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Inventiones math. 9, 1 — 14 (1969)

On the Functional Equation
of Certain Dirichlet Series

Ko Dor* and HipEHISA NAGANUMA** (Princeton)

Introduction

In a previous paper [1], we have indicated a possibility to find some
relations between the zeta functions associated to distinct quaternion
algebras over distinct basic fields, which are analogous to the “decom-
position theorem” in the case of L-functions of algebraic number fields.
The purpose of the present note is to give an analytical support, which
was suggested by G. Shimura, of the problem in the simplest case (a real
quadratic extension over the rational number field). To state it, let us
repeat here the problem more specifically’.

Let ¢(s)= ). a,n~* bea Dirichlet series of Hecke type associated to a
n=1

cusp form of weight k with respect to a unit group I" of an order in an

indefinite quaternion algebra A (which may or may not be a division

algebra) over @Q. We assume that ¢(s) has a “usual” Euler product and

satisfies a functional equation. Let F=@ (1/13) be a real quadratic number

field and let x be a class character with respect to F/Q. Put (s, y)=

Y. x(n) @, n=*. Now the problem is to find a quaternion algebra B over F
n=1
such that ¢(s)- (s, y) is one of the Dirichlet series associated to the
cusp forms of weight k with respect to a unit group of an order in B.
Although the present investigation deals with only the case of a
quadratic extension over @, it is of course possible to generalize our
problem to the case of a higher field extension with a more general
basic field 2.
Now, by Shimizu [8, Theorem 4.3], any zeta function (with the
identity representation) associated to an order (of square-free level)

* Research supported in part by National Science Foundation grant NSF GP-7952X.

** Research supported in part by Army Research Office — Durham grant ARO-
D-31-124-G 892.

! In [1], the problem has been raised from the point of view of algebraic geometry
and we restricted ourselves to the case of cusp form of weight 2. However, it is naturally
extended to the case of an arbitrary weight.

2 According to a communication from R. P. Langlands, he has formulated our theorem
in the case of quadratic extension of an arbitrary A-field (in Weil’s sense) in the adele
language.

I Inventiones math., Vol.9



2 K. Doi and H. Naganuma:

in B comes from an order in a quaternion algebra of discriminant (1)
over F. Then, in our problem, it will be natural to take B=M, (F) and
the Hilbert modular group over F as its unit group. On the other hand,
by means of the properties of Euler product of ¢(s) and ¢(s, x), @(s) -
@ (s, x) can be expressed in the following form with suitable coefficients C,
which are defined for every integral ideal a in F (see text 1.1):

o) -o(s,x)=), C,-Na~,

where a ranges over all integral ideals in F. Moreover, for a Grossen-
character ¢ of F, we can define a Dirichlet series D (s, ¢, y, £) by

D(s,0,x, &)=Y ¢(a)- C,-Na~".

Now one can certainly generalize the result of Weil [11] to the case of
the Hilbert modular group over F. Therefore, if one proves a functional
equation for D(s, ¢, x, &) for an arbitrary Grossen-character & of F, one
can possibly show that our @(s)- (s, x)(=D(s, ¢, x, 1)) is a Dirichlet
series associated to certain Hilbert modular form. In the present paper, we
restrict ourselves to the case where the conductor of ¢ is one. Under
this restriction 3, we can prove a functional equation for D(s, ¢, 3, &),
taking A=M,(Q), '=SL,(Z) (see text §1 Theorem). This can be done
by expressing D(s, ¢, ¥, £) as a convolution of ¢(s) and L-function of F
and making use of a method of Rankin (see text § 2). Further, by means
of the “Mellin transform”, our theorem shows that the corresponding
function to @(s)- @(s,x) admits a transformation formula of Hilbert
modular type (see text § 3).

We would like to add here one remark. In view of the theory of
quaternion algebras in Eichler [2] and [3], it may be possible to formulate
our problem in an algebraic way. The problem is to find the relations
between the zeta functions associated to distinct definite quaternion
algebras over distinct basic fields, or equivalently, the relations between
the “Anzahlmatrizen” (= Brandt matrices) over distinct basic fields.

Notation. As usual, Z, @, R and € denote respectively the ring of
rational integers, the rational number field, the real number field, and the
complex number field. For a subring X(31) of IR, we denote by M, (X)
the ring of 2 x 2 matrices with entries in X and SL,(X) the group of
elements of M, (X) whose determinant is equal to 1. For every element
aeC, we denote by & the complex conjugation of a.

3 It may be possible to apply our proof to the case of an arbitrary Grossen-character;
however, we could not make clear this point in the present paper.
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1. Statement of the Result
1.1. We let § denote the upper half complex plane:

9= {reC|Im(r)>0}.

Let f(z) be a cusp form on § with respect to I'=SL,(Z) of weight k:

f@)= 3 a,e*™™. Let ¢(s)= Y a,n™* be the corresponding Dirichlet
n=1 n=1

series. Then ¢(s) converges absolutely for Re(s)>o with a suitable

constant ¢>0 and ¢(s) can be continued holomorphically to the whole

s-plane. Now we assume that ¢(s) can be expressed in the form of an

Euler product

¢()=[[(1—a, p=>+p*-1-29"
p

and the following functional equation holds:
@*()=(=D)" p*(k—s)  with ¢*(s)=T(s)2m)"* 9 (s).

Let F =Q(1/5) be a real quadratic number field with the discriminant D.
We assume that the class number of F is one. We denote by “’” the
conjugation of F/Q. Let x be a class character with respect to F. Put

@ (s, x)= Y x(n) a, n~*. Define the sequence of numbers {C,}, for integral
ideals a i'rl1=}<‘ , in the following manner: For prime ideals p in F, we put
C,=C,=a, if p-p'=(p) (not necessarily p =+ p’),
Co=ap=2p*1 if p=(p),
and define
Co=Cye=C,-Cpe-i —Np*' C,.-2 if a=p°,
Cu=]:[ Cpf,. if a=]_i]p§".
Then we have, for a constant ¢ >0,

?) (s, 0)=) C,Na™®, Res>a,

by means of the relations of Hecke operators. Moreover, let Em(meZ) be

mmnt

a Grossen-character of F which is defined by ¢&,,(a)=|a/o’|®%, for every
ideal a=(x) in F, where &, is the fundamental unit in F, &, > 1. Put

D(Sa @, X ém)=z ém(d) ' Cu ‘Na™,
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and
D*(s, @, %, &) =)~ ** I'(s+imk) [(s—imK) D(s, @, %, &),

where k =n/log g, .

1.2. Theorem. In the above situation, D(s, @, x, £,,) converges absolutely
Jfor Re(s)> o, with a suitable constant 6, >0; D(s, @, x, &) can be continued
holomorphically to the whole s-plane; D(s, ¢, %, £,,) can be expressed in the
Jorm of an Euler product

(121) D(5,0, 2 Em=TT(1—En(P) C, N p~*+ &, (p)* Np*-1-25) 1

and the foliowing functional equation holds:
(12'2) D*(S,(P,X, ém)sz—zs'D*(k—'S’ @5 x> fm)‘

1.3. Here we remark that the I'-factor and the constant factor (except
for a minor difference) of the above functional equation coincide with
those of zeta function associated to B=M,(F) and its unit group of a
maximal order, which is given by Shimura [9, Theorem 1].

2. Proof of Theorem

2.1. The notation being as in § 1. We note that, from the definition of
C,, |C,]<c¢; Na® for every a with suitable positive constants ¢, c,.
Therefore D (s, ¢, x, &,,) converges absolutely for Re(s)> ¢, with a suitable
constant ¢; > 0. Then, again by the definition of C,, one can easily check
(1.2.1).

2.2. Now we shall give the lemma which is essential to prove (1.2.2).
To state it, let us introduce the following notation. For a Grossen-
character £ of F, let us denote by g the restriction of ¢ to Q. For the
L-function Lg(s, &) of F, we put

Le(s, =Y E@Na—*= it,,n"

with z,= Y &(a). Also put

Na=n

{(s, x ég)= ix(n) Com)n=.

2.3. Lemma. Let {C,} be as in 1.1 and ¢ be an arbitrary Grossen-
character of F. Put D(s, ¢, %, &)=Y &(a)- C,- N a™*. Then we have

@3 Deptd=lRsH-kxE): St

Jor Re s> o, with a suitable constant ,>0.
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Proof. First, it can be easily seen that there exists a positive constant o,
such that the both sides of (2.3.1) are absolutely convergent for Re )>o0,.
Thus, by the same reason as mentioned in 2.1, D(s, ¢, 1, &) has an Euler
product

D(51 P, Xs f)=n(1—f(p) Cp Np_s-}-é(p)szk—l—Zs)_l

for Re (s)>o,. Moreover, we note that, by the assumption of ¢(s) and the

[ee) 0
definition of t,, ) a,t,n™* is equal to [] ( Y ap ity p“”‘), where p
n=1 p ‘\v=0
ranges over all prime numbers. Let p be a prime number. Then we have

to prove
( Sty tpvp‘”) [T(1=¢(p) C, Np=*+&(p)> Npk-1-29)
232) =0 olp
=1 _X(P) CQ(P) pk—l—zs_

In fact, we can check it separately, the cases where (p)=pp’ (not neces-
sarily p #p’) and (p)=p, making essential use of a formula

(*) ap-apv=apv+1+p"_1 Apv-1

which is well-known in the theory of Hecke operators. The case where
(p)=p is much simpler. Put U =&q(p) p~ 2. Since t,»=0 (if v is odd) or
=¢o(p*?) (if v is even), the left-hand side of (2.3.2) becomes

( i Apav U”) [1—(az=2p*") U+p**-D y?]
v=0
(233) =1+[ap2_(a’2,___2pk—l)] U

o
+ Z [apzv—(af,—Zp"")apz(v_n+p2 apz(v—z)] U.
v=2

Here, by (), the coefficient of U on the right-hand side of (2.3.3) is equal
to p*~*, and the other coefficients for higher term of U® (v=2) are all
zero. This settles (2.3.2) in this case. By the same way, we can verify the
remaining case with more lengthy computation. Therefore it may be
omitted.

2.4. From 2.3, our task is reduced to prove a functional equation for

{@2s+1—k,y) ( Y ant, n“) , since the restriction of ¢, to @ is the iden-
n=1
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tity. To do it, we make use of a method of Rankin [7]. (Roughly speaking,

a0
one can express Y. a,t,n”* as a convolution of two automorphic forms
n=1

corresponding to ¢(s) and L(s, £,); furthermore, a functional equation
for the convolution product can be derived from that of certain Eisen-
stein series.) For this purpose, here we consider a real analytic automor-
phic function g(t, £,) attached to the L-functions of F, referring to Maass
[6] for details. Hereafter, we let 7=x+iy denote a variable of the upper
half complex plane $. Let o be the ring of integers in F =Q(1/B)
and let E (resp. E_) be the group of all (resp. all totally positive) units
in o. Put

24.1) g &= Y &n(w)y? KinmeR7|N | y) e2miNnx

ueo/E +
n+0

with &, =|u/uw'|"™* and a Bessel function K;,,,( ) which is defined in [6].
In the following we write simply g(z) for g(z, £,). Then, in view of Maass
[6, Satz 1 and its application p. 145, p. 146], we know that g(t) has the
following properties:

(242) For e, g(1) is real analytic with respect to x and y and g(t)=
O(y") (resp. =0(y~")) uniformly in x, as y— oo (resp. as y—0) with
suitable positive constants 1, 1,.

b
24.3) g ( j:d) =1(d)g(),

for any (j Z) eI}',(D)={(: Z) eSL,(Z)|c=0(mod D)}.

(24.4) g (%) =g(1).

In fact, (2.4.3) can be obtained by applying the same argument of the
proof of Hecke [5, Satz7, p.447] to [6, (101), p.160] and also (2.4.4)
is a direct consequence of [6, (28), p.146]. (Remark. By considering
the functional equations for L-functions of F, one may also derive these
properties at once from extending the method of Weil [11] to the real
analytic case. It will be an exercise.)

2.5. Lemma. The notation being as above. Let f(t) be a cusp form of

weight k with respect to SL,(Z), which is associated to ¢(s)= ) a,n"*;

n=1
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o0

f(©)=} a, ™" Then we have

n=1

[STER

SO
[ f(®)g(x) y*~*dxdy
(2.5.1) -1

I's+imk)[(s—imKk) 2
=yn@n)"* a,t,n"*
Ve s+ &
Jor Re(s)> a5 with a suitable positive constant o;.

Proof. We have
2 o 0
j.f(‘t)g(‘[) dx: Z a tn e—~2nny y-% K.'mx(2”"J’),
-3 n=1

where t=x+iy, y>0. Here we know, by [4, 7.7.3 (26), p. 50],

F'(u+v) Mu—v)

4 xtV K (@x)dx=1n(2a)*
¢ @) de=yna =

Ou—,s

for Re(u+v)>0, a>0. Therefore

I(s+imk) I(s—imK) =
Yrm—s L6 i Santyn

a, tnj'e—Znnyys—l Kimx(znny)dy

n=1 0

© 4+ o
Iy [f@gkdxdy.
0 -4

By (2.4.2), the inversion of the order of integration is justified for Re(s) > O3
with a suitable positive constant o, (cf. Rankin [7, p. 360 (4.9.3)]).

2.6. Let D, p, be a fundamental domain for I5(D) and o5 being as
in 2.5. Then by the same argument of Rankin [7] and by (2.4.3), we have

o %
I [f@g@)y—*dxdy
0 -4

— ® ct+d)f
26.1) = [y 0@ Y 3 x@ Y ey
2r (D) ¢c=0 d=-—-o |CT+d|
o c=0(D)
(cD,d)=1
(Res>oa3),

where ¢ (resp. d) ranges over non-negative (resp. all) integers. We note
that the right-hand side of (2.6.1) does not depend on the choice of
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Dry) for Iy (D). Now combining (2.3.1), (2.5.1) and (2.6.1), our next task
is to prove the functional equation for the right-hand side of (2.6.1)
multiplying a suitable I'-factor and {(2s+ 1 —k, ). Here we note

(ct+d) (ct+d)

1— A A e S
MesH=kD Y% A0 e =E
c= O(D) c= O(D)
(cD,d)=1

where the prime on the summation symbol means to omit the term (0, 0).
Now we put for a positive integer [

(ct+d)
Gl(s T, X, l)_ ; X(d) Ic +d'23+1’
c=0(D)
(ct+a)

G b ’ = ’ 7?
2(551'- 4 l) ;X(C) |CT+dIZS+'

moreover

A(s, 7, 3, )= (%) r (s%) Gtz (i=12).

Then these functions are holomorphically continued to the whole
s-plane and the following functional equation holds.

(26.2) As, T, 0 D=D*"2 A, —s,1, 1, ]).

In fact, following the notation of Siegel [10, p. 71], our A, A, can be

expressed in the form
( )’ ‘c’ )

)
Ay (8,7, % I)=D‘*I:g:x(v)(p <s, (g) , (g) )T, l>

and it is known

OG0

From this, (2.6.2) follows immediately.

D-—-1 0
A6, 06D)=D"*3 (e (s, (0
v=0

<

—
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on 1 induces

-1
2.7. From (2.6.2), the transformation 1 —» w (D) 1= Dt

naturally the transformation s—»1—s on s. For this reason, now let us
start over with f(z) replaced by f;(1):

fi@)=f(@)+D"* f(D1).

Then, f;(t) has the following property: For every (‘cl Z) ely (D),

b
i (i) =er+at A,
@27.1)

5 (3) =0 e

Replacing f(t) by f;(z) in (2.5.1) and (2.6.1), we get

(14 D*2=%) D*(s, @, X, Em)
2.7.2) =(1+D"2-5)2n)~ = [(s+imk) ['(s—imx) D(s, @, x, Em)
=2-'[E:E, 1" n ¥ ([ Y272 fi(1)g(D)

Pryo)

: Al(s"_k/2+%a T, X k) dx dy’
since ¢ (s) is replaced by (14 D¥2~%) ¢(s).

0 -1
Let I'*(D) be the group generated by I(D) and ( D 0) and Zrp)

be a fundamental domain of I'* (D) on $. Then 2y, p, is decomposed into
disjoint union

(27.3) @ro(p)=@rt(p)uw(D)_l @I"(D)‘

Decompose the integral of (2.7.2) by (2.7.3). Then by (2.7.1) and
(2.4.4), we have

(1+D"2=*) D*(s, ¢, X, &m)

=2-'[E:E, 17 M2 (] 272 fi(0)g(D)
27.4) Pr*p)
: [Al(s_k/2+%> T, X k)

+Dk/2-—3—é‘ . A2 (S—k/2 +'%, T, Xs k)] dx dy'
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Here, put A(s, 7, x) = A;(s— k/2+4, 7, g, k) + D¥?—5—% A, (s— k/2+3, 7, 1, k).
Then by (2.6.2), we get

(2.7.5) A(s, 7, x)=D>*235 A(k—s, 1, 3).

Therefore we have

(14+D¥2=5) D*(s, , x, &,)
=2"[E:E, ] 'n-k? I Y2 fi(x)g(0) As, 1, y) dx dy

2r«(D)
=27'[E:E, ] ' n~¥2 p32-3s (f W22 fi(1)g(v) A(k—s, 1, x)dx dy
@r*(u)

= D32-35(1 + D¥2- k=9 D*(k — 3, ®s %> Em)-

Thus, we have D*(s, ¢, x, &,)=D*=25D*(k—s, ¢, x, £,). This completes
the proof of our theorem.

3. Mellin Transform

3.1. Throughout this section, we deal with, in general, a totally real
algebraic number field F of degree n. For every element pe F, we denote
by 4 the conjugate element of p for v=1, ...,n. Let o be the ring of
integers in F and E be the group of all units of o. For every subset S of F,
we denote by S, the set of all totally positive elements in S. Denote
by R , the group of all positive elements in IR. Then E + can be considered
as a subset of R", (the product of n copies of IR . ) by the identification of
F ®qR with R". Now, by the unit theorem, we fix an isomorphism ¢
of Z"~* (the product of n—1 copies of Z) onto E . Then ¢ can be extended
toanisomorphism of R"~! into R", , and we put for r=(ry, ..., 7,_,)eRR"".,

n-1
Cvara

z
(3.1.1) E@)=e="",  (v=1,...,n),
where (¢(r)), denotes the v-th component of ¢(r). Here we note that
(3.1.2) Y ¢,,=0, A=1,...,n—1).
v=1

For xeR’,, m=(m,,...,m,_;)eZ""!, we define a Grdssen-character
¢m(x) by

(3.13) Eulx)= [T e
v=1

with ) ¢, o,(m)=2mim; (A=1,...,n—1)and ¥ a,(m)=0.

v=1 v=1
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3.2. Here we consider the Mellin transform of

n

[T (s 40, (m)) 2, +ovimD

v=1

3.2.1 P V.
321 = [ [ R T st dx, L dx,,
0 0

v=1

which we need in the next 3.3. Instead of the variables x, (v=1, ..., n) we
introduce the variables u, y, (=1, ..., n—1) by the relation

n-1
Z cvaya
X, =uer=! .

Then, by (3.1.2) and (3.1.3), the right-hand side of (3.2.1) is equal to
A | & (u)u™~" du, where
0

ley oo iy
4=
| P S
and
dw= [ - fexp[—ult,e(n))] ™™ dy, ...dy,_,.
Putting v=u", we have
(3.2.2) ]_[ I(s+o,(m)) t;C+rvm = ]"I/(v s=1dyp

v=1

with

(3.23) Y(w)=n"'4 }0 fexp[—u“"(t,a(y))] e2mim dy ..dy,_;.

— 00 — 0

On the other hand, by the theory of Mellin transform

2 go—ioo (v=1

o +ic0 n
(3.24) ‘I’(v):% [} { [TI(s+o,(m)t; ‘”“V""”} v=°ds
for Re(s)=0,>0. Comparing (3.2.3) and (3.2.4), we have

nA= P(l)= [ - [em b0 2R gy gy
(3.2.5) -® -

nd-t roie fo —(s+ay(m))
=—— [ T[T (s+a(m)t; ds.

2mi oo—ioo (v=1
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Now we put

=Y e t=(t).

y€E +

Here, <t,y>= Y t,y™. Then, by the Poisson summation formula and

v=1
(3.2.5), we have, for t,26,>0 (v=1, ..., n)

@ (t) —_ Z e~ (Le@)

aen—1
(3.2.6) =y l e Jem oD g2micmyd gy, gy,
me"~! —ww -0

nA—l oo+io n
= Y ~ {]—[I“(s—l—av(m))t;‘”““‘"’”}ds.

meZn—1 277:' go—in (v=1

3.3. The consideration in 3.2 gives us the Mellin transform of a
Dirichlet series associated to F, which is analogous to that of the elliptic
modular case [5, p. 591]. In fact, let {c(u)} be a sequence of complex
numbers, which is defined for a full representative system of o,/E_.
We assume that each c(i) does not depend on the choice of a represen-
tative 4 mod E, and satisfies, for every u, |c(u)|SMN(u) for some
positive constants M, 1. Now following the notation in 3.1, we define a
Dirichlet series @g(s; &,,) by

Pr(s:&n)= X La)c@N@™, Re(s)>1.

ueoy /E 4

Put
PF(s; &) =(2m)~ "‘HF(S+a( m)) @(s; ).

v=1

For this ¢g(s; £,,) we define the function h(t)=h(t,, ...,,) on $" (the
product of n copies of §):

o= T o) Y e,

pueo4 (Ey yeE+

where {u,y1)= Z ™ y® z,. Then, as in [11], the following (3.3.1) and
=1
(3.3.2) are equlvalent

(33.1) For every meZ'', (i) @¥(s;¢&,) is continued holomor phi-
cally to the whole s-plane and @¥(s; &,,) is bounded for every vertical
strip o' <Re(s)<a"; (ii) @¥(s; £,) satisfies a functional equation of the
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Jorm PE(s3 En)=C - N(O}2% &, (8) pF (k=55 & ),

where deo ., k>0, and C(%0) are constants which do not depend on
meZ" 1.
1

(33.2) h(t)=C- (_l)nk/Z N(é)—kﬂ (ty ... -c,,)-"h (:;;) s

n -1 -1 -1
Jor t=(1y,...,1,)€H", where h (E—) =h (m, ,-5(-,5-1-”—)

In fact, we can prove it easily from the following (3.3.3) and (3.3.4).
Take w=(wy,...,w,)eR" and put ()= w,,...,u™w,) in (3.2.6) for
ueo_ . Then we have

h(iw)=h(iw,,...,iw,)

= ¥ cwoln®w,...,i"w,)

ueo+ /E+
nA—l oo+ i n
333) = 57 Y y [} [Hr(5+°!v(m))(21t/t(“’wv)"““v‘"‘”
Tl peo+/E+ meZn~1 ap—ioo v=1
nA—l ao+ico . n
] . —S—ay(m)
27Ti melz""l ao—yiuo (PF(S’ ém} v=1wv ds.

Conversely, we have

(33.4) PE(s; E= | h(iw)ém(w)lf[lwi‘ldwl...dw,,.

E + \IR%

34. Now returning to our Theorem 1.2, we can apply 3.3 to
D(s, @, %, &) By 1.2, our Dirichlet series D(s, @, y, &,) satisfies (3.3.1)
with C=1, 6=D. Thus, the corresponding function h(t) has the same
property as (3.3.2).
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LAWRENCE BREEN (Cambridge, Mass.)

To my parents

Introduction
The first unified treatment of extensions of algebraic groups is to be
found in Serre’s book [19], following work by Weil, Barsotti and Rosen-
licht. Serre defines, for G,, G, (reduced) algebraic groups, the group
Ext!(G,, G,) as Yoneda did for abstract groups: it is the group of equiv-
alence classes of short exact sequences

OHGZﬂH—~—>Gl—+O 0.1)

(i.e. G, is the kernel of the separable homomorphism of algebraic
groups f), two such sequences lying in the same equivalence class if
there exists a group homomorphism g such that the following diagram
is commutative:

0-G,—»H-L5G,-0

L 02

0—-G, —»H’—£1—>G1—+0

Serre then computed these groups when G, and G, were the various
simple algebraic groups. The main tool for this computation was the
exact sequence of groups:

0— H2,(G,, G,), —— Ext!(G,, G,)—— H.(G,, G,) 0.3)

where the right hand group is the first étale cohomology group of the
scheme G, with values in G,, i.e. the group of G, — principal homo-
geneous space over the scheme G, ; the map j is given by the fact that
via the sequence (0.1), H <> G, isa G, — principal homogeneous space
over G;.

The kernel of j is composed of the classes of those sequences (0.1)
which are trivial as homogeneous spaces, i.e. those for which the homo-
morphism f admits a section morphism s (so that fos=1g,), with s not
necessarily a homomorphism.

* This work was supported by NSF grants GP 5177, GP 8988 and GP 9152.



16 L. Breen:

This kernel is shown to be equal to the group Z%(G;, G,) of morphisms
h: G, x G;— G, satisfying a certain symmetric cocycle condition modulo
coboundary morphisms h=0g where g is a morphism: G, —£- G,.
These cocycle and coboundary formulas are in complete analogy with
those one obtains when one considers G, and G, as abstract groups,
forgetting their extra structure as varieties, and computes the group of
commutative extensions of G, by G, (see for example [14] Chapter 4 § 4).

The groups Ext'(G,, G,) are computed by noticing that (0.3) became
simpler by specific choices of G; and G, ensuring the vanishing of the
first or the last term of (0.3), followed by explicit computation of the
other term.

The main aim of Oort’s book [18] is to extend the results of [19]
from the category of commutative group varieties to the category of
commutative group schemes; the groups Ext!(G,, G,) are computed,
where G, and G, are simple commutative group schemes over an algebra-
ically closed field, and where Ext! is defined as above, but with objects
and morphisms lying in this new category. Also the groups Ext'(G,, G,)
are defined, for i any positive integer in an analogous manner via long
exact sequences of commutative group schemes

0-G,—-H—--—>H —>G,—0

with a certain equivalence relation. These groups are computed and in
particular it is shown that, for any two commutative algebraic group
schemes G,, G, over an algebraically closed field k,

Ext'(G,,G,)=0  for i=3.

However, this point of view is not entirely satisfactory for the fol-
lowing reasons. First of all, it would be of interest to extend the results
above to the case of commutative group schemes defined over an arbi-
trary base scheme, and far less is known about such group schemes
than about schemes defined over a field. In particular, there is no general
structure theorem known which would allow us to restrict ourselves to
the consideration of specific “simple” group schemes. Secondly, and
this is the main consideration, the definition of Ext’ by Yoneda extensions
is not very natural, and one would prefer a definition of Ext’ as the ith
derived functor of Hom. This cannot be achieved in the category of
commutative group schemes since this category is in general not abelian
(unless the base is a field) and never has enough injectives.

There is however a standard way out of this sort of difficulty, which
is due to Grothendieck: the category of commutative group schemes
over a base S is a full subcategory of the category % of abelian sheaves
in the faithfully flat finite presentation (fppf) topology on S (see [7]
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Exposé IV 6.3 for a definition of this topology). The embedding
((Comm. Grp. Sch.))—¥

is given by sending a group G to the contravariant functor hg on S
represented by G. Thus
h(T)=Homs(T, G) 0.4)

for any scheme T/S. hg is an fppf sheaf by a standard theorem on
descent theory ([10] exposé VIII Theorem 5.2).

The category & is an ABS, AB3* category with enough injectives
([1] Chapter II Theorem 1.6, Miscellany 1.8), so one can use in it the
general machinery of homological algebra. In particular, for any F,, F,
in &, define

F,— Ext'(F,, F,)

to be the ith derived functor of
F, »Hom(F,, F,).

It is natural to ask what these groups Ext'(F;, F,) are, when F, and F,
are representable (i.e. lie in the subcategory of commutative group
schemes). In particular, if S=_Spec(k), does one get groups computed
by Oort? Clearly this is the case when one considers Ext®(F, F,)=
Hom(F, F,), since the subcategory of commutative group schemes is
full. Similarly, the answer is positive whenever F, is affine over S, or
S=Spec(k) in the case i=1 (see [18] Proposition 17.4 for the case
F, affine/S) by the theory of descent. However, for i=2, it is not at all
clear that these groups are the same.

The aim of the present work is to give a method for computing the
groups Ext'(F}, F,) whenever F, is representable. This method may be
considered a natural generalization of [19] Chapter 7 § 1.4 and 3.14—15.
In particular our exact sequence (0.3) is replaced by a spectral sequence,
and (0.3) becomes the first three terms of the five term exact sequence
associated in low degrees to the spectral sequence. A similar inter-
pretation of (0.3) via a different spectral sequence was given in [22]
Exposé 9. The methods employed in that exposé were of influence on
the present work.

The main observation which enables one to compute the groups
Ext'(F,, F,) is the following: the groups Ext(Z[F], F,) can easily be
computed when F is representable (Z [ F] is the “free abelian sheaf” on F).
In fact

Ext'(Z[F], F,)=H},,,(G, F,) 0.5)

where G is the scheme representing F.

2 Inventiones math., Vol. 9
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One then defines for every such F a complex X =(X,) with values

in &, with each X; of the form

Xi=Z[G; 1xZ[G;,]x---xZ[G;,]

with all the G, ; representable whenever F is. The complex X has the
property that its lowest non-zero homology sheaf is isomorphic to F
and all the higher homology sheaves are torsion sheaves, which can be
computed in terms of . The complex X is modelled after the complex
A(Il, n) defined by iterated bar construction for any abelian group IT
by Eilenberg and MacLane in [8].

Using a spectral sequence derived from this complex and (0.5) one
gets information about the group Ext(E F,) in terms of cohomological
properties of the scheme representing F

One can use the technique just outlined to verify that certain groups
are torsion; one proves that, under certain hypotheses on the base
scheme S, the groups Ext'(4,G,s), Ext'(G,s,Gns), Ext'(G,s, G,s),
Ext'(4, B), Ext'(G,,s, B) and Ext!(G,s, B) are torsion, where A, B are
abelian schemes over S and G, (resp. G,s) is the multiplicative (resp. the
additive) group on S, and i is any integer greater than 1. In fact, they are
at most p-torsion, where p is any of the residual characteristics of S.

It is natural to ask wheter the p-torsion components of these groups
also vanish. It has been shown in [4] that this is not always the case
and that the p-torsion phenomena are more subtle than one might have
been led to expect from [18]. It would be of particular interest to compute
Sz¢(A, G,5): as pointed out by Tate in [21], this is connected with his
duality theorems. The question was also raised by Artin and Mazur
in [3] with related applications to the autoduality of the Jacobian in
mind. It is hoped that the methods presented in this work will in a not too
distant future yield a complete answer to this question.

Our work is divided into two chapters. In the first one the general
theory is built up: after a reminder of the complex A(I1, n) of Eilenberg-
MacLane (§1), we define a similar complex with values in the category of
abelian presheaves (§ 2). We then pass to an analogous complex in the
category of abelian sheaves (§ 3) defined for every abelian sheaf F. In § 4
the spectral sequence alluded to above is defined, and using (0.5) its
simpler form for F representable is exhibited (§ 5). In the second chapter
this machinery is applied to some specific computations, and the titles
of the paragraphs are self-explanatory. An effort has been made, through-
out Chapter I, to make statements in more generality than was necessary
for the computations of Chapter 11, in the hope of future use.

This work is a slightly modified version of a Ph. D. thesis at Columbia University.
It is my great pleasure to thank the following people for their help:

Prof. F. Oort for suggesting a problem which led me to consider the questions treated
here.
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Prof. A. Grothendieck for very useful talks and correspondence; it was in particular
his idea that one should look for a complex such as (X;) mentioned above.

Dr. C. Barton for reading the manuscript with great care and making many comments.

Last but not least, Prof. B. Mazur. His influence, which was manifold, will be recognized
by all in the fact that this work lies at the frontier of Algebraic Geometry with Topology.

I also wish to express my thanks to the Institut des Hautes Etudes Scientifiques and
to the Department of Mathematics of Harvard University for their hospitality during the
preparation of this work.

Chapter I
§ 1. Eilenberg-MacLane Algebras

We review parts of [6, 8]; for any abelian group G, a chain complex
A(G, 1) is defined: in dimension g, it is the free abelian group on the g-fold
product of G with itself:

AG1),=Z[Gx---xG], A(G,1),=Z.

The boundary 9,: A(G,1),— A(G,1),_, is defined on the generators
of the free abelian group, and extended by linearity:

q-1 .
0g([x1, ..o, X, ) =[%s, ..., x, ]+ .Zl(~1)'[x1, s Xt Xy e Xg]

(=[x, .00y X411

with ¢> 1, 0,([x,])=1 where [x, ..., x,] is a typical generator of A(G, 1),
(x;€G for all i), and an augmentation a: A(G, 1) - Z is defined to be the
identity on A(G, 1), and trivial elsewhere. The map defined by

S:G—A(G, 1),
S(x)=[x]

(1.1)

(1.2)

is called the suspension.

A multiplication can be defined on A(G, 1) and with this extra
structure A(G, 1) is a differential graded augmented algebra on Z
(DG A-algebra for short; see [6] Exposé 2 §1 for the precise definition of
DG A-algebra).

Also, the free abelian group on G, Z[G], can be trivially considered
as a DGA-algebra by assigning degree zero to every element. The process
by which the DG A-algebra A (G, 1) was obtained from the DGA-algebra
Z[G] is called the bar construction and can be applied to any DGA-
algebra. We write 4 (G, 1)=B(Z[G)). In particular, it can be applied to
the DGA-algebra A(G, 1) and yields a DGA-algebra 4'(G, 2)=B(A(G, 1)).
Iterating this process one defines for any integer n, a DGA-algebra
A'(G,n) (see [8]1 Chapter 11, §7 for the precise definition of the bar
construction and [6] Exposé 3 for a more general notion of construction).
2%
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It is preferable to modify this slightly: for any DGA-algebra G,
define the normalized bar construction By(G):

By(G)=B(G)/DB(G)

where DB(G) is the degenerate subcomplex (see [8] I, § 8 for the definition
ofthe degeneracy operators). Following [ 8] define for any abelian group G

A(G, n)=By(A(G, n—1)) (1.3)

where 4(G, 1) was defined previously.

For each integer i >0, there is a DGA-monomorphism of degree + 1
called the suspension
S:A(G,i)— A(G,i+1). (1.4)

This suspension commutes with the boundary (up to a (—1)? term).

One also checks that A(G, n),=0 for 0<d <n. In fact A(G, n), which
we here define to be a chain complex, actually posesses the additional
structure of a CSS-complex. Furthermore any group homomorphism
f: G— G’ induces a morphism

A(f,n): A(G,n)— A(G', n) (L.5)
of CSS-complexes. We define a new chain complex A"(G):

AYG),=A(G, Ny ny for g£l—n (16)
A"(G),=0 for g=1-—n.
The new boundary operator 0': A"(G),— A"(G),_, is
0'=(—-1)0 (1.7)
where 0 is the corresponding boundary for 4 (G, n). In this new collection

of complexes S preserves degree and commutes with the boundary; it
may therefore be regarded as an inclusion:

AY(G) = A%(G)... A"(G)=---. (1.8)
The union of these complexes is by definition the complex A(G). We

describe this complex more precisely: for any integer g, let I =(k,, ..., k,_;)
be any ordered set of positive integers subject to the condition

r—1
Z kl' = q" 1 .
i=1
For such an I, write 4;(G)=Z[G x --- x G] for the free abelian group on

the r-fold product of G with itself (in the future we will write # I for the
cardinality r—1 of I). Let .%, be the set of all I satisfying the condition
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above. We then have:
A(G),= H A[(G). (1.9)

Ie s,
To keep track of it, a generator of A;(G) is denoted [gll o g,] rather
ky -

than the more usual [g,, ..., g,]. The boundary map of A(G) i 1s compli-
cated and at each A;(G) it depends actually on I and not just on #1I. For
more details, see [8] I. 4"(G) can now also be described simply: A"(G), is
the product of those A;(G) where I satisfies the additional condition
k;<nfor all k; in I.
There is an analogous complex Ay(G) which is a normalized version
of A(G):
An(G)={) A%(G) (1.10)

where A} (G) is obtained from Ay (G, n) exactly as A"(G) was from A4 (G, n)
in (1.6) and the definition of Ay(G, n) is by iteration:

An(G, n)=By(4x(G,n—1))

An(G, 1)=By(Z[G]).
More simply, Ay(G) is obtained from A(G) by factoring out the sub-
complex generated by elements

[gi] ...| gl with g,=1 forsomei, 1ZiZr. (1.11)
k1

r—1

There are morphisms of complexes fand g
S .
AG)&==2 Ax(G) with fog=1,.6, gof~lyg. (112)

Moreover both fand g are natural, and so is the homotopy ®: g o f~ 14,
in other words for any homomorphism of abelian groups

h: GG
the following diagram (and analogous ones for g and @) commutes:
AG) > Ax(G)
At 1 o) (1.13)
A(G) - 4x(G)
where the vertical maps are defined by

A(h): Dol ool % ]=[hCe)] -] k()]

r-1 1 r-1

and similarly for Ay (h) (see [9] p. 52, [8] I Corollary 12.2).
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From the description of A"(G) and A(G) given above in terms of
A(G), it is immediately clear that A"(G), = A(G), for g<n+2. In particu-

lar H,(A(G)=H,(A"(G) for g<n+1. (1.14)
By the definition (1.6) of A"(G),
H,(A"(G))=H,,,_1(A(G, ). (1.15)

The chain equivalence f of (1.12) induces a functorial isomorphism
H,(f): Hy(A(G)) > H,(Ay(G)). (1.16)

The isomorphisms (1.14), (1.15) and (1.16) reduce the problem of
computing H,(Ay(G)) to computing H,,,_,(A(G, n)) for any n>q—1.
This however has been done in [6] where more generally H;(A(G, ) is
calculated for any two integers i and j. For our purposes it will only
be necessary to consider the case j<i<2j. Here one gets the so-called
stable homology groups. Their name derives from the fact that for any j,
the suspension map induces an isomorphism

Hy(S): Hy(A(G, j)) = Hy 1 (A(G, j+1))

for j<q<2j. This is in fact an immediate consequence of (1.14) since the
left hand side of the equation is independent of n.

In order to state the main theorem on the computation of the stable
homology groups in the form most convenient for our purposes, it will
be necessary to introduce the theory of Steenrod operations, as presented
in [6].

We refer to [6] Exposé 14 §1 for the definition of a complete semi-
simplicial complex (CSS-complex for short) and a CSS-morphism, and
state the following

Definition. An additive homological operation (modulo p) consists in
a collection of homomorphisms T(X), one for every CSS-complex X

T(X): H,,,(X; Z/p)— H,(X ; Z/p)

n and q given such that for any CSS-morphism f: X — X', the following
diagram commutes:
H, . (X; Z/p)—"5 H,(X; Z/p)

Hn+q(f) Hn(f)
H,,,(X'; Z/p) "% H,(X'; Z/p).

In [6] Theorem 3, for every k=1 and every prime p, a certain specific
collection of homological operations (7}),.z is defined

T:I(X) Hn+2k(p—l)(X; Z/p)‘_)Hn(Xa Z/p)
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The transposes of these homological operations, which are automati-
cally what is known as cohomological operations, are well known: they
are nothing else than the Steenrod operations modulo p (see [20] for a
different, axiomatic, approach to these).

Another well known homological operation is the Bockstein opera-
tion; this is the connecting homomorphism in the homology exact
sequence associated to the exact coefficient sequence

0—-Z/p—Z/p*—Z/p—0.
Thus the Bockstein homomorphism f, has the form
Bp(X): Hy 1 (X Z/p)— Hy(X; Z/p).

We now relabel these specific operations and various compositions of
them in the following way: fix a prime p; for every integer a with a=0
or 1 mod(2p—2), write

a=Q2p—-2)k+u with u=0 (resp.1);
for any such g, define the collection of homological operations St? by
St(X)=T,(X): H,,.(X;Z/p)—>H,(X;Z/p) when a=(2p—2)k (1.17)
(resp. St2(X)=St_,(X)o ,(X): H,,o(X; Z/p)— H,(X; Z/p)). To com-

pose these operations even further, we need the following

Definition. Let p be any prime; a p-admissible sequence of (stable)
degree q is a sequence of non-negative integers (a,, ..., a;, ...) satisfying the
Jfollowing conditions;

1. ;=0 or Imod(2p—2) foralli
2. G;ZPpaiyy (1.18)
3. Z a,- = q .

Such a sequence is said to be of second type if the last non-zero integer a;

(towards the right ) is equal to 1. A sequence is called of first type whenever
it is not of second type.

Let I=(ay,...,a;,...) be an admissible sequence of degree g; the
homological operation St¥ is defined as follows:

St§(X): H,,,(X;Z/p)—H,(X; Z/p)

St7(X)=St oSts _ oSth ,o---0Sth

ai-1 @i-2

(1.19)

with g; the last non zero integer of I.
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For any n>q and any admissible sequence I of degree q of first type
(resp. of second type), and for any abelian group G, define 6% as the
following composite homomorphism:

H,.q(G,1; Z)> H, (G, n; Z/p) T4, (G on; Z/p)~G,  (1.20)
(resp.)
H,,4(G,n; Z) > H,, (G, n; Z/p) S 4ED g (G, n; Z/p)~,G  (121)

(where, for any abelian group H, H;(G, j; H)isshorthand for H;(A(G, j); H)).
We explain the various terms of (1.20) and (1.21): J is the p-admissible
sequence of first type obtained from the p-admissible sequence of second
type I by replacing the last non-zero term a;=1 of I by a;=0; G, (resp. ,G)
is the cokernel (resp. the kernel) of the p-th power endomorphism on G;
the left hand side homomorphism of (1.20) and (1.21) is induced by the
coefficient homomorphism Z—Z/p; the middle homomorphisms S t?
were defined above; as for the right hand homomorphisms, which are
in fact isomorphisms, it is more convenient to define their inverses. In
the case (1.20) this is the composite:

G,—>G®Z/p—=>H,(G, 1;Z/p)->>H,(G,2; Z/p) >

(1.22)
+—H,(G,n; Z/p)

where the first map is the obvious one and all the others are induced on

the homology by the suspension maps described in (1.4), and are all

isomorphisms in the dimensions considered, as remarked earlier.

In the case (1.21) it is the following composite isomorphism:
2G> H,(G, 15 Z/p) > H3(G, 2; Z/p)—>> - 5 H, , (G,n; Z/p).  (1.23)

Here again all the maps are the suspension isomorphisms, except for the
first one, which is known as the transpotence; it is defined in [6] Exposé 6
§4, and shown to be an isomorphism in Exposé 6 Theorem 4.
It is now possible to describe entirely the goups H, . ,(G, n; Z)for g<n.
For g=0, this is easy since we know the suspensions induce the
isomorphisms

G-H,(G, 1;Z)5H,(G, 2, Z) 2> 2 H,(G,n; Z).  (1.24)

For ¢ >0 the situation is entirely described in [5] II Theorem 7:

Theorem 1 (Cartan): For all n, H,(G, n; Z)~G. For any two integers
q21, n>q, H,,,(G,n;Z) is a torsion group. Let L (G,p) denote its
p-primary component. For any p-admissible sequence I of first type (resp.
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of second type) of degree q satisfying the additional condition a, =0
mod(2p—2), 67 sends L,(G, p) onto G, (resp. ,G). Let Nf denote the
intersection of the kernels of the 63 for all p-admissible sequences J of
either type of degree q with a; =0 mod (2p —2), with J % 1. Then L,(G,p)is
the direct sum of the Nf and 0% is an isomorphism of NF on G, (resp. ,G).

The groups H,,,(G,n;Z) were first computed in [6] Exposé 11
Theorem 2. The more elaborate description given in Theorem 1 above
involving Steenrod operations is preferable for our purposes for the
following reason: we need to know that the computation of H, +q(G,n; Z)
is functorial in G, and this is easy to check from Theorem 1. Specifically
we check that the decomposition

L,(G, p)~ ]T[N}’. (1.25)
and the isomorphisms
0f: NF—G, (resp. 0f: Nf— ,G) (1.26)

are functorial in G; it is clearly sufficient to check that the homomor-
phisms 6f are functorial, i.e. that for any homomorphism of abelian
groups h: G— G/, the following large diagram (and a similar one for
admissible words of second type) commutes:

H,,4(G,n; Z)—H,, (G, n; Z/p) *% H,(G, n; Z/p) =G,
[Hnsatr [ Hovat) [Ha0 v 2
H,,,(G',n; Z)—>H, (G, n; Z/p)— H,(G',n; Z/p) =G,

where f=A(h, n) is the morphism of CSS-complexes induced by h as
in (1.5) and &’ is the homomorphism induced by h on G,. We check that
each of the three squares of (1.27) commutes. This is obvious for the
first square. The second square commutes because St} is a homological
operation and so commutes with the CSS-morphism f. As for the third
square, it is sufficient to check that the square obtained by replacing
the horizontal isomorphisms by their inverses commutes. These inverse
maps were defined as composites of other isomorphisms in (1.22) (resp.
(1.23)). We are reduced to showing that the following diagrams commute:

G—5H,(G 1;Z) ,6—Y-H,(G,1;Z)
S T
G—5H(G,1;Z) G- H,(G1;2)
For the left hand diagram, this is immediately clear from the definition
of the suspension S. For the right hand one, one has to go back to the

definition of the transpotence ([6] p. 6 —05). Commutativity then follows
immediately from Exposé 6, prop. 2 of [6].



26 L. Breen:

As an illustration of theorem 1, we compute H, +4(G, n; Z) for small
values of ¢, and any n>gq:

H,(G,n; Z)~G
H,, (G n;Z)=0
H,,,(G,n;Z)~G, corresponding to the admissible word (2,0)
H,. (G, n; Z)~,G corresponding to the admissible word (2,1)
Hn+4(G’ n; Z)z G2®G3

corresponding to the admissible word (4,0), (4,0)
Hn+5(Ga n; Z)z2G@SG

corresponding to the admissible word (4,1), (4,1)

etc. ...

$§ 2. The Complex in 2,

All the results of § 1, and in particular Theorem 1, were functorial in
the abelian group G. This allows us to repeat all the constructions of § 1
with G replaced by a presheaf of abelian groups.

Let C be a category, Z the category of presheaves of abelian groups
(also called abelian presheaves) on C. & is an abelian category with
enough injectives satisfying the axioms AB 5, AB3* on the existence
of sums and products.

For any object P of the category 2. of presheaves of sets on C, define
the abelian presheaf Z[P] as follows: set, for any TeC,

Z[P)(T)=Z[P(T)]

where the right hand term is the free abelian group on P(T) and define,
for any morphism f: T'— T, Z[P](f) to be the obvious homomorphism
induced by linearity from the map of sets P(f): P(T)— P(T").

The functor G— Z[G] from the category of sets to the category
of abelian groups is the adjoint of the forgetful functor F from the
category of abelian groups to the category of sets:

Hom,,(Z[G], H)~Hom,,(G, FH) (2.1)

where G is any set and H any abelian group. From (2.1) one deduces
immediately the corresponding fact for presheaves:

Homy (Z[P], P)~Hom, (B, FP')

for any Pe2¢, P'e 7, F being now the forgetful functor from % to 2.
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For any PeZ and any integer i>0, we define a chain complex
with values in Z (in fact a CSS-complex with values in 2., denoted
A(P i); for any Te C, define

A(BI)(T)=A(P(T), i) 22)
where A(P(T),i) is the chain complex defined in (1.3) for the abelian
group P(T).

For any morphism f: T'> T in C, define a morphism of chain
complexes A(Bi)(f): AR i)(T)— A(Bi)(T') by

AEBN(f)=AP(f), i) (2.3)
where A(P(f), i) was defined in (1.5).

Define analogously, for any Pe %, the chain complexes with values
in ‘dj’C’ An(P)’ A(P)a AN(P):

A"(P)(T)=A"(P(T)),
AP)(T)=A(P(T)), 24
Ay(P)(T)=Ay(P(T)) 2.5)
where in each case the complex on the right hand side of the equation
was defined in § 1, and with the morphisms defined as in (2.3).
For future reference, here is a more explicit definition of 4(P) and

Ay (P). We mimic the definition given in §1. For every positive integer q,
we defined in § 1 the set .4 of I satisfying

}j ki=g—1 2.6)

where I={k,,...,k,}. For any I in .4, define 4,(P) by

A (P)=Z[Px---x P] (3 I+ 1)-fold product. 2.7)
It is then clear from (1.9) that
AP),= [T Ay(P). (28)
Ies,

Another more familiar way of writing A, (P) might be
A;(P)=Z[P|...|P] where I={k,,...,k}. (2.9)
kK,
The boundary maps in A(P) are complicated. They are precisely the ones

one would get if one used notation (2.9) and P were an abelian group,
instead of an abelian presheaf.
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For any Ie 4, let {e;}*'/*! be the collection of morphisms of pre-
heaves

e;: Z[Px---xP]—>A;(P) (#I-fold product of P’) (2.10)
induced by the morphism of presheaves of sets

e;: PxPx.--xP—A,(P)

with e(T): P(T)x---xP(T)— A,(P)(T)

ei(T)(x1$ (XY} x#l)z(xla e Xio1s 1’ Xis ---,x#l)'
Define the presheaf Ay ;(P) as the quotient of 4;(P) by the union of
the images of the ¢;. Then

An(P)= T Ax.s. .11)

Ief,y

Definition (2.2) implies that the homology presheaf H, (A (P, i)), (Which we

will also write H (P, i) or H (B i; Z))is given by
H,(A(P,i))(T)=H,(A(P(T), i)
H,(A(P,1)(f)=H,(A(P(f), )

for any object T and any morphism f'in C.

Define the presheaf Z/p[P] in the obvious manner; it is clear what
one means by H,(A (P, i); Z/p), for any prime p. In fact, for any T in C
H,(A(P,i); Z/p)(T)= H,(A(P(T), i); Z/p).

We now set about computing the presheaves H, , ,(4 (P, n)) for g<n.
For any prime p and any P in %, define the morphism of presheaves 6}
07: H,,,(P,n; Z)— P, (2.12)

(resp.)
0f: H,,,(P,n; Z)— P (2.13)

where I is any p-admissible sequence of first type (resp. of second type),
and F, is the cokernel (resp. the kernel) of the pth power map on P by

05 (T)=0§(P(T)): H,,q(P(T),n; Z)—P(T),
(resp. 68(T)=0f(P(T)): H,,,(P(T),n; Z)— ,P(T)).
This actually defines a morphism of presheaves because of the commu-
tativity of diagram (1.27). We now state

Theorem 2. Let q=1,n>q; P apresheafin #.. The presheaf H,(P, n; Z)
is isomorphic to P. H, , (P, n; Z) is a torsion presheaf. Let L (P, p) be its
p-primary component. For any p-admissible sequence I of first type (resp.



Extensions of Abelian Sheaves and Eilenberg-MacLane Algebras 29

of second type) of degree q with the additional condition a, =0 mod 2p—2,
0f sends L,(P, p) onto B, (resp. ,P ). Let Nf be the intersection of the kernels
of the 0% for all such p-admissible sequences J of degree q of either type, with
J=*1. Then L (P, p) is the direct sum of the Nf and 0% is an isomorphism of
Nf on F, (resp. ,P).

Proof. We check that H, ,(P,n; Z)(T) is a torsion group for all

T: by (2.2) this is a consequence of the corresponding statement in

Theorem 1. Similarly for the other assertions of the theorem: we have

well-defined morphisms

P—H,(P,n;Z),

@ Nf—L,(P, p), (2.14)

0f: N—F, (resp. Nf— ,P). (2.15)

To check these are isomorphisms in the category of presheaves, it is

sufficient to check that for all 7, they induce isomorphisms of abelian

groups
P(T)-=>H,(P(T), n; Z)

® NP(T)-> Ly (P, p)(T)
03(T): NP(T)-B(T)  (resp. ,P(T)).

These are isomorphisms by Theorem 1, and this finishes the proof of
Theorem 2.

Our aim is to compute the homology of Ay (P). In fact we claim that
H,(Ay(P))~H,,,_1(A(P,n)) foralln>q—1. (2.16)

Clearly H, ,_(A(P, n))~ H,(A(P)) since the relevant degrees of the chain
complexes are isomorphic. It remains to prove that

H,(A(P))~H,(4y(P)).

This is actually clear by the usual method of reducing to the case of
abelian groups where it is just (1.16). We will however need later the
additional fact that A(P) and Ay(P) are chain equivalent: there exist
morphisms f and g of abelian presheaves, and a homotopy ®:

A(P)=> Ay(P) 2.17)
with fog=1and @: gof~1. For any Te C, fand g are defined by
A(P(T)) e Ax(P(T))

where these maps are the f and g of (1.12) in the case G=P(T). This
actually defines morphisms of presheaves by commutativity of diagram
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(1.13) and a similar one for g. The homotopy @ is defined in the same
way, since the definition in the category of abelian groups is natural.

$3. The Complex in &

Theorem 2 was an analogue of Theorem 1 in the category Z. In this
paragraph, we deduce from Theorem 2 that an analogue also exists in the
category of abelian sheaves on some topology.

C now stands for a topology, # = %, the category of presheaves on C,
& the category of abelian sheaves on C. The natural inclusion

i: PP (3.1)
has an adjoint
#: P-4

# (P) is called the associated sheaf of the presheaf P. ¥ is an AB 5, AB 3*
category with enough injectives, and # is an exact functor ([1] Chapter I,
Theorem 1.6).

Let 7 be the category of sheaves of sets on C. The forgetful functor
j: &¥—J has an adjoint 7 — % sending F in J to Z[F] defined below
in (3.3). The adjointness property means that for F in 7, G in &

Homy(Z[F], G)* Homy (F, jG). (3.2)
For F in , define
Z[F]l=#1Z[iF] (3.3)

where Z[iF] was defined in §2. It is easy to check, using the adjointness
of i and #, that Z[F] satisfies (3.2). We now define the complexes of
sheaves A(F,r), A"(F), A(F) and Ay(F), for any positive integers n, r,
and any abelian sheaf F:

A(F,r)=# A(iF, ), (3.4)
A"(F)= 4 A(iF), (3.5)
A(F)=# A(iF), (3.6)
An(F)=#% An(iF) (3.7)

where the right hand sides of the equations were defined in (2.2) —(2.5).
More explicitly,

A(F)y=#A(F),=# [ A4,(F)  (by (27)

Ies,y
=[] #Z[iFx--xiF]=[] #Z[i(F x---x F)]
Ies, Iesy
= [[Z[Fx--xF].

IeSs,
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If we define, in analogy with (2.8)

Aj(F)=Z[Fx---x F] (3 I+ 1-fold product) (3.8)
one gets
A(F),= [] A;(F); (3.9
Ie g,
similarly
AN(F)q:‘InJ AN,I(F)

where Ay ;(F) is the quotient in & of A,;(F) by the images of morphisms
e; defined exactly as in (2.10).
One can also write A,(F)=Z[Fl[...lF], where I={k,,...,k,}. The

boundary map is defined as for abelian groups.
Since # is an exact functor, it commutes with homology. Thus

H,(A(F,1)=H,(4(A(F,r)=%H,A(F,r). (3.10)

The computation of H,(A(F, r)) is thus reduced to “taking the associated
sheaf of Theorem 2”, applied to the presheaf i F. Specifically, for any F
in &, and any p-admissible sequence I of first type (resp. of second type),
there is a morphism of sheaves 6%:

O0F: H,,4(A(F,r); Z) > F, (resp. — F) (3.11)

where F, (resp. ,F) is the cokernel (resp. the kernel) in & of the pth
power map on F': one just takes 6f = 4 67, where 0} was the morphism
defined in (2.12)—(2.13) for the presheaf P=iF. By definition, 6% lands
in # i F (resp. #1F,). In order to be able to write (3.11), it is necessary
to note that
#(F),=F, and #,(iF)=,F.
We note state

Theorem 3. Let q21,n>q; for any F in & the Sfollowing is true:
the sheaf H,(F, n; Z) is isomorphic to F. H, +q(F,n;Z) is a torsion sheaf.
Let L,(F, p) be its p-primary component. For any p-admissible sequence I
of first type (resp. of second type) of degree q with the additional condition
a;=0mod(2p—2), 67 sends L,(F,p) onto F, (resp. ,F). Let NF be the
intersection of the kernels of the 03, for all such sequences J of either type,
with J 1. Then L,(F, p) is the direct sum of the Nf and 0% is an isomorphism
of Nf on F, (resp. ).

The proof of the theorem is clear, using (3.10) and Theorem 2. Also

we have
H, , (F, n)qu(A(F))qu(AN(F));
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indeed, there is a chain equivalence

A(F) # Ay(F) (3.12)
induced by (2.17).

§ 4. The Associated Spectral Sequence

We construct the spectral sequence alluded to in the introduction.
Let X =(X,,d,) be a complex in & and G an object of & Since ¥ has
enough injectives, we can choose an injective resolution I=(1%, &%) of G:

G0, 2,12 ...

Consider the double complex K= )’ KP4 where

Pq20
K?1=Hom(X,, I) 4.1)
with the differential
d: Kpa— Kp+la 4.2)

(resp. d”: KP?— KPa+Y)

induced by d, ,, (resp. (— 1) &%).
View K as a simple complex (K, d,) by writing

K,= Y KP%  d=d+d". @.3)

p+q=n

There is a spectral sequence associated to this double complex (see
for example [14] Chapter 11 § 6). There are two filtrations

'EB9='H?("H1(K)), (4.4)
"Eg4="HP('H1(K)) 4.5)

and their common abutment is the cohomology H?*4(K,) of the total
complex. In our case

"HY(K™=H*(Hom (X, I*))=Ext*(X;, G) (4.6)

since Ext? is by definition the gth derived functor of Hom and I* is an
injective resolution of G.

Thus, by (4.4)
'E%%=HP?(n+— Ext!(X,, G)). 4.7)

Similarly _
'"HY(K*))=H‘(Hom(X,, I')).
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Since I is injective, the functor G — Hom(G, I) is by definition exact.
It therefore commutes with homology, so

'HY(K*J)=Hom (H,(X), I*).
Hence
"E%=HP(Hom (H,(X)), I*)=Ext?(H, ,(X), G). 4.8)

To sum up, we have described a spectral sequence with 'E59 and
"E%1? as in (4.7) and (4.8), and with abutment

H(K,)=H( Y Hom(X,,I9).

In general, this spectral sequence does not degenerate for either of the
two filtrations. It can be thought of as the natural generalization to our
context of the universal coefficient theorem of the topologists.

Note. One obtains a similar spectral sequence from the double complex
KPi = AHpm(X,, 1) 4.9)

(where % is the associated sheaf of Hom for some topology). The
whole argument given above carries through without change. In order
to get the analogue of (4.8), one needs to know that the functor from

S0 G — Hom(G, I)
is exact, for any injective sheaf I. This is proved in [2] I ExposéV,
Proposition 3.10.
In this case
'E%i=HP(n+— &z44(X,, G)), 4.10)

"EB4=E24"(H,(X), G). @.11)

§ 5. A Special Case

We look at the spectral sequence of § 4, when X = Ay (F), for some F
in & By (4.7)—(4.8)

'E§%=HP(n+— Ext?(Ay(F),, G)), (5.1)
"E1=Ext?(H, (Ax(F)), G). (5.2)
In order to compute 'E%'4, it is necessary to make the following additional

assumptions, which will hold for all of this paragraph:

1. We choose for the topology T the fppf topology on an arbitrary
base scheme S: Cat(7)={finitely presented schemes/S}; a fundamental
system of covering families of some X in Cat(T) is given by surjective
families of flat morphisms, locally of finite presentation {X; — X}.

3 Inventiones math., Vol. 9
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2. The sheaf F is representable in Cat (T), i.e. there exists a finitely
presented commutative group scheme h: M — S, with

F=h,,.

These are the most convenient hypotheses for the applications we have
in mind, but the computations of the present paragraph will work just
as well for any other choice of a topology 7T, so long as hypothesis 2. is
correspondingly modified.

Lemma 1. Let T, F, M be as above; then for any ¢=0, and any G in &,
Ext!(Z[F], G)x=H},,;(M, G). (5.3)

Proof. By definition, G — Ext%(Z[F], G) is the gth derived functor

of G—»Hom(Z[F], G). Similarly G— H%,,,(M, G) is the gth derived

functor of G— H°(M, G). We are thus reduced to checking (5.3) in the
case ¢=0. Now, by (3.2),

Homy (Z [F], G)~Hom, (E, j G). (5.4)

The well known (and trivial) Yoneda lemma states that for any F in
representable (F &~ h,,), and any H in 7,

Homy (hy,, H)~H(M)=H°(M, H). (5.5)

Putting (5.4) and (5.5) together, we get (5.3) for =0, and hence for all q.
By (3.8), (3.9), (5.3), and the fact that a product of representable
sheaves is represented by the product of the corresponding schemes, one

Ext'(A(F),, G)= Ll Ext'(4,(F),G)= LI HM*'*1,G)  (56)
Ie g, Ie s,
where for any positive integer s, we write
M=MxMx--- X M (s-fold product).
S N
For each g, we have, by definition of 4, (F), the split exact sequence
0— D(A(F)),— A(F), == Ay(F),—0 (5.7)

where f and g are as in (3.12), and D(A(F)), is the “sheaf of degenerate
g-cells”. Since (5.7) splits, it induces for each i a short exact sequence

0— Ext!(Ay(F),, G)— Ext'(4(F),, G) - Ext!(D(4 (F)),, G) — 0. (5.8)
Define # I+ 1 morphisms e;: M *!— M*I+1:

Ix-exegx1le-x1
e M aMx - MxSXMx--xM—5_S5 S ,p\#I+1
J s s s s s
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where ¢ is the zero section morphism of the group scheme M. These
morphisms induce homomorphisms, also denoted e;, on the cohomology:

e;; HH(M*'*+! G)— H'(M*!, G),
and hence a homomorphism

e1=(e1, “eey e#1+1): Hi(M#I+l, G)-‘)Hi(M*I, G)#I+l.

We write Hy(M*!+! G)=ker ¢, = ﬂ ker e;. (5.8) now becomes, with the
help of (5.3)

0— Ext'(Ay(F),, G)
, Ller _ (5.9)
N LIH:(M#I+1’ G) ]_IH'(M#I, G)#I+1—>0

Ie gy Iesy

in other words
Ext'(4,(F),, G)= L Hy(M*1+1, G).

IeSdy

Theboundary morphismd, , ;: A(F),,; > A(F ),induces a coboundary
dv': Ext'(Ay(F),, G)— Ext'(Ay(F), .1, G).

This we do not write down precisely; it is precisely obtained from the
boundary operator of the complex A(G) (G an abelian group) via the
following translation: a boundary operator in A(G) is the sum of maps
such as

r: [xlllq... lexj“ ’[ x,]-—»[xll e XX l x.], (5.10)

r-1 1 r—1

projections, and shuffles:
Set [Xq| ool Xpd o D) o | X (5.11)
k1 k ky k

r' =1 r’ -1
where 7 is a certain permutation of (1, ..., 7). To the operator r; corre-
sponds the homomorphism induced on the ith cohomology group by the
morphism of schemes

rj: M#I+l—>M#I

r=1Ix-xmx-...x1

N N S S
where the jth factor m of r; is the multiplication morphism of the group
scheme M. s, corresponds to the homomorphism induced on the ith
cohomology group by the morphism s,: M*+!  M*I+! permuting
the factors as in (5.11). Taking the alternating sum of these various
homomorphisms in the manner prescribed by the bar construction, one
1
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obtains the coboundary
dq,i: U Hi(M#I+1, G)-’ H Hi(M*I’+l,G).

Ies, I'e g1

Restricting the operator d*! to || Hiy(M*!*!, G), we finally obtain a
Ie gy

complex which we call X(M, G; i):
LL._datti ]_IHIiv(M#I+1’G) da,i L[ H)iv(M#l'+l,G) "q“’i>---.(5.12)

Ies, ey
The pth cohomology group of the complex X (M, G; q) is 'E%“.

One computes in the same way the 'E%? term of the spectral sequence
(4.9) when F is representable, using (4.11). It is sufficient, as above, to
compute &z¢P(Z[F], G) when F is represented by h: M — S.

T— 8x¢P(Z[F], G)(T)
is the associated sheaf of the presheaf T— Extf(Z[F]|T, G|T) where

G| T denotes the restriction of the sheaf G to (Sch/T) (see [2] Exposé V,
Proposition 4.1). Now, by Lemma 1 of § 5,

EXt}(Z[F]|T, GIT)=Ext}(Z[F|T), G|T)=H"(M x T, G).
T— Ex¢P(Z[F], G)(T) is thus the associated sheaf of the presheaf
T— H?(M X T, G). In other words
Ex¢P(L[F],G)~R?h,G.

Using this, the computation of (4.10) is easy: let h*: M*— S be the
structure morphism. There are # I+ 1 obvious morphisms

e;: R1h}'+' > RIp}!
Define R h'+! =" ker(e;). One gets as above a complex (this time in &),
called (M, G; q): '
s LIRERE1+1 G- |1 R4hE+1G—---. (5.13)

Ie g, I'efg+1

This complex is in fact nothing else than the associated sheaf of the
complex X(M, G; g) of (5.12). The pth cohomology sheaf of the complex
of sheaves Z (M, G; q) is the sheaf 'E% ¢ of (4.10).

Chapter 11
§ 6. The General Method

In the following applications of the spectral sequences of Chapter I
we will always use the following technique: since H;(Ay(F)) is isomor-

phic to F, we have "E21 = Ext?(E, G)
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in the spectral sequence of Chapter I §4 corresponding to the abelian
sheaves F and G. Also, by Theorem 3 H,(Ay(F)) is a torsion group
for s+ 1, and hence by (5.2) the groups "E5* are torsion for s+1 and
any r. Since the spectral sequence considered is first quadrant and hence
converges, it suffices, in order to show that “E%! is a torsion group, to
check that the abutment H?*!(K ) is a torsion group. But this last group
can be calculated by the use of the 'E filtration: it is clearly sufficient to
verify that 'E%° is a torsion group for all r, s satisfying the condition
r+s=p+1.'E%}*is calculated (for F representable) by (5.12). These com-
putations, which follow in various special cases, are non-formal and rely
on the cohomological properties of the scheme representing F.

It is clear that the method just outlined will also work for &z#(F, G)
if one uses the second spectral sequence of § 4 instead of the first one;
one need just replace the word group by the word sheaf everywhere in
the above discussion, and the reference to (5.12) by (5.13).

§7. Exti(4, G,)

Let A be an abelian scheme over a regular noetherian base scheme S,
h: A— S being the structure morphism. G,,s is the usual multiplicative
group scheme over S: G,,s=Spec S[t,t~1].

It is trivial that Homg(4, G,,5)=0, since h, O,=0s and G, is affine
over S. A well known theorem is that the following fppf sheaves are

isomorphic: Ecty(A, Gg)~ Picys: (1.1)

for a proof of this, see [19] VII.16 Theorem 6 for the case S = Spec(k)
and [18] Theorem 18.1 for the general case. These two results are of
course quite independent of the regularity assumption above.

We now show that under our hypotheses, Exti(4, G,s) is a torsion
group for all i=2. As pointed out in § 6, it suffices to check that the
corresponding 'E% 7 is a torsion group for p+q=3. The cases g=0, g=1
and g =2 are treated separately.

1. g=0.

In the notation of (5.12), 'E%? is the pth cohomology group of the
complex X(A,G,,;0). In this case the much stronger statement that
every cochain of the complex is trivial holds: for any integer s, k5, 0, = U,
and thus, since G,,g is affine over S,

HO (Ass GmS) ~ HO (Sa GmS) .

With the notation of § 5, all the homomorphisms e; are now the identity

map, and hence
HI?(AS, Gms)= ﬂ ker e}:o;
J
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since the cochains are sums of such elements, this shows they are all
trivial.

2. g=1.
The complex X (4, G,,s; 1) has the form

NN L[H}V(A#I+1,Gms) dn, 1 ]_[ H){I(A#”+I,Gms)_’"'
Ie S, I'eIn+1
with

HIIV (Asa GmS)= ﬂ ker €

where
e;: Pic(4%)— Pic(457Y)

is the map pulling the s-hypercube A* to an s— 1 hyperface via the
ith zero section. The theorem of the cube is precisely the statement that
HY(A?, G,,5)=0 (see for example [16]). An easy consequence of this
theorem is that Hy(A4°, G,5)=0 for any s=3. The complex X (A4, G,s; 1)
thus simplifies to a complex X'(4, G,,5; 1) whose nth term is the sum of
the groups Hy(4*'*1, G,,5), the summation running over all I € .%, subject
to the additional condition # I+ 1=2. For any given n> 1, there is only
onesuch I in 4, itis I=(n—1). X'(4, G,s; 1) has the form

" . 7.2)
> Hy(A% A, G,)—5 HY(Ax A4,G,)...

the boundaries d™! are induced from the boundary on the relevant cells
of A(F). The corresponding boundary maps on 4(G) (G an abelian group)
are
Z[G|G]-Z[G | G]—--—Z[G|G]—-Z[G]
n n—-1 1

6[x!y] = [xilly] +(=1)1 [yi_llx], i>1, x,yeG, (7.3)

Alxly]=[x]+ Dyl =[x +y]. (7.4)
Note that
H}(A, G,,5)= Pic(4)/Pic(S).
Also
Hi(4 x4, G,.s)=ker (Pic(4 x A) ~e23), pic(4) x Pic(A))

so it is precisely the group Div Corrg(A4, A) of divisorial correspondences
on A. It is now clear from (7.4) and the translation indicated in § 5, that
the coboundary d*:! of (7.2) is:

d“!=p: Pic(4)/Pic(S)— Div Corrg(A4, A)
1 (x)= —m*(x)+ pf (x)+ p ().
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Similarly, one sees that d**: Div Corrg(A4, A)— Div Corrg(4, A) is:
d"1(x)=x+(=1)*'s*(x) (7.5)

where s* is the homomorphisms induced on Pic by the morphisms
s: A >s< A—A >s< A permuting the factors (i>1).

We examine the cohomology of X'(4, G,,s; 1). The first cohomology
group, which is of no interest for our purposes, is

ker (d''Y)= Pic*(A4)/Pic*(S)

(this is in fact the proof of (7.1)).

We claim 'E%'! is a torsion group for p+12=3. This is equivalent to
showing that p-th cohomology group is torsion for p=2 in (7.2). In fact,
we show it is 2-torsion: for p=3, this is clear from the description (7.5)
of the boundary and the formula

2x=(x+5*(x))+ (x —5*(x))

for all x in Div Corrg(4, A).

The second cohomology group is the group of symmetric divisorial
correspondences, modulo p(Pic(A4)). This is well known to be at most a
2-torsion group: let A*: Pic(A>S<A)—> Pic(A) be the homomorphism

induced by the diagonal morphism. Then, for any symmetric x in
Div Corrg(4, A),

pA*x=2x
(see for example [16]).

3. g=22.

In this case X (A4, G,,s; q) has the usual form (5.12). It clearly suffices
to show that, for any integer s>0, the group H% (45, G,;s) is a torsion
group. Even better, we show that H?(4% G,,s) is a torsion group: since
G,.s is a smooth group scheme, we have by [12] appendix, Theorem 11.7

quppf(As’ GmS) = Hgt (Asa Gms) .

Since S is by hypothesis noetherian and regular, and 4° is smooth over S,
A® is a noetherian regular scheme. But [11] Proposition 1.4 states that,
for any Noetherian regular scheme X, H%(X, G,,) is a torsion group,
whenever q=2. This finishes the proof of case 3) and with it the proof
that Ext'(4, G,,s) is a torsion group for i >2.

We now sketch the proof of a related result, thus partly answering a
question of Artin and Mazur ([3], p.17). Let X =Spec(R), where R is a
discrete valuation ring with function field K and residue class field k.
Let 4 be an abelian variety defined over Spec(K). There exists a smooth
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commutative group scheme over X, defined in a canonical manner, which
is written N(A) (the Neron minimal model of A). Its generic fibre is A4,
and its special fibre can be quite complicated. Also, there is a unique
subgroup scheme of N(A), also defined over X, which has same generic
fibre as N(A), but whose special fibre is the connected component of the
special fibre of N(A). We call this subgroup scheme N°(A4), and have the
following exact sequence of fp pf sheaves over X:

0— N¢(4)> N(A)—> F—0. (7.6)

The sheaf F is not representable. It is a torsion sheaf, and this is all we
will need to know about it.

We claim that Extk(N(A), G,.g) is a torsion group for any i>2. The
long exact sequence of Ext’s derived from (7.6), together with the fact
that F is torsion, implies immediately that this is equivalent to showing
that Exti (N°(A), G,.z) is a torsion group.

To show this we use the spectral sequence of § 5: 'E5'? is a torsion
group for g =2, just as in the abelian scheme case, since N¢(4) is smooth
over X and hence regular. 'E5 °=0, since the global sections of N°(A)
are constant (as they are contained in the global sections of the generic
fibre). Finally, the injection of the generic fibre 4 into N°(4) induces an

isomorphism ) . .
i*: Pic(N°(4))—=> Pic(A4)

and this reduces the computation of the groups 'E%'! to the corresponding
computation with N°(A) replaced by the abelian variety A/K which we
made earlier in this paragraph.

§ 8. Ext'(G,, G,,) and Ext'(G,,, G,,)

The proofs here proceed in exactly the same manner as in § 7, and are
in fact easier. For simplicity we assume S = Spec(k), but this is clearly not
indispensable; one could take S to be any regular scheme and consider
the group schemes G,g and G,,s.

We prove that the groups Ext'(G,, G,,) are torsion groups for all
integers i (this is of course non trivial only in characteristic 0, since G, is
p-torsion in characteristic p), and that the groups Ext'(G,,, G,,) are torsion
groups for i= 1. The cases i=0 and i=1 are of course well known.

It suffices to check that the corresponding groups 'E5'? are torsion.
For g =2, this is (as in § 7) because the smoothness of G, and G,, insures
that, for all integers s

HY(G;,, G,) and HYG, G,)

are torsion groups ([11], Proposition 1.4). ‘E5* =0 since

Pic(G;,)=Pic(G5)=0
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as G;, and G} are affine schemes whose rings are UFD’s. We look at
'E5°:H°(G%,, G,,) is equal to the group of invertible elements in the ring
k[xy, ..., %5, x7 %, ..., xs']. The only such elements are the monomials
axt'...xgs where the n; are not necessarily positive integers. The normali-
zation condition is that this monomial must be identically equal to 1
whenever one of the indeterminates x; is replaced by 1. Thus

HY (G, G,)=0 for s>1.
Also H°(GS, G,)=k*, and so HY(G:, G,)=0.

§ 9. Ext'(4, B), Ext'(G,, B), Ext'(G,,, B)

Let A and B be abelian varieties over a field k. We show that Ext'(4, B)
for i=1, and Ext'(G,, B) and Ext(G,, B) for all i, are torsion groups.
This is of course trivial for the last group in characteristic p=0.

We show that 'E5'°=0 in all three cases. In fact

HJ(A%B)=0  for s>1.
HY(G:,B)=0  forall s.
HY(G:,B)=0  forall s.

For the first group, this follows directly from the rigidity lemma ([15]
Chapter 6 Corollary 6.3) which states that a morphism from a product
of abelian schemes to a group scheme is the sum of morphisms defined
on each factor. For the two other groups, this is even simpler: every
morphism from a rational variety to an abelian variety is constant
([13] Chapter II Theorem 4 corollary).

Also'E% ?is a torsion group for ¢ = 1 in all three cases: more generally,
let X be a noetherian regular connected scheme over a field k, then
H'(X, B) is a torsion group for i>1: as in § 7 and § 8, B smooth implies
that ) .

H'(X, B)=H;,(X, B).
Let i: Spec(K)— X be the generic point of X.
The canonical morphism of étale sheaves over X :
B—i, (Bg)
is an isomorphism of sheaves: it is injective since every étale extension
of X is regular, so a fortiori integral; it is surjective since every morphism
from an open set of a regular variety to an abelian variety can be extended

to a morphism from the whole variety to the abelian variety ([13]
Chapter II, Theorem 2). Thus

HY(X, By~ HY(X, i, By).
But this last group is torsion by [11] Lemma 1.1.
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§ 10. Remarks

The results of the previous paragraphs can be somewhat improved;
associated to the short exact sequences

0-,4A—> A 2> A4 -0

00— u,—G,—G,—0

where A is an abelian variety, one has for every abelian sheaf G long
exact sequences

-« Bxti~1(,4, G)— Ext'(4, G) —">Exti(4,G) —-- (10.1)
-.«— Bxti~(,, G) > Ext!(G,,, G)—"> Ext!(G,,, G) —---. (10.2)

Whenever G is G,, or an abelian variety B, we have seen that for i= 2,
Ext'(4, G) (resp. Ext(G,, G)) is a torsion group. By (10.1) (resp. (10.2)),
we see that its n-torsion part, for any integer n, lies in the image of
Ext'~'(,4, G) (resp. Ext'~!(u,, G)). Whenever we can show that this last
group is trivial, it is an immediate consequence that the corresponding
n-torsion component of Ext(4, G) (resp. Ext(G,,, G)) vanishes.

This can be seen in certain special cases: if S =Spec(k) where k is an
algebraically closed field, then for n a prime different from the charac-
teristic of k (or n any prime when char(k)=0), ,4 and p, take on simple
forms

nA =LAy, =Z/n

where by Z/n we mean the finite group scheme representing the constant
sheaf Z/n. We are reduced to showing that, for i=1,

Ext{(Z/n, G,)=0 and Ext'(Z/n, B)=0.

But the sheaf Z/n has the two term resolution
0-Z-22>Z—->Z/n—-0.

This resolution is acyclic since, by ChapterI, § 5, Lemma 1, for i=1,
Ext'(Z, G,,)=H'(k, G,,)=0, and similarly with G, replaced by B. This
proves our assertion for i>1. The case i=1 can be checked directly.

Another special case is the case i=1. It is then proved in [18] that,
for H any finite group scheme over k,

Extl(H, G,)=0

and, though this is computed in the category of group schemes, it implies
the same result in the category of fppf sheaves, as was pointed out in
the introduction, since G,, is affine.
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It is not true that Ext;(H, B)=0 for any H. However, the following
sequence (which is (10.1) in low dimensions) is exact:

Ext!(A4, B)—"> Ext! (4, B) — Ext!(,4, B) -0

for all primes n (see [17]). Thus by the exactness of (10.1) Ext?(4, B) has
no n-torsion part for any n and is therefore trivial.

To sum up, the above arguments show that, for k an algebraically
closed field, the groups Extj(4,G,), Exti(G,,G,), Ext(G,, B) and
Ext'(4, B) are at most p-torsion groups, where p=char(k), for i 3.
They are trivial for i=2 (and for i=2 when k is of characteristic zero).

The vanishing of the group Ext*(4, G,,) has an interesting geometric
consequence; let us consider the low terms of the spectral sequence
which we studied in detail in §7. Since 'E>'2="E3'°=0, we have the
exact sequence

0—'E2' > H}(K,). (10.3)

We claim that H>(K)=0. It is clearly sufficient to check that "E3'°=
"E3'="EY?="E%3=0. Now

"E3°=0 trivially,

"E2'=Ext*(4, G,,)=0 as we have just seen,

"Ey*=0since H,(Ay(F))=0 for any abelian sheaf F, and in particular
when F is our abelian variety A.

"E9*=0 since, for any F, H;(Ay(F))=F, and when F is an abelian
variety A the 2th power morphism (in fact the nth power morphism,
for any n) is an isogeny and hence has trivial cokernel.

Thus, by (10.3), we have shown that 'E3''=0. We computed this
group in §7 and saw that it was the cokernel of the homomorphism

p: Pic(4)— Symm Div Corr(4, 4)
p (x)=pf (x)+ p3 (x) —m*(x)

where the right hand term of course stands for the group of symmetric
divisorial correspondences on A. The kernel of p is Pic’(4) by the
theorem of the square (see [16]). We have thus shown that p induces
p: NS(A)~Symm Div Corr(4, A). For another proof, see [16] §20
Theorem 2 and § 23 Theorem 3.

Bibliography
1. Artin, M.: Grothendieck topologies, (Mimeographed notes) Harvard University 1962.
2. — Grothendieck, A.: Cohomologie étale des schémas (Séminaire de Géométrie

Algébrique), Institut des Hautes Etudes Scientifiques 1963/1964.
3. — Autoduality of the Jacobian, N.S. F. Algebraic Geometry Seminar, Bowdoin College,
1967.



44

1.

12.

13.

14.
15.

16.

18.

19.

20.

21.

22.

L. Breen: Extensions of Abelian Sheaves and Eilenberg-MacLane Algebras

. Breen, L.: On a non-trivial higher extension of abelian sheaves. Bull. Amer. Math. Soc.

(in press).

. Cartan, H.: Sur les groupes de Eilenberg-MacLane I, II. Proc. Nat. Acad. Sc. U.S.A.

40, 467 —471, 704 — 707 (1954).

. — Algebres de Eilenberg-MacLane et Homotopie (Séminaire Cartan 1954/1955), Ecole

Normale Supérieure, Paris, 1956.

. Demazure, M., Grothendieck, A.: Schémas en groupes (Séminaire de Géométrie

Algébrique), Institut des Hautes Etudes Scientifiques 1963.

. Eilenberg, S., MacLane, S.: On the groups H(II,n) I,1I. Ann of Math. 58, 55—-106

(1953); 60, 49 — 139 (1954).

. — — On the homology theory of Abelian groups. Canad. J. Math. 7, 45— 53 (1955).
. Grothendieck, A.: Revétements Etales et Groupe Fondamental (Séminaire de Géo-

métrie Algébrique), Institut des Hautes Etudes Scientifiques 1960/1961.

— Le groupe de Brauer II, Séminaire Bourbaki 297, Paris 1965/1966.

— Le groupe de Brauer III: Examples et Compléments (Mimeographed Notes),
Institut des Hautes Etudes Scientifiques 1966, reprinted by North Holland Publish-
ing Co.

Lang, S.: Abelian varieties. Interscience tracts in pure and applied mathematics 7.
New York: Interscience Publishers 1959.

MacLane, S.: Homology. Berlin-Gottingen-Heidelberg: Springer 1963.

Mumford, D.: Geometric invariant theory. Berlin-Heidelberg-New York: Springer
1965.

— Introduction to Abelian varieties, to appear in Tata Institute studies in Mathe-
matics, Oxford University Press.

. Oda, T., Oort, F.: Higher extensions of Abelian varieties. Nagoya Math. J. 31, 81 —88

(1968).

Oort, F.: Commutative group schemes. Lecture notes in mathematics 15. Berlin-
Heidelberg-New York: Springer 1966.

Serre, J.-P.: Groupes Algébriques et Corps de Classes, Actualités Scientifiques et
Industrielles 1264. Paris: Hermann 1959.

Steenrod, N., Epstein, D.: Cohomology operations. Annals of Mathematical Studies 50.
Princeton University Press 1962.

Tate, J.: Duality theorems in Galois cohomology over number fields. Proceedings
of the International Congress of Mathematicians 288 — 295, Stockholm 1962.
Groupes Algébriques (Séminaire Heidelberg-Strasbourg 1965/1966), Départment de
Mathematiques, Strasbourg.

Lawrence Breen

Department of Mathematics
Massachussets Institute of Technology
Cambridge, Massuachusetts 02139, USA

(Received August 4, 1969)



Inventiones math. 9, 45— 60 (1969)

Uber Adams-Operationen I

WERNER END (Heidelberg)

§ 1. Einleitung

Ist E ein komplexes Vektorraumbiindel iiber X, so zerlegt der p-Zykel
g=(1...p) die Tensorpotenz X’E in Eigenriume Ker(g—{’), (=
exp(2n i/p). Atiyah hat in [3] gezeigt, daB fiir eine Primzahl p die Adams-
Operationen ?: K(X)— K(X)durch y?[E]=[Ker(g—1)]—[Ker(g— )]
gegeben sind. Mit dieser Beschreibung geben Atiyah in [3] und Dold
(unveroffentlicht) neue elementare Beweise fiir die wichtigsten Eigen-
schaften der y?. Weder Atiyah noch Dold verwenden dabei das tief-
liegende Spaltungsprinzip.

Hat man fiir allgemeinere K-Theorien dhnliche Formeln?

Wir geben in dieser Arbeit an, wie eine solche Formel fiir die KR (X)-
Theorie aussieht, verfeinern Dolds Methode und leiten die fundamentalen
Eigenschaften der y* her.

Die Theorie KR(X) [I" =kompakte topologische Gruppe, X = para-
kompakter I' x Z,-Raum] wird in §2 diskutiert. Sie umfaBt K, = KU,
KO und Atiyahs KR aus [4], ist aber ein Spezialfall von Karoubis KR
aus [7], 1.2.5—1.2.6, die mit einer Z,-graduierten Gruppe I" definiert
wird [I" nicht notwendig von der Form I x Z,].

Wir beschreiben Operationen ¥? in der KR (X)-Theorie: Zunichst
sei p eine ungerade Primzahl. Wir gehen aus von einem ,,reellen® Vektor-
raumbiindel E [ =Objekt in der Kategorie VR (X) vgl. § 2]. Die Permu-
tationen

1 ... p
g=(1...p) und t= (_1 —p)
[sie erzeugen die Diedergruppen D, »] opertieren auf (X E. Wir konstru-
ieren die ,reellen” Unterbiindel

Aj={Ker(g—{)@®Ker(g—{")} nKer(t—1), jFOmodp,
Ay:=Ker(g—1).

Dann definieren wir y? [E] durch

YPLE]=[40]—[4,].
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Diese Formel definiert auch 2. In diesem Fall verstehen wir unter A,
den Eigenraum Ker(g+1); g=(12). Wir bemerken, daB 4; komplex
isomorph zu Ker(g—¢’) und zu Ker(g— /) ist. Es hat aber keinen Sinn,
nach einem ,reellen Isomorphismus zu fragen, weil Ker(g—{¥/) i. A.
keine ,reellen” Unterbiindel von R E sind. In §4 sehen wir den Grund,
warum man zur Konstruktion von ¥?(p>2) in der KR (X)-Theorie
nicht allein mit dem p-Zykel (1 ... p) auskommt.

In §3 stellen wir eine Liste von Eigenschaften dieser Operationen
zusammen, dhnlich wie in [1], S. 611, Theorem 4.1. Wir werden unter
anderem zeigen Y Yy?=y? P fiir zwei Primzahlen p und g und kénnen
dann nach Dold ¢* durch die Formel y/*=y ... " definieren, wenn
k=p, ... p; eine Zerlegung von k in Primzahlen ist.

Wir schlieBen mit folgenden Bemerkungen, deren Beweise in [5]
durchgefiihrt sind. Mit Atiyahs Methoden aus [3] kann man zeigen, da3
das vorhin definierte Y* mit dem Newtonpolynom Q,(4,, ..., 4,) iiber-
einstimmt. Man hat noch eine bemerkenswerte Formel fiir ¢?[E],
wobei p keine Primzahl mehr zu sein braucht.

YPLE]= IZ u(p/i) [4;]

Jlp bedeutet: j ist Teiler von p; p ist die Mobiusfunktion und die A4, sind
definiert wie im Primzahlfall, auBer A p2 falls p gerade ist, womit dann der
Eigenraum Ker(g+ 1) bezeichnet wird.

§ 2. Die KR -Theorie

Die KR -Theorie ist eine leichte Verallgemeinerung der KR-Theorie
von Atiyah; vgl. [4].

