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Inventiones math. 7, 148 — 158 (1969)

Invariant Rational Functions
and a Problem of Steenrod

RicHARD G. SwaN (Chicago)

Let k be a field and let x,, ..., x, be indeterminates. The symmetric
group S, acts on the field K=k(x,,...,x,) by permuting x,, ..., x,. If
G is any subgroup of S,, the field L=K€ of elements fixed by G may
be described as the field of G-invariant rational functions over k. If
G=S,, the field L is a pure transcendental extension of k generated by
the elementary symmetric functions. It is an old conjecture of Noether
[10] that L is a pure transcendental extension of k for any G. The most
important case is that in which k is an algebraic number field. If the
conjecture is true in this case, it follows from Hilbert’s irreducibility
theorem that any group G can be realized as a galois group over k [10, 7].
However, very few results on realizing G as a galois group have been
obtained in this way [6], since the conjecture has proved to be extremely
intractible. I will show here that there is good reason for this. The con-
jecture is false even in the simplest case of a cyclic permutation group.

Theorem 1. Let G be the cyclic group of order p acting transitively on
the indeterminates X, ..., x,. Let L be the fixed field Q(x,, ..., xp)G where
Q is the field of rationals. Then L is not a pure transcendental extension
of Q for p=417.

Other values of p for which this holds are 113 and 233. Presumably
many others could be obtained by the same method.

My original work on this was done on a completely different problem
due to Steenrod. A special case of this was reduced by Kahn to showing
that a certain ideal I is principal. After I obtained the results in § 1 below,
I found the paper of Masuda [9]. In this paper, Masuda considers the
field L of Theorem 1. After some work he arrives at exactly the same ideal
I and shows that L is a pure transcendental extension of Q provided
that I is principal. As Masuda remarks [9], it is not at all clear that the
converse of this holds. However, I was able to establish a partial converse
which led to the result stated in Theorem 1.

In §3, I will consider Steenrod’s original problem and will show
again that the answer is negative: In general, there does not exist a finite
complex which is a Moore space for Z,=Z/pZ and which admits
Aut(Z,) as a group of operators inducing the given action on Z,.

I would like to thank D.Kahn and N.E.Steenrod for showing me the problems
considered in § 1 and § 3 and the relation between them.
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§ 1. A Non-Principal Ideal

Let p be a prime and let n=Aut(Z,) be the automorphism group
of Z . The natural action of 7 on Z , makes Z, a module over the group
ring Z . Let n: Zn— Z, be the unique Z n-epimorphism with 5(1)=1.
More explicitly, = is cyclic of order p—1 with a generator T. The action
of T on Z, is given by multiplication by a primitive (p— 1)-th root of 1,
teZ,. The map 7 is then given by n(T)=¢.

Let I be the kernel of 5. The following question was raised by Kahn,
Masuda, and Steenrod: Is the ideal I principal? The answer, in general,
is negative.

Theorem 2. If p=47, I is not principal.
The same holds for p=113 and p=233.

Proof. In view of other possible applications, I will present the proof
in slightly more general terms than necessary. To begin with, I will only
assume ncAut(Z,). Let n be the order of 7 and T a generator of «.
As above Tx=t x for all xeZ, where t is a primitive n-th root of 1in Z,,.
Define n: Zn— Z, as above. Then I=ker n is clearly generated by the
elements p and T—r where reZ, r=t (mod p).

Let { be a primitive n-th root of 1. Map Z = into Q({) by sending
T’ to {'. This is a ring homomorphism whose image is Z [{]=o the ring
of integers of Q({) [3, Th.21.13]. Let J be the image of I in o. If I is
principal, J will also be principal. Clearly J=(p,{—r). Since 0=Z[{],
we see that o/J =Z, or 0. The latter case is impossible since J = o implies
that { —r is a local unit at p but N({—r)=®,(r)=®,(t)=0 mod p since t
is a primitive n-th root of 1. Therefore N (J)= p and our problem is reduced
to the following purely number theoretic result.

