R,,C,).

xeX,yeY

Let 6=[S/M] and let

A oo
- max M@+1) o+1]
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Let I be the subset of X consisting of all x such that R,> A M and let J be the subset of
Y consisting of all y such that C,> A H. Then corresponding to every integer t, 6 <t<p,
there exists a transversal G, of order t which catches the vertex sets I and J.

Proof: The proof is in two parts. First we construct a transversal G, which catches
I and J. Then, corresponding to every transversal G,, > o, which catches 7 and J, we
construct a transversal G,_, which catches 7 and J.

Consider any maximal transversal G and the canonical decomposition of K.
Let X and Y be partitioned as X=X, +X,+X; and Y=Y, + Y, + Y3, so that (X, x
Y,)NK, is the horizontal tail of the decomposition, (X, x Y,)nK, contains the
irreducible subgraphs of the core, and (X3 x Y;) N K, is the vertical tail as indicated in
figure 1. (The transversal G is indicated schematically by the x’s).

Y, x
X, X ’
X
X
Y, » Z
X.
2 X
Y;
X
X
X3
X
X
Figure 1.

G catches all the vertices of the sets In(X;+X,) and Jn(Y,+Y;).
Let
IXll =n,
let
M = max( Y flxy), Y f(x y)), xeX,, yeY,

yeYq xe Xy
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and let Z be the subset of Y; consisting of all y such that C,>n/(n+1) M’. By theorem
2 there exists a transversal G’ of (X, x Y;) N K, of order n which catches all the vertices
of Z. Since
" ms oM< M<aMm,
n+1 n+1 0+1

we see that G’ catches all the vertices of JN Y. Similarly there exists a maximal
transversal G” of (X5 x Y;)nK which catches all the vertices of /nX;. Let H=
(X, x Y,)nG. The transversal which is the union of G’, H and G” is the transversal
G, which catches I and J.

Now let G,, t>0, be a transversal of order ¢ which catches I and J. If G, has an
edge e which catches no vertex of I or J, G,_, is found by deleting e. In other cases,
the transversal G, may be decomposed into three disjoint subgraphs as shown in
figure 2. Let G! consist of those edges of G, which catch a vertex of 1 but do not catch

J
J3 Jz J1
X
I X G!
X
1 X
IZ ) \ Gtz
X
. X
X
_ G,3
X
13 X .
Figure 2.

a vertex of J, Let G2 consist of those edges of G, which catch a vertex of I and a vertex
of J, and let G? consist of those edges of G, which catch a vertex of Jbut do not catch
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a vertex of 1. Thus G,=G, UG} UG,. We let the vertex sets of G be I, J;,, i=1,2, 3.
We have
[I;| >0 for otherwise |J| =1

and

Y C,>tAM > (a+‘1)Si =

ot M(o+1)
Similarly, |J;]>0.

We now construct a finite sequence of subgraphs L,, L';, ..., L, of K. The subgraph

L, =(I; x J)n K, has edges, for otherwise,

S= Y R+ Y C,>tAM>S.

xely yel
Let L; be the essential subgraph of L, and let 4;, B, be its vertex sets. If B; n J; is not
null the sequence terminates at L, but if B, = J, we construct L, as follows. Let C; be
the first vertex set of that subgraph of G, of which B, is the second vertex set. The
subgraph [I; x (J—B,)] nK, has no edges. The subgraph L,=[C; x(J—B)]nK,
has edges for otherwise we have
S Y R+ ) C,>tAM>=S.
xeljuCy yeJ—B;

Let L, be the essential subgraph of L, and let 4,, B, be its vertex sets. If B, nJ; is not
null the sequence terminates at L, but if B, <J, we construct L. Continuing, if L
has been constructed with vertex sets 4,, B, and if B,nJ; is not null the sequence
terminates at L, but if B, < J, we construct L, , as follows. Let C, be the first vertex
set of that subgraph of G, of which B, is the second vertex set. The subgraph

[(kg C"“’l) X <J "ig B.-)] nK,

has no edges. The subgraph
L= [Ck x <J— UB,.>] K,
i=1

has edges, for otherwise we have
k k
SZY R, +YC,>tAM>S; xelJ(Cul) yeJ— UB;
[ i=1 i=1

Let L, be the essential subgraph of L,,,. Since the sets B; are disjoint and non
null, there must exist w such that B,, N J;#0. Thus the sequence terminates at L, with
w<|J,|+1. Let x; be a vertex of the set B,nJ; and let (x,, yo) be an edge of
L, n(Ix J;). There exists a unique edge (x, ¥) of G} which has the vertex y,. Let this
edge be (xq, yo). We form a chain of 2w+ 1 edges of which the first and second
edges are (xo, yo) and (xy, o). Let (x;, ;) be the unique edge (x,y) of G> which
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has x=x,. We have y, € 4,,_, and there exists at least one edge (x,,y,) of L,,_; and a
unique edge (x,,y,) of G,. The chain terminates at an edge (x,, »,) of G;. Thus the
first edge of this chain belongs to G;, the third, fifth, ... (2w—1)" belong to G? and
the (2w+1)" to G! (if w=1 there are no edges of G7). The second, fourth, ...2w"
edges belong to L, L, _,,..., L; respectively. Now delete the edges (xo, o), (X1, Y1)
o (%, 7,,) Of G, and add the edges (xo, ¥), (X1, ¥2),-.- (¥y—1, »\). The resulting
transversal is G,_,, a transversal of order t—1 which catches 7 and J.

COROLLARY 2. Let I and J be defined as in theorem 3 with theassumptions of theorem 3.
If S/M is not integral, K has a transversal of order o+1 which catches I and J.
Proof: We have 9> S/M >0, so that >0 +1.

THEOREM 4. Let a function f, R,, C,, S, M and o be defined as in theorem 2. If
R.=M for xe X, then K, has a transversal of order n.

Proof: We have S= ) R.=nM.
Thus xeX

In theorem 3, if we are content to catch the rows and columns with sum equal to
M we need not assume that K, has a maximal transversal. This remark is made
explicit in the next theorem.

THEOREM 5. Let X and Y be finite or countably infinite sets and let f, S, R,, C,, M
and G be defined as in theorem 3 with S finite. Let I be the subset of X consisting of all
x such that R, = M and let J be the subset of Y consisting of all Y such that C,= M. Then
corresponding to every integer t>=o, if K; has no maximal transversal and to every
integer t,a <t < if t has a maximal transversal, there exists a transversal G, of order
t which catches the vertex sets I and J.

Proof: We may assume K, has no maximal transversal since otherwise the proof
follows by theorem 3. Since S is finite, the sets / and J are finite. By theorem 4 the
subgraph (Ix Y)n K, has a transversal H of order |/| and the subgraph (X xJ)NnK,
has a transversal L of order |J|. By theorem 1 of (1) as described in the alternative
proof of the corollary to theorem 2 there exists a transversal G, of order g every edge
of which is an edge of H or an edge of L such that G, catches / and J. Since K, has no
maximal transversal, every transversal can be extended, that is, for every transversal
G,of order ¢ there exists an edge e disjoint from G,. The union of G, and the graph
with this single edge is a transversal G,y of order 7+1. Thus if g<o the proof is
complete. If ¢ <g the proof is complete except for o <t<gq. In proving theorem 3 it
was shown that if G, catches I and J and if the order t of G, is >0, there exists a
transversal G,_, of order #—1 which catches / and J and a similar proof is valid here.
This completes the proof of theorem 5.

There is an immediate corollary.
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COROLLARY. Let X and Y be finite or countably infinite sets and let I and J be
defined as in theorem 5. If S|M is integral and if K, has an edge (x,, y,) such that x, is
not in I and y, is not in J then K has a transversal G of order o —1 which catches I and J.

Proof: Let f” be the function on Xx Y such that f'=f for x#x;,y#y, and
f'(x1,¥1)=0. For f’, we have §'=S—f(x,y),M'=M and o¢'=[S'/M]=0—1.
K, is a proper subgraph of K. By theorem 5, K has a transversal of order ¢’ (=0 —1)
which catches 7 and J.

S. Algorithms for Finding the Transversals

Thereare algorithms for finding the various transversals. The transversal of theorem
2 of (XxZ)nK,; may be found using algorithm 1 of (6). The transversal G of the
corollary to theorem 2 may be found as indicated in the proof using algorithm 1 of (6)
beginning with the transversal of (X x Z)n K.

The transversal G, of theorem 3 may be found as follows. First find a maximal
transversal using algorithm 1 of (6) and then find the canonical decomposition using
algorithm 2 of (6). Then use theorem 2 to find the transversals G’ and G”. Thus
G, is found. Finally in proving theorem 3 we have given an algorithm for finding a
transversal G,_; from G, when t>g0.

The transversal in theorem 4 is maximal and can be found using algorithm 1 of (6).

In theorem 5 the transversals H and L may be found using algorithm 1 of (6) and
the transversal G, using the algorithm described in theorem 1 (1). Then if g<t, G, may
be found from G, using algorithm 1 of (6) and if 6 <t<gq, G, may be found using the
algorithm described in theorem 3.

The decomposition of a matrix 4 of non-negative integers can be carried out as
described in theorem 1 or alternatively as follows. For any 7, 1 <t<a, let S=(M+p)t
+g as in theorem 1. If p or g is positive, then ¢ < S/M and if S/M is integral, t<o <g
and if S/M is not integral <o <g. Thus t<g if p or g is positive. Now find a trans-
versal G, of order ¢ which catches 7 and J as described in theorem 5. Let e be an edge
of G, which catches a vertex of 7 or J. The transversal found by deleting e from G,
can replace the transversal L; or L, of theorem 1. Eventually we have 4,,, with
Sp+1=Mt and 6,,,=t. Then we can find a transversal G, which catches the sets /
and J of 4,,,. This transversal can be used to find P, and the sub-permutation
matrices P,,..., Py are found in a similar way.

6. A Conjecture Concerning the Convex Polyhedral Cone of Sub-Permutation
Functions

An equivalent statement of the theorem in (3) is the following. An m x n matrix 4
of non-negative reals with sum .S and maximum row or column sum M is expressible
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as a finite sum Y ¢; P, where the ¢; are positive reals and the P, are sub-permutation
matrices of rank rif and only if 1<r<o. Also, if A=) ¢; P, then ) ¢;=M if and only
if r=S/M, otherwise Y ¢;>M. The theorem is proved using a doubly stochastic
extension of A4.

Now let f be a function satisfying the assumptions of theorem 3. We conjecture
that f is expressible as a possibly infinite sum ) ¢;g; where the c; are positive reals and
the g; are sub-permutation functions on X x Y of rank r, if and only if 1 <r<o. The
necessity is immediate. The conjecture concerns the sufficiency. Since any sub-
permutation function g of rank #>1 is expressible as a finite sum Y c;g; involving
positive ¢; and sub-permutation functions g; of rank 7—1, it is sufficient to consider
the case r=o.

If S/M is not integral, then by the corollary to theorem 5, K, has a transversal G
of order o+ 1 which catches / and J. Let e=(x,, yo) be an edge of G such that R, or
C,, is equal to M. Let G, be the transversal obtained from G by deleting the edge e.
Let g, be the sub-permutation function of which G, is the graph. Let ¢; be the mini-
mum of S/6 — M and the values of f(x, y) for (x, y) anedge of G;. Consider f; =f—c;g;.
Either K has at least one edge that is not an edge of K, or /M, = (S—c,0)/M=0
so that S,/M, is integral. It is not clear however that in repeating this process, we
eventually get S/M integral.

If /M is integral, consider a transversal G of order ¢ which catches 7 and J and let
¢ be the minimum of M —A M (A defined as in theorem 3) and the values of f(x, y) for
(x, y) anedge of G. Let g be the sub-permutation function of which G is the graph and
let f; =f—cg. Either K, has at least one edge that is not an edge of K, or M; =iM.
We have, of course,

S, S—cao S

M, M—-c M
Since S/M is integral,
S o
M(e+1) o+1 '
and since ¢ > o we have

Since K, is a subgraph of K, the order ¢, of the maximal transversal of K is less
than or equal to g, and hence

Thus, if the process is repeated, either an edge is removed from K, or M is reduced by
a factor which is less than or equal to .
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Thus if fis a function satisfying the conditions of theorem 3, then for every positive
integer n there exist non-negative integers p and g (p + g = n) and n positive reals
¢; and n sub-permutation functions g; of order ¢ such that the function

n
fo=f~— Z Ci&i
i=1
is a function with range some subset of the non-negative reals which has the following
properties.
S, S

Op= =0 = (1)

K/, is a subgraph of K, and K has at least p edges that are not edges of K, . 2)
M, <M)M. (3)

In conclusion note that if f were defined as in theorem 5, then for S/M integral
no matter how small the value of C, we might have M; > M — C so that S;/M,; <S/M
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Some Results on Roots of Unity, with an Application

to a Diophantine Problem

Morris NEwMAN (Washington, D.C.)
Dedicated to Prof. A. M. Ostrowski on the occasion of his 75th birthday

Let R be the rational field, and let R, =R ({,) be the field of the kth roots of unity,
where k is any positive integer and

{e=exp(2milk).
Let m, n, be arbitrary positive integers, and assume (for definiteness) that

mzn. ¢y
Put

(m,n)=0, [m,n]=4, )
so that mn=084. It is known that if f (k) is any multiplicative arithmetic function, then

f(m)f(n)=f(3)f(4). ?3)

In particular, (3) holds for f(k)=¢(k), the Euler function.
If the fields F and G are each normal finite algebraic extensions of R, then so is
(F, G} (the smallest subfield of the complex numbers containing both F and G), and
({F,G}:F)=(G:FnG), “)

(Here if the field A4 is a finite algebraic extension of the field B, then (4:B) denotes
the degree of the extension).
We shall prove

LeEMMA 1. The fields R,,, R,, satisfy

R,NnR,=R;, 5)
{Rm9 Rn} = RA . (6)

LemMmA 2. If
R+ ) =RE+L, (M

then m=n or m=2n.
These lemmas will be applied to the diophantine equation

sinw xsinmy=3% (x, y, rational). ®)

Received November 28, 1967
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We shall determine all solutions of (8), thus settling a problem posed by R. GRAHAM
(see [2]). In fact we shall determine all rationals x and y such that sinzx sinmy is
rational.

The method used to prove Lemma 2 can be applied to show that if { is a primitive
kth root of unity belonging to R,, then k=n or k=2n.

A proof of (5) for the case when m and n are distinct primes has been given by
E. JounsoN in [1].

Proof of Lemma 1. Since m| 4, n| A, we have {,,eR,, {,€ R4, and hence

{R,., R,} = R,.

Also {,, =84Im=n° ¢ =¢4" =", Since (m/d, n/d) =1, this implies that { ;€ {R,,, R,},
and hence that
R,<{R,,R,}.

It follows that {R,, R,} =Ry, and so (6) is proved.
Since 8|m, S|n, we have that {;e R, {;€ R,, and hence that

R;=R,NR,.
Now (4) and (6) imply that
(R4:R,) =(R,:R,NR,),

from which we find, by (3), that

But (R;: R)=¢(3), and R, R,,NR,. It follows that R;=R,NR,, and so (5) is proved.
Thus we have completed the proof of the lemma.

Proof of Lemma 2. Since {,,+{,,* belongs to both R, and R,, it must also belong
to their intersection, which is R;, by Lemma 1. Since {,,+{,, ' is real, it must in fact
belong to R({;+{; "). It follows that

deg((n+ Cn') < deg((s + 451,
and similarly that

deg((, + ¢y ") < deg((s+ 5 ).

Hence ¢ (m)< ¢ (5), @ (n)<@(8). Now use the fact that ¢ (ab)=¢(a) ¢(b) for all
positive integers a, b, to get

@ (8) = @ (m)= ¢<5'-'§> > ¢(9) <p<~':—>,

¢(0) > o(n) = <p(6-g) > (9) <p<:>
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These inequalities imply that

e e
(Pa\a (Pd\’

thus m/d and n/6 can each be only 1 or 2. Since m>n, the possibilities for m/n=
(m/5)/(n/3) are therefore only 1 or 2. This completes the proof of the lemma.

We now go on to the diophantine equation (8). Since sinmx=sinn (1 —Xx), there
is no loss of generality in assuming that 0 <x, y<}. We shall prove

THEOREM 1. All solutions of the diophantine equation (8), normalized so that
0 <x<y<}, are given by

x| § 4
i3 s ©)
6 , 10 12
Proof of Theorem 1. Put
a m
x=-, (am=1, 1<a< "
m 2
b n
y= , (byn)=1, 1<b<
n 2

We can assume that m>n. Then (8) becomes

((Gm— G (Ga—Cn)=—1. (10
Squaring (10), we have that
G+ =G+ -2)=1. 11

This equation implies that
R+ a)=RE+0")-

Since these fields are normal and (a, m)=1, (b, n)=1, we get that
R(Cm+Cn')=R(G+Ea),
R+ 0 ) =REG+L7)-

Hence
R(Un+ i) =REG+G-
Then Lemma 2 implies that m =n or m=2n; thus
Cn = Cm or Crzn s

and so must belong to R,,.
Determine a' so that aa’ =1 mod m, and apply the automorphism of R,

L= G
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to (11). We get

Unt i =G+ =2)=1.
which implies that

’ [
b1 abn
1 =sin - ~'sin
m | n
i1
<_'1,
m
so that m<4n. Hence
m<12. (12)

Inequality (12) reduces the solution of (8) to the examination of finitely many cases.
We can save ourselves some work by observing that (10) implies that 1 —{,, is a unit,
which can only happen if m is divisible by at least 2 distinct primes. Thus m can have
only the values 6, 10, 12. The proof of the theorem is now concluded by a direct
examination of all possible cases.

If we notice that 4 sinmx sinny is an algebraic integer, we can proceed as above
to prove

THEOREM 2. All rational values of x and y such that sinmx sinmy is a positive
rational, normalized so that 0<x<y<3%, are given by

N N R |
i 13

IR 13
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Two-Point Boundary-Value Problems and Iteration

RicHARD BELLMAN (Los Angeles)
Dedicated to A. OSTROWSKI on his 75th Birthday

§ 1. Introduction

The connection between the theory of iteration and analytic differential equations
subject to initial value problems is classical; cf. [1], [2], where many references may
be found. Let us indicate here an analogous connection between iteration of a more
complex type and two-point boundary-value problems. The theory of invariant im-
bedding, [3], [4], applied to two-point boundary-value problems yields the interesting
functional equations which provide the linkage.

Consider, to illustrate the general results, the scalar differential equations

u' =g(u,v), u(a)=c,, 0
v'=h(u,v), v(0)=cy,
where ¢, the independent variable, ranges over [0, a].
These equations may be associated with a transport process in a one-dimensional
rod.

U —— =0 |
| I —

0 t a

Figure 1

Here the function u(¢) denotes the intensity of left-hand flux at an internal point
and v(t), that of the right-hand flux. The quantities ¢, and c, represent the intensities
of left-hand and right-hand incident fluxes.

§ 2. Invariant Imbedding

We consider the equation in (1.1) as a member of a family of problem characterized
by the parameters, ¢;, ¢,, and a. We take a>0, and initially —o0 <¢,, ¢;<00. In
general, the two-point boundary-value problem will not possess a unique solution
for unrestricted values of ¢;, ¢,, and a. Under simple assumptions on g and h, it is
easy to establish the existence of a solution for small a. The functional equation used
below is designed inter alia to circumvent some analytic and computational difficulties
associated with (1.1) for parameter values which escape a direct approach. For a
conventional approach, see [5].

Received November 29, 1967.
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Introduce the functions

(M

R(cy, ¢,, a) = the value of u(0), the ‘reflected flux’,
T(cy, €5, a) = the value of v(a), the ‘transmitted flux’.

For the following discussion, we suppose that these functions exist and are uniquely
defined for a=0 and all ¢, and c¢,. The physically interesting case is ¢;, c;=0. The
required existence and uniqueness can often be demonstrated by non-constructive
means in some direct fashion by means of a variational principle.

In the isotropic case R(cy, ¢,, a) =T (c,, ¢y, a). In general this symmetry does not
hold.

§ 3. Functional Equations

Examining Figure 1, and focussing on the interval [0, 1], we obtain the two
equations

R(cy, ¢35 a) = R(cy, u(t), 1), )

o) = T(er (o). 1). foo

Similarly, a consideration of the interval [, a] yields

T(cy, ¢35 a) = T(v(t), c2, a — 1),
u(t)=R(v(t), czya —1). } 2

Note that u(¢) and v(¢) depend on a. We have suppressed the dependence.
Limiting versions of these equations as —0 and t—a yield associated partial
differential equations, [6]. From the second equation in (1) and (2) we can solve for
the ‘internal fluxes’, u and v, in terms of the reflection and transmission functions
R and T. Using these results in the first equations in (1) and (2), we obtain the desired
functional equations. For the case where g and h are linear in « and v, see [7].

§ 4. Iteration

Let us introduce the basic functions

T(Cl, CZ) = R(CI’ €25 1)’ } (1)
t(cy, ¢2) = T(cy, €25 1).

From (5.1) and (3.2), we have, fora=2,t=1,

@) R(cy, ¢35 2) = r(cy, u(l)),
(b) v(1) = t(cy, u(1)),
(€ T(c--%3,2)=1t(v(1), cp),
(d) u()=r(@@1),c,).

@
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From (b) and (d), we obtain relations of the form

u(l) =w(cy, c2),
v(1) =2 (1, ¢2). } )

Using (a) and (c), we have

R(cl’C2’2)=r(cl’wl(CI?CZ)), 4
T(ers ¢202) = 1(z (€1 €2), €2). “

the desired iterative relation. Consider next the case where a = N, an integer. Using
t =1, we have from (3.1) and (3.2),

o(1) =t(cy, u (1)),
u(1)= R(v(1), ¢ N = 1). } 5)

From these two relations, we can determine u(1) and v(1),

u(l)=wy_(cr, c2), } (6)

v(1) = zy-1(c1, ¢2).
Finally, we obtain a relation of the form

R(CI’CZ’ N)=r(CI’WN—1(Cl’CZ))’ } (7)
T(cy, €3, N) = t(zy-1(c1s €2), €2)-

Thus, starting with the functions r(cy, ¢;), t(cy, ¢;) for the unit length, we can
generate the reflection and transmission functions for an arbitrary integral length.
§ 5. Constant Right-Hand Incident Flux

The results simplify to a great degree if we assume that the right-hand flux is
constant, say ¢, = 0. Let

fn(cy) = the value of u(0) fora = N. (1

Then, referring to Figure 1, we obtain the simpler functional equations

fu(e)=r(cnu(),
u(l) =fy-1 (1), 2
v(1) = t(cy, u(1)).

This provides the desired relation between fy and fy-;, upon eliminating u(l)
and v(1) from the three equations.
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§ 6. The Analytic Case

A most important case is that where g and 4 are analytic about u=v=0 with the
forms

g(u,v)=a,u+a,v+-, )
h(u,v)=byu + byv+---.

In this case, we can set

fnle)=ryyey +ryyet +-,
u(l)=u,c; +u,ci+--, 2)
v()=v,c, +vy07 +--

where the coeflicients are independent of ¢, and use (5.2) to determine the coefficients
rin» P2 n Tecurrently in terms of the u; and v;. These latter are determined by means
of the differential equation. The expansions will be valid for [c¢,| small under various
assumptions concerning a,, a,, b;, and b,.

The case where N=co is particularly simple since (5.2) reduces to

fler)=r(cr, u(1)), ]
u(l)=f(v(1)), ©)

v(1)=t(cy, u(1)),
setting f (¢1) =/ (c1)-
Similar results hold for the functions R(cy, ¢,, N) and T'(cy, ¢,, N) and for the
multidimensional case.
Subsequently, we will discuss the asymptotic behavior of the foregoing functions
as N— oo and the use of these methods for numerical solution.
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An Application of Minimal Solutions of Three-Term
Recurrences to Coulomb Wave Functions

WALTER GAuTtscHI (La Fayette, Indiana)l)
Dedicated to Professor ALEXANDER OSTROWSKI on his 75th birthday

1. In arecent article [3] we dealt with various recurrence algorithms for computing
minimal solutions of linear second-order difference equations-solutions, thatis, which
grow more slowly than any other linearly independent solution. Such solutions (if
they exist) are uniquely determined up to a multiplicative constant. The value of this
constant may be determined by specifying one initial value, or, more generally, by
specifying the value of an infinite series in this solution. In the latter case, it is possible
to obtain the respective solution without reference to any initial data.

Among several examples we considered in particular the regular Coulomb wave
functions F; (n,¢) (see [1] for notations). If we let

2L L e ™M (L+ 1+ in)
=0 Fi(n,0), CLln)= o , 1.1
fi (2L)!C,.(n) L(n, @) L(n) QL+ 1)! (1.1)
then f; is a minimal solution of
LI(L+1)*+747] L(L+1) L(L+1)
— - —_ - + - - -~V _ =0
L+1y@L+3) T VLt g oy Y
(L=1,2,3,.), (1.2)
and we have the following infinite series relation [3],
Y Afi=0e, A =i"P{TTI"(-iw). (1.3)
L=0

Here, P " (x) denotes the Jacobi polynomial of degree n. The parameters n,0,w are
assumed to be real, with ¢>0, w>0. Provided w is chosen appropriately, the algo-
rithms mentioned above lead to effective schemes of computing f}, over an extended
range of the parameters 7, ¢, and for as many values of L as are desired [3, § 7], [4].
An advantage of this approach is the absence of any need to compute Fy (1, ¢), which
is known to be tedious, calling for a variety of methods in different regions of the
parameters [2].

As one proceeds to large values of 7, however, the generation of the coefficients
1, becomes subject to serious loss of accuracy due to cancellation errors. The reason

1y Computer Sciences Department, Purdue University, Lafayette, Indiana, and Argonne National
Laboratory, Argonne, Illinois. This work was performed in part under the auspices of the United
States Atomic Energy Commission.
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for this can be traced to a peculiar phenomenon associated with the recurrence
relation for the Jacobi polynomials of purely imaginary parameters and variable. The
phenomenon, already observed in [3], but left unexplained there, is briefly described
in section 2. In section 3 we further elucidate this phenomenon and, at the same time,
provide a simple scheme to eliminate the cancellation problem which it causes. The
algorithm that so results proves to be effective for an almost unlimited region of the
parameters 7, ¢, and L. The only factor restricting its use on a digital computer
appears to be the possible occurrence of ‘overflow’ when |n| is very large. These
matters will be discussed in section 4.

2. From the well-known recurrence relation for Jacobi polynomials, one finds
that A, satisfies

2L+ 1 > + 4
- oo Ay L=1,2,3,...), 2.1
A A T A A ( ) @D
,10=1’ ll=a)—7l- (22)

(In particular, all A, are real.) It is readily seen, that (2.1) possesses a minimal solution,
whenever w#0, which we denote by A, assuming Ay=1. The desired solution 4,
is known to be nonminimal [3]. It would appear, therefore, that (2.1) and (2.2) lend
themselves conveniently for the accurate generation of A;. This is indeed the case as
long as 7 is not too large. As n—o0, it was observed, however, that A, ‘approaches’
the minimal solution 1} in the sense that 1, — A} —0. Therefore, the initial values of 4;,
as 1 becomes large, will ultimately be indistinguishable (in finite arithmetic) from
those of 17, even though for large L the two solutions behave quite differently. In
fact, A;— o0 as L— o0, while ;-0 as L— 0. It is clear, therefore, that the solution
J; cannot be determined accurately from initial values, when # is large, unless one
resorts to multiple-precision arithmetic.
If it were possible to compute

e=1 — A (2.3)

accurately, then the following device can be used [3].
Let A7 be the solution of (2.1) defined by

o=—41, Al=1. 2.9
Then

’ € an Y
}'L = /1]4 '+' 1—1“}71—2‘ (A'L + /11 A’L) Py (2.5)

which shows that for small ¢ the solution A, initially follows closely A; until the
dominance of 1] outweighs the smallness of ¢. All terms in (2.5) can be computed
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accurately: A} by the algorithms mentioned at the beginning of section 1, ¢ by as-
sumption, and 1] by straightforward application of (2.1) and (2.4). It may be noted,
in this respect, that relative errors d,, &, in the initial values 45, 47 give rise to compa-
rable relative errors in Aj, when L is large, namely errors approximately equal to
So2/(14+42) and 8,/(144}2), respectively. This indicates that the solution 1 is
computationally well defined.

3. We proceed now to derive an explicit expression for ¢ defined in (2.3). We may
assume #>0, in which case w>0 [cf. (4.2) below].
First of all we note that a minimal solution of (2.1) is given by

/lz'i" —= iL+1 Qiin,—in)(__ iw),

where Q' # (x) denotes the Jacobi function of the second kind. This follows from
the asymptotic formula‘®

(x= 1P (x+ 1P QP () ~ 7P [x = (¢ = )T H(x)  (n—>0), €RY

in which x is a real or complex number outside the segment [—1, 1], x and ff are real
or complex with Rea> —1, Re > — 1, and ¢ (x) #0 is regular outside of [—1, 1] and
independent of n. It is understood in (3.1) that one takes that branch of x — (x2=1)!/2
for which |x — (x*—1)"/?| < 1. Letting x= —iw, a=in, f=—in, one readily obtains

H T~ 0 = @+ D (L),

On the other hand, it is known [3, p. 66] that
Ao~ o+ (@ + 1) (L>o),
showing that AZ’"’ is indeed minimal. It follows, therefore, that

Ao (= iw)
T g (- iw)
min

In order to evaluate A7, we make use of [5, p. 75]

@B () — a+p1_"(°‘7+7_1_)711(_ﬁjj) ey —p
05" (x) =2 Fa+f+2) (x=1) (x+1)

2
xF(a+1,1;a+[3+2; >,
1—x

where F(a, b; c; x) denotes the hypergeometric function. Assuming o+ =0 (as is the

2) See [5, p. 223], where the result is obtained for real a> — 1, B> — 1. The derivation by the
method of steepest descent, however, is valid also when a and B are complex, with Rea> —1,
Rep> —1.
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case in our context), we have

@

1 i x) _ ZO (2 + 1)(?;; 21))-!--(oz +v) <1 i x)”
ST
which, on applying . 1
i(—lr(‘ffl);§1=ija—4rW”dt=;2u1—zr“—lm

becomes
2 1—x 2 \7¢
= {1 - — —11.
1—x 20 1—x

F<a+1,1;2;

F<a+1,1;2;

Therefore,

. MATH.

0F P(x)=T+)I(—a+1)(x—-1)""""(x+ 1)“%’3 [(1 - 3*)_“ - 1]

o 1—x
=_I‘(oc+1)71w“£«—ac+1)

> [1= (17 (= )70,

provided that
2
—n <arg(x — 1) + arg 1.—l—~~—‘ <n
Letting x= — i (which satisfies this condition), and a=in, we obtain

_I’(l +in (1 —in)

B = igfn I (~ o) =
2n

By an elementary computation one finds that
1-io)"(—1-iw) "=e 2",
where

1
¢ = arctan
9]

Since, furthermore, I (1 +in) I (1 —in)=nn/sinh(nn), we finally obtain

T
2sinh (mn)

ain = (1—e219).

[I=(—-iw)"(—1—iw)""].

(3.2)
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min

To determine AT", we use [5, p. 80]

0FP(x)=3[(@+p+2)x+a— 105" (x)

T+ DI B+1)

— 22" e+ B+ 2) (x—1D)"*(x+1)7"*

I+ p+2) ’
and find
= QUm0 ( ) = (0 — ) A em2ne (3.3)
sinh (nn)
Combining (3.2) and (3.3), we get
) /'Vrin 2’1
llzlgmzw—r]—ezw_l. 3.4)

Therefore, in view of (2.2), (2.3), the desired expression for ¢ is

2n
At
8=),1—A1=62”¢—

1
, ¢ =arctan . 3.5)
| [0}

This result both explains the phenomenon described in section 2, and provides a
simple formula to compute ¢, and thus 2, by means of (2.5).

4. The values of the exponentials in (1.1), (1.3), and (3.5), for large |n|, may
become so large (or so small) as to exceed the range of permissible floating point
numbers on a particular computer. If this range is given by [107R, 10R], such ‘over-
flow’ will occur in any of the following three cases,

ehli2 5 0%, e > 108, ¢*1M? > 10", 4.1

By definition of w [3, p. 65], we have

o (t=1),
wo =] n[r—2arccos /7 +2y (1 —1)] O<t<1), “4.2)
0 (r<0),

where T1=9/25. Since 0< 7 —2 arc cos \/H—Z\/r(l —%)<rc for 0<t< 1, it followsthat
0<wo<r|nl. Moreover, 2|| ¢ =2|n|arc tan (1/w)<n|y|. Therefore, none of the cases
in (4.1) will arise if || is restricted to satisfy

R 110
<108, de i< = (T39.)R. 43)
T

On the CDC 3600, e.g., one has R=308, so that on this computer the restriction (4.3)
amounts to |n| <225.7....
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Another place where overflow may occu is in the generation of the quantities
A7 by (2.1), (2.4), when n>0. As L—co, one finds
1+ A7

Ay~ ("= 1) 4y,

and in view of the known asymptotic behavior of 1, (cf. [3, p. 66]), and (3.4),

1+ (0 —n)

A” ~
L 2’1

QuL) V(1 + 0 e (o + Jo? + 1]F12,

having assumed exp(2#7¢)> 1. Roughly, then, 1] ~exp(n¢) [w +\/co2+ 11%, and to
avoid overflow we should have

e [w+ Jo? + 115 < 108,

Letting v denote the largest value of L for which A; is required (an estimate for v may
be found in [3, p. 69]) the last inequality is satisfied if

1 —
narctan(—>+vln(w+\/w2+1)<R1n 10. 4.4)
)

We note that v depends not only on the parameters #, ¢, and L, but also on the desired
accuracy for F (1, ). If six significant digits are required, for example, it was found
that (4.4) holds true for 0 <# <100, 0.1<0<200,0< L <100, if R=2308 as before.
The region in which our recurrence algorithm is applicable (using standard
floating point artithmetic) is thus delineated by the two inequalities (4.3) and (4.4).
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On the Distribution of Prime Divisors

P. Erpds (Budapest, Hungary)
Dedicated to the 75th birthday of Professor A. OSTROWSKI

Denote by ¥ (n) the number of distinct prime factors of n. A well known theorem
of HARDY and RAMANUJAN [8] states that for almost all # V(1) = (1+0(1)) log,n and
a special case of a result of KAc and myself [3] states that the density of integers n
satisfying

V(n) > logyn + c(log, n)'"?

is 1/\//i}r § ¢~ **1?dx (almost all n means for all neglecting a sequence of density

0, log, n denotes the k-fold iterated logarithm).

Denote by v(n; u, v) the number of prime factors p of n satisfying u<p<v. Let
u=u(x), v=v(x), and assume that log, v—log, u—>c0, TURAN [11] proved that for all
but o(x) integers n<x v(n; u, v)=(1+0(1)) (log, v—log, u). We now investigate the
case when u and v depend on n. If the dependence is regular Turdn’s method carries
through without too much difficulty. In the general case, somewhat unexpectedly,
log, v—log, u—oo is not sufficient for v(n; u, v)=(1+0(1)) (log, v—log, u), but in
fact we show that this holds uniformly in  and v under rather mild conditions.

In fact we prove

THEOREM 1. Assume (log, v—log, u)/logsn—o0. Then we have for almost all n
uniformly in u and v

V(n; u,v) = (1 + o(1)) (log, v — logy u).

Theorem 1 is best possible. In fact we have

THEOREM 2. There are two continuous functions f,(c) and f5(c), f; (0) =00, fi (c0)=1,
f2(c) is strictly decreasing for 0<c<oo; f,(c)=0 for 0<c<l, f2(0)=1,15(c) is
strictly increasing in 1 <c<oo, satisfying for almost all n and for every c>0

max V(n; u, v) = (1 + o (1)) f; (c) (log, v — log, u)
and

min V(n; u, v) = (1 + 0(1)) > (c) (log v — log, u)
where the max and min is taken with n fixed over the values 1 <u<v<n satisfying
log,v — log,u > clogsn

We will prove Theorem 1 in full detail, the proof of Theorem 2 is similar but more
complicated and will be omitted (see [4]).
Theorems 1 and 2 can be generalised for a large class of additive functions but

Received December 1, 1967.
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we will not discuss this here. I only formulate the probabilistic theorem which corre-
sponds to theorems 1 and 2 in case of Rademacher functions r,(x).
THEOREM 3. For all x neglecting a set of measure 0 we have

1
lim — Zrk(x)=0
v—u
k=u

uniformly in u and v if (v—u)/log u— oco.
Further

v

im ') 0=

k=u
where u—o0 and v>u+clogu. f(c)=1 for 0<c<1, f(0)=0.

f(c) is strictly decreasing in 1 <c<co.

The proof of Theorem 3 follows from simple independence arguments and will
not be given here. Theorem 3 could be generalised for other independent functions
but I have not investigated how far this generalisation will go.

Let p; <--- <p, (n be the distinct prime factors of n. In a previous paper [5] I stated
(it can be proved by the methods of probabilistic number theory [5]), that roughly
speaking the order of magnitude of the i-th prime factor of n is exp exp i (exp z=c?).
More precisely for every ¢>0and >0 there isani, so that for all but ex integers
n<x we have for all i, <i<v(n)

(1—n)i<loglogp;,<(1+n)i.
In fact in [5] a sharper result is stated.
By the same method I can prove that for every e>0 and n> 0 there is an i, so that
for all but ex integers n<x we have for all i, <i<v(n)

(1 —n)i<loglogn —loglogp, < (L +mn)i.

I now state without proof a few results about prime factors of integers which can
be obtained by standard methods of probabilistic number theory (see [9]).
We have for almost all integers »n

1
Y ; = (% +o(1))logsn. €))
p,->£):Lnexpi

In fact more generally we have for almost all n

c
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where the dash indicates that the summation is extended over the p;n, p;> exp exp
(i+ci'l?.

(1) and (2) follows from a result of CHUNG and myself [2] (which is a generali-
sation of a result of PauL LEvy [10]) and BRUNS method (similarly as in [3D)-

On the other hand it is not true that for almost all »

Y  1=(3+o(1))logyn. 3)

piln
pi>expexpli
Instead of (3) the following result holds: Let j; <--- be a sequence of integers.
Put Y 1=4(y)and assume 4(y)—o0, A(2y)/4 (y)—1 as y—oo. Then for almost all
Jjr<y
integers

Y, 1=(+o(1) A(log,n)

pjrln
Djr>€xp exp jr
From the arc sine law [6] and BRUNs method we obtain the following result. The
density of integers n for which
1

logan  pin
pi<expexpi

I <a

holds, equals 2/m arc sin «'/2. This shows that (3) is not true.

Denote by f(x) the density of integers the largest prime factor of which is <n®
It is easy to see that f(«) exists and is a continuous strictly increasing function of «,
£(0)=0,f(1)=1. DICKMAN, DE BRUUN, BUCHSTAB [1] and others obtained more or
less explicit formulas for f(x). Denote by f;(«) the density of the integers 7 for which
Pomy—i <n*. It is easy to see by methods similar to those used for f(a)=fo(x) that
fi(«) is a strictly increasing continuous function of a, fola) £:(0)=0, f;(1/i+1)=1.
As far as I know fj(«) has never been computed explicitely. It follows by the methods
of probabilistic number theory [3] that the density of integers n for which

p; >expexp(i + ci'’?)
and

o
Pvin-j > €xplog nfe’ et

approaches as i 00, joo0 1/3/2n | e */?dx.

Denote by a(i, k) the density of the integers the i-th prime factor of which is p,.
Clearly a(i, k) exists for every i and k (because the sequence of numbers the i-th prime
factor of which equals p, can be obtained by set theoretic operations from a finite
number of arithmetic progressions), and is positive for k>i. It might be of interest
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to determine max « (i, k), or at least to obtain an asymptotic formula for it. I only
succeeded in obtaining here some rather crude results.

Now we prove Theorem 1. Because of the slow growth of the iterated logarithms
it clearly will suffice to prove the following.

THEOREM 1'. To every ¢>0 there is an A so that for every x> x, (¢, A) the number
of integers n<x for which for every (u<v<x)

log,v —log,u > A log; x “
we have
(1 — &) (log,v — log, u) < V(n; u, v) < (1 + ¢) (log, v — log, u)

is x+o(x).
To prove Theorem 1’ we only have to show that for x> x,(¢, 4) the number of
integers n < x for which there are values u<v < x satisfying (4) and for which

V(n;u,v) < (1l —¢)(log,v —log, u) ®)
or
V(n;u,v) > (1 +¢)(log, v — log, u) ©)
is o(x).
Put w;=exp exp i. First we prove
LEMMA 1. The number of integers n< x for which
max V(n; w;, w4 1) > logs x @)
is o(x).
The number of integers n< x for which ¥ (n; w;, w;, {)>log; x holds is clearly at
most ' [x/a;] where in )" the summation is extended over the integers a; which are
the product of ¢#=[log;x] distinct primes p, w;<p<w,,,;. Now clearly by the well

known theorem of Mertens Y 1/p=log, y+c+o0(1) we have uniformly in i
p<y

T L Jhrioii) o

Wi<p<wi+y

In (7) there are only log, x choices of i, thus Lemma 1 follows immediately from (8).
From Lemma 1 we easily deduce that to prove Theorem 1’ it suffices to consider
in (5) and (6) only those u’s and v’s for which

u=w;, v=w;, 1<i<j<log,x, j—i>Alog;x, ©)
LEMMA 2. For all but o(x) integers n<x
V(n; x''°8% x) = (1 + o(1)) logs x .

Lemma 2 follows immediately by the method of TURAN [11].
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From Lemma 2 it easily follows that in (9) we can assume j<log,x—log,x or
w;<exp(logx/log,x).
Denote (p*|n means that p*|n but p**' £n)

A =1T'»"

where the dash indicates p*||n, p<exp (logx/log, x).

LEMMA 3. For all but o(x) integers n<x we have A(n)<x'/?.

Lemma 3 is well known, but for the sake of completeness we give the simple
proof. We evidently have by the theorem of MERTENS (L = exp (logx/log,x))

x R log p
[MAm<TII p = exp(x E — ]> <exp(2xlogx/log,x).  (10)
n=1

p<L

p<L

From (10) we obtain that the number of integers n<x for which 4(n)>x"/? is less
than 4x/log,x, which proves the Lemma.

LEMMA 4. Let i and j satisfy (9). Then the number of integers S (i, j) satisfying
A(n)<x'1? which satisfy (5) or (6) is o(x/(10g;x)*) uniformly in i and j.

Before we prove Lemma 4 we deduce Theorem 1’ from our four Lemmas. We
already deduced from Lemmas 1 and 2 that to prove theorem 1" it suffices to consider
the values i and j satisfying (9) and from Lemma 3 we obtain that we only have to
consider the n<x with A(n)<x'/2. There are fewer than (log,x)* values of i and j
satisfying (9), hence from Lemma 4 the number of integers which satisfy (5) and (6)
for some i and j satisfying (9) is o(x) as stated.

Thus to complete the proof of Theorem 1, we only have to prove Lemma 4. Let
i < j satisfy (9) and denote

A j(n)y=T1p*, where pn, w;<p<w;.

LEMMA 5. Let t < x'/2. The number of integers f; ;(x, t) for whichn<x and 4; ;(n)=t
is less than ¢, x[t exp (j—1).

1, j(x, ) clearly equals the number of integers m < x/t which have no prime factor
p, satisfying w; <p <w;. It immediately follows from BrUNS method [7] (here we use
A(n)<x'/2)) and the well known theorem of MerTENs  [[  (1—1/p)<ca/exp(j—i)

wi<p<wj

that f; ;(x, t) is less than

X

1
e ] (1 - ) <e,xftexp(j— i),
tw‘<p<wj p

which proves Lemma 5.
Denote now by a, <--- the integers not exceeding x'/> which are composed entirely
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from the primes w;<p<w; and for which

Via) <(L—¢)(j—1) (11)
or
V(a,) > (1 +¢)(j—i). (12)
We evidently have

Lo L (Qalfes b Qe o

u<(l-g)(j—1) u>(1+e) (j—1)

where P runs through all the powers of the primes p, satisfying w;<p<w;. By the
theorem of Mertens we obtain by a simple calculation (using j—i> A4 log; x)

1 j— i+ cy) j— i ¥

1. (G—ited (= i+c)

a, u! u! (14)

u<(1-2) (=i u>(1+2) (=)
<exp(j — i + cq) (1 = ¢58) "™ = o(exp(j — )/(logz x)°)
for sufficiently large 4= A4, (e). (14) states a well known property of the exponential
series, namely in the expansion e*= ) z*/k!, the main contribution comes from the
k=0
terms k= (1+o(1))z.
We evidently have from Lemma 5 and (14)

S(i,j) = Zf.-, i ap) < Za' e:;(); —) ¢ ((logi x)2>’

which proves Lemma 4 and thus completes the proof of Theorems 1’ and 1.
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On a Certain Limitation of Eigenvalues of Matrices
PauL TUrRAN (Budapest, Hungary)

To the 75 th birthday of A. M. Ostrowski

1. Let A be an nxn matrix with arbitrary complex entries and 4, 4,..., 4, its

eigenvalues so that .
& Al 2 gl 22 1Al (L1)

The limitations of all or of some eigenvalues with various quantities directly connected
with the elements of A form a vast literature in which OSTROWSsK1 is one of the leading
contributors. These investigations are connected with applications in the technique
(determination of ‘zones of danger’) and economics (certain economical indices)
which give to it a special interest and flavor. In what follows I shall deal with a
limitation which — contrary to the largest part of the pertaining literature — does not
work with the absolute values of the entries. I assert the following:

THEOREM. The absolute smallest eigenvalue A, of the matrix A satisfies the inequality

|4,) £ max |traceA’|'"
v=1,2,...,n
The inequality is best-possible and all cases where equality occur can be described.
The proof of this theorem will be given in 2., 3. and 4.; 5. will contain some
further remarks and problems.

2. The theorem will be a quick consequence of the following
LEMMA. If 2y, Z,, ..., Z, are complex numbers with

min|z;l =2 1 2.1)
j

then
max |z]+-+z| 21,

v=1,2,..,n
Equality occurs if and only if the (215 225 -+-» Zy)-SyStem consists of n vertices of a regular
(n+1)-gon inscribed into the unit-circle.
This lemma occurred in the German edition of my book?!) Eine neue Methode in
der Analysis und deren Anwendungen (1953), p. 25. as Satz I, but without giving all
extremal systems. This was the only general theorem on power sums which I did not

1) A completely rewritten and enlarged English version will appear in the Interscience Tracts
Series.

Received December 1, 1967
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apply in some different subject in the rest of the book. Now even this theorem has an
application.
For the proof of this lemma let

"+a, " "4+ t+a,=0 2.2)

be the equation with the zeros zy, z,, ..., z,. Then the Newton-Girard formulae give
with the notation

s,=1zy +zy++2z,
the relations

s,+a; =0 |
Sy +a;s;+2a, =0 l
) . . (2.3)
Sp+ay Sy ++na,=0
Since
lagl = Iz, 252l 2 1, (2.4)
we get
max |a,| =1. (2.5)
v=1,..., n
Let the index j be defined (not necessarily uniquely) by
max la,|=la;l=21. (2.6)
v=1,..., n
Then from the jth equation of (2.3), putting
max |s,| =M, 2.7

we get
Jlajl SMQA +la;j+-+la;4]) S M(1+(j—1)la;) < Mjla| (2.3)

which proves the first part of the lemma.

3. Concerning the sign of equality in the lemma, (2.8) and (2.4) give at once that
lay| = lay| =-=la,| =1 (.1
and hence from (2.4) and (2.1)

|zl = |zl ===z, = 1. (3.2)
We have, of course,
max |s,|=1. 3.3)

The first equation in (2.3) gives
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further, replacing the (zy, z,,..., z,) extremal-system by (z;e™'% z,e”%%, ..., z,e”'%)
if necessary, it follows that

s;=—1, a,=1. (3.4)

Suppose we have already proved for 1<u<n and such a ‘normed’ extremal-
system that

i=sm ===l } (3.5)
From the (u+1)th equation of (2.3) we get, using (3.5),

Su+1=ﬂ“(ﬂ+1)au+1- (3.6)
This and (3.3) give

1§|Su+1|=|(H+1)au+1"ﬂlg(ﬂ+1)|au+1|_ﬂ (3.7
which owing to (3.1) equals 1.
Hence in (3.7) the equality sign holds everywhere, i.e.

au+ 1= 1 H
and, from (3.6), also

Sur1=—1
holds. But this means that the normed extremal-system satisfies the equation
2+ 4 b2+ 1=0.
4. Our theorem follows at once from the lemma. We apply it with
z;=7, j=1,2,..,n. “.1

This gives the existence of an integer 1 <v,<n such that

2 |4/"

n
X AP
j=1

ie.
n

Y AP

=1

1/vo
< max

v=1,..,n

> 4

J
j=1

1/v

1l = (42)

Since the eigenvalues of A" are the 1} numbers we get

n

X 4

Jj=1

which with (4.2) completes the proof of our theorem.

= |traceA"]




Vol. 2, 1969 On a Certain Limitation of Eigenvalues of Matrices 187

Equality in the theorem can occur obviously when the numbers in (4.1) are
(n+1)th roots of unity. This occurs then and only then when the eigenvalues of A lie
on the vertices of a regular (n+ 1)-gon with its center in the origin.

5. Tt is natural to ask whether or not analogous theorems hold for the absolutely
largest eigenvalue of A. In this connection we can assert two results.
All eigenvalues of A lie on the disk

lz] £ max  |traceA’|'”". (5.1)
v=1,2,.,2n—-1
This inequality is best possible.
The proof follows as in 4. but the lemma must be replaced by the following

theorem of CAsseLs [1] (which was found and proved by OSTROWsKI [2] too).
If

max |z} =1 (5.2)
j=1,...n
then
max Is,| = 1. (5.3)
v=1,2,.., 2n—1

The case of equality occurs e.g. for the matrix

a;; =1,
a;, =0, otherwise.

But here the equality can be attained in immensely many cases; €.g. as Dancs [3]
showed there are (z¥, z%, .., z¥)-systems of cardinality of continuum such that they
are essentially different,

max |z}| =1
ji=1,...n
and even

lZF ++ 2 S 1
holds for v=1, 2,...,3 n—4.
The second result runs as follows:
All eigenvalues of A lie on the disk

lz] <3 max [traceA’|'". (5.4)
v=1,..., n
The proof follows again as in 4. but the lemma must be replaced by the following
deep refinement of Satz II of my book due to ATKINSON 2,

"*5'1;—1& paper [4] he proved (5.5) only with 1; the sharper inequality (5.5) T know only
from a manuscript he kindly showed me.
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From (5.2) we have the inequality
max |s,| > 1. (5.5)

v=1, 2,..., n

In (5.4) the constant is not best possible. The best possible constant depends of
course on the following extremal problem.
For the (zy, z5,..., z,)-systems with (5.2) what is the minimum M, of

max |z} +z) + -+ z,]

and what are the extremal systems?
The problem is easy for n=2 and gives

1 ,
M, =- 5 (/5—1) ~0,8740320. (5.6)
\/

For n=3 J. LAWRINOWICZ characterized the extremal systems and found3) after a
difficult analysis
M; ~ 0,8247830. (5.7

(5.6)-(5.7) would indicate that M, is monotonically decreasing, contrary to the con-
jecture
M,=1-—¢,, Ilime,=0,
n—oo
but so far no numerical @ <1 is known such that for infinitely many n’s for suitable
(2%, 23,..., z,)-systems with max |z}j| =1 the inequality

J=1,.., n
max |z7 +z7 ++z)|£0 (5.8)
v=1, 2,..., n

holds. The best result in this direction is due to J. KoMLGS, A. SARKOzY and
E. SzZEMEREDI [6] who proved (5.8) replacing © by

{ 1 —¢logn
2 n
for arbitrarily small ¢>0.
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A Remark on the Square Norm
M. HosszU (Miskolc, Hungary)

Dedicated to Prof. A. M. Ostrowski on his 75th Birthday

Let F be a real or complex valued bilinear function defined for the elements x, y
of a linear space G. It is known [1] that the function

x = f(x)=F(x, x)

has the usual property of the square norm:

fx+y)+/(x—y)=2f(x)+2f(»), x,yeG. ") (1

Here we investigate the purely algebraic nature of this property assuming only
the following:

a) (G, +) is a group (not necessarily abelian);

B) f: G—A is a mapping of G into 4 and (4, +) is an abelian group;

¥) £(0)=0 holds for the unit element of G resp. A.

Assuming o)-y), we can observe that the functional equation (1) implies the

following: f=n= O, )G @
fx+y)=f(y+x), x,yeG; ©)

f@2x)=4f(x), xeG; 4)

fx+y+x—y)=f(2x), x,yeG. ®)

In fact, (2) follows from (1) by putting x=0. (3) can be seen by changing x and y
in (1) since (2) implies f(y —x)=/(x—y). We obtain (4) by substituting y=x in (1).
Finally, using (1), (3) and (4), we get
f+y+x=y)=2f(x+y)+2f(x = y) = flx + y = (x = »)] =4f(x) + 4/ ()
—fG+y+y=x)=4f(x)+4f() —f(=x+x+2y)
=4f(x)+4f(y) —f@2y) =f(2x)
and this verifies (5).

1) In [2] there is defined the notion of pre-Hilbert space as a linear space admitting a solution f
of the functional equation (1). In [1] the solutions f of (1) are given in the form f(x)= F(x, x),
where F is a function additive in both variables, assuming that G is an abelian group and the range
of fis an other abelian group A in which equations of the form 4a = b have unique solutions a€ 4.
Here we omit this solvability condition and the commutativity of (G, +).

Received December 4, 1967
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Let us define the functions
(x, )= Fy (x, 9) =f(x + y) =f(x) = f(3) =F () +f(y) = f(x = ¥),
(x, )= F(x,y) =f(x +y) —f(x —y) =2F(x, y),

where [ satisfies (1). By (2)-(5) we can verify that both F; and F, satisfy the following
relations:

F,(x,x)=2F;(x, x) =4f(x); 6)

F(x,y)=F(y x); @

F(x,0)=0; (®)
F(x+y,x+y)=F(y+x,y+x); 9
Fx+y,x—y)=FQy+x,x—)); (10)
F(x+y,2)+F(x—y,z)=2F(x,2) (1D

for every x, y, zeG.
In fact, (6)—(9) are obvious. (10) follows immediately since
fx+y+x—y)=fy+x+x—-y)=/(2x)
is true in accordance with (5) and (3). Finally, (11) can be seen by
F,(x+y,z)+F,(x—y,z)=f(x+y+z)——f(x+y)-—f(z)+f(x—y+z)
—fx =) —f@)=fx+y+)+f(x—y+2)—fx+y) —f(x—y) = 2/()
=f(z+x+y) +f(z+x—y) = 2f(x) = 2f(y) = 2f(2) = 2/ (= + x) + 21 (¥)
—2f(x) = 2f(¥) = 2f(2) = 2f (x + 2) = 2f (x) = 2f (2) = 2 Fi(x, 2),

and
Fz(x+y,z)+F2(x—y,z)=2F1(x+y,z)+2F1(x—y,z)
=4F,(x,z)=2F,(x, z).

Conversely, if we have a function F with properties (7)-(11), then
fi(x)=F(x,x)
has the property y and satisfies the functional equation
2f(x +y) +2f(x = y) = 4f(x) + 4/(»), x,yeC. (1)
In fact, v) holds obviously. In order to verify (1"), let us consider
2F(x,x) = F(x + y,x) + F(x = y, %),

2F(y, ) =F(y+x, )+ F(y —x,5),
2F(x+y,x)=F(x+y,x+y)+F(x+y,x—y),
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2F(x =y, x)=F(x—y,x+y)+F(x—y,x—y),
2F(y+x,9)=F(y+xy+x)+F(y+x,y—x),
2F(y-—x,y)=F(y—x,y+x)+F(y—x,y—x)
which are true by (11) and (7). But (11), (8) and (7) imply
F(—y,z2)=—F(y,2)=F(y, —z), ,zeG, (12)
consequently we have (1)
4F(x,x)+4F(y,y)=2F(x+y,x+y)+2F(x —y,x — y)
since
F(y—x,y—x)=F(x—y,y—x)=F(x—y,x—}),
Fiy+x,y—x)=F(y+x,x—))=F(x+y,x=p)=F(y—x,y+x),
and
F(x—y,x+y)=F(x+y,x—y).

One can observe that the assumption
9) 2a#0 fora#0 ind

implies the equivalence of (1) and (1'). Moreover, a)-p) and &) impiies that every
solution f of (1) satisfies ) also. This can be seen by putting x=y=0 in (1)2).
Finally, remark that (11)-(12) is equivalent with the additivity:

F(x+y,2)=F(x,2)+ F(y,2), x,),26G (13)
if and only if
F(x+y,z)=F(y+x,2) (14)

holds for every x, y and z in G (not only for z=x—y, asin (10)). In fact, by changing
x and y in (11), we have
F(y+x,2)+ F(y—x,2)=2F(y, 2)
hence
Fx+y,2)+F(y+x,2)=2F(x,z) +2F(y, 2).

Thus for the equivalence of (11)~(12) and (13) it is nccessary and sufficient that
equation (14) hold. Specifically, if we have

F(x,p)=f(x+y)— (x)=f(),

where

fx+y)=f(y+x),

2) There is no loss of generality in assuming v) since g(x) = f (x) — £ (0) satisfies both (1) and v)
for every solution f of (1) (because then 2/ (0) =0).
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then the condition (14) is equivalent to
fx+y+2)=fy+x+2), xy.26G.
Summing up the following theorems are proved:
THEOREM 1. The functions
(6, 1) = Fy (x, 1) =f(x + 1) =£(x) = (¥).
(9> F(x ) =f(x+y) —fx =)

have the properties (6)-(11) for every solution f of the functional equations (1) under
assumptions a)-y).

THEOREM 2. The function
x—f(x)=F(x,x) satisfies (1) and y) for every F
having properties (7)-(11).

THEOREM 3. Provided a)—y) hold for a solution f of (1), the function F; defined above
is additive in both variables iff f(x+y+z)=f(y+x+z) holds identically.
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Stability of General Systems of Linear Equations
VicTor PEREYRA (Caracas, Venezuela)

To Professor Alexander Ostrowski, on his 75th birthday

1. Introduction

A common problem in many applications is to find minimal least squares solutions
to systems of simultaneous linear equations. By this we mean:

Given the m xn matrix A4 and the m-vector b, find an n-vector x which makes
| Ax—b||, minimum, and that has minimum L, norm among all those vectors which
have the same property.

It is well known that the solution to this problem is unique and given by

x=A"b (1.1)

where A" is the Moore-Penrose pseudoinverse of 4 [8].

When the rank of 4 is well determined the computation of x as given by (1.1)
does not constitute a very difficult problem and several working methods are available
[2,4,5,7,10].

When the rank of 4 is not well determined then the problem is ill-posed and most
methods fail to define an ‘appropriate’ solution. The term appropriate here is not
casual since the violent ill-conditioning arising from almost linearly dependent
columns of A4 makes it extremely difficult to define an x as in (1.1). This stems from
the fact that small changes in the matrix A cause very large changes in the computed
solution £. See also [3, Chapt. 15] for an interesting discussion in this respect.

DEFINITION. Let 4 be an m x n matrix, b an m-vector, g, 0 two positive numbers.
We shall say that A is ¢, 6-stable with respect to b if for all matrix perturbations 44,
such that

441 _
4l
the minimal least squares solutions x=A%b, £=x+h=(4+4A4)*b are such that
Al <
flxl
A stronger concept than that of ¢, d-stability is the following:

Given the real non-negative number d,, and the real non-negative function &(J)
defined in (0, &,), we shall say that A is strongly e-stable at b if the function (.)*b is

Received December 4, 1967 and, in revised form, November 12, 1968
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continuous at A and for any J, 0<d<d,

I(A + 44)"b — A*b| < &(6) [ A7b]

provided that |44] <[/ 4] 6.2)

Some properties of strong stability are:

(a) 1If A is strongly e-stable then it is strongly ¢'-stable for any &’ such that

e(8) <& (8), (0<d<dy).

(b) Because of the continuity there does exist an ¢(3) (in fact infinitely many)
such that 4 is e-stable and &(d)=0(1) as 6—-0.

(c) If A is strongly &-stable then it is ¢, 8-stable for any ¢ such that £(6)<e.

Our intention is two-fold. On one side we shall find quantitative (and computable)
a posteriori upper bounds for the relative variation

Ix - £
Il

stemming from perturbations on the matrix A and the right hand side 5. On the other
side, we shall use these bounds in order to solve the following problem:

PROBLEM I. ‘Given a general mxn matrix 4, an m vector b, and ¢, 0 two
posmve numbers, find B, a set of linearly independent columns of A, such that
A=BB* A is ¢, o-stable with respect to b, and |(I—BB*) A| =|4—A| is minimum’.

This is another way of saying that, since the problem of finding minimal least
squares solutions might be ill-conditioned, the user should supply the additional
parameters &, § in order to make the problem well posed.

Observe that if B contains all the linearly independent columns of A4 then A=4
and this will mean that A itself is &, d-stable and no modification of the given matrix
is necessary in order to satisfy the requirements of the problem. Since the two con-
ditions involved in Problem I are opposite, i.e. less columns will probably make A
stable but will make the representation of 4 worse, it is clear that in this way we are
trying to modify automatically the basic model 4 in order to make it stable, while
simultaneously trying to introduce the minimum violence compatible with this
purpose.

The method used in the analysis is non other than Wilkinson’s ‘backward error
analysis’ (see [13]).

The kinds of perturbations we allow are those that preserve the rank of 4. In the
course of the work we find a bound for

I(E + 4E)* —E”||

IE*

1) The stability concepts introduced here are, of course, relatlve to the problem we are solvmg.
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where E is a full rank matrix. Stewart [12] produces an L, bound of this type for a
general matrix 4 which does not seem to be comparable with ours. Ben Israel [1]
obtains bounds for
lx = X
[l x1l

in the case in which the equation Ax=b is solvable (i.e. berange (4)), and the pertur-
bations AA are restricted not only in size but also to belong to a subspace which
depends upon the matrix 4. In this case he is able to obtain bounds which parallel
the classical ones for nonsingular square matrices (cf. [3, 13]). Bjorck [15] and Goiub
and Wilkinson [14] also obtain bounds for the full rank case.

2. Notation and Definitions

The vector and matrix norms considered in this paper are any compatible, sym-
metric norms. That is, norms satisfying

Ax]l < Al lIx]

for any matrix-vector pair for which the operation makes sense, and also with the
property [ Al =1l4*|.?)

With regard to this last property we mention that if | .| is any matrix norm then
I'Alll=max (|| ]|, | A*|) is a symmetric norm. In any case the use of this type of norm
is not essential to obtain the results we are interested in, but makes the bounds and
intermediate computations simpler.

Some of the definitions below will be norm dependent. Unless it becomes necessary
to clarify the context we will use but one symbol for the defined objects and we will
presume that a fixed norm is used throughout any given process.

DEFINITIONS. For a general m x n matrix A(m>n) we define:

(a) A" the Moore-Penrose generalized inverse or pseudoinverse of A; A" is the
unique nxm matrix which satisfies: (i) 447A=4, (ii) ATA44A"=A4", (iii)
(A4 =AA*, (iv) (AT A=A+ A4 [8].

(b) #(A)={y:y=Ax, xeR,} <R, the range subspace of A;

(c) pk(A)=||A"| ||A| =pk(A*) the pseudocondition number of A,

(d) P,=AA" the orthogonal projection on the range subspace of A;

N\
(e)  Ab the angle between a vector b and Z(A);
(f)  We shall say that A4 is a perturbation on A if the dimensions of the matrix 44
are equal to those of A4 and iff rank(4 + 44)=rank(A4).