Ein ,reelles” I'-Vektorraumbiindel E =(F, J) iiber dem I' x Z,-Raum
X (=Objekt der Kategorie VR (X)) besteht aus einem R-I'xZ,-
Vektorraumbiindel F und einer komplexen Struktur J: F—F, so daB
Elemente von I" komplex linear (d. h. vertrédglich mit J) operieren und das
von Null verschiedene Element o von Z, antilinear operiert (d.h. «J =
—Ja). KRp(X) bezeichnet die Grothendieckgruppe von VR, (X). Wir
schreiben X =(Y, «), wobei Y ein I'-Raum und «: Y— Y eine I'-dqui-
variante Involution ist. Wir nennen Operationen von « ,reelle* Struk-
turen. Die Theorie KR umfaBit KU,.= K and KO;. Man hat; vgl. [4],
S. 371 und 376; natiirliche Isomorphismen

KO, (Y)=KR(Y,a=id,) und KUq(Y)=KR(Y xS"9),

wobei S'° die 0-Sphire S°={1, —1} mit der Vertauschung beider
Punkte als ,,reeller” Struktur bezeichnet.
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Vergilit man die Z,-Struktur « von E=(F, J)e VR (X), so erhiilt man
die Komplexifizierung ¢: KR (Y, ®)— KU.(Y). ¢ wird induziert von der
I' x Z., dquivarianten Abbildung

C:YxS''5X=(Y,a), C@u )=y, C@y —)=ay.

Es gibt 2 Moglichkeiten die Reellifizierung ry: KUp(Y)— KO, (Y) zu
verallgemeinern. Man erhilt:

r: KUp(Y)—>KR(X) und p: KR.(X)>KOy, . (X)

rist in [4], S. 371 wie folgt definiert. Ist E ein komplexes Vektorraum-
biindel iiber Y [d.h. E Objekt von VU,(Y)], so kann man auf E@® oa* E
eine kanonische antilineare Operation von o definieren und erhilt ein
Objekt r E€e VR (X).

p wird induziert, indem man dem Objekt E=(F,J)e VR (X) das
Objekt FeVO,, 4,(X) zuordnet.

Setzt man X =(Y, a=idy) [resp. X =Y x $*-°], dann liefert r [resp. p]
das alte r,.

§ 3. Eigenschaften der y*

In §1 haben wir fiir Primzahlen p Operationen y/? beschrieben. Wir
miissen vorsichtig sein, denn wir haben nur Operationen

Y?: VR (X)— KR (X)

durch 1/7"(E)=[A0]—[A1] definiert. Dabei bezeichnet VR (X) den
Halbring der Isomorphieklassen von Objekten aus VR, (X). Wir be-
zeichnen ein Objekt von VR (X) und seine Isomorphieklasse in V'R,.(X)
mit dem gleichen Buchstaben.

Satz.
(3.1) P induziert Y*: KR (X)— KR, (X).
(3.2) P hangt in natiirlicher Weise von I' und X ab.
(3.3) y* ist ein Ringhomomorphismus.
(34) YPyYri=yrYP; p, q Primzahlen.
(3.5) P (x)=xP, wenn x die Klasse eines Linienbiindels ist.
(3.6) YP(x)=x" mod p fiir alle xe KR (X).

(3.7) P ist vertraglich mit der Komplexifizierung ¢ und den beiden
Reellifizierungen r und p; d.h. die folgenden 3 Diagramme sind kommu-
tativ:
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KR (Y, a) = KU(Y)

(3.7.1) WJ v

i
KR, (Y, a)—=> KUA(Y)

KUq(Y)—"> KR(Y, )

124

(3.7.2) v
¢
KU (Y)——> KR (Y, )

KR (X)—2> KOy, 4,(X)

(3.7.3) wvl 23
\

KR (X)—2— KOy, 5,(X).

Dabei ergeben sich W', Y5, wenn man beachtet, da KU., KO
Spezialfille von KR sind.

(3.8) Die Operation Y im Charakterring R(I') der kompakten topolo-
gischen Gruppe I' ist durch (" y) (a)=yx(a”) gegeben; dabei ist y ein
Charakter von I' und aeI. y* bildet den Unterring RO(I') in sich ab.

(3.9) Fiir jeden I' x Z,-Raum X, den wir als G x I' x Z,-Raum auffassen,
auf dem G trivial operiert, ist das folgende Diagramm kommutativ:

RO(G)® KR (X) - KRg, (X)

WP®|jﬂJl ,‘,p}

RO(G)® KRy (X)-"— KR, +(X).

Die Definition von m geben wir in §4.

§ 4. Gruppentheoretische Hintergriinde

Dieser Abschnitt dient zur Erlduterung. Zum Verstdndnis der fol-
genden Paragraphen ist nur erforderlich, daB fiir die Diedergruppen D, ,
die Bedingungen des Satzes (4.1) erfiillt sind und daB somit fiir G=D,,
die Abbildung m aus Satz (4.2) bijektiv ist.

! Man iiberlegt sich leicht, daB dieses Y%, dann mit Atiyahs y?; vgl. § 1 iibereinstimmt.
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(4.1) Sei G eine endliche Gruppe. Wir bezeichnen mit R(G) [C(G)] die
reelle [komplexe Gruppenalgebra] mit RO(G) [RU(G)] den reellen
[komplexen] Darstellungsring von G. Die Komplexifizierung c: RU (G)—
RO(G) ist injektiv, weil rc=2id und RO(G) torsionsfrei ist; dabei ist
r: RU(G)— RO(G) die Reellifizierung. Wir identifizieren RU(G) mit dem
Charakterring R(G) und RO (G) vermoge ¢ mit einem Unterring von R (G).
Fiir jeden irreduziblen R(G)-Modul Wist F,:=Homg (W, W) ein Schief-
korper endlichen Grades iiber R und somit nach einem Satz von Frobe-
nius zu R, C, H isomorph. Fiir einen R(G)-Modul E haben wir einen
natiirlichen Isomorphismus
Y. Homg(W, E)® W—=5E,
Wel

wobei W ein vollstidndiges Reprdasentantensystem I irreduzibler R(G)-
Moduln durchliuft. Diese Formel gilt auch fiir R-G-Vektorraumbiindel E,
wobei G trivial auf der Basis operiert.

Ist V ein irreduzibler C(G)-Modul, dann ist eine der folgenden Be-
dingungen erfiillt:

(1) vv.

(2) V=C® W, wobei Wein irreduzibler R(G)-Modul ist.

R

(3) Vkommt von einem quaternionalen G-Modul her.
Ist x der Charakter von ¥, dann ist der Schur-Index

2)=0, 1,
|G| geZcx(g)

wenn V(1), (2), (3) erfiillt. Einen Beweis hierfiir findet man in [6], S. 190fTf;
man beachte, da3 der

Schur-Index =—— 2
| Gl gEG('//

ist.
Sind n,, n,, n, die Anzahlen der Isomorphieklassen, die (1), (2), (3)
erfiillen, so gilt:
Rang RO(G)=n,+n,+n;; RangRU(G)=2n,+n,+n,

UG)cROG)=2® - BLDL,® D L,.

ny-mal nz-mal

(4.1) Satz. Folgende Aussagen iiber G sind idquivalent:
(a) c: RO(G)— RU(G) is bijektiv.

(b) Jeder irreduzible C(G)-Modul ist zu C® W isomorph, wobei W
ein irreduzibler R(G)-Modul ist.

4 Inventiones math., Vol. 9
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(c) Fiir jeden irreduziblen R(G)-Modul ist F,:=Homg(W, W)=R.
(d) Der Schur-Index von jedem primitiven Charakter ist 1.

Die Bedingungen dieses Satzes sind erfiillt fiir Z,, S,, D,, und nicht
erfiillt fiir Z, (k= 3), fir die Quaternionengruppe der Ordnung 8, fiir jede
Gruppe ungerader Ordnung = 3, fiir jede Gruppe, in der es ein Element
gibt, das nicht zu seinem Inversen konjugiert ist.

Die Beweise hierfiir sind sehr einfach und werden deshalb ausgelassen.

(4.2) Nach [3], S.167 hat man einen natiirlichen Isomorphismus
KU, (Y)=RU(G)® KU(Y); Y =trivialer G-Raum. Wir leiten ein ana-
loges Resultat fiir die KR -Theorie her. Sei X ein I" x Z, Raum, den wir
als G x I' x Z,-Raum auffassen. Wir interpretieren einen R(G)-Modul als
C(G)-Modul V mit einer Konjugation a der Periode 2. Ist E€ VR (X),
so kann man ¥V ® E als Objekt von VR (X) auffassen. Man erhilt eine
natiirliche Abbildung
m: RO(G)® KR (X)—KRg, r(X).
(4.2) Satz. mist bijektiv fiir jedes I' und jeden I' x Z, Raum X genau dann,
wenn c: RO(G)— RU(G) bijektiv ist. Die zu m inverse Abbildung m' wird
induziert von
VR;, r(X)24— Y L® Homg(L, A)e RO(G)® KR (X),
Leg
wobei & ein vollstindiges Reprisentantensystem irreduzibler C(G)-Moduln
ist.

Beweis. Ist m bijektiv fiir alle I' und X, so speziell fiir I'=triviale
Gruppe, X =S8"°. In diesem Fall ist m die Komplexifizierung c: RO(G)—
RU(G).

Umgekehrt: Die Abbildung

a,: Y L@ Homg(L, A)— A4 a,(v® f)=f(v)
Leg
ist bijektiv fiir jedes Ae VU, r(X).

Ist nun AeVR; (X), so erhebt sich die Frage, ob man auf den
Definitionsbereich von a, eine ,reelle” Struktur bringen kann, so daB a,
eine ,,reelle” Abbildung wird.

¢ bijektiv bedeutet, daB wir auf jedem Le eine Konjugation o
auswihlen konnen. aeZ, operiert auf L ® Homg(L, A) durch

cw®f)=0v® of.
Man erinnere sich: Wenn fe Homg(L, 4,) ist, so ist afe Homg(L, 4,,)
durch (o f) (v) =0 f (o v) definiert.

Die Betrachtung von a, lehrt uns, da m' wohldefiniert und dal3
mm' =id ist.

Sind L, Le 8, Ee VR (X), dann kann man zeigen Homg(L, L ® E)=0
oder = E, wenn L= L oder L=L. Das zeigt m' m=id.
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§ 5. Diedergruppen

Die Diedergruppe D, , hat die Ordnung 2nund wird von 2 Elementen
g und ¢ erzeugt, die den Relationen g"=gtgt=t>=1 geniigen. Die
zyklische Gruppe Z,, die von g erzeugt wird, ist Normalteiler in D,,. Wir
haben D, =Z, @ Z, . Ist n>2, so fassen wir D,, als Untergruppe von S,
auf, die von den Permutatlonen

g=(1...n und t=(_i —::)

erzeugt wird. Wir definieren Charaktere ¢, t, 7; [o nur falls n gerade]
durch die Formeln:
e@=ce@* n=1; (@M=-1(n=1;
1=+ (@t )=0, (=expQmi/n);
[o(g")=0(g"1)=(—1)%, nur wenn n gerade].

Diese Charaktere gehoren zu den C(D,,)-Moduln

1=(Clg=t=id); T=(C|g=id,t=—id);

Tj=(C2|gv=ij, tv=Nv, veC?),
wobel
cosy —siny

v
siny cos?y

), y=2mn/n

1 0
N= :
(0 _l)eGL(2, Q);

=(C|g=—id, t=id)

Jeder dieser Moduln trégt eine kanonische Konjugation.
Die primitiven Charaktere von D, sind:
@) & 7,7y, ..., Ty_y)2, Wenn n ungerade ist.
(b) &1,0,01,14,..., T,2—1,» Wenn n gerade ist.

Wir sehen, da3 c: RO(D,,)— RU(D,,) bijektiv ist und somit hat man
nach Satz (4.2) einen natiirlichen Isomorphismus

m,: KRy, - (X)—R(D,,)® KR (X).

§ 6. Eine neue Beschreibung der y?

(6.1) Das Ziel dieses Abschnittes ist es, y?: VR, (X)— KR (X) i
3 Abbildungen zu zerlegen: t//‘"-(u ® 1)a,®?. Fiir p>2 schreiben wir

4>
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uns das in einem Diagramm hin.

9p

l l

VRs, .r(X)—2> KRy, +(X)-" R(D,,) ® KR (X)

®» up®1

VR(X) =¥ Z@ KR (X)

a, faktorisiert wieder in 2 Abbildungen a,=m,i,.

i, ist die kanonische Abbildung ,,Ubergang zur Klasse inKRp, , r(X)*
u, R(D2 p)— Z ist der Homomorphismus von Abelschen Gruppen der
durchu p@=u,(0)=—u,(t)=1Lu,(t)="=u,(t,_ 1,2)=0 gegeben ist.
u, blldet T—¢, 5~£+11+ -1y und 76 nach Null ab.

Wenn p=2 ist, ersetzen wir in dem obigen Diagramm D, , durch Z,.
In diesem Fallist u,: R(Z,)— Z durch u, (§)= —u,(t) =1 definiert. Dabe1
ist ¢ der triviale und t der nicht triviale Charakter von Z,.

Setzen wir G : =D, , fiir Primzahlen p>2 und G,:= Z2, und ersetzen
wir D, , in dem oblgen Diagramm durch G, so erhalten wir ein Dia-
gramm, das fiir alle Primzahlen gilt.

Wir bemerken, daB (X multiplikativ, a, additiv und multiplikativ,
u,® 1 additiv ist. Trotzdem werden wir zelgen daB y? sowohl additiv
w1e auch multiplikativ ist.

(6.2) Die Abbildung m;, kann man nach (4.2) und §5 durch
(r-1)2

m,([AD)=e@[A7T+T1®[4;1+ ¥ 7;,®[A4)]
j=1
beschreiben, wobei ’
A3 =Homy, (1,4), Aj =Hom,, (T, 4), A;=Hom,, (T, A).

Lemma. Man hat folgende ,reelle” 1somorphismen:
(@) A4g ® A; =Hom,, (1@ T, A)=Homy, (Ty, A)=Ker(g—1)
(b) A;=Hom,, (T;, A)=A;, wobei die 4;in §1 definiert sind.

Beweis. Wir zeigen nur (b). T} ist als Vektorraum C2. Wir bezeichnen
mit e, e, die Elnhentsvektoren Ist fed; =Homy, (T, 4), dann ist
fle))ed;cA, da

2f(e)=f(e))—if(e) ® fle))+if (e))eKer(g—{) D Ker(g—{7))
=(1+1)(f(e;)—if(ey)eKer(t—1).
Man sieht leicht, daB3 f+ f(e,) ,,reell ist und A jisomorph auf 4; abbildet.

(6.3) Wir wollen nun a, explizit beschreiben.
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Lemma. Ist A€ VR, , (X) und j eine Zahl, die nicht durch p teilbar

ist, so induziert
1...
tj’ = ( . p.)
1j pj

[untere Zeile mod p] einen ,reellen Isomorphismus von HomD2 (T;, A)
aufHole (13, A).

Man benutze zum Beweis g/t;=¢;g und die Beschreibung von T;
aus §5.

Mit Hilfe der in diesem Paragraphen gewonnenen Ergebnisse konnen
wir a, folgendermaBen aufschreiben:

a,(A)=e® ([4o] - [4, ) +(r—e)®[451+0®[4,],
wobei
Ap=A; @ A5 =Ker(g—1), A4,=4,=Hom,, (T;,A),

d wie in (6.1).
Ist A=(X? E, so konnen wir schreiben:
a, QP E=a,(A)=c@YP(E)+(1—e)® [A5 ]+ R [4,].
u, ® 1 auf beide Seiten angewandt ergibt:
(u,®1)a, " E=y*(E).

§ 7. Beweis der einfachen Teile des Satzes aus § 3

In diesem Abschnitt setzen wir voraus, daB y”: VR (X)— KR, (X)
additiv ist. Wir werden das in §10 beweisen.
(7.1)  Beweise von (3.1), (3.2), (3.5), (37.1):

Weil y? additiv ist, wird y” induziert. Aus der Definition von y? geht
hervor, daf es in natiirlicher Weise von I' und X abhiingt. Wir haben
WP ([L])=[L]" fiir ein Linienbiindel L, weil S, trivial auf (X L operiert
und somit haben wir Q? L=Ker(g—1)=4, und A, =0. Y7 ist mit der
Komplexifizierung ¢ vertriglich, weil ¢ von der ,,reellen“ Abbildung C
induziert wird; vgl. §2.

(7.2) Beweis von (3.6):

Weil sich jedes Element xe KR, (X) als [E]—[F] schreiben l4Bt,

geniigt es fiir Elemente der Form [E] zu zeigen:
YP[E]=[E]" modp.
Sei p>2; A=Y E liefert in R(D,,)® KRp(X) das Element

EQYPE+(1—e)®[A5]1+0®[4,]



54 W. End:

und in KR (X) das Element
[®F El=[EPP=c()Y?(E)+(—e) (1) [451+8(1)[4,]
[x(1)=Grad des Charakters y, leD, o]
Weil e(1)=1(1)=1, §(1)=p, ergibt sich:
[E}P=y"(E)+p[4,]
Den Fall p=2 beweist man analog.
(7.3) P ist multiplikativ:

Wir behandeln den Fall p>2. Seien E, FEVR (X), A=XRVE,
B=® FeVR;,, r(X). Die Abbildung a, aus §6 ist multlphkatw somit
ergibt sich

a,(A®B)=a,(A)a,(B)={c®Y*(E)+(1—e) @ [A5 ]+ ® [4,]}
{e@YP(F)+(t—e)® [By 1+ ®[B,1}

man benutze:
(t—g)d=1—¢, O*=p+2
und erhilt:
ap(A®B)=8®|/7P(E)|[P(F)+(z_g)®...+5®...

Wendet man u,®1 auf beide Seiten an, so ergibt sich:
YEQF)=(u,®1)a,Q"(EQ F)=(u,® 1) a,(4® B)=y?(E) " (F

(7.4) Beweis von (3.9):
Wir faktorisieren m in 3 Abbildungen

—1 (t—e), (1—e?=2(@—1)

m: KRy (*)® KR (X) 22, KR, ()@ KRg, +(X)
L1, KR, ((X)® KR;, (X)L KR; , p(X).

Dabei sind py, p; die Projektionen von G x I' auf die Faktoren I', G;
j: X— - die Abbildung von X auf einen Punkt und p die Multiplikation
in KRg , r(X). Man beachte, daBl RO(G)=~ KR(*). Nun benutze man, da}
Y? natiirlich (also vertraglich mit pg ® p} und j*® 1) und daB ¥ multi-
plikativ (also vertraglich mit y) ist.

§ 8. Beweis von (3.8)

Sei x ein Charakter von I'; d: I'- GL(n, C) ein Homomorphismus,
dessen Charakter y ist. Der p-Zykel g=(1...p) operiert auf X¥ C"
Ker(g—1) und Ker(g—{) sind C—I'-Moduln. Ihre Charaktere bezeich-
nen wir mit y, resp. x,. Wir haben nun:

W x=xo—
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Ist e, ..., e, eine Basis von C", dann ist

B={e;=€,® - ®e; [I=(i,...,i,)e{l,...,n}?}
eine Basis fiir C". Der p-Zykel operiert auf B und zerlegt B in Orbits, die
aus p oder aus einem Element bestehen. Sei

x1=¢,® - Qe,....,x,=¢,® - ®e,, e, cesep)

ein Reprisentantensystem fiir die Orbits. Dann bilden

12 1 &

Xpy oo Xy Xpy=— ) gep, ., xp=— Y ghe,

P21 P

eine Basis fiir Ker(g— l) und
12
= C g el"'-’y = C_kgke
» kzl 1 L= k; I

eine Basis fiir Ker(g—{).

Sei aerl ein festes Element. Dann kdnnen wir annehmen, daB d(a)
Diagonalgestalt hat; d(a)=Diag(,, ..., a,), 2;€ C. Mit a, bezeichnen wir
das Produkt a;*-o; , wenn I=(ij,...,i,). Dann operiert ael' auf
Ker(g—1) durch

ax;=0fx,,...,ax,=ofx
und auf Ker(g—{) durch
ayy =0y Yy -y =0y Yy,

lp’

ns s QX[ =0y Xy, AXp =0y X

gegeben. Es ist also:
Xol@=of+ - +og+oy, +-+ay;  gl@)=o,+-+o,.

Somit erhélt man:
Wr 0 (@=yxo(@—x(@=0f+--- +a?=y(a").

(8.1) Lemma. Seien p, q Primzahlen ps+q, p>2. Fiir y*: R(D, B
R(D, ) hat man:

Yit)=1;, VYi®)=1, YUH=4, wenn q>2,
p—1 (e—1).

Vir)=1;+6—1), Y ()=¢, Y25=0+

Das rechnet man nach, indem man beide Seiten auf die Elemente von
D, , anwendet.

§ 9. Spezielle D, ,-Objekte

Sei p eine ungerade Primzahl. Wir geben ein niitzliches Kriterium an,
wann die Klasse eines Objektes aus VRp,, .r(X) in R(D,,)® KR(X)
ein Element reprisentiert, das unter u,®1 auf Null geht.
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Sei I eine endliche Menge, auf der D,, operiert und (E;|i€l) eine
Familie von Objekten aus VR (X). Wir setzen voraus, daf} es zu jedem
iel und heD,, einen VR (X)-Morphismus h;: E;—E,, gibt, so daB
1;=idg, und kg h;=(h h);. ) E; wird zu einem Objekt aus VR, (X)),

iel
wenn man die D, -Struktur definiert durch h(x;|iel)=(y;|iel), wobei
Vi=hX,q, x;€E,;. (Wir lassen ab jetzt die Indizes an den Elementen von
D, , weg)

Definition. Bestehen die Orbits von I unter der Operation von D, , aus
p oder 2 p Elementen, so nennen wir Y. E; ein spezielles D, -Objekt.

iel

Lemma. Ist ) E; ein spezielles D, ,-Objekt, so gilt

iel

YE=CZ)1+)®E®C(Z)(1-1)®F,

iel
wobei E, F zwei geeignete ,reelle Biindel sind.

Die Charaktere der D, ,-Modulin C(Z,)(1+1), C(Z,)(1—1) sind J, 7 6.
Diese werden von u, nach Null abgebildet.

Folgerung. Ein spezielles D,,-Objekt von VR,  (X) liefert in
R(D,,) ® KR (X) ein Element, das unter u,® 1 auf 0 geht.

Beweis. Wir setzen voraus, daB D, , transitiv auf  operiert und unter-
scheiden 2 Fille:

1. Fall: 1 bestehe aus 2p Elementen. Dann kann man anneh-
men I=D,, und D,, operiert durch Linkstranslation auf sich. Ein
VRp,, . r(X)-Isomorphismus

f: CD,,)®E,— Y E,
iel
wird durch f(h ® e)=(e;lieD, ), e,=he, e;=0, wenn i+ h definiert. Dabei
istheD,,,eeE,. C(D, ) ist als D, -Modul zu C(Z,)(1+1)® C(Z,)(1—1)
isomorph.

2. Fall: I bestehe aus p Elementen. Dann k6nnen wir annehmen, daf3
1={0,1,...,p—1}, g())=i+1mod p, t(i)=p—i. Die Abbildung

f1 CD,,)®@E;— ) E,,
iel

die durch f(h® e)=(e;|i€l), e, =he, ¢;=0, wenn i+ h(0) definiert ist,
ist ,,reell* und induziert einen Isomorphismus

[ CZ)1+)®E; ®CZ,)(1-)®E; — Y E,.

iel
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Dabei sind Eg die Eigenrdume von t: E,— E, zu den Eigenwerten +1.
Das sieht man so ein: Ist e,€ E,, so gilt

S U+9@U+0)g e +g (1—®(1—1) g *e,]=4(0. ... e, ..., 0).
Das zeigt uns, daB f” surjektiv ist. Aus Dimensionsgriinden folgt dann,
daB f’ bijektiv ist.

§10. Y~ ist additiv

Der Fall p=2 wird iibergangen. Wir behandeln den Fall p>2. Sind
Ey, E;eVR(X), so giltin VRg,  (X)

®p(Eo@E))=®pEo @@pEl@ F,

FZZEi|®"'®Eip€VRprr(X)’

iel
i=(ig, ..., i,)el:={0,1}*= {(0, ..., 0), (1, ..., 1)}.

F liefert ein spezielles D, ,~Objekt in VR D, xr(X) und wird unter u,®1
nach Null abgebildet. Somit haben wir:

wobei

YP(E,@E)=u,®1)a,XF(E,DE)
=u,®1)a,[R"E,®KFE, @ F]
=u,®1)a, QP Ey+(u,®1)a,QPE,
— P (E)+ PP (Ey).

§11. y? y?=y7y*; p, q Primzahlen (Beweis von (3.4))

Wir fassen S,, als Permutationsgruppe der pq Gitterpunkte G=
{G)I1=igq, 1< j<p} auf. S, xS, betrachten wir als Untergruppe von
Spes (a,b)eS, xS, wirkt auf (i,j) durch (a,b)(i,))=(a(i), b(j)). Mit
1:8,%8,—S,, bezeichnen wir diese kanonische Inklusion.

Wie in (6.1) bezeichnen wir mit G, die Diedergruppe D, p>» Wwenn p>2und
mit G, die zyklische Gruppe Z,. Um die folgenden Diagramme auf-
schreiben zu konnen, fiihren wir folgende Abkiirzungen ein:
Vi=VR:(X), K:=KRp(X), Vg:=VRs (X), Kg=KRg, (X)
Wir definieren 2 Abbildungen {74, % ?: I7_§r (X)— KRy (X):
—w—pq: V Q7 i/;’.,xsl,_)‘KG.,xG,, =
R(G)®R(G,)® K 242,70 Z® K=K,

yar: V-, Vs, —% R(G)®K

VBV, R(G) K 2, Z@ K=K.
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Wir zeigen:
(1L.1) PeP=ya g,
(11.2) Yo P =Pe,

Da P4 symmetrisch ist in p und g folgt: Y2 y? =Py
Beweis von (11.1). Sei E€VR(X) und A=QF EeVR; , p(X). Wir
haben zu berechnen:
PP (E)=(u, ® D! @ ¥ a,(4),
wobei
a,(A)=e@YP(E)+(t—e) @ [A;]+6® [4,], falls p>2
und

a,(A)=e@[A,]+T®[4,]=eRY*(E)+(t—&) ®[4,].
Man benutze Lemma (8.1) und unterscheide 3 Fille:
p>2, q>2; p=2, q>2; p>2 g=2.

Es folgt sofort 4 P(E) =y y? (E).

Beweis von (11.2). Dieser Beweis ist eine groBe Diagrammjagd: Wir
fiigen noch folgende Liste von Begriindungen fiir die Kommutativitit des
folgenden Diagrammes bei:

I Rechenregeln iiber das Tensorprodukt.
IT Definition von a,; vgl. (6.1).
I Definition von y4: K5 — Kg
IV nach (3.9).

P4 erscheint nun auf dem oberen und /% ? auf dem unteren Weg.
I—isqxs,,_"“*vc,,xcp—“_’KG.,xG, R(G)®R(G,)®K

v I Vs, I  R(G)®Kq, Z®ZRXK=K

®¢ ip “W® o 1Qup,®1
4 ¢

Vi, 1 Kg—"—Kg2Z®K,—3"~Z@®R(G)®K

14

n

I imp TV mp| =

R(G)®K+**>R(G)®K
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§ 12. Vertriglichkeit mit der Reellifizierung r (Beweis von (3.7.2))
Sei X =(Y, &) ein I' x Z,-Raum. y¥ wird von ¥/, induziert, das durch
die nachfolgende Zeile definiert ist:
W VO (N -E5 VU, (V)= KU, (Y)
o, R(D,,)® KUp(Y) 2255 Z® KU, (Y)= KU (Y).

Man betrachte nun die Diagramme:

WP VR(X) -2 VR, (X)L KR, (X)
r SpxT r

[

v VU(Y) &5 Vs, , (V)22 KUL(Y).
Dabeiist f=(u,®1) a,; vgl.§ 6; By ist analog definiert wie f. Diagramm I1
ist kommutativ; Diagramm I ist nicht kommutativ.
Sei Ee VUr(Y). Wir zeigen, daB in VR; | r(X) gilt

RPrExrX’E®F,
wobei F ein spezielles D, ,-Objekt liefert. Somit wird F nach (9.1) unter
B=(u,®1)a, nach Null abgebildet. An Hand des obigen Diagrammes
iiberlegt man sich nun, da3
YPrE=ry}E.
In VUs , p(Y) gilt:
RE@E)=QE®*QED ) E,®QF,,

. (tseees jpleld
wobei

J={0,1}*—{(0,...,0),(1,...,1)}, E,:=E, E;:=a*E.

Auf {0, 1} hat man die Involution, die durch 0=1, 1=0 gegeben ist. Sie
induziert auf J eine Involution, die J in Orbits zerlegt, die alle aus 2 Ele-
menten bestehen. Wir bezeichnen mit I die Menge dieser Orbits. Nun
sicht man, daBl in VR, (X) gilt:
Q' rE=r@QE®} r(F).
iel
Dabeiist F=E,QE;, ® ®Ejp, wenn
i={0, 5, s dp) (L g, -.n J)YEL

Man beachte, daB I eine S -Menge ist, weil die S -Struktur auf J mit der
oben beschriebenen Involution auf J vertriglich ist.
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Die Orbits unter der D, ,-Operation bestehen aus p oder 2 p Elemen-
ten. Somit ist
Fi=Y r(F)
iel

ein spezielles D, ,-Objekt.

§13. Vertriiglichkeit mit p (Beweis von (3.7.3))

Die Vertriglichkeit mit p beweist man analog wie die Vertriglichkeit
mit r. Man benutzt
VOr,z,=VRr, 2,(X,idy);

das bedeutet: Man interpretiert ein R—1I" X Z,-Vektorraumbiindel als
C—1TI xZ,-Vektorraumbiindel mit einer Konjugation, die iiber idy liegt.

Ist E=(F, J)e VR (X), so ist jetzt p(E)e VR 4. (X, idy). p(E) ist als
C—T x Z,-Vektorraumbiindel isomorph zu

CReE=E®E=(FQ@FJ@-J).

Die ,reelle” Struktur auf p (E) ist durch die Konjugation in C oder gleich-
bedeutend durch Vertauschen der beiden Summanden

S = (2. 0), finf,€F

gegeben. Jetzt zeigt man analog wie fiir r, daB3 in VR . rxz,(X,1dy) gilt:

X PE=pQEDH,

wobei H ein spezielles D, -Objekt liefert.
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Die Randwerte holomorpher Funktionen
auf hermitesch symmetrischen Rdumen

WILFRIED SCHMID* (Berkeley)

Bekanntlich 146t sich eine quadratintegrierbare Funktion auf dem
Einheitskreis genau dann zu einer holomorphen Funktion auf der Ein-
heitsscheibe fortsetzen, wenn alle ihre negativen Fourier-Koeffizienten
verschwinden. Ebenfalls weill man, da3 eine differenzierbare Funktion f
auf der Sphire

S l={(z), ..., 2)eC" YNz P =1},  nz22,

die Randwerte einer holomorphen Funktion auf der Vollkugel darstellt,
falls f die auf S2"~! beschriinkten Cauchy-Riemann-Gleichungen erfiillt.
Diese beiden Aussagen werde ich in der vorliegenden Arbeit zu Be-
hauptungen iiber nichtkompakte, hermitesch symmetrische Radume
(Cartan-Gebiete) verallgemeinern.

Nun sei D ein solcher hermitesch symmetrischer Raum des nicht-
kompakten Typs. Mit G soll die Einheitskomponente der Automorphis-
mengruppe von D bezeichnet werden, und mit K die Untergruppe all
der Abbildungen, die einen ausgewidhlten Punkt OeD festhalten. Wie
Cartan und Harish-Chandra gezeigt haben [3— 5], kann man D so als
beschranktes Gebiet im C" einbetten, daBB 0 dem Nullpunkt entspricht
und K linear operiert. Der Schilow-Rand S von D ist dann eine Bahn
der Gruppe K auf dem topologischen Rand ¢D [8]. Da K kompakt ist,
existiert auf S ein invariantes MaB ds; I? sei der Hilbert-Raum der
quadratintegrierbaren, komplex-wertigen Funktionen auf S. Die abge-
schlossene Hiille derjenigen fe L2, die sich zu holomorphen Funktionen
auf einer Umgebung von DudD fortsetzen lassen, bildet einen K-
invarianten Unterraum H?c [2. Ich werde H? explizit beschreiben und
in K-irreduzible Komponenten aufspalten. Insbesondere konnen die
Funktionen in H? durch das Verschwinden gewisser Fourier-Integrale
gekennzeichnet werden; und wenn keiner der einfachen Faktoren von D
ein Tubengebiet im Sinne von Koecher [7] ist, 1aBt sich H? auch durch
die auf S beschriankten Cauchy-Riemann-Gleichungen charakterisieren.
Das verallgemeinert die Aussagen iiber den Einheitskreis und die Ein-
heitssphére.

* Sloan Fellow; supported in part by NSF contract GP 8008.
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Der Einfachheit halber nehme ich an, daB D nicht zerlegbar ist. Es
bereitet keine groBen Schwierigkeiten, die Ergebnisse auf den reduziblen
Fall zu iibertragen. Man wihle einen maximalen Torus H=K; H ist
dann auch eine Cartan-Untergruppe fiir G. Ich bezeichne die Lie-
Algebren von G, K, H mit g, f,, b,, und deren Komplexifizierungen
mit g, f, b. Der holomorphe und der antiholomorphe Tangentenraum
von D~ G/K am Punkt e K entsprechen jeweils einer Ad K-invarianten,
abelschen Unteralgebra p, und p_ in g; g ist die direkte Summe von f,
P4, p_. Unter der adjungierten Darstellung von H zerfillt g als

3=h® )Y g (1)

acd

Hierbei ist 4=bh* die Menge der von Null verschiedenen Wurzeln, und

g*={xeg|[y, x]=<a, y> x fiir jedes yeh}.

Eine Wurzel « heillt kompakt oder nichtkompakt, je nachdem ob g*cf
oder g*<=p, @ p_. Man kann ein System von positiven Wurzeln P< 4
auswihlen, so dal g*cp, genau wenn o positiv und nichtkompakt ist.

Nun sei y, die niedrigste positive, nichtkompakte Wurzel, und
dann — induktiv — y, die niedrigste unter denjenigen positiven, nicht-
kompakten Wurzeln, die zu y,, ..., 7,_, senkrecht stehen. So erhilt man
schlieBlich eine maximale Folge y,, ...,7, von paarweise orthogonalen,
positiven, nichtkompakten Wurzeln; diese Konstruktion stammt von
Harish-Chandra [4]. Mit K bezeichne ich die Menge der Aquivalenz-
klassen irreduzibler Darstellungen von K, und mit / die Untermenge der
Klassen, deren hochste Gewichte als

T Y TRy Yy Y,

mit (2)
nel, nizn,z--2n20,

ausgedriickt werden konnen. Jedes Element ieK bestimmt einen
Charakter y;.

Um zu erkldren, wie die auf S beschrinkten Cauchy-Riemann-
Gleichungen auch fiir Funktionen felI? sinnvoll sind, ordne ich einem
jeden solchen f die Distribution

T g—[fgds, geC™(S)
S

zu. Alle C*-Differentialoperatoren, insbesondere die zu S tangentialen
antiholomorphen Vektorfelder, kann man auf T, einwirken lassen.
Das Ergebnis dieser Arbeit besteht aus dem folgenden

Satz. Eine Funktion feI? liegt dann und nur dann in H?, wenn

I!Xi(k) fks)dk=0 3
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fiir jedes ieK — I und seS. Falls D nicht als Tubengebiet realisiert werden
kann, ist dazu ebenfalls notwendig und hinreichend, daf f die auf S be-
schrinkten Cauchy-Riemann-Gleichungen erfiillt. Alle irreduziblen Dar-
stellungen von K, die in H*> vorkommen, gehéren zu 1, und jede der Dar-
stellungen in I ist — bis auf Aquivalenz — genau einmal in H? enthalten.

Einige Bemerkungen sind angebracht. Der Schilow-Rand eines
Tubengebietes ist total reell; in diesem Fall werden die beschrinkten
Cauchy-Riemann-Gleichungen trivial und konnen also sicher nicht H?2
charakterisieren. Statt das Verschwinden der Integrale (3) fiir alle
ieK—1I zu fordern, geniigt es, nur die irreduziblen Darstellungen zu
betrachten, die in I? vorkommen. Wenn D ein Tubengebiet ist, sind das
diejenigen Darstellungen, deren hochste Gewichte in dem von Y1sV2s e Vs
erzeugten Gitter liegen. Auch sonst kann man die Menge der Darstel-
lungen, die in I? enthalten sind, niher eingrenzen. Doch darauf mochte
ich hier nicht eingehen. Aus dem Satz folgen natiirlich #hnliche Behaup-
tungen auch fiir reduzible Gebiete; die Herleitung sei dem Leser iiber-
lassen. Analog zu H? kann man die Riume H?, 1<p< o0, definieren,
sowie die Algebra A der stetigen Funktionen auf S, die sich zu stetigen
Funktionen auf D U dD, holomorph auf D, fortsetzen lassen. Fiir diese
Rédume gilt der Satz, mutatis mutandis, ebenfalls; und zwar ergibt sich
das aus der Tatsache, daB in einer stetigen Darstellung einer kompakten
Lie-Gruppe auf einem Banach-Raum die endlichdimensionalen, irredu-
ziblen Teilrdume einen dichten Unterraum aufspannen.

Moore und Wolf hatten mich auf die Méglichkeit aufmerksam ge-
macht, H? fiir Tubengebiete durch das Verschwinden geeigneter Fourier-
Integrale zu beschreiben, sobald man die Zerlegung von H? unter K
kennt. Das hat mein Interesse an der Frage der Randwerte geweckt. Fiir
die vier Cartanschen Reihen ist die Zerlegung von H? in Hua [6] —
allerdings ein wenig versteckt — von Fall zu Fall beschrieben.

Den Beweis des Satzes fiihre ich zunichst auf die folgenden drei
Behauptungen zuriick:

a) Die Darstellungen aus der Menge I kommen — bis auf Aquiva-
lenz — jeweils hochstens einmal in I? vor.

b) Nun sei D nicht als Tubengebiet realisierbar, und B<I? sei der
Unterraum der Funktionen, die den auf S beschriinkten Cauchy-Rie-
mann-Gleichungen geniigen. In der Zerlegung von B unter K sind nur
die Darstellungen aus der Menge I vertreten.

¢) Im k-ten symmetrischen Tensorprodukt von p_ sind alle die Dar-
stellungen genau einmal enthalten, deren héchste Gewichte die Form )
haben, mit ) n,=k, und keine andere Darstellungen.

Durch Harish-Chandra’s Einbettung entspricht D einem beschrink-
ten, konvexen Gebiet in p_ . Eine holomorphe Funktion, definiert auf
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einer Umgebung einer kompakten, konvexen Menge C = C", kann gleich-
miBig auf C durch Polynome approximiert werden. Daher sind die
Beschriinkungen der Polynome dicht in H2. Andererseits verschwindet
ein Polynom nur dann auf S, wenn es selber Null ist. Folglich zerfillt
H? unter K in die gleichen irreduziblen Komponenten wie die Algebra
der Polynome. Die Killing-Form identifiziert p_ mit dem Dualraum
von p,; also ist die symmetrische Tensoralgebra von p_ der Algebra
der Polynomfunktionen auf p, als K-Modul isomorph. Die Behaup-
tung c) fiihrt jetzt zum letzten Teil des Satzes.

Wegen a) und der soeben bewiesenen Aussage beschreiben die Gln. (3)
genau die abgeschlossene Hiille der Polynomalgebra in I, nimlich H?;
dies folgt aus den bekannten Orthogonalitétsrelationen fiir kompakte
Gruppen. Der in b) definierte Hilbert-Raum B enthilt offensichtlich H?
als abgeschlossenen Unterraum. Wiren H? und B ungleich, miite des-
wegen mindestens eine irreduzible Darstellung von K ofter in B vorkom-
men als in H?; das aber widerspriiche a), b) und dem letzten Teil des
Satzes. Es geniigt also, a), b) und c¢) zu beweisen.

Dazu werden einige Ergebnisse von Koranyi und Wolf [8] benétigt.
Fiir jedes ae4 bildet ¢*® ¢~ *® [g% g~ *] eine dreidimensionale Unter-
algebra von g. Man wihle eine Basis e,eg*, e_,eg™ % h,e[g% g~ *], so daB

e,=xe_,, [e,e_,J=h,, @
[h,, e, ]=2e,, [h,,e_,J=-2e_,

(das Uberstreichen bedeutet komplexe K onjugation beziiglich g,). Durch
Harish-Chandra’s Einbettung von D in p, entspricht

e,=e, +e, +--+e,

einem Punkt auf dem Schilow-Rand S. Also ist S die Bahn von K
durch e, ; M sei die Isotropiegruppe, m, deren Lie-Algebra, und m die
Komplexifizierung von m,. Der Automorphismus

t=Adexp(3ny —1(e, +e,))
der Lie-Algebra g hat die folgenden Eigenschaften:
2H=t 1*=1,

m={xef|r(x)=x}.
Wenn man
u={xef|r?(x)=x},
q.=tnt(p,), a_=intlp_)=4q,

setzt, dann gilt f=u®q, ®q_, (f, u) ist ein hermitesch symmetrisches
Paar, und unter der natiirlichen Identifizierung S~ K/M entspricht q_
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den antiholomorphen, zu § tangentialen Vektoren am Punkt e, ~
eMeK/M. Man kann D genau dann als Tubengebiet realisieren, wenn
f=u. Da 7 einen involutiven Automorphismus von u definiert, ist

u=maor,
mit
r={xef|t(x)= —x},

eine Cartan-Zerlegung. Die Cartan-Unteralgebra hcf liegt ganz in u;
sie zerfillt als

wobei &)

Eine Wurzel ae 4, die auf h_ verschwindet, ist zu y,, ..., 7, streng ortho-
gonal [4], d.h. weder a+y; noch a—y, sind Wurzeln. Deswegen ist t auf
g* die Identitit, und m@® b_ enthilt den Zentralisator von §_ in f. Also:

h_ ist maximal abelsch in . (6)

Es sollte auch noch erwihnt werden, daf3
b, ={xebl{y;, x)=0, 1<i<r}. (7)

Das folgende Lemma stammt sinngemi von Cartan [2]; es ist vielleicht
angebracht, es auch hier zu beweisen:

Lemma 1. Man betrachte eine Cartan-Zerlegung u=m@r der kom-
plexen, reduktiven Lie-Algebra u, und eine Cartan-Unteralgebratycu mit
den Eigenschaften (5) und (6). Ein System von positiven Wurzeln fiir (u, b)
soll so ausgewdhlt sein, daf die Beschrinkung einer positiven Wurzel auf
b_ entweder verschwindet oder positiv ist. Ferner sei n eine irreduzible
Darstellung von u auf dem Vektorraum V, V' =V bezeichne den eindimen-
sionalen Unterraum, der dem hichsten Gewicht entspricht, und

V..={veV|n(m)v=0}.

Dann hat jeder Vektor ve V,,, v+0, in der Zerlegung unter by eine von Null
verschiedene Komponente in V.

Beweis. Die Wurzelvektoren, deren zugehorige Wurzeln eine nega-
tive Beschriankung auf _ haben, spannen eine nilpotente Unteralgebra

ncu auf, und u=ndh_dm

ist eine Iwasawa-Zerlegung. Deswegen gilt

UW)=U)UYH_) U(m);

5 Inventiones math., Vol. 9
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dabei bezeichnet #(u) die universelle einhiillende Algebra von u, %(n)
diejenige von n, usw. Aus der Irreduzibilitit von = folgt

VieV=r(@W)v=n(@w)%{H_))v,
falls veV,

m> V0. Nun schreibe man v als die Summe b_-invarianter
Komponenten, V=044, + -+,

und zwar sei v e V' die Komponente, die dem héchsten Gewicht ent-
spricht. Weil nn von negativen Wurzelvektoren erzeugt wird, haben die
Vektoren in n(%(n) %(b_)) v;, fiir i 40, sicher keine Komponente in V.
Daher »,=+0.

Korollar (Cartan [2]). Der Unterraum V,, ist hiichstens eindimensional.
Falls V,, 0, verschwindet das hochste Gewicht auf )., .

Giibe es nidmlich zwei linear unabhingige Vektoren in V.., so hitte
eine geeignete lineare Kombination keine Komponente in dem ein-
dimensionalen Raum V'. Und wenn m trivial auf einen Vektor v operiert,
dann muB b, trivial auf jede Komponente in der Zerlegung unter b
operieren.

Eine positive Wurzel « von (u, h) verschwindet laut Moore [9] ent-
weder auf b_, oder ihre Beschrinkung hat die Form %(yi—yj), i>j, und
ist deshalb positiv. Die Voraussetzungen von Lemma 1 sind also erfiillt.
Die Lie-Algebra u ist die Komplexifizierung der Algebra uo=unt,. Ich
bezeichne die zusammenhingende Untergruppe von K, die u, entspricht,
mit U, und die Isotropieuntergruppe von K am Punkt e +ES mit M, wie
zuvor. Die Einheitskomponente der Gruppe M ist in U enthalten, weil
mcu; M braucht aber nicht zusammenhingend zu sein.

Lemma 2. Es sei © eine irreduzible Darstellung von U auf dem Vektor-

raum V. Der Unterraum
Voau={veV|n(Un M) v=v}

ist hdchstens eindimensional, und wenn Vy, , +0, dann hat das héchste
Gewicht von n die Form

-2 my,  mEZ, nZn,2-2n,. ®

Beweis. Die erste Behauptung ist eine Folge des vorhergehenden
Korollars; ebenso die Tatsache, daB das hochste Gewicht auf b, ver-
schwindet, falls ¥, ,,+0. Wegen (7) ist es dann eine lineare Kombination

-Ya;y;, aeR.

Fir 1 Si<j<r gibt es eine positive Wurzel o von (u, h), deren Beschrin-
kung auf h_ mit %(yj-—yi) libereinstimmt. Deswegen gilt

20,224,
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Man rechnet leicht nach, daB3

m;=exp()/ —1nh,)eM

(vgl. (4)); m; ist aber offensichtlich auch ein Element der Cartan-Unter-
gruppe Hc U. Lemma 1 zufolge muB das hochste Gewicht von 7 am
Punkt m; den Wert 1 annehmen:

I=exp<} a;y;, YV —1nh,>=exp2n)/—1a).
j

Alle g; sind also ganze Zahlen, wie behauptet.

Jedem ie K entsprechend wihle ich eine Darstellung auf dem Vektor-
raum W, aus; W* ist der Darstellungsraum der dualen Darstellung. Fiir
jeU (= Menge der Aquivalenzklassen irreduzibler Darstellungen von U)
haben V] und V;* analoge Bedeutung. Das Symbol einer Darstellung,
gefolgt von dem Subskript U oder M, bezeichnet den Unterraum der
U- oder M-invarianten Vektoren. Der Einfachheit halber setze ich das
Gleichheitszeichen zwischen isomorphe Darstellungen von K, und das
Zeichen < zwischen Darstellungen, von denen die erste in die zweite
eingebettet werden kann. SchlieBlich sei J die Untermenge derjenigen
je U, deren hochste Gewichte die Form (8) haben. Unter Benutzung des
Satzes von Peter-Weyl, des Frobeniusschen Reziprozititssitzes und von
Lemma 2 ergibt sich dann

=L (K)y < L (K)y
= @ W@ (W *)ynm

ieK

=@ @ W, @Hom(V* W*)y ® (Vi*yau

iek jeU

c® @ W,®Hom(V*, Wr),.

iek jeJ

©®)

Die Behauptung a) ist jetzt eine Folge von

Lemma 3. Fiir icI und jeJ ist Hom (V;, W), hichstens eindimensional
und nur dann von Null verschieden, wenn dle beiden Darstellungen dasselbe
héchste Gewicht haben.

Beweis. Wenn D ein Tubengebiet ist, gibt es nichts zu beweisen, weil
U=K. Ich nehme deshalb an, daB D kein Tubengebiet ist, und daB
Hom(V}, W), #0. Dann kann V; U-invariant in W, eingebettet werden,
also V; < W,. Ich betrachte W, als Darstellungsraum fur die Lie-Algebra f
und wahle Vektoren veV;, we W, die den jeweiligen hochsten Gewichten
entsprechen. Durch wiederholtes Einwirken positiver Wurzelvektoren,
etwa e, , €,,, ..., €, , gelangt man von v zu einem Vielfachen von w. Weil
jeder positive Wurzelvektor e,eu v zum Verschwinden bringt, sind ent-
5¢



68 W. Schmid:

weder v und w einander proportional — und genau das muB ich zeigen,
um das Lemma zu beweisen —, oder aber mindestens eine der positiven,
kompakten Wurzeln a,, ..., a,, ist nicht eine Wurzel von (1, b). DaB dies
nicht zutreffen kann, sieht man folgendermaBen. Als die Differenz der
beiden hochsten Gewichte ist ) o, eine Linearkombination vony,, ..., y,.
Eine positive, kompakte Wurzel ist genau dann nicht eine Wurzel von
(1, b), wenn ihre Beschrinkung aufh_ die Form —1y ; hat [9]. Es geniigt,
das nichste Lemma anzufiihren, das auch spiter von Nutzen sein wird.

Esseiay,..., o, eine Aufzihlung der positiven, kompakten Wurzeln a
mit .
“'b_=_%'}’j’ 1gj<r,
und B,, ..., B, eine Aufzihlung der positiven, nichtkompakten Wurzeln 8
mit ,

Blb_z%yp Igjsr.

Solche Wurzeln existieren genau dann, wenn D kein Tubengebiet ist. In
diesem Fall gibt es eine einfache Wurzel in der Menge {a,,...,q,},
etwa a, ; die einzigen positiven Wurzeln, fiir die «, mit positivem Koef-
fizienten vorkommt, wenn sie als lineare Kombination der einfachen
Wurzeln geschrieben werden, sind «, ..., %, B,,..., B, (Moore [9]).
Daraus folgt:

Lemma 4. Keine lineare Kombination von a,, ..., o, By, ..., B, mit
nichtnegativen Koeffizienten, von denen nicht alle verschwinden, kann
linear durch die iibrigen Wurzeln ausgedriickt werden.

Fiir den Beweis von b) sei daran erinnert, daB der Raum der anti-
holomorphen, zu S tangentialen Vektoren am Punkt e Me K/M ~ S der
Lie-Algebra q_ entspricht. Deswegen kann B mit dem Hilbert-Raum
all der feI?(K) identifiziert werden, die von rechts M-invariant sind,
und auf die jedes xeq_ trivial operiert, wenn x als links-invariantes,
komplex-wertiges Vektorfeld auf K betrachtet wird. Fidelt man diese
Beschreibung durch die Isomorphismen in (9), so findet man, daB B
in die direkte Summe

@ @ VVi®Hom(Vj*s u/;'*)u@q-

ieK jeJ
eingebettet werden kann. Hier ist Hom (V}*, W*), o, _ folgendermaBen zu
verstehen: W* und V;* sind auf natiirliche Weise Darstellungsrdume fiir
die Lie-Algebren f und u; da u q_ normalisiert, darf man V;* auch als
Darstellungsraum fiir u@® q_ auffassen, wobei q_ trivial operiert. Nun sei
V* < W* eine u®q_-invariante Einbettung, und ve V;* sei ein Vektor,
der dem niedrigsten Gewicht von V;* entspricht. Weil alle Wurzelvekto-
ren e_,, « kompakt und positiv, v zum Verschwinden bringen, muB} v
auch dem niedrigsten Gewicht von W;* entsprechen. Der Raum der
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u@® q_-invarianten Homomorphismen V;*— W;* ist also héchstens ein-
dimensional und nur von Null verschieden, wenn V;* und W* dasselbe
niedrigste Gewicht haben, d.h. wenn ¥; und W, dasselbe hichste Gewicht
haben. Da D kein Tubengebiet ist, gibt es eine kompakte, positive Wur-
zel a, so daB3 a=v—Liy., vily,...y,
(Moore [9]). Deswegen ist (8) nur dann das hochste Gewicht einer
irreduziblen Darstellung von K, falls n,= 0. Damit ist b) bewiesen. Das
vorhergehende Argument ist {ibrigens ein sehr spezieller Fall des verall-
gemeinerten Satzes von Borel-Weil [1].

Nun zu c)! Wenn D als Tubengebiet realisiert werden kann, fallen
die Gruppen U und K zusammen, und gemiB Lemma 2 kommen nur
solche irreduziblen Darstellungen von K in I? vor, deren héchste Ge-
wichte die Form (8) haben. Wenn andererseits D nicht ein Tubengebiet
ist, sind nur Darstellungen aus der Menge I in B enthalten, wie gerade
gezeigt worden ist. Dadurch, daB man die Elemente der symmetrischen
Tensoralgebra von p_ als Polynome auffaBt und auf S beschrinkt,
bettet man diese Algebra in I?, bzw. B, ein. In beiden Fillen gilt deshalb:

Lemma 5. Das hichste Gewicht einer jeden irreduziblen Darstellung
von K, die in der symmetrischen Tensoralgebra von p_ vorkommt, ver-
schwindet auf'hy, .

Es sei A, die Menge der dominanten Gewichte, y, der Charakter des
irreduziblen K-Moduls mit dem hochsten Gewicht Ae A, und m,_, die
Multiplizitdt dieses K-Moduls im k-ten symmetrischen Tensorprodukt
von p_. Ich zihle die positiven, nichtkompakten Wurzeln als 8,, ..., 8,
auf. Dann besteht auf H die Identitiit

;mk,lxl=lz HeXp(—li B);

(I, ..., 1,) lauft dabei iiber alle n-tupel natiirlicher Zahlen mit Y I/,=k.
Durch mehrfaches Anwenden der Summenformel fiir die geometrische
Reihe erhilt man

Ztkmk,ala=l—[(1—te~m)ul, (10)

k, A i
fiir |t|<1. Ich bezeichne den Raum der konvergenten Fourier-Reihen
auf H, die zu allen e, Ae A, , orthogonal sind, mit N. Aus Weyls Charak-
terformel [10] folgt

[T(1—e%)x,=e*mod N;
j

%, ..., o, sind die positiven, kompakten Wurzeln. Folglich:

[Ta—e)[J(1—te Py =3 t*m, , e* mod N. 11)
i k, A

J



70 W. Schmid:

Lemma 6. Es geniigt, die Behauptung c) fiir Tubengebiete zu beweisen.

Beweis. Falls notig, sollen die Wurzeln oy, ..., «;, B,,..., 8, so um-
numeriert werden, daB «,, ..., o, B, ..., B, die gleiche Bedeutung haben
wie in Lemma 4. Lemma 5 behauptet, daB m,_,=0, wenn A nicht eine
lineare Kombination von y,, ..., 7, ist; und wegen Lemma 4 kann der

Faktor
ﬂ (1—e™%) H (1—te Pyt

Jsk isk

auf der linken Seite von (11) nur durch das konstante Glied 1 Summanden
der Art e*, u=) n,y;, zur Fourier-Reihe beisteuern. Modulo N darf
dieser Faktor deshalb ausgelassen werden. Weil

{iak+1a R o iﬁk+1a sy iﬁ,,}
das Wurzelsystem eines Tubengebietes ist [9], habe ich, was die Behaup-
tung c) anbelangt, D durch ein Tubengebiet ersetzt.
Lemma 7. Die Behauptung c) stimmt fiir r=1 und r=2.

Beweis. Ich darf annehmen, daB D ein Tubengebiet ist. Fiir r=1
mulB} D dann die Einheitsscheibe in C sein; das folgt leicht aus Moores
Beschreibung der Wurzeln [9]. In diesem Fall trifft c) offensichtlich zu.
Wenn r=2, konnen die positiven, nichtkompakten Wurzeln aufBer

Y157, als . .
T +y)+w,  1<5i<p, mit ph_)=0

dargestellt werden [9]. Nun seien ¢, ..., ¢, die positiven, kompakten
Wurzeln, die auf h_ verschwinden. Dann sind

%(VZ_y1)+”i7 1Sisp

die iibrigen positiven, kompakten Wurzeln. Ich definiere formal

z;=(t e‘“)ﬁt, i=1,2,
a;=e” M, 1=i<p,
so dafB3
n (I1—e™%) n (1—te byt
1sjsi 1=5isn
=1£[S (I-e®(1-z) ' (1-z)* (12)
Sisgq
: ) H {1—gq; 21_122)(1“‘11'21 Zz)ﬁl}'
Sisp

Um die Multiplizitdten m,_, zu berechnen, miissen die Nenner als Potenz-
reihen in z,, z, ausgedriickt werden; wegen (11) und Lemma 5 sind,
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modulo N, nur die Summanden von Interesse, in denen z, mindestens
so oft vorkommt wie z,, und ohne einen Koeffizienten e*, u(b_)=0,
u=+0. In allen Summanden der Laurant-Reihe von

IT d=e)a-23)-! IT {t=a;z7 z2)(1—a;z, 2,)" Y}

15ig¢q 2s5isp

ist z, mit einer mindestens ebenso hohen Potenz vertreten wie z,, wih-
rend in

(1—2z ‘l(l——alzflzz)(l—alzlzz)‘l=(1——zf)“‘—a1zl"‘zz(l—alzlzz)“
nur (1—2z3)~' héhere Potenzen von z; als von z, liefert. Modulo N
kann deshalb im zweiten Produkt auf der rechten Seite von (12) der

Faktor fiir i=1 durch (1—2z{)"! ersetzt werden. Wiederholt man dieses
Argument fiir i=2, ..., p, so erhilt man schlieBlich

[T d=e) [T (1—te Pyt

1sjs1 1=isn
= [[ I—e%A-z) ' (1-22)!
1sis<q
=(1-z)7'(1-2)"'= Y z¥z2modN.

0<is)
Der zweite Schritt ist dadurch gerechtfertigt, daB in der Fourier-Reihe
von
[T @—e%)
15i5q

alle Summanden auBer der Konstante 1 die Form e, u(h_)=0, u*0,
haben. Also gilt

Z tkmk,). et= Z A exp(—Jjy; —iy,),
k4

0gisj
und damit ist c) fiir r=2 bewiesen.
Lemma 8. Die Behauptung c) stimmt, falls b, =0.

Beweis. Aus Moores Beschreibung der Wurzeln [9] folgt dann nim-
lich, daB8 D die Siegelsche obere Halbebene sein muB. Die positiven,
kompakten Wurzeln sind

1(i—v),  1Sj<isr,
und die positiven, nichtkompakten Wurzeln
FOi+y),  1SjSisr

Ich definiere formal
zi = (t e Ti)%’
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und erhalte so
ﬂ (1—e™%) H (1—te F)~!

j
=@ ) T @—z) [I (—zz)™!

1<i<jsr 1<igjsr
=(z” 12'2"2...2,‘1)‘1Z(S'l“zz i lzm2 g,

=z (=22 (=222

iy “iz

_(Zr 1Zr2 2 )—1251112 t,zr 1 ’—2...Z~

12 lp—1
2j1 ,2j2 2jr
> a2
0ZjrSjr-15 2t

2_.
ll lz )

(vgl. (11)); fiir den zweiten Schritt habe ich Theorem 1.1.1 von Hua [6]
benutzt. Modulo N kommt es in der Potenzreihe nur auf die Summanden
der Form

Zftzfozl,  omit i 2j,22),

an. Also gilt

[Ta=e)[T(1—te#y !

= > Pt tirexp(—jy v — - —Jj, 7,) mod N,

0-§jr§jr~l§“'§jl

was zu zeigen war.

Lemma 9. Wenn D ein Tubengebiet ist, mit h, +0 und r> 2, dann sind
3(i+7y;) und 3(y,—y,), fiir i=j, keine Wurzeln.

Beweis. Fiir jedes Paar i#j, 1 <i,j<r, kommt entweder (y,— y;) oder
ein Ausdruck der Art

=) +upb)= p+0, (13)

moglicherweise auch beide, als kompakte Wurzel vor [9]. Es muB
mindestens eine Wurzel (13) geben, sonst wire b, Null. Angenommen,
es existierte eine Wurzel 1 2(y,—7,) P*q, und r sei groBer als 2; dann
géibe es drei verschledene ganze Zahlen i, j, k zwischen 1 und r, und
Wurzeln a=3(y;—y,)+u, o "=3(y;— 7). Weil (o, 0)> (o, ') und (&, «) <0,
miiBte z. B. auch

o+ 20 =3(y;+7) =y +

als Wurzeln auftreten, und das ist unmoghch [9]. Die Wurzeln 3(y,—7;),
(y,+y,), mit i#j, kommen immer gemeinsam vor, und somit ist der
Bewels erbracht.
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Wegen der Lemmata 6 —9 darf ich mich auf die folgende Situation
beschrianken:

D ist als Tubengebiet realisierbar, und

{ . . (14)
2ikv)gd  fur 1Si<j<r.

Das sei von jetzt ab immer vorausgesetzt. Ich bezeichne die Weyl-Gruppe
von (f,b) mit W, und das Vorzeichen eines jeden we W mit ¢,,. Weiter
definiere ich

4o={aed|a(h_)=0},
po=halbe Summe aller positiven ae4,,.

Lemma 10. Fiir jede Permutation o von {1,2,...,r} gibt es ein weW,
sodaf ¢,=+1, w(py)=p,, und

wO)=Ysi Isi=sr.
Beweis. Es genligt, eine Transposition o,
ci=j, aj=i, ok=k fir k=+1i,j,

zu betrachten. Wegen (14) gibt es eine kompakte Wurzel o der Art (13);
o =1(y,—y ;)— u ist dann ebenfalls eine kompakte Wurzel. Weil a+ 2y ;
nicht eine Wurzel sein kann, miissen o und die y, die gleiche Linge haben,

also (0 =G0:—7). 10— 7). (15)

Nun sei w'e W das Produkt der beiden Spiegelungen an den Ebenen
a=0, o' =0; w’ hat das Vorzeichen +1, laBt h, und b_ invariant, und
permutiert die y, auf die gewiinschte Weise. Weil die Wurzeln %(yp =1,
mit v(h_)=0, v+0, p+ ¢, immer paarweise auftreten, vertauscht w’ das
Vorzeichen einer geraden Zahl von kompakten, positiven Wurzelsi in
4—4,, und deshalb auch einer geraden Zahl von positiven Wurzeln
in 4,. In der Weyl-Gruppe des Wurzelsystems A4, gibt es daher ein
Element w”, mit Vorzeichen + 1, das genau dieselben positiven Wurzeln
in 4, negativ macht wie w'. Dann hat w=w’w"~! alle verlangten Eigen-
schaften.

Wegen (14) konnen die positiven, kompakten Wurzeln, die nicht
zu 4, gehdren, als

%(yi—yj)i:uijka 1Sj<isr, 1SksSs (16)

aufgezéhlt werden [9]; dabei gilt u;;, (h_)=0, p;;,+0. DaB s von i und j
unabhingig ist, folgt aus Lemma 10, und wegen der Beobachtung (15)
im Beweis dieses Lemmas haben die y;;, alle dieselbe Lénge, ndmlich

(nuijk’#ijk)=%(yi’yi)' (17)
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Die Menge der positiven, nichtkompakten Wurzeln besteht aus
V1> ooes Vrs %(7;+V,)il‘uk’ 1§]<l_.<___l’, lékés (18)

[%]. Die Reflektion an einer Wurzel (16) vertauscht y; und $(y; +7 D M
Andererseits kann W jede Permutation von {y,,...,7,} erwirken. Das
beweist:

Lemma 11. Unter der Voraussetzung (14) operiert W transitiv auf die
Menge der positiven, nichtkompakten Wurzeln.

Lemma 12. Fiir i>j stimmen die beiden Zahlenmengen

k
{£(Wijp, pIII SkSs}  und {i7(v1,v1)lk=0, ... 5= 1}

tiberein.

Beweis. In Anbetracht von Lemma 10 geniigt es, diese Behauptung
fir i=2, j=1 zu begriinden. Aus (17) folgt

GO2=7)+ 8y 10 3 (72— YL K2 1m)>0
fir 1<k,m=<s, km. Also sind Summe und Differenz von Ha1ks H21m
Waurzeln, die auf h_ verschwinden miissen, d. h.
Kot o im€4dy fir k#m. (19)

Unter den Wurzeln (16), mit i=2, j=1, gibt es eine einfache, kompakte
Waurzel [9], etwa 3(y;—y,)+H,y;. Dann miissen +pt,,,—pty,y, k22,

positive Wurzeln in 4, sein, die notwendigerweise ein positives inneres
Produkt mit p, haben. Daher:

(2 1k POIS = (K211 Po), 1<k<s.
Um (s,4,, po) zu berechnen, definiere ich

p=halbe Summe aller positiven, kompakten Wurzeln. (20)

Wegen der Beschreibung (16) der positiven, kompakten Wurzeln auBer-
halb von 4, findet man

. r+1
p=po+SZ%(vi—v,-)=po+SZ(t— 3 )v,»- 1)

i>j

Das innere Produkt einer einfachen Wurzel mit p ist bekanntlich das
halbe Quadrat der Linge der Wurzel, so daB

(H2115 Po) =(%(V2 =)+ K115 Po)

Cor+1
=<%(72_V1)+ﬂ211,/’—52(1— 3 )Vi)

s
=301 Vl)_%s(yp P1)= T (1> 71)-
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Weil p, ein nichtsinguldres Gewicht des Wurzelsystems 4, ist, folgt
aus (17) und (19)

2131t Hy1ms P15, 1)EZ~ {0} fir k+m.
Die Menge
{£2(k214 PO/ (1> D)k =1, ..., 5}

besteht demnach aus mindestens 2s—1 verschiedenen ganzen Zahlen
zwischen +(s—1), also genau aus 0, +1, +2, ..., +(s— 1).
Korollar. Ein Gewicht der Form

Potagy +a,y,+--+a,y,, a;€R, a;—a;eZ

ist genau dann nichtsingulir (beziiglich ), wenn la;—a;|=s fiir alle i=j.

Die Wurzeln in 4, stehen ndmlich auf keinen Fall zu einem solchen
Gewicht senkrecht, wihrend die iibrigen positiven, kompakten Wurzeln
zur Menge (16) gehoren.

Lemma 13. In der Situation (14) ist die Behauptung c) mit der Identitiit

[T@?—e ) [J(1—te #)!
a B

1 Yo = Yiy—s(r—1)/2 —7yiy—1 (22)
=—r!—;8ww{e ]:[(te ) U(l—te )~

gleichbedeutend; dabei laufen o und B iiber alle kompakte, bzw. nicht-
kompakte, positive Wurzeln.

Beweis. Die Behauptung c) besagt, daB die Multiplizititen m, ,
in (10) 1 oder O sind, je nachdem ob A die Form (2) hat, mit ) n;=k,

oder nicht. Wenn man y, durch Weyl’s Charakterformel [10] ausdriickt
und dabei (21) beniitzt, so werden c) und die Gleichung

l—[(ea/l_e—a/Z)n(l_te'-ﬁ)—l
a B
(23)
— Z tm+--»+nr28ww{exp <p0~2(ni—si+s r+1>yi>}
& 2

OSn.Snp—y<--=m i

HIA
A

dquivalent. Die rechte Seite kann in
Z g, W {epo l’[ (t e~ vs)—S(r— /2 Z n (te” 7.~)m} (24)
w i ni i

umgeformt werden; die innere Summe erstreckt sich iiber alle n;e Z mit
der Einschrinkung

v
(=]

n2n,+s,n,2n3+s,...,0,_, =n,+s, n,
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Wegen Lemma 10 darf man in (24) die y; auf beliebige Weise permutieren
und deshalb auch den Durchschnitt iiber alle Permutationen bilden.
Dieser Durchschnitt unterscheidet sich von

1
7!‘“ ; e, w {el’o H (te™ ") sr—1)/2 z 1—-[ (te w)n'}

mz0 i
1
= Yo, wiero [[(te )= [[(1—te 7)1}
' ¥ : .'
durch eine Reihe mit Gliedern der Form

*Y e, we"),  psingulir;
W

das folgt aus dem Korollar zu Lemma 12. Ein solcher Ausdruck aber
verschwindet, so daB die rechten Seiten von (22) und (23) iiberein-
stimmen.

Ich werde (22) durch Induktion iiber r beweisen. Dazu ist es allerdings
notig, die Voraussetzungen ein wenig allgemeiner zu fassen. Und zwar
soll g halbeinfach, und nicht mehr unbedingt einfach sein; wohl aber
muB g, genau einen einfachen, nichtkompakten Faktor enthalten, und
(g, T) soll natiirlich noch ein hermitesch symmetrisches Paar sein, so daB
(14) zutrifft. Alle Lemmata bleiben auch so weiterhin giiltig. Lemma 7
liefert die Induktionsverankerung. Der Induktionsschritt beruht auf:

Lemma 14. Fiir Unbestimmte x,, ..., x,, iiber einem Kérper gilt
[T A=x)"'= Y xp'"A—x) ' [TCe—x)~ "
15izn 15ksn Jj¥k

Ubrigens ist diese Identitit, in verkleideter Form, genau die Be-
hauptung c) fiir die Einheitskugel im C".

Beweis. Ich ersetze x; durch tx;, wobei ¢ eine zusitzliche Unbe-
stimmte bezeichnet, und multipliziere die Nenner aus. Dadurch wird
die Behauptung zur Gleichung

e =) =20 e T ).
i<j i*k i, j¥k;i<j
Die beiden Seiten sind Polynome in t vom Grad n— 1, die an den » Stellen
t=x,,...,x, ibereinstimmen, und die deshalb zusammenfallen miissen.

Von jetzt ab laufen o und f als freie Indices immer iiber die Mengen
der kompakten, bzw. nichtkompakten, positiven Wurzeln, mit den
jeweils angezeigten Einschrinkungen. Es sei daran erinnert, daB n=
dim p_, = Zahl der positiven, nichtkompakten Wurzeln. Aus dem Lemma

folgt
H(l——te'”) ! Ze“"””"(l—te“”) Tl e F—e F)1,
B'*p
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Wegen Lemma 11 kann man, anstatt iiber f zu summieren, f=7y, fest-
halten und iiber W summieren, muB dann aber durch |W’|, die Ordnung

der Gruppe ,
W={weW|w(y,)=v1},
dividieren:
[TA—te ) =W Y w{e " Vr(l—te ") ! [T r—e#1).
B w B*yr

Weil die Fourier-Reihe
[[E@?—e)=er[[(1—e™
(vgl. (20)) beziiglich W alternierend ist, fiihrt die letzte Identitit zu

[TE2=e ) [](1—te 4!
* ? (25)
=|W’|"! Z &, w{e”(l —te” )] (e r(efr—1)7Y H ( —e““)}.

w B* vy, a
Wenn f iiber die positiven, nichtkompakten Wurzeln auBer y, lduft, die
nicht auf y, senkrecht stehen, lduft y,— f iiber die positiven, kompakten
und nicht zu y, orthogonalen Wurzeln. Die Zahl dieser Wurzeln ist
gerade (16). Die rechte Seite von (25) kann deshalb in

(== tw!
Ze w{ef(1—te )~ 1ne” rTA=ef~m 1 [T(1—e )}
ALy, alyy (26)
=W ' Y e, wiet(—te ) [l " [J(1—e" A [T(1—e"%}
w BLyr BLyr alyr

umgeformt werden.
In der Bezeichnungsweise von (1) definiere ich
g=b® ) @*®g™ @ ) Dg7?),
aly, BLlyr
3=8Ng,, I=gnt

Dann ist (g, ¥) ein hermitesch symmetrisches Paar vom Rang (r—1),
und g, hat genau einen einfachen, nichtkompakten Faktor. Die apo-
strophierten Symbole p’, W’ usw. sollen dieselbe Bedeutung in bezug
auf g’ haben wie die entsprechenden Symbole p, W, usw. ohne Apostroph
in bezug auf g. Die Induktionsvoraussetzung liefert die Gleichung

e Tl—e 9 [J(—te 1

alyr BLlyr

S — Ze w{ero[J(te ) s~ 22[[(1—te 7)1},

(r_']-)’ i<r i<r
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die natiirlich giiltig bleibt, wenn ¢t durch e ersetzt wird. Benutzt man
diese Identitit in (26) und bemerkt dabei, daB

e”“”'(l —te” 'Yr) H eP—r
BLyr

W'-invariant ist, so erhdlt man

l’] (ea/z___e—a/Z) n(]_te—ﬁ)—l
a B

1
e w{e P (I—te ) ]t (27)
Tr-0'g bive
epon(ew v. —s(r— 2)/2H(1_evr 7. 1}

Die Beschreibung (16) und (18) der positiven, kompakten und nicht-
kompakten Wurzeln zeigt, dal

e P n ef—r n (e')’r_ w)—S(r— 2)/2
Bl i
= l’[ (e~ ?i)‘s("" 1)/2 _ (t e~ yr)sr(r~ 1)/2 H (t e~ )" s(r=1)/2.
i

Dadurch wird die rechte Seite von (27) zu

1
r=D!'%

ZE w{e"°(1—te“”) I(te rr)sr(r 1)/2+r-1

l‘l(te 7:) s(r— 1’/2H(te r_te 7: 1}

i i<r

Wegen Lemma 10 diirfen y,, ..., y, beliebig permutiert werden, so daB

H(e“/z—e“’/z)n(l—te_”‘
___Zs w{e""n te ") S(r—l)IZZ[ te“y")_l

-(te yk)sr(r 1)/2+r ln(te yk__te y.) 1]}

i*k
=% ; g, w{e”“ H (te” y.')-s(r— 1)/2 Z [(1 —te" )’k)"l (28)
: i k
e [[te ™ —re )71}
ik

+ Zg w{e”°ﬂ te” v; —s(r— 1)/22[(1 te” Vk)"l

o(te"’")' 1((te—7k)5"(’ 1)/2_1)H(te Vk—te‘y")_l]}.

i*k
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Der erste Summand im letzten Ausdruck stimmt aufgrund von Lemma 14
mit der rechten Seite von (22) iiberein. Um den Induktionsschritt zu
vollenden, muB ich also zeigen, daB der zweite Summand identisch ver-
schwindet.

Lemma 15. Fiir jede positive ganze Zahl | ist die rationale Funktion

Y o (I=x)(I=x) ™ [T —x) ™"

15ksn itk
ein Polynom in x, ..., x,, dessen totaler Grad |— 1 nicht iibersteigt.

Beweis. Die rationale Funktion kann als Quotient f/g ausgedriickt
werden, wobei das Polynom

f=fGpnx)= 3 (D07 4t T (x—x;)

15k=n i<jii,j¥k
den Grad
n+l=2+m-1)n-2)2=1-1+nn-1)2
hat, und
g=g(xs, ..., x,)= H (xi“xj)
i<j

ein Polynom n(n—1)/2-ten Grades ist. Offensichtlich verschwindet f
auf den Hyperebenen x;=x;, i <j; deshalb kann f durch g geteilt werden.

Wie aus dem Lemma folgt, kann der zweite Summand auf der rechten
Seite in (28) als Linearkombination von Gliedern

Z €, W {epo I‘[ (t e~ y.-)—S(r* 1)/2+n.'} (29)
w i

geschrieben werden, mit
meZ, n=20, n+n,+--+n<srir—1)/2. (30)
Wegen des Korollars zu Lemma 12 ist ein Gewicht

2 (str=1/2—n)y;

1

singuldr, falls (30) zutrifft. Also verschwinden alle Glieder (29). Damit ist
c) bewiesen.

Zusatz zur Korrektur: B. Kostant hat mir ein unverdffentlichtes Resultat mitgeteilt,
das die Behauptung c) als Spezialfall enthilt. Und zwar sei b=me®n eine parabolische
Unteralgebra einer halbeinfachen, komplexen Lie-Algebra; dabei bezeichnet n das Nil-
radikal von b und m ein reduktives Komplement fiir n in b. Durch die adjungierte Dar-
stellung operiert m auf &, das Zentrum der universellen einhiillenden Algebra von n.
Kostants Resultat besagt nun, daB jede irreduzible Darstellung von m héchstens einmal
in & enthalten ist; weiterhin lassen sich diejenigen Darstellungen, die tatséichlich vorkom-
men, genau kennzeichnen. Im vorliegenden Fall setze man m=f, n=p_. Weil p_ abelsch
ist, féllt 2 mit der symmetrischen Tensoralgebra von p_ zusammen. Kostants Beschrei-
bung der Algebra Z fiihrt dann sofort zur Behauptung c).
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Smoothings of Sphere Bundles over Spheres
in the Stable Range

REINHARD ScHULTZ (Lafayette)

The general problem of classifying up to orientation-preserving
diffeomorphism those smooth manifolds homeomorphic to a given
manifold is probably too complicated to be treated in any effective
uniform manner. The first case to be treated was of course the sphere,
where everything has been established modulo computation of the Adams
spectral sequence. The next case considered was a product of two
spheres, where the author and DeSapio independently reduced the
classification to homotopy theory with the exception of determining the
action of P, , on some (4k +1)-dimensional products. It is completely
straightforward to extend this classification to the k-sphere bundles
associated to (k+1)-plane bundles over S" which have nowhere zero
cross sections and satisfy k <n; this was done in the author’s thesis and
in [1]. The latter paper also announced results in the case n<k<n+2.
We shall more generally give results in the case k>n which apparently
diverge from [1] in some respects.

We make two remarks for completeness. A classification of smooth-
ings of bundles with k <n (not necessarily having cross sections) may be
derived from [3,§5]. Finally, throughout this paper the phrases “com-
binatorially equivalent” and “homeomorphic” are interchangeable by
the Hauptvermutung for simply connected closed manifolds with
torsion free homology and dimension at least 5.

1. The Case k=n

We shall be interested in the following situation. Let n>3 and k=2,
and let (en,_,(SO,,,) classify a vector bundle over S". The associated
disk and sphere bundles will be denoted by D(¢) and S(¢) respectively.
Let ¢pem,_1(SO,) be a class which maps to ¢ under the canonical map;
if k=n such a class always exists.

Let M be an oriented closed manifold. The inertia group of M,
denoted by I(M), consists of those homotopy spheres X such that M # X
is orientation-preservingly diffeomorphic to M. The manifolds M and N
are said to be almost diffeomorphic if and only if for some Z, there is a
diffeomorphism from M # X to N. In Section 2 we shall need the subgroup

6 Inventiones math., Vol.9
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Io(M)<=1(M) of homotopy spheres X such that some diffeomorphism
from M # X to M induces the same mapping in homology as the obvious
homeomorphism from M # X to M.

We shall first consider the case k=n; clearly S(¢) is then an (n— 1)-
connected 2n-manifold and hence the results of Wall [9] are applicable.

Theorem 1. a) Any smooth manifold M homeomorphic to S¢) is
almost diffeomorphic to S(&).

b) Suppose n£1 mod 8. Then I(S (&) consists of those homotopy spheres
which bound plumbings of D () with D(t) for some 1em,(S0,).

c) Suppose n=1 mod 8 and ¢+0. Then I(S(£)) consists of those
homotopy spheres which bound (n—1)-connected (2n+ 1)-manifolds. If
¢=0, then I =0.

Proof. Let e,, e,€H,(S(£))=Z@ Z be generators such that e, comes
from the fiber and e, comes from a cross section with normal bundle ¢, .
In the notation of [9], if « is the normal bundle mapping and 2 is the
intersection pairing, then a(e,)=0, a(e,)=¢&,, and A(e,, e,)=1.

Statement a) follows trivially from [9]. The idea behind statement b)
is to show that if h is an orientation-preserving almost diffeomorphism
of §(¢), then h, e, =e,. (We exclude the case & =0, since the result in that
case is known [8, 2.1].) If this is true then the argument in the case k<n
goes through to show that X bounds a plumbing (see the proof of [8, 2.5]
in the case ¢ =0, which generalizes to k<n and S(¢) has a cross section).

Write h e, =pe,+re,. Since h, is an isomorphism, p and r are
relatively prime. However, these integers must also satisfy a(pe, +re,)=0.
If n is even, we claim that r=0. Suppose n=0 mod 4; then a(pe, +re,)=
ré,+x1 is not stably trivial if r+0. Suppose n=2 mod 4; then it is easy
to compute that (pe, +re,) has a nontrivial Euler class if pr+0. In the
latter case p=0 and deth, =+ 1 imply r= + 1, which again means that
a(pe, +re,)=a(+e,)is not stably trivial. Therefore, it is always true that
r=0; since deth,= +1, it also follows that p=+1. If p=—1, then
¢= —¢ and upon composing with a diffeomorphism g of S(¢) such that
g,= —1, we obtain a new almost diffeomorphism for which p= +1;
hence without loss of generality we may now suppose that p=1. Since
&=0unless n is even or n=1 mod 8, this concludes the proof of b).

We now prove c); as before let h,e,=pe, +re,. Again, p and r are
relatively prime. Furthermore, r must be even by normal bundle con-
siderations. It follows that if XeI(S(¢)), then X bounds a manifold Q
formed by attaching a handle to D (£) along the class pe, +re,eH,(S(¢)).
Notice that the only nontrivial homology of the highly connected
manifold Q is H,(Q)=Z,. This proof of the “only if” portion of 2 c) is of
course a special case of [11, p. 289].
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Conversely, if p and r are integers as above, then we can form Q. If
the canonical copy of D(¢) is removed from Int Q, we obtain a cobordism
P from §(¢) to a homotopy sphere Z; as in [8, 1.1], P may be altered to
a corbordism P’ between S(¢)# — X and S2". Let V be obtained from P’
by adding a disk along S?". It follows at once that V has the homotopy
type of §”; specifically, if a, be Z are such that ap+br=1, then the image
of —be, +ae, in H,(V) is a generator. Since the integer a must be odd,
this class has a nontrivial normal bundle which must be ¢ since
m,1(80,,,)=Z,. Hence V is orientation-preservingly diffeomorphic to
D (&) and consequently 0V =S (&)# — X is orientation-preservingly diffeo-
morphic to S(¢).

Thus it remains to show that any boundary of an (n— 1)-connected
(2n+ 1)-manifold may be obtained by attaching a handle to D (&) to form
a manifold Q as in the preceding paragraph. In this paragraph we shall
assume that r>0. Let q: H,(Q) — Q/2Z be the self-intersection mapping
defined in [11, p. 274]; if v generates H,(Q)= Z, it follows that q(v)=p/r.
Let g(Q)eZ/8Z=Zg4 be the “Grothendieck element” defined in [11,
Theorem 9, p.2887; recall that if 0+ X€H,(Q) satisfies 2y=0, then
8(Q)=24(y) as elements of Z/4Z. If we choose r=2 so that A generates
H,(Q), then

8(Q)=2(p/2)=p mod4,

where p is odd. Thus if §: Zg—T,, is the obstruction homomorphism
[11, p. 287], we have shown that £=0g(Q)=0(odd) generates the sub-
group of homotopy spheres which bound highly connected (2n+ 1)-
manifolds. Thus c) follows, since we know that ¥ €I(S(¢) from the
preceding paragraph.

Remark. The statement of b) is true for n=1 mod § if and only if 0
is the zero homomorphism. For if Q is a plumbing, then g(Q)e4Z4 by
[11, p. 296]. (Compare [1, Proposition 5].)

2. The Case k>n

In order to state our results more conviently, we introduce some
notation. Suppose the manifold T is formed by closing up the plumbing
of two disk bundles over n- and k-dimensional homotopy spheres. Then
H, (T)~H,(S"x S%, and the images of the orientation classes of the
spheres provide a canonical orientation for 7. If T’ is another such
manifold, a homotopy equivalence h: T'—T will be called strongly
orientation preserving if it maps the spherical orientation classes of T’ to
those of T.

Theorem 2. Let ¢en,_ (SO, ,) with k>n.
6*
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a) Any smooth manifold M combinationally equivalent to S(&) is
formed by closing up a manifold obtained by plumbing S’,‘i x D" with D(&,),
where Bel;.

b) For B and ¢ as above denote a chosen plumbing by T(B, &). Then
T(B,¢&) and T(B, &) are strongly orientation-preservingly almost diffeo-
morphic if and only if there is an embedding h of Sk, into T(B, &) with trivial
normal bundle such that h, [Sk]=i, [Sk].

) The group 1,(T(p, £)) has index at most 2 in the inertia group, and
we have the formula

Io(T(B, &) =1(Sj x S +1(S(8)).

Part c¢) of Theorem 2 was originally proved for the special case
n<k=2n-3 by Sato [7, 6.11, p. 31].

Remarks 1. The choice of T(f, ) is unique up to almost diffeomor-
phism.

2. Let F' <1, be the subgroup of homotopy k-spheres which embed
in R"** with trivial normal bundle. Then by 2 b) it is immediate that the
almost diffeomorphism class of T(8, &) only depends on the congruence
class of f mod F;. The author knows of no examples where T(f, ¢) and
T(B, &) are almost diffeomorphic but f# 8 mod F***. (See Theorem 3.)

2". To expand upon Remark 2, if ¢ is fiber homotopically trivial,
then by Sullivan theory the condition f=f mod F*! is necessary for
T(B,¢) and T(f,&) to be strongly orientation-preservingly almost
diffeomorphic. If in addition the Pontrjagin class of ¢ is divisible by a
suitable number depending on n and k, then this condition is also suffi-
cient.

3. If there is an orientation-preserving almost difftfomorphism of
T(B, &) to itself which is not strongly so, then clearly é=—¢& so that
¢=0o0rn=1,2modS8.

The inertia group of S(€) is given by the next result.

Proposition. Let k>n. Then the homotopy sphere X is in I1(S(&)) if and
only if Z bounds a manifold Q formed from D () by adding a handle along a
k-sphere in S(&) which intersects a cross section once.

The proof'is identical to that of the case k <n. Obviously, just as in the
case k<n, Q may be any plumbing of D (&) with an n-sphere bundle over
a homotopy (k+ 1)-sphere. However, more spheres may be obtained
since the handle may wrap around the cross section by an element of
7, (S"). (Again compare [ 1, Proposition 5].)

The next result, first proved by Munkres [5, p. 189], now follows
easily.
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Corollary. Let M be homeomorphic to S(&). Then for any yel,, we

have
YJ(QelM)ST, ,,.

Proof. In the above proposition, take Q to be the plumbing of S¥*! x D"
with D(¢). The result then follows from 2c).

Part b) of Theorem 2 takes a somewhat more pleasant form in the
metastable range n<k <2n— 3. From the fact that homotopy classes are
representable by embeddings which are unique up to regular homotopy,
we have mappings

F:m(S")xm,_ 1(80)) —» - 1(80,),
@i > m_(S0,)

defined in [10] and [2] respectively. Let o: 7. (8") > m,_,(SO,) be the
boundary map of the fibration SO, SO, ,— S".

Theorem 3. The manifolds T(B, &) and T(B', &) are strongl y orientation-
preservingly almost diffeomorphic if and only if for some xem, (S"),

0r(B)—@r(B)=F(x, &y)+ 0x.

Proof of Theorem 2 a). This follows by methods like those of [8]. The
piecewise differentiable embedding of S” with normal bundle &, may be
approximated by a smooth embedding f with the same normal bundle
since k>n. Furthermore, the piecewise differentiable fiber inclusion
g8o=S*xR"> M induces a smoothing of S*x R" which is of the form
S} x R" by the Cairns-Hirsch theorem; consequently, there is a smooth
embedding g: S‘,‘,—»M with trivial normal bundle. Since the images of f
and g have intersection number 1, we may assume that they intersect
transversely in a single point since k>n= 3. By a standard construction
[12, 3.13, p. 65], there is an embedding of the plumbing of S’,; x D" with
D(¢,) into M. If M is M with an open disk removed, by the h-cobordism
theorem we may assume that the image of this embedding is M,,. This
proves 2 a).

Proof of 2 b). This is similar to a). Suppose f: T(, &)# X —T(B, &) is
an appropriate diffeomorphism. Let g: S§, —T(B', £)#Z be a standard
embedding. Then h=fg has the right normal bundle and homological
property. Conversely, given the embedding h, let k: S">T(B, ¢) be a
standard embedding. As before, the images of h and k intersect trans-
versely in a single point, and an embedding of the plumbing of S}, x D"
with D (&) into T(B, &)is obtained. Thus the plumbing, which is T(f’, &) —
Int D"** s strongly orientation-preservingly diffeomorphic to T(g, &)—
Int D"** by the same argument used in a).
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The main geometric argument behind the proof of 2 ¢) appears in the
next result.