Theorem 3. Let o be the ring of integers of Q({) where { is a primitive
n-th root of 1. Let p be an ideal of o with N p=p. Then p is not principal
in the following cases: (p, n)=(47,23), (47,46), (113,112), and (233, 232).

There are, of course, many other cases.

Proof. Suppose p=(a). Then p=N p= 4 Ny o(®). If E is any sub-
field of Q((), then 6= Ny, () is an integral element with Ngqo(0)=
Nowe(@= tp. We apply this to quadratic imaginary subfields of
Q (). The following (presumably classical) result shows which fields are
possible.

Proposition 4. Let { be a primitive n-th root of 1. Then the quadratic
subfields of Q({) are exactly the fields Q(}/c_l) where deZ is squarefree,
d|n, d=+1, and, in addition,

(1) If n or n/2 is odd, then d=1mod 4.

(2) If 4|n but 8tn, then d is odd.

11*
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The case where n is prime may be found in [18]. In the general case
the proof is similar. The primes ramified in Q(}/E) will ramify in Q({)
and so will divide n [4]. This shows that only the fields listed can possibly
occur. In case (2), we note instead that all these fields must occur, using
case (1) and Y —1eQ((). It is now an easy exercise to compute the
number of such fields and show that it is equal to the number of quadratic
subfields of Q((), i.e. to the number of subgroups of index 2 in the galois
group U(Z,) of Q())/Q.

Now if p=47 and n=23 or 46, write p=2m+1 where m=23. By
Proposition 4, Q()/ —m)=Q({) so there would be an integral element
9=a+bi(1+)/ —m) with NO=p, i.e. 2a+b)*+mb>=4p. It is trivial
to check that this has no solutions a,beZ for p=47, m=23.

If p=113, write p=16m+1 and use Q()/ —2m)<=Q((). If p=233,
write p=8m+1 and use Q()/ —m)<=Q({).

To conclude this section we make some remarks on I and J as modules
over Z . Since I is an ideal of finite index p prime to the order n of =,
it follows from [15, Prop. 7.1] that I is a projective Z = module. There-
fore I is principal if and only if it is free. Since Zn is commutative, a
result of Serre [14] shows that I cannot even have a finitely generated
free complement if I is not principal.

Let 7 be cyclic of order n with generator T. Let #=®,(T)eZ n. Then
Zn/®=Z[{]=0. If M is a Z n-module, there are two ways to construct
an o-module from M. Let My=M/®M=Zn/(®)®;,M and M®=
{xeM|®x=0}=Homg,(Zn/(®),M). Define the polynomial ¥(x)=
(x"—1)/®,(x)and let ¥ =¥ (T). Since ¥ ®=T"—1=0, we have YMcM®
and we can define a map y: M/®M — M® by y(x)=¥ x.

Lemma 5. If P is a projective Zn-module, then y: P/®P — P? is an
isomorphism.

Proof. Since both sides preserve direct sums, and P is a direct sum-
mand of a free module, it will suffice to do the case P=Z n. This amounts
to showing that the annihilator of @ in Zx is (¥) while the annihilator
of ¥ is (®). Now ¥ (x) is monic with integral coefficients so Zn/(¥)=
Z[x]/(¥(x)) is torsion free. Since ¥(x) and &,(x) are relatively prime
over Q, the annihilator of @,(x) in Z[x]/(¥(x))=Q[x]/(¥?(x) is O.
Therefore, the annihilator of @ is (¥). The annihilator of ¥ is (@) by the
same argument.

Remark. It is clear that in this argument we can replace ®,(x) and
¥(x) by any pair of polynomials f(x) and g(x) with integral coefficients
such that f(x) g(x)=x"—1.

We now show that J considered as a Zn-module is determined by
I as a Zn-module. By definition, J is the image of I under the map
Z 7 — Q({). This gives an epimorphism I — J.
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Lemma 6. The kernel of thismap 1 — J is ® 1. Therefore J x [~ I®~ V1.