2) For any matrix 4, A* is the conjugate transpose or adjoint of A.
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For an arbitrary matrix 4 and a perturbation 44 we define the following
functionals:

(8) o(A)=pk(A) |

(h)  n(4)=1+w(4);
(i)  B(A)=w(A4) (n(A)+pk(A)) the regularity factor;

G If |44 _
I

|44
4]

Al the amplified relative perturbation;

a(A) = dpk(A)[1 + pk(A) (o + 1)].

We recall some useful well known properties:
(k) A is a full column rank matrix iff A*A4 is nonsingular. Furthermore we have in
this case that

A+ Z(A*A)—IA*;
() A is a full row rank matrix iff 44* is nonsingular. Also
A+ — A*(AA*)—X ;

(m) If A is an arbitrary matrix and B is a subset of linearly independent columns of
A that expand #(A) (i.e. B has full column rank =rank(4)) then

A = BC
where C= B* A4 has full row rank.

Proof. Assume that B is formed with the first columns of 4, and call B the matrix
of the remaining columns; thus in block form we have A=(B, B). Since the columns
of B are linearly dependent on the columns of B we can write B=BB for some
matrix B. Thus

BB*A = (BB*B, BB"BB) = (B, BB) = (B, B) = 4.

Also C=B*A=(1, B) since B* B=1. Thus rank (C)=rank(4)=rank(B)=number of
rows of C.

(n) (A4%)*=(4%)".
3. Perturbation of the Right Hand Side

We shall now study the effect that perturbations on the right hand side b have on
the minimal least squares solution.

LEMMA 3.1. Let A be an m x n matrix, b and k m-vectors. Let x=A%b. If A#0
and b is not orthogonal to #(A) then the h that gives the minimal least squares solution
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to A(x+h)=b+k satisfies

Al Il
- < pk(4) - — . 3.1
lIxll [ P4bl
Proof. From its definition we obtain
h=A%k,
and therefore
IRl < IA™ NIk (3.2
On the other hand
Ax =AA"b =Pub
and
[Pbll < (Al [l
which gives
I P4bl
— < |x|. (3.3)
Al
Combining (3.2) and (3.3) we get
Al -kl
rrrrrr <Al AT s
flx1l [Pabll

which is (3.1).
Of course (3.2) is valid even if b is orthogonal to #(A), i.e. A4*b=0.

4. Continuity of (.)*5. Full Rank Case

In this paragraph we shall prove that, for full rank matrices, (.)* b is continuous,
and moreover that those matrices are strongly e-stable for suitable ¢’s (and J,) that
we shall exhibit.

First of all we produce a representation for the pseudoinverse of a perturbed, full
rank matrix.

LEMMA 4.1. Let E be a full rank matrix and AE a perturbation on it. Let

Q=E*{AE + E**AE*(E + 4E)}, 4.1)
A= {4E + (E + AE) AE*E**} E* . (4.2)

If E is full column rank then (I+ Q) is nonsingular and

(E4+ 4E)" =(I+ Q) 'E* (I + E**AE¥). 4.3)
If E is full row rank then (I+ A) is nonsingular and

(E+ AE)" =(I + AE*E*")E* (I + A)™". 4.9
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Proof. Let E then be full column rank and let AE be a perturbation on E. Thus
(E+AE) has full column rank (cf. § 2, (f)). Then (E+4E)*(E+ AE) is nonsingular
(cf.§ 2, (k)), and we can write

(E + AE)*(E + AE) = E*E + E*AE + AE*(E + 4E)
= (E*E)[I + E*AE + (E*E) 'AE*(E + 4E)] = (E*E)(I + Q), (4.5

where we used the identity E*E** =(E*E) 'E*E(E*E)™'=(E*E)™".
Therefore I+ is nonsingular and

[(E+ 4E)*(E+ 4E)] ' =(I + Q) " (E*E)™ .
Finally

(E + AE)" = (I + Q) ' (E*E)" " (E* + 4E*) = (I + Q)" 'E* (I + E*" 4E")

which is (4.3).

Let E be a full row rank matrix and 4E a perturbation on E. If we apply the first
part of the Theorem to the full column rank matrix E* and the corresponding
perturbation 4E*, then by taking adjoints in the final result (4.4) follows. It is enough
to observe that

A(E) = [Q(ED]*. (4.6)

LEMMA 4.2. Let E be a full rank matrix and AE an arbitrary matrix of the same

dimensions as E. If
B(E)<1 4.7
then AE is a perturbation on E.

Proof. First of all, let E be a full column rank matrix. From (4.5) we deduce that
(E+ AE) has full column rank iff (/+Q) is nonsingular. But (/+ Q) is nonsingular if
el <1.

We shall show now that | Q] <B(E) (thus the name of regularity factor we gave

to B(E)).

Q| = |E* {4E + E**AE* (E + 4E)}||
I4E] R 1 o I4E]|
+ -0 " 1 e
< |[E”I IIEII{”E” + IET I IET] 1E¥] ( T E] )}
= w(E) (n(E) + pk(E)) = B(E).

If E is of full row rank then a similar argument shows that for (E+4E) to be non-
singular it is sufficient that || 4] <1, and that also in this case | 4] <B(E). Therefore
(4.7) implies, in both the full column and the full row rank cases, that (E+A4E) is
nonsingular and consequently that AE is a perturbation.
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LEMMA 4.3. Let E, AE, and B(E) be as in Lemma 4.2. Then

I(E+ 4E)"b — E™b]| 1 ”’i_” pLdl
1E*b] ST ﬂ(E)(ﬁ(E) ()" g ) @9

Proof. Again, we have to consider the full column and full row rank cases sepa-
rately. Let E be a full column rank matrix. According to (4.3) and using the Neumann
series for (1+Q)™" we get

(E+4E)*b—E"b = Z (- QYE"b + 2 (— QYE*E**AE*b
o
M \(E + 4E) b —E* bl 1

I14E| bl
S o JB(E)+ |EY pk(E :
R (E){ﬁ( )+ 1" pk(e) “E+b”}

A similar argument using the representation (4.4) gives the result for the full row
rank case.

COROLLARY 4.3. Under the hypotheses of Lemma 4.3 we have that
I(E + 4E)" — E™|| ﬂ(E) + o(E)

IE*| s B(E)

Now we can prove the main result of this Section.

THEOREM 4.4. Let E be an m x n full rank matrix and b an m-vector non ortho-
gonal to Z(E). Let

80 (E) = 2kwﬁvu+pumf+4 (1 + pk(E)}, (49)
a(E) = pk(E) 6 {1 + pk(E) (6 + 1)}. (4.10)
For any 6 <90, let AE be any m x n matrix satisfying
14E| _
I EIl ’
and let : ~
e(0) = - {o + Spk(E)* cos ' (Eb)}, (0<d<d,). 3) (4.11)

Then E is strongly e-stable at b.
Proof. From (i) in §2 and (4.9) we see that for any d<dJ, and AE as specified, the
corresponding f(E)<1. Therefore Lemma 4.3 is applicable. Since

b
3) Here cos~1(Eb) is short hand for % If the norm used is the Euclidean norm then this

coincides with the standard trigonometrical notion.
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IEE*BI<|E| |E™b, then

llEE+b||
<||E*b]|
IE|
and from (4.8) we get that
I(E + 4E)*b — E*b| 1 { L I4E) /\}
Lo - i Eb)?, 4.12
IE*b] S PP ()nu cos (Bb)y (1D
or replacing |4E| )
o y
IEI
||(E+AE) b— E b| 1 AN
VE* b < 1f_a{a+5pk(E) cos” ' (Eb)} = ¢(J)

as we wanted to prove.
Observe that in the full row rank case cos ™! (Eb)-—l

5. The General Case

Let A be an arbitrary m x n matrix and 44 a perturbation on it. Let B be a full
rank matrix containing all the independent columns of 4. Let C= B* 4; from (m) §2
we know that 4=BC. Let 4B be a matrix formed from 44 by taking the same
columns as those taken from A4 to form B. Let

<IIABH lIAAH>
ax -,
IBI 14

Let 8(B)<1, so AB s a perturbation on B. Let AC be defined by means of the identity
C + AC = (B + 4B)" (A + 44). (5.1

(Observe that from the hypotheses it follows that A+AA=(B+4B) (C+4C).)
Now we want to find a bound for the relative perturbation

14ci
ICll
LEMMA 5.1. Let A, B, C, AA, AB, AC, § be as above. If a(B)<1 then

jacll . 2a(B)
Ml e T . 5.2
ol ST—aB)” -2

Proof. AC=(B+4B)*(A+44)—C=
[+Q) ' —I]C+(I+Q) 'B*[B*"4B*(A+44) + A4].
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Thus
lacy_ 1

Icl ~ 1 — B(B)

Since B(B)<a(B) (5.2) follows.

We shall assume now that 6 is so restricted as to ensure that f(C)<1. Thus
Lemma 4.2 tells us that C+ AC has full row rank. As we saw in Theorem 4.4 this
will be satisfied if

B[ 14
Icl

{/3(3) + | | (pk(B) 6 (1 + ) + 5)}‘

”chT;" << 27;@ WO+ pk(OF +4—[14pk(Q =5 (53)

We want to use the decomposition 4=BC (and 4+ 44=(B+A4B)(C+4C)) in
order to apply our results on the full rank case to this general problem. To do that
we proceed in two stages. Firstly we set the following least squares problem:

(B+4B)(y +k)=b (5.4)
where as usual y=B*b.
Applying Theorem 4.4 to B, AB we see that
Lad, < R {a(B) + épk (B)? cos”‘(g\b)} . (5.5)
Iyl ~1—a(B)
Now we can set out a second least squares problem:

(C+4C)(x+h)=y+k

where x=C*B*b, and this will give us the desired A. First we get

h=(C+A4C)*(y+k)—C*B*b
and therefore
h=[(C+4C)" —C*]B*b+(C + 4C) k.

Taking norms and dividing by | x| we get

Ikl _II[(C +4C)" — C"]B”b] + I
o S = +ICIIC+4C)"] - s (5-6)
lIx1 IC*B* b ( ) Iyl
where we have used the inequality
Iyl
= Y
ICll

which is easily obtained from Cx=B*b=y. From (5.6) we now can prove the follow-
ing result.
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THEOREM 5.2. Let A be an arbitrary m x n matrix, b an m-vector, B a maximal
set of linearly independent columns of A, C =B* A. Let AA be an m X n matrix pertur-
bation associated with A, AB the one corresponding to B as deduced from AA, and
AC=(B+4B)" (A+44)—-C. If

<|IAAH I|ABII>
ax (o, B <8
Al I Bl

is so restricted as to make a(B)<1, and (5.3) is valid then A is e-stable for

£(0) {vpk(C)z +2(0) + PO L By | 5p(BY cos! (BAbﬂ}‘

1
T 1-a(0) 1—a(B)

(5.7)

Proof. The e-stability of 4, according to the def. in § 1 will be proved if for any
perturbation 44 on A, with norm less than 8- || All, it follows that the h defined by
x+h=(A+A44)"b (x=A"b) satisfies | hll <e(d) [ x|.

If in Theorem 4.4 we replace E by C and b by B™b and then put the bound so
obtained in (5.6) we get

Al 1 2 o NK
- C) + ypk(C |l I(C +40)*) - .
||x||<1-—oz(C)(a( )+ 7Pk (CF) +ICHI(C + 4071

Using (5.5) and the representation for (C+A4C)" in this last expression we get

I o lcrict
xS 1= a0y BO T IRO)+ gy 1)

1 A~
x -——— {a(B) + dpk(B)* cos™ ' (Bb)} = (),
. 1 — a(B)
as desired.
Observe that the whole expression is 0(5). The terms that are linear in & and
contain a factor of the form pk(B)? will be dominant in the case of ill conditioning.
It is clear from its definition that C is well conditioned (all its singular values are

0 or 1), thus pk(C) is not a troublesome quantity.
6. Applications

(a) The Computation of Minimal Least Squares Solutions of Systems with Undetermined

Rank

We shall consider now how to apply the results of §5 to the solution of Problem I
(cf. § 1).

In [10] (see also [7, Chap. 2.4, §2a.1, pp. 369-372]) a method due to Rosen [11]
for computing the pseudoinverse of a matrix was implemented as an Algol 60 program.
Certain modifications introduced into the original procedure were implicitly directed
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toward the solution of Problem I. The difficulty there was that the user had to provide
some parameters which were, in principle, unrelated to the problem he wanted to
solve, i.e. to find minimal least squares solutions. Well conditioned problems, as
usual, did not create troubles. Our claim is that ill-posed problems of the form (1.1)
are to be modified before any attempt is made to solve them. How to modify them
depends, of course, on the user needs. What we propose in setting Problem I is in
fact an automatic way of modifying ill designed models in order to eliminate highly
correlated variables. The aim is to obtain answers which will behave smoothly with
respect to the data, and to do that with minimum violence to the original model. The
algorithm we propose now for solving Problem I can be implemented by introducing
minor modifications to the computer program in [10].

Algorithm. A matrix B is constructed by considering the columns of 4 one at a
time. Recalling the statement of Problem I, let ¢, é be the stability parameters. We
shall admit a column of A4 in the base B only if A=BB" Ais ¢, 5-stable. To implement
this check, let us assume that B, is a basis for which the corresponding /Tq is g, d-stable,
and let u be a column of 4, notin B,, whichis under examination. Letalsor,= |4 — /'fqll .
We shall provisionally form B,.,=(B, u), C,r1=B,;114, Cji, and test 4,,,=
=B, 1C,4, for g, é-stability according to (5.7). Of course it is assumed that u is not
exactly linearly dependent on the columns of B, (in fact the limitation is overflow of
the computer in the computation of B;H), otherwise it is rejected a priori without
further questioning.

If /TqH is &, 0-stable then we compute r,,; and check if r ., <r,; if so then u is
accepted and B, replaces B,, otherwise u is rejected. If /Tq+1 does not satisfy the
condition (5.7) then u is also rejected.

In all cases, the next step is to examine the following column in 4 and so on,
until all the columns have been exhausted and a basis B satisfying the requirements
of Problem I have been found.

Observe that the choice of a particular basis B depends upon the ordering of the
columns of A4 (or rather, on the order in which they are taken for examination), but
that in any case only one cycle is necessary since a column which has been rejected
when compared with a certain set of columns B’ will certainly be rejected if compared
with any set Bo B’ ~

Let us call u a column of 4 that makes cos ™! (bu) minimum. Assume for simplicity
that ||u||=1. Then,

+_

and pk(u)=1. Thus, a sufficient condition for Problem I to have a solution is that

N
PR CORLY PR
1-26-0



Vol. 2, 1969 Stability of General Systems of Linear Equations 205

where 5<\/f— 1; this is so because under those conditions B=u is ¢, O-stable (see
Theorem 4.4).

(b) Estimation of the Error Caused by a Model Modification.

There are applications in which the dimensions of the matrix 4 are very large. Iix
some cases the phenomenon under study allows one to modify 4 in such a way that
the new model does not differ much from the original one but it has a simpler struc-
ture. For instance, in crystallographic computations it is known that in certain cases
the normal equations of the linearized model are approximately block diagonal near
the solution. What is more important, the size of the blocks is small compared to
that of the original problem, where 200 parameters is not an unusual occurrence
(cf. [9, specially paper 17, pp. 170-187 by R. A. Sparks] for more details).%)

It is important in these cases to be able to estimate the effect of this modification
on the computed least squares solution, and also the effect on the statistical quantities
related to the elements of the inverse of the matrix of normal equations A7 A.

For this application the m x n matrix A will have full column rank and we shall
then use the results of §4. Let then 4 and A be mxn full column rank matrices,
AA=A— A be the perturbation, and b the right hand side vector. Let x=4 *h,x=A"b.
We want to estimate

Il _ix = 1
IRy %1
in terms of
|44l -
TN, pk(4),
14 pk{4)

and the other data of the problem. But this is exactly what we shall obtain from
(4.12) in Theorem 4.4 if we put T instead of E and 44 instead of AE. Recalling the
definition of a(A)=pk(A) d[1 +pk(A) (6+1)], and that B(A)<a(A) we can write this
result in the following way
Ix— %I _ opk(d)
151 1= a(d)
provided that a(4)<1.
From the decomposition (4.5) it follows that
[(A*a)" = (D) _ ()
(A T i—a(d)
The inequality (6.2) is nothing but a bound for the relative variation of the variance-

covariance matrix for the derived parameters (cf. [6, Ch. 4]), due to the perturbation
AA.

{1 + pk(A) [0+ cos™" (//’1'\b) + 17} (6.1)

(6.2)

4) T am indebted to Professor L. Becka, Chemistry Dpt. of the U. Central de Venezuela, for
bringing up this application and sharing with me his ample experience on the problem.
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A Less Formal Approach to Kaluza—Klein Formalism

M. A. McKIeErNAN (Waterloo, Ont., Canada)

Dedicated to Professor A. Ostrowski on the occasion of his 75th birthday

Abstract

T Tt -
The ‘action’ integrals (a) A(t1) = | Vg ¥ ¥ dr and (b) (1) = | {Vhij % X — By yi} dr, cor-
To To

responding respectively to gravitational and gravitational-electromagnetic phenomena, are shown to
be related under continuous groups of null translations. This relation motivates a modified Kaluza—
Klein formalism for which the classical cylindrical metric preserving transformations (c) »° =
= x5 4 f5(xf), yi =fi(x)for i=1,2,3,4 are replaced by (d) y% = x5, yt = fi(x4, x3). The cylindrical
metric of V? is nevertheless preserved under (d), since it is assumed that V3 admits a metric of the form
(75)2 — gi5(¥¥) yt p7 (corresponding to (a)) and that (d) defines a continuous group of null translations
in the V4 metric defined by gi; when x5 is considered the group parameter. Application of (d) leads to
the cylindrical metric (x5 + B: *)2 — hy; %t %7 corresponding to (b). The resulting electromagnetic
fields Fi; = Bi,; — Bj, are then related to the curvatures of the V4 corresponding to gi; and hij; in
particular it is shown that B; B; 5“ = —1F;; FiJand F'i=B; {f”. When {fw =0 it is shown that Fij;

is a null electromagnetic field which is generally non-trivial. Some physical and geometric interpreta-
tions of the mathematical results are also presented.

_—

1. Introduction?!)

The ‘action’ integral

1

M0=fv@AwVfM+zmxi=hzl4, (1)

of general relativity is parameter invariant:; when the parameter is proper time,
gi;¥' =1, whence A(t;)=1, + k. Hence 4 in (1) is proper time for any choice of
parameter T.

Equation (1) may be written in the form

P2=g(py), A =g099, )

where g(y; &, n) is a bilinear form in & 1. In the case of special relativity where
g ;=—0; (V*=ict), the transformations y=¢ (x) which leave the metric tensor
invariant are the Lorentz transformations; equivalently, a map ¢: x—y with inverse

1y For the first half of the paper we give both the index notation and its translation into the modern
idiom. However, since the later half is more closely related to classical applied mathematics, we will
use only index notation leaving its translation to the interested reader.

Received December 4, 1967
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map ¢~ !: y—x is a Lorentz transformation if and only if the Lie difference of the
metric tensor —§, ;, with respect to this map, vanishes. The y frame of reference (or,
preferably, the frame y ‘carried along’ by ¢) is then attributed to an observer in
‘uniform motion’ with respect to an observer attached to the x frame of reference.

This concept readily generalizes mathematically for the case of an arbitrary metric
tensor g;;; @ map ¢: x—y will be called a general Lorentz transformation with respect
to g; ; if the Lie difference of g; ; with respect to ¢ vanishes. If the x frame is thought of
as that of an observer 4 whose world line is C,, the y (or 7) frame may be interpreted
as the reference frame of an observer B whose world line is Cy where ¢: C,— Cy.
Physical assertions based solely on the metric must be the same for observers 4 and
B since ¢ is metric preserving; in particular, if C, is a geodesic, so also is Cyz. Two
such observers will be called comparable, but unlike the special relativistic case this in
no way implies any concept of ‘uniform motion’ of A relative to B or vice versa.
Indeed, the analysis indicates that a comparable observer may well appear to be
accelerating.

In the metric of (1) or (2) consider a one parameter family of general Lorentz
transformations, ¢ the parameter,

-1
y=0,(x) x=0,"(v); ¥ =:(x), x' = ¢.(), (3)
which form a (local) group of transformations so that
P (@' (M) =B();  é5 ' {¢.(x)} = B(x), |
Ay _ iy ax' o 4)
;’1*0;‘=B(y)a da'_B(x)’ l

where ¢, denotes differentiation of ¢, with respect to . (We use ¢, ' rather than

¢ _, for convenience.) Under the map ¢, let ¢,(x) denote the induced map for the
tangent spaces; that is, £ in the tangent space at x is mapped to @, (x) £ in the tangent
space at ¢, (x); hence @, (x) corresponds to the matrix formed from the partial deriv-
atives dy'/ox’. Since ¢, is a general Lorentz transformation for every a, clearly (1)
and (2) are invariant under ¢, for each fixed o. More precisely g{¢,(x); ¢,(x) &,
Py (X)n}=g{do(x); Po(x) &, Po(x) n} and it is assumed that ¢ is the identity map.

Let y'(t) be the world line of a particle, and hence A(t) given by (1) or (2) is the
proper time for this particle. We wish to study the form of (1) or (2) when referred to
a general Lorentz frame x, given that this frame of reference varies with the proper time
of the particle studied; hence the parameter ¢ in (3) is to be related to the proper time
A of the particle.

If this relation is assumed to be of the form o=A4, and if y=¢,(x) is assumed to
be not only a general Lorentz transformation group but in fact a group of null trans-
lations in the g;;(y) metric, then (1) and (2) are transformed respectively into the
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forms (details in section 2)

A(r,)=f{\/h,.,(x) % % — B;(x) %'} dt + A(t), (%)

and
(A + Bi(x) ¥)* = h; ;(x) X' &/, where h;;=g;;+ B; B;. (2%)

But (1*) is the action integral for a charged particle in the electromagnetic field cor-
responding to F; ;= B; ;—B; ;. It is further shown that the transition from (1) to (1¥*)
under null translations may be interpreted within the Kaluza-Klein formalism. (See
for example [1], [2], [3]).

We briefly outline this formalism for completeness. Consider a V? (coordinates
y*fora=1, ..., 5 (i,j=1, ..., 4)) which is cylindrical in that the metric ds is given by
ds\? .5\2 ky o =5 Ky i e
<d1> =) +v5: (V)PP + 3,005,
and the y,,; are independent of y°. The y* frames are the ‘preferred’ frames, and hence

lead to the group of transformations of the form

) Fex ), = L)

which preserve the cylindrical metric of the V°. It has been shown that Maxwell’s
equations can be derived from a variational principle applied to the scalar density

\/—g P where g;;=7;;—7s; ¥s; and P is the scalar curvature in V°. Several objec-
tions have been raised against this theory. In [1] for example, W. PAULI points out
that “there is however no justification for the particular choice of the five dimensional
curvature scalar P as integrand of the action integral, from the standpoint of the
restricted group (*) of the cylindrical metric’. Since P is invariant under all coordinate
transformations of ¥'5, it would seem that P lacks particular significance relative to
the restricted transformations (*). In [2], M. A. TONNELAT states ‘on critiquait, en
particulier, le role artificiel de la 5° coordonnée que manifeste la nécessité d’une
condition cylindrique’; and further ‘toute assimilation des y,,; avec le champ unifié
... ne permettra pas une transformation covariante des composantes-gravitation en
compasantes-électromagnétisme et reciproquement’ since under (*), the y;; never
contribute to the ys;.

It will be seen that continuous groups of general Lorentz transformations, in fact,
null translations, lead not only to a relation between (1) and (1*) but to a modifica-
tion of the Kaluza-Klein formalism in which the above quoted critiques are no
longer applicable. Specifically, not only is it assumed that V3 is cylindrical, but also
that it admits a cylindrical coordinate system in which ys s =1 and y5;=0. Hence the
curvature scalar P depends only on 7;; and coincides with the curvature scalar R
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based on the V* corresponding to the metric tensor y; ;- The transformations (*) are
replaced by the transformations in V> which leave y°, ys5 s and y;; invariant:

**) =xt, yi=¢i(d x0),

where ¢ (x/, x°) is a general Lorentz transformation relative to y,; for every x°, and
where 0yi/6x5 defines a null vector. Since ys5 and y;; are assumed invariant under
(**),

(i) the curvature scalar P in V* depends on, and solely on, the only invariants of
7ap Under (**) and coincides with the R of the V'4;

(ii) while y5;=0 in one cylindrical frame, y5; is not invariant under (**), thereby
implying a transformation of gravitational components into electromagnetic
components and conversely;

(iii) y° is identified with the previous 4, the proper time of the particle under con-
sideration, and is therefore not simply an artificial parameter.

We note further that the acceptance of y° =41 as time like in no way contradicts
the usual hypothesis of the Kaluza formalism which asserts that the signature of
Vo pis (———+-)(where now y*and y° are assumed real). Briefly (if not trivially) explained,
this results from the position of 4 and y on different sides of equation (2).

2. Transition to Action Integral of Charged Particles

We now assume the parameter ¢ of the previous section to be identified with the
proper time A of the particle. Hence y=¢,(x) implies

s . Codyt . dy' .
s i e 5= LAY 5
Y=¢i(x) A+ i(x) % y di +6x’x (5)

along the world line of the particle, and (2) becomes

=g {¢.(x); , (x), . (%)} A+ 2 {¢.(x); b, (x), . () %} A+

giga(x); Ju(X) X, ‘ﬁx(x) X},
or alternatively (6)
ay" oy’ 'iz ay oy ;. ay oy .y

8rs oz an " T By o Y AT B i Y Y

Since ¢, is a general Lorentz transformation group, the last term of (6) is independent
of 4, and is in fact simply g(x; x, X). Conversely, if ¢, reduces to the identity map
for some Ay, and if the last term in (6) is independent of 4, then ¢, is clearly a general
Lorentz transformation. We wish to show that if ¢, is a Lorentz transformation
group, then the other terms in (6) are also independent of 4.

The following lemmas are well known in the case that ¢, forms a group of trans-
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formations. However, both for completeness and for applications when ¢, does not
form a group, we present the proofs (which differ little from the classical proofs).

LEMMA 1: Let y=¢,(x), with inverse x=¢; (), be a one parameter family of
transformations of class C' in x, y and A and define

) B D Z 6, {67 0}, B(x, )E$; {¢:(x)}. (7)
Then

$r(x)=—d:(x) B(x,2) ¢5'(»)=—¢;" () B(y, 4). (8)
Proof: Since ¢, and ¢; " are inverse transformations for each 4,

¢ {dr' My =y, ¢ {d:(x)} =x,
and differentiation with respect to 4 yields
$1{d7' (M} == d:{d: " (M) 61" (),
¢; ' {pa(x)} =~ ¢ {91(¥)} da(x),
which in view of the definitions of B(y, 4) and B(x, 2) yields
$1{¢: (M} &3 (1) = B(y, 1),
¢35 {92 (3)} 45 (x) == B(x, A).
Since ¢,{¢; ' (»)} is inverse to ¢; ' (»), (similarly for ¢,(x)) the lemma follows.
LEMMA 2: Let x=x(1) define a curve in terms of the parameter t, and let A =2(t)

also depend on the parameter t. Then the image curve v (%) under the transformation
¢, of Lemma 1 has as tangent vector y given by

= ¢1(x) [ = B(x, ) 4], ©)
Proof: Equation (9) is simply (5) in view of (8).

LEMMA 3: If the transformations ¢, of Lemma I are such that 2{¢,(x); ¢,(x) &,
$(x) n} is independent of A, then the vector field B(x, %), for each A, is a Killing vector
field in the metric & (x; &, n) defined by

$0x; &) g {1 (x); $io () &, b (x) ) Sor fixed o
Alternatively

éi;j(x’ A)+ éj;i(x’ )=0,

where “; denotes covariant differentiation (for each fixed 1) relative to the induced
metric tensor

de 0%, (x) 03,
10 (s (1) 2D ),
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and B*l: & B'. If there exists a Ay such that ¢, is the identity mapping, then § coin-
cides with g.

Proof: Since g,,(¢,(x)) 0; ¢;(x) 0; ¢3(x) is assumed independent of A (where ¢}
is the r'" component of the map ¢, and where d; denotes the differentiation with
respect to x*), the derivative of this expression with respect to A contains three terms
whose sum vanishes. If each term is treated individually one obtains, in view of (8),
(the argument x is temporarily suppressed).

grs(¢l) 0; ¢ 5,‘ ¢ =~ grs(¢).) O ¢ aj ¢; 0; B — grs(¢l) 0; Oy 9% ‘7,' ¢i§k,
ggs((ﬁ,l) 0; ¢ aj ¢y =— grs(d)/l) 0; 95 0 & aj B - grs(d)l) 0; 95 6lj i ‘l’in»
and

a rs o r s a rs
59D 450,03 = - 6y(,f” )

oy Ok 95 0, ¢ 0; ¢3B".

Summation on the left must yield zero, while the summation on the right may be
evaluated for A=4, to give

0=—2;(x)0; B“(x, ) — g1, (x) 0; B*(x, 1) — 0, &; ;(x) B*(x, %),

from which the lemma follows.

If the family of transformations y = ¢, (x) forms a group, then ¢,, may be chosen
as the identity map and g =g; also the tangent vector field B(x, 1) is then independent
of 1 and denoted simply by B(x).

THEOREM 1: Consider the action integral
1w = [ Ve 0) 5 de + 2(w0), ()

and a continuous group of Lorentz transformations y=¢,(x) in which the group para-
meter o varies with the proper time A of the particle; assume that ¢ and ) are related by

6=K 4, K areal constant.
If the tangent vector field B'(y), defined by

B(y) = ¢, (¢, " (),
is light-like (that is, g;; B' B'=0) then (1) is given by

A(z) = f (Vhi, () % 2 — K By(x) £ dr + A(zo) (10)
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in the x frame of reference, where

B(x)=¢, ' (¢,(x), Bi=g,B,
and
hi j(x) = g ;(x) + K* B;(x) B;(x).
Further, the covariant components of B(x) are also given by B;=h;; B'; the B’ satisfy
h;; B' B'=0.
Proof: A(t,) as given by (1) satisfies the differential equation
=gy, 2 =g(vin), ¢

and under the transformation y=¢ ,(x), the tangent vector y becomes
. 0y -k Bk 3 N . ] ;
i= DS K B0 AL v = 0,00 (- K B(x) 1, (in

by lemma 2. Since y=¢, (x) is a Lorentz transformation for every o,

oy' 0y’

gij(‘f’a (X)) ox" ox® =g,,(x), (12)

g{bs(x); @, (x) & @, (x) m} = g(x: &),
and substitution of (11) in (2) yields

i =g, (x) X% = 2K g,,(x) ¥ B'(x) A + K? g, (x) B'(x) B*(x) 2%, }

A2 =g(x; % %) — 2K g(x; %, B(x)) A + K* g(x; B(x), B(x)) A*. (13)

We wish to show that the last term in (13) vanishes; that is, that B(x) is also a light-
like vector in the g metric. But this is trivial since by lemma 1, we have

B(y)= =04 (0o (») 1 ' (v), and with y=¢, (x),
B(¢a (X)) = (ﬁo’ (x) B(X) (14)
But by (12), )
g(x; B(x), B(x)) = g {$5(x); ¢, (x) B(x), ¢,(x) B(x);
=g(v;s B(»), B(») = 0.
Hence (13) may be solved for 4 by ‘completing the square’; that is,

A+ K g,,(x) B*(x) )7 = {g,,(x) + K* B,(x) B.(x)} " X*,
(i + K g(x; B(x), ®))* = g(x; %, %) + K g(x; B(x), %) g(x; B(x), %),

from which (10) follows. The last assertions of the theorem are trivial since B, B'=0.
g.e.d.

Since B; and A, ; in (10) are related to the g;; of (1) and (2), the question arises as
to what relations must hold between /; ; and B; in order that (10) be derivable from an
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action principle of the form (1) as stated in theorem 1. Clearly B; must be a null field
relative to h; ;and further B must be tangential to the trajectories of a general Lorentz

transformation group relative to the metric g; j=h; ;— K 2B, B B
In the form (10), the four vector potential B’ gives rise to the electro-magnetic
field tensor F;; defined by
0B, 0B, _ -
=557 s =B By,
ox’?  ox'
F(x;&n)=h(x;D, B, &) —h(x;D; B, 1),
where ‘,’ refers to covariant differentiation in the 4; ; metric; alternatively, D refers to
the Riemannian connection in the space with metric A.
Since F, ; is unchanged by the addition of a gradient to B; (a gauge transformation)
the assertion that B’ should be a null field places essentially no restriction on F,

;; for
ijo
if fis a scalar function satisfying the first order partial differential equation

WiB, B, +2h/ B o,f +hio,fo,f=0,

then B;= B, + 0, f satisfies 4, ; B' B/=0 while the extremals of (10) are invariant under
gauge transformations.

THEOREM 2: Given an action integral of the form
A(ry) = f (S hi ;(x) X % — K B,(x*) %} dt + A(zo) (10)
70

in which the gauge is chosen such that
h; ;(x*) B'(x*) B/(x*) =0, where B'=h'’B,. (15)
Assume that B; defines a motion in the metric h; ;— B; B;; that is,

°B?(h,-j ~K?B;B)=0, (,B? denotes the Lie derivative) ; (16)

then the system of differential equations

dxi_ sif k
Ea—_B(x) 17

defines a local group of transformations

xi=xi(0';y1,..., y"), x=ll/o(.)))
where

def

Vo loo ' ()} = B(x), o' (0} = B(),
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under which (10), with the assumption that 6=K , is transformed into

A(ty) = f\/gij(}’)yif’j dt + A(1o) (1)

where g;;(v)=hi;(y)—K* Bi(y) B;(y).

Proof: The proof consists essentially in reversing the steps of the proof of theorem
1. However, since the theorem is stated in the index notation, a proof in index free
notation requires some preliminary definitions and observations:

B &)= hy ()€, A Zh(x; B(x),9). ()
g(x; &M = h(x; &n) — A(x; ) A(x:m),
whence (15) implies

A(x; B(x)) = h(x; B(x), B(x)) = g(x; B(x), B(x)) = 0. (19)

It is well known [4] that (17) defines a local group of transformations x=(»),
given that the initial conditions are chosen such that i, includes the identity mapping,
say for ¢=0. Then (16) implies that y, defines a motion in the g metric and hence
(noting that the identity for 6=0 implies =g in lemma 3),

gV, (s v, (M &Py =g; &m). (20)

The arguments in the derivation of lemmas 1 and 2 apply to the transformations
x=y,(»), and hence

X =0, {§ - KB(y) 4}, (1)
B(W,(») == ¥.(») B(y). (22)
Substitution of x=1, (y) in (19) yields, in view of (20) and (22),
A, (»); B, (»)} =g{r; BU), B} =0,
and, by definitions (18), again using (22) and (20),

AW, () ¥, (5) & = h {00 B, (), ¥ (v) & l
=—g{Y,(»); ¥ (y) B(»), ¥, (¥) £} (23)
=—g{yv;B(»,¢}. l

The theorem may now be proved by differentiating (10) with respect to the upper
limit, obtaining in the index free notation the differential equation

2+ 2K A(x; %) A= g(x; % %).
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The substitution x=1,(y) yields, in view of (21), (20) and (24),
A2 —2Kg{y;B(y),y—KB(y») A} A=g{y; 7 —KB()) 4y - KB(y) 4},

which, in view of (23) becomes simply

A =g(y;9,9),
thereby proving the theorem.
Equation (16) states that B(x) defines a motion [4] in the g metric and hence B;
must satisfy Killing’s equation
B j+B,i=0 (25)

where ,’ denotes covariant differentiation relative to g;;. Equation (15) implies also
(as stated in (19))

g, BB =0, (19)
from which follows B’ B; , =0 and hence, with (25), B; , B*=0. Then clearly
B, B*=0,
and the curves satisfying (17) are then null geodesics in the metric g;; since by (17)
ox' dx'

77777 =B, (x) B*(x)=0, where x'=-—,
ol ' do

while (19) becomes g;; x* X/ =0. This result simply asserts, in the special case here
considered, the well known fact [4] that a Killing vector field of constant magnitude
is tangential to a translation, since a translation is a metric preserving family of trans-
formations whose trajectories are geodesics (briefly, a geodesic motion).

LEMMA 4: The vector field B'(x) in theorems 1 and 2 defines a null translation in the
metric of g; .

It may be of interest to note that the Killing equation (25) relative to the g;;
metric may be written relative to the /;; metric in the form

Bl|]+B”l=Br[EJFrl+ EIFr,}]

where ‘[’ refers to covariant differentiation relative to 4, ;. We omit the proof since
this result is not relevant to the purpose of this paper, namely: the motivation for
and formulation of a modified Kaluza-Klein formalism.

3. The Modified Kaluza-Formalism
Equation (2) may be written

$# =3~ g;(")5 ', when §=0,
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while equation (13) may be written

=4 2KB(x) X' A—g;(x) X%, 5=0,
where
gi,=h,—K* BB, h;BB =0 B=h'B=¢g"B.
Hence theorems 1 and 2 can be re-interpreted as follows:

COROLLARY 1: Ler V' be afive dimensional space in which there exists a (cylindrical)
coordinate frame y* (Greek indices run from 1 to 5, Latin indices from 1 to 4) such
that the metric is given by s where

§=- V.‘j(yk) Vo + (}"5)2 ; (26)

that is, yss=1, y5;=0, 7;; is independent of v®. If a transformation y*=y*(x") leaves
y3, vs s, and the quadratic form y;; ¢ U y/ invariant, then the transformation is of the form

y=x, y=¢(x), 27

where ¢s(x) is a family of null translations (x* the parameter) in the space V* with
metric tensor ;. If Vs :(x*) denotes the (covariant) components of the tangent vector
field to this translation, then in the x coordinate frame (26) has the form

§% = — (X)X X+ 295 () X8 4 () (28)
and
Vljy5iy5j=0'

Proof: Since y* =yP (x*) is to leave the form y;; ¢y invariant, and p° invariant,
it follows that the transformation may be written in the form (27), where yi=dLs(x9)
is a general Lorentz transformation in the space ¥+ with metric y; ;. The form (28)
is obtained by precisely the same argument used in theorem 1 simply by setting
x’=y’=1=0, g;;=7i;, and B;=ys; (in effect we are treating only the case K=1).

COROLLARY 2: Let V3 be a five dimensional space with metric satisfying equation
(28). Assume further that ys,; in (28) are the (covariant) components of the tangential
vector field to a null translation in the V4 with metric tensor y,; ;. Then the null transla-
tions y' = ¢Ls(x’) where

dy' .

dx? = V”(Xk) Vi S(XR)’

together with y3=x°, define a transformation in V* under which (28) reduces to (26).
Proof: Since (28) may be written in the form

§= (" +7s: %) —(Vu"’?’si?’sJ')""if‘j’
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the identification x>=4, ys,=B,, y,;=g;, yields
jz =(2+E,i‘l)2 —hijJ'Ci)'Cj,

where h;;=g;;+ B; B;; this clearly corresponds to (10). The assertion that y,,
defines the tangent vector field to a null translation in the y,;=g;;=h;;— B, B,
metricis equivalent to (15) and (16). Hence the corollary is simply an alternate formula-
tion of theorem 2, when K=1.

The space V'* and the coordinate transformations discussed in (27) differ from the
Kaluza space and corresponding transformations in that

(a) the vanishing of ys; is assumed in (26) for some (cylindrical) frame,

(b) not only is the cylindrical nature of the y,, assumed preserved, with y°= x5,

but also the invariance of both yss and the form 7y, & nd is here assumed.

The curvature tensor Pj,; in V>, in view of (26), depends solely on y55=1 and
7:; along with its partial derivatives, and it is precisely y5 s and y;; which are invariant
under our transformations. Relative to the transformations considered in §1, §2, or
in Corollaries 1, 2 the selection of the curvature scalar P as integrand of the action
integral is now amply justified; it depends on, and solely on, the only imariants under
the transformations considered, and coincides with the choice of R in the gravitational
theory represented in (26).

The fifth dimension y° = x” is here considered invariant under the transformations,
while y° =x>+¢> (x') is the usual equation in the Kaluza—Klein formalism. In view
of the physical interpretation of y° as the proper time of the particle considered, the
invariance of proper time (which is simply the ‘action’ both in (1) and (10)) seems also
amply justified.

4. Fields Derivable by Null Translations

For the purposes of this section, it is sufficient to consider ¢ = A in section 2. Hence
we write simply y=¢, (x).

THEOREM 3: Let the action integral
i= [ V=w Ve

be transformed, under a null translation corresponding to the null vector field B'(x) in
the g;; metric, into the action integral

1= f J—hi ¥ — Bi®d

where h; ;=g ;+ B; B;. Let R(y)and {l?(x) be the scalar curvature tensors formed from
g

the g and h metrics respectively. Let F; j"——e-fﬁi, j—B; ;. Then the determinant of F; j
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vanishes (det (F;;)=0) and
R=R—14F,;FJ where F/=g"¢g/*F, =h"N*F,,. (29)

g h
Note: The <=’ sign in (29) results from the choice y55=1 which, as indicated in
the introduction, does not conflict with the assertion that x°> =24 is time like.
Proof: Although (29) may be derived by tedious explicit expansion, it is simpler to
refer to the results of the Kaluza-Klein formalism. The first action integral of the
theorem corresponds to the cylindrical metric

())5)2 + gij(yk) J}i bl
in a five dimensional space V°, where again Latin indices assume the values 1,..., 4
and Greek indices 1,..., 5. The curvature scalar P in this V' clearly depends only on
the g;;(»*); in fact P= R(g; ;()) where R(g; ;()) denotes the scalar curvature in a four

dimensional space V* with metric coefficients g; ;(»*). The form of the second action
integral of the theorem implies that V> also has the cylindrical metric

{xs + B'.i(xk) xi}z + hij(xk) )’Ci )i'j,
with reference to the x* coordinate system; alternatively, ¥ has the metric
(%) + 2 B(x") ¥ %° + g ;(x*) X' &7

But the Kaluza-Klein formalism states ([1]. page 230) that in the x* frame, the cur-
vature scalar P of V7 is given by

P(x*) = R (h; j(x*)) — 4F; ;(x*) F'/(x*) where F,;=0;B;—0;B;,

where again R(h;;(x¥)) is the curvature scalar in a V* with metric A, ; (x") X' xJ. Since
yi=¢Ls(x’) is a Lorentz transformation (for every x%) in the g metric, it follows that
R(g;;(y)) becomes R(g;;(x)) under this Lorentz transformation, and (29) follows.

THEOREM 4:2) Let ¢, and *|" denote respectively covariant differentiation in the g, ;
and the h, ; metrics. Then h'" F,;=g'" F, ; that is, either h'J or g'4 may be used to raise
the indices of F;;. If {3,. jkr and fi jkr denote respectively the curvature tensors corres-

ponding to the metrics g;; and h; ;, then

(a) ij,i=2Er§~rijk (b) ijll':zg’ {?ri"k l
(©) F"f‘j=21§j§” (d) Fi{;j=2B;R’ (30)
© ZlfFijFij:—Biéiizij:_BiEj{l{ij‘ l

2) Formulas (30) a, b, ¢, d are due to Professor D. LovELOCK (Bristol); the author wishes to thank
him for his considerable assistance.



220 M. A. McKiernan AEQ. MATH.

Proof: Since Bi B; ;=—B' B; ;=0 it follows that B’ F;;=0. It is readily verified
that h,;=g;;+ B, B 1mp11es hii=g'i— B' B/, whence

hl"ijZg‘ijk"EiEjF'k=gijF-k

The assertions in (30) may be proved as follows: since F; ;= B; ;— B; ;=2 B; ; we see
that

Fi; =28 ;, =2(B,; + B, frijk):Fik,j +28B, {Sfuk,

and (30-a) follows from the identity F;; ,+F,; j+F;; ;=0. Similarly for (30-b).
Formulas (30-c) and (30-d) are immediate consequences of the preceding formulas.
To prove (30-¢), note that g/ B, B;=0 implies g’/ B, B; ;=0 and hence

..=—g' BB, ,,=¢'B
=B {Br s - B {Skrsj}‘
The relation B" ,=0 (in view of (25)) thus implies
grsgijgi,rgj.sz— B B §kj;
on the other hand,
F; F= g”g”(Bl J gj.i) (Er,s - Es,r) =4g" gjs Ei,j Br,s

which proves (30-e), since the above proof is equally valid with ;" replaced by ‘" and
R”k, replaced by R,],(, q.e.d.

If F;; is related explicitly to the electric and magnetic fields E and H respectively
by the expressxon (for example [5] page 58 and 63)

0 Hy —H, —iE,
— H, 0 H, —iE,
H H, - H, 0 —iE;/|

iE, iE, IiE; 0

then the field invariants F;; F'/ and det(F;;) are given in terms of E and H by
F;; F7=2(H)® — |E*), det(F;;)=—(E-H)*.
In terms of E and H, theorem 4 implies the

COROLLARY 3: Under the hypothesis of theorem 3, E-H always vanishes, while
|H|?—|E|* will also vanish if R,;=0. The current F',; vanishes if{'?ij=0.
8

(It can be shown that F'{;=F'/; and hence the current vanishes if either R; ;=0
g
or 1}"?,- ;=0.) In view of the identical vanishing of the field invariant E-H, it is of

interest to investigate more fully the vanishing of the invariant |H|?> — |E|?; the vanish-
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ing of the latter would imply that only null electromagnetic fields are derivable by the
above methods. As stated in lemma 4, the vector fields B'(x) define null translations,
that is, a motion (in the metric of g; ;) for which every point follows a null geodesic.
It is known [4] that any motion in a V" is characterized as follows: there exists a co-
ordinate frame x' for V" in which the components of the metric tensor g;; are in-
dependent of one co-ordinate, say x'; the curves of parameter x' are then the trajec-
tories of this motion. In a V*, suppose g;; independent of x!, and let the indices
o, B, y...=2, 3, 4 while i, j, k...=1, 2, 3, 4. Then the metric in V' is given by the
quadratic form
g0 () ()7 + 28, 5 (x7) £ & 4 g, (") & .

If B' is tangential to this motion then its components must be [B', 0, 0, 0], and hence
B;(x))=g;; (x)) B' (x/); that B’ corresponds to a motion implies B; ;+ B; ;=0; that
is, d;(g;y B')+0,(g;, B')=2[ij, 1] B'.Since g;; is independent of x!' it follows that
2[ij, 11=0;g;,+0,;g;, and hence
oB' 0B'
8i1 ox) + &1 P =

If we set i=j=1, it follows that B' is independent of x'; but then with i=1 follows
0B'/0x' =0, and hence if B is tangent to the motion along x', then B' =k, a constant,
and B*=0, in this coordinate frame.
Si
e Bi= ki,

in order that F;; should not vanish for this motion one requires only that g, ; should not

be a gradient, and hence
0g,; 0gy;
Fij:k gl‘— «g‘i] :
ox’ 0x

Finally, in order that the motion be a geodesic motion, viz. g;; B' B’ constant, it is
further simply required that g, be constant in this frame.

It is clear from the above that the motion cannot be a null geodesic motion unless
k=0. However it is also known [4] that if B' and B' generate translations (geodesic
motions), then ¢, Bi+c¢, B’ also generates a translation, for arbitrary constants c¢;
and c,. Hence, if along with the field B': [k, 0,0, 0], a time translation corresponding to
Bi: [0, 0, 0, k] can be found, then B': [c; k, 0,0, ¢, k) also generates a motion, and

gij§i§j=cfgllk2+2cl C2g14k/2+(,'§g44]22

can vanish since ¢, and/or k can be imaginary in our V* (x*=ict). Hence, for the
existence of a null geodesic motion in the V* of relativity it suffices to show the exis-
tence of a time translation and at least one space translation. The existence of a time
translation is often considered as the criterion for a stationary gravitational field [6].
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That |H|?—|E|? does not vanish in general may be seen as follows: consider a
metric of the form

(xl)Z + zglaxl xa +gaﬂx1 xﬂ +2ga4xax4 +(X4)2

where o, f=2, 3 and the g;; are independent of x' and x*=i c t. Let B be given by
[k, 0,0, i k], and therefore B corresponds to a motion for which

g ;B B =k*+(ik)=0,
hence a null translation. Then B; is given by

k[1,8,1+ 084,831+ 1834 1]

in which all terms are independent of x' and x*. It is readily verified that

0gy1 083, 0824 0834
F = — F = _— + il - - —_
23 32 ( ox®  ox? Noxt 7 ax?
while all other F;; vanish. Clearly F, ,, and hence also F;; F'/, is not zero in general
(given det(g*f)+#0).

5. Geometric and Physical Interpretation of y=¢,(x)

Let 0 and 0 be two observers with Cy: y=y(4) the world line of observer 0 in
terms of his proper time 4, and Cg: x=x(4)that of 0 in terms of his proper time 1.
Thus

dy dy dx dx
L =1 RN Gy 31
g{y } and g{x,dI d,’{} 1 (31

dA d
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Let B be a null Killing vector field corresponding to a continuous group of null trans-
lations &= ¢, (n); the trajectories of the translations are then the world lines of light
signals, and we assume that these signals join Cy to C,. Hence a signal received by 0
from the clock of 0 has travelled along a trajectory of the group ¢,. By assumption
therefore, each value of 1 determines a unique null geodesic joining x (1) to a unique
event y(4) on C,. Alternatively, every emission time 4 along Cy determines a unique
group parameter ¢ =0 (1) and a unique reception time A=A(1) along C, such that

YA} =05 {x (D} - (32)

The relativistic Doppler shift is then given by the reciprocal of di/dl. This Doppler
shift is readily calculated by differentiation of (32) with respect to 1; one thereby
obtains, as in (9),

dy di dx - _do
S B
i3 azx= B {dz () d/l}

where B is the null Killing vector field corresponding to the inverse transformation
n=¢, ' (¢). Since ¢, is a general Lorentz transformation for every o, it follows that

dy dy) (dA 2 Cdx B.da dx Bdo}
B af\az) "8 Taran " dx

which, in view of (31), implies

di\? dx ) do
=1-2glx; B} ~. (33)
(dl) & {x d7 } d7
In terms of an arbitrary parameter t, (33) may be rewritten in the form
2=712-2g{x:x,B)g. (34)

To illustrate that (33) is indeed a formula for the Doppler shift, consider the case
of special relativity; for simplicity, we consider only x and . The world lines Cg and
C, are given in terms of their respective proper times by

i) B
y(A) = , x(H=
Cy: \/115 and Cy: \/1:’{-/3
t(/l):c\/IQﬂz ’-(z)zc\/{_[;i

where ¢ f=dy/dt and ¢ f=dx/di. The group of null translations E=¢,(n) is given by

®o: {é =n+(co for arbitrary constant o,
T=71+0a0
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where B is the vector [« c,a] and B the vector [—a ¢, —«]. Finally, g; ; is the diagonal
matrix {—1, ¢?}. Equations (32) then become

~~Bzf +(xc)o=—

Jiop Ji-p

y) N A
—_— 00 =-— =—-—-
e /1 —pB? cJ1 - p?
which may be solved for ¢ and A in terms of 1 to obtain
B L+ B (-
S 3 B S (£ T
ac(l—p)1-B (1=p@1+p
When the source 0 is a rest, §=0 and the second of equations (35) reduces to the well-
known expression 2= (1—p)"2/(1+B)'/? A for the Doppler shift due to longitudinal
motion.
It remains to verify that (33) is also the relativistic Doppler shift. In view of the
previously given expressions for B, x(1), g;;, and (35), equation (33) becomes

di\? B 1 B—B
() =1-2{- (7 AL ARG R R
L, L=PB-P)

(1-F)(1~-p)
It is readily verified that the above equation agrees with (35), viz.

dA\* _(1=B)(1+h)
<dz) CENHIE))
Equation (34) is also of interest since, by (31),

12 =g(x; %, %) (36)

(35)

=1+

and (34) may be written in the form

P =g(x;x,x)—2g(x; % B)g. (37)
While (36) expresses the proper time 4 of the particle whose world line is x(z), (37)
expresses this same proper time in terms of the observer’s clock. In the cases previ-

ously considered, it was assumed that ¢ =K 4 for some constant K; this assumption
in conjunction with (37) leads to the ‘action’ integral

A= f {(Jhi; ¥ ¥ — B %} dr (1%
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while (36) implies
i= f Jg X1 de. (1)

Hence (1) and (1*) both express the proper time 1 of the particle; however, (1*)
expresses this proper time in terms of 1(2), the reception time at which the observer 0
‘sees’ 1 on the particle’s clock.

6. The Case E-H#0

In the previous sections it was assumed that for A=0 the transformation y=0¢,(x)
reduced to the identity map. The Kaluza-Klein formalism then implies that ¢, re-
presents a null translation, and that the field invariant E- H vanishes. While the pre-
ceding analysis indicates several possibilities for generalization to fields for which
E-H#0, (for example, B; B non-constant, or B; tangent to more general families of
null geodesics) it may be fruitful to consider the analysis below, which lies entirely
within the present framework.

Given the form i —e(ridh ), (36)
and the transformation y=¢,(x), x=¢; ' (), one may again define the vector fields
B(y), B(x), by?

B(y)= b, (¢3 ' () B(x) = ¢ (¢1(x))-

As previously shown, it follows that
y=0:(x){x - B(x) 4},
and substitution into (36) yields
32— g[91(x); 91(x) {3 = BAY, 0,(x) (% — BA}]. (37)

The cylindrical axiom of the Kaluza-Klein formalism demands that g{¢,(x);
¢,(x) & ¢,(x)n} be independent of 4, and hence 4 may be chosen arbitrarily, in
particular A=0, which suggests the definition

§(x3 & ) S g {bo (X); G (x) & Do (x) 1}

Hence ¢, (x) must be a motion as before, but a motion in the induced ¢ metric, as
indicated in lemma 3. If ¢ =g then the mapping ¢, (x) is an isometry in the space 78
with metric g. In general, one can only say that

é.’;i + ﬁj;i =0 where Bi=4; B’ and 7

3) Note that this is also a restriction on ¢ since generally one would have B(y, 4) and B(x, A).
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denotes covariant differentiation in the induced ¢ metric. Hence (37) reduces to
AP —g{x;%x—BAx—B1},
that is,
[L—g(x; B, B)] 2> +28(x; B, %) 4 — g(x; %, %).
The Kaluza-Klein formalism then demands that B be a null vector field in the in-
duced metric . In component notation, B*(x) must satisfy

Bi;j+§j;i=0 g‘ijE'EJ=0,

and hence B’ defines a null translation in the induced & metric; clearly B' does not
necessarily define a null translation in the g metric unless of course ¢ is the result of
a translation in the g metric.

It is clear that

* *

F,-j =B;;-B;:= E,-,,- - B;,;
again satisfies the condition det(£;;)=0, but the tensor F,;, given by
F;=B,;- B,

does not necessarily satisfy det(F;;)=0, that is, it is still possible that E-H does not
vanish. It is hoped that a more detailed analysis can be presented in the near future.

REFERENCES

[1] PauLL, W., Theory of Relativity (Pergamon Press, N.Y. 1958).

[2] ToNNELAT, M. A., Les théories unitaires de I’électromagnétisme et de la gravitation (Gauthier-
Villars, Paris 1965).

[3] BERGMAN, P., Introduction to the Theory of Relativity (Prentice-Hall, N.Y. 1965).

[4] E1sENHART, L. P., Continuous Groups of Transformations (Dover Publications, N.Y. 1961).

[5] Lanpav, L. D. and LirsHrtz, E. M., The Classical Theory of Fields (Pergamon Press, London,
Paris, 1959).

[6] SYNGE, J. L., Relativity: General Theory (North-Holland Publishing Co., Amsterdam 1960).

University of Waterloo



227

Uber die Koebesche Konstante

KARL SziLARD, Budapest
Herrn Professor Alexander Ostrowski zum 75-sten Geburtstag

Es sei die analytische Funktion w = f(z) im Einkeitskreise |z| <1 definiert, (0) =0
und | £'(0)] =1. Fiir den Fall, dass die Abbildung z—w= f'(z) schlicht ist, wurde
bekanntlich von L. BIEBERBACH im Jahre 1916 bewiesen, dass der grosstmogliche
Radius R der Kreisscheibe |w|<R die in allen Mengen B der Bildpunkte w= f(2)
(d.h. fiir alle schlichten Funktionen mit der obigen Normierung) enthalten ist, genau
den Wert 1 besitzt. Dass ein solcher grosstmoglicher Radius existiert (dessen Wert
somit eine absolute Konstante sein muss) wurde von P. KOEBE schon im Jahre 1907
bewiesen. Aus allgemeinen Sitzen von W. K. HaYMAN [1] folgt, dass die Forderung
der Schlichtheit durch eine schwichere ersetzt werden kann (,,schwache Schlicht-
heit*); es bleibt richtig, dass R =4%.

Hier soll gezeigt werden, dass erstens die Behauptung R=7% nicht nur fir die
,,schwach schlichten normierten, sondern auch fiir eine weitere Klasse von nicht
notwendigerweise schlichten Abbildungen giiltig bleibt, und zweitens, dass fiir eine
gegebene normierte Abbildung z—w = f(z) der Wert dieses grosstmoglichen Radius
von unten abgeschitzt werden kann, wenn in gewissem (spdter zu prézisierenden)
Sinne das Verhalten der Bildpunktmenge B in bezug auf die zum Punkte w=0 (wir
wollen diesen Punkt durch O bezeichnen) nichsten Randpunkte von B bekannt ist.
In welchem Sinne dieses Verhalten in bezug auf die nichsten Randpunkte gemeint ist,
wird aus dem néchstfolgenden Hilfssatze klar. Dieser Hilfssatz bezieht sich auf
einen speziellen Fall. Der Ubergang zum allgemeineren Falle geschieht durch Be-
nutzung eines Satzes von G. PoLya und G. SzeGO [2] iiber das Nichtabnehmen des
inneren Radius eines Gebietes in bezug auf einen gewissen Punkt, wenn man das
Gebiet einer Symmetrisierung (nach POLYA, oder nach STEINER) unterwirft (siehe
auch [3], Seite 82).

HiLrssATZ. Die analytische Funktion w= [ () sei im Einheitskreise |z| <1 definiert,
£(0)=0und | f'(0)|=1. Die Menge B der Werte w, die von der Funktion f (z) mindestens
einmal angenommen werden, soll folgende Eigenschaft haben: Einer derjenigen Rand-
punkte von B (der Randpunkt P) die einen minimalen Abstand R vom Punkte w=0
(vom Punkte O) haben, ist die Spitze eines Winkels von der Grdsse o (0<a <) dessen
Halbierende die Gerade OP ist derart, dass dieser Winkel (in seinem Inneren und auch
auf den Schenkeln) keinen Punkt der Menge B enthdlt (s. Fig. 1).

Eingegangen am 28.12.67
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Wir behaupten dann:

TV - Ebene
Figur 1

Beweis: Wir konnen ohne Einschriankung der Allgemeinheit annehmen, dass der
Punkt P auf der negativen Halfte der reellen Achse der w-Ebene liegt, d.h., dass die
Abscisse von P gleich (— R) ist. (Denn wire dies nicht der Fall, so wiirden wir statt
f(z) eine Funktion f, (z) =¢'® f (z) mit einem passend gewihlten w-Wert betrachten,
die den angefiihrten Voraussetzungen, insbesondere mit Beibehaltung des Wertes von
R genligt.) Wir fassen nun das Gebiet & der w-Ebene, das aus allen Punkten w mit

o ( ) o
—n+ - <arg(wW+ R)<m—
n 5 rg T 5

besteht, ins Auge und konstatieren, dass B ein Teilgebiet von ® ist. Durch die

Funktion
1 1
(W + R)2-@/m) — R2=(a/m
2 (w)="" :
(W + R)2-(@/m) 4 R2-(a/m)

wird das Gebiet & auf das Innere des Einheitskreises |z,| <1 abgebildet, wobei der
Punkt w=0 in den Punkt z; =0 iibergefiihrt wird. Setzt man anstatt w in z, (w) die
Funktionswerte w = f'(z) ein, so bekommt man eine analytische Funktion

2 [f(2)]=F(2)

durch welche der Einheitskreis |z| <1 auf ein Teilgebiet des Einheitskreises |z;| <1
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abgebildet wird, wobei F(0)=0 ist. Nach dem Schwarz’schen Lemma ist dann

dF (z), <1
| dz —o
Nach der Kettenregel konnen wir schreiben:
g oz,
‘dF(z)‘r _ Az, <1
| dz oo 1dwl,_g ‘dZ‘FO dw =0

da der zweite Faktor laut Voraussetzung gleich Eins ist. Nun ist
L e C))
dz, 2R2-@/m)-R 2=(a/m) 1
dW w=0 B

2 o 20
4-R2-(/m)| 2 — Rl 4 —-
n i3
1
_ <1, oder R>———~
20 2a
Rl 4 — 4 — —
4 T

und das ist die erste Behauptung des Hilfssatzes. Die zweite Behauptung ist, dass diese
Abschitzung nicht verscharft werden kann. Das leuchtet aber ein, wenn man bedenkt,
dass das Gebiet ® eines der moglichen Gebiete B ist und fiir dieses Gebiet ist F(z)=z
und somit F'(z)=1, woraus folgt, dass die vorige Ungleichung in diesem Falle in
die Gleichung |

R=-——
20

4 —
Vi

Somit erhalten wir:

iibergeht. Damit ist der ausgesprochene Hilfssatz bewiesen. Die Abhéngigkeit des
Radius R vom Winkel a ist auf der Figur 2. dargestellt, insbesondere sei vermerkt,
dass fiir « =0, R=4% und fiir a=n, R=1 ist.

Figur 2
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Nun wollen wir zeigen, dass der Radius R des grossten Kreises um den Punkt w=0,
dessen innere Punkte simtlich Bildpunkte sind, mit Hilfe einer Eigenschaft von B in
bezug auf die Menge der zum Punkte w=0 nichsten Randpunkte P abgeschitzt
werden kann. Die zu w=0 nichsten Randpunkte liegen auf der Kreislinie |w|= R, sie
konnen dort eine endliche, oder unendliche Menge bilden. Jedenfalls bewirken sie,
dass, falls wir die Punktmenge B nach der Methode von POLYA symmetrisieren, wobei
wir die Symmetrisierung in bezug auf die positive Hiilfte der reellen Achse der w-Ebene
vornehmen, die symmetrisierte Punktmenge B* einen zu w=0 nichsten Randpunkt
auf der negativen Hilfte der reellen Achse mit der Abseisse w= — R haben wird. Dies
bleibt auch richtig, wenn die Halbgerade, wonach wir symmetrisiert haben, die positive
Halfte der reellen Achse enthilt, aus einem Punkte zwischen w=0 und w = — R aus-
geht, und der Punkt w= — R fiir B ein nichster Randpunkt war. Nun ist die Eigen-
schaft die wir der Punktmenge B (die ein Gebiet ist) auferlegen wollen: Nach der
angefiihrten Symmetrisierung soll das symmetrisierte Gebiet B* einfach zusammen-
héiingend sein. Da der unendlich ferne Punkt w=o0 weder zu B, noch zu B* gehort
und w= — Rein Randpunkt ist, so kann der Rand von B* nicht nur aus einem Punkte
bestehen, d.h. der Rand von B* ist ein Kontinuum, das den Punkt w= — R enthilt
und da er in bezug auf die reelle Achse auch symmetrisch ist, kann B* keinen Punkt
der reellen Achse enthalten, dessen Abscisse kleiner als (— R) ist (dies sieht man ein,
wenn man bedenkt, dass w =00 nicht zu B* gehort). B* ist gewiss einfach zusammen-
héngend, wenn B einfach zusammenhéngend war (s. [3] Seite 71) und B ist gewiss
einfach zusammenhéingend, wenn die Abbildung z—w= f(z) schlicht ist, doch B*
kann auch fiir nicht schlichte Abbildungen einfach zusammenhingend sein, zum
beispiel wenn die Abbildung z—w= f(z) ,,schwach schlicht* (,,weakly univalent*
s. [1] Seite 157) ist und die Symmetrisierung nach der positiven Halfte der reellen
Achse vorgenommen wurde, B* kann aber fiir weitere nicht schlichte Abbildungen
einfach zusammenhéngend sein, wie man auch an Hand von Beispielen erkennen
kann. Wir wollen jetzt den zu beweisenden Satz formulieren.