Lemma. In the above notation, there is an orientation-preserving
diffeomorphism from T(B, &)% — T(B, &) to Sk x S"4 S (&).

Proof. It is immediate that there is an almost diffeomorphism by a
standard change of basis trick which we shall exhibit for subsequent
reference. Let x,y be the preferred generators of the n-dimensional
homology T(B, &) and T(— B, &) respectively, and let a, b generate the
k-dimensional homology. The intersection pairings on T(f, &) and
—T(B, &) satisfy the relations xa= —yb=1 and xb=ya=0. Thus there
is an embedding of the manifold

S x S"# S(¢)—Int D"k

in T4 — T which sends the respective n-dimensional homology gener-
ators to x—y and y, and sends the k-dimensional generators to a and
a—b. This establishes the existence of an orientation-preserving diffeo-
morphism from T4 — T to S x S"4# S(£)# 2.

The proof will be completed by noticing that el (T(B, &)). Let U
be the connected sum cobordism from the disjoint union Tu—T to
T 4 — T If handles are added to T # — T along the classes x —y and a—b
in the obvious manner, one obtains a cobordism V from Tu—T to Z.
By a trivial generalization of [8, 1.1] this may be altered to a cobordism
V' from Tu—(T #ZX) to S"*¥, and the latter cobordism may be closed
along the sphere to give a manifold W with boundary Tu —(T 4 X). It is
immediate that W is an h-cobordism and that the diffeomorphism be-
tween the ends is strongly orientation-preserving.

Proof of 2 ¢). The group /1, is obviously a subquotient of
Aut H*(T(B, &)=Z,D Z,

and the fact that orientations are preserved implies that it is in fact a
subquotient of Z, .

Suppose that Zel (S";xS")+I (S(&)); notice that the latter group is
contained in I,(S% x $"4 S(¢)). By the standard type of argument (e.g.,
[8, 2.5]) we can add two handles to the connected sum cobordism U
from Tu—Tto T# — T=S‘,§ x 8" 4 § (&) and obtain a new cobordism V
from Tu — T'to Z. The proof that el ,(T) now proceeds by an argument
identical to that of the lemma.

Conversely, suppose that Zel,(T). Then upon taking connected
sums with — T we obtain an orientation preserving diffeomorphism.

h: Shx S"4#S() 4 Z— 55 x S"# 5(8)
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such that, in the notation of the lemma, hy(x—y)=x—yand h,(a—b)=
a—b. Thus ¥ is obtained from S’; x 874 §(¢) by adding handles along
x—y and a—b. Since the spheres upon which the handles are attached
may be assumed disjoint, we may first attach along x —y and then along
a—b.

By general position we may assume that h maps the n-sphere repre-
sented by x— y onto the standard $"< Sk x S™. Thus the effect of adding a
handle is to form a cobordism from S’,; X S"#S(&) to X, 4 S(&), where
2 el (S’,} x 8") by [8, 2.5]; the cobordism is in fact a cobordism connected
sum of the trivial cobordism on S(£) with the obvious one from S‘,‘, x S"
to 2. This implies that X is formed from S (&)# X by adding a (k+ 1)-
dimensional handle along a sphere which intersects the cross section
once. According to the Proposition proved previously, X # — X eI(S(¢)).
This completes the proof.

Proof of Theorem 3. This is merely a translation of 2b) into the
metastable range. Suppose N"** is an (n— 1)-connected manifold and
n=<k=<2n—3. Then there is a well-defined normal bundle mapping

o m(N)-m,_,(S0,)

defined in [10, p. 254]; actually it is just a generalization of the map
constructed in [9]. Suppose N = T(B, £); then 7, (N) =1, (S) @ 7, (S™) and
using the formal properties proved in [10] we have the formula

a(m, x)=me(f)+ F(x, {)+mdx

where ¢, F, and 9 are defined in the paragraph preceding the statement
of Theorem 3.

The condition of 2b) on embeddings of S with trivial normal bundle
is clearly equivalent to the existence of comparable embeddings of S"
with normal bundle — @ (B). Since we are in the metastable range, such
embeddings exist if and only if for some xen, (S") we have that a(l, x)=
—¢(f). The formula of Theorem 3 now follows from the more general
formula presented above.

Example. Let {en,,(S0,,) be such that J(¢) has odd order. Then
there are two almost difffomorphism classes of smooth manifolds
combinatorially equivalent to S(&). Since Ii¢=1Z,,wehave that $J(&)=0
and hence all plumbings of S;° x D' and D(&,) may be closed. If n* gener-
ates I, then it is well-known that ¢ (*) 40 [2]; since r, 4 (S2)=0, it fol-
lows that T(y*, &) and S() are not almost difftomorphic. The inertia
groups of both classes are identical by 2¢) and [8, 2.7]. Other examples of
this type may be constructed using T19(5033), 1,4(SO;,), and 1,,(S054). In
fact there are always such examples with at least two almost diffeo-
morphism classes whenever h, h, and h? h, survive in the Adams spectral
sequence [4].
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Problem. Is T(B, &) the total space of an S§ bundle over S"? This is

connected to some results of Novikov [6]. The only general result the
author knows is that if fedR, ., and k231, then S(2¢) is the total space
of an S’,‘, bundle over $" provided k=n+4. A proof of this fact will appear
in a forthcoming paper by the author.

11.

12.
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A Generalization to the Non-Separable Case
of Takesaki’s Duality Theorem for C*-Algebras

KLAUS BICHTELER (Austin)

Abstract. Takesaki [5] poses the question of how much information about a C*-
algebra A is contained in its representation theory. He gives it a precise meaning in the
following setting: One can furnish the set Rep(A4: H) of all representations of A in a suitable
Hilbert space H with a topology, with an action of the unitary group G of B(H) on it, and
with an addition. The set AF of operator fields Rep(4: H)— B(H) commuting with the action
of G and addition, called the admissible operator fields, turn out to form a W*-algebra
isomorphic to the bidual of 4 with Arens multiplication or with the universal enveloping
von Neumann algebra of A. Takesaki shows in the separable case that A can be identified
in AF as the set of continuous admissible operator fields, and leaves the same question
open for arbitrary C*-algebras. Changing the structures on Rep(4: H) slightly, it is shown
here that this result obtains in the general case as well. The proof proceeds along the lines
set up in [5] but makes no use of the representation theory of NGCR algebras.

1. Preparation and Notation

Let A be a C*-algebra, A’ its dual and A" its bidual. We consider A
as contained in A” and denote the duality by x, a— {x|a) (xeA4’, acA").
The involution * of A gives rise to involutions in A" and 4", again denoted
by *. Finally, let B(A4) denote the space of positive linear functionals on 4
of norm not exceeding one, with the weak*-topology inherited from A'.
The following lemma is a collection of results spread over the literature.

Lemma. (i) Every element x of A’ of norm not greater than one can be
writtenuniquelyintheformx=x, —x, +i(x; — x,)withx;e B(A),|x, —x,| =
[xy[41x,1, %3 = x| =[X3] +1x4].

(i) For every element x of A’ there are: a representation m, sum of at

most four cyclic representations m;, and vectors &, 1 in the space of @ such
that {x|a)=(n(a) &|n) for all aeA.

(iii) The restriction & of an element o, of A" to B(A) is an affine-linear,
norm-continuous function on B(A) to C vanishing in 0 and a—a is an
isomorphism of A’ onto the vector space ANy(B(A):C) of all these
functions satisfying || = |&| = |a|, where |&| is the sup-norm of a.

(iv) The restriction of “ to A= A" is an isomorphism of the vector
space A onto the space ACy(B(A):C) of all affine-linear, continuous
Sfunctions on B(A) vanishing in 0.
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Proof. (i): x splits uniquely into its hermitian and anti-hermitian
parts, and to those one applies Theorem 12.3.4 of Dixmier [2]. It is
sufficient to prove (ii) for |x| <1 (cf. Takeda [4]). Split x into x; as in (i),
select cyclic representations 7; of A with totalizing vectors ¢; such that
x;(@)=(m;(a) &1E). Then n:=@mn;; &:=& — &, +i(,—E&,); 7122 ¢; pro-
duce x as stated. Everything in statement (iii) is obvious from (i), except
possibly that “ is onto. For this, let fe AN,(B(A4):C) and extend f by
linearity to a function x on A’, using (i). It is easy to check that x isin 4"
and has restriction f to B(A). (iv): A can be identified in A” as the set
of weakly continuous elements of A”. Hence A= AC,(B(A):C). As A is
complete, the inequality in (iii) yields that 4 is complete with sup-norm
and hence closed. Let u be a linear functional of norm one on A C,(B(4): C)
vanishing on A. u can be extended to all continuous functions on B(A),
decomposed into a linear combination of positive measures of norm
not greater than one on B(A) and is hence (cf. Bauer [1], Satz 2.5.1) of
the form p=e, —¢,,+i(e,, —¢,,) on ANy(B(A): C). From u(4)= {0} one
deduces x;=x, and x;=x, and pu vanishes on AN (B(4):C), also.
This shows that A= A4C,(B(A), C).

It is obvious that the isomorphism " carries hermitian elements of A”
into real-valued functions.

IL. The Structure of Rep (A4:H)

1) Given the C*-algebra A we choose once and for all a Hilbert
space H of dimension sufficiently high to ensure that every cyclic repre-
sentation of A is unitarily equivalent to some representation in a subspace
of H. The inner product in H is (|). The set B(H) of all bounded linear
operators on H, equipped with the strong, ultrastrong, weak, or ultra-
weak topology will be denoted by B((H), B,,(H), B,,(H), or B,,(H)
respectively.

Let Rep (4:H) denote the set of all repesentations of 4 in H. It is a
space of functions 4—B(H), and we furnish it with the topology of
pointwise convergence:

Lemma. Thetopologies of pointwise convergence for functions A— B,(H),
A-B,(H), A-B,(H), A-B,, (H) coincide on Rep (A: H).

Proof. It is obviously sufficient to show that pointwise weak conver-
gence on Rep (A4: H) entrains pointwise ultrastrong convergence. Let the
net 7* in Rep (A4: H) convergence pointwise-B,,(H) to neRep (4: H), and
let ae A, (e H. The equation

|n*(a) & —m(a) &I
=(n"(a* a) {|8)+(n(a* a) £|&) - (n*(a) | n(a) ) — (m(a) {|n*(a) §) >0
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shows that n* converges also pointwise-B,(H) to n. For every a€A,
the net n*(a) is bounded and hence converges strongly if and only if it
converges ultrastrongly. That is, n* converges pointwise-B, (H).

Henceforth, Rep(4: H) denotes the topological space consisting of
the set of representations as above together with the topology of pointwise
convergence in any of the topologies on B(H) considered above. Rep(A4: H)
is, for instance, a Hausdorff space.

2) For neRep(A:H), denote by H, its essential subspace, i.e., the
closure in H of n(4) H, and by p, the projection of H onto H,. We have

n(a)=p, n(a)=n(a)p, for all aeA.

= is said to be cyclic with totalizing vector & if £e H, and n(4) & is dense
in H_, and the couple (z, &) is called a representative couple for the
positive linear form a— (n(a) ¢|¢) on A. The assumption on H then
says that every positive linear form has a representative couple in
Rep(A:H).

For two representations 7,7’ in Rep(4:H) with H_ orthogonal
to H,,, we define their sum n+n’ by

(n+n')(@)=mn(a)+ n'(a) for all aeA.

It is easy to check that m+n' is, again, in Rep(A4:H), with essential
subspace H . ®H,.. (Let D be the subset of Rep(A4:H)x Rep(4:H) on
which addition is defined. Then addition is a continuous mapping from
D to Rep(4:H).)

3) Let neRep(A4:H) and ueB(H) a partial isometry with initial
projector u* u greater than p,. Then n*:a — u n(a) u* is, again, a representa-
tion of 4 in H, with p,=up,. We have (n*) =, and we say that two
representations 7, ' in Rep(4:H) are equivalent (under u) if #'=n" for
some partial isometry u. It is easy to see that this defines, indeed, an
equivalence relation on Rep(A4: H).

The structures on Rep(A4:H) here defined, topology, addition and
equivalence, resemble closely those imposed on Rep(4:H) by Takesaki
[4], and Ernest [3] in his definition of the “big group algebra” of a
locally compact group. There are, however, small differences, though
significant enough to enable us to prove Takesaki’s conjecture in the
new setting. While the topology is the same, while our definition of
addition differs only insignificantly from Takesaki’s, the notion of
equivalence of representations here is stronger, such that more repre-
sentations are equivalent in our setting. This is due to the fact that
Takesaki allows only unitary mappings in the definition of equivalence.
However, the notion used here seems natural enough, as it corresponds
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to the usual one, when no Hilbert space is fixed aforehand. Its usefulness
lies in that it permits to establish the following crucial result:

4) Proposition. Let xe B(4) and (n, &) a representative couple for x
in Rep(4:H).

(i) For every neighborhood Vof 1t in Rep(A: H) there is a neighborhood
U of x in B(A) such that every y in U has a representative couple (p, n)
withpin V.

(i) If A has an identity e and W is a neighborhood of £in H, then U
can be chosen such that every yeU has a representative couple (p,n)
with peV and ne W.

For the proof, we need the following lemma, which is proved in
Dixmier ([2], 3.5.6).

Lemma. Let ¢, ..., &, be afinite number of vectors in a Hilbert space H.
For every ¢>0 there is a 6>0 such that for every collection n,, ...,n,
of vectors in H with “ 5-nearly the same orthogonality relations”, . e., with

there is a unitary operator u: H— H such that
lun,—¢&|<e, 1<iZn,

i.e., “u shifts n; e-close to &,”.

Proof of the Proposition. A basis for the neighborhood filter of 7 is
given by the sets

{pllp(@) {;—n(a) ;| <12¢}

where ay,...,a; are elements of 4 of norm not exceeding one and
{ys....Cp are vectors in H of norm not exceeding one. It is no re-
striction to assume {, ={(=0, if 7=0) [and, if 4 has an identity e, that
a,=e].

Splitting {; into its part ¢jin H_ and its part &/ orthogonal to H,,
we see that the sets of the form

{pllp(@) &i—n(a) &l <68} {p|lp(a) &1 <6e)

(a; as before; §eH,, & =¢, f}'EH,J!‘, the &', ¢ of norm smaller or equal
to one) are, again, a basis for the neighborhood filter at 7.

Now choose b, b,,...,b; in 4 such that [§5—m(bj) &l <2e. [If e A,
choose b, =e.] Putting n(b ) &=¢;, a little calculation shows that
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the sets
Vi={p|lp(a) &~ nla) &l <2e}  {p|lp(ay &1 <66}

(a;€ A as before; £;=n(b;) & for some b;e 4; 6;.’eH,f) form. again, a basis
at m.

Now let u be a partial isometry: H — H whose initial projector u* u
is the identity operator, whose final projector uu* is the projector onto
the orthogonal complement of the £ (j=1, ..., J), and which leaves the
vectors ¢, ¢ i=m(a;) ¢, fixed (j=1,...,J;i=1,...,]). Such a partial iso-
metry can be found by splitting H mto the span H ! of the &> ¢;;and its
orthogonal complement H? and taking the sum of the 1dent1ty operator
of H' and a partial isometry of H? meeting the first two requirements
for u. Such exists, as H and hence H? has infinite dimension.

With such a u: H— H fixed, if p is in
Vi={p|lp(a) &~ n(a) & <2}

then p*isin V. Indeed, p*:a—u p(a) u* annihilates the £7,(j=1, ..., J),and

|p*(a;) éj“n(ai) fjlzlup(ai) u* éj—n(ai) éjl
=lu*up(a) éj—u* n(a;) 'f,l
=|p(a)¢;—mn(a) §il<2e.

The considerations up to here amount to showing that it is no
restriction to assume that the neighborhood V of 7 in the statement

is of the form
V={p|lp(a) &~ &, <2}

(a; as above, {;=n(b) ¢, & j=n(a) &;, a,=b, =e, if ec A).

To construct the neighborhood U of x with the required properties,
consider the J +1J vectors &;, &, of H(i=1,...,1,j=1,...,J). They have
the following inner products:

(&18,)=(m(bE b) 18)=<x|bE b)>
(&1&:)=(nbF ax b) €18)=(x|bYaF by
(&1&0 ) =(n (b} a¥ a;b) €| &)= x| bEa¥ a;b).

Find now, in the sense of the lemma above, a 6>0 such that any set
np i (i=1,...,1, j=1,...,J) of vectors in H with d-nearly the same
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orthogonality relations as the ¢&;, ¢;; can be shifted e-close to the ¢;, &ij
by a unitary map u. With this 6, define the neighborhood U of x by

U={yeB(4)||x(@)—y(a)|<é  for a=btb,,
b}a¥b;, b¥a¥ab; Gi=1...,J; Li'=1,...,D}.

ARG |

U has the properties required in the statement of the theorem:
Let yeU, and let (p, ) be a representative couple for y in Rep (4:H).
The vectors n;:= pb)n, n;:=pla; b))n have d-nearly the same ortho-
gonality relations as the ¢ ;- We find a unitary operator u:H—H
such that lun;—&;|<e and lun;—&l<e (j=1,...,J;i=1,...,1). The
couple (p*, un) is again representative for y, and it is in V:

|p*(ay) éj"n(ai) Cj'=|up(ai) u* éj_n(ai) é,’
Slup(a)(u* fj"?j)l+|“'7ij”fijl<23-

[Ifee Athenn, =p(b1)n=p(e)n=pp11=11 and ¢, =¢and hence |lun—¢|=
lun, —&,|<e and un lies in Wor sufficiently small e]

III. Admissible Operator Fields

1) Definition (Takesaki [5], Ernest [3]). 4 function T: Rep(A:H)-

B(H) is an admissible operator field if
(i) [IT||:=sup {| T(n)|; e Rep(A4: H)} < 0.

(ii) T(m)=p, T(n)=T(n) p,.

(iii) T(n+n')=T(n)+ T(z') for (n, n’)eD.

(iv) T(n*)=uT(m) u*.

It is obvious that the set A” of all admissible operator fields is a
C*-algebra under pointwise addition, multiplication, involution, and
with the norm || ||.

An element a of A defines an element d:7m—n(a) of AF and the map
a—a is an isomorphism of the C*-algebra A4 into AF. The fields d(acA)
are obviously continuous with respect to any of the four topologies
on B(H) under consideration in Section Il. Takesaki’s problem, to
be solved in the next section, is to show that, on the other hand, 4
can be identified in A" as the subset of precisely all the continuous
fields in AF.

2) One can define analogues to the weak, ultraweak, strong, and
ultrastrong topologies on a von Neumann algebra on AF by the pseudo-



Non-Separable Case of Takesaki’s Duality Theorem for C*-Algebras 95

norms T—|(T(n) ¢|n)|, (neRep(A:H), & neH); T—|T(n) &| (n, & as be-
fore); etc. (Cf. [3, 5].) AF is the closure of A in each of these topologies.
We establish as much of this statement as will be needed later. If e is a
projector in B(H,) (reRep(A4:H)) commuting with the restriction of
n(A)to H then e causes a decomposition of H into two orthogonal closed
invariant subspaces, and (iii) shows that T(r) commutes with e. That is,
T(m) is in the von Neumann algebra spanned by n(A4) in H and is hence a
limit in B, (H)... B, (H) of elements n(a) (a in A°, the algebra obtained
from A by adjoining a unit element). According to Kaplanski’s theorem
([2], Ch.1, §3, No. 5), T(n) can even be approximated by elements 7 (a)
of norm not exceeding the norm of T(r).

3) Let T bein A, x in B(A) and select a representative couple (m,, &)
for x. The number (T'(n,) £, |£,) does not depend on the choice of (z,, £,),
as a simple calculation shows: another representative couple for x is of
the form (n%, u£,) for some partial isometry u, and the claim results from
(iv). Using (iii) and (ii), it is equally easy to show that the function
A(T): x—(T(n,) &, | E,) is affine-linear on B(A) and vanishes in 0. Indeed,
let 0<a<1and x=ay+(1—a)z (x,y,z in B(A)). If (n,, ,and (m, &)
are representative couples for y and z respectively, chosen such that
Px, P, =0, then a representative couple (x,, ¢,) for x is obtained by
setting &, —oc*é +(1—a)*¢, and =, the subrepresentation of T,+m,
which has cycllc vector ¢£,.. One gets

<x, A(T))

Il

(T(m) &l E)=(T(m,+m,) &)

(T(r,)+ T(r)) (e &+ (1 — o) & )|t €, + (1 —a)* &)
(T(r)at & ot &) +(T(m,) (1—)* &, |(1— )} &)
(ey+(1=w)z, A(T))).

(T

The equality £ holds because of (ii).

Let A”(T) denote the unique linear extension of A(T) to the whole of
A’. Then {x, 2"(T)) can be calculated as follows. If (n, £, %) is a triple
representing x in the manner of Lemma 1, (ii), then

<, AT =(T(m) €| n). (*)

Indeed, the proof of Lemma 1 shows that A”(T) defined by (x) is a linear
extension of A(T) to A'.

Proposition. (i) The map A: T— A(T) is a linear isomorphism of A¥
onto ANy (B(A): C).
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(ii) The linear isomorphism A" of A¥ onto A" such that ''(T) is the
unique linear extension of A(T) to A’ is an isometry of Banach spaces and
preserves involution.

(iii) (@) =a and 1"(@)=a for all acA. Hence L(A)=A and 1'(A)=
AcA”.

Proof. If x is in B(A) and represented in the form a— (n(a) ¢| &) then
[x|=|£|*. One sees this letting run a through an approximate identity.
Takinginto account Lemma 1, (ii) and (i), one sees that if x in A’ converges
in the norm zero and is represented in the form a— (n(a) ¢|n) then & -0
and # — 0 and hence {x, A"(T)>— 0. That is, A”(T) is, indeed in A" and
A(T) is an ANy(B(A): C).

Linearity of 4 and A" is obvious. If A(T)=0 then (T(n) £|£)=0 for
all cyclic representations (n, &), hence T=0. Thus A and 1" are one-
to-one.

To see that A” and with it 4 is onto, let reRep(4:H) and & neH
and put xgﬂz(n(-)éln). The form &, n- {x},,a) is sesquilinear and
bounded for « in A” and defines an operator T(rn) such that Xy, 0> =
(T(m) &|n). 1t is clear that T:m— T(m) is an admissible operator field
with 1"(T)=a.

It remains to be shown that 1" is isometric. First, as x, has norm not
exceeding |¢||n], we get [A”(T)|=sup {|<x, A"(T)>|; x in 4, |x|<1}=
sup{|(T(m)¢|n)|; = in Rep(4:H), & nin H, |E|<1, |n|<1}=sup{|T(n);
min Rep(A4:H)}=|T|. On the other hand, suppose x=x}, and T have
norm not exceeding one. As T(n) can be approximated weakly in B(H,)
by operators n(a) (a in A°, cf. Section 2) above), we have |(x, 1"(T))| =
|(T(m) &)l =lim |(n(a) ¢|n)| < |xE,|=1,and A"(T) has norm not exceeding
one. That is, |A"(T)|=|T|.

4) The proposition above shows that A* as defined here is isomorphic
to the algebra of admissible operator fields, as defined by Takesaki [5],
Ernest [3], despite the difference in the structures imposed here and there
on Rep(A4:H). We list without proof several properties of 4F¥ which have
been established by these authors:

(i) A" is an isomorphism of the W*-algebra AF onto A” with Arens
multiplication.

(i) AF has a faithful representation onto the universal enveloping von
Neumann algebra 4 of A which extends the canonical representation of
A into A.

(iii) Universal property of A¥: If n is a *-homomorphism of 4 into
a W*-algebra M then there is a unique normal extension # of © to AF
into M.

(iv) A is of Type I if and only if AF is.
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IV. Identification of 4 in A"
Theorem. Let TeAF. Equivalent are:
(i) TeA.
(it) T is continuous from Rep(A:H) to B, (H).
(iii) T is continuous from Rep(A:H) to B,(H).
(iv) T is continuous from Rep(A: H) to B, (H).
(v) T is continuous from Rep(A:H) to B, (H).

That is, A is isomorphic under” to the C*-algebra of all continuous
admissible operator fields.

Proof. It is obvious that (i) implies (ii) through (v). It is sufficient to
show that (v) implies (i). To do that, we first assume 4 has an identity e.
Let TeAF be weakly continuous. According to the proposition in the
last section it is sufficient to show that A(T) is continuous.

Let (x*) be a net in B(A) converging to some xeB(A). Let (n#, "),
(m, n) be representative couples for x* and x respectively such that &*— ¢
and n*— 7. They exist due to Proposition II, 4). We find

[ A(T)> = (x| AT)|=[(T () &1 €4 — (T(m) €| €)|
<|(T(n*) &#1 &) —(T(m*) €1 )|+ |(T(m*) €1 €) — (T(x*) €| &)
+(T(@") 18 —(T(m) €| E)|
SITHIE IR = &I+ I TN 1€ = &lE+ | (T(x*) — T(m)) €] €)] - 0.

If A does not have an identity, we consider A as a subalgebra of the
C*-algebra A° obtained from A by adjoining an identity e. To every
representation © in Rep(A°:H) there corresponds naturally the repre-
sentation m, of 4 in H, the restriction of n to 4. The mapping n — =, is
clearly continuous from Rep(A4¢: H) to Rep(A4:H). If T is continuous in
Af then T': n— T(m,) is a continuous admissible field in A°F and hence
A(T")isa continuous function on B(A4°¢). We have, for xe B(A4°), {x|A(T")) =
(T'(m) &l €0 =< T (my 4) E,1 €D = <x 4| A(T)). In the latter equation, x,,
denotes the restriction of x to A4, and it holds as {(x,|a)={x|a)=
(m(@) &l &> =<{m, 4(a) &,| &, for all ain A. This shows that the function
x = {x4|A(T)) is continuous on B(4°). But as B(4°) and B(A) are both
compact Hausdorff and x — x,, is continuous and onto, B(A) has the
quotient topology under this map and we deduce from the fact that the
composite map x — x, —{x,|A(T)) is continuous on B(4°) that the map
y—<{y|A(T)) is continuous on B(A). That is, A(T) is in A and hence
(cf. Proposition III, 2), (iii)) T is in A.

7 Inventiones math., Vol.9
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Kohomologiegruppen und Konstantenreduktion
in Funktionenkorpern

K. KI1YEK *(Saarbriicken)

Einleitung

Es sei K ein Korper, o ein noetherscher Teilring von K, welcher
japanisch ist (bzw. K/o separabel erzeugbar). Die Riemannsche Fliche X
von K/o kann in natiirlicher Weise mit einer Garbe von Ringen .« ver-
sehen werden. Es wird gezeigt, dal die Kohomologiegruppen H? (X, .«¢)
als induktiver Limes der Kohomologiegruppen H?(Y, (y), Y projektives
Modell von K/o, erhalten werden konnen, und daB das gleiche auch fiir
die Cechschen Kohomologiegruppen gilt. Hieraus folgt, daB der kanoni-
sche Homomorphismus H? (X, o) — H? (X, ) bijektiv ist. Ist speziell o
von endlicher Krullscher Dimension, dim(o)=n, und universeller Ket-
tenring, r der Transzendenzgrad von K iiber dem Quotientenkorper k
von o, so ist H"*"(X, &) ein endlich erzeugter o-Modul. Im Falle 0=k
heifit die k-Dimension dieser Kohomologiegruppe das geometrische
Geschlecht g(K/k) von K/k. Ist o ein einrangig-diskreter Bewertungsring,
v die zugehorige Bewertung, V eine Funktionalfortsetzung von v auf K,
so wird gezeigt, daB g (K/k)= g(K/k), falls V prim iiber v. Hierbei bedeuten
Querstriche Restbildung mod V. Dabei wird ein Ergebnis aus [6] benutzt.
Diese Ungleichung ist eine Verallgemeinerung des von Deuring und
allgemeiner von Lamprecht [7] bewiesenen Satzes, daB das Geschlecht
eines algebraischen Funktionenkorpers einer Verinderlichen (also r=1)
unter geeigneten Voraussetzungen bei Konstantenreduktion hochstens
abnehmen kann.

Die Arbeit lehnt sich teilweise an Snapper [11] an, der jedoch nur
die algebraischen Bewertungsringe von K iiber einem Korper o und nur
die Cechschen Kohomologiegruppen betrachtet. So muBte die von
Snapper entwickelte Theorie in diesem allgemeineren Zusammenhang
zum Teil neu dargestellt werden.

Im einzelnen gliedert sich die Arbeit wie folgt. In den Abschnitten1—2
werden induktive Systeme von Kohomologiegruppen behandelt, die aus
einem projektiven System geringter Riume gewonnen werden. Als
Nebenergebnis wird dabei u.a. gezeigt, daB in einer Klasse topologischer

* Die Ergebnisse dieser Arbeit erweitern Resultate aus der Habilitationsschrift. Der
Deutschen Forschungsgemeinschaft bin ich fiir ihre finanzielle Unterstiitzung dankbar.

8 Inventiones math., Vol. 9
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Réume, welche die Klasse noetherscher Riume umfaBt, der kanonische
Homomorphismus

lim H? (X, o) — H? (X, <), o =lim o,
—> -

bijektiv ist. Abschnitt4 bringt die oben erwidhnte Darstellung der
Cechschen Kohomologiegruppen und Kohomologiegruppen der Rie-
mannschen Fliche als induktive Limites. In Abschnitt 5 wird der End-
lichkeitssatz bewiesen. Abschnitt 6 bringt einiges iiber die Reduktion
von Modellen und die Reduktion der Riemannschen Fldache. Hier sei
auf das kommutative Diagramm mit exakten Zeilen und Spalten (6.9.5)
hingewiesen. Zum SchluB wird die Formel g(K/k)= g(K/k) bewiesen.
Dem Referenten danke ich fiir einige Bemerkungen zu Abschnitt 2.

1. Kohomologiegruppen

(1.1) Es sei X ein topologischer Raum, U die Familie der offenen
Mengen von X. Es sei weiter I eine teilweise geordnete, aufsteigend
gefilterte Indexmenge. Ist (&, 0;;);; ein induktives System von Garben
von Mengen auf X, so heiBt die zu der Prigarbe (11_rn’(.97l (U)))yeu gehorige
Garbe & der induktive Limes des induktiven Systems (%),: & =
lim &%.

> ]

Es sei ((X;, &), fij)ier» Jij=(®;;, 0;), ein projektives System geringter
Rédume. Sei (X, ;) der projektive Limes von (X;,®;;),,;; dann ist
(@ (o), p¥*(6%));es in induktives System von Garben von Ringen auf X.
Ist (o7, 0,) der induktive Limes dieses Systems, so ist (X, &), f), fi=
(9;, 0,), der projektive Limes in der Kategorie der geringten Rédume des
gegebenen projektiven Systems geringter Rdume. Fiir jedes xeX ist
'Mx = m(“jz)m (x)*

(1.2) Ist f=(g,0):(X, ) — (Y, &) ein Morphismus geringter Rdume, so
bestimmt f einen Bihomomorphismus

1.2.1) 6,: H?(Y, 8)— H"(X, o)

der Kohomologiegruppen und ebenso einen Bihomomorphismus

(1.22) 0, H*(Y, B)— H(X, o)

der Cechschen Kohomologiegruppen und es kommutiert ([4], 0y, §12.1)
AP (Y, #) — H*(Y, #)

(1.2.3) B l 0
H*(X, ) — H? (X, of);
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hier sind die horizontalen Pfeile die kanonischen Homomorphismen der
Cechschen Kohomologie in die Kohomologie ([31, Ch.11L, (5.9)).

Es sei nun ((X;, ), f;j)ier> fij=(9ij,0;)), ein projektives System
geringter Riume, (X, o) der projektive Limes. Dann liefern die Abbil-
dungen (1.2.1), (1.2.2) und das kommutative Diagramm (1.2.3) induktive
Systeme (H?(X;, o4))ic1, (H?(X;, #));c; von Moduln iiber dem induktiven
System von Ringen (I'(X;,)),; sowie ein induktives System von
Homomorphismen (H?(X;, 4));e; — (H?(X;, ))ic1» also einen Homo-
morphismus

(1.2.4) lim A?(X;, o) — lim H?(X;, o).

Weiterhin bestimmen die Abbildungen (1.2.1),(1.2.2) Bihomomorphismen
(1.2.5) lim H?(X;, o) > H*(X, ),

(1.2.6) lim A°(X;, o) — H?(X, o)

und (1.2.3) fithrt zu einem kommutativen Diagramm

lim H?(X;, o) — lim H?(X;, o)
- —5

(1.27) ol !
HY(X, o) — H'(X,sd);

hier ist der untere horizontale Pfeil der kanonische Homomorphismus.

(1.3) Es werden hinreichende Bedingungen dafiir angegeben, daB
(1.2.6) ein Isomorphismus ist. Fiir jedes iel sei &(X;)= S, eine Menge
von beliebig feinen, aufsteigend gefilterten Uberdeckungen von X;, so
daB H”(X;, of)=lim H? (!, o). Die Summenmenge &=} &; wird teil-
UeS; i
weise geordnet: Ist W;e S;, B;eS;, so U;<B;, falls i<j und B; feiner als
fi7 ') ist. & ist dann aufsteigend gefiltert,und fiir W; <B; gibt es einen
kanonischen Bihomomorphismus

(1.3.1) 0, , (. B): HPQ,, o) — H(B;, 7).
Wird (I'(X;, o)) als induktives System von Ringen iiber S aufgefaBt,
so bestimmt (1.3.1) ein induktives System von Moduln

(HP (U, o), 055, (s, B)))
iiber dem induktiven System von Ringen (I'(X;, ). Sei A=lim I'(X;, o).

Es ist leicht zu sehen, daB der durch die Homomorphismen H? (U, &) —
H?(X,, o) induzierte A-Homomorphismus

(1.3.2) _l_ig}Hp(uia'gli)“—’E?)ﬁp(Xi,‘Mi)

8*
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bijektiv ist und daB3
lim H? U, /) —— lim H?(X,, /)
< v

(1.33)
HP (X, o)
kommutiert; hier ist der linke schridge Pfeil der durch die Homomor-

phismen H?(U,, «/)— H?(X, «/) induzierte Homomorphismus von A-
Moduln

(1.3.4) lim H?Q;, o) — H? (X, ).
S

(1.4) Proposition. Es sei (X;, o), ein projektives System geringter
Raume, (X, &), f), f;=(@;, 0,), der projektive Limes, p eine feste natiirliche
Zahl. Dann ist der kanonische Homomorphismus (1.3.4)

lim HP(W;, o) — H(X, o)
G

bijektiv, falls die beiden folgenden Bedingungen erfiillt sind:

i) Die Rdaume X und X, sind quasikompakt, die Abbildungen ¢;: X — X;
sind abgeschlossen oder surjektiv.

ii) Der kanonische Homomorphismus

HP (U, o) — HP (£~ (W), o)

ist fiir jedes U;e & bijektiv.

Zum Beweis vgl. ([2], Ch. X, § 3, Lemma 3.7; [11], St. 4.3). Man wihlt
S, als Menge der endlichen, offenen Uberdeckungen von X; und zeigt,
daB &' = {p;'(U) )|¥;eS;, iel} eine kofinale Teilmenge der Menge aller
endlichen offenen Uberdeckungen von X ist.

(1.5) Korollar. Sind die Bedingungen 1) und ii) aus (1.4) erfiillt, so ist der
kanonische Homomorphismus (1.2.6)

hm HP(X” M)__,FIP(X, M)

=5
bijektiv.

Das folgt sofort aus (1.4) wegen (1.3.3).

(1.6) Es sei wieder ((Xl,a/) fij)ier €in projektives System geringter
Réume. Fiir jedes i€l sei ein .o/-Modul % und fiir i<j ein f;;-Morphis-
mus %, — % gegeben. Dann ist klar, was unter einem induktiven System
(Fier 'yon Moduln iiber dem projektiven System ((X;, o)), zu ver-

stehen ist. Ist (X, <), f; ) fi=(p;, 0,), der projektive Limes dieses Systems,
F =lim lim ¢} (%), so hat # die Struktur eines .«/-Moduls, und es ist leicht
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zu sehen, daB # mit dem induktiven Limes lim f*(#) von «/-Moduln
identifiziert werden kann. Die in den vorhergehenden Abschnitten
durchgefiihrten Uberlegungen bleiben sinngemif auch fiir die Moduln F
richtig.

2. Induktive Limites von Kohomologiegruppen

(2.1) In diesem Abschnitt werden hinreichende Bedingungen dafiir
angegeben, daBl der kanonische Homomorphismus (1.2.5) bijektiv ist.
Alle Literaturangaben beziehen sich auf [3], Ch. II. Alle Garben sind
Garben abelscher Gruppen. Fiir einen topologischen Raum X bezeich-
net R(X) die Menge der offenen, quasikompakten Teilmengen von X.

(2.2) Ein topologischer Raum X heiBe fastnoethersch, falls er die bei-
den folgenden Bedingungen erfiillt:

(F 1) Die Familie Q(X) ist eine Basis von X.
(F 2) Der Durchschnitt zweier Mengen aus Q(X) liegt wieder in Q(X).

Jeder offene, quasikompakte Unterraum eines fastnoetherschen
Raumes ist fastnoethersch; jede Vereinigung offener, fastnoetherscher
Unterrdume eines topologischen Raumes ist fastnoethersch (damit auch
Jedes Prischema, da ein affines Schema stets fastnoethersch ist). Noether-
sche Rdume sind fastnoethersch (in einem noetherschen Raum ist jede
offene Menge quasikompakt), Produkte fastnoetherscher, quasikom-
pakter Rdume sind fastnoethersch.

(2.3) Proposition. Es sei (X;, ¢;;),.; ein projektives System fastnoether-
scher Raume, (X, ¢;) der projektive Limes. Sind die Abbildungen ¢, und o, j
quasikompakt®, so ist der Raum X fastnoethersch, und jedes UeQ(X)
ist von der Form o '(U) fiir ein geeignetes il und U eQ(X)).

Die Mengen der Form ¢;!(U)), U;e Q(X)), iel, sind eine Basis von X,
also ist (F1) erfiillt. Jedes UeQ(X) ist folglich von der Form U=
i (U U v '(U,), U,eQ(X,), iel, I=1,...,n Ist jeI mit j2i,
I=1,....,n, so ist V=0;/(U,)eQ(X)) und U=g; (W)U - Uo; (V).
Hieraus folgt sofort (F 2).

(24) Proposition. Es sei (s7);., ein induktives System von Garben auf
dem fastnoetherschen Raum X. Fiir jedes UeQ(X) ist der kanonische
Homomorphismus lim I'(U, o) — I'(U, ) bijektiv.

Die Injektivitit ist im Beweis von Th.3.10.1 enthalten: Von dem
dortigen X (dessen Stelle jetzt U einnimmt) wird nur die Quasikompakt-
heit benutzt. Die Surjektivitit ergibt sich aus dem Beweis von Th. 3.10.1

! Eine stetige Abbildung f: X — Y zweier topologischer Raume heilt quasikompakt,
wenn f ~!(V)e Q(X) fiir jedes Ve Q(Y).
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fiir den Fall eines noetherschen Raumes: Fiir das dortige X wird unser
U gewihlt, U= () U; mit U;eQ(X) gesetzt und beachtet, daB die loc.
i=1

cit. konstruierte Menge V,nU,,, als endliche Vereinigung der nach
Voraussetzung quasikompakten Mengen U;nU,,,, j=1, ..., p, wieder
quasikompakt ist.

(2.5) Eine Garbe ./ auf einem fastnoetherschen Raum X heiBt fast-
welk, falls fiir alle UcV aus Q(X) die Restriktion I'(V, &) — I'(U, )
surjektiv ist. Eine welke Garbe auf X ist fastwelk; eine fastwelke Garbe
auf einem noetherschen Raum ist welk.

(2.6) Proposition. Sei
O-o > > I —0

eine exakte Sequenz von Garben auf dem fastnoetherschen Raum X. Ist
o' fastwelk, so ist fiir jedes U e Q(X) die Sequenz

0-IU,&)—>T(U,A)—>T (U, L")—0
exakt.

Beim Beweis von Th. 3.1.2 werden das dortige V quasikompakt und
statt U n V eine darin enthaltene Menge aus Q(X) gewéhlt.

Hiermit folgen im Fall eines fastnoetherschen Raumes Cor. zu
Th. 3.1.2 und Th. 3.1.3, wenn welk durch fastwelk, I;,( ) durch I'(U, ) mit
U eQ(X) ersetzt werden.

Die kanonische Auflosung €°(X, /) in [3], Abschnitt 4.3 ist auf
einem fastnoetherschen Raum fastwelk; damit ergibt sich Th. 4.4.3 in
folgender Form:

(2.7) Proposition. Fiir jede fastwelke Garbe o auf einem fastnoetherschen
Raum X ist
H?(U,o)=0  firp=1, UeQ(X).

Hieraus schlieBt man wie in Th.4.7.1:

(2.8) Satz. Es sei X ein quasikompakter, fastnoetherscher Raum, o eine
Garbe auf X. Ist &°* eine fastwelke Auflosung von <, so ist der kanonische
Homomorphismus

H*(I'X, Z*)— H*(X, o)
bijektiv.

Aus (2.4) folgt wie in [3], S. 163, daB auf einem fastnoetherschen
Raum jeder induktive Limes fastwelker Garben wieder fastwelk ist und
hiermit schlieBlich wie beim Beweis nach Th.4.12.1, in dem der Fall
eines noetherschen Raumes behandelt wird:
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(29) Satz. Ist X ein quasikompakter, fastnoetherscher Raum, (s4),., ein
induktives System von Garben auf X, o =lim o/, so ist der kanonische
Homomorphismus

lim H*(X, o/)— H?(X, o)
bijektiv.

Fiir den Rest dieses Abschnittes sei (X, <), ((p, 7»0:))ies €in projek-
tives System geringter Rdume, ((X, ), (¢;,0;)) der projektive Limes.
(2.10) Proposition. Es seien die folgenden Bedingungen erfiillt :

i) Die Riume X; sind fastnoethersch, die Abbildungen @; und ¢,; ; sind
quasikompakt, die Abbildungen o, sind surjektiv;

ii) die Garben <, sind fastwelk ;
dann ist der Raum X fastnoethersch und die Garbe </ fastwelk.

Die erste Behauptung ist (2.3). Seien nun U<V aus Q(X). Es wird
das kommutative Diagramm

IV, o) — I(U, )
2.10.1) z] ]z
hmI‘(Vq) () —> hmF(U o} ()

betrachtet, in dem die vertikalen Pfeile nach (2.4) Isomorphismen sind.
Sei s ein Schnitt von & iiber U; er ist durch einen Schnitt s; von ¢* (7))
liber U bestimmt. Nach (2.3) gibt es ein jel und U;cV; aus Q(X;) mit
U=¢; 1(U) V=¢; (V). Es werde kel mit k=i, k>] gewahlt Das Bild
sy von s;in I'(U, ¢} (.Jz/k)) bestimmt ebenfalls den Schnitt s von & iiber U.
In dem kommutativen Diagramm

IV, ) — I(U, o4)
(2.102) zj jz
I'(V, ¥ (4)) — (U, o (4,)

mit Uy=0;'(U), Vi=9;!(V) sind wegen der Surjektivitit von ¢, die
vertikalen Pfeile Isomorphismen. Der Schnitt s, bestimmt einen Schnitt
s, von &, iiber Uj, der sich — da ., fastwelk ist — zu einem Schnitt
t, von & iiber V, fortsetzen 1iBt. Dieser Schnitt liefert nach (2.10.2)
einen Schnitt ¢, von ¢ (=) iiber V; der dadurch gemiB (2.10.1) bestimmte
Schnitt von . iiber V ergibt bei Restriktion auf U gerade s.

(2.11) Satz. Es sei die Bedingung i) von (2.10) erfiillt und X quasikompakt.
Dann ist der kanonische Homomorphismus (1.2.5)

lim H? (X, ) —> H?(X, <)
bijektiv.
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Es sei £*=%*(X;, #;) die kanonische Auflosung von ;. Die
¢;-Homomorphismen 0;;: o; — (¢;;), (&) (i< ) liefern ein induktives
System von Komplexen (I'(X;, #7));.;, fiir dessen Kohomologie
@11.1) lim H* (X, of) = H* (tim I'(X,, £7)

gilt. Es ist nach (2.10) f’z@} @¥ (L) eine fastwelke Auflésung von <,
also nach (2.9)

(2.11.2) H*(N(X,2*)—> H*(X, o)
bijektiv. In dem kommutativen Diagramm

0— lim I'(X;, ,Z.O)—d_igg rXx,, ,S,P,-l)—ﬂ_ig} rX;, £?)— -

ll Zl ¢

0— IX, 2% — IX, &Y — IX, %) —> -

sind die vertikalen Pfeile wegen der Bijektivitdt von
I'X;, - I(X, o¥(£*) und lim X, p¥(£*) - I'(X, £*)

Isomorphismen. Aus (2.11.1) und (2.11.2) folgt dann die Behauptung.

3. Die Riemannsche Fliche

In diesem Abschnitt wird vorausgesetzt: Es ist K ein Korper, o ein
Teilring von K. Fiir die im folgenden ohne Beweis angefiihrten Aussagen
sieche [13], Ch. VI, §§ 17, 18.

(3.1) Essei X=X(K/o)die Menge der Bewertungsringe von K, welche
o umfassen; hier wird K selbst ebenfalls als Bewertungsring aufgefaf3t.
Fiir xeX wird der Bewertungsring auch mit B, bezeichnet. Es sei
A(K/v) die Menge der endlich erzeugten o-Algebren in K und fiir
Ae A(K/o)sei S(A4)die Menge der xe X mit B,> A. Esist S(A4,) " S(4,)=
S(A), Ay, A,€ A(K/o), A der von A, und A, erzeugte Ring. Die S(A)
werden als Basis der offenen Mengen einer Topologie auf X, der Zariski-
Topologie, gewahlt. Der topologische Raum X heiBit die Riemannsche
Fléiche von K/o. Er hat folgende Eigenschaften:

i) Fiir xe X ist {x} die Menge der ye X, fiir die B, eine Spezialisierung
von B, ist.

ii) Jede offene Menge enthilt den Punkt { mit B,=K; X istirreduzibel
und ( ein allgemeiner Punkt.

iii) Nach i) ist X ein Ty-Raum, folglich ist { der einzige allgemeine
Punkt von X.

iv) X ist quasikompakt.
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Fiir Ae A(K/v) ist die auf S(A) induzierte Topologie gerade die
Topologie der Riemannschen Fliche K/A4. Ausiv)entnimmt man deshalb:

(3.2) Proposition. Die Riemannsche Fliche X =X (K/o) ist ein quasi-
kompakter, fastnoetherscher Raum.
(3.3) Fiir jedes offene U in X sei .« (U)= () B,; fiir UcV sei A (V)—

xeU

</ (U) die Inklusion. Es ist leicht zu sehen, daB das System (.o (U)) eine
Garbe von Ringen iiber X ist, welche mit . bezeichnet wird. Fiir jedes
xeX ist der Halm ., zu B, isomorph; es sind also die Halme der Garbe
& quasilokale Ringe.

(34) Essei Loc(K/o) die Menge der quasilokalen Ringe von K, welche
o umfassen. Die Mengen L(4)={Menge der quasilokalen Ringe von K,
welche A umfassen, A€ A (K/o)}, lassen sich als Basis der offenen Mengen
einer Topologie auf Loc(K/o) wihlen. Dann stimmt die auf X als Unter-
menge von Loc(K/v) induzierte Topologie gerade mit der Topologie von
X (als Riemannsche Fliche) iiberein. Fiir yeLoc(K/o0) wird der zuge-
horige Ring auch mit A4, bezeichnet.

Fiir jeden Ring 4, oA K, sei T(A)={A,, peSpec(A)}. T(A) ist
eine Teilmenge von Loc(K/o). Wird T(A) mit der induzierten Topologie
versehen, so ist p — A4, ein Homdomorphismus von Spec(4) auf T(A).

Sind M, M’ zwei Teilmengen von Loc(K /o), so dominiert M’ die Menge
M, wenn jeder quasilokale Ring aus M’ mindestens einen quasilokalen
Ring aus M dominiert. Eine Teilmenge M von Loc(K/o) heiBit voll-
stdndig (separiert), wenn fiir jedes xe X der Ring B, mindestens (hoch-
stens) einen Ring A, ye M, dominiert. Wir sagen kurz: x dominiert .

(3.5) Eine Teilmenge Y von Loc(K/o) heiBt projektives Modell von
K/o, wenn gilt: es gibt ein endliches System von Null verschiedener
Elemente {a,=1, ay, ..., a,} aus K so, daB

Y=igl T(4),  Ai=olao/a;, ..., a,/a].

Fiir yeY wird der dem Punkt y entsprechende lokale Ring auch mit
0, bezeichnet. Es wird Y mit der induzierten Topologie versehen. Die
Menge Y ist vollstindig und separiert, also die Dominationsabbildung
Py=¢: X — Y erklirt. Sie ist stetig, abgeschlossen und surjektiv.

Sei t, ein iiber K transzendentes Element, t;=t,a;, i=1, ..., n, und
R der graduierte Ringo[t,, ..., t,]. Dannist p — R, ¢in Homdomorphis-
mus von Proj(R) auf Y.

(3.6) Fiir jedes offene U in dem projektiven Modell Y wird 0y (U)= No,
eU

y
gesetzt. Dann ist (Oy(U)) eine Garbe von Ringen iiber Y, die mit 0,
bezeichnet wird; fiir jedes yeY ist der Halm von Oy im Punkt y zum
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Ring 0, isomorph. Die Bijektion p— Ry, liefert gleichzeitig einen
Isomorphismus der Garben R und @)y ; es kann also das projektive Schema
(Proj(R), R) mit (Y, y) identifiziert werden. Unter einem projektiven
Modell von K/o soll kiinftig ein projektives Schema (Y, ¢)y) der eben be-
handelten Art verstanden werden.

(3.7) Wird yeY von xe X dominiert, so ist jedenfalls O, </, also fiir
jedes offene U in Y
ru,on=N0,c () S=Ie '(U),H)=I(U,0, (),

yeU xep ~1(U)

und man hat einen Garbenhomomorphismus

Oy=0: Oy — ¢, ().
Fiir xe X ist 0% : 0,,,,— <, gerade die der Domination von ¢(x) durch
x entsprechende Inklusion, d.h. 0 ist ein lokaler Homomorphismus.
Damit ist ein Morphismus geringter Rdume f;=(¢y,0y): (X, o) —
(Y, Oy) in der Kategorie der geringten Rdume, deren Halme quasilokale
Ringe sind, konstruiert.

(3.8) Es seien (Y, Oy), (Z, O;) zwei projektive Modelle, und die Menge
Z werde von der Menge Y dominiert. Die Dominationsabbildung
@zy=¢: Y— Z ist stetig, abgeschlossen und surjektiv. Wie eben kon-
struiert man einen Garbenhomomorphismus

Ozy=0:0;— ¢4 (Oy),

und fiir jedes yeY ist 6}: O,.,— O, gerade die der Domination von
@(y) durch y entsprechende Inklusion, d.h. 0} ist ein lokaler Homomor-
phismus. Damit ist f,y:=(@zy, 0zy): (Y, Oy)—(Z, ©;) ein Morphismus
von Schemata.

Es ist nun ((Y, @y), fy) ein projektives System geringter Rdume iiber
der teilweise geordneten, aufsteigend gefilterten Indexmenge ¥)’, deren
Elemente gerade die Y sind.

(3.9) Proposition. Man hat einen kanonischen Isomorphismus geringter
Rdume
(X, ) lim (¥, ).

Es ist bekannt, daB der topologische Raum X mit dem projektiven
Limes Ll_l!l_ Y identifiziert werden kann und die kanonischen Abbildungen
¢@y: X—Y gerade die Dominationsabbildungen sind. Fiir jedes offene
Uin X ist((@y)*(@y))(U)= () 0,,wieaus der Konstruktion der Garbe

(@y)* (0y) folgt. Man hat f:f(;l;(gi)onen ((0y)* (Oy) (U)—=> L (U), YeY),
und es ist '
lim ((¢y)* (@) (U)— o (U)
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bijektiv. Das folgt auch in dem hier — gegeniiber [1 1] allgemeineren —
betrachteten Fall wie in [11], St. 12.1 aus

B.=)0,,, xeX
Yey’

(vgl. [11], S. 45).

4. Die Kohomologiegruppen der Riemannschen Fliche

(4.1) Eswerden die in Abschnitt 3 gemachten Voraussetzungen speziali-
siert. Mit k wird der Quotientenkorper von o bezeichnet. K sei eine end-
lich erzeugte Erweiterung von k. Von dem Ring o wird verlangt:

(R1) o ist noethersch,

(R2) o ist ein japanischer Ring (d.h. der ganze AbschluB von o in
einem beliebigen, endlich algebraischen Erweiterungskorper von k ist
ein endlich erzeugter o-Modul. Ist K/k separabel erzeugbar, so ist diese
Bedingung unnotig (vgl. Nagata [8], Part II, S. 419, Prop. 4), da sie nur
dazu dient, die Existenz eines abgeleiteten normalen Modells sicher-
zustellen).

Die Menge der projektiven Modelle von K/o wird wieder mit 9’
bezeichnet; die Menge der projektiven Modelle von K/o, deren Funk-
tionenkorper mit K iibereinstimmt, sei ). 9 ist wieder aufsteigend
gefiltert.

(4.2) Proposition. 9 ist ein kofinales Untersystem von ).

In der Tat: Ist Y'e9), {ay, ..., a,} ein Erzeugendensystem von K/k
und keines der g; gleich Null, Y das durch {1, a,, ..., a,,} bestimmte pro-
jektive Modell, so hat das Verbindungsmodell J (Y, Y’) ([13], S. 120) den
Funktionenkérper K und dominiert Y'.

(43) Zu jedem projektiven Modell Ye9) existiert das abgeleitete nor-
male Modell N(Y)([13],S. 128); aus der Konstruktion ist ersichtlich, daB
N(Y) mit der Normalisation des Schemas Y ([47, 11, (6.3.8)) identifiziert
werden kann. Es sei 9), die Menge der normalen Modelle aus 9).
(44) Proposition. 9, ist ein kofinales Untersystem von 9).

Das folgt aus der Tatsache, daB Y von N(Y) dominiert wird.

(4.5) Proposition. Der kanonische H omomorphismus (1.2.6)
%H} HP(Y,0y)—> H*(X, of), p=0,

ist ein Isomorphismus von o-Moduln.

Es wird gezeigt, daB fiir die Menge 9, die Voraussetzungen von (1.5)
erfiillt sind. Die dortige Bedingung i) ist erfiillt ((3.1), iv), (3.5)). Sei Ye9),
UeS(Y) (S(Y) ist die Menge der endlichen, offenen Uberdeckungen
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von Y), u=(Ui)1§i§m
a: C*(U, Op) — C*(fy '(W), o)
der kanonische Homomorphismus. Sei s eine p-Kokette aus C* (U, Oy);
fir alle iy, ..., i, aus {1, ...,n} ist s(iy, ..., i,) also ein Schnitt von @y iiber
Uy,n--nU_=U;sly,..., i, ist folglich ein Element von I'(U, Oy) —
(7', .913, und es ist a(s) offenbar genau dann Null, wenn s=0 ist,
also « injektiv (das gilt iibrigens auch unter den allgemeineren Voraus-
setzungen von Abschnitt 3). Ist Y normal, so ist I'(U, ¢y) ganz abge-
schlossen, also I'(U, Oy)=TI(fy'(U), &), und damit « surjektiv, d.h.:
Fiir die Menge 9), ist ii) von (1.5) richtig.
Der zweite Teil dieses Beweises zeigt:
(4.6) Proposition. Es werde das projektive Modell Y von dem projektiven
Modell Z dominiert, f: Z — Y, und es sei W eine offene Uberdeckung von Y.
Dann gilt :
a) Der kanonische Homomorphismus
CP(U, Oy)— CP(f (W), 04), p20,
ist injektiv.
b) Ist Y normal, so ist dieser Homomorphismus bijektiv und folglich
Hp(u, (QY)HHp(f—l(u)’ (QZ)’ P%O,
ein Isomorphismus.
¢) Wird in b) Z durch X, f durch die Dominationsabbildung ersetzt, so
bleibt die Aussage von b) richtig.
(4.7) Proposition. Der kanonische Homomorphismus (1.2.5)
lim (1, 0) ~ H* (X, ), p20,
ist ein Isomorphismus von o-Moduln.

Ist Ye9),, U eine offene, affine Menge in Y, zum Ring A4 gehorig, so ist
o7 (U)=S(A4) quasikompakt. Die Behauptung folgt aus (2.10), (3.5)
und (4.4).

(4.8) Satz. Der kanonische Homomorphismus
A (X, ) H(X, o), p=20,

ist ein Isomorphismus von o-Moduln.

Das folgt aus (1.2.7), (4.5), (4.6) und der Tatsache, daB fiir jedes Ye%)
der kanonische Homomorphismus

H?(Y,0,)—>HP(Y,0y),  p20,

bijektiv ist, da es sich um Schemata handelt.
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5. Endliche Erzeugbarkeit gewisser Kohomologiegruppen

Es seien weiterhin die Voraussetzungen (R 1), (R 2) aus Abschnitt 4
erfiillt.

(5.1) Proposition. Es ist H°(X, </) ein endlich erzeugter o-Modul.

Das folgt aus H(X, o#)=TI(X, /) und der Tatsache, daB der ganze
AbschluB von o in K ein endlich erzeugter o-Modul ist.

(52) Essei Ye?, a ein von Null verschiedenes Element aus K, Z (a)
das zu {1, a} gehorige projektive Modell. Es wird

(521)  N@(YV)=J(XZ@), Q@(¥)=N(I(@)(Y)

gesetzt. Sind ay, ..., a, endlich viele von Null verschiedene Elemente
aus K, so wird zur Abkiirzung

(522 I(ay, ..., a,)=1I(ay)o I (ay)o---0 I (a,),
(5.2.3) Qay, ..., a,)=Q(a,)oQ(a)o o Q(a,)

geschrieben. Wie in [11], St. 18.1 zeigt man dann:
(5.3) Proposition. Es sei Ye¥). Dann sind

H(Y):={I(a, ...,a,)(Y)}, Q(Y):={Q(ay,...,a,)(Y)},
woay, ..., a, jeweils alle endlichen Systeme von Null verschiedener Elemente

aus K durchliuft, kofinale Teilmengen von 9).

(5.4) Proposition. Es sei Ye9), a ein von _Null verschiedenes Element
aus K, Z=11(a)(Y). Fiir jede offene, affine Uberdeckung W von Y ist der
kanonische Homomorphismus

HP(f=1QU), 0)) > H?(Z,05),  p20,

bijektiv (f: Z— Y ist die Dominationsabbildung).
Es sei u=(lji)iel5 I/;=f—l(ljl) Es ist

HY (Viynen W, ,0,)=0 fir p=1

zu zeigen ([3], Ch. 1L, Cor. zu Th. 5.4.1). Da der Durchschnitt zweier
offener, affiner Mengen von Y wieder affin ist, folgt das aus (zum Beweis
vgl. auch [11], Th. 16.1)

(54.1) Lemma. Fiir jedes offene, affine U in Y ist H?(f ~'(U), 0;)=0
firp=1.
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Es sei V=f~Y(U). Wird A=TI(U, Oy) gesetzt, so ist V=V,ul,, V;=
T(A), A,=A[a], A,=A[1/a]; es kann V mit dem zu {1, a} gehorigen
projektiven Modell von K/A identifiziert werden, und B=(V}, V) ist
eine offene, affine Uberdeckung von V. Sei « ein 1-Kozykel aus dem
Komplex C(B, 0z|V). Das Element a(1,2)= —a(2,1) aus I'(1;nV;, Of)
wird in der Form a(1,2)=b+b’, be A[a], b’e A[1/a], geschrieben (es ist
I'(V;nV,, 0;)= A[a,1/a]). Die Nullkokette B, f(1)=—b, B(2)=P’, hat
den 1-Kozykel « als Bild. Es folgt H?(B, 0,|V)=0 fiir p=1, so daB sich
aus der Bijektivitdt von H?(B, 0;|V)— H?(V, 0;) die Behauptung von
(5.4.1) ergibt.

(5.5) Von nun an wird fiir den Rest dieses Abschnittes von dem Ring o
neben den Bedingungen (R 1) und (R 2) zusatzlich verlangt:

(R 3) o hat endliche (Krullsche) Dimension: dim(o)=n;
(R 4) o ist ein universeller Kettenring ([4], IV, (5.6.2)).
Die Bedingung (R 4)ist fiir jeden noetherschen reguldren Ring erfiillt.
Der Transzendenzgrad von K/k seir=1.
(5.6) Proposition. Fiir jedes Ye'9) ist
(5.6.1) dim(Y)=n+r.

Sei S=Spec(o), f: Y— S der kanonische Morphismus. Da es zu jedem
Primideal p von o einen Bewertungsring von K gibt, welcher o umfalt
und in p zentriert, ist f(Y)=S. Dann folgt (5.6.1) aus ([4], IV, (5.6.6)).

(5.7) Proposition. Es sei Ye9), N(Y) die Normalisierung von Y. Dann ist
der kanonische Homomorphismus (1.2.1)
9n+r: HH'(Y, @Y) __')H"‘H(N(Y)’ @N(Y))
surjektiv.
Zum Beweis wird bendtigt:

(5.7.1) Lemma (vgl. [10], Lemma 1, S.244). Es sei X ein projektives
Schema iiber dem Ring o, zum graduierten Ring S=o[t,, ..., t,] gehorig
(t;€8,), Y ein abgeschlossenes Unterschema von der Dimension s. Dann
gibt es s+1 homogene Elemente f, ..., f; aus S, mit

YCiQOD+(ﬁ) 2,

Ist s= —1, so ist nichts zu zeigen. Es sei (5.7.1) fiir alle abgeschlos-
senen Unterschemata von X der Dimension <s bewiesen. Sei a das
groBte graduierte Ideal in S, so daB Y= Proj(§’), S'=S/a, und ¢: § -5’
der kanonische Homomorphismus. Die irreduziblen Komponenten

2 Zur Bezeichnung vgl. ([4], IL, § 2).
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von Y seien Y;,..., Y. Zu jedem i, 1<i<k, wihle man einen Punkt
y;€Y;; dann gibt es ein homogenes feS, mit y;eD (f) ([1], Ch.III,
§1, Prop.8). Sei f vom Gradd. Es kann f'=¢(f) mit einem Schnitt

iiber Y des invertierbaren @y-Moduls Sf'?j) identifiziert werden. Da
V,.(f") nach Wahl von f keine irreduzible Komponente Y; enthilt, ist
V.(f") in Y von der Kodimension 1 ([4], IV, (5.1.8)), also hat V,(f)nY
eine Dimension <s ([4], Oy, (14.2.2)). Nach Induktionsannahme gibt es

1
homogene Elemente f;, ..., f;_; aus S, mit V, (f)nYc< U D _(fy; folg-
lich ist i=0

YciQOD+(ﬁ) mit f,=.

Nun zum Beweis von (5.7). Die Menge Y’ der normalen Punkte von Y
ist offen ([4], IV, (6.13.2)); ist f/: N(Y)— Y der kanonische Morphismus,
so ist fiir jedes offene affine Uc Y’ V=f~(U) offen und affin in N(Y)
und I'(U, Oy)=T(V, Oyy,)). Das Komplement F von Y’ in Y is ab-
geschlossen und dim(F)<n+r. In der Tat: Ist (U),<;<, eine endliche
Uberdeckung von Y durch offene affine Mengen U;, zu Ringen A,
gehdrig, soist (F N U}, <; <, €ine offene Uberdeckung von F und dim (F)=
max(dim(F n U)). Es ist F n U, abgeschlossen in Uj, also von der Form
Spec(4;/a;), a; ein Ideal in A;. Nun ist a;+0, da der allgemeine Punkt
von Y nicht in F liegt.

Der weitere Beweis wird wie bei Snapper ([11], St. 17.4) gefiihrt. Es
wird eine offene affine Uberdeckung U von Y so konstruiert, daB der
kanonische Homomorphismus

Opyrt H'* (U, Oy) > H™ " (f (W), Oy)
surjektiv ist. Aus der Bijektivitit von
H""(U, Oy) —> H"*'(Y, Oy),
H"*"(f (W), Oyy)) —— H"*"(N(Y), Ongyy)

ergibt sich die Behauptung von (5.7).
Nach (5.7.1) werden offene affine Mengen U, ..., U, , in Y so gewihlt,

n+r
daB Fc U U,. Selen weiter U, ,, .1, ..., U, offene affine Mengen in Y
=1
so, daB Y’ U U. Es sei U=(U),<;<, die Uberdeckung von Y
i=n+r+1
durch offene affine Mengen. Es wird eine (n+r)-Kokette § von

C"“(f -, @N(Y))
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betrachtet. Es ist f(iy, ..., i,,) €in Schnitt von Oy, iiber

V=V Vo, V= f ().

n+r?

Sind die Indizes iy, ..., i, alle verschieden.,. soist U=U, n---nU, , Y,
so daB nach der oben durchgefiihrten Uberlegung B(ig, ..., i,,,) mit
einem Schnitt a(ig, ..., I,,,) von Oy iiber U identifiziert werden kann.
Sind die Indizes iy, ..., i, ., nicht alle verschieden, so ist 8 (i, ..., i,,,)=0;
es wird a(ig, ..., i,,,)=0 gesetzt, und o ist eine (n+r)-Kokette von
C™tr(U, Oy) mit 6, .(x)=p. Ist § ein Kozykel, d.h. d"*"(8)=0, so ist
0,,,(d"*"(2))=0, und aus (4.6) a) folgt d"*"(a)=0.
(5.8) Satz. Erfiillt der Ring o die Bedingungen (R1)—(R4), so ist
H"*"(X, o) ein endlich erzeugter o-Modul und H?(X, A)=0 fiir p>n+r.
Die zweite Behauptung ergibt sich unmittelbar aus (5.7.1) und (5.6)
in Verbindung mit (4.6) und (4.8). Zum Beweis der ersten Aussage

bendtigen wir (zum Beweis dieses Lemmas im Falle eines Korpers R
s. [11], St. 18.2)
(5.8.1) Lemma. Es sei R ein Ring, (M,, f;;) ein induktives System von
R-Moduln, M=limM,, f;: M;— M die kanonischen Homomorphismen.
Es gebe ein iyel, so daf f;: M;,— M, surjektiv ist fiir alle i2i,. Dann
gilt:

a) Alle f;; und alle f;, i, <i<j, sind surjektiv.

b) Sind alle M, endlich erzeugte R-Moduln, so ist M ein endlich
erzeugter R-Modul.

c) Haben alle M; endliche Linge [(M}), so hat auch M endliche Léinge;
es ist (M) =1(M) fiir i= iy, und es gibt ein jel mit I(M;)=1(M).

Nun zum Beweis von (5.8). Es sei Ye9),. Fiir jedes =0 sei Q, die
Teilmenge von Q(Y), deren Elemente durch hochstens ¢t Elemente
ai, ..., a, aus K bestimmt sind. Es werde induktiv angenommen, daB fiir
jedes ZeQ, H**"(Y, Oy)— H"*"(Z, 0,) surjektiv ist. Sei Z"€Q, ., also
Z"=N(Z'), Z'=11(a)(Z) fiir geeignetes ac K und Ze,. Es ist

HY(Z,0,)—-HP(Z',0z),  p=20,
bijektiv nach (4.7), (6.4),
Hn+r(zl, @Z’)__)Hn+r(zn, (92”)

surjektiv nach (5.7). Aus (5.3) und (5.8.1)b) folgt die Behauptung, da die
HP(Z, 0p) fiir Ze9 endlich erzeugte o-Moduln sind ([4], III, (2.2.2)).



Kohomologiegruppen und Konstantenreduktion in Funktionenk6rpern 115

(59) Es werde die Riemannsche Fliche von K/k, k der Quotienten-
korper von o, mit X* bezeichnet, die Strukturgarbe von X* mit .o7*
und das System der projektiven Modelle von K/k, die K als Funktionen-
korper besitzen, mit 9*. Dann folgt aus dem Beweis von (5.8) und
(5.8.1)c)

(5.10) Korollar. Es ist H"(X*, o/ *) ein endlichdimensionaler Vektorraum
iiber k. Fiir jedes Ye 9* ist

(5.10.1) dimy(H" (Y, Oy)) 2 dim, (H" (X*, o/*)),
und es gibt ein Ze Y* mit dimy (H'(Z, O))=dim,(H"(X*, o/*)).
Dieses Resultat ist im wesentlichen das Ergebnis von Snapper ([11],

Theorem 18.1), dort allerdings nur fiir die Cechschen Kohomologie-
gruppen bewiesen.

(5.11) Definition. Die endliche k-Dimension des Vektorraumes
H"(X*, .o*) heiB3t das geometrische Geschlecht von K/k und wird mit
g(K/k) bezeichnet.

(5.12) Ist Y ein projektives Modell von K/o, so kann Y ® .k mit einem
projektiven Modell von K/k identifiziert werden, und es ist klar, daB
D*={Y® k| YeD}, analog fiir P}. Da fiir jedes Ye Y H?(Y, ¢y) ® k mit
HP(Y', Oy), Y'=Y® k, identifiziert werden kann ([4], IIL, (1.4.15)), folgt
aus lim H?(Y, Oy) — H?(X, &/) und der Vertriglichkeit des induktiven
Limes mit Tensorproduktbildung, da3

HP (X, o) ® Jk—> HP (X*, o£*)
bijektiv ist.
(5.13) Ist k in K algebraisch abgeschlossenen und K/k vom Transzen-
denzgrad 1, so stimmt das geometrische Geschlecht g(K/k) mit dem im
Riemann-Rochschen Satz auftretenden Geschlecht iiberein. Das ergibt
sich etwa aus Rosenlicht [9], wenn man beachtet, daB fiir diesen Fall
stets singularitdtenfreie, projektive Modelle von K/k existieren.

6. Reduktion des Funktionenkorpers

(6.1) Ist P ein quasilokaler Ring mit dem maximalen Ideal m(P), so
heiBt der natiirliche Homomorphismus P— P/m(P) der durch P defi-
nierte Homomorphismus; er wird mit ¢, bezeichnet. Ist M eine Menge
von in P enthaltenen Ringen, so wird die Menge der homomorphen
Bilder der Ringe aus M bei ¢, mit (M) bezeichnet und das Bild von M
bei ¢p genannt.

(6.2) Es sei (Y, Oy) ein projektives Modell von K/o, o wie in Abschnitt 3
ein beliebiger Teilring von K, Y’ eine abgeschlossene irreduzible Teil-
menge des topologischen Raumes Y mit dem allgemeinen Punkt y', der

9 Inventiones math., Vol. 9
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dem lokalen Ring O, = P entspricht. Wie in [11], § 19 zeigt man, daB die
Menge ¢p(Y’) von Ringen iiber ¢p(0) in dem Korper ¢p(P) die Menge
der zu einem projektiven Modell von ¢p(P)/pp(0) geh6rigen Ringe ist.
Der so erhaltene topologische Raum Y=¢p(Y’") ist zu Y’ isomorph;
sei Oy die Strukturgarbe von Y. Ist #, die quasikohirente Idealgarbe,
welche das abgeschlossene Unterschema Y’ von Y definiert, so hat man
eine exakte Sequenz

(6.2.1) 05— 0y— By—0,

und esist By|Y'=Oy.. FliryeY\Y'ist £, = Oy . fiir yeY'ist £, = Oy ,nm(P).
Folglich sind die geringten Rdume (Y’, ¢)y.) und (Y, Oy) 1somorph
Man hat eine exakte Kohomologiesequenz

(622) - —>HP(Y, Sy)— HP (Y, Oy) > HP (Y, By) > HP (Y, Sy) — -+
und es konnen

(6.2.3) H"(Y,#y), H’(Y' 0y), H(Y,0y

identifiziert werden.

(6.3) Von nun an sei o ein noetherscher Bewertungsring, der die Bedin-
gung (R 2) aus (3.1) erfiillt (oder es sei K/k separabel erzeugbar). Es sei v
die zum Bewertungsring o gehorige (einrangig diskrete) Bewertung,
V eine Funktionalfortsetzung von v auf K ([10], S. 309). Der zu V gehorige
Bewertungsring von K/o werde B genannt. Der Korper K= B/m(B)
ist ein algebraischer Funktionenkdrper vom Transzendenzgrad r iiber
k=o0/m(o); der ihm entsprechende geringte Raum sei (X, ). Es sei X’
der AbschluB in X des zu B gehdrigen Punktes x'eX. Dann vermittelt
der Homomorphismus B — K eine Bijektion f’: X’— X von der Menge
der in B enthaltenen Bewertungsringe von K/o, welche Spezialisierungen
von B sind, auf die Menge der Bewertungsringe von K/k und es ist klar,
daB f’ ein Homoomorphismus ist. Fiir jedes ye X' sei ,=B,nm(B),
fir y¢ X' sei .4,=.o/,. Dann definieren die ., eine Idealgarbe J,’( und die
durch die exakte Sequenz

(6.3.1) 0> S>> A >HBx—0

definierte Garbe %y kann als Garbe iiber X' aufgefallt werden. Wird
o' =By| X' gesetzt, so kann (X', o/') mit (X, .o/) identifiziert werden.
Insbesondere sind die Kohomologiegruppen

(6.3.2) H?(X,®y), H'X',s'), H'(X, )

alle zueinander isomorph.

(6.4) Sei (Y, 0y) ein projektives Modell von K/o, y' das Bild von x’ bei
der Dominationsabbildung X — Y, P, der zugehérige lokale Ring, Y’ der
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AbschluB von y’ in ¥. Dann kann ©p,(Y’') mit einem projektiven Modell
Y von K/k identifiziert werden, und man hat ein kommutatives Dia-
gramm von Morphismen geringter Riume

X', o) —>(X, )
(6.4.1) l !

(Y, Op) —=(Y, ).

Es sei weiter 9° die Menge der projektiven Modelle Y von K/o, so daB3
Y den Korper K als Kérper der rationalen Funktionen besitzt.

Ahnlich wie in [11], St. 20.1, zeigt man:

(6.5) Proposition. Y° ist ein kofinales Untersystem von ).

Sind Y, Z aus 9 und wird Y von Z dominiert, so hat mit Y auch Z
den Kérper K als Korper der rationalen Funktionen. Es geniigt also, die
Existenz eines Ye9) mit Ye9° nachzuweisen. Seien b, ..., b, von Null
verschiedene Elemente aus ¥;so daBihre Restklassen by, ..., b, (mod m(B))
den Kérper K iiber k erzeugen und Y das zu {L,b,,...,b,} gehorige
projektive Modell von K/o. Dann hat Y den Funktionenkorper K. Ist
Y¢9), so gibt es ZeY so, daB Y von Z dominiert wird (4.2), und es ist
Ze9°.

(6.6) Die teilweise geordnete, aufsteigend gefilterte Menge der pro-
jektiven Modelle von K/k, welche K als F unktionenkorper haben, wird
mit 9 bezeichnet. Nach (6.5) hat man eine Abbildung

(6.6.1) n:P°— 9,  definiert durch Y- Y,
(6.7) Proposition. Die Abbildung r ist surjektiv. Sind Y, Z aus 9, so ist
(6.7.1) J(Y, 2)=J(Y, Z).

Wird Y von Z dominiert, so wird Y von Z dominiert.

Die Surjektivitdt und (6.7.1) folgen unmittelbar aus der Konstruktion
von n. Werden Z', 2’ beziiglich Z genau so bestimmt wie Y’, y' beziiglich ¥,
sowird y’ von z’' dominiert, und jeder Punkt von Z’ dominiert einen Punkt
von Y'. Hieraus folgt der letzte Teil der Behauptung.

(6.8) Fiir jedes Ye9) hat man die exakte Sequenz (6.3.1)
(6.8.1) Oﬁjy—*wy’—’gy“)o

von Oy-Moduln, in der also #y|Y'=0y.. Wird Y von Z dominiert:
f1Z—Y, so hat man ein kommutatives Diagramm

0 4 — 0, > %, —0
(68.2) ! ! !
0 £, (F2) = £4(O2) = £,,(B2) — 0,

9%
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in dem der mittlere vertikale Pfeil der durch den Morphismus (Z, 0;) —
(Y, Oy) bestimmte Homomorphismus ist. In der Tat: Sei yeY, ze Z, und
f(@)=y. Ist y¢Y', s0 z¢Z', und S,=0,, #,=0,. Ist yeY’, so ist zeZ/,
0,50,und £,=m(B)nO,cm(B)nO,=4,.

Der Homomorphismus %y — f, (#;) induziert durch Restriktion
einen Morphismus (Z', 0;)— (Y’, Oy.), und es kommutiert

(Z,9 @Z’) — (Z’ @Z)
(6:8.3) l o
(Y, Oy) —> (Y, Oy).

(6.9) Es sei £ die Idealgarbe von .o/, welche als induktiver Limes der
(H#y) erhalten wird, analog # die Garbe von .&/-Moduln, welche als
induktiver Limes der (%y) erhalten wird. Dann hat man eine exakte
Sequenz

(6.9.1) 0-SF>A>%—0

von &/-Moduln. Es ist leicht zu sehen, dal # mit %y und .# mit %
identifiziert werden kann (beachte (6.8.3)).

Aus (4.8) und (6.3.2) folgt, da die kanonischen Homomorphismen
(692) HY(X,o)—>HP(X, o), H(X,By)—>H"(X, %), p=0,
bijektiv sind. Es wird gezeigt, daBl auch
(6.9.3) H?(X, ) —> H?(X, %), p=0,
bijektiv ist, was sich aus (4.7) und (1.2.7) ergibt, falls
(69.4) lim F7(Y, %) - H?(X, %), p20,

bijektiv ist. Dazu beschrinkt man sich auf das kofinale System ), der
normalen Modelle. Ist W =(U),.; eine offene Uberdeckung von Ye9),,
f: X — Y die Dominationsabbildung, so induziert die Bijektion C* (U, Oy)
— C*(f '), &) (vgl. (4.6) c)) einen injektiven Bihomomorphismus
C* (U, Fy)— C*(f (), F). Sei B eine p-Kokette aus CP(f~'(N), %),
o die p-Kokette aus C?(U, Oy), welche das Urbild von B ist. Sei U=
U,n--nU,; dann ist a(iy, ..., i,) ein Schnitt s von @y iiber U. Es wird
s,ef, fiir jedes yeY gezeigt. Fiir y¢ Y’ ist nichts zu zeigen. Sei also
yeUnY', xeX' und f(x)=y. Da (B(i, ..., i,)), in m(B)n B, liegt, liegt
s, in O,nm(B)=.#,. Damit ist (6.9.4) ein Isomorphismus.
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Aus (6.3.1), (6.8.1) erhélt man das kommutative Diagramm

e = lim HP(Y, 7y) - lim H?(Y,0y)— lim H?(Y,By) — lim H?* (Y, 0) -

695 | |

o HUX,Sy) > H'X,of) - HP(X.By) — H'V(X,5) -

von o-Moduln mit exakten Zeilen, in dem die vertikalen Pfeile Isomor-
phismen sind.

(6.10) Nun wird vorausgesetzt: V ist prim iiber v. Das soll genauer
heiBen: Es gibt eine Transzendenzbasis ()i<i<r von K/k so, daB Vv
Funktionalfortsetzung von v beziiglich &, ..., &, ist und [K:k(&)]=
[K:k(&)]3. Es ist dann V unverzweigt iiber v und V die einzige Fort-
setzung der Funktionalbewertung v’ von k() beziiglich &, .., & auf K.
(6.11)  Satz. Ist Vprim iiber v, so ist g(K/k)=g(K/k).

Sei Y das durch {&,=1,¢&,, ..., &} definierte projektive Modell von
K/o;0,=0[&y/&;, ..., E/E], so daB Y= U T(o;). Sei weiter Z ein Modell
aus £(Y) (5.3). Dann ist die Menge Z’ der zeZ, so daB @, den Ring o
dominiert, eine abgeschlossene, irreduzible Teilmenge von Z (Z also
ein m(o)-einfaches Modell im Sinne von Yanagihara ([12], S. 140)). Ist
nédmlich Z=| ) T(A;), A; ganz abgeschlossener noetherscher Ring, so
geniigt es zu zeigen, daB das erzeugende Element n ven m(o) in A4;
entweder ein Primideal erzeugt oder Einheit von A;ist. Ist w keine Einheit

in A4;, so sei
J? s,
(M =p" - Al

p; minimale Primideale von 4;, die Primirzerlegung von = ([13], Ch.V,
§6, Th. 14, Cor. 1). Da die Ringe (A))p,s ---»(A)),, diskrete Bewertungs-
ringe sind und jeder Ring A; mindestens einen Ring o, enthilt, liefert
jeder der Ringe (4)),,, ..., (4 ), €ine Bewertung, welche Fortsetzung von
v’ ist. Also ist s=1, n,=1 und (n) ein Primideal. Es wird dann weiter
durch = ein graduiertes Primideal in einem geeigneten, zu Z gehorigen

graduierten Ring erzeugt, und ([6], (4.9)) zeigt, daB
dim (H"(Z*, Oz))=dimg(H"(Z, 03)), Z*=ZQ k.

Aus (5.10), (5.12) und (6.7) folgt die Behauptung des Satzes.

(6.12) Sind insbesondere unter der Voraussetzung von (6.10) k in K
und k in K algebraisch abgeschlossen, so ist im Falle r=1 das Resultat
von Deuring und Lamprecht ([7], S.258, Kor.1) von neuem bewiesen,
vgl. (5.13).

3 Querstriche bedeuten Restbildung mod V.
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Neighborhoods of Hyperbolic Sets
M. HirscH, J. PaLis, C. PugH, and M. SHus (Univ. of Warwick)

§ 1. Introduction

In this paper we study the asymptotic behavior of points near a
compact hyperbolic set of a C" diffeomorphism (r=1) f: M —->M, M
being a compact manifold. The purpose of our study is to complete the
proof of Smale’s Q-stability Theorem by demonstrating (2.1), (2.4) of [6].

Q denotes the set of non-wandering points for f. Smale’s Axiom A
requires [5]:

(a) Q has a hyperbolic structure,

(b) the periodic points are dense in €.

Hyperbolic structure, the stable manifold of Q, and fundamental

neighborhoods are discussed in §§2 and 5.
The result of [6] proved here is:

If f obeys Axiom A then there exists a proper fundamental neighbor-
hood V for the stable manifold of Q such that the union of the unstable
manifold of Q and the forward orbit of V contains a neighborhood of Qin M.

As a consequence we have:

If f obeys Axiom A then any point whose orbit stays near Q is asymp-
totic with a point of .

Section 8 of the mimeographed version of [ 1] contains a generalization
of the above results with an incorrect proof. A correct generalization is:

(1.1) Theorem. If A is a compact hyperbolic set then W*(A)L 0,V
contains a neighborhood U of A, where V is any fundamental neighbor-
hood for W(A) and 0, V=) f"(V). If A has local product structure

nz0
then a proper fundamental neighborhood may be found and any point
whose forward orbit lies in U is asymptotic with some point of A.

Theorem (1.1) is proved in §5, local product structure is discussed in
[5] and in §2. In §7 we prove the analogous theorems for flows.

Here is an example, due to Bowen, of a compact hyperbolic set A
which does not have local product structure, has no proper fundamental
neighborhood and for which there are points asymptotic to A without
being asymptotic with any point of A.
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Consider the Cantor set C as the space of sequences of zeros and ones
with a decimal point:

X=(...X_52X_1.X0 X ...) x;j=0o0r1.
The elements of C can be thought of as maps Z — {0, 1}. The compact
open topology makes C a metrizable compact space. A distance is given

by
d(x, y)= Z Ix y,

The shift map ¢: C— C moves the decimal point one space to the right:
(e X_1.%Xg %1 ...)=(.X_1X0.%X{...).

¢ is a homeomorphism. By [4] (C, o) is conjugate to the restriction of
a difffomorphism f: §?2— S? to a certain compact invariant hyperbolic
set K. Hence the topological properties of C reflect themselves exactly
in K.

Consider the subset of C, and correspondingly of K,

A={xeC: any finite maximal string of 0’s is of even length}.

Clearly A is a compact g-invariant subset of C and the periodic points
are dense in A. However, there are points ce C such that
d(c"c,A)—0 as n—+oo
d(o" ¢, 0" x) +0 as n— +oo for any xeA.
That is, there are points of C tending to A but not asymptotic with any
point of A. Even worse, there are periodic points of C — A whose entire
orbits lie arbitrarily close to A. This behavior is opposite to that of (1.1).

Define such ¢ as follows. Put odd maximal strings of zeros of increasing
length on both sides of the decimal point

.. 1000001000101 . 1010001000001 ... .

Given any m>0, ¢"c has at most one entry of 1 in [—m, m] for
large enough |n|. The sequence x with zeros except at this entry belongs

to A and d(O‘" c, X)é Z 1/2|il=1/2m—1

lilzm

which is arbitrarily small when m is large. Hence ¢" ¢ — A. On the other
hand, for any xe C if d(¢" ¢, 6" x) — 0 as |n| — o0 then

x=c to the right of some entry if n— o0
x=c to the left of some entry if n— — 0.

Either way, x can not belong to A.
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A periodic point pe C is a sequence which endlessly repeats a finite
block. If this block is of the form 10 ... 0 with 2m+1 zeros then the orbit
of p lies within a distance 1/2"~* of A by the same reasoning as before.
Thus, the existence of periodic points as claimed above is clear.

§ 2. Local Product Structure

Several notions and results from [1, 5] should be recalled.

A compact set A< M is hyperbolic for the diffefomorphism f: M — M
if fA=A and Tfleaves invariant a continuous splitting T, M = E*®E*,
expanding E* and contracting E°. That is

ITfO)I=7|v] if veFE®
ITf@Izt ']  if veE"

for some constant 7,0<1<1, and some Riemannian metric on M. The
constant 7 is called the skewness.

Through such a A pass families of smooth unstable and stable mani-
folds tangent to E* E* at A [1]. The unstable manifold of size & through
peA is called W¥(p), the stable one WS(p). This “size ¢” refers to the
radius measured in the tangent space at p:

W (p)=exp,(graph g,)

where g,: E} () — E}(¢) is a smooth map whose graph has slope <1 with
8,(0)=0, T'g,(0)=0. E}(e), E}(¢) are the e-discs in E%, E5. Similarly for
W (p).

The families W= {W"(p)|pe A}, WZ={W}(p)|pe A} are overflowing
invariant in the following sense: f ~! W*(p)c W*(f ! p) and f W’(p)c
W.(f p). They are expanding from A and contracting to A in the sense

that
ﬂf_n VVE“=A= ﬂfn VV:

n20 n20

for W'= () W*(p) and W= ) W*(p). We call W*=W>"A the local
peA peA

unstable manifold of A. Similarly, W= W} A is called the local stable

manifold of A. Notice that this terminology differs from that of Smale

in [5].

If pis a hyperbolic fixed point (that is A = p in the preceding discussion)
and V is a local submanifold transverse to its stable manifold then
locally f™ presses V toward the unstable manifold of p, W*(p). If V has
the same dimension as W*p then as n—o0, f"V— W¥(p) in the C!
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s
Wp

/"

My

p wlp

4

Fig. 1. f" flattens ¥V toward W*p

sense, locally. This is the content of the A-lemma [3] and is illustrated
in Fig. 1.

A direct consequence of the A-lemma is the

(2.1) Cloud Lemma. If f: M— M is a diffeomorphism and p, q are
hyperbolic periodic points with W*(p) & W*(q)+0, W*(p) & W*(q)=0 then
these points of intersection are non-wandering.