Proof. Clearly @I is contained in the kernel. Since I is projective,
I,~I®c] so I, is torsion free. Now Q®I=Qr, Q®o0=0Q(), and
Q®I,=(Qm),. Therefore, tensoring the map I,—J with Q gives
(Qn)p— Q({), an isomorphism. Therefore, ker[I,—> J] is torsion, but
I, is torsion free.

§ 2. Invariant Rational Functions

We first consider a method for defining certain invariants for a field
with a group of operators. Let K be a field and = a finite group of auto-
morphisms of K. Let k be a subfield of K which is stable under 7. We do
not assume that n acts trivially on k. We assume that K has a subring R
satisfying the following conditions.

(1) R is stable under w, kc R, R is a finitely generated k-algebra, and
K is the quotient field of R.

(2) R is a unique factorization domain and U(R)/U (k) is a finitely
generated abelian group.

Here U(R) denotes the group of units of R.

Note that by [12; 7, Ch. IL, § 4], the second condition of (2) will hold
if k is algebraically closed in K.

By (2), U(R)/U (k) is a finitely generated Zn-module. The invariants
will be defined in terms of this module. We begin by investigating its
uniqueness.

Definition. A permutation module over Zx is a Zzn-module which
is free as an abelian group and has a base permuted by 7.

Therefore a permutation module is just a direct sum of modules
Zn/n’ where n/n’ denotes the left coset space of the subgroup ='.

Lemma 7. Let R<K satisfy (1). Let acR™ be a non-zero element of R
fixed under n. Then R[a~"] also satisfies (1). If in addition R satisfies (2)
then R[a~!] satisfies (2) and there is an exact sequence

0-UR)—>UR[a"'])—>S—0
where S is a finitely generated permutation module over Z .
Consequently, there is an exact sequence
(3) 0— U(R)/U(k)— UR[a"'])/U(k)— S — 0.

Proof. It is immediate that R[a~'] satisfies (1). If R is a UFD, so is
R[a~'] by [13]. The finite generation of U(R[a~'])/U (k) will follow
from the exact sequence (3). Since R isa UFD, we can write a=up!!,...,p}"
where u is a unit, p,, ..., p, are non-associated prime elements of R and
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v,>0. If gen, a=a(a)=0(u)o(p,)"... 6(p,)’. By unique factorization,
the o (p;) must be the same as the p; up to units and a permutation. There-
fore, the ideals (p;) are permuted by 7.

Let S be the permutation module with a base e,, ..., e, in one to one
correspondence with (p,), ..., (p,). Let = permute ey, ..., e, in the same
way as (p,), ..., (p,). Define U(R[a~'])— S by sending xeU(R[a~']) to
Y ord, (x)e;. ThlS is clearly a Zzn-map. If m,,...,m, and n are positive
1ntegers then a~"pp ... pi is an element of U (R [a"]) Its image in S
is Y. (m;—nv,)e,. Since all v;>0 any element of S can be obtained in this
way. Thus the map is onto. The kernel consists of elements y=a~" xe

U(R[a™']), xeR, with ord,(a~"x)=0 for all p,a. Since ord, a"=
ord,, x for all p,|a it follows by unique factorization that a”|x, so yeR
Also y~! lies in the kernel so y~'€R by the same argument. Therefore

the kernel of U(R[a"'])— S is U(R).

Lemma 8. Let R, R'c K satisfy (1). Then there are elements ae R”,
aeR'™withR[a~']=R'[a ~'].

