C‘ U q NIEDERSACHSISCHE STAATS- UND
-~ L UNIVERSITATSBIBLIOTHEK GOTTINGEN

Werk

Titel: Inventiones Mathematicae

Verlag: Springer

Jahr: 1973

Kollektion: Mathematica

Digitalisiert: Niedersachsische Staats- und Universitatsbibliothek Gottingen
Werk Id: PPN356556735_0019

PURL: http://resolver.sub.uni-goettingen.de/purl?PPN356556735_0019

LOG Id: LOG_0022
LOG Titel: On the Heat Equation and the Index Theorem.
LOG Typ: article

Ubergeordnetes Werk

Werk Id: PPN356556735
PURL: http://resolver.sub.uni-goettingen.de/purl?PPN356556735
OPAC: http://opac.sub.uni-goettingen.de/DB=1/PPN?PPN=356556735

Terms and Conditions

The Goettingen State and University Library provides access to digitized documents strictly for noncommercial educational,
research and private purposes and makes no warranty with regard to their use for other purposes. Some of our collections
are protected by copyright. Publication and/or broadcast in any form (including electronic) requires prior written permission
from the Goettingen State- and University Library.

Each copy of any part of this document must contain there Terms and Conditions. With the usage of the library's online
system to access or download a digitized document you accept the Terms and Conditions.

Reproductions of material on the web site may not be made for or donated to other repositories, nor may be further
reproduced without written permission from the Goettingen State- and University Library.

For reproduction requests and permissions, please contact us. If citing materials, please give proper attribution of the
source.

Contact

Niedersachsische Staats- und Universitatsbibliothek Gottingen
Georg-August-Universitat Gottingen

Platz der Gottinger Sieben 1

37073 Géttingen

Germany

Email: gdz@sub.uni-goettingen.de


mailto:gdz@sub.uni-goettingen.de

Inventiones math. 19, 279 —330 (1973)
© by Springer-Verlag 1973

On the Heat Equation and the Index Theorem

M. Atiyah (Oxford), R. Bott (Cambridge, Mass.)*
and V.K. Patodi (Princeton and Bombay)*

Dedicated to Sir William Hodge on his seventieth birthday

1. Introduction

We shall present here a new proof of the index theorem for elliptic
operators based on the asymptotics of the heat equation. Since this proof
has evolved, through various contributions, over a period of years, it
seems appropriate to begin with a brief historical account.

The index theorem was first proved in Atiyah-Singer [5] by global
topological methods —notably using K-theory and cobordism. In their
subsequent improved proof [1] the cobordism was eliminated but the
methods remained topological. An alternative analytic approach was
proposed in Atiyah-Bott [6] based on the Zeta function { (=Y~
(4 denoting eigenvalues of an operator). The idea was that the index
could be expressed as the difference of two such Zeta functions, while on
the other hand {(0) could be evaluated as an explicit integral. Zeta
functions of this type had been introduced and studied for the Laplace-
Beltrami operator by Minakshisundaram and Pleijel [19] many years
earlier and their results were extended by Seeley [23] to the general
case. The trouble with this method was that the explicit integral answer
obtained for the index was extremely complicated. Notably it involved
many derivatives of the coefficients of the original operator, whereas the
formula obtained by topological methods could be written using two
derivatives. The algebraic problems involved in this approach therefore
seemed formidable.

Singer and McKean in [18] looked at this problem for the Euler-
characteristic case, namely for the operator d+d*: even forms — odd
forms on a Riemannian manifold. Actually they used the heat equation
but as is well-known (and explained in Section 4) this is quite equivalent
to the Zeta-function approach. They observed that their integrand
would have to be expressed in terms of the Riemannian curvature and
its covariant derivatives, and in low dimensions they showed how one
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could use orthogonal symmetry to cut down the number of possible
expressions. They raised the question whether, by some remarkable
cancellations, the integrand « (given by the heat equation method)
might not after all turn out to coincide with the (normalized) Gauss
curvature K. All one knew topologically was that « and K had the same
total integral and it would be a remarkable and unexpected piece of good
fortune to find a=K locally.

It was Patodi in [21] who showed that Singer and McKean’s optimism
was justified and that remarkable cancellations, eliminating higher
derivatives, did indeed take place. Now the Euler-characteristic is rather
elementary from the topological standpoint and it was therefore highly
significant when Patodi showed in [22] that his methods also extended
to give the Riemann-Roch theorem for Kihler manifolds.

The one drawback to Patodi’s methods was the complicated algebraic
nature of the cancellation process. An alternative indirect approach was
shortly afterwards discovered by Gilkey [15] who showed that the
tiresome higher derivatives could be eliminated on a priori grounds.
Roughly speaking, he showed that any integrand having -the general
qualitative properties of a could not involve higher derivatives—and
after that it was easily identified with K. Gilkey also extended his argu-
ment to the operator on an oriented 4 k-dimensional manifold whose
index gives the Hirzebruch signature. In fact, the argument turned out
to be easier in this case and it leads to an elegant characterization of the
Pontrjagin forms (see Section 2).

Unfortunately, despite the simplicity of Gilkey’s result, the proofs
were long and difficult. Part of the explanation for these difficulties was
that Gilkey approached the problem from the point of view of general
differential operators, rather than through Riemannian geometry, and
that consequently he made no use of the tensor calculus.