Proof [5]. See Fig.2 for n so large that p, q are fixed points of /™
The set U is a neighborhood of xe W*(q) » W*(p). We have drawn some
iterates f"* U and shown how they must re-intersect U eventually, by
the A-lemma.

Fig. 2. f*" U re-intersects U

Definition. A hyperbolic set A has local product structure if, for some

§>0,
Wi (p) N Wi (p)= A

for all p, p'eA.
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(2.2) Local Product Structure Theorem. If f obeys Axiom A then f
has local product structure on Q.

Proof. Let ¢>0 be small enough that the 3e-local stable and unstable
manifolds through points of Q are given by the stable manifold theory
of [1]. Let x, x'eQ have ye W5 (x)n W:(x'). By [1] the intersection is
transverse, consists of a single point, and the same is true of the inter-
section W5, (x) n W.(x'). (See Fig. 3.)

Wp x' \x'

Woex W; <

T Wk ‘)y\

Fig. 3. Local product structure

Approximate x, x" by periodic points p, p’. By continuity of the stable
and unstable manifolds, the intersections

W0 n W),  Wi(p) o W3 (p)

continue to be transverse and to consist of single points, g, ¢’ (see Fig. 4).
By the Cloud Lemma, g, g’ Q. As q is arbitrarily near y and Q is a closed
set, y belongs to Q.

Fig. 4. Stable and unstable manifolds for periodic p, p’ approximating x, x’
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Corollary of the Proof. If A is any hyperbolic set isolated from Q— A
and the periodic points are dense in A then f has local product structure at A.

The following key lemma shows how local product structure simplifies
the topology of W= (] W:(p).
ped

(2.3) Lemma. W} is a neighborhood of A in WS if 0<5=<e, ¢ is small,
and A has local product structure.

Proof. Suppose, on the contrary, that there existed a sequence of
points x,e W;(p,)— Wy’ converging to some peA. As in (2.2), when ¢ is
small this implies that W5, (p,) & Wj,(p) in a single point, say g,. By local
product structure g,€A and d(x,,q,)— 0. Thus x,e Wy(q,) when n is
large, contradicting our assumption.

§3. Fundamental Domains

A fundamental domain for W is a compact set D < W* such that
Wf—A<0,D

where 0, D= ) /"D, i.e. the forward orbit of D. A fundamental domain
nz0

for W} is a compact set D= W* such that
Wi—A<0_D

where 0_ D= U S~"D. If in addition D is disjoint from A, we call D a
nz0

proper fundamental domain.

(3.1) Lemma. The set D°=CIl(W:—fW)) is a fundamental domain
Sfor W and D*= CIl(W}—f ~* W) is one for W>.

Proof. 0, D*> W — () f" W=WS— A. The proof for D" is similar.

n=0

(3:2) Lemma. If A has local product structure then D*, D* are proper

Jundamental domains.

Proof. There is a 6,0<d<e¢, such that f WS> Ws. By (2.3), Wi is a
neighborhood of A in W;. Therefore D*= C (W} — f W?) is disjoint from
A. Similarly for D*.

Question. Do the following conditions imply the existence of proper
fundamental domain for W* A:

(a) the periodic points are dense in A,

(b) thereexists a neighborhood U of A such thatif xe U and 0, (x)c U
then w(x)= A, where w(x) is the w-limit set of x.
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§4. Semi Invariant Disc Families

In this section we state and prove the basic technical theorem
required for (1.1).

The space Emb (D*, M) of all embeddings of the closed u-disc into M
may be thought of as a fiber bundle over M. The fiber at xe M is the set
of all embeddings e: D*— M such that e(0)=x. We put the uniform
topology on Emb (D", M),

Definition. If a: X — Emb (D¥ M) is a continuous section over X = M
then o/ = {image a(x)|xe X} is a (continuous) u-disc family through X.

Clearly Wy'={W;'(p)|peA} is a u-disc family for any small §>0.

The following lemma may be thought of as a type of Inverse Function
Theorem for certain u-disc families. By R™(g) we mean the disc of radius &
in R™, centered at the origin.

(4.1) Lemma. If u+s=m and o ={A(y)|yeR*(d)} is a u-disc family
through 0x R*(8)= R™ with A(y)=graphg, for g,: R*(e)— R®, 2,0)=y
then | ) A(y) is a neighborhood of 0 in R™.

yeRs

Proof. Continuity of o implies that g: (x, y) — (x, g, x) is a continuous
map from B=R"(e)x R*(J) into R™. It suffices to prove that g|dB is
homotopic to the inclusion map dB<R™—0. Such a homotopy is

given by
Gi(x,y)=(x,(1~1) g, +1 ).

The curves G,(x,y) never pass through 0 when (x, y)edB since x=0
implies g,(0)=y and so G,(x, y)=(0, y)*0. Thus, (4.1) is proved.

Now we may proceed to the main theorem of this section.

(4.2) Theorem. For any small >0 there is a u-disc family Wy through
N, a neighborhood of A in M, which reduces to W at A and is semi-
invariant in the sense that

WHfx)=fWp(x)  for any xeNAf~'N.

Moreover for any peA, | W;(y) is a neighborhood of p in M.
yeWsp

Remark. If {'is C" we can make W}* a continuous family of C" u-discs.

Remark. We cannot expect any sort of uniqueness for W, as simple
examples show with A taken to be one point. It is unknown whether
Wj' can be chosen to foliate a neighborhood of A.

The proof of (4.2) is similar to the existence of {W*(p)|peA} in [1].
All estimates needed here were proved in [1]. We must deal with graph
transforms induced by maps of one space to another instead of to itself.
We outline what must be re-interpreted.
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Let E=E, xE,, F=F; xF, be Banach spaces, equiped with the
PrOUCtRONS ey, )l =max () xa).
Define %,(E) to be the space of maps g: E,(¢) — E, such that

g(0)=0, L(g=1

where L denotes the Lipschitz constant and E(g) denotes the closed ball
of radius ¢. The metric in 4,(E)is |g—g'| = sup |g x—g’ x| and is complete.
Define ¥,(F) similarly.

Let f: E(e)— F, f(0)=0 be a map. It might happen that for every
g€%,(E) there exists he %,(F) such that

graph hc f(graph g).
If so, h is uniquely determined by g and we call h the graph transform
of g by f, -
h=TI;g.

The next theorem was proved in [1, §4].

(4.3) Theorem. Let T: E— F be an isomorphism sending E, onto F,,
E, onto F, when E, xE,=E, F, xF,=F as above. Suppose |T,| <,
IT <1, O<t<l for ;=TIE;, i=1,2. If f: E(e)—F is sufficiently
near T|E(¢) then I'};: §,(E)— %,(F) is defmed and has L(I;)<1. The precise
condition on f is {1

SO=0 and L(f=T)<

Before proving (4.2) we need a simple extension lemma.

(4.4) Lemma. Let E,M be manifolds and n: E— M a fiber bundle.
If s: X — E is a section over a closed X =M then s extends to 5: N —E,
a section over a neighborhood of X.

Proof. Since E is an ANR (absolute neighborhood rectract) and M
is a normal space, s extends to a map so: N,— E when N, is a neighbor-
hood of X in M. Let d be a metric on M. Choosing small neighborhoods
NcN, of X makes the function d(n s, x, x) small if xeN,. Because M
is an ANR, this makes 7 50| N: N — M homotopic, rel X, to the inclusion
iyt N<—>M. The Covering Homotopy Theorem [7] shows that so|N is
homotopic, rel X, to a map5: N — E such that n 5=iy. This proves the
lemma.

Proof of (4.2). Let the skewness of Tf|T,M be <t. By (4.4) there
exists a neighborhood N, of A and extensions E*, E° of the bundles
E*, E° to N, for they are sections of the Grassmann bundles G*(M),
G*(M) restricted to A. Taking a smaller N, if necessary we have E*@E* =
Ty, M since E*@E*=T,M.
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Applying (4.4) again we can find a “connector” 6, that is a continuous
family of isomorphisms 0(x, x'): M, — M. defined for all (x, x')e M x M
sufficiently near the diagonal 4 of 4 x A such that

0(x,x)=1,, O(x,x)E'=E%, 0(x,x)ES=E

In fact GL(E") is a bundle over Ny x N, whose fiber over (x, x') is the
space of all isomorphisms E*— E* and the map (x,x)—1, is a section
of GL(E*) over A. By (4.4) this section extends giving a section 6*. Similarly
we get a section 6°. Combining the two as 8“@6° we get the connector 6.

Of course E*@E? is not likely to be T J-invariant. Let (Tf),: M,— M,
be defined, with respect to this splitting, by the matrix

Ay By

M=(¢ &

for xef='Nyn N,. Consider the linear map T.: M,—M,, defined on
SNy N, by T_(Ax 0)

0 K,

At A the entries B and C vanish and T=T}.

For any Ncf- 'NonN, the map T: TyM—T,yM defined by
T|M,=T, is a bundle isomorphism leaving E*@E® invariant and equal
Tf at A.

Let f=exp~"o f o exp: M(6) » TM, where M (3)= | M, (). For small

xeM _
enough é and a small enough neighborhood N<N, of 4, f is well
defined and _
sup L((f = T)|M,(d)=¢

satisfies the inequality of (4.3), {<(1—1)/(1+71). For when s—0 and
N— A we are merely seeing how well Tf approximates f at A. By (4.3)
I7: 95(Ty M) — %5(T;x M) is defined and has Lipschitz constant <1.

We may assume N chosen to be a smooth manifold with boundary.
If Vis a neighborhood of fN with V<N, and p: V—fN a retraction
then 0(p x, x) will be defined for V small enough and p near enough
the inclusion iy: VM. B

Defineh: V— N by h=f 1o p. For each xe Vdefine (0, f),: M, (6)— M,

by _ i}
(Baf)x=9(p X, x)of'th(é)
and define (0, 7),: M,,—M, by
6, T),=0(px,x)oT,,.
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Since 6 is continuous, and equals I, at 4, (9, T), may be made arbitrarily
near Tf| T, M by taking N small, V'near N, and p near i,. That is

can be made near ¢ and in particular can be made <(1—1)(1+1).
But (6, T) preserves E* and E* because both 6 and T do. Taking N small
enough assures (0, T) has skewness <t because Tf| T, M has skewness <.
Hence we may apply (4.3) to conclude that (0, /') defines a graph-transform
Lo, 1y: 95(TyM)— %5(T,, M) with Lipschitz constant <1.

Let ¢: M—[0, 1] be continuous with ¢=0 off Vand ¢=1 on fN.
Define F: 95(Ty M)—%s(Ty M) by sending ge%;(T, M) onto the element
of 9;(Ty M) which, when restricted to E(J) equals

0 if xeN—-V,
o (x) Iy, 1), (2) if xeVnN.

If xedVN N, we know that ¢(x)=0 and so the two definitions agree.
Note that I, ;) (g) is a map E“(8)—E%(5) and so our definition of F
is well stated. Also note that F is not globally a graph transform: it does
not cover amap N—N.

Clearly F carries 4,(Ty M) into itself because Iy ,, carries %;(Ty M)
into 94(T, M) and multiplication by ¢, 0<¢ <1, can only help. In the
computation of the Lipschitz size of the map F(g).:E*(5)— E(d), ¢ is
constant. For the same reason, L(F)< L(I3, ;)< 1. Hence F has a unique
fixed point, say g*.

Put W;(x)=e~xpx (graph(g*| M, (9))), where xef ~* N~ N. For such x,
it is clear that f Wy(x) oW;(fx) by the definition of F. On A we have just
gone through the construction of W} in [1] again and so W(p)= Wy(p)
by uniqueness of {Wy(p)|peA}. Thus W} is a semi-invariant family
of u-discs extending Wy'. It remains to show that () Wy (y) is a neigh-
borhood of p for pe A. yels(p)

There is a diffeomorphism j: M, (e)— M, (a) such that (Tj),=1, and

jlexpy (W7 p)=Ex(e). j(exp; (W2 p)=E3e). S
{ioeXP“(VT{s“y)IerWp}

is a u-disc family through E}(u). Its radius may be slightly less than 9,
but it is greater than /2, say, if u is small enough. Also, for small ¢
these u-discs will be graphs of maps E}(/2)— E; () having slope 2.
By (4.3) this u-disc famlly includes a ne1ghborhood of p in M,(¢) and
hence its exp,oj~ -1 image {W}(y)|ye W, p} contains a nelghborhood
of p in M, since exp,oj~! is a local dlffeomorphxsm at p. This proves
4.2).
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Remark. In a similar manner we could obtain an invariant family
of linear graphs G,: E*—ES. These determine a subbundle of Tu\M
semi-invariant under TJ, and thus a semi-invariant extension of E*®E*
to E*@Es=Ty M. Proceeding with the construction of W} we find that
W;(y) is tangent to E* at y for y near A. In fact, it can be shown that
W(y)is C" when fis C" by imitating the proof of smoothness of unstable
manifolds in either [1] or [2]. In this way one can prove.

(4.5) Theorem. The semi-invariant family W} of (4.2) can be chosen
to be a continuous family of C" u-discs when fis C.

§ 5. Fundamental Neighborhoods and the Proof of the Main Theorem

As before, let A be a hyperbolic set for SeDiff(M). A fundamental
neighborhood for W* is a compact neighborhood of a fundamental
domain of W;. Similarly for W,

The following theorem was stated in § 8 of the mimeographed version
of [1] but was proved incorrectly.

(5.1) Theorem. If V is a fundamental neighborhood for WS then
W w0, Vis a neighborhood of A in M.

From (5.1) we can finish the proof of (1.1). By (3.1), (3.2) it suffices to
prove the following

(5.2) Theorem. If W* A has a proper fundamental domain D then A
has a neighborhood U such that if 0, x< U then xe W*(p) for some pe A.

Proof. Let V'be a compact neighborhood of D disjoint from A. Set
U=(Wu0_W-V

where O_V=( ) f~"V. By (5.1) applied to f~*, U is a neighborhood of .

nz0
If f*(x)eU for all n>0 then x¢0_V for otherwise f"(x)eV for some
n20, but f"(x)eU <=M —V which is a contradiction. Therefore xe W,
proving the theorem.

Proof of (5.1). Let D be a fundamental domain for WS and letV be a
neighborhood of it. We must show that Wru0, Vis a neighborhood
of Ain M.

Consider the semi-invariant u-disc family W} constructed in “4.2)
where ¢ has been chosen so small that Wy(y)c V for any yeD and
0<d=<e.

Clearly .

WrO0, VoWr o ) W, y)
yeD

10 Inventiones math., Vol. 9
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by the semi-invariance of Wy. But Ws=Au | (0, y) and so

yeD
weo ) WO, = | W)
yeD yeWs

But for each pe 4, | ) Wy'(y)=> |J Ws(y) which is a neighborhood of p
yeWgp

yeWs ]
in M by (4.2). Hence W* U 0, Vis a neighborhood of A and (5.1) is proved.

§ 6. The Pseudo-Hyperbolic Case

The goal of this section is to generalize (4.2) to pseudo hyperbolic
invariant sets of diffeomorphisms. We will apply this theorem to extend
to flows the main results of the earlier sections about diffeomorphisms.

Recall that a compact subset A of M is pseudo hyperbolic for fe Diff(M)
if fA=A and Tf leaves invariant a continuous spitting T,M =E;®E,
such that ||(Tf)~ | E,|| <k, | Tf | E,|| <¢,and k¢ < 1. For feDiff"(M), r21,
Theorem 3B.5 of [2] says

(6.1) Theorem. Ifk < 1 then there exists ¢ >0 and aunique f-invariant C"
regular family W, ,={W, ,(p):pe A} of submanifolds of size ¢ such that
W, ..(p) is tangent to E,(p) for each pe A. The manifold W, ,(p) is charac-
terized by xe W; .(p) if and only if

d(f~"x,f"p)<e¢  forall n20
lim AUT"STD)

n— o k"
We extend W, to a disc family through a neighborhood of 4 asin § 4.

(6.2) Theorem. If A is as in (6.1) then for any small >0 there is a
disc family W, s through N, a neighborhood of A, which reduces to W, ;
at A and is semi-invariant in the sense that

Wis(fx)=fW4(x)  for xeNnf~'N.

Proof. The proof of (6.2) is essentially the same as that of (4.2), except
that a new complete metric on the function spaces 9.(E), %.(F), etc.
must be used. It was introduced in [2,§ 3B] and is

|g—g'l,=sup|gx—g'x|/|x|.
x*0

The estimates demonstrating the analogue of (4.3) in the pseudo hyper-
bolic case with k<1 are contained in [2,§ 3B] and are similar to those
in [1]. Once this analogue of (4.3) is proved, the proof of (6.2) is exactly
the same as that of (4.2).
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§ 7. Flows

Let {¢,} be a C" flow on M, r= 1. A compact invariant subset A= M
is said to be hyperbolic for {¢,} if, for every t>0, Ty, leaves invariant a

continuous splitting T,M = E*®E°®E*
M=

expanding E* and contracting E°, where E? is the tangent bundle to the
orbits of the flow. If X is the vector field generating the flow then E? is
the O-dimensional or 1-dimensional space spanned by X, . The equality
(To): (X,)=X,,, is valid for any smooth flow {¢,}, so invariance of
E? is automatic. In [5] and [2] details and equivalent definitions are
given.

Note that 4 is a pseudo hyperbolic set for ¢,, t+0. If >0 then
E,=E"and E,=E*Q@E". If t<0 then E, =E° and E, = E*@®E®. In either
case we can choose k<1 where ||(To,|E;)"!| <k.

Applying (6.1) to ¢,, we get a unique ¢;-invariant family through
A, W!={W}p|pe A} tangent to E“ By uniqueness, as in [2], W* is
locally ¢, invariant for all t. Applying (6.1) to ¢ _,, we get a unique ¢ _,
invariant family through A, W= {W; p:pe A} tangent to E* and W} is
¢invariant for all t. For any orbit O <A we put

wro=\)Wep,  Weo={)Wp.
pe0 pe0

(7.1) Theorem. The {W'0}, {W;0} form invariant families of C'
manifolds. The families {W}p|pe0}, {W:p:pe®} form C’ fibrations of
Wro, Ws0.

Proof. Since ¢, Wy'p= Wy (¢, p) for >0 and ¢, W p=>W;(g,p) for
t<0, (7.1) is a direct consequence of (6.1).

We say that A has local product structure if
WEAWr=A
for some ¢>0. (2.3) and (3.1) generalize at once to
(7.2) Proposition. Let {¢,} be a flow satisfying Axiom A [5], i.e. the

nonwandering set Q is hyperbolic and the periodic orbits are dense in Q.
Then Q has local product structure.

(7.3) Lemma. If t>0 and A is hyperbolic for {@,} then the set

D*=CU(WS—op, W) is a fundamental domain for WSA. If A has local
product structure, D is proper.
We also have
(7.4) Theorem. If D<= WA is a fundamental domain for some ¢, 1>0,
and V'is a neighborhood of D. Then the set
WrAu0,V
is a neighborhood of A in M.

10*
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Proof. Extend the disc family W to a disc family WY, semi-invariant
by ¢,, through a neighborhood of A. This can be done by (6.2). Then
apply (4.1) as in (4.2). Since 0, V=] ¢,V > ] ¢,V the theorem is proved.

t20 nz0

(7.2,7.3,7.4) provide the analogue of (1.1) for flows.

Remark. (7.4) holds for normally hyperbolic foliations as defined
in [2]. The proof is the same.
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Uber die analytische Cohomologiegruppe
H"™Y(IP~A, F)

WoLF BAarTH (Miinster)

0.
Ziel dieser Arbeit ist ein Beweis folgender Aussage:

Es sei AcIP, eine nirgends diskrete singularititenfreie algebraische
Teilmenge mit k=1 Zusammenhangskomponenten und & eine kohdrente
analytische Garbe iiber B~ A. Dann gilt fiir die analytische Cohomologie:

dimg H" "B A, #)=(k—1) - dimg H(BNA, Hosm(F, X)),

(A kanonische Garbe iiber IB). Insbesondere verschwindet H" = (B~\A, %),
wenn A zusammenhdngt.

Eine entsprechende Aussage fiir algebraische Cohomologiegruppen
mit Koeffizienten in algebraischen Garben stammt von Hartshorne
[6, Theorem 7.5]. Sie ist insofern allgemeiner, als sie die Singularititen-
freiheit von A nicht benotigt. Wesentliche Hilfsmittel bei ihrem Beweis
sind Serre-Dualitdt und ein Fortsetzungssatz fiir Schnitte in invertier-
baren Garben. Der Beweis unserer Aussage verlduft dhnlich. Wir be-
nutzen Serre-Dualitit, etwa in der Form [9], und miissen dazu vorher
wissen, daB H"~ (N4, #) endlich-dimensional ist. Um dies sicher-
zustellen, bendtigen wir die Singularititenfreiheit von 4 und die Endlich-
keitsaussage [2, Korollar zu Satz 3]. Ein weiteres wesentliches Hilfs-
mittel beim Beweis ist ein Fortsetzungssatz fiir Schnitte in der Garbe
Hom(F, X'), der sich aus Ergebnissen von Rossi [7] und Rothstein [8]
sowie der Losung [3] des Levi-Problems nach Docquier-Grauert ergibt.

Den AnstoB zur vorliegenden Note gab eine Frage von Hartshorne®.
Wiire ndmlich H?(IP,\ 4, #)+0 fiir eine kohirente analytische Garbe
# liber dem Komplement einer zusammenhéngenden Kurve Ac B, so
konnte A nicht Durchschnitt zweier algebraischer Flichen sein. Und
das Problem, eine solche Kurve zu finden, ist bis jetzt noch ungelost.

Noch einiges zur Notation: Eine komplexe Mannigfaltigkeit X ist
stets eine Mannigfaltigkeit mit abzihlbarer Basis. Die Strukturgarbe
liber X sei Oy, das kanonische Biindel K. Die Garbe der holomorphen

! Thm habe ich auch zu danken fiir seine wertvollen Verbesserungsvorschlige zu einer
ersten Version dieser Note.
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Schnitte in einem holomorphen Biindel F bezeichnen wir mit % Den
Tréger einer Garbe & bezeichnen wir mit |#|, den Tréger eines Schnittes
geH° (X, #) mit |g|.

L.

Fortsetzung holomorpher Funktionen iiber affinen Teilmengen des IB,. —
Ziel dieses Abschnitts ist der Beweis des folgenden Fortsetzungssatzes.

Satz 1. Es sei V<P, eine zusammenhingende Umgebung der abge-
schlossenen algebraischen Menge AcIB, mit dimA=1. HcP, sei eine
Hyperfliche. Dann ist die Einschrinkungsabbildung

H°(P\H, O)— H°(V~H, 0)
surjektiv.
Zum Beweis benutzen wir die beiden folgenden Fortsetzungseigen-
schaften holomorpher Funktionen:

I. (Rothstein [8].) Es seien G, G<=C" zwei Gebiete derart, dafi die
Einschrdnkungsabbildung

H°(G, 0)— H°(G,, 0)
surjektiv ist. Dann ist auch fiir jede Hyperfliche H = G die Einschrinkungs-

abbildung HO(G~A, 0)— HO (G, 0)
surjektiv.

II. (Rossi [7, Beweis von Theorem 3.1].) Es sei AcC"*! analytisch,
0eA und dimgA22. Ist G, eine zusammenhc‘ingerlde Umgebung von
AN{0}, dann existiert eine Umgebung G<=C"*! von A, G,<G, so, dap

o H°(G, 0)— H°(G,, 0)

surjektiv ist.
_ Beweis von Satz 1. Es sei n: C"+1\{0} — P, die natiirliche Projektion.
A:=n"TA4 ist analytisch in €"*! und nach Voraussetzung dimy, 4>2.
A:=n"TH ist eine Hyperfliche in €"*'. G:=n"" V ist eine zusammen-
héngende Umggbung von AN{0}. Wegen I und II gibt es also eine Um-
gebung G von 4 so, daB jede in G,\ A holomorphe Funktion nach (i\ﬁ
fortgesetzt werden kann. Da O innerer Punkt von G ist, gilt 7(G~NH)=
IP\H.

Sei nun f eHC(V~H, 0) beliebig vorgegeben. Dann ist f:=for in
Go~H holomorph und invariant unter allen Homothetien

GNA3z5c¢-zeGNA, ceC*

f besitzt eine holomorphe Fortsetzung auf G\ A, die wegen des Identitiits-
satzes fiir holomorphe Funktionen ebenfalls unter allen Homothetien
invariant ist, und somit eine holomorphe Fortsetzung von f nach
IP~H definiert.
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2.

Existenzgebiete von holomorphen Schnitten in torsionsfreien Garben. —
Dieser Abschnitt dient der prizisen Definition solcher Existenzgebiete.

Definition 1. Es sei X eine komplexe Mannigfaltigkeit. Eine stetige
Abbildung ¢: B— X eines hausdorffschen topologischen Raumes B in
X heiBt Bereich iiber X, wenn sie lokal topologisch ist. Ist ¢ injektiv, so
heifit der Bereich schlicht. Ist B zusammenhingend, so heiit ¢: B— X
ein Gebiet iiber X.

Als komplexe Mannigfaltigkeit ist X metrisierbar. Mit Hilfe einer
Metrik auf X kann man Kugeln in B wie in [5, S. 44] definieren. Wie in
[5, IG, Proposition 2] erhilt man dann

Lemma 1. Es sei ¢ : B— X ein Bereichiiber X und B zusammenhiingend.
Dann besitzt B eine abzihlbare Basis.

Korollar. Es sei ¢: B— X ein Gebiet iiber X. Dann gibt es auf B eine
eindeutig bestimmte komplexe Struktur, so, dap ¢: B— X lokal biholo-
morph ist.

Nun sei # eine Oy-Garbe iiber X ohne Torsion. E() sei der topo-
logische Raum der Keime lokaler Schnitte in . Ist ¢: E(#)— X die
kanonische Projektion, so ist ¢ ein Bereich iiber X. Jeder Keim feE (%)
bestimmt eindeutig eine Zusammenhangskomponente E(f)cE(%).
E(f) heiBt das Existenzgebiet von f. Da E (%) nach Voraussetzung haus-
dorffsch ist, ist E(f) ein Gebiet iiber X.

3.

Garben, welche dem Kontinuitdtssatz geniigen. Wir setzen
D:={zeC": |z;|S1und |z,| <1 fiirv=2,...,n}
0D:={zeD:|z,|=1},
dD:={zeD:|z,|=1}.

Definition 2. Es seien X eine komplexe Mannigfaltigkeit und # eine
torsionsfreie Oy-Garbe. Wir sagen, # geniigt dem Kontinuititssatz, wenn

folgendes gilt: Ist i eine biholomorphe Abbildung (einer offenen Um-
gebung) von D in X, so ist die Einschrinkung

_ H°(y D, #)— H°(y (5 DU D), #)
surjektiv.

Mit dieser Definition formuliert sich die Losung [3] des Levischen
Problems nach Docquier-Grauert so:

Lemma 2. Es seien X eine Steinsche Mannigfaltigkeit und # eine
kohirente Oy-Garbe, die dem Kontinuititssatz geniigt. Dann ist jedes
Existenzgebiet E(f), feE(#), Steinsch.
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Beweis. Sei yy: D — X eine biholomorphe Abbildung in X, sei x: oDy
D— E(f)stetigmit o x=y|6DuD (¢: E(f)— X Projektion). Dann ist
x(6 D L D) eine Schnittfliche in # iiber Y (6 DL D). Wegen der Voraus-
setzung an J# kann man sie iiber y D fortsetzen, d.h., es gibt ein stetiges
%X: D> E(f) mit goy=y. Also ist E(f) pseudokonvex im Sinne von
Docquier-Grauert [3, Definition 15] und nach [3, Satz 10] Steinsch.

Wir wollen dies auf die Garbe #ou#, (¥4, #x) anwenden und zeigen
daher zunichst:

Lemma 3. Es seien 4 eine kohdirente und ¥ eine lokal freie Ox-Garbe.
Fiir die Ox-Garbe := Homy (9, F) iiber X gilt dann

i) S ist torsionsfrei;
ii) S geniigt dem Kontinuitdtssatz.
Beweis. i): Da % kohdrent ist, gibt es lokale Auflosungen

p0—>9—-0,
die eine Inklusion
H =Hom(G,F)— Hom(pO, F)=pF
induzieren.

ii) Es sei ¥ eine biholomorphe Abbildung von D in X. Weil y Dc X
kompakt ist, gibt es nach Theorem A eine freie Auflosung

pO|YD—qO\\yD—%|yD—0.

Da & iiber y D zu s 0y isomorph ist, s=rang % erhilt man hieraus eine
exakte Sequenz
0->H#—>s5-q0 > R—0,

wo Z als Untergarbe von s- p@ torsionsfrei ist.

Die Einschrinkungshomomorphismen bilden ein kommutatives
Diagramm

0— H°(uD,#) — H°(xD,q0) —H°(xD,%)
| | |
0— H°(x(6 DU D), #)— H(x(6 DU D),q0) — H°(x(6 DU D), ®)
mit exakten Zeilen. t ist bijektiv (Kontinuitédtssatz fiir holomorphe Funk-

tionen) und u ist injektiv, da & torsionsfrei ist. Daraus folgt die Surjekti-
vitit von s 2,

2 Diese SchluBweise wurde mir freundlicherweise von Herrn H. Kerner mitgeteilt.



Uber die analytische Cohomologiegruppe H*~ (P~ A, F) 139

4.

Anwendung : Zariski-offene Mengen in IP,. — Es sei A< P, algebraisch
und abgeschlossen, und C:=IP~A. Die Zusammenhangskomponenten
von A seien 4;, 1 i< k. Wir definieren die folgenden Triigerfamilien von
abgeschlossenen Teilmengen C’ aus C:

@,:={C'c C: (" abgeschlossen in CU A4,}.

@, NN P, ist dann die Familie  der kompakten Teilmengen von C.
Ist ¢4 eine Garbe iiber C, so setzen wir

H°(3; C,9):=1im {H°(C~C', %): C'ed},
H°(0C,%):=lim {H*(C~C', %): C'e®}.

k
Offenbar ist H°(0C, %)= @ H°(9; C, %). Man hat natiirliche Einschrin-
kungsabbildungen !

rie H(C,9)—H’©9;C,%), r: H°(C,%)— H°(@C,%).

Lemma 4. Es sei dim A;>0 und % eine kohdrente analytische Garbe
iiber C, die dem Kontinuitdtssatz geniigt. Dann ist die Abbildung r; sur-
Jjektiv.

Beweis. Wir stellen A dar als genauen Durchschnitt von endlich vielen
(hochstens n+ 1) Hyperflichen H;< IF,. Dann halten wir eine zusammen-
héngende offene Umgebung V< IP, fest. Da fiir Schnitte in torsionsfreien
Garben der Identitédtssatz gilt, geniigt es, folgende Aussage zu beweisen:

Lemma S. Es sei HcIP, eine Hyperfliche, und V eine zusammenhdn-
gende offene Umgebung von A;. Dann ist die Einschrinkungsabbildung

H°(IP~H,%)— H°(V~H, %)
surjektiv.

Beweis. Es sei also fe H®(V~H, %) und E(f) das Existenzgebiet von
S tiber B~H. Nach Lemma 2 ist E(f) steinsch.

Wir zeigen: E(f) ist ein schlichtes Gebiet. Dazu mogen etwa zwei
Punkte x, #x, € E(f) gegeben sein, die iiber dem gleichen Punkt xeIPNH
liegen. Da E(f) holomorph-separabel ist, gibt es ein ge H(E (f), ©) mit
g(x,)#g(x,). Die Einschrankung g|V~H besitzt nach Satz 1 eine holo-
morphe Fortsetzung g, nach ganz IP\H. Die auf E (f) geliftete Funktion
g’ stimmt nun in V~NHc< E(f) mit g iiberein, nimmt aber in x; und x,
gleiche Werte an. Dies ist ein Widerspruch zum Identitétssatz fiir holo-
morphe Funktionen!

Somit ist E(f) ein Steinsches Teilgebiet von IPNH, das V'~H umfaft.
Wire E(f)+IB~H, so gibe es auf E (f) (und damit auf V\H) eine holo-



140 W. Barth:

morphe Funktion, die man nicht nach ganz IP~\H fortsetzen kann. Da
dies wegen Satz 1 unmdglich ist, muB E(f)=PE~H sein, und Lemma 5
ist bewiesen.

5.

Cohomologie mit Trdgerfamilien @;. — Wir berechnen hier die Gruppe
Hg (B~A, #). Dazu sei AcT, algebraisch und nirgends diskret,
C:=P~A4 und # eine kohdrente 0 -Garbe, die dem Kontinuitétssatz
geniigt. Zuniéchst zeigen wir

Lemma 6. Der natiirliche Homomorphismus y;: H},',(C, F)—HY(C,F)
verschwindet, falls A=+ (.

Beweis. Wir wihlen n+ 1 Hyperflachen H(j), 1< j<n+1, die genau
A als gemeinsamen Durchschnitt enthalten. Die Mengen C (j): = IBNH(j),
1<j=<n+1, bilden dann eine Steinsche Uberdeckung von C. Jede
Cohomologieklasse [c]e H(C, %) wird reprisentiert durch einen alter-
nierenden Cech-Cozyklus

c=(c(j1,j2))1 S j2En+1s C(jl’jZ)eHO(C(jl) N C(ja) 37)
Falls [c]eim v;, so gibt es eine zusammenhingende Umgebung V< B,
von A; mit [c]|V~A=0.
Bekanntlich folgt hieraus
c(nidIVNCG)N CUI=b(j)=b(y), b()eH (VN C()), ). (1)

Nach Lemma 5 kann man die b(j) zu holomorphen Schnitten b(j)e
H°(C(j), #) fortsetzen. Wegen des Identititssatzes gilt dann (1) in ganz
C(i)n C(j). Also ist ¢ Corand der Cokette (b(j)) und [c]=0.

Korollar. Fiir alle k, 1 Sk <k, ist
dim Hy, . o, (C, F)=(x—1)-dim H°(C, #).
Beweis. Ist V<P, eine abgeschlossene Umgebung von A, U--- U A4,,
so setzen wir
D,(V):={C'ed;: C'nV=0}.
Man hat eine exakte Sequenz [4, Théoréme 4.10.1, S. 190]
0 H°(C, #)— HO(V~A, F)— Hébl(V)n...n'DK(V)(C’ Z)

— HY{C,%F)—---.
Beachtet man

® H(6,C, #)=lim H(VA, #)
1 |4

Hébm...nwn(ci .?"):l_l‘r,_n) Hél(V)n...nd’,c(V)(C’ F),
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so ergibt der Grenziibergang wegen der Exaktheit des induktiven Limes
eine exakte Sequenz

0—-H(C,#)— (:3 H°(,C,#)— Hg, . . 1o.(C, F)L5 HY(C, F)— ---.
1

Mit y, verschwindet auch y’. Aus Lemma 4 folgt die Behauptung.

6.

Ext! mit Triigern. — Ist ¥ eine Trigerfamilie auf einer komplexen
Mannigfaltigkeit, so bezeichnen wir mit Ext, (X; %, #") die abgeleiteten
Funktoren des Funktors Homy (X; 9, #)=HY,(X, #ome(%, X))

Es sei wieder A c IP, algebraisch, nirgends diskret, und C=IE~A. Mit
H(v), ve Z, bezeichnen wir das C*-Biindel iiber IP, das zu einer v-fach
gezdhlten Hyperebene gehort. Ist 4 eine analytische Garbe, so sei
G(v): =9 @A (v). Jedes seH'(B,, #(v)), v=0, definiert einen Homo-

0

morphismus ¢, und eine exakte Sequenz
0-0-250(v)—>2Z—0.

Dabei ist der Triger |%#| von # gerade die Nullstellenmenge N (s) von s.
Der durch Tensorieren mit % induzierte Homomorphismus ¢ (%):
4 — % (v) ist i.a. nicht injektiv.

Lemma 7. Fiir jede kohirente O-Garbe % iiber C ist
Exty, (C; @,(%), #): Exty (C;9(v), #)— Exty, (C; 9, ),  v20,
injektiv.
Beweis. Man hat ein kommutatives Diagramm
Exty (C; % (v), #)=Exty (C; %, A (—v))
Ext},(C; 0s(%),X) Extg, (C; 9, @s(H (— 1))
Exty, (C; 9, X' )=Exty (C; %, X')
und von der exakten Sequenz
0 A (—v) 22X, o , ¥ QB—0
her eine exakte Sequenz ’
Homg, (C; 9, & @ B)— Exty, (C; 4, A (—v)) — Exty, (C; 4, H).

Wire Homy, (C; %, X ® #)=*0, so enthielte die Garbe H#owx %, A RAB)
wegen |#|~ A;+9 Schnitte h mit Trdgern || der Codimension 2.
Dann enthielte auch die Garbe # lokale Schnitte ¢ mit Trégern |c| der
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Codimension =2. Ausgehend von der exakten (-Sequenz

0-0->0(0V)>Z#—0

erhielte man dann einen Widerspruch zum zweiten Riemannschen
Hebbarkeitssatz fiir Schnitte in ¢, w.z.b.w.

Um Ext, selbst zu berechnen, bedienen wir uns der Spektralsequenz
[4, Théoréme 7.3.3, S. 264]

ESi=H} (C, 82¢4(Y, X)) = Exty, (C; 9, X))
und der daraus resultierenden exakten Sequenzen [4, S. 265]

00— H,},i(c, Homy(Y, f))——-)Extéi(C; G, H)—>
— H3 (C, 82¢5(%, X)) — -,

0— HY(C, #Homy(@, X)) — Exth(C; 9, 4)—
—& HY(C, 8245(%, A7) > ---.

@

A3

Lemma 8. Der Homomorphismus ¢ verschwindet.

Beweis. Es sei heim ¢. Dann ist |h| eine kompakte analytische Menge
in C. Es gibt nach dem Hilbertschen Nullstellensatz ein v=0 und ein
se H(IB,, # (v)) mit

@,(82¢1(%, A7) (h)=0.

Wir betrachten das kommutative Diagramm

Ext'(C; %, X)

0| — Exth, (C; %, ) ——— |Exth, (C; 9(—v), )
’ |

HY(C; 8204, ) HY(C, 8201 (=), X))

S |

HY (C, é2¢\&, ) ——|| HS,(C, 821G (—v), X))

HY(C, 62¢%, X)) —zmzg HI(C. E (&, H (v)

os(Ext1 (9, X))
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Wegen Lemma 7 ist die zweite Zeile exakt. Die Spalte rechts ist wegen
(2) und Korollar zu Lemma 6 (im Falle k= 1) exakt. Daraus ergibt sich
durch Diagramm-Chasing h=0, w.z.b.w.

Zusammen erhalten wir

Satz 2. Es ist dimExtg,(C; 9, ") =dim Hy(C, #om (%, X)) =(k—1)-
dim H°(C, #om (%, A)) < 0.

Beweis. Die erste Gleichung folgt aus (3) mit Lemma 8, die zweite
aus Lemma 3 ii) und Korollar zu Lemma 6, wenn man dort k=k setzt.

Die Endlichkeit ist trivial, wenn 4 zusammenhingt, da dann k—1
verschwindet. Hdngt 4 nicht zusammen, so muB die Menge A mindestens
die Codimension 2 besitzen. C enthélt also eine kompakte algebraische
Kurve und ist damit pseudokonkav im Sinne von Andreotti [1]. (Hierzu
siehe etwa [2, Satz1].) Da #m (%, A") torsionsfrei ist (Lemma 4 1)),
ergibt sich die Endlichkeit aus [1].

7.

Serre-Dualitit. — Es sei X eine rein n-dimensionale komplexe Man-
nigfaltigkeit, ¢ eine kohédrente Ox-Garbe und @ die Familie der kompak-
ten Teilmengen von X. Dann gibt es eine natiirliche Paarung [9, S. 15]

HYX, %) QExty 4X; %9, Ay)— C.
Diese Paarung ist nicht immer perfekt. Aber es gilt beispielsweise

Lemma 9. Die C-Vektorriume H(X, %) und H*'(X, %) seien endlich-
dimensional. Dann ist obige Paarung perfekt.

Beweis (Suominen [9]). Wie im Beweis von [9, Theorem 4.6] werde
eine abzihlbare Uberdeckung U von X durch offene Steinsche Mengen
gewihlt, iiber denen % eine endliche freie Auflosung besitzt. Der Beweis
verlduft dann wie der von [9, Theorem 4.5], da die (g — 1)-te und die g-te
Ableitung im Cech-Komplex C' (U, %) abgeschlossenes Bild besitzen.

Die Endlichdimensionalitit von H"(IP~A4,%) und H" '(IP~A,9)
folgt aber aus [2, Satz 3], falls 4 nirgends diskret und singularititenfrei
ist. Somit erhalten wir das gewiinschte Ergebnis.

Satz 3. Es sei A <P, eine nirgends diskrete algebraische Menge ohne
Singularititen. Die Anzahl der Zusammenhangskomponenten von A sei k.
Fiir jede kohdrente analytische Garbe 4 iiber C=1B~A gilt dann

dimg H'~(C, 9) = (k— 1) dimg H°(C, #omo(%, X))

Bemerkung. Es ist dem Verfasser nicht bekannt, ob C streng (n—1)-
pseudokonvex ist, wenn A Singularitdten besitzt. Wire dies der Fall,
so erhielte man die Endlichkeit von H""!(C, #) auch hier aus dem



144 W. Barth: Uber die analytische Cohomologiegruppe H"~(IP~ A4, #)

Théoréme de Finitude von Andreotti und Grauert, und Satz 3 wire auch
in diesem Falle richtig. So zeigt unser Beweis jedoch nur, daB das topo-
logische Dual des C-Vektorraumes H" '(IP~A4, %), letzterer versehen
mit der kanonischen Quotiententopologie, endlich-dimensional ist (bzw.
verschwindet, falls k=1).
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§ 0. Introduction

The purpose of this paper is to answer some questions raised by
Grothendieck in his algebraic geometry seminar of 1962 [SGA 2,
exposé XIII, conjectures 1.1 and 1.2]. They have to do with finiteness
properties of the local cohomology modules of a noetherian ring with
respect to an ideal J. For a local ring, with J the maximal ideal, such
finiteness theorems were proved earlier in the same seminar. The problem
is to extend these results to the non-local case.

Our results show that in general the local cohomology modules
do not satisfy the expected finiteness conditions. However, using the
derived category of Verdier [RD, Ch. I], we can prove finiteness theorems
for the complex which represents all of the local cohomology modules
at once.

We first review the local situation. Then we formulate questions
about the general situation, and give an example to show that the
finiteness conditions are not always satisfied. In Sections 4 and 5 we
give positive results, phrased in terms of the derived category. In Sections 6
and 7, we give two special cases in which the answers to the original
questions are affirmative.

Throughout most of the paper, we will restrict our attention to a
regular noetherian ring A4 (i.e, a ring, all of whose localizations are
regular local rings) of finite Krull dimension, which is complete with
respect to the J-adic topology, where J is an ideal. The regular case is
technically simpler to handle, and exhibits most of the interesting

* Partially supported by NSF grant GP 9152.
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features of the theory. The interested reader can deduce results for a
non-regular ring by expressing it as a quotient of a regular ring and
using our results for the regular ring.

§ 1. The Local Situation

Let A be a complete local noetherian ring, with maximal ideal m,
and residue field k=A/m. Let E be an injective hull of k over 4. We
recall various results due to Matlis [8] and Grothendieck [LC].

Proposition 1.1. For an A-module N, the following conditions are
equivalent.

(i) N satisfies the descending chain condition (dcc).

(ii) N is a submodule of E", the direct sum of n copies of E, for some n.
(iii) There is an A-module M if finite type such that N~Hom(M, E).
(iv) Supp N < V(m), and Hom (k, N) is finite type.
(iv bis) Supp N < W(m), and Ext'(k, N) is finite type, for all i.

(v) Supp N € V(m), and Hom(N, E) is of finite type.

Proof. The equivalence of (i), (ii), and (iii) is proved by Matlis [8, § 4].
For the other implications, note (iv)=>(ii), because the injective hull of N
must be a sum of finitely many copies of E; if N satisfies (dcc), then
it has a resolution by finite direct sums of copies of E, whence all the
Ext(k, N) are of finite type. Note (v)=-(iii), taking M =Hom(N, E).
One has only to show if Supp N < V(m), and Hom(N, E)=0, then N=0,
which is clear.

Definition. If N satisfies the equivalent conditions of the proposition,
we say it is cofinite (or m-cofinite, to achieve a distinction with other
notions to appear below).

Note that the cofinite modules form an abelian subcategory of the
category of all A-modules, which is closed under formation of submodules,
quotient modules, and extensions.

Proposition 1.2. The functor D=Hom,(+,E) (or D,,, to be more
precise) gives an antiequivalence of the category (acc) of modules of finite
type over A, with the category (dcc) of cofinite modules. That is, D maps
an element of either category into the other; it is exact and contravariant,
and the natural map id— DoD is an isomorphism on each of the categories.

Proof. Matlis [8, § 4]. See also [LC, p. 61].

Proposition 1.3. (Local Duality.) Let A be a complete regular local
ring of dimension n, and let M be a module of finite type. Then there is a
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natural isomorphism, for each i >0
H,"n (M)—D,, (Ext':,‘ i (M, A)) .

Here H} (M) denote the i** local cohomology module of M with supports
inm[LC, §1].

Proof. Grothendieck [LC, Thm. 6.3].

Corollary 1.4. Let A be an arbitrary complete local ring as before,
and let M be a module of finite type. Then the local cohomology modules
Hi (M) are cofinite, for all i.

Proof. Write A as a quotient of a regular local ring B. Then M is also a
B-module. The local cohomology module can be calculated over B [LC,
5.7], so we can apply the duality theorem, and observe that Ext"~ (M, A)
is of finite type.

Corollary 1.5. Let A, M be as in Corollary 1.4. Then

Hom 4 (k, H,(M))

and . }
Ext/ (k, H;,(M))

are of finite type over A, for all i,j.

§ 2. Four Questions and One Theorem

Our problem is, to what extent can we generalize the situation just
described to the case of a noetherian ring A4, complete with respect
to a J-adic topology, where J is an ideal of 4? Can we find a category
of “J-cofinite” modules, having support in V' (J), the variety of J in Spec A,
analogous to the m-cofinite modules above? Are these modules dual in
some way to the finite-type modules? Are local cohomology modules of
finite-type modules J-cofinite? Is there a suitable generalization of the
local duality theorem?

We must make these questions more precise. In fact, part of the
problem is to know how to formulate the generalizations. We will find
that the most obvious generalizations fail, and that we must deal with
complexes of modules, rather than individual modules, to get valid
results.

We begin with the last result of the previous section, which admits
an obvious generalization. In the statements below, we deal always
with a noetherian ring A4, and an ideal J of A, such that 4 is complete
in the J-adic topology.

11 Inventiones math., Vol.9



148 R. Hartshorne:
First Question. Let M be an A-module of finite type. Are the modules

Hom ,(A/J, H;(M )
and
Ext/,(4/J, Hy(M )

also of finite type?

To define a category of J-cofinite modules, we attempt to use condition
(iv bis) of Proposition 1.1 as a definition. This leads to the

Second Question. Do the A-modules N satisfying the condition
(*) Supp NcV(J), and Ext)(4/J, N) finite type for all j

form an abelian subcategory of the category of all A-modules?

Another approach to J-cofiniteness is to generalize condition (iii)
of Proposition 1.1. First let us generalize the duality theorem, so as to
find an appropriate analogue for the injective module E. Let us assume
that A is a regular ring (i.e., all its localizations are regular local rings).
Then consideration of the hypothetical duality theorem, applied to the
module M = A, shows that we should replace E by the complex E*=1I;(I°),
where I* is an injective resolution of A. Here I} means the submodule of
elements with supports in V(J). The duality theorem, phrased in the
language of the derived category [RD, Ch.I] is then as follows (cf. also
[RD, V. 6.2], which is a reformulation of the local duality theorem in the
language of the derived category).

Theorem 2.1. Let A be a regular ring of finite Krull dimension, and
let J be an ideal. Let E* =I;(I°), where I*® is an injective resolution of A. For
any A-module M, there is a natural map

I;(M)—Hom, (Hom (M, I*), E*)

of complexes of modules. This gives rise to a morphism of functors, for
M°®e 2 (A), the derived category of the category of A-modules,

6: RI;(M*)—R Hom(R Hom(M®, I*), E*).

This morphism is an isomorphism for all M*e Dy, (A), where the subscript “ft”
indicates that the cohomology modules H'(M*) of the complex M* must
be A-modules of finite type.

Proof. Since A has finite Krull dimension, both sides are way-out
functors on both sides [RD, 1§7]. Thus by the lemma on way-out
functors [RD, 1.7.1] we reduce to proving that 6 is an isomorphism
for M*=A, the ring itself. But this is true by definition of E*. Note
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that in this theorem, we do not assume that A4 is complete for the I-adic
topology.

We now consider the function D;=R Hom(-, E*) on 2(A), the derived
category of the category of 4-modules. In attempting to generalize the
notion of cofiniteness, we are now led to the

Third Question. Let A be a regular ring, complete with respect to a
J-adic topology, and let E®, D; be as above. Is the functor D, fully
faithful on the category 9y, (4) of complexes M* with finite-type cohomol-
ogy modules? Is the natural map

id—D,oD,

an isomorphism for complexes M *e 2;,(A4)?

In anticipation of the affirmative answer to this question (Theorem 4.1
below), we make the

Definition. A complex N*e 2 (A)is J-cofinite if there is an M*c D, (A4)
such that N*= D, (M*). We denote the subcategory of cofinite complexes
by D(A, J).- It follows from Theorem 4.1 below that it is a full trian-
gulated subcategory of 2 (A).

Example. If M is an A-module of finite type, then RI;(M) is a cofinite
complex, since it is isomorphic to D; D(M), and D(M)=Hom(M, I*)
is in 2y, (A).

Fourth Question. With A,J as above, does there exist an abelian
category #.; of A-modules, such that elements N°€2(4,J),; are
characterized by the property “ H'(N*)e.#,,, for all i™?

Answers. We will see below that the answer to the first, second, and
fourth questions is no in general. The answer to the third question is yes.
Ifthe variety of J, V(J) in Spec A4 has either codimension one or dimension
one, then the other questions also have affirmative answers (Sections 6
and 7).

§ 3. An Example

Let k be a field. Let A=k[x, y][u, v] be a formal power series ring
in two variables over a polynomial ring in two variables. Let J =(u, v).
Then A is noetherian, and complete in the J-adic topology. Let M =
A/(xu+yv). Then M is a module of finite type. We will show that

Hom,(A/J, H} (M))

is not of finite type. This answers the first question. Later we will see
that this same example also gives counter-examples to the second and
fourth questions.

11*
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First we calculate the local cohomology modules of the ring A itself.
We have
0 for i+2

H(4)= {N for i=2,

where N is the free k[x,y]-module generated by the symbols
{u' v/]i, j <0}, and where the A-module structure is given by the formulae

C o fuitty if i+1<0
u-u'v'=

0 if i+1=0,
o b ottt if j+1<0
1 0 if j+1=0.

We calculate these local cohomology modules as follows. First we
express them as a direct limit of Ext groups [LC, 2.8]:

H(4)=lim Exti,(4/J®, 4),

where J® =(u", v"). This sequence of ideals is cofinal with the sequence
of powers of J, so we may use it instead of the powers. We take a projective
resolution of A/J™ by the Koszul complex

0 A" 5 ADA— 5 4 A/T™ 0.

This allows us to calculate

. if i+2
Exti, (4/J™, A);{ 0 i

AJJ™ if i=2.
Furthermore, under this isomorphism, the maps of the direct limit are

A/J™— A/J"+V by multiplication by uv. We achieve an identification

of the module
H} (A)=]_1111) A/J(")

with the module N described above, by identifying the element v’ /e N
with the class of ui*" v/*" in A/J™, for n sufficiently large.

Now we use the exact sequence
0—A- 5 4 5 M—0

and the resulting sequence

H? (A)——"H—yv)H} (A)—->H} (M)—0
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of local cohomology to calculate H? (M). Let ¢: N— N be multiplication
by xu+yv. Let a,e N be the element
an=yn—1 u-" v—l,
for n=1,2,.... Then one checks easily, using the explicit description
of N above, that aq,¢im ¢, but (x, y, 4, v) a,=im ¢. Thus the images in
coker @ of the elements a, generate a submodule of H?(M) which is
isomorphic to k*®, a direct sum of infinitely many copies of k. It follows
that the module
Hom,(A/J, H} (M))

also contains a submodule isomorphic to k%, and so cannot be finitely
generated. Thus the answer to the first question is negative.

This same example also provides a negative answer to the second
question. For an easy calculation shows that

Hom(A/J, N)=A4/J,
Exti(4/J, N)=0 for j>0

so that our module N satisfies the condition (x) of the second question.
However, the cokernel of the map ¢:N—N above does not, so the
modules satisfying (x) do not form an abelian subcategory of the category
of all A-modules.

Finally, this example shows also that the answer to the fourth question
is negative. Indeed, by Theorem 2.1 we find that the complex R/I;(M)
is a cofinite complex, since it is isomorphic to D; of the complex
R Hom(M, I*), whose cohomology groups are Ext'(M, A), which are of
finite type. Hence, if such a set of A-modules .#, existed, then the module
H?(M) discussed above would have to be in the set .#,. This in turn
would imply that the complex consisting of the single module H? (M),
is also a cofinite complex. But as we will see below (Theorem 5.1), for
any cofinite complex N°, the modules Ext/,(4/J, N*®) are of finite type.
In particular, we would have

Hom(A4/J, H} (M))

of finite type, which is a contradiction.

§ 4. Affine Duality

Let A be a regular ring of finite Krull dimension, complete with
respect to a J-adic topology. Let E*=TI;(I*), where I* is an injective
resolution of A4, and let D, be the functor R Hom(+, E*) on the derived
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category 2(A) of the category of A-modules. The following theorem
gives an affirmative answer to the third question raised in section two.

Theorem 4.1 (Affine duality). The functor D, is fully faithful on the
subcategory Z¢,(A) of complexes with finite type cohomology modules.
Denoting its essential image by D(A,J)..;, the category of “J-cofinite
complexes”, we have furthermore that the natural morphism of functors
id—D;eD; is an isomorphism, for complexes in either of the categories
gft(A) or @(A9 J)cof'

Proof. We need prove only that for M*e %, (A), the natural map
M*—D,D,;(M*)

is an isomorphism, since the other two statements follow formally from
this result.

By the lemma on way-out functors [RD, 1.7.1] we reduce to the case
M*= A. Thus we must show that the natural map of complexes

A—Hom(E*, E*)

induces an isomorphism of cohomology modules. Our technique is to
work over A/J" and then pass to the limit.

Let Ey=Hom(A4/J" E®). Then E*=lim E7, since the components of
the complex E*® all have support in V(J). Now

Hom(E®, E’)=Hom(1i_rr)1 E, E®)
=lim Hom(E;, E®)
—

=1lim Hom(E}, E}).
—

The last equality follows from the fact that anything in E; is annihilated
by J", and so its image by any homomorphism of E; into E* must land
in Ej;.

Now E; is a dualizing complex for 4/J" [RD, V §2]. Indeed, since A
is a regular ring, I* is a dualizing complex for A [RD, V.2.2], and so
E;=Hom(A4/J" I*)is a dualizing complex for 4/J" [RD, V.2.3]. There-
fore, by definition of a dualizing complex, the natural map

A/J"—Hom(E:, E?)

is an isomorphism in the derived category, i.e., it induces an isomorphism
of cohomology modules. Furthermore, these isomorphisms are compat-
ible with the maps of the inverse system above.
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Thus we have
H'(Hom(E;, E:.))={A/ S

0 otherwise.

Since A is complete, we have A g!iln_A/J". Thus to finish the proof,
it will be sufficient to show that the inverse limit commutes with taking
cohomology in the inverse system of complexes (Hom (Ej, E3)). For this,
by [EGA, 0y 13.2.3] it is sufficient to verify that

a) for each k, the inverse system Hom*(Ej, Ey) satisfies (M L), which
is true, because the maps E;—Ej;_ ; are injective, and the complex E*
is composed of injective modules, so the maps in the inverse system are
surjective, and

b) for each i, the inverse system H'(Hom(Ey, Ey)) satisfies (ML),
which is true because for i%0 it is 0, and for i=0 it is the system (4/J")
which has surjective maps.

We include for future reference a method of calculating the functors
H'(D;(M)).

Proposition 4.2. There is a natural functorial isomorphism, for all
A-modules M of finite type

H"(D,(M))—ﬁﬂi_n)) Exti,(M/J* M, A).
k
Proof. We express E*=1I,(I°) as _l_gg Hom(A/J*, I°). Then
k

D,;(M)=Hom(M, lim Hom(4/J% I*)),
and since M is of finite type, this is
=lim Hom (M, Hom(4/J%, I*))
=lim Hom(M/J* M, I*).
—
Now taking H' commutes with lim, and I* is an injective resolution of 4,

so we get the desired result.

§ 5. A Characterization of Cofinite Complexes

In this section we give a characterization of cofinite complexes, which
is the analogue, for complexes, of the property of modules suggested in
the Second Question. The hypotheses on A are the same as in Section 4.
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Theorem 5.1. Let N°e P+ (A) be a complex of A-modules. Then N°*
is cofinite if and only if

a) Supp H'(N®)<s V(J) for each i, and

b) Ext/(4/J, N*) is of finite type over A, for each j.

Proof. First suppose N* is cofinite. Then by definition, there is an
M*e Z;,(A) such that N*=D,(M*). By the method of way-out functors
[RD, 1.7] we reduce to proving a) and b) for the case M*=A, or N*=E".
But E*® has support in V(J), so a) is clear, and Ext'(4/J, E*) =Ext'(4/J, I°)
=Ext'(4/J, A) which is indeed of finite type.

Now let N*e2*(A) be a complex satisfying conditions a) and b).
Using condition a), we may assume that N* is a bounded-below complex
of injective A-modules with support in V(J). Let M*=Hom(N°*, E°®).
We will show that the cohomology modules H'(M*®) are of finite type
over A.

For each p=0, let N;=Hom(4/J?, N°®). Then N‘=liin) Ny, and the
maps of the direct system are injective. (Throughout this proof, we deal
with actual complexes, since direct and inverse limits do not exist in the
derived category.) Then M ’=En_1Hom(Np', E*®), and the maps in the
inverse system are surjective, since E* is a complex of injective A-modules.

We define a filtration on the complex M* as follows: for p=0,

Mj=ker(M*—Hom(N,, E*)).

Then
M*=Mi2M;2 ---

One sees easily from the construction that this filtration is compatible
with the J-adic filtration on A4, namely, that J> Mj< M, for all p,q.
Furthermore, I claim there are isomorphisms M3~ M*®J? in the derived
category. (Here ® denotes the left derived functor of the tensor product
[RD, 11§4].) Indeed, for each p, since N, has support in V(J), Hom(N;, E®)
=Hom(N;, I*)=D(N,). Similarly M*=D(N*®). Now by [RD, V. 2.6,
p. 263], since N, =Hom(A/J?, N°®), we have

D(N))=D(N*)®A/JP=M*®A/J".
Now it follows from the exact sequence
0—-JP—>A—A/JP—0

that there is an isomorphism M, >~M*®J” in the derived category.
In particular, M*®A/J is isomorphic in the derived category to
D(Hom(A/J, N*)), and hence by hypothesis b) of the theorem, and the
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fact that D sends % (A) into itself, the modules H'(M*®A/J) are of
finite type over A.

Thus M* and its filtration satisfy the hypotheses of the lemma below.
Admitting the lemma for the moment, we conclude that the modules
H'(M*) are of finite type over A, and so M*e Z;,(A).

To show that N*® is cofinite, we will show that the natural map
N*—D;(M?*) is an isomorphism. Let N'* be the third side of a triangle
built on this map. Now D;(M"*) is cofinite by definition, and so satisfies
conditions a) and b) of the theorem, by the easy implication. So by the
long exact sequence of cohomology of this triangle, we see that N’
also satisfies the conditions a) and b). Applying the functor D, to this
triangle, and using Theorem 4.1, we find that D,(N'*)=0. Hence
D;(N"*)®A/J=0. As above, this is isomorphic to D(Hom(A4/J, N')),
and since Hom(A4/J, N'*)e Z;,(A), we deduce that Hom(4/J, N'*)=0,
which implies that N'*=0 since it has support in V' (J). Thus N*~D,(M*)
is cofinite.

It remains only to prove the following

Lemma 5.2. Let A be a commutative noetherian ring, complete with
respect to a J-adic topology. Let M* be a complex of A-modules, bounded
above, with a filtration

M*=Mi=2M;=2M;> -
by subcomplexes, such that J* M3 < M, , for all p, q=0. Assume further-
more

(i) for each p there is an isomorphism My=M*®J? in the derived
category,

(ii) the natural map M ‘—»ll_'r_n_(M */Mj;) is an isomorphism, and
(iii) the modules H'(M*®A/J) are of finite type over A.
Then the modules H'(M®) are also of finite type over A.

Proof *. We will consider the spectral sequence (E?Y, E") of the filtered
complex M* [EGA, Oy 11.2]. We have

E}i=HP*4(gr,(M*))
and
E"=H"(M"),

with the filtration on E" given by
F,(E"=im(H"(My)—H"(M"*)).

! This proof is inspired by the work of Shih, Grothendieck, and Jouanolou on pro-
jective systems of spectral sequences. See [EGA 0Oy, 13.7] and [7].
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For each a>0 we will also consider the spectral sequence (E.], E7)
of the filtered complex M*/M;. These form a projective system of
spectral sequences, and there is a natural map of the first spectral sequence
into this projective system.

We will now proceed in several steps to study the convergence of
these spectral sequences (cf. [EGA, Oy 13.5]). Because the filtration of M*
is compatible with the J-adic filtration of A4, there is a natural structure
of graded gr(4)-module on

E®= Y EP* foreachr, ISrsoo
p+a=n

and similarly on

E®= Y EP¢ foreacha.

p+gq=n

1. The gr(4)-modules E and E{) are of finite type for all n,a,
and all r< 0.

Indeed, since gr(A) is noetherian, and E{ is the homology of the
complex E™ , (and similarly for a), it will be sufficient to treat the case
r=1. Now

E{’= Y H"(gr,(M"),

(194
and
EP)= Y H'(gr,(M").

0sp<a

Thus it is sufficient to consider the first one.

By hypothesis (i) above there is an isomorphism in the derived
category gr,(M*)=M*®, J*/J°*+'. Since J?/JP*! is an A/J-module, this
is also isomorphic to M"*® ,,; J?/J**!, where M'*=M*® , A/J. Now by
hypothesis (iii), M"* is a complex with finite-type cohomology modules.
So we may assume that M'® is a complex of free finite-type 4/J-modules.

Now
EP=Y H' (M ®J/J?*")=H"(M"*®gr(4))
p

which is clearly of finite type over gr(A).

2. For r sufficiently large, depending on n (resp. n and ), we have

Eﬁ")=E(r"-¢).1=

(resp. EQ=Ef10= ).
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Indeed, the mcreasmg family of submodules B, (E{"),., is stationary
(resp. ...) and so is the family of submodules B, (E{**") of E{"+D. Thus
for r suﬁ'lc1ently large, depending on n, the maps d, in and out of E™
are zero, and the conclusion follows.

3. For each o, the spectral sequence (EZ% E?) is biregular [EGA,
Opy 11.1.3]. Indeed, since the filtration on the complex M*/M? is finite,
this spectral sequence is regular. Combining with step 2 above shows
that it is biregular. In particular since EZ?=0 for p <0 and p>a, we have

Efalzl—Er+l a= =Egoq,a
ifr>pand rza—p.
4. For fixed p, g, r, the projective system EP? is essentially constant.
Indeed, the module E?? depends only on the modules E¥'? for a finite

number of pairs (p’, ¢'), and these are independent of a provided a>p'.
To be precise, we have

Ef}=EP:, = .- =EIM for a=p+r.

5. For fixed p, g, the projective system E%?, is essentially constant.

Indeed, let «>2p, and also so large that for 1 r=a—p, EM=E" = ...

which is possible by step 2 above. Then r>p, so we have E?% = Ef,f
by step 3, and EP2=EP? by step 4. Now this is constant as r increases
so E?Z is constant as o increases.

6. The inverse system E! satisfies (ML). Indeed, it has a finite

filtration whose associated graded is gr(Ej)= ), EZ4. The conclusion
P+4q=n

follows easily from step 5 and [EGA, Oy 13. 4 3]

7. The natural map E"—lim E} is an isomorphism. This follows from

hypothesis (ii) of the lemma, the fact that the inverse system of complexes
M*/M; has surjective maps, step 6, and [EGA, 0,; 13.2.3].

8. The filtration on E" is separated. Indeed,
F,(E"=im(H"(Mz)—H"(M")).
The exact sequence of complexes
0—-M}—>M*—>M*/M;—0
gives an exact sequence of cohomology

H"(M7)—H"(M*)—H"(M*/M;),
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so we have also
E(E")=ker(E"—E}).

But by step 7, intersection of these kernels is zero.

9. For each p, g, the natural map
EP4—1]im ER4,
Jam

is an isomorphism. Since E® is the associated graded of E", and E®,
is the associated graded of E}, the result will follow from step 7, provided
we know that the filtration on E" is the same as the one induced from
the inverse system E. This follows from the fact that for any g, the filtered
complex M} satisfies the same hypotheses as M*, so

H"(Mj)=lim H"(M}/M3).

Thus the filtrations are the same.

10. For r as large as in step 2, we have E™ =E®. It is sufficient to
show for each p +g=n, that E??=E??. Take s> p, r. Then EV9= El1=EF],
where a=p+s by steps 3 and 4. As s increases, so does «, so in the limit
we have E?? by step 9.

Now we can finish our proof. H"(M®) is a filtered module over the
J-adic complete ring A. The filtration is separated (step8), and the
associated graded EY is of finite type over gr(4) (steps1 and 10). It
follows that H"(M*®) is a module of finite type [1, Ch.III, Cor 1, p.41].

Q.E.D.

§ 6. The Case of a Hypersurface

Throughout this section, we let A be a regular ring of finite Krull
dimension, complete with respect to a J-adic topology, and we assume
furthermore that J is generated by a single non-zero-divisor x of A.
In this case we will see that all four questions have affirmative answers.

Proposition 6.1. The set of A-modules N satisfying the condition
(*) SuppN < V(J), and Ext/(4/J, N) of finite type for all j

forms an abelian subcategory of the category of all A-modules, which is
stable under extensions. ( This answers the second question.)

Proof. Clearly the condition is preserved under extensions, i.e., if
0— N'—N—N"—0is a short exact sequence, and if N’ and N"” satisfy (+),
so does N. We must show that if f: N, » N, is a homomorphism of
modules N, and N,, each satisfying (x), then the kernel and cokernel of f
also satisfy (). Clearly they have support in V(J).
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Since J is generated by a single non-zero-divisor x of A4, there is a
projective resolution of A/J of length one:

0—-A4—=>54—4/J-0.

Hence for any A-module M, Ext/(4/J,M)=0 for j+0,1. Now by
considering the long exact sequence of Ext, with 4/J as the first argument,
associated to the short exact sequences

O—kerf-»N,— imf —0

0—im f — N,—coker f—0,

we find that Ext/(4/J, ker f) and Ext/(A4/J, coker f) are of finite type,
for j=0, 1, so that ker f'and coker f also satisfy (*).

Definition. We denote the abelian category described in the propo-
sition by A (A4, J)., Or ¢ for short, and we call its objects J-cofinite
modules.

Proposition 6.2. Let N°e 2% (A). Then N*® is a cofinite complex if and
only if H(N®*)e M for all i. ( This answers the fourth question.)

Proof. By Theorem 5.1, N* is cofinite if and only if Supp H'(N®*)< V' (J)
for all i, and Ext/(4/J, N*) is of finite type, for all j. The spectral sequence

E39=Ext?(A4/J, HI(N*))=E"=Ext"(4/J, N*)

degenerates, since E4?=0 for p+0, 1. Thus E}?=E?? for all p,q, and
we have short exact sequences

0—>Ey" 'S E"-EY"—0

for all n. Thus the initial terms E5? of the spectral sequence are all of
finite type if and only if the abutment terms E" are all of finite type.
We conclude that N* is cofinite if and only if H'(N*)e ./, for all i.

Corollary 6.3. If M is an A-module of finite type, then the modules
Ext/(4/J, H;(M))

are of finite type for all i, j. ( This answers the first question.)

Proof. By Theorem 2.1, the complex RI;(M) is cofinite, so its
cohomology modules H}(M) are in #,,, from which the conclusion
follows.
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Remarks. One can show that the results of this section remain valid
under the weaker hypothesis that Spec 4— V(J) is affine. For in that
case H{(M)=0 for i+0, 1 and all A-modules M. Now by Theorem 2.1,
a complex N*e 2+ (A) is cofinite if and only if it is of the form RI;(M*)
for some M*e Pt (A). Using the techniques of Section 7 below applied
to the functor RT; instead of D,, one gets the results.

§ 7. The Case of a Curve

In this section we will consider a complete regular local ring A,
with maximal ideal m, and we will take for J a prime ideal p such that
dim A/p=1. In this case again we find that the answer to all four
questions is yes.

We fix our notation for this section: let I* be an injective resolution
of A. Let E*=T,(I*). Then E* exists only in degerees d—1 and d, where
d=dim 4; in fact E* is a complex I, —I,,, where I, is an injective hull
of A/p over A, I is an injective hull of k=A/m over A, I, is in degree
d—1, and I, is in degree d. We denote by D, the functor Hom(-, E®)
on the derived category. If M is an A-module, then the complex D, (M)
has at most two non-zero cohomology modules, in degrees d—1 and d.
We will denote these as follows: D4~*(M)=H*"'(D,(M)); Di(M)=
H4(D,(M)).

For our proof we will first characterize those A-modules of finite
type for which D¢~'=0 or D¢=0. We begin with some preliminaries
about topologies on a module. Let A be a ring, p a prime ideal, and M
an A-module. Then the p-adic topology on M is the linear topology on
M which has the submodules p” M, for n=1,2,3,... as a base for the
neighborhoods of 0. We define the p-symbolic topology on M as follows:
let 9: M — M, be the natural map of M into its localization at p. Then
we take as a base for the neighborhoods of 0, the submodules ¢ ~!(p" M,)
of M. Clearly ¢~!(p" M)2p" M, so that the p-adic topology is stronger
than the p-symbolic topology. A general question, whose solution is
quite complicated, is to determine when the p-adic topology is equi-
valent to the p-symbolic topology. We give a solution to this problem
in the case which interests us.

Proposition 7.1. Let A, m be a complete local noetherian ring, let p
be a prime ideal of A such that dim A/p=1, and let M be an A-module
of finite type. Then the p-adic topology on M is equivalent to the p-symbolic
topology on M if and only if every associated prime ideal of M is contained
in p.

Lemma 7.2. (Chevalley’s theorem for a module.) Let A, m be a com-
plete local noetherian ring, and let M be an A-module of finite type. Then
the m-adic topology on M is minimal among all separated linear topologies
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on M : in other words, if M{2M,2--- is a sequence of submodules of M,
with ﬂ M, =0, then each submodule m* M, for s=1,2, ..., contains one
of the submodules M, for n=n(s).

Proof. The proof of this result is identical to the proof of Chevalley’s
theorem for the ring A itself, given in [9, vol. II, Thm. 13, pp. 270—271],
if one replaces the ring by the module M.

Proof of the Proposition. Consider the kernel M’ of the natural map
¢ of M into its localization M, at p. Its consists of all elements of M
whose support does not contain ¥ (p). Thus it is zero if and only if every
associated prime ideal of M is contained in p. If M'=0, then M= M,,
and so () ¢~ '(p" M,)=0, because () p"M,=0 in M,. Hence by the
lemma, the p-symbolic topology of M is stronger than the m-adic topo-
logy. Now consider the noetherian decomposition of the submodule
p"M of M:

PP M= (p"M,) (| M,

where M/ is primary for m, since m is the only prime ideal containing
p properly. Thus M,2m*M for some s, and m* M 2¢~'(p' M,) for
some t=t(s). Thus

pn Mg(p—l(pmax(n, t) Mp)’

so the two topologies are equal.

Conversely, if the two topologies are equal, then the p-symbolic
topology must be separated, since the m-adic one is, so M’'=0, and the
condition of the proposition is satisfied.

Now we will characterize those modules of finite type for which
D2-*=0 or D¥=0. The notations are those of the beginning of this
section.

Lemma 7.3. Let M be an A-module of finite type. Then Di~'(M)=0
if and only if no associated prime of M is contained in p.

Proof. First suppose that no associated prime of M is contained in
p. Then M, =0. Since I, is an A,-module, every map of M to I, factors
through M,, and so is 0. Hence the complex D, (M) consists of the single
module Hom(M, 1,)) in degree d, and so its H*~! is 0.

Conversely, suppose D4~!(M)=0. Then D,(M) is isomorphic in the
derived category to the single module D*(M) in degree d. Furthermore,
this module has support in V(m), so that D2~ D4(M)=0, and D; Dy(M)=
Hom (D¢ (M), I,.). Now by Theorem 4.1, the natural map M — D, D, (M)
is an isomorphism. On the other hand, by affine duality with respect
to m, we see that D4(M)=Hom(M, I,), by Proposition 1.1(v). There-
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fore Hom(M, I,)=0, and so no associated prime of M is contained in
p (if geAss M, q=p, then there is a submodule M’ of M, M’'= A/q.
Map A/q— A/p<1,. This extends by the injectivity of I, to a non-zero
map M —1,.)

Lemma 7.4. Let M be an A-module of finite type. Then D4(M)=0 if
and only if every associated prime of M is contained in p.

Proof. First suppose that every associated prime of M is contained
in p. Using Proposition 4.2 we can write

Di(M)= 1_1;3 Extd,(M/p* M, A).

Now by Proposition 7.1, the p-adic topology in M is equivalent to the
p-symbolic topology. Thus we can replace p* M by M,=¢~'(p* M,) in
the above expression, where ¢: M — M, is the natural map, and we still
obtain the same limit. Note that m¢ Ass(M/M,). Hence depth M/M, =1,
and so the homological dimension of M/M,<n—1, since A is regular.
Thus Ext?(M/M,, A)=0, and so D4(M)=0. (This generalizes an argu-
ment in [6, pp.417—418].)

Conversely, suppose that Df, (M)=0, and suppose by way of contra-
diction that there is a prime ideal ge Ass M, q ¢ p. Choose a submodule
M’ of M, with M’ A/q. Since D3 is contravariant and right exact, we
have D¢(M’)=0 also. But by the previous lemma, D¢~'(M')=0, so we
find that D,(M")=0 in the derived category. But this is impossible in
view of the affine duality theorem.

Definition. We denote by .# (A4, p).s or A, for short, the set of
A-modules N satisfying the condition
(*) Supp NcV(p) and Ext/(4/p, N) is of finite type, for all j.

It is clear that if 0> N'— N — N”—0 is an exact sequence of A-
modules, and if any two are in .#_, then so is the third.

Theorem 7.5. Let N°e€ 2% (A). Then N°® is cofinite if and only if
HY(N®*)e H . for all i. (This, together with the following result, answers
the fourth question.)

Proof. Suppose first that N°* is cofinite. Then there is a complex
M*e 2. (A) with N*=2,(M*®). There is a spectral sequence

E%'=H?(D,(H~%(M*))) = E"=H"(D,(M")),

which can be obtained as the first spectral sequence of the double
complex Hom (M?*, E®). It degenerates, since E}?=0 for p+d — 1, d, where
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d=dim A4, and so gives rise to short exact sequences
0__)Eg,n—d_)En___)Eg—l,n—d+l_’0

for each n. Thus to show E"e.#,, it will be sufficient to show that
Eb%e M o for all p and g. In other words, we reduce to the case where
the complex M* consists of a single A-module M of finite type.

Given M of finite type, let M’ be the submodule consisting of all
meM whose support does not contain V(p). Let M’ =M/M’. Then we
have a short exact sequence

0O->M->M->M'-0,

and furthermore, no associated prime of M’ is contained in p, and every
associated prime of M" is contained in p. Applying the functor D,, and
taking the corresponding long exact sequence of cohomology, and using
Lemmas 7.3 and 7.4, we obtain isomorphisms

D:_l(M”)—z> Dg—L(M)
Dﬁ(M)—EaD;',(M’).

Furthermore, all other D;', applied to M’, M, and M"”, are zero. Thus
the complexes consisting of the single modules D4~*(M) and Di(M) are
cofinite complexes, and so by Theorem 5.1 they are in ;.
Conversely, let N*e 2 *(A) be given, such that H(N®)e.#, for all i.
Then Ext/(A/p, H(N®)) is of finite type for all j. From the spectral
sequence
E54=Ext?(4/p, H(N®)) = E"=Ext"(4/p, N*)

we deduce that the abutment terms E" are also of finite type. Therefore
N* is a cofinite complex, by Theorem 5.1.

Proposition 7.6. The set M, is closed under kernels and cokernels,
and so forms an abelian subcategory of the category of all A-modules.
(This answers the second question.)

Proof. Let f: N; — N, be a homomorphism of modules in .#,. Then
by the theorem, each of them is a cofinite complex. Hence the third side
of a triangle built on fis also a cofinite complex, so again by the theorem,
its cohomology modules, which are just the kernel and cokernel of f,
are in ;.

Corollary 7.7. If M is an A-module of finite type, then the modules
Ext/(A/p, H.,(M)) are also of finite type. ( This answers the first question.)

Proof. Copy the proof of Corollary 6.3.

12 Inventiones math., Vol. 9
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Points singuliers
d’un opérateur différentiel analytique

HUBERT GOLDSCHMIDT * (Bures-sur-Y vette)

Soient X une variété analytique réelle, E, F des fibrés vectoriels
analytiques de base X et D un opérateur différentiel analytique d’ordre
k de E dans F. On associe a D des morphismes de fibrés de jets

Pi(®): i1 (E)— Jy(F)

ou py(@)=¢; posons R, ,=ker p,(p) (cf. [2], [3] et [4]). Si pour tout
120, p,(¢) est de rang localement constant, et si pour tout [, m>0, 'appli-
cation 7, ;: Ry, m— Ry, est de rang localement constant, nous dirons
que D est complétement régulier. Dans [3] et [4], nous avons montré
I'existence de solutions analytiques d’un opérateur différentiel compléte-
ment régulier.

On dira que xe X est un point singulier d’un morphisme analytique
¥: E— F de fibrés vectoriels il existe une suite {y,},., qui converge

vers x telle que rang y <rang ¥,

pour tout aeA. L’ensemble des points singuliers de  est un sous-
ensemble analytique strict de X. On dira que xe X est un point régulier
de ¥ §’il n’est pas un point singulier.

Définition. On dit que xe X est un point singulier de D s’il existe un
entier m20 tel que x soit un point singulier de p,, (@), ou s’il existe des
entiers m, [20 tels que x soit un point régulier de p,, +1(p) et de p,. (@)
et singulier de m, , ,: R, ;= Ry, (e qui a un sens puisque R, , .,
et R, ., sont des fibrés vectoriels au-dessus d’un voisinage de x).

Le but de cet article est de démontrer que l'ensemble Y des points
singuliers de D est un sous-ensemble analytique strict de X. L’ensemble
Yest donc le plus petit sous-ensemble fermé de X tel que la restriction
de D a X — Y soit complétement réguliére. Plus précisément,

Théoréme. Soit D un opérateur différentiel analytique d’ordre k.

(i) L’ ensemble Y des points singuliers de D est un sous-ensemble ana-
lytique strict de X.

* This work was supported in part by a grant under the Fulbright-Hays Act.
12+
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(ii) Pour toute partie compacte K de X, il existe des entiers py,=k,
Ao 20 tels que Y soit 'ensemble Y, L Y,, o

Y, = U {xeK|x est un point singulier de p, (¢)}
Osms<po+Ao—k

K x est un point régulier de p,,.,_,(¢) et p,,_(¢)
X est un point singulier de m,: R, ., — R, '

En particulier, le fait que D soit complétement régulier sur un ouvert
précompact ne dépend que d’un nombre fini de prolongements p,(¢) de .

On adoptera le point de vue de Malgrange [6] et I'on travaillera
avec les équations elles-mémes ce qui permet une simplification de
Pexposition. Les méthodes de [3] seront reprises de ce point de vue et
interviendront d’'une manicre essentielle.

Nous employons la terminologie et les notations de [2] et [3].
L’auteur tient & remercier A. Douady de lui avoir signalé les résultats
de Frisch [1].

I. Opérateurs différentiels

Posons
D, (E)=Hom (Jk(E), 1)

ou 1 est le fibré trivial sur X de dimension 1; c’est le fibré des opéra-
teurs différentiels d’ordre k de E dans 1. Si /=0, on identifiera D, (E) a
un sous-fibré de D, ,,(E) en considérant un opérateur différentiel d’ordre
k comme un opérateur différentiel d’ordre k+1/. Soit T le fibré tangent
de X et S*T la k-iéme puissance symétrique de T; on écrit

ST=@® S*T.

k20

Le quotient D, ,(E)/D,(E) s’identifie & S**! T® E*. Soit Oy le faisceau
des germes de fonctions analytiques réelles sur X. On notera & le faisceau
des germes de sections analytiques d’un fibré vectoriel E.

Soit D;=D,(1). L’application

D, Roy Di(8) > D 11(6)
d@ur>dou

(1)

est induite par la composition d’opérateurs différentiels. En considérant
Oy comme le faisceau des opérateurs différentiels scalaires d’ordre zéro,
2, devient un Ox-bimodule et @, un sous-module de 2,. Nous avons
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une suite exacte
0-0,>9,—-7 —0;

les deux structures de Oy-modules sur J provenant de celles de 2, sont
les mémes. De plus, la composition d’opérateurs différentiels définit
une structure de faisceau de R-algébres de Lie sur 9,; en effet, le com-
mutateur de deux opérateurs différentiels scalaires d’ordre 1 est aussi
d’ordre 1.

Le morphisme p,(¢) induit une application duale
@: Dy (F)—> Dy (E)

qui est tout simplement I'application u+— uog, si ¢ est considéré comme
un opérateur différentiel d’ordre k de E dans F. Ces applications sont
compatibles avec I'action de &, donnée par (1), c’est-a-dire, le diagramme
suivant

D1 oy DUF) — D4y (F)

1Q¢ @

91 ®wx gkﬂ(éa)—’@kwn(g)

est commutatif (cf. Malgrange [6]).
La suite exacte

0= 2, ()N (D 111(F) 9) > 2,,(8) > %P -0

definit #; on écrit &, =%, Linjection 9,,(&) - 2, ,(£) induit une
application %" — %) dont I'image est isomorphe a &L+ En particu-
lier, 4, est isomorphe a I'image de %, — &, ,. Le faisceau LD est
un quotient de %", pour r20. La suite exacte de 0,-modules

00 0= 0 0, > A, 0 @

définit 4,V et .4\, ,. Tous les faisceaux considérés sont des 0y-modules
cohérents. On a

W _ D) (D 4141 (F) - )

" @m((gz)m(@m—k+l(ﬁ)'¢’)

et les suites exactes
0-»%“—»%”—»5@"*“—»0, 3)
.9,’,,—»%2,——»%,:,’@—»0. @)

On écrit A, =4, et M, =4
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Posons
0—_ Zu®) (D s i(F) )
" @'"—l(g)m(gm-ku-df)'(;’)

et £, =%, Le diagramme commutatif et exact

0
!
0 0 AL
! i) !
0- 2, (2pi(F)0) - D6 — LY -0
! 1 1
0—+9m+1(¢$’)h(.@m_k+,+1(.97)-(p)—) 9m+1(éa) i «56,.”.:1 —0
1 i 1
L S S"NT QE* > My, —0
! i !
0 0 0
induit une suite exacte de Oy-modules
0> NP> LD | > S"T QE*— HMP, 0. ®)
Si I=0, on a la suite exacte
0> Ny > L1 >SN T QE*— M, — 0. 6)
De plus, la suite
0->Z0 (" T @EHN® L,y ()
est exacte. Le diagramme
0
!
0 0 s
1 ! !
@m-—k(ﬁ) —— @m(g) - 'Zn -0
! ! l
Dk +1(F) — Dpi1() —— Imr1 =0
! ! !
0_)%_k+1_,y"‘*k+1g‘®y*_ﬂ‘?)_,ym-i-l'g’@éﬂ*_____,,//{m_'.l_;O
1 ! !
0 0 0

est exact et commutatif, si #,_,,, est le noyau de

G((p): ym—k+lg-®g;*_>gam+ly®(g*‘
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Ce diagramme induit une application surjective
Py tei1—> N> 0. (8)
Remarquons que %) et 2, sont des ¢y-modules cohérents. On écrit

MO = ® J{'(nl)’ D= @ '/V"n(l)’ PO @ y'(nl), P=@ P .
mz0

mz0 mz0 mz0
Les applications (1) induisent des applications
D, @y ./Il,i,”ﬂj[,ﬁh, D1 oy '/Kn(”“*JVm(?.p
2, ®oy grg)‘“’gyﬂl, D oy I Py 1

Par passage au quotient 7~ de 9,, ces applications induisent des applica-
tions
) ) ) [)
T Roy J//»;)‘—’ﬂrﬁnz-ls T @y Nm )—’Mn(ll,

y®0x$g)—’gg)+1s g—®wxgzm_’9’m+1~

Comme 2, est un faisceau d’algébres de Lie, on vérifie que ces applica-
tions proviennent de structures de & 7 -modules gradués sur .#®, 4~ O}
£, P respectivement. Les suites exactes de Ox-modules (5), (6), (7) et
(8) induisent les suites exactes

0> NP5 PO L P T RQE* — 4D 0 o)
0N > L ST RE*— M—0 (10)
0L (FTREND L 11
0P ST QF* (12)

PN -0 (13)

de ¥ 7 -modules gradués.

IL. Points réguliers d’un opérateur différentiel analytique
Soit 277, le conoyau de &, — %, , ,; c’est un Ox-module cohérent.
Lemme 1.

Vm2k, o, €St un Oy -module libre}

x- Y={XGX'V mzk, 120, 2n ., estun Oy -module libre

Démonstration. C’est immédiat a partir du théoréme des syzygies [5].

Lemme 2.

VYm=k, 120, >

D est un Oy -module libre
=7 MY, estun Oy ~-module libre |’

X-Y= {xeX
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Démonstration. Le diagramme

0 0 0
! 1 1
I ym(?-l - '//{r(nl)+1 —0
! 1 1
In = Imrtr1 > 2110
l ! !
0 ”’"Q':u:ll+1"°@zill+1_’0
! !
0 0

est exact et commutatif. Le lemme découle du lemme 1, du fait que

m

1=, ., et de I'exactitude de ce diagramme.

Lemme 3. Pour toute partie K de X compacte et semi-analytique,
Panneau I'(K, & F) est noethérien.

Démonstration. 1l existe un fibré trivial V sur X tel que T soit un fibré
analytique quotient de V. D’aprés Frisch [1], 'anneau A=1(K, 0y) est
noethérien, puisque K est de Stein; donc si SV est P'algébre symétrique
de V, anneau I'(K, % ¥") est une algébre de polynémes sur 4 et donc
est noethérien. L’anneau quotient I'(K, ¥ .7) de I'(K, #?") est donc
aussi noethérien.

Lemme 4. Soit K une partie de X compacte et semi-analytique. Les
'K, & T )-modules I'(K, #©) et ['(K, /") sont de type fini.

Démonstration. D’aprés le théoréme B et I'exactitude des suites (9),
(10), (11), (12) et (13), nous avons les suites exactes de I'(K, ¥ 7 )-modules

0T (K, /N>T(K,£Y>TI(K, ST RE*)— (K, 4Y)—0,
0->TI'K, /)>TK,L)—-TK,ST QE*—>T(K, #)—0,
0TI (K, 2" >TK, ST QENDIK, Z),
0->TIK,?—->TK,¥T ®E*),
I'K,#2)—-I(K, /)—0.
Le lemme 3 et ces suites montrent, puisque ['(K, %7 ® %) et

'K, &9 ®F*) sont des I'(K, & 7 )-modules de type fini, que tous
les modules qui figurent dans ces suites sont aussi de type fini.