Die analytische Funktion w= f(z)=a,z+a,z*+ - sei fiir |z| <1 definiert, |a,| =1.
Die Menge B der w-Werte die von f(z) mindestens einmal angenommen werden, soll
folgende Eigenschaft haben: Es soll ein Halbstrahl durch den Punkt w=0 und seine
Verlingerung durch einen zu w=0 ndchsten Randpunkt gehen so, dass die nach diesem
Halbstrahl Pélya-symmetrisierte Punktmenge B* der Menge B als einfach zusammen-
hdngendes Gebiet ausfdllt, oder es soll B* als einfach zusammenhingendes Gebiet aus-
Jfallen, wenn man nach einem aus w=0 ausgehenden Halbstrahl symmetrisiert. Dann
behaupten wir: Der Radius R des grissten Kreises mit dem Mittelpunkt w=0, dessen
Punkte simtlich Bildpunkte w= f (z) sind, ist 2%. Wenn es ausserdem méglich ist einen
Winkel von der Grosse o anzugeben, dessen Spitze mit einem zu w=0 néichsten Rand-
punkte von B* zusammenfillt so, dass kein Punkt von B* in diesem Winkelraume liegt,
SO ist
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Beweis: Der Einfachkeit halber (und ohne die Allgemeinheit einzuschrinken)
nehmen wir an, dass der Halbstrahl, nach dem die Pélya-Symmetrisierung vorge-
nommen wurde, von einem Punkte Q der negativen Halfte der reellen Achse zwischen
w=— R und w=0 der w-Ebene (oder aus dem Punkte w=0) ausgeht und die positive
Hilfte der reellen Achse enthilt. Auch konnen wir annehmen, dass w=—R ein
nichster Randpunkt von B war. Das symmetrisierte Gebiet B* enthilt sdmtliche
Punkte der Kreisfliche |w| <R und mindestens einen Randpunkt P mit der Abcisse
(= R) d.h. diese Kreisfldche ist auch fiir B* die grosstmogliche von der betrachteten
Art. Da das Gebiet B* laut Voraussetzung einfach zusammenhéngend ist und sein
Rand (wie vorhin schon erwihnt) nicht nur aus einem Punkte besteht, in bezug auf
die reelle Achse symmetrisch ist und den unendlich fernen Punkt w= oo nicht enthilt,
so kann es keinen Punkt der reellen Achse mit einer Abscisse < — R enthalten.

Betrachten wir jetzt eine in dem Kreise |z|<1 definierte analytische Funktion
f*(z)=a%z+a%z?+ - die den Einheitskreis auf das Gebiet B* schlicht abbildet.
Es ist £ (0)=f*(0)=0. Laut des anfangs erwihnten Satzes von POLYA und SzEGO
konnen wir behaupten:

lajl 2 1.

Der Satz von POLYA und SZEGO besagt hier ndmlich, dass wenn r, der innere Radius
des Gebietes B in bezug auf w=0 ist und die Symmetrisierung mit Hilfe einer Halb-
geraden vorgenommen wurde, die durch den Punkt w= =0 geht, und r§ der innere
Radius des symmetrisierten Gebletes B* in bezug auf w=0 ist, so haben wir: rgr
Weiterhin gilt: |a,| <7, und |a}| =r§ (letzteres wegen der Schlichtheit der Abblldung
durch f*(z); siehe [3], Seite 80), so dass wir schreiben kénnen:

1 =la,| Srosro = la}l.
Nun geniigt die Funktion

22 4.

* z a*
fi)=z+f‘i
a;

gewiss den Voraussetzungen des Hilfssatzes mit o =0, nur miissen wir statt R die
Grosse R/|a}| schreiben und somit konnen wir behaupten:

| | >1 und umso mehr R=1.
a

Wenn aber ausserdem das Gebiet B* ein solches ist, dass es einem Randpunkt w mit
|w| =R besitzt, der Spitze eines Winkels von der Grosse o ist, der keinen Punkt von
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B* enthilt, so wird der Randpunkt w= — R dieselbe Eigenschaft haben, wobei die
reelle Achse der Winkelhalbierende dieses Winkels ist (dies folgt aus der Symmetrie
von B* in bezug auf die reelle Achse und aus den Eigenschaften der Symmetrisation
nach POLYA). In diesem Falle konnen wir wiederum den Hilfssatz auf die Funktion

/@)
at
anwenden und folgern:
R 1
= g —
ayl 4 — %E
T
und umso mehr:
1
R2=
- 2a
4 -
b1

wie behauptet wiirde.

Es ist nicht schwer, Beispiele von nicht schlichten (auch nicht ,,schwach schlichten**)
Funktionen zu konstruieren, die den Voraussetzungen des eben bewiesenen Satzes
geniigen.

Die Behauptung: R=1 kann fiir den Fall, dass das Polya-symmetrisierte, einfach
zusammenhéngende Gebiet B* von B durch eine Symmetrisierung in bezug auf die
positive Halfte der reellen Achse der w-Ebene erhalten wurde, auch aus dem Satze
von W. K. Hayman bewiesen werden, dass fiir alle im Kreise |z|<1 definierten
analytischen Funktionen w= f(z) mit /(0)=0 und /' (0)=1 es eine Kreislinie |w|=r
mit r=4 existiert die in B enthalten ist (den extremalen Fall ausgenommen, s. [1],
Satz 1V). Da nidmlich die Kreislinie |w| =r nach der Symmetrisierung zu B* gehéren
wird und B* einfach zusammenhingend ist, so gehdren alle w mit |w|<r zu B*. Das
kann aber nur sein, wenn alle w-Werte |w|<r zu B gehorten und der Beweis wird
wie vorhin vollendet.
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Das Minimum von D/fi1 fe» ... f55 fiir reduzierte positive quinire
quadratische Formen

B. L. VAN DER WAERDEN (Ziirich)

Alexander Ostrowski gewidmet

§ 1. Problemstellung

Fiir reduzierte positive quadratische Formen in 5 Verdnderlichen

5
f(X):ZfiiXiz‘*' Y fikXi X (D
1 i<k
gilt nach Minkowski die ,,fundamentale Ungleichung**

Dzcfi1fr2f33 2455 2

wo D die Diskriminante ist!). Es fragt sich, was der beste Wert von ¢, also die untere

Grenze des Quotienten D

- 3
0= s )

ist. Wir werden beweisen: MinQ=}.

§ 2. Vorbereitungen

Wenn die Form f reduziert ist, so bedeutet das, dass die Basisvektoren ey,..., e;
des Gitters so gewdhlt sind:

e, ist ein kiirzester Gittervektor #0.

e, ist ein kiirzester Gittervektor, der mit e, zusammen ein primitives System bildet,
u.s.w. bis:

e ist ein kiirzester Gittervektor, der mit ey,..., e, zusammen das ganze Gitter
aufspannt.

Jeder Gittervektor x kann ganzzahlig durch die Basisvektoren ausgedriickt
werden: X=e; X + -+ esXs.

Die Norm des Vektors x ist der Wert der Form f(x):

N(x) =f(x).

1y Siehe etwa B. L. van der WAEI;DEN, Reduktionstheorie der positiven quadratischen Formen, Acta
mathematica 96, 265 (1956). Diesc Arbeit wird im folgenden mit R zitiert.

Received December 6, 1967
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Die sukzessiven Minima der Form und die zugehdrigen Minimumvektoren
m,,...,ms werden nach R so definiert:

m, ist ein kiirzester Gittervektor #0.

m, ist ein kiirzester von m, linear unabhingiger Gittervektor, u.s.w. bis:

m; ist ein kiirzester von my,...,m, linear unabhingiger Gittervektor. Die Normen
der Minimumvektoren sind die sukzessiven Minima:

Ni=N(m;) (i=1,...,5).
Nach R, § 7 kann man immer m,, ..., m, gleich ey,..., €, wihlen. Dann ist also
m=e, N=N(e)=f; (i= 1,....4).

Fiir ms gibt es zwei Moglichkeiten:
1) Entweder das fiinfte Minimum Nj ist gleich fss=N(es); dann kann man
m; =e; wihlen und man hat

D D

— = 2 4
fll---fss Nl"'Ns_% 4

wobei der Wert § zur dichtesten Kugelpackung in 5 Dimensionen gehort.
2) Oder Nj ist kleiner als /55 = N(es). Setzt man nun

Q=

m5=eltl +“'+e5t5, (5)

so kann man ¢; als positiv annehmen (sonst wiirde man my durch —m; ersetzen).
Wirets=1, so wiirde ms mit ey, ..., e, das ganze Gitter aufspannen und man kdnnte
es durch den kiirzeren Vektor ms ersetzen, was nicht geht. Also ist ts mindestens 2,

Die Gittervektoren x mit x5 =0 bilden ein Gitter in dem von e,, ..., e, aufgespann-
ten vierdimensionalen Teilraum R,. Die mit x5 =1 nennen wir ,,Vektoren der ersten
Schicht®, die mit xs =2 ,,Vektoren der zweiten Schicht*, u.s.w. Die Schichten liegen in
dquidistanten parallelen Hyperebenen x5=0, xs=1, etc. Der Abstand zwischen je
zwei aufeinanderfolgenden Hyperebenen sei hs=#h. Die Diskriminante der Form,
die aus f(x) entsteht, indem man x;=0 setzt, sei D,. Dann ist nach R

D=D4'h2.

Wire ¢5>2, d.h. wire m; ein Vektor der dritten oder einer noch hoheren Schicht,
so wire
Ns = N(ms) = 9h?, (6)
also
D= D4'h2 = J1122f33 faa$Ns = $N; N, Ny N, Ns,
was zur Ungleichung von MINKOWSKI

Dz §N; N, N; N, N,
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im Widerspruch steht. Somit kommt im Falle 2) nur #5=2 in Frage. Statt (5) kann
man also im Falle 2) schreiben

ms=e; [, +e,t,+est;+est,+es-2. O]
Diejenigen Gittervektoren
X=e;X; + '+ €4X,4 + €5X5
bei denen x5 gerade ist, lassen sich durch
e, =m,,..., e, =m, und m;

ausdriicken. Sie bilden im Gitter G ein Teilgitter H vom Index 2, das von den Mini-
malvektoren m,, ..., my aufgespannt wird. Die Gittervektoren x mit ungeradem x5
bilden eine Nebenklasse H' von H in G.

In der Wahl der Minimumvektoren m,,..., my steckt eine Willkiir, aber ihre
Normen Ny, ..., N5 sind nach R, § 5 eindeutig bestimmt. Auch das Teilgitter H ist
eindeutig bestimmt; es wird nimlich von allen Gittervektoren mit Normen <Ns
aufgespannt. Die Vektoren x’ von H’ haben im Falle 2) Normen > N5 und das
Minimum dieser Normen ist f5s=N(es). Somit ist f55 eindeutig durch das Gitter
bestimmt, unabhingig von der Wahl der Basisvektorene,, ..., €,. Diese Eindeutigkeit
von f5s gilt in beiden Fallen 1) und 2); denn im Falle 1) ist ja f55=Ns.

In folgenden werden wir immer N,=f;;=1 annehmen. Das ist eine ganz un-
wesentliche Einschrinkung, denn man kann die Form f(x) immer durch N, dividieren.

§ 3. Reduktion auf den Fall Ny =N, =--- = Ns=1

SATZ 1. Bei der Bestimmung der unteren Grenze der Quotienten Q kann man sich
auf solche Formen beschrinken, deren sukzessive Minima N; alle gleich 1 sind.
Satz 1 wird bewiesen sein, sobald gezeigt ist, dass es zu jeder Form f eine Form
f* mit Q* < Q gibt, deren sukzessive Minima alle Eins sind.
Allgemein gilt
N <N, < Ns. ®)

Wir nehmen nun an, dass Nj, ..., Ny alle gleich 1 sind, aber Ny, grosser als 1:
1=N, ==N <Ny ©)

Wir fiihren (wie in R, § 2) rechtwinklige Koordinaten &,, ..., &s ein, wobei jedes
&, nur von Xy, ..., x; abhingt. Nun kann man das Gitter in ein anderes Gitter im
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gleichen metrischen Raum transformieren, durch die affine Transformation

5,1 =él

gl’( :ék 4
p . (10
¢k+lzﬁ¢k+l )
5'5 =ﬁ§5

die jedem Punkt P mit Koordinaten ¢, einen Punkt P’ mit Koordinaten &; zuordnet.
Wir setzen f%=1—t und studieren das Verhalten der Minima Ny, ..., N5, wenn ¢t
stetig von 0 bis nahe bei 1 anwichst. Fiir =0 haben N, ..., N, die urspriinglichen
Werte. Wenn 7 wichst, bleiben Ny, ..., N, zundchst konstant, aber N, ,, nimmt stetig
ab und wird fiir einen gewissen 7-Wert gleich N,. Um das einzusehen, untersuchen
wir, wie die Norm eines Gittervektors x sich durch die Transformation 7 dndert.
Wird x durch die Transformation 7 in x’ transformiert, so gilt
N(x) =P 4o+ 8
=&+ G+ P e+ B E (1
=&+ G+ (=) (& ++ D).

Die Norm N (x') ist also eine lineare Funktion von 7. Sie ist konstant, wenn x in dem
von ey,..., ¢, aufgespannten Teilraum R, liegt, weil dann &, |, ..., &5 alle Null sind.
Liegt aber x nicht in R,, so ist N(x’) eine abnehmende lineare Funktion von t.

Die Gittervektoren in R, haben konstante Normen, die von der Transformation 7'
nicht beeinflusst werden. Die Normen aller anderen Gittervektoren sind wegen (9)
fir £=0 grosser als Eins. Nimmt ¢ zu, so nehmen die Normen u=N(x’) linear ab.
Stellen wir sie als Funktionen von ¢ graphisch dar, so erhalten wir in der (¢, u)-Ebene

Figur 1
Die Normen der Gittervektoren als Funktionen von ¢ im Falle k — 4.
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lauter Geraden mit negativer Steigung. N, ist das Minimum der Normen der nicht in
R, liegenden Gittervektoren. Solange keine der abnehmenden Geraden in Fig. 1 die
Gerade u=1 schneidet, bleiben Ny, ..., N, gleich 1 und N, ., bleibt grosser als Eins.
Wir wollen zeigen, dass es einen -Wert zwischen 0 und 1 gibt, fiir den N, ,, gleich 1
wird.
Nach R, § 2 gilt
D = h¥h3h3hihi, (12)

wobei die Hohen £, ..., i, im Raum R, liegen und /4, ..., hs senkrecht dazu. Bei
der Transformation T bleiben /2, ..., h? ungedndert, wihrend hf,q,... ,h: mit 1—1¢
multipliziert werden. Also wird D mit (1 —¢)°~* multipliziert:

D'=(1—-1)°"*D. (13)
Nun ist aber nach MINKOWSKI
D=4N,N,...Ns> ¢

also 8D> 1. Bei der Transformation T werden N, ..., N5 verkleinert. Solange sie
grosser als 1 bleiben, bleibt die Diskriminante grosser als §:

D'=(1-1)"*D>1.

Daraus folgt (1 —¢)°"*>(@ D)™ ".
Setzen wir
8D) '=(-1°7"

so folgt 1 —¢>1—1, also t<rt. Spitestens an der Stelle 7=1 muss die stiickweise
lineare Funktion N, also den Wert | annehmen. Der Wert von ¢, fiir den Ny, ;=1
wird, sei #’. Man erhilt dann fiir r=¢ durch die Transformation T ein neues Gitter mit

]:Nl’== Nk/sz,+1.

Wir zeigen nun, dass der Quotient Q sich bei der Transformation T nicht ver-
grossern kann.

Am einfachsten ist der Beweis im Falle k =4. In diesem Falle bleibt dervone,, ..., e4
aufgespannte lineare Raum R, bei der Transformation 7 ungeindert. Die Minimal-
vektoren m,, ..., m, liegen in diesem Raum und bleiben ebenfalls ungedndert. Ihre
Normen N, ..., N, sind vor und nach der Transformation T gleich Eins. Alle Ab-
stinde senkrecht zu diesem Raum werden bei der Transformation mit p multipliziert.
Die Abstiinde zwischen den Schichten der Fig. 1 werden ebenfalls mit multipliziert;
die Reihenfolge der Schichten bleibt ungedndert. Betrachten wir nun den Quotienten

D D _D
Q—f11-~f55—N1-~N4'f55 fss,
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so wird der Zahler D bei der Transformation T mit f?=(1—¢) multipliziert. Der
Nenner ist die kleinste Norm eines Vektors der ersten Schicht. Istx’ ein Vektor, der
nach der Transformation 7 die kleinste Norm hat, so hat man nach (11)

fss=NX)zZ(1—t) Nx) = (1 —1)fss.
Daraus folgt
D (1-1D D

Tfis T (L= 0)fss fss

Damit ist der Fall k=4 erledigt.

Ist k<4, so kann eine Schwierigkeit auftreten, weil die Minimumvektoren
my, ..., m, nach der Transformation nicht mehr Minimumvektoren zu sein brauchen
und der von ihnen aufgespannte Raum R, nach der Transformation vielleicht nicht
mehr der von den Minimumvektoren aufgespannte Raum ist.

Es gibt insgesamt nur endlich viele Vektoren, die vor oder nach der Transforma-
tion T als Minimumvektoren m; oder Basisvektoren e; in Betracht kommen; denn
es gibt nur endlich viele Gittervektoren, die nach der Transformation Normen <fs
haben. Alle anderen Gittervektoren haben nach der Transformation und daher um
so mehr vor der Transformation Normen grésser als /55 und daher auch grosser als Ni.

Diesen endlich vielen Gittervektoren entsprechen endlich viele Geraden in der
(¢, u)-Ebene.

Sie haben nur endlich viele Schnittpunkte, deren Abzissen die Strecke von 0 bis
t"in endlich viele Teilstrecken teilen. Auf jeder dieser Teilstrecken bleiben die Raume
Ry, ..., R, konstant. Die Minimumvektoren m, ..., m, und e dndern sich auf jeder
Teilstrecke stetig und ihre Normen sind lineare Funktionen von ¢.

Auf der ersten Teilstrecke kann die Funktion

A

Q Q.

o= 2 - P (14)
_f11-~f55~N1~-N4'f55

nur verkleinert, nicht vergrossert werden. Der Zihler in (14) wird ndmlich bei der
Transformation 7 mit (1 —¢)"~* multipliziert und der Nenner mit dem gleichen oder
einem grosseren Faktor. Alsoistder Wert Q, am Ende der ersten Teilstrecke hdchstens
gleich dem urspriinglichen Wert Q,.

Am Ende der ersten Teilstrecke ist der Wert Q, von Q eindeutig bestimmt, un-
abhingig von der Wahl der Minimumvektoren my, ..., m,, denn die Faktoren N, und
fss sind eindeutig bestimmt. Also kann man fiir die zweite Teilstrecke genau so weiter
schliessen. So erhilt man schliesslich am Ende der letzten Teilstrecke eine reduzierte
Form f* mit

Q*<Q und 1=N{=-=N'= N .
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Sind nun alle N¥ gleich Eins, so sind wir fertig. Sind aber nur k' von den Grossen
N7¥ gleich Eins (k<k'<5), so kann man den gleichen Beweis mit k' statt k noch
einmal fiihren. Nach hochstens vier Schritten kommt man zum Ziel:

N, =-=Ns=1. (15)
Damit ist Satz 1 bewiesen.

§ 4. Der konvexe Bereich K

Wenn (15) erfiillt ist, so gilt auch

fii=fa=f3=faa=1 (16)
und (siche R, § 7)
fss<3%. amn
Da weiter fiir reduzierte Formen
Ifidl £ fii fir i<k (18)
gilt, so sind alle f;, absolut beschrinkt.
Die Reduktionsbedingungen
f(sts e 85) 2 fin  fir (sg....85)=1 (19)
definieren einen konvexen Bereich Bim 15-dimensionalen Raum R, s der Koeffizienten

fix- Zu den Bedingungen (19) gehoren die folgenden:

N(mz) =f222 f11
N(m3)=f33 2 f1y

(20)
N(my) =fas Z f11
N (ms) =f(t 12 13, tas t5) Z 11
Ist nun
N, =N, =N;=N,=Ns, 20

so gilt in den vier Ungleichungen (20) das Gleichheitszeichen. Durch die vier Glei-
chungen, die man so erhilt, ist fiir jeden Satz Koeffizienten ., ..., t5 ein linearer
elfdimensionaler Teilraum R, in R, s definiert. Durch die Normierung fi;=1 wird
R, auf einen R, reduziert.

Die Rdume R,, und R hingen noch von den ganzzahligen Koeffizienten #, ..., t5
ab. Im Falle 1) des § 2 haben 1, ..., t5 die Werte 0,0,0,0, 1. Im Falle 2) ist t5=2;
die iibrigen ¢ sind, wie wir noch sehen werden, ungerade Zahlen?). Jedenfalls sind
nur endlich viele Wertsysteme ¢, ..., s moglich (R, § 10), also gibt es auch nur endlich

2) Minkowski hat gefunden, dass f1,..., 74 alle gleich L 1 sein miissen (Gesammelte Werke 1,
S. 154). Jedoch werden wir dieses Ergebnis nicht brauchen.
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viele Rdume R,,, in denen wirklich reduzierte Formen mit fss>1 liegen. In jedem
Raum R, definieren die Reduktionsbedingungen (19) einen beschrinkten konvexen
Bereich K.

§ 5. Das Minimum von Q in K

SATZ 2. Das Minimum von Q in K wird in einer Ecke des Polyeders K angenommen.
Beweis: Die Funktion
D D

R

ist stetig, hat also in K ein Minimum c. Dann hat D —cf55 das Minimum Null. Die
Funktion D ist aber nach MiNnkowski konkav (R, § 14), und fs ist linear, also ist
D —cfss ebenfalls konkav. Eine konkave Funktion nimmt ihr Minimum in einer
Ecke des konvexen Korpers K an. In dieser Ecke ist also D—cfs5=0, also D/fss=c.
Damit ist Satz 2 bewiesen.

Bei der Anwendung des Satzes 2 muss man zwischen den Fillen 1) und 2) unter-
scheiden. Im Falle 1) ist fs5=Ns=1. Diese Gleichung gilt im ganzen Bereich K,
den wir in diesem Fall K; nennen. Das Minimum von Q = D/fss in K, ist gleich dem
Minimum von D, also gleich .

Der Fall 2) ist durch die Ungleichung f55> 1 gekennzeichnet. Diese Ungleichung
gilt in den inneren Punkten des konvexen Bereiches, den wir in diesen Fall K,
nennen. In gewissen Randpunkten von K, kann sehr wohl f55=1 sein. Diese Rand-
punkte gehoren dan sowohl zu K, als zu K;. In solchen Randpunkten ist natiirlich
Q= 4. Wir haben zu untersuchen, ob es andere Ecken von K, geben kann, in denen
0 <4 ist. Die Antwort wird sein: Nein. Es gibt zwar ein lokales Minimum von Q
in einer Ecke E, aber dieses lokale Minimum ist 1.

§ 6. Das raumzentrierte Gitter im Falle 2)

Fiir die folgenden Rechnungen wollen wir nicht ey, ..., e, sondern my, ..., ms als
Basisvektoren wihlen. Sie spannen allerdings nicht das ganze Gitter G, sondern nur
das Teilgitter # vom Index 2 auf. Die Basisvektoren e, ..., e, sind gleich m,, ..., m,.
Um e5 durch my, ..., m; auszudriicken, muss man (7) nach e5 auflosen. Das gibt

es=Mm;c; +--+Mmycy +ms 3, (22)

wobei ¢y, ..., ¢, ganze oder halbganze Zahlen sind.

Sind alle ¢; ganze Zahlen plus %, so haben wir ein raumzentriertes Gitter. Wenn
aber einige ¢; ganz sind, so haben wir ein seitenzentriertes Gitter. Wir zeigen, dass der
letztere Fall nicht vorkommen kann.
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Es sei etwa ¢, eine ganze Zahl. Dann ligt der Vektor

es=es— M ;c; =M,c, +Myc3 +Mmycy +ms 3

in dem von m,, my, m,, my aufgespannten vierdimensionalen Raum Rj, und zwar
in der ersten Schicht, da der letzte Koeffizient | ist. Die vier sukzessiven Minima des
Gitters in R} sind alle 1, weil m,, m;, m, und ms die Norm 1 haben. Nach R, § 7
liegt dann aber in der ersten Schicht ein Vektor e” kileinster Norm, dessen Norm
gleich dem vierten Minimum, also gleich Eins ist. Dieser Vektor wire kiirzer als es,
was nicht geht, da es ein kiirzester Vektor der ersten Schicht des ganzen Gitters
sein sollte.

Es bleibt also nur den Fall des raumzentrierten Gitters. Die ¢; sind in diesem
Fall ganze Zahlen plus 4. Die Gittervektoren sind

Z=m,z; +-+mszs, (23)

wobei die Koeffizienten z,, ..., z5 entweder alle ganz (dann liegt z im Teilgitter H)
oder alle halbganz sind (dann liegt z in der Nebenklasse H’).

Die Norm des Vektors z ist eine quadratische Form in den Koeffizienten zy, ..., z5,
die wir g(z) nennen:

N(Z)=Zgiizi2+zgiszzk=8(z)’ (24)

wobei die zweite Summe nur iiber die Paare i, k mit i<k zu erstrecken ist.

Lisst man in (24) fiir die z; nur ganzzahlige Werte zu, so erhilt man aus (24)
die Normen der Vektoren des Teilgitters H. Die Form g ist also die zu diesem Teil-
gitter gehorige quadratische Form.

Die Koeffizienten f;;, der Form f sind einfache lineare Funktionen der Koeffi-
zienten g;, der Form g (und umgekehrt). Insbesondere ist

f55 = N(es) = g(Cl, Cos C3, Ca, _12_)
: , l 25)
= 8iiC + L gwcic mit ¢ =13,

wobei die ¢; ganze Zahlen plus § sind.

§ 7. Die Reduktionsbedingungen

Im folgenden betrachten wir ausschliesslich solche Formen g, welche die Be-
dingungen
N,=N,=-=Ns=1
oder
g11=g22="'=g55=1 (26)
erfiillen.
Die Reduktionsbedingungen fiir die Form f lassen sich sehr einfach durch die
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Koeffizienten der Form g ausdriicken. Sie lauten, wenn (26) beriicksichtigt wird:
g(zy, .o zs) 21 fiir (245000, 25) #(0, ..., 0) 27
8(zy,.+5 25) 2 fss fiir zs=1%, (28)

wobei f5s durch (25) gegeben ist. Das Problem ist, unter diesen Bedingungen das
Minimum von Q= D/fss zu bestimmen.
Zu den Nebenbedingungen dieses Minimumproblems gehért auch noch die Glei-

chung (25): fss=2g(cy, ¢35 €35 €4, %).

Diese ist lastig, da die halbganzen Zahlen c,, c,, c,, ¢, nicht bekannt sind. Wir er-
setzen daher f55 lieber durch eine neue Unbekannte v. Genauer stellen wir das

Problem so: Das Minimum von Q= D/v ist zu bestimmen unter den Nebenbedin-
gungen

811 =82 ="=gss=1 (26)
g(zy,nzs) 21 fiir (zy..., z5) #(0, ..., 0) 27
g(zy,.zs)zv  fiir zg=1% 29)

v=x1, (30)

wobei die z; in (27) und (29) entweder alle ganz oder alle ganz plus } sein sollen.

Die Diskriminante D des Gitters G ist ein Viertel der Diskriminante des Teil-
gitters H oder der Form g, und diese hingt nur von den g, ab. Halt man also die
gixfest und vergrossert v so weit als moglich, ohne (29) zu verletzen, so wird Q=D/v
kleiner. Das Minimum von Q wird also nur dann erreicht, wenn in einer von den
Ungleichungen (29) das Gleichheitszeichen gilt, also wenn fiir gewisse halbganze

Cyy.euey C
P te g(Cl,Cz,C3,C4,%)=U

gilt. Das bedeutet: An der Stelle des Minimums von Q ist v genau gleich dem f5s
der Gleichung (25). Um die Gleichung (25) brauchen wir uns jetzt nicht mehr zu
kiimmern: sie ist beim Minimum automatisch erfiillt.

Wir haben jetzt ein Minimumproblem in dem 11-dimensionalen Raum R’ der
Unbekannten g;, (i<k) und v zu l6sen. Die Einschrinkungen (27), (29) und (30)
definieren in diesem Raum R’ einen beschriinkten Bereich B’. Das Minimum von o
in B’ kann nur in einer Ecke des Polyeders B’ angenommen werden.

§ 8. Die vergrisserte Bereich B’

Um das Problem zu vereinfachen, lassen wir von den Ungleichungen (27) und
(29) zunichts einige ausser Betracht. Nur die folgenden sollen beibehalten werden:
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v 1 (30)

g(z.nzs)Z v mit z;=+14. 31

Diese 33 Ungleichungen definieren einen konvexen Korper K’, der B’ umfasst.
Wir werden gleich sehen, dass K’ beschriinkt ist. In K’ hat Q=D/v ein Minimum;
es wird notwendigerweise in einer Ecke angenommen. Wir durchmustern nun alle
Ecken von K’ mit folgendem Ergebnis. In einer einzigen Ecke E ist v=f55>1; diese
Ecke erfiillt saimtliche Ungleichungen (27), (29) und ergibt ein lokales Minimum

=1. In allen anderen Ecken ist v=f5;=1. Die zugehdrigen Formen sind simtlich
reduziert; folglich gilt fiir sie D=4 und daher wegen v=1 auch Q=4. Also ist das
Minimum von Q im Bereich K’ mindestens §. Um so mehr gilt das im Teilbereich B'.

Um den eben skizzierten Gedankengang auszufiihren, ziehen wir zunachst einige

Folgerungen aus den Ungleichungen (31). Eine von ihnen lautet

g 4LuL )z, (32)

oder mit 4 multipliziert
g(l,1,1,1,1)=4v24. (33)

Genau so beweist man allgemein

g(#1, £, +1,£1, £1)=4. (34

Schreibt man (33) ganz aus und bringt die 5 Glieder g;;=1 auf die rechte Seite,
so erhdlt man

2euz—1, (35)

wobei wie immer iiber alle Paare ik mit i>k zu summieren ist. Genau so ergibt (34)
eine Ungleichung von der Form

Zigik;—l' (36)

Die Ungleichung (35), die aus (33) entstanden ist, bezeichnen wir als Ungleichung
+ 4+ + + +. Ersetzt man etwa die letzten beiden + durch —, so erhilt man die
Ungleichung + + 4 — —, etc. Insgesamt gibt es 32 Ungleichungen (36), entsprechend
den 32 Folgen von je 5 Vorzeichen. Von diesen 32 Ungleichungen sind aber nur
16 verschieden, weil die Unkehrung aller 5 Vorzeichen jeweils dieselbe Ungleichung
ergibt.

Addiert man die zwei Ungleichungen (36), deren Vorzeichenreihe mit + + + +
anfingt, und dividiert durch 2, so erhilt man

g2t 813 +g14+823+824+g34§"1 (37
oder
g(1,1,1,1,002 3. (38)
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Genau so beweist man fiir jede Folge von 4 Vorzeichen
gL+, +1,4+1,0)=3, 39)
wobei die Null auch an einer anderen Stellen stehen darf, z.B.
g(1,0,1, —1,1)= 3.

Addiert man die vier Ungleichungen (36), deren Vorzeichenreihe mit + + + an-
fangen, und dividiert durch 4, so erhilt man

g(1,1,1,0,0) = 2 (40)
und ebenso allgemein
g(+1,+1,+1,0,0)=2, (41)

wobei die Nullen auch an anderen Stellen stehen diirfen.
Addiert man die acht Ungleichungen (36), deren Vorzeichen mit + + anfangen,
und dividiert durch 8, so erhilt man g,,> —1 oder

g(1,1,0,0,0)= 1. 42)
und ebenso
g(+1,+£1,0,0,00=>1, (43)

wobei die Nullen auch an anderen Stellen stehen diirfen.
Schliesslich hat man wegen (26)

g(1,0,0,0,0)=1, (44)

wobei die Eins an beliebiger Stelle stehen darf.

§ 9. Schaleneinteilung

Wir teilen die Gittervektoren mit Ausnahme des Nullvektors in ,,Schalen‘* ein.
Zur ersten Schale rechnen wir die Vektoren z, deren Koordinaten z; alle +4 sind.
Die n-te Schale besteht aus den Vektoren mit

n
Max. |z;| = -.
2

Die Ungleichungen (31) besagen, dass die Vektoren der ersten Schale Normen
Zv haben. Die daraus folgenden Ungleichungen (34), (39), (41), (43) und die Glei-
chung (44) besagen, dass die Vektoren der zweiten Normen > | haben, wobei das
Minimum [ wirklich angenommen wird. Wir wollen nun zeigen, dass die Vektoren
aller héheren Schalen ebenfalls Normen =1 haben. Daraus folgt insbesondere, dass
die zum Teilgitter H gehorige Form g (x) reduziert und daher positiv ist.

Gesetzt, es gibe eine Form g,, die zwar die Ungleichungen (31) mit v>1, aber
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nichtalle Ungleichungen (27)erfiillen wiirde. Dann wiirde mindestens eine Ungleichung
(27) nicht erfiillt sein, d.h. es gédbe einen Vektor z in der dritten oder einer hoheren
Schale mit Norm N (z)<1. Wir nehmen nun eine Form g,, die simtliche Unglei-
chungen erfiillt, z.B.

go(z)=zf+zg+z§+zi+z§, (45)

und wir verbinden die Pukte g, und g; im 10-dimensionalen Raum der Koeffizienten
g (i<k) durch eine Strecke

g =80+ 1(g; —go)-

Es muss einen grossten Wert ¢ geben, fiir welchen die Form g gerade noch alle
Ungleichungen (27) erfiillt. Nennen wir diesen Wert ¢*. Fiir einen etwas grosseren
Wert t* +¢ ist dann eine der Ungleichungen

g(zl'ﬂ"a ZS) ; 1

verletzt, d.h. es gilt g(z,, ..., z;) < l. Fiir den Wert #* ist aber die Ungleichung g(z)=1
noch erfiillt, also gilt fiir t=¢* das Gleichheitszeichen

g(zyy.nzs)=1, (46)

wobei z ein Vektor aus der dritten oder einer hoheren Schale ist. Einer der Betrdge
|z;/ muss also mindestens 14 sein. Indem wir, wenn nétig, die Minimumvektoren
m,, ..., ms umnumerieren, konnen wir |z5|=3 erreichen. Ist z5 negativ, so ersetzen
wir den Vektor z durch —z. Dann wird also z;=3, d.h. der Vektor z liegt in der
dritten oder einer hdheren Schicht.

Nun gilt aber, wie wir frither gesehen haben — siche (6) — fiir alle Vektoren der
dritten und der hoheren Schichten

N(z)=9h*.

Wenn z die Norm 1 haben soll, so ist 9 #* <1, also

D:Dath2 Sfiufafisfaad=56<4,

was unmoglich ist. Also kann ein Vektor der dritten oder einer hoheren Schicht
unmoéglich die Norm 1| haben, d.h. (46) ist unmoglich.

Damit ist beweisen:

SATZ 3. Alle Formen g, die die Ungleichungen (31) mit v2 1 erfiillen, sind reduziert
und daher positiv.

§ 10. Das Minimum von Q
Im Bereich der positiven Formen ist D eine konkave Funktion. Daher gilt der

Beweis des Satzes 2 auch fiir den Bereich K’, der durch die Ungleichungen (30) und
(31) definiert ist, und wir erhalten
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SA1z 4. Das Minimum von Q in K’ wird in einer Ecke des Polyeders K' angenommen.
In (31) kann man sich wegen

g(— 2y, —25)=g(24, w0 Z5)

auf den Fall z5 = +} beschrinken. Man hat also nur 16 verschiedene Ungleichungen
(31) und eine Ungleichung (30).

Eine Ecke des Polyeders K’ wird durch 11 unabhingige Gleichungen definiert,
die man erhilt, indem man in 11 von den 17 Ungleichungen = statt > schreibt. Nun
ergeben sich 2 Mdglichkeiten, die unseren fritheren Fillen 1) und 2) entsprechen,
nédmlich:

A. Man schreibt in (30) das Gleichheitszeichen. Dann ist v=f55=1 und man
erhilt den fritheren Fall 1).

B. Man hat in (30) das Zeichen >. In diesem Fall muss man aus den Gleichungen

g(zyy .y zs) =0 47
elf unabhédngige auswahlen.
Nun haben aber alle Gleichungen (47) eine gemeinsame Ldsung, nidmlich die
Form g, - siche (45) — mit

gi=1, gu=0 (i<k), v=4%. (48)

Wihlt man also aus den Gleichungen (47) irgend elf unabhingig aus so erhilt man
als einzige Losung die Form (48). Das zugehorige Gitter G ist kubisch raumzentriert.
Die Diskriminante des Gitters ist 4, also ist der Quotient Q= D/v gleich }. Dieser
Wert ist, wie man leicht sieht, ein lokales Minimum.

Die Form g, erfiillt offensichtlich alle Bedingungen (27), (29) und (30). Die zum
Gitter G gehorige Form f ist also reduziert. Aber auch im Falle A sind die Bedin-
gungen (27) und (29) erfiillt. Die Bedingungen (27) folgen nidmlich, wie wir in § 9
gesehen haben, aus (30) und (31). Die Bedingungen (29) aber folgen aus (27), denn
im Falle A ist v=1.

Wir sehen also, dass simtliche Ecken des konvexen Bereiches K’ die Ungleichun-
gen (27) und (29) erfiillen, also zum Bereich B’ gehoren. Dann aber muss der ganze
Bereich K’ in B’ enthalten sein. Da umgekehrt B’ in K’ enthalten ist, so folgt

B =K. (49)

Geht man wieder vom elfdimensionalen Raum R’ auf R,, zuriick, indem man
v=f55 setzt, so erhdlt man den

SAtz 5. Alle Reduktionsbedingungen (27) und (29) folgen aus den 17 Bedingungen
g(i%a i%9i_%’ i%a'})gf55 (50)

fssz L, (€Y
und den 5 Gleichungen
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811 =8y =""=gss=1. (26)
Im Falle A ist Q=4. Im Falle B ist Q=1. Also ist @ im Bereich B’ =K’ iiberall
=+4. Daraus folgt:

SATZ 6. Das Minimum von Q ist 4. Die dichteste Kugelpackung erreicht das
Minimum,

Mathematisches Institut
der Universitdt Ziirich



Ein allgemeiner Vierscheitelsatz fiir ebene Jordankurven

I. Mitteilung. Vorbereitende Betrachtungen. Erster Teil des Beweises
Ott0o Haurt (Erlangen)

Herrn Alexander Ostrowski zum 75. Geburtstag mit herzlichen Wiinschen

Einleitung

1. In seiner bekannten Arbeit hat A. KNESER [1]1) den Vierscheitelsatz fiir stetig
gekriimmte Jordankurven C (in der euklidischen Ebene E) bewiesen (Anderer Be-
weis bei H. KNESER [1]); unter einem Scheitel von C wird dabei jede Maximal- und
Minimalstelle der Kriimmung verstanden.

2. Nachstehend soll der Knesersche Satz zu einer Aussage verallgemeinert wer-
den, welche der Topologie in E angehort (vgl. die Formulierung in § 3). Es wird
nédmlich Erstens das System K der Kreise ersetzt durch irgend ein System f von
Kurven, deren jede — kurz gesagt (vgl. im Folgenden Nr. 3.1.) — durch k=k(f)=3
ihrer Punkte eindeutig bestimmt und stetige Funktion solcher 3 Punkte ist. Und
Zweitens tritt an Stelle der Forderung der Stetigkeit der Kriimmung eine Forderung,
die sich nur auf das Verhalten der Jordankurven C beziiglich f in der Umgebung
eines jeden isolierten Scheitels bezieht; dabei ist als Scheitel von C beziiglich f,
kurz £-Scheitel, bezeichnet jeder Punkt seC derart, dass in jeder Umgebung von s
auf C mindestens 4 Punkte von C auf einem Kef liegen. — Die Existenz von Systemen
f (gemdss Erstens), die vom System der Kreise verschieden sind, ist bekannt (vgl.
z.B. BENZ [1]). — Ferner sind die an einen f-Scheitel gemiss Zweitens gestellten An-
forderungen widerspruchsfrei; sie sind niamlich insbesondere im Falle stetiger Kriim-
mung fiir die Scheitel beziiglich der Kreise erfiillt (und sogar schon im Falle der
Eindeutigkeit des freien Schmiegkreises in einem R-Scheitel.) Der Satz von KNESER
ist mithin als Spszialfall in unserer topologischen Verallgemeinerung enthalten

(vgl. H [1]).

BEMERKUNG. Neben topologischen Begriffsbildungen werden zur Vereinfachung
einiger Formulierungen Begriffe aus der direkten Infintesimalgeometrie benutzt,
niamlich z.B. der der -Paratingente als Verallgemeinerung des freien Schmiegkreises.

3. In der vorliegenden Arbeit wird angenommen, dass CnK endlich ist fiir jedes
Kef. Auf den Fall, dass es Kef mit unendlichem CnK gibt, wird spiter zuriickzu-

1) Ziffern in eckiger Klammer im Text verweisen auf das Literaturverzeichnis am Ende dieser
Note.

Eingegangen am 8.12.1967



Ein allgemeiner Vierscheitelsatz fiir ebene Jordankurven 249

kommen sein. — Eine Sonderrolle spielt der Fall, dass CnK maximal vier Punkte
enthilt fiir jedes Kef (vgl. Nr. 3.3.); dieser Fall ist schon friiher erledigt (vgl. H.-K.
[1], Nr. 4.1.4.1.f.). Der Gedankengang des Beweises fiir die iibrigen Fille gliedert
sich so: Zunichst werden (§§ 1 und 2) Bemerkungen zusammengestellt, welche die
gegenseitige Lage zweier Kurven (in der Ebene) betreffen (und die rein topologischer
Natur sind). Im § 3 werden die Vierscheitelsitze im Bezug auf Systeme f formuliert
und es wird der Beweis zuriickgefiihrt (vgl. Nr. 3.4.3. und 3.4.3.1.) auf den eines
Existenzsatzes (genauer auf den eines Kontraktionssatzes), dessen Beweis an anderer
Stelle gegeben werden soll.

4. Modifiziert man die in Ziff. 2 oben, Zweitens, angedeuteten Forderungen an
die ¥-Scheitel ein wenig, so erweist sich jeder isolierte f-Scheitel als vom Punktord-
nungswert 4 und als gemeinsamer Endpunkt zweier Teilbogen von C je vom Punkt-
ordnungswert 3; auch ergibt sich, im Falle C nur endlich viele f-Scheitel besitzt, dass
die £-Scheitel von je gleicher Signatur sich gegenseitig trennen, das also gleichviel
£-Scheitel positiver und negativer Signatur vorhanden sind, mindestens also je zwei.
Dies soll in einer spiteren Note gezeigt werden. Ubrigens liefert die ebene nicht-eu-
klidische (hyperbolische) Geometrie ebenfalls einen 4-Scheitelsatz, welcher dem klas-
sischen in der euklidischen (oder vielmehr in der konformen) Ebene entspricht,
worauf spiter zuriickzukommen sein wird.

Herzlich zu danken habe ich auch diesmal wieder Herrn HERMANN KUNNETH
fiir vielfach Kritik und Verbesserungsvorschlige (vgl. insbesondere die Nr. 2.2. und
2.3).

ANMERKUNG. (I) Ohne zusitzliche Forderungen an dic k-Scheitel (etwa im Sinne
von Ziff. 2., Zweitens) gilt nur noch ein Zweischeitelsatz, wofiir schon im Falle der
Kreise gewisse Ovale (mit stetiger Tangente und) mit zwei Unstetigkeiten der Krim-
mung Beispiele liefern (vgl. allgemein H.-K. [I1]. Nr. 4.5.). - (II) Unbeantwortet
bleibe hier die Frage, ob der allgemeine Vierscheitelsatz eine Ausnahmestellung
einnimmt in dem Sinne, dass bei Systemen ¥ mit f(k)=27+1, t>2, kein dhnlich all-
gemeiner (k4 1)-Scheitelsatz gilt. Man mochte vermuten, dass der Fall k(¥)=3
tatsichlich eine Ausnahme darstelit.

§ 1. Bezeichnungen. Vorbemerkungen

1.1. Der sogenannte Grundbereich G=G, in welchem sich die Betrachtungen
abspielen, sei eine abgeschlossene Kreisscheibe in der euklidischen Ebene E (oder
ein topologisches Bild von ihr). Der Rand G—G von G sei mit G, bezeichnet.

Weiter sei q das System bestehend aus allen (einfachen, abgeschlossenen) in G
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enthaltenen Bogen, die bis auf ihre Endpunkte in G liegen, sowie aus allen (in
G enthaltenen, einfachen, geschlossenen) Kurven (Jordankurven) Q mit leerem
oder einpunktigen QNG,. Jeder Bogen aus q ldsst sich zu einer Jordankurve (in G)
erginzen, indem man einen der (beiden) durch die Endpunkte des Bogens begrenzten
Teilbogen von G, hinzufiigt. Demgemiss kann (und — soweit es bequem ist — soll)
jedes Qeq als Jordankurve vorausgesetzt werden derart, dass OnG, leer oder ein-
punktig oder ein Bogen ist. Wir verabreden dabei: Es soll xeQ immer bedeuten,
dass xeQ—0nG,.

Fiir jedes Qeq seien die beiden Komponenten von G — Q als die Seiten QO () von
O bezeichnet, wobei a= + oder a= — ist.

Spater (vgl. Nr. 3.1.ff.) wird statt q ein Teilsystem ¥ von q betrachtet, dessen
Elemente K als Ordnungscharakteristiken (kurz OCh) bezeichnet werden, und
die, unter anderem, die Eigenschaft besitzen, durch je drei ihrer Punkte eindeutig
bestimmt zu sein (Vgl. Nr. 3.1.1.).

1.1.1. Ist Qeq orientiert, so auch jeder Teilbogen B von Q, der (ev. bis auf seine
Endpunkte) in G liegt. Es sei yy,..., y,€B, t>3; liegt dann Y.—1 auf B vor y, fiir
Jedes 1=2,..., ¢, s0 sagt man, die y,,..., y, seien in dieser Reihenfolge entspre-
chend der Orientierung von Q bzw. B angeordnet oder die Reihenfolge im
t-tupel t=(yy,..., ,) entspreche der Orientierung von B (Betr. die Definition von
,»,vor bzw. , hinter vgl. H.-K. [1]. Nr. 1.1.).

Jede Teilfolge y, ,..., ., 3<r<t¢—1, eines solchen t mit Te-1<Tp,0=2,...,0,
heisse (in dieser Reihenfolge) Q-konsekutiv (in 1); sie heissen hingegen (in dieser
Reihenfolge) direkt Q-konsekutiv (in t), wenn sogar T,=0 ist fiir alle g=1,...,r,
wenn also ,,zwischen” den y,, keine, von ihnen verschiedene unter den y. aus t
liegen.

1.1.2. Es seien C, Qeq. Dabei wird meist C G sein, sodass C und CnQ fremd
zu G, ist.

ANNAHME. Fiir die jeweils betrachteten Qeq soll stets CNQ endlich und alle
Punkte von CnQ sollen Schnittpunkte?) von C mit Q sein.

1.1.3. Die Michtigkeit einer Menge M < G werde mit POW (M )und als Punkt-
ordnungswert von M bezeichnet. Ist POW(MnQ) fiir jedes Qeq endlich bzw.
maximal gleich m, so bezeichnet man M als von héchstens endlichem POW(M;q)
bzw. man setzt POW (M; q)=m. Weil CnQ fiir C<G endlich sein und nur Schnitt-
punkte enthalten soll (vgl. Nr. 1.1.2.), ist POW(CnQ)=0 (mod 2).

1.1.4. Essei Corientiert. Sind x, ..., x,e CnQ, 50 heisse das n-tupel t=(xy,..., X,)
enthalten in CnQ, in Zeichen r<CnQ. Ferner heisse t normal bzw. fast-

2) Fiir Bezeichnungen, die im Folgenden nicht weiter erklart sind, sei auf H.-K. [1] verwiesen.
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normal in CnQ, wenn bei passender Orientierung von Q die xy,..., x, (in dieser
Reihenfolge) sowohl direkt C- als direkt Q-konsekutiv bzw. zwar direkt C-konse-
kutiv aber (wenigstens) Q-konsekutiv sind in CnQ d.h. in dem ¢-tupel t=(yy,..., y,)
der auf Centsprechend der Orientierung von C geordneten Schnittpunkte y, von CnQ.

Zwei entsprechend der Orientierung von C angeordnete t'- bzw. t"-tupel t'=
=(x},..., x;;) bzw. t"=(x7, ..., x/) auf C heissen quasi-fremd, wenn die kleinsten,
alle x, bzw. alle x, enthaltenden Teilbogen C’ bzw. C” von C fremd sind bis auf
hochstens Endpunkte, also

CnC c{xifuf{xjul{xifu{xi}; 3<t,3<1t".

1.1.5. Es sei Req und a,beR mit a#b. Dann bezeichne R(a|b) einen durch
die beiden (End-)Punkte a, b begrenzten, abgeschlossenen Teilbogen B von R. Der
grosste offene in R(a|b) enthaltene Bogen, also B—{a}—{b} sei mit R(a|b)=B
bezeichnet.

1.1.6. Es seien C, Qeq mit C<=G und beide orientiert; ferner sei t=(xy,..., x,) =
= CnQ mit in dieser Reihenfolge direkt C-konsekutiven Schnittpunkten x;, ..., X,,
n=2k>4. Es sei V bzw. H eine vordere bzw. hintere Umgebung von x; bzw. von
x, auf Q. Man sagt, es besitze t die Signatur a mit a=+1, in Zeichen a=sign(t),
wenn fiir hinreichend kleine V, H gilt VUH < C(a).

1.1.7. Ist Req orientiert, so heisse B=R(a|b) im Sinne von R orientiert, wenn
B eine auf R hintere Umgebung von a und (daher) eine auf R vordere Umgebung
von b enthilt; @ wird dann auch als Anfangspunkt des orientierten Bogens B be-
zeichnet. Ist z,€B, v=1,...,n; n>1, und sind die a, zy,..., Z,, b in dieser Reihen-
folge R- bzw. B-konsekutiv, so deutet man dies auch an durch die Schreibweise
R(alzy|...|z,|b) statt R(a|b), womit dann R(a|b) eindeutig bestimmt ist.

1.2. Vor. (1) Es seien C, Qeq mit C=G und es sei Q sowie C orientiert. — (2)
Ists',s"€eCNQ mit s'#5", s0 sei C'=C(s'|s") bzw. Q'=Q(s'|s"), also C'=C, Q'= Q.
—(3) Es sei H' < Q' bzw. V"< Q’ eine hintere Umgebung von s" auf Q bzw. eine vordere
Umgebung von s” auf Q.

Ben. (I) Hinreichend kleine H' und V" liegen auf der gleichen bzw. auf verschie-
denen Seiten von C, wenn und nur wenn POW (C'nQ)=0 bzw. =1 (mod 2) ist. Speziell
ist also H'OV" = C(a) bei passendem, o wenn s', s" direkt C-konsekutiv in CnQ sind.
(1) Jedes fast-normale 4-tupel aus CNQ besitzt eine bestimmte Signatur. — (1II)
Sind x,x',x"€eCnQ direkt C-konsekutiv in CnQ und ist Q"=Q(x|x")=Q mit
x'¢Q", so gilt POW(CnQ") =1 (mod 2); insbesondere ist also Cn ~Q”¢ 0.

Bew. Betr. Beh. (I). Die Beh. ergibt sich daraus, dass CnQ endlich ist und nur
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Schnittpunkte enthélt und dass ferner C und auch (vgl. Nr. 1.1.) Q Jordankurven
sind, also POW (CnQ)=0 ist. — Beh. (II) folgt aus Beh. (1). — Betr. Beh. (11I). Gemiss
Beh. (I) liegen Umgebungen von x’ und x” auf Q" auf verschiedenen Seiten von C.

1.3. Vor. Esseien C, Qeq mit Cc=G; und es sei C orientiert. Es seien s', s"eCn Q
mit s'#s" direkt C-konsekutiv. Ausserdem sei einer der offenen, von s’ und s” begrenzten
Teilbogen von Q fremd zu C; dieser Teilbogen von Q sei mit T=Q(s'|s") bezeichnet.

BeH. (1) Ist POW(CNnQ)>=4, so gehoren s’ und s" zu einem fast-normalen 4-
tupel t'=(q’, s', s", q")= Cn Q, dabei liegt also q" auf C vor s, ferner s’ vor s” und s" vor
q" (und q" vor q") (q'#4q"). — (2) Aus T< C(a) folgt sign (1) =o.

Bew. Wegen POW(CnQ)>4 und weil C Kurve mit C<G ist, existieren gq’,
q"eCn Q derart, dass ¢’,s’,s”,q" in dieser Reihenfolge direkt C-konsekutiv sind
(in Cn Q). Zu zeigen ist: Es sind ¢q’, s, s, ¢” in eben dieser Reihenfolge zugleich
(mindestens) Q-konsekutiv, bei passend orientiertem Q. In der Tat: Wegen CNT=9
ist T< C(«) fiir ein gewisses a und es sind s’, s” direkt Q-konsekutiv bei einer jetzt
festzuhaltenden, Orientierung von Q, bei der H' = C(a) gilt fiir eine hinreichend
kleine hintere Umgebung H' von 5" auf Q. Weil ¢’, s’ direkt C-konsekutiv sind, gilt
V' < C(a) fiir eine auf Q vordere Umgebung ¥’ von ¢’ (Nr. 1.2.). Wir schliessen jetzt
indirekt, nehmen also an, es seien ¢q’, s, s”, ¢” nicht Q-konsekutiv. Weil s’, s” direkt
Q-konsekutiv sind, sind dann ¢q”, s, s”, ¢' Q-konsekutiv (in dieser Reihenfolge)
auf CnQ. Essei T'=0(s"|¢)=Q mit ¢"¢T", ferner sei C'=C(q’|s')=C mit s"¢C’.
Es ist dann J=C'UTuUT’ eine Jordankurve, durch die G in zwei Gebiete G', G”
zerlegt wird. Es gilt etwa C(s'[s")=G’, wobei C(s'|s") fremd zu ¢’, ¢” ist. Wegen
T<C(x) und V' <= C(a) liegt auch eine Umgebung von ¢’ auf 7"=Q—T—T"in G'.
Andererseitsist C(s'[s"|q")nJ={s"}, also "€ G" und daher T" nJ+# 0. Widerspruch.

1.4. Vor. Es seien C, Qeq, mit C=G und orientiertem C. Ferner seien x',s’, s”,
x"eCn Q direkt C-konsekutivin CnQ (in dieser Reihenfolge).

BEH. Folgende beiden Aussagen sind gleichwertig: (1) Ein von s' und s” begrenzter
Teilbogen T von Q ist fremd zu x" und x". — (2) Das 4-tupel t=(x', s, s", x") ist fast
normal (in Cn Q).

Zusatz. Liegt T in der Nihe von s’ (und von s”) in C(x), so ist sign(t)=a.

Bew. Aus (1) folgt (2). Da x', s’, 5", x” direkt C-konsekutiv sind, ist nut zu zeigen,
dass x',s’,s", x" Q-konsekutiv sind, wenn Q so orientiert ist, dass eine hintere
Umgebung von s’ auf Q in T liegt; dabei ist T=Q(s'|s")= Q fremd zu x’ und x”.
Daher sind auf Q nur die Reihenfolgen (1) x, s, s” oder (2) x”, s’, s” und (1') 5', 5", x”
oder (2') s',s", x' denkbar; dabei ist z.B. (1) dahin zu verstehen, dass der Bogen
O(x'|s’|s") fremd zu x” ist und entsprechend fiir (2), (1), (2'). Es geniigt, (2) als
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unméglich nachzuweisen, da man fiir (2') entsprechend schliesst. Im Fall (2) gilt
aber: Es sei C"=C(s'|x")cC und Q"=Q(x"|s')=Q der von s’ und x" begrenzte,
zu x' fremde Teilbogen von C bzw. von Q. Wegen POW (C” n Q)=3 liegen (gemass
Nr. 1.2.) Umgebungen S’ von s" und X" von x” auf Q" auf verschiedenen Seiten von C,

etwa S’ = C(— a)und X" = C(a), Analog wie beim Beweise in Nr. 1.3. schliesst man (unter
Bezugnahme auf die Jordankurve J=C” U Q") auf einen Widerspruch. Es ist also nur
(1) und (1) méglich. — Aus (2) folgt (1) gemiss der Definition des fast normalen 4-tupels.

1.5. Vor. (1) Es seien C,Qeq mit C=G und mit POW(CnQ)>6. — (2) Es
seien X', X, X5, X3, X< C n Q in dieser Reihenfolge C-direkt konsekutiv und Xy, X3, X3
iiberdies direkt Q-konsekutiv in Cn Q.

Ben. (1) Die 4-tupel t' =(X, X;, X3, X3)=CQ und t"=(x;, X3, X3, x3)=CNQ
sind beide fast-normal. — Es ist sign(t’)#sign(t").
Bew. Die Beh. (I) folgt aus Nr. 1.3., weil gemiss Vor. (2) CnQ(x;]x;)=Cn

O(x;]x3)=0, wenn X3¢0(x,|x,) und x,¢Q(x;|x;). Da ferner Umgebungen von
x, auf Q(x,|x,) und von x, auf Q(x,|x;) auf verschiedenen Seiten von C liegen,
folgt auch die Beh. (II).

1.5.1. Vor. (1) Es seien alle Punkte von C K Schnittpunkte; ferner seien 1, 2,
3,4eCnK direkt C-konsekutiv, wobei zur Abkiirzung i statt Xx; geschrieben ist,
i=1,....4. — (2) Es sei K(1|12)nK(3|4)=0 und K(112)uK3B|4)=C(a). - 3) Es
sei POW(C N K)=6.

BeH. (1) Es ist (1, 2, 3, 4) ein fast normales 4-tupel der Signatur —o. — (I) Es
gibt x, ye Cn K derart, dass x, 1, 2, 3, 4, y in dieser Reihenfolge direkt C-konsekutiv
und dass (x, 1, 2, 3) sowie (2, 3, 4, y) fast normale 4-tupel der Signatur o sind.

Bew. Betr. Beh. (I). Indirekt. Andernfalls sind 1, 2, 4, 3 K-konsekutiv (geméss
Vor. (2)). Es sei T'=K(2|4) bzw. T"=K(3| 1) der zu 3 bzw. zu 4 fremde Teilbogen
von K. Dann ist C(2|3|4)uU T eine Jordankurve J derart, dass eine Umgebung von
3 auf 7" und 1 auf verschiedenen Seiten von J liegen, sodass T' N T" # () wire, wihrend
doch K einfache Kurve ist. — Betr. Beh. (IT). Gemiss Vor. (3) sowie (1), ferner weil
CcG Kurve ist, existieren Schnittpunkte x, y derart, dass die x, 1, 2, 3, 4, y direkt
C-konsekutiv sind. Gemiss Vor. (2) folgt der Rest der Beh. (II) aus Nr. 1.4.

§ 2. Existenz von Paaren fast normaler quasi-fremder 4-tupel
verschiedener Signatur

2.0. Satz. VOR. Es sei C eine orientierte Kurve mit C=G. Ferner sei POW (C; qQ)
héchstens endlich, aber POW (C; q) = 6.
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BeH. Fiir jedes Qeq mit POW(CNQ)=6 enthilt CnQ (mindestens) vier fast
normale 4-tupel p’, p”, ', 1" von folgender Art: Es sind p’ und p" quasi-fremd, ebenso
n' und n'. Ausserdem ist sign(p’)=sign(p”) und sign(n’)=sign(nn"), aber sign(p’)=
—sign(n’). (Wie immer sollen alle Punkte von Cn Q Schnittpunkte sein [Vgl. Nr.
1.1.2.]). Eine Ausnahme machen lediglich (vgl. Nr. 2.2.) gewisse Q im Falle POW (C n Q)
=6 (welche erst spiter (Nr. 3.4.5.) einer einschlidgigen niheren Untersuchung unter-
zogen werden).

Der Beweis dieses Satzes wird in den Nr. 2.1.-2.3. gefiihrt. Der Gedankengang
ist dabei folgender: Zuerst wird der Fall POW (C n Q)=6 behandelt und anschlies-
send der Fall POW(CnQ)=8, von welchem aus vollstindige Induktion von
POW(CnQ)=2n=8 auf POW(Cn Q)=2(n+1) méglich ist. Induktion von 2n=6
aus ist wegen der im Satz erwihnten Ausnahmen nicht durchfiihrbar.

2.1. VERABREDUNG. Es sei Cn Q= J {x,}; dabei ist m=2n, da alle x, Schnitt-
=1

punkte sein sollen. Wir schreiben p stat’; X, u=1,...,m, und v statt m+ v fiir v=1,
2,.... Die 1, 2,..., msollen in dieser Reihenfolge direkt C-konsekutiv sein in CnQ;
es soll also u vor u+1 auf C liegen. Dagegen seien die u in der Reihenfolge 1,2/, ...,
m' direkt Q-konsekutiv in C n Q bei einer Orientierung von Q. Jede derart in irgend
einem Cn Q bei einer Orientierung von Q mégliche (direkt Q-konsekutive) Reihen-
folge 1',2',...,m" werde als eine zuldssige und abgekiirzt mit ((u')) bezeichnet.
0O.B, d.A. werden wir uns auf den Fall 1 =1’ beschrinken.

2.1.1. VORBEMERKUNG. Sind p’, v'e((n')) bei zuliissigem (1)) und ist v' = '+ 2k
k=1, so sind p’ und v' in (")) durch eine ungerade Anzahl von Elementen aus ((1'))
getrennt. Speziell konnen also p', v' oder v', u' nicht direkt Q-konsekutiv in C n Q sein.

Bew. Liegt z.B. v' auf Q hinter p’ und ist C'=C(u'|p'+1]...| v')=C, so liegen
wegen v'=u’ (mod 2) eine vordere bzw. eine hintere Umgebung von p’ bzw. von v’
auf C’ auf verschiedenen Seiten von Q. Die Beh. folgt jetzt aus Nr. 1.2.

2.1.2. Vor. Es seien u, {, v, oeCnQ in dieser Reihenfolge C-konsekutiv, also
{=p+m', v=p+r, o=p+r+s mit 1<m'<r—1, 2<r, 1<s; dabei sei C<G.

BEH. Weder u, v, w, { noch u, v, {, w sind, je in dieser Reihenfolge, direkt Q-
konsekutiv (in Cn Q).

Bew. Indirekt. (I) Es seien p, v, o, { direkt Q-konsekutiv. Wir betrachten C’=
C—Cul|l{|vlw) und Q'=Q(u|vlw)=Q. Dann ist J=C'UQ’ eine Jordankurve,
auf deren einer Seite { liegt, auf deren anderer Seite aber eine Umgebung von
auf Q"=Q—Q'. Daher ist C'n Q"% 0; also sind w, { nicht direkt Q-konsekutiv. —
(I) Es seien p, v, {, o direkt Q-konsekutiv. Es sei C'=C(u|{)=C fremd zu v und
Q0'=0Q(ulvl)=Q. Dann ist J=C’uUQ’ eine Jordankurve, auf deren einer Seite
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o liegt, auf deren anderer Seite aber eine Umgebung von { auf Q"=Q—Q’ liegt,
sodass C' n Q" # 0. Widerspruch.