Proof. Let a, ..., a, generate R’ as a k-algebra. Since K is the quotient
field of R we can write a;=x;/c; with x;,c;eR. Let c=c,... ¢, and let
b=1I1 o(c) taken over all sen. Then beR" and a;eR[b~']. Therefore
R'cR[b~']. If aeR[b~']", then a=d/b" for some deR"™ and R[b~']-
[a~']=R[(bd)~']. Therefore it will suffice to prove the lemma for
R[b~'] and R'. In other words, we can assume R'< R. By the argument
just given, we can find aeR’ such that ReR'[a~']. Now aeR' <R so
R'[a~']<R[a"1']. But the inclusion Rc R'[a~!] shows that R[a"']<
R'[a ']soR[a"']=R'[a"']

It is now easy to define an invariant for the pair of fields k< K with
the given m-action. Let G,(Zn) be the Grothendieck group of finitely
generated Z-modules, i.e., the group denoted G(Z n) in [15] and [17].
Let X = G,(Z m) be the subgroup generated by all [S] where S runs over
all finitely generated permutation modules over Zr. If there is a ring
R =K satisfying (1) and (2), it follows immediately from Lemmas 7 and 8
that the class [U(R)/U(k)]eGy(Z ) is well-defined modulo X. This
gives us a well-defined invariant in G,(Z n)/X.

Remark. The requirement that R be a UFD is rather artificial. It
would be more natural to require only that R be integrally closed. In
this case we must also take account of the divisor class group C(R) [13].
We require this to be finitely generated. The argument of Lemma 7 then
leads to an exact sequence

0—»UR)—-UR[a'])—S—> C(R)— C(R[a"'])—0

where S is the permutation module corresponding to the permutation
representation of 7 on the set of prime ideals of rank 1 in R which contain
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a(cf. [12; 7, Ch. 11, § 4]). It follows that [U(R)/U (k)]—[C(R)]€G,(Zn)
is well-defined mod X. However, the case where Risa UFD,i.e., C(R)=0,
will suffice for our purposes.

I will actually use a slightly different invariant in proving Theorem 1.
This will be defined in the case where = is cyclic. Suppose = is cyclic of
order n with a generator T. Let { be a primitive n-th root of 1. Asin §1,
map Zn into Q({) by sending T to {. The image is Z[{] =0, the ring of
integers of Q({). Define #=9,(T), My and M® as in §1 so that M?® is
an o-module, M®=Hom,_ (0, M).

Lemma 9. If S is a permutation module over Z then S® is a free o-mo-

dule. If 0 Ao BoS—0

is an exact sequence of Zm-modules where S is a permutation module,
then 0— A® — B® — §® — 0 is an exact sequence.

Thus B®x A®°@® S?® as an o-module.

Proof. Since S is torsion-free, so is S?<S. Since S is a permutation
module, it is a direct sum of modules of the form Z n/n’ where n’ runs
over various subgroups of n. If n'+1, Zn/n’=Z[T](T?—1) where
d=[n:n"]. Therefore L=Zn/r’' is annihilated by T?—1 so I? is anni-
hilated by (?—1, the image of T—1 in o. Since d<n, {4—1%0 so I?
is a torsion module over o and thus also over Z. Since it is torsion free,
I[?=0. Now let S’ be the sum of all the summands Zn/n’ of S with 7' 1
and let S” be the sum of the remaining ones. Then S=S8"@®S" and §” is
Z n-free. The argument just given shows that §'®=0. By Lemma 5,
S"®=S4=0®,,S". This is clearly a free o-module.

Suppose now we have an exact sequence
0—>A—>B—1>5-0.

Using the notation just introduced, define C=;~!(S’). Then we have
the exact sequences

4) 0-A—-C—-S —0,
(5) 0->C—->B—-8"—0.
Since A®=Homy,, (o0, A) is a left exact functor in A, the sequence (4)
gives
0-A4° > C® 52

Since we have just seen that S'®=0, it follows that A® — C?® is an iso-
morphism. Now S” is free so the sequence (5) splits. Therefore

0>C*->B?->S%°-0

is exact. Combining this with A% = C® gives the required result.