Lemme 5. Soient ¥= @ %, un & J -module gradué, K une partie de
120

X compacte et semi-analytique. Si chaque 9, est un Oyx-module cohérent
et si (K, %) est un I'(K, ¥ T )-module de type fini, alors il existe un
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entier J3 tel que, quelque soit x dans l'intérieur de K, {%, est un Oy .-module
libre} < {V 0<I<B, 9, , est un Oy ,-module libre}.

Démonstration. Pour tout module gradué

H=®H,

120

posons
H(gy=H,,,, H(q)=l§90H(q)z-

Ecrivons B=I'(K, ). D’aprés le lemme 3, il existe des entiers p,, p;,
do, 4; €t une suite exacte de B-modules gradués

B” — B(g,)"* > I'(K, % (q,)) — 0,

le morphisme y étant de degré zéro. Ce morphisme provient de mor-
phismes de fibrés vectoriels définis sur un voisinage de K

i (ST TP — S+ Ty, 120,

dont on notera les conoyaux Q,. De plus

Y= 1@0?,2 STy —(ST(gqy))* (14)
est un morphisme de S T-modules gradués de dégré zéro dont le conoyau
t
© 0= 0.
. 120
Si H=@® K
120

est le conoyau de I'application induite y: (¥ 7 )P — (¥ T (q,))°, d’apres
le théoréme B, on a

comme B-modules, et d’aprés le théoréme 4
A=Y (q,),» xeK

comme Oy .-modules. Examinons le morphlsme(14) Drapres lelemme 3.1
de [2] (cf. [3] ), il existe un entier « qui ne dépend que de la dimension n
de X, p,, po et g, tel que sur K le complexe de Koszul de Q soit acyclique
en degrés supérieurs a a, c’est-a-dire, que les suites

0 A" TRQ, > 2 A2 T®Qy, 0 > T® Q1 —> 0y —0

soient exactes sur K, pour tout /= «. Il en résulte que xeK est un point
régulier de y, pour tout />0, si et seulement si c’est un pomt régulier
de y, pour 0</<a+n. Mais xeK est un point régulier de 7, si et seule-
ment si H , est un Oy ,-module libre. Donc, l'entier =g, +a+n a la
propriété requise.
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Lemme 6. Pour toute partie compacte K de X, il existe un entier
1,20 tel que pour tout xeK, m=k, [21,,

HD = _g o)

m+1,x m+1,x°
) 4
ot e = I (15)
o —
M0 =0.

Démonstration. On peut supposer que K est semi-analytique; écrivons
B=I(K, % ). Posons #"V=%7 @ &*. Puisque, pour [20, .4 est
un quotient de .#"~" comme %7 -modules, d’aprés le théoréme B, le
B-module I'(K, #") est un quotient du B-module I'(K, .#"~"). Comme
I'K, ¥ J ® &*) est un B-module de type fini, il existe un entier [, 20,

tel que pour [=1,,
AEPORTI=Re MK, ) =T(K, ).
D’aprés le théoréme A, pour tout xeK, [=],,
MO ="

Comme toute famille filtrante croissante de sous-faisceaux analytiques
cohérents de & est stationnaire sur le compact K (cf. Frisch [1]), il
existe un entier /=1, tel que, pour tout xeK, [=1,,

() — ¢plio)
%,x—%,g .
Montrons que Iégalité (15) est vraie par récurrence sur m. Cest vrai

pour m=k. Supposons que (15) est vrai pour m=k. Comme l'égalité
SV =0 est équivalente 4 A,V =0, le diagramme

0 0

! !
0> %I — £ -0

! !
‘?m({:-))l,x g m({f)‘l,x _')0

! !
Oﬂ’ﬂg?l,xﬁ“ﬂiﬁLl.x—,O

! l

0 0

est exact et commutatif, pour xeK, I=/,. Il en résulte que LV, , =
yu—:-))l x*

m

Lemme 7. Pour toute partie compacte K de X, il existe des entiers
my2k, 1,20 tels que
1 1 1
Vksm=my, 0<I<lo, K%, M)y o M)

K - = K x .
nx-Y) {xe sont des Oy ,-modules libres }
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Démonstration. D’aprés les lemmes 2 et 6,
Vm2k,0ZIZly, 5O, MY, |, x}

Kn(X-Y)=
Nt ) {xe sont des Oy ,-modules libres

ou [, est I'entier donné par le lemme 6. En fait, 'on a
Vm2k, 011, y(lo) (/Il(“_u x"/‘{”u)x}

KnX=-Y)=
Nt ) {xe sont des Oy ,-modules libres

L’inclusion > suit de I'exactitude des suites (2). Soit xeK; si %02,
MY, ., pour m=k, sont des Oy ,-modules libres, I'exactitude de Ta

suite 0— %tg) N 9;(10) S 50

m+1,x

implique que &%) est un Oy ,-module libre pour m = k. Les suites exactes
(3) montrent que si, pour tout m=k, %0, 4,®, sont des 0y ,-modules
libres, alors &%, est un Oy ,-module libre pour tout m=k.

On apphque maintenant le lemme 5 aux ¥ -modules .#" et /'®, ce
que I'on peut faire d’aprés le lemme 4. Puisque tout point xe K possede
des voisinages compacts et semi-analytiques, il existe donc un entier
mq tel que, pour 0=I<l,, MY, est un Oy -module libre pour tout
m2 k si et seulement si .4}, | , est un Oy -module libre pour kEm=m,
et tel que A, est un Oy ,-module libre pour tout m=k si et seulement
si A, est un (DX.x-module libre pour tout k<m=<m,.

Démonstration du théoréme. 11 découle du lemme 7 que

Vk<m<m0+1 0<I<Iy+1, x,,+,,,,}

Kn(X-Y K
n = {xe sont des Oy ,-modules libres

m+Lx
a laide des suites exactes (2) et des suites exactes
0 MO, = 20— 20T, 0.

Donc il suit que pour tout x€ X, il existe un voisinage compact K, de
x tel que YN K, soit un sous-ensemble analytique strict de K,. De
plus, si 'on pose po=my+1, Ag=Ily+1,Ton a

VOSm=Zpuy+49—k, x est un point
régulier de p,,(¢)

VkEm<Zp,, 0S1<,, x est un point |
régulier de =#,,: R,,,,— R,

Kn(X-Y)={xeK

m+1
Il en résulte immédiatement (ii) et que Y est fermé, et donc que Y est
un sous-ensemble analytique strict de X.

Remarque. Si X est une variété complexe et D un opérateur différen-
tiel C-analytique, nos résultats sont encore vrais.
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Ein Satz iiber ganze Funktionen
und Irrationalitdtsaussagen

PETER BUNDSCHUH (Freiburg i. Br.)

§ 1. Einleitung

Gelfond [2] bewies einen Satz, der besagt, daB eine ganze trans-
zendente Funktion, die an allen Stellen " (8>1 eine feste natiirliche
Zahl; n=1,2,...) ganze rationale Zahlen als Werte annimmt, nicht zu
langsam anwachsen kann.

Hier soll nun ein dhnlicher Satz iiber ganze transzendente Funktionen
gezeigt werden, der es erlaubt, Irrationalititsaussagen fiir eine gewisse
Klasse derartiger Funktionen zu machen. Dabei bezeichnet K in der
ganzen Arbeit einen fest vorgegebenen imagindir-quadratischen Zahlkérper
und q eine feste Zahl aus K mit Norm (q)> 1.

Satz 1. q sei ganz und f(z)= ) c,z" sei eine ganze transzendente
n=0

Funktion. Es seien alle c,e K und es gebe ganze b,eK (b,+0) derart, daf

b,c, fiir v=0,...,n ganz ist und dap gilt: |b,|<|q|**+°™ mit festem

420. Ferner gebe es ein ac K(a+0) derart, daB f(aq~™eK ist fir alle

m=20, und ganze Zahlen T, eK (T,,+0) derart, daf T, f(aq™") ganz ist

fir k=0, ...,mund da gilt: |T,| <|q|*™+°™ mit festem u=0. Dann ist

— log M(r) (1 1) 1
*i=lim ———2 [ +— ) —r
P 1 u) dloglq]

r— o lOg2 r

Bemerkung. Den in (i) auftretenden Ausdruck p* haben wir in
[1,S. 278] Quasiwachstumsordnung von f(z) genannt. Obige Ungleichung
(i) bedeutet: Unter den Voraussetzungen des Satzes ist die Quasi-
wachstumsordnung von f(z) gleich oo, falls A u=0, bzw. entweder o
oder eine Zahl, die nicht kleiner als der Ausdruck rechts in (i) ist, falls
Au=%0.

Wir geben nun einige Korollare zu Satz 1 an, die Irrationalitits-
aussagen machen; es lieBen sich noch eine ganze Reihe dhnlicher Resul-
tate aus Satz 1 ableiten!.

(M@= Max|f @ @

! Satz 1 und Korollar 5 wurden mit Beweisskizze auf der Jahrestagung der DMV am
24.9.1969 in Darmstadt vorgetragen.
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Korollar 1. Sei q ganz und die ganze Funktion f,(z) geniige der Funk-
tionalgleichung

[@=01-z/q) fi(z/q) mit f,(0)=1; (1)

die komplexe Zahl a sei 0 und 4" fir alle natiirlichen n. Dann ist
nicht gleichzeitig ae K und f,(a)e K.

Dieses Korollar ist nichts anderes als Satz 1 von [1]; hieraus gewinnt
man ganz leicht das

Korollar 2. p(n) bezeichne die Anzahl der Partitionen von n fiir jedes
natiirliche n. Dann ist fiir jedes ganze q

;p(n)q‘"eéK-

Korollar 3. Sei g ganz und die ganze Funktion f,(z) geniige der Funk-
tionalgleichung

L@)=1(z/a)+2/q f,(2/g%) mit f,(0)=1; (iii)

die komplexe Zahl a sei +0. Dann sind nicht gleichzeitig acK, f,(a)e K
und f,(a/q)eK.

Eine Bezeichnung. Sei m=2 eine natiirliche Zahl und seien ug, u,
zwei verschiedene Zahlen der Folge 0,1,...,m—1; mit p(n;m; p;, 1,)
bezeichnen wir dann die Anzahl der Partitionenvon n (n 1) in natiirliche
Zahlen, die simtliche =y, oder = pu, (mod m) sind. Nach Vorwegnahme
dieser Bezeichnung konnen wir das ndchste Korollar kurz formulieren.

Korollar 4. Fiir jedes ganze q ist

S p(n;5;1,4) g "¢K oder Y p(n;5;2,3)q "¢K.

n=1 n=1
Korollar 5. Sei q ganz, f3(z) die Funktion ), z"q~*"®"~V und a eine
n=0

komplexe Zahl +0. Dann ist nicht gleichzeitig ac K und f,(a)eK.

Besitzt K eindeutige Primfaktorzerlegung, so ist Korollar 5 in einem
alten Satz von Tschakaloff [5] enthalten; besitzt K jedoch keine ein-
deutige Primfaktorzerlegung, so macht der Tschakaloffsche Satz keinerlei
Aussage.

Unter geeigneten Voraussetzungen kann man die Korollare 1 bis 5
auch dann beweisen, wenn q nicht ganz ist. Hierauf werden wir in §4
eingehen. Dort wird ferner die Frage untersucht, wie gut sich Zahlen,
die aufgrund eines unserer Korollare nicht aus K sind, durch Zahlen
aus K approximieren lassen. Man kann z.B. folgendes Resultat erhalten:

Sei g ganzrational und |q|Z2; ferner sei a eine rationale Zahl +0.

Dann ist die Irrationalzahl Y, a" q=*"*~" keine Liouville-Zahl.
n=0



Ein Satz iiber ganze Funktionen und Irrationalititsaussagen 177

§2. Beweis von Satz 1

Dem Beweis von Satz 1 schicken wir ein einfaches Lemma voraus,
dessen Beweis analog demjenigen fiir die Ganzheit der Binomialkoeffi-
zienten verlduft.

Hilfssatz. o und f seien beliebige ganze Zahlen eines algebraischen
Zahlkorpers K*; jedoch sei |o|+|B|. Fiir jedes natiirliche k ist

H(ak—l-n_Bk—).-f-l)(a/l_ﬂ).)—l (K=1,...,k)
A=1
ganz in K*.

Zum Beweis von Satz 1 machen wir die Annahme, die Quasiwachs-

1 1 1
tumsordnung p* von f(z) sei endlich und es sei p* < (—-+—) —_—
) ) alogll
Wir geben uns ein ¢>0 beliebig vor; 0.B.d. A. kdnnen wir es so voraus-

setzen, daB gilt: 1 1 1
*+s<( + ) . )
p Jte | p+e) 4loglq]

Wir entwickeln f(z) in eine Interpolationsreihe nach den Stellen 0
und a ¢ *(x=0), indem wir die Folge {z,},_, , .. der Interpolations-
stellen geeignet wihlen.

Fiir jedes natiirliche k werde j(k) definiert durch

u+e
Ate

j(k)=[ k] k=1,2,..), )

wobei [x] die groBte ganze Zahl < x bezeichnet. Dann gibt es zu jedem
vorgegebenen natiirlichen n entweder kein oder genau ein natiirliches v
derart, daB n=v+j(v) gilt. Nun definieren wir

0, falls kein o .
Z,= . v existiert derart, daB n=v+j(v). 3)
aqt~", fallsein

Wegen i) von Hilfssatz 1 aus [1] konvergiert die Interpolationsreihe
fiir f(z) nach diesen Stellen z, in der ganzen z-Ebene. Es ist also

F@=Ao+ Y A[](z-2) @
mlt 1 ) n=1 v=1
A, === [fOIE-2)7"dl =12, )
Tl Cn ve1

wobei C, einen Kreis um { =0 bezeichnet, der z,, ..., z, in seinem Innern

enthilt. Wihlen wir C"={C ||C |=exp ( )}, so ist jedenfalls fiir

_n
2(p*+e)
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n=ngy(p*, a,¢) die soeben genannte Bedingung fir C, erfiillt und wir
erhalten durch Abschitzen aus (5) mit Riicksicht auf |z,|<|a| (vgl (3)):

2

n
Ao (i

P +con) fir nzn, (6)

mit einem ¢, =cy(p*, €)>0.

Wenden wir andererseits den Residuensatz auf das Integral in (5) an,
so haben wir zu unterscheiden, ob n die Form k+j(k) hat oder nicht.
Im ersten Fall ergibt sich aus

k
Ay jio-1= T j SO ’(k)[:[l((‘aql—x)_ld{

i Ck+uk)
der folgende Ausdruck
Jk) -1 ‘i
(k—~1)ox
1kk—1) ) _ 1\ —k—o n-
Aivjmy-1=4 { 1y Z Citky—1-a @ Z !
=0 015,020 7
g1+ +ok=a ( )

—k Jjk)y+1
Z k—x

H(q”—l)ﬂ(q”—l)

p=1 p=1

)x lf(a q1 x) qqx 1) (k) —1+x/2) }
b

falls k = kq(4, u, €) ist; k, so, daB j(k,)= 1. Definieren wir nun

* — g—3k(k-1)
Afsjw-1=9"* At i-1- (®)

so sind die A¥, ;4,_; Zahlen aus K, die wir betragsmiBig nach unten
abschitzen konnen, wenn sie nicht Null sind. Dazu haben wir ganze,
von O verschiedene B, ;€K zu bestimmen derart, daB die
A}, ito—1Brsja—1 ganz sind. Setzt man a=s/S mit ganzen, von 0 ver-
schiedenen s,SeK in (7) ein, beachtet Hilfssatz1 sowie die Voraus-
setzungen unseres Satzes 1, so erkennt man leicht, dal man
. k-1
Biijoy-1=5" O b Ty I—[l(q”—l) 9)
o=

nehmen kann. Hieraus folgt fir k= k,:
Bl S0 (A2 (ot ur 20+5) R loglal+e, k) (10

mit ¢; =c,(a, 4, 1, £)>0.
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Machen wir nun die Annahme, fiir unendlich viele k (k=k,) sei
Ay 4 jay—1¥0. Dann folgt aus (6), (8) und (10) fiir k=k,:

*
1 é |Ak+j(k)—1 Bk+j(ki—1|

1
A+u+2e >/1+u+28 k2+c2k) (11)

<exp (((u+a)logIQ|— 4(p*+e) (A+e¢) A+e

mit ¢, =c,(p*, g, a, 4, u, &)>0. Wegen (1) ist hier der Koeffizient von k2
in exp(...) negativ, so dall die Ungleichung (11) hochstens endlich viele
Losungen k haben kann. Daher sind alle 4, ; gleich Null, fiir die n
geniigend groB ist und die Form k +j (k) hat. Hat n nicht diese Form, so
verlduft der Beweis vollig analog. Unsere zu Anfang des Beweises fiir
Satz 1 gemachte Annahme iiber p* fithrt wegen (4) zur Folgerung, dal3
sich f(z) auf ein Polynom reduzieren muB. Da aber f(z) als ganz trans-
zendent vorausgesetzt war, ist Satz 1 vollstdndig bewiesen.

§3. Beweis der Korollare 1 bis 5

Wir werden in diesem Paragraphen sehen, wie leicht sich unser
Satz 1 zur Gewinnung von Irrationalitdtsaussagen anwenden 140t

Zu Korollar 1. Aus der Funktionalgleichung (ii) gewinnt man sofort

co=1 und c,=(="[(g"-D"' (n=1), (12)

v=1

woraus man mit Hilfe von Teil ii) des Hilfssatzes 1 in [1] auf die Quasi-
wachstumsordnung p¥ von f;(z) schlieBen kann:

1

= 13)
2log ]

¥
Alle ¢, sind aus K und fiir die b, aus Satz 1 kdnnen wir wegen (12) wihlen

bo=1 und b,,::ﬁ(q"—l) (n=1). (14)

v=1

Wir nehmen an, es giibe ein ae K, a+0 und # ¢" derart, daBl auch f;(a)eK
ist. Dann sind wegen

k
filag™M=fi(@) ¢* (- (k21) (15)

13 Inventiones math., Vol.9
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alle f,(aq YeK (k=0). Ist a=s/S, f,(a)=t/T mit ganzen s, S, t, TeK, so
sicht man, daB man die T,, aus Satz 1 folgendermaBen wihlen kann:

To=T und T,=T[[(g*-1) @m=1). (16)
k=1
Aus (14) und (16) schlieBt man auf A<%, u<4 und daher wegen (i) von
Satz 1 auf pf =1/log |q| entgegen (13).
Zu Korollar 2. Fiir jedes komplexe x mit |x|<1 ist nach [3, S.272]

0 -1 o0
(H(l—x”)) —1+ Y p(m) x" 17

v=1 n=1

Setzt man hierin x=g~! und beachtet f,(z)= [[ (1—z ¢g"), so folgt
1

ip(n)q-"= —1H(f,)

und nach Korollar 1 ist f;(1)¢ K.

Zu Korollar 3. Wieder sieht man aus der Funktionalgleichung (iii)
leicht, wie die Taylorkoeffizienten von f,(z) aussehen:

co=1 und c,,=q‘*"""“lﬁl(qv—l)_1 nz1), (18)

woraus sich ergibt 1v= 1
1% = Zioglal (19)
bo=1 und b,=g*"""V fl (¢*—-1) (nz1. (20)

v=1

Ist a+0 und setzt man Fy(l/a,q)=1; Q,(1/a, q)=0; F(l/a,q)=0;
Q,(1/a, g)=1, so kann man f,(a g~*) ausdriicken als

flaq™")=R(1/a, q) /,(@)+Q,(1/a, q) 2(a/g)  (x20), (1)

wobei die P, und Q, fiir k=2 Polynome in 1/a bzw. g von den genauen
Graden k—1 bzw. 1k (x—1) und mit ganzrationalen Koeffizienten sind.
Dies folgt durch Induktion iiber xk aus der Funktionalgleichung (iii).
Nimmt man an, es gibe ein aeK, a+0 derart, daB auch f,(a)eK und
f>(a/g)eK ist, so sind wegen (21) sogar alle f,(aq *)eK (x=0). Setzt
man a=s/S, f,(a)=t/T, f,(a/g)=u/U in (21) ein, so erkennt man, daB}
man die T,, wihlen kann zu

To=T und T,=s""'TU fiir mz1. (22)

Aus (20) und (22) schlieBt man auf A<1, u=0 und also nach Satz 1 auf
p% = oo entgegen (19).
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Zu Korollar 4. Nach (18) ist
LO=1+3 ¢ " [[(t=¢"
n=1 v=1

und
f/g)=1+ ;q’"z‘"ljl(l— )"

Hier kann man die rechten Seiten den Identititen von Rogers und
Ramanujan [3, S. 288] zufolge umformen zu

10~ lj)(l—q-ﬁ"-*) ()

-1

bzw.

f1/g)= (H(l 473" (1—q 5" 3))
Aus diesen Produktdarstellungen findet man leicht

f)=1+ 3 p(n;5;1,4) g~

n=1

Lg)=1+ ¥ p(n;5;2,3)q™"
n=1
und hieraus folgt Korollar 4, wenn man Korollar 3 mit a=1 anwendet.

Zu Korollar 5. Aus f3(z)= Z Z" ¢~ "= Jiest man ab:

bzw.

b,=gtnn=b), (23)
2loglgq|

Ferner folgt, daB f;(z) der Funktionalgleichung

[(@)=1+2z f3(z/q) (25)
genligt. Hieraus bekommt man fiir a30 und alle k =1
f3(ag™)=R(l/a, q)+a"* g**= " f;(a), (26)

wo P, ein Polynom in 1/a bzw. g vom genauen Grad k bzw. 1x(k—1)
mit ganzrationalen Koeffizienten ist. Nimmt man an, es gibe ein aeK,
a=0, fiir das auch f;(a)eK ist, so sind nach (26) sogar alle f5(a g~ )eK
(x=20). Setzt man a=s/S, f;(a)=t/T, so kann man T,, wegen (26) wihlen zu

T,=Ts" (m20). 7

Aus (23) und (27) folgt A<1, p=0 und daraus mit (i) in Satz 1: p¥=o00
entgegen (24).
13+
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§ 4. Weitere Ergebnisse

Wir setzen jetzt g=gq,/y, mit ganzen q,, q,€ K (¢, +0), wobei ¢, und
q, nur Einheiten von K als Teiler gemeinsam haben mdgen. Dann
definieren wir y durch
loglg,|=vloglq,l,

so daB 0<y <1 gilt, und zwar y=0 genau dann, wenn ¢ ganz ist.

Beschriankt man nun 7 nach oben durch eine gewisse positive Zahl
/I, die kleiner als 1 ist und nur von den Parametern 4 und p aus Satz 1
abhiingt, so kann man einen zu Satz 1 analogen Satz auch fiir solche
(nicht notwendig ganze) ge K beweisen, fiir die |q,|>|q,|" ist. Eine ge-
nauere Formulierung dieses Satzes geben wir nicht, da sich bei direkter
Behandlung der Funktionen f; (z), f,(z) bzw. f3(z) aus den Korollaren 1,
3 bzw. 5 bessere Resultate beziiglich I' ergeben als sie aus der Verall-
gemeinerung von Satz 1 zu erhalten sind. Das liegt daran, dal} bei einer
Verschirfung der Ergebnisse in dieser Richtung die spezielle Form der
¢, und der f(a ¢~™) stirker zum Tragen kommt.

Zunichst 1dBt sich Korollar 1 verbessern zu

Satz 2. q habe eine Darstellung q=q,/q, mit lq,|>q,[3; die ganze
Funktion f,(z) geniige der Funktionalgleichung

fil2)=(1—z/q) fi(z/q) mit [, (0)=1

und die komplexe Zahl a sei +£0 und +q" fiir alle natiirlichen n. Dann ist
a¢K oder f(a)¢ K.

Es ist durchaus zu vermuten, dal Satz 2 auch dann gilt, wenn man
die Konstante 7 im Exponenten von |q,| durch die bestmdgliche Kon-
stante 1 ersetzt. Doch reicht dazu unsere Beweismethode nicht hin. Die-
selbe Bemerkung gilt auch fiir die Konstante +? im folgenden Satz 3, der
das Korollar 3 verscharft.

Satz 3. q habe eine Darstellung q=gq,/q, mit |q,|>1q,|7; die ganze
Funktion f,(z) geniige der Funktionalgleichung

fz(z)=f2(Z/Q)+Z/CIf2(Z/‘12) mit  f,(0)=1

und die komplexe Zahl a sei +0. Dann ist a¢K oder f,(a)¢K oder
fa(ajq)¢ K.

Aus den Sitzen 2 bzw. 3 folgen selbstverstindlich auch Verbesserun-
gen der Korollare 2 bzw. 4. Natiirlich lieBe sich auch Korollar 5 auf
gewisse nicht ganze ge K ausdehnen.

Zum Beweis der Sitze 2 bzw. 3 hat man lediglich in (6) die aus (13)
bzw. (19) bekannten p* einzutragen; in (7) wihlt man am giinstigsten
in beiden Fillen j(k)=k und setzt die aus (12) bzw. (18) bekannten
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Taylorkoeffizienten und die aus (15) bzw. (21) bekannten f(a qt7"
(k=1,...,k) ein. Danach trigt man in (7) g=4q,/q,, a=s/S, f(@)=t/T
und gegebenenfalls f(a/q)=u/U ein und ermittelt erneut Nenner B fiir
die Interpolationskoeffizienten. Der Rest des Beweises verlduft dann wie
in §2.

Die negativen Aussagen, die die Sétze 2 bzw. 3 machen, werden in
den folgenden Sitzen 4 bzw. 5 positiv gewandt.

Satz 4. q habe eine Darstellung q=q,/q,; y werde definiert durch
log |q,|=7 -log|q,| und es sei 0<y<3. Ferner werde fiir diese y gesetzt:
g,(7)=1+4/(3—"Ty). f,(z) und a seien wie in Satz 2 vorausgesetzt und iiber-
dies sei ac K und &> 0 beliebig vorgegeben. Dann hat die Ungleichung

|fi(a)—P/Q|<|Q|~ & +o
nur endlich viele Losungen P/Q mit ganzen P, Qe K (Q+0).

Satz 5. q habe eine Darstellung q=gq,/q,; y werde definiert durch
log |q,| =7 log|q,| und es sei 0<y <. Ferner werde fiir diese y gesetzt:
2,(0)=1+5/T—12y). f,(z) und a seien wie in Satz 3 vorausgesetzt und
iiberdies sei ae K und ¢>0 beliebig vorgegeben. Dann haben die Unglei-
chungen

| f2(@)— P/QISIQI~®P+9, | f,(a/q)— P*/QI<|Q| €2+
nur endlich viele Losungen P/Q, P*/Q mit ganzen P, P*, Qe K (Q=+0).

Aus diesen Sitzen kann man wieder Folgerungen ziehen. Ist g in
Satz 4 ganz, so hat man y=0 und g,(0)=7 und also gilt

Korollar 6. Ist g ganz, f,(z) und a wie in Satz 2 vorausgesetzt und auf3er-
dem ac K und £>0 beliebig vorgegeben. Dann hat die Ungleichung

/(@ —P/QI<|Q|~ G+
nur endlich viele Losungen P/Q.

Dies Ergebnis verschiirft Satz2 von [1] erheblich beziiglich des
Exponenten von |Q| in Richtung auf die bestmogliche Schranke |Q| —(2+9),

Beachtet man f;(a)= [[(1—ag™*) und die Definition der Liouville-

Zahlen (vgl. etwa [4, S. 176]), so gewinnt man aus Satz 4

Korollar 7. g sei rational und habe eine Darstellung q=q,/q, mit ganz-
rationalen q,, q, (4,>0) und es sei |q1|>q§. a sei rational, aber +0 und

*q" fiir alle natiirlichen n. Dann ist die Irrationalzahl [ | (1—a q~ %) keine
Liouville-Zahl. k=1
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Ein Beweis der Siitze 4 und 5 soll hier nicht gegeben werden; die
Methode ist die gleiche, die der Autor in §8 von [1] angewandt hat.
Eine enge Beziehung zwischen Quasiwachstumsordnung p* und den
Interpolationskoeffizienten A, spielt dabei die entscheidende Rolle.
Dieser Zusammenhang wurde in ii) von Hilfssatz 1 aus [1] formuliert.
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Cogroups and Suspensions *

Tubpor GANEA (Seattle)

Introduction

It has been known for a long time that any (n— 1)-connected CW-
complex of dimension <2n—1 has the homotopy type of a suspension.
More recently, it has been proved [4] that an (n—1)-connected CW-
complex X of dimension <3 n— 3 has the homotopy type of a suspension
if, and only if, it carries a comultiplication; moreover, the homotopy
equivalence relating X to the suspension is primitive, i.e., homomorphic
with respect to the given comultiplication on X and suspension comul-
tiplication. The main purpose of this paper is to achieve the next step:
We prove that an (n— 1)-connected CW-complex of dimension <4n—35
has the primitive homotopy type of a suspension if, and only if, it carries a
comultiplication which is homotopy associative. Thus, at each stage an
extra assumption is introduced and the dimension restriction is relaxed
by n—2. Our proof splits into two parts: First, without any connectivity
or dimension assumption, we show that a space carrying a homotopy
associative comultiplication with inversion is a coalgebra over the co-
triple ZQ (in the sense of [5]), thus answering a question [7; p.213]
which had been open for some time; then, a coalgebra satisfying appro-
priate connectivity and dimension assumptions is shown to have the
primitive homotopy type of a suspension.

Dual results, elucidating the relationship between homotopy asso-
ciative H-spaces and loop spaces, have been obtained, essentially, by
means of two methods: that of the infinite reduced product of James, and
that provided by the Sugawara-Dold-Lashof quasi-fibration (see, e.g.,
[7; p.202] and [10, 11], respectively). None of these methods dualizes
to the present situation, and this may account for the great delay in its
solution; similarly, the arguments used here do not seem to dualize and,
hence, do not lead to alternative proofs of the known results on H-spaces.
One main difference between the two situations is the following: there
is a 1:1 correspondence between homotopy classes of comultiplications
on X and homotopy classes of coretractions X — XQX, whereas the set
of homotopy classes of multiplications on an H-space Y is usually smaller
than the set of homotopy classes of retractions QXY— Y (if Y=S53, the
former contains 12 elements whereas the latter is infinite).

* This work was partially supported by NSF GP 9574.

14 Inventiones math., Vol. 9
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1. Comultiplications and Coretractions

We consider spaces of the based homotopy type of a CW-complex;
all maps and homotopies are supposed to preserve base-points; in any
space, the base-point is denoted by *. It follows from [8] that the con-
structions we will perform do not lead outside the class of spaces con-
sidered. A comultiplication on X is a map o such that the diagram

X2 XvX

iy

XxX

homotopy commutes; 4 is the diagonal map, and j the inclusion of the
axes into the Cartesian product. With any space X we may associate
2QX, the (reduced) suspension of the loop space of X ; the natural pro-
jection p: ZQX — X is given by p{s, ) =w(s). A coretraction is a map
y: X — 2QX such that poy~1, the identity map of X. For any 4, the
suspension comultiplication and coretraction

S: ZA—>XAvZA and Ze: ZA—-ZQXA
are given by
S{s,a>=({2s,a), *) if 0£2s<1, and e(a)(t)=<ta).
=(*,{2s—1,a)) if 1=52s=<2,
The generalized homotopy groups of any space Y consist of homotopy
classes of maps of arbitrary suspensions into Y with (possibly non-

commutative) multiplication induced in the classical way by S. The
following result is partially known (cf. [7; p. 209 —212]).

Theorem 1.1. The map (pv p)eS: ZQX — X v X induces monomor-
phisms of generalized homotopy groups and a bijection between homotopy
classes of coretractions and homotopy classes of comultiplications on X.

Proof. Let W be the fibred product of 4: X > X xX and j: X v X —
X x X; thus,

W={(x,4, y)eX x (X x X)' x (X v X)|4(x)=4(0), A(1)=j ()}
and the projections f: W— X, g: W— X v X are fibre maps. The map

o1 V={EeX |E0)=2} U {EeX L) =*} > W
given by

(€)=, 4 (1), () with ut)=(f (5).¢ (i‘z—‘t“))
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is a homeomorphism of the subspace V of the function space X! onto W
and, hence, fop and go¢ are fibre maps. The fibre (go )~ () coincides
with the subset QX of ¥, and the inclusion map QX — V is obviously
nullhomotopic. Therefore, go¢ induces monomorphisms of generalized
homotopy groups. It follows easily from [8] that the map

& 2QX — V given by e{s,0) =w,, 5, if 05251,
=Wys-q,1; If 152552,

where @, ,(t)=w(a(1 —1)+bt), is a homotopy equivalence; also, go poe=
(p Vv p)oS and fopoe=p. This proves the first assertion. For any coretrac-
tion y, (pv p)eSey is obviously a comultiplication. The properties of
fibred products imply that any comultiplication & pulls back to a cross-
section of fog, hence to a coretraction y satisfying (p v p)eSey=~o.
Finally, if y,, y, are coretractions with (p v p)oSoy, ~(p v p)oSe7y,, then
y1op==7y,op by the first assertion, so that

Y1=V1o0poP1 X Ys0pey; XY;.

A co-H-space is a space with a comultiplication; a coretract (of ZQ)
is a space with a coretraction. Let f be any map and consider the diagrams

TOX 2,507y XvX-LY,yvy

Tk I ®

X L vy X L, vy

in which y, ¥ are coretractions and o, 7 the corresponding comultiplica-
tions; from the relations fep=poXQf and (ZQf v ZQf)oS =S ZQf we
then obtain

(fvf)eo~(pvp)oSeZQfoy and tof~(pvp)oSoyof.

Thus, the second square homotopy commutes if so does the first; since X
is dominated by ZQX, the first assertion in 1.1 reveals that, conversely,
the first square homotopy commutes if so does the second; we then say
that f is primitive with respect to y and ¥, or ¢ and 7.

2. Cogroups and Coalgebras

A comultiplication ¢ on X is homotopy associative if (ov 1)og~
(Ivo)oog: X— X v X vX. An inversion for ¢ is a map n such that the
composites

X-SHXxXvx2xvx -5 X and XS XvX 2L xvx-5Lx

14*



188 T. Ganea:

are both nullhomotopic; ¥ is the folding map. A (homotopy) cogroup is
a space carrying a homotopy associative comultiplication with inversion.
A (homotopy) coalgebra (over the cotriple (22, p, X e) in the sense of [51)
is a space X with a coretraction y such that the diagram

IQX 2, y0y0x

,T Ixe 2)

X —r1 zOX

homotopy commutes. The main purpose of this section is to prove that
these two concepts are equivalent. For this we need some preparations.

Let k=2 be an integer, and let X, be copies of a given space X, 1 <i<k.
Let m: W— X, v .- v X, be the fibre map induced by the folding map
from the contractible path-space fibration over X. Define

& ZQX v vIQX, > X V- VX,
by
Dy (%, .., {80, o, ¥)=(%, ..., 0;(25), ..., %) if 0=<2s=1,
=(*, ..., %, 0 (2—2s) if 152552,
where w, is the replica of w; in QX,. (Thus, &, is dual to the map

Xl X oo X Xk—')QZXl X e X QZXk—l Which SendS (xl, ‘.’,xk) to (él _ék’
coos &1 — &), where &;=e(x;) and “—” denotes loop subtraction).

Lemma 2.1. There is a homotopy equivalence 0 yielding commutativity
in the diagram

ZOX, v vIQX,_  —25 X, v v,
] T

w

Moreover, ¢, induces monomorphisms of generalized homotopy groups.

Proof. Let PX denote the space of all paths in X emanating from the
base-point. Then W=|_) W, where 1<i<k and

Wi={((*, s X, ..., %), &) x;€ X;, E€PX, x;=¢(1)}

is a subspace of (X; v :-- v X;) x PX. Obviously, every W, is homeomor-
phic to PX, hence contractible, and the intersection of any two of them
is (%, ..., %) x2X. Let CA denote the (reduced) cone over any space 4;
a point in CA is denoted by sa, the vertex corresponds to s=0, and the
base 14 is homeomorphic to 4. Let

V=CQX,u--u CQX,
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result from the disjoint union of the k cones by point-wise identification
of their bases with QX. It follows easily from [8] that the map

& V— Wgiven by e(sw)=((, ..., 0;(s), ..., #), ),

where A (1)=A(st) for any path A, is a homotopy equivalence. The inverse
of the homotopy equivalence V— ZQX. 1V v2QX, , obtained by
collapsing CQX, to a point is the map

Y ZQX v vEIQX, -V
given by

l//(*,...,(s,w,-),...,*)=2sw,~eCQX,- if 0=52s5<1,
=2-25)w,eCQX, if 152552,

where wy is the replica of w; in QX,. Since

(% s Xis o, %), E) =%, oy Xy, o, ),

the homotopy equivalence 6 =e¢oy behaves as asserted. Since the folding
map has a cross-section, n induces monomorphisms of generalized
homotopy groups and, therefore, so does @, .

The preceding description of the homotopy type of W agrees with
that in [9] where, however, no explicit description of the maps involved
is given. Define M: QX x QX — Q(X v X) by M(x, f)=(a, %)+, B),
where “+” denotes loop addition.

Theorem 2.2. Let y: X — QX be a coretraction,and leta: X — X v X
be the corresponding comultiplication. The Jollowing assertions are equi-
valent :

(i) o is homotopy associative and admits an inversion n;
(i) vy is primitive with respect to o and S;

(iii) (X, y) is a coalgebra;

(iv) 2Qooy~ZMoZAoy: X — ZQ(X v X).

Proof. Consider the diagram

X

1

TOX %L, xvx—Y,x ' 3)

S

X —25XvX
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where | projects on the left term. By the definition of inversion, Fo(1 v#)e
o=~0 and, by the first assertion in 2.1, there results a map y yielding
homotopy commutativity in the square. Hence, the relations lo®,~p
and lo(1 v n)oa~1imply that ¥ is a coretraction. Introduce the diagram

IOX S, 30XvEQX L 3oxvIX B XvXvX
wT vaw 4
X <25 XvX
where J is suspension inversion given by J (s, w)={1—s, ®), and let
E: XvX—>XvXvX and T: XvX—->XvX

be inclusion into the end terms and the switching map, respectively. The
definition of &, yields

Dy=(1v1ivFP)e(lvTv1)e(P,vP,) and P,0J=To®,,
and it follows easily that
Dy0(1v)=(1vT)o(LvFV v1)o(D,vd,).
Let ¢ =(1vn)eo. Since S and o are both homotopy associative,
(AvVv1)o(P,vd,)oS~Ecd, and (lvFV v1)e(pvploo=Eoqp.
Since (3) homotopy commutes, @, ~ ¢ so that
Dyo0(lvI)oSoy~(1vT)oEoprdyo(lv)o(Yvi)eo. 5)
(The preceding argument is suggested by the following: since (3)
homotopy commutes, the dual of Y sends e(a)—e(b) into a—b and,
using the description of the dual of &,, the maps ®;30(1 v J)oSoy and
@;0(1vJ)o(Y vip)oo appear as dual to the composites
X, Y2 é—C’ ’1—‘:—’ é—c, C"'l"(é‘()+(€”ﬂ)’—‘-’f‘ﬂ“" X=Yy,
X028 n—={->¢=( {—n—>
x—z, z—y—(x—2)+(Z—y)=x—y.)

Since 1v J is a homotopy equivalence and since X is dominated by a
suspension, the second assertion in 2.1 enables us to cancel out @3 (1 v J)
in (5); this proves that the square in (4) homotopy commutes. Since V' is
a coretraction, and since g corresponds to y, we now obtain

(PVvp)eSey=(pvp)e( v)oo~a=(pVp)eSey,

and 1.1 implies Y ~7. Thus, the square in (4) homotopy commutes with
Y replaced by 7, and (i) = (ii) is proved. Conversely, the primitivity of y
readily implies that ¢ is homotopy associative and, also, that peJoy is
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an inversion for . The next equivalence. follows from the discussion at
the end of the previous section upon setting Y=XQX, f=y, =2 ¢, and
t=Sin(1), and noting that S is the comultiplication corresponding to the
coretraction X'e. To obtain the last equivalence, consider (2), note that

Q(pvp)eRSce=Mod and Q(pvp)oRS-Qy~Qo,

and observe that the map Q(p v p)oQS, hence also its suspension, has a
left homotopy inverse as implied by the fact that QX — QX — X v X,
in the proof of 1.1, may be regarded as a fibration with fibre contractible
in the total space.

Corollary 2.3. In the category of spaces of the based homotopy type
of a CW-complex and based homotopy classes of maps, ZQY is the “free”
cogroup “cogenerated” by the object Y under p.

Proof. Let X be a cogroup and f: X— Y any map. By 2.2, X has a
primitive coretraction y and so XQfoy is a homomorphism satisfying
po2Qfoy~f Moreover, if h: X — ZQY is any homomorphism satisfying
poh=f, then, as in (1), Zeoch~ZQhoy so that h=2QpoXeoh~IQfo1y.

3. Coalgebras and Suspensions
Consider the diagrams

D-t>B D2 WwW-*,3B
Il [ e
A2 L TA-2, 3L

where o and f are any maps, D and W are the fibred products of a, f
and Xo, X f§ respectively, and

DLs, (a4, b)) =(<s,a), {5, A), €5, b)) if a(@)=4(0), A(1)=B(b);
8 h,j, k are the projections, and (s, 1) stands for the path in XL given
by (s, 4> (@)={s,4(t)).

Lemma 3.1. Suppose A and B are O-connected. If o is p-connected
and B is g-connected, then @ is (p +q+ 1)-connected (p=1,q=1).

Proof. Consider the diagram
ZD-* ¥B——3XBuU CID «"-3(BuU CD)

I

W—ts3B—»XBuUCW z6

[ )

A2 3L —>ILUCZA«1-3(Lu CA)
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where the cones are attached in the obvious way, and ¢, ¥, 6 are the
induced maps; 7 reverses the order of suspension and cone parameters.
The relative Serre theorem applied to the squares in (6) reveals that 6
and y are, respectively, homology (p+ ¢+ 1)- and (p+ ¢+ 3)-connected.
Since each 7 is a homeomorphism and their square commutes, it follows
that ¢ is homology (p+q+2)-connected, and the five lemma now
implies that @ is homology, hence also homotopy, (p+ g+ 1)-connected.
For the next result we refer to the diagram

E-4s30x Px,x I,

P

Y-5s3Qy B, y—Y

where f is any map, I’ is a coretraction, and E the fibred product of I’
and XQf with projections ¥ and 6; %, n, and j result by converting f
into a homotopically equivalent fibre map so that

Z={x,meXx Y |fx)=n1)}, nC,n=n0), jx)=(1n),

where #..(t)=f(x).

Lemma 3.2. If X is(n— 1)-connected and fis m-connected,m=n—121,
then py o0 is (m+n—1)-connected.

Proof. Since j is a homotopy equivalence, the connectivity of pyo6
coincides with that of jopyof. The latter is homotopic to the map
&: E-X given by

®(y, 4, z)=(px(2), pyo ) where I'(»)=4(0), A(1)=ZQf(2),

and mo®=pyoloy. Since Y and © are both fibre maps, and since
pyoI'>~1, the five lemma reveals that the connectivity of & coincides
with that of its restriction @: = !(¥)—n~!(x). For any map g: A— B, let
F(g) denote the fibre space over 4 induced by g from the contractible
path space fibration over B. Since ¢ clearly coincides with the map
F(ZQf)— F(f) induced by py and py, its connectivity is easily seen to
coincide with that of the map F(pyx)— F(py) induced by f. It is well
known [1] that there is a natural homotopy equivalence of the join
QA*QA into F(p,), and so the connectivity of ¢ coincides with that of
Qf » Qf which is m+n—1.

We write dim X <r to indicate that the homotopy type of X contains
an r-dimensional CW-complex. Also, 7 is a fixed coretraction on X with
respect to which primitivity may be defined.
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Theorem 3.3. Suppose X is (n— 1)-connected and dim X <4n—5,n=2.
If (X,v) is a coalgebra, then X has the primitive homotopy type of a
suspension.

Proof. Set D;=QX and y,=7y. Suppose D; and y;: X — XD, are
defined for some i= 1, and introduce the diagrams

D;i1 50X ID; 2 Wt QX X
g-l lﬂw \lnl 1207.- l?i
D, —%->QzID, D, 2% 2Q¥D, -2 5D,

where e;=e, p,=p, D;,, and W, are the fibred products of &» Qy, and
Ze;, ZQy;, respectively, g;, h;, l//,, 0, are the projections, and ®; is asin 3.1.
Since (2) homotopy commutes, the universality of fibred products yields
amape: X — W, such that ;o e=7y, =6, o &. Since p is (2n— 1)-connected,
Qy, is (2n—3)-connected and, since so is also e;, 3.1 implies that @, is
(4n— 5)-connected. Therefore, and since dim X <4n—5, ¢lifts toamap y,
with @0y, ~&. By 3.2, po 0, is (3n— 3)-connected and, since po 00 10y, 1,
7y, 18 (3n—4)-connected. Therefore, by 3.2, po 6, is (4n—5)-connected
and, since e, is (2n—3)-connected, @, is (Sn—7)-connected by 3.1;
thus, po 6,0 @, is (4n— 5)-connected. Since the homology group H,,,_ 5(X)
is free, the homology decomposition result in [4] yields a connected
CW-complex Y and a map f: Y— D5 such that

Sy Hy(Y)— H,(D3) is isomorphic for g<4n—6,
(poly0P,02f),: Hyp 5(ZY)—>Hy, 5(X) isisomorphic,
H,(Y)=0 forg=4n->5.

Therefore, and since H (X)=0 for g>4n—35, F=pof,0®,02 f: JY—> X
is a homotopy equivalence. Since 8,0®, =2 h, and y,oP,=2g,, yoF~
Z(hyog,of) and the relation yo F~XQFoZXe, the primitivity of F,
follows now from 2.3 since both sides are homomorphisms XY— ZQX
whose compositions with p are homotopic.

Remark 3.4. The preceding proof reveals that the restriction on dim X
could be relaxed to dim X £k(n—2)+ 3 provided all maps in the sequence
V1s---» 7 o Wereavailable. We have noneat formulation of the assumptions
yielding this sequence for k>4. In case X is a suspension, and y is
suspension coretraction, the entire sequence is easily constructed, as
expected. Also, the same type of argument reveals that, under appro-
priate connectivity and dimension assumptions, coalgebras over the
(obviously defined) cotriple Z* Q* have the primitive homotopy type of
k-fold suspensions.
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Corollary 3.5. Suppose X is an (n— 1)-connected co-H-space of dimen-
sion £4n—>5,n=2. Then, X has the primitive homotopy type of a suspension
if and only if it is homotopy associative.

This is an immediate consequence of 2.2, 3.3, and of the following

Proposition 3.6. A 1-connected co-H-space X has an inversion on each.
side; the two are homotopic if X is homotopy associative.

Proof. Dualize the classical argument [7; Prop. 17.3] yielding inver-
sions on 0-connected H-spaces, noting that the maps

XvX-LSxvXvy-2L xvy

and L Lov
XvXZSH XvXvXX—"5XvX

induce isomorphisms of homology groups and, therefore, have homotopy
inverses provided 7, (X v X)=0.

4. Examples

For any odd prime p, let $* U e??*? result by attaching a (2p+ 1)-cell
to the 3-sphere via an element of order p in n,,(S?); it is known [3] that
these are co-H-spaces which fail to have the homotopy type of a suspen-
sion. Since 7=4.3—5, Corollary 3.5 implies

Proposition 4.1. No comultiplication on S* Ue’ is homotopy associa-
tive.

The similar result for any p was first proved in [2] by means of
entirely different arguments. Any element of order9 in 7,5(S°) has
vanishing Hilton-Hopf invariants [6] but fails to be a suspension. There-
fore, by [3], attaching a 16-cell to S° by means of such an element pro-
duces a co-H-space which, again, fails to have the homotopy type of a
suspension.

Conjecture 4.2. S° U e'® admits homotopy associative comultiplications.

If it were true, this would reveal that the dimension restriction in 3.5
is best possible. That some dimension restriction is, anyhow, necessary
in 3.5 is shown by the next result.

Proposition 4.3. (S3 v §'°, o) fails to have the primitive homotopy type
of a suspension for at least 16 homotopy classes of homotopy associative
comultiplications .

Proof. Let aem,5(S°) be fixed, and let f=H,(x)em,s(S°) be its first
Hilton-Hopf invariant. For any space Y and any elements f, gen;(Y),

let p=p(f, g)=Lf glens(Y)and
®(f,g)=poa+[£, £ p1]eB+[g L/, p1]B+[g. [g p1]ofems(Y),
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where [,] denotes the Whitehead product. Let X =Sv §'%, and let
i, i€ns(XvX), hy,hy,hyeny(XvXvX),
Jioj2€ms(X vX), ki, ks, kyems(XvXvX)

be the obvious inclusions. Define a map o: X — X v X by
0|8 =iy +iy, 0|V =ji+j+ iy, i)

Since p(i;, i,) is killed by inclusion into X x X, ¢ is a comultiplication.
Naturality of the Whitehead product reveals that

(O'V 1)°6|S15=k1 +k2+k3+¢(h1, h2)+¢(h1 +h2, h3),
(1 V0')00'|Sls=kl +k2+k3+¢(h2, h3)+¢(h1, h2+h3).

Hence, ¢ is homotopy associative if and only if D=0, where
D= ¢(h1, h2)+ Q(hl +h2, h3)— @(hz, h3)—¢(h1, h2 -+ h3)€7't15 (X \ X VX)

Suppose H,(x)=H,(x)=0em,5(S*?), where H; and H, are the next Hil-
ton-Hopf homomorphisms, so that [6; p.166]

(Chm> h1+[hg, B D)o
= [hm’ hn]°a+ [hq’ hr] oo+ [[hmr hnl [hq’ hrl]oﬁ'

For dimension reasons, B is a suspension and, hence, fulfils the left-
distributive law; also, f= — B since m,5(S°)=Z, [12]. Therefore, using
the bilinearity of Whitehead products, we may now express D as a sum
of 4-fold Whitehead products each composed with f and, signs being
irrelevant after composition, the relation D =0 follows readily by repeated
application of the Jacobi identity. Since H,=—H, [6; p.170] and
n,5(8%)=2Z,,xZ,, m5(8?)=Z, [12], there are at least 72 elements
wem;s(S%) with H, («)=H, (x)=0. Also, since

[ila iz]s [ila [il’ [il’ iz]]], [iz, [ih [il’ iz]]], [iZs [iz, [il’ iz]]] (7)

are all “basic” products, the main result in [6] implies that distinct a’s
yield homotopically distinct comultiplications 6. We have thus produced
a set C of at least 72 homotopy classes of homotopy associative co-
multiplications on S3 v §!5. Moreover, since every product in (7) contains
an even number of factors, each ge C satisfies

0o0~@v0oc where O=(—1)v1:83vS¥*—S3vS® (8

The result will follow if we prove that (S3v S5, 0) has the primitive
homotopy type of a suspension for at most 56 homotopy classes of co-
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multiplications ¢ satisfying (8). Let ¢ be a fixed comultiplication, and
suppose that (S3 v S'5, ¢) has the primitive homotopy type of (2Y, S) for
some arbitrary space Y. Then, it follows easily that the singular polytope
K(Y) of Yis connected, and that (S® v $*°, 5) also has the primitive homo-
topy type of (ZK(Y), S). The homology decomposition argument in
[3; p. 443] reveals now that (S* v §'5, ¢) also has the primitive homotopy
type of (A4, S) for some 1-connected CW-complex A. Again, an easy
homology decomposition argument reveals that such an A4 has the
homotopy type of §2 U e'*, where the cell is attached by means of some
element in the kernel of the suspension 7,5(S?) — 7,4 (S>). According to
[12; Ch.VII and XIII], this kernel is isomorphic to Z,x Z5; also,
S%2Ue!* has the same homotopy type whether the cell is attached by
means of a or of —a. Therefore, the 12 elements in the kernel yield at
most 7 possible homotopy types 4,, for 4, and the diagram

S3vSP 2,83y S5vS3vsts

hI Ih vh 9)

T4, —5> ZA,vZA,

homotopy commutes for some me{l,...,7} and some homotopy equi-
valence h. Since ,5(S*)=Z, x Z, [12], the formulae

|S3=i and o|SV=4j+iof,

where i, j are the obvious inclusions and fen,s(S*), define 8 self-equiva-
lences ¢, of S3vS'. For each m, select a homotopy equivalence
hy,: ZA,— S v S'5. Then, h~¢oh,, for some self-equivalence £ of S* v §*3
and, clearly

{~@, or {~0-q, (10)

for some ne{l, ..., 8}; here, 0 is as in (8). Let k,,, #, and ¥, be homotopy
inverses of h,,, &, and ¢,, respectively. Since (9) homotopy commutes

o~(Ev&o(h,Vh,)eoSok,on
and, since o6=1v 1, (8) and (10) readily imply
0=(@,V @n)o(hy v hy)oSok, o,
with 1<m<7, 1<n<8. Thus, any ¢ satisfying (8) and for which

(S3 v §'%, 6) has the primitive homotopy type of a suspension is homo-
topic to one of 56 comultiplications.
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A Remark on the Sato-Tate Conjecture
A.P.0OGG (Berkeley)

Let k be a number field, and let A be an abelian curve defined over k
which has no complex multiplications (over any extension of k). At a
prime p of k where A has good reduction, the non-trivial part of the
zeta-function of 4 may be written

(1—a, Np~*+Np'~29)~'=(1—¢, Np* %)~} (1—5, Np* 97",

where 1+ Np —a, is the number of points on the reduction of 4 modulo
p which are rational over the residue field of p and ¢, has absolute
value 1. Following Tate [3], we define

Lo()=[T1-Np~97,
L,)=]1~eNp~9) 11— Np~)~"

for v=1 and o =Re(s)>1, and where (as in the rest of this paper) p runs
over all primes of k where A has good reduction. Note that Lo(s) is
the zeta-function of k, except for a finite number of factors, and so is
entire except for a simple pole at s=1. In general, nothing is known
about analytic continuation of the functions L,(s). Let us also define
functions M, (s) for 6>1,v21, by

Mszva—ZLv-—4"'
_fLoL,L4--L,  (veven)
“|LyL;--L, (v odd).
According to Tate’s conjectures [3], M, (s) should be holomorphic and
non-zero on the line o=1, for v1. In this paper we show that this

would follow if we knew (as unfortunately we do not) the analytic
continuation of the functions M, (s):

Theorem. Suppose that M, (s) is holomorphic in ¢>3—4, with §>0,
for all v=1. Then M, (s) has no zeroes on the line o=1.

It would then follow, by Serre [2, p.1—26], that the angles 0,,
where ¢,=exp(+i0,), 0=60,<m, are uniformly distributed in [0, ]

. 2 . Ll .
relative to the measure ;smz()de, which is the Sato-Tate conjecture
for A.
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Lemma. Let f(s) be holomorphic in ¢>1—4, except for a pole of
order e=0 at s=1; assume f(s) has at least one zero in 6> 1— 4. Suppose
that f(s)=exp(g(s)), with

for ¢>1, with ¢,=0 for all n. Then f(s) has no zero of order e on the
line o=1. In particular, ex1.

Proof. Suppose that f(s) has a zero of order =e at s=1+it,. Then
it also has one at s=1—it,, since g(s), and hence f(s), is real on the real

axis. Then
h(s)=f(s)* f(s+ito) f(s—ito)

is regular at s=1. Now for > 1, h(s)=exp(k(s)), with

k(s)= Y c,n=*(2+n"""+n'")
1

X
I

cyn —s (ni to/2 + nx to]2')2

]
M8

3
[}
-

Il
Ms
(9}
s}
=
)

£
[
-

where ¢, =0. Let g, be the first real zero of h(s), 1 —d < g =1, if it exists;
otherwise take 6,=1—4. Then k(s) can be continued analytically to the
segment (g, c0) of the real axis, and so

k(s)= Y c,n~*
n=1
for ¢>0,, by a standard lemma on Dirichlet series with real non-
negative coefficients (cf, e.g., [1, p.127]). But then, for real s=0>0,,
log|h(o)|=logh(s)=} c,n"° 20,

and so |h(o)|=1. Hence h(c,)+0, by continuity, and so logh(s)=k(s)
is analytic in ¢>1—4, contrary to the hypothesis that f(s) has a zero
in 6>1-6.

Proof of Theorem. If ¢ has absolute value 1, put o, =¢"+¢" for v21;
then we have the inequality

QRv+1)+2va+2v—-1Day+---+a,,20, (*)

which holds since the left side is (1+a; 4, +---+a,)% as one checks
by induction.
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Now consider the function
Hv=(M0M1M2"'M2v-1)2M2v
=L20v+1LZIVL22V—1_ “L2v’
entire except for a pole of order <2 at s=1, and with at least one zero
(coming from one zero of M, on o=3). Then, for 6>1,

logH,(s)=Y f QRv+D+2va(p,m)+---+a(p,2vm)

ms
p m=1 mNp

where a(p, m)=¢y +&,". Thus, by (+), log H,(s) is a real Dirichlet series
with non-negative coefficients. Hence, by the lemma, M,,_,(s) has no
zeroes on the line =1, since a non-real zero would give a double zero
of H,(s), while a zero at s=1 would make H,(s) regular at s=1, contrary
to the last statement in the lemma.

This proves the theorem for odd subscripts. For the even case, the
proof is much the same, taking this time

G,=MoM;M,---M,,
=L20v+1L22vL24v_1"'L24‘,_ZL4‘,,

entire except for a pole of order <1 at s=1, with at least one zero, and
with log G, (s) a real Dirichlet series with non-negative coefficients, again
using (x). Hence M,, M,, ..., M,, have no zeroes on o =1, which proves
the theorem.
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B. MAzuRr (Harvard) and L. RoBERTS (Vancouver)

One purpose of this paper is to give formulae counting the number
of isomorphically distinct principal homogeneous spaces [6, IX § 4] of
certain group schemes over certain rings. To this end we develop a
rather precise “deformation theory” for fairly general group schemes
(Prop. (3.5)). As a consequence, if R is a local ring of finite cardinality,
and F is a quasi-projective, faithfully flat, commutative group scheme over
R, we obtain formulae (4.4), (4.5) which give us this number, in terms of
the number of rational points of F over R.

It follows from our theory that if D is the ring of integers in a finite
extension of Q,, and F is a group scheme over D, as above, then there are
at most a finite number of distinct principal homogeneous spaces for F
over D (4.7). The main theorem (8.1) computes this number in the case
where F is a finite flat commutative group scheme over D. We obtain

#H'(D, F)=#F(D)- ”diSCG/RHI/g

where g is the rank of G over R, discg/y is the relative discriminant, and
| || denotes normalized absolute value in D. That is, |a| =(D:aD), for
aeD. We have denoted the set of isomorphism classes of principal
homogeneous spaces F over D by H'(D, F). (The notation is reasonable.
For given any noetherian D, this set may be identified in a natural manner
with the one-dimensional cohomology of F over SpecD, computed
either for the (fppf)- or the (fpqf)-site [8, IV 6.3] using the theorem of
faithfully flat descent for the fibre category of affine schemes [6,1, VIII 2.1].
If D is hensel local, it may be computed using the site Ty, (see § 3).)

We give two proofs of this formula. The first uses the fact (§ 5) that
F can be imbedded in a smooth group scheme, and then reduces this
formula to a problem in the theory of analytic groups. The second, which
proves a slightly more general result, procedes by means of the deforma-
tion theory (§§ 1 —4), and a formula which counts the number of rational
points of F over artinian rings (§ 7).

In § 5 we exploit the above-mentioned imbedding result to obtain
some general results concerning the flat cohomology of F.

We are thankful to A. Grothendieck for suggesting a proof of (5.1)(i),
to Rasala for providing us with a proof of (6.4), and to the referee for his
valuable suggestions.

15 Inventiones math., Vol. 9
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§1

The purpose of §§1—4 is to set forth results about derivations and
their “higher dimensional analogue”, which pertain especially to group
schemes. The five main sources for the theory of the cotangent complex
is [1,4,9; Oy, §§ 18, 20; 12, 15]. We follow Quillen’s treatment, mainly,
extending it to topological algebras.

Throughout, all rings are commutative with identity; all topological
rings are linear, that is, they possess a fundamental system of neighbor-

hoods composed of ideals. We recall some basic definitions (for a more
detailed approach see [9; Oy §§ 18, 20]).

Let R and W be topological rings such that W is a topological R-
algebra. If M is a topological W-module define Dercontg (W, M) as the
R-module of continuous R-derivations from W to M.

If R, W, and M are all discrete, call an extension of W by M an exact

sequence .
0-M——DSE—5SW-0

where u is a homomorphism of R-algebras such that (keru)? =0, and
where i induces an isomorphism of W-modules M — ker u. Keru has
the W-module structure induced by u.

Designate by Exalcomg (W, M) the set of isomorphism classes of
extensions of W by M. Thus we have defined a tri-functor, contra-
variant in R and W and covariant in M [see 9, O,, 18.3.5]. As this
functor preserves products in the variable M, it is a functor in abelian
groups.

Let R and Wbe topological rings, and assume that p: R — W makes W
into a topological R-algebra (i.e. p is continuous). Let M be a discrete W-
module which is annihilated by an open ideal K, of W.

Let

er(W, M)=@ExalcomR/,(W/K, M)

where the limit is taken over pairs (J, K) of open ideals in R and W respec-
tively such that p(J)S K< K,. ex(W, M) is denoted Exalcotopg (W, R)
in [9]. It has an R-module structure. (Note that in general the group
does not have an interpretation as a set of extensions.)

We remark that under the conditions of the last paragraph there is a
canonical isomorphism [9, Oy 20.3.5].

lim Derg,;(W/K, M) — Dercontg (W, M).

Here, of course, Der 4(B, M) is the A module of ordinary A-derivations
from B to M.
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§2. Cotangent Complexes

Quillen has defined a sequence of functors D (W, M) for all g=0
which specialize for g=0, 1 to Derg(W, M) and Exalcomg (W, R) respec-
tively. In checking certain facts that we need for the latter two functors,
we have found it neater to prove things for D% (W, M), arbitrary g. We
recall, very briefly, Quillen’s construction [15, I. 2.8].

Let R be a ring, W an R-algebra (both discrete).

Quillen shows that there is a free simplicial R-algebra P. and homo-
morphisms such that

2.1 R—HP 2w

is a cofibrant factorization. This merely means that the homomorphism p
of simplicial R-algebras (W being viewed as the “constant” simplicial
algebra) induces isomorphisms on the homology groups of the under-
lying chain complexes [15, I.2.1].

Such a diagram is seen to be unique up to simplicial homotopy. We
say that P. is a projective simplicial R-algebra resolution of W. One then

sets
LDW/R =DP./A P® W

This is the simplicial W-module obtained by applying the functor
Y Dy = Q3,4 (= Y'module of A-differential of Y) dimension-wise to P.
The underlying chain complex of L Dy, g is called the contangent complex
of W and is unique up to chain homotopy equivalence. Define now, for M
a W-module

D% (W, M)= H%(Homy, (L Dy, g M))

One checks directly [15, 3.12] that there are canonical isomorphisms

Derg (W, M) «~— D} (W, M),
Exalcomg (W, M) <~ DL (W, M).

In the next section we will need the following result.

(2.2) Proposition. Let R be noetherian, and assume that W is a finite
type R-algebra. Then there exists a free simplicial R-algebra resolution
of W which is finitely generated in each dimension.

The proof follows from an examination of the proof for the existence
of a resolution [14, Ch. I § 4 Prop. 3]. (See also loc. cit. Remark 4 p. 4.11
and [15, Ch. II Remark9.3].)

15*
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Before generalizing the preceding to topological rings, we should
emphasize again that in the sequel we work only with D° and D*, (which
may be defined independently). In fact, the algebras W that we will
consider will be relative complete intersections, and in this case it is
known [15, Ch.II 10.7] that D%(W, M)=0 for q=2. However we will
never use this.

The Topological Case. Let R and W be topological rings, p: R—>W
a continuous homomorphism, and M a discrete W-module which is
killed by an open ideal in W, As before define

Dk (W, M)=lim D%, ,(W/K, M)
where the limit is taken as in the definition of
er (W, M)=Exalcotopg (W, M).
By the preceeding remarks one has canonical homomorphisms
DY (W, M)—=> Dercontg (W, M),
Dr(W, M)~ eg (W, M).
(23) Proposition. Let R—W and W—V be continuous homomorphisms

of topological rings, and let M be a discrete V-module annihilated by an
open ideal of V. Then there is a long exact sequence

0— Dy (¥, M) — DR (V, M) — DR (W; M) — Dy (V, M) — ---.

Proof. For R, W, Vdiscrete the statement is known [15, § 4 Cor. 4.17].
The topological case is immediate from the exactness of lim.

A link between the discrete and topological cases is given by the
following observation: Let W be an R-algebra, I « W an ideal, and let W
denote the topological completion of W with respect to the ideal I. Let M
be a W-module annihilated by I. Then,

24 DY(W,M)—>D%(W; M)  for q=0,1.

This observation is immediate for g=0, and follows from [9] Ow
18.4.2.1 for g=1.

Although we shall not use this for g other than 0, 1, one might
note that (2.4) is valid for all ¢ if W is noetherian. For then, using [15]
Ch.II Th. 9.7 one finds that the direct limit, as n goes to infinity, of the
cohomology of the complexes,

Homy (L Dy m > M)
vanishes.
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A Nominal Extension to the Global Case. Given a locally noetherian
scheme X over R, and a quasi-coherent sheaf # which has the property
that its support lies in an open subscheme of X which is affine, we can
define D% (X, #) to be D% (W, M) where Spec(W) is an affine containing
the support of # and M is the module of global sections of # over
Spec(W). This definition is independent of the choice of affine, Spec(W),
in the light of (2.4). Thus we have a tri-functor, D (=, —) on the appro-
priate category of triples.

We conclude this section with

(2.5) Lemma. Let X be a locally noetherian scheme flat over R, a (dis-
crete) ring. Let Ro/R be an extension of (discrete) rings. Let X,/R,
denote the base change of X/R to R, and suppose given a quasi-coherent
sheaf 7 over X,. Finally, suppose that the triples (Ry, Xy, %) and (R, X, F)
satisfy the above condition, where & is the quasi-coherent sheaf on X which
is the direct image of %,.

Then, the natural map,

Dk (X, #)— D}, (Xo, %)
is an isomorphism, for all q.
Proof. This is just [15] Ch. I 4.9.

§3
We now restrict our setting somewhat. Let R be a discrete noetherian
local ring with I an ideal in R. Assume that M is an R-module annihilated
by I. Let W be a topological R-algebra, and f: W— R/I a continuous
R-algebra homomorphism. M may be considered as a W.module via f
If R—R' is a finite morphism (R’ discrete), set W =W® R’ (with the
R

tensor product topology, [9] O;7.7.2) and M'=M ?R’. Define
dy (R)=D% (W', M').
Thus, dj, is a functor on the category of finite R-algebras. Note that the
notation omits M. There is a natural homomorphism of R’-modules,
dfy(R)® R'— djy(R").

If a topological R-algebra possesses a system of ideal neighbor-
hoods K of zero, such that W/K is of finite type over R, we shall say
that W is topologically of finite type over R.

(3.1) Proposition. Let R'/R be a flat extension of discrete rings. The

homomorphism
d(R)@ R’ — dfy(R)
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is an isomorphism under either of the following assumptions:

(i) R'/R is finite flat.

(ii) W is topologically of finite type over R.

Proof. Recall [15, Ch.1(4.7)] that for B a discrete R-algebra, and
R’/R flat there is an isomorphism

LDy <"~ LDpe ®R.

Under the assumption that either R'/R is finite, or B is of finite type
over R, we have:

DY (B, M')= Ht(Homp (L Dy M)
=Hq(H0mBr(LDB/R ®R,, M’))
=Hq(HOmB(LDB/R s M) ® R’)
=D%(B,M)®R'.

The last equality uses flatness of R'/R. The equality preceding is
immediate if R'/R is finite flat. If B is of finite type over R, then by Pro-
position (2.2) LDgz can be taken to be of finite type over B in each
dimension and the equality again follows.

Now note that since R’ is discrete, a fundamental system of ideals
in W’ is given by those of the form Im(K ® R") where K runs over a

fundamental system in W (definition of tensor product topology).
Moreover, since R’ is flat

WI

_-——_———_Im(K®RI)e——-—W/K®R.

Thus,
diy (R)=lim D% (W/K ® R’, M').
R

The hypothesis that W is topologically finitely generated implies
that each quotient W/K is of finite type. Hence the above computation
applies, and we have

diy (R')=1lim D% (W/K ® R’, M)
=lim (D% (W/K, M) ® R')
=(lim D% (W/K, M)) ® R’
=dj, (R)QR’

where, by the preceeding remarks, all limits are taken over the set of
open ideals K in W which annihilate M.
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Let us introduce the “finite site” over R, which we will denote Ty,.
The underlying category of T;;, consists in affine schemes, finite and flat
over R. Covering families are taken to be arbitrary surjective families
of flat morphisms.

It follows immediately from (3.1) and the theorem of faithfully flat
descent for modules [6; 1, VIII Cor. 1.5] that d¥ is a sheaf of abelian
groups for the topology Ty;,. Moreover,

(3.2) Corollary. d% is an acyclic sheaf for the site Ty, in the sense that
the r-th cohomology group of d% computed for the site Ty, vanishes, for
all r>0.

Proof. It suffices to show the following: Given S/R any finite fla
extension, and S'/S any finite, faithfully flat extension (i.e. a covering
morphism for the site Tg;,) then the associated Cech cochain complex
C*(8'/S, d},) is an acyclic complex.

For one can then show that H"(T;;,/R’,d})=0 for r>0, and any
R’/R which is finite flat, using the Leray Spectral Sequence for the Cech
covering S'/S and induction on r (this argument is the well known
“Lemma of Cartan”).

To see that C*(S'/S, d¥) is acyclic, note that this complex is isomor-
phic to C*(S8'/S, G,) ®rd% (R) by (3.1), and this latter complex is acyclic
by [5, I, B Lemma 1.1].

The sheaves d§, (g=0, 1) will play an important role in the sequel.

Now assume, in addition to the above, that I> =0. Let F be a covariant
functor (set valued) defined on the category of finite R-algebras. Define
[as in 8; III, §0] F* as the functor

F*(R)=F(R' ® R/I).
R

The canonical morphism R'— R’ ® R/I yields a morphism of functors i:
F—F*.

Consider two cases where F is representable:

(a) The Topological Case. There is a separated and complete top-
ological R-algebra W such that F(R')=~ Hom_,,.x (W, R).

Thus we may say: “F is representable by the affine formal scheme
Spf(W)” [9, 110.1].

(b) The Global Case. There is a scheme X over R such that F(—)=
Hompg(—, X).

Let R'/R be an extension, and let the superscript ' denote base change
to R'. In the topological case, if A: W— R/I is a homomorphism, then
[8, III Prop. 0.2] the set of continuous homomorphisms W’— R’ which
reduce to A’ when projected to R'/I' is (either empty, or) principal homo-
geneous over the abelian group Dy.(W',I'), where I' is regarded as &
W'-module via A'.
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In the global case if we are given Ae F*(R), then i~ (') is a principal
homogeneous space over the abelian group D%.(X', #') where &' is
the quasi-coherent sheaf obtained by taking the direct image of the
quasi-coherent sheaf associated to the module I’ over R/I ® R/, via the
morphism A": Spec(R/I®R')— X'

If F is a group-valued functor, and A the zero section, let d%(R’)
denote D%. (W', I') in the topological case, and D%.(X’, #') in the global
case.

In either case, we obtain that the sequence,

(3.3) 0—>d}—>F—F*

is an exact sequence of sheaves of groups for the site Tj;,. (See [8, III
Cor. 0.9].) That the morphism dg— F is a homomorphism of group
functors may be seen either by (loc. cit. 0.8) or from the next lemma,
which will be needed in its generality, later on.

To set up some terminology, let A = W denote the kernel of the zero
section 4. If K = A is any ideal neighborhood of zero in W, we may find
an ideal neighborhood J< K such that the group law of the functor F
determines a (comultiplication) homomorphism

W/J —- W/K @z W/K.
Let i, i,: W/J—W/K®zW/K denote the maps induced by
it x—>x®1,
i: x—>1®x.

If o: W, — W, is any homomorphism, let ¢? denote the induced homo-
morphism, df,(R") — d§,(R’) where M is any W;-module.

(34) Lemma. Let M be any R-module, regarded as a W-module via the
zero section A. Fixing this M, consider the three maps,

#, 14, 4 dy kg pwx (R) > diy 5 (R).
Then
wi=ig+i5  for q=0,1.
Proof. For g=0 this is immediate using that
px)=i;(x)+i(x)+Za®b

where the a’s and b’s occurring in the right-hand expression are all in
the image of the augmentation ideal A< W.
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Consider, now, g=1, and note that it suffices to prove it for R=R'.
Let P—» W/J be a homomorphism over R, of a polynomial ring P
over R, which induces isomorphisms,

P/ ¢ —=>W/J, P/A —Z>W/K

for ideals # = A of P, and such that the composition e =4 s is the homo-
morphism sending every polynomial in P to its constant term. Let
I'=ker(e). Find a lifting m: P—P=P®zP of the homomorphism
u: P/ #— P/ ® P/A" such that if we denote

d(x)=mx)—-1®x—x®1

then 8(P)cI’ ® I'. This m is attainable merely by choosing, for each of
the generating variables x; of P, a lifting m(x;) of u(x;) such that é(x;)e
I'®T. Let f denote, in turn, each of the three induced homomorphisms

i iy,m: F>PQA +H @P=HcP

and let ¢ denote, correspondingly, the homomorphisms iy, i,, y.
Then we have commutative diagrams,

Homp (¢, M) <L~ Homp (A", M)

D} (W/J, M) <*— Dy (W/K ® W/K, M)

where f’ is the map induced by f, and the vertical surjective maps are
the natural ones [e.g. 12, 3.1.2].

Consequently we will be done if we show m’' =i} +1i5 . But this equality
follows from the observation that

SHAH "IR®N=TRHA +H QTP

and that any P-homomorphism g: #'— M annihilates F'®@ # + X ®T.

If F is a group-valued functor, representable in the global case by
a flat scheme X/R, or, in the topological case, by a topological R-algebra
W possessing a fundamental system of ideal neighborhoods K < W such
that W/K is flat over R, we shall describe a homomorphism of group-
valued functors, F* 1,41,

We do this in the global case, the definition being quite analogous
in the topological case, and we shall only give #(u) for ue F*(R), the
description of #(u) for ue F*(R’) being identical, after base change to
R, for any flat extension R'/R. Let Ro=R/I, and the subscript 0 will
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denote base change to R, . The letter I will also denote the quasi-coherent
sheal over Spec(R,) associated to the R,-module /. The element u
determines morphisms of schemes,

Spec(Ry) — X
uo
Xo
By means of the group law on the scheme X,, we may find an R,-
isomorphism ¢: X, — X, such that ¢ uy=4,, the zero-section of X,.
Let teD}(Ry, I) denote the class of the extension

0—-I—-R—Ry—0.

Consider the image u, 1€ Dy (X, u, I). By definition, 5 (u) is the ele-
ment of dj (R) which corresponds to u, 7 via the sequence of isomorphisms,

D}((X7 ll* I)_—z—)D}(o(X07 uO*I)—g_’D}to(XO’AO*I)

The unlabelled isomorphisms in the above line come from (2.5). That
1 is a homomorphism follows from an application of (3.4) for g=1. It
is also straightforward to check that #(u)=0 if and only if u extends to
an R-morphism, Spec(R)— X. Thus we have the exact sequence of
presheaves of groups,

0—-dy—>F—F* 1,4

(3.5) Proposition. (The Deformation Sequence.)

Suppose F is represented either

(@) (Global case:) by a group scheme X/R which is locally of finite
type and flat, or

(b) (Topological case:) by an affine formal group scheme Spf(W)
where W is a complete local topological R-algebra which is topologically
of finite type, and topologically flat over R [8, VIIz 1.3.1]. Then

0-dy—>F—>F* 4L -0

is an exact sequence of sheaves for the site Ty, .

Proof. The map 7 is defined in both cases. To see that it is defined
in case (b) one must assure oneself that W possesses a fundamental
system of ideal neighborhoods K of zero, such that W/K is flat over R.
This follows from the Dieudonne-Cartier classification theorem (e.g.
loc. cit. (5.4), and explicitly (6.2) below). Thus we must show 5 to be



Local Euler Characteristics 211

surjective. Without loss of generality we may concentrate on the topo-
logical case. For, in the global case, we may replace X by X, its formal
completion along the zero-section, and surjectivity of the morphism 7
associated to X =Spf(W) implies surjectivity of the morphism # asso-
ciated to X.

To show surjectivity of the sheaf morphism #, for a topological
R-algebra W, as in case (b), we shall show that for any artinian base
ring (which we will again call R), and any element xedly(R), there is a
finite flat extension R’/R such that x’ is in the image of # (where ' denotes
the base change to R’).

Let x be represented by an extension 0 — I — E— W/K — 0 where
K = Wis an open ideal. Find a power series ring P in m variables over
R and a surjective continuous R-homomorphism P— E xy x W. By
composing this homomorphism with projection onto the second fac-
tor, we will obtain an isomorphism a: P/J— W, where J is some open
ideal in P. Note that J is transverse-regular, relative to R ([9, IV 19.2]
provides the theory of transverse-regularity, relative to a base).

To see this, it suffices to see that W can be expressed in some way
as the quotient of a power series ring over R by an ideal which is trans-
verse-regular over R [9, IV 19.3.2], and this latter fact is well known
(Explicitly (6.2) below).

Thus we may suppose J generated by a sequence (f;,...,f,) rsm
which is transverse-regular, relative to R. Consider the R-homomorphism
obtained by projecting P— E xy,x W onto the first factor, p: P— E.
Then B(f;)=7;€l, and hence the y; may be regarded as elements of the
ring R. Form the sequence (g, ...,g,) of elements in P, g;= fi—7i
i=1,...,r

1t follows immediately from [9, Oy 15.1.16] that this is a transverse-
regular sequence, relative to R, in P. Thus, the R-algebra V=P/(g,, ..., &,)
is a flat complete intersection [9, IV 19.3] over R.

We claim that if R'/R is a finite flat extension, then x’ is in the image
of # if and only if there is a (continuous) R-homomorphism V— R'.

This will then conclude the proof of (3.5), for the transverse-regular
sequence (g;, ..., g,) may be extended to a transverse regular sequence
(g1, --.» 8y relative to R, and then R’ =V/(g, .1, ..., 8n) is finite and flat
over R, and there is, quite evidently, an R-homomorphism V— R'.

We shall establish the above claim only in the direction that we need
it; the opposite direction may be seen by a mirror image of our argu-
ment. We shall also only consider the case R'=R; the general case
reduces to this by a base change.

Suppose, then, ¢: V— R is an R-homomorphism. Then composition
with the natural projection P — V yields an R-homomorphism ¢: P— R,
which we denote by the same letter. Since ¢ annihilates the ideal
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(815 ---» &) it follows that ¢ |J=p. We thus obtain a diagram,

J-Lt,1
Lol
P—25R

L

W—4s R/I

where u is the induced R-homomorphism. We show that x=n(u).

Let K'< K be an open ideal in the kernel of u. Then x pulls back to
an element represented by an extension given by the right-hand column in

J—t51
[

P—>FE

Il

W— W/K’

where we have surjectivity of the middle horizontal arrow, by construc-
tion. A comparison of the above two diagrams show that they induce
a diagram,
I1—1
E—R

Ll

W/K' —4> R/l

which, after chasing through the definition of #, tells us that x =7 (u).
g.e.d.

Remarks. We are thankful to the referee for providing us with the
above definition of # which is an improvement on our original defini-
tion, and has allowed us to establish (3.5) in its present generality.

As the referee noted, it is plausible that (3.5) could be refined, in the
case where F is a commutative group-valued functor, to yield an iso-
morphism in the appropriate derived category between the complex of
sheaves 0— F — F* —0, and a complex of sheaves described entirely
in terms of the cotangent complex of F.

(3.6) Corollary. Let F be a commutative group-valued functor represented
either

(@) (Global case:) by a quasi-projective, faithfully flat group scheme
X/R, or
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(b) (Topological case:) by an affine formal group Spf(W) where W
is a complete local topological R-algebra which is topologically of finite
type and topologically faithfully flat over R.

Then we have the exact sequence:

0— d(R)— F(R)— F(R/I)—> dy(R)— H'(R, F)— H'(R/I, F)— 0
where cohomology is computed for the site Ty,.

Proof. In the light of (3.2), and (3.5) we must show that the natural
map k: H'(R, F*)— H*(R/I, F) is an isomorphism. We do this without
assuming F commutative.

The quasi-projectivity assumption in case (a), which undoubtedly
can be weakened, will be used to insure that any element of H'(R/I, F)
may be represented as a scheme Y, over R/I which is a principal homo-
geneous space for X, over R/I, where the subscript 0 refers to base
change to R/I [8, VIII Cor. 7.7].

We concentrate on case (a), the proof for case (b) being quite anal-
ogous.

Injectivity of k. An element xe H'(R, F*) may be expressed as a Cech
cohomology class for a covering U/R [6, 4, V (App.)4.1].

Since

A\(U, F*)=HYU,, F)— H\R/I, F)
where the second map is an injection (loc. cit.), the map k is injective.

Surjectivity of k.

Let xoe H'(R/I, F) be represented by the principal homogeneous
space Y,, as mentioned above. By [9, IV 19.3.9 (ii)], Y, is a flat complete
intersection over R/I. We shall sketch a proof of the following extension
property: There is a finite Zariski-open cover of Y, such that if we let
Z, denote the union of its members, there is a flat complete intersection
Z over R such that Z, is the base change of Z to R/I.

To see this, let ye Y,, and find an open neighborhood U, of y, which
admits a closed immersion over Ry, U, — S,, where S, is smooth over
R, and U, is cut out by a sequence of sections (f;,°) which are transverse-
regular, relative to Ry, at y. Invoking [9] IV 18.1.1, and possibly cutting
down to a smaller open subscheme, we may suppose that S;=S xzR,,
where S is smooth over R, and the sequence (f;°) is the restriction of a
sequence (f;) of Og-sections. It follows from [9, Oy 15.1.16] that (f)) is
again transverse-regular, relative to R, at y. They therefore cut out a
scheme U/R which is a flat, complete intersection over R, in a neighbor-
hood of y.

Cut down to such a neighborhood, which we again call U. Let Z
denote the disjoint union of a finite number of such U’s so that the
family of Uy’s cover Y,.
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Since Z is a faithfully flat local complete intersection over R, we may
find an R’/R which is faithfully flat, such that there is an R-morphism,
Spec(R’)— Z. For this R'/R we may express x, as a Cech cohomology
class, xo€ H'(Ry/Ry, F), since there is an R,-morphism, Spec(R},) — Y.
But A'(R'/R, F *)=H'(R,/R,, F), and therefore X, is in the image of k.
g.e.d.

§ 4. Euler Characteristics over Artinian Rings

(4.1) Proposition. Let P=R[x,...x,], let J be an ideal in P and set
B="P/J. Suppose that J=(f, ... f,) and that f, ... f, is a regular sequence
Jor P. If M is any B-module there is an exact sequence

0— DY (B, M)— M"—2> M*— D% (B, M) >0,

where @ has the matrix ®=(0f,/0x;);; (with entries in Homg(M, M)).
Proof. By [15] Chapter I Proposition 5.4 there is an exact sequence

J
0— D% (B, M) — Derg (P, M) — Homy (—J—z-, M) — D} (B, M) —0.

It is well-known that the module of Kihler differentials Dy is a free P
module on the elements dx;. Hence Derg (R, M) identifies with M" under
the obvious map. On the other hand the assumption that f;...f, is a
regular sequence implies that the map

J
@k B— ?
given by (b ... by)+— X f; b; is an isomorphism of B modules (immediate
from one of the definitions of regularity [9, O 15.1]). Hence
Homg(J/J?, M) identifies in the obvious way with M*. Finally as the
map Derg (P, M) — Homg(J/J?, M) s restriction, one just checks through
the isomorphism to obtain the @ is as stated.

(4.2) Corollary. If M is a B-module of finite cardinality C, # (D3 (B, M))=
#(Dk(B, M))- C"~*.

In the computations below we will stick to F as in case (a) above.
We would get analogous computations for F as in case (b). Let, then, F
denote a quasi-projective, flat group scheme over R, a local ring of finite
cardinality. Let m< R denote the maximal ideal, and k= R/m the residue
field. Let F, denote the reduction of the group scheme F to k. Let F°
denote the connected component subgroup scheme of F;, and F = F,/F°
the etale quotient group scheme.

Let x(R’, F) denote the Euler characteristic, # H°(R’, F)/# H(R', F)
which is defined if both numerator and denominator are finite.
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(4.3) Proposition. y (R, F) is defined, and
X(R,F)=c"y(k, F) where c=card(m), and t=dimgF.

Remarks. To compute y(k, F), we first note that H'(k, F°) is trivial.
The reason for this is the following: Let G=F°. Since k is perfect, G,.q
is again a group scheme. It is smooth and connected. Thus by [7, IIT §11],
H'(k, G,.q) may be computed using galois cohomology, and therefore it
vanishes, by Lang’s theorem [11]. If N is the kernel of the surjective
morphism G— G,4, then N is a finite connected group scheme. We
shall show that H'(k, N) vanishes for any such group scheme over any
perfect field k. For, a principal homogeneous space for N over k is re-
presented by the spectrum of a finite dimensional algebra W over k,
which has the property that the base change of W to the algebraic closure
of k is a local ring. By the elementary structure theory for such algebras
it follows that there is a k-homomorphism W— k', where k'/k is a finite
purely inseparable field extension. Since k is perfect, k' =k, and therefore
the principal homogeneous space has a section over k. Thus, by half-
exactness of the functor H', we obtain that H'(k, G) is trivial, as was to
be shown. Thus the natural map

H'(k, F)— H'(k, F*)

is an injection. Since the range, which is given by the one-dimensional
galois cohomology of the finite galois module F¥, is clearly a finite group,
so is the domain, and y (k, F) is therefore always defined. Now recall that
for any commutative group scheme G over k, Hi(k, G)=0 for g=2.
This is so by the following argument. It is true for smooth commutative
group schemes G, for then [7, IIL, § 11] the cohomology groups above
may be computed as galois cohomology, and the above fact is well known
for galois cohomology. One checks it for a, and p, using the exact
sequences,

0—a,—G,—G,—0,
0—-u,-»G,—G,—0.
The assertion then follows, using the structure theory of commutative
group schemes over k, and half-exactness of the functors H4(k, —).
Consequently, since H 2 (k, F°) vanishes, one learns that the morphism
H'(k, F)— H'(k, F*) is an isomorphism, and therefore y(k, F)=F° (k).
As an application, we have the following useful formulae:
(44) #H'(R F)=c'#F(R)/#F°(k).

(4.5) IfF is acommutative finite flat group scheme over R, # H'(R, F)=
#F(R).
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Proof of (4.3). Since, by the preceding remarks, y(k, F) is defined,
we obtain the formula of (4.3) for R/m" by induction on n, using (3.6)
and (4.2).

An Application. Let D be the ring of integers in a field which is finite
over Q,.

By a generalization of the technique of § 7 below, Shuck has proven
a theorem [23] which implies the following asymptotic formula: Let
F be a flat scheme of finite type over D such that every closed point has
dimension ¢ in its fibre over D, and such that F is smooth over the generic
point of Spec(D). Then there is a constant & such that for large enough n,

# F(D/m"y= h card (m/m")'

where mc D is the maximal ideal.