2.2. Der Fall POW(Cn Q) =6.

Esseialso CnQ=1{1,2,3, 4,5, 6}, wobei dic 1, 2, 3, 4, 5, 6 in dieser Reihenfolge
direkt C-konsekutiv seien (sowie simtlich Schnittpunkte in C n Q). Gemdss Nr. 2.1.1.
kann in den zulédssigen ((1')) (hdchstens) 2'=2 oder 2'=4 oder 2'=6 sein; da 2'=6
durch Umorientierung von C auf den Fall 2’ =2 zuriickfiihrbar ist, kann (und soll)
2'=6 ausser Betracht bleiben. Ebenfalls gemiss Nr. 2.1.1. konnen ferner in den
zuldssigen ((¢')) neben 12 (hdchstens) (I) die Paare 34 und 56 sowie (II) die Paare
36 und 45; weiter neben 14 (hdchstens) (I1I) die Paare 23 und 56 sowie (IV) die
Paare 25 und 36 auftreten; dabei sind ausser 34, 56 usw. auch jeweils die ,,Trans-
ponierten‘‘ 43, 65 usw. in Betracht zu ziehen. Geméss Nr. 2.1.1. bzw. 2.1.2. ist Fall
(IV) ausgeschlossen, weil 2536, 3625 bzw. 2563, 6325 nicht mdglich sind. Uberpriift
man entsprechend die Fille (I)-(ITT) und beachtet, dass mit einem ((u')) auch alle
topologische dquivalenten der Beh. des Satzes in Nr. 2.0. geniigen, so folgt:

Es ist die Beh. des Satzes in Nr. 2.0. nur nachzupriifen fiir die Fille (I') (1))=
1,2,3,4,5,6) und (II') ((1))=(1,2, 3,6, 5, 4).

Der Beweis dieser Behauptung lisst sich, ebenso wie fiir den Fall POW(C; 1)
>8 (Nr. 2.3.) nach Herrn KUNNETH anschaulich auch so fithren: Man betrachte
der einfacheren Formulierung halber statt C und seinem Innern eine Kreisperipherie
B und die von P begrenzte offene Kreisscheibe S. Sind die Punkte 1,2, 3,4,5,6
zyklisch auf P angeordnet, so sind die in I.-III. oben angegebenen drei Paare jeweils
dadurch gekennzeichnet, dass die drei Verbindungssehnen je der beiden Punkte
eines Paares fremd sind (diese Sehnen entsprechen je einem durch die beiden Punkte
begrenzten, zu C fremden offenen Teilbogen von Q). Die den Fillen I.-III. ent-
sprechenden ,,Sehnenfiguren® seien als Figuren L-111. bezeichnet; sie sind offensicht-
lich die einzig moglichen. Man sieht, dass die Figuren II. und III. topologisch &qui-
valent sind, sodass man sich auf I. und II. beschrinken kann. Diese sind nun noch
zu erginzen durch paarweise fremde, einfache ausserhalb & verlaufende Bogen,
deren Endpunkte verschiedenen Paaren angehoren; jeder der Punkte 1,...,6 ist
Endpunkt genau eines dieser Bogen. (Dabei scheiden jetzt die durch Nr. 2.1.1. und
2.1.2. gekennzeichneten Fille aus). Die iibrigbleibenden Fille erweisen sich unmittel-
bar als in zwei Klassen topologisch dquivalenter zerfallend; w.z.z. w.

Fiir die dem Fall II'. entsprechende Figur ldsst sich jetzt die Beh. des Satzes
in Nr. 2.0. unmittelbar verifizieren. Und zwar ergibt sich bei passender Wahl von
C(+)und C(-):

(I p'=(1,2,3,4),p"=4,5,6,1); '=(6,1,2,3),n"=(3, 4,5, 6).

Betr. Fall T'. vgl. Nr. 3.4.5.
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2.3. Der Fall POW(C Q) =8.

Entsprechend wie in Nr. 2.2. stellt man mit Hilfe der Nr. 2.1.1. und 2.1.2. fest,
dass ~ von topologisch dquivalenten abgesehen — nur Sehnenfiguren in Betracht
kommen, die den folgenden Tripeln von Paaren (1, 2) usw. entsprechen: I. 12, 34,
56, 78. ~11. 12, 34, 58, 67.-111. 14, 23, 58, 67. Und als zugehorige ((1')) ergeben sich:
Zul. (1,2,3,4,5,6,7,8).-Zull.(a) (1, 2, 3,4, 5,8, 7 6) sowie (1, 2, 3,4, 7,6, 5, 8);
und (b) (1,2,7,6,3,4,5,8). - Zu IIL (a) (1, 2, 3, 8,7, 4, 5, 6) sowie (1, 2, 5, 6,7, 4,
3,8); und (b) (1,2,3,8,5,6,7,4) und (1, 2,7, 4, 5, 6, 3, 8).

Dabei erweisen sich als topologisch dquivalent noch je die beiden 8-tupel in
IL.(a), in IIL.(a) und in II1L.(b).

Zu dem 8-tupel in I. und in IL.(b), ferner je zu dem in IL.(a), in IIL.(a) und in
IIL.(b) an erster Stelle stehenden 8-tupel (1)) gehren dann als p’,..., n":

L :p'=(,23,4),p"=5,6,7,8); n"=(2,3,4,5),n"=(6,7,8, 1).
IL(a): p'=(1,2,3,4), p"=(6,7,8,1); n'=(2,3,4,5), n"=(5, 6,7, 8).
IL(b): p'=(3,4,5,6), p"=(7,8,1,2); n'=(2,3,4,5), n"=(5,6,7, 8).

Il.(a): p'=(1,2,3,4), p"=(6,7,8, 1); n'=(8,1,2,3), n"=(4, 5, 6, 7).
HL(b): p'=(1,2,3,4), p"=(5,6,7,8); n'=(4,5,6,7), n"=(8, 1, 2, 3).
Damit ist fiir den Fall POW (C n Q)=8 die Beh. in Nr. 2.0. bewiesen.

2.4. Der Fall POW(Cn Q) > 8.

Die Beh. des Satzes in Nr. 2.0. ist richtig allgemein fiir jedes m=2n, n>4.

Bew. durch Induktion von n=4 aus. Die Beh. sei fiir ein n>4 schon bewiesen.
Es sei m=2(n+1) und POW(Cn Q)=m, wobei CnQ={1,2,..., m} mit (in dieser
Reihenfolge) C-direkt konsekutiven I, 2, ..., m. Wir unterscheiden zwei Fille:

FALL (A). Die 1,2,..., m sind in dieser Reihenfolge auch direkt Q-konsekutiv
bei geeignet orientiertem Q.

FaLL (B). Es liegt Fall (A) nicht vor.

2.4.1. BETR. FALL (A). Hier ist die Existenz von p’, p”, n’, n” fiir n=4 in Nr.
2.3., Fall (I), bewiesen. Fiir n>5 kann man unmittelbar so schliessen: Jedes 4-tupel
t,=(v, v+1,v+2, v+3)ist fast normal fiir alle v mit 1< v<2#n—3, wobei 2n—3>7,
ferner t; und ts; bzw. t, und tg quasi-fremd und bzw. von gleicher Signatur, also
sign(t;) =sign(ts) und sign(t,)=sign(ts), aber sign(t,)= — sign(t,). — Damit ist die
Beh. in Nr. 2.0. fiir den Fall (A) und fiir alle m=2n>8 bewiesen.

2.4.2. BETR. FALL (B). Hier existieren bekanntlich (vgl. H-K. [1], Nr. 4.5.2.,
Satz 2 und Bew). x'=r, x"=r+s mit s=1+2¢g, 1<q, von folgender Art: Es sind
x", x" in dieser Reihenfolge direkt Q-konsekutiv in Cn Q, d.h. es ist der zu r+1
fremde Teilbogen X =Q(x"|x") von Q fremd zu C, sodass X = C(«) bei passendem «.
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Ferner sind die zu r fremden Teilbogen X,=Q(r+pu|r+pu+1) von Q fremd zu C
und es gilt X, cC(a), u=1,3,..., 1 +2(g—1).
Zur Vereinfachung unterscheiden wir noch:

FALL (B'): Esist g=1. — FALL (B") Es ist ¢=>2.

2.4.2.1. BETR. FALL (B).

2.4.2.1.1 Setzen wiry'=r+1,y"=r+2und Y=X,=0()'|y"),sosind x', ', »", x"
in dieser Reihenfolge direkt C-konsekutiv und Q-konsekutiv, ferner ist XU Y < C ().
Es ist also t=(x’, y’, y", x”) ein fast normales 4-tupel der Signatur «. Wir ersetzen
nun Q durch eine Kurve Q’eq mit POW(CnQ')=m—2=2n und derart, dass

CnQ=(CnQ)u{ytu{y)

mit zu Q' fremden ', y” und dass Q' mit Q bis auf eine beliebig kleine Umgebung
U von Y=Y auf Q iibereinstimmt (Eine Konstruktion fiir ein solches Q’ wird weiter
unten angegeben; vgl. Nr. 2.4.2.1.11L).

Wegen POW(CnQ')=2n>8 existieren nach Induktionsannahme fast normale
4-tupel p’, p”, ', n” in Cn Q' (vgl. Nr. 2.0., Satz, Beh.).

Um im Folgenden die Abhingigkeit dieser p’,...,n” von Q bzw. von Q' und
von o deutlich hervortreten zu lassen setzen wir

P =t (+1;0), p"=t'(+1;0Q) und n'=t(-1;0), n'=t(-1;Q)
und entsprechend t'(+1; Q) statt t'(+1; Q') usw. fiir Q statt Q".

2.4.2.1.1L Wir haben jetzt zu zeigen: Beim Ubergang von Q' zu Q bleibt das
cinzelne t'(8; Q'), t"(B; Q'); f=+1, etwa t'(B; Q') entweder Erstens erhalten oder
es wird Zweitens t'(B; Q') ersetzt durch ein t'(8; Q), welches quasi-fremd ist zu
einem in C Q enthaltenen t"(f; Q).

Bew. betr. Erstens. Bleibt t'(8: Q') beim Ubergang zu Q erhalten, so ist t'(8; Q")
selbst ein t'(B; Q). Dieses t'(8; Q) ist nun quasifremd zu einem t"(B; Q), falls ein
t"(B; Q') existiert, das ebenfalls beim Ubergang von Q' zu Q erhalten bleibt. Sonst
ist aber t'(B; Q) quasi-fremd zu einem nicht in Cn Q' enthaltenen t”(§; Q), wie sich
aus dem Beweis fiir Zweitens (vgl., unten) ergibt.

Bew. Betr. Zweitens. Ein t'(8; Q'), welches nicht beim Ubergang von Q' zu Q
erhalten bleibt, ist jedenfalls ein solches, dem gleichzeitig x’ und x" angehoren.
Gehort namlich hochstens eines der x', x” zu t'(8; Q), so ist dieses t'(8; Q') quasi-
fremd zu t'(«; Q)=(x', ¥, »", x") und es ist daher t'(8; Q') ein t'(B; Q), bleibt also
erhalten, im Widerspruch zur Annahme. Daher hat man, weil x’, x” direkt C-konse-
kutiv in C~ Q' sind, entweder Fall (2) t'(B; Q')=t'=(', x', x", u") oder, wenn Fall
(a) nicht vorliegt, Fall (b) t'=(v', v", x', x") oder Fall (c) t' =0, x", v, 0").

Betr. Zweitens, Fall (a). Esist t=(x', y’, y", x") fast normal in Cn Q mit sign(t)=
=uq, also t ein t"(a; Q). Existiert ein in C Q' fast normales t'=1"(8; Q")=(', x',
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x",u"), so ist auch sign(t’)=sign(t), weil XU YcC(«). Ferner wird t von t' um-
fasst, d.h. esist C(x'|y’|y"|x")= C('| x'| x"|u"). Nach Induktionsannahme ist aber
t" quasi-fremd zu einem t"(a; Q’), welches, gemiss der Konstruktion von Q', zu-
gleich ein t"(a; Q) sein muss. Es enthilt also Cn Q jedenfalls quasi-fremde t’(«; Q)
und t"(«; Q). Daneben kénnte in Cn Q' ein t'(— a; Q') enthalten sein, welches beim
Ubergang von Q' zu Q nicht erhalten bleibt ; ein solches miisste aber dann zum
Fall (b) oder (c) gehoren, welchen Fillen wir uns jetzt zuwenden.

Betr. Zweitens. Fall (b) und (c). Existiert, gemiss Fall (b), in Cn Q' ein fast
normales t'=t'(8; Q")=(v', v", x', x"), 50 sind, bei entsprechender Orientierung von
C und Q, die x", x', v", v" in Cn Q' direkt C-konsekutiv sowie Q’-konsekutiv (in
dieser Reihenfolge). Wegen X< C(«) gilt sign(t’)=p= —a. Zufolge der Konstruk-
tion von Q" und weil t fast normal in Cn Q ist, sind Q-konsekutiv die y’, ', x", x,
v”, v’ in dieser Reihenfolge, also die 3, x’, v”, v’ sowohl Q-konsekutiv als direkt
C-konsekutiv (in Cn Q). Daher ist t"=()’, x', v", ¥)c C Q fast normal und es ist
sign(t”)= —sign(t)=—«; denn der zu v’ und ' fremde Teilbogen Q(v"|x)=Q
liegt in der Nédhe von v” und von x’ in C(—a), weil X< C(a). Andererseits ist sign
(t)=sign(t") mit t'=1'(—o; Q'). Beim Ubergang von Q’ zu Q kann also t’ durch t”
ersetzt werden, wenn noch gezeigt ist: t” ist quasi-fremd zu einem t*=t(—«; Q).
Zufolge Induktionsannahme existiert aber in Cn Q' ein zu t' quasi-fremdes fast
normales t* derart, dass t" und t* hochstens v’ oder (und) x” gemeinsam haben und
gleiche Signatur besitzen; wegen C(y'|x'|v"|v)=C(x"|x'|v"|v") ist also auch t”
quasi-fremd zu t* und es bleibt ausserdem t* beim Ubergang von Q' zu Q erhalten.
Somit enthdlt auch Cn Q (mindestens) zwei quasi-fremde, fast normale 4-tupel der
Signatur —«. Entsprechend schliesst man im Fall (c).

2.4.2.1.111. KONSTRUKTION VON Q' (vgl. Nr. 2.4.2.1., Ziff. 1.). Es sei Q so orien-
tiert, dass x” auf X vor x’, dass also eine hintere Umgebung von x” auf Q in X liegt.
Dann liegt y auf ¥ vor y”, weil t=(x', y’, y". x") fast normal in Cn Q ist. Es gibt
nun (beliebig kleine) vordere bzw. hintere Umgebungen ¥’ von y’ bzw. H” von "
auf Q derart, dass V' U H" = C(—a) ist. Weiter gibt es (beliebig kleine) Umgebungen
Win E von C(y'|y")=C'=C—Cn Q derart, dass (bei hinreichend kleinem ¥, H")
auch V' H"= Wn Q< Usowiedass Cn Qn W={y'} U{y"}ist. Ist nun V' =Q(¥'| "),
H"=Q(y"|7"), so gibt es einfache Bogen F= W C(—«) mit Endpunkten 7', " und
mit FNnQ=0=FnC. Und dann ist (Q—Y—V'—H")UF eine Kurve Q'eq der ge-
forderten Beschaffenheit.

2.4.2.2. BETR. FALL (B”). Es existieren also x, y', )",z z",..., x"eCn Q, die in

dieser Reihenfolge direkt C-konsekutiv sowie Q-konsekutiv sind (vgl. Nr. 2.4.2)
Dabeiist XY= C(x) nQund ebenso Y=0(»'|y")= C(a) n Q und Z=0(Z'|z")=C(0)n
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A Q mit YnC=YnC=ZnC=0. Mithin ist (x', y’, y", z')=1 fast normal in Cn Q
mit sign(t)=oa. Konstruiert man also entsprechend wie in Nr. 2.4.2.1. IIL. ein Q’,

indem man YU V' U H” aus Q wegschneidet, so tritt hier z’ an Stelle des x” in Nr.
2.4.2.1. TII. und man schliesst dann wie oben.

§ 3. Ein Vierscheitelsatz fiir ebene Jordankurven

Als Hilfmittel bei dem folgenden Beweise eines Vierscheitelsatzes dienen die in
§§ 1 und 2 zusammengestellten Bemerkungen.

3.1. VORAUSSETZUNGEN. DEFINITIONEN. Wir betrachten im Grundbereich G ein
Teilsystem f von q (vgl. Nr. 1.1.) mit folgenden Eigenschaften:

3.1.1. Jedes Kef ist durch beliebige 3 seiner Punkte x;e K—KnG,, i=1,2, 3,
eindeutig bestimmt und stetige Funktion dieser x; (vgl. H--K. [1], Nr. L.1.1. und
Nr. 1.1.3.);ist x;€ K, i=1, 2, 3, so schreiben wir fiir K auch ausfiihrlicher K(x, X3, X3).
Dabei bedeutet xe K immer soviel wie xe K—Kn G, (vgl. Nr. 1.1.). Die Stetigkeit
von K=K(xy, X,, x3) in den x; besagt unter anderem: Ist K=K(x;, X,, x3)€¥, also
mit x,# x; fiir i#j, ist ferner x,=lim, x,,, i=1,2, 3, so existiert K,=K(X;p, X, p> Xin)
ef fiir schliesslich alle » und es gilt K=1lim, K,,.

3.1.1.1. DeriNiTION. Als Punktordnungswert POW (x; C; f) eines Punktes
xeC wird erklart das Minimum (soweit es existiert) der Punktordnungswerte aller
Umgebungen U von x auf C (Existiert dieses Minimum nicht, ist also POW (U; %)
fiir alle hinreichend kleinen U endlich, aber nicht beschrinkt oder unendlich, so
spricht man von endlichem bzw. unendlichem POW (x; C; 1))

3.1.2. Es sei C<=G eine Jordankurve, von welcher gefordert wird: (I) (1) es ist
POW (C; ) héchstens endlich. — (2) Fiir jedes xe C mit POW (x; C; ¥) <4 ist POW (x;
C;¥)=3.—(I1) (1) Bs seien x,, x;,,€C mit x; 5 x; fir i#j; 1, j=1,2,3;n=1,2,.... Wei-
ter sei x,=lim, x;, und es soll K,=K(x;,, X2,, X3,)€¥ existieren, also mit x;,eK,;
n=1,2,.... Unter diesen Annahmen soll L=/im, K, existieren und es soll L eine
OCh sein, also L=K(x,, x,, x3)ef. — (2) Weiter soll gelten: Fiir jeden Punkt xeC
ist jede (f-)Paratingente P(x) eine mehrpunktige Ordnungscharakteristik (vgl. H.-K.
[1], Nr. 4.2.3.); dabei ist eine f-Paratingente P(x) an C im Punkt x erklirt als
P(x)=lim, K, mit K,ef, wobei fiir die OCh gilt: Es gibt eine gegen x konvergierende
Folge von Umgebungen U, von x auf C,n=1,2,..., und Punkte x;,eU,nK, mit
Xin#X;, fUr i#j; 0, j=1,2, 3 (also K,=K(X{ s X21, X3) und x=/im,, x;,). Das System
der ¥-Paratingenten P(x) an C im Punkt x sei mit p(x) bezeichnet. — Liegen alle
Ximi=1,2,3; n=1,2,..., in vorderen bzw. alle in hinteren Umgebungen von x
auf C, so wird der lim, K, als eine vordere bzw. als eine hintere (-)Paratingente
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P,(x) bzw. P,(x) an C in x bezeichnet und das System dieser P,(x) bzw. P,(x) mit
P, (%) bzw. mit p,(x).

ANMERKUNG. (a) Gemdss der Forderung (II) (1) folgt aus der Mehrpunktigkeit
von P(x), und allgemeiner der eines L=lim K,, schon P(x)ef bzw. Lef. Inder Tat:
Als Limes von Kontinuen ist L ein (mehrpunktiges) Kontinuum, enthilt also jeden-
falls 3 verschiedene Punkte x;,i=1,2,3. Wegen L=lim K, existieren x,,eK, mit
x;=lim x;,, i=1,2,3; n=1, 2,.... Gemiss (1) (1) folgt daraus Le¥. - (b) Die For-
derungen (I) (2) und (II) (1) zusammen mit denen aus Nr. 3.1.1. beziiglich ¥ ziehen
nach sich: Durch beliebige 3 verschiedene Punkte y,cC geht (genau) eine OCh K=
=K(y1, 2, ¥3). Ferner ist POW (C; f) > 4. In der Tat: Wegen (I) (2) ist POW (C; F) > 3;
weil aber C Kurve (in G) ist, folgt POW(C;f)>4 (vgl. Nr. 3.1.1.). Es seien nun
y:€C beliebig, wobei y, auf dem orientierten C vor y,,, liegt, i=1,2,3. Ist C'=
=C(y,1y21y3)=C, so wihlen wir xe C"=C—C". Gemiss (I) (2) gibt es in C" drei
Punkte z;, i=1, 2, 3, die auf einem K=K(z,, z,, z;)ef liegen. O.B. d.A. wird dabei
z; als vor z;,, auf C gelegen angenommen. Gemiss Nr. 3.1.1. existiert eine hintere
Umgebung H von z; derart, dass K(zy, z,, z3)€¥ fiir jedes z; e H existiert. Vermoge
analytischer Induktion (vgl. LoreNzeN [1]) kann man nun auf eine hintere Umgebung
des hinteren Endpunktes von H iibergehen bzw. dieses Verfahren bis zur Erreichung
von y; fortsetzen. Es existiert also K(zy, z,, y,)ef. Entsprechend fiihrt man z, in
¥, bei festen z,, y, iiber usw.

3.2. DeriNiTION. Ein Punktse Cheisse (f-)Scheitel von C, wenn POW (s; C; >4
ist. In jeder Umgebung von s auf C gibt es also (mindestens) 4 Punkte, die auf dem
gleichen Kef liegen.

3.3. Der Fall POW(C; k) =4.
3.3.1. Es seien x', x"e C vorgegeben mit x'# x".

DEerFINITIONEN. Mit f(x’) bzw. ¥(x’, x") sei das System aller Kef bezeichnet, fiir
die x'eK bzw. x', x"eK gilt. Es sei weiter ye C mit y#x’ bzw. mit x'#y#x". Man
bezeichnet dann y als einen ¥(x')- bzw. ¥(x’, x")-Scheitel, wenn beliebig kleine
Umgebungen von y auf C (mindestens) 3 bzw. (mindestens) 2 Punkte enthalten,
die auf dem gleichen Kef(x’) bzw. Ke¥(x’, x”) liegen.

3.3.1.1. FORDERU>G. Es sei y;, y,eC mit y,#y, und K,e(x', x") mit y., y'eK],
ferner existierte y=1li y,=lim y, mit x'#y#x" sowie L=1lim K,. Dann soll L eine
OCh sein (Lef(x’, x") Man bezeichnet ein solches L als eine f(x’, x")-(Scheitel)-
Paratingente an C (i n £(x’, x")-Scheitel y), in Zeichen: L=P(y; x', x").

Entsprechend sei y,, y;, y,€C mit y,#y.#y,#y, und y,, y., y,e€K,ef(x'); es
existiere y=Ilim y,=lim y,=lim y, mit y#x’ sowie L=Ilim K,. Dann soll wieder
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Le¥(x’) sein. Und man bezeichnet L als eine ¥(x')-(Scheitel-)Paratingente
P(y;x’)in y an C.

3.3.2. VIERSCHEITELSATZ FUR DEN FALL POW (C; ) =4.

VoR. (1) Es sollen die in Nr. 3.1.1. und 3.1.2. angegebenen Annahmen erfiillt sein.
— (2)- Bei beliebigen x'eC bzw. x', x"eC existiere in jedem (von x' bzw. von den x',
x" verschiedenen) ¥(x')- bzw. ¥(x', x")-Scheitel y genau eine ¥(x') — bzw. genau eine
f(x', x")-Paratingente P(y), die selbst OCh (und mehrpunktig) ist. Ebenso soll es in
Jjedem ¥-Scheitel von C nur eine einzige T-Paratingente P(y) an C geben.

BEH. Wenn POW (C; f)=4 ist, besitzt C genau vier I-Scheitel.

Zusatz. Jeder £-Scheitel von C ist signiert und stark-symmetrisch (im Sinne von
Nr. 3.4.1.). Sind ferner s, 5,, 5,, 53 die vier f-Scheitel von C in der einer Orientierung
von C entsprechenden Reihenfolge, so ist sign(s;)=(—1);sign(sy), i=1, 2, 3, (Vgl.
auch H [1]).

ANMERKUNG. Dieser Vierscheitelsatz fiir POW(C; f)=4 ist schérfer als der in
Nr. 3.4.2 fiir POW(C; )= 6 angegebene insofern, als der erstere die Existenz nicht
nur von mindestens sondern von genau vier ¥-Scheitel behauptet.

Bew. (I) Zunichst ist jedes 4-tupel (x;, x5, x3, x,) aus Schnittpunkten von C mit
einem K'ef normal, d.h. die x,, x,, x3, x, sind, in dieser Reihenfolge, sowohl direkt
C-konsekutiv als (direkt) K’-konsekutiv. Sind namlich - bei orientiertem C - die x;
direkt C-konsekutiv, so gibt es eine Orientierung von K’, bei welcher x; und x,
direkt K’-konsekutiv sind, wie aus POW (C; f)=4 folgt. Und daraus ergibt sich weiter,
dass dann x,, x,, X3, x, direkt K’-konsekutiv sind. — (II) Zufolge der Vor (1) und (2)
zusammen mit der Normalitit von C beziiglich ¥ (siehe Ziff. (I)) ist H-K. [1], Nr.
4.1.4.3.1., Satz, fiir den Fall k=3 anwendbar.

Bew. des Zusatzes. Gemiss der Beh. des Satzes ist jeder f-Scheitel von C isoliert.
Gemiss Ziff. (I) des Bew. des Satzes besitzt jeder f-Scheitel von C eine f-normale
Umgebung auf C; und gemiss Vor. (2) ecistiert in jedem f-Scheitel genau eine
f-Paratingente. Daher folgt der Zusatz aus H [1], Nr. 3.2, Satz, sowie Nr. 3.3,
Satz 1., Beh. (2), fiir k=3.

3.4. Der Fall hiochstens endlichen POW(C; k) > 6.
3.4.1. DEFINITIONEN.

(a) Ein f-Scheitel s von C heisse signiert, wenn eine Seite C(a) von C und eine
Umgebung W von s auf C existiert derart, dass jedes, in W enthaltene fast normale
4-tupel t=(x,, x,, X3, X43)< W K die Signatur « besitzt und dass es fast normale
4-tupel in beliebiger Nihe von s gibt. Es heis¢ dann « die Signatur des -Scheitels s,
in Zeichen a=sign(s).
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(b) Ein f-Scheitel s von C heisse stark symmetrisch, wenn folgendes gilt: Es
gibt eine Umgebung W von s auf C sowie in W enthaltene vordere und hintere Um-
gebungen ¥ bzw. H von s auf C mit folgender Eigenschaft: Fiir jedes Kef mit
POW (¥ n K)=3 gilt POW (W N K)>4; und entsprechend folgt POW (W N K)>4 aus

POW(Hn K)=3.

ANMERKUNG. Beispiele signierter und zugleich stark symmetrischer ¥-Scheitel
liefern die isolierten Scheitel im Sinne der klassischen Differentialgeometrie (vgl.
H [1], Nr. 4.4.); dabei ist also f das System der Kreise und Kreisbogen in einer
Kreisscheibe G und C <G besitzt stetige (endliche) Kriimmung.

3.4.2. Es gilt nun der folgende
VIERSCHEITELSATZ FUR DEN FALL POW(C; f) > 6.

Vor. (1) Es seien die in Nr. 3.1. angegebenen Forderungen beziiglich ¥ und C
erfiillt; insbesondere sei also POW (C; T) hochstens endlich.—(2) Es sei POW (C;f)>6.
Und jeder isolierte ¥-Scheitel sei signiert und stark symmetrisch.

BEH. Es besitzt C mindestens vier ¥-Scheitel.

ANMERKUNG. (1) Gemiss Vor. (1) enthilt insbesondere kein Cn K einen Teil-
bogen von K. - (2) Der Fall, dass POW (C; f) unendlich ist, bleibe spiterer Erorte-
rung vorbehalten. Es bleibe hier auch dahin gestellt, inwieweit die Hochstens-End-
lichkeit von POW(C; f) im Falle endlich vieler -Scheitel Folge der Vor. (2) ist.

3.4.3. BEWEIS DES VIERSCHEITELSATZES FUR POW (C; ) = 6.

(I) Besitzt C unendlich viele f-Scheitel, so ist die Beh. richtig. Daher wird im
Folgender jeder Scheitel als isoliert (sowie als signiert und als stark symmetrisch) an-
genommen.

(II) ABKURZUNGEN. Es sei ,,x-Scheitel* oder ,,a-Sch.* Abkiirzung fiir ,,f-Scheitel
der Signatur a*, ferner ,,4-f.n.* oder nur ,,f.n. fiir ,,fast normales 4-tupel* und
,»af.n fiir ,,fast normales 4-tupel der Signatur «, schliesslich ,,Q-kons.* bzw.
»»dir. Q-kons.* fiir ,,Q-konsekutiv‘ bzw. ,,direkt Q-konsekutiv¢. — Ist t=(1, 2, 3, 4)
ein f.n., so sei C(})=C(1]2|3|4)=C gesetzt. Ist weiter auch t'=(1’,2’, 3',4') ein
f.n. und ist C(t") = C(1), so kann t' =t geschrieben werden.

Es sei der Bogen B bzw. die Kurve Q gegeben als topologisches Bild eines Inter-
valls J bzw. einer Kreisperipherie P. Ferner sei T ein Teilbogen von B oder ein
echter Teilbogen von Q. Man setzt dann |T| gleich der Linge des Urbildes von T
in J bzw. in P. Es gilt: |T|=|T|. Fiir hinreichend kleines |T| ist der Durchmesser von

T beliebig klein; und umgekehrt. Fiir Teilbogen T, T" von Bbzw.von Qmit T'nT" =0
gilt |T"| +|T"|=|T"uT"|.
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(M) Ein Teilbogen T=T von C enthdlt einen a-Scheitel genau dann, wenn eine
Folge von o f.n. t,, n=1,2,..., existiert (mit sign(t,)=o und) mit TnC(t,)# 9 fiir
alle n sowie mit lim|C(t,)| =0.

In der Tat: Ist seT ein «-Sch., so existieren Folgen derartiger t,. — Umgekehrt:
Aus Tn C(t,)# 0 folgt wegen der Kompaktheit von D(t,)=Tn C(t,) = C, dass eine
Teilfolge (t,,),, von (t,), existiert, fiir welche {D(t,); m=1,2,...} einen Haufungs-
punkt & besitzt. Wegen lim|C(t;,)]=0 liegen schliesslich alle C(t,) in beliebiger
Niahe von h. Daher ist /i ein f-Scheitel; und da A signiert sein soll, ist 4 sogar ein
a-Sch.

ANMERKUNG. Beim Beweis ist nur benutzt, dass die Scheitel signiert (und isoliert)
sein sollen, nicht aber ihre starke Symmetrie.

3.4.3.1. ExiSTENZSATZ. Ist t, ein fast normales 4-tupel mit sign(ty)=o, so exis-
tieren Folgen von fast normales 4-tupeln t,, n=1, 2,..., der folgenden Art: Die
Folge beginnt mit t,; es ist sign (t,) =sign(t,) fiir jedes n; die kleinsten, t, enthaltenden
Teilbogen C(t,) von C ziehen sich auf einen Punkt seC(t,) zusammen (d.h. dass
schliesslich alle C(t,) in beliebig kleinen Umgebungen von s auf C enthalten, also
die |C(t,)| beliebig klein sind).

Der Beweis dieses Existenzsatzes wird in einer zweiten Mitteilung erbracht.

1. ANMERKUNG. Bei dem Beweis des Existenzsatzes wird benutzt, dass die
a-Scheitel simtlich stark symmetrisch sein sollen.

2. ANMERKUNG. Gemiss H.-K. [1], Nr. 4.5.4. ff., ldsst sich aus jedem f.n. t,
durch einen Kontraktionsprozess eine Folge von f.n. t, gewinnen, die gegen einen
f-Scheitel konvergieren. Bei dem dortigen Kontraktionsprozess ist aber nicht ga-
rantiert, dass sign (t,) =sign(t,) ist fiir alle ». Es ist also liber die Signatur des Scheitels,
der durch den Kontraktionsprozess gewonnen wird, nichts bekannt. Daher wird
zum Beweise des Existenzsatzes ein modifizierter Kontraktionsprozess entwickelt.

3.4.4. Aus dem Existenzsatz (Nr. 3.4.3.1.) sowie aus Nr. 3.4.3., Ziff. (III), folgt
unmittelbar:

Istto=(l, 2, 3, 4) ein fast normales 4-tupel in C N\ K, so gibt es ein Ty = TocC(ty) =
=C(1|2|3|4) derart, dass in T, (mindestens) ein -Scheitel s mit sign(s)=sign(t,)
enthalten ist.

3.4.5. ERLEDIGUNG DES FALLES POW (C; ) = 6.

(A) Im Fall IT'. der Nr. 2.2. liefern die beiden f.n. quasi-fremden 4-tupel der
Signatur « (gemiss Nr. 3.4.4.) zwei verschiedene Scheitel s”(«), s”(«) je der Signatur o;
entsprechend fiir die beiden quasi-fremden f.n. 4-tupel der Signatur —a. Da aber
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alle Scheitel signiert sein sollen, sind Scheitel verschiedener Signatur verschieden.
Daraus folgt die Existenz von mindestens 4 Scheiteln usw.

(B) Im Fall I'. der Nr. 2.2. kann man so schliessen: Es sei (1,2, 3,4, 5,6)cCnK
ein diesem Fall zugehoriges 6-tupel (von Schnittpunkten). Dann ist t'=(l, 2, 3, 4)
und t"=(2, 3,4, 5) f.n. mit sign(t")= —sign(t"). Es existieren also Scheitel s(t'),
s(t") mit sign(s(t))= —sign(s(t")) und mit s(t)cC(12|3|4), s(t")=C(2]3]4]5).

Wir unterscheiden jetzt die Fille:

FarL (I'1) Es ist s(t)eC(1]2|3). - FALL (I'2) Es ist s(t)eC(3]4), wobei C(3]4)
durch C(1|2]3)n C(3|4)=0 eindeutig bestimmt ist.

Betr. Fall (I'1). Dat'=(3, 4, 5, 6) ebenfalls f.n. ist mit sign (r') =sign(s(t)), exis-
tiert ein Scheitel s(r")e C(3|4|5]6) mit sign(s(x")) =sign(s(t")). Und wegen C(1]2]3)
NC3|4|5/6)=01ist s(x')5#s(t"). Es existieren also zwei verschiedene Scheitel der
gleichen Signatur wie s(t').

Betr. Fall (I'2). Da hier t'=(5, 6, 1,2) f.n. ist mit sign(x")=sign(t’), existiert
s(¥)=C(516/1]2) mit sign(s(r’))=sign(s(t)). Wegen C(3|4)nC(5/6]1|2)=0 ist
wieder s(r')#s(t).

Zyklische Vertauschung von i mit i+ 1, wobei 2 statt 6+1 zu setzen ist, zeigt,
dass man fiir s(t”) mit sign(t")= —sign(t’) (vgl. oben) ebenso auf die Existenz eines
s(r") mit sign(s(x"))=sign(t")= —sign(s(t’)) und mit s(r”)##s(t") schliessen kann.
Damit ist der Vierscheitelsatz fiir den Fall POW(C; f)=6 bewiesen.

3.4.6. ERLEDIGUNG DER FALLE HOCHSTENS ENDLICHEN POW(C;f)>38.

Gemiss Nr. 2.3. und 2.4. existieren hier stets zwei Paare je quasi-fremder, f.n.
4-tupel je von gleicher Signatur, wihrend die Signaturen von 4-tupel, die verschiedenen
Paaren zugehoren, verschieden sind. Wie in Nr. 3.4.5., (A), ergibt sich die Richtigkeit
des Vierscheitelsatzes mit Hilfe des Existenzsatzes (Nr. 3.4.3.1.).
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Sur le reste de certaines formules de quadrature

TiBerIU Popoviciu a Cluj (Roumanie)
Dédié a M. A. Ostrowski a 'occasion de son 75iéme anniversaire

1. On peut exprimer de plusieurs maniéres le reste R[ /] de la formule de qua-
drature

ff(x) dx = ; A, f(x)+R[/] )

ol x, (x=1,2,..., n) sont des points distincts de I'axe réel et 4,, a=1,2,..., n des
constantes réelles données, indépendantes de la fonction f. Nous supposerons que a
et b, oll a<b, soient finis, que toutes les fonctions considérées soient réelles, et nous
désignerons par I un intervalle contenant les points a, b, x,, (x=1, 2,..., n).

Soit m le degré d’exactitude du reste R[ /] (ou de la formule de quadrature (1)),
donc le nombre, bien déterminé par les conditions: R[1]=R[x]=---=R[x"]=0,
R[x™*1]#0.Si R[1]#0nous prenonsm= — 1 etsi R[1]=0nousavons0<m=2n—1.

Si f est une fonction continue sur I'intervalle 7 nous avons [1]

R[f] = A [fl’ 529'”’ ém+2;f] + B[éll’ 5/2’ sy é:n+23f] . (2)

Les points &,, d’une part, et les points &,, d’autre part, sont distincts mais dépendent
en général de la fonction f. Les constantes 4, B sont indépendantes de la fonction f.
Nous avons A+B=R[x""'] et [y, y2.... »; f ] désigne la différence diviséce,
d’ordre r—1, de la fonction f sur les points (ou noeuds) yy, ¥z, ..., ¥,. Si m=0 les
points &,, ., peuvent étre choisis a I'intérieur de I'intervalle 7 et si de plus la fonction f
a une (m+ 1)-iéme dérivée f"* " a I'intérieur de 7, on a

f(in+“(6) Bf(m+1)('¢'/)

RU1=4 (m +1)! (m +1)!

(€))
&, &, étant deux points de I'intérieur de I'intervalle /et 4, B étant, d’ailleurs, les mémes
constantes que dans (2).

Si on peut prendre B=0 dans (2) ou dans (3), on dit que le reste R[f]estdela
forme simple. Nous avons donné autrefois des conditions nécessaires et suffisantes
pour qu’il en soit ainsi [1], mais le reste n’est pas toujours de la forme simple.

Nous allons montrer que méme si le reste n’est pas de la forme simple, dans le
sens précédent, nous pouvons, dans certains cas, introduire des différences divisées

Regu le 12.12.67
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modifiées de maniére que le reste devient de la forme simple par rapport a ces nouvelles
différences divisées. La définition de la différence divisée qui interviendra ici résultera
de ce qui suit.

2. Soit toujours m le degré d’exactitude de R[ /] et désignons par k(0<k<n) le
nombre des points x, compris dans l'intervalle ouvert (a, b). Si k>0 nous pouvons
supposer que les points x;, X,,..., X, sont dans (a, b) et si k<n que les points x, . ,,
Xi425-++5 Xy, sONt en dehors de (a, b). Désignons par c, d (c<a<b=d), les extrémités
de I'intervalle I et considérons les polynomes

R[(x—¢)]

P,=(x—c)f— R[(;c_—*c);'iﬁ‘](x )"t (@=0,1,...,n+k)

qui sont bien définis puisque R[(x—c)"*']=R[x™*']#0 et qui vérifient les égalités
R[P]=0,(2=0,1,....n+k). @

Il est facile de voir qu’on doit avoir m<n+k—1. En effet si nous prenons le
polynome

P=(x—x)(x — x,)% o (x = x)7 (x = %0 ) (x — Xis2) .- (X = x,)

(dont la forme est facile a écrire si k=0 ou k =n), nous avons

R[l]=fl(x)dx;é0. )

Désignons maintenant par D (yy, ¥5,..., Ypsi+15.f) le déterminant des valeurs des
fonctions Py, Py, ..., Py Pyt 2, Pusssoos Paigo f (si m=—1 des fonctions P, P, ...,
P, .y, [) sur les points y,, ¥, ..., Y441, €t par D* (Y15 Y25 -++5 Vu+x) le mineur corres-
pondant & I’élément f(¥,4+r+1) de ce déterminant, donc le déterminant des valeurs
des fonctions Py, Py, ..., Py, Py s, Puis,..., Py sur les points py, 35, ..., Yosre Nous
avons D (i, a5 eees Vusra 13 X" ) =(— rtkom=t V(P15 Y25 0005 Yuins1) OUV (Y1, V3500
Yu+k+1) €5t le déterminant de Vandermonde des nombres VisVaseeos Vntkt1-

La nouvelle différence divisée que nous introduisons est définie par la formule

D(y1, y25--- Ynsk+13S)
[V Yoo oos Vawe 15 f 15 = - ey (6)
i D(y19y29~~',yn+k+1;x +1)

Dans cette définition nous avons supposé que les points y, sont distincts. Mais on
peut étendre la définition aussi au cas des points y, non pas nécessairement distincts
par un passage a la limite dans la formule (6). Ceci revient a maintenir la formule de
définition (6) en modifiant convenablement le déterminant D (et aussi les déterminants
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D*, V) tel que nous I’avons expliqué antérieurement [1]. Ceci exige I’existence d’un
certain nombre de dérivées de la fonction f. De cette maniére la différence divisée (6)
est définie quels que soient les points y, distincts ou non.

3. Avec les notations précédentes considérons la fonction continue ¢ (x) qui en
dehors des points x, est égale a4 la combinaison linéaire /(x)[x, xy, X3, X5,...,
Xis Xp» Xt 1> X 200> Xnp X3 f1* des fonctions Po, Py...., Poy Pty Pusas ooy Prvio /-
On a alors ¢ (x,)=0(x=1, 2,..., n) donc aussi

R[¢]=}¢(x)dx

et compte tenant de (4), (5), nous avons

En remarquant que la fonction / ne change pas de signe sur (a, b), il en résulte que

R[f]=R[xm+1] [61’62"'~95n+k+1;f]* @)

ol les &, sont des points distincts de lintérieur de 7 (dépendant en général de la
fonction f), a condition qu'on puisse appliquer les théorémes de la moyenne aux
différences divisées (6). Je référe le lecteur pour ces théoremes a un travail précédent [1].
Cette condition est sirement vérifiée si:

(H). Le déterminant D*(yy, Y35 ---» Yu+x) €5t #0, quels que soient les points y;,
Vas-es Vus distincts ou non.

Dans la démonstration précédente de la formule (7) on a supposé que la fonction
continue f ait une dérivée (au moins sur les points xy, X,,..., x,). On peut voir facile-
ment que le résultat obtenu est valable sous la seule hypothése de continuité sur
intervalle fermé [a, b] de la fonction f.

Si nous désignons par W(gy, &,--.+ &) le wronskien des fonctions g;, &2, --., & si
nous supposons de plus que la fonction f ait une (n+k)-igme dérivée sur lintérieur
de I et si la condition (H) est vérifiée, nous avons (le wronskien a ses lignes et ses
colonnes dans I’ordre habituel)

(__ )n+k—-m—1
R[f]=-"—-" — - —R[x"*"1{W(Po, Prs--r Pus Pust2s Pns3 s Pasinf)}
x=¢

& étant un point intérieur de I. Remarquons que le second membre de cette formule
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est de la forme
n+k—m-—1

Y QIR

ou Q, est un polynome de degré o indépendant de la fonction f(x=0,1,...,
n+k—m-—1).

4. Sipy=1etp, (x=0, 1,..., n+k) sont les fonctions symétriques fondamentales
des nombres y,—c, (x=1, 2,..., n+k), nous avons

D*(y19 Vas--es yn+k) =

n+k—m—1 R[(X _ c)'”+1+°‘]
=V 5 st Vn L) \m+ 1- Pn -m—1-a
(yl Va2 y +k) agl ( ) R[(x_c)m+1] +k 1

Il en résulte que la condition (H) est vérifiée si les nombres

e Rl C)...Hm]( 5 )(d T

«=0 (=1 R[(x—o)" "] \n+k—-m—-1—u
(s=0,1,...,n+k)y (8

sont tous positifs ou tous négatifs.

ExempLE. Considérons la formule de quadrature

[ H O TOLUD py

Dans ce cas nous avons k =m =1 et nous pouvons prendre ¢=0, d=2. Le reste n’est
pas de la forme simple habituelle (on a R[ f]=57=/"(&)—22% /" (&) si la dérivée
seconde existe). Dans ce cas les nombres (8) sont tous de méme signe et différents de 0,
donc la condition (H) est vérifiée. Si la fonction f est continue sur [0, 2] et a une
dérivée quatrieme sur (0, 2), nous avons

R[f]1=—45[4f" () =4 - Df" () + (& —4E+3)fV(&)], 0<é&<2.

S. On peut facilement étendre les considérations précédentes aux formule de
quadrature ou le second membre contient aussi linéairement certaines des valeurs
sur les points x, des dérivées succesives de la fonction f et aussi & des formules d’ap-
proximation linéaire correspondant a des fonctionnelles linéaires plus générales.
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Endomorphismenringe in der Galoisschen Theorie
WOLFGANG KRULL (Bonn)

Herrn Alexander Ostrowski zum 75. Geburtstag am 25.9.1968 gewidmet.

Es sei N ein separabler Normaloberkdrper des Korpers K vom endlichen Grade
[N:K]=n. Seine Galoisgruppe sei G={A4,,... 4,}. Mit K(G) bezeichnen wir den

Gruppenring von G iiber K, also den Ring aller Linearformen Y a; A; (a;€ K) mitden
i=1
Multiplikationsregeln (a; 4;) (a, A4,) =(a; a;) (4; A;). Folgt man bei der Entwicklung
der Galoisschen Theorie fiir N dem Vorbild von ARTIN, so wird man zunédchst N
als Vektorraum iiber K betrachten und nicht nur die 4; als Endomorphismen von N
interpretieren, sondern auch jedem a€K den Endomorphismus a’ zuordnen, der
durch die Vorschrift ‘a’a =a-« fiir alle «e N’ definiert ist. Vermeidet man, was doch
wohl empfehlenswert ist, die Identifizierung von a und a’, so bildet die Menge
{a' | aeK} einen zu K kanonisch isomorphen Kdorper K', und es ist der Ring K

aller Endomorphismen ) a;A; zum Gruppenring K(G) isomorph aufgrund des
Unabhiingigkeitssatzes: '~

Aus (Y @} A;)a=0 fiir alle aeN folgt stets a, =+ =a,=0, die 4; sind also iiber K'
i=1

linear unabhdngig.

Angesichts der grundsitzlichen Bedeutung des Unabhingigkeitssatzes diirfte der
Hinweis nicht iiberfliissig sein, daB dieser Satz in einer viel allgemeineren Fassung als
sie fiir den Spezialfall der Galoisschen Theorie notig ist, vollig elementar bewiesen
werden kann:

ALLGEMEINER UNABHANGIGKEITSSATZ: Es sei N ein ganz beliebiger Korper;
jedem weN werde der durch n'a=n-o fiir alle xe N’ festgelegte Endomorphismus 1’
der additiven Gruppe N zugeordnet; sind dann A,,... A, irgendwelche paarweise
verschiedene Automorphismen des Korpers N (und damit natiirlich erst recht Endo-

morphismen der additiven Gruppe N), so folgt aus (Z n;A;)o=0 fiir alle ae N stets
ny=:+=n,=0.

Beim Beweis werde zunidchst angenommen, es existiere ein aeN, derart daB
Aioc;éAkoc fﬁr i#k mit i, k=1,...n. Dann ist die Vandermonde’sche Determinante
|4;¢*| (i=1,...n; k=0,...n—1) von 0 verschieden Sind also die Elemente #;,...7,

aus N nicht alle 0, so ist auch Z ni(4;a%)= Z (n:A;)o* #0 fiir mindestens eine der
Elemente o°, o, o2,...a" "L, =1

Eingegangen am 13.12.1967
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Um den allgemeinsten Fall zu erfassen, erweitere man N durch Adjunktion von
abzéhlbar unendlich vielen Unbestimmten u,, u,,... zum Koérper N, und erweitere
Jjeden Automorphismus A4 von N stillschweigend zu einem Automorphismus 4 von
N, durch die Vorschrift ‘4 u; =u; fiir jedes i’. Sind nun die Automorphismen A, A,
von N paarweise verschieden, gibt es also fiir i#k stets ein a;eN, fiir das
A; a,k7éAka,k, so existiert fiir hinreichend groBes M in N, eine Linearform ¢ (1) =

Z au; mit o;e N, derart daB A4;¢ (u)# A, ¢ (u) fir i#k und es wird ¢, (u)=0 (u)*

i=

eine homogene Form k-ten Grades in u,,... uy liber N (k=0,1,2,...; ¢o(u)=1,
@1 (u)=¢ (u)). Nach dem ersten Teil des Beweises weil man nun: Sind die Elemente
nl,...n,, aus N nicht alle geleich 0, so gibt es ein k, mit 0<k,<n—1, derart daB

Z 1;* A; 4, () #0, und daraus folgt weiter: Fiir mindestens einen Koeffizienten « von

Pro (4) Wird 21 ni(4;0)= Z (n:4;)a#0.
i= i=1

Man beachte: Der Beweis ist konstruktiv. Er zeigt: Der allgemeine Unabhingig-
keitssatz folgt einfach aus der Bemerkung, daB zwar stets 4a*=(4a), aber — von
trivialen Ausnahmefillen abgesehen — niemals #’a*=(n’«)* ist. Es hat nun offenbar
auch in der gewohnlichen Galoisschen Theorie keinen Sinn, mit einem Spezialfall
zu beginnen, indem man nur die Endomorphismen @’ (aeK) und nicht belicbige
Endomorphismen 1’ (neN) zuldBt. D.h. aber: Man wird, vom Unabhingigkeitssatz
ausgehend, nicht zuerst auf den Endomorphismenring K/, des K-Moduls N sondern

gleich auf den Endomorphismenring N = { Z n;A; | n;€ N} der Abelschen Gruppe N

gefithrt (Bezeichnungen wie zu Beginn der Note) Allerdings hat N eine wesentlich
kompliziertere Struktur als Kg. Vor allem ist N nicht mehr zum Gruppenring N (G)
isomorph, weil in Ng nicht die Multiplikationsregel (17;4;) (1: 4x)=(nini) (4:4,),
sondern die Multiplikationsregel (1;4;) (1, 4.)=(n;(4:n)’) (4; 4,) gilt. Es fragt sich
daher: Besitzt der Ring N iiberhaupt leicht zu erfassende, an sich interessante
Eigenschaften, die es rechtfertigen, sich schon in der elementaren Galoisschen Theorie
niher mit ihm zu beschiftigen und nicht gleich zu dem einfacheren Unterring K/
iberzugehen? Es soll gezeigt werden, daB diese Frage zu bejahen ist und daB vor
allem das Studium von N auf einen neuen Ring R( y (einfacher Natur) fiihrt, der
zum mindesten gleichberechtigt neben K tritt.

Bekanntlich gibt es zu den iiber K’ (und iiber N’) linear unabhingigen Endomor-
phismen A4,,... 4, stets ein aeN, derart daB A,a,... A,a iiber K linear ‘unabhingig
sind (Satz von der Existenz der Normalbasis). J. NEUKIRCH hat sich nun die Frage
vorgelegt, ob ein entsprechender Satz auch dann gilt, wenn B,,... B, beliebige iiber
N’ linear unabhingige Endomorphismen aus N sind, und er fand die folgende
negative Antwort (briefliche Mitteilung):
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Wiihilt man « so, da A, «,... A,o iiber K linear unabhdngig sind, und setzt man

p = Z (A Aya) 4, (i=1,...n), (1)

so sind die P; zwar linear unabhdngig iiber N', aber es gilt P;yeK (i=1,...n) fiir alle
yeN. Py, P,y,... P,y sind also stets linear abhdngig iiber K.

Die lineare Unabhingigkeit der P; ergibt sich in bekannter Weise aus der Tatsache,
daB die Determinante |4, A;a| (k,i=1,...n) wegen der Wahl von « von 0 verschieden
ist. Andererseits hat man

(3 (et ad) 5= 3 (e )8
= T (A 4P = T A(Ai) ) = Spur((diz) B <K

fiir jedes feN. — Das Neukirchsche Ergebnis gestattet nun leicht die Losung einer
anderen Aufgabe, die sich eigentlich im Rahmen der Galoisschen Theorie sofort
aufdringt, sobald man einmal den Ring N; gebildet hat. Ist L ein belicbiger Korper
zwischen K und N, so liegt es auf der Hand, die Menge Rg , aller der ¢eNg zu
betrachten, die der Bedingung ‘¢ ac L fiir alle ae N’ geniigen. Die Rg, 1 sind offenbar
Rechtsideale in N, aber, vom Trivialfall L=N abgesehen, keine zweiseitigen Ideale.
Denn fiir jedes ¢ # 0 aus N bildet wegen des Unabhéngigkeitssatzes schon die Menge
{n'¢ | neN} ganz N auf sich selbst ab. Wir denken uns nun die P;im Sinne Neukirchs
durch Auszeichnung eines bestimmten « fest gewéhlt, und behaupten:

Es ist Rg  =LP,+:-+LP, fiir jeden Korper L zwischen K und N. Dabei ist

natiirlich LP, +---+LP,={) A;P;| 4, eL}.
i=1

Beweis: Die Ry, ; sind offenbar alles Linksvektorrdume iber K'.

Das gleiche gilt fiir die L' P, +--- + L P,. AuBerdem ist nach der Grundeigenschaft
der P; stets R;  2LP,+--+LP, Es geniigt daher, zu zeigen, daB stets Rg
und LP,+--+LP, iiber K’ die gleiche Dimension haben. Die Dimension von
LP,+--+LP, ist gleich [L:K]-n wegen der lincaren Unabhingigkeit der P;, und
die von N{, speziell ist gleich n2. Man braucht daher nur fiir jedes L einen Vektorraum
S, anzugeben, der iiber K’ die Dimension n-(n—[L:K]) besitzt, und bei dem
Ni=S§ .+ Rg, 1, aber {0} =SG ARG , wird, woraus sich nach der linearen Algebra
sofort fiir R ; die gewiinschte Dimension [L:K]-n ergibt. — Es sei nun etwa, indem
wir im Augenblick zur Ersparung der ’ stets K mit K’ und L mit L identifizieren,
[L:K]=r,[N:L]=s und 1=y;,7...7, bzw. 1 =0y, 9,,...0; eine Basis von L iiber
Kbzw. Niiber L. Dann hat LP, +--- + L P, iiber K die Basis {y; Peli=1,..r;k=1,...n},
und es wird infolgedessen sicher N =S¢, .+ Rg, L, wenn wir unter S¢, . den Vektorraum
iiber K mit der Basis {6,; Px|/=2,...5; i=1,...7; k=1,...n} verstehen, dessen
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Dimension den gewiinschten Wert n(n—r)=n(n—[L:K]) besitzt. Es sei nun

¢=73 > Y @b,y P, beliebigaus S; ; und ne N. Dann hat man ¢y = YoY Siyix
1=2i=1k=1

1=2i=1

Y, @i (Pyn), und nach Wahl der 8,7, sowie wegen PneK (k=1,...n) ist ¢pnel
K=1

gleichwertig mit Y @, (Pyn)= Y (a,;,P)n=0 fiir /=2,...s; i=1,...r. Es fiihrt
k=1 k=1

also die Annahme “¢neL fiir alle " wegen der linearen Unabhéngigkeit der P, und
des Unabhéngigkeitssatzes auf a,;,=0 (/=2,...s; i=1,...r; k=1,...n), d.h. ¢=0.

Das Hauptinteresse beim Studium der Rechtsideale von N, richtet sich natur-
gemdB jetzt auf Rg x. Indem wir die zuletzt weggelassenen ’ wieder schreiben, erhalten
wir die folgende basisfreic Charakterisierung von R k:

Esist Rg x={Y (A4n)'Ac|neN}.
k=1

In der Tat, wegen R; x=K'P,+---+K'P, haben wir fiir ein belicbiges Pe R;
eine Darstellung:

n n n
P= Z a,,P,= Z a,{ z (AkAia)( Ak
i=1 i=1 k=1

. [z a (A, A, ) Ak] =é, [Ak 3 a,.(A,.a)] A,

i=1 i=1

Da nun die Elemente A4;a eine Normalbasis von N iiber K darstellen, wird N =
={Y a4,a|aeK}, dh., es ergibt sich P=Y (An) A4,, wobei n den Korper N
i=1 k=1

durchlduft, wenn man fiir P alle Elemente aus R y zuliBt. — Die invariante Charak-
terisierung von Rg x 1Bt die zunédchst nur begrifflich erschlossene Rechtsidealeigen-
schaft von R;; x unmittelbar erkennen; denn man hat:

n n

kZ‘I (Ak’?)’ Al 4, = Z [AkAz(Az—lﬂ)]'AkAz= Z (Ak'g)l A, mit ‘9:Al—1’7,

k=1 k=1

und weiter:

3, Gy 4] 5= $ oy (4.)= 3 (o) (409) 4= 5 (419 4.

k= =

Dartiber hinaus ergibt sich:
Rg, i ist ein minimales Rechtsideal in N.

Es sei nimlich P= )’ (4,n) 4, #0 beliebig aus R , und 9 beliebig aus N. Dann
k=1

haben wir P9 = (4,(n9))’ 4, und da #9 mit 4 ganz N durchlduft, wird Rg, x das
k=1
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durch P erzeugte Rechtsideal. - Wichtiger aber ist, daB das Rechtsideal R g, auf
das wir, ausgehend von N/, durch eine naturgegebene Uberlegung zwangsweise kamen,
auch auf einem ganz anderen Wege gewonnen werden kann. Betrachtet man den
Korper N iiber K vom Standpunkt der linearen Algebra, so kann man von der Spuren-
bildung als einer fundamentalen linearen Operation ausgehen, und man erinnert sich
dann sofort daran, daB3 in der Diskriminantentheorie (letzten Endes nach DEDEKIND)

die symmetrische Bilinearform (5, 9) iiber K eine hervorragende Rolle spielt, die
jedes Paar (n, 9> aus N x N durch die Vorschrift (n, 3)=Spur(y-9)= i A, (n-9)
bilinear in K abbildet. Hilt man nun # in der Bilinearform (#, ) fest,k:v;ihrend 3
ganz N durchlduft, so entsteht gerade die lineare Abbildung P=kil(Akr])’Ak von N

in K; die Abbildungen P bilden wegen der Bilinearitit von (#, 3) einen Vektorraum
tiber K', — und dieser Vektorraum ist gerade das minimale Rechtsideal R . — Damit
haben wir das Endergebnis: Will man dem Normalkorper N mit Hilfe der Gruppe G
einen Vektorraum iiber K’ zuordnen, so hat man nicht eine, sondern zwei aus-
gezeichnete Moglichkeiten. Denn es tritt neben den als Endomorphismenring von N
in sich gedeuteten Gruppenring K; der Vektorraum Ry g, der aus Endomorphismen
von N in K besteht und natiirlich (als Rechtsideal in N;) gleichfalls Ringeigenschaft
besitzt. Der fundamentale Zusammenhang von Ry x mit der Spurenbildung, ganz
abgesehen von unseren idealtheoretischen Betrachtungen, weist darauf hin, dal man
in Zukunft der Bedeutung von Rg  fiir die Galoissche Theorie groBere Beachtung
schenken solite.

Mathematisches Institut der Universitit Bonn
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Quasi-Residual Designs

J. F. LawiEess, R. C. MuLLIN (Waterloo, Ont., Canada),
R. G. StanTON (Toronto, Ont., Canada)

Dedicated to A. Ostrowski on His 75th Birthday

1. Introduction

We may partially specify a balanced incomplete block design by naming its
parameter set (v, b, r, k, A); such a design is an arrangement of v varieties into 5 blocks
such that each block contains k distinct varieties, each variety occurs in r blocks, each
pair of varieties occurs in A blocks. It is well-known (see, for example, Bose [3] or
RyseR [8]) that

: bk=rv, ¢))

Av—-1)=rk-1). ) 2
Also [see FiSHER (5)], one has the inequality
b>v. 3

If a given block is repeated o times (that is, there is a set of a+ 1 identical blocks), then
STANTON and SPROTT [11] have stengthened the Fisher inequality to give

b>(+1)v—(x—1). C))

In particular, it is implicit from (4) that, if 5<2v, then there are no repeated blocks.
If b=v (and r=k), we speak of a symmetrical balanced incomplete block design
or a v-k—A system (see MANN [7], RYSER [8], STANTON [9]). From such a design, one can
always form a residual design by deleting a single block and the varieties in it; this
residual design has parameter set
(V,B,R,K, A),

where V=v—k, B=v—1, R=k, K=k—1, A=A.

We shall speak of a quasi-residual design as one which has the parameters of a
residual design. It was first observed by BHATTACHARYA [2] that there exist quasi-
residual designs which are not residual designs; his example is readily available in
HALL [6]. It is the purpose of this paper to discuss quasi-residual designs, using the
results of Stanton-Sprott [11] and Stanton-Mullin [10] to specify structural properties
of such designs.

Received December 13, 1967
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2. Block Intersections in Quasi-Residual Designs

Let B, be a fixed block, and let a; denote the frequency with which the integer i
appears among the block-intersection numbers (that is, the number of elements in
B,;nB;). Then the numbers a; satisfy the following relations (we use the form given

in (11)). K

Y a;=B-1 (5)
=0

K

Y ia;=K(R-1) (6)
i=0

5 ia;=K(KA—-K-A+R) @)

i=0
In a quasi-residual design, (7) simplifies to
K
Y ifa;=K*A. ®)
i=0
We note that the original symmetric design has parameters
(v, 0, k, k, 4),
where v=1+k(k—1)/A. Hence
V=(k*=ik—k+2)JA, B=k(k-1)A,
R=k, K=k—-1, A=4i.
This parameter set can be simplified to
V=K(K+Ai-1)JA, B=(K+i)(K+i-1)1
R=K+ 4K, 1,

and equations (5), (6), and (8) become

do+a, +a,+-+ag=(K*+1*+2Ki—K-22)/4, )
a,+2a, ++Kay=K(K+41i-1), (10)
a, +4a, +--+K?*ag=K*1. (11)

Multiply these equations by A(A—1), —(24—1), 1, respectively, and add. (These
multipliers are chosen so as to eliminate the terms in a;and a,_,). Then a little algebra
produces

f [i—Ai-(G-D]a=Ai-1)@2-2). (12)

Equation (12) is a fundamental result from which a number of other results follow.
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3. Quasi-Residual Designs with Extremal Intersections

From equation (12), we see that a;=0 if
[=Al-G=-1D]>i(A-1)(1-2). 13)
This quadratic in i can be solved and the result embodied in
THEOREM 1. In a quasi-residual design, a;=0 if
i>322 -1+ J1+4i(A=1)(4-2)].
It is interesting to consider those extremal designs in which i takes its largest
possible value. This will occur if
1+4i(A=1)(L-2)=p*, (14)

where p is a positive integer.
The first few solutions of this equation are A=1,2, 3, and 7. In these cases the
extremal designs with g; as large as possible have the following forms.