The main technical contribution in our paper is to present a simple
proof of Gilkey’s theorem. Essentially we shall show that it follows
directly from the central theorem of invariant theory for the orthogonal
group and the'Bianchi identities for the Riemannian curvature. This is
very much in the spirit of the Singer-McKean approach. In fact, with
hindsight, it seems that Singer and McKean would inevitably have been
led to the Gilkey theorem had they been dealing with the signature
rather than the Euler-characteristic.

After establishing the Gilkey theorem in Section 2 we proceed to
generalize it in Section 3 by introducing an auxiliary vector bundle. With
this generalization we can then treat the index theorem for a large class of
“classical operators”, including the Riemann-Roch Theorem for Kihler
manifolds. This is done in Section 6 after the basic case of the Hirzebruch
signature theorem has been explained in Section 5.
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Having treated the classical operators by direct analysis we can now
switch back to topological methods to deduce the general index theorem.
The point is that the classical operators are sufficiently numerous to
generate, in a certain topological sense, all elliptic operators. This is
briefly explained in the final section.

In essence therefore our new proof of the index theorem follows the
lines of the first proof in [5], except that cobordism has been replaced by
local differential geometry. Instead of characterizing Pontrjagin numbers
as global cobordism invariants we characterize Pontrjagin forms as local
Riemannian invariants (of a certain type). Just as in [5] this proof has the
inherent defect of not generalizing to the cases given in [3] and [4]
(where, for instance, the index may be an integer mod 2 rather than a real
number). Nor is it really any shorter than the proof in [1] since it uses
more analysis, more differential geometry and no less topology. On the
other hand, for the classical operators associated with Riemannian
structures it is more direct and more explicit: in particular, the local
version of the signature theorem and its generalizations is of considerable
intrinsic interest and is likely to lead to further developments.

We have written the paper in a somewhat expository style so that
all the ingredients in the proof are clearly displayed. Thus in Section 4
we try to explain the Seeley formulae for {(0) without assuming too much
expertise on the part of the reader. Also in two Appendices we prove the
basic facts about Riemannian invariants —including a novel account of
the First Main Theorem for orthogonal invariants: as mentioned earlier
these are the essential tools in our proof of the Gilkey theorem.

Finally we should acknowledge that our whole thinking on these
questions was greatly stimulated and influenced by the recent work of
Gel'fand (see [14]) on Lie algebra cohomology. There are close and
suggestive links between his results and ours.

For an expanded treatment of the Singer-McKean paper, following
slightly different lines from our presentation, the reader may consult the
book by Berger [10].

2. On Characteristic Classes of Geometric Structures

Our aim in this section will be Gilkey’s characterization of the
Pontrjagin classes as the only form-valued invariants of Riemannian
structures satisfying a rationality and homogeneity condition. As we
have found this subject to be confusing to ourselves—and, in fact, to
most people — we will formulate it here in possibly greater circumspection
than is our wont.

Technically, a “g-form valued invariant of Riemannian structures”
is a function
(2.1 w: R—A*
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which assigns to each manifold' M and Riemann structure g on M,
a g-form w(g)=w(M,g) on M which is “natural” or “local” in the
following sense: given

22 fi M>M

where f is a diffeomorphism of M’ onto an open submanifold of M, and a
Riemannian structure g on M, then w must satisfy the equation

23 o(f*g)=1*w(g).

According to this definition w is then clearly locally defined and further
invariant under diffeomorphisms. Technically, (2.2) and (2.3) precisely
express the fact that w be a natural transformation from the contravariant
functor

R: M — Riemann structures on M

to the contravariant functor
A?: M — g-forms on M

over the category .# whose objects are manifolds M, and whose mor-
phisms are maps f: M'— M as in (2.2). An “invariant” o of this type is
called homogeneous of weight k if for every AeR*, 1>0.

24 w(A* g)=2 w(g),

and it is called regular (rational) provided the following conditions hold:
The components of w(g) - relative to any local coordinate system x —
are given by polynomials in:

a) the components g;; of g relative to x;
. L o*
b) a finite number of derivatives T B of the g;;, and

c) the inverse of det g =det(g;;).

1) By components relative to x we, of course, mean the classical
concept of these components. Thus g;;=g(9/0x;,0/0x;) and if w had
values in, say, the one-forms, then the components of w relative to x
would be functions £; such that w(g)=)  ¢;dx/, and the rationality of @
would mean that

3}
&= (83 3 2 [dete)] )

where the F, are certain polynomials with real coefficients in the variables
indicated.

! All geometric objects will be assumed to be smooth, that is, C*®.
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2) To explain why the inverse of det(g;;) appears in this definition,
note that the Riemann structures on a given vector space V are naturally
identified with the homogeneous space

(2.5) GL(n,R)/O(n) n=dimV

which, in turn, can be identified with the orbit Q of a fixed positive
definite quadratic form geS,(V*).

Now GL(n,R) and O(n) are algebraic groups so that it is natural
to define the regular rational functions on GL(n, R)/O(n) as the subring
of regular rational functions on GL(n, R)— which is clearly
R [aij; (det aij)_l