Since the generic point of Spec(D) is of characteristic zero, any quasi-
projective flat commutative group scheme F over D satisfies the hypo-
theses of the theorem of Shuck (using the theorem of Cartier [ 8, VII; 3.3]).
If one combines the above formula with (4.3), one learns that the order of
HY(D/m", F)is finite, and independent of n, for large n. Therefore the maps,

(4.6) H'(D/m"*1, F)— H\(D/m", F)

which are surjective by (3.6), are actually isomorphisms for sufficiently
large n.

(4.7) Corollary. For n large enough, the natural morphism,
HY(D, F)— HD/m", F)

is injective. Consequently, H'(D, F) is finite.
Proof. 1t suffices to show that H'(D, F)— lim H Y(D/m", F)is injective.
n

But this reduces to showing that a principal homogeneous space for F
over D, which has a section over D/m" for every n, actually has a section
over D. This is an easy application of a theorem of Greenberg [3].

Remarks. We expect that the above corollary can be sharpened in
many ways. For example, the case where D=k [[ (], where k is a finite
field, and F is smooth over the field of fractions of D, should be included.
We also expect that the above morphism is actually an isomorphism,
for n large enough. Finally, one should give a formula which describes
the order of H(D, F) in terms of elementary scheme-theoretic invariants
of F.

When F is a finite flat commutative group scheme, we shall sharpen
the above corollary in the indicated ways.



Local Euler Characteristics 217

(4.8) Corollary. Let D be a complete discrete valuation ring with finite
residue field. Let F be a finite flat commutative group scheme over D,
which is etale over the field of fractions of D. Then

HY(D, F)— H*(D/m", F)
is an isomorphism for large enough n.

Proof. Injectivity may be seen as in the proof of (4.7), with one change:
One needn’t make use of the theorem of Shuck. One need only notice
directly, by an application of Newton’s lemma [3, §3] that F(D)—
F(D/m") is an isomorphism for large n.

To show surjectivity, we must show that H(D, F)— l@ HY(D/m", F)

is surjective. Suppose we are given an element in the inverse image.
This amounts to being given a sequence of principal homogeneous
spaces Y, for F over D/m", for each n, such that Y, reduces to Y, over
D/m". Let Y,=Spec(W,). Then the W,’s are free (say of rank r) over D/m",
and we have (D/m")-algebra homomorphisms W,,,®,D/m"—> W,
which preserve the “principal homogeneous space structure for F”. Let
W=lim W,, where the limit is taken via the ¢,’s. The D-algebra W is a

free module of rank r over D, and clearly Y= Spec(W) represents a prin-
cipal homogeneous space for F over D, which, as an element of H(D, F),
maps to the given element in the inverse image.

§5. Computation of Flat Cohomology of Certain Group Schemes

Let S be alocally noetherian scheme, and F any finite flat commutative
group scheme over S.

(5.1) Proposition. (i) If S is affine, there is an exact sequence of group
schemes over S, 0= F— Gy— Gy— 0

where G, and G, are smooth commutative group schemes of finite type
over S.

(ii) If, as in [7, 111 Appendix], p: Sgp,c — S¢, denotes the morphism
of the fppf site to the etale site over S, then R’ p,(F) vanishes for i> 1.

(iti) Let So<=S be a closed subscheme such that F is etale over S—3S,.
If Z is any scheme, let d(Z) denote the smallest integer such that H'(Z,,, E)=0
for all abelian torsion sheaves E, and r>d(Z).

Then H' (S¢,p¢, F)=0 if r>max(d(S), d(So)+1).

Proof. We first show that our entire proposition follows from the
following assertion: If S is affine, there is a smooth commutative affine
group scheme G of finite type over S, and an imbedding of F into G,
over S.

16 Inventiones math., Vol.9
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For we may obtain the exact sequence of (i) by taking G,=G, and
G, =G/F. Since G is affine of finite type, and F is proper, the quotient
group scheme G, exists. [See 16, Th. (iii), or 8, VIz]. The group scheme
G, is then again of finite type. One sees easily that it is formally smooth,
since G is. Consequently G, is smooth [9, IV, 17.5.1].

To obtain (ii) one then uses the fact that R'p, Go=R'p, G, =0 for
i>0 [7, III App.]. Since one has an exact sequence of the type (5.1)(i)
over every affine open subscheme of S, one gets (ii).

One obtains (iii) from the Spectral Sequence,
H" (S, R° py F)=> H"**(Stpps, F)

using (ii), plus the observation that R' p, F has support on S,, for we
may apply [7, III App.] to the smooth group scheme F over S—S,.

To establish our initial assertion, we begin by recalling.

a) Let S be a noetherian scheme, X projective and flat over S, Y quasi-
projective over S. Then Homg(X, Y) is representable, and is locally of
finite type over S. Homg(X, Y) can be realized as an open subscheme of
Hilby, sys-

The proof of a) is [S, IV] Th. 3.1, plus variants 4a and 4c. That
Homg (X, Y) is locally of finite type follows from the fact that Hilby, (y/s
is the direct sum of quasi-projective S-schemes (variant 4a), hence is
locally of finite type.

If X is finite and flat over S, and Y is affine over S, then Homg(X, Y)
can be constructed in a purely elementary fashion, without recourse to
Hilbert schemes (cf. loc.cit., Remark, pp. 24 —25). In fact, one can reduce
to the case where S=Spec(R), Y =Spec(B), and X =Spec(4), with 4 a
free R-module.

Choose a basis of 4, ey, ..., e,. Define the constants ¢;;,, and a; by
the equations

n
ei €j= Zcijk ek CijkER,
k=1
n
1A= Zaiei a;ER.
i=1

Let A  denote the R-module dual to 4, with dual basis T;, .... T,.

Let 2= Symmg (B ®z A") be the symmetric R-algebra on the module
B®grA . Let IcX denote the ideal generated by the elements,

a,—1®T; i=1,...,n,
b b, ® Ty~ Z Cijkb1®Ti®bz®7}
1

ij=

for all choices of by, b,€B, k=1, ...,n.
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It is an exercise to check that the R- algebra D=2X/I represents the
functor, C— Hom¢_,,(B® C, A® C). Thus, in this case, Homg(X, Y)
is represented by an affine scheme over S. Let us show the slightly modified
assertion:

b) Let S be a noetherian affine scheme. Let X be finite and flat over S.
Let Y be affine and of finite type over S. Then Homg(X, Y) is affine and
of finite type over S. Moreover, if Y is smooth, then so is Homg(X, Y).

To see this, note that Y is quasi-projective [9, II 5.3.4i)] and we may
apply a) to obtain that Homg(X, Y) is locally of finite type. Since it is
also affine over S, it is of finite type. Therefore, for the last assertion we
must check that Homg(X, Y) is formally smooth [9, IV 17.1.1]. Since
Homg(X, Y) is affine, it suffices to check formal smoothness using, as
test objects, Spec(C/J)= Spec(C), where C is an R-algebra, and J is an
ideal of square zero. Letting X = Spec(4), Y= Spec(B), as before, we must

check that
HomR-alg (Ba A ® C) - HomR-alg (B9 A ® C/J)

is surjective, for all such C, and J. But the kernel of the surjective homo-
morphism, 4 ® C — A ® C/J, is of square zero, and B is formally smooth,
so the above is surjective, and we have shown b).

Note that if Y is a group scheme, so is Homg(X, Y) via the group
structure on Homg(X, Y)(S")= Homg(X x5S, Y). Let " denote Cartier
duality, and consider the morphisms of functors,

F—> H._Q_m_s-groups(ﬁ’ Gm,S);" H_Qm.s(ﬁ, Gm,S)’_‘ G.

The first isomorphism comes from the Cartier duality theorem, and
the second is the natural monomorphism. By b), G is a smooth affine
commutative group scheme of finite type. This concludes the proof of
(5.1).

If R is a complete local noetherian ring, and F is a formal commutative
group scheme over R, topologically flat [8, VIl 1.3.1] and connected,
we may regard F as a sheaf (loc. cit. 1.5) for the site T,, F(R)=
Hom,,,,.z (W, R’), where F=Spf(W). We say that F is (smoothly)
resolvable if it admits a resolution,

5.2) 0—-F—-Gy—G,—0
where the G, are formal commutative lie groups [13, §2]. This is an exact

sequence of sheaves for the site Ty, [13, 2.5], and the G; are acyclic as
sheaves of abelian groups for Tj;, [13, Th. 2.6].

§ 6. The Affine Algebras of Formal Group Schemes

Let R be a complete discrete valuation ring with finite residue field, k,
of characteristic p. Let K denote its field of fractions.
16*
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(6.1) Lemma. Let G be a connected finite flat group scheme over R.
Suppose G @g K is etale over K. Let W denote the affine R-algebra of G.
Then we may write

W=R[xy, ..., xyJ(®y, ..., Dy)
where ®@; are polynomials such that ®;=x; %(modm), j=1,...,N (for
specific positive integers 1;) and (P, ..., ®y) is R[xy, ..., xy]-regular.
Proof. The fibre W ® k being a finite connected group scheme over k
R

is covered by the classification theorem of Dieudonné-Cartier [2] and is
isomorphic to an algebra of the sort,

WinW=W®k—25k[xy, ..., xyl/(x{™, ..., xE™™)
R

for exponents 4;>0.
Consider a diagram,

cck[Xqy.on Xy] = kX, ., X J/OEM, L XE)

where y is any lifting, guaranteed to exist since g is surjective. I, I are the
kernels of y, 7 respectively. We have that y is surjective by Nakayama’s
lemma since W is finite over R. The homomorphism h: I — I is surjective.
Also one has I (;:) k - I since W is flat over R, Choose liftings @;€1I of the

elements x?”el. Thus,
h(®;)=xP".
If =(®,,...,Py) is the ideal generated by the @;, we have that

@1 and P generates I mod n. Since I is a module of finite type over
R[xy, ..., xy] Nakayama’s lemma gives ®=1. g.e.d.

In the same realm of application of the Dieudonné-Cartier classifi-
cation theorem [8, VIIg; 2], we have

(6.2) Lemma. Let G be a complete local, topologically flat, group scheme,
topologically of finite type over R, and dimension t over R. Then the affine
algebra W of G may be written:

WaRLxy, ..., X, /@y, ..., D)

where n—k=t, and ®;=xP", 4,>0,i=1,... k.
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Proof. The proof is a slight modification of the proof of (6.1). One
constructs the diagram,

I<R[xy...,x,] W

L

Ickxy, ..., %, = k[Xg ..., X, J/E, ..., xE™)

and obtains that A is surjective using completeness of R[xy, ..., x,J,
then the remainder of the proof of (6.1) may be repeated.

Let G be a connected finite flat group scheme over R whose fibre
over K is étale. By virtue of (6.1), the theory of the different, as in the
Appendix below, applies to the affine R-algebra W, of G. Suppose, as in
(A.15) below, that W=R[x,, ..., xyJ/DPy, ..., Py) where & is a regular
R[x;, ..., xyl-sequence. If a: W— R is any R-homomorphism, denote
by (d @), the matrix (0®,/0x;) evaluated at the point (x(x,), ..., a(xy)). We
therefore have

(6.3) Idet (d®), || = llo(Gwe)ll

by (A.15). If e: W— R denotes the zero-section of the group scheme G,
there is an automorphism of W over R, sending e to any other section «,
and consequently from (6.3) we get

(6.4) Idet(d®).ll = la(Sw;r)ll-
As an application of (6.4) we shall deduce that
(6.5) I discrll = l|det(dP),||%,

where g is the rank of G over R.

To see this, it suffices to pass to a discrete valuation ring which is a
finite flat extension of R, over which the g sections of G ®zK/K are
rational. Then use (A.2) and (A.14).

§ 7. Counting Solutions in Certain Artin Rings

Let R be a complete local noetherian domain, with finite residue
field. If RN denotes the product of N copies of R, I = R an ideal, we denote
by I-R¥<R" the product of N copies of I. Normalized haar measure
in R will be denoted u.

Consider ®: R¥— RY, (#=(®,, ..., ®y)) a polynomial function with
coefficients in R which is transverse-regular at 0eRY. This means, in
effect, that &~1(0) consists in a finite set, and if @e®~1(0), (dP)g=
(09/0x)|g(x) has nonvanishing determinant in R.
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For S any R-algebra, set
F(S)= HomR—alg(R [XI’ cees xN]/(¢19 sy (DN)s S) .

Thus F(S)={(s, ...» Sx)€SY; P(sy, ..., 5y)=0}.
If S=R/I for I =R an open ideal, we therefore have:
# F(R/D)=p{®~ ' (IRM)}/u(IRY)
=p{®"URY)}/u()".

To continue the computation, we suppose R a discrete valuation
ring with uniformizer 7.

(1.1)

(7.2) Lemma. Let R be a discrete valuation ring with finite residue field,
and suppose @ satisfies the transverse-regularity condition cited above.
Then there is an integer sq such that if s=s,,

#F(R/m5)=) ||det ddgl||~*
6

where n is a uniformizer, || || is normalized absolute value and @ runs
through the roots of ® in RN.

Proof. Let K be the field of fractions of R, and endow the vector
space KV with the norm | x| =__rlnaxN||xi|| for x=(x,, ..., xXy).

Let us introduce the compact open discs
By(z)={xeR"||x—z| <||=*}.
(7.2) will follow from the following results.

(7.3) Lemma. Let @ be a root of ® in RY; then there is an integer r =0
such that for szr, ®|B,(®) is a homeomorphism with image

D(B,(0))=d D (B,(0).

Proof. Since d @4 is invertible at @ it is invertible in some neighborhood
B,.(©) of @. By the Taylor expansion of @ we may write for x+ @ € B,. ().

P(x+O)=dPg(x)+ H(x)

where H is an analytic function (a polynomial in our present case)
composed of terms of degree greater than or equal to two.

First assume that d®g = I. Then the fact that H(x) has no linear terms
implies that there is an r=r’ such that for xe B, (0), || H(x)|| <|/x||. Since
the norm is ultrametric we have | ®(x + @)| = || x||.Hence (B, (©)) < B,(0)
if s=r. However @|B,(0) is invertible, and the inverse must be of the form
(on B,(0)

& (x)=O0+x+H' (x).
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As this function (by the argument above) takes B,(0) to B,(®) we have
that @|B,(®) is a homeomorphism onto B(0) for all s=r.

In the general case we may write
DB, (O)=dPgo ¥

where ¥ is as above. If r is then chosen as above we have that for
szr @|B,(O) is a homeomorphism onto

®(B,(0))=dP (¥ (B,(6))
= dQO (Bs (0)) .
(7.4) Corollary. If s=r
u(®(B,(0))= det dby | u(B,(0)).

Proof. Set B,=B,(0), and L=(d®)e. Then L is an R-endomorphism
of the free R-module B;. Granted our conditions above, we have that
L is an isomorphism of K", so the R-modules LB, and LB; are free of
rank N. Thus (B,:LB,) and (B,:LB,) are finite, and the snake lemma
applied to the obvious diagram tells us that they are, in fact, equal.
Since s is as in (7.3), B, is the disjoint union of (B,: LB;) cosets of the open
subgroup LB,. Therefore by (7.3) and our above remark, u(B,)=(By: LB,)-
2#(®(B,(0))). We are reduced to showing that (By:LBy)=|det L|~".
But, to compute ||det L|| we may use any two R-bases of B,,. By the struc-
ture of finitely generated modules over a principal ideal domain, we know
that there are bases (¢;) and ( f;) of B, such that Le;=gq; f;.Hence |det L| =
[TTa:|; but the latter term is, by definition of normalized absolute value,

julst (By:LBy).
We now return to the proof of (7.2). Chose r so that
i) B,(®) are disjoint,
ii) the conclusion of the lemma is valid for all roots ©.

For s2r set Co=®!(B,(0)) " B,(®). By (7.3) Cg is precisely the set
d®g'(B,(0)). Hence

#(Ce)=p(dPg " (B,(0)))
=||/det(dD)g " - 1(B(0)).
Since @~ !(B,(0))={ ) Ce (disjoint), we have
1(27(B,(0)))
1(B,(0))

Lemma (7.2) immediately follows once we remember that B(0)=r* RN,
and invoke (7.1).

=§9: et (dP)gll ~".
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§ 8. The Main Theorem

Let R be a complete discrete valuation ring with finite residue field k,
and field of fractions K. Set S=SpecR.

(8.1) Proposition. Let G be a commutative finite flat group scheme over
R of rank g. Suppose that G @ g K is etale over K. Then the flat cohomology
groups H(S, G) vanish for g 22, all cohomology groups are finite, and

xR, G)= "diSCG/R |18 = ”e(éW/R)”

where W is the affine algebra of G, e: W— R, is the zero section, and Ow/r
the different.

Remarks. (a) The cohomology groups vanish beyond dimension 1
by (5.1)(iii). H'(S, G) is a finite group by (4.8).
(b) We may reduce to connected group schemes G by considering
the exact sequence,
0-G°—>G—G*—>0.

Since G* is smooth, its flat cohomology is isomorphic to its cohomology
computed for the étale site over Spec R [7, III App. §11], which is iso-
morphic to the galois cohomology over k, of the galois module associated
to G* [6; 4 VIII 8,6]. Since k is finite and G* is a torsion-module it is
easy to see [20, Ch. XIII Prop. 1,2] that the cohomology groups of G*
vanish beyond dimension 1, and since G* is finite, y(G*)=1.

(c) The second equality of (8.1) is nothing but (6.5).

(d) It remains to prove the first equality in the case where G is con-
nected. For this we give two proofs. Our first proof is a fairly direct
computation in the theory of analytic groups, but is applicable only in
the case where K is a finite extension of Q,,, for p a prime. The second
proves the general theorem, and makes no use of a smooth resolution
of G.

The first Proof. (K of characteristic zero.)

Using (5.2) we may find a resolution
8.2) 0—-G—Gy—G,—0.

Write
GO=SpeCf(R '[yls ceey yn]l)9
G, =Specf(R[xy, ..., x,1)

where augmentations ¢ are given by y;— 0; x;—0, and the finite flat
homomorphism G, — G, is given by a homomorphism,

¥: RI[xp oo, X, 1= ROy, -5 yall.
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The affine algebra of G, being formed by tensor product from the diagram,

R

. R[[xls""xn]l_LRﬂ:yl’""yn]],
is:
(8.3) W=R[1s.-rs Vul/(¥, ..., B), where ¥,= P(x;). Since the sequence
(x4, ..., X,) is regular for R[x,,...,x,]l, and ¥ makes R[y,,...,y,] a
finite free module over R[[x,, ..., x, ], we have that (¥, ..., ¥,) is regular
for R[yy, ..., yal

Let K be an algebraic closure of the field of fractions K of R, and
consider R-homomorphisms, W— K. We may find a finite field extension
K'/K such that all the above homomorphisms take their values in K.
There are g distinct such homomorphisms and they may be identified
with points @ =(0,, ..., ©,)e R"™ which are zeros of ¥, i=1,...,n. We
refer to @ as a root of ¥ in R’ (R’ is the integral closure of R in K". Since
W is local, and 0=(0, ..., 0) is a root of ¥, it follows that all roots of ¥
actually lie in (m")™, where m’ is the maximal ideal of R'.)

Let |G;| denote the formal group determined by G;, i=0,1 [cf. 19,
§ 6]. We have an identification of points,

Gi(R)y=m" =|G||

and the group scheme structure on G; determines, in an obvious way,
a formal group law on | G;|. The map ¥ induces a map of analytic groups,
D:|Go| — |Gyl

Let the symbol (d®), denote the endomorphism of the tangent space
of the analytic manifold m™ at the origin, induced by @ and the identi-
fications. Upon choice of the standard bases, the matrices (d®), and
(d'P), coincide. Hence our first proof will be concluded when we establish

(8.4) Lemma. #ker &

=#cokd>

Proof. The first equality follows since (6.2) is an acyclic resolution of
sheaves for the site Tg;, (5.2).

The second is a modification of an excercise in [19, 4.41] for whose
proof we are indebted to R. Rasala. We sketch this proof below.

We may identify the tangent space to |G;| at the origin caninically
with K"

Since both |G,| and |G, | are commutative, the Lie algebra structures
%, induced on K" are just K" regarded as an abelian Lie algebra. Hence
CH(%,)=K" under addition, where CH (%) is the Campbell-Hausdorff

X =|/det(d®)o| -
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group associated to |G;| [cf. 19, § 4]. By the general theory [19, § 7 Th. 1
Cor. 2] there exist local isomorphisms of analytic groups (both designated
by exp) exp: K"—|G;| inducing the identity on the Lie algebras.

Set Uy={xeK": Max | x;|| <d}.

We let Us* denote Uj as a subgroup under addition, and U (resp. V;¥)
denote Uj regarded as a subgroup of |G| (resp. |G,|). Since and (d®),
have coefficients in R, they map U; into itself.

The following two assertions are quite often used in the theory of
ultrametric formal groups, and may easily be established:

(@) The identity map identifies cosets of U;* mod U;* with cosets
of U* with Ug, if § is sufficiently small. Indeed, this is so because the
formula giving multiplication by x in Uf*=m™ may be expressed as
x+Z+g(Z), where g(Z) is a power series containing only terms of
degree at least 2 and has coefficients in R.

(b) If 6 is sufficiently small we have the commutative diagram

d
U, _@®)o , Ut

explz z‘[exp

Ua* [N Ua*

where the vertical maps are isomorphisms.
Now find a ¢ sufficiently small so that (a), (b) hold for , and U* n ker ¢
is trivial. This is possible since ker @ is finite. Then

(U:U)=(@U*: dUg) -k ker @
and therefore

#kerd  (URUH  (URUp) (UG
#ook @ (500N @UFGUp)  (K:007) (U :(dd), Uy')
1
= det(d®)o|

N (U.s+ :(dD)o Ua+)

In the above line of equalities, all but the last follow immediately
from (a), (b). The last is wellknown, and may be seen by the argument of
(7.4) for example.

The Second Proof. (K general.)
From (7.2) and (6.3), (6.4), we obtain

#G(R/n")= # G(R) - ||discg g ~'/®

for s sufficiently large, and = a uniformizer of R.
From (4.5), (4.8) one has

#G(R/n°)=#H(S, G), for s sufficiently large. q.e.d.
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§ 9. Applications of the Euler Characteristic Formula

We retain the situation of the previous section. Thus G is a commuta-
tive finite flat group scheme over R, étale at the general point of Spec R.
Let G denote the Cartier dual of G, which we suppose is also etale at the
generic point of Spec R. Our first application is to provide an alternate
proof of the local flat duality theorem [13]. Reverting to the terminology
of § 1 of [13] we denote by H'(G) the flat cohomology group; by h'(G)
the galois cohomology of the galois module G® K; by *, Pontrjagin
duality. We have maps R

(©.1) 0— H(G) —— h(G) —~ HY(G)* -0
given as follows: The map a is the composition,
H'(R, G)— H'(K, G) —~ h'(G)

where the first arrow is the map induced by the inclusion of Spec(K) — S,
and the second is the canonical identification of galois cohomology
with the etale cohomology over Spec(K). We have used that G @K is
etale over K to identify H'(K, G) with the corresponding etale cohomo-
logy group [7, IIT§11].

The map b is the composition,
H(G)—%> B (G)* > HY(G)*

where 7 is the Tate local duality isomorphism [21, Ch.II §5 Th.2]
induced by cup-product.

a is injective, and b is surjective as is easily seen (using only that R is
integrally closed). One also checks that boa=0 [cf. 13].

(9.2) Corollary. (Local Flat Duality.)
(9.1) is exact.
As was shown in [13], the problem boils down to the inequality:
#H'(G)- 4+ H'(G)Z #h'(G)
or equivalently,
#H'(G) #H'G) , (G
#H°(G) #H°(G)™ #h°(G)- #h*(G)
using Tate duality. Tate’s Euler characteristic theorem [25, Th.2.2]
evaluates the r.h.s. as being (R:gR). But (8.1) gives the Lh.s. as being
|disc G - disc G| /¢, where we have denoted the discriminant discgg by
disc G.

An elementary computation gives disc G - disc G=g® [e.g, 17], from
which (9.2) follows.
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A second application of (8.1) is the following [see 17, Ch. V Th. 1).

(9.3) Proposition. Let R be the ring of integers in a local number field,
and assume that R contains the p-th roots of 1, where p is the characteristic
of the residue field of R. Let G be a finite flat commutative group scheme
of rank p such that 4% H°(G)= p. Then there is a non-trivial homomorphism
t: G— p,, and any such t induces a diagram with « an isomorphism

U
HY(G)— Hl(llp)=T]7
~_ J
Z um. ge
U?

where U is the group of units in R, U™ the n-th group of the standard
filtration on U, [20, Ch.1V §2] and where

ne P e(K/Q,)—ordg(disc G)
= = _

In the above formula, e(K/Q,) is the ramification index.

Proof.Itis shown in [17] (Ch. ITI Cor. of Prop. 6) that ¢ factors through
), jp
EW#' By (8.1) we know that

4 H'(G)= # H°(G) |disc G|~ '»
ord(disc G)

=pq p

where g= #% (it is a fact that (p— 1) p|ord disc G). Hence to show that

o is an isomorphism one only needs to prove that the number of elements
U(") . UP ord(disc G)

in —r is also pg 7 . However, in general, (loc. cit. Ch.I

Prop. 6 Cor. 1) for 0§i§—p—i—1=m

yed. yr _ i
4 i =pq“’ 1)(m ),

d disc G
In the above i =m—9—r-Tls——, and we are done.
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Appendix. The Different and the Discriminant

Although we might have used the general theory of residues, [e. g. 10],
to obtain the desired properties of the different of a relative local complete
intersection, the following presentation, due to Tate, is elementary,
self-contained, and swift enough.

Assume that R is any ring and that 4 is an R-algebra which is free
and of finite rank over R.

(A.1) Definition. If Hompg (A4, R) is a free A module of rank 1 with 4 as a
basis we may write
Tryr=04r A o4r€A

(where Tty g: A— R is given by Tiyg(b)=trace of “multiplication by b”).
Then 6 4 is called a different of A/R.
(A.2) Proposition. If 6 4 is a different of A/R then

(Norm ¢ (6 4/g)) = discg 4

Proof. Let ay, ..., a, be an R basis of A. Then Ag; is an R basis of
Homg (A4, R)= A*. Since A* and A are isomorphic R-modules under the
map which takes @ to Y ®(a;) a;, it is immediate that det(4(a; 4;)) is a unit
in R. If one then writes

ai=Z Yik %>  Yij€R
we have det(y;;)=N(d), and that
discg A=det (Tt g (a; a))=det(A(a; a))
= det (,})ik) . det A(ak aj)
=N () - (unit).
(A.3) Theorem (Tate). Hypotheses: R is a ring, A an R-algebra f=
(fi» ---»fw)=A a regular A-sequence, A—2~ A/f = C the canonical pro-

jectwn Suppose C is free and of finite rank over R. Suppose further that
the kernel of the homomorphism,

B A@ClhC

is generated by (g,, ..., gn) a regular A ® C-sequence.
R

Conclusions: 1. Homg(C, R) is a free C-module of rank 1. (The module-
structure on Homg(C, R) being given by (c ®)(x)=®(c- x).)
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2. Write

Then there is a C-module generator A€ Homg(C, R) such that,

(A5) a(¥ (@)=
where A'=1® 1, Hom (B, A) is our notation for base change, and
d=det(b; ).
3. (Characterization.) For y=c- A, any ce C, we have
(A.6) a(y (d)=
4. 6C/R=ﬂ(d)'

Proof. 1. Consider the exterior algebra complexes (Koszul complexes)
K4 f) and K® (g) associated to the regular sequences f of A and g of B
[18,Ch. IV § 1, 2]. Thus, if we choose generators u;e K{'( f;) and v;e K (g))
such that d,(u;) = f;; d,(v;) =g; we have K*(f)is the free graded dlfferentlal
exterior A-algebra generated in dimension 1 by (uy, ..., uy) and K53(g) is
the free differential graded exterior B-algebra generated by (vy, ..., vy).

There is a unique differential graded algebra homomorphism
@: K4(f)— K®(g) lifting the canonical map. ®,: A— B, and given in
dimension one by:

(A7) ‘px(“i)=z bij vj.
We then have:
(AS) ¢N(u1®"'®uN)=d'Ul®“'®vN.

The hypotheses of regularity insures that K“(f) is a free A-resolution
of 4/(f)=C,and KB (g)is a free B-resolution of B/(g) C[18,1V Prop. 2].
Since C is free over R, B is free over A. Thus both complexes K4 ( J)and
K?(g) provide free A-resolutions of C.

(A.9) Lemma. We have an isomorphism

Hom (B, A)

h: (g)- Hom, (B, 4)

—C

given by h(®)=a(P(d)).

Proof. ® induces a chain map on cochain complexes,

Hom,, (K®(g), A)—*~ Hom,(K“*(f), 4)
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which must be an isomorphism for cohomology, and in particular fo
N-dimensional cohomology. One computes

H, (KB (g), A) 25> HY (KA(f), A)

I
Hom(B, A)
(g) Hom, (B, A)

b Alf.

If we take h=®%*, and use (A.8), the lemma follows.
Consider, now, the composite

Hom (B, A)

Homg(C, R) C

t

where the first map, @+ @' is base change.
(A.10) Lemma. t is an isomorphism of C-modules; t(®)=a(®' (d)).

Proof. First, that it is a morphism of C-modules: Let ceC, c=a(a)
for some ae A.

tho=a(X(c®1)d); ctA)=a(a-2(d).
We are reduced, then, to checking:

(A (c®1-1®a)-d)=0

which is true, since:

a) c®1—-1®ac(gy, ..., 8n)»

b) det(b;;) g,—=2 bj; f; for bj;eB yielding,

o) (c®1—1®a)-d=Y b} f; for bj;eB.

One checks easily that ¢ is surjective. It follows that ¢ is an isomorphism
since Homg (C, R) and C are free R-modules of equal (finite) rank.

Lemma (A.10) concludes the proof of 1.

2. Take A=t"(1).

3. Immediate from (2).

4. By Definition 1 and the characterization formula (3), we must
check:

(A.11) a(Treir(d))= P (d).
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Using the formula for ¢ in (A.10), it suffices to check:

(A.12) t(Trcr)=B(d).

Choosing dual R-bases {y,} of C and {1,} of Homg(C, R), we have
that {y,} is an A-basis of B, and we write:

N
d=3 a,v,,
v=1

where a,= 4, (d). Also, Ticg=Y.7," 4,
where the - denotes C-module multiplication in Homg(C, R). We now
show (A.12):

t(Trcir)=). v, t(A,)

=Y a(A,(d)- 7,

= Z fx(av) Vo

=p(d).
The first equality in the above string uses that ¢ preserves C-multiplica-
tion, and the other equalities are immediate. g.e.d.

We now may prove two corollaries which are used in the preceding.

(A.13) Corollary. Let R be a complete discrete valuation ring and let

We R[x;... xy]
(D;... Dy)

that W® K is étale over K, and that ®, ... @y is regular for R[x, ... xy].

R
Then det(d®)e W is a different for W/R and

be an R-algebra which is finite and free over R. Assume

discg W=(]] detddy)
e

where @ runs over all the roots of @ in K, (K an algebraic closure of K).

Proof. We claim first that det(d®)e W is a different for W. This is
immediate from the theorem: for set A=R[x,,...,xy], C=W; then
B=C[x,,...,xy], and it is immediate that if X; is the residue class
of x; in W we have ker(B)=(x,—X,, ..., xy—Xy) which is B-regular.

Thus if we write

0P

—am—f=bij+k,.,. with k;eker .

J

Therefore ¢ g =det(dP)eC.
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Note now that
[ [det dde = I1 c(det dd).
[}

eeHom, (W, K)

Thus we are reduced to the following lemma

(A.14) Lemma. For W/R finite, free /R with W®K étale/K. the norm

is given by
NW/R (@)= I_[ o(a).

seHom, (W, K)

Proof. Since the norm from W to R of a is the same as the norm from
W®K to K, and since Hom,,(W® K, K) is naturally isomorphic to
Hom,,, (W, K) we are reduced to the case when R is a field. W is then
the direct product of separable field extensions, and one checks that the
formula is valid if it is valid for each factor. Hence we may assume that
W/R is a separable field extension; then the result is Bourbaki Algebre
Chapter VIII § 12 no. 2 Proposition 4.

Finally we prove the “formal analogue” of (A.13).

(A.15) Corollary. Let R be a complete discrete valuation ring and let
— R[[xla XK XN]]
(D1 ..., D)
with (Dy, ..., Py) a regular R[x,, ..., xy]-sequence. Then det(d®)e W
is a different for W/R and

discg W=[] det(d®s).
6

be a finite free R algebra, étale at the generic point,

Proof. Is essentially word for word the same as (A.13), once one notes
that the right hand side makes sense because all @ are in the maximal
ideal of the integral closure of R in some finite extension of K.
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A General Strong Law*

S. D. CHATTERII (Montreal)

§ 1. Introduction

Recently Komlos [4] proved the interesting fact that given any
norm-bounded sequence F of functions in I! there is a subsequence F
of F and a function f e I* such that for any further sub-sequence f, of F;

limn 'Y (fi—f)=0 ae
n—w k=1

The main purpose of this paper is to establish the following generalization:

Theorem 1. Let (S, Z, P) be a measure space and F a sequence from
I*(S, X, P),0<p<2,and let sup [ | f|? < 0. Then there is a sub-sequence F,
JeF

of F and a function feI? such that for any sub-sequence f, of K,
limn~'?Y (f,—f)=0 ae. (1)
n— oo k=1

Further f =0 is always a possible choice if 0<p<1. In general F, cannot

be chosen in such a way as to ensure IP-convergence in (1). If however

there is a sub-sequence G such that {|f|?: fe G} = L' is weakly sequentially

compact (this means in the case of a bounded measure P that G is an

uniformly integrable family i.e. I}im § 1fIPdP=0 uniformly for
- s>

feG) then IP-convergence in (1) can be egslu:gd as well.

Actually the proof of Theorem 1 in the case of an arbitrary measure
follows immediately from the special case of probability measures and
so in the body of our proof we shall suppose P(S)=1. Indeed, since
denumerable integrable families have o-finite supports one could first
reduce the theorem to the o-finite case and then replace the o-finite
measure by an equivalent probability measure. We leave out the details of
this latter argument.

The following simple example shows that the condition of uniform
integrability is indeed necessary for the IP-convergence part of
Theorem 1.

* Work supported by a grant of the National Research Council of Canada.
17*
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Example. Let f,=n?" on [1/n+1, 1/n) and =0 outside on [0, 1],
n=1, 2,.... Then 3<[|f,I’=n*/n(n+1)<1 and Xf,<oo everywhere
since the f,’s have disjoint supports. Hence for any subsequence

k
n1<n2<---l}imk_1/p2f,,j=0
But B
k- [(Zf,,j) 12 n?/n;(n;+1)= 5 +0.

It is also clear that the subtraction of any function feI? from the Jus
will not induce I’-convergence.

We note the following corollary to Theorem 1:

Corollary. If {f,} is a sequence of symmetrically dependent random
variables (r.v.) over a probability space (S, Z, P) and if f,eI?,0<p <2, then

limn~ 2y (f,—0)=0  ae. andinl?
n— o k=1

where @=0if 0<p<1 and © =E(f;|1),  =tail o-field of {f,} if 1Sp<?2.
By symmetric dependence is meant that

P{(f1,....fo€B} =P{(fu; .-, fu) € B}

forany k=1, n, % --- +n;, and any k-dimensional Borel set B. The existence
of the limit above is immediate from Theorem 1. The identification of &
as the indicated conditional expectation is known and routine. If the
[ s are independent, identically distributed r.v.’s then the a.e. convergence
part of the corollary corresponds to the classical theorems of Kolmogorov
(for p=1) and Marcinkiewicz (see Loéve [5]). I[P-convergence in this case
has recently been proved by Pyke and Root [6]. A general IP-conver-
gence theorem for martingales is proved in [2] from which also the above
corollary can be easily deduced. Note that for 0<p< 1, the convergence
in the above corollary follows solely from the identical distribution of
the f,’s. This has been noted by Sawyer [8] pp. 165 and it follows from
our Lemmas 1 and 2 as well.

We remark that known facts of elementary probability theory prove
that in the range 0<p <2, Theorem 1 is the best possible and that the
analogue of Theorem 1 for p=2 is false. In Section 5 we indicate the best
possible substitute for Theorem 1 in the case p=2, a theorem due to
Révész [T].

As a final comment we point out a mistake in a wellknown paper of
Banach and Saks [1]. There the authors after having proved that a weakly
convergent sequence f, in I, 1 <p< oo possesses a sub-sequence whose
arithmetic averages converge strongly, claim that this is false for p=1.



A General Strong Law 237

Indeed on pp. 55 of [1] they write down a presumed counter-example.
It turns out that their counterexample is invalid since the sequence which
they claim to be weakly convergent to 0 is not so. In fact, Theorem 1
for p=1 (i.e. Komlés’ theorem) proves that the Banach-Saks theorem
is valid for I!. On the other hand in the Banach space C[0, 1] the Banach-
Saks theorem is known not to be valid, Schreier [9]. Is there any natural
characterization of these Banach spaces in which the Banach-Saks
theorem is valid? It is interesting to add here that a famous theorem of
Mazur says that if in the theorem of Banach-Saks one permits arbitrary
convex combinations then one can get strong convergence in any Banach-
space.

We should like to indicate here our indebtedness to the methods
implicit in Komlds’ work [4]. In particular the idea of proving Lemma 1
and using conditional expectations is taken from [4]. Originally we had
given a proof for p#1, 0<p<2, based on methods of the theory of
orthogonal functions e.g. as in the proof of the Rademacher-Menchov
theorem (Zygmund [10]). Since the details of this proof were too clumsy
and further did not yield the general theorem for p=1 we preferred to
resort to the methods of [4].

§ 2. Preliminaries

As pointed out in the introduction we shall be working exclusively
in a probability space (S, Z, P). Hence we can freely use the standard
probabilistic devices like conditional expectations etc. In particular we
shall need the following version of the Doob-martingale convergence
theorem: see Loéve [5].

Theorem 0. If f,eI? n21and @,=E(f,|f}, ..., fu_1) then Y. (f,—©,)
converges a.e. and in I? if ¥ | fZ < 0. "

For some of the work on IP-convergence, 1 <p <2, we shall need the
following lemma proved recently by Esseen and Von Bahr [3]. A simple
proof is given in Chatterji [2].

Lemma 0. If fiel?, 1<j<n, 1Sp<2and if E(filfis -5 fi=1)=0 for
j=2,...,n, then ,.
Flfit-+flP=2 ) (ISP
j=1

Actually a slightly better constant than 2 is possible (see [2] or [3])
but this is of no consequence to us here.

We use in the sequel | f instead of [ f(s) P(ds), the letter A for finite
constants, positive, possibly different each time, immaterial to the argu-
ment at hand and the symbol C{...} for the function which is one on the
set determined by the parentheses and zero outside.
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In Section 3 we present four lemmas which may be of some methodo-
logical interest in themselves. Lemma 1 for the case p=1 is implicit in
Komlds [4]. This crucial lemma is actually a reflection of the weak-
compactness of distribution functions on the line with a bounded p-th
moment. In Section 4 we prove our main Theorem 1 by means of the
lemmas in Sections 3. In the final Section 5 we consider the case p=2.

§ 3. Some Lemmas
Lemma 1. If F is a sequence in L7, 0<p<2 with sup j |fIP< oo then
F

€
there is a sub-sequence F, of F such that for any sub-sequence {f,} of Fy
one has

(@ Y P(fI>n'P)<oo;
®) L P[4 C{flsn!Ph <0

and

© Yo P [|fl- C{fil£n'P} <0 if O<p<l

or
Yavef|fl- C{lfl>n"Py <0 if 1<p<2.

Proof. Let sup [|fIP=B<co. Repeated use of the Bolzano-Weier-
feF

straB theorem and the familiar diagonal-choice procedure allows us to
choose a sequence f,eF such that

limPk<|f,|Sk+1)=a; for k=0,1,2,...
and
Pk<|f,|Sk+1)=Za+27* for 0<k=<n?P, )
Since "
B2(1f P2 Y kP P{k<|flsk+1}
k=1

we have by Fatou’s lemma (for series)

o0

Sk gy <liminf 3 k* P{k<|f,|<k+1}<B
1 Lind o S |

hence w
3 kP gy <. 3
1

We shall prove that the sub-sequence Fo={f,:n=1} satisfies the as-
sertions of Lemma 1. Actually we shall show, using only the inequalities
(2) and (3), that the norm-bounded sequence F, in L? itself satisfies (a) — (c).
Since any subsequence of F, will satisfy inequalities (2) and (3) as well,
it too will fulfill (a)—(c) of Lemma 1, thus proving the latter.
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Now
P(|f|>n'?")< Y Pk<|flSk+1D+P(fI1Zn*?)
nl/P—1<k<n?/P

= Y (@+27%+n"?B

nl/P—1<k<n?/pP
by (2) and Markov’s inequality.
So -
YP(fI>ntPY Y (@+279+4
n=1

n'P—1<h<n?'r

@+279- Y 1+4

kP/2<n<(k+1)P

IA
g

x
[l
-

(k+1P(a+27H+4

lIA
18

x
[
-

hence 3. P(1f,|>n"/?)< o by (3); this proves (a).
n=1
Again as above
[IAP- ClfIsntPy <

=

(k+1)*- P{k<|f,|Sk+1}

oszni
Y (k+1)?(@+279 by ()
0sksnl/P

so that (here we use the fact 0<p<2)

Zn—Z/p“‘lfn'Z . C{lfnlénllp}ézn—ﬂp Z (k+1)2(ak+2‘k)

0sk=Zni/p

IA
D8

(k+1)*(@+279 Y n~ 2P

0 n>kpP

A Y (k+ 1) @+27 (kD) P
k=0

k

]
8

|I/\

(k+ 1P (g +2 F <o by (3).

Il/\
MB

k=0

This proves (b). Similarly if 0<p<1
W ARG AR B CR R
n=1

§k§n””

= Z(k+1)(ak+2 DM

n>kp

§A-Z(k+1)"(a,,+2"‘)<00 by 3);
k=0

this proves (c) for 0<p<1.

239
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To prove (c) if 1 <p<2 we note first that (with p~'+g71=1)

JIfl- CURIZR* P SN fll, - TPULIZR ]I A - nm2

by applying Holder’s and Markov’s inequalities successively. Hence
1_2

P IVARK VAP EV B WRACE SV B Mt Ao
Also as before
L Pl C{ntP < f, | <n?P}

<SS Y kD@2

n=1 nl/P—1<k<n?p

8

s Yk+D@+27h ¥ ol

k=0 kP2 <n<(k+1)P

8

A3 (1) (@279 {(k+ 17} 7

k=0

II/\

(k+1)P (g +27 <0 by (3).
0

lI
Ms

k

The foregoing two inequalities clearly establish (c) for 1 <p <2 and this
proves Lemma 1.

Lemma 2. If 0<p<1 and f,eL? is a sequence which satisfies (a)—(c)
of Lemmal then

llmn"”"Zf,, 0 ae.

n— oo k=1

There is IP-convergence if lim [|f,|P- C{|f,|>n"*}=0, in particular if
the |f,|”’s are uniformly integrable.
Proof. Define f,=f,- C{|f,|<n''?} and f,=f,—f,.

By (a) and Borel-Cantelli lemn~1a, for a.e. x in S, there exists an
integer N(x)=s such that f,(x)=f,(x) for nZN(x). So to prove a.e.

convergence above it suffices to prove that lim n~ lp Z fi=0a.e. For this,
note that in the identity

En P f=n P (f— )+ X 0P B,

where B,=E(f,|fi,...,f,—1), the first series on the right converges a.e.
and in I? by the martingale convergence theorem (0) since by (b) we have
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Yn || ful?< 0. The second series converges a.e. and in ! since
YRl Sy P [ fil<oo by (0).

Thus Y n~ Y7, converges a.e. and in I! which proves (by the so-called

Kronecker’s lemma) that lim n~ /7 Z fi=0a.e. and in I!. This proves the

n— oo
a. e-convergence part of Lemma2 To prove the other part note that
p-lp Z f,(:n-lll’z fo4n-ur Z f, and that the first expression on the
1 1 1
right converges to 0 in I! and hence in I?, 0<p<1. It remains only to

ka =0. But

show that the second term goes to 0 in L7 i.e. 11m ntf
since 0 <p <1, we have

;f}

p n -
Slimn 'Y AP
n— oo 1
= lim [| f,/7=lim [| £,17- C{| f,|>n""}
=0

0<limsupn™*{

if the further assumption of Lemma 2 is valid. This completes the proof
of Lemma 2.

Lemma 3. If f,e?, 1<p<2, satisfy (a)—(c) of Lemma then
lim n~ ") (fi—60)=0 a.e.
n-— oo 1

where O,=E(f| fi,---sfx—1)- There is IP-convergence as well if the
| f.P’s are uniformly integrable (or a little more generally if 11m f! AL
C(| ful>n'P)=0).

Proof. As before, define f,=f,- C{|f,|<n"?}, f,=f,—f, and B,=
E(f)| fi, ..., fo_ 1) Then in the identity
Zn—llp(f;l__@")=Zn‘1/l’(ﬁl_ﬁ")+z n~1/p(.f:t+ﬁn"

the first series on the right converges a.e. and in L? (hence in I?, p<2) by
the martingale convergence theorem (0) and condition (b) of Lemma 1
and the second converges (absolutely) a.e. and in I* since

S [1fut b= GilS2 Y nm P | f <oo

by condition (c) of Lemma 1. This proves the a.e. convergence part of
Lemma 3. To prove IP-convergence under the indicated condition, it
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suffices to prove that
Y (fi+B—6)—0 in I
1
Since E(fi| fi, .- s fx—1)=6Op— Py, the sequence {f,+f;—6,} is a mar-

tingale-difference sequence and so by the Esseen-von Bahr inequality
(Lemma 0)

ntf

)Z:f;+ﬂk—@k"gzn-l‘lﬁnmﬂk—@kl”

=8n“§j§lﬂl”—>0

as n— oo since || f:|? = 0 by the supplementary assumption of Lemma 3.
This completes the proof of Lemma 3.

Although we shall not need it, we state for the sake of completeness
the analogue of Lemmas2 and 3 for p=1. We keep the notation as
above. Then

Lemma 4. If f,eL' satisfies (a) and (b) of Lemmal for p=1 and if
further E(f,| f1, .. Ju—1)— 0 a.e. then

lim n~ IZ(f,, 0)=0 a.e

n—oo

There is I}-convergence as well lf lzm II £.1=0, in particular, if the f,’s are
uniformly integrable.

The proof of Lemma 4 can be read off instantly from that of Lemma 3
and hence we omit it.
Note that the proofs above show that for any sequence c, with

n'?/c, -0, 11m 0.c, . Z( fi—©)=0 in I? (and naturally a.e. as well)

without any umform 1ntegrab111ty conditions. This comment makes the
Banach-Saks theorem referred to in the introduction a consequence of
Theorem 1 for 1<p<2.

§ 4. Proof of Theorem 1

We come now to the proof of Theorem 1. We divide the proof into
two parts, the first for 0<p <1, the second for 1 <p<2. The case p=1is
just Komlos’ theorem [4] and we omit its proof.

The case 0<p<1 is the easiest. Here we choose a suitable sub-
sequence F, as guaranteed by Lemma 1 and then Lemma 2 completes
the proof in this case.
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In the case 1<p<2, we first choose a sub-sequence {f,} of F and
fel? such that f,—f weakly in I¥. This can be done because of the
norm-boundedness of F. Now we choose a sequence g, of measurable
simple functions (i.e. each g, takes only a finite number of values) such
that ||(f,—f)—gall,<27". Then we know by standard arguments that
Y (f,—f—g,) is absolutely convergent a.e. and in I?. Also g, — 0 weakly

in I? and the |g,|”’s will be uniformly integrable if the | f,|”’s are. It will
therefore be sufficient to prove the theorem for the sequence {g,}. By
passing to a further sub-sequence we can ensure that the sequence
G, ={g,} satisfies (a), (b) and (c) of Lemma 1 and further satisfies

() |E(gnlgi» ---» )| 27"

for any choice of iy, ..., =n—1.
Condition (d) can be assured by the following argument. Since the
original sequence g, — 0 weakly in I?, we have | g, —0 for any AeX. The

A
family of all sets in all the Borel fields generated by g;, ..., g;, for all
choices of iy, ..., iy <n—1 is finite and so the conditional expectations
in (d) are of the form [P(4)]~" [ g, on certain (finite number of) subsets.
A

Hence a suitable choice of a sub-sequence will ensure (d). It is also clear
that if G, satisfies (a)—(d) then any sub-sequence of G, will do the same.
For the sake of simplicity of presentation, we complete the proof for
the sequence g, itself. This is now very easy. By Lemma 3 we have

n_llpZ(gk—@k)‘—)O a.c.,
1

where ©,=E(g|g1, .., 8-1) and by condition (d), Y16,/=1 ae. So
n 1
n~Y?Y g,—0 a.e. That IP-convergence is ensured under the supplemen-

1
tary condition follows from Lemma 3 similarly. Thus the proof for
1<p<2 and of the theorem is thus completed.

§5. Case p=2

Here we can prove the following theorem, essentially that of Révész [71
Our proof following the methods of this paper is much simpler than that
of Révész.

Theorem 2. If f,eI? converges weakly to fel? then there is a sub-
sequence ny<n,<--- such that . ¢,(f,.—f) converges a.e. and in I? for
' k

every sequence ¢, with ¥ |¢,|* <.
k
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Corollary 1. Given a bounded sequence F in I* we can choose a sub-
sequence {f,} of F and a function feI? such that whenever Y |c,|* < oo,

k
the series Y. ¢,(f,— f) converges a.e. and in I2. Hence if c,i0 then
lime, ) (fi,—f)=0
n— oo j=1

a.e. and in I? for every sub-sequence fi, of f,.

Corollary 2. From any orthogonal sequence f,eI? one can always
choose a sub-sequence {f, } such that Y c,f, converges a.e. and in I?
x

whenever Y |c;|* < co.
x

This follows immediately from Theorem 2 because an orthonormal
sequence f, — 0 weakly in I2.

In the case of special orthonormal series Corollary 2 has been known
(see Zygmund [10]) for a long time. E.g. for the trigonometric system
any lacunary sub-sequence n, ,/n,=q>1 satisfies Corollary 2. For the
Walsh-Paley sequence, the Rademacher functions provide an appro-
priate sub-sequence. Of course for the trigonometric case the famous
recent a.e. convergence theorem for Fourier Series of L. Carleson shows
that the original sequence itself satisfies Corollary 2.

For the proof of Theorem 2 we first choose a sequence g, of simple
functions such that ||(f,—f)—g,ll,<27" It is clear that if Theorem 2
has been proved for a sub-sequence g,, of {g,} then the corresponding
sub-sequence f, will satisfy the assertion of Theorem 2. Since g,’s are
simple functions converging to zero weakly in I?, we can, by an argument
used before, choose a sub-sequence g,, such that

|E(gnk|gn13-uagnk-])léz_k, kgl

Now suppose " |c,|*<oo and consider the series Y (g, — 6,) where
k k

©,=E(g,,|8ns-->8m_,). This series converges a.e. and in I? by the
martingale convergence Theorem O because the weakly convergent
sequence (g,) is norm-bounded and therefore

;lckiz_“gnklzéA ';lck|2<w'

Since Z |6,| <1, it follows that Z Cx 8, is convergent a.e. and in I2. This

completes the proof of Theorem 2.
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On Some Results Concerning
Uniform Approximation

G.LuUMER* (Seattle, Wash.)

In [2], Glicksberg proved a very interesting result directly related to
uniform approximation, which was in turn extended by Garnett and
Glicksberg in [1] (see Theorem 1 below). Here we show that these
results can be derived in a very brief manner from the general theory
developed in [3]. Moreover our proof does not require at all the use
of the (extended) von Neumann minimax theorem which plays a funda-
mental role in the proofs given in [2, 1]. We also indicate an extension
of the above mentioned Garnett-Glicksberg result.

A shall denote a function algebra on a compact Hausdorff space X.
Let .# (A) denote the spectrum (Gelfand space) of A4, and for ye.#(A),
write M, ={all representing measures for y on X, relative to 4}. We
shall use freely the notions and notations of [3]. Let us however recall a
few basic facts. One defines, for 0<p< + oo, ||| f]ll} as sup fIf1Pd p pro-

ue

vided the latter makes sense and is finite, and then deﬁnes I*(y) with
the usual type of identificationes. To each ye.#(A) there are thus
associated Hardy spaces H”(y) defined as being the closure of 4 in P (y).
For details concerning these spaces and the conjugation operator “*” —
defined modulo y-null functions for ueRe A4, by u+i*ueA, y(u+i*u)
real, and then extended to a larger domain D(*)=ReL!(y) — we refer the
reader to [3]. The “unique extension space &,={ueCg(X): fudu=
constant as u varies in M,} plays a crucial role, and we recall explicitely
the following result of [3] (Theorem 1.6.2 and proof; see also 1.6.4):

Ifu €&,, then ueD(*) and u+i*ue H?(y).

1. Theorem (Garnett-Glicksberg)'. Suppose A and B are function
algebras, Ac B< C(X), and there is no non-trivial completely singular
elementin A*. Then A=Biff: 1) #(A)=.#(B);2) M (A)= M (B)Vye.#(4),
or equivalently (under .# (4)=# (B)) Re B & ,(A) VyeH# (A).

Proof. Let feB, f=u+iv with u and v real. By assumption ue&,(A4).
Hence u+i*ueH?(y, A)c H*(y, B), and so *u—ve H?(y, B) and is real,

* Supported in part by National Science Foundation.

! A slightly more general version is given in [l] and can be treated similarly to what
we do in Theorem 1; see Remarks 5 below. Also notice that we use here the terminology
“completely singular” (used in [2]), for what is called “totalement singulier” in [3].
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therefore constant y. a.e. by 1.4.3 of [3]. Thus, f=u+ive H*(y, A),VfeB,
and hence B=A4 by 1.7.4 of [3]. Q.E.D.

2. Corollary (Glicksberg). Suppose A and B are function algebras,
AcBc C(X), and there is no non-trivial completely singular element in A*.
Then A=B iff: 1) #(A)=.#(B); 2) (Re A)'=(Re B)!, i.e. the real-
orthogonal measures for Re A and Re B are the same.

This corollary obtained earlier by Glicksberg in [2], follows from
Theorem 1 since it is easily seen that if .# (4)=.# (B), (Re A)* =(Re B)*
implies M, (A4)=M,(B) Vye.# (A).

The following two results are obtained in [2] via the minimax theorem,
and used in deriving the theorem (and corollary) above. It seems of
interest to show how they too can be obtained without appeal to the
minimax, which we do below.

3. Lemma ([2]). If fe C(X) and feH*(w)V ueM,, then fe H*(y).

Proof. For arbitrary uy, u, in M,, we have fe H* (u) where =3 (u; + p1,).
So 3f,€A, f,—f in H?(p). This implies f,—fin H?(u,) and H?(u,), and
therefore

[fd =tim [f, dpy =lim y(f)=lim [f, d o= fd .

Hence (fdpu is constant for ueM,, and therefore u=Ref and v=Im f
are in &,. We may suppose y(u)=y(v)=0. Now u+i*ueH?(y) since
ueé,. In particular *u—veH 2(,u)V;uEMy, from which we have *u=vpu.a.e.
(see lines 5 and 6 of the Proofl.7.5 of [3]). Thus v=*u y.a.e.,, and
f=u+iveH?*(y). Q.E.D.

The above and 1.3.10 of [3] give the following

4. Corollary ([2] Corollary 2.3). If feC(X) and belongs to H?(w)
for each peM,, then 3 a sequence {f,} in the || ||, — ball of A, such that
fu—fuace. forall ueM,.

5. Remarks. It is clear from [3] (see 1.7.4), that in Theorem 1 one
can replace “#(A)=.#(B)” and “Vye.#(A)” by “One y in each part
of #(A) is in # (B), and for these y...”, as is done in [2], without any
change in our proof. Also, as in Theorem 1.9 of [1] for instance, one can
replace in Theorem 1 above “there is no non-trivial completely singular
element in A1 by “there exists no completely singular extreme point in
ball A1”, and our proof is adapted to that situation without difficulty
via the Krein-Milman theorem. Again, one can derive without appeal
to the minimax, via Lemma 3 above, the characterization given in [2]
for A provided A completely singular extreme points in ball A*:

A={feC(X): feH*(u, A), all ueM, for one y in each part of .#(A)}.
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Also other related results of [2], [1], which instead of making assumptions
on completely singular elements of A*, suppose the existence of an
appropriate F < A, of elements invertible in C(X), such that F~'uA4
generates C(X), can be given proofs shortened along the above lines
and not requiring the minimax theorem.

One also sees through the arguments used above that weak-star
compactness (as holds for M,) is not essential for the validity of a result
of the kind of Theorem 1; explicitely, we give the following extension.

6. Theorem. Suppose A and B are function algebres, A< Bc C(X),
and 3 any completely singular extreme point in ball A*. Then A=B iff:
1) One y in each part of 4 (A) is in M (B). 2) For each such y there is M
convex and weak-star dense in M.(A) such that Re B is in the L' (u)closure
of Re A for every ue M.

Proof. If ueRe B, the convexity argument used in the proof of
Lemma 3 above, shows that for each M as described in the hypothesis
j'ud u is constant as u ranges over M, and since M is weak-star dense,
therefore constant on M,. Hence ueé,. Thus Re B &, for one y in
each part, and in this case it follows that B=A (we are back to the
situation covered in Theorem 1, Remarks 5, i.e. the Garnett-Glicksberg
result). Q.E.D.
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Sur la formule des caractéres de H. Weyl

MicHEL DEMAZURE (Orsay)

Dans cet article, on se propose de montrer que la formule des carac-
téres se déduit simplement du théoréme de Bott énoncé dans [2].

Dans toute la suite, on désigne par k un corps de caractéristique 0
(cette derniére hypothése n’est utilisée qu’a partir du n°2), par G un
k-groupe semi-simple déployé simplement connexe, par T un tore maxi-
mal déployé de G, par B un groupe de Borel contenant T.

1. Images directes et réciproques de représentations

Pour tout k-schéma algébrique X ol G opére, on note A,(X) la
catégorie des G-modules cohérents sur X, c’est-a-dire des Oy-modules
cohérents & munis d’un relévement a & de 'opération de G (cf. [3], § 3,
déf. 1.6 mutatis mutandis); le groupe de Grothendieck de cette catégorie
abélienne est noté K;(X), I'image de I'objet & de H;(X) dans K;(X) est
notée cl(&).

Soit P un sous-groupe parabolique de G; notons % (P) la catégorie
abélienne des représentations linéaires de dimension finie de P, R(P) le
groupe de Grothendieck de 2 (P) et cl(V) I'image dans R (P) de I'objet V
de Z(P). Considérons les deux foncteurs additifs

&: R(P)— A5(G/P)

¥: A5 (G/P)— R(P)
définis comme suit:
a la représentation p: P— GL(V), @ fait correspondre le fibré associé
G x? V qui est un 0 p-module localement libre (car la fibration G — G/P
est localement triviale); au G-module & sur G/P, ¥ fait correspondre la
représentation de P dans la fibre de & au point marqué de G/P, déduite
de I'opération de G sur &. On vérifie sans difficultés que ces deux foncteurs
sont quasi-inverses I'un de l'autre. Il en résulte en particulier que tout
objet de #;(G/P) est un O p-module localement libre et que & induit un
isomorphisme de groupes

¢p: R(P)— K (G/P).
En outre, si 'on munit R(P) et K;(G/P) de leurs structures d’anneaux

déduites du produit tensoriel, @, est un isomorphisme d’anneaux.

18 Inventiones math,, Vol.9
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Si G opére sur les k-schémas algébriques X et Yetsi f: X — Y est
un morphisme (resp. un morphisme propre) compatible avec les opérations
de G, on definit une application f*: K (Y) — K (X)(resp. une application
fi: Kg(X)— K4(Y)) par

S*((F)=cl(f*(F))
(resp. fi(cl(@) =) .(—1)"cl(#"f,(&))), ou f*(F) est 'image réciproque
du Oy-module Z (resp. ou gi’" [ (&) est la n-iéme image directe supérieure
du (OX-module &), que 'on munit de sa structure naturelle de G-module,
déduite de la structure de G-module de Z (resp. &). Si f est propre, et si
yeK;(Y) est la classe d’un @y-module localement libre, on a aussitot

A*O) x)=y fi(x), xeKg(X).

En particulier, considérons deux sous-groupes paraboliques P et Q
de G tels que P = Q. Désignons par i: P — Q l'inclusion, par f: G/P — G/Q
la projection canonique et par i*: R(Q)— R(P) 'homomorphisme de
restriction. On a un diagramme commutatif:

R(Q) 55> K4(G/Q)
i* f*
R(P)—2>K4(G/P).

On définit un homomorphisme de groupes i,: R(P)— R(Q) par le dia-

gramme commutatif:
R(P)—5> Kg(G/P)

iy Iy

R(Q) 55> Ks(G/Q);

i(i*(Bo)=Pi(), «cR(P), PeR(Q). (1)
Par exemple, si P=B et =G, on a R(P)=R(B)=R(T), G/Q=
Spec k=pt, d’ot un diagramme commutatif:
R(G)—5> Kg(pt)
i I
R(T)—5> Ko (G/B)
izl 1y
R(G)—¢> Kg(pY),

ou i* est ’homomorphisme de restriction et ou, si p: T— GL(V) est une
représentation de T, on a

iy(cl(p) =Y (— 1" cl(H"(G/B, G x2V)). @)

on a donc
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2. La formule des caractéres

Notons M le groupe des caractéres de T; pour yeM, soit e* I’élément
de R(T) obtenu en faisant opérer T sur k grice a x. Il est clair ([4],
n°® 3.4) que R(T) s’identifie ainsi a ’algébre Z[M] du groupe M. D’autre
part, si W désigne le groupe de Weyl de G relativement a T, on sait
([4],n° 3.6) quei,: R(G)— R(T)est injectif et que son image est R(TY =
{xeR(T)|wx=x pour tout we W}. Pour calculer i,: R(T)— R(G), il
suffit donc de calculer i*i,: R(T)— R(T). Notons J ’endomorphisme de
R(T) défini par

J()= Y e, w),
weW
ou, pour we W, on désigne par ¢, la signature de w. Soit peM la demi-
somme des racines de B relativement & T. D’apreés [1], § 3, n° 3, prop. 2,
J(x e”) est divisible par J (e?) pour tout xeR(T) et ona J(xe?)/J (e?)eR(T)".

Théoréme. Pour xeR(T), on a i* i,(x)=J (x e?)/J ().

En particulier, prenons x = e%, ou x est un poids dominant. Si @ g(e*)=
& (x) est I'élément correspondant de R;(G/B), on a H"(G/B, & ()=0
pour n>0 ([2], n°® 8) et la représentation de G dans H°(G/B, £ (y)) est
simple de plus haut poids x. D’ou, d’aprés le théoréme et la formule (2):

Corollaire (formule des caractéres). Si x est un poids dominant et si
E, est un G-module simple de plus haut poids y, on a dans R(T)

i*(cl(E,))=J (e***)/] (e?).

3. Démonstration
D’aprés la formule (1) et le fait que i, (R(G))=R(T)”,ona

i*i(xy)=xi*i,(y), xeR(T)", yeR(T). (3)
D’autre part, d’aprés [2], n° §,
" i(1)=1. @)
Lemme. Pour xeR(T) et weW, on a
ij(w(xe) e ?)=¢, i, (x) 5)

ou g, est la signature de w.

11 suffit de démontrer (5) lorsque x =e* ou x est un caractére de T.
Alorsiy(e)=Y.(—1)" cl(H"(G/B, £ (r))). D’aprés [2],n° 7, on a, pour tout
neZ,

cl(H"(G/B, £ () =cl(H"*** (G/B, £ (w(x+p)— ),

18*
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ou #(w) est la longueur de w (relativement aux symétries fondamentales
associées a B), donc

g, iy(e)=(—1Y™i(eD) =) (—1)"**™ cl(H"**™(G/B, £ (w(x +p)—p))

=i, (e" XA~ P =i (w(e* e) e ?).
Démontrons maintenant le théoréme. D’apreés (5), on a

Card(W)-i,(x)= Y. &, iy(w(x e?) e~ ?)=i)(J (x e?) e?).

weW
Comme J(x e?)/J (e?)eR(T)¥, on a d’aprés (3)

Card (W) i* i,(x)=(J (x e)/J (€”)) - i* iy(J (¢”) e *),
donc
*i,(x)=aJ(xe)J (),

ou aeR(T)® Q est indépendant de x. Faisant x=1 et utilisant (4), on
voit que a=1, d’ou le théoréme.
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Derivations of Matroid C*-Algebras

GEORGE A.ELLIOTT (Vancouver)

Introduction. The main object of this paper is to give an elementary
proof that every derivation of a matroid C*-algebra with unit is inner
(Theorem 14). (A C*-algebra A is called matroid ([2], Definition 1.1) if
for every x,,...,x,€A and £>0 there exists a sub-C*-algebra B of 4
isomorphic to a matrix algebra (that is, to the C*-algebra of all rxr
complex matrices for some integer r>0) such that the distance from
Xy, ..., X, to B is less than ¢ (that is, there exist y,,..., y,€B with
llx;—yl Se, i=1,...,n).) Sakai, in [8], proves a more general result,
and Sakai in [7], Lance in [5] consider special cases; all three of these
papers use von Neumann algebra techniques. The present proof is
based on the following observation, purely algebraic in nature. Let 4
be a C*-algebra, and suppose that B is a sub-C*-algebra of 4 isomorphic
to a matrix algebra. Then every derivation from B into A is inner (that
is, is implemented by an element of A4). Example 15 shows that this
need not hold if B is just assumed to be matroid with unit.

For certain matroid C*-algebras without unit, examples of outer
derivations are given in 16.

1. Lemma. Let A be a C*-algebra with unit 1, and suppose that B
is a sub-C*-algebra of A containing 1 and isomorphic to a matrix algebra.
Let D be a derivation from B into A. Then there exists ye A such that
D=ad y|B. If DB< B then y may be chosen €B.

Proof. Let (e;)); j-1,..,» b€ @ system of matrix units for B. Set y
=Y" (De;)e,;. Then ye A, and if DB<B then yeB.

We have ye;;=(De;j)e,; (i, j=1,...,n).

Since D1=D(1?)=(D1)1+1(D1)=2D1, D1=0.

Since 1€ B, we must have 1=Y"7_, e,;; therefore

0=D(Z?-1eii)=D(Z?-1eileu)=2?-xD(eueu)
=Z?-l((Deil)eli+ei1Deli)=y+2:"=leilDeIi'

Hence ¢;;y=—e¢;; De,; (i,j=1,...,n).

Now we have
yeii—eijy=(Deil)elj+ei1De1j=D(ei1e1j)=Deij (,j=1,...,n).

By linearity, D=ad y|B.
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Remark. The above proof works equally well if 4 is an arbitrary
algebra with unit over a commutative ring k with unit and B is a sub-
algebra of A containing the unit of A and isomorphic to the algebra
of all r x r matrices over k for some integer » >0. The assumption that 4
have a unit is in fact unnecessary, but will be satisfied whenever Lemma 1
is applied in this paper.

2. The following lemma can easily be deduced from a theorem of

Tomiyama [11]; a somewhat more direct proof is given below. The
proof of (iii) is due to Stinespring [10].

Lemma. Let A be a C*-algebra with unit 1 and suppose that B is a
sub-C*-algebra of A containing 1 and isomorphic to a matrix algebra.
Let f be a state on A (that is, a positive linear functional on A such that
f()=1). Let B’ denote the commutant of B in A. Then there exists a
unique linear mapping P: A— B such that P(x y)=x f(y) whenever xeB
and yeB'. P has the following properties:

(i) P(x*)=(Px)* (xeA);

(i) P(xy)=xPy, Plyx)=(Py)x (x€B,yed);

(iii) P(A*)=B"*;

(iv) (Px)*(Px)<P(x*x) (xeA);

V) IIPll=1.

Proof. Let (e;)); j_,..., be a system of matrix units for B. Then if
x€A we have x=),e;x;; with x;;=Y ¢ ,xe,€B (i,j=1,...,n).
Hence P, if it exists, is unique.

Let us show that P: 4—B defined by Px=Y; ;e;; f (D x exi X €js) (x€A)
fulfills the requirements.

If xeA and x=z je;;x;; with all x;;eB’ then we must have
xii=dxenixey (,j=1,.. n) Let yeB'. Then P(e”y) =e; f() (i,j=1,...,n),
and by linearity, P(x y)=x f(y) for all xeB.

If xeA, then

P(X*)=Zijeij (ZkekiX*e' )=Zu :,f(Zk kxekz
(Zl} Jlf(Zkekaelk)) (PX)*,

thus (i) is proved.

Let us prove (ii). By linearity in y, we need consider only the case
y=y;y, with y,eB, y,eB. Then P(xy)=P(xy y,)=xy;Py,=
xP(y;y)=xPy, and  P(yx)=P(y,y,x)=P(y,y,%)=(Py,)y x=
P(y, y)x=(Py)x.
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Next, (iii). Suppose that yeA; we must show that P(y*y)e B*. We
have y=)", ;e;;y;; with all y,;€B’; hence

* 4 — % —_ £ 3 — * .
y y—Zi,j,k,l(eijyij) eklykl"‘Zi,j,k,lejieklyijykl'_Zj,k,lejlykjykl’

s0 P(y*y)=Y"; 1.1€;.f (¥ ¥ To show that P(y* y)=0 we must show

for arbitrary A,,...,4,eC that Y, 44, f(y}y)=0; that is,

SO QA3 O A4 yie)) 2 0; this follows from the positivity of f.
Now, (iv). From (x— P x)* (x— P x)= 0 follows

0= P((x—Px)*(x—Px))=P(x*x—(Px)*x—x*P x+(Px)*(Px))
=P(x*x)— (P x)* (P x)—P(x*)(P x)+ (P x)* (P x)
=P(x*x)— (P x)* (P x);

that is, (P x)* (P x) < P(x* x).

Finally, (v). If xe4 then 0<(Px)*(Px)<P(x*x) (by (iv)). Since
x*x< | x*x|l, we have (by (i) P(x*x)< P(|x*x|))= f(|lx*x])=lx*x]|.
Thus 0=(Px)* (Px)= || x*x|; hence [|(Px)*(Px)| <[ x*x]||, and ||Px|=
I(Px)* (Px)[* < [lx* x [ F = || x].

3. Lemma. Let A be a matroid C*-algebra with unit 1. Then there
exists a unique normalized trace t on A (that is, positive linear functional
t on A such that t(1)=1 and t(x y)=t(y x) (x, ye A)).

Proof. If A is separable then the assertion of the lemma is proved
in Theorem 2.5 of [2] (and, as the author points out, would be easy
to prove more directly).

For the nonseparable case, we shall use the fact established in the
proof of Theorem 1.6 of [2] that for any sequence x,, x,, ... in A there
exists a separable matroid sub-C*-algebra B of 4 such that x,eB
(n=1,2,...). Suppose that xe4 and that B,, B, are separable matroid
sub-C*-algebras of 4 such that 1, xe B,, B,. Then there exists a third
separable matroid sub-C*-algebra B of A which contains B, and B,.
Hence we may unambiguously define t(x) for xeA to be the value at x
of the unique normalized trace on any separable matroid sub-C*-
algebra B of A such that 1, xe B. Since for any x, yeA there exists a
separable matroid sub-C*-algebra B of 4 such that 1, x, yeB, it follows
that ¢ is a normalized trace on A. If t’ is another normalized trace on A4,
then ¢ must agree with ¢t on any separable matroid sub-C*-algebra
of A containing 1; hence t'=t.

Remark. A similar argument shows that if 4 is any matroid C*-
algebra there exists on A* a faithful lower semicontinuous trace with
dense ideal of definition, and that such a trace is unique up to a scalar
multiple.



256 G. A Elliott:

4. Lemma. Let A be a C*-algebra with unit 1 which is generated
by a sequence (A)),.n of mutually commuting sub-C*-algebras, each
containing 1 and isomorphic to a matrix algebra. For each I =N, let A,
denote the sub-C*-algebra with unit generated by | );.; A; (so that Ay=C,
and Ay=A). If JcN is finite then A, is isomorphic to a matrix algebra.
The C*-algebra A is matroid (with unit). If I, cI,<=N, then A} N A}, =
Ap,_1, (the case that 1 is finite is treated in [6], Lemma3.2). Let t
denote the unique normalized trace on A. If IcN then there exists a
unique bounded linear mapping P=F: A— A; such that P(x y)=xt(y)
whenever xe A, and yeA;; P satisfies 2(i) to 2(v) with B= A; (again,
this can be deduced from [11], but we shall prove it using only 2). If IcN
and xeA then Ppx=lim;c; jenue By % If1;,I,cN then B B,=HB .,
If J =N is finite then there exist unitaries u,, ..., u,€ A; such that

1
&_Jx=7(—21-‘=1u,.xur (xeA).

Proof. Let J be a finite subset of N. If §; is a system of matrix units
for 4; (jeJ), then the set S of all products [];.; s, X; is @ system of
matrix units for A4,; therefore A4; is isomorphic to a matrix algebra.
Since | ), n, ssinite Ay 1S dense in A, the C*-algebra generated by (4,);.n,
it follows that A is matroid.

Let J, and J, be finite subsets of N with J; = J,. Then 4;,_; = A4; N A4,,;
let us show that A, _; =4 NA4,;, Let (¢)); - . be a system of
matrix units for A4;,. Suppose that xeA; N A4,,. Since A4,, is generated
by A, and A;, ;, we have x=), ¢;;x;; with all x;;€4,, , . Since
x€A;,, we deduce that x;;=0 if i+ j and that x;; is independent of i;
hence xeA4;,_,,.

Let J be a finite subset of N. Then by 2 there exists a unique linear
mapping P=F: A— A, such that P(xy)=xt(y) whenever xeA4; and
yeA}; P satisfies 2(i) to 2(v) with B=4;.

Let J; and J, be finite subsets of N; let us show that B B, =8 ;..
By uniqueness of B ,, it suffices to show that for xe 4, .,, and ye4; ,;,
we have B, B, (xy)=xt(y). We have B, B, (xy)=B,(xB,))=xB,B,, 50
we have only to show that B B, y=t(y) (ye4), ~,,)- Let (¢;); ;-1 ... DE
a system of matrix units for 4, ,,, and let (f,); ;- ... De a system
of matrix units for 4;,_; .;,. Then (e;; /i) j=1, .. mk i=1,..,m IS @ System
of matrix units for A4,,. Let yed] .,,. Then (cf. proof of 2) y=
ikt €ijferYijen with all ;. €4;.. From yey=euy (7, j=1,...,n),
we deduce that y;;,,=0if i+ j and that y;;,, is independent of i. Setting
Viser=VYir (i=1,...,n) we have y=Y, | fi, ;> With all y, €4} . There-
fore B,y=Y, 1 fiit())- Since each f,,€4;, , we have

1
B.B,y=Y4 t(f) t(ykl)=7n— Y tin)-
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We deduce that B B,|4}, ., is a normalized trace on 4; ,,,; denote
it by f. Then the mapping

Aazewxu"’%Zf(xn)

(where x;; denotes an element of 4j .,,) is a normalized trace on 4,
so by uniqueness is equal to t. Hence f =t|4], .,,; that is, B B, y=t(y)
(yeA.;lnlz)'

Now let I be an arbitrary subset of N. Let us show that for every
x€A, the net (Bx);cy jrnne i convergent. Since |Jjen, srinie 4s 18
dense in A, and since all  have bound 1, it suffices to suppose that
x€A, for some finite J, = N. We shall now show more than is necessary;
namely, that if J<1I, J is finite, and JoINnJ, then Fx=F_; x. We
have InJ =JnJ,, whence by the result of the preceding paragraph,
Rlx=RIRI,‘x=RIanx=PInJ,‘x‘

For xeA and Ic<N, set Bx=lim;c; ;gnu B x. Then K is a linear
mapping from A into A;. Since |B| =1 for all finite J<I, we have
IRl =1. Suppose that xeA; and yeA;; let us show that B(x y)=xt(y).
Let ¢>0. Then there exist a finite J,=I and an x,eA, such that
llx—x,ll <e.Hence | B (x y)— B (x, y)l| < |x y—x, ¥l <ellyl. Next, B (x, y) =
limy; <7 g inie B (X, Y) =X t(y) (since if J,cJ<l and J is finite then
yeA;< A; and x,eA; < A;). Therefore

1B G y)—x el <elyl;
hence
1R y)—xtWI S IR p)—x t)I +1Ix, t(r)—x )
<elyll+elty)l.

Since ¢>0 is arbitrary, we have B(x y)=xt(y).

To show uniqueness, suppose that IcN and that P: A—> A4, is a
bounded linear mapping such that P(x y)=xt(y) whenever xeA,; and
y€A;. Then P=F because the algebra generated by 4, and A} contains
(Jien 4; and is therefore dense in A.

Let I =N, and let us verify 2(i) to 2(v) for P=F, and B=A4,. 2(v) has
already been established. If I is finite, then 2(i) to 2(iv) hold by 2. By
passage to the limit we get 2(i), 2(iii) and 2(iv) for arbitrary I. To prove
2(ii), it suffices since | J;cy seinne 4y is dense in A, to suppose that
xe€A,  for some finite J,=I. Then B(xy)=xF(y) whenever J.cJcl
and J is finite; passing to the limit we get B(xy)=xHhy.

Suppose that I, cl,=N; let us show that A4; nA,,=A4;, ;. We
have 4;, ;< A,, and 4,,_; < Aj. Suppose conversely that ye4,, and
y€A}; we must show that B _, y=y. Since B,y=y, we have y=
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lim; 7, seinie B Y- By continuity, it suffices to show for each finite
Jel, that B, By=RBy. Let JcI,, J finite be fixed. Then yed)
A}, ~s; hence by 2(ii), ByeA; ., (if xeA,,,, then xed,, and xBy=
B(xy)=B(yx)=(By)x). Since J and I, nJ are finite, we have proven
already that A7 ;N A4,=A4,_, ;. Therefore ByeA;_, .,. Since J<1,
we have J—I,nJ<l,—1, so that B, ; x=x for xeA,_, .,; in par-
ticular, B, ; By=Ry.

Suppose that I, I, =N; let us show that B, B,=F, ;.. Let xeA.
We have B, x=limy,cp, y,pinie B, and B, X=lMy e pp, 5 pinice B X=
limy, 1, 7, finite B, s, X- For fixed finite J, = I, we have

B Xx=lmycp s, seinie BX= limy, < 1 7, finite By g, X
=limy, c 1, 5, finite B, B,x=R B, x.

Hence B, ;,x=limy,cp, 5, finie B, B, X=F, B, x.
Finally, let J =N be finite, and let us construct unitaries u,, ..., u €A,
such that

1
R‘J—Jx=7 fmxuf  (xed).

Let (e;)); j—1,...» b€ a system of matrix units for 4,. Let k'=2" and let
uy, ..., . denote the linear combinations of the e;; (i=1,...,n) with
coefficients +1 (the diagonal symmetries of 4,). Then

1
k' ’ Ik S
'k—12i=1“iei’j'ui ‘“5i'j'et'j' (i, j=1...,n).

(A slightly more general result than this was proved by Davis in

Theorem 3.1 of [0]) Next, for i=0,...,n—1, set v,=)"_, ¢,;,;, where

€i+i=€jjri_p il j+i>n. Then each v, is unitary €4,, and we have

1 1 )
72;’=1viem, v}"=—n— (i'=1,...,n).

Now set k=nk' and let u,...,u, denote the unitaries v,u;
0=isn—1,1<j<k). Then we have

1 1 Yy
_IE'Z:';Iuiei'j’u?=75i'j’=t(ei’j’) @, j=1...,n),

and by linearity

1
ng;iuixu;k:t(x) for all xe4;.
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To show that

1
R‘I-—Jx-:'_)‘(— Z{'c=1 uxuf  (xed)

we may suppose by linearity that x=x, x, with x,€4;, x,€A;=An_,.
Then

1
Il)ﬂ—.lx:gl—J(xlx2)=t(x1)x2='l—{zli‘=1 U Xy uf x,

1
—_ k % *
“k2i=1uix1x2ui kZ. 1 Ui X U;

5. Lemma. Let A and (A,);.y be as in 4, and let D be a derivation
of A. Let ¢>0; then there exists a derivation D, of A such that |D—D, || <e

and D, UJCN, J tinite A7 < UJCN,innite 4.

Proof. Let us denote D by D,. We shall construct a sequence D,
D,, ... of derivations of 4 and a sequence J,=J,c--- of finite subsets
of N with union N such that for each n=1,2, ... we have:

@ D |AJ,. J,.n D, 1|AJ,.

(i) DD, <y

Set J,={0}. Fix k=12,... and suppose that we are given, for
1<n<k, a derivation D, of A and a finite set J,,, =N such that
J,c---<J,, (1) and (ii) hold for 1=n<k, and in addition neJ,,,,
1<n<k. By 1 there exists yeA such that D,_,|4, =ady|4,,. By 4,
there exists J, . ; 2 J, U {k}, finite, such that

”y Jk+1y"< 2. 2k

Set D,=D,_,+ad(B,,,y—y). Then D, is a derivation of A, and
D\|A;, =ad B, ylA4, . By 2(i), adB,  yl4, =B, adyl4,; hence

'AJ Jk+1 k llAJk

Jrc+1

Also, .
IDy,—Dy_,II=2||B,,,y—yl <3

We now have, for 1=n<k+1, a derivation D, of 4 and a finite set
J, .1 =N such that J,c---<J, 4, (i) and (ii) hold for 1<n<k+1, and
in addition nelJ,;, 1Sn<k+1. Therefore, by induction, there exist a
sequence D,, D,, ... of derivations of 4 and a sequence J,cJ,<--- of
finite subsets of N such that for each n=1, 2, ... we have (i) and (ii), and

in addition n—1eJ,, so that | J,_, , . J,=N.
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From (ii), we see that the sequence D,,D,,... is Cauchy; set
D,=lim D,. Then D, is a derivation of 4. For each n=1,2,... we have
D"Dn=2_1 (Dk_l""Dk); hence

€
ID=D,| S35l Dy-y—Dyll < Xhi 55 <85
passing to the limit we get |[D—D,| Se.

It remains to prove that D, | );cn, srinite 41 S Usen, stinie A7+ Fix
n=1,2,.... For each p=1,2, ... we have, by (i),

n+p|AJ,. J,.“,“ n+p—1|AJ PI..+,+1"'}.)I..+|Dn—1|AJ,.
_B,.“Dn llAJn'

Letting p— oo, we have D,|4; =B _, D, ,|A; , whence D A4, cA,m.

Since every finite J=N is contained in J, for some n=1,2,..., the
assertion is proved.

6. Lemma. Let A, (4;),.y be as in 4. Let D be a derivation of A.
Suppose that DA, < A, for each ieN. Then D is inner.

Proof. By 1, for each ieN there exists y;€4, such that D|4;=ad y;|4;.
Define D*: A— A by D* x=(D (x*))* (xeA); D* is a derivation of A.
D—-D* and D+ D*
2 2i
,s0to prove that D isin-

Dis called skew adjoint if D= — D*. The derivations
D-D*
2 o
ner we may suppose that D is skew adjoint.
Since D= — D*, we have D|4,= —(D|A,)* (ieN). Since D|4;=ad y,|A;,
we have (D|4,)* =ad(—y)*|A4;. Hence

are both skew adjoint,and D =

D|A;=(D|4,— (DI4)*)= dy'”' 4,

so we may suppose that y,=y¥* (ieN).

Replacing y; by y,—t(y,) (ieN), we have, for each ieN, y,=y¥,
t(y)=0, and ad y;|4;=D|A4;.

Let ieN be fixed. Let (e,,), 4-1,.., b€ @ system of matrix units
for A; such that y,=)"%_; A with all A.eR. Since t(y,)=0, there
exist jy, j,, 1= jy, j,Sn, such that 4, —4; =B, 2| y;ll. Set x;=e;, ;. Then
D x;=(ad y)) x;=B; ;.

Let J be a finite subset of N. Then [];., x; is a nonzero partial iso-
metry, s0 || [;es X:ll =1.
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By the product rule for D, we have D[[;.;x,=(Yic; B)[Ljes ;-
By [9] (see [1], Chapitre III, §9, Lemme 3 for a slightly simpler proof),
D is bounded. Hence Y ;. 1yl £ ¥ic; Bi= 1D [];es x:ll < | D||. This proves
that ¥ionllyl S 1D

Set y=),.ny:€A. Let ieN; then y;ed; for j+i; hence ad y|4,=
ad y;|4;=D|A;. By the product rule, linearity and continuity, ad y=D.

7. Lemma. Let A be an algebra, let B,c B, be subalgebras of A,
and let D be a derivation of A such that DB c:B Then D(B;)c<B;.

Proof. If x commutes with y and Dy then Dx commutes with y.
(This is proved easily by applying D to both sides of the equation
x y=yx.) The lemma follows immediately.

8. Lemma. Let A, (A);cn be as in 4. Let D be a derivation of A.
Suppose that D | );cn, sinite A7 U sen, stinie Ay (We are using the nota-
tion of 4). Then D is inner.

Proof. From the hypothesis we may construct a sequence Jo=J, -
of finite subsets of N with union N such that D 4, <4, , (neN). Let
us apply 7 with B, =4, , B,= A4, _, to deduce that D(4; , )= A; (neN).

For neN, set I,=J,—J,_, (where J_;=f). Then D 4, A4, , and
also D A; <4, _, (where J_,=J_,=0). By 4 we have 4; 04, =
Aj g =AL_ ulola. s SO We have shown:

(*) D Ay, <4, o1,01,., MEN) (Where I_,=0).

Let I =N. Denote F;, D|A; by D;. Then by 2(ii), D, is a derivation of 4.

We shall use the following remark five times. Suppose that no<n, <---
is a strictly increasing sequence in Nu {—1}, with ny=—1, and set
I=N—{JinI,- Then the hypotheses of 6 are fulfilled with A=A,
A=A (ieN) and D=D,, for by (x) we have for ieN,

U"i<"<"(+11

DAy, v, 1n=BDA

Unj<n<ngyyIn
=PIPL)'|‘ ;n;ﬂi*lInDAUn‘<n<"‘+lln

=BnUn,§n;n“,‘InDAuni<n<n‘+l1n
=RJ,.,<,.<..MI.. Ung<n<ngs In S AUn;<n<ny i In’
Therefore Dy is inner.

Let Z, denote the group {0,1} (with addition modulo 2) and for
JEZ, set I'--U,,EN n=j(moaz) In- Then the previous paragraph is appli-
cable with I=I' (jeZ,), so there exists yeA; such that D=
ad yj|A;, (eZ,).
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Let us show that (x) holds with D replaced by D—ad(y,+y,). It
suffices to show for neN that ad(y,+y,) 4;, <4, . Let neN; then
I,<I" for some fieZ,. We have

ady; Ay, =B=D A; =B R

In-10lnulne

DA,
=B, sotwolnsy P A, =H, D A; <A,

and y;,1€AmacAf, so ad y; . A4 =0; hence ad(yo+y,) A, < A4, .

Let us show that (D—ad(yo+y,));,=0 (neN). Let neN; then I,=I”
for some neZ, We have B D|4; =F .=D|A;, =B B-D|A; =
B, ady;l4,, and y;,,€4Apm.cA4;, so ady,,,; A4, =0; hence
E,(D—ad(yo+y))l4,,=0.

Since to prove that D is inner it suffices to prove that D —ad(y,+y,)
is inner, we may suppose that D satisfies in addition to (x) the following
condition:

(++) D; =0 (neN).