A=1, a;=0 for i>1 (see Theorem1). 1)
A=2, a;=0 for i>2 (seeTheorem 2). 2)
A=3, as=1 (see Theorem 3, Case 11). 3)
A=T, ay =1, a;=(K*—36K)7—45, as=7K+49. 4)

It can be shown that no other solutions of Equation (14) are possible.

4. The Cases A=1 and A=2

If A=1, equation (12) becomes

3 - Ha=o. | a5

It follows, since a; >0, that ;=0 for i>1. We thus have

THEOREM 2. In a quasi-residual design with A=1, we must have V=K?, B=K?+K,
R=K+1, with ay=K—1, a,=K>.

This property, namely, that every block has the same intersection properties with
the other blocks, carries over to A=2. For in that case equation (12) becomes

M =

(i—2)(i—1)a;=0. (16)

i=0

1]
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Again since a;>0, we see that a, =0, a;=0 for i>2; hence we obtain

THEOREM 3. In a quasi-residual design with A=2, we have V=K(K+1)/2, B=
=(K+2)(K+1)/2, R=K+2, with a;=2K, a,=(K*-K)/2.

The results of Theorem 3 can be employed to verify the correctness of the dis-
cussion given by BURAU [3] of the design (16, 16, 6, 6, 2), as opposed to the larger
number of non-isomorphic systems claimed by ATIQULLAH [1]. Of course, Theorems 2
and 3 follow, in a different manner, from the Hall-Connor result (see [6]) that, for
A=1 and 1=2, every quasi-residual design is a residual design.

4. The Case 1=3

The case 1=3 is especially interesting since, for the first time, it is possible to have
a;>0 for i > 4, in virtue of the Bhattacharya example mentioned in Section 1. Equation
(12) becomes

.io(i—3)(i—2)a,-=6. (17)

Since (i —3) (i—2)>6 for i>5, we see that ;=0 for i>5; hence (15) reduces to
3(ao+as)+(al+a4)=3. (18)
This Diophantine equation has six solutions as described in
THEOREM 4. In a quasi-residual design with A=3, we have V=K(K+2)/3, B=
(K+3) (K+2)/3, R=K+3. The numbers a; are given by one of the following cases
(a;=0 for i>5). In particular, ax=0 in all cases, that is, it is not possible to have a

repeated block in a quasi-residual design with 2=3. Note that the value of a; depends
both on the design and on the fixed block B, under consideration.

Table 1
Case ao ai as as ay as
I 1 0 3K (K2—4K)/3 0 0
1I 0 0 3K+5 (K2—4K)/3—5 0 1
111 0 0 3K+6 (K2—4K)/3—8 3 0
1v 0 1 3K+3 (K2—4K)/3—-5 2 0
\% 0 2 3K (K2—4K)/3—-2 1 0
VI 0 3 3K—3 (K2—4K)/3+1 0 0

Two main questions are concerned with the existence of designs of the various
types, as well as the possibility of extending them to symmetric designs (obviously
not possible for those cases with g;>0 for some i> 3).
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We now prove

THEOREM 5. In a quasi-residual design with A=3, if as=1 (for some block B,),
then K=15.
Proof. If a block of type II exists, then we have

K? —4K

3 5, ap=a,=a,=0. (1)

a5=1, az=3K+5, a3=

Consider then two blocks B, and B,, where |B; N B,|=5.
Then, from the results (1) it is clear that, for the remaining B—2 blocks B;, either
|B;nB;|=2 or |B;nBj|=3 for i=1,2,and J=3,..., B.
Designate the blocks B, and B, as
B1:0102030405a1a2"'ax_5 (a,#bj) i,j=1,2,...,K‘-5
B3:0,0,050,05by b, bg_s

Consider now the remaining blocks Bi,..., B. Let us split these blocks into 3
basic types.

Type 1: B; contains two varieties from each of B; and B,.

Type 2: B; contains two varieties from one of B, or B,, and three varieties from the
other.

Type 3: B; contains three varieties from each of B; and B,.
Now, we form various sub-types, depending on the number of 0,’s which appear
in the blocks {B;}.
We observe that the following types are possible:
Type 1: (2 varieties from each of B, and B,).
11: One of the 6,’s occurs.

12: Two of the 6,’s occur.
13: None of the 6,’s occurs.

Type 2: (2 varieties from one of B, or B,, three from the other).
21: One of the 6,’s occurs.
22: Two of the 6,’s occur.
23: None of the 6,’s occurs.

Type 3: (3 varieties from each of B; and B,).

31: One of the 0,’s occurs.
32: Two of the 6,’s occur.
33: Three of the 6,’s occur.
34: None of the 60,’s occurs.
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The occurrences of 6;’s, a;’s and b;’s in each of these types are then as follows:

Type Type Type

11: 0;a;b,... 21: 0,a;a1b,... or O;a;b, b, ... 31: 0;a;a.b,b,,...
12: 0,0;... 22:0,0;ay... or 0,0;b,... 32:0,0;a,b,...
13: a;a;bb, ... 23: a;a;aibb,, ... or a;a;bbib,,... 33:0,0;0,...

34: a;a;a,b b, b, ...

Consider now the varieties 0,,..., 05, ay, ..., dx_s, by, ..., bg _ 5, which occur in B,
and B,, and consider the types of pairs which these varieties can give. We may form
the following table:

Type of Pair Number of occurrences of this type of pair in B, ..., By
(i) a;b; n1=3(K—5)2
(@iv) 6,0, n,=10
This table is immediate, since By and B, are
BI: 91 0203 0405 al ay -+ aK_s
BZ: 01 0203 0465 bl b2 . bK—S
and each pair occurs exactly 3 times.
Let the number of blocks of type ij be x;;. Then we have 10 unknowns x4, X,,,

X135 X215 X225 X23, X315 X325 X33, X34, and the following relations hold, observing our
block types listed above.

X1 +4x3+ 2%y, +6x53 +4x3; + X3 + 9x34 =1y (0]
2x13+ X +4x33 +2x3; +6X3, =n, 2
2x44 +3x31 + 2x22 +4x3; + 43, =n3 3
X2 + Xz + X33+ 333 =ny 4)
X141+ 22X, + Xy + 2%, + X313 +2X35+3x33 =5(R-2)
%)
2xq, +A4x,34 3%+ Xpp+5X53 +4x5 +2X32 + 6X34

S2R-DEK-5)  ©
x11+ x12+ x13+ x21+ x22+ x23+ x31+ X32+ X33 + X34=B—2 (7)

Here n1=3(K—5)2 n2=2(K—5)(K_6)

n3=20(K—'5) n4=10

K+2)(K+3
fxes  anErER)
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We can not solve these equations uniquely, but let us solve for
Xy=(X11+ X124 X13), Xp=(X21 + %25+ X23), and Xy =(x3; + X3, + X33 +X34),
noting that X;=number of blocks of type i (i=1, 2, 3). Then it follows, from
Equations (1)~(7), that
X i+ X, +X;=B-2,
4X,+5X,+6X;=10(R-2)+2(R-1)(K - 5),
2X,+2X,==2n; 4+ ny; —ny—2n,+10(R-2)+4(R - 1)(K - 5).

Hence
X, =2(15-K),
X2 = 10(K —_ 5),
(K—-15)(K —4)
3= 3‘—*_‘ .

Evidently K=15 is the only integer for which all of these values are non-negative.
This completes the proof of Theorem 5.

If such a design exists, it has parameters (85, 102, 18, 15, 3). Further, for such a
design all remaining blocks B, ..., By, are of type 2, if B, and B, are the type II
blocks of Table 1. We may also deduce that X,; =60, X,, =10, and X,,=30. Although
the existence of such a design is unknown, we note that the corresponding symmetrical
design with v=103, k=18, A=3 does not exist.

While complete results are not yet available, it is worth noting that Cases III, 1V,
and V can, like Case II, occur for only a finite number of values of K. This result
requires considerable investigation, and will be proved in a later paper.
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Some Remarks on a Functional Equation Characterising the Root
Marex Kuczma (Katowice, Poland)

Dedicated to Professor Alexander M. Ostrowski on the occasion of his 75th birthday

§ 1. At 4th Meeting on the Functional Equations (Oberwolfach, July 1966)
Professor A. OsTrOWSKI presented the following result [3].

THEOREM A. If the functions f (x) and g (x) are rational and the sequence of iterates
S (x) is not periodic, then algebraic solutions ¢ (x) of the Jfunctional equation

e[f(x)] = g(x) o (x) )

are k-th roots of rational functions.
The following theorem yields an interesting illustration of that result.

THEOREM 1. The only algebraic solutions of the functional equation

o (") =x0(x), @)
where p>2 is a fixed integer, are the functions
¢(x)=c¥/x, ©))

with an arbitrary (complex) constant c.

Proof. Let ¢ (x) be an algebraic solution of (2). The function zp(x)r—q)(x)/(/ x
is an algebraic solution of the functional equation

Y = (x) 4

and by Theorem A l//(x)=’(/ R(x), where R(x) is rational. R(x) is also a solution of
(4), and thus it must be constant, since it takes the same value on the infinite set of
points x, with x,,;=x7"", x,#0. Hence also y (x) is constant, say y (x)=c, and 3)
follows. .

§ 2. Functions (3) can also be characterized as the analytic solutions of equation
(2). We shall appeal to a theorem due to Mrs. W. SMAIDOR [4]. Below we quote a
special case of her theorem concerning the linear homogeneous equation (cf. also
[2], Chapter VIII).

THEOREM B. Let functions f (x) and g (x) be analytic in a neighbourhood of a point

&S Q=8 0<I/'DI<1. If g(©)=1 or g(&)=[f"(&)], where k is a positive integer,
then the functional equation

@(x)=g(x) o [f(x)] ©))

Received December 14, 1967.
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has a unique one-parameter family of local analytic solutions in a neighbourhood of £.
In the other cases @ (x)=0 is the only analytic solution of equation (5) in a neighbour-
hood of &.

In the particular case, where g(£)=1, the local analytic solutions of equation
(5) in a neighbourhood of ¢ are given by the formula

0(x) = [T e[ (3,

where f”(x) is the v-th iterate of f(x) and c is the parameter.

Let & denote the complex plane cut along the negative real axis. (The negative
real axis could be replaced by an arbitrary ray issuing from the origin and not passing
through the point x=1.) We have the following

THEOREM 2. Functions (3), where ‘(/ x denotes the branch of the root-function in
R that takes the value 1 for x=1, are the only analytic solutions of equation (2) in K.

Proof. We write equation (2) in the form

e(x)=""Yxo("*Yx), Ix-1<1,

and by Theorem B (¢=1) we obtain functions (3) as the only analytic solutions of

(2) in a neighbourhood of x=1. However, since an analytic function is uniquely

determined by its values in an arbitrarily small region, (3) must hold everywhere in K.
Theorem 2 results also from the following, more general one.

THEOREM 3. For every c, function (3), where ’{/ x denotes the branch of the root-
function in K that takes the value | for x=1, is the only solution of equation 2)in K
such that

limg(x)=c. ©)
x-1

The proof of the above theorem is based on the following

LEMMA. Let
Xpn+1 = p+{/xn’ XOER’ (7)

where ? +{/ x is the branch of the root-function in & with * +{/ 1=1. Then x,e8 for
every n and, if xo#0, lim x,=1.
n— oo
Proof of the lemma. Let Argx,=0,, —n<0,<m. Then 0,,,=0,/(p+1) and thus
x,€8 is proved by induction. Moreover, obviously lim 6,=0, whereas lim |x,|=1

n— o n— oo

whenever x,7#0.

Proof of the theorem. Let ¢ (x) be a solution of equation (2) in & fulfilling (6).
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Then the function lp(x)=<p(x)/”\/ x satisfies equation (4) for xeR, x#0, and fulfils
the condition lim ¥ (x) = c. )

x—1

Taking an arbitrary xoe R, xo#0, and defining the sequence x, by (7), we get by
induction in view of (4) ¥ (x,) =y (x,), whence by (8) and by the Lemma ¥ (xq)=c.
Hence (3) holds for all xeR, x#0. For x=0, (3) results directly from (2) on setting
x=0.

Whe shall present also a variant of the above proof. This variant does not require
a use of (’/ x, but unfortunately it still does require a use of ? +{/ X.

Let ¢(x) be a solution of equation (2) in K fufilling (6). Put

1 » 1
n =0, nE={_ ek

p

(2) and (6) imply that the functions y, and y, satisfy the functional equation

y(x") = x"y(x) Q)
and fulfil the condition
lirri y(x)=1. (10)

The same argument as previously leads to the conclusion that y(x)/x=1,i.e. y(x)=x.
In other words, the function ¢~ !¢ (x) is inverse to x?, i.e. (p(x)=c{/x.

The equality y(x)=x may also be obtained directly from (9) and (10). Taking
Xo€R we obtain from (9) for sequence (7)

n

260 = ([T 2) 7).

v=1

whence by (10) and by the Lemma
7(x0) = ] x0=xo.

Theorem 3 remains valid also in the case of a real variable, and the proof is
essentially the same:

THEOREM 4. For every (real) c, function (3), where ‘\’/ X denotes the arithmetic
root of x>0, is the only solution of equation (2) in [0, 00) fulfilling condition (6).
The special case p=2 of the above theorem was proved in [1].

§ 3. In Theorems 2 and 3 the point =1 played a particular rdle. Similar results
can be obtained if £=1 is replaced by
. 2km

2kn
&i=cos - +isin— , k=1,.,p—1.
p p
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(All these points as well as £=0 are the fixed points of the function f(x)=x?*".)
However, the situation changes if we take £=0: equation (2) has no non-trivial
analytic solution in a neighbourhood of the origin. Below we are going to prove a
more general result.

We consider equation (1) and let

f)=&+(x =& F(x), F(§#0, an
g(x)=(x-¢"G(x), G(&)#0, (12)

and we assume that
g=1. (13)

Setting x=¢ in (1) we obtain ¢(£)=0 and thus we may write

px)=(x-¢ o(x), @()#0, r=1, (14)
or ¢(x)=0. Leaving the latter case aside, we get by inserting (11), (12) and (14) into
(1)

(x =&V (F)Y @[f(x)] = (x = ' G (x) P(x). (15)
Comparing the orders of the zeros of the left-hand side and the right-hand side of
(15) at x=¢ gives

rp=4q, (16)
which means that ¢ must be a multiple of p. In this case we get from (15)
(F()y
o(x)="- = d[f(x)], (17
(9="G PO

i.e. an equation of form (5). By Theorem B equation (17) has non-trivial local analytic
solutions if and only if (F())"=G(¢) and these solutions are given by
« (FIf* ()

Pe=cll G

Hence we get the following result.

THEOREM 5. Let f(x) and g(x) be analytic in a neighbourhood of & and suppose
that they have form (11)and (12) with (13), respectively. If p divides q and (F())'=G(©),
where r is determined by (16), then equation (1) has a unique one-parameter family
of analytic solutions in a neighbourhood of &. These solutions are given by the formula

L (FL )
X)=c(x—¢ e
o)== I G
In other cases ¢ (x)=0 is the only analytic solution of equation (1) in a neighbourhood

of &.
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In the case of equation (2), where £ =0, we have g= | whereas p>2. Thus Theorem
5 implies the following

CoroLLARY. Equation (2) has no non-trivial local analytic solution in a neighbour-
hood of x=0.
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Funktionalgleichungen in Vektorriaumen, Kompositionsalgebren

und Systeme partieller Differentialgleichungen')
WOLFGANG EICHHORN (Wiirzburg, Deutschland)

Herrn Professor Dr. A. M. Ostrowski zum 75. Geburtstag
' gewidmet

Einleitung

In dieser Arbeit wird das folgende Problem behandelt: X sei ein Vektorraum
iiber einem beliebigen kommutativen Korper K der Charakteristik ungleich 2, x sei
ein beliebiges Element aus X, Hom (X, X) sei die Algebra der linearen Transfor-
mationen von X. Gesucht sind lineare Abbildungen L von X in die Algebra Hom (X,
X), zu denen weitere solche Abbildungen, nennen wir sie M, existieren derart, dass
fiir das Produkt der beiden Transformationen M (x) und L (x)

I die identische Abbildung X — X
M(x)L(x)=pu(x)1 it eine Abbildung X — K, u(x) #0 1)
Charakteristik von K ungleich 2
gilt.

In der Sprechweise der Theorie der Funktionalgleichungen kann man dieses
Problem auch so formulieren: Gesucht sind Abbildungen L:X—Hom(X, X),
M:X—Hom(X, X) und u:X—K, die sowohl der Funktionalgleichung (1) als auch
den folgenden Funktionalgleichungen geniigen:

i/lgzzz 1 /l;i; ___: leC/I(EC)Z)++ﬁﬁL]\EIy()y) fiir alle x, ye X und a, feK. 8;
Aus (1), (2) und (3) ergibt sich sofort die weitere Funktionalgleichung '
p(ax)=o’u(x) fiiralle xe X und e K
sowie, wenn man
p(x y)=p(y,x) fir $lax+y) =) —nb)] @

1) Die sich auf das Problem der Existenz elliptischer ,,verallgemeinerter Cauchy-Riemannscher
Differentialgleichungssysteme** beziehenden Untersuchungen der vorliegenden Arbeit bildeten einen
Abschnitt in der Habilitationsschrift (Wiirzburg 1965) des Verfassers, die bis auf diesen Abschnitt
inzwischen publiziert ist: [10], [11]. Die vorliegende Arbeit wurde wihrend eines Gastaufenthaltes
des Verfassers an der Faculty of Mathematics der University of Waterloo (Kanada) im Herbst-
semester 1967 abgeschlossen und zum Teil durch NRC Grant Nr. A-2972 gefordert.

Eingegangen am 15.12.1967, und in veriinderter Form am 27.3.1968
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schreibt,

p(ax + Bz, y)=ou(x, )+ Bu(z, y)
pu(x,o0y+pz)=oau(x, y)+ pu(x, z)

u(x,y) ist also eine symmetrische Bilinearform, u(x)=pu(x, x) eine quadratische
Form.

Es ist bemerkenswert, dass die obige Fragestellung als eine Verallgemeinerung des
klassischen Problems der Komposition der quadratischen Formen betrachtet werden
kann; siche Abschnitt 1. Diese Verallgemeinerung ist beispielsweise aus den im
folgenden unter 1 und 2 genannten Griinden von Interesse:

1. Man kann L (x) mit den Eigenschaften (1), (2) als die linksregulare Darstellung
des Elements x einer (nicht notwendig assoziativen oder kommutativen) Algebra
<7 im Vektorraum X auffassen, das heisst in X eine bilineare Multiplikation (x, y)—
Xy, also eine bilineare Abbildung von X x X in X, durch 2)

fiir alle x, y, ze X und «, fe K .

(5)

xy:=L(x)y {x, y€X;L(x)y bedeutet Anwendung der }

linearen Transformation L (x) auf y e X

erkldren. Die so mit Hilfe der Lésungen des Funktionalgleichungssystems (1), (2), (3)
definierte Klasse von Algebren enthilt mdglicherweise neben der bekannten Klasse
der Kompositionsalgebren (und der zu diesen isotopen3) Algebren) bisher noch
nicht untersuchte Algebren. Aus den Abschnitten IV und V geht hervor, dass das
tatsidchlich der Fall ist, und zwar selbst dann, wenn die quadratische Form yu nicht-
ausgeartet ist, das heisst wenn aus u(x, X )=0 stets x=0 folgt; unter dieser Voraus-
setzung allerdings nur dann, wenn die iiber L(x) vermoge (5) definierte Algebra zu
keiner Algebra mit Einselement isotop ist, und selbst dann nur in denjenigen Dimen-
sionen 722, in denen auch Kompositionsalgebren existieren: n=2, 4, 8.

Bei der Herleitung dieses Ergebnisses wie auch bei dem in Abschnitt IV behandel-
ten Problem der Existenz von Losungen des Funktionalgleichungssystems 1), ),
(3) in Abhingigkeit von der Dimension des Vektorraumes X und dem Rang der
quadratischen Form pu spielen Mengen antikommutativer (n, n)-Matrizen eine
wichtige Rolle. Solche Mengen sind seit HURwITZ [14], [15] im Zusammenhang mit
dem Problem der Komposition der quadratischen Formen und seit der Aufstellung

2) Im folgenden wird stets a: = b geschrieben, wenn a durch b definiert ist.
3) Liegt zwei Algebren =7 und Jx’; derselbe Vektorraum X zugrunde und ist L(x) die linksregulire
Darstellung des Elements x von 7, L(x) die des Elements x von &, so heisst nach ALBERT [1], S. 696,

— A

& isotop zu o, wenn nichtsingulire lineare Transformationen P, Q, R existieren derart, dass L(x) =
PL(Qx) R gilt. Man iiberlegt sich leicht, dass die Relation ,Isotopie** eine Aquivalenzrelation ist
und somit eine Klasseneinteilung der Algebren gleicher Dimension iiber demselben Korper K
ermoglicht.



Vol. 2, 1969 Funktionalgleichungen in Vektorrdumen 289

der Diracschen Theorie des Elektrons im Zusammenhang mit dieser Theorie immer
wieder untersucht worden, allerdings nicht — wie in der vorliegenden Arbeit — iiber
einem beliebigen Korper der Charakteristik ungleich 2, sondern stets nur iiber dem
reellen oder komplexen Zahlkorper.

Von den bisher noch nicht erwiihnten Abschnitten Il und III befasst sich der eine
mit Eigenschaften der Losungen von (1), (2), (3) und der durch diese Ldsungen
definierten Algebren, der andere mit Beziehungen zwischen diesen Algebren und den
Kompositionsalgebren.

2. Betrachtet man das Gleichungssystem (1), (2) und (3) unter der Voraussetzung
endlicher Dimension n des Vektorraumes X fiir eine feste Basis in X, so kann man
L und M in (1), (2), (3) als (n, n)-Matrizen auffassen, die lineare Funktionen der
Komponenten &,,..., &, des Vektors

X = Z:) aus X sind: L(x)= (é‘x oc,-jkéi>, M (x) = <él ﬁijké) (6)

(%1 BijreK; i, j, k=1,...,n). Wihlt man fir K speziell den reellen Zahlkdrper R
und schreibt man

P 0/0&, Py
™ fiir : und v fiir den Vektor ],
X 0/0¢, Pn

dessen Komponenten ¢, ..., ¢, zweimal stetig partiell differenzierbare reellwertige
Funktionen der # reellen Veriinderlichen &, ..., &, seien, so ist

0

ein System von n partiellen Differentialgleichungen erster Ordnung, dem eine einzelne
(nicht notwendig elliptische) partielle Differentialgleichung zweiter Ordnung, ndmlich

0 0 0
(5 (0 Ha) = v

in analoger Weise zugeordnet ist, wie die klassischen Cauchy-Riemannschen Differen-
tialgleichungen mit der Laplaceschen Gleichung in zwei Verdnderlichen verkniipft
sind. Das in einem Teil der vorliegenden Arbeit behandelte Problem der Existenz
von Systemen der Art (7) mit der Eigenschaft (8) bei nichtausgearteter quadratischer
Form u - sie seien im folgenden verallgemeinerte Cauchy-Riemannsche Differential-
gleichungssysteme, kurz: VCR-Systeme genannt — ist nicht nur im Zusammenhang
mit Fragen der Verallgemeinerung der Funktionentheorie von Interesse. Aus dem
folgenden Grunde hat es auch Bedeutung fiir die theoretische Physik: Es schliesst das
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Problem ein, ob neben den bekannten Fillen
i’ 0%
2t . =
o0&y 0&;
e o e o
Wellengleichun TR T i T STy — e =
P Wellengleichung 522 ~ ez ~agz "oz
weitere (in der Differentiationsordnung homogene) partielle Differentialgleichungen
zweiter Ordnung mit konstanten Koeffizienten o, By..., ® '

a) Laplacesche Gleichung 0

0

62(/) aZ(P 2(p a
gt o+t tw. =0, kuz:u| ~)o=0 icht tet),
aééf + 5661062 + wagf urz y(ax>(p (u nichtausgeartet)

existieren, die ebenfalls ,,linearisiert*4) werden konnen, das heisst in ein System von
n Differentialgleichungen erster Ordnung der Art (7) mit der Eigenschaft (8) ver-
wandelbar sind.

Fir den Fall der Laplaceschen Gleichung in n Veriinderlichen wurde dieses
Problem von OLGA TAUsskY-TopD [27] und von STIEFEL [26] untersucht. Mit Zu-
sammenhéngen zwischen den Losungen von Systemen der Art (7) und den Lésungen
einzelner partieller Differentialgleichungen von im allgemeinen hoherer als zweiter
Ordnung befassen sich Teile der Arbeiten [8] und [9] des Verfassers.

Die vorliegende Arbeit hatte zunichst nur das Ziel, die genannten Untersuchungen
von OLGA TAusskY-TopD und STIEFEL in dem unter 2 beschriebenen Rahmen
weiterzufiihren. Die Anregung, die jetzt vorliegende allgemeine Problemstellung zu
behandeln, verdanke ich Herrn Professor M. KOECHER. Sie hat zur Folge, dass
Ergebnisse iiber VCR-Systeme als Nebenprodukte von Resultaten iiber das Funktio-
nalgleichungssystem (1), (2), (3) abfallen, so zum Beispiel eine Klassifizierung der
elliptischen VCR-Systeme (siche den Zusatz 2 zu Satz 3) oder die Aussage, dass
VCR-Systeme — gleich ob elliptisch oder nicht — nur fiir n=2, 4, 8 existieren; siche
den Zusatz zu Satz 5. Auf das Problem einer Klassifizierung aller VCR-Systeme
wird in einer anderen Arbeit eingegangen werden.

I. Die Fragestellung der vorliegenden Arbeit als
Verallgemeinerung des klassischen Problems der Komposition der
quadratischen Formen in n Verinderlichen

Es sei X wieder ein Vektorraum iiber einem Korper K der Charakteristik ungleich
2. Man sagt von einer nichtausgearteten quadratischen Form u:X—-K, sie gestatte

4) Ausdrucksweise im Lehrbuch [29], S. 1096, von WEIZEL. Ein im obigen Sinne der Wellen-
gleichung B) zugeordnetes VCR-System wird in der theoretischen Physik mit Hilfe der sogenannten
Paulischen Matrizen als einzelne Gleichung geschrieben und Weylsche Gleichung des Neutrinos
genannt. :
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Komposition, wenn in X eine bilineare Multiplikation (x, y)-xy (x, y, xyeX)
existiert derart, dass

w(xy)=p(x)u(y) ©)

gilt. Bezeichnet man mit JACOBsON [16] jede Algebra mit Einselement e iiber einem
Korper K der Charakteristik ungleich 2, in der eine Identitdt (9) mit nichtausgearteter
quadratischer Form u erfillt ist, als Kompositionsalgebra, so gilt der folgende Satz
(siche etwa JACOBSON [16] oder SCHAFER [25], S. 73), der fiir den Fall K=reeller oder
komplexer Zahlkorper, 4= Summe von reinen Quadraten, zuerst von HurwiTZ [14],
[15] bewiesen wurde:

Kompositionsalgebren € existieren nur in den Dimensionen n=1, 2, 4, 8. In diesen
sind der Reihe nach genau die folgenden Fiille moglich:

a) ¥=Ke

b) € ist Erweiterungskorper von K vom Grade 2 oder isomorph zu K®K

c) € ist eine Quaternionenalgebra®) iiber K

d) ¥ ist eine Cayley-Algebra®) iiber K.

Es ist bemerkenswert, dass Kompositionsalgebren unendlicher Dimension nicht
existieren. Es gibt aber auch keine unendlichdimensionale Divisionsalgebra ohne
Einselement mit der Eigenschaft (9), u nichtausgeartet, denn eine solche wire zu
einer unendlichdimensionalen Kompositionsalgebra isotop; vgl. KAPLANSKY [18],
S. 957. Weiter ist bekannt — siche KApLANSKY [18], S. 957, oder JacoBsoN [16], S.
56 und 57 - dass jede endlichdimensionale Algebra ohne Einselement, die Komposition
gestattet, zu einer Kompositionsalgebra, also zu einer der Algebren a) bis d), isotop
1st.

Im folgenden wird gezeigt: Im Falle endlicher Dimension n des Vektorraumes X
ist das Problem der Komposition der quadratischen Formen ein Spezialfall des in der
Einleitung formulierten Problems der Losung des Funktionalgleichungssystems (1), (2),
3).

Beweis: Schreibt man — siehe (4) — u(x, x) fiir (x) und - siehe (5) - L(x) y fir
xy, so erhilt die ,,Kompositionsgleichung® (9) die Gestalt

u(L(x) y, L(x) y) = p(x, x) u(y, y)

oder, wenn man mit L*(x) die zu L(x) beziiglich der Bilinearform u adjungierte
lineare Transformation bezeichnet,

p(L*(x) L(x) y, v) = n(x, x) u(y, ¥)-
Diese Gleichung ist dann und nur dann erfiillt, wenn die Gleichung
L*(x) L(x)=p(x,x) I  (Idie (n, n)-Einheitsmatrix)

5) Zur Definition siche etwa BRAUN und KoECHER [4], S. 221.
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gilt. Diese aber ist offensichtlich ein Spezialfall von (1), das heisst das Problem ihrer
Losung ein Spezialfall des im folgenden behandelten Problems der Losung des
Funktionalgleichungssystems (1), (2), (3).

IL. Einige Eigenschaften der Losungen des Gleichungssystems
(1), (2), (3) und der durch diese Losungen definierten Algebren

Durch eine leichte Rechnung bestiitigt man

HiLessatz 1. Ist L(x), M(x), fi(x) eine Lésung des Funktionalgleichungssystems
(1), @), 3), sind P, Q, R beliebige nichtsinguliire lineare Ti ransformationen und ist
A#0 ein beliebiges Element aus K, so ist

L(x):=PL(Qx)R, M(x):=AiR"'{(Qx)P ", A(x):=1i(Qx) (10)

ebenfalls eine Liosung.

Bezeichnet man jede durch eine Losung des Funktionalgleichungssystems (1), (2),
(3) gemiiss xy:=L(x)y definierte Algebra als (M L=ul)-Algebra und vergegen-
wirtigt man sich die in Fussnote 3 gegebene Definition des Begriffs Isotopie von
Algebren, so besagt also Hilfssatz 1 nichts anderes als

HILFSSATZ 1'. Jede zu einer (M L= pl)-Algebra isotope Algebra ist ebenfalls eine
(M L=pul)-Algebra. Mit anderen Worten: Die Eigenschaft M L=ul ist isotopie-
invariant.

Es sei darauf hingewiesen, dass dagegen die Eigenschaft einer Algebra, Kompo-
sition zu gestatten, nicht isotopie-invariant ist. Beispiel: Die zur Algebra C der
komplexen Zahlen isotope Algebra mit der Basis e, e; und der Multiplikationstafel
ei=e, €5=—¢,, e;e,=e,e, =2e,, das heisst mit der linksreguliren Darstellung

L(lie +¢&5e)= <2§: ;éz)

ist zwar wie C eine kommutative (M L= pulI)-Divisionsalgebra, erlaubt aber keine
Komposition.

Im folgenden benutzen wir die von (4) herrithrende Schreibweise u(x, x) fiir
{(x). Weiter nennen wir aus naheliegenden Griinden zwei Losungen L(x), M (x),
E(x, x) und L(x), M (x), i(x, x) des Systems (1), (2), (3) zueinander isotop, wenn sie
gemiss (10) ineinander transformierbar sind. Offenbar ist die Relation ,,Isotopie**
eine Aquivalenzrelation.

HILFssATZ 2. Im Falle endlicher Dimension des Vektorraumes X ist das Problem
der Ldsung des Funktionalgleichungssystems (1), (2), (3) dquivalent zum Problem der
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Losung der quadratischen Gleichung

(1

L(x)* =2pu(x,a) L(x) = p(x, ) I {L: X - Hom(X, X), linear }

aeX so,dass u(a,a)#0
in dem folgenden Sinne: Es sei L(x), M(x), i(x, x) eine Ldsung von (1), (2), (3).
Dann existiert eine Losung L(x), fi (x, x) von (11) derart, dass
L(x), M(x):=2a(x,a)]—L(x), fA(x x) (12)
eine zu L(x), M (x), i (x, x) isotope Losung von (1), (2), (3) ist; umgekehrt gibt es zu
jeder — auch unendlichdimensionalen — LoOsung L(x), A(x,x) von (11) ein M(x),
ndmlich M (x): =2 (x, a) [— L(x), derart, dass L(x), M (x), fi(x, x) eine Lisung des
Systems (1), (2), (3) ist.
Beweis. Nach Voraussetzung gilt
M(x)L(x)=j(x,x)I mit f(a,a)#0 firgeeignetesaeX. (13)
Dann ist M (a)/i(a, a) gleich L(a)™"; im Falle unendlicher Dimension wire das zwar
linksinvers, aber nicht notwendig rechtsinvers zu L (a). Definiert man nun
M (x) L(a)
i(a,a) ’

_R(xx)

L(x):=L(a)"'L(x), M(x):= = ilaa)

fi(x, x):
so wird (13) zu
M(x)L(x)=f(x,x)I mit L(a)=M(a)=1, f(a,a)=1. 14)

Offenbar sind die beiden Losungen L, M, ji und L, M, fi von (1), (2), (3) zueinander
isotop. Wir zeigen nun, dass (14)

M(x)=2p(x,a)I — L(x) (15)

impliziert, woraus die erste Behauptung des Hilfssatzes folgt: Ersetzt man x in (14)
durch x+y und beachtet man, dass L(x), M (x), fi(x, ) linear bzw. bilinear sind, so
erhdlt man

M (x) L(y) + M (y) L(x)=22(x, )T

und hieraus fiir y=a gerade (15). Die zweite Behauptung des Hilfssatzes bestitigt man
durch eine leichte Rechnung.

In der Sprechweise der Theorie der Algebren kann man Hilfssatz 2 folgendermassen
formulieren:

HiLrssATZ 2'. Jede endlichdimensionale (M L=yul)-Algebra ist zu einer Algebra
<7 isotop, deren linksregulire Darstellung L(x) fiir geeignetes ae </ einer quadratischen
Gleichung der Art (11) geniigt. Umgekehrt ist jede — auch unendlichdimensionale —
Algebra mit einer solchen linksreguliiren Darstellung eine (M L= plI)-Algebra.
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Von nun an wird iiber den unseren Betrachtungen zugrunde liegenden Vektorraum
X nicht mehr vorausgesetzt, dass er endlichdimensional ist. L(x), M (x), fi(x,x) sei
eine Losung des Funktionalgleichungssystems (1), (2), (3) derart, dass die durch
L(x) vermdge xy: =L(x) y definierte (M L=pu1)-Algebra 7 zu einer Algebra 7 mit
Einselement e isotop ist. Fiir die linksreguldre Darstellung L(x) von &/ folgt dann
L(e)=1 und - weil </ nach Hilfssatz 1’ ebenfalls eine (M L=puI)-Algebra ist — die
Existenz eines M (x) mit M(e)=1 derart, dass M (x) L(x)=u(x, x)I gilt. Diese
Gleichung fithrt wie am Ende des Beweises von Hilfssatz 2 auf M (x)=2pu(x, e) I
— L(x) und damit auf die quadratische Gleichung

L(x)*=2p(x, ) L(x) — u(x,x) I. (16)
Diese besagt, dass fiir x, ye o/ die Identitét
x(xy)=2pu(x,e)xy —u(x,x)y (17
gilt. Setzt man y=e, so wird hieraus
x*=2p(x, e)x — pu(x, x)e, (18)

das heisst die Algebra & ist quadratisch. Multipliziert man diese Gleichung von
rechts mit y, so stimmt ihre rechte Seite mit der von (17) iiberein. Es gilt also x?y=
x(xy), das heisst die Algebra o ist linksalternativ. Nach ALBERT [2], S. 322 und 323,
ist jede quadratische linksalternative Algebra auch rechtsalternativ [yx?=(yx) x]
und damit alternativ. Jede alternative Algebra ist iibrigens flexibel, das heisst es gilt
x(yx)=(xy) x; zum Beweis ersetze man x durch x+y in x?y=x(xy).

Ergidnzend zu den obigen Betrachtungen iiberlegen wir uns noch folgendes:

1. Eine Algebra, die zu keiner Algebra mit Einselement e isotop ist, kann zu
keiner quadratischen Algebra isotop sein; eine solche besitzt nimlich ex definitione
ein Einselement.

2. Mit Hilfe der linksreguldren Darstellung L(x) des Elements x einer jeden
alternativen quadratischen Algebra kann die folgende Losung von (1), (2), (3)
gewonnen werden:

L(x), M(x):=2u(x,e)l —L(x), u(x,x). (19)
Fasst man die obigen Ergebnisse zusammen, so gelten also die drei Behauptungen

von

Satz 1. L, M, ji sei eine Losung des Funktionalgleichungssystems m, 2, (3), o
sei die iiber L(x) vermdge xy:=L(x)y definierte Algebra. 1. Genau dann, wenn 7 zu
einer Algebra mit Einselement e isotop istS), ist o/ zu einer alternativen quadratischen

%) Wie man dem Beweis von Satz 3 entnimmt, ist eine Algebra dann und nur dann zu einer
Algebra mit e isotop, wenn sie zwei Elemente a, b besitzt derart, dass sowohl L(a) als auch R(b),
die rechtsreguldre Darstellung des Elements b, nichtsingulir sind.
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Algebra isotop, das heisst zu einer Algebra, in der die folgenden Identitiiten gelten:

Xy=x(xy), yx*=x)x, x(rx)=(xy)x x*=2u(x e)x—plx,x)e.

2. Aus ,,of isotop zu </ mit e‘ folgt: ,,of alternativ und quadratisch‘.

3. Aus ,,s/ alternativ und quadratisch** folgt: Die linksreguldre Darstellung L (x)
des Elements x aus </ gestattet die Konstruktion einer Losung von (1), (2), (3), ndmlich
(19).

Man hat also eine vollstindige Ubersicht iiber die Klassen isotoper Losungen von
(1), (2), (3) mit der im Satz genannten Eigenschaft, wenn man alle alternativen
quadratischen Algebren der Charakteristik ungleich 2 kennt. Fiir den Fall nichtausge-
arteter quadratischer Form p in (18) sind diese Algebren bekannt *): Es sind gerade die
Kompositionalgebren, also die auf S. 291 aufgefiihrten Algebren a), b), c), d) in den
Dimensionen 1, 2, 3, 4; vgl. etwa JACOBSON [16] oder SCHAFER [25], S. 73-75; BRAUN
und KOECHER [4], S. 224, beschranken sich auf den Beweis dieser Behauptung unter
der Voraussetzung endlicher Dimension.

III. Beziehungen zwischen den Kompositionsalgebren und den durch
die Losungen der Gleichung M L =pul definierten Algebren

Wegen des eben erwihnten Ergebnisses iiber die nichtausgearteten alternativen
quadratischen Algebren kann man die Behauptungen 2 und 3 von Satz 1 fiir den Fall
nichtausgearteter quadratischer Form u folgendermassen fassen:

SATZ 2. Ist eine (M L=ul)-Algebra mit nichtausgearteter quadratischer Form
u zu einer Algebra <7 mit Einselement isotop, so ist &/ eine Kompositionsalgebra, also
eine der auf S. 291 aufgefiihrten Algebren a), b), c), d), die nur in den Dimensionen
1, 2,4,8 existieren. Jede Kompositionsalgebra ist eine (M L=pul)-Algebra mit Eins-
element.

Hieraus folgt eine

CHARAKTERISIERUNG DER KOMPOSITIONSALGEBREN: FEine Algebra mit Einselement in

einem Vektorraum X iiber einem Korper der Charakteristik ungleich 2 ist genau dann

eine Kompositionsalgebra, wenn zu ihrer linksreguliren Darstellung L(x) eine weitere

lineare Abbildung M: X— Hom (X, X ) existiert derart, dass das Produkt M (x) L (x) die

identische Abbildung, multipliziert mit einer nichtausgearteten quadratischen Form, ergibt.
Eine weitere Konsequenz von Satz 2 ist

SATZ 3. Jede (M L= pl)-Divisionsalgebra ist zu einer Kompositionsalgebra isotop.
Diese ist ebenfalls eine Divisionsalgebra.
Die zweite Behauptung folgt aus der Tatsache, dass die Eigenschaft einer Algebra,

*) Zusatz bei der Korrei(tur: Au&l iiber den ausgearteten Fall weiss man inzwischen Bescheid ;
vgl. die Dissertation (Miinchen 1968) von L. ZAGLER, einem Schiiler von M. KOECHER.
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Divisionsalgebra zu sein, isotopie-invariant ist. Zum Beweis der ersten braucht wegen
Satz 2 nur gezeigt zu werden, dass jede (M L=pul )-Divisionsalgebra zu einer Algebra
mit Einselement isotop ist und eine nichtausgeartete quadratische Form yu besitzt.

In der Tat: Jede Divisionsalgebra D ist zu einer Divisionsalgebra mit Einselement
isotop: Sei nidmlich in D

L(x), R(y) die links- bzw. rechtsregulire

xy=L(x)y=R0)x {Darstellung des Elements x bzw. y aus D

und damit — wenn A und B zwei lineare Transformationen des Vektorraumes X
bedeuten —
(Ax)(By)=L(Ax)By=R(By)Ax, (20)

so definiere man eine zu D isotope Algebra D durch die aus L(x) und R(x)vermdge
L(x):=L(R(b)"'x)L(a)™" (a, b +# 0aus D, fest)

hervorgehende linksregulire Darstellung; dieser entspricht — siehe (20) — die rechts-
regulire Darstellung R(x)=R(L(a)"'x) R(b)"*. In D ist x=ab Einselement e, denn
L(ab)=R(ab)=1. Fiir die Elemente x aus D gilt nach Satz 1 eine Identitit der Art
x?=2u(x,e)x—p(x,x)e, das heisst x[x—2u(x,e)e]=—pu(x,x)e. Der letzten
Identitdt entnimmt man, dass die quadratische Form nichtausgeartet ist. Wire sie
nédmlich ausgeartet, so existierte in D ein Element c¢# de (1 beliebig aus K) derart,
dass u(c, ¢)=0 gilte. Man hitte dann c[c—2pu(c, e) e]=0, das heisst D enthielte
Nullteiler im Widerspruch zur Voraussetzung, dass D und damit D Divisionsalgebren
sind. Damit ist Satz 3 vollstindig bewiesen.

Da die einzigen reellen Kompositionsalgebren, die zugleich Divisionsalgebren
sind, der reelle Zahlkorper R, der komplexe Zahlkorper C, der Schiefkérper Q der
Hamiltonschen Quaternionen und die nichtassoziative (aber alternative) Algebra C
der klassischen ,,Cayleyschen Zahlen* sind, gilt der folgende

ZusATz 1 zU SATZ 3. Jede reelle (M L=ul)-Divisionsalgebra ist zu einer der
Algebren R, C, Q, C isotop.

Dieses Ergebnis kann man im Hinblick auf die in der Einleitung erwidhnten
VCR-Systeme auch so ausdriicken:

ZUSATZ 2 zU SATZ 3. Ist ein Differentialgleichungssystem der Art

n—1 0 fPo . )
<i;0 %jk 5—6—) =0, kurz: L(a;> v=0 (n=2) (1)

Pn—1

ein elliptisches VCR-System, das heisst gibt es einen weiteren Operator M (0/0x) von
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der Art des Operators in (21) mit der Eigenschaft

o\ [0 0
M- L\ - Jo=0 > v=0  (f positiv oder negativ definit),
Ox 0x O0x

so ist es stets moglich, nichtsinguldre (n, n)-Matrizen P, Q, R zu finden derart, dass der
durch Transformation mit diesen Matrizen aus L entstehende Operator

L<0>‘—Pl_, g R
) -rifel)

die linksregulire Darstellung von

g o 0 g 2,4,8
606604_6165, + +e"—155n—| (n=2,4,8)
ist, wobei ey= Einselement, e,,..., e, _ die iibliche Basis genau einer der Algebren
C, Q, Cist.
Ein elliptisches VCR-System kann also im Sinne von (22) auf genau eines der
folgenden VCR-Systeme transformiert werden:
1. Auf die klassischen Cauchy-Riemannschen Differentialgleichungen,
2. auf das den Fueterschen linksreguldren Quaternionenfunktionen zugrunde
liegende VCR-System (vgl. etwa FUETER [13], MorsiL [21], EICHLER [12]),
3. auf ein mit den Cayleyschen Zahlen zusammenhédngendes VCR-System.

IV. Die Existenz von Losungen der Gleichung M L=/ in
Abhingigkeit von Dim X und Rangpu

Im folgenden wird das Funktionalgleichungssystem (1), (2), (3) unter der Voraus-
setzung betrachtet, dass der zugrunde liegende Vektorraum X von endlicher Dimension
n iber dem Grundkorper K der Charakteristik ungleich 2 ist; von der quadratischen
Form p#0 in (1) wird zunéchst nicht angenommen, dass sie nichtausgeartet ist.

Es sei L(x), M(x), ii(x) eine Losung von (1), (2), (3). Die Komponenten des
Vektors xe X beziiglich einer Basis von X werden im folgenden mit &, &;,..., &, —¢
bezeichnet. Nach einem bekannten Satz aus der Theorie der quadratischen Formen —
siehe etwa VAN DER WAERDEN [28], S. 167 und 168 — lasst sich ji auf eine Summe von
r<n Quadraten transformieren; r heisst bekanntlich der Rang von ji. In der Sprech-
weise von S. 292 gibt es also eine zu L, M, [ isotope Losung der Art

L(x), M (x), u(x) =(€(2) +og & o V&) (et -y # 0 aus K);

Oyyeney g # 0aus K } 23)

N\ 2 2 . 2
Mx)L(x)= (G +a i+t &)l {I die (n, n)-Einheitsmatrix.
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Die (n, n)-Matrizen L(x) und M (x) hingen vom Vektor x linear ab, das heisst sie
haben die Gestalt

n-t nol A,, B, (n, n)-Matrizen
L(x)= V;)Av L M(x)= v;, B, <, {mit Elementen aus K. 24)

Da im folgenden isotope Losungen von (1), (2), (3) nicht als wesentlich verschieden
angesehen werden, kann 4,=B,=1I=(n, n)-Einheitsmatrix vorausgesetzt werden.
Dann folgt aber aus (23), (24), dass B,= — 4, (¢=1,..., n—1) und also

Al =—o,l (0, #0ausK;o=1,...,7r — 1) 25)
AZ=0 (t=r..,n=1) (26)
A A, + A,4,=0 (opp=1,cn—1; 1% p) (27)

sein muss. Matrizen A4;, 4, mit der Eigenschaft (27) nennt man antikommutativ.

Mengen antikommutativer (n, n)-Matrizen mit gewissen zusétzlichen Eigenschaften
spielen seit HurwITZ [14], [15] in zahlreichen Publikationen eine wichtige Rolle,
beispielsweise (in zeitlicher Reihenfolge) in Arbeiten von RADON [24], EDDINGTON
[6], [7] (Fall n=4), NewMaN [22], LitTLEwooD [20], JORDAN-vV. NEUMANN-—
WIGNER [17], BRAUER-WEYL [3], ECKMANN [5], STIEFEL [26], KESTELMAN [19],
PurTer [23]. Alle diese Arbeiten beschrinken sich auf den reellen oder komplexen
Fall, so dass der folgende Hilfssatz bewiesen werden muss:

HiLrssATz 3. Es sei K ein beliebiger Korper der Charakteristik ungleich 2 und n
eine beliebige natiirliche Zahl, die in der Gestalt n=p29 (p ungerade, ¢=0,1,2,...)
dargestellt sei. Eine Menge antikommutativer (n, n)-Matrizen iiber K mit der Eigen-
schaft (25) enthdlt niemals mehr als 2q+1 Matrizen. Es gibt Korper, in denen 2q+ 1
solche Matrizen existieren.”)

Ist dieser Hilfssatz bewiesen, so sieht man unmittelbar ein:

SATZ 4. Es sei L(x), M(x), ji(x) eine Lisung des Funktionalgleichungssystems
(1), (2), (3) fiir den Fall beliebiger endlicher Dimensionn=p2? (pungerade, g=0, 1, 2,...)
von X. Der Rang der quadratischen Form ji(x) sei r. Dann gilt r<2q+2. Mit anderen
Worten: Ist DimX=n=p29, so gibt es keine Losung von (1), (2), (3) derart, dass der
Rang von p grosser als 2q+2 ist. Die Schranke 2q+2 fiir r ist minimal im folgenden
Sinn: Fiir spezielle Grundkorper K ist r=2q+2 moglich. .

Fiir nichtausgeartetes p, das heisst fiir #=n, erhilt man hieraus

Satz 5. Endlichdimensionale Lisungen des Funktionalgleichungssystems (1), (2),

) Seit Hurwirz [14], [15] ist bekannt, dass im Falle K =komplexer Zahlkorper stets 2¢g + 1,
aber nie 2¢ 42 antikommutative (n, n)-Matrizen mit der Eigenschaft (25), as = - 1, existieren.
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(3) mit nichtausgeartetem i existieren dann und nur dann, wenn der Vektorraum X die
Dimension 1,2,4 oder 8 hat.

Beispiele von Losungen des Gleichungssystems (1), (2), (3) in den genannten
Dimensionen kann man mit Hilfe der linksreguldren Darstellungen der Kompositions-
algebren konstruieren. Weitere Losungen in den Dimensionen 2 und 4 werden in
Abschnitt V bestimmt.

ZUSATZ ZU SATZ 5. Verallgemeinerte Cauchy-Riemannsche Differentialgleichungs-
systeme gibt es nur fiir n=2,4 und 8.

Beweis von Hilfssatz 3. Es sei K* ein algebraischer Erweiterungskdrper von K,
der die Quadratwurzeln sowohl des Elements — I als auch der in (25) auftretenden
(von Null verschiedenen) Elemente —ay,..., —a, _; aus K enthdlt. Wir zeigen, dass
die Maximalzahl antikommutativer n=p2%reihiger quadratischer Matrizen C, iiber
K* mit der Eigenschaft C2= —1 gleich 2¢q+ 1 ist. Damit ist dann der Hilfssatz bereits
bewiesen, denn existierten iiber K mehr als 2q+1 antikommutative Matrizen 4, mit
(25), so wire C,:=A,/\/x, eine Menge von mehr als 2q+1 antikommutativen
Matrizen C, iiber K* mit C2=—1.

Sei also Cy, ..., C,(, eine maximale Menge antikommutativer (n, n)-Matrizen
iiber K*, deren Quadrat jeweils gleich — I ist. Dieselbe Eigenschaft hat dann auch die
Menge TC, T, ..., TC,, T~ fiir jede nichtsingulire (n, n)-Matrix 7. Man kann also
beispielsweise C; in der Normalform

e N
b, o 00...0p,,
R 10...08,
C, = z, mit ,,Begleitmatrices* D,=|01 .. (28)
’ L0
LO Dy 0...018,,.

(Bts--» Buax€K; k=1,...,k) annehmen; siche etwa VAN DER WAERDEN [28],S. 161 und
162. Aus C?= —I folgt, dass die D, in (28) hochstens zweireihig sein konnen, also

D, = (? - (])> oder = (i) oder = (— i);

i:=./—1 liegt nach Voraussetzung in K*. Nun ist aber

R e (R B (S

das heisst C, ist ahnlich einer Diagonalmatrix mit ausschliesslich +7in der Diagonalen.
Hieraus kann man bereits schliessen, dass m (n)=1 fiir ungerades n ist. Ist nimlich
m(n)>1, so folgt aus der Antikommutativitdt der Matrizen C,, dass n gerade sein
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muss: Es gilt ja C,C,C; '=—C,, das heisst die Eigenwerte +i von C, gehen bei
Vorzeichendnderung in sich iiber.

Sei nun n gerade. Dann kann also C, als Diagonalmatrix mit ausschliesslich +i
in der Diagonalen angenommen werden, ja sogar mit gleich vielen +i wie —i; diese
kann man durch eine Ahnlichkeitstransformation ordnen, das heisst C, darf in der

Gestalt
il 0 Lo\ .
C, = ) 1die|{ , J-Einheitsmatrix
0 —il 22

vorausgesetzt werden. Nun kann man weiterschliessen, wie das NEWMAN [22] bei der
Berechnung der Maximalzahl antikommutativer komplexer Matrizen C, mit C2= —1
durchgefiihrt hat: Wegen

C,C,+C,C;=0und C} =—1 [a=2,..,m(n)]

besitzen die C, die Form

0 ¢
C,= ( g 0“) [@a nichtsingulére (Z, ;)-Matrizen].

Aus C,Cy+CyC,=0 ergibt sich €,C; '+ €, C; ' =0 (o, f=2; a#p). Hieraus folgt
€E ") =-1 (€€ )(EE")+(EE)ECE;")=0 (1.6=3,7#0),

das heisst die (n/2, n/2)-Matrizen CyQ; '[y=3,..., m(n)] bilden wie die Matrizen
C,[o=1,...,m(n)] eine Menge von antikommutativen Matrizen, deren Quadrat
jeweils die negative Einheitsmatrix liefert. Bezeichnet man die Maximalzahl solcher
(n/2, n/2)-Matrizen mit m(n/2), so gilt also m(n/2)>m(n)—2.

Sei nun €; [6=1,..., m(n/2)] eine maximale Menge von solchen (n/2, n/2)-

Matrizen. Dann ist
i1 0 0 -1 0 G
G S G o) (e ©)
eine Menge von (n, n)-Matrizen, die ebenfalls die erwiinschten Eigenschaften besitzen.
Also gilt m(n)=m(n/2)+2.
Zusammen mit der vorher erhaltenen Ungleichung ergibt sich m(n)=m(n/2)+2.

Beachtet man, dass, wie oben gezeigt wurde, m(p)=1 fiir ungerades p gilt, so folgt
hieraus m(n)=m(p2?)=2q+1, was zu beweisen war.

V. Losungen der Gleichung M L=yl mit nichtausgeartetem pu,
die nicht auf Kompositionsalgebren fiihren

SATZ 6. L(x), M(x), i(x) sei eine Losung des Funktionalgleichungssystems (1),
(2), (3), die Dimension des zugrunde liegenden Vektorraumes X sei 2, die quadratische
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Form [i sei nichtausgeartet. Dann lisst sich stets eine zu L(x), M(x), fi(x) isotope
Losung
L(x)=& I+ & A, M(x)=¢&T - A, p(x)=E&+ o, & (29)

[I die (2,2)-Einheitsmatrix, a,#0] angeben, die eine der beiden sich gegenseitig
ausschliessenden Eigenschaften besitzt:

a) L(x) ist die linksregulire Darstellung einer zweidimensionalen Kompositions-
algebra

b) A, in (29) ist die Einheitsmatrix I.

Beweis. Nach dem vorigen Abschnitt ist eine Losung von (1), (2), (3) mit den im
Satz genannten Eigenschaften zu einer Losung (29) mit A3 = —a, Iisotop. Enthalt der
zugrunde liegende Korper K kein Element, dessen Quadrat gleich —a, ist, so kann A4,

durch eine Ahnlichkeitstransformation auf die Gestalt <(l) _gl

siche (28). Mit diesem A, ist L(x) in (29) die linksreguldre Darstellung einer zwei-
dimensionalen Kompositionsalgebra. Existiert dagegen eine Quadratwurzel aus —ay
in K, so kann — da zwischen isotopen Losungen nicht unterschieden wird — u(x) in
(29) in der Gestalt p(x)=¢2—¢2 geschricben werden, und man hat 47=1. Eine
(2, 2)-Matrix mit dieser Eigenschaft ist stets — siche (28) — zu genau einer der folgenden
dhnlich:

OO 60 (o |
[((l) _(1)) und <_(1) (1)> sind dhnlich zu <? (;)] }

Mit der ersten dieser Matrizen fiir A, ist L(x) in (29) wieder die linksreguldre Dar-
stellung einer zweidimensionalen Kompositionsalgebra, mit den beiden {ibrigen
Matrizen erhilt man

o+ &, 0 > (50 =& 0 > :
L(x)= ; bzw. L(x)= , 1))
@=("7" o is D=0 &-a) !
das heisst die linksregulidren Darstellungen der Elemente x zweier isotoper Algebren,
deren rechtsreguldre Darstellungen

R(x)‘-‘(?: 2) bzw. R(x)=<?: :?:)

singulér sind; nach Fussnote 6 auf S. 294 sind diese Algebren zu keiner Algebra mit
Einselement und damit zu keiner Kompositionsalgebra isotop.
Wie man aus (31) abliest, kann Satz 6 auch folgendermassen formuliert werden:

> gebracht werden;

(30)

SATZ 6'. Ist eine zweidimensionale (M L= plI)-Algebra mit nichtausgeartetem yi zu
keiner Kompositionsalgebra isotop, so ist sie zu der durch die Basis e, e; mit ei=e,,
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epe;=e,, e, eo=e,, e;=e, definierten assoziativen, aber nichtkommutativen Algebra
isotop.

Auch in der Dimension 4 existieren Losungen L(x), M(x), u(x) von (1), (2), (3)
mit nichtausgeartetem u derart, dass L(x) zu keiner linksreguliren Darstellung des
Elements x einer Kompositionsalgebra isotop ist; das sei anhand des folgenden Bei-
spiels gezeigt, in dem o, #0, «,#0, B, y und § beliebige Elemente aus dem Grund-
korper K mit — B2 —a; 92 —a, 62 =: o, #0sind:

Sot BE —o & 4oy pEs — o0y &, + o, 8, 0
L(x) = & +9¢; $o — B¢&; 0 a8y — 08,
$y + 68, 0 $o— B&s —o &+ yés |7 (32)
0 =&, — 8¢, i +7¢;s So + B

M(x)=2¢&,1 — L(x), p(x) =&+ oy E2 4+ oy &2 +ay 3.

Zunichst bestitigt man durch Rechnung, dass M (x) L(x)=u(x) I gilt. Ist (32) die
linksreguldre Darstellung des Elements x = &, e, + &, e, + &, e, + 5 €5 einer Algebra, so
erhélt man fiir die Basiselemente e, ¢, e,, e; die folgende Multiplikationstafel, die
anfangs wie die der iiblichen Basis einer Quaternionenalgebra aussieht:

epe; =¢; (i-—=0,1,2,3), eje,=—e,e; =e;, ef=—a1e0, e§==—0tzeo,
ejeg=¢; (j=0,1,2), e e3=—0,e,, e,e3=0,¢e,

eseo = Peyg +ye; + de,, ese; =a,7e, — fe; — ey,

eye; =0,0e0 — fe, + yes, e§=—a25el+a1ye2+ﬁe3.

Da nicht gleichzeitig e3e; =e;e3 und (e, +e3)? (e, +e3)=(e; +¢;) (e, +e3)? sein kann,
handelt es sich hier um eine (M L= puI)-Algebra, die nicht einmal potenzassoziativ ist.
Zum Beweis, dass sie zu keiner Kompositionsalgebra isotop ist, berechne man die
rechtsreguldre Darstellung des Elements x:

o —o &y —w 6 Plotayé +ay08,
¢ o ay <3 Y& — B — 2,08,
& —oy s o 08— B&r+ayvEs
¢s &, - &t — 08+ 78+ BEs

Man iiberzeugt sich leicht, dass deren Determinante identisch in &, &, &,, &3, a;,
a5, B, 7, 6 verschwindet, das heisst nach Fussnote 6 auf S. 294, dass die iiber (32)
definierte Algebra zu keiner Algebra mit Einselement isotop ist. Also kann sie nach
den Sétzen 1 und 2 zu keiner Kompositionsalgebra isotop sein.

R(x) =
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Additive Inhaltsmasse im positiv gekriimmten Raum
W. MaIER und A. EFFENBERGER (Jena, East Germany)
Herrn Professor Dr. A.M. Ostrowski zum 75. Geburtstag gewidmet

Unter den Aufgaben, die im Rahmen der mehrdimensionalen Geometrie noch
immer nicht in abschliessender Weise behandelt werden konnten, steht die Frage
nach der Inhaltsmessung von Simplexen in Raumen fester Kriimmung seit C. F. GAUSs
und J. Boryar zur Diskussion. Durch mehrfache Lotkonstruktion entsteht im
vieldimensionalen Raum positiver oder negativer Kriimmung das durch L. SCHLAFLI
als Orthoschem bezeichnete besondere Simplex. Die Vorzugsstellung der Orthoscheme
gegeniiber der umfassenden Menge beliebiger Simplexe besteht nicht nur darin, dass
die Anzahl der zur Konstruktion eines Orthoschems (OS) notigen Bestimmungsstiicke
wesentlich kleiner ist als fiir beliebige Simplexe. Vielmehr bestehen zwischen den OS-
Winkeln gruppentheoretische Zusammenhéinge, wie sie Gauss am Pentagramma
von NEPER genauer untersucht hat [5]. Andrerseits ist jedes OS im Fall negativer
Krimmung ergénzungsgleich einer Linearkombination von asymptotischen Ortho-
schemen, und diese seit N. LOBATSCHEWSKI klassische Reduktionsmethode ist auf
reelle Mannigfaltigkeiten positiver Kriimmung nicht {ibertragbar. Deshalb erscheint
es angebracht, solche Funktionalgleichungen ins Auge zu fassen, welche allgemeinen
simplizialen Zerlegungen im Raum positiver Kriimmung zugeordnet werden kénnen.
Berichten werden wir im anschliessenden Paragraphen eins iiber eine algebraische
Methode, die man Herrn Dr. WEISSBACH verdankt, wihrend in den folgenden Para-
graphen geometrische Leitmotive von Herrn EFFENBERGER zu neuen Ergebnissen
fithren.

§ 1. Einteilung der Simplexe nach Typen

Der euklidische R, sei mit kartesischen Koordinaten X, vermessen, so dass
n

[] dx,=:dX als Raumelement benutzt werden kann.
v=1

Die aus den {x,} gebildete einspaltige Matrix X erlaubt nach Multiplikation mit
der gestiirzten Matrix, die Kennzeichnung der (n— 1)-dimensionalen Kugel

XX =1 (N
zu geben, auf welcher unsere Simplexe verwirklicht werden sollen. Der Ubergang zu

Polarkoordinaten erlaubt, den Durchschnitt G eines vom Nullpunkt ausstrahlenden
Kegels K mit der Kugel (1) in der Gestalt

ol-n/2 N
G= -—~jdXe‘”2“ ()
n
r(5)s
wiederzugeben [3].

Eingegangen am 16.12.1967
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Mit
det(cf)#0; (c},...,c)=:C;, C;X=:p,

konnen die n Ebenen p;=0 als Berandung von K gewihlt werden; die aus (1) aus-
geschnittenen Simplexe haben den Inhalt S,, und aus (2) folgt dann

21—n/2
S, = j dX e 12XX 2)

" n
()4

Die Anpassung des Integranden (2') an die Integrationsgrenze p;=0 gelingt mit

Py
D )=:P=:CX
Dn

1-n/2

S, = -WTdet(C") J dpe '/2PCTICTIP (27
r(5) o=

Die (;) zwischen den Grenzebenen liegenden Keilwinkel (%, k) bestimmen sich aus

in der Gestalt

cos(h, k) = f?(},,,_ : 3)
NieYeNIaNe!
Durch Einfithrung der symmetrischen Matrix
1 —cos(1,2)... —cos(l,n)
—cos(2,1) 1 —w 3
—cos(n, 1) 1

aus den positiven Zahlen C;C;=:t; als Elemente einer Diagonalmatrix 7" kann das
System der Aussagen (3) zusammengefasst werden zur Matrizengleichung

W=T"Y2CCT"?, (3")

Der Fall eines reguliren Simplexes mit Keilwinkeln (4, k)=:0; h k=1,...,n
wurde schon von H. RUBEN [7] erledigt. Mit der Hilfsgrdsse
L+ (L—mjcosax
1+ cosua o
vereinfacht sich (2") zu
21 -n/2

- 3 2 (h— ¥ 2
S, Jdpe 120 X p?=(h=1)jnh (T P21 @)

AL
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Das in der Fehlertheorie gebrauchte uneigentliche Integral
)~ f dte™ 2" = f (x) @)

erlaubt die Zuriickfiihrung von (4) auf eine einfache Integration

-n/2 % , n
S,= 2 <‘,}>~(2n)("*”’2 \/hi—l J dx el =)/ [f(x\/hT 1)] : 4"
2 -

1
r
Durch Orthogonaltransformation der quadratischen Form im Exponenten des
Integranden (2”) gelangt Herr WEISSBACH zu einen Eigenwertproblem, dessen Losung
die Menge aller Simplexinhalte aufgliedert nach Typen verschiedener Schwierigkeit.
Bezeichnet man die speziell von Herrn RUBEN bestimmten Simplexe als solche vom
Typ 0, so zeigt die Betrachtung der Vielfachheit von Eigenwerten einer eingehenden
Matrix bei kleinen Typenzahlen die Moglichkeit zur Reduktion des n-fachen Integrals
(2") entsprechend (4, 4"); insbesondere erweist sich die Menge der Simplexe vom
n
2
geeignet gewihlten Stiicken. Vorbereitend withle man eine n-reihige Orthogonalmatrix

Y sowie eine positive Diagonalmatrix U, so dass C=YU"? zur Umformung von
(2') in die Gestalt

Typ 1 nicht abhéngig von < > Parametern, sondern mit 3<#»n nur von n<<;>

21—"/2

Sy =" del(UT") | dpeT!2FYUTIIE
;)
fiihrt.