154 R. G. Swan:

Returning now to our fields k = K, we assume that = is cyclic and that
there is a ring R<K satisfying (1) and (2). Consider the o-module
(UR)/U(K))®. It follows from Lemmas 7, 8, and 9 that this module is
determined up to a free summand by the fields kK and the given
n-action. This gives us a number of invariants. The torsion submodule
is a well-defined invariant. Since o is a Dedekind ring, such modules are
classified by a chain of non-zero ideals in o [3, 5]. The ideal class of the
torsion free part is also an invariant. For our purposes it will suffice to
note that G,(0)=K,(0)=Z ® C(o) where the summand Z is the sub-
group of G, (o) generated by the classes of free modules and C(o) is the
class group of o [11, Th.6.19]. Consider the class [(U(R)/U(k))®]=
(n, )eZ @ C(o). Adding or deleting free summands will only change the
component n. Therefore o€ C(o) is an invariant of k< K with the given
n-action. We write a=a(k, K, ).

We now turn to the problem of invariant rational functions and begin
by recalling the results of Masuda [9]. Let F be a field and let { be a
primitive p-th root of 1. We assume that [F({):F]=p—1. This is
certainly satisfied for F=Q. Let x;, ..., x, be indeterminates. Let G
be a cyclic group of order p permuting X, ..., x, cyclically. Let K=
F(x,, ..., x,). Then G acts on K. Let L be the subfield of G-fixed elements
of K. The problem is to determine whether L is a pure transcendental
extension of F. Masuda proceeds as follows. Let F=F((). Then F and
K are linearly disjoint over F. Form the composite ﬁelds K=FK=
F(x,...,x,) and L=FLcK. Then G acts on K and KS=L. Let

p
yi= ZCUXJ fOI‘ i=0,1a--"p—1'
j=1

This transformation has a Vandermonde matrix. Therefore K=
F(yos---» ¥,_1)- Now let n be the ga101s group of F/F. Thus = is cyclic
of order p— 1. By linear dlSjomtness, is also the galois group of K/K
and L/L. Clearly, = fixes y, and it is easy to see that = permutes y;, ..., y,
freely. Let M be the subgroup of U(K) generated by V1> -++» Yp_1- Then
M is a free Zn-module on y,. Let M=M ~ L. This is a Zzn-submodule
of M. Masuda shows that if M is Z n-free, then L is purely transcendental
over F[8]. He also shows that M ~ I, the ideal considered in § 1. This is
done as follows. Let o be the generator of G. Then o (y;)={'y;. Therefore

Tiy,eM and yPeM. These elements generate a submodule of M of
mdex p which must be M. The only other possibility would be M = M.
This would imply Mc L so K=F(M)cL, a contradiction. Let T be a
generator of n. Then T({)={* where ¢t is a primitive (p—1)-th root of
1 mod p. Therefore T(y)=y,;. If we identify the free module M with
Zn by letting y, correspond to 1, the elements y; " y; and y? will cor-
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respond to T*—t" and p respectively. Therefore M corresponds to the
ideal I generated by p and T—t, i.e., the ideal I of § 1.

We will also need the fact that L=F "(M, y,). Masuda proves this by
observing that KoLoF (M, y,) while K=F(M,y,)=F(M,y,)(y,) has
degree <p=[K:L] over F(M, y,).

_To obtain the converse of Masuda’s results we use the invariants
«(F, L, m) defined above. For the ring R we use the subring R=F[M, y,]
generated over F by y, and the elements of M. Now M is free abelian
of rank p—1. Let m,,...,m,_, be a base for M. Then

—_F -1 -1
R=F[yo,m,m: ", ....m,_,,m; "]