Now let Z, denote the group {0,1, —1} (with addition modulo 3),
and for jeZ; set I'={),cn nsjamoa3)ln- Then for jeZ, there exists
V€A, such that Dy;=ad y;|4,;.

Let us show that (x) holds with D replaced by D—ad(y,+y, +y_ ).
It suffices to show that ad(yo+y,+y_)4;,<A4; . o1.or1,., (REN). Let
neN; then I, " I"=0 for some ic Z,. We have Anc A] , so ad y, 4, =0.
If j=+1 then I, = I"*J, whence

adyﬁ+jAI”=D17l+JAI"=PIV-|+jDAI"=Bﬁ+J’Bn_lU1"uI"+‘DAIn
= I“*fr\(ln_1u1y.u1n+1)DA1n=HnU1n—jDAInCAInU1n~j'

Therefore ad(yo+y,+y_1) A1, <A1, on01,.,-
Let us show that (D—ad(yo+y,+y_))1.or,.,=0 (neN). Let neN;

then I, I"={ for some ieZ;. We have [, Ul,,,<I""!, so
PlnulnﬂD|A1nU1n+1=RInU1n+1)f\I““DIAInUInH:BnUInHPI“"DIAInUInH
=BnU1n+1Dlﬁ"lAInUInH:EnUInH adyﬁ'*llAInUInn‘
If j=0 or 1 then
B.or,.,ad yﬁ+j|AI,.uI,.+1= adB o5, VasilAron.,
=adEnu1n+11)lﬁ*fyﬁ+jIAInU1n+l

=ad By, o1, porivs Vit jlAnon,.,
=ad I}n+1—j yﬁ+j’AInUIn+1'
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Since n+1—j%n+j (mod 3) we have I,,,_;=I"*/; hence
adEn+l—jyﬁ+j|AIn+l—j=Bn+l Jady'_l+j|AI”+l j Eu+1 JDIn+j|AI'l+1 i

Bnn— m+J D[Alnn j PIn+1~jﬁIn+jD|AIn+l—j

P1n+l ]Dl Insy-j Dlnu i =0 (by (**))

Vas jlA;, ;=0 Thus

Also, since n+1—j+n+j, we have ad B,

Iyyi—-j

ad B,.+1_,-ypi+j|(A1,.+jUA1"+1_j)=0;
ad P (A4, v A, )=0.

1n+1—1yﬁ+1

that is,

By the product law, ad B, _ v, ]4;,.4,.,=0. We have shown that
B, r.,.(D=ad(yo+y+y_)4y,or,,,=0.

Since to prove that D is inner it suffices to prove that
D—ad(y,+y,+y_,) is inner, we may suppose that D satisfies in addition
to (x) the following condition (which is stronger than (xx)):

(%**) D; ;. ,=0(neN).

We shall show that (x) and (**#) in fact imply that D=0. We have
DA,=H,,DA;,,=D A;,=0. Hence by 7 with both B, and B,

Iouly Iovly

taken to be 4;, D Ay_; < An_y, (by 4, AN_;,=A4],) Then
DA, =R_; DA, =R_, § DA,

—Io “Iouliuly

——PN Io)n(loulluIZ)DAll [1U12 D A11=D11\J12 A11=0'

Proceeding in this way we get D 4; =0 for all neN. By the product
law, linearity, and continuity (cf. proof of 6), D=0.

9. Lemma. Let A, (4,);,.n be as in 4. Let yeA be such that t(y)=0.
Then |yl = llad y||.

Proof. Since y=lim;cy seinie 5, to show that [y[<][ady|
suffices to show for each finite J =N that ||B y|| < |lad y|. We shall show
more; namely, | B y| <|Bady|4;| (J<N, J finite).

First of all, by 2(ii) we have, for a fixed finite set J=N, B ad y|4,=
ad B y|A,. Set ||ad B y|A4,| =M ; we must show that |By||SM. If ueA,
is unitary, then ||(B y)u—uB y|| < M; equivalently, |5y —u(B y)u*|| =M.
Hence if u,, ..., u,e A, are unitary then

1
||Ey__k“2?=1”i(BJ’)“?”§M-
By 4 we may chose uy, ..., u; so that
—Z. 1w (By)ur=R_;By=Fy=t(y)=0;

hence |Bylls M.
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10. Lemma. Let A, (A)),.n be as in 4. Let D be a derivation of A.
Then D is inner.

Proof. By 5 and 8 there exist a sequence D,, D,, ... of derivations
of A and a sequence y,, y,, ... in A such that |[D—D,||— 0 and, for
each n=1,2,...,D,=ady,. Replacing each y, by y,—t(y,) we may
suppose that t(y,)=0, n=12, ....

Letn,m=1,2,.... Then D,— D, =ad(y,—,) and t(y,— y,) =t(y,) —
t(y)=0; hence by 9, [|y,— yul S ID,— Dl

Since |D,—D,,| —0 we have ||y,—y,ll —0; set y=1lim y,eA. Then
lady—ady,|| -0 and |[D—ady,||=|D—D,| —0,so D=ady.

11. Lemma. Let A be a C*-algebra with unit 1. Suppose that
(€))ij=1,...p and (€} j=1, ..., p are systems of matrix units in A such that
y e"—z —1 Then for every £>0 there exists a 6=0(p, €) such that if
lle;;—e;ll <5 (i,j=1,...,p) then there exists a unitary ueA with
ue u*=e; (i,j=1,. ,p) and |lu—1| <e.

Proof. Set
o= mm( L e )
2’ 8p

As in the proof of Lemma 1.8 of [3], we may construct a partial isometry
weA such that w*w=e;;, ww*=¢;, and

3
lw—eyll <'5;

Set u=Y"%_, €, we,,. Then u is unitary, and
*__
ue ut=YF_ i€ wee; 00 e wrey

=€ wey e e, wre =¢; (i,j=1,...,p).
Also,

"u—]'“=”Z£-1(e;clwekl_ekk)“..S_Zfsl“e;:lwelk—ekk"
éZf-l("ekleuelk—ekk"+“eheue1u_ek1eue1k”
+le we i —eriene)sS =(0+ +———)<e.
lexiwen—exienend) = Zk 1 8p ' 2p
Remark. The construction in Lemma 18, [3] of w satisfying the

above condmons can be considerably simplified; we may just set
w=é, e;;at, where a is the inverse of e, e e, in e;Ae; (then

lw—eyll <e/4p).
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12. Lemma. Let A be a C*-algebra with unit 1, and let B be a sub-
C*-algebra of A containing 1 and isomorphic to a matrix algebra. Let D
be a derivation from B into A. Then there exists yeA such that
D=ady|B and |y| =|DI.

Proof. By 1 there exists y,eA such that D=ad y,|B.

By 4 there exist unitaries u,, ..., #,€B such that

%Zﬁll wxuf=t(x) (xeB),

where t is the unique normalized trace on B. Set

1
y=yo"72?=1uiy0“?-

Let us show that
1
* ZL (U YoufeB.

Let (e;)); j—1,..,n DE @ system of matrix units for B. Then yo=), ;€;;¥;;

with all y;;€B’ (cf. proof of 2). We have
1 1
72?:1 Yo “;k:"k‘Zi‘:l ul(Zi.j eijyij)ur
1 /
=Zi,j('k_21 “leij”f) Yijzzz',jt(eij)yz‘jEB .

Since —IIC—Z’,-;I u; yo u¥eB', we have ad y|B=ad y,|B=D.

For i=1, ..., k we have || yo—u; Yo ufll = 1Yo ti—t; yol = 1D i < I DII;
hence
k

1
Iyll= ||yo-_k‘ K youtll =Dl

13. Lemma. Let A be a matroid C*-algebra with unit 1, and let D

be a derivation of A. Suppose that B is a sub-C*-algebra of A containing 1
and isomorphic to a matrix algebra such that D B=0. Then | D|| £2||D|B'|.

Proof. First, by 7 with B,=B, =B, we have D(B)cB.

Next, if e is a minimal projection of B then B’ is isomorphic to eAe;
hence by Theorem 1.5 of [2], B’ is matroid.

Let ¢>0. Let xedA be such that [Dx||>1—¢)|D| lx|. Let
(ei),j=1,..,p De a system of matrix units for B. Let B, be a sub-C*-
algebra of A isomorphic to a matrix algebra such that x and e;;
(i,j=1, ..., p) are arbitrarily close to B;; by 1.2 of [2] we may suppose

19 Inventiones math., Vol.9
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that 1€ B,. By Lemma 1.10 of [3], if ¢, ; is close enough to B, (i, j=1, ..., p)
there exist matrix units (e;;); ;- .., in B; such that lle;j— Il is
arbitrarily small (i, j=1, ..., p). Hence by 11 there exists a umtary ueA
such that ue;;u*=e¢;; (i, ] 1,...,p) and ||1—u| is arbitrarily small. Set
B,=u*B,u. Then B,oB and x is arbitrarily close to B,. By continuity
we may suppose that [ID x,]| >(1—¢)||D| ||x,]| for some x,eB,; that is,
DB, |l >(1—¢)| D]l

By 12 (with the A4, B, and D of 12 replaced by the present B’, BN B,,
and D|B'n B,, respectively), there exists ye B’ such that D|B'nB,=
ady|B'nB, and | y| = |D|B'nB,|.

Next, B, is the algebra generated by B and B'n B, (cf. proof of 2).
Since D and ad y are both 0 on B and they agree on B'n B,, it follows
by the product rule and linearity that they agree on B,.

We now have (1—¢)|D|| <|D|B, | =llad y|B,|| 2|yl 2| D|B'N B,|
<2||D|B’|; since ¢>0 is arbitrary, we have |D| Z2|D|B’|.

14. Theorem. Let A be a matroid C*-algebra with unit 1, and let D
be a derivation of A. Then D is inner.

Proof. We shall construct a sequence B, B, c --- of sub-C*-algebras
of A containing 1 and isomorphic to matrix algebras such that for
all neN:

@ I1DIB,N B, 23IDIB,;

.. 1
@) D=k, D)B,| <——
(where B, _  is the P given by 2 with B=B, , , and f the unique normalized
trace of A).

Set B,=C. Suppose that k=1,2,... and that there exist
Byc=B,c---<B,_, such that (i) and (ii) hold for 0=<n<k—1. Let
x€B;_, be such that |Dx||>%|D|B,_,| lIx|. Since B,_, is isomorphic
to eAe if e is a minimal projection of B,_,, B,_, is matroid ([2],
Theorem 1.5). Therefore, there exists a sub-C*-algebra A, of B;_, iso-
morphic to a matrix algebra such that x is arbitrarily close to 4;; by 1.2
of [2] we may suppose that 1€4,. By continuity we may suppose that
there exists yeA, such that |Dy|>1|D|B;_,| llyl; that is, | DAl >
4IDIB,_ .

Let R, be the algebra generated by B,_, and A4,; since B,_, and 4,
commute and are each isomorphic to a matrix algebra, it follows that
R, is isomorphic to a matrix algebra. Let (¢;;); ;,, ..., be a system of
matrix units for R,. By 1, there exists ze 4 such that D|B,_,=ad z|B,_,
Let C, be a sub-C*-algebra of 4 isomorphic to a matrix algebra such
that z and ¢;; (i, j=1, ..., p) are arbitrarily close to C,; by 1.2 of [2] we
may suppose that 1e C,. By Lemma 1.10 of [3] we may suppose that
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there exist matrix units (e})); j-y, .., in C such that |le;—ej| is arbi-
trarily small (i, j=1, ..., p). By 11, there exists a unitary ue4 such that
|lu—1] is arbitrarily small and ue;;u*=ej; (i, j=1, ..., p). Let B, = u* Cu.
Then R,cB,; hence B,_,<B, and A,cB,nB,_,. Since [D|4>
1|D|B;_,|| we have |D|B,nB;_,l >1||D|Bj_,|l. Moreover, z is arbi-
trarily close to B,, so we may suppose that [(D—F, D)IB,_,l <kt
(if weB, satisfies |lw—z| <(4k)~! then |B z—w|=|F z—Fwl=
Iw—2z| <(4k) % 50 2Py, zl| <(4k)™*+(4k)~* =(2k)""; then |(D—F D)\ By_,|
— |(adz— B, ad2)|B,_,|I = (adz —ad By, 2)|B,_|| S 2llz— By, 2]l <k™"). ‘We
now have B, B, c --- < B, such that (i) and (ii) hold for 0<n<k. There-
fore, by induction, there exists a sequence Bo= B, <+ with the required

properties.

Let B denote the closure of | ),.nB,- Then B satisfies the hypotheses
for A in 10 (with 4;=B;n B;_, (ieN), where B_, = C). From (ii) it follows
that |(D— B, D)B,|<m™* if 0=n<m; hence DB,=B (neN); hence
D B < B. Therefore by 10 there exists ye B such that D|B =ad y|B.

Let us show that D=ad y. Let £>0. Then since yeB, there exists
by 4, ke N such that |ly—F, yl <e. Using (i), we have

I(D—ad y)| Byl < | D|B; | + llad y| Byl £2||D|B;, N Byl + lad y| Bl
=2|ad y| By By, ]l + llad y| Byl <3llad y| Bl
=3|lad (y— B, »)|Bil <6lly — B, yll <6e.

Also, (D—ad y)|B,=0. Therefore by 13 (with B=B, and D=D—ady),
|D—ad y|| <12¢. Since £>0 is arbitrary, we have proved that D=ad y.

15. Example. Let A be a C*-algebra and let B be a sub-C*-algebra
of A. Suppose that B is separable matroid with unit, not isomorphic
to a matrix algebra, suppose that A is isomorphic to the tensor product
of B and B, and suppose that there exists an infinite set of mutually
orthogonal projections in B’. Then there exists an outer derivation
from B into A.

To construct such a derivation, let (B);.x be a sequence of mutually
commuting sub-C*-algebras generating B, such that each B; is iso-
morphic to a matrix algebra, contains the unit of B and also contains
an element x; of norm one and trace zero (such a sequence exists by
Theorem 1.6 of [2]). Let (¢),cn be a sequence of mutually orthogonal
nonzero projections in B'. Then there exists a unique derivation D
from B into A4 such that D|B;=ad x; ¢;| B; (ieN). D is an outer derivation.

16. Example. Let A be a C*-algebra and let B be a sub-C*-algebra
of A such that the algebra generated by B and B’ is dense in A. Then
(because of [1], Chapitre III, §9, Corollaire to Théoréme 1) every deri-
19*
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vation of B can be extended to a unique derivation of A which is 0
on B'. Suppose that B is simple (e.g. matroid) and that there exists a
family (e)),., of mutually orthogonal nonzero projections in B such
that ) e/ seinie (Qics @) B(Qics €) is dense in B. Then 4 has outer
derivations. To construct one, let I, be a subset of I; then there exists
a unique derivation D of A such that

DI(ZieJ ei)B(ZieJ e;)=ad Ziemz1 e,-l(ZieJ e)B (Zie.l e;)

for every finite J< I, and such that D(B")=0. If both I, and I—1, are
infinite, D is an outer derivation of A4.

17. Problems. 17.1. Let B be an algebra over C satisfying the con-
dition: whenever A is an algebra over C and 4 > B then every derivation
from B into A is inner. If B is simple, must B be isomorphic to a matrix
algebra? In general, must B be isomorphic to a finite product of matrix
algebras?

17.2. Let A be a C*-algebra, let B be a sub-C*-algebra of A, and
let D be a derivation from B into 4. Must D be bounded? (This is known
if A=B [9], and we have used it. If Bccentre (4) then D must be 0
([4], p-21). If both B and B’ are separable matroid with unit and if
the algebra generated by B and B’ is dense in A then the techniques
of 4 may be used to show that D is closed, hence bounded.) IfAisa
von Neumann algebra, must D be inner?

17.3. Let A be a matroid C*-algebra without unit. Must 4 have
outer derivations? (Example 16 shows that the answer is yes for a large
number of cases, including (in view of [2]) the case that A is separable
and the case that A is finite. Therefore (cf. 3) the only case remaining
is that A4 is nonseparable and there exists on A™* a faithful lower semi-
continuous trace with dense ideal of definition distinct from A.)

17.4. Let A be a simple C*-algebra without unit. Must 4 have
outer derivations?

I would like to thank Professor Israel Halperin for pointing out to me that, given a
derivation of a matroid C*-algebra with unit, it should be possible to construct an element
which implements it by fitting together elements which implement it locally (that is, on
sub-C*-algebras isomorphic to matrix algebras).
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Concerning My Paper on the Boundary Behavior
of Minimal Surfaces

JoHANNES C. C. NiTscHE (Minneapolis)

My proof of Kellogg’s theorem for solutions of Plateau’s problem
(these Inventiones math. 8, 313 —333 (1969)) can still be shortened:

The relation x,(e*) y'(x(¢**))=0 from p. 328 is available in almost all
boundary points as soon as it is known that the functions f;(w) belong
to class C%!(P). The proof of this fact is accomplished on the bottom of
p. 324. Let now w=1 be the point described in the middle of p. 325. From

£, (W) 0’ (x(W)=x, W)+ (xW) y, W)+ 1 (x(W) z,w)=0, w=e"*
and x,(1)=0 the inequality
1%, (@)= x, (DI SE, W' (x (€ )|+ %, X (x ()| £ ¢, €, 191

follows for a.a. 3 in |3|<38,. Since p x,(w)=Re[wf(w)] (see p.329),
Lemma 5 tells us that f,(w) satisfies the same inequality as the functions
f2(w) and f;(w) on top of p. 325:

£/ (@S (1-py"  for 1Zp<l.

The application of argument &/ and Lemma 3 now imply that the func-
tions f;(w), as well as the position vector x(w), belong to class C**(P).
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School of Mathematics
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Whiteheadgruppe topologischer Raume*

RaALPH STOCKER (Frankfurt/Main)

n,(X) ist die Fundamentalgruppe des topologischen Raumes X, Wh
ist der Whitehead-Funktor von Gruppen in abelsche Gruppen [3].
Diese Arbeit enthilt eine von =,(X) unabhingige Interpretation der
Gruppe Wh(r,(X)), die auf den geometrischen Konstruktionen in [4]
basiert (vgl. auch [2]). In Abschnitt 1 wiederholen wir die Definition der
Relation P=DQ rel K von [4] und ordnen jedem CW-Komplex K eine
Whiteheadgruppe Wh(K) zu. In Abschnitt 2 beweisen wir einen allge-
meinen Summensatz fiir die Whitehead-Torsion, der die “product- and
sum-theorems” von [1] als Spezialfille enthdlt: Sind f,: K,—L,
(n=0, 1, 2) Homotopiedquivalenzen zwischen endlichen zusammenhén-
genden CW-Komplexen mit K,=K,nK,, Ly=L,nL, und fj|Ky,=
f21Ko=fy,soist die zusammengesetzte Abbildung f: K=K, UK, > L=
L, u L, eine Homotopiedquivalenz, und ihre Whitehead-Torsion ist

()=l T(f) i t(f) —ig, T(fo)

(i,=Inklusion L,< L); das folgt aus Satz 2, aus der Definition von t(f)
in [3] und aus Abschnitt 3,in dem ein Isomorphismus Wh(K)— Wh(r,(K))
konstruiert wird.

Indem man relative CW-Komplexe iiber X betrachtet, kann man
jedem topologischen Raum X eine Whiteheadgruppe Wh(X) zuordnen
und eine entsprechende Theorie entwickeln; das ist der Inhalt von Ab-
schnitt 4.

1. Die Gruppe Wh(K)

Sei K ein CW-Komplex, nicht notwendig endlich. Ein K-Komplex
ist ein CW-Komplex P, der K als co-endlichen Teilkomplex enthilt
(d.h. es ist eine Abbildung i: K — P gegeben, die K isomorph auf einen
Teilkomplex von P abbildet, und P —i(K) besteht aus nur endlich vielen
Zellen). Seien P’ und P” K-Komplexe; P’ ist ein einfacher Teilkomplex
von P”, wenn gilt:

i) P’ ist Teilkomplex von P” und P”—P’ besteht aus genau zwei
Zellen e und 71,

* Prof. Dr. Wolfgang Franz zum 65. Geburtstag.

20 Inventiones math., Vol. 9
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i) es gibt eine charakteristische Abbildung f: I?—P"” der Zelle e’
mit f(J9~Y) <= P, so daB f|I9~" charakteristische Abbildung von e~ ! ist;
dabei ist JA~! =111,

Zwei K-Komplexe P und Q sind vom gleichen einfachen Homotopie-
typ relativ K, P~ Q rel K, wenn es K-Komplexe R =P F,...,F,_,,5=0
gibt, so daB P_, einfacher Teilkomplex von P, oder P, einfacher Teil-
komplex von P_, ist (i=1, ..., n); welcher der beiden Fille eintritt, kann
von Index zu Index verschieden sein. Mit den Bezeichnungen von [4]:
P ~Q rel K genau dann, wenn es eine formale Deformation D: P—Q rel K
gibt. Das ist eine Aquivalenzrelation zwischen K-Komplexen. Sh(K) ist
die Menge der Aquivalenzklassen, s(P, K)eSh(K) ist die Aquivalenz-
klasse des K-Komplexes P Definiere eine Addition in Sh(K) durch
s(P K)+s(Q, K)=s(PugQ, K), wobei PUgQ aus der disjunkten Ver-
einigung von P und Q entsteht, indem man die Teilkomplexe K = P und
K < Q identifiziert. Sh(K) ist eine kommutative Halbgruppe mit neutra-
lem Element 0=s(K, K). Eine zelluldre Abbildung f: K— L, L ein CW-
Komplex, induziert einen Homomorphismus f,: Sh(K)— Sh(L) durch
fs(BK)=s(LU,P, L), wobei LU, P aus der disjunkten Vereinigung von
L und P entsteht, indem man jedem Punkt xe K mit f(x)e L identifiziert.
Ist g: L—M ebenfalls zellulir, M ein CW-Komplex, so (gf), =g, f,-
Ferner gilt das Homotopieaxiom: fi~f,: K—L, f; und f, zelluldr,
impliziert f;,=f,,-

Die einzig nichttriviale Aussage ist das Homotopieaxiom (vgl.
Lemma 13 in [4]). Wir brauchen es nur fiir die zelluliren Abbildungen
i: K—>KxI,i(x)=(x,n), zu beweisen (n=0, 1). Sei P ein K-Komplex,
seien e, ...,e, die Zellen von P—K, so geordnet, dal dim(e; ;)=
dim(e;), und sei

Q=PxI und P=PxI—|Je;x[0,1).
i=1
Dann ist in der Folge

QoB>:-oB,_oP=KxIuPxl1

von (K x I)-Komplexen jeder Komplex einfacher Teilkomplex des voran-
gehenden, also s(Q, K x I)=s(B,, K x I)=i,,, s(P, K). Ebenso s(Q, K x I)=
ig S(B, K), somit iy, =i;,. — Man kann jetzt f,: Sh(K)—Sh(L) auch
fiir nicht-zellulire Abbildungen f: K— L definieren, ndmlich durch
f=1/1.> wobei f; zelluldre Approximation von f ist.

Wir definieren die Whiteheadgruppe von K, Wh(K), als die groBte in
Sh(K) enthaltene Gruppe, d.h. als die Menge der Elemente von Sh(K),
die ein Inverses bei der Addition besitzen; der folgende Satz beschreibt
diese Elemente:
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Satz 1. s(P, K)e Wh(K) genau dann wenn K Deformationsretrakt von
P ist.

Beweis. Ist s(P, K)e Wh(K), so gibt es einen K-Komplex Q mit
PUgQ~KrelK. Dann ist K Deformationsretrakt von PugQ und
folglich auch Deformationsretrakt von P Zum Beweis der Umkehrung
benotigen wir ein Lemma. Seien P und Q K-Komplexe, P Teilkomplex
von @, K Deformationsretrakt von P Sei r: P— K eine Retraktion.
Dann gilt (vgl. Lemma 7.4 in [3]):

Lemma 1. s(Q, K)=s(P, K)+7, s(Q, P).

Beweis. Wir diirfen r zellulir annehmen. Sei i: K— P die Inklusion.
ir: P— P ist homotop zur Identitit, also ist (i ), die Identitdt von Sh(P).
Es folgt PuU;, Q~Q rel P Dann ist insbesondere Pu; Q~Qrel K, und
das ist Lemma 1, da der K-Komplex P u;,Q die rechte Seite der zu be-
weisenden Formel reprasentiert.

Beweis von Satz 1. Sei wieder r: P— K eine zelluldre Retraktion, und
sei M, der Abbildungszylinder von r relativ K mit der induzierten Zell-
zerlegung. M, ist der Quotientenraum von P x I beziiglich der Identifika-
tionen (x, 1)=r(x) und (y,t)=y fiir xe B yeK und tel. P ist als P x 0 in
M, eingebettet. Seien ey, ..., e, mit dim(e;_,)=dim(e;) die Zellen von
P—K. M, besteht aus den Zellen von P und den Zellen ¢; x (0, 1), i=1,
..., m. Setze

0:=M,— (Je;ue;x(0,1).
j=1
Dann ist in der Folge

Mr:)QlD"'DQm-IDQm=K

von K-Komplexen jeder Komplex einfacher Teilkomplex des voran-
gehenden, also s(M,, K)=s(K,K)=0 (vgl. Lemmall in [4]). Aus
Lemma 1, auf K =P<M, angewandt, folgt: r, s(M,, P) ist das Inverse
von s(P, K).

2. Der allgemeine Summensatz

Wir beweisen eine Formel zur Berechnung von s(P, K)e Sh(K) in dem
Fall, daB P und K wie folgt in Teilkomplexe zerfallen:

P=BuP, mit BnPB=k,
K=K,uK, mit K;nK,=K,,
K,cB, K,cP, also K,ck.

Sei i,: K,= K die Inklusion (n=0, 1, 2).
20*
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Satz 2. Ist K, Deformationsretrakt von By, so ist
S(BK)=iy,S(B, K +i,,s(B, K;)—ig, s(F, Ky).

Beweis. Sei Q,=KuUP,; dann ist P=0Q,uQ, und 0,nQ,=0,,
somit

s(P, Qo)=5(Q1, Qo) +5(Q5, Q).

K ist Deformationsretrakt von Q,, sei r: Q, — K eine Retraktion. Aus
Lemma 1, auf K= Q,< P bzw. K «Q,<=Q, angewandt, folgt:

s(B K)=5(Qo, K) +1, 5(F Qo)
5(Qn, K)=5(Qo, K) +1,5(2,, Qo)-

Aus allen vier Formeln (n=1, 2) zusammen folgt
s(B K)=5(Q;, K)+5(Q,, K)—5(Q0, K),

und wegen s(Q,, K)=i,, s(B, K,) ist das die Behauptung (das Element
—5(Q,, K) existiert nach Satz1).

Es folgt aus den Ergebnissen des ndchsten Abschnitts, dal} Satz 2
den in [1] bewiesenen Summensatz als Spezialfall enthdlt. Wir zeigen,
daB auch der Produktsatz von [1] aus Satz 2 folgt. Sei P=F u---UP, und
K=K,u---UK, mit K;=P, so daB jeder nichtleere Durchschnitt
K; n---n K; Deformationsretrakt von P, n---n P, ist. Aus Satz 2 folgt
durch Induktion nach m:

sSBK)=Y (="' Y fii,sB,nn B, K 00K,

rz1

wobei iiber alle Indexfolgen iy, ..., i, mit 1<i; <---<i,<mund K; N--
N K; #0 zu summieren ist; f; ..; ist von der Inklusion K; n---NnK; =K
induziert. Sei L ein zusammenhingender Simplizialkomplex mit den
abgeschlossenen Simplexen L, ..., L,. Fiir s(B, K)e Wh(K) berechne
s(PxL,KxL)e Wh(KxL) mit PxL=(PxL;)u---u(PxL,) und
KxL=(KxL,)u---U(K x L,) nach der obigen Formel. Da jeder nicht-
leere Durchschnitt L; n---n L; ein L, ist fiir ein gewisses n, ist

fiiSPX(Lyn -0 L), Kx(Lyn--nL;))=i,,s(PxL,, KxL,)

mit i,: KxL,=K xL. Sei y,eL, Basisecke und f,: K—»KxL,, f,(x)=
(x,y,)- Aus Lemmal, auf KxL,cPxy,UKxL,cP x L, angewandt,
folgt

s(PxL,, KxL)=s(Pxy,uKxL,,KxL,)=f,,s(P,K);



Whiteheadgruppe topologischer Rdume 275

denn offenbar ist s(P x L,, P x y,u K x L,)=0. Daher:
iy S(PX Ly, Kx L)=1,, fo, S(B K)=i,s(PK)

miti: K— K x L,i(x)=(x, y,); i ~i, f, fur alle n, weil L zusammenhéngend
ist. Insgesamt ergibt sich
s(PxL,KxL)=Y (—1y*'a,(L)i,s(P,K),
rz1

wo a, (L) die Anzahl der Indexfolgen 1 i, <+ <i,Emistmit L; n---NL;_
#+0. Der Zahlenfaktor ist die Eulersche Charakteristik von L:

s(PxL,KxL)=yx(L)i,s(P,K).

Das ist der Produktsatz, zunichst allerdings nur bewiesen, wenn L ein
Simplizialkomplex ist. Er bleibt jedoch richtig, wenn man L durch einen
endlichen zusammenhingenden CW-Komplex ersetzt: Das folgt leicht
aus [4], wonach jeder endliche CW-Komplex vom einfachen Homotopie-
typ eines endlichen Simplizialkomplexes ist.

3. Die Isomorphie Wh(K)~ Wh(rn,(K))

K sei zusammenhingend (andernfalls ist Wh(K) die direkte Summe
der Whiteheadgruppen der Zusammenhangskomponenten von K),
x,€K sei Basisecke, n=m,(K, xo) und Zz der Gruppenring von = iiber
den ganzen Zahlen. Fiir =3 und m=1 sei

K, ,=Kuet~tu.-.uel -t (¢8I !'=--=¢4""=x,)

q,m m

die Ein-Punkt-Vereinigung von K und m (q — 1)-Sphéiren. Die Homotopie-
gruppe nt,_; =m,_; (K, ., X,) ist beziiglich der Operation von n, (K, ,,, Xo)
~n ein Zn-Modul. Sei F;: (I"!,1"")—> (K, ,,X,) charakteristische
Abbildung von e?~! und a;em,_, das von ihr reprisentierte Element.
Sei A=(x;,) eine (m, m)-Matrix iiber Zn und b;=) x;;a;€m, .

J

.fi: (ia, ‘Iq_l)_’ (Kq,m’ x())

sei eine zellulire Abbildung, so daB f;|I9~* das Element b, reprisentiert.
Dann ist B(fis- s =K m\y U, e
ein K-Komplex mit Teilkomplex K .

Lemma 2. Die Zuordnung A—s(B(fy, ..., ) K) induziert einen
Homomorphismus S,: Wh(r) — Wh(K).

Beweis. Sei B=F,(f,,...,f,)—ef und h;: K, ,<F, die Inklusion. Sei
xen, yeZn und g;i (I J9 ) > (K, ., Xo) eine zelluldre Abbildung, so
daB g;|I"! das Element +xb,+yb;em, , reprisentiert (j=i). Sei
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so=s(I% I9eSh(I9. Es ist
s(E](fl’ "‘Sf;" "‘9fm)’ R)z(hl-f;)*(so)
S(B(fys+vs8i> - S B)=(h; 2,), (50)-

Nach Definition von g; ist h, g;~h, f;: [1 > P, (freie Homotopie). Aus dem
Homotopieaxiom folgt, daB die Komplexe E(f,...,f;,..-,f,) und
B(fy»...» 8-> 1) die gleiche Klasse in Sh(P), also auch in Sh(K),
représentieren. Somit ist s(B(f}, ..., f,), K)=s, unabhingig von der
Wahl der Reprisentanten f; der b;, und s, dndert sich nicht bei elemen-
taren Zeilenumformungen der Matrix A. Insbesondere kann man im Fall

B O
A= (0 1)
annehmen, daB f,|I9~'=F, ist. Dann ist P(f}, ..., f,_,) einfacher Teil-
komplex von E(f}, ..., f,) und s, =s5. Damit ist gezeigt: Durch {A}—>s,,
wo {A}eWh(n) die Restklasse der reguldren Matrix A iiber Zm ist, ist

eine Zuordnung S, : Wh(rn) - S h(K) definiert. Gegeben regulére Matrizen
A und B iiber Zn, sei
()
~\o B}’

Dann ist {C}={A4}+{B} und offenbar auch s.=s,+sz. Folglich ist S,
homomorph, daher Bild (S,)= Wh(K).

Lemma 3. Zu se Wh(K) und jeder hinreichend grofien Zahl q gibt es
eine regulire Matrix A iiber Zn mit S ({A})=s.

Beweis. Nach Lemma 15 von [4] gibt es einen Représentanten P vonss,
so daB P—K nur aus Zellen der Dimension g und g— 1 besteht (wegen
se Wh(K) ist K Deformationsretrakt von jedem Reprisentanten von s
nach Satz 1). Nach homotoper Deformation der Klebeabbildungen der
Zellen von P— K kann man annehmen, dafl Ko P? ‘1=Kq,m ist fiir ein
m2=1 (P1~! ist das (g — 1)-Geriist von P). Der Randoperator

d: ch(P, Kq,m’ xo) d nq—l(Kq,m’ K’ xO)

in der Homotopiesequenz des Tripels K< K, ,, = P ist isomorph. Beide
Homotopiegruppen sind freie Zn-Moduln, die Zellen von P—K defi-
nieren ausgezeichnete Basen. Ist A die Matrix von d beziiglich dieser
Basen, so s=s, und A ist reguldr.

Satz3.S,: Wh(n)— Wh(K)ist isomorphund S3=—S,=Ss=—S¢="":
Beweis. Fiir jeden K-Komplex P mit K Deformationsretrakt von P

ist die Whitehead-Torsion t(P, K)e Wh(n) definiert (vgl. [3]), und die
Zuordnung P - t(P, K) induziert einen Homomorphismus T: Wh(K)—
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Wh(x) (vgl. Theorem 3.1 von [3]). Ist A eine regulire Matrix liber Zm,
so ist K nach Lemma 2 und Satz 1 Deformationsretrakt von B(f;, ..., f,),
und die Torsion ist leicht auszurechnen: r(Bl( fis oS K)=(—1)1{4}.
Das bedeutet TS, =(— 1), und hieraus und aus Lemma 3 folgt, daB T
isomorph ist und T~'=(—1)4S,. Daraus Satz 3.

Bemerkung. T ist ein natiirlicher Isomorphismus. Eine Abbildung
f+ K — Linduziert Homomorphismen f, : Wh(K)— Wh(L) und f;: n—>='
=, (L, f(xo)). f; induziert einen Homomorphismus f,: Wh(r) - Wh(').
Dannist Tf, =f, T

4. Whiteheadgruppe topologischer Réiume

Die Definition der Gruppe Wh(K)in Abschnitt 1 benutzt die gegebene
Zellzerlegung von K. Nach Abschnitt 3 ist Wh(K) unabhingig von dieser
Zellzerlegung. Wir geben eine von der Zellzerlegung unabhéngige
Definition dieser Gruppe.

Sei X ein topologischer Raum, und seien P’ und P” endliche relative
CW-Komplexe iiber X. P’ ist einfacher Teilkomplex von P, wenn die
Bedingungen i) und ii) von Abschnitt 1 erfiillt sind. Zwei endliche
relative CW-Komplexe P und Q iiber X sind vom gleichen einfachen
Homotopietyp relativ X, P~Q rel X, wenn es relative CW-Komplexe
P=PP,...,B,_,, B,=Q iiber X gibt, so daB P._,cF, oder RcF_,
einfacher Teilkomplex ist (i=1, ..., m). Das ist eine Aquivalenzrelation.
Sh(X) ist die Menge der Aquivalenzklassen und s(P, X)e Sh(X) ist die
Klasse des endlichen relativen CW-Komplexes P iiber X. Mit der
Addition s(P, X)+s(Q, X)=s(PuUyQ, X) ist Sh(X) eine kommutative
Halbgruppe mit neutralem Element 0=s(X, X). Eine Abbildung
f: X - Y induziert einen Homomorphismus f, : Sh(X)— Sh(Y) durch
fs(P,X)=s(YU,P,Y), und fir g: Y- Z gilt (gf), =g, f,- Es gilt das
Homotopieaxiom. Wir definieren die Whiteheadgruppe von X, Wh(X),
als die groBte in Sh(X) enthaltene Gruppe. Es gilt sinngemdB Satz 1.
Lemma 1 lautet jetzt wie folgt: Sei X Deformationsretrakt von P und
r: P - X eine Retraktion. Ist dann P = Q Teilkomplex, so ist Q relativer
CW-Komplex iiber |P| und

s(Q, X)=s(P, X)+r,s(Q, |P)). (1)

(Dabei ist |P| der dem Komplex P zugrundeliegende Raum; (1) folgt am
einfachsten durch Induktion nach der Zahl der Zellen in Q—P; der
Beweis von Abschnitt 1 iibertréigt sich nicht.)

Die Konstruktion von S,: Wh(rn)— Wh(X) iibertragt sich, Lemma 2
und 3 bleiben richtig. Wenn auf X die Theorie des universellen Uber-
lagerungsraumes anwendbar ist, 1dBt sich fiir jeden endlichen relativen
CW-Komplex P iiber X mit X Deformationsretrakt von P analog zu [3]



278 R. Stocker: Whiteheadgruppe topologischer Rdume

die Whitehead-Torsion t(P, X)e Wh(n) definieren. Dann bleibt Satz 3
richtig.

Sei K ein CW-Komplex und |K| der zugrundeliegende Raum. Jeder
K-Komplex ist ein endlicher relativer CW-Komplex iiber |K|, und aus
P~Q rel K, P und Q K-Komplexe, folgt P~Q rel |K|. Durch s(P, K)—
s(P, |K]) wird folglich ein Homomorphismus V: S h(K) — S h(|K|) definiert;
V vergiBit die Zellstruktur von K. V bildet Wh(K)isomorph auf Wh(|K]) ab.

Satz 4. V: Sh(K) — Sh(|K|) ist isomorph.

Beweis. Zu einem endlichen relativen CW-Komplex P iiber |K| erhilt
man durch zelluldre Approximation der Klebeabbildungen der Zellen
von P—|K| einen K-Komplex Q mit P~Q rel |K|; man benutzt das
Homotopieaxiom und Lemma 14 von [4]. Daher ist V epimorph. Seien P
und @ K-Komplexe mit P~ Qrel |K|. Dann gibt es relative CW-Komplexe
B,...,B,_, iiber |K|,sodaB P,_, c P,oder P,c P,_, einfacher Teilkomplex
ist(i=1,...,mund B,=P, B,=Q). f;: P,_, — P, sei die Inklusion im ersten
Fall und eine Retraktion im zweiten. Dann ist f=f, ... f;: P— Q eine
zellulire Homotopiedquivalenz zwischen relativen CW-Komplexen
iiber |K| mit f(x)= x fiir xe|K| (f ist i. allg. keine zelluldire Abbildung des
CW-Komplexes P in den CW-Komplex Q). g: P— Q mit g(x)=x fiir
x€ K seizellulidre Approximation von f,und M, M, seien die Abbildungs-
zylinder von f bzw. g relativ |[K|. M ist relativer CW-Komplex iiber
|P|, M, ist CW-Komplex mit Teilkomplex P. Durch Induktion nach der
Anzahl m der Faktoren in f=f, ... f; folgt leicht, daB s(M,|P|)=0.
Wegen g ~fist dann auch s(M,, |P|)=0 (das folgt aus (1'); vgl. den Beweis
von Lemma 7.7 in [3]). Aber s(M,, P)e Wh(P), da g Homotopiedqui-
valenz ist, und aus O=s(M,,|P|)=Vs(M,,P) darf man daher auf
s(M,, P)=0 schlieBen, d.h. M,~P rel P. Nach Lemma 11 in [4] ist
M,~Q rel Q, vgl. den Beweis von Satz 1. Beides zusammen impliziert
P~QrelPnQ,also P~Qrel K wegen K = P n Q.Somitist ¥ monomorph.
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Une remarque sur les idéaux
de fonctions différentiables

B. MALGRANGE (Grenoble)

1. Introduction

Soient X un ouvert de R" et & (resp. 0) le faisceau des germes de
fonctions de classe € (resp. analytiques) sur X, a valeurs complexes.
Pour tout point aeX, a=(ay,...,a,), désignons par F, 'anneau des
séries formelles C [x,—ay, ..., x,—a,] et par f, f, 'application &, > F,
(ou @, — E): «série de Taylor en a».

Soit MeHom (X ; 04, OF) une matrice a coefficients analytiques sur
X ; le résultat suivant est connu (Malgrange [2]):

Soit fe&(X)P; pour qu’il existe ge&(X)* vérifiant M g=f, il faut et il
suffit quen tout point ae X, la condition suivante soit satisfaite:

C(a): Il existe y,e F2 tel qu’on ait: fi=M,y,.

11 est facile de voir sur des exemples que la conclusion reste vraie si
I’on fait seulement 'hypothése que C(a) est vérifié en «suffisamment de
points a». Par exemple, si X =R?, un fe&(R?) est de la forme x, g si et
seulement si 'on a f(0, x,)=0; par conséquent, il suffit ici d'imposer
C(a) pour un ensemble dense sur la droite x; =0. D’une fagon générale,
posons la définition suivante:

Définition 1.1. Un sous-ensemble Y de X sera dit « M-dense» si tout
fe&(X)P, vérifiant C(a) en tout point acY, est de la forme Mg, avec
ge&(X)? [Autrement dit, si la condition «VaeY, C(a)» entraine
«VaeX, C(@»].

Le but de cette note est de donner une caractérisation des ensembles
M-denses; l'outil essentiel est un argument de «semi-continuité de la
dimension», déja utilisé dans des questions analogues par Tougeron [4]
(voir PAppendice de cet article). Cette question m’avait été posée par
F. Pham, ce dont je le remercie avec plaisir.

2. Caractérisation des ensembles M-denses

Désignons par L le conoyau du morphisme de faisceaux M: 0% — 0",
en tensorisant par &, on obtient une suite exacte:

18P ->LR®E—0
0
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et, par partition de I'unité, une suite exacte pour les sections:
EYX)> &7 (X)->T(X,L®8)—~0.
0

On déduit de 1a que la propriété « Y est M-dense» ne dépend en fait
que de L, et peut s’exprimer ainsi:

«Soit qoeF(X,L@é”); pour quon ait =0, il faut et il suffit que,

[
VaeY, limage &, de ¢, dans L,® F,=L, par lapplication (identité¢ ®
Oq Oa
série de Taylor en a) soit nulle».

Posons V=supp(L)={aeX|L,+0}; en tout point aeX -V, la
derniére condition est trivialement vérifiée; par conséquent, on peut
supposer (quitte a remplacer Y par Yn V) que 'on a Y< ¥ ce que nous
ferons désormais. Pour tout point aeV, soient P, ; (1=<i<i(a)) les
idéaux premiers de 0, associés a L, (Bourbaki [1]), et soit V, ; le germe
en a de sous-ensemble analytique-réel de X défini par P, ; (i.e. le germe
des zéros de B, ;). Désignons encore par V, le germe de Vena;la proposi-
tion suivante est bien connue:

Proposition2.1. Ona V, ;cV,, et V,=) V, ; (1Z2i<(a)).

Rappelons sa démonstration; soit 0=(") L, ; une décomposition

primaire réduite de O dans L,, avec L, ; primaire pour %, ;; soit L; un
sous-faisceau analytique cohérent de L, défini au voisinage de g, tel qu'on
ait (L;),=L,;; on a encore 0= () L;, donc lapplication diagonale
L— @ (L/L;) est injective, d’ou ¥, =) supp(L/L;),. Tout revient donc a
montrer qu’on a (L/L;),=V, ;, cest-d-dire qu’on est ramené au cas ou
L, est coprimaire pour un idéal B,.
_ Dans ce cas, on sait qu’il existe une_ suite de composition L,=
L,,oL, ;> 2L, ,,1=0 telle que L, /L, ;,, soit monogene et iso-
morphe 4 0,/Q, ;, Q,,; idéal premier de 0, contenant B,; on peut aussi
supposer Q, ,=B,, puisque L, contient un sous-module monogéne iso-
morphe a 0,/%B,; soient L; des sous-faisceaux cohérents de L, définis au
voisinage de a, vérifiant (L;),=L,,;; on a encore, au voisinage de a,
Li/L;,1~0/9Q;, Q; un faisceau cohérent d’idéaux vérifiant Q).=2,:
par suite, on a, avec P=R,:

supp(L),=) supp(Li/Li;1)a=) supp(0/Qy), = supp (O/P).,

ce qui démontre la proposition.

Remarque 2.2. La décomposition précédente de ¥, ne doit pas étre
confondue avec sa «décomposition en germes irréductibles»; les deux
décompositions n’ont presque aucun rapport pour les raisons suivantes:
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D’une part, les V, ; ne sont pas forcément irréductibles; ensuite il se
peut que l'on ait V¥, =V, ;, pour i%j, soit que l'on ait B, 2P, ;
(«composantes immergées» de la décomposition primaire), soit encore
simplement parce que, en analytique-réel, le «Nullstellensatz» est faux.
Naturellement, dans le cas analytique-complexe, de ces trois accidents,
seul le second peut se produire.

Théoréme 2.3. Les propriétés suivantes sont équivalentes:

a) Y est M-dense;
b) Pour tout point aeV et tout i<l1(a),

onaV, ;nY,*0;
(autrement dit: soit ¥, ; un représentant de ¥, ; au voisinage de a; alors
¥, ;0 Y est adhérent 4 a).

Démontrons d’abord a)=-b). Raisonnons par I'absurde, et sup-
posons qu’il existe un point aeV et un i tels qu'on ait V, ;N Y,=0;
il existe ¢, section de L au voisinage de a tel que le noyau de I'application
ffe:0,~ L, soit égal 3 P, ;; au voisinage de a, soit P; le faisceau
cohérent d’idéaux de O tel que (B;),=B,; 'application fi— f¢ donne
encore une suite exacte 0 — B, —» O — L; 'application naturelle L— L 0@ 8

est injective (parce que, pour tout b, &, est fidélement plat sur 0, cf.

Malgrange [2]; ou, plus simplement, parce que I'application composee

L,—L,® & —L,® F, est injective, F, étant fidélement plat sur 0, cf.
Op Op

Bourbaki [1]); on peut donc considérer ¢ comme une section au voisinage
de a de L® &, dont le germe en a est +0; soit Yyed(X), égal 4 1 au
4

voisinage de a, et 4 support compact: si le support de ¥ est assez voisin
de a, Y ¢ peut étre considéré comme une section de L ® & sur X entier;
Y

si de plus supp(¥)n 17,,,,-0 Y=0, 17,,,,- un représentant convenable de V, ;
au voisinage de 0, on aura (y ¢),=0 pour tout be Y; a fortiori @ ¢),=0;
mais ( ), +0, ce qui montre que Y n’est pas M-dense.

Démontrons maintenant b) = a). Le théoréme étant local, il suffit de
le démontrer au voisinage d’un point ae X fixé. Nous allons procéder
pour cela en deux étapes:

Etape 1. Supposons qu’on ait L=0/J, J faisceau cohérent d’idéaux,
avec 0,/3, réduit, i.e. 3, intersection d’idéaux premiers; soit f une section
de & au voisinage de a, vérifiant, pour tout point beY voisin de a:
fie Sbng,,(=3b). 11 suffit de montrer qu’on a f,eS,: en effet, d’aprés un

b
théoréme classique de Cartan-Oka, en tout point ce ¥, assez voisin de a,
0/, est réduit, et par conséquent, le méme raisonnement, appliqué a ¢
au lieu de a, montrera qu’on a f,€ 5., ce qui est le résultat cherché.
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On a 3,=() B..: (1<i<l(a)), donc, par platitude de F, sur 0,:5,=

‘Ba,,-; par hypothése, on a, pour chaque i:Yn V¥, ;#0; ceci montre
qu’il suffit de traiter le cas ou J, est premier, et, plus précisément, de
démontrer le lemme suivant:

Lemme 2.4. Soient J un faisceau cohérent d’idéaux, avec J, premier,
Y un sous-ensemble de V=supp(0/3), avec Y,+0, et f une section de & au
voisinage de a, vérifiant, YbeY: f;efs,,; alors, on a ﬁeﬁa.

Posons k=dim 0,/J,; on sait que, en tout point be V' voisin de a, on
a encore k=dim 0,/3,, donc k=dim F,/S,. Pour tout point be X, voisin
de a, soit &, 'idéal de F, engendré par 5, et f,; on sait (Tougeron [4]) que
la fonction b+ dim F/K, est semicontinue supérieurement au voisinage
de a (en un point ou &, =F,, on pose par exemple dim F/8,= —1); par
hypothése, pour be ¥, on a &,=S5,, donc, puisque Y est adhérent  a, on
aura dim F/R,= k.

D’aprés un théoréme de Nagata-Zariski, &, est premier (voir par
exemple une démonstration due a Serre, dans Malgrange [3]); d’autre
part, on a dim F/S,=k, et &,>3,; il en résulte qu'on a nécessairement
],=35,, dou f,€3,, ce qui démontre le lemme et achéve la premiére
étape.

Etape 2; le cas général. Soit aeV, et soit ¢ une section de L ?é”,

au voisinage de a, vérifiant, pour tout beY voisin de a:$,=0. Pour
établir le théoréme il suffit de montrer qu’on a $,=0. En raisonnant
comme dans I'étape précédente, il suffit de traiter le cas ou L, est co-
primaire pour un certain idéal B,. Reprenons alors les notations de la
proposition 2.1, fin de la démonstration. Nous allons démontrer, par
récurrence descendante sur i (1 <i<p+ 1), le résultat suivant:

Lemme 2.5. 1] existe g;, analytique au voisinage de a, avec g; ,¢%B,,
possédant la propriété suivante; si @ est une section de L; ® & au voisinage
de a, vérifiant, ¥V be Y:p,=0,0on a g; o =0.

Pour i=p+ 1, le résultat est trivial, puisque L, , ; =0. Supposons alors
le résultat acquis pour i+ 1, et démontrons le pour i; soit Y 'image de ¢
dans Iespace des sections de (L,/L;, )®&E~8/Q;€; si Q;="P, par la

0

premiére étape, on a =0, donc en fait ¢ est une sectionde L; , ; ® & (noter
_ _ 0
que, par platitude de & sur 0, I'application L, ,® & — L;® & est injective;
0 0

on peut donc considérer le premier comme un sous-faisceau du second);
dans ce cas, le lemme est vrai avec g;=g;, . Si au contraire Q; ,+ P, il
existe h analytique au voisinage de a, avec h,eQ; , et h,¢%P,; on aura
hy =0 au voisinage de a, donc h¢ est une sectionde L;, ; ® & et le lemme
sera vrai avec g;=hg;_ - ¢
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Achevons maintenant la démonstration: soit ¢ une section de L® &
Y

au voisinage de g, vérifiant,V be ¥, $,=0; on a g, ¢ =0,doncen particulier
81..9,=0. Comme g, ,¢%B,, ’homothétie g, ,: L, L, est injective; par
suite (platitude de F, sur @,) ’homothétie g, ,: L,— L, est aussi injective;
par suite on a $,=0, ce qui démontre le théoréme.
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Zur Theorie der Deformationen
kompakter komplexer Rdume

HANS WERNER SCHUSTER (Miinchen)

Das Ziel der vorliegenden Arbeit ist es, die folgende Verallgemeine-
rung eines Satzes von Grauert und Fischer [4] herzuleiten (Satz 4.9): Ist
p: X — S eine eigentliche platte holomorphe Abbildung und sind alle
Fasern von p paarweise isomorph, so ist p in jedem Punkt von S trivial,
falls S reduziert ist.

Da die Fasern beliebige kompakte komplexe Raume sein diirfen, sind
die potential-theoretischen Methoden von Kodaira-Spencer nicht an-
wendbar. Verfasser beniitzt vor allem das Ergebnis von Douady [2],
mehr noch dessen relativierte Form von [14]. Hieraus wird folgendes
Resultat hergeleitet, welches ein Haupthilfsmittel zum Beweis von (4.9)
darstellt:

Ist p: X — S platt und eigentlich, Coh(S) (resp. Coh(X)) die Kategorie
der kohirenten Modulgarben auf S (resp. X), so besitzt der Funktor
»analytisches Urbild“ p*: Coh(S)— Coh(X) einen linksadjungierten
Funktor ,p: Coh(X)— Coh(S).

AuBerdem wird gezeigt:

Ist p: X — S eine eigentliche holomorphe Abbildung, so ist p genau
dann platt, wenn der Funktor , Basiserweiterung” p*: An,s— An,y einen
rechtsadjungierten Funktor besitzt. (Hierbei ist An s die Kategorie der
»komplexen Riume iiber S, analog ist Any definiert.) Vgl. zu diesem
Satz auch [8].

§ 0. Bezeichnungen

(0.1) Ist A eine Kategorie, so wird mit A die Kategorie der kontra-
varianten Funktoren von A in Ens bezeichnet. Man hat einen Funktor
h: A A, fis (g> Hom(g, ). h ist voll-treu, daher 1Bt sich, und das
geschieht im folgenden stets, A als volle Unterkategorie von A auffassen.
Ein Objekt aus A heiBt darstellbar, wenn es zu einem Objekt von A
isomorph ist.

Ist S ein Objekt von A, so wird mit A ¢ die Kategorie der ,,Objekte
iiber S bezeichnet. Die Objekte von A s sind die Morphismen p: X — S;
ist p: X — S ein Objekt von A5, so wird kurz X als Objekt iiber S be-
zeichnet. Sind p: X — §, p': X'— S Objekte von A g, so wird die Menge
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der A -Morphismen durch Homg(X, X'):={fe Hom(X, X'):p' f=p} ge-
geben.

(0.2) Im folgenden sei A eine Kategorie mit endlichen Faserproduk-
ten; konkret wird es sich stets um die Kategorie An der separierten
komplexen Rdume handeln.

Ist p: X — S ein Morphismus, so hat man den Funktor ,Basiser-
weiterung®: p*: A s— A, fi fxgidy. Fiir p* T, p* f wird oft auch:
Tix), fix) geschrieben.

Im folgenden wichtig ist der Funktor

N\
Py Ax—As, [ (g Homy(p* g, ).

Fiir Objekte Y iiber X, T iiber S ist also (p, Y)(T)=Homy(Tx,, Y).

(0.2.1) Falls fiir alle Objekte Y iiber X der Funktor p Y darstellbar
ist, besitzt p* einen rechtsadjungierten Funktor, welcher ohne Gefahr
der Konfusion wieder mit p, bezeichnet wird; dies folgt aus dem Aus-
wahlaxiom.

(0.2.2) Ist p: X — S ein Objekt iiber S, Y ein weiteres Objekt liber S,
so definiert man:

Homg(X, Y):=p, (Y-

Ist T ein Objekt iiber S, so hat man eine funktorielle Bijektion
Homy(X, Y)(T)=Homg(T x 34X, Y). Isomg(X, Y) wird als Objekt von

1(\/5 definiert durch: Isomg(X, Y)(T):=Isom(X g, Y. (Sind U, U’
Objekte iiber T, so ist Isom, (U, U’) die Menge der invertierbaren Elemente
von Homy (U, U’).)

(0.2.3) Sind Homg(X, X), Homg(X, Y), Homg(Y, X) und Hom(Y, Y)
darstellbar, so ist nach [1] auch Isomg(X, Y) darstellbar.

(0.2.4) Ist Z ein Objekt iiber X, Y ein Objekt iiber S, und sind
p: X -8, q: S'— S Objekte iiber S, so gilt nach [1] Exp.I, 1.7, wenn
man p':=ps, setzt:
a*(p, Z)=p (Zx xp™ ),
g+ Homg (X, Y)=Homg (X5, Y1),
q* Isomg(X, Y)=Isomg (X5, ¥s)-

. . . . . . /\ /\
(Hierbei ist natiirlich g* zu einem Funktor A s— Ay fortgesetzt zu
denken.)

(0.2.5) Ist e das Finalobjekt von A, so ist ja A=A ,; sind X, Y Objekte
von A, so setzt man Hom(X, Y):=Hom, (X, Y).



286 H. W. Schuster:

§ 1. Die Relativierung des Satzes von Douady
(1.1) Es sei X— S eine holomorphe Abbildung. Es soll nun ein

Objekt Hy 5 aus &1; definiert werden: Fiir ein Objekt T aus An sei
Hy 5(T) die Menge der abgeschlossenen analytischen Unterrdiume Y
von Xy, fiir welche die Komposition Y— X, — T platt und eigentlich
ist. Ist f: T— T’ ein An,s-Morphismus, Y ein Element von Hy (T"), so
ist Y x 7. TeHy 5(T); man hat also eine Abbildung

Hy 5(f): Hys(T')— Hy5(T).

Damit ist Hy 5 ein Objekt von ﬂ; .

Ist Hy s darstellbar, so bezeichnen wir das Objekt aus Ang, welches
zu Hy gisomorph ist,auch mit Hy . Man hat dann einen abgeschlossenen
analytischen Unterraum Zy s von Hy s x X, die Komposition Zy—
Hy 5% sX — Hy/g ist platt und eigentlich und es gilt: Ist T ein Raum
liber S, YeHy 5(T), so gibt es genau einen S-Morphismus f: T— Hys,
derart daB Y=f" Z,  ist.

Ist e das Finalobjekt von An, so sei Hy:=Hy,, Zy:=Zy,.

(1.2) Nach Douady [2] ist Hy darstellbar fiir jeden komplexen
Raum X. Sind T, X Objekte von An,s, YeHj 5(T), so 1dBt sich wegen der
universellen Eigenschaft von Hy der Unterraum Y— Tx (X —Tx X als
Element von Homg(T, Hy x S) auffassen. Man hat also eine Abbildung
H, s(T)— Homg(T, Hy x S), die offenbar funktoriell in T ist, also hat

man einen @-Morphismus s: Hy,s— Hy x S. Nach Pourcin [14] ist
Hy s darstellbar und s eine abgeschlossene Einbettung. Verfasser mochte
hierfiir den Beweis nun skizzieren; durch Verwendung eines Resultats
von Frisch [6] 14Bt sich der Beweis an einer Stelle kiirzer als in [14]
fithren.

(1.3) Im folgenden wird ofters die folgende Tatsache ([2], Prop.1
von §10) verwendet: Sind p: X— S, q: Y— S platt und eigentlich,
he Homg(X, Y), so ist die Menge S':={seS:h,eIsom(X,, Y;)} offen und
hs, ist ein Isomorphismus.

(Hierbei ist X:= X x s{s}, h;: = h x id ;, und diese Bezeichnungsweise
wird auch im folgenden stets verwendet.)

(1.4) Satz (vgl.[14]). Ist p: X — S eine platte eigentliche holomorphe
Abbildung und Y ein abgeschlossener analytischer Unterraum von X, so ist
p. Y darstelibar.

Beweis. i: Y— X sei die Injektion. pi ist eigentlich, also gibt es nach
[6] einen Raum §’ Uiber S mit folgenden Eigenschaften: i) Y, — §' ist
platt, ii) ist T ein Raum iiber S und ist Y;,— T platt, so gibt es genau
einen S-Morphismus von T in §'. j:=ig,eHomg(Yg,), X(5); S":=
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{seS": j, ist Isomorphismus}. Nach (1.3) ist S” offen in S'. Es liBt sich
schnell verifizieren, daB3 §” als Raum iiber § isomorph zu p_ Y ist.

(1.5) Satz (Pourcin [14]). Ist f: X— S eine holomorphe Abbildung,
so ist Hy s darstellbar.

Beweisskizze. Sei p: Zy— Hy der kanonische Morphismus, g:=
pxidg, j: Zyx S— Hy x X x § sei die Injektion. Z’ sei der Differenzkern
von

Zx S prij

—-._) ’
fpr2j

d.h. die Sequenz

Z 2, xSl s
Spraj
sei exakt. Es ist jetzt prinzipiell einfach zu zeigen, dall es einen Ang-
Isomorphismus h: Hy s— g, Z' gibt, derart daB s=1h ist (s war in (1.2)
definiert, [ sei der kanonische Morphismus). Aus (1.4) folgt die Behaup-
tung.

§ 2. Eine Charakterisierung der platten eigentlichen
holomorphen Abbildungen

(2.1) Satz. Es sei p: X — S eine eigentliche holomorphe Abbildung.
Dann sind die folgenden Aussagen dquivalent:

a) p ist platt.

b) Fiir jedes Object Y aus Any ist p Y darstellbar.

c) Es gibt einen zu p™: An/s—> An rechtsadjungierten Funktor.

d) Fiir jeden Epimorphismus f in Ang ist f x idy ein Epimorphismus
in Any.

In [8, 9] hat Grothendieck gezeigt, wie mit Verwendung von (1.5) b)
aus a) folgt.

Beweis. 1. Aus a) folgt b): Ist Y ein Raum iiber X, T ein Raum
iiber §,soist p, Y(T)=Homy(Tiy,, Y)=Homy, (Tix), Y x xTiy)). Nun ist
Y x yTiyy=Y x sT; man hat also eine in T funktorielle Bijektion von
(p, Y)(T) auf die Menge aller abgeschlossenen analytischen Unter-
rdume W< T x Y, fir welche die Komposition W— T x ;Y— T x ¢ X
ein Isomorphismus ist.

Der Morphismus Y— X liefert einen Morphismus a: Hyx ;Y—
Hy s x sX; es sei Zy;s—> Hysx sY— Hy 5 der kanonische Morphismus
(er wird mit pys bezeichnet). Dann ist py, ) @j=py;s und damit ist a j
ein Morphismus iiber Hy 5. Aus (1.3) und den obigen Ausfiihrungen
folgt nun, daB H':={heHy: (a}), ist Isomorphismus} offen ist und daB
p,Y=H' ist.

21 Inventiones math., Vol. 9



288 H. W. Schuster:

2. Aus (0.2.1) folgt, daB c) durch b) impliziert wird.
3. DabB d) durch c¢) impliziert wird, ist trivial.

4. d) impliziert a): Fiir einen komplexen Raum Z sei Coh(Z) die
Kategorie der kohdrenten Modulgarben auf Z. Ist & ein Objekt von
Coh(2), so sei I,(F):=(Z, 0,+ &) die triviale Erweiterung von Z durch
& (vgl. [1] Exp.2,2). Der Morphismus 0,— 0,+ %, a (a,0), liefert
einen Morphismus I,(¥)— Z, auflerdem hingt I,(#) funktoriell von
& ab, man hat also einen Funktor I,: Coh(Z)°— An,,. Man iiberlegt
sich leicht, daB3 ein Morphismus f in Coh(Z) genau dann injektiv ist,
wenn I,(f) ein Epimorphismus ist.

Sei nun f ein Monomorphismus in Coh(S). Dann ist p* I¢(f) ein
Epimorphismus; da das Diagramm

Coh(S)° —— An

r* p*

Coh(X)° —— Anjx

kommutiert, ist also I (p*f) ein Epimorphismus, daher ist p* f injektiv.
Damit ist p* ein exakter Funktor, also ist p platt.

(2.2) Folgerung. Sei p: X — S eine platte eigentliche holomorphe Ab-
bildung, Y ein Raum tiber S. Dann gilt:

i) Homg(X, Y) ist darstellbar.

ii) Wenn Y— S platt und eigentlich ist, so ist Isomg(X, Y) darstellbar
und gestattet eine offene Einbettung in Homg(X, Y).

Beweis. i) ergibt sich aus (2.1) und (0.2.2). Zu ii): Dal} Isomg(X, Y)
darstellbar ist, folgt aus (0.2.3), daB der kanonische Morphismus
Isomg (X, Y)— Homg(X, Y) eine offene Einbettung ist, folgt aus (1.3).

(2.3) Corollar. Ist X — S eine holomorphe Abbildung, so ist s: Hy,g—
H, x S eine abgeschlossene Einbettung.

In der Tat: Im Beweis von (1.5) ist  eine abgeschlossene Einbettung,
da p, ein rechtsadjungierter Funktor ist, also ist auch s eine abge-
schlossene Einbettung.

§ 3. Eine Modul-theoretische Eigenschaft platter eigentlicher
Morphismen

Fiir einen komplexen Raum Z sei Lin(Z) die Kategorie der linearen
Faserrdume iiber Z im Sinne von [3]. V,: Coh(Z)°— Lin(Z) sei der
kanonische Funktor (vgl. [3]). T;: Lin(Z) — An,, sei der Funktor, der die
algebraische Struktur vergifit. Ist p: X — S ein Morphismus in An, so
liefert das Faserprodukt einen additiven Funktor Lin(S)— Lin(X), der
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ebenfalls mit p* bezeichnet wird. Ist p platt und eigentlich, L ein Objekt
von Lin(X), so wird p  (Ty L) ein Objekt von Lin(S), wenn man fiir einen
Raum Z iiber S der Menge Homg(Z,p, Ty L), die ja isomorph zu
Homy(p* Z, Ty L) ist, die I'(Z, ©;)-Modul-Struktur von Homy (p* Z, T, L)
einpflanzt.

(3.1) Damit hat man einen additiven Funktor Lin(X)— Lin(S) defi-
niert (falls X — S platt und eigentlich ist), der wieder mit p, bezeichnet
wird und der zu p*: Lin(S)— Lin(X) rechtsadjungiert ist.

(3.2) Satz. Sei p: X — S ein eigentlicher platter Morphismus in An.
Dann gibt es einen additiven Funktor ,p: Coh(X)— Coh(S), der links-
adjungiert zu p* ist und fiir den gilt: Vg p=~p  Vy.

Beweis. Dies folgt aus (3.1) und der Tatsache ([3, 15]), daB fiir jeden
komplexen Raum Z der Funktor V, eine Aquivalenz von Kategorien ist.

(3.3) Satz. Sei p: X — S ein platter eigentlicher Morphismus in An,

F r; 9 . H 0 eine exakte Sequenz in Coh(X). Dann ist die

Sequenz pF — pY—  pH — 0 exakt.

Beweis. Dies folgt daraus, da ,p einen rechtsadjungierten Funktor
besitzt.

(3.4) Ist Z ein komplexer Raum, & eine Modulgarbe auf Z, so sei
F'i=Homg, (F, Oy).

(3.5) Satz. Ist p: X — S eine platte eigentliche holomorphe Abbildung,
F ein Objekt aus Coh(X), so hat man einen natiirlichen Isomorphismus
P (F)=(pF).

Beweis. Ist U offenin §, soist (p, (F")(U)=F"(Uy,)=Homy(Uy,, Vx F)
=Homg(U,p, VyF)=Homg(U, Vs(,p F))=(,p F) (U).

(3.6) Sei p: X — S eine platte eigentliche holomorphe Abbildung,
seS, q,: X,— {s} die triviale Abbildung, i;: X,— X die Injektion. Dann
gilt fiir jede kohdrente Modulgarbe # auf X :

(P, Vi) xs{s}=(q), Vy,(iF F).
Dies ergibt sich sofort aus (0.2.4).

(3.7) Satz. Sei p: X — S eine platte eigentliche holomorphe Abbildung,
S sei reduziert; & sei ein Objekt von Coh(X). Dann ist ,p# genau dann
lokalfrei, wenn die Abbildung S—Z, s+ [H°(X,,(#|X))):C] lokal-
konstant ist.

Beweis. ,p # ist wegen (3.2) genau dann lokalfrei, wenn p, Vy # ein
Vektorraumbiindel ist. Dies ist genau dann der Fall, wenn die Abbildung
s> dim(p, Vy F x ¢{s}) lokal-konstant ist. Die Behauptung folgt nun aus
(3.5) und (3.6).

21*
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§ 4. Platte eigentliche Abbildungen mit paarweise isomorphen Fasern

(4.1) Definition. Sei f: Y— S eine holomorphe Abbildung, yeY.

a) f heift offen in y, wenn f(U) eine Umgebung von f(y) ist, falls U
eine Umgebung von y ist.

b) f besitzt einen Schnitt durch y, wenn folgendes gilt: Es gibt eine
offene Umgebung U von f (y)und einge Homg(U, Y),derartdaf g(fy)=yist.

(4.2) Hilfssatz. Sei f: Y— S eine holomorphe Abbildung, S sei reduziert,
fiir alle se8 sei Y, eine reindimensionale Mannigfaltigkeit, dim Y,=n sei
von s unabhdngig. Dann gilt :

i) Ist f in y offen, so besitzt f einen Schnitt durch y.
ii) Ist die Topologie von Y abzdhlbar, so gibt es ein yeY, derart daf
finy offen ist.

Beweis. Nach ([7], Satz 2.2) gilt Folgendes: Zu jedem yeY gibt es
eine offene Umgebung V? von y, eine offene Umgebung U” von f(y),
einen Polyzylinder P im C" und eine abgeschlossene Einbettung
h: V2= U’ x P?, derart, daB fiir alle zeV?” gilt: pr, W z=fz. Fiir jedes
sef(V?) ist also hY: V’NnY,— {s} x P” ein Isomorphismus. Da prn:
U? x P? - U” beziiglich der Zariski-Topologien offen ist, ist also f(V”)
ein analytischer Unterraum von U’.

Beweis von i). Ist f in y offen, so kann man V?, P?, U” und h* so wihlen,
daB sogar f(V*)=U" ist. Also ist h” bijektiv. Da U” x P” reduziert ist,
ist #* ein Isomorphismus; hieraus folgt sofort die Behauptung.

Beweis von ii). Man kann 0.E.d. A. annehmen, daB S ein Polyzylinder
ist. Da Y abzihlbare Topologie hat, gibt es eine abzéhlbare Teilmenge
Y'Y, derart daB U V?=Y ist. Also ist S= U f (V?). Nach dem Satz

von Baire gibt es nun em yeY’, derart daB f (Vy) U ist. Wie oben folgt
nun die Behauptung.

(4.3) Sind X, Y komplexe Ridume, so kann man Hom(X, Y) mit der
Topologie von Kaup [11] versehen; dieser topologische Raum wird mit
Hol(X, Y) bezeichnet.

Ist X kompakt, so ist die identische Abbildung Hol(X,Y)—
Hom (X, Y) stetig. Dies ist in [2] bewiesen, falls X reduziert ist. Ist X
nicht reduziert, so lassen sich der Beweis von § 10, Lemma 1 und Teil i)
des Beweises von § 10, Theorem 2 in [2] iibertragen, indem man folgendes
beniitzt:

Sei X ein analytischer Unterraum von U=UcC" K, K’ seien
O-privilegierte Polyzyhnder in U, K'cK. Dann ist die kanonische
Abbildung H°(K, 0,) - B(K', 0y) stetig; also ist auch H°(X, Oy)—
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B(K’, 0y) stetig. (Dabei haben H°(K,0,), H°(X, 0,) die kanonischen
Topologien, vgl. [5].)

Ist X kompakt und hat Y abzidhlbare Topologie, so hat Hol(X, Y)
nach [11] abzihlbare Topologie, also hat auch Hom(X, Y) abzdhlbare
Topologie.

(4.4) Lemma. Sei X — S eine platte eigentliche holomorphe Abbildung,
X sei ein kompakter komplexer Raum, S habe abzihlbare Topologie. Dann
hat Isomg(S x X, X) abzdhlbare Topologie.

Beweis. Da X — S eigentlich ist, hat X abzidhlbare Topologie. Nach
[17], Beweis von Satz 1.1, 1dBt sich Homg(S x X,, X) als endliches
Faserprodukt von §, X und Riumen der Gestalt Hom(X, Z) darstellen,
wobei Z abzdhlbare Topologie besitzt. Die Behauptung folgt nun aus
(4.3) und (2.2).

(4.5) Sei p: X— S eine platte eigentliche holomorphe Abbildung,
s€S. p heiBit trivial in s, wenn es eine Umgebung U von s und einen
spurpunkttreuen Isomorphismus U x X,— X x (U gibt. p heiBt trivial,
wenn p in jedem Punkt von S trivial ist.

Seien nun s, s'€S, und sei X isomorph zu X,.. f: Isomg(S x X, X)— S
sei der kanonische Morphismus. Dann gilt: p ist genau dann in §' trivial,

-1
wenn es ein ye f (s') gibt, derart daB f einen Schnitt durch y besitzt. Dies
folgt sofort aus (0.2.4).

Es wird noch eine Tatsache benétigt, deren einfacher Beweis dem
Leser iiberlassen wird:

(4.6) Ist g: S’ S eine surjektive stetige und abgeschlossene Ab-
bildung, seS, V eine Umgebung von ‘_gl({s}), so ist g(V) eine Umgebung
von s.

(4.7) Lemma. Seien p: X — S, g: §'— S holomorphe Abbildungen, p
sei eigentlich und platt, g sei surjektiv, ps.,: X5, — S’ sei trivial. Dann ist
auch p trivial, falls eine der folgenden Bedingungen erfiillt ist :

a) g ist plart.

b) g ist abgeschlossen und S ist reduziert.

Beweis. Sei s€S; es ist zu zeigen, daB p in s trivial ist.

Yi=Isomg(Sx X, X), f:Y->S
sei der kanonische Morphismus; Y':=g* Y, f':=g* f, g':=f"g. Man
hat also ein kommutatives Diagramm
Y v Y/
g
|

S<—g—S’
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Wegen (0.2.4) ist Y'=Isomg (S x X, X(5). Ist s’eS’, g(s')=s, so gibt es
eine offene Umgebung U von s” und ein helsomy(U x X, X)), also gibt
es wegen (0.2.4) einen An,y-Isomorphismus Y, — U x Isom(X, X)).

a) Sei nun g platt. In jedem ye Y’ mit f'(y)eU ist f’ platt, also ist f
in jedem yeY, platt. Nun ist ¥,=Isom(X|, X)), also ist Y, eine Mannig-
faltigkeit. Wegen (1.8) in [16] besitzt also f durch jedes yeY, einen
Schnitt. Aus (4.5) folgt nun die Behauptung.

b) Sei g abgeschlossen und S reduziert. Es sei yeY, f(y)=s; wegen
(4.2) reicht es zu zeigen, daB f offen in y ist. Sei also V eine Umgebung

von y. Dann ist f’(gl’(V)) eine Umgebung von él({s}). Nach (4.6) ist
also f(V)=(g f')( gl’( V)) eine Umgebung von s.

Ist X ein komplexer Raum {iiber S, seS$, so wird mit 7, die Garbe der
Keime von holomorphen kontravarianten Vektorfeldern auf X, be-
zeichnet. Nun konnen endlich die eigentlichen Hauptsitze dieser Arbeit
bewiesen werden.

(4.8) Satz. Sei p: X — S eine eigentliche platte holomorphe Abbildung,
S sei reduziert, lokal-irreduzibel und zusammenhdingend. Es gebe ein s,€S,
in welchem p trivial ist. Dann ist p trivial, falls die Abbildungen Sas+
[H(X,, Ox):C], S35+ [H°(X,, 7;):C] konstant sind.

Beweis. 1. S sei eine Mannigfaltigkeit. Man hat die kanonische exakte
Sequenz E: p* Qg —— Qy — Q4 — 0 (vgl. [8]). Nach (3.3) ist die Sequenz
«PE: pD*Qs— pQy— ,pQy,s— 0 exakt. Da p in s, trivial ist, gibt es
eine Umgebung U von s,, derart daB 6| X x sU linksinversibel ist. Also
ist ker(,pd),=0 fiir seU. Da [H°(X,, 0y ):C] nicht von s abhingt, ist
«PP* Qg lokalfrei (nach (3.7)). Der Identitétssatz liefert also: ker ,pd=0.
Also ist die Sequenz

4.8.1) 0— ,pp*Qs— pQy— pQxs—0  exakt.

Da die analytische Beschrinkung von Qy ¢ auf X isomorph zu Q ist
(vgl. etwa [8]) und weil [H°(X,, Z;):C] nicht von s abhingt, ist wegen
(3.7) die Garbe ,p Qy s lokalfrei. Die Sequenz (4.8.1) spaltet also lokal auf,
aus (3.5) folgt also, daB p,(0'): p,Qx — p,(p* Q) surjektiv ist. Ist also
s€S, D der Keim eines Vektorfeldes in s, so gibt es eine offene Umgebung
U von s, derart daB sich D zu einem Vektorfeld auf Xy, liften 1aBt. Nach
[12] ist also p in s trivial.

2. § besitzt Singularititen: §':={seS: p ist trivial in s}; 5" ist offen
und nicht leer. Sei seS’. Dann kann man eine offene Umgebung V von s
so wihlen, daB gilt:

i) Die Menge der reguldren Punkte von V ist zusammenhéngend.
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i) Es gibt eine Auflosung g: M — V der Singularititen von V im
Sinne von [10].

M ist dann zusammenhéngend und aus Teil 1 dieses Beweises folgt
zusammen mit (4.7), daB seS’ ist. Also ist S’ abgeschlossen und daher ist
S'=S.

(4.9) Satz. Sei p: X — § eine platte eigentliche holomorphe Abbildung,
S sei reduziert; fiir alle s, teS sei X isomorph zu X,. Dann ist p trivial.

Beweis. 1. § sei eine Mannigfaltigkeit. Nach (4.5), (4.4) und (4.2) gibt es
auf jeder Zusammenhangskomponente von S einen Punkt, in dem p
trivial ist. Wegen (4.8) ist also p trivial.

2. S sei ein reduzierter Raum. Zu jedem seS gibt es eine offene Um-
gebung U und eine Auflosung g: M — U der Singularititen von U im
Sinne von [10]. Die Behauptung folgt nun aus (4.7).

(4.10.1) (4.9) wurde in [4] fiir den Spezialfall bewiesen, daB3 S und alle
Fasern von p Mannigfaltigkeiten sind.

(4.10.2) In [13] wird ein Beweis von (4.9) angegeben fiir den Spezial-
fall, daB alle Fasern von p reduziert sind und daB p in jedem Punkt von X
lokaltrivial ist. Es scheint mir aber in [13] an der Stelle, wo der Fall, da3
S eine Mannigfaltigkeit ist, betrachtet wird, der Beweis nicht ganz ein-
leuchtend zu sein.

(4.10.3) LaBt man in (4.9) die Voraussetzung, dall S reduziert sei,
fallen, so wird die Aussage natiirlich falsch. Man betrachte einfach eine
nichtverschwindende infinitesimale Deformation eines kompakten Rau-
mes (vgl. [17]).

Literatur

1. Demazure, M., Grothendieck, A.: Schémas en groupes. Sém. de Géom. Algébr., Institut
des Hautes Etudes Scientifiques 1963.

2. Douady, A.: Le Probléme des Modules pour les sous-espaces analytiques compacts
d’un espace analytique donné. Ann. Inst. Fourier, Grenoble 16, 1 —95 (1966).

3. Fischer, G.: Lineare Faserraume und kohirente Modulgarben iiber komplexen Riu-
men. Archiv der Math. Fasc. 6, Vol. XVIII, 609 —617 (1967).

4. Fischer,W,, Grauert, H.: Lokal-triviale Familien kompakter komplexer Mannigfaltig-
keiten. Nachr. d. Akad. d. Wiss. in Gottingen, I1, Math.-Phys. Klasse 6, 89 — 94 (1965).

5. Forster, O.: Zur Theorie der Steinschen Algebren und Moduln. Math. Z. 97, 376 —405
(1967).

6. Frisch, J.: Aplatissement en géométrie analytique. Ann. sciet. Ec. Norm. Sup., 4. serie
1, 305 —-312 (1968).

7. Grauert, H., Kerner, H.: Deformationen von Singularitidten komplexer Rdume. Math.
Annalen 153, 236 — 260 (1964).

8. Grothendieck, A.: Techniques de construction en géométrie analytique. Sém. H. Cartan
1960/61.

9. — Technique de descente et Theorémes d’existence en géométrie algébrique. IV. Les
schémas de Hilbert. Sém. Bourbaki 13, No. 221 (1960/61).



294 H.W. Schuster: Zur Theorie der Deformationen kompakter komplexer Rdume

10.

11.

12.

13.

14.

15.

16.

17.

Hironaka, H.: Resolution of singularities of an algebraic variety over a field of charac-
teristic zero. I. Ann. of Math. 79, 109 —203 (1964).

Kaup, W.: Infinitesimale Transformationsgruppen komplexer Rdume. Math. Annalen
160, 72—92 (1965).

Kerner, H.: Familien kompakter und holomorph-vollstindiger komplexer Riume.
Math. Z. 92, 225233 (1966).

Poljakov, P. L.: Die Trivialitdit von Familien von kompakten komplexen Riumen
[russisch]. Matematiceskij Sbovnik N.S. 79 (121), 357 — 367 (1969).

Pourcin: Theoréme de Douady au-dessus de S. Annali Scuol. Norm. Sup. Pisa XXIII,
111 (1969).

Prill, D.: Uber lineare Faserrdume und schwach negative holomorphe Geradenbiindel.
Math. Z. 105, 313 — 326 (1968).

Schuster, H. W.: Deformationen analytischer Algebren. Inventiones math. 6, 262 —274
(1968).

— Uber die Starrheit kompakter komplexer Rdume. manuscripta math. 1, 125—137
(1969).

Hans Werner Schuster

Mathematisches Institut der Universitit
D-8000 Miinchen 13

Schellingstr. 2 —8

(Eingegangen am 18. Dezember 1969)



Inventiones math. 9, 295 —307 (1970)

Epimorphisms and Surjectivity

G.A. REID (Cambridge)

1. Introduction

Suppose that @ is a category whose objects are sets (possibly with
further additional structure) and whose morphisms (as well as satisfying
perhaps other requirements) are mappings in the usual sense of the
underlying sets. Many familiar categories are of this sort. For a morphism
0: A— B in % we can on the one hand say that 6 is surjective if the image
of 6 (as a set) is the whole of B, or alternatively we can define 6 to be an
epimorphism (a purely categorical notion) if for every pair of morphisms ¢,
¢’ in € from B to any other object C, ¢ 8 =¢’ 0 implies p=¢'. It is clear
that a surjective map is always an epimorphism, and the question we
shall be concerned with throughout this paper is whether, for various
concrete examples of categories, the converse is true. As we shall see, for
the category of commutative C*-algebras this converse is equivalent to
the classical Stone-Weierstrass theorem, and thus the statement that in
the category of C*-algebras epimorphisms are necessarily surjective
would be a natural generalisation of the Stone-Weierstrass result. This
was our initial motivation for this investigation; the question as to the
behaviour of other categories arose later as being of interest in itself.

We shall from the outset make two further simple assumptions
about the categories we shall be working with, which will in practise nor-
mally be realised. Firstly suppose that for any pair of morphisms ¢,
¢@’: B— C, the set {beB: ¢(b)=¢'(b)} is an object of ¥. And secondly,
suppose that each subset of an object B in ¥ is contained in a unique
smallest subobject of B in €. In these circumstances it is easily seen that
a morphism 6: A— B is an epimorphism if and only if the morphism
embedding the subobject of B generated by the image of 6 in B is an
epimorphism. Thus the question of whether epimorphisms are neces-
sarily surjective becomes equivalent to the question of whether any
epimorphically embedded subobject of an object is necessarily the whole
object. The question therefore becomes the following: given A4, B objects
of € with A a proper subset of B, does there exist an object C of € and
morphisms ¢, ¢’ equal on 4 but unequal on B?

Needless to say, one can ask of a category of sets the dual question
of whether monomorphisms are necessarily injective, but this appears
to be generally much easier to answer.
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2. The Stone-Weierstrass Theorem

The Stone-Weierstrass theorem classically stated says that a self-
adjoint subalgebra A4 of the algebra C,(X) of all complex-valued con-
tinuous functions vanishing at infinity on the locally compact Haus-
dorff space X is dense in C,(X) in the topology of uniform convergence
on X if and only if (i) given distinct points x, ye X there is a function f
in 4 with f(x)# f(y), and (ii) given any point xe X, there is a function f
in A such that f(x)%0.

Now algebras of the form C, (X) with their norm topology of uniform
convergence on X are exactly commutative C*-algebras, and the maps
f=f(x), or f—0 are exactly the multiplicative linear functionals on
Co(X), that is to say the morphisms (in the category of commutative
C*-algebras) of C,(X) into the complex numbers C. Thus the classical
formulation of the Stone-Weierstrass theorem above may be rephrased
as follows: If 4 is a proper C*-subalgebra of the C*-algebra B there
exist morphisms 6, ¢: B— C equal on 4 but not equal on the whole of B.
In other words, epimorphisms in the category of commutative C*-
algebras are necessarily surjective.

To reinforce this connection between the Stone-Weierstrass theorem
and the surjectivity of epimorphisms it is worthwhile to give another
example, where in fact, for essentially the same reason, both results fail.

Let X be a finite-dimensional real compact C®)-manifold, and con-
sider the algebra B= C®(X) of all complex-valued C'*)-functions on X,
taken in its topology of uniform convergence of derivatives on X. Then
B is a complete locally convex (though not Banach) *-algebra with
jointly continuous multiplication.

In B the Stone-Weierstrass theorem fails. A further condition is
required, and in fact we have (see [8]) that a self-adjoint subalgebra A4
is dense in B if and only if (i) given distinct points x, ye X, there is a func-
tion fin A with f(x)= f(y), (ii) given any point x€ X, there is a function f
in A with f(x)#0, and (iii) given any point xe X and any direction « at
x, there is a function f in 4 such that D, f(x)+0, where D, denotes the
derivative in the direction a.

Take now any point x in X and any direction « at x. The set
A={f: D,f(x)=0} is a closed self-adjoint subalgebra of C'*)(X)=B,
containing 1 and separating the points of X but not the whole of C'(X).
Now let ¢ be any (algebraic) morphism C™)(X)— C*)(Y)= C, or more
generally into any algebra C of functions on Y say. Let g be any C®-
function on X such that D, g(x)+0 and g(x)=0; then 4 and g together
generate (algebraically) B, so ¢ is determined by its values on 4 and its
value at g. However g and g* are elements of 4, so that ¢(g)*=¢(g?)
and ¢ (g)’ = ¢(g?) are determined by the values of ¢ on A4. At each point
of ¥, either ¢ (g%)=0, in which case ¢(g)=0, or ¢(g?)+0, in which case
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0(8)=(2%)/¢(g%). Hence ¢(g) is determined by the restriction of ¢ to A,
and hence ¢ is determined on the whole of B by its values on 4. Thus 4
isepimorphically embedded (at least with respect to algebras of functions).

3. Von Neumann Algebras and C*-Algebras

In order to solve the problem for C*-algebras it is necessary first to
deal with the category of von Neumann algebras. Here a certain caution
is necessary in deciding what are the relevant morphisms to choose for
our category, and the natural choice is to insist that not only the *-algebra
structure is preserved but further that the morphisms are normal. Recalt
that @: A — B is normal if for each increasing net (T,) of positive elements
of A, &(sup T;)=sup @(T;). Equivalently, the normal morphisms are
those which are ultraweakly continuous. (For a general reference for the
theory of von Neumann algebras see [3].)

The category of von Neumann algebras and normal morphisms has
been studied by Guichardet [5], and he mentions as outstanding the
question of whether epimorphisms are necessarily surjective ([5], p.44).

Since we are dealing with normal morphisms the subset of a von
Neumann algebra B on which two morphisms from B are equal is a
weakly closed subalgebra of B. Therefore our category satisfies the
assumptions made in § 1, and it suffices to prove that an epimorphically
embedded subalgebra of B must be the whole of B. The proof of this
that we give below is due to Lorenz.

Proposition 1. In the category of von Neumann algebras and normal
morphisms, epimorphisms are necessarily surjective.

Proof. Suppose that U is a proper von Neumann subalgebra of the
von Neumann algebra B on H, and suppose first that the identity 1 of B
is in . Then by von Neumann’s double commutant theorem A" =9,
where A"’ denotes the double commutant of A, hence A"’ +B", and so
A’ +=B'. Thus B’ is a proper von Neumann subalgebra of the von Neu-
mann algebra W'. But any C*-algebra with identity, and in particular any
von Neumann algebra, is generated algebraically by its unitary elements
(see [3], Ch.1, §1.3), so we can find a unitary operator U on H which is
in A’ but not in B'. Then the maps T— T, T-» U* TU are normal mor-
phisms B — ¥ (H), equal on U, but unequal on B. Therefore A is not
epimorphically embedded.