Mit der weiteren Festsetzung Y(U—E)"?=:4 und (E+AA4)™ '/ AP=:P* er-

halten wir :
1-n/2

Sp="det{(E+ AA)1} | dpe 2 FPTRY, )
| G |

Diejenigen Eigenwerte von 7'/2 WT1/2 welche den Wert Eins annehmen, bewirken
eine Rangerniedrigung der Diagonalmatrix U— E; existieren nun (n—m) solche
Eigenwerte, so kann die quadratische Form P*P* reduziert werden auf die Summe
von nur m<n quadrierten linearen Formen. Dementsprechend erklire man durch

min {Rg(W — T" ")} =:m 6)
T
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den Typ des betrachteten Simplexes; bleibt m<n—1, so vereinfacht sich auch der
Integrationsprozess (5). Als nédchst einfacher Fall neben den von Herrn RUBEN
bearbeiteten reguldren Simplexen erscheint so die Menge der Simplexe vom Typ
m=1. Mit g, h, k,I=1,...,n, g#h#k+#[ wird in diesem Fall

cos(g, h) cos(g, I)| ,
cos(k, h) cos(k, 1) 0. (6

Zur Losung des Systems (6') fiihrt eine Parameterfolge {a,}, deren Elemente sich als
reelle oder reinimaginire Zahlen herausstellen, die im letzteren Fall einzuschrinken

sind durch die Forderung —1< ) a’. Fiir die gesuchten Keilwinkel gilt dann

v=1

ay, ag
Jita Jita
Als Bezeichnung wihlen wir deshalb fiir die Inhalte der Simplexe vom Typ 1

S,(W)=:S\(ay,...,a,).

—cos(h, k) =

Unter den von Herrn WEIssBACH gefundenen Funktionalgleichungen dieser besonderen
Simplexklasse erwiihnen wir als durchsichtiges Beispiel

n
a; a,—y —1 a —1 a
Sp:(al,n-, a")=zSi: <a yanes _" ,1___,7'277_’“', ._'l). (6"!)
v=1

v aV av av aV

Diese Identitit kann betrachtet werden als ein der Algebra entnommenes Gegenstiick
von Aussagen fiir sphirische Inhalte zu den der Geometrie entnommenen Dar-
stellungen eines hyperbolischen Simplexes durch asymptotische Simplexe einfacherer
Art, wie sie erstmals LOBATSCHEWSKI gegeben hat.

Gegeniiber den Hilfsmitteln der linearen Algebra sind im folgenden solche der
kombinatorischen Topologie zu benutzen.

§ 2. Innere Geometrie konvexer sphirischer Simplexe

Auf der Hypersphire vom Radius 1 im euklidischen R,, im folgenden kurz
Sphire genannt, bestimmen n nicht in einer Hyperebene durch den Sphérenmittel-
punkt liegende Punkte mit Nummern 1,...,n ein (n—1)-dimensionales nichtent-
artetes konvexes sphirisches Simplex

S,=(1,....n). (1)

Das Inhaltsmass eines Simplexes werde mit demselben Symbol (1) wie das Simplex
selbst bezeichnet.
Eine Teilmenge {vy,..., v;} ={1,..., n} der Eckpunktmenge bestimmt ein (j—1)-
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dimensionales Simplex S;=(vy5..., v;), welches wir Untersimplex §;=S, nennen
wollen.

Wegen der Isomorphie zwischen der Menge der Untersimplexe von S, und der
Potenzmenge der Menge {1,..., n} bilden die Untersimplexe eines Simplex S, einen
Booleschen Verband, genannt Untersimplexverband von S,. Die Menge der Unter-
simplexe S,, von S, mit

SkE€S,E8; 2)

nennen wir ein Intervall [S,, S;] des Untersimplexverbandes und die Zahl (j—k)
die Dimension dieses Intervalls.
Die zweidimensionalen Intervalle [S}, S, ,] haben 4 Elemente, etwa

(Viseeor v) l
(Visoes Voo Ves 1) (Viseens Vo Vis2) (3)
(vla-”’vka vk+l9vk+2)' ]

Wir bezeichnen den euklidischen Einbettungsraum niedrigster Dimension dzs
Simplexes S;=(u;,..., u;) mit R;=R(u, ..., #;) und ordnen jedem zweidimensionalen
Intervall (3) den Winkel

0<(k;viyeoyiya)<m 4)

zu, welcher zwischen den Rdumen R(vy,..., v, v¢;;) und R(Vy,...s Vi Viy2) an
ihrem gemeinsamen Unterraum R(vy,..., v,) gemessen wird. Die Zahl k heisse die
Ordnung des Winkels in [S,, S,], vgl. [2]. Unter dem System der Winkel eines In-
tervalls verstehen wir die Winkel aller zweidimensionalen Teilintervalle.

Wir konnen jedes Intervall [S, S, ]=[(v{...v,), (v;... ;... v;)] isomorph mit
Erhaltung der Winkel bzw. dual isomorph mit Ubergang zu den Supplementwinkeln
auf einen Untersimplexverband abbilden. Die Bilder der Untersimplexe bezeichnen
wir durch

(h;viy.cesv,) bzw. (s viseo V) mit h<m< (5)

und nennen 4 die Ordnung und j die duale Ordnung des Intervalls [S), S;]. Die
Abbildung auf den dual isomorphen Untersimplexverband LCTs vieevy), (s vieeevy)]
erfolgt durch Polarabbildung im Einbettungsraum R(vy...v;) und die Abbildung
auf den isomorphen Untersimplexverband [(h; v, ...v,), (h; v,...v ;)] durch nach-
folgende Polarenabbildung im Einbettungsraum R(j;vi-..vp) von (J; vy...wy).

Wir ordnen jedem Intervall [(vy...v,), (v;...v,...v ;)] als Volumen den Inhalt des
Simplexes (/; v;...v;) und als duales Volumen den Inhalt des Simplexes (/; v;...v,) zu.

Die Volumina der zweidimensionalen Intervalle sind gerade ihre Winkel, die
dualen Volumina sind die Supplemente der Winkel, d.h.

(k+2;v1...vk)=7t—(k; Vl...vk+2). (6)
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Die Volumina der Intervalle der Ordnung O stimmen mit den Volumina ihrer
maximalen Elemente iiberein, weshalb wir die Ordnung 0 im Symbol fiir die Inter-
vallvolumina weglassen wollen:

;v covy) = (vy.ovy) @)

Nach iiblichen Bezeichnungen sind die Intervallvolumina die Volumina von Auf-
fangsimplexen [2] bei nichtverschwindender und von Untersimplexen bei verschwin-
dender Ordnung. Wir verwenden einige Begriffe aus dem Einbettungsraum:

ak:v1...\‘k+z = Sinz {‘%(k; vl e v’(+2)} (8)

ist das Quadrat der halben Sehne zwischen den Eckpunkten des Grosskreisbogens
(k; vy... vy ,) Es folgt

s‘“(k; Vi vk+2) = \/4ak;v1“.vk+z(l - ak;v1...vk+z) (9)
cos(k;viveoveya)=1=2a1y, .,
Wir betrachten ein Simplex
(K5 vy o). (10)

dessen Untersimplexverband ein nichtleeres System von Winkeln besitzen soll, d.h.
|h' — k| = 2. Hiernach setzen wir

K'=k; hW—=2=h fir k<h -2 }

|
Wo=h: K —2=k fir h'<k —2. an

Die fiir Betrachtungen im Einbettungsraum bevorzugten Winkel der Ordnung O
im Verband [(k; vy ... ), (k3 v; ... v,)], genannt Kanten des Simplexes (k'; vy ... vy).
sind
(k5 vy oo Vicltics y Byt 2) )
mit  {fs s sz} S Yivr oo} e k<h,

(12)
= (ks Voo Vil g oo Byt 2) )
mit gy q e Mier2) = Ve Vi) fUr h<k.
Ferner finden wir die zugehdrigen Quadrate halber Sehnen der Kanten
s vpoovic e+ 1 B+ 2 f?l‘ k<h (13)
1= ivpvnuns v e fir h<k.

Nehmen wir zu den |#’ —k’| Eckpunkten von (k’; vy ... v,/) noch den Mittelpunkt
der Sphire hinzu, finden wir zu diesen (|A" —k'| + 1) Eckpunkten ein |h' — k'| + 1
dimensionales euklidisches Simplex, dessen Volumen wir etwas abweichend von [8] mit

L(K' 5vy...vy)

Ve 14
W — K| (9
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bezeichnen. Zur Berechnung dieses Volumens benéstigen wir die Determinante

ak;vl...vkukﬂ vz |

mit  {p .y, fys o)

(= S {(Mer1- Vhe2}
NS fir k<h
0 1
| 1 2
D(k;hyvy...v): = (15)

: R St mit (g o}
(=1t . = {Vhs1 oo Ves2)

fir h<k

Die Zeiger y; durchlaufen hier simtliche angegebenen Werte. g, , sei Zeilen- und
i+2 Spaltenindex. Die Anordnung der Zeilen und Spalten erfolge nach dem Auftreten
des Index in der Anordnung vy, y,..., vy, fiir k<h bzw. v,4q,..., v, fiir h<k.
Fiir k=h sind 2 Werte definiert, welche jedoch iibereinstimmen. Mit (15) wird

Q1/21W ~k~1]

L(k'; Vi Vh») = ﬁlf;’E;‘:lT"\/D(k; h?;’i?{’:)‘, (16)
woraus die Bedingung
D(k; h;vy...v,) =0 fiiralle k;h;v,...v, (17)

folgt. Die hiermit im Einbettungsraum geometrisch gedeutete Determinante D (k;h;...)
wird auch in der nichteuklidischen Simplextheorie Bedeutung haben. Zundchst soll
jedoch noch weiter definiert werden:

Werden im Symbol D (k; h;...) je I der als Zeilen- bzw. Spaltenindizes auftretenden
Punktnummern iiber- bzw. unterstrichen,

D(k; hs oo Wy o Vg Ty Vg o) (18)
so sollen in den Determinanten (15) die Zeilen mit iiberstrichener und die Spalten mit
unterstrichener Nummer gestrichen und die Determinante dann mit (—1)' multi-
pliziert werden.

Fiir k =h konnen zwei entgegengesetzt gleiche Werte definiert sein, so dass wir hier
immer festlegen miissen, ob die Determinante zum Fall k<4 oder zum Fall A<k zu
rechnen ist.
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Als Spezialfall des Determinantensatzes von Sylvester finden wir die Gleichung

D(ks By ooV oV VgV ) Dk By V7 LV Vg Vg )

=D(ks b V5 oV Vi V) DR Ry vy T
= D(kshs o V5 Ve Ve V) DR Ry vy VG VgV (19)
mit K+ 1< < hio b 1< Sl gk,

(13 <Ja) 3 <Ja)

wo gleichzeitig in sdmtlichen Determinanten noch weitere Streichungen vorgenommen
werden konnen.
Wir formulieren einen in den Sehnenquadraten rationalen Ausdruck

D(k;h;.“vh+1vh+2.”)-D(k;h;”.?££1§gzz.“)

T3 Ry vy vy = e (20)
( ! D(ks 5o Tzt Vo2 ) DG 5o v Tz o)

oder nach (19)
D*(ks b Vit V2 o)

L= J(k;hy vy v = o e :
(ks vy ) D(k; hs ... Wyzi Vhe2 ) D (ks B3 oo Vi Vs )

(21)

Fiir die in (22) und (23) eingehenden Wurzeln legen wir uns auf das positive
Vorzeichen bei (20) und auf das Vorzeichen von D(k; h;... Vi q Vas 2...) bei (21)
fest. Mit diesen Wurzelfixierungen ist

\/m:h',;;;;) =sin(h; vy ... vypp) =sin[n — (h; vy ... v4e2)] (22)

T _ fcos(h; vy vpi2) fir k<h
\/1 J(k’h’Vl'"v")—{cos[n—(h;v,...v,,”)] fiir h<k (23)

firalle k;h;v,...v,.

Auf den Beweis durch vollstindige Induktion in den beiden Dreiecksschemata k<h
und A<k durch Anwendung des sphirischen cos-Satzes wollen wir hier verzichten.

Analog hierzu sind die beiden folgenden Aussagen: Der Wert der Funktion
J(k; h; vy...v,) ist invariant gegeniiber Anderungen von k und gegeniiber Tausch-
mengen in den Punktmengen {vi...vy}, {Va+1> Vas2} DZW. {V413...v,}. Die erste
Aussage ist gehaltvoller, weshalb wir die Funktion J(k;/; vy ...v,) als Ordnungs-
invariante bezeichnen.

Die Invarianzeigenschaften von J (k; k; v; ... v,) beschreiben vollstindig die innere
Geometrie, d.h. die zwischen den Winkeln bestehenden Zusammenhénge im sphéri-
schen Simplex. Insbesondere konnen wir etwa vermoge (23) simtliche Winkel eines
Simplex aus denen einer bevorzugten Ordnung k berechnen, wonach im System der

Winkel noch (g) Freiheitsgrade bestehen.
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§ 3. Funktionalgleichungen zur Volumenadditivit:it

Wir verlassen nun die innere Geometrie der Simplexe und wenden uns dem
Problem der Inhaltsmessung zu. Unter den kennzeichnenden Eigenschaften fiir das
Simplexvolumen als Funktion eines Bestimmunssystems spielt die Volumenadditivitit
bei erginzungsgeometrischen Konstruktionen, in denen nur Simplexe beteiligt sind,
eine grosse Rolle. Wir betrachten hier nur eine spezielle Klasse erginzungsgeome-
trischer Konstruktionen, welche sich auf den Spezialfall der Erginzung zweier
nichtentarteter Simplexe S;"’ und S\* zu einem Simplex S‘* zuriickfiihren lisst. Es sei

SV=(1,..,n=2,n—1,n) I
S(z) (I..on=2,n,n+1) (1)
(3) =(,..,n=2,n—1,n+1) [

also
(1,...n—2,n-—1,n)+(1,...n—2,n,n+1)=(1,...n——2,n——1,n+l) )

1
n=k:

3 4 ¥

Das Simplexvolumen ist <g>-parametri g. Bei Beriicksichtigung der Bindungen
zwischen den Winkeln der 3 Simplexe bleibt als analytischer Ausdruck der Volumen-
additivitédt (2) eine [(Z) + 1} -stufige Funktionalgleichung: (;) Parameter hatte etwa

das Simplex (1...n), und durch einen weiteren Parameter, welchen wir jedoch erst
spater einfiihren wollen, wird die Lage des Punktes (n+ 1) fixiert.
Mit der Festlegung .

v, = 1 5 in Ausdriicken mit dem oberen Zeiger ( 25
konnen wir als Bedingung der Konstruktion (2) sofort einige Winkel des Simplexes
S{?) durch Winkel von SV ausdriicken:

(B3 vy Vi) =
§(hs vy ovpan)® fiir j<hl¢{h+1,h+2} undfir h+2 <] 4
(= (h;viv)V fir j<hle(h+1,h+ 2}

B §n -1) (1) (3)
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Weitere Kenntnisse iiber die Winkel von S{* gewinnen wir durch die Beriick-
sichtigung der inneren Geometrie der sphérischen Simplexe, d.h. indem wir die
k-Invarianten (2.22) und (2.23) in (4) einsetzen.

Legen wir uns nun etwa auf die Quadrate halber Sehen der Kanten als Be-
stimmungssystem des Simplexvolumens fest, so finden wir nach lingerer Rechnung
das Gleichungssystem

(A1s 42)® = (44, /1)“) fiir A,,lze{l n =2}
D(0; h*;n, n—1; Vi e Vp_a) \/D(O hinn—1,v,...v,_,

D(O h* non+ 1;v,. ...v,,_z)
m<h<n—2)
(1 <h*<n-—2
und fiir  {v,...v,_,}={1...n = 2}.

DO;h;n,n+1,v ...v,_, (5)

fiir alle h, K™ mit

Die beiden Seiten sind hiernach invariant gegeniiber Anderung von A* bzw. h in
den angegebenen Grenzen, wir sprechen von h-Invarianten. Als letzten Parameter
der Erginzung von S" und S{? zu §!*) wiihlen wir die einfachere h-Invariante unter
der Wurzel und legen diesen Parameter sogleich auf seinen einfachsten Wert 1 fest,

D(O; hsn,n—1,vy...v,_,) sin® *(n—1,n)

— ——=:1=1, 6
D(0; hinon+1,v,. .,,,2) sin?(n, n 4+ 1) )

Hieraus und aus (5) mit #* =1 folgen die beiden Ldsungen fiir das Bestimmungssystem
von S
an.n+1=l—-an L fir ve{l...n—Z} } (7)

Ay n+1 = I — Ay n-1
(8¢ und S'? ergiinzen sich zu einem sphirischen Zweieck);

yn+1 = An-1,n

8
Ay n+1 = — Ay n-1 +2(av,n+an—1,n_2av,n n— ln) fiir VE{] ’1—2} } ( )

(S{" und S!* erginzen sich mit Kantenverdopplung).

Die Ergénzungen zum Zweieck und die aus diesem Prototyp ableitbaren Funk-
tionalgleichungen haben zur Charakterisierung des Simplexvolumens wenig Aussage-
kraft. Thre Bedeutung konnte darin liegen, dass sich mit ihrer Hilfe bekannte
Funktionalgleichungen geometrisch neu deuten lassen. So entsteht z.B. fiir n=3 die
zweistufige arc cos-Funktionalgleichung in der symmetrischen Form

X 2 x?
g<y ) et ®

(] ()]0 e e o
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Die Stufe 3 ist nur scheinbar, da die 3 Argumente identisch die arc cos-Multiplikations-
gleichung

r=st—./1—s* /1 ¢ (10)

befriedigen. Gewisse aus der klassischen Geometrie herriihrende Ungleichungen in
x,y und z weisen eine Unsymmetrie auf, die auf die bevorzugte Stellung eines der
Summanden in (9') als Inhaltsfunktion eines Zweiecks zuriickzufiihren ist.

Ahnlich wie (9') lisst sich auch die dreistufige arc cos-Funktionalgleichung rein
geometrisch begriinden.

Fasst man die Ergdnzung mit Kantenverdopplung als Prototyp einer erweiterten
Klasse von ergénzungsgeometrischen Konstruktionen auf, so charakterisieren die
entstehenden Funktionalgleichungen die Inhaltsfunktion des Simplexes stérker.

Wir erginzen die Simplexe (1,...,n—2,n+g—1,n+¢q) mit qe{0,..., g0} zu
einem Simplex (1,...,n—2,n—1,n+q,), also

q0
Z(1,...,n-—2,n+q—1,n+q)=(1,...,n—-2,n~—1,n+q0). (11)
q=0

Die Festlegungen

(n+q—1,n+q):=(n—1,n) fir qefl,..., g} und } (12)

(mn=1Ln+qgo)=(o+1)(n—1,n<n

bewirken, dass je 2 Nebensimplexe mit Kantenverdopplung ergdnzt werden und dass
der Ergédnzungssimplex (1,..., n—2, n—1, n+q,) aller Simplexe (1,..,n=2,n4+q—1,
n+4q) konvex ist.

Nach Einfiithrung des Symbols

Ay 3

[2
(] n) =:Sn(qkl)1<,le{l..‘n}= :Sn a el (13)

K,n

an—l,n k,Ae {l..n—2}

fiir die Inhaltsfunktion des Simplexes entsteht aus (11

Ay 2 Ay 2
< Ay, n+q—1 a 1
K,n+q— . K,n—
Z Sn - Sn b (14)
q=0 ax, nt+q ak,n+qo
an+q—1,n+q an~1,n+qo

wo k und 4 jeweils die Menge {1...n—2} durchlaufen.
Wir haben nun alle Argumente aus dem Bestimmungssystem von (1...n) zu

berechnen, wonach aus (14) eine (;

)-stuﬁge Funktionalgleichung entsteht. Hierzu
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verwenden wir die Tschebyscheffschen Polynome 1. und 2. Art, welche etwa durch
die dreigliedrige Rekursion

fm+1(x)'—2xfm(x)+fm—l(x)=0 (15)
mit den Anfangsbedingungen
To(x)=1 und Py(x)=1
T()=x  PFx)=2x } (1o

gekennzeichnet seien [6].
Fiir die Argumente in (14) finden wir zunichst nach (12)

an+q—1,n+q=an—1,n (17)
und

a"'h"‘*qo:%[l - ’1-:10+1(1_2an—1,n)]' (18)

Ersetzen wir ferner in (5) die Punktnummer n+1 durch n+¢q und wenden (17) an,
so entsteht als Verallgemeinerung von (8)

Ay, n+q = %[1 +(1 _'zan,n—l).Pq*—l(1 - 2an—l,n)'—(1 _zak,n) (19)
x P*(1 —2a,_,,)] mit xe{l..n—2} und ge{l..qo} §’

womit wir alle Argumente in (14) durch das Bestimmungssystem von (1...n) aus-
gedriickt und damit eine (g)-stuﬁge Funktionalgleichung erhalten haben. Wir
beabsichtigen, g,— oo gehen zu lassen und dabei die Kante (n— 1, n+q,) festzuhalten.
Wegen des Verhaltens der Tschebyscheffschen Polynome sind die Darstellungen (18)
und (19) der Argumente von (14) ungeeignet fiir diesen Grenziibergang.

Da bei dem Prozess nur das Simplex (1,..., n—2, n—1, n+4q,) unberiihrt bleibt,
wihrend das Simplex (1...n) wegen (n—1,n)—0 durch Verlust seiner Dimension
entartet, sollen nach dem Grenziibergang die Winkel des Simplex (1,...,n—2,n—1,
n+q) das Parametersystem bilden.

Wihrend wir also die Argumente auf der rechten Seite von (14) stehenlassen,
finden wir fiir die Argumente auf der linken Seite statt (19) aus (5) die Darstellung

Ay niq=3{l — cos(xn)-cos[q-(n —1,n)] '
+ cos(1; n, &, n + go)-sin(xn)-sin[q-(n —1,n)]} (20)
mit xe{l..n—2} und qe{—1,0,1,..., qo}.

L. ScHLAFLI [8] fiihrte in die Inhaltsmessung den Kalkiil der Volumenquotienten
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ein:

Ay 2

(1...m) Qeon-

ij(T’ ) :¢n(axi)k,le(l,.‘n} =:¢n aK:n ! . (21)
an—l,n k,Ae {l1..n—2}

Wir rufen uns noch einmal die Tatsache ins Gedichtnis zuriick, dass jedes Paar von
Nebensimplexen durch Kantenverdopplung erginzt wird, was fiir den entsprechenden
Parameter die Festlegung (6) nach sich zieht. Nach (2.16) bedeutet dies, dass sich (21)
auch fiir die Volumenquotienten relativ einfach formulieren l4sst, da die Volumen-
quotienten der Simplexe (1,..., n—2, n+q—1, n+q) alle den gleichen Nanner haben.
Es entsteht

i 2
" Ay, n—1 =\/ D(O cn—2:nn n+don 1, 411‘—72)
"\ %ntao [7)()“;1-—2 n—-1n+qo,1,.‘,n——2)
Apn—1,n+qo 22)
q0 Ay )
>(\/D(O ”_277"7"”:1 1,.. 2_ 2) b, Ay mtg-1
D(O;n—2;n, n+qo ..., 1—2) L Ay, n+q
An—1,n

wo x und 4 iiberall die Menge {1...n—2} durchlaufen, mit Bestimmung {g,_,} aus
(20). Die vorkommende A-Invariante ersetzen wir durch

\/D(On 2nn——l,l,.. n—2) sin(n,n — 1) 23)
DO;n—2:nn+qo,1,...,n—2) sm(n n+qo)

Setzen wir Holomorphie des Volumenquotienten ¢, an der Stelle des Verschwindens
eines Bestimmungsstiickes a,_; , in sdmtlichen Verénderlichen voraus, so kdnnen
wir bei Beriicksichtigung eines Restgliedes in (22) a,_, ,=0 setzen. Mit den weiteren
Abschitzungen

. ayq,n=0[(n—1,n)*] , } 24)
sin(n—1,n)=(n—1,n)+ O[(n — 1, n)’]
konnen wir den Grenziibergang g,— oo durchfiihren.
Ersetzen wir beim Grenziibergang
(n—1,n)—>dt
q:(n—1,n) oy (25)
(@-D(@—-1nf 7

so geht die Summe (22) iiber in ein Integral.
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Die Punktnummer # kann nach dem Grenziibergang iiberall durch n—1 ersetzt
werden und kommt dann nicht mehr vor, so dass wir den Punkt n+ g, neu benennen
konnen. Mit

g (1):=14[1 —cos(x,n —1)-cost +cos(l;n—1,k,n)sin(k, n — 1)-sint] (26)

entsteht endgiiltig aus (22)

a,.; (n—1.n) A 3
Ay n-1 1 gx(t)
M ’ = * dt' n 2'7
¢ Ay y sin(n — 1, n) J ¢ g (1) @0
Ay—1.n ¢ 0

wo « und 4 tiberall die Menge {1...n—2} durchlaufen.

Als Folge der Volumenadditivitét bei der ergéinzungsgeometrischen Konstruktion
(11) mit (12) kann also der Volumenquotient eines nichtentarteten Simplex (1...n)
als Integral iiber Volumenquotienten von dimensionsentarteten Simplexen mit einer
verschwindenden Kante geschrieben werden, und die Bestimmung der verbleibenden
Volumenquotienten reduziert sich auf eine lokale Aussage. Eine beschrinkte weitere
Zuriickfithrung ist moglich durch Darstellung des Integranden in (27) als Integral
itber Volumenquotienten mit zwei punktfremden verschwindenden Kanten. Nach
Wiederholung des Verfahrens ergibt sich ¢, als [’21] -faches Integral iiber Volumen-
n

2
grosste ganze Zahl nicht grosser als x bedeutet. (27) ldsst sich verallgemeinern zu

quotienten mit [ ] paarweise punktfremden verschwindenden Kanten, wo [x] die

A, a 12 Ay
8 (tl) ___ ] j . g"'(t)

n 2.(12) Csin(t, — 1)) dt-n g.(1) (28)
sin® {$(1, — 1,)} " 0

mit 0<t,—t; <m,

wo k und A jeweils die Menge {1...n—2} durchlaufen.

Diese Darstellung 16st nicht nur die von uns betrachteten Funktionalgleichungen
(14) mit (17), (18), (19), sondern z.B. auch diejenige der Ergéinzung zweier Simplexe
zu einem dritten bei Verzicht auf die Parameterfestlegung (6): Die Volumenadditivitét
folgt aus der Additivitit des Riemannschen Integrals in (28). Der Parameter (6),
welcher gegeniiber den restlichen Parametern eine Sonderstellung einnahm, geht also
in die Losung der Funktionalgleichungen nicht ein.
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A Special Class of Doubly Stochastic Matrices

ALAN J. HorFMAN (New York)

Dedicated to A. M. Ostrowski on his 75th birthday

1. Introduction

We shall be dealing with real vectors in R" and square real matrices of order n.
Such a matrix S =(s; ;) is said to be doubly stochastic if 5; ;> 0, and all row and column
sums of S are 1. A permutation matrix P is a doubly stochastic matrix in which every
entryis0 or 1. A vector x =(x4, ..., x,)€ R"is said to be in descending orderif x;, > --- = x,,
and we write xe D (n). For any xe R", x” is the unique vector in D (n) of the form Px,
where P is a permutation matrix.

The best known facts about doubly stochastic matrices are the theorems of
BIRKHOFF [2] and HARDY, LiTTLEWOOD and PoLYA [3], to be described below. The
significance of these results can be seen in OSTROWSKI [6], and our interest arose in
their use [1]in proving a theorem of OsTROWsKI and TAUssKY [7]. An excellent survey
of results and problems in the study of doubly stochastic matrices is given by MIRSKY
in [5].

(1.1) BIRKHOFF’s THEOREM: The set of doubly stochastic matrices is the convex hull
of the permutation matrices.

(1.2) HARDY, LITTLEWOOD AND PoLYA’s THEOREM: If x, y€ R”, then there exists a
doubly stochastic matrix S such that x==Sy if and only if

(P u) <O u), k=1,..,n—1, (1.3)
(xD9 un) = (yD’ u,), (1.4)

where u, (k=1,..., n) is the vector whose first k co-ordinates are I, all other co-
ordinates 0.

Most proofs of (1.2) assume x, ye D (n) as a preliminary maneuver. In this note
we assume x, ye D (n) and focus on the question of finding a minimal convex subset
2 (n) of the set of symmetric doubly stochastic matrices of order # such that ye D (n),
Re % (n), implies R yeD (n). To explain the results, we introduce some definitions and
notations.

Let N={1,..., n}, and let Z(n) be the set of all partitions ¢ of N each of which
has the property that each summand consists of consecutive integers. Thus, Z(4)=
{(1,2,3,4),(12, 3, 4), (1, 23, 4),(123,4), (1, 2, 34), (12, 34), (1, 234), (1234)}. We clal
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2 (n) the set of consecutive partitions of N and denote any particular consecutive
partition ¢ of N by listing the subsets in order ¢ =(g, ..., 0,). We use the symbol | X|
to denote the number of elements in the set X. For any consecutive partition ¢ in
#(N) we define the symmetric doubly-stochastic matrix M? by the rule:

[ L

—_—
ME=1lel T P (1.5)
0 otherwisel

We use the symbol .#7™ to denote the 2"~ ! matrices of the form (1.5).
Next, we use the symbol Z (1) to denote all symmetric doubly stochastic matrices
R=(r;;) of order n satisfying

rin=0 (1.6)
Yoriy=1 forall i (1.7)

J
rij=r;; forall i,j; (1.8)
Fig 212 2002 Py (1.9)
rnnzrn—l,nZ'">rln; (1.10)
FigtFicy jer 2o j+r 0 if 2<i<j<n—1. (1.11)

Matrices satisfying (1.6), (1.8)~(1.11) are called ‘uniformly tapered’ in [9] and [10]-
Our principal results, in analogy to (1.1) and (1.2) are

THEOREM 1. Z (n) is the convex hull of M7 ™.

THEOREM 2. If x, ye D (n), then they satisfy (1.3) and (1.4) if and only if there exists
an Re % (n) such that x=Ry.

We shall give three proofs of theorem 2. The first is in the spirit of the proof of (1.2)
given by RADO in [8]; the second is the same as one given some years ago in an
unpublished note [4]. The second proof has an obvious pictorial interpretation, and
since theorem 2 includes (1.2), it is to our taste the most intuitive demonstration of (1.2).
The third (and simplest) proof, by induction, is due to D. Z. DJOKOVIC.

2. Proof of Theorem 1

It is clear that every matrix in .#” ™ is in % (n). To prove theorem 1, we must show
that every matrix Re Z(n) is a convex combination of matrices in .#? ™,
Let R be given. We first show

if iSan—l, i‘ij>ri,j+l. (2.1)
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This is certainly true for i=1 by (1.9). Assume inductively that it has been shown for
i=k—1<n-2, so we have

Fi—1,j 2 Fg—q,j+1 for k<.
By (1.11),

Pejt -y jo1 2 k-1, j+ Fejrr-

Adding the last two inequalities verifies (2.1) for i=k and the induction is complete.
Using (1.10) and (1.11) in a similar manner, we have

if 2<i<j rpZ i 2.2)
We also note that (2.1), (2.2) and (1.8) imply

if n—1zizj, r

\Y%

Fiv1.j» and (2.3)

ij

if izj=22, P =T (2.4)

Note that, using (1.6), the foregoing imply r; ;>0 for all , /.

Next, let /; be the largest index j such that r, ;>0. If /; <n, there must be at least
one index j>i; such that r; ., ;>r, ;. Otherwise, by (2.3), we have r; , ;<r;, ; for
all j. By (1.7), this means r; ,; ;=r; ; for all j, especially for j=1. By (1.8), r{ ;,+1=
Pii+1,1 =", 1 ="y ;,, contradicting the definition of 7,.

If i <n, let i, >i; be the largest index j such that r; 4 ;>r; ;. fiy<n, letiz>i,
be the largest index j such that r;,,, ;>r;, ;, and so on. This produces an increasing

sequence 1 <iy <i, <---<i,<n.Letg=(gy,..., ¢;) be the consecutive partition in which

or={l., iy}, e;={iy+ 1, iz}, a={ik+1,...n}.

We contend that the matrix M¢ defined by (1.5) has the property that each of the
inequalities (1.6), (1.9)=(1.11) satisfied as an equality by R is satisfied as an equality by
Me.If r;,=0, obviously M2, =0, which checks our assertion for (1.6). If M7 ;> M? ;. ,,
thenj=i;,sor ;>0,r ;;,=0.Thusr,;=r ;. implies M7 ;=M{ .1, which disposes
of (1.9). If M&>M¢ | ,, then i=i,+1, so r;,>r;_y,,, and our contention is demon-
strated for (1.10).

If2<i<j<n—1 and

0
MG+ M2 e > M+ M0

then there exists a #<k such that i=i,+1,j=i,,,. But this means r; ;>r; _y j, i j+1=
Fi1,j+1> SO
TR ST PR R T

which demonstrates the contention for (1.11).
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If R=M?* we are finished. If not, then it follows from what we have just proved
that, for sufficiently small positive «, the matrix

1
[ (R 2.5)

is also in #(n). Let «; <1 be the largest o such that the matrix given by (2.5) is in
2 (n). Let R=R,y, M°=M°"'

R = (R MY,
1—1_m1 0o~ 0y 5

then
R0=(1 -—O(I)Rl +fx1 Mex.

Note that R, satisfies every equality in (1.6), (1.9)—(1.11) that R, does, and there is
at least one additional inequality in (1.6), (1.9)-(1.11) that is a strict inequality for R,
but an equality for R,.

Now treat R, in the same manner as R,, and so on. We obtain a sequence of
matrices R,, M
Ro=(1—a))Ry+a, M, O<a, <1 |
Ri=(1=-o)Ry +a, M¥, O<a,<l (2.6)
R_y=(1—0a)R, + oM, O<a <1, l

where the number of inequalities in (1.6), (1.9)—(1.11) satisfied as equalities in R, is a
strictly increasing function of 7. Since there are only a finite number of such inequalities,
we must finally encounter af such that R,e .#% ™, Then (2.6) shows that R=R,is a
convex combination of matrices in .#% ™,

3. Proof of Theorem 2

Let .# (y) be the convex hull of all vectors of the form My, ge# (n); our task is
to show that (1.3) and (1.4) imply xe.# (). Since #(y) is a closed convex set, it is
sufficient by the hyperplane separation theorem to show that there is no vector z#£0
such that

(x,2z) > max (M%, z). 3.1

ee?(n)

We first show that there exists M°ze D (n) such that

(%, 2) < (x, M?z). 3.2)
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Now it is well-known that

oy =20, by <--<b, implies 3.3)
1
Youb;<-Y b)Y a.
s

If ze D (n), (3.2) follows from ¢ =(g,,..., 0,), 0, ={t}.
If z¢ D (n), define ¢ =(gy, ..., 0;) by the rule
Ziosl = Zleal +1>

Zioil+1e2l = Zlasl +leaf+ 1

Zigul 4 +lonl =~ Zler] 4 +larl + 15

2;<z;4, for all other values of i<n—1. Then
(x,2) < (x, M%z), (3.4)

by (3.3). If M?ze D (n), we are finished. If not, treat M°z as z was treated, leading to
a partition ¢ and a matrix M°. Note that the partition g is a refinement of the partition
o so that M°M®=M"’, and from (3.4)

(x,2) < (x, M®z) < (x, M"M®z) = (x, M"z).
Continuing in this way, we come eventually to a partition t such that

(x,2)<(x,M'z), M'zeD(n),

and (3.2) is established.
Let w=M"z. 1t follows from (3.1) that

(x,w)=(x,2)> My, z)=(y, M"z) = (y, W), (3.5)
where x, y, we D (n). At this point, the argument rejoins [8]. Since we D (n), w= , ot
k=1

where @, >0, k=1,..., n— 1. But then (3.5) is incompatible with (1.3) and (1.4), so (3.1)
is false and the theorem is proven.

We now offer a second proof of theorem 2. Let ye D (n), and let K(y) be the set
of all vectors x such that xe D (n) and (1.3) and (1.4) hold. It is sufficient to prove that
the extreme points of the polyhedron K(y) are precisely the vectors of the form
M?%, ge P (n).

We first show that every M%y is extreme. Let ¢ =(0y,..., @), and assume x =M%y =
—4(z+w), z, weK(y). Since

Xy Fot Xpgy b etlel = V1 Tt Vigsl 4ot lel
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for all 7 it follows that

Zl 4 z|Qll+"'+|Qt| = xl e x|91|+"'+|(’t| (36)
for all ¢. This implies
Yzi= Y x; forall t. 3.7
i€oe iege

But since each x; in g, is the same, it follows from z, we D (n) that foreach i, z;=x; =w,.
Hence x=M?%y is extreme.

Suppose xe K (y) cannot be expressed in the form My for any ¢€?(n). This means
that there exists an index i<n—1 such that

X;> x4y, and 3.8)
2 X< Y vy (3.9)
j=1 ji=1
Let
A={j|xj=xi}9 B={j|xj=xi+1}-
Suppose

M

vy, forsome jed. (3.10)
1

J
Y X =
=1

It

t

Since x;,;=x; and y; ., <y, we would have (in view of (1.3))

j+1 j+1
XX =Yy (.11)
t=1 t=1
Continuing, we would contradict (3.9). Thus (3.10) is false and
J J
Y x, <Y y forall jed. (3.11)
t=1 t=1
A similar argument shows that
J j '
> X <Yy forall jeB, j<i+|Bl—1. 31N
t=1 t=1
Let & >0 be chosen so that |A| |B| ¢ is smaller than the difference between right and
lefthand sides of all inequalities (3.11) and (3.12) and also Xi—ja]—Xi—ja)+1 (fi—|A4] >1)

and x;, g —X;4 g+ (if i+|B| <n—1). Define z=(z,,..., z,)and w=(wy, ..., w,) by the
rule

xj=Wj if J¢A’ j¢B>
x;+|Ble, w;=x;—|Bl¢ if jed,
x;—|Ale, wi=x;+|Ale if jeB,

Zj
Zj
Zj
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Then the preceding stipulations show z, we K(y) and

x=4%(z+w).
Thus x is not extreme.

The third proof is due to D. Z. Dyokovi¢. If n=1, the theorem is obviously true,
and we use induction.

Case 1. Let (x, u) = (y, u,) for some k <n. Let x’(x") be the vector in R* (R"™%)
whose components coincide with the first k& (last n — k) components of x. Similarly we
define y" and y”. The pairs x', y" and x”, " satisfy the conditions analogous to (1.3)
and (1.4). By inductive hypothesis x’=R’y’, x"=R"y” where R'e Z(k), R"e Z#(n—k).
We infer that x=Ry where R is the direct sum R=R'@R". It is easy to see that
ReZ (n). Indeed, we can represent R’ and R” as convex combinations

Rr — Zag M/g’ Rn — Zﬁa M//a

where M'%e 47 M e.? P,
Then
R=Y a,f,(M*@®M")eR(n).
o, 0

This disposes with case 1.
Case 2. Let (x, u,)<(y, u,) for all k=1,...,n—1. Let R, be the matrix whose all
entries are 1/n, and z=R,y. Then

n
1
X\ 2 ) xp=zy==1,
n

i=1

Therefore there is a unique a«e(0, 1] such that the vector v=az+(1—a)y satisfies
(x, u) < (v, ) for all k, with equality for k=n and at least one another k. By Case 1
there exists Re % (n) such that

x=Rv=R(xRoy+(1 —)y)=[aRo+(1 —x)R]y

which proves the theorem.
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The Minimum Value of a Definite Integral I1

L. J. MorDELL (Cambridge, England)
Dedicated to A. Ostrowski on his 75th Birthday

In a recent') note, I gave a very simple proof of Bowman’s result (BOWMAN and
GERARD, Higher Calculus (Camb. Univ. Press 1967), p. 327) that 1/(n+1) is the
minimum value for real q,,..., a, of

[~}
fe”‘(l +a,x +-+ a,x") dx.
0o

The method can be generalized to find the minimum value M for real g; of some

integrals of the form »

ff(x)(a0+a1x 4ot a, X" dx, 6))

p
where f (x) is such that the integrals [f(x) x"dx(r>0), exist and the coefficient a,

of the term @,x" in the bracket is givenqas 1. We need not hereafter mention the limits
D> g which are fixed for given f(x).

A minimum actually exists and by the usual process, the a’s are determined by the
equations

ff(x) xX"(ag+ayx+-+a,x")dx=0, (O<r<nr#l). 2
On multiplying (2) by a,, summing for r, and subtracting from (1), we have
M= [ 1695 (@ + arx 4t a, ) ds. 3
Suppose now that
[ 7655 = gR©), @
where g (s), 4 (s) are polynomials in s. Then, from (2),
ao—g(hr) a, i(il) ang—(iﬂ)= , (r=0, 1,...l—1,l+1,...n) %)
h(r) h(r+1) h(r + n)

1) The Minimum Value of a Definite Integral, Mathematical Gazette 52 (1968), 135-136.
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Hence we have the identity in z

g(2) g(z+1) g(z +n)

. et
“hiz) T M+ ) “hGz+n)
z(z—l) (=141 (z=1-1)...(z—n)
h(2)h(z+1)...h(z +n)
where F (z) is a polynomial in z, and k is independent of z and is inserted since in the

applications, F(z) is easily determined except for a constant factor. Also, from (3) and
(4), on putting z=/in (6);

(6)

kF(z),

(=) (n = DKE(D)

= - . 7
h()h(I+1)...h(l + n) "
We now give some applications. Take first
fx)=x",p=1,g=0,m>—1.

Now

1

1
J‘xm+rdx -
m+r+1

0

and so from (6),
a a

4o PR S ey R _
m+z+1 m4z+2 m+z+n+1 )

kz(z~1) ) z=1+D)(z=1-1)..(z—n)
(m+4+1)(m+z+2) (m+z+1+4+n)’

For clearly F (z)=1, since on multiplying out, both sides of (8) are polynomials in z
of degree n. The coefficients ay, ay, ... are given by splitting the right hand side into
partial fractions and expressing the condition that a,= 1. Multiply by m+z+/+1 and
put z=—m—I—1. Then

k(=1 ‘(m+141).. (m+1+1+4n)

= B LA LI L

l'(n -D'(m+21+1)
From (7),
k(—- 1)" ’l'(n -
(m+l+1) (m+l+1+n)
and so
=D (m+21+ 1)

T mAl+ D)1 f )

)

The case /=m=0, which gives M=1/(n+1)?, was given me by BOwMAN.
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There was no difficulty here in expressing the condition that a,=1. As F (2) is
easily found in the applications, the real problem is to find the coefficients

o, 4y ... 4y, ... in the expansion of the right hand side of (6) given by the left hand side.
This is quite simple for the case

f(X)=e *x", p=00,g=0,m>—1.
Since

@

fe_xx"'“dx =I(m+r+1),
0

this case is not of the type (4), but the method applies. For (5) becomes
agF(m+r+1)+-+a,I'm+r+1+n)=0,
or, after dividing by I'(m+r+1),
a+a(m+r+1)+-+a,(m+r+1) .. (m+r+n)=0.
Then we have the identity,

ag+a(m+z+1)+-+a,m+z+1)..(m+z+n)= } (10)

=kz{z—=1)...(z=1+1)(z=1=1)...(z=n),

since both sides are polynomials of degree » (the factor z is omitted when /=0, and
the factor z—n when /=n).
Also we find

M=(=1y""kr(m+1+1)11(n=1)".

In (10), change z into z—m. Then identically

ag+a(z+1)++a,(z+1)...(z+n)= } (1)

=k(z—m)...z—=-m—=1+1)(z=m—-1-=1)...(z=m—=n)=kG(z),
say. We show now that

=

la, = k{G(-— D=-1G(=2)+

1
)G(— 3) } =k{4'G(z)};=_,,
where 4G (z)=G(z)—G(z—1).
Put z= —1in (11) and so a, =k G(—1). Change z into z—1 in (11), subtract and put
z=—2. Then a,=k(G(—1)—G(—2)). The value of g, follows easily by successive
differences. Hence, if a,=1,
I'=k{4'G(2)}.=-1,

and so

M (=1 'r(m+1+1)1(n-1)!

o {4'G(2)}= -4

b
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The result takes a simple form when /=0 or n. When /=0 put z= — 1 in (11) and so

l=k(=1)"Q+m)...(1 + n + m).
Also
M=k(=1)"T'(m+1)n!,

and so

_ n!I'(m+1)

TQ+m) .. (l+n +m)

When m=0, this is BOWMAN’s result. When /=n, equate coefficients of z" in (11).

Then 1=k; also M=kI' (m+n+1)n! and so

M=n!I'(m+n+1).

Anotbher illustration is given by
1
f XN = %) (ag + ay x + - + a, x")? dx,
0

where a>0 and b is a positive integer. Then

jxa—m(; ptax o T@+NT0) 0

Ia+r+b) (; +r)..(a+r+b -1

0

and so the denominator is a polynomial of degree b in r.
Hence (6) becomes

wlb)latz)  al®la+z+n
I'(a+z+b) F@a+z+n+b)
=kz(z—!)...(z—l+'1)(z—_l—1)...(z—n),

(a +Z)...(a +z+ b: +n)-~ R

since on multiplying out, we get two polynomials of degree n. There seems now no
simple expression for @, except when /=0 or ».
When /=0, multiply out by a+z and put z= —a. Then, with a,=1, we find

l=(=1)k(a+1)...(a+n)1.2...(b +n—1).
Also
B (= 1) kn!
Ca@+1)..@a+b+n—1)
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Hence

Mo n!(n+b—1)!
“(@+D..(a+n)a(@+1)..(a +b+n—1)

When /=n, multiply out by a+b+z—1+n and put z=1—n—a—5b. Then
k(=1)"(a+b+n—-1)...(a+b+2n-2)

_ 1 b—1 =
(=1) (- 1)”+""‘(b+n—-1)!
Also
M= kn!
T (@4n)..(@a+b+2n—1)
and so

nl(n+b-1)!
M=(a+b+n—l)...(a+b+2n-2)(a+n)...(a+b+2n—1)'

St. John’s College
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On Asymptotically Regular Solutions of a

Linear Functional Equation
R. R. CoirmMaAN and M. Kuczma (Chicago, U.S.A. and Katowice, Poland)

Dedicated to Professor A. M. Ostrowski on the occasion of his 75th birthday

In the present paper we consider the linear functional equation

()] = o(x) = h(x), (1)

in which ¢(x) is the unknown function, and f(x), 4(x) are given functions defined
on a fixed open interval (0, a), 0 <a< oo. (All functions considered in the present
paper are real-valued functions of a real variable.) Equation (1) belongs to the most
important functional equations in a single variable and has been dealt with (as well
as its particular cases) by many authors (cf. [4], in particular Chapters II and V).
We shall be concerned with continuous solutions @(x) of (1) such that the limit

lim {0 (2x) — ¢ (x)} )

exists for every 1> 0. Such solutions will be called asymptotically regular. The object
of the present paper is to give a necessary and sufficient condition for the existence
of a continuous and asymptotically regular solution of equation (1) (it turns out that
such a solution is unique up to an additive constant). This result is related to a result
of the second author [3] concerning monotonic solutions of equation (1).
Asymptotically regular functions were investigated by J. KARAMATA [2]. We shall
make use of the following lemma which expresses a basic property of convergence (2).

LEMMA 1 (cf. [2]). Let F(x) be a measurable function on (0, a) such that the limit
lim {F(ix) — F(x)} =L(2) . (3)
x—0+
exists for every 1>0. Then there exists a constant ¢ such that
L(A)=clogi,
and convergence (3) is uniform in ). on every compact interval [44, 4,]=(0, ).

CoroLLARY. Under conditions of lemma 1, for every sequence x,>0, x,—0, and
for every sequence 4,— 1, >0, we have

lim {F (4,x,) — F(x,)} = clogi,.

Received December 19, 1967 and, in revised form March 1 4, 1968
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Concerning f(x) we shall assume that it is continuous and strictly increasing in
(0, @) and fulfils the conditions

0<f(x)<x for xe(0,qa), 4)
lim f(x)/lx=s, O<s<l. )
x>0+

We shall say that f(x) fulfilling (4) and (5) is regular with respect to iteration iff the
discrete group of natural iterates f"(x) of f(x):

L) =x, =] n=011£2,,
can be imbedded in a continuous group f*(x), ue(— o0, 00):

S = 0], wve(=o0,0), f(x) =£(x),
such that

lim f*(x)/x =s" for ue(—o0,)

x—0+
(cf. e.g. [1], [5], [4; Chapter IX]). The following lemma gives a necessary and suf-
ficient condition for f(x) to be regular with respect to iteration.

LEMMA 2 (cf. [1], [5], [4; Chapter IX]). A continuous and strictly increasing
Sfunction f(x) fulfilling (4) and (5) is regular with respect to iteration if and only if for
some x,€(0, a) the limit

lim £ (x)/f* (x0) = R (x) ()
exists and R(x) is continuous and strictly increasing in (0, a).
The function R(x) occurring in the above lemma satisfies the Schroder equation

R[ (x)] =sR(x) ™
in (0, a), and the regular iterates /*(x) of /(x) are given by
f1() = RTN("R(x))- ®)
Moreover, there exists a constant 70 such that for every 1>0
lir;1+ R(Ax)/R(x) = A" )

(cf. [2; Theorem I1I]). In other words, the function log R(x) is asymptotically regular
(it follows from (6), (7) and from the strict monotonicity of R(x) that R(x)>0 in
0, a)).

The result of the present paper is contained in the following

THEOREM. Let f(x) be continuous, strictly increasing and regular with respect to
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iteration on (0, a) and let it fulfil conditions (4) and (5). Let h(x) be continuous on (0, a)
and suppose that there exists the limit

lim h(x)=17. (10)

x=0+

Then equation (1) has a continuous and asymptotically regular solution ¢(x) in (0, a)
if and only if the series

3 (L) - Ao a

converges for some x,€(0, a) uniformly in x on every compact subinterval of (0, a).
If this condition is fulfilled, then the solution is given by

P00+ gk~ ) B WAL GOl (2

where R(x) is given by (6), and thus the solution is determined uniquely by its value
at xy1).

Proof. Suppose that ¢(x) is a continuous and asymptotically regular solution of
equation (1) in (0, a). Let us take an arbitrary sequence x,> 0 tending to zero. In view
of the corollary to lemma 1 (we take F(x)=¢(x), 4,=f (x,)/x,) we have

lim {¢ [f(x)] = ¢ (x,)} = ¢ logs,
since by (5) lim £ (x,)/x,=s. This implies, the sequence x, being arbitrary, that
T im e e() = clogs,
which gives by (1) and (10) ¢ logs=1y and
c = y/logs. (13)

Making use once more of the corollary to lemma 1, with the specialization

F(x)=(p(x), Xy = n(x0)9 j’n=fn(x)/f"(x0)9

we obtain in view of (6) and (13)

im (o[ (9] = o[ (xo)]} = 1~ 108 R (). (14)

1) It is readily seen that if limit (6) exists for a certain xo €(0, a), then it exists for every xo€(0, a)
(cf. e.g. [4; Chapter VI]). Similarly, if series (11) converges for a certain xo (0, a), then it converges
for any xo. Therefore there is no restriction of the generality in assuming that xo occurring in (6)
and (11) is the same.
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It results from lemma 1 that (14) holds uniformly in x on every compact subinterval
of (0, a).
On the other hand, we have from (1) by induction

WL W =00+ 5 BT, n=1,2 3 (15

whence
e[f"(x)] = @ [f"(x0)] = ¢(x) — ¢ (x0) + ;0 {(h[f ()] =h[f (x)]}. (16)

The uniform convergence of series (11) results from the uniform convergence in (14).
Formula (12) is a consequence of (16) and (14) and the uniqueness statement follows
from (12).

Now suppose that series (11) converges uniformly on every compact subinterval
of (0, a@). Then we may define the function ¢(x) by (12) (where ¢(x,) may be regarded
as an arbitrary constant). ¢(x) is evidently continuous in (0, @) and it follows from (7)
and (10) that ¢(x) satisfies equation (1) in (0, @). It remains to prove that @(x) is
asymptotically regular.

Formula (16), resulting directly from the fact that ¢(x) satisfies equation (1) in
(0, a), shows now that @[ f"(x)]— [ f"(xo)] converges as n— oo uniformly on every
compact subinterval of (0, a). We have by (8)

f"(x) =R (s"R(x))
and, since by (6) R(x,)=1,

f"(x0) =R™'(s").
Consequently the sequence
@R (s"R(x))] — @ [R™'(s")]
converges as n— oo uniformly on every compact subinterval of (0, a). Setting R(x)=4,
@[R™*(x)]=F (x), we get the existence of the limit
lim {F(1s") — F(s")}, a7
and the convergence is uniform in A on every compact subinterval of (0, A*), where
A*= lim R(x). But we may write (17) as
x—a—

lim {[F((2s7%) s"**) = F(s" )] + [F (") = F (")}

n-— o0
with an arbitrary positive integer k, and this shows that the convergence in (17) is
uniform in A on every compact subinterval of (0, co), since the limit

lim [F(s"**) = F(s")] = lim {o [f""* (x0)] = ¢ [f"(xo)1}

n— o
n+k—1

=1lim Y h[fi(xo))]=ky

n—ow i=n
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(cf. (15)) obviously exists. Consequently there exists also limit (3), for every A>0,
which shows that F(x) is asymptotically regular.

Now let y,>0 be an arbitrary sequence tending to zero and let us take an arbitrary
A>0. We put

Xo=R(), 4, =R(Ay,)/R(y,).

Then x,—0+ and by (9) lim 1,=A">0. In virtue of the corollary to lemma 1 the
limit noe

lim {F('{n xn) - F(X,,)} = 121’1 {(P(/l yn) - (p(yn)}

exists. Since the sequence y,—0+ has been arbitrary, this shows that limit (2) exists
for every 1>0, i.e. ¢(x) is asymptotically regular. This completes the proof.
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Interpolation by Analytic Functions of Bounded Growth?)

DAviD G. CANTOR (Los Angeles), D. L. HILLIKER (Irvine) and E. G. STRAUS
(Los Angeles, California, U.S.A.)

To A. Ostrowski on his 75th birthday

1. Introduction

In this paper we examine those sequences in a complex domain on which ar-
bitrarily assigned values can be assumed by functions which are meromorphic or
holomorphic in a certain domain and satisfy growth conditions. In §2 we discuss
interpolation by meromorphic functions and obtain exact conditions for interpolation
by functions of bounded characteristic in the unit disk and for interpolation by
meromorphic functions of bounded order in the plane. In § 3 we consider interpolation
by entire fun:tions and obtain bounds on the interpolating function in terms of the
sequence of points and the sequence of values. Finally, in § 4, we obtain a necessary
and sufficient cordition on a sequence so that all values whose growth rate is com-
patible with interpolation by entire functions of order <g can be so interpolated. The
result is completely analogous to CARLESON’s theorem ([1], p. 196) for interpolation
by bounded functions in the unit disk. Since the functions of order <¢ do not form a
Banach space the method of proof is different, though the arguments are simpler.

Throughout the paper we use ¢ for any arbitrarily small positive number and ¢ for
any sufficiently large constant, which may depend on the ¢ in the expression (if any)
but not on any other variables.

2. Interpolation by Meromorphic Functions

In this section we wish to investigate the bounds on functions meromorphic in a
domain D with arbitrarily prescribed values (w,) at a sequence (z,) of points in D. To
be specific, let (z,) be a sequence of distinct points of D with finite multiplicities
(m,). If the z, have no limit points in D then there exists a function P(z) analytic in D
with zeros of multiplicity m, at the points z,. Let D=\, D, where the D, are bounded
domains and D,, = D,, for r; <r,, where D, is the closure of D,. We associate with
P(z) a growth function

M (r) = max {max |P(z)|, 1}.

ze Dy

1) The preparation of this paper was sponsored in part by NSF Grant GP-5497.
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The main result of this section can now be stated as follows.

2.1. THEOREM. Given any complex values W5 n=1,...,m,; n=1,2,... There
exists a function f (z) meromorphic in D so that

V@) =w, n=1..m; n=12,.. (2.2
and f(z)=g(z)/h(z), where g, h are analytic in D and
EEI<SMGY:  h(EI<M(@) for zeD,.

Proof. As usual we construct a function 4(z) meromorphic in D with poles of
order <m, at z, and principal part

Q(Z,Z)— “+( _ ")2 '+(Z__Zn)mn

where the u,, are determined so that

pn—1

d
1 P@0E Z) ez, = Waps m=1,.,m,. 2.3)

In order to construct 4(z) we first construct a sequence (z¥) in D where z} #z, but
|z —z,| is sufficiently small to assure the convergence of

A@) =3 (2@ 2) - 2(z, 21) 2.4)
n=1
forall zeD, z+#z,, z#z) and the convergence of

Pe-re (2

* my
) . 2.5)

We carry this construction out in the following two lemmas.

2.6. LEMMA. There exists a sequence of neighborhoods U, of z, in D so that for
zyy €U, the product P*(z) in (2. 5) exists and satisfies |P*(z)| <2 M(r) for zeD,.
Proof. We define U, by induction as U,={z||z—z,| <4,}, so that

rE-r6 1 (2

satisfies | Py ()] <(2—27Y) M(r) for zeD,. Now assuming that we have chosen §, for
n<N, we can choose dy so small that Uyc D and

*\my my 2 — -N
Z7 N <1+‘ On ) < 2= Q.7

z—zy |z — zy 227N

*

) ; zieU; N=0,1,2,...

Il
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for all z with |z—zy| > ry where ry<1 is less than the distance of zy to the boundary
of D. For |z—zy|<ry, ze D we have

-N

B3 (2) = Py (2)] < 1P (2) :(1 e ) 11 <oy,

z — zpl

(2.8)

by applying the maximum modulus principle to the analytic function Py_ , (2)/(z —zy)™
and choosing
Oy <27N7™puN max  |Pe_;(2)l.

|z—zn|=rn

Combining (2.7) and (2.8) we get

227N
1PE(2) <max{-—— . -@-=2"""YM(@),Q-2"""YM@F)+27"

2_2 N+1
<Q2-2"MM(r) forall zeD,.

Thus (2.7) and (2.8) show that Py (z) converges uniformly to P*(z) in every D, and
that |P*(2)| <2 M (r) for zeD, for all choices of z) in U,.

2.9. LEMMA. We can choose the neighborhoods U, of Lemma 2.6 so small that
g(z) = P(2) P*(2) A(z) (2.10)

satisfies |g(z)| < M (r)? for ze D, whenever z} €U, for all n.
Proof. As in the proof of Lemma 2.6 we restrict J, successively so that for all
z¥e U, we have

1
10(z, z,) — Q(z, z))| < 1 for |z—z,)=r, (2.11)
and

1
IP(Z) P*(Z)l IQ(Z9 Zn) - Q(Z, Z:‘)I < 2;,-}_1 fOI' IZ - an < ry. (212)

Combining (2.11) and (2.12) we get

lg(2)l < P2 IP*(2)| Z1Q(z, Zn)m~ 0(z, z)

<M(r)y2M(r) Y, 27" ' =M(r)* for zeD,. 2.13)
n=1

Proof of Theorem 2.1 resumed. Now let f(z)=P(z) A(z)=g(2)/h(z) where g(z)=
=1P(z) P*(2) A(z) and h(z)=%4P*(z) as constructed in Lemmas 2.6 and 2.9.

2.14. COROLLARY. A sequence (z,) of distinct points in the unit disk with multi-
plicities (m,) has the property that for any complex (w,,); u=1,...,m,;;n=1,2,...



340 D. G. Cantor, D. L. Hilliker and E. G. Straus AEQ. MATH.

we can interpolate by a meromorphic function of bounded characteristic (that is the
ratio of two bounded analytic functions) if and only if

Im,(1 = |z,]) <o (2.15)

that is, if and only if the z, are zeros of multiplicity m, of a nonzero bounded analytic
Sfunction (see [1], p. 64).

Proof. The necessity of (2.15) is immediate since we can choose wi =1 and
W,, =0 for all other indices. Then the (z,)7 with multiplicities (m,) are zeros of a
nonzero function of bounded characteristic and hence zeros of a nonzero bounded
function. The sufficiency follows immediately from Theorem 2.1 where P(z) is the
Blaschke product and M(r)=1.

2.16. CorOLLARY. A sequence (z,) of distinct complex numbers with multi-
plicities (m,) has the property that for any complex (w,,) we can interpolate by a
meromorphic function of order <y if and only if

2 mylz,) "0t < o0 (2.17)

where 2 is extended over all z,#0. In other words if and only if the z, are the zeros
with multiplicity m, of an entire function of order <o.

Proof. The necessity follows just as in Corollary 2.14. The sufficiency follows from
Theorom 2.1 where P(z) is the Hadamard product and M (r)=cexp(rete).

Theorem 2.1 also gives some information about interpolation by meromorphic
functions of order ¢ and bounded type, but since we square the bound M(r) the
information is not as complete.

2.18. COROLLARY. A4 sequence (z,) of distinct complex numbers with multiplicities
(m,) has the property that for any complex (W, ,) we can interpolate by a meromorphic
JSunction of order and type < (o, o) if there exists an entire Sfunction P(z) with zeros of
multiplicity m, at z, and order and type < (o, 6/2); and only if there exists such a
Junction with order and type < (g, o).

