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A Large Sieve Density Estimate near 6 =1

P.X. GALLAGHER (New York)

The proof of Linnik’s result on the least prime in an arithmetic
progression has been simplified by Rodosskii, Turan and Knapowski,
and Fogels has extended the result to give primes in short intervals of
arithmetic progressions. There are still two main lemmas on the distribu-
tion of zeros of the Dirichlet L-functions. The first of these, a density
theorem, has been essentially extended by Fogels [5], who used Turan’s
power sum method and an ingenious additional argument to prove

Y Na T)<T,  (Tzg). (1)
xmodgq
Here N, (x, T) denotes the number of zeros of L(s, ) in the rectangle
a<0=1, |t|<T, and c is a positive constant.
Recently Jutila [7] and Montgomery [12,13] have found ways to
prove “hybrid” density theorems, of the form

Y X* N (o, T)<(Q T)" " 1og"(QT). @

q9=Q x

These are simultaneous generalisations of the classical density theorems
for the {-function and the “large sieve” density theorem of Bombieri [1],
which has an extra factor of T on the right. Earlier methods had given
estimates of the form
Y, N, T)<(@Ty" ?loghgT). ©)]
xmod q
Using additional new methods, Montgomery has also shown that ¢ in
(2) and (3) may be taken as 3.
The purpose of this paper is to give a common basis for Fogels’ device
and the hybrid mean estimates of Montgomery and Jutila. This leads to
a generalisation® of (1):

Y. Y*N, (e kT2 (T21). (4)~

q=T x

! This was predicted by Turan [17, p.150]. Using Turan’s power-sum inequality
and (14) below, Jutila proved (unpublished) that the number of zeros of all primitive
L-functions to moduli £Q inadisc|s—1|Sris <Q" (r<1).

23*



330 P.X. Gallagher:

As with (1), the cost of no logarithms is a large value of c. Explicit values
of ¢ in an earlier version of (1) have been given by Chen [3] and Jutila [8].

As an application of (4), we show that, assuming there is no Siegel
zero,

T[S utprios|<h-exp (-0 1) g
1<q=Q x x 10g Q
provided
x/Q<h<x, and exp(log!x)<Q=<x’. (6)

Here a and b are certain positive constants. If there is a Siegel zero,
then one of the terms on the left must be modified, and the bound on the
right may be reduced.

The methods used in the proof of (4) are a general mean value estimate
for exponential sums, a large sieve estimate, due to Bombieri and Daven-
port, for character sums with prime argument, and an application of
Turan’s power sum lemma.

1. Mean Values of Exponential Sums
L
et S®=Yc)-evt) (e(x)=e?"¥) )

be an absolutely convergent exponential sum. Here the frequencies v
run over an arbitrary sequence of real numbers and the coefficients are
complex.

Lemma 1. Let §=0/T, with0<0 < 1. Then

o]

I

Proof. The integral on the right may be written as

x+d 2
_[TIS(t)lz dt<, 071Y c(v)| dx. (8)
-T x

j'OIC,,(x)Izdx, with C;(x)=6"1 Y c(v).

[v—x|s18
Put E,(x)é 0! or 0 according as |x| <16 or not. Then
Cs(x)=Y c(v) Fy(x—v).

Taking Fourier transforms, we get C,;=S-F,. Since the series (7) con-
verges absolutely, C, is a bounded integrable function, and hence is
square-integrable. By Plancherel’s theorem,

JIC,(1dx= [ IS() By(o)2 dr.
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Since sin &t 6t

F,,(t)= »1, for |t|=T,
the result follows.

Now let S be an absolutely convergent Dirichlet series:
S@®)=Y a,n" 9
Making the substitution log y=2 x, we get (with 6=1/27):

Theorem 1. We have

©

T
[ I1S@)*dt<T? j
-T

yT

Za

———, with t=e''T. (10)

We will apply (10) to sums of the form
S =2, a, x(n)n", (11)
where y is a Dirichlet character.