Suppose now that 1¢ . A contains its principal identity E, which
is an identity element for A, and so E = 1. It will clearly suffice to prove
that the subalgebra EBE is not epimorphically embedded in B. Since E
is a projection, U=2E—1 is unitary. Therefore T-»T and T— U*TU
give two normal morphisms B — #(H) equal on EBE. These will be
unequal on B unless Ec®B’, in which case E will be a central projection
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in B. But then T-T and T— ET are two normal morphisms 8 — Z(H)
equal on E'BE but unequal on B.

The proposition is thus proved and it is now easy to deduce the
C*-algebra result.

Proposition 2. In the category of C*-algebras epimorphisms are neces-
sarily surjective.

Proof. The technique is to work via the enveloping von Neumann
algebra of a C*-algebra. If A is any Banach algebra, then the second
dual A” of A may be given (in two ways) a product under which it becomes
a Banach algebra (see [1]). If A is a C*-algebra then these two products
coincide, an involution can be defined on 4”, and the resulting Banach *-
algebra becomes in fact a C*-algebra. Moreover A” may be represented
(by the universal representation) as a von Neumann algebra, and the
ultraweak topology is given just by the weak topology a(A4”, 4"). A" is
called the enveloping von Neumann algebra of A (for details see [2], §12).

Suppose now that A4 is a proper C*-subalgebra of the C*-algebra B.
A and B are both embedded in the usual way in their second duals, and
the inclusion map 4 — B induces an injective map 4" — B” embedding 4"
as a C*-subalgebra of B”. This map is (¢(4”, A'), 6(B", B'))-continuous,
so that 4” becomes a von Neumann subalgebra of B”. Since the map
A— B is not surjective, neither is A” —B”, and so A" is a proper von
Neumann subalgebra of B”. Therefore by Proposition 1 there are two
ultraweakly continuous maps B” — ¥ (H) (where H is in fact the repre-
sentation space for the universal representation of B) which coincide on
A" but differ on B”. Since B is o(B", B')-dense in B”, these maps differ
on B. Thus, restricting to the subspace B of B”, we obtain two distinct
morphisms B— #(H) which coincide on 4. Hence the result is proved.

It is interesting to compare this generalisation of the Stone-Weier-
strass theorem with the other possible generalisations that have been
proposed (see [2], §11). The deepest and most difficult of these is the
result of Glimm [4] that if a C*-subalgebra A of B separates the weak
closure of the pure state space of B together with 0 then A = B. A generali-
sation, or proposed generalisation, closer to ours, however, is that
suggested by Fell. He defined a C*-subalgebra A of B tc be rich if each
irreducible representation of B remains irreducible when considered as
a representation of A4, and if inequivalent irreducible representations of
B remain inequivalent when considered as representations of A4 (see [2],
p-223). It is easy to see that if 4 is epimorphically embedded in B, then A
is rich. However whether A rich implies A =B is unknown (except in the
special case of 4 postliminal), and if this were generally true then Glimm’s
result could be improved to require only separation of the pure state
space of B (together with 0) by A.
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4. Groups

Proposition 3. In the category of groups epimorphisms are necessarily
surjective. Likewise in the category of finite groups.

Proof. It is possible to give a proof for the category of groups using
free products with amalgamation, however the technique used here, of
split extensions, is more immediately adaptable to the category of finite
groups.

Suppose that G is a group and H a proper subgroup of G. We must
find a group K and two morphisms G — K equal on H but unequal on G.
Let us look for K which is the semidirect product A-G of a normal
subgroup A with G. Writing ,a=ga g~ ! for geG, ac A, we can regard A
as a (not necessarily commutative) G-module, and K as the split extension
of Aby G.1f0: G — K is of the form 0(g)= ¢ (g) g, where @ isamap G — 4,
then 6 is a morphism if and only if ¢ satisfies the cocycle condition

pgg)=0(g) ) (g 8€0).

This is fulfilled in particular if ¢ is a coboundary, in other words if ¢ is
ofthe form o(g)=y ! oW for some Y€ A. To the identity 1€ 4 corresponds
the embedding of G in 4 -G, and the map 6 will coincide with this on H
but be distinct on G if and only if =y for he H, but iy + for some g
in G.

Thus we are reduced to finding a G-module A having an element
fixed by H but not fixed by the whole of G. But this is easily found, and
we shall give two possible answers.

Firstly take 4= GY, the group of all maps of G into itself, the group
operation being defined pointwise. The G-module action we take to be
right translation on the domain, so that .y for xeG is defined by
(.¥) ()= (yx). Now take y such that y(h)=1 for he H, and y(g) =some
go+ 1 for ge G\ H. It is clear that y is fixed by H but not by any element
outside H.

A second, and perhaps simpler, example is given by A=(Z2Z)°,
where as before the group operation is pointwise and the G-module
action is by right translation on the domain. Writing Z/2Z as the multi-
plicative group {+1}, we take y(h)=1 for heH, and y(g)=—1 for
geG\H. In this example A is in fact commutative.

Note that if G is finite then either of the examples we have taken for
A is finite, so that K=A-G is finite, and we remain in the category of
finite groups throughout.

5. Lie Algebras

We now consider the category of Lie algebras, where, surprisingly,
the situation is more complicated.
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Suppose that we are given a Lie algebra g and a proper subalgebra b
of g. We try the same method as in the proof of Proposition 3, now
phrased in terms of Lie algebras. So let V be a g-module and consider
the split extension f=V+g of ¥ by g. A map 0: g— f of the form 0(x)=
®(x)+x, where ¢ is a map g— V, will be a morphism if and only if ¢
satisfies the cocycle condition

(P([x9 x/])=x(p (x/)'—x’q) (X) (xa x,eg)'

We again take ¢ a coboundary, so that ¢(x)= .y for some ¥ in V, and
to get a map 6 that coincides with the embedding g — f on | but not on g,
we require ¥ such that yy =0 for yeb, but .y +0 for some x in g. Thus the
problem is reduced to finding a g-module V containing an element
annihilated by b but not annihilated by the entire algebra g. And to find
such a module is considerably less trivial than in the case of groups.

Choose a basis x,, ..., x, of g such that x,,,...,x, is a basis of h.
(We give the argument for finite-dimensional g. The general case is then
clear.) By the Poincaré-Birkhoff-Witt theorem monomials

kn
no

xk=xkixke | x
with k running over all n-tuples of non-negative integers, form a basis of
U (g), the universal enveloping algebra of g. Let V be the subspace spanned
by the x* with k,,, , =--- =k, =0, and denote by x the projection U(g) > V
defined by the basis x* of U(g). We define a g-operation on V as follows:
For y eV, xeg define i) =n(x ), where x  is just the ordinary product
in U(g).

To prove that this is a module action we have to show
n([x, x'J ) =n(x n(x' ) —n(x m(x ).

And since n([x, x'])=n(x x")—n(x"x ), it will suffice to prove that
n(x (X P))=m(xx ).

Now x'y=n(x"y)+ ', where ' is a linear combination of elements
x* with k;> 0 for some i> p; so it suffices to prove that 7 (x x*)=0 for any
such k. Now such x* may be written x"x' with h;=0 for i>p, ,=0 for
i< p,and I+0. We may then write x x" as a linear combination of elements
x" x" with h;=0for i>p,and I;=0for i < p; so x x* is a linear combination
of elements x" x" x'.

Consider the product x' x'. Since b is a subalgebra this may be
written as a linear combination of elements x'” with I/ =0 for i< p, and
since the terms of degree greater than zero form an ideal in U(h), [%0
will imply I”#0. Thus xx* is finally a linear combination of elements
x" x!" with I" 40, and since all these map to zero under n we will have
n(x x*)=0, proving our result.
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Now let i denote the identity element 1 in V. We have that for y in b,
y is a linear combination of x,, 4, ..., X,, and Y =n(y)=0. While for
1Si=<p, we have , == (x;)=x;. Thus we have proved

Proposition 4. In the category of Lie algebras epimorphisms are nec-
essarily surjective.

6. Finite-Dimensional Lie Algebras

By analogy with the case of finite groups we may ask whether in the
category of finite-dimensional Lie algebras epimorphisms are necessarily
surjective. However, as we shall shortly see, this is not the case.

Note first that for the proof of the preceeding section to go through,
in order that f should be finite-dimensional, ¥ would have to be a finite-
dimensional g-module. And in the above construction, even for finite-
dimensional g, this is not the case.

We shall begin, however, by seeing how far we can proceed in the
finite-dimensional case and still retain a positive result. We shall con-
sider in turn the cases of Abelian, nilpotent, soluble and semisimple
algebras. One simplifying remark that applies throughout the finite-
dimensional case is that every proper subalgebra is contained in a maxi-
mal proper subalgebra, and so the problem reduces to proving that no
maximal proper subalgebra is epimorphically embedded.

Abelian Lie algebras are just vector spaces, and it is trivial to see that
epimorphisms are surjective. The nilpotent case is also easily dealt with.

Proposition 5. Epimorphisms are surjective in the category of finite-
dimensional nilpotent Lie algebras.

Proof. Let b be a maximal proper subalgebra of the finite-dimensional
nilpotent Lie algebra g. g being nilpotent, the normaliser of b in g is
properly larger than ), and hence equals g. Thus | is an ideal in g, and
the canonical projection  and the zero map g — g/ give two morphisms
equal on | but distinct on g.

In fact since g/b is nilpotent and nonzero, (g/h) is a proper subspace
of g/b, and we can find a nonzero linear functional f on g/h vanishing on
(a/b). Then the composition f and the zero map give two morphisms
from g to the ground field equal on b but unequal on g.

Proposition 6. In the category of finite-dimensional soluble Lie algebras
epimorphisms are necessarily surjective.

Proof. Suppose that ) is a maximal proper subalgebra of the finite-
dimensional soluble Lie algebra g. If | is an ideal in g then the proof
above applies. So suppose that by is not an ideal in g, in which case b does
not contain g, and h+ g/, being a subalgebra properly larger than b, must
be the whole of g.
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Suppose — and we shall obtain a contradiction from this — that
does not contain g”. Then h+g” is a subalgebra properly larger than b,
and hence h+g"=g. Write g'?=[g,g']=g’", and inductively g'"+'!=
[¢,9™]. Wehaveg' = g=b+g'% and aninductive proof gives g " < ) + g+l
for all n.

By our assumption that h is not an ideal we have g’ ¢ b. But since g is
soluble, g' is nilpotent (see [6], p. 51 ; we are assuming henceforth that the
ground field is of characteristic zero) and for some n we will have g"=
0<bh. Hence there exists p such that g'?¢b, but g'?*'ch. However we
then have g'’ch+g'P*'ch, a contradiction.

It follows that our hypothesis that b does not contain g” is untenable,
so in fact h>¢"” and we have

[bng,gl=[bng,b+g1=[bh]l+g"<hng.
Therefore h g’ is an ideal in g.

Now let g=g/(hng), h=bh/Hn g). Then b is a maximal proper
subalgebra of g, which is soluble, and }) is not an ideal in §. Furthermore
hN g =0; therefore g=h+g is a direct sum decomposition of g as a
vector space, and b’ chn g =0, so that b is Abelian. .

Each Xeg is uniquely expressible as y+ X with yeb, ¥’ €§. Define
maps 6, 9: g—g by O(x)=x+hng' =%, and p(x)=7. 0 is clearly a Lie
algebra morphism, and it easily seen that ¢ also is. Since bdg, there
exists x'eg’ with x'¢h, and 0(x")=x'+0, while ¢ (x')e@(g)=0, so that
6 and ¢ are distinct on g. However 0(y)=y= o (y) for yeh, so = @onb.
Thus b is not epimorphically embedded in g, and the proposition is
proved.

Note that if h is a maximal proper subalgebra which is not an ideal,
then g=bh+g¢’ so that morphisms into the ground field alone do not
suffice to distinguish § from g.

The next obvious class to consider is the semisimple algebras, but
here the result fails and we shall give an example of a proper subalgebra
of a semisimple Lie algebra which is embedded epimorphically (in the
category of finite-dimensional algebras).

Let g be the three-dimensional simple Lie algebra with basis x, y, z
such that [x, yl=y, [x,z]= -z, [y, zZ]=x; and let | be the subalgebra
spanned by x and y. We assert that b is epimorphically embedded in g
in the category of finite-dimensional Lie algebras.

For suppose not, Then there exists a finite-dimensional Lie algebra
containing elements x, y, z, z’ with z+ 2" and such that [x, y]=y, [x, z]=
—z,[y,z]=x, [x, 2/]= -2, [y, 2] = x. Since g is simple and z+ 2’ implies
x+0, we have that x, y, z are linearly independent.

Put ug=z—2, so we have [x, uy]= —u,, [y, 4,]=0; and then induc-
tively define u,=[z,u,_,]. It is straightforward to prove by induction
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M Dul=—tnmtu,_y, [nul= 0D,
It follows that the elements x, y, z, u, (n=0) are linearly independent.
For otherwise some u, will be a linear combination of x, y, z, 4; (i <n).
So applying ad y, we see that if n>0, u,_, is a linear combination of
x, y,u; (i<n—1). Hence u, will be a linear combination of x, y, z; say
uo=ax+by+cz. Then [x,u,]=-—u, implies a=b=0, and then
[y, uy]=0 implies ¢ =0. Thus u,=0 contrary to assumption.

Hence  must be infinite-dimensional, which is contrary to hypothesis,
and therefore b is epimorphically embedded in g.

Unfortunately we have no complete description of the epimorphically
embedded subalgebras of a given finite-dimensional semisimple Lie
algebra. However we do have

Proposition 7. Any finite-dimensional semisimple Lie algebra over an
algebraically closed field of characteristic zero contains a proper epi-
morphically embedded subalgebra.

Proof. Let g be such an algebra. Take a Cartan subalgebra by of g and
take a system of positive roots with respect to b with root vectors
X,, X_ (2>0), so that

X d=a()x, [nx_J=—a()x (yebh).

Then we assert that the maximal soluble subalgebra s of g generated
by b and the vectors x, (x>0) is an epimorphically embedded sub-
algebra of g.

For let f be any morphism of g into a finite-dimensional Lie algebra f.
For each a>0, the vectors x,, x_, and «, considered as an element of b,
form a three-dimensional simple Lie algebra isomorphic to that con-
sidered above. Thus the values of § on x, and « suffice to determine its
value on x_,. Hence the values of § on s determine its values on all x _,
and hence on the whole of g.

It is not, by the way, true that any epimorphically embedded sub-
algebra necessarily contains a maximal soluble subalgebra s. For example
consider the simple algebra of type G,. This has positive roots of the
forma, B, B+a, f+20a, f+3a, 28+ 3a, where a, § are simple roots. Then
b, x, and x;, ;, span a subalgebra m which is in fact metabelian (that is
m” =0) and which, we assert, is epimorphically embedded in g.

For let @ be any morphism of g into a finite-dimensional algebra. The
values of 6 on x,, x4, 3, and b determine its values on x_, and x_;_3,.
But [x_,, x4, ;,] is some nonzero multiple of x, ,,, so the value of 6
on Xxg,,, is determined. Likewise so are the values of x;,, and x;.
Then [x;, x;, 3,] is a nonzero multiple of x,,, 3,, so the value of 6 is
determined on x,,, 3,, hence on s, and hence on g.

22 Inventiones math., Vol. 9
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A like situation apertains generally. For a semisimple Lie algebra of
rank r over an algebraically closed field of characteristic zero, we may
always find a metabelian subalgebra m of dimension 2, spanned by b
and r of the positive root vectors, such that m is epimorphically embedded
in g.

We shall see later by contrast that for compact real Lie algebras
proper epimorphically embedded subalgebras do not exist.

7. Locally Compact Groups

We are indebted to Hofmann for observing that the negative result
for finite-dimensional Lie algebras of the previous section implies that the
category of locally compact groups with continuous morphisms also has
epimorphisms which are not surjective.

Proposition 8. Let G=SL(2, R) and let H be the soluble subgroup of all
2 x 2 real matrices

(g a’fl) (a=0).

Then H is epimorphically embedded in G.

Proof. Suppose that we have two continuous morphisms 6, ¢ from
G to some locally compact group K equal on H but distinct on G. By
[7]1, Chapter 4, K has an open subgroup K’ such that every neighbourhood
of the identity in K’ contains a normal subgroup N with K'/N a Lie group.
Since G is connected it is mapped into K’ by both 6 and ¢, and so we can
suppose that K'= K. There exists some g in G with 6(g)=+ ¢(g), so there
is some symmetric neighbourhood of the identity in K not containing
0(g) ¢(g)~! and we can take a normal subgroup N contained in this
neighbourhood with K/N a Lie group. Then composing 6 and ¢ with
the canonical projection K — K/N, we have two maps of G into a Lie
group which are equal on H but distinct on G. Thus we can suppose K
above taken to be a Lie group. The maps 6, ¢ induce maps 0, @ from g to
the Lie algebra f of K in the usual way. These differ on g since the image
of the exponential map generates G, and are equal on §. But since f is
finite-dimensional and g is the three-dimensional simple algebra with
subalgebra b that we considered above, this is a contradiction. Thus H is
epimorphically embedded.

8. Compact Groups and Lie Algebras

The question that now naturally arises is how far must we specialise
the category of locally compact groups to obtain positive results. We
have already seen in Proposition 3 that epimorphisms are surjective in
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the category of discrete groups, and it is trivial to see that the same is
true of the category of locally compact Abelian groups. We now ask
what the situation is in the category of compact groups.

Proposition 9. Epimorphisms are necessarily surjective in the category
of compact groups.

Proof. We use the same split extension technique that was applied
in the proof of Proposition 3. For this we require (given a compact group G
and a proper closed subgroup H) to find a (not necessarily commutative)
G-module 4 having an element fixed by H but not fixed by the whole of G.
Since we are now in the category of compact groups we must require in
addition that the module action G x A — A be jointly continuous, and
that A4 (ignoring the G-structure) be a compact topological group. Our
aim, then, is to construct such an 4.

Let us denote by R(G) the subspace of the space C(G) of continuous
functions on G spanned (algebraically) by the coefficients of the con-
tinuous irreducible representations of G. These representations are all
finite-dimensional and equivalent to unitary representations; and since
any finite-dimensional unitary representation is completely reducible
into a sum of irreducible components, we see, by means of tensor prod-
ucts, that R(G) is in fact a subalgebra of C(G). Furthermore, if  is a
finite-dimensional representation so is its complex conjugate 7, and
thus R(G) is a self-adjoint subalgebra of C(G). R(G) contains the identity
function 1, and by the Peter-Weyl theorem it separates the points of G,
therefore by the Stone-Weierstrass theorem it is dense in C(G).

C(G) is a G-module by right translation: (,f)(y)=f(y x) for fe C(G)
and x, yeG. And R(G) is a submodule in this action since n(yx)=
n(y) m(x), and so

)= kZInk,-(X) ik

where n=dim =.

Note that the elements of C(G) fixed by H are precisely those functions
which are constant on the left cosets x H of H. For fe C(G) define fe C(G)
constant on the left cosets of H by

f(x)=1§f(xy) duy(y),

where py is Haar measure on H normalised to have total mass 1. R(G)
is invariant under this operation since

(0= [ 63) di ) =k§1 ({10 di ) ).

22%
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We assert that there is a function f in R(G) fixed under H but not
fixed under the whole of G. For suppose not. Any ge C(G) can be uni-
formly approximated by fe R(G), and then § is approximated by f. But
f is fixed under H and so, by assumption, under G; therefore § is fixed
under G. But since it is possible to find a function in C(G) fixed under H
but not fixed under the whole of G, this gives a contradiction.

Since the space spanned by =;, for k=1 to n is G-invariant, since the
representation induced on this space is exactly =, since this space is also
invariant under f— f, and since these spaces for varying i and = are
independent, it follows that we can find f in such a subspace fixed under
H but not under G. In other words, there is a continuous irreducible
unitary representation n of G on some finite dimensional Hilbert space,
V say, and a vector ve V fixed under H but not under G.

If V is one-dimensional, then H is contained in the proper closed
normal subgroup ker n of G, and in the usual way maps G — G/ker 7 will
separate H and G.

Suppose that dim V' > 1. 7 induces a representation of G on Hom (V, V)
by T— n(x) Tn(x)~! for xe G, and the unitary group A of V is invariant
under this action. 4 is compact and the induced module action is jointly
continuous; finally the unitary operator U=2(v®v)—1 is an element of
A fixed under H but not fixed under G. (For otherwise the one-dimensional
subspace generated by v would be invariant under G, contradicting =
irreducible and dim V> 1.)

As a corollary to this result we obtain.

Proposition 10. Epimorphisms are necessarily surjective in the category
of real compact Lie algebras.

Proof. Let g be a real compact Lie algebra, and f) be a proper sub-
algebra of g. We may take a compact connected Lie group G having g as
Lie algebra, and then corresponding to b there will be a Lie subgroup H
of G. The difficulty of course is that H may not be closed in G; let H denote
its closure.

Suppose first that H =G, so that H is dense in G. Now a Lie subgroup
of G is normal if and only if its Lie algebra is invariant under the adjoint
representation of G. But b is invariant under the adjoint representation
of H, and H is dense in G. Therefore } is invariant under the adjoint
representation of G, and so H is normal in G. Thus b is an ideal in g, and
two morphisms g — g/b will separate b and g.

If now H is a proper subgroup of G, we can find a compact group K
and two morphisms G — K equal on H but distinct on G. Then the same
argument as in the proof of Proposition 8 shows that we can take K to
be a Lie group and obtain two morphisms from g to the Lie algebra t
of K which are equal on | but distinct on g. f will be compact since K is.
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Existence de traces pour les éléments d’espaces
de distributions définis comme domaines
d’opérateurs différentiels maximaux

CH.GouLaouic (Rennes) et P. GRISVARD (Nice)

Introduction

Soient Q un.ouvert de R", A un opérateur différentiel d’ordre m dans
Q, et I' un ouvert de la frontiére 02 de Q. On note E(Q)={ue*(Q);
Auel?(Q)}, le domaine de 'opérateur maximal associé a A dans I2(Q).

On montre que, sous certaines hypothéses, les éléments de E ont des
traces successives y; sur I, qui appartiennent aux espaces de Sobolev
H~*-YI'), pour 0Li<m—1.

Des résultats de ce type sont connus (cf. [3]), pour des opérateurs 4
elliptiques par exemple, mais obtenus généralement par des méthodes
globales, alors que la méthode utilisée ici est «locale».

On donne d’abord les hypothéses utilisées (que I'on prend assez
fortes afin de dégager le plus clairement possible la méthode) et le résultat
correspondant. Puis on décompose la démonstration en plusieurs étapes:
Localisation du probléme — Passage & R — Méthode par dualité —
Obtention des traces successives. Enfin on signale quelques extensions
possibles, dont une rédaction détaillée sera faite ultérieurement. Certains
des résultats démontrés ici ont été annoncés dans une note aux C.R.
Acad. Sci. (cf. [2]).

Nous remercions M.S.Baouendi pour 'aide qu’il nous a apportée
dans ce travail.

1. Hypothéses et résultat
On fait les hypothéses suivantes:

H,) Les coefficients de Popérateur A sont de classe C™ sur Q et Q est une
variété a bord de classe C™.

H,) T n’est caractéristique pour 'opérateur 4 en aucun point.

H;) On peut trouver un ouvert ¥ qui soit I'intersection de Q avec un
voisinage de I, tel que D (V) soit dense dans E(V) pour la norme du
graphe.

! Les notations utilisées sont celles de [3], par exemple.
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On obtient alors le résultat:

Théoréme 1. Sous les hypothéses H,), H,), H,) Papplication y; de D(V)
_ _ o'u
dans D(I') qui d ue D (V) fait correspondre la trace de i sur I', se prolonge
v
en une application linéaire continue de E(Q) dans H=*~(I'), pour 0<i<
m—1.

Remarque 1. Les hypothéses de régularité H,) ne sont utiles qu’au
voisinage de I 3

On signalera au paragraphe 5 l'extension aux cas ou I' peut étre
caractéristique.

L’hypothése de densité H,) peut étre encore affaiblie et on peut méme
s’en passer pour définir les traces; cette hypothése est cependant commode
ici et est vérifiée dans des cas trés généraux (cf. [1]) (par exemple pour A
elliptique ou parabolique ou a coefficients constants, pour certains
opérateurs hyperboliques a coefficients variables ... etc.).

2. Localisation du probléme

Il existe un difféomorphisme 6 de classe C™ d’un ouvert de R" sur
un voisinage de I' tel que: V=0(R) avec

R={(x,y); x=(x,, ..., x,_;)€l ouvert de R"~! et ye]0, 1[}

et B(I)=T; et toutes les dérivées partielles de 0 et de 6~ d’ordre <m
soient bornées sur R et sur V.2

I
Fig. 1. Schema du diffeomorphism local

On pose ii=ul, o0 et A l'opérateur différentiel sur R défini par
A(ul, 0 0)=Aul, 0.

On est ramené a chercher les traces pour y =0 des éléments de 'espace:
E(R)={uel?(R); AueI?(R)}.

2 On peut toujours se ramener & cette situation en considérant au lieu de I les parties
d’un recouvrement ouvert de I
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Comme I est non caractéristique pour 'opérateur A, on peut sup-

poser: -

A=Dy+ Y DiA,,

a<m
ou A, désigne un opérateur différentiel par rapport aux variables
(X1 <i<n_1, dordre <m—a.
En écrivant
m — ax
Dyu=f— ) Di;A,u

a<m

pour ue E(R) avec feI? on obtient que les éléments u de E(R) vérifient:
u(x, y)e (0, 1; I2(1))

(a) m-1 .
Dyuey H™'(0,1; H-™*(I)).
i=0

(Remarquons que les éléments qui vérifient (a) sont bien plus généraux
que ceux de E(R), en particulier la fonction f pouvant étre prise dans un
espace plus grand que I?(R).)

On va montrer que si u vérifie (a), alors u a une trace pour y=0en un
sens que I'on précisera.

On sait que les éléments de I'espace
{ue2(0,1; I2(1)); Dy ue?(0,1; H-™(I))}

ont une trace pour y=0 dans I'espace H~*(I). On peut, dans certains cas,
se ramener a cette situation par changement de variables pour supprimer
les dérivées mixtes.

On va utiliser une méthode différente, qui nécessite d’abord quelques
lemmes préliminaires de densité et de prolongement.

3. Résultats de densité et prolongement
Ces résultats sont démontrés dans le cas général dont nous aurons
besoin plus tard (pour les traces d’ordre supérieur).
On note, pour 0< p entier Em—1,
E,, ,(R)={ueH *(R); D7 " ucF, ,}
avec .
—p-

E,,= Y H™(0,1; H-"+ ().

i=0

Il est immédiat que D(R) est dense dans F, , et que:

m—-p-1 X ) )
F, .= () Hy(0,1; Hy~i(])) et E, , est réflexif.
i=0
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On démontre alors le résultat:

Lemme 1. Lespace D(R) est dense dans I'espace E, ,(R) (munide la
norme naturelle ).

Démonstration. On va démontrer que toute forme linéaire continue
sur E,, ,(R), nulle sur D(R), est identiquement nulle. Toute forme linéaire
continue T sur E, ,(R) peut s’écrire, avec fe H§(R) et geF, .

Tw)=<f, wWpgw,n-r®+<& Dy *Wr, ,r,, Pourtout uck, .

On suppose que, pour tout ue D(R), on a T(u)=0. En considérant les
seules fonctions u de D(R), on a:

(=1)"-PDm"Pg+f=0 dans D'(R),
donc:
D"~"geH{(R)
et par ailleurs:

m-p-1 . .
ge () HL(0,1; H= (D).
i=0

Il en résulte que ge H™(R) et pour y=0 ou 1, les traces de D’y‘ g sont nulles
pour 0Sk<m-—1, sauf éventuellement pour k=m—p—1, et il suffit
d’écrire T(u)=0 avec maintenant u arbitraire dans D(R) pour obtenir
finalement que toutes les traces de g sur OR jusqu’a I'ordre m—1 sont
nulles, donc ge HY' (R).

11 existe donc une suite (¢,),.n de fonctions de D(R) qui converge
vers g dans H™(R) et en particulier

f=(=1r=rD""Pg=lim(~1)""?D""*¢, dans HE(R).
Dong, pour tout ueE,, ,, on a:
T(u)= lim [{(= )" D"~ @, up +<p,, D"~ Fu)]
T(u)=0.

Ce qui démontre le lemme.
On utilise aussi le résultat:

Lemme 2. On peut construire un opérateur linéaire continu I1 de 'espace
E,, ,(R) dans l'espace

E,,,'p(R")={ueH“’(R");D;,”“"ue i H-i(R;H-'"“(R"-‘))},

tel que: ITu|g=u pour tout ueE,, ,(R).
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Démonstration. a) On passe de E, ,(R) a E, ,(10, 1[ xR""") sans
difficulté; il suffit d’utiliser un opérateur P, de prolongement de H~"(I)
a H™"(R"~!) valable pour 0=<r=<m (ce qui existe si on suppose I, donc I,
assez régulier).

b) On considére 'opérateur P défini sur les fonctions réguliéres sur
R" =R""!xR, par:

u(x,y) si y>0
Pu(x, y)={m=!

(.7) Y Au(x, —a;y)  si y<O0
i=1

ou les a; sont des réels distincts strictement positifs et les 4; seront de-
terminés par la condition:

1Pull,, ,an = C N, - @

On vérifie d’abord que P est continu pour les normes induites par
H~"(R") et H~"(R") pour 0<r=p, pourvu que I’on ait:

m—1

................. ®)

m—1
Y Ao (—a) TP = -1,
i=1

Ceci se voit par transposition 3.
On a alors:
(DY~ Pu)(x, y) si y>0

DyP(Pu)(x, y)={m=1
’ ( u)(x y) Z li(—di)m_p(D;n—Pu)(x’ _aiy) si y<0'

Notons Q 'opérateur de prolongement défini par

v(x,y) si y>0
Qu(x,y)=

m—1
Zli(—ai)’""l’v(x, “"a,')’) si y<0’
i=1

et exprimons que @ est continu pour les normes induites par
H_i(R+, H—m+i(Rn—1)) et H_i(R, H—m+i(Rn—1))

3 On montre que I'application transposée ‘P est continue de H"(R") dans Hj(R") et
vérifie'P ¢ = ¢ pour tout ¢ € Hy (R",), ¢ désignant I'élément de H' (R") obtenu en prolongeant
¢ par 0 pour y<0.
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pour i=0,1,...,m—p—1; cela se traduit par les conditions:
m—1
Z '{i(-ai)m—p—l=1
i=1
............. (3)
m—1
Z Ai(—a)=1.
i=1

Le systéme (2) (3) est un systéme de Cramer par rapport aux variables
Ay oA donc le prolongement P est construit pour les fonctions

IR P )

réguliéres; comme ces fonctions sont denses dans E,, ,(R",) on a construit
un prolongement P de E, ,(R",) dans I'espace E,, ,(R").

c) Soient ¢, et ¢, deux fonctions de D([0, 1[) et D(J0, 1]) respec-
tivement; on montre que lapplication ur>@,u est continue de
E, ,(0,1[ x R"~!) dans lui-méme, pour i=1,2. On choisira ¢, et @,
telles que ¢, +¢,=1sur [0,1].

d) Soit ueE,, ,(R); on obtient FucE,, ,(10, 1[ x R"~"); puis

¢, RuekE, ,R")
@, BueE, ,(R") avec R™ =]—o0,I[xR"!
v; =P(p, RueE,, ,(R")
v,=P_(p; Ru)eE, (R,
ou P_ désigne le prolongement analogue a P, R”, étant remplacé par R” .
Enfin, on pose [Tu=v,+v,.
Remarque 2. 11 aurait été possible d’éviter ce prolongement, mais il est

plus agréable de travailler dans R”, pour les techniques de dualité et
relévement des traces, que I'on va utiliser.

4. Méthode par dualité
On démontre d’abord un résultat de «relévement».

Proposition 1. Lapplication T: ¢ — 6
HP+¥(R"Y) dans

=0 @ est linéaire continue de

1

m—

éﬂ

i=0

E:,,,p(R")={f+D"‘""g;feH"(R") et ge Hi(R,H'””i(R"’l))}.

Démonstration. On sait cf. [3] qu'il existe un relévement continu R
de H»*+}(R"~!)dans H™(R") qui & ¢ associe R ¢ = W vérifiant:

Yo W=+ =Yy W=0
))m—p—l W=(P
Ym-p W=”'=ym—l w=0

7: W désigne (D} W)(x, 0).
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On note W la distribution obtenue en prolongeant W par O pour

y<0.0On a: N
D} PW=DJ"?W+0,.0,®¢.

Donc
Oy-0)®@p=f+D;"Pg avec
f==-Dy*W
g=W.
Il reste & vérifier:
D}-? We HP(R")

. m-p— 1
We () H*R,H™*R"Y).
k=0
Ona:
1) La fonctlon D7 ~? Watoutesses tracesd’ordre < pnulles pour y=0,
donc D} ~* H"~F We HP (R") etona:

ND;"_I, W"Hp(kn)é Coll W“Hmmg)é G, llolys +HRn-1)>

2) La fonction W a toutes ses traces sur y=0 nulles jusqu’a I'ordre

m—p—2,donc
—-pP-
ﬂ *(R, H"*(R""Y)

etona:
IWI=Csll@llgr+s@n-1-

La proposition est complétement démontrée.

Par transposition, on déduit de la proposition1 un résultat de
«traces».

Théoréme 2. Lapplication y, de D(R") dans D(R"~Y), qui d ue D(R")
fait correspondre sa trace pour y=0, se prolonge par continuité en une
application linéaire continue de E,, ,(R") dans H-*-?(R"~").

Démonstration. On démontre d’abord (méme méthode que pour le
lemme 1 ou régularisation par convolution) que D(R") est dense dans
E, ,(R").

On vient de montrer que lapplication T est linéaire continue de
HP**(R"~') dans E,, ,; donc l'application transposée ‘T est linéaire
continue de E, ,(R") dans H-*-?(R*-"). 1 suffit de montrer que la
restriction a D(R") coincide avec la trace. Or, pour fe D(R"), ona:

Vue H¥#*?R" ), ('Tf,up=f, Tudg, , k..,
= <f’ 5(y= 0)®u> :
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Comme fest réguliére, ceci peut s’écrire aussi

CTfuy= | f(x,0ulx)dx=<y, f,u).
Rn—l
Donc la restriction de ‘T a D(R") est p,.
Donc le théoréme 2 est démontré. En utilisant les résultats de pro-
longement, on en déduit immédiatement:
Théoréme 2’. Lapplication y, de D(R) dans D(I) se prolonge par
continuité en une application linéaire continue de E,, ,(R) dans H -1-p(]).

5. Application aux traces des éléments de E (R)

a) On a immédiatement, d’aprés le théoréme 2’ pour p=0, que les
éléments de E(R) ont une trace y, pour y=0 et que cette trace est dans
H*(I).

b) Recherche des traces d’ordre supérieur.

1l est facile de voir que les éléments de E,, o(R) (ou E,, ,(R") n’ont
pas nécessairement de traces d’ordre supérieur a 0, au sens précédent.
Par exemple, on peut vérifier que ueI?(R?) et D2ueH™'(R, H'(R))
w’impliquent pas que y, u existe pour y =0, en prenant u quelconque dans
H'(R?).

11 faut donc reprendre le probléme plus t6t.

Pour ueE(R) on peut écrire, avec fe I?(R):

D™-'(Dyu+A,_u)=f— ) D}A,u.
aSm-—2

On pose: v=D u+A4,_,u.

On obtient que v vérifie:

v(x, y)eH ' (R)
(a,) I = .
Dy ve'}:oH {0,1; H-™+{(I)).
Donc la distribution v appartient a E,, ,(R) et sa trace pour y=0 est
définie dans H~*(I), d’aprés le théoréme 2. On a donc obtenu la trace
d’une dérivée oblique de u. On en déduit la trace de toute dérivée oblique
et en particulier de D u; en effet:
On raisonne sur les fonctions de D(R).
L’application ut> y,(4,,_, u) est continue pour les normes induites
par E(R) et H-*(I), car l'opérateur A4,,_, étant un opérateur différentiel
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par rapport aux seules variables x,, ..., x,_;,onayp A4, u=A4, (y,u)
pour y=0.

On en déduit que u+> 7y, D, u est continue pour les normes induites
par E (R)et H- 2(I), et de facon générale, pour obtenir les traces y, Dju
pour ueE(R) et 1<a<m—1, on procéde par récurrence, en utilisant le
théoréme 2’ pour 1 <p<m— 1. On en déduit les traces successives sur I’
des ¢éléments de E(R) (pour les traces d’ordre > 1, il faut limiter la classe
des difffomorphismes permettant de localiser le probléme; cf. para-
graphe 2).

6. Quelques généralisations possibles et remarques

1. On remarque d’abord que la théorie faite ici & partir de I2(Q)
peut se faire de la méme maniére a partir de I(Q) avec 1<p< oo et
méme A partir de certains espaces avec poids.

2. Bord caractéristique.

Pour I’étude des traces des éléments de E(Q), il peut se présenter
diverses situations, ou les difficultés rencontrées ne sont pas de méme
nature. Signalons, par exemple dans R",, le cas ou 'opérateur A est de
la forme:

(1) Au=y'Dyu+ <Z lD;Amu, ou

am—
() Au=x"Dju+ ) D;Au, avec y>0,

asSm—1
et A, désignant un opérateur différentiel par rapport aux variables
X{, ..., X,_, d’ordre au plus m—a. Dans le cas (2) on peut obtenir les
traces successives de u dans des espaces d’interpolation entre des espaces
de Sobolev avec poids, en suivant la méthode ci-dessus; tandis que dans
le cas (1) on peut obtenir les traces successives de u (ou de yPu avec
convenable) dans des espaces H*(R"~1!), mais il faut adapter, la méthode
utilisée ici (en particulier pour le résultat de relévement, cf. proposition 1).

3. Si on ne peut démontrer que les fonctions réguliéres sont denses
dans E(Q) (plus précisément, ’hypothése H,), on peut cependant définir
les traces des éléments de E () sur I. On montre que si ue E(R), alors u
est une fonction de y presque partout égale a une fonction continue a
valeurs dans H~#(I); en composant avec 6~!, on montre que ucE(Q)
est presque partout €gale & une fonction continue (en variable normale)
a valeurs dans H~* (en variables tangentielles). Ceci suppose le choix de
difféomorphismes 6 privilégiés.

4. Surjectivité des traces. Les espaces de traces obtenus sont les
meilleurs possibles lorsqu’on ne fait aucune hypothése supplémentaire
sur 'opérateur A, et dans certains cas (par exemple: A elliptique) 'ap-
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plication y=(y,, ..., ¥,._1) €st surjective de E(L) sur
m—1
[TH D).
i=0

Cependant, pour certains opérateurs A, les espaces de traces corre-
spondants peuvent &tre plus petits, et il n’y a donc pas surjectivité de y
en général (exemple: Q=R2, I'={(x,y); y=0} et A=Dy); dans ces cas,
on peut toujours adapter la méthode utilisée ici pour obtenir les
meilleurs espaces de traces.

5. On peut aussi chercher par la méme méthode les traces sur I' des
¢léments de Pespace E5(Q)= {ue H*(Q); Aue *(Q)} avec s réel >0. Pour

ue E5(Q), on obtient les traces y;u dans H*~'~* pour 0<i<s—73, sans

avoir a utiliser ’hypothése « Aue I?».
Pour s—1<i (ce qui implique s<m—1%), on écrit encore:
Dri(Diu+Dit Ayut -+ Aju)=f—=Dy T A u— e — A u
ueH*(R).
Ce qui donne, en posant v=Diu+ -+ A;u,
veH*"'(R)
Dr-fpe H-m++1(0,1; H=*~ =" (D) + - + (0, 1; H*~"(I))

oll on trouve encore, en généralisant les résultats des paragraphes 3 et 4,
que y, ve H*~1~*, donc que y,ue H*~ '~ *(I).
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Algebraic K-Theory and Quadratic Forms

JoHN MILNOR (Cambridge, Massachusetts)

The first section of this paper defines and studies a graded ring K, F
associated to any field F. By definition, K, F is the target group of the
universal n-linear function from F*® x --- x F* to an additive group, satisfy-
ing the condition that a; x---xa, should map to zero whenever
a;+a; . ,=1. Here F* denotes the multiplicative group F—0.

Section 2 constructs a homomorphism 0: K,F— K, _, F associated
with a discrete valuation on F with residue class field F. These homo-
morphisms @ are used to compute the ring K, F(z) of a rational function
field, using a technique due to John Tate.

Section 3 relates K, F to the theory of quadratic modules by defining
certain “Stiefel-Whitney invariants” of a quadratic module over a field F
of characteristic #2. The definition is closely related to Delzant [5].

Let W be the Witt ring of anisotropic quadratic modules over F, and
let I W be the maximal ideal, consisting of modules of even rank.
Section 4 studies the conjecture that the associated graded ring

(W/L /I, P13, ...

is canonically isomorphic to K, F/2K, F. Section 5 computes the Witt
ring of a field F(¢) of rational functions.

Section 6 describes the conjecture that K, F/2K_F is canonically
isomorphic to the cohomology ring H*(G; Z/2Z); where Gy denotes
the Galois group of the separable closure of F. An appendix, due to
Tate, computes K, F/2 K, F for a global field.

Throughout the exposition I have made free use of unpublished
theorems and ideas due to Bass and Tate. I want particularly to thank
Tate for his generous help.

§1. The Ring K F
To any field F we associate a graded ring
K,.F=(K,F,K,F,K,F,..)

as follows. By definition, K, F is just the multiplicative group F* written
additively. To keep notation straight, we introduce the canonical iso-

morphism I: F*>K,F,
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where I(ab)=1(a)+1(b). Then K F is defined to be the quotient of the
tensor algebra
(Z, K,F, K,FeK,F, K;FeK,FeK,F,...)

by the ideal generated by all I(a)® I(1—a), with a+0, 1. In other words
each K, F,n>=2,is the quotient of the n-fold tensor product K, F®---® K, F
by the subgroup generated by all I(a,)®---®(a,) such that a;+a; ;=1
for some i.

In terms of generators and relations, K, F can be described as the
associative ring with unit which is generated by symbols I(a), aeF®,
subject only to the defining relations I(a b)=1(a)+1(b) and l(a) I(1 —a)=0.

Explanation. This definition of the group K, F is motivated by work
of R. Steinberg, C. Moore, and H. Matsumoto on algebraic groups; and
has already been the object of much study. (Compare references [2—4,
7-9, 17].) For n=3, the definition is purely ad hoc. Quite different
definition of K, for n=>3 have been proposed by Swan [18] and by
Nobile and Villamayor [11]; but no relationship between the various
definitions is known.

First let us describe some fundamental properties of the ring K, F.
(Examples will be given in §§1.5—1.8.)

Lemma 1.1. For every (€K, F and every ne K, F, the identity
n&=(=1""¢n
isvalidin K,, . ,F.

Proof (following Steinberg). Clearly it suffices to consider the case
m=n=1. Since —a=(1—a)/(1—a~!)for a+1, we have

l@) l(—a)=I(a)l(1—a)—Il@)l(1—a™Y
=la)l(l—-a)+Il@aY)I(1—a"1)=0.
Hence the sum [(a) [(b)+ 1(b) I(a) is equal to
I(a) I(—a)+1(a) I(b)+1(b) l(a)+1(b) I(—b)
=l(a)l(—ab)+1(b)I(—ab)
=l(ab)l(—ab)=0;
which completes the proof.
Here are two further consequences of this argument:
Lemma 1.2. The identity l(a)®>=1(a) [(—1) is valid for every l(a)e K, F.

For the equation I(a) [(— a)=0 implies that [(a)? =1(a) (I(— 1)+ (—a))
must be equal to I(a) I(—1).

23 Inventiones math., Vol.9
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Lemma 1.3. If the sum a, + --- +a, of non-zero field elements is equal
to either O or 1, then l(a,) ... I(a,)=0.

Proof by Induction on n. The statement is certainly true for n=1,2;
so we may assume that n=3. If a; +a,=0, then the product I(a,) [(a,)
is already zero. But if a; + a, +0, then the equation

a/(ay+az)+ay/(a; +az)=1
implies that
(I(a)—I(ay +ay)) (I(az)— l(a; +a,))=0.

Multiplying by I(as) ... l(a,), and using 1.1 and the inductive hypothesis
that I(a; +a5) 1(as) .. 1(a,) =0,
the conclusion follows.

Here is an application.

Theorem 1.4. The element —1 is a sum of squares in F if and only if
every positive dimensional element of K_F is nilpotent.

Proof. If —1 is not a sum of squares, then F can be embedded in a
real closed field, and hence can be ordered. Choosing some fixed ordering,
define an n-linear mapping from K, F x --- x K, F to the integers modulo
2 by the correspondence
1—sgn(a,)  1—sgn(a,)

> > .

Evidently the right hand side is zero whenever g;+a;,,=1. Hence this
correspondence induces a homomorphism

K,F—>Z]2Z;

which carries [(—1)" to 1. This proves that the element I/(—1) is not
nilpotent.
Conversely, if say —1=a?+---+a?, then it follows from 1.3 that

I(—d?)...1(—a?)=0;
I(—=1)’=0mod 2K, F.

Since 21(—1)=0, it follows immediately that [(— 1y *'=0.

For any generator y=1I(a,)...l(a,) of the group K, F, it follows from
1.2 that * is equal to a multiple of I[(—1)"“~". Hence y*=0 whenever
n(s—1)>r. Similarly, for any sum 7+ ---+7, of generators, the power
(y;+---+7)° can be expressed as a linear combination of monomials
yi...yi with i; + --- + i, =s. Choosing s > k, note that each such monomial
is a multiple of I(—1)"¢~%_If s>k +r/n, it follows that (y; + - +7,)*=0;
which completes the proof.

l(ay) x -+~ x l(a,)—

hence
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To conclude this section, the ring K, F will be described in four
interesting special cases.

Example 1.5 (Steinberg). If the field is finite, then K, F=0. In fact
K, F is cyclic, say of order g—1; so0 §1.1 implies that K, F is either trivial
or of order £2, according as q is even or odd. But, if q is odd, then an
easy counting argument shows that 1 is the sum of two quadratic non-
residues in F; from which it follows that K, F =0. This implies, of course,
that K, F =0 for n>2 also.

Example 1.6. Let R be the field of real numbers. Then every K,R,
n=1, splits as the direct sum of a cyclic group of order 2 generated by
I(—1)", and a divisible group generated by all products I(a,)...[(a,) with
ai, ...,a,>0. This is easily proved by induction on n, using the argument
of § 1.4 to show that I(—1)" is not divisible.

Example 1.7. Let F be a local field (i.e. complete under a discrete
valuation with finite residue class field), and let m be the number of roots
of unity in F. Calvin Moore [10] proves that K, F is the direct sum of a
cyclic group of order m and a divisible group.

We will show that K, F is divisible for n=3. Consider the algebra
K, F/pK_F over Z/pZ; where p is a fixed prime. If p does not divide m,
then Moore’s theorem clearly implies that K, F/p K, F =0. Suppose that
p does divide m. We claim then that:

(1) the vector space K, F/p K, F has dimension =2 over Z/pZ,
(2) the vector space K, F/p K, F has dimension 1; and

(3) for each a+0 in K, F/pK,F there exists § in K, F/pK,F so that
o f=+0.

In fact (1) is clear; (2) follows from Moore’s theorem; and (3) is an
immediate consequence of the classical theorem which asserts that, for
each ae F* which is not a p-th power, there exists b so that the p-th power
norm residue symbol (a, b) is non-trivial. (See for example [20, p. 260].)
The correspondence

1(a) () (a, b)r

clearly extends to a homomorphism from K, F to the group of p-th roots
of unity. So, taking a=1(a), f=1(b), the conclusion (3) follows.

Proof that every generator « 8y of K5 F/p K, F is zero. Given a, f, y
one can first choose f'+0 so that « f'=0 (using (1) and (2)), and then
choose y' so that f'y’ =y (using (2) and (3)3. The required equation

afy=apf y=0
follows. Pr=efy
Thus K, F/pK,F=0 for every prime p; which proves that Ky F is

divisible.
23*
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Example 1.8. Let F be a global field (that is a finite extension of the
field Q of rational numbers, or of the field of rational functions in one
indeterminate over a finite field). Let F, range over all local or real com-
pletions of F. The complex completions (if any) can be ignored for our
purposes. The inclusions F — F, induce a homomorphism

K,F—->®, K, F /(max.divis. subgr.),

where each summand on the right is finite cyclic by 1.6 and 1.7. Bass and
Tate [3] have shown that the kernel of this homomorphism is finitely
generated, but the precise structure of the kernel is not known. Moore
has shown that the cokernel is isomorphic to the group of roots of unity
in F.

The structure of K, F is not known for n=3, but Tate has proved
the following partial result: The quotient K, F/2 K, F maps isomorphically
to the direct sum, over all real completions F,, of

K,F,2K,F,~Z]2Z.

Thus the dimension of K, F/2K,F as a mod 2 vector space is equal to
the number of real completions. Tate’s proof of this result is presented
in the Appendix.

It may be conjectured that the subgroup 2K, F is actually zero for
n=3, so that K, F itself is a vector space over Z/2Z. As an example, for
the field Q of rational numbers the isomorphism

K,0xZ2Z

for n=3 can be established by methods similar to those of §2.3.

§ 2. Discrete Valuations and the Computation of K, F (f)
Suppose that a field F has a discrete valuation v with residue class
field F (=F,). The group of units (elements u with ord, u=0) will be
denoted by U, and the natural homomorphism U— F*® by urii. An
element = of F* is prime if ord, =1.

Lemma 2.1. There exists one and only one homomorphism =0, from
K, F to K,_, F which carries the product l(n) l(u,)...1(u,) to 1(i1,)... 1(i,)
for every prime element 7 and for all units u,, ..., u,. This homomorphism 0
annihilates every product of the form l(u,)...1(u,).

(For n=1 the defining property is to be that dl(n)= 1)

Remarks. Evidently 0 is always surjective. For n=1 the homo-
morphism 0 can essentially be identified with the homomorphism

ord,: F*—Z;
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and for n=2 it is closely related to the classical “tame symbol”
Ty, 7 uy > (— 1) i /i
which is utilized for example in [3].

To begin the proof, note that any unit u; can be expressed as the
quotient u,/n of two prime elements. So the property

o(I(wy)... l(u,))=0
follows immediately from the defining equation.

Proof of Uniqueness. Choose a prime element n. Since F* is gen-
erated by = and U, it follows that K, F is generated by products of the
form I(n) l(u,,,)...1(u,). If r=1, then the image of any such product
under 0 has been specified; and if r>1 then using the identity /() =
I(m) I(— 1)1 it is also specified. But if r =0, then any such product maps
to zero. This proves that 0 is unique, if it exists.

Proof of Existence!. It will be convenient to introduce an indeterminate
symbol x which is to anticommute with all elements of K, F. Given any

n-tuple of elements ' .
I(n"u,), ..., l(n"u,)eK, F,

construct a sequence of elements ;e K jF by the formula
(xiy +1(@))... (x ip+ @) =X" Qo+ X" @y + -+ @y

Evidently each ¢ is n-linear as a function of I(nu,), ..., l(n™ u,). Now
consider the linear combination

e=1(=1"'po+I(=1)" 2@+ +¢,_;.

Thus peK,_, F, and evidently ¢ is also linear as a function of each
I(n¥ uj).

If two successive n'/u; add up to 1, we will prove that ¢ =0. This
will show that the correspondence

I(m'wy)... l(m" ) — @

1 Added in Proof. A much better construction of the homomorphism 0 has been
suggested by Serre. Adjoin to the ring K, F a new symbol ¢ of degree 1 which is to anti-
commute with the elements of K, F, and to satisfy the identity £2 =¢ [(— 1), but is to satisfy
no other relations. Thus the enlarged ring (K, F) [£] is free over K, F with basis {1, {}.
It is not difficult to show that the correspondence

I u)— i &+ (@)
extends uniquely to a ring homomorphism 6, from K_F to this enlarged ring. Now,
setting 6.0)=v () +£0)
with ¥ (x) and d(«) in K, F, we obtain the required homomorphism 0.
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is well defined and extends to a homomorphism
K” F - K" ~-1 F .

Since it is clear that I(wu)l(u,)...l(u,) maps to [(iE,)...1(#,), this will
complete the proof.
To avoid complicated notation, we will carry out details only for

the case ; ;
Ttu + 7 u,=1.

There are four possibilities to consider.

If i; >0, then it follows easily that

i 2= O N 172 = 1 .

Hence the factor x i, +1(i,) is zero and it certainly follows that ¢ =0.

The case i; =0, i, >0 is disposed of similarly.

If iy =i, =0, then &, 4+, =1, hence

(x il + l(iil)) (x iz + l(ﬁz))=0,

so again ¢ =0.

Finally suppose that i; <0. Then clearly i, =i, and %, = —#;. In this
case the product (x iy +1(i,)) (x i, +1(&,)) evidently simplifies to

x?i? +xi; I(=1)40.
Hence the expression ) x"~7 ¢; can be written as
x(x i +i (= 1)) (x i3+ 1(#s))... (x iy +1(,)).

Cancelling the initial x, and then substituting I(— 1) for the remaining x’s,
we evidently obtain an expression for ¢. But this substitution carries
xiZ+i l(=1)to I(=1)i2+i,1(—1)=0. So ¢ =0 in this case also; which
completes the proof of 2.1.

A similar argument proves the following.

Lemma 2.2. Choosing some fixed prime element =, there is one and
only one ring homomorphism

y: K, F>K,F
which carries I(m' u) to 1(@@) for every unit u.
In fact ¥ is defined by the rule
I(@ruy)... () 1(@y) ... 1(@,).

Details will be left to the reader. Evidently this homomorphism  is less
natural than 9, since it depends on a particular choice of m.
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Now let F be an arbitrary field. We will use 2.1 and 2.2 to study the
field F(t) of rational functions in one indeterminate over F.

Each monic irreducible polynomial neF [t] gives rise to a (m)-adic
valuation on F(t) with residue class field F[t]/(n). Here (n) denotes the
prime ideal spanned by . Hence there is an associated surjection

011:: KnF(t)_)Kn—lF[t]/(n)'
Theorem 2.3. These homomorphisms 0, give rise to a split exact sequence
0-K,F->K,F()—»@®K,_, F[t][(m)—0,

where the direct sum extends over all non-zero prime ideals ().

This theorem is essentially due to Tate. In fact the proof below is an
immediate generalization of Tate’s proof for the special case n=2.

Proof. Keeping n fixed, let L,= K, F(t) be the subgroup generated by
those products I(f;)...1(f,) such that f}, ..., f,e F[t] are polynomials of

degree <d. Thus
LOCLX CL2C"'

with union K, F(t). Using the homomorphism
V.: K,F(t)—=K,F

of 2.2, where = is any monic (irreducible) polynomial of degree 1, we see
easily that L, is a direct summand of K, F(t), naturally isomorphicto K, F.

Let n be a monic irreducible polynomial of degree d. Then each
element g of the quotient F [t]/(r) is represented by a unique polynomial
geF[t] of degree <d.

Lemma 2.4. There exists one and only one homomorphism
hy: K,_y F[t]/(m) = La/Lq 4

which carries each product 1(g,) ... 1(g,) to theresidue class of 1(m) 1(g5) ... 1(g,)
modulo L;_;.

Proof. First consider the correspondence

1(82) % -+ x 1(gy) > (1) I(g5)... [ (gn) mod Ly

from K, F[t)/(m)x ---x K{ F[t]/(n) to Ly/L,_,. We will show that this
correspondence is linear, for example as a function of g,. Suppose that

8 =8>8, mod(m),
where g,, g5, g5 are polynomials of degree <d. Then

g:=nf+g>8>



326 J. Milnor:

where f is also a polynomial of degree <d. Hence, if f+0,

l=nf/g,+8285/8:
and therefore

(Um)+1(f)—1(g2) ((g5) +1(85)— L(g2) =0.

Multiplying on the right by I(gs)...!/(g,), and then reducing modulo
L,_,, we obtain

I(m) (I(g2) +1(g5)— 1(g2)) (g3).. 1(g.) =0.
Since the case f=0 is straight forward, this proves that our correspond-
ence is (n— 1)-linear.
To prove that this correspondence gives rise to a homomorphism
1@2)... @)~ 1) 1(g2) - 1(gy)

from K,_, F to Ly/L,_,, it is now only necessary to note that the image
is zero whenever g;+g;,, = 1 and hence g;+g;,,= 1. This proves 2.4.

Lemma 2.5. The homomorphisms 0, give rise to an isomorphism
between Ly,/L,_, and the direct sum of K,_; F[t]/(n) as n ranges over
monic irreducible polynomials of degree d.

Proof. Inspection shows that each 0, induces a homomorphism
Ly/Ly_y— K, F[t]/(m).
Furthermore it is clear that the composition
K, F[0/(m) "= Ly/Ly_y —" K, F[£)/()

is either the identity or zero, according as n=n' or m# 7. So to complete
the argument we need only to show that L,/L,_; is generated by the
images of the h,.

Consider any generator of L;, expressed as a product I(f})...
1(f) 1(g541)---1(g,) Where fi, ..., f; have degree d and g, ..., g, have
degree < d. If s=2 then we can set

fr=—afi+g
with aeF*® and degree g <d. If g0 it follows that

afi/g+fr/g=1
(@+1(f)—~1@)(I(f)—1(g)=0.
Thus the product I(f;) I(f;) can be expressed as a sum of terms

() 1@ +1@) I(f)~ @ (f)+1(@a) lg)— (@),

hence
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each of which involves at most one polynomial of degree d. A similar
situation obtains when g=0. It follows, by induction on s, that every
element of L, can be expressed, modulo L,_;, in terms of products
1(f,) 1(g3)--.1(g,) where only f; has degree d. If f; is irreducible, then
setting f=an this product evidently belongs to the image of .. But if
f, is reducible then the product is congruent to zero modulo L, _;. Thus
L,/L,_, is generated by the images of the homomorphisms h,, which
completes the proof of 2.5.

An easy induction on d now shows that the homomorphisms d,
induce an isomorphism from L,/L, to the direct sum of K, _; F [t1/(r),
taken over all monic irreducible © of degree <d. Passing to the direct
limit as d — oo, this completes the proof of Theorem 2.3.

To conclude this section, let us record a similar, but easier statement.

Lemma 2.6. Suppose that a field E is complete under a discrete valuation
with residue class field E=F. Then for any prime p distinct from the
characteristic of E there is a natural split exact sequence

0-K,F/pK,F—>K,E[pK,E->>K,_,F/pK,_F—0.

Proof. If a unit of E maps to 1 in F, then it has a p-th root. Hence the
correspondence I(@i) (1) mod p K, E is well defined. This correspond-
ence extends to a ring homomorphism

K,F—>K,E/pK,E.

Further details will be left to the reader.

§ 3. The Stiefel-Whitney Invariants of a Quadratic Module

For the rest of this paper we will only be interested in the quotient of
the ring K, F by the ideal 2K, F. To simplify the notation, let us set

k,F=K,F/2K,F.

Thus k, F is a graded algebra over Z/2Z, with k, F=F*/F**. We will
always assume that F has characteristic + 2.

The symbol k; F will stand for the algebra consisting of all formal
series Eo+ &+ &, + -+ with &€k, F. Thus kp F is additively isomorphic
to the cartesian product ko F x ky F x ky F X -+,

Let M be a quadratic module over F. That is M is a finite dimensional
vector space with a non-degenerate symmetric bilinear inner product.
Then M is isomorphic to an orthogonal direct sum {(a,y e --&{a,) of
one dimensional modules. Here (a) denotes the one dimensional
quadratic module such that the inner product of a suitable basis vector
with itself is a.
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Define the Stiefel-Whitney invariant
w(M)ekg F
of a quadratic module M ~{a,>®---@{a,) by the formula
w(M)=(1+1(ay) (1+(ay))...(1+1(a,).
Thus w(M) can be written as
1+w, M)+ +w.(M)

where w;(M), the i-th Stiefel-Whitney invariant, is equal to the i-th
(e)lfe;:.l;ntary symmetric function of I(a,), ..., I(a,) considered as an element

Evidently w, is just the classical “discriminant” of M, and w, is
closely related to the classical Hasse-Witt invariant.

Remark. This definition is very similar to the definition proposed by
Delzant [5]. However Delzant’s Stiefel-Whitney classes belong to the
cohomology H*(GF; Z/2 Z) of the maximal Galois extension of F. They
are precisely the images of our w; under a canonical homomorphism

k,F—H*(Gg; Z/2Z)
which is described in §6.
Lemma 3.1. The invariant w(M) is a well defined unit in the ring kp F
and satisfies the Whitney sum formula

w(M e N)=w(M) w(N).

Proof. Just as in the classical proof that the Hasse-Witt invariant is
well defined, it suffices to consider the rank 2 case. (Compare O’Meara
[12, p. 150].) Suppose then that

(ayoby=aye{p).
Then the discriminant ab must be equal to «f multiplied by a square;
or in other words
4 la)+1b)=l(@)+1(f) mod2K,F.
Furthermore, the equation o=ax?+b y?> must have a solution x, yeF.

Since the case x=0 or y=0 is easily disposed of, we may assume that
x %0, y=+0. Then the equation

l=ax?/a+by*/a
implies that
0=(I(a)+21(x)— (@) (I(b)+21(y)— ()

=(l(@—1@)((b)—1() mod2K,F.
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Rearranging terms, and then substituting (4) this implies that

l(a) I(b)=1() (I(@)+ I (b)— I («))
=l(0) () mod2K,F;
which completes the proof.

Remark. Delzant shows that a quadratic module over a number
field is determined up to isomorphism by its rank and Stiefel-Whitney
cohomology classes. But Scharlau points out that the corresponding
statement for an arbitrary field is false. The same statements, proofs,
and examples apply to our Stiefel-Whitney invariants.

Now let us introduce the Witt-Grothendieck ring WF, consisting of
all formal differences M — N of quadratic modules over F; where M — N
equals M’'— N’ if and only if the orthogonal direct sum M e N’ is iso-
morphic to M’e N. (Compare [5, 14].) The product operation in WF
is characterized by the identity

Kay<by=<ab}.

The augmentation ideal, consisting of all M — N in W F with rank M
=rank N, will be denoted by TF, and its n-th power by I"F.

Evidently the function w extends uniquely to a homomorphism from
the additive group of WF to the multiplicative group of units in ky F;

where w(M — N)=w(M)/w(N)
by definition.
Next consider a generator
) &= (ap —<1))Kayy —<1))...Kay —<13)

of the ideal I"F. Let t=2""1.
Lemma 3.2. The Stiefel-Whitney invariant w of such a product & is

equal to either { l( 1)“. l( n) l( l)t i
or a -
(1" l(al)...l(an)l(_l)l‘-—n)_l

according as n is odd or even.

Proof. Multiplying out the formula (5), we obtain
=Y +<att...a¥ry,

to be summed as ¢, ..., ¢, range over 0 and 1. Here and subsequently,
+ stands for the sign (— 1)®+"*&*" Therefore

w@=[](1+¢ la;)+ - +e&,1(a,)*".



330 J. Milnor:

Consider the corresponding product
6 [T +e x;+- +e,x)*!

in the ring of formal power series with mod 2 coefficients in »n indeter-
minates. If we substitute 0 for some x;, then evidently this product
becomes 1. Hence the product (6) must be equal to

T4x .. X, (X1, oees X)
for some formal power series f. Therefore

w(€)=1+1(ay)...l(a,) f(l{ay), ..., l(a,))
=1+1(a) .. 1@ f(I(= 1) ..., [(—1));

using §1.2.
To compute the power series f(I(—1),...,!(—1)) it suffices to sub-
stitute x;=---=x,=x in (6), so as to compute f(x, ..., x). Evidently the

product reduces to either (1+ x)* or (14+x)~* according as n is odd or
even; where t=2""1. For n odd it follows that

l+x"f(x, ...,x)=(1+x)‘=1+x”

fx, ..., x)=x"";
and a similar computation can be carried out for n even. This completes
the proof.

Corollary 3.3 If t=2""1 then the invariants w,, ... w,_, annihilate the
ideal I"F, while w, induces a homomorphism

w,: I"F/I"*'F— k,F

so that

which carries the product
Ka) —=<13)...Ka,y —=<13)

to l(ay)... l(a,) I(— 1"

Proof. Since the elements <a)»— (1) form an additive set of generators
for IF, it is clear that the n-fold products of such elements generate I" F.
The conclusion now follows immediately.

Remark 3.4. These formulas suggest that the Stiefel-Whitney in-
variants are not independent of each other. In fact the following is true:
If n is not a power of 2, then w,(M) can be expressed as a product
w,(M) w,_,(M) where r is the highest power of 2 dividing n.

(Compare also [14,§2.2.2].) The proof can be outlined as follows.
Interpreting w, as an elementary symmetric function, and using §1.2,
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it is not difficult to show that
w, Ws=2(i, r_i’ S—.i) Wyys—i l(_ 1)i9

to be summed over 0<i=< Min{r, s}. Here (i, j, k) stands for the trinomial
coefficient (i+j+k)!/i!j! k!. But if r is a power of 2, and if

s=0mod 2r,
then this identity takes the simple form
W, W =W, 45

which completes the outlined proof.

§4. The Surjection K, /2K, — I"[I"*+!

Let F be a field of characteristic 2. The Witt ring W= WF can be
defined as the quotient W/H, where W is the Witt-Grothendieck ring
of §3, and H is the free cyclic additive group spanned by {1>e{—1).
Clearly H is an ideal, so that W is a ring. Note that the augmentation
ideal T in W maps bijectively to a maximal ideal in W, This image ideal
will be denoted by I =1IF.

(Remark. The utility of working with W, rather than W, will become
apparent only in §5.)

Asin§3, weset k,F=K,F/2 K, F. This will sometimes be abbreviated
ask,=K,/2K,.

Theorem 4.1. There is one and only one homomorphism
Sp: kyF—>I"F/I"*'F
which carries each product l(ay)...l(a,) in k,F to the product
(@ = (1) (Capy— (1))

modulo I"*' F. The homomorphisms s, and s, are bijective (compare [13]);
and every s, is surjective.

Proof. The correspondence

lay) x - x (@)~ [[Kad>—<1)) mod I+

from K, x --- x K, to I"/I"*! is n-linear since
(a) =KD +Lby—1>=<Kaby~<1) modI>

Furthermore, if a;+4;,,=1 then an easy computation shows that

Kap —<1) Ka;,. 1> —<13)=0,
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so the image is zero. Thus this correspondence gives rise to a homo-
morphism K,— I"/I"*!. This homomorphism annihilates 2 K, since

2l(ay)...l(a,) = l(a}) l(a,)...1(a,)
<a})—1)=0.
Thus we have shown that the homomorphism
sp: K,2K,— I"/I"+1

with

exists and is well defined. This homomorphism is clearly surjective, since
the elements {a) —{1) form an additive set of generators for the ideal I.

Now let t=2""1, and consider the homomorphism
W, In/In+1 g]‘n/’in+1 N kt

of §3.3. Evidently the composition w,es, is just multiplication by
I(—1y-"

But if n equal 1 or 2, then t =n, and the appropriate statement is that
w, o s, is the identity. This shows that s, and s, are bijective; which com-
pletes the proof of 4.1.

Remark 4.2. For n>2, this argument proves the following: If multi-
plication by I(—1)'~" carries k,F injectively into k,F, then the homo-

morphism n/yn
p s, k,F— I"/I"*!
is necessarily bijective.

Evidently there are two key questions in relating k, to the Witt ring W.
Let F be any field of characteristic 2.

Question 4.3. Is the homomorphism s,: k,F— I"/I"*! bijective for all
values of n?

Question 4.4. I's the intersection of the ideals I" equal to zero? (Compare
[13, 14])

This section will conclude by proving two preliminary results. (See
also §§5.2 and 5.8.)

Lemma 4.5. If F is a global field, or a direct limit of global fields, then
both questions have affirmative answers.

Proof. Using Tate’s explicit computation of k, F for a global field
(§1.8 or the Appendix), we see that multiplication by /(—1) induces

isomorphisms kyF—>kyF—ksF—---.

Together with §4.2, this proves that s, is bijective in the case of a global
field. The corresponding statement for a direct limit follows immediately.
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As to the intersection of the ideals I" first note that each embedding
of F in the real field gives rise to a ring homomorphism

WF— WR>~Z

called the signature. Note that an element of I* F is zero if and only if
its signature at every embedding F — R is zero. In the case of a global
field, this statement follows immediately from the Hasse-Minkowski
theorem; and for the direct limit of a sequence

FlcFZCF3C"‘

of global fields it follows easily using the isomorphisms

Wlim F,=lim WF,
— —>
and
Emb(lim F,, R)=1im Emb(F,, R).

But each such signature carries the ideal IF to 2Z, and hence carries
the intersection of the ideals I" F to () 2"Z =0. This completes the proof.

Lemma 4.6. Now suppose that F is a field such that k, F has at most
two distinct elements. Then again the s, are bijective and () I"=0.

Notice that this includes the case of a finite, or local, or real closed,
or quadratically closed field; as well as any direct limit of such fields.

Proof. If k;, modulo the null-space of the pairing k,®k,— k,, has
dimension #1, then Kaplansky and Shaker [6] show that a quadratic
module is completely determined by its rank, discriminant, and Hasse-
Witt invariant. It follows that I*=0. But just as in §1.7 one sees that
k;=0. Since s; and s, are already known to be bijective, it certainly
follows that every s, is bijective.

On the other hand if k; modulo this null-space has dimension 1, then
it is easy to define the “signature” of a quadratic module, and to show
that the rank, discriminant, and signature form a complete invariant.
(Compare [6, Lemma 1].) Since the signature of an element in I" is divisible
by 2", it follows that ﬂ I"=0. Futhermore, techniques similar to those of
§ 1.4 show that k, is cyclic of order 2, generated by /(—1)", for every n=2;
hence §4.2 implies that every s, is bijective. This completes the proof.

§5. The Witt Ring of a Rational Function Field

This section will study the Witt ring, using constructions very similar
to those of §2.

First consider a field E which is complete under a discrete valuation v,
with residue class field E of characteristic +2. Let n be a prime element.
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Theorem of Springer. The Witt ring WE contains a subring W, canoni-
cally isomorphic to WE. Furthermore WE, splits additively as the direct
sum of W, and {n) Wj.

In fact W, can be defined as the subring generated by <u) as u ranges
over units of E, and the isomorphism W,— WE is defined by the cor-
respondence {u) > {ii).

For the proof, see T.A. Springer [16]. Since {(n>%=(1), it follows
that the ring WE is completely determined by WE.

Corollary 5.1. There is a split exact sequence
0— WE— WE —> WE—0,

where the first homomorphism carries {ti) to {u), and where 0 is defined
by the conditions
0uy=0, o{rnu)=_u).

Note however that 0 depends on the particular choice of the prime
element 7.

The proof is straightforward.

Corollary 5.2. If the questions 4.3 and 4.4 have affirmative answers for
the residue class field E, then they also have affirmative answers for E.

Proof. It will be convenient to identify WE with the sub-ring W, = WE.
Note that the ideal IE then splits as a direct sum

IE = IE® ({n)—{1)) WE.
It follows inductively that
I"E=I"Ee({n)—1>)I""'E.
Hence the sequence 5.1 gives rise to a split exact sequence
(7 0—>I"E—I"E—~I""'E—0.
Consider the diagram
k,E—> k,E —k,_,E

! 1 !
I"E/I"*'E— I"E/I"*'E— I"'E/I"E,

where the top sequence comes from §2.6, the vertical arrows from §4.1,
and the bottom sequence is the quotient of (7,) by (7, ;). Checking that
this diagram is commutative, and then applying the Five Lemma, the
conclusion follows.
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Now consider a field E = F(t) of rational functions. For each monic
irreducible ne F[t] we can form the n-adic completion E,, with residue

class field _
E, > F[t]/(n).
Let B
0,: WE—WE,

denote the composition of the natural map WE —WE_ with the homo-
morphism & of 5.1. Evidently d,<{u)=0 and 0, {n u) = {ui).
Theorem 5.3. These homomorphisms 0, give rise to a split exact sequence

0—» WF—- WE— (—BWE,,—)O,
where E = F(t), and where the summation extends over all monic irreducible
polynomials 1 in F[t].

The proof will be based on the Tate technique already utilized in
§2.3. Let L= WE denote the subring generated by all {f) such that
feF[t] is a polynomial of degree <d. Thus

LOCLchZC e

with union WE. Additively, L, is generated by all products <{f;...f;>
where the f; are polynomials of degree <d.

Note that L, is just the image of the natural homomorphism
WF — WE.

Lemma 5.4. In fact WF maps bijectively to L,. Furthermore L is a
retract of WE under a ring homomorphism

p: WE— WF=L,.
Proof. Choose some monic polynomial = of degree 1, and define p by
the conditions B ~
pluy =<y, pLruy=<_uy.

Here u denotes any unit with respect to the (z)-adic valuation. It follows
from Springer’s theorem, applied to the (n)-adic completion, that p is a
well defined ring homomorphism. Since the composition

WF— WE —2» WF

is the identity, this proves 5.4.
Now suppose that d=1.

Lemma 5.5. The additive group L, is generated, modulo L,_,, by
expressions {m g,...g,y where m is an irreducible polynomial of degree d,
and g, ..., g, are polynomials of degree <d. Furthermore if f is the poly-

24a Inventiones math., Vol. 9
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nomial of degree <d defined by
f=g,...g& mod(n),
{nf)={ng,...gs» modL,_;.
Proof. First note that the identity
® {a+b) =<ad+{b)—<ab(a+b))

holds in the Witt ring of any field.
Consider a generator {f;...f,g;...gs» of L;, where the polynomials

then

fi, ---, f, are distinct, monic of degree d, and where g, ..., g, have degree
<d. If r=2, then defining a polynomial h of degree <d by
fl =f2 + h H

the identity (8) becomes

S =S+ ={fif2h).

Multiplying by {f,...f.g,...g,> and cancelling all squared factors, it
follows that {f;...f,g,...g> is equal to

(foo 82 +<hfz 8> =L fihf5...89.

Since each of these terms has at most r—1 factors of degree d, it follows
by induction on r that L, is generated, modulo L,_;, by expressions
{fg,...gs» where f is monic of degree d and the g; have degree <d. We
may clearly assume that f is irreducible.
Consider then such a generator {m g,...g,> with = monic and irre-
ducible. Setting
g18,=h mod(n)

with degree h<d, we have
g182=h+nk

for some k of degree <d, hence

{8182 =<{h)+<{nky)—<nkhgg,).
Multiplying by {7 g5 ... g,», this shows that {m g, ... g,> is equal to
{nhgy..gy+<kgs...gy—<khg,...g>={nhgs...g»> modL, ;.

An easy induction now completes the proof of 5.5.

Now consider the field E,=F [t1/(n), where = is monic irreducible
of degree d. For each residue class f modulo (n), let f denote the unique
polynomial of degree <d representing f.
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Lemma 5.6. The correspondence
(fr>={nfy modL,_,

gives rise to a homomorphism fromWE, to Ly/L,_,.

Proof. For any field F of characteristic =2 it is not difficult to show
that the additive group of WF has a presentation in terms of generators
{a), where a ranges over F°, subject only to the relations

{ab*>=<a),
{a+b>=<{a)+<{b)—<ab(a+b)),
D +L-1>=0,

and their consequences. But,substituting E, for F, each such relation in
WE, maps to a valid relation in L;/L,_,. Thus if

fe(f+g=h mod(x),

where f, g, h are non-zero polynomials of degree <d, then the relation
S+ =+@ -

in WE, corresponds to the relation

{n(f+g))=Lnf>+<{ng>—<nfg(f+8)>
={nf)+<{ng)—<{mhy modL,_;;

making use of Lemma 5.5. Similarly, if f g2 =k mod (r), then the relation
{f>=<k) corresponds to {n ) ={nfg*>=<{nk). Finally, the relation
{1)+{—1)=0 corresponds to {n)+{—n)=0. So it follows that the
correspondence {f)+><{nf> mod L, ; does indeed define a homo-
morphism from WE_ to L,/L,_;. This proves 5.6.

Proof of Theorem 5.3. The argument is very similar to that in §2.5.
First one checks that the composition

WE,[—" Ld/Ld—l “‘?‘1"—) WE"r

is either the identity or zero according as n=n' or n#n". Using 5.5, it
follows that L,/L,_, splits canonically as the direct sum of those WE,
for which degree n=d.

Now induction on d shows that the homomorphisms 0, give rise to

an isomorphism _
Ld/LO - ®degree nsd WEn .

Passing to the direct limit as d — oo, this completes the proof of 5.3.
24
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Remark. More generally, suppose that E is a finite extension field
of F(t). Every valuation v of E which is trivial on F gives rise to a

homomorphism 0, WE— WE,,

well defined up to multiplication by a unit of the form (&). It would be
very interesting to know something about the kernel and cokernel of
the associated homomorphism

WE— @ WE,.
For the special case E=F(t), both kernel and cokernel turn out to be
isomorphic to WF.
Perhaps one may find some clue by applying the analogous construc-

tion to a global field. As an example, for the field Q of rationals, there is
an additive isomorphism

WQ—Ze(Z2Z)0 ®,waW(Z/p2),
using the signature and the correspondence
{g>r—ord,q mod2

to map to the first two summands, and using the homomorphisms J,
for the third.

Now let us bring the multiplicative structure of W into Theorem 5.3.
Again let E=F(t).

Lemma 5.7. The sequence 5.3 gives rise to an exact sequence

0->I"F>I"E->@I"'E,—0
for any n=1.

Proof. The proof of 5.2 shows that each @, maps I"E to I""'E,.
Consider any generator

n=Kf>—D)...{f>—<1))
of I""'E,. Let degree n=d. Then the product
&= (K> —<D) 22 —<D)...({f>—<D)

in I"E, where each representative f; has degree <d, satisfies 0, =7, and
satisfies 0, £ =0 for every n’ +n with degree n’' 2d.

Now, given any element (1,) of @ I""'E,, let
do=Max {degree 7|7, +0}.

Then it follows by induction on d, that (1,) is the image of some element
in I"E.
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To prove exactness in the middle of the sequence 5.7, consider any
¢eI"E which maps to zero in @ I""'E, . According to 5.3, £ comes from
some element { of WF. Now apply the homomorphism p of §5.4. Evi-
dently p maps I"E into I"F, and evidently p(£)={. This proves that
{eI"F; which completes the proof of 5.7.

Corollary 5.8. If the questions 4.3 and 4.4 have affirmative answers for
every finite extension E, of a field F, then they have affirmative answers
for the field E=F(t) of rational functions.

The proof is completely analogous to that of 5.2.

§6. Relations with Galois Cohomology

The following construction is due to Bass and Tate. For any field F
of characteristic +2, let F, be a separable closure, and let G=Gy be the
Galois group of F, over F. Then the exact sequence

I {1} > F{—2 Fi— 1,
upon which G operates, leads to an exact sequence
H°(G; F3)— H°(G; F3) - H'(G; { £1}) > H'(G; F})

of cohomology groups; where the right hand group is zero. Identifying
the first two groups with F*, and substituting Z/2 Z for {+1}, this yields

F*—% F*—, H\G; Z/2Z)—0.

The quotient F*/F** can of course be identified with k, F.

Lemma 6.1 (Bass, Tate). The isomorphism l(a)~ 6(a) from k,F to
H\(G; Z/2Z) extends uniquely to a ring homomorphism

hp: k F— H*G;Z/22).

Proof. It is only necessary to verify that each of the defining relations
l(a) I(1—a)=0 for the ring k, F maps to a valid relation

8(a)(1—a)=0

in H%(G; Z/2Z). But in fact, if we identify H%(G; Z/2Z) with the set of
elements of order 2 in the Brauer group H?(G; F?), then d(a) 6(b) cor-
responds to the quaternion algebra associated with a,b. (Compare
Delzant [5].) Since the quaternion algebra associated with a, 1 —a splits,
the relation d(a) 6(1—a)=0 follows.
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Remark. Bass and Tate [3] also consider the more general homo-
morphism associated with the sequence

1— {m-th roots of 1} -» F* —"> F* > 1,
but we will only be interested in the case m=2.

I do not know of any examples for which the homomorphism h= hy
fails to be bijective. Here is a list of special cases.

Lemma 6.2. If the field F is finite, or local, or global, or real closed,
then the homomorphism
hg: k,F—H*(G;Z/2Z)

is bijective. Furthermore if F is the direct limit of subfields F,, and if each
hg, is bijective, then hy is bijective.

Proof. The finite, local, and real closed cases are straightforward.
(Compare §1, together with Serre [15, II, pp. 10—20].) Suppose then
that F is a global field. Bass and Tate [3] prove that the homomorphism

hy: kyF—H*(G; Z/2Z)

is bijective. But for n=3 the group H"(G; Z/2Z) has been completely
described by Tate [19, §3.1]. Comparing with Tate’s computation of k,, F,
as described in §1.8 or the Appendix, it follows that h,, is bijective also.

Finally, the statement for direct limits follows easily from [15, I, p. 9].
This completes the proof.

Here is one final partial result. Let F((¢)) be the field of formal power
series in one variable over F.

Theorem 6.3. If hy. is bijective, then hg ), is bijective.

Proof. We will concentrate on the characteristic p case, leaving char-
acteristic zero to the reader. Recall that p+2.

Let V be the maximal tamely ramified extension of F((t)). (Compare
Artin [1, pp. 70, 81].) Then V can be obtained from F,((t)) by adjoining
t'r for every integer r prime to p. The Galois group Gy is a pro-p-group;
and the quotient Gy, /Gy, which we denote briefly by Gy r, ), is iso-
morphic to lim (Z/r Z), taking the inverse limit over integers r prime to p.
Hence the mod 2 cohomology group

H"Gp @y = H" Gy r,

is cyclic of order 2 for n=0, 1, and is zero otherwise.
Clearly there is an exact sequence

1= Gr,qp— Gry— Gr— 1.
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Dividing the first two groups by G, we obtain a sequence
1= Gy r = Grviry = Gr— 1

which is actually split exact, since each automorphism of F; over F
lifts uniquely to an automorphism of ¥ which keeps each ¢! fixed.

The associated cohomology spectral sequence now gives rise to a
split exact sequence

0‘—’HnGF—‘)HnGV/F((t»_')H"-_lGF—) 0.

Note that the middle group is canonically isomorphic to H" Gg .

With a little work one can check that the homomorphism H" Gg ), —
H"~1G; carries each product &(t) 6(u,)...6(u,) to 8(iy)... 5(i,). Hence
the following diagram is commutative:

knF_—) knF((t)) —“'kn—-lF

! l !
HnGF“—‘) H"GF((t))—qH"_lGF'

(Compare §2.6.) Applying the Five Lemma, the conclusion 6.3 follows.

Appendix: K, /2K, for a Global Field

The arguments in this appendix are due to Tate.

Let F be a global field of characteristic +2. We will again use the
abbreviation k, F for the algebra K, F/2K,_F.

The group k, F has been computed by Bass and Tate as follows.

Lemma A.1. There is an exact sequence
0>k, F>@®k,F,»Z/2Z —0,

where the summation extends over all completions F, of F. Here the homo-
morphism k,F— k,E, is induced by inclusion, and the homomorphism
k, F,— Z/2Z is injective.

In fact we recall from §1 that the group k, F, is cyclic of order 2,
unless F, is the complex field in which case k, F, is clearly zero. The com-
position

ky,F—k,F,cZ/2Z
evidently carries each generator I(a) I(b) of k, F to either 0 or 1 according
as the quadratic Hilbert symbol (g, b), is trivial or not.

For the proof, we refer to Bass and Tate [3]. (Alternatively, this lemma
can be proved by comparing the isomorphism k, F=I%/I* of §4.1 with
standard descriptions of the Witt ring of a global field.)



342 J. Milnor:

Theorem A.2 (Tate). For n=3 the natural homomorphism
k,F->@k,F,
is an isomorphism.
Here the group k,F, is cyclic of order 2 if F, is the real field, and is
zero otherwise. So it follows that the groups
k3F;k4F'—\_—Jk5Fg"’

are finite, and in fact are zero unless F has a real completion.

To prove A.2, first consider any homomorphism @ from k, F to the
multiplicative group {+1}. The image ®(l(a,)...l(a,) will be denoted
briefly by ¢(a,, ..., a,). Thus ¢ is a symmetric function of n variables,
multiplicative in each variable, and ¢(a,, ..., a,)=1 whenever a; +a, =1.

If n=2, then it follows from A.1 that any such function ¢(a, b) can
be expressed in terms of the Hilbert symbols (g, b), as a product

¢(a,b)=[].(@ b,

where each exponent ¢, is 0 or 1. These exponents are well defined except
that we may simultaneously replace each ¢, by 1 —¢,,.

Now suppose that n=3. For fixed c the correspondence
a,br— (a,b,c)

can be described as above. Thus there exist exponents ¢,(c) so that
0(a,b,0)=]T,(a, b,
Fixing b and c, consider the idele (d,) whose v-th component is
d, = b*O =),

Using the symmetry relation

¢(a,b,c)=0(a,c,b)
it follows that

© [.(a d),=1.
We will need the following classical result.

Lemma A.3. If an idele (d,) satisfies the product formula (9) for every
non-zero field element a, then (d,) can be expressed as the product of a
field element d and the square of an idele.

This is proved for example in Weil [20, p. 262].
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Thus, given field elements b and ¢, we can construct the idele (d,),
and hence the field element d, so that

(10) deb™ c® Fy?

for every v.

Consider the extension field F(}/b, 1/_ Since d is a square in every
completion of this field, it follows that d is a square in the field F(}/b, ]/_ )
itself. By Kummer theory, this implies that d can be expressed as b' ¢/
times the square of an element of F. Here the exponents i and j are equal
to 0 or 1. The assertion (10) now implies that

(1 1) pevter—i Ceu(b}—jEF;Z

for every v.

Lemma A.4. If v and w are discrete valuations (i.e. corresponding to
finite primes), then &,(c)=¢,,(c) for all c.

Proof. Note that the groups F3/F2? and F3/F3? both have order at
least 4. So given c it is possible to choose b so that the image of b in
F?/F*?* is independent of ¢, and simultaneously so that the image of b in
F?3/F?? is independent of ¢. Thus (11) implies that

&(c)—i=0, ¢,(c)—i=0;
which proves A 4.

Proof of Theorem A.2. Replacing every ¢,(c) by 1—z¢,(c) if necessary,
we may assume that ¢,(c)=0 for every discrete valuation v. Hence in

the formula
(P(aa b’ C) = l—[u (a’ b)sv(C)a

we need only take the product over real completions of F. It follows that
¢(a, b, c)=1 unless there exists a real completion at which both a and b
are negative.

But this is true for every @. So it follows that:

Lemma A.5. The product [(a) [(b) [(c)ek; F is zero unless there exists
a real completion at which both a and b are negative.

The rest of the proofis easy. Let vy, ..., v, be the real valuations, and let
ey, ..., e, befield elements such that e;is negative in the v;-th completion but
positive in the other real completions. Then A.S implies that a product
I(e;,)...1(e;,) with n=3 is zero unless i; =---=i,. On the other hand the
powers I(e,)", ..., l(e,)" certainly are linearly independent, since they
map into linearly independent elements of @k, F,.

24b Inventiones math., Vol. 9
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Since F* is generated by e, ..., e, together with the totally positive
elements, it follows immediately that these powers I(e,)", ..., (e,)"
actually form a basis for k, F, n=3. This completes the proof.
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