Since L=F(y,,m,,...,m,_,) has transcendence degree p over F, the
elements y,,m, ... mp , must be algebraically mdependent over F.
It follows that R is a UFD and that U(R)/U(F) is free abelian on
Mmy,...,m, 4, ie€, U(R)/U(F) M. The conditions (1), (2) are obviously
satisfied. Therefore a(F, L, 1)=[M®]=[I*]=[J]e C(o) by Lemma 6.
Suppose now that L is a pure transcendental extension of F. Let
L=F(z, .:,zp)_where zl, .ee» Z, Are algebraically independent over F.
Then L=FL=F(z,,...,2,). Let R'=F[z,...,z »)- Since the z; are fixed
under 7, R’ is stable gnder n. Conditions (1) and (2) are satisﬁed SO
a(F, L, m)=[(U(R')/U(F))®] but U(R")/U(F)=1. Therefore our assump-
tion implies that [J]=0 in C(o). This is false for p=47 by Theorem 3.
Thus we have proved the following result which includes Theorem 1.

Theorem 10. Let F be a field such that [F({):Fl=p—1 where { is a
primitive (p—1)-th root of 1. Let x,, ..., x, be indeterminates and let G
be a cyclic group of order p permuting x,, ..., x, transitively. Let L be the
fixed field F(x,, ..., xp)G. Then L is not a pure transcendental extension
of Fif p=41.

Other possible values are p=113 and p=233.

§ 3. Steenrod’s Problem

The following problem was proposed by Steenrod in 1960: Let A be
a finitely generated abelian group and = a finite group of automorphisms
of A. Let n be a positive integer. Is there a finite complex K with H,(K)=0
for i+ n, H,(K)= A such that w acts on K, preserving the cellular structure,
and induces the given action on A=H,(K)?

The simplest non-trivial case is the one in which A=Z,. It will
clearly suffice to look at the case m=Aut(Z,) the full automorphism
group of Z,,. In this case Kahn observed that it would be sufficient for
the ideal I of §1 to be free. His argument runs as follows. Let L be a
bouquet of n-spheres permuted freely by n. Then H,(L)=Zn. Let xeZn
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be a generator of I. Represent « by amap f: " — L and attach (n+ 1)-cells
to L by the maps ¢ f, cen. Let n permute these (n+ 1)-cells freely in the
obvious way. The resulting complex will be the required K. This argu-
ment obviously generalizes to show that K exists provided that there is

an exact sequence
e 0>F >FoAd—0

with F and F’ finitely generated free Zn-modules. If A has finite pro-
jective dimension over Zn, there will be a sequence

0—-P—->F—->A4A-0

with P projective [11, Th. 4.12]. We use here the finiteness of n. By a
well-known remark of Eilenberg [16, p. 276] [1], if F’ is a sufficiently
big free module, P ® F’ will be free. Applying Kahn’s method to the

resolution 0HPOF >FOF A0

shows that we can find an infinite complex K with the required properties
provided that 4 has finite projective dimension over Z.

I will now show that in general it is not possible to find a finite complex
K with the above properties, even in the case A=Z,. It is not necessary
to use the full automorphism group for this.

Theorem 11. Let p=47 and let n < Aut(Z,) have order 23. Then there
is no finite complex K with H,(K)=0 for l#n H,(K)=Z, which admits
7 as a group of operators, preserving the cellular structure, and inducing
the given action on Z,= H,(K).

Proof. Assume such a complex K exists. Let C be its augmented
chain complex. Then each C; is a Zzn-module. As an abelian group, C;
is free and has a base permuted up to sign by =, i.e., the base consisting
of the i-cells of K. I will refer to such a Z z-module as a signed permutation
module. Theorem 11 is now a consequence of the following algebraic
result.

Theorem 12. Let p=47 and let n< Aut(Z,) have order 23. Then there
is no finite dimensional chain complex C over Zn such that each C; is a
finitely generated signed permutation module, H,(C)=0 for i%n, and
H,(C)=1Z, with the given action of m.