Lemma 2. We have

)

xmodgq

y+z

Y a,x(n)

y

y+z

<(q+Z)Z |a,*. (12)

Proof. By the orthogonality relations and the Schwarz inequality,
the left side of (12) is

q y+z |2 q z y+z
0@ Y. \Zan <o@ ¥ (Tl)zuam.

h=1 |7 h=1
(ha)=1 n=h ha)=1 nin

Theorem 2. For T=1, we have

T
Y [ ISG 0P dt<) (gT+n)la,. (13)

xq\odq -T

Proof. Using (10) and (12), the left side of (13) is

<] ¥

0 xmodgq

Za /c(n)

y

2 S, 2 Y
Yot j(q+y(t—1))ZIa,.| —.
y y y
The coefficient of |a,|* here is

T?q | LN T2 (x—1) | dy=Tq+T*(x=1)(1—-t"")n,

n/t n/t

which is <q T+n provided T=1.
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Lemma 3. We have
D%
9=Q x
Proof. This follows from (3) and (5) of [6].
Theorem 3. For T>1. we have

y+z

> a, 7(n)

2 +z
<(Q*+2)Y Ja]. (14)

;QZ* ITIS(X, DI*dt <Y (Q* T+n)]a, 2. (15)

Proof. Same as (13), except that (14) is used instead of (12).

Estimate (13) may be used in the proof of mean value and density
estimates for L-functions to a single modulus. Estimate (15) is a con-
tinuous analogue of Montgomery’s hybrid sieve inequality [12, Theo-
rem 2]. Estimates of the same strength have also been used by Jutila
[7,§3].

If the coefficients a, are irregular, then (10) is more precise than (13)
or (15), since in (10) the coefficients are first smoothed, then squared.
. Fogels’ proof of (1) may be simplified by the use of ( 10)in [5,§5-7,9] in
combination with the Brun-Titchmarsh inequality and Turan’s method.
For the proof of (4), we use a variant of (15) which applies with more
precision to sums with prime argument.

Theorem 4. Assume a,=0 if n has any prime factor =0. Then for
T =1, we have

T
ZIOggZ* J1S(, )2 dt <} (0> T+n)|a,|> (16)
egsQe 4 % T

The proof is the same as (15) except that instead of (14) the following
inequality, due to Bombieri and Davenport [2, Theorem 4] is used. For
the convenience of the reader, we repeat their proof.

Lemma 4. With the same assumption as in Theorem 4,

T log 2 v+

a=Q 4q

v+z
2. a,x(n)

2 y+z
<(Q*+2)) |a,l*. 17)

Proof. For each character 5 to modulus q, we have

_ g _ an
“@D =Y 7@e (%), for (g1,
a=1
where (%) is defined by putting n=1. Let

y+z y+z

SG=Ya,x(n), and S()=Y a,e(na).



A Large Sieve Density Estimate near o =1 333
Using the assumption, we get for ¢<Q
— d a
“@S(0=3 1@ ().
a=1
By the orthogonality relations,

Y@ SIP=e() i
X a=1

(a,)=1

(3]

Using Bombieri’s large sieve inequality for exponential sums [6, (3)],
we get

vy LY k@S <@+9Y I (18)

9=Q (p(q) xmodgq

If f is the conductor of x, then g=fr, and |7(p)|?= f or 0 according as r is
square-free and prime to f or not [4, p. 148]. Also, by the assumption,
S(x)=S(J), where ¥ is the (primitive) character to modulus f which
induces 3. Hence the left side of (18) is

s KON s s 19
fzélg o(f) (,éf%f PG ) (ll/nf:df] Ww)l?). (19)
r, N=1

Since [11]

1w o)
) 2=

r<x (P(r)
r, f)=1

we get that (19) is not smaller than the left side of (17).