3. Interpolation by Entire Functions

We again consider a sequence (z,) of distinct complex numbers without limit
points in the finite plane and with multiplicities (m,). With this sequence we associate
the following functions. First the counting functions

n(ry=3Y m, and m(r)= max m,. (3.1)
lzic| <r lzn| <P

Next the Weierstrass product

P(z)= fjl E, (z, z,)™, (3.2)
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where
z if z,=0

. _ = 1 kn
Iikn(Z,Zn) (1 _ Z>exp< 4+ 4 (Z) > if Zn-,ﬁo (33)
Z, Zy kn Zy

and the k, are chosen so that £’ m,|z,| ¥~ !/k,< oo where X’ is extended over the
nonzero z,. Next the growth function

M (r) = max {max |P(z)|, 1}. (3.4)
lz| <r

(If we choose

k, < (1 +¢)logn(y/2|z,l)/log|z,l
we get

M(r) <cexp(n(2r)'™) (3.5)

so that we could replace M(r) by the right side of (3.5) wherever it occurs in the
following discussion.) Finally we construct a nondecreasing positive function B(r)
so that

1
Pz, 2 1B(1z,)) forall n. (3.6)
n,:

n

Now consider a sequence of values (w,,); u=1,...,m,; n=1,2,.... With it we
associate a nondecreasing function C(r) so that

Wyl S(u—D'C(Iz,1); n=1,2,...,m,. 3.7
3.8. THEOREM. There exists an entire function f(z) so that
W) =W, m=1,m o n=1,2,.
and

i< c{2n2lz)) CQlz]) (1 + B(2lzl) M(2|z]))n 3=y oyt =l

Proof. We wish to construct a Mittag-Leffler series with poles of order <m, at
z, whose principal parts are

unl “nZ unm,,
yZp) = T ek 3.9
Q(Z Zn) -z, + (Z _ Z,,)Z (Z _ Z")m,1 ( )
If we expand
P(2)=aym(z—z)" 4+ Ayom-1(2 — Z)2 ™ (3.10)

then the interpolation conditions (2.3) become
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wnl =anmnunm"
Wn2 = anm,‘+l unmn + anm,.unm,.—l
Wn3 _
_2T - anmn+2unm,, + anm,.+1 unmn—l + anm,,unmn—2 (311)
Wam,
- =an2mn—1unmn+”'+anm,.unl'
!
(mn_ 1)
By the Cauchy inequality we have

lanil < M(|z,| + 1). (3.12)
Using (3.6), (3.7) and (3.12) and solving (3.11) by successive substitutions we get

ltn ol < B(Iz,]) C(I1z,l) (1 + B(Iz,}) M(1z,] + 1))™* }
< B(1z,]) C(1z.]) (1 + B(1z,]) M(1z,] + 1))m(=D=x,

Thus the Mittag-Leffler series

Int Inmy
A@) = z((?) Uty <Z> _“_'"_m> (3.14)
z,) z-—1z, Z, (z—z)™

converges for z#z, if we choose /,,=0 if z,=0 and
lnu = [log; (Iun ul n(2 Iznl))] + 1

< [logF {B(I2)) C(lz,) n(21z) (1 + B(z) M(lz,] + Dy =0=11] 4 | (3.15)
=fL(|z,,]) for z,#0.

(3.13)

Here, as usual log* x=max {0, logx}.

In order to estimate f(z)=P(z) A(z) we divide the sum on the right of (3.14) into
three parts A=ZX;+2,+2; where X, is extended over all z, with |z,] £2]z] —1,
lzo—2z|>1; X, is extended over all z, with |z,—z|<1 and X, is extended over all
z, with |z,| >2|z|~1, |z,—z|>1.

Using (3.13) and (3.15) we get, with a=min|z,],

Zp#0
12,1 < n(21z]) (I1z1/«) P B2]z]) C21z)(L + B2lzl) MQ2]z)))"@P=1.  (3.16)
For large |z| we can write |z]/a <21 t908212l g that

(Izl/a)- 210 (3.17)
<{2BQIz) CQIz) n(2[zl) (1 + B(2lzl) M 2|2y @ID= 1yt +otoma ol [ L

It is clear that all the other terms on the right of (3.16) can be subsumed in the ex-

ponent on the right of (3.17) so that we get

IPZi| < M(|z])|Z4] (3.18)
< {2"(2|Z|) C(2lzl) (1 + B(lel) M(zz))m(llzl)}(l +¢) logz |z| .
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for all large |z|. To estimate X, we write 2;=2X3,+X,,+--- where Z;; is extended
over all z, with 2|z| -1<]|z,|<4|z|, |z,—z|>1 and Z;, is extended over all z, with
2%|z] < |z,| <2**1|z| for all k> 1. Then for |z|>1, k>1

1\ u,
1Z5: <n(@**'|z]) max I(2k> li4n

|2n] > 2% |z |z — z,|*

<n(21z)) 27wy, | (3.19)

1
— max
(2 = 1) 2] jza)> 2%

1 [ty 1
I n(2k+1 | |) o nul el
2k (2k+1l |)| n,ll 2k_1

It is equally easy to see that X5, is bounded and hence

Y3=2X3; + X3, + is bounded. (3.20)

Finally we estimate for |z| >2

L(jz|+1) z
|P(2) Z,| < n(|z| +1)<~ --_> max |u,, P()

1 lznl <lz]+ 1 z—z,\"
<n(2)2)28@E B2)z)) € 21z]) (1 + B2 |z)) M(2z]))" 31D~
PO G2y
€=z
<2n?(2|z]) B*(2]z]) C*(2z]) x

x (1 + B(2|z)) M(2]2]))>"?1*P72 x M(2]z).

X max
lIcl IIZI+2

nl<

Comparing (3.18), (3.19) and (3.21) we see that the upper bound in (3.18) dominates
the upper bounds for (3.19) and (3.21). Thus

If(2) = P(2) A(2)| < {2n(2]z]) C21z)) (1 + B(2]z]) M (2 |z])) 212031+ logz [z=1
for all large z.

3.22. COROLLARY. Assume that m(r)=0(r) and

n(r)=0(r*"" (3.23)
so that the Hadamard product P(z) satisfies ord P< . If in addition
B(r)=0(e""). (3.24)

Then for every sequence of values, (W,,), with

C(r)=0(""), (3.25)
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there exists an entire function f(z) satisfying ord f<o and
f(‘"”(z,,) =Waus p=1,..,m,; n=12,....

Note that for any (w,,) for which interpolation by an entire Junction f(z) of order
<@ is possible there must exist an upper bound function C(r) which satisfies (3.25).

4. Interpolation by Entire Functions of Bounded Order

4.1. DEFINITION. A sequence (z,) of distinct complex numbers with multiplicities
(m,) is an order ¢ interpolation sequence if; for every sequence |w,,| satisfying |w, |
<C(z,)); p=1,---,m,; n=1,2,... where C(r)=0(exp(0+¢)); there exists an entire
f(z) with ord f<g and

e () = Waus, B=1,.,m,; n=12,...

In this section we shall restrict attention to sequences with bounded multiplicities
m,<m and therefore, without loss of generality we may assume m,=m for all n. Our
main result is the following.

4.2. THEOREM. A sequence (z,) of distinct complex numbers with multiplicity m is an
order g interpolation sequence if and only if
Y 1zl <o or, equivalently, n(r)=0(r***) (4.3)
zZp#0
and the Hadamard product P(z) = [1E(z z)™, where E(z, z,) is defined in (3.3), satis-
fies n=t
[P (z,)] > 1/B(|z,]) where B(r)= 0(exp(rt*?)). 4.9)

Proof. The sufficiency is a consequence of Corollary 3.22.
To prove necessity we use the following.

4.5. LEMMA. Given a Banach space F of functions analytic in a domain D so that the
functionals L, f=1"(z,) are continuous for p=0, 1,...,m—1 and all zgeD. Given
a sequence (z,) of distinct pointsin D and a Banach space S of sequences Wo)su=1,...m;

n=1,2,.... Assume that for every (w,,) €S there exists an f<F so that f*~V(z,)= Wi

p=1,....,m;n=1,2, ... Then there exists a constant M such that for every (Wn) €S
there exists an f* e F with

S* () =W and 1f ¥ < M (wa )]s (4.6)

Proof. We first construct the Banach space Fy consisting of those functions feF
for which (f*“~V(z,))eS and with norm

I Nes = 1F e + 1“0 E)ls 4.7
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This space contains a subspace
I={f|feF;f* V(z)=0; p=1,...,m; n=1,2,...}
and we can construct the factor space B=Fg/I with

If +1Ils= in{ If + gles-
ge
By hypothesis the mapping
f+I-(f""P(z,)

is a one-to-one continuous mapping of B onto S. Thus, by the closed graph theorem
for Banach spaces it has a continuous inverse

W) > f +1
with f €F, f*~V(z,)=w,, and

If +Ilip < MWy )ls- (4.8)
If we choose (w,,) so that ||(w,,)lls=1, we can choose the representative f* in
f+1 so that

I les = 1f* e+ 1< M +1
or

If*lr <M. (4.9)

We now consider Banach spaces of entire functions

F,={f 11f ()] = 0(exp(lzI")} } @.10)
If lee = 1Lf1l. = sup |f (2)l exp(= |2[*"")
and the Banach space of bounded sequences
S = {(Wn )l ¥l = 0(1} } @i
”wnu”S = sup Iwn/,cl .

Proof of Theorem 4.2 resumed. Now the functions of order <g are exactly the
functions in (F,. Therefore by hypothesis and Lemma 4.5 there exists an M,>0

>0

so that for every ue{0, 1,...,m—1} and i€{1, 2,...} there exists an f;;, ¢ F, with
fa( (ZJ) 511 uv and ”faiv”e < Me- (412)

Let (z; ) be the sequence of zeros of f, ;,. Every z, except z; occurs at least m times in
(z,). Let
r\z —
B..(z)= ] ( ) 4.13)

lzn'l<r r —Z Z
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where r is chosen so that |z, #r for all n. Then B,,(z) is analytic in |z| <r and | B;, ()|

=1 for |z|=r. Thus B;,,(z)/ f,;,(2) is analytic without zeros in |z] <r. If we set

B, = B, (2) (X )fv

ZZ

faE) = ﬂM)<@~*§w

Z;z
then by the minimum modulus principle and (4.12)
1B, (z)] = 1B, (2)I £ ()]
= eI (5 ) e

=lc*gﬁjvwxnm”@n

"”anmaw@mwwu

z\r

= lzl?

l
0
1 v

— -—) — exp(— r?*e).
>

=
( ~lz Jf)v (max|f,;, ()
(-

If we choose |z;| <%r, r>2 and set M=m! M,, we get

1B (2) > exp(— ).

(4.14)

(4.15)

We now wish to show that (4.14) implies (4.4). But for |z} <%r and r=2 we have

JéICXp(— ra+£) zvr(zt)l

rGa) o rEs )
lzo'[<r r’ —Zyz; |,"|<, rz-—z',,zi
zZn' #2; ZIn¥2i
Iznl " 1- Zi/zn "
- H<—r‘> II 1—zz,[r?

<TT@™M1 = zfz, ") < 2" 1 1t=z/z,".

|za| <r
InFzy

(4.16)
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Using (4.3) we see that for every ¢> 0 there exists a ¢ >0 independent of  and r so that

IT It =z/z," > cexp(—r2*?) 417
lza| <r
Zn¥#2z;
whenever |z;| <r/2. Now
[P (z)] = m! I;[ |Eco1(zi z)I" = 11 112 (4.18)

where []; extends over all z, with |z,|<r, z,#z; and 1. extends over all z, with
|z,| >r. Here r is chosen so that |z,| #r for all n and 2|z;| <r<3|z].

iz, 1 |z/tel
[Li= IT It—zfz exp<_mz<l_z"+ Z; ))

...+__
lzn| <r “n [Q'] Zy
InT Zi
pete (4.19)
> cexp(— ") exp(— m Z QWTS
Zn
lznl <r

> cexp(— ™).

Moer(-m ) (i +)

lzn]>r>2 |z

z, a1 r\ete (4.20)
>exp<—2m }: — >>exp<-—m2 ‘;‘
Z, n

lzn| >r
> cexp(—rt™).
If we multiply (4.19) and (4.20) and use the fact that |z,|>r/3 we get (4.4).
The necessity of (4.3) is obvious if we choose, say, wy; =1 and w,,=0 otherwise,
so that z,, z5,... are the zeros of a nonzero entire function of order <g.
It is clear that one could formulate similar theorems for functions analytic in a
domain and for functions satisfying other growth conditions.

Also
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Reports of Meetings

Die sechste Tagung iiber Funktionalgleichungen

Oberwolfach, 17-22, Juni 1968

Die sechste Tagung iiber Funktionalgleichungen fand vom 17. bis 22. Juni im
Mathematischen Forschungsinstitut Oberwolfach statt. Sie stand, wie bisher, unter
der Leitung der Professoren J. Aczél (Waterloo, Ont. — Bochum), O. Haupt (Erlangen
- Niirnberg) und A. M. Ostrowski (Basel).

Leider konnte der dritte Tagungsleiter Herr Prof. Haupt wegen Erkrankung an
der Tagung nicht teilnehmen.

Die Tagung wurde durch Herrn Prof. Ostrowski eréffnet. Anschliessend hat der
Vertreter des Birkhduser Verlags, Herr Einsele, das erste Heft der Aequationes
Mathematicae den Teilnehmern iiberreicht.

Neben Losung einzelner Funktionalgleichungen und allgemeinen Sitzen beziiglich
Funktionalgleichungstypen im Reellen und Komplexen kamen Gleichungen in Al-
gebren und abstrakten Rdumen noch stirker zu Geltung als bei fritheren Tagungen.
Besonders mochten wir Anwendungen von verallgemeinerten Funktionen und Zu-
sammenhdnge mit Differentialgleichungen sowie ausfiihrliche Behandlung von
Funktionalungleichungen hervorheben. Erfreulicherweise haben zahlreiche Vortriage
verschiedene Anwendungen aus der Geometrie, der Kontrolltheorie und der Infor-
mationstheorie eingehend behandelt.

In der an die Vortrige anschliessenden, oft sehr lebhaften Diskussion wurden
verschiedene Fragestellungen erdrtert und weiter geklirt. Die Problem- und Be-
merkungssitzungen erwiesen sich auch diesmal als sehr anregend und niitzlich und
konnten sogar die knappen Zusammenfassungen einiger Vortrige aufnehmen, die
nicht ausfiihrlich abgehalten werden konnten.

Die Anzahl der Teilnehmer war die doppelte derjenigen bei den beiden letzten
Oberwolfacher Funktionalgleichungstagungen. Insgesamt waren 36 wissenschaftliche
Teilnehmer aus folgenden 10 Lindern anwesend: Australien (1), Deutschland (6),
Italien (1), Jugoslawien (3), Kanada (7), Polen (1), Ruminien (6), Schweiz (1),
Ungarn (4), Vereinigte Staaten (6).

Mit Bedauern wurde festgestellt, dass zahlreiche eingeladene Kollegen, insbeson-
dere aus Polen und Ungarn, nicht kommen konnten.

Die Teilnehmer waren:

Aczél, J. (Waterloo, Ont., Kanada — Bochum, Deutschland)

Bajraktarevi¢, M. (Sarajevo, Jugoslawien)
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Baker, J. A. (Waterloo, Ont., Kanada)

Benz, W. (Bochum, Deutschland)

Cargo, D. P. (Amherst, Mass., USA)

Chen, Y. (Bochum, Deutschland)

Djordjevié, R. Z. (Ni§, Jugoslawien)

Dragomir, A. (Timisoara, Ruménien)

Eichhorn, W. (Wiirzburg, Deutschland)

Fenyd, 1. (Budapest, Ungarn)

Fischer, P. (Budapest, Ungarn)

Forte, B. (Pavia, Italien)

Haruki, H. (Waterloo, Ont., Kanada)

Howroyd, T. (Melbourne, Australien)

Tonescu, D. V. (Cluj, Ruménien)

Kannappan, Pl. (Waterloo, Ont., Kanada)

Kucharzewski, M. (Katowice, Polen)

Kurepa, S. (Zagreb, Jugoslawien)

Maier, W. (Jena, Deutschland)

McKiernan, M. A. (Waterloo, Ont., Kanada)

Melchior, U. (Bochum, Deutschland)

Mokanski, J. P. (Guelph, Ont., Kanada)

Muszély, G. (Budapest, Ungarn)

Oguztéreli, M. N. (Edmonton, Alta, Kanada)

Olariu, V. (Bucuresti, Ruménien)

Ostrowski, A. M. (Basel, Schweiz)

Popa, C. (Timisoara, Ruménien)

Rado, F. (Cluj, Ruménien)

Segal, S. (Rochester, N.Y., USA)

Sklar, A. (Chicago, Ill., USA)

Schmidt, H. (Wiirzburg, Deutschland)

Schweizer, B. (Amherst, Mass., USA)

Stamate, I. (Cluj, Ruminien)

Targonski, Gy. (Bronx, N.Y., USA)

Vincze, E. (Miskolc, Ungarn)

Zupnik, B. (Chicago, Ill., USA)

Auch die diesjihrige Tagung war iiberaus fruchtbar und ungewdhnlich anregend.
Sogar nach der offiziellen Sitzungszeit haben sich oft kleinere Gruppen zu ausser-
planmissigen Informationsvortrigen und Diskussionen versammelt. Eine Einladung,
die nichste Tagung im September 1969 in Kanada zu veranstalten, wurde dankend
angenommen. Auf einhelligen Wunsch aller Teilnehmer wurde daher nach Riick-
sprache mit der Leitung des Forschungsinstituts Oberwolfach mit deren Zustimmung
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fir den August 1970 die Veranstaltung einer Tagung iiber Funktionalgleichungen in
Oberwolfach in Aussicht genommen.

Kurzfassungen der Vortrige sowie die Problemstellungen und Bemerkungen
folgen (getrennt voneinander) in chronologischer Reihenfolge.

Vortragsausziige
H. HARUKI: On a ‘Cube Functional Equation’

In this lecture we solve the functional equation

Jx+ty+t,z4+0)+ fx+t,y+1t,z—1)
+fx+ty—tz+0)+f(x+t,y—tz—1)
+fx—ty+tz+)+f(x—t,y+t,z—1)
+fx—ty—tiz+t)+ f(x—t,y—t,z—1)
=8f(x,y,z),

where f(x, y, z) is a real-valued continuous function of three real variables X, ¥,z in
the whole xyz-space and x, y, z,  are real variables.

M. A. McKIErNAN: Boundedness on a Set of Positive Measure and the Mean Value
Property Characterizes Polynomials on a Space V"

Let {y,;};c; be a finite collection of fixed vectors in an n-dimensional vector space
7" over the reals R, where card (I)=NZn. Let {;};.; be a set of real numbers such
that 3 ;_; ;= 1. We consider functions S+ 7""—>R which satisfy the functional equa-
tion

Y wf(x+ty)=f(x) forall xeV" teR,t>0. (N
iel

THEOREM 1. If f satisfies (1) and if i) Y ies 1:#0 for all F< 1, i) the y, span V™",
iii) f'is bounded on some set of positive measure in ¥, then fis a polynomial on ¥
of degree at most N(N—1)/2.

This theorem is an immediate corollary of the more general

THEOREM 2. Let ¥ be a module over a commutative ring Q; let A< Q be closed
under addition; for ye ", let T, denote the translation operator defined on all Sfunctions
SV 5Rby (T, f) (x)=f (x+Y); let w,, for teQ, be the operator defined by

@, = 'ZI .ui(ny.' - 1)

where {ji;};c1 <R, {y;}ic; =7, card (I)=N. Let A be the commutative algebra (over R)
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of all finite linear combinations of translation operators. If Y ;.; =1, ;.5 ;%0 for
all J<1, then the ideal Q4 generated in A by the operators {w,},. , includes all finite
difference operators of the form

N(N -1
(Ty, = D (T;y, = 1) (Toy — DY for kg +ky+ o 4 ky > NN - 1)

for all te A.

W. EicHHORN: Funktionalgleichungen in Vektorriumen und Algebren

Solche Funktionalgleichungen (Urbild- und/oder Bildbereich der unbekannten

Funktionen ein Vektorraum oder eine Algebra) sind unter anderem von Interesse
(i) als definierende Relationen fiir Klassen von Algebren (siehe Problem 10,
weiter unten),

(ii) als Hilfsmittel zur Strukturuntersuchung gegebener Algebren,

(iii) bei der Lésung von Funktionalgleichungssystemen, sofern es moglich ist,
diese als eine einzelne Gleichung in einer Algebra aufzufassen.

Zu jedem der drei Gesichtspunkte wurden Beispiele gegeben.

W. Benz: Uber die Funktionalgleichung f (1+x)+f (1+f(x))=1

Die folgende Resultate wurden vorgelegt: Es gibt genau einen injektiven Antien-
domorphismus f'der multiplikativen Gruppe L* eines (nicht notwendig kommutativen)
Korpers L, der fiir x#0, — 1 der Funktionalgleichung f(1+x)+f (1+/(x))=1 ge-
niigt, ndmlich £ (x)=1/x. Weiterhin: Gibt es einen injektiven Endomorphismus f der
Gruppe L*, der fiir x£0, —1 der genannten Funktionalgleichung geniigt, so ist L
kommutativ. Auf zwei Anwendungen wurde hingewiesen: Enthilt eine auf der pro-
jektiven Geraden iiber L minimal dreifach transitive Gruppe I' alle Translationen
und Dilatationen, so ist L kommutativ und I'=PGL(2, L). Gilt in der Kettengeo-
metrie (k, L, I'), k ein im Zentrum von L gelegener Unterkorper, das Winkelaxiom
von Wilhelm Siiss, so ist L kommutativ und '=PGL(2, L).

C. Popa: Structures abstraites attachées a des équations fonctionnelles.
Dans le travail on considére I’équation fonctionnelle:

F(X, fl (dl (X)), [ERS] fn(an(x))) = 0

oll F, a; sont des applications connues et on cherche les applications fi
En associant a un ensemble une famille de relations d’équivalence définies sur cet
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ensemble, on obtient une structure que nous avons nommée e-structure ou structure
d’équivalence. En définissant convenablement les homomorphismes entre les e-struc-
tures, on aboutit & la conclusion que chaque solution de I’équation fonctionnelle
considérée est un tel homomorphisme.

D. P. CArGo: Function Semigroups and Functional Equations.

The relations L, R, D and H, first studied by I. A. Green, are completely charac-
terized for a Function System J with the right subinverse property. These results are
applied to (1) the generalized idempotency equation g"*'=g and to (2) Babbage’s
equation g"=m where m is a given subidentity.

THEOREM L. If J is the semigroup of all partial Junctions from a set X to itself,
then the general solution f of (2) is uniquely a disjoint union f=f, L f, where (a) f, is
a permutation on the range of f, (b) f"(x)=x for all xedom f,. (c) dom fondom fi=¢,
(d) dom fy, nran f; = ¢ and (e) f"=¢.

THEOREM 2. Let n=1 and let e be a fixed idempotent. Suppose all solutions in
e/H to the equation g"=e are known. Then we can determine (a) all permutation so-
lutions to (2) for any mee/D; (b) all solutions to (2), for any mee/D, provided the
Junctions fy such that f}=¢ are known; () all solutions to (1) which lie in e/D.

A. SKLAR: Losungen der allgemeinen Konjugationsgleichungen

Es seien M;, M, nicht-leere Mengen, und n eine positive ganze Zahl. Es sei G
eine Funktion, die eine Teilmenge von M? in M, abbildet, und H eine Funktion, die
eine Teilmenge von Mj in M, abbildet. Wir nennen eine Funktionalgleichung der
Gestalt:

F(G(Xl, ceey x,,)) = H(F(x1)7 cees F(xn))’

in welcher die unbekannte Funktion Fdie Menge M, in M, abbildet, eine ,,allgemeine
Konjugationsgleichung®. Diese enthalten als Spezialfille die am hdufigsten unter-
suchten Funktionalgleichungen, z.B. die Abelsche und die Schrédersche Gleichungen
fir n=1, die Cauchy und verwandte Gleichungen fiir n=2. Wir kénnen alle diese
Gleichungen bearbeitet durch B. Schweizer und Verf, [The algebra of multiplace
vector-valued functions, Bull. AMS 73, 510-515, 1967; A grammar of functions,
Aequat. Math., to appear] sowie dem Begriff der ,,kanonischen Zerlegung® einer
Funktion [Verf., Canonical decompositions, stable functions and fractional iterates,
Aequat. Math., to appear] mit Hilfe von algebraische Systeme gemeinsam behandeln.
Speziell ist es moglich, eine niitzliche algebraische Charakterisierung aller Lésungen
einer Konjugationsgleichung zu geben.



Vol. 2, 1969 Reports of Meetings 353
D. ZupNiK : Interassociativity

Two groupoids (#, F) and (-, G) are GF-associative if
F(G(x,¥),z)=G(x,F(y,z)) forevery x,y, ze%.

GF-associativity may be characterized by: Every right multiplication R, of F com-
mutes with every left multiplication 4, of G.

THEOREM 1. Let (&, F) and (%, G) be GF-associative. Then

a) if F has a right identity e, then

G(x,y)=F(x,fy) forevery x,ye¥
where f=%, has domain y and as range a subset of the right nucleus of F
(= {x | FFyzx=Fszx})'

b) if F has a right identity e, and G has e as left identity, then F=G is a semigroup.

c) if there exist ac ¥ such that the right multiplication R, of F, and the left multi-
plication 2,€G are both onto &, then there exists a semigroup (&, H) with e as identity
such that

H(x,y)=F(x, f*y) = G(g*x, y)

where f* is a function such that R, f*=j and g* is a function such that 2,g*=j. (By
J» I we denote the identity function on &%).
It is shown, that it is necessary to assume an identity at least implicitly in order
to relate GF-associativity to a semigroup. In this connection the following is shown:
THEOREM 2. Let (&, F) be an aritrary groupoid with right identity. Then if the
composition of L, and L, is also a left multiplication of (&, F), then

L,L,= LFab >

THEOREM 3. Let F={f} bea set of functions with Ran fe Dom f =, and such
that there exists ac ¥ so that for every xevy there exists at least one feF for which
fa=x. Then for every xe ¥ there exists at most one function t with Rant=Domt=%
Sfor which ta=x, and which commutes with every feF. Le. if

t.f =ft; forevery feF and
ty(a)=ty(a), then t;=t,.

It is shown, that theorem 3 is the basis for the result of Ljapin on ‘magnifying
elements’ of a semigroup.

B. ScHWEIZER: Semigroups on the space of probability distribution functions

Let 4 be the set of all functions F which are left-continuous and non-decreasing
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from R into [0, 1], i.e., probability distribution functions in the extended sense. For
any F, G in 4 and any h20, let 4 and B be the properties defined by: A(F, G, h)
<F(x—h)—h=G(x) for —1/h<x<h+1/h and B(F, G, h)G(x)<F(x+h)+h for
—h—1/h<x<1/h; and let £ (F, G)=inf{h | A(F, G, h) and B(F, G, h)}. D. Sibley
has shown that & is a metric on 4, that the metric space (4, %) is compact
and that, for any sequence {F,} in 4, £ (F,, F)—0 iff {F,} converges weakly to F.
Continuous, associative operations (i.e., topological semigroups) on the space 4, &)
are of interest in the study of triangle inequalities for probabilistic metric spaces and
in other connections as well. Convolution is one such; and others may be defined
with the aid of the known solutions to the topological semigroup problem on the
unit interval. However, the general problem of finding all non-isomorphic topological
semigroups (i.e., all non-equivalent solutions to the functional equation of associ-
ativity) on the space (4, %) is unsolved (P 40).

M. BAJRAKTAREVIC: Sur les solutions générales de certaines équations fonctionnelles
En supposant que € soit un corps commutatif; X; (i=1,..., n), X=X, xX, X -+ X
XX,, Y — des ensembles donnés non vides dont les éléments sont désignés respective-

ment par x;, x=(xy,..., X,), ¥; f; (i=0, 1,..., n)des applications fo : X» %, f;: X, x Y~
on donne les solutions générales des équations fonctionnelles

fo(x) + '2:1 fi(x, y) =0,
1569+ TT £ ) =0,
fo(x) + I:—[l filxi y) + _=i+1 fi(xi, ) =0,

fo(x) +i1=211 fi(xi y) i lfi(xia y)=0,

i=p+

Jo(x) + 'ljl fi(xi, y) + '=1:11 fi(xi, ) =0,

1o+ ¥ Silxus) 3 Sl 1) =0

et d’un certain nombre d’équations fonctionnelles se réduisant aux équations citées
ci-dessus par des transformations simples.

M. KucHarZewski: Einige Ergebnisse iiber die Funktionalgleichungen mit Matrizen-
argumenten
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Oy

Bezeichnen wir mit GL(n, R) bzw. GL(n, R) die Gruppe bzw. Halbgruppe aller
quadratischen Matrizen der Ordnung » liber dem reellen Zahlkodrper R. Das folgende
Funktionalgleichungssystem

F(B A) = F(B)F (A) 1)
g(B A)=F(B)g(A)+g(B) ()

ey
F: GL(n, R)> GL(m, R)

g: GL(n,R)—>R"
wird betrachtet.
Insbesondere werden die Losungen von (1), (2) im Falle n=2, m=3 bestimmt
(Z. Karenska).
Ist F eine Losung von (1), so stellt das Paar

F, g=(F—e)v A3

eine Losung von (1), (2) dar, wenn e eine Einheitsmatrix der Ordnung m und v ein
konstanter Vektor ist.

Es entsteht jetzt die Frage, wann (3) die einzige Ldsung von (1), (2) ist. Jede der
nachstehenden Bedingungen ist dafiir hinreichend.

1° Es gibt ein g4 #0, so dass die Matrix F(goE)—e nicht singular ist (M. Kucha-
rzewski, M. Kuczma).

2° Es gibt ein 0, #0, so dass die Matrix F(E (o)) — e nicht singulir ist (A. Zajtz).

3° Die Matrixfunktion F(x) nicht reduzibel und Det F(x)#1 ist.

E bedeutet die Einheitsmatrix der Ordnung n und E, (¢) entsteht, wenn man in
der ersten Reihe und der ersten Spalte von E, ¢ einstetzt.

Aus diesen Bedingungen folgt, dass (3) die einzige Losung von (1), (2) ist, wenn
F die Form

FX)=¢(A)X xX..X x Yx - xY (4=DetX)

M @m0 - @

hat (Y=(X"")T; das Zeichen ,, x * bedeutet das Kroneckersche Produkt der Matri-
zen) (A. Zajtz).

B. FORTE: On a System of Functional Equations in Information Theory

We start from the axiomatic definition of the measure of the amount of information
without probabilities. Then we try to derive among others both Shannon’s and
Rényi’s entropies for incomplete distributions as special measures of information.
This leads to the following system of functional equations:



356 Reports of Meetings AEQ. MATH.

O, —x)=x+0(1—u,x) for Y(u,x)eB

1—-v
01 —u,x+60—,y)|+
u
1—v 1—u 1—u
+O0—.,y)=01-0v,y+60 —, x +6 —, x
u v v

for V(u,v)e®B, xeR, yeR,

()

where R is the set of real numbers, and
B ={(u,x): ue[0,1], xeR},
B ={(u,v): ue(0,1], ve(0,1], u+v= 1}.
One can prove the following two theorems:
THEOREM 1. If:
i) 0(u, x)eC(B),
ii) 0(u, 0)=0 (entropy idempotency),
iii) 0 (u, x) is strictly monotonic ( increasing) with respect to x for every u>0,
iv) 0(u, x) satisfies (D),
v) 6(0, x)=0
then either |
0(u, x) = T log[1 —u + ue™ " ~97] 1)

or
0(u, x) = — ux. 2
Function (1) defines Renyi’s entropy, function (2) defines Shannon’s entropy.
THEOREM 2. If-
i) 0(u, x)=C>(B),
ii) 0(u, x) satisfies (P),

then: 1
0(u, x) = - log[(1 — u)* + ue™ " "], or €))
—a
6(u,x)= —ux, or (2
1
0(u, x) = —klog(1+e""), k#0. 3)

R. Z. DJORDIEVIC: Remarques concernant une equation fonctionnelle

Considérons I’équation fonctionnelle suivante:

fC+x%p0,2)+f(ry+z,x)+ f(z,x,x +y) =0, (€))
Uo x, y, zeR R( I’ensemble des nombres réels) et /: R*—R.
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L’équation (1) est le cas particulier g=h=Ff, de ’équation
f+x,9,2)+g(,y+z,x)+h(z,x,x+y)=0.

Il n’est pas difficile de démontrer que cette équation a la solution générale dans
la forme

f,o,w)=F(@u—w,v,w), gu,v,w)=Gu,v—u,w),
h(u,v,w)= —F(v,w —v,u) — G(w — v, u, v),

ol F et G sont des fonctions arbitraires de R.

Mes efforts, effectués en vue de résoudre ’équation (1), ne m’ont permis de
déterminer aucune solution non triviale de 1’équation (1).

Cependant, j’ai obtenu les résultats suivants:

THEOREME 1. Si la fonction f satisfait a I'équationels fonctionnelle (1), nous
avons.

f(u, 0, w)+ f(v, w, u) + f(w, u, ) =0.

THEOREME 2. L’équation (1) n'est verifiée par aucun polynéme (#0) de degré
moins de cing.

THEOREME 3. L’équation (1) n’a pas des solutions sous la forme d’un polynéme
de degré n arbitraire, qui comprend tous les monoémes de degré au plus n.

Les résultats obtenus nous incitent a poser les trois hypothéses suivantes:

HYPOTHESE 1. L’équation fonctionnelle (1) n’a pas de solution sous la forme d’un
polynéme.

HYPOTHESE 2. L’équation fonctionnelle (1) n’a aucune fonction anal 'ytigue comme
solution non triviale.

HYPOTHESE 3. L’équation fonctionnelle (1) n’a pas de solutions non triviales de
tout.

W. MAIER: Additive Inhaltsmasse im positiv gekriimmten Raum

Die auf H. Kneser zuriickgehende Integraldarstellung von Inhaltsmassen im R, _
fester Kriimmung wurde fiir reguldre Simplexe durch H. Ruben mit Fehlerintegralen
als Integrandenfaktoren in Zusammenhang gebracht. Die Vielfachheit von Eigen-
werten einer quadratischen Form benutzte B. Weissbach zur Klassifikation von Sim-
plexen entsprechend dem Zerfall gewisser Integrale; Simplexe vom Typ 1 hingen
nur von n unabhingigen Bestimmungsstiicken ab, und geniigen einer einfachen
Funktionalgleichung. Die letzten Arbeiten von L. Schlédfli zur vieldimensionalen
Geometrie behandelten Quotienten von Inhaltsmassen aus Réumen verschiedener
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Kriimmung. Mit Begriffen der Verbandstheoric gelang es A. Effenberger, aus den
Winkeln verschiedener Ordnung im Simplex gewisse Invarianten aufzubauen. Durch
Konstruktionen der Erginzungsgeometrie kdnnen damit Schliflis Quotienten im Fall
fester Nenner zur Herleitung linearer Funktionalgleichungen fiir konvexe Simplexe
benutzt werden.

F. RApS: Behandlung von Fragen iiber Kollineationen mit Funktionalgleichungs-
methoden

Ist Kein Schiefkorper, K* = K— {0}, K= KU {00}, so setzen wir x + 00 = 00 + x= 00
fir xeK, x+00=00-x=00 fiir xe K* U {0} (00 + 00, 0- 0 sind nicht erklirt). Die Ab-
bildung é: K—»K heisst ein Endomorphismus von K, falls &(x+y)=é(x)+é(p),
é(xy)=¢é(x) é(y), jedesmal wenn die bzgl. Operationen erklirt sind. Die Einschrink-
ung e:M—K von é auf M=¢&"'(K) soll als ein partieller Endomorphismus von
K bezeichnet werden. Man bezeichnet M*=e™'(K*). Es wird im Vortrag eine
Kennzeichnung der partiellen Endomorphismen ohne Benutzung des Elements oo
gegeben.

Es sei P die Punktmenge der projektiven Ebene iiber K und % = P. Die Kollineation
@:€—P wird als ausgeartet bezeichnet, wenn es Geraden g,, g, mit o(€)=g,vg,
gibt. Es gelten die folgenden Verallgemeinerungen eines Satzes von J. Aczél und W.
Benz:

Ist die Kollineation ¢:% — P nicht ausgeartet und enthilt % vier Geraden, so ist
¢ bis auf projektive Kollineationen als Faktoren durch

K(x1, x5, X3) = K(e (ex1), e(ex2), e(st))
gegeben, wo e ein partieller Endomorphismus von K ist und ¢ wie folgt bestimmt
wird: gx;e M, i=1, 2, 3,3, gx;e M* (was immer moglich ist).
Wird dariiber hinaus die Injektivitit von ¢ in einem einzigen Punkt verlangt, die

Menge € dagegen so verallgemeinert, dass sie nur noch 3 Geraden und einen Punkt zu
enthalten braucht, so gilt statt der obigen Darstellung die folgende:

K(xl, X2, X3) - K(e(xl)’ e(xZ)’ e(x3))’
wobei e ein Endomorphismus von X ist.
M. N. OGUzTORELI: A Class of Functional Equations in Optimal Control Theory

Let B be a Banach space of continuous functions v=uv(t) defined for #=>0, and ¥V a
subset of B. Let the functions u=u(t) (=u(¢; v)) be defined by
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t

u(t; v)=¢ (1) +JK,(t; o) v(o) do

0

tt
A
+§jJKAUGUGQU®JD@0dGMMz+~' o
00

tt t
an
+ (n_'*_ i)'jjj Kn+1(t; Oy enns O'n+1) U(O’l)
.00 0

v 0(0p4q)doydoy...doy | + oo

where A is a real parameter, ¢ (¢) is a given function continuously differentiable for

120, K;(t; 0y,...,0;) (j=1,2,3,...) are continuously differentiable in ¢ for 7 20, con-

tinuous and symmetric in oy,..., ¢; for 0=0,<¢ (i=1,2,...,j), and the functional

power series in (1) is supposed to be uniformly convergent for z€l,, for each veV

and for [1] £ R, R being a positive constant and I,=[0, y] a given compact interval.
Let .# be the set of all intervals /= [a, ] contained in I,. Let

Fi(u,v)=F(u(t),v(r), tel) (IeS) @)

be a given non negative functional defined on the space U x V' x.#, where U denotes
the space of all possible u=u(t; v). The functional F; (u, v) is supposed to be strongly
differentiable in ue U and in ve V for each Ief; and if I}, [,e# and if I, n 1, #¢, or,
I, and I, have only one point in common, then

Flnulz(u’v)=FI1(u’v)+FIz(u’v)' (3)

Further, it is also supposed that F{ (u, v) is continuous in I and if I, = [«, f]€.#, then

0 . Fi (u,0)
2 putu e =tim

C)

exists and is strongly differentiable in u and v. A possible form for F (u, v) is

B
Fi(u o) = [ 0w, e@)dr, ©)

where Q (u, v) is a non-negative, continuously differentiable function in u and v.

The optimization problem considered here consists of the finding of a 1°e V" for
which the functional Fy,(u, v) assumes its minimum. This problem leads us to the
following functional equation
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o . . [0
po {ml:’,l Fr (u,0)} = — mu‘} {0_1 F;_(u, v)} ) (6

where t€l, and I,= [z, y]. Certain natural consequences of (6) are discussed.

The special case where F; (u, v) is defined by (5) has been also discussed and shown
that extreme points of the functional (9/07) F;_(u, v) satisfy a Volterra equation of
the first kind involving a functional power series similar to the right hand side of
M.

(This is an abstract of a paper under publication in the Rend. Acc. Lincei 1968.)
I. Feny6: Uber ein Problem von M. Hosszi

Es wird die Funktionalgleichung

Fx+y=xy)+ f(xy) = f(x) + f(»)

im Bereich der Distributionen (im Sinne von L. Schwartz) mittels gewisser Distribu-
tionentransformationen gelost.

V. OLARIU: Sur les itérés d’un ordre quelquonque des quelques opérateurs différen-
tielles

On part de I’équation fonctionnelle
Fa(fu(x) = firu (%) 0]

ou et i sont des nombres complexes et £, (x) est une distribution (au sens de Schwartz)
qui dépend analitiquement de 4, le signe * indique la convolution des fonctions entre
quelles il est posé. Si les distributoins £, (x) ont des propriétés convenables, on peut
définir, a I'aide de (1) toutes les soulutions élémentaires d’un opérateur differentiel,
étroitement lié a f; (x) et de ses itérés.

Ainsi, si f; (x) pour 1=0 est la distribution de Dirac, f; (¥)}1=0=0(x), (1) montre
que f_; (x) est une sorte de «inversion élémentaire» de f, (x) et si f, ,l(x)| a=—x=1¥6,
k=1,2,...,(1) donne aussi que f;(x) est la solution élémentaire de Iopérateur I,
(L est Pitéré d’ordre k de L); il résulte que si on peut définir les itérés d’un ordre
quelquonque L* de 'opérateur L, (1) donne les solutions élémentaires correspondents.

Exemples. Si

i-1

hw=t e

x _Jx si x>0
T osi x<0
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on afy(x)=0(x)etf ,=L*6(x);

dy
Ly=-——a
y dx y
a étant un scalaire ou une matrice.
Si
A—=1—n/2
= T = |x|2/4t
X )=
T = Gy any

(IxI* = x7 + - +x7)

on a aussi fo (x,1)=0(x) x=(xy,..., x,) et

0
fou(x,)=L, Lu =51: —4,u

y 0*u N +62u
U= — N — .
"ooxi ox}?

Gy. TarGoNsKI: Endomorphisms of Function Algebras and Schroder’s Equation

The paper is part of a program to increase the use of functional analysis in the
theory of functional equations of one variable.

 is amapping of an arbitrary set U intoitself; Z is a linear algebra. A contravariant
exponential functor assigns to u the function set Z' and to  the mapping Z® of ZY
into itself. Z* turns out to be a linear endomorphism of ZY, of the form Z°f=f,,,. This
occurs in the Schrdder equation and its generalization, the linear functional equation
of the first order (the Kordylewski-Kuczma equation).

The ‘reversal equation’ algebra is this: in a given function algebra, every endo-
morphism generated by a contravariant exponential functor, in other words a right
composition (‘substitution’). As known, the answer is affirmative for the algebra of
all continuous mappings of a compact Hausdorff space into the reals; but compact-
ness of the domain is not necessary since the answer is also affirmative for the algebra
of all complex polynomials. The answer is however negative for the algebra of all
bounded functions on the unit interval; if E is a proper subset of the unit interval,
g its characteristic function, and /(x) a mapping of the unit interval into itself, then

(Qf) (x) =i (x) f[h(x)]

is an endomorphism which cannot be represented as a right composition. It can how-
ever be so represented if we restrict ourselves to the subalgebra of real functions
vanishing at some fixed x,.

Necessary and sufficient conditions for the ‘reversal equation’ to be answerable
in the affirmative are not known (P 41).
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J. A. Baker: The Functional Equation f (x+y) f (x—y)=f (x)*— f ()?

Using a result of W. H. Wilson, Bull. Amer. Math. Soc. 26, 300-312 (1919) we
prove the following:

THEOREM. Let f be a complex-valued function defined on a real vector space X
such that

F+0Nfx—-y)=fx-f0)

for all x, yeX.

L. fis continuous along rays (i.e. VxeX the mapping r— f(rx) is a continuous
function of the real variable r), then either

(2) fis linear (i.e. /' (rx+sy)=rf(x)+sf (y) for all x, ye X and all real r and s) or

(b) f(x)=csinL(x) YxeX where c is a complex constant and L is a complex-

valued linear function defined on X.

II. Xis a linear topological space and f'is continuous then I obtains and in case
(b) L is continuous.

II. If X=R" and f is measurable on some subset of positive measure then f is
continuous.

Part II. generalizes a result of S. Kurepa, Ann. Pol. Math. 10, 1-5, 1961, and
Part I1I. generalizes results of S. Kurepa, Monatsh. d. Math. 64, 321-329, 1960, and
S. L. Segal, Amer. Math. Monthly 70, 306-308, 1963.

A. Ostrowskr: Uber eine Klasse von Funktionalungleichungen

Setzt man T( £, g)= o fg dx— [ f dx [ g dx, so wurde die Griiss’sche Ungleichung
IT(f, g)I£40sz f Osz g von neuem bewiesen und im Zusammenhang mit einigen
Tschebyscheffschen Un gleichungen auf die allgemeinsten linearen Mittelwertsbildun-
gen libertragen. Von den weiteren Resultaten seien angefiihrt:

1

I7(/, )] < %(}f’z dx>,,2 (& dx>1,,2 : 1)
) !

S = 1)
X~y

j f "dx dy < (1g4) f P ds, (s21). @
00 0

Gy. MuszéLy: Uber die stetigen Losungen der Ungleichung

pF(p)+(1—=p)f(A=p)=pf(9)+(1—p)f(1—q).
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Die in dem Intervall (0, 1) stetigen Lésungen lassen sich in der Form

p—1/2

f(p)=(1—-p)egp-3+ f g(dt+C

0

darstellen, wobei g eine in dem Intervall (=%, 1) ungerade, stetige, wachsende Funk-
tion und C eine beliebige Konstante sind.

P. FiscHeRr: Sur I'inégalité Y 1o p, f (p) =1~ i/ (q:)

On s’occupe de I'inégalité suivante
Z pi f(p) = Z‘ pi f(a;) (%)
i=1 i=

ou Y pi=Yl 1 qi=letp;>0,¢,>0 (i=1,2,...,n) et n>2, mais fixé.

On démontre les résultats suivants

THEOREME 1. Tous les solutions de () sont monotones.

THEOREME 2. Tous les solutions de () sont différentiables si n>3.

THEOREME 3. On considére la décomposition de  dans la forme f=g,+g,+h
ot h est une fonction des sauts, g, est une fonction absolument continue et g, est une
fonction singuliére continue, alors aussi hy, g, et g, satisfont a ().

On donne encore la solution générale de (x) dans la domaine des fonctions de
sauts et celle des fonctions absolument continues. Ces résultats sont généralisations
de résultats de MM. Aczél et M. Pfanzagl (Metrika 11, 91-105, 1960).

J. AcziL: Uber Zusammenhinge zwischen Differential- und Funktionalgleichungen

Eine Differentialgleichung y” = (x, y. 3') lisst mit y auch x—y (/i (x)) als Losung
zu, wenn @ (h, y (h), ' (h)) B'2+y" (h) " =@ (x, y (h). 3", (h) ') ist. Dies geht in die von
y unabhingige Gestalt A"=f(x,h, k') iber, wenn @ (x,v.3'0)=¢(h, y,y") h'*+
+y'f(x, b, h') d.h.

o (x,y,zu) = @(v, y, z) u* + =f (x, v, u) (1)
ist.
Die Herren A. Moér und L. Pintér haben (1) durch Zuriickfiihrung auf
f(x, y, zu) = f(v, y, z) u® + zf (x, v, u) ®))
und
y(zu)=y(2) u” + 27 (u) (3)

und die Gleichung (3) unter Differenzierbarkeitsvoraussetzung gelost (Publ. Math. 13,
207-223, 1966).
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Hier werden (3), (1) und (2) kiirzer und ohne irgendwelche Regularititsvoraus-
setzung (auch nicht Stetigkeit) gelost.

PL. KANNAPPAN: A Functional Equation for the Cosine

It is well known that, the complex-valued, measurable solutions of D’Alembert’s
functional equation

fx+y)+ f(x—y)=2f(x) f(y), for x, yreal, (A4)
are f (x)=cosax, where a is any complex constant. Here, the functional equation
Fx+y+24) + f(x =y +24) =21 (x) £ (), (B)

where f'is a complex-valued, measurable function of a real variable and 450 is a
real constant, is considered. It is shown that f is continuous and that apart from the
trivial solutions ( /=0, 1), the only functions which satisfy (B) are cosine functions
cos ax and —cos bx where for the constants @ and b only a denumerable set of (real)
numbers is admissible. Equation (B) is similar to the equation

fx=y+A)=flx+y+ A)=2f(x) £()

considered by E. B. Van Vleck (Ann. Math. (2) 13, 154, 1913), where f is assumed
real and continuous and the general solution is f(x)=sin cx, for a sequence c=
(4j+1)m)24 (j=0,1,...).

T. D. Howroyp: Some Uniqueness Theorems for Functional Equations

If w= H(u,v,x,y) is continuous and implicitly defines v as a continuous function
of w, u, x, y; Fis continuous, strictly increasing (or decreasing) and satisfies a
Lipschitz condition in its first place; ¢ has measurable majorant on a set of positive
measure and satisfies

V(F(x, ) =H(¢(x), (), x, y)
then ¢ is locally bounded. Further if re[—1, 1], se(0, oo) and

[H(u, v, %, ) — H(U, V, x, p)| £ rs(ju — U] + |v — V)
[H(u, u, x,x) — H(v,v, x, x)| = s|u— 0|,

then ¢ is uniquely determined by two initial conditions. These results have extensions
to the case where x, y are complex varables or n-dimensional vectors.

E. Vincze: Uber eine Klasse der alternativen Funktionalgleichungen
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Wir betrachten die Funktionalgleichung
FIf(x+y), f(x), f(»]=0, ¢y

wobei x, y die Elemente einer beliebigen Abelschen Gruppe Q sind, die gesuchte
Funktion f die Gruppe Q in (oder auf) einen beliebigen Kérper K der Charakteristik
0 abbildet, weiterhin F(u, v, w) ein gegebenes Polynom von u, v, w ist. Es sei weiter

Fi[f(x+y), f(x), f(»)] = F[f(x + p), f(x), f(V)] (1a)

eine beliebige ,,Umordnung** der Funktionalgleichung (1) in dem folgenden Sinne:
Die Gleichung (1a) entsteht aus (1) durch endlich viele Additionen, Multiplikationen
(und ihren Inversoperationen) der angewandten Funktionen f(x+y), G [ f (x),/(»)],
wobei G (u, v) eine rationale Funktion von u, v ist, mit einverstanden auch die Fille,
wo G(u, v)=G,(u), G(u, v)=G,(v), G(u, v)=Kkonst. sind. Wir nennen die Funk-
tionalgleichung

h{F [f(x + ), f(), F()T} = hH{F [f (x + ), £(x), f(N)]}

(oder ihre ,,Umordnung** in dem obigen Sinne) eine algebraisch alternative Funk-
tionalgleichung von (1), wenn die rationale Funktion / keine eindeutige Inversfunktion
hat. Unter anderem gilt der folgende

SATZ: Jede algebraisch alternative Gleichung der beiden Funktionalgleichungen

fG+y)=f(x)=f(»)=0, @)
g(x+y) — Ag(x)g(y) — Bg(x) — Bg(y) —C =0, B*=AC+B (3)

besitzt nur dieselben nichtkonstanten Losungen, wie (2) bzw. (3).
D. V. IoNEscu: Sur I’équation fonctionnelle de M. Fréchet

On sait que pour la différence d’ordre n de la fonction f, on a la représentation

W f(xX)=0" @ (s) f"(s) ds, lorsque feC"[x, x+nh], qui est un cas particulier de

la représentation [xo, Xq, ..., X,; £ 1=0% @ (s) f"(s) ds, lorsque f € C"[x,, x,]. Dans
cette formule la fonction ¢ est positive sur (xo, x,) et lon a [¥2 ¢ (s) ds=1/n!.

M. Fréchet a considéré la différence A}, , f(x)a npas hy,..., h, et a démontré
que les seules solutions continues de ’équation fonctionnelle A}, f(x)=0, quels-
que soient 4, ..., h, sont les polynomes de degré au plus égal a n— 1.

Dans cette communication nous donnons la représentation

x+hy+...+h,

4 f(x)= f Y (s) f"(s)ds

x



366 Reports of Meetings AEQ. MATH,

lorsque feC"[x, x+h+ ...+ h,] et sous certaines hypothéses sur les hy,..., A,
Nous montrons que la fonction ¢ s’obtient par un probléeme aux limites, qu’elle
est positive sur l'intervalle (x, x+/4, +---+h,) et que

X+hy+.-+h,

f v(s)ds=h, h,..h,.

X
De cette représentation on peut déduire des conclusions intéressantes sur certaines
équations fonctionnelles.

I. STaMATE: Funktionalgleichungen der Polynome

Es werden die hauptsdchlichsten Ergebnisse iiber die Funktionalgleichungen von
M. Fréchet, Th. Anghelutza, Brouwer, A. Marchaud, T. Popoviciu, D. V. lonescu,
J. Herbrand etc, erwihnt.

Die Arbeit ist in folgende Kapitel eingeteilt: Funktionalgleichungen einer Ver-
inderlichen, Funktionalgleichungen mit mehreren Verdnderlichen, abstrakte Funk-
tionen, als Limes definierte Polynome, Integro-Funktionalgleichungen.

In der Zusammenfassung werden die vom Verfasser bearbeiteten Integro-Funk-
tional-gleichungen eingefiihrt, in denen die Gleichungen mehrere unbekannte Funk-
tionen enthalten.

S. KUrepA: Relations Between Additive Functions

We consider additive functions / and g such that

f(A(x)) = P(x) g(B(x))

holds for all but at most a finite number of x’s, with 4 and B quotients of polynomials
and P a continuous function. Details will appear in this Journal.

Problemstellungen und Bemerkungen

1. Remarque sur la série
g(x) =Y a,(o(x))

oll ¢ (x+y)=¢(x)+¢(p). E. Vincze a posé la question suivante: Comment est-ce
possible caractériser les fonctions g (x) qui peuvent étre écrites sous la forme suivante:

9]

g(x) =Y a.(e(x))

r=0
ol x est réel arbitraire, les @, sont réels et ol ¢ (x+y)=0(x)+o(»).
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On donne plusieurs théorémes pour caractériser ces fonctions, parmi lesquels sont
les suivants: Si ¢ est une fonction non-continue et si la fonction enticre x—F(x)=
=) a,x" n’est pas identiquement égal & une constante, on a que la fonction g ne peut
pas étre mesurable dans aucun intervalle. On donne la généralisation suivante de ce
théoréme: Soit donnée une fonction réelle ¢ qui posséde la propriété suivante: Si 4
est un ensemble de mesure positive, alors I'image ¢ (A4) est dense partout. Soit x—
—F(x)=Y, a,x" une telle fonction entiére (a, soit réel) pour laquelle F'(x)#0, alors
on a que la fonction x— F(¢(x)) ne peut étre continue dans aucun point, de plus
elle ne peut étre mesurable dans aucun intervalle.

P. FISCHER

2. Problem. O. E. Gheorghiu (Bul. Sti. Tehn. Timisoara //(25), 391-393, 1966)
has mentioned the functional equation

F(x,y)F(z,1) = F(xz — yt,xt + yt + yz) (%)
stating only that F(x, y)=(x?4xy+y?)* with arbitrary constant a is a solution. The

equation implies

F(x, )= {':1 0scin) 520

where m is a multiplicative function:

) m(xy) = m(x) m(y)

and
(i) g(“)g(v)=m(u+v+1)g<u+u__:l>(u+u+l;éO)

(iii) gwg(—1—-u)y=m(—1 —u —u?).

How can the general solution of (x) be determined explicitly? How that of (i), (i1),
(iii)? (P 42)

uv

J. AcziL

3. Remark. A detailed report was given on the method of W. A. Luxemburg
(Lectures on A. Robinson’s theory of infinitesimals and infinitely large numbers.
Second ed. 1964. p. 82) on the solution of the Cauchy equation (x) f (x+y)=f(x)+
+f(y). With means of non-standard analysis the following was proved: if fis a
solution of (¥) on R and f is bounded on some interval in R, then f (x)=xf (1) for
all xeR.

1. FENYO

4. Remark. M. V. Zareckij’s paper «Sur quelques équations fonctionnelles liées
a équation de Cauchy» (Russian), Doklady Ak. Nauk Beloruss. SSR 1/, 487-491,
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1967 states that
F(x+y,2)+ F(x,y)=F(x,y + z) + F(y, z) )]

is necessary and sufficient in order that

fE+P) =)+ f(»)+F(x,)
should have a solution f. This statement is false, but it becomes true if we combine
1) with
o F(x,y)=F(y,x), 2

because the general solution of (D) is

Fx, y)=f(x+y) = f(x) = f(») + T(x, y),

where f'is arbitrary, T is an arbitrary b’additive (TCxy+ x5, p)=T(x1, »)+T(x,, ¥);
T(x, y1+,)=T(x, y,)+T(x, 1)) skew-symmetric (T(y, x)= —T(x,y)) function,
while the general solution of the system D, ) is

F(x,y)=f(x+y) = f(x) = f(»). 3)

See e.g. J. Aczél, Glasnik mat. fiz. astron. 20, 65-73, 1965, where also the general
solution of the functional equation

Fx+ )+ fx = y)=2f(x) + 2/ () 4

is given as f (x) =4F(x, x) where F is an arbitrary biadditive, symmetric function. The
Junction F belonging to a given solution f can be given by

F(x,y)=f(x+y) = f(x) = f(»). (5

The formal coincidence of (5) with (3) suggests more general research on such dual-
ities as that which seems to exist between (4) and the system (1), (2).
J. AczEL

5. Remark to Problem 2, above. The general complex-valued (real-valued) so-
lution of the functional equation

F(x,y) F(z,1) = F(xz — yt, xt + yz + yt),

assumed valid for all real x, y, z and ¢ is
y i3
F(x,y)= ST
(x, ¥) <p<x+2 5 y)
where ¢ is an arbitrary complex-valued (real-valued) function of a complex variable
satisfying
?(z0) = ¢(2) ¢ ()

for all complex z and w.
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The measurable (complex-valued) solutions are F=0, F=1, and

0 if x=y=0

F — l 3 " 2 2 .

where # is an arbitrary integer and ¢ a complex constant.
The measurable real valued solutions are

- - _Jjo if x=y=0
F=0.F=1 and F("’y"{(x2+xy+y2)“ it (x. ) # (0,0)

where a is a real constant.

J. A. BAKER

6. Remark. The above remark gives answer also to the other question which I
have posed under 2:

m(x) = ¢(x) (the restriction of ¢ to reals)
i3
g(x) = (p<x +1+ 2)

7. Remarque. On considére I’équation suivante:

If(x + W = 1) + F()I Q)

ol cette relation est valide presque partout (au sens de mesure de Lebesgue de deux
dimensions). On peut démontrer que pour tous f on peut trouver une fonction F qui
a les propriétés suivantes

J. AczfL

F(x+y)=F(x)+F()
et F(x)=f(x) presque partout (au sens de measure de Lebesgue d’une dimension).
P. FISCHER

8. Remark to the above problem posed by P. Fischer: I believe that it would be
desirable to establish the extension in the following sense (also for the real Cauchy
equation): if the functional equation is supposed to be satisfied for all (x, y)eS then
the extension should satisfy it everywhere and be equal to f on

S ={x|3y:(x,y)eS} v {y|Ix:(x,y)eS}u{z=x+y|(x, y)eS}.
(P 43). J. AczEL
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9. Remark. Means in n-space.

The following theorem is proven. The case n=1 of the theorem was proven by
Aczél [On mean values, Bull. Amer. Math. Soc. 54, 392-400 (1948)]. R" denotes the
n-dimensional Euclidean vector space.

THEOREM. Suppose that M is either an open n-cell or a closed n-cell and that
there is a continuous function (x,y)—xy from MxM to M which is cancellative
(ax=ay or xa=ya implies x=y) and medial (xy-uv=xu-yv). Suppose further that M
contains an idempotent e (e=ee) which, in the case that M is a closed n-cell, is not in
the bounding (n—1)-sphere. Then there exist commuting, invertible linear transfor-
mations Ly, L,: R">R" and a homeomorphism f of M onto a subset of R" such that
FO)=L(f(x)+L,(f(»)) for all x, y in M. If, in addition to the above hypotheses,
we have commutativity (xy=yx) and idempotency (x=xx) in M, then there exists a
homeomorphism f of M onto a subset of R" such that f e»)=(f(x)+f (»)2 for all
X,yin M.

K. SigMoN

10. Problem. V sei ein Vektorraum iiber einem Korper K, L: V—>Hom(V, V),
eine Abbildung von V in die Algebra der linearen Transformationen von V. L sei
linear:

L(ax + By) = aL(x) + BL(y) (x, feK; x, yeV).

Durch jede solche Abbildung L ist eine Algebra in ¥ bestimmt, wenn man als Multi-
plikation (x, y)>xyeV in V definiert:

xy:=L(x) y (1)

(=Anwendung der linearen Transformation L(x) auf den Vektor ye V). Umgekehrt
definiert jede Algebra in V eine solche Abbildung L.

Gesucht ist eine Funktionalgleichung (oder ein System von Funktionalgleichun-
gen) fiir Abbildungen L mit den genannten Eigenschaften derart, dass die durch die
Losungen L(x) vermdge (1) definierten Algebren eine neue Klasse nichtassoziativer
Algebren bilden.

Ein Beispiel einer solchen Funktionalgleichung ist

M:V—-Hom(V, V), linear
M(x)L(x)=p(x)I,; u:V-K
I die Identitdt V— V.

Diese Funktionalgleichung wurde behandelt in W. Eichhorn: Funktionalgleichungen
in Vektorrdumen, Kompositionsalgebren und Systeme partieller Differentialgleichun-
gen. Aequationes Math., im Druck (P 44).

W. EICHHORN
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11. Remark. A result and a problem for Boolean algebras.

From the axiomatic definition of the information we have the following problem,
formulated for Boolean algebras. Let 4 be a Boolean algebra and let G be an arbitrary
abelian group (specially, the additive group of real numbers). We define the set 4*? by

A*? ={(x,y):xed, yed,x ny=0}.
Let ¢:A**—G be a mapping, satisfying the conditions
o(x, 1) =0y, x) [(x,y)eA"] )
and

p(xur, )+l y)=9(yuz)+o(yz)

[(x,y) and (xuy,z)ed*?]. (2)

It is trivial, that if g: 4—G is an arbitrary mapping ¢: A**—G is defined by

p(x, ) =gx) +g()—gxuy) (x,y)ed*’,

then ¢ (x, y) is a solution of the system of functional equations (1) and (2).
We have proved the following
THEOREM. Let A be a finite Boolean algebra and G an abelian group. If the
mapping @:A*> -G satisfies the conditions (1) and (2), then there exists a mapping
g:A-G, such that
p(x, 1) =g(x)+g(y)—gxvy) 3)
holds for all (x, y)e A*2.
For an infinite Boolean algebra we do not know whether the theorem holds or not.
This is an open question (P 45).
Z. DAROCZY

12. Remark. Functional equations on algebraic systems. The functional equation

fo(x'*‘y)‘l‘fl(x_)")=k§1 far(X) fas 1 (¥) 1

containing several unknown functions f;: G— R where (G, +) is a group and (R, +,*)
a ring, leads to a generalized additive type equation using identity

fo(x+y+2)+ filx+z+y)=
= kél [fa(x + ¥) faurs1(2) = fau(x) faxs1 (2 = ¥) + fa(x 4 2) fare1 (= V)]
and supposing

fo(x+y+z)=folx+z+y) or filx+y+2)=fi(x+z+y), x,,z€G
)
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The method can be applied also for more general equations as e.g.

Jo(xoy) + fi(x#y) = FLAL () oos £ (33 Fust (0)s o5 F2a (D]

where F is given and o, * are given binary operations satisfying certain generalized
associative laws resp. suppositions similar to (2).
M. Hosszu

13. Remark. In connection with the discussion of derivations, I would like to call
attention to the following result of W. Nobauer [Funktionen auf kommutativen
Ringen, Math. Ann. 147, 166-175, 1962]: Let (U, +, o, *) be the tri-operational alge-
bra of functions over an integral domain I; let R be the set of rational functions in
U; and let D be a transformation from R into U satisfying the three conditions

D(f +g)=Df + Dg, (1
D(f-g)=(Df)-g + f-(Dg), ©))
D(f-g)=D(f-g) Dg. 3

If III is finite, then D is trivial in the sense that Df=0 for every fin R. If |1| is infinite,
then D is trivial or the ordinary (formal) derivative. This shows that adding the chain
rule to the sum and product rules has important consequences.

B. SCHWEIZER

14. Problem. It is known, that e.g. in the family of all power series in two real
variables, convergent everywhere, the harmonic functions are exactly those satisfying
the functional equation

u(x,y)=2Reu <~2~, —.

x+iy y—ix
2

Is it possible to derive from this a characterisation entirely in terms of real variables?
(P 46).
GyY. TARGONSKI

15. Remarque. On donne lasolution générale de I'équation fonctionnelle matricielle
n
IT A4i(xi5 - x;,)=0
i=1
sous I’hypotése que les variables sont indépendantes et appartiennent 4 un ensemble

arbitraire M les éléments des matrices considerées sont des fonctions définies sur M
avec des valeurs dans un corps commutatif K. Pour trouver la solution de cette
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équation on a utilisé des résultats de la théorie des matrices semi-inverses et inverses
généralisées.