Proof. Assume there is such a complex. Consider the Grothendieck
group G, (Zmn) of all finitely generated Zn-modules (denoted G(Zn) in
[15] and [17]). If C is a finite dimensional chain complex of finitely
generated Zn-modules, the usual Euler characteristic argument shows
that Y (= 1)'[C.]1=).(—1)'[H;(C)] in Go(Z ). We merely consider the
sequences 0—»Z;,— C;—» B;_;—0 and 0— B,— Z,— H;— 0. There-
fore [Z,] lies in the subgroup of G,(Zn) generated by the classes of
signed permutation modules.
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Let T be a generator of n. Let S be a signed permutation module and
let e be one of the basis elements specified by the definition of such a
module. Since = is cyclic of prime order, the orbit of {+ e} under =« is
either {+e} or {t+e,,..., te,} where e=ej, e,,..., e, are distinct basis
elements. If it is { + e}, we have Te= +e. Since T has odd order, we must
have Te=e. In the other case, the T'e, 0<i<p must be independent.
This shows that any signed permutation module over Zn for = cyclic
of odd prime order must be a direct sum of copies of Zn and Z. We
conclude that [Z,] lies in the subgroup of G,(Zn) generated by [Z ]
and [Z]. Since [Z,]=[Z n]—[I] where I is as in § 1, we conclude that
[I] lies in this subgroup.

Now Q n=Q x Q({) where { is a primitive 23-rd root of 1. This has
the unique maximal order A=Z x 0. In [17, § 13], I showed that

Go(Zm)=Go(A)=Go(Z)x Gy (0)=ZD Z D C,(0),

where C, (o) is the class group of o, and the two factors Z are generated
by the elements [Z] and [o] respectively. The map Gy(A)— G4(Z ) is
given by sending each [M] into [M] where M is regarded as a Z n-
module. The exact sequence 0 — Z — Z n — 0 — 0 shows that in G,(Z n),
[0]1=[Z n]—[Z]. Therefore the subgroup of G,(Z 7) generated by [Z]
and [Z =] corresponds under the above isomorphism to the summand
Z.DZ of Gy(A).

We must now determine the image of [I] in G,(A). Since I is torsion
free we can apply the map given in [17, § 13] and conclude that the
image of [I]in G, (0o)is [¥,(T)I]=[J] by Lemma 6. Now [J] —[0]e C,(0)
is the class of the ideal J. This is non-zero by Theorem 3. Therefore [J]
does not lie in the summand Z of G,(0)=Z@® C,(0). This gives the
required contradiction.

Remark. This argument can obviously be extended to give other
examples. If we consider subgroups 7 not of prime order, several addi-
tional difficulties appear. The results of [17, § 13] no longer apply.
Instead we define directly a map from G,(Z n) to G,(o) by sending [M}
to [M®] as in § 1. This is not well defined since M — M? is not exact.
However, M®=Hom,_, (0, M) so 0 > M'—M — M" — 0 leads to

0—M'®— M®—M"®— Extl_(o, M').

Since o is Z-free, Ext} (0, M')=H"(n, Hom(o, M")) by [2, Ch. XV, §7
(6)]. This is annihilated by n by [2, Ch. XII, Prop. 2.5]. Therefore if we
let W< C, (o) be the subgroup generated by the classes of ideals dividing
n, we get a well-defined map Gy (Z n)— G,(0)/W and thus a map J:
Go(Z )— C,(0)/W. Using Lemma 5 and the remark following it, it is
easy to show that S® is o-free if S is a signed permutation module. There-
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fore the existence of a complex as in Theorem 12 implies that 6 [1]=0
or that [J]e W. Therefore there is an ideal aco composed of primes
dividing n with aJ principal. If E is a subfield of Q({), we conclude that
there is an integral element 6 of E with NO= +mp where all primes
dividing m also divide n. If E is quadratic and all primes dividing n are
ramified or inertial in E, we can easily reduce to the case where m is
squarefree. This gives a finite number of possibilities. My original version
of Theorem 11 used this method for p=233, n=Aut(Z,). I then noticed
that the proof could be simplified by restricting to the subgroup of order
29 of Aut(Z,).

Finally, it should be noted that Steenrod’s problem remains open if
the finiteness condition on K is omitted.
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