2. Turan’s Zero-Detecting Method

Let L(s,x) be an L-function to modulus <T. Let w=1+iv with
|| < T If x=y,, we also assume that |v|22. Put & =log T. According to
Linnik’s “density lemma” [14, p.331], L has <r & zeros in any disc
|s—w|<r, provided & -1<r<1. In this section, we show by Turan’s
method that if L has a zero near w, then for suitable x, y the sum

Y y(p)lo
5. =5 200082

is large. In what follows ry, 4, B, C, D, ... are certain positive constants.
Theorem 5. If L(s, y) has a zero in the disc |s—w|<r, with F1Zrsn,,
then for each x=T*, we have .

xB

d
§ 185,00 0)] ‘;y'> x~€"log? x. (20)

x
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Proof. We have

’

L 1
I(S’X)=ZS‘—;+O($)’ 'S—W'é%,

where p runs over the zeros in the disc |s— w|=1. By Cauchy’s inequality,
it follows that

L 1
FI(S’X)=(_1),‘Z—(S_—W+_1+O(4"$)’ [s—w|<3.
We choose s=w+r and estimate the contribution of the terms with
|p—w|> 4, where r<1<1. There are <2/ 1 & terms with Vi<lp—w|<
2/+1} and each of these terms is <(272)~%*D Hence for k=1, the
contribution is
YN rr<it e

jzo
Thus for £-'<r<1<1i we have

’

9* L 1
7(!—?(5,X)=(—U"Z'W+O(’l_k3))’ 1)

(

where p now runs over the zeros with |p—w|< 4. By the density lemma,
there are <4, 1 % such zeros, and by the assumption, min |s— pI=2r.
It follows by Turan’s second power-sum theorem [15] that

g(D r)—(k+l)

.1
e

for some integer ke[K, 2K], provided K 2A,AZ. Choosing A=A, Dr,
with A, sufficiently large, the sum in (21) then dominates the remainder,
since for any constant C,,, we have (D r)~*+ Y2 Co(4,Dr)"* & provided
A52CoDr #; and this holds for k2A4,4,Dr for large A,, since
rZ21. Thus we get

k ’
7,—?(5’ x)>(Dr)~%+1

for some integer ke[K, 2K], provided K> Er %. Here we must assume
r=ty, since we had A<{. Rewriting this gives

Zé(n*':j(‘(n_)l’k(r-logn»D"‘/r, with p (w)=e"uk/k!. (22)
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There are constants B,, B, such that
W) =(2D)7%, for u<B, k;
pw)S(2D)*e %% for u2B, k.

In fact, putting u=v k and using k!> (k/e)t, we get p, (u)< (v €' "), from
which these inequalities follow easily.

Given x>T4, with A=B, E, put K=B['r-logx, so that K= Er %.
Let ke[K, 2K] satisfy (22). We have, with B=2B,/B,,

Z A(r;)x( )pk(r logn)<(2D)"~ "Z . )<(2D)”"k/r

A A
ZB(—",z’C(——)pk(r logm)<(2D)~* . 1£';),<(2D) “r.
It follows that 4
Z%m—)m(r log n)>D~*/r (23)

x

provided k is large enough; this is ensured by large enough A. Since
P <1, the contribution to (23) of the prime powers n=p* with v=2 is
<x~% and therefore may be ignored. Putting S(y)=S, ,(x,v), the
remaining sum is

xB xB d
J pilr-log ) dS()=py(r-10g x") S(")— ) pi(r-log y)r=>-

X

The first term on the right is

<@D)* ¥

n<xB

A—'(lnl-<(2D)"‘k/r,

and therefore may be ignored. Since py=p,_,—p, <1, it follows that

§ |S(y)|—yl>n—*/r2>x—c'1og2x.

3. Proof of the Density Estimate
Theorem 6. We have

Y* N, (2, T) < T2, (24)

gsT

Proof. Since N, (¢, T)<T-log T for g=<T, it suffices to prove (24) for
1—u« sufficiently small. Since the left side is a decreasing function of «
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and the right side is essentially constant for l—a< P71, it suffices to
prove (24) for 1—a> % ~. Since the right side is 21, we may ignore the
boundedly many zeros of {(s) (g=1)in 0<o<1, |t|£2.