I. a. Pour I’équation matricielle AX=B la condition de comptabilité est:
B=AA"'B, et la solution est

X=A'B+(E-A*A)U.

b. On peut écrire la condition de compatibilité sous la forme: B=AA'U ou
(E—AA*) B=0. Des résultats analogues pour I'équation XA4=B.

II. Soit I’équation A(x) B(y) C(z)=0, qui est un cas particulier de ’équation
considérée (les variables sont indépendantes) et le lemme établi par E. Arghiriade
(Rev. de math. pure et appl. no. 9. 1967) est le suivant:

L’équation fonctionnelle matricielle A4 (x, y) B(z)=0 admet la solution génerale
A(x,y)=A4,(x,y) P, B(z2)=0B,(z), oi 4;, B, sont des matrices arbitraires, P, Q
étant des matrices constantes soumises a la condition: PQ=0.

Nous avons: 4(x) B(y)=M(x,y) P

C(z)=QN(z) )
avec PQ=0, d’ou 4 (x) B(y) (E—P*P)=0. Donc

A(x) =M, P;; B(y)(E—P'P)=0Q,N,(y), @
avec P,Q,=0.
La condition de compatibilité étant N, (y)=V(y) (E—P*P), nous avons
B(y) = Q,V(y) (E = P'P) + W(y) (P*P). 3)

Les relations (1), (2), (3) (P* est la semi-inverse de P) donnent la solution générale
dans le cas consideré. La téchnique utilisée est la méme pour le cas générale.

En considérant I’équation de J. Aczél: F(x, z)=G (x, y) H(y, z) pour des matrices
rectangulaires de la méme maniére (dans certaines conditions) nous avons obtenus
quelques résultats, de quels nous nous ocuperons dans une autre note.

E. ARGHIRIADE — A. DRAGOMIR

16. Remark on the paper read by J. Aczél.
It appears that one can formulate an aspect of Aczél’s lecture and of the paper by
A. Modr and L. Pintér (Publ. Math. Debrecen 13, 207-223, 1966), as follows. Given
an algebra F of n times differentiable functions, D, a not necessarily linear differential
operator of order n, and S the solution set {f | D,(f)=0}. Question: given an
fo€F, D,(f,)=0, does there exist an n-parameter family of substitution operators
H; , such that H; y, is the solution set S, or possibly some interesting subset of S;
possibly the choice of the ‘generating element’ f; is also relevant. If D, is linear, a
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study of the commutator [D,, H; ] may be helpful. It is not impossible that early work
by P. Appell (Acta Math. 15, 281-315, 1891) may have some connections with this.
P 47).
GY. TARGONSKI
17. Bemerkung zum Vortrag von Herrn Professor Fenyd.
Es handelt sich um die Funktionalgleichung

F)+ ) =f(x+y—xp)+ f(xy) (D

und wir nehmen an, dass f'an den Stellen x= +1 stetig ist. Mit y= — x folgt aus (1)

def k
g)=f(x)+ f(=x)=f(x) + f(=x) =g(x*) = =g(x*) = -
Daraus ergibt sich mit x=»"" die Gleichung
g =20"" R=0,1,2,.).
Wegen der Stetigkeit von f bei x= + 1 folgt auch
F)+f(=y)=g0)=limg(y*™) = g(1) = 2b

dass heisst wr
p(x)=f(x)=b=—[f(-=x)=b]l=—¢(-x) 2
ist eine ungerade Funktion. Damit geht die Gleichung (1) in
P(X)+ o) =0(x+y—xy)+e(xy) A3)
iiber, und dabei gilt auch
e(X)+o(=y)=0(x—y+xy)+ (- xy), ©)

die mit y=>—y aus (3) folgt. Addieren wir die Gleichungen (3) und (4), so ergibt sich
wegen (2)
20()=@(x+y—xy)+o(x—y+xy).

Dies ist aber die Jensensche Gleichung, was man mit den Substitutionen x +y— xy=u
und x—y+xy=v leicht einsieht, das heisst wegen der Stetigkeit von ¢ (x) (obgleich
erst bei x=+1) erhilt man - wie bekannt ist — die Losung ¢ (x)=ax+c; infolge
(2) ist c=0. Wir haben also f(x)=ax+5 als Losungen unter der oben erwiihnten
Annahme.
E. VINCZE
18. Problem. Was sind die Lsungen der Funktionalgleichung

7o £ @) = 5 1ta)
fiir die reellen Funktionen f, f1, f5,... von reellen Verinderlichen, wobei Y a; eine
(nicht unbedingt absolut) konvergente Reihe mit der Nebenbedingung |a;| = |a;,,|>0
(i=1,2,...) ist (P 48).

E. VINczE
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19. Remark. The solution of Belousov’s system of matrix functional equations
@) F(X+Y)=F(X)+ F(Y)
(ii) F[(F(X)-X)(F(Y)-Y)]=0

where variables and function values are nxn real matrices is given under the as-
sumption of boundedness above on a set of positive Lebesgue n?-dimensional measure.

S. L. SEGAL

20. Remark. Kemperman’s question: To find an additive non measurable function
@ on the reals and non-zero constants g, such that Y. a,®(x*) converges precisely
when Y a,x* converges.

S. L. SEGAL

21. Remark. On the set of solutions of the translation equation. James Hamilton
(Fordham University, Bronx, New-York) found the following results. Let F(u, v) be
a function defined for all reals, and a solution of the translation equation

F[F(u,v),w]=F[u,v+w]. (1)
A one parameter family of functions of one variable is given by

F(c,t) = f.(f), (c=const.)

the ‘index set” A is defined as the set of values F(c, 0), where ¢ ranges over all reals.
Three statements are given:
I. The function F(cy, t)— F(c,, t) either vanishes everywhere, or nowhere, and
then { f,(¢)} is isomorphic to Aj.
The equivalence relation of ‘shift relatedness’ between F(cy, t) and F(c,, t) pre-
vails if
JaVt F(cy, t +a) =F(cp, 1). )

This relation generates a decomposition of {f.(#)} (and that of the index set) into
disjoint classes. Thus e.g. F(u, v)=ue" has three equivalence classes, >0, u=0 and
u<0. Let now A, be the subset of A belonging to one equivalence class, and S, the
corresponding subset of { f,(¢)}. Then

II. The codomain of each function is identical with 4,, and conversely, the set of
all functions in {f.(¢)} with a given codomain forms an equivalence class, and the
codomain is the corresponding subset of the index set Ap.

Hamilton concludes by studying two different solutions F(u, v) and G (u, v) of (1).
Decomposing { f.(¢)} and {g.(t)}={G(c, t)} into equivalence classes he finds
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I For aclass S, { f.(¢)} to be shift related to a class V< {g(¢)} it is necessary
that A,=A,. Here shift relatedness is to be understood in the generalized sense
davVt F(cy, t)=G(cy, t+a).

Gy. TARGONSKI

22. Bemerkung. Einige Bemerkungen iiber die Cauchy-Binetschen Funktional-
gleichung.

Man betrachtet von dem Standpunkte der allgemeinen Losung die Funktional-
gleichungen

fi(xy)=2f1(x) f1(y) + C
fl(x)’)=f1(x)f1(Y)+f2(x)f3(J’)+ C
fi(xy)=2/,(x) f5(y) + C

Diese Funktionalgleichungen sind von der Funktion f; (x)=f (x, 0, 0, 0) verifiziert,
wo f(x, y, z, t) die Losung der Cauchy-Binetschen Funktionalgleichung

flax + By +yz, 00 + By +y,2, at + Bo + yw, ayt + v + y,w)
= f(X, ,V, t: U) f(O(, “l, ﬁ, ﬂl) +f(x’ 23 t, W)f(OC, 0!1, '}’, yl)
+f(y, zZ, 0, W)f(ﬁ’ ﬁl’ 79 YI)

Man stellt fest, dass die vier Funktionen f; (x)=/(x, 0, 0, 0), £, (x)=1'(0, x, 0, 0),
f3(x)=£(0,0, x, 0), £ (x)=/(0, 0, 0, x) die Matrizengleichung

[ 2ol =1 20126 20+ [ &

erfiillen.

O. GHEORGHIU — B. CRrsTICI
* k%

Dies war die erste Funktionalgleichungstagung seit der Einweihung des neuen
Gistehauses, dessen moderne und elegante Einrichtungen allgemeinen Beifall fanden.
Trotz des Personalmangels haben sich die Teilnehmer aufs freundlichste umsorgt ge-
fihlt. Die Leiter der Tagung mdchten die angenehme Pflicht erfiillen, zugleich im
Namen aller Teilnehmer der Institutsleitung auf herzlichste fiir die Erméglichung der
Tagung und ihrer vorziiglichen Organisation zu danken.

Bericht zusammengestellt von I. FENYG (Rostock)
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Problems and Solutions

This section publishes problems and solutions believed to be new and interesting. Problems
are designated by P1, P2, ..., solutions by P1S1, P1S2, ..., and remarks by P1R1, PIR2, ....
Correspondence regarding this section should be sent to the Problems Editor, Prof. M. A.
McKiernan, Faculty of Mathematics, University of Waterloo, Ont., Canada. In case several

similar solutions are received, the solutions may be edited with credits given the individual
contributors.

P2S1 - Marek Kuczma

Let Dj, be the space of all functions

f =(f19"'sfn):Rn_’Rn

which are of class C" in R" and have a positive Jacobian:

of -
det(f’>>0 in R".

X;

Further, let Q;, be the set of all squares of functions from Dj:
0.={f:f=¢" geDy},
where the squares are taken in the sense of the iteration: g>=g(g). Then
(i) For any positive integers r, n, we have D, — Q) #0.
(ii) For n=1 and for any positive integer r (including r= + o) every function

f €D can be represented as a superposition of at most four functions belonging to
the class Q.

This gives a partial answer to a problem by Z. Moszner (Aequationes Math. /

(1968), 150, P2). The details are contained in two papers submitted to Annales
Polonici Mathematici:

[11 M. KuczMa, Fractional iteration of differentiable functions.
[2] M. KuczMa, On squares of differentiable functions.

P20S1 - G. Cross (Aeq. Math. Vol. 1, No. 3, pp. 298-300)

Generalized homogeneity in the form F{hx, hy} = 6(h, x, y) F(x, y) is studied. A note from
Z. Moszner suggests the addition of the forms f (x, y) = 1/8(1/x, x, y) for x=0, (0, y) =
1/6(1/y, 0, y) for y=0, to the note by G. Cross.

P23S1 - Z. MoszNER (this issue pp. 380)

As announced in Aeq. Math., Vol. 2, No. 1.
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P35 - M. Kuczma

Let 4 denote a convex domain in %", and consider functions from %" to #. Then
a set T=4 is said to be of class &7 if every convex function on 4, which is bounded
above on T, is also continuous on 4; Te 4 if every additive function on A4, bounded
above on T, is continuous on 4; Te¥ if every additive function on 4, bounded from
both sides on T, is continuous on A.

Find necessary and sufficient conditions for a set T #" (in terms of the nature of
the set only) to belong to classes 7, Z, €.

P36 - M. Kuczma
Prove or disprove the equality &/ =24.
P37 - J. AczeL and P. ERDOS

Does there exist a Hamel basis # such that if ae 5#, then also 1/ae #?
Further, is there a Hamel basis such that if ae #, then all powers of a are in #
(perhaps all positive and negative powers)?

P38 - P. ErDOS

Let f'(x) be a solution of f(x+y)=f(x)+f(y) and assume that for every x,
Lim,_, f(x*)=0. Does it follow that f (x)=0?

Remark: J. A. Baker and S. L. Segal have shown P28S1 that a non-measurable
solution exists for which Lim,_ ,, £ (x*)=0 for every |x|<1.

P39 - F. ROTHBERGER

Let f (x) be a solution of /' (x+y)=f (x)+/(») and assume that f (x) and f (1/x)
always have the same sign. Does it follow that £ (x)=cx?

P40 - B. SCHWEIZER
Formulated on p. 354, this issue.
P41 - Gy. TARGONSKI

Formulated on p. 361, this issue.
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P42 - J. AczeL

Formulated on p. 367, this issue.
P42S1 - J. A. BAKER

See Remarks 5 and 6, pp. 368-369, this issue.
P43 - J. AczeL

Formulated as Remark 8, p. 369, this issue.
P44 — W. EICHHORN

Formulated on p. 370, this issue.
P45 - Z. Daroczy

Formulated at the end of remark 11, p. 371, this issue.
P46 - Gy. TARGONSKI

Formulated on p. 372, this issue.
P47 - Gy. TARGONSKI

Formulated in Remark 16, p. 373, this issue.
P48 - E. Vincze

Formulated on p. 374, this issue.

P48S1 - J. A. BAKER (this issue p. 387)

The paper characterizes sequences f;, i=0, 1, 2 ..., of functions from a real Banach to a real
normed linear space such that fo(Z2; xi) = X2, fi(x:) for every convergent X;2; x; with

|xi| = |xi1|>0.

379
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P23S1
Sur une hypothése au sujet des functions subadditives
ZENON MOoSzNER (Cracovie)
M. F. Fischer a formulé, pendant la cinquiéme conférence annuélle des équations
fonctionnelles a I'Université de Waterloo, le probléme suivant (probléme 5 dans [1]).

Considérons la fonction ¢ qui est définie pour x>0 et satisfait aux relations
suivantes:

¢(x)=0 (M
¢ (4x) = A¢(x) pour tout nombre rationnel positif 1, )
e(x+y) <o)+ o0(y). €)

Le probléme est le suivant: comment peut on caractériser des fonctions @?

M. Fischer a formulé I'assertion que pour tout ¢ on peut trouver une fonction f
et un espace strictement convexe J# tels que: f(x) satisfait & I’équation de Cauchy
pour x réel arbitraire, f (x)eH#,

e(x)=1f®) si x>0. 4

Nous démontrerons que cet assertion n’est pas exacte.

Soient

a) b un nombre arbitraire, différent de zéro,

b) ¥ une fonction non-negative, définie pour chaque x # —b et

convexe et croissante pour x < — b, &)
convexe et décroissante pour x > — b, 6)

¢) % une base de Hamel, a la quelle appartient b.
Appelons un nombre x libre si le nombre b ne parait pas dans le développement
du nombre x sur la base %, et posons

0, si x est un nombre libre et positif,
x
o(x)= |y (—— - b) Iwl, si0<x=wb+wb, +-+wb,,
w .
ol w, wy, ..., w, sont des nombres rationnels, @)
w#0etb, by,..., b, sont des nombres
differents de base # .

On voit facilement que la fonction ¢ remplit les conditions (1) et (2). Nous allons
démontrer qu’elle remplit aussi I'inégalité 3).

Received Mav 22 1968
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Considérons les deux cas:

1) x4y est un nombre libre, dans ce cas ¢ (x+»)=0, donc (3) a lieu évidemment,

2) x+y n’est pas libre, dans ce cas considérons les deux sous-cas suivants:

() x n’est pas libre et y est libre, ou

(B) x et y ne sont pas des nombres libres.

Le cas: x libre et y n’est pas libre se raméne au cas () par le changement de
désignations. Le cas: x et y sont libres ne peut pas étre d’aprés 2).

Ad (). Soit x=wb+r ol r est un nombre libre. Nous avons d’apreés (7):

ot 0= o0t +r+ )=y ("5 ),

o(x)=1y <:v> wl,  @(y)=0,

donc I'inégalité (3) a dans ce cas la forme suivante

()0
w w

Si w>0, donc d’aprés x=wb+r>0, nous avons

>—b
w
et puisque y>0 alors
roor
—b<—<—+y.
wow w

Il en résulte d’aprés (6) 'inégalité (8).
Si w<0, donc . .
~+Y< <—-b
wow w
et d’apres (5) nous avons aussi (8).
Ad (B). Soient x=wb+r et y=wb+7 ol r et 7 sont libres. Nous avons d’aprés 2):
w+w#0 et
r+rF r F
X+y)=|w+w : , x)=|w ) =W’|‘/’<->~
o) =twaaty(157) ow=tiv(]). o0 =t (]
Nous devons démontrer que

|w+w1n//<;"};><|ww("w)+|ww(;). ©)

Désignons r/w=a, 7/w=f, w/(w+w)=p. Dans ce cas

Y
w4+ w P
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et I'inégalité (9) prend la forme:
¥(pe+ (1~ p)B) < Ipl ¥ (@) + 11— ply(B). (10)

Les nombres x et y étant positifs, donc
wb+a)>0 et w(b+p)>0

et de 1a nous avons les cas suivants:

L w>0,0>—b, >0, B> —b;

II. w<0, < —b, w<0, f< —b;

II. w>0, a>—b, w<0, < —b;

IV. w<0, a< —b, >0, B> —b.
Dans les cas I et II nous avons

O<p<l!l e O0<l-p<l1

et puisque la fonction  dans l'intervalle (— oo, —b) et dans I’intervalle (—=b, +)
est convexe d’apres (5) et (6), donc I'inégalité (10) a lieu dans ces cas.

Le cas IV se raméne au cas III par le changement de désignations.

Dans le cas III nous avons p>1si w> —w et p<0 si w< —w. Si p>1 nous avons

—b<a<pa+(l—p)B,
donc d’apreés (6)

¥ (@) =y (px+ (L= p)p).
Mais dans ce cas

V(@ <py(@)+(p-1)y(B),
donc I'inégalité (10) a lieu.
Si p<0 nous avons
px+(1—p)B<8p,

donc d’aprés (5)

W (pa+ (L= p) ) <Y (B) < — py () + (1 - p) Y (B),

alors I'inégalité (10) a lieu aussi dans ce cas.

Nous avons donc terminée la démonstration de I'inégalité (10).

Supposons & présent que pour la fonction ¢, définie plus haut, I’égalité (4) ait
lieu.

Pour x libre et positif nous avons ¢ (x)=0, donc £ (x)=0, ou 0 désigne zéro de
I'espace #. Puisque f est une fonction additive, il en résulte que

f+x)=f(»)

pour chaque y et pour chaque x libre et positif.
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D’ou
e(x+y)=l1fG+ ) =1 =)

pour chaque x libre et positif et chaque y positif.
Soit y un nombre positif qui n’est pas libre et posons y=wb +r ol r est un nombre
libre. Nous avons pour chaque x libre et positif

e(x+y)= l//(r:x> wl=o(y) = .p( )lwl,

(7))

pour chaque x positif et libre et chaque y=w (b+r/w)>0.

Si w>0, alors r/w> — b. Puisque y est en outre arbitraire, ’ensemble des nombres
r/w est dense dans I'intervalle (—b, + 00) et puisque I’ensemble des nombres x/w est
dense dans lintervalle (0, +o0), donc la fonction ¥ est constante (étant convexe)
dans intervalle (— b, + c0). Par analogie nous pouvons démontrer que cette fonction
est aussi constante dans 'intervalle (— oo, —b) (ce qui n’est pas essentielle dans la
suite).

Il résulte de nos considérations que si nous prenons pour la fonction Y une
fonction qui remplit toutes les conditions dans b), n’étant pas en méme temps con-
stante dans un des intervalles (— oo, —b) ou (—b, +00) et si nous définissons la
fonction ¢ par la formule (7), la fonction ¢ montre que I'assertion de M .Fischer
mene a une contradiction.

Le probléme fondamentale de M. Fischer reste évidemment ouverte. Il se pose
aussi un probléme complémentaire suivant:

- comment peut on caractériser parmi les fonctions ¢ qui remplissent les conditions
(1), (2) et (3) des fonctions qui remplissent I'aflirmation de M. Fischer?
Pour répondre & ce probléme remarquons d’abord que si (4) a lieu, alors

@(Ix)) = I/ (x)I pour x#0,

puisque la fonction f est paire. En posant ¢ (0)=0 nous avons I’égalité (4) aussi pour
x=0. Il en résulte que

@(1xy + X20) = 1 Geg + x)1 = 1F (x1) + SN < W)+ I1F(x2)l
= (Ix:)) + o (Ix2]),

donc

donc
@ (Ix; + x20) < @ (Ix1]) + @ (Ix2]) (1)

pour chaque x, et x,. L’inégalité (11) est donc une condition nécessaire pour que @,
remplissant les conditions (1), (2) et (3), remplisse aussi I'assertion de M. Fischer.
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Supposons & présent que la condition (11) a lieu pour une fonction remplissant
(1), (2) et (3). Dans ce cas I’ensemble

E; = {x:9(|x]) =0}

est un sous-espace linéaire de I’espace linéaire E des nombres réels sur le corps des
nombres rationnels. Considérons un élément Q de I’espace quotient E/E;. Nous avons

@ (Ix]) = const. pour xeQ. (12)

En effet si (x; —x,)eE,, donc

o(Ix,1) = §0(|X2 + (%, — xz)l) < o(Ix2l) + o (Ixy = x21) = o (Ix,1),

donc ¢ (|x{])<¢(Ix,]). En remplacant x, par x, et inversement nous avons (12).
On peut démontrer facilement qu’en posant

121l = ¢(Ix]) pour xeQeE/E,, (13)
nous normons I’espace E/E;. Ensuite, en prenant pour f (x) la fonction

f(x)=Q pour xeQ et QecEJE,,

nous voyons que cette fonction remplit les conditions pour la fonction f dans I'asser-
tion de M. Fischer (# = E/E,) et que (4) a lieu.

L’inégalité (11) est donc aussi une condition suffisante pour qu’une fonction ¢ rem-
plissant les conditions (1), (2) et (3), remplisse aussi | ‘affirmation de M. Fischer pour un
espace 3 pas nécessairement strictement convexe.

Remarquons enfin que I’espace E/E; considéré plus haut est strictement convexe
(ou — dans d’autres termes - strictement normé) par la norme (13) si et seulement si
pour x; et x, tels que ¢ (|x;]) #0#¢ (|x,|) on a I’équivalence suivante
@ (Ix; + x20) = @(Ix,]) + ‘P(f’czl)‘i’/1 y l()L > 0eto(|x; — Ax,]) = 0). (14)

ratione

Il se pose aussi la question de savoir s’il existe parmi les fonctions de la forme D,
des fonctions qui remplissent I’assertion de M. Fischer?

Nous savons déja que dans ce cas

<p(x)={

ou w a la méme signification que dans la formule (7). D’aprés (1) nous avons ¢; =0
et ¢, =0.
Remarquons que si x a la forme suivante

c;lw] pour w>0,
c,|wl pour w<O,

X=wb+wb,+---+wyb,
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dans ce cas

x|=x=wb+wb, +---+w,b, ou

x| =—x =(_ W)b +(_' Wl)bl +"'+(_ wn)bn’
donc
|x| = (sgnx) wb + (sgnx) w by +--+ (sgnx) w,b,,

ol il n’y a d’aucune liaison entre sgnx et w.
L’inégalité (11) a donc la forme suivante

a4+ wl < BIW| +y|w], (15)

ol v et w sont les coefficients des nombres réels x, et x, arbitraires dans la base % et

2 ¢, si [sgn(x; + x,)] (" + w) >0,
o= -
c, si [sgn(x; +x;)] (W4 w)<O0,
i v >0,
b) §= {cl s% (senx,) u_z
c, si (sgnx)w<0,
¢, si (sgnx,)w>0,
<) Y= : =
c, si (sgnx,)w<0.

Admettons que 0<c¢;<c,, w>0, w>0, sgnx,; >0, sgnx,<0, sgn(x,+x,)<0.
Dans ce cas I'inégalité (15) nous donne

(W +w) < e w4+ c,w,

donc ¢, <¢;. Nous recevons la méme contradiction dans le cas ol ¢, <c;. 1l résulte
donc de nous considérations que ¢; =c,=c=>0.

Passons & présent a I’équivalerce (14). Pour ¢#0 (le cas ¢=0 est banal) le
membre droit de ceite équivalence a lieu, d’aprés (7), dans ce cas et seulement dans
ce cas s’il existe un nombre rationel A positif pour lequel le nombre |x, — Ax,] est libre.
Cette derniére condition a lieu si et seulement si les nombres x; et x, ont dans la
base 4 les coefficients w et W pour b de méme signe. Le membre gauche de ’équiva-

lence (14) a dans notre cas la forme

clw+w =c|w +clw|,
c’est-a-dire la forme
W+ w| = W]+ |w|,

ce qui a lieu aussi seulement dans le cas si W et w ont le méme signe. L’équivalence
(14) a donc lieu dans notre cas.

Nous avons donc démontré que parmi les fonctions de la forme (7) seulement les
Sonctions ¢ (x)=c|w| ot ¢ =0 remplissent I'assertion de M. Fischer.
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A propos des solutions (7) on peut démontrer aussi que
1) chaque fonction ¢ (x) qui remplit les conditions (1), (2) et (3) et pour laquelle il
existe b #0 tel que ¢ (x)=0 pour chaque x libre et positif, doit étre de la forme (7) avec
la fonction  remplissant b),
2) il existe des solutions (1), (2) et (3) qui ne sont pas de la forme (7), par exemple
@ (x)=cx pour ¢>0.

TRAVAUX CITES
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P48S1
On a Problem of E. Vincze
J. A. BAKER (Waterloo)

At the sixth annual meeting on Functional Equations held at Oberwolfach, June
1968, E. Vincze raised the following problem ‘Determine all sequences { f;}izo of
real-valued functions of a real variable satisfying

70(% %)= % 1) M)

B i=

i=1
for every convergent series ) ;2 x; such that |x,|>|x,.,|>0 k=1,2,...". Here we
answer a slightly more general question. By a convex cone in a real vector space Z
we understand a subset € of 2 which is closed under addition and under multipli-
cation by positive scalars ([2] page 135). Note that we do not insist on 0€%.

THEOREM Let & be a real Banach space and let € be a convex cone in & with
non-void interior. Let Y be a real normed linear space and for i=0,1, 2, ..., suppose
fi:€—>Y such that

[} a
n(zx)=zﬂ@9 M
i=1 i=1
for every convergent series Y 2| x; such that x,€%, | x,|| > x4, >0 for allk=1,2,...
and Y ., x,€%. Then there exists a unique continuous linear transformation T:% —Y
)

and a sequence {B;}2o<Y such that

filx)=Tx + B, for xe€ and k=0,1,2... and )

kgl B = Bo- 3)
The converse is trivial.

Proof. We may assume that % contains all its limit points except perhaps 0. If not,
consider a subcone %’ of € generated by some closed ball in . (i.e. If # is a closed
ball in € let €'={tb| >0 and be#}.) Then %’ satisfies all the conditions impossed
on € and %’ contains all its limit points except 0. Our proof would then be valid on
€’ and the uniqueness gives us the proof for %.

For x, ye € let F(x, y)=/fo (x+y)—f1 (x). We will show that F(x, y) is independent
of x. In fact, if x, x’, ye€, choose {x;}r=, =% such that

min (X[, X1} > Ixall > Ix3] > > (% > (%1 > >0

Received October 13, 1968
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and

z Xgk =Y.
k=2
Then by (1) we have

Fe0)= 3 fix) = F(x. ).
Let

F(x,y)=g(y) for x,ye%.
Then

fo(x +y)=fi(x) +g(y) forevery x,ye%.

Now % is a semigroup under + and hence, (see [1] or [3]) there exists 4:%—Y and
Bo> Bi, yeY such that

A(x+y)=A(x) + A(y)
Jo(x) = A(x) + Bo
fi(x)=A(x) + B, and
g(x)=A(x)+7y forevery x,ye®. 4
By (1) and (4) we have

i=1

A (Z xi) + Bo=A(x;)+ By + .Z,z fi(x)
or, since A is additive,

i=

(% %) =6~ 10+ 3 1)

for every } 12, x; such that [[x,]| > ||, ]| >0, x,€% for all k=2, 3, ... and Y, xe¥.
Repeating the above argument and using induction we find that for each k=
0, 1, 2, ... there exists f,€Y such that

fi(x) = A(x) + B, forevery xe%. %)

Now we show that 4 has a unique continuous additive extension to . It is easy
to show that € — €= {x—y | x, ye%} is a subspace of Z. Also, since € has non-void
interior, ¥ — % also has non-void interior. Hence € — ¢ =2. Let T:Z —»Y be defined
by T(x—y)=A(x)—A(p) for x, ye%. It is easily verified that T is well-defined, ad-
ditive and that T extends A.

Suppose T is not continuous. Then T is not bounded on any of the bounded sets

S, = {xe(g

1 1
‘2‘,,—+T< lx]l <?,
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since these sets all have non-void interior. Thus there exists x,€% such that

1
ék+1 < ”xk” <ik

and
Lfi el = 1T (x) + Bel > 1

for each k=1,2,.... But this contradicts (1) since ) i, x, converges. Hence T is
continuous. Therefore T is linear.

It follows from (1), (5) and the continuity of T that fo=Y %, B;.

It remains to prove uniqueness. Suppose f; (x)=T"(x)+ p; for all xe €, k=0,1,2...
where 77: Z'-Y and {f;}i2o<Y.

Then

T(x)+B=T(x)+

for all x in some open set U, interior to €. Thus the linear map T— T’ is constant on
the open set U.
Hence

T—-T =0 and B,=p; forall k=0,1,2....
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Short Communications

This section consists of self-contained 25-100 line short communications which
are prepublications of results, the details of which are to be published in either
aequationes mathematicae or other journals with referee systems or equivalent systems
of pre-reviewing papers. Aequationes mathematicae will endeavour to publish these
short communications in the shortest possible time after the underlying papers have
been accepted for publication. Unless indicated otherwise details of results described
in this section will appear in subsequent issues of aequationes mathematicae.

A Less Formal Approach to Kaluza—Klein Formalism *)
M. A. McKIERNAN

In the space V'* of relativity, coordinate y (or y) and metric g(y; y, y) (or g; ;) let
y=¢,(x) be a one parameter group of null translations; that is, if

LE 60 BOILEGI 0N BWE 4 (6,0)

then we assume g;; B' B'=0=g, ; B' B/ and % g, ;=0, where £ denotes the Lie deriv-
B B

ative. If ¢ is allowed to vary with the proper time A of a particle, say ¢ =4 where

z=f¢g.~,~y"‘y'f dr, (1)

then in the x frame of reference the action integral has the form

)

A=J Jhi;(x) ¥ % = By(x) ¥ dv 2

where h;;=g;;+B; Bj, h;; B B'=0, & h;;=0, and h;; B'=g,; B'. Conversely, if (2)
B
is given, and B, is a null translation in the 4 metric, then x=¢} ! (») exists, transform-

ing (2) into (1).
This analysis suggests a modified Kaluza-Klein formalism in a cylindrical V. The
modified formalism is used to show that if F, ;£ B, ;— B; , is the electromagnetic field

tensor, then the Ricci tensors R;; and R;; derived from the g and 4 metrics satisfy
g h

*) Cf. pp. 207-226.
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R=R—-4(F;F’) and B'B'R,;=-}F;;F/,
g h g
while det F; ; always vanishes. Hence if the original g metric is flat, this process leads
to null fields, E-H=0, E*— H>=0. It can also be shown that F//=2 B, R'/, where
g

‘I’ refers to covariant differentiation in either the g or & metrics, whence no current
can be obtained from a flat space.

Stability of General Systems of Linear Equations*)

VICTOR PEREYRA

A common problem in many applications is that of finding minimal least squares
solutions to systems of simultaneous linear equations. Given an m x n matrix 4 and
an m-vector b a minimal least squares solution to Ax=> is the unique n-vector x that
minimizes | Ax—b|, and has minimum norm among all those vectors having such a
property. It is well known that the solution to this problem is given by x=A"b, where
A* is the Moore-Penrose generalized inverse of 4.

When the rank of A4 is well determined this problem can be solved numerically
with relative ease. When the rank of A is not well defined then the problem becomes
ill-conditioned and most known methods encounter difficulties in providing the
minimal least squares solution.

The purpose of this paper is to introduce a new problem, related to that of finding
minimal least squares solutions, which will be well posed even in the case of rank
indeterminacy.

PROBLEM 1I: ‘Given A4, b as above, ¢, 6 two positive numbers, find B, a subset
of linearly independent columns of 4, such that A=BB" A has the property that for
any rank preserving matrix perturbation 44 with

1441 _ o IA+ 44" — ATJb) _

lal S0 AT =

holds. Among all the B’s having this property the one making |(/—BB") A| =
|A—A| a minimum should be chosen’.

In order to be able to solve Problem I we develop a set of inequalities which
permit us to estimate the effect that perturbations on the data have on the computed
minimal least squares solutions.

*) Cf. pp. 194-206.
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Beziehung der ebenen verallgemeinerten nichteuklidischen
Geometrie zu gewissen Flichen im pseudominkowskischen Raum *)

O. VARGA (Budapest)

Bekannt ist folgendes: In der Fernebene eines pseudoeuklidischen Raumes ist die
hyperbolische nichteuklidische Geometrie giiltig. Ein Flichenmodell in diesem Raum
liefert eine Schale desjenigen zweischaligen Hyperboloides, das konjugiert zu dem die
Massbestimmung festlegenden einschaligen Hyperboloid ist. Genauer besagt das
obige, dass das Bogenelement des zweischaligen Hyperboloides, gemessen in der
Metrik des zu ihm konjugierten einschaligen Hyperboloides iibereinstimmt mit dem
Bogenelement derjenigen hyperbolischen Geometrie, die in der Fernebene durch die
Schnittellipse des gemeinsamen Asymptotenkegels der betrachteten Hyperboloide
induziert wird.

In vorliegender Arbeit wird eine Verallgemeinerung der obigen Fragestellung
untersucht. Man gehe von einer zentralsymmetrischen konvexen Fliche eines affinen
Raumes aus. Durch Einfiihrung einer Fernebene gehe man zu einem projektiven
Raum iiber. Die durch den Mittelpunkt der konvexen Fliche gehende, und diese in
einer zentralsymmetrischen Kurve K schneidende Ebene, lings der es einen um-
schriebenen Zylinder gibt, soll durch eine Kollineation zur Fernebene gemacht
werden. Durch Auszeichnung dieszr Ebene erhiilt man schliesslich einen affinen Raum
in der die urspriingliche — ebenfalls der Kollineation unterworfene — Fliche gastaltlich
einem zweischaligen Hyperboloid dhnelt. Aus dem Zylinder wurde dabei ein Kegel.
Beide Flidchen schneiden die neue Fernebene in der Kurve K. Diese Kurve induziert
nach D. HILBERT eine verallgemeinerte (hyperbolische) nichteuklidische Geometrie.
Schliesslich kann man eine solche Fliche einfiihren, die im Ausseren des Kegels
liegt, denselben zum Asymptotenkegel bzsitzt und in Bezug auf den Ursprung
sternformig ist. Wir bezeichnen den Raum, in dem diese Fliche eine Massbestimmung
festlegt, als pseudominkowskisch. Er ist die naturgemisse Verullgemeinerung des
pseudoeuklidischen Raumes. Das Ergebnis der Arbeit besteht in der Ermittlung des
Zusammenhanges des Bogenelementes das zu Hilbertschen Massbestimmung gehért,
mit dem Bogenelement des verallgemeinerten zweischaligen Hyperboloides, gemessen
in der pseudominkowskischen Metrik. Ist das Bogenelement auf der Fliche dsy, und
das, durch Zentralprojektion in der Fernebene erhaltene in der Hilbertschen Mass-
bestimmung gemessene dsy, so stimmen beide Bogenelemente bis auf einen, durch
eine eindeutige Funktion bestimmten Faktor iiberein. Im klassischen Falle ist diese
Funktion identisch gleich eins.

*) Eingegangen am 3.1.1968.
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Semigroup Actions and Dimension *)

DAVID STADTLANDER

Given a topological semigroup 7 and a Hausdorff space X [called the state-space],
an act (Act) is a continuous function from T x X into (onto) X [whose values are
denoted by juxtaposition] such that s (zx)=(s¢) x for each s, e T and xeX. We say
that T acts (Acts) on X. Groups, semigroups, transformation groups and automata
furnish some of the many examples of acts.

In ‘Thread Actions’ [to appear, Duke Math. J.], the author gave a set-theoretic
definition of a class £ of pairs (X, 4); X a compact metric space and 4 a closed
subset of X. It was shown there that given a compact metric space X, a closed subset
A of X and a metric thread semigroup 7, (X, A)e X iff T Acts on X with OX =A. In
particular then, if (X, A)e ", A is a strong deformation retract of X.

Given a compact semigroup 7 Acting on a compact space X, we introduce an
equivalence relation 6 on X [xdy iff xu Tx=yu Ty] which partitions the state-
space according to the mobility of its points under mappings from the semigroup 7.
It is shown that if T is a normal semigroup [¢7 =Tt for each te T], then to each
xeX, there corresponds an idempotent ee T such that (H (e), d [x]) is a topological
transformation group transitive on § [x]. This result is applied to relate dim X and
dim T for normal semigroups 7 and also to obtain the description of a state-space
given in

THEOREM 2.12: Let the metric continuum semigroup T with identity [not a
group] Act on the compact metric space X. Then there is a space Y, an idempotent
e€ K (T) [the minimal ideal of T/, and a monotone mapping p of X onto Y such that

1) (Y, p(eX))eA and

(2) p~'p(x) is the underlying space of an abelian topological group for each xe X.
If X is non-degenerate and finite dimensional,

dim(p~'p(x)) <dim(X/eX) < dimX foreach xeX —eX.
Actions by one-dimensional semigroups are also studied. In particular we obtain the
two results which follow.

COROLLARY 3.13: Let the one-dimensional metric continuum semigroup T
with identity Act on the compact metric space X. Letting p denote the natural map of
X upon X /6, (X[, p(K(T) X))eA'.

THEOREM 3.5: Let the one-dimensional metric continuum semigroup T with
identity act on the space X. Let Y = Tx for some xeX.

*) Received Feburuary 22, 1968.
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I. If K(T) consists of left zeros and
(a;) T is locally connected or
(b;) The complement in T of the set of weak cutpoints is countable,
Then dim Y <1.
II. If K(T)is a group and
(a;) T/K(T) is locally connected or
(b,) The complement in T/K(T) of the set of weak cutpoints is countable,
Then dim Y <1.
ITI. Otherwise if (a,) or (b,) holds, then
dimY <max{l,dim[xeY | Tx={x}]}.
Theorem 3.5 and its corollaries extend the dimension theorems given by L. W. An-
derson and R. P. Hunter in ‘Homomorphisms and dimension’ [Math. Annalen /47
(1962), 248-268] and ‘On one dimensional semigroups’ [Math. Annalen 746 (1962),
383-396].

Divergence-Free Tensorial Concomitants *)

D. LoveELock

In an n-dimensional manifold with local coordinates x'(i=1,..., n) we consider
the n® quantities g;;=g;;(x") which are the components of a symmetric tensor of
covariant valency two with nonvanishing determinant g. If L is a scalar density which
is a function of g;; and its first two derivatives i.e.

L = L(g, 8ij, 8ij, kn) ey
then we may associate with it the Euler-Lagrange expression
EY(L) = oL _ —61 ( —(ZIL) + j,,z—,—c (— —M‘—) 2
Ogi;  0x'\0gij.n 0x"0x" \0g;, kn

It has been shown by Rund that E¥/ are the components of a symmetric tensor density
which is divergence-free i.e.
EY;=0,

where the vertical bar denotes partial covariant differentiation. In general E¥ will
be of fourth order in g;;. In the theory of general relativity a particular scalar density
of the type (1) is used, viz.

L=a./JgR+b./g

where a and b are constants and R is the curvature scalar, and the corresponding

*) Received September 16, 1968.
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Euler-Lagrange expression (2) is
EV=a/g(RY - 1¢"R) — 1b /g 8" 3)
where RY is the Ricci tensor. However, this EY is of second order in g;;. In a previous
article the problem of characterising scalar densities (1) for which E¥ is of third and
second order in g;; was discussed and, for n=2, 3 and 4 all such scalar densities were
exhibited. -
The present article is concerned with tensor densities of contravariant valency two,

the components 4"/ of which are symmetric and satisfy the conditions:
(a) A is a concomitant of g,, and its first two derivatives, i.e.

AT = A7 (g, ik, r> Sk, rs) >
(b) AY is divergence-free, i.e.
Aijlj =0.

All such tensor densities are constructed and exhibited. It is found that the number m
of independent tensor densities with these properties depends crucially on the
dimension of the space, in fact

! nj2 if niseven,

"Z 0+ )2 0 nis odd.

It is furthermore shown that every such A" is the Euler-Lagrange expression E"
corresponding to a suitably chosen L of the type (1), viz.

L= Cgiinj )

where c is a constant. If n=4 the only tensor density with these properties is the one
usually used in general relativity, viz. (3).

A Quasi-Monte Carlo Method for Computing Double and Other Multiple Integrals *)
S. K. ZAREMBA

Independently of each other, HLAWKA [1] and KoroBov [2] showed that integrals
over multidimensional unit cubes could be efficiently computed by averaging inte-
grand values over sets of points formed by the multiples, reduced modulo 1 in each
coordinate, of suitable lattice points. This applies particularly to functions represented
by absolutely convergent multiple Fourier series. Unfortunately, no method of
finding good lattice points in more than two dimensions other than by tedious trial
and error is known at present. Lattice points offered by Korosov, although described

*) Received March 5, 1968.
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by him as “optimum”, are by no means the best possible. On the other hand, the
present author proved [3] that in two dimensions lattice points of the form of

<1/un’ un—l/un>: (*)

where u, is the n-th Fibonacci number, are best in a well-defined sense. Computation
methods using such lattice points appear to be more efficient than the classical
methods based on iterated integration.

In order to admit the required multiple Fourier expansion, the integrand must
be capable of being redefined outside the unit cube so as to produce a function which
is periodic with a unit period in each coordinate, while remaining sufficiently smooth.
There are ways of reducing general integrands to such functions. A method proposed
by KoroBov consists of introducing a change of variables as a result of which the
new integrand vanishes together with its partial derivatives up to a required order
on the boundary of the multidimensional cube. However, in two dimensions such a
method is bound to produce inside the square inordinately large values of the mixed
partial derivatives of the integrand, entailing a corresponding increase in the error
of integration, and this effect would become rapidly accentuated with an increase
in the number of dimensions. Instead, the present author suggests adding to the
integrand, say f(x, y), a polynomial in y with coefficients depending on x, and a
polynominal in x with coefficients depending on y. If r is the degree of these poly-
nomials, they can easily be so fitted as to ensure that the values of the modified
function f* and of its partial derivatives up to

62 r—2f*

agree on opposite sides of the unit square, the contributions of these polynomials
to the integral over the square vanishing identically. If the original function has a
partial derivative )

o°'f

ox" oy"

of bounded variation in the sense of HARDY and KRAUSE, the error of integration is
O(logu,/u,* ") when the u, distinct multiples modulo 1 of (*) are used. This method
of converting the integrand can obviously be extended to an arbitrary number of
dimensions; the amount of work involved grows, roughly speaking, only linearly
with the dimension.

Pending the availability of really good lattice points in more than two dimensions,
trial computations were carried out in two dimensions by the proposed method. For
comparison the same integrals were also computed by classical methods, as well as
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by KoroBov’s method. The latter method, compared with that proposed by the
present author, produced errors about 10 to 1,000,000 times greater for the same
integrand with the same number of points.
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On Collineations on Three and on Four Lines in a Projective Plane *)

VAcLav HAVEL (Brno)

By a collineation on a point subset of a projective plane is meant a map o:C—C
sending any three collinear points of C onto collinear points.

In the sequel let P be a projective plane with ternary ring (S, ) according to
reference points O (origin), X (improper point of the first axis), ¥ (improper point
of the second axis) and Z (unity point). The results are as follows: 1. If ¢ is a col-
lineation on OXUO YU XY such that 0°=0, X°=X, X°~'={X}; Y°=Y, Y" "=
{Y};(0X)Y#{0, X}, (0Y) #{0, Y}, then there exist maps o, , y of S into S such
that 0*=0=0"=0, 0*"'=0"""'=0"""'={0}, §*#{0}, S*#{0}, S'#{0} and
t(a, b, c)=0=>1(a", b*, ¢")=0. 2. The converse of . holds true too. 3. As a corollary
to 1., if (S, 1) satisfies the linearity condition and the additive right inverse property,
then various consequences are deduced. 4. If (S, 1) satisfies the linearity condition
and if g is a collineation on O X U O Y, X YU Y Z with the same assumptions as in 1.,
then 1*=1, f=v and B is an additive homomorphism. 5. The converse of 4. is also
true. 6. As a corollary to 4., if especially (S, 7) satisfies the additive right inverse
property and if Z°=Z, then a=f=7 and « is an endomorphism of (S, 7).

A Sine Functional Equation**)

J. A. BAKER

Let £ be a complex-valued function defined on the real vector space X and
satisfying

fx+0fx=y)=fx)?=F0)

*) Received April 23, 1968.
**) Received May 1, 1968.
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for all x, yeX. If f is continuous along rays then either (i) [ is linear (additive and
real homogeneous) or (ii) f'(x)=c sin L (x) for all xeX where ¢ is complex constant
and L is linear. If X has a linear topology, f is continuous and (ii) holds, then L is
continuous. If X=R" and f is measurable on some subset of positive Lebesque
measure, then fis continuous. The real-valued case is also considered.

Endomorphismen von ebenen Viergeweben
(Beitrag zu einem Problem von J. Aczél)*)

VAcLAv HAVEL (Brno)

Es sei P eine projektive Ebene und Q ein Viergewebe in P, das simtliche Punkte
von P enthilt. In P werden die Referenzpunkte geeignet gewiihlt, und der zugeordnete
Terndrkdrper T von P soll die Linearititsbedingung erfiillen. Es werden drei Silze
abgeleitet, in denen die Endomorphismen von Q durch die Eigenschaften von T
charakterisiert werden. Im Falle eines Viergewebes Q erster Art werden die Endo-
morphismen von Q (mit einem zusitzlichen Fixpunkt) durch gewisse additive Endo-
morphismen von 7 ausgedriickt. Im Falle eines Viergewebes Q zweiter Art werden
die Endomorphismen von Q (wieder mit einem zusitzlichen Fixpunkt) einfach durch
nichttriviale Endomorphismen von 7 ausgedriickt. Im Falle eines Viergewebes Q
dritter Art und eines 7 mit Gruppenaddition werden die Endomorphismen von Q
durch nichttriviale Endomorphismen von T ausgedriickt.

On the Fundamental Approximation Theorems of D. Jackson, S. Bernstein and
Theorems of M. Zamansky and S. B. Steckin **)

P. L. Butzer and K. SCHERER

The direct theorems of D. JACKSON and inverse theorems of S. BERNSTEIN as
well as their generalizations by A.ZyGMUND play a fundamental role in approxi-
mation of periodic functions by trigonometric polynomials. Of further importance
are results by M. ZAMANSKY and S. B. STECKIN.

It is first shown that the assertions of the theorems of Jackson, Bernstein,
Zamansky and Steckin are equivalent to another for polynomials of best approxima-
tion. More precisely, let #,(x) be a trig. polynomial of degree <n and T, the corre-
sponding linear space. Let

E..(f)=tian If = tllc,, (f€Cyn; neN),

and t;=1;(f; x)eT, be the polynomial of best approximation corresponding to

*) Received May 9, 1968.
**) Received May 13, 1968.
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feC, .. We write feLip*a if
fx+h+ f(x—h)—2f(x)|<M|h]" forall x.

THEOREM A. Let fe C, . The following assertions are equivalent for 0<k <r +oa<l
and 0<a <2 (r, k, leN):

a) E,(f)=If —t7(Nlc,,=0(n"""%);

b) fPeCrr and 1f Y =P (f)le,, =0 ""77);
) ltr D, , =0 "77);

d) f@eLip*a.

The implication a)=-d) is the theorem of Bernstein, d)=>a) is that of Jackson,
a)=>b) is that of Ste¢kin, a)=>c) is that of Zamansky. The theorem also asserts that
the converses of the Zamansky and Ste&kin results are valid for C, -functions.

Secondly, the latter theorem is generalized to Banach spaces in the setting of the
theory of intermediate spaces. Indeed, let X be a (B)-space, Py={0}cP,cP,<
cP,c--- a sequence of subspaces of X, and

E,(f)= inf |f—plilx (feX; neN).

pn€Pn

Suppose that there exists an element p)(f)eP, of best approximation to feX. Let
Y be an approximation space of X, thus a(B)-subspace such that P,c Y < X(ne N)
with continuous embedding. Generalizing the notions of the classical inequalities of
Jackson and Bernstein it is further assumed that a Jackson and Bernstein type in-
equality of order o, 6=>0, is satisfied with respect to Y:

E,(f)<Cn”"lflly (feY; neN)
”pn”YSDna”pn“X (pnGPn; neN)’

C and D being positive constants.

THEOREM B. Let Y, and Y, be two approximation spaces of X such that the pre-
ceding inequalities are satisfied with respect to Y, and Y, with orders o, and o, re-
spectively. The following assertions are equivalent for 0<o,<0<c, and 1<q<:

o 1/q
D R, ie |3 EOTE <o

b) feY, and {n° " |f — pi(Nly}eli;
o) {0y (Nly.} el
d) fe(X’ Y2)0/az,q;K'
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In case g= oo, assertion a) is to be interpreted as sup[n’E,(f)] < oo; similarly

for b) and c). (This case contains Theorem A.) Moreover, for 1<g<o0, 0<0<1,

(X, Vo0 x = {feX:G[r”K(z, ) ‘it>”q < oo},

where for 0 <#< o0, feX the function norm

K(t, f; X; Y)=f=f j?ff Y(”fl”X + tlfally)-

Note that the latter spaces are intermediate spaces of X and Y under the corre-
sponding norm, thus (B)-spaces such that Y<(X, Y)o xS X. In case g= oo, asser-
tion d) reads K(#, f; X; Y,)=0(¢%?) and in this sense it is a generalization of the
Lipschitz spaces.

The theorems stated above are typical of those established. An essential fact is
that all proofs rest upon the Jackson and Bernstein type inequalities and in all
applications only these need be verified.

Thirdly, the counterpart of Theorem B is established for a general class of ap-
proximation processes on (B)-spaces. These are bounded, commutative linear
operators on X to itself which approximate the identity and satisfy modified Jackson
and Bernstein-type inequalities. In particular, ‘polynomial’ operators V,, are studied,
i.e. those having the property V,(f)eP,, neN, feX.

New applications are possible to the spaces C,,, C(T,); I#(T,) (T, being the
n-dimensional torus) and I?(E,), 1< p<oo, and to the singular integrals of Fejér,
Jackson, Rogosinski-Bernstein, Riesz.

Nerves of Simplicial Complexes *)

BRANKO GRUNBAUM

If a finite simplicial complex . is considered as covered by its family of facets
(i.e., maximal closed simplices, principal simplices), one may define in the usual
fashion the nerve A"(X") of ", which is also a simplicial complex. The following
results are typical of those established on the relation between #" and A~ ().

THEOREM 1. 4 simplical complex M is isomorphic to the complex N (A') for some
simplicial complex A" of dimension d if and only if each edge (i.e., l-simplex) of M
belongs to at most d facets of #, and each vertex of M belongs to at most d+1 facets
of M.

Let a simplicial complex " be called taut provided each of its vertices is the

*) Received June 14, 1968.
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intersection of facets of 2#". Triangulated manifolds or pseudomanifolds are taut, as
are many other interesting classes of complexes.

THEOREM 2. If A is a taut complex then N (X') is taut and A" is isomorphic to
N (A )= N (N (X)). Conversely, if A is isomorphic to N> (H) then A is taut.

Theorem 2 shows the existence of a duality between " and A7(#") for taut
complexes; it generalizes in a certain sense the well-known dualities for convex
polytopes, and for combinatorial cell complexes.

THEOREM 3. For every simplicial complex " there exists an n such that /™" (X') is
a taut complex of the same homotopy type as A.

Discrete Variational Green’s Function. I*)

PHILIPPE G. CIARLET
Given a real boundary value problem
Lu(x)=f(x), xeQ, and u(x)=0, xe€dQ,

where Q is a bounded open subset of R”, and L is a second-order symmetric and
positive definite linear elliptic operator, it is known that if the data are smooth
enough, its solution ¢ is given, for any function f, by

¢<x)=—fc(x, &) £(8) de,

Q

G(x, &) being the associated Green'’s function.

One can approximate the solution ¢ of such a problem by using a variational
approximation procedure: given a finite dimensional subspace SV of the Sobolev
space Hy (Q), there exists a unique function ¢”eS" such that

a(¢®, wy=—(f,w), forall weS",
or equivalently such that
F[¢"] =Inf{F[w]; weS"}, with F[w]=a(w,w)+2(f,w),

where (u, v) denotes the inner product in I*(®), and a(u, v) denotes the extension of
the continuous bilinear form —(Lu, v) to the space H, (Q).

The object of this paper is first to show that, as in the continuous case, there
exists a function G"(x, £), called the discrete variational Green’s function (relative to
a given subspace SV), such that the unique variational approximation ¢" obtained

*) Received June 20, 1968.
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as above is given by

90 =- [ x50,

Q2

for any right-hand side f. Moreover, it is proved that G¥ (x, ) has a particularly

simple expression. More precisely,
N

'(x9= ) A,
Py p
where A (resp. ¢}), | <p<N, are the approximate eigenvalues (resp. approximate
orthonormalized eigenfunctions) of the operator L, obtained by applying the Ray-
leigh-Ritz procedure over the same subspace S*.

Then, using a result of Aronszajn-Smith on reproducing kernels, a necessary and
sufficient condition is given which insures that a discrete variational maximum principle
holds in a given subspace S¥, i.e. ¢" >0 whenever f<0, or equivalently G"(x, £)>0,
which is thus the discrete counterpart of the maximum principle for the operator L.

The existence of discrete Green’s functions as well as discrete maximum principles
have been extensively discussed, in particular by Bramble and Hubbard, in the case
where boundary value problems are approximated by finite differences schemes, and
the central idea of the present paper is to show that similar properties can also be
established in the case of variational approximation schemes.

Linear Operator Equations on a Partially Ordered Vector Space *)

ERricH BoHL

This paper is concerned with the study of some properties of linear monotone
operators and with a general method for obtaining error estimates for a solution of
linear operator equations. The following notations will be used:

X denotes a real vector space endowed with a partial ordering relation < derived
from an Archimedean cone K which contains order units. K will stand for the set of
all order units of K. It is assumed that X+ {0} where 0 denotes the zero element
in X. Any order unit eeK defines two real functionals on X according to the formulae

q(x,e)=Min{o:0€eR, — x + e >0}, |x|,=Max(q(x,e),q(— x, €))

for all xe X, R denotes the set of all real numbers. The functional || ||, is a norm on
X. If e, e'eK then the corresponding norms || |, || |- are equivalent.
A linear operator B on X is called monotone, if B(K)< K. Such an operator is

*) Received July 20, 1968.
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bounded with respect to every norm | |, and the operator norm | B|, is given by
I Bll.=Bell.

THEOREM 1: For any linear monotone operator B on X the following statements
are equivalent:
(@) zeK and (I-B)zeK; (b) zeK and q(Bz,z)=|Bz|,=|Bll,<1. I denotes the
identity operator.

THEOREM 2: For any linear monotone operator B on X the following statements
are equivalent:
(i) there exists eeK such that | B|,<1;
(ii) there exists eeK such that |B*|,<1 for some natural number k> 1;
(iti) for every e’ceK and every iterative procedure y,,,=By,+¢€, yoeK, there exists a
number k=k(e',y,) such that y,cK and (I— B)y,eK;
(iv) there exists yo, geK such that for the iterative procedure y,.,=By,+g, there
exists a number k with the properties that y,e K and (I— B)y,eK.

THEOREM 3: Let A,, A, be linear monotone operators on X. Let X be complete
or A;, A, be completely continuous with respect to some norm | |,. Let the operator
A=A, + A, satisfy one of the conditions (i)-(iv). Then the following statements hold:
(V) there is precisely one solution %€ X of the equation x=(A,— A,)x+b, be X and the

iterative procedure x,,=(A,—A,)x,+b converges (with respect to some norm
| l.) for each initial approximation x4 X to X;
(vi) let y,eK be constructed by either (iii) or (iv) (B= A) then we have the error estimate

= I1xo = Xt llg-aypA" ¥k <X — X, < X0 — Xillg-amA"ye forall n=0.
If for some n the element A"y, is an order unit, the error estimate takes the form
1% = x, 114"y, < llxo — X1 ll(1- appe 5

(vii) if A, is the zero operator statement (V) is equivalent to each of the statements listed
in Theorem 2.
There are various well known error estimates which turn out to be special cases
of the estimate given in (vi). We are now going to point out only three of them:

a) 1% = x,ll, < (1 = A)"'A"l, Ixo — x,[, forany yeK.

b) Let (iv) be satisfied for g=0. The resulting estimate is known for linear systems in
the real space RY:

= [Ixo — xl”(}'k_}’k+l)yk+l <X =% < xo — xl”(_yk—-yk+1)yk+1 .

c) Let us consider a linear system x=Ax+b in the real space RY where 4=(ay) is a
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real(N x N)-matrixand be RY. Introducingthe realnumbers o, = Z,?': laglfori=1,...,
N and assuming that o;< Ifor i=1,..., N we obtain from (vi)
o |t — £3l .
I —til<o;Max-? —2 for i=1,..,N,
i 1=
where £=(7)), xo=(t7), x,=(t!)=Axo+b, and % is the unique solution of the
system x=Ax+b.
Let us introduce the two real functionals defined on K

A(x, B) = — q(— Bx,x), A(x,B)= q(Bx, x),
where B is any linear operator on X.

A linear operator B on X is called strongly monotone if B is monotone and if for
each xeK—K, x# 0, there exists a natural number n=n(x)>1 such that B"xeK.

THEOREM 4: Let B be a linear monotone operator on X and let there exist a linear

strongly monotone completely continuous operator B' on X which commutes with B.
Then the following statements hold:

(@) there exists an order unit z and real numbers Uo>0, Ao such that Bz= )z, B'z=p,z,
lzl.=1;
(®) if x,11=B'x,, xoeK, then x,eK, and hence x,#0 for all n>0 and limA(x,, B)=
lim2(x,, B)=1,;
(©) A% B)S A%, 4 1,B) < Ao < A%y 1,B) < A(x,,B) for n>0;
(d) z,=|x,. " x, converges to z (with respect to || l.);
(e) lal<|Aol=IBl.<||B|. for all real eigenvalues a of B and all e'eK. Consequently,
Ao=0if and only if B is the zero operator and
4o = Min||B|, = Minq(Be, ¢)
ee K ee K
THEOREM 5: For a linear monotone completely continuous operator B on X the
Sollowing statements are equivalent:
() B is strongly monotone and there exists an order unit e such that B, <1;
(B) for each y,eK, yo#0 the iterative procedure Yn+1=By, has the property that there
exists a number k=k(y,) such that y,—y, . K.

On Homomorphisms of the General Linear Group *)

D. Z. Dijokovié

Let GL,(K) and SL, (K) be the general and special linear group respectively over
a division ring K. We denote by K* the multiplicative group of K and by C the

*) Received August 22, 1968.
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commutator subgroup of K*. Let
¢:GL,(K) - GL,,(K)

be a group homomorphism. Our main result is: If m<n then Ker¢>SL,(K). This
result can be expressed also in the following way: If m<n then there exists a group
homomorphism
Y:K*/C - GL,,(K)
such that
¢ (X)=y(detX) forall XeGL,(K).

Here, det denotes Dieudonné’s determinant which is a homomorphism from GL, (K)

onto K*/C. This generalizes a recent result of M. Kucharczewski and A. Zajtz (Annales

Polonici Math. 18 (1966), 205-225) which is a special case of our result for K= R=the

field of real numbers. They have obtained an analogous result when K= R and m=n.
Let M, (F) be the algebra of n x n matrices over a field F. We give also a very simple

proof of the following fact:

If f:M,(F)—F satisfies f(XY)=71(X) f(Y) for all X, YeM,(F) then there exists

g:F—F such that f(X)=g(detX) for all XeM,(F) and g satisfies g (ab)=g(a) g(b)
for all a, beF.

Eine Verallgemeinerung des Begriffes der homogenen Produktionsfunktion *)

WOLFGANG EICHHORN

Die Klassen der homogenen und (allgemeiner) der homothetischen Produktions-
funktionen sind aus verschiedenen Griinden fiir viele Zwecke der Produktionstheorie
zu eng. Deshalb wird die im Vergleich zur Funktionalgleichung & (1x)= 1« &(x) der
vom Grade a>0 homogenen Produktionsfunktionen ¢:R". —»R, (R, die nicht-
negativen reellen Zahlen) allgemeinere Funktionalgleichung

A>0, xeR}, x#0,
D(Ax)=¢ (,1, i) @(x) <lx| = euklidische Norm von x,
|x] o (4 x/|x)eR,
eingefiihrt und auf vom Standpunkt der Produktionstheorie interessante Losungen

hin untersucht. Es zeigt sich, daB eine Produktionsfunktion @ dann und nur dann
einer Gleichung dieser Art geniigt, wenn ¢ die Form

qo<l,l;|>=/lw(|z|) <A>0, X#0, l//(lz—l>>0>

*) Eingegangen am 5.11.1968. Einzelheiten erscheinen demnichst in: Unternehmensforschung.
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hat. Nichtsdestoweniger ist die so definierte Klasse von Produktionsfunktionen
sehr viel allgemeiner als die der homogenen Produktionsfunktionen; dies wird
anhand von Beispielen gezeigt, die die Mingel der homogenen und der homo-
thetischen Produktionsfunktionen nicht besitzen.

Universitdit Wiirzburg

Mehrproduktunternehmungen mit linearen Expansionswegen *)

WOLFGANG EICHHORN und WERNER OETTLI

Die Produktionsfunktion F ordne jedem Aufwandsvektor v (= Vektor der
Quantitéten der aufgewendeten Produktionsfaktoren) die Menge F(v) derjenigen
Produktvektoren x (= Vektoren der Quantititen der produzierten Giiter) zu, die mit
Hilfe von v produzierbar sind. F heiBt homogen vom Grade «>0, wenn fiir be-
liebiges >0 und v stets F(Av)=Aa F(v) gilt. Ein Aufwandsvektor v* wird Minimal-
kostenkombination zur Erzeugung des Produktvektors x* genannt, wenn sich bei seinem
Einsatz geringere Kosten ergeben als bei Einsatz irgendeines anderen Aufwands-
vektors v mit der Eigenschaft x* e F(v).

SATZ: Ist F homogen vom Grade a>0 und wird ein gegebener Produktvektor x*
mit Hilfe der Minimalkostenkombination v* produziert, so ist — falls die Preise der
Produktionsfaktoren vom Grade B homogene Funktionen des Aufwandsvektors v sind —
Av* Minimalkostenkombination zur Erzeugung des Produktvektors o x*. Es liegt dann
also ein linearer Expansionsweg vor.

Analoge Sitze werden fiir den Fall des Umsatzmaximums und des Gewinn-
maximums bewiesen. SchlieBlich wird gezeigt, daB homogene Produktionsfunktionen
neben linearen auch nichtlineare Expansionswege besitzen konnen, und daB anderer-
seits die Existenz linearer Expansionswege auch noch fiir diejenigen Produktions-
funktionen gesichert ist, die der Funktionalgleichung

v # 0, [v| = euklidische Norm des
F(v)=¢(Jv|)F (P> Vektors v, ¢ positivwertig, streng
1)/ { monoton wachsend, p(1)=1
geniigen.
Universitdt Wiirzburg und
IBM-Forschungslaboratorium Ziirich

*) Eingegangen am 5.11.1968. Einzelheiten erscheinen demnichst in einem Sammelband
»Operations Research-Verfahren®, herausgegeben von R. Henn, H. P. Kiinzi und H. Schubert.
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