Let w=1+iv with |[v|<T (and |v|>2 if y=y,). Put r=2(1—a). We
may assume that & ~'<r<r,. By Theorem 5, if L(s, x) has a zero in the
disc [s—w|<r, then for x>T4, (20) holds. We choose x = Tmx(4.5) By
the Schwarz inequality, we get (with ¢=4C - max(4, 5)

[ N

Since there are <r % zeros in the disc |s— w|<r, and each zero p=p+iy
with f>a and |y|< T is detected in this way over a v-interval of length
>rin [v|S T, we get

xB T dy
N T2 272 [ (18,00 do <

x —-T

and hence, for some ye[x, x?],

T
> Y*N,(a, T) KT~ g1 ZTZ* .(Tle,y(x,v)lzdv. (25)
q=T x -

q=T g

We may estimate the double sum on the right by Theorem 4. Since
x= T3, we have

T y
2 log(T?/g) 3 * (IS, (1, v)1> dv< (T +p)
-T x

qsT? x

2
1052 p <gz.

It follows the double sum on the right of (25) is <.%, and hence the left
side is <« T<1-%,

4. Application of the Density Estimate

There is a positive constant ¢, such that at most one primitive L-func-
tion to modulus < T has a zero in the region

Cy
—_— t|I<ST, 26
o>1 g T |t|< (26)

and if there is such an exception, the exceptional zero is real, simple and
unique [4, §13, 14]. We denote the exceptional zero by 1—46. As
0 log T— 0, the zero-free region (26) may be widened to

¢ ec
1——2 ( ! ), <T, 27
7> longog ologT UE @7
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with 1—4 still the only exception. The proof of (27) in [9] applies only
to all L-functions to a given modulus. However, if x, and y, are different
primitive characters to moduli ¢, and g,, then we may apply the result
of [9] to L(s, xo %;) and L(s, xo %), Where x, is the principal character
to modulus ¢, q,, and get (27) with ¢, and ¢, halved. We will also use
Siegel’s estimate [4, § 21]

6> T ¢ foreache>0. (28)
Theorem 7. We have

L X

a0 x

x+h

Y. x(p)logp

X

(29)

<h-exp(—a Ing)

logQ

provided x/Q <h<x and exp(log? x)<Q<x". Here the term with q=1
must be read as
x+h

Y logp—h,

and if there is an exceptional zero 1—9 of L(s, 1), with 6 log Q <d, then
the corresponding term must be read as

x+h

Y 7' (p)logp+h&=?,  for some Ee[x, x+h].

In the latter case, the bound on the right of (29) may be reduced, e.g. by a
factor of (6 log Q)%

Proof. For g< T < x?*, we have by [4,§17, 19]

P 1 2
’E'xX(n)A(n)=51x_Z"x;'+O( X 0§ x)’

where 6, =1 or 0 according as y = y, or not, and the sum on the right is
over the zeros of L(s, y) in 0<6 <1, |t|< T The terms with n=p*, v=2
contribute <x* to the sum, and therefore may be absorbed into the
remainder. Since

(x+hy x° ik

—_— = yp“ldy<hxﬂ'1’
PRIy

for Q< T we get, using x/h<Q and log x<log>Q,

x+h

Y x(p)log p<h(} x*~1 +Q%/T),
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where, if =1 or y=y/, the left side must be read as above, and the sum
on the right is over non-exceptional zeros. Hence

22

945Q 1

x+h

Y x(p)logp

x

<h(Y T*Y X1 4 0YT). (30)

q5Q 1

The triple sum on the right is

1

~JE (S BN )= [ g ST dutx TR N0.T).
0 0

qs5Q
Using Theorem 6, and assuming T° < x?, this is

1-n(T)
| x¥@Diogxda+x—tgx— 1D
0

where 1—n(T) is either the bound (27) or the bound (26) according as
there is an exceptional zero or not.

We choose T'=Q°. If there is no exceptional zero, then the parentheses
on the right of (30) is

log x
logQ

If there is an exceptional zero, the parentheses is

log x c
<exp (—c4 logQ log ( 5lo;Q )) +0-1

log x

<(3logQ) T2+ (3log Q)2 Q=  (by (28)),

log x
2 —_—
<(6logQ) exp( a logQ)'

logx)

)+Q“1<exp (—a o2 0

<exp(—-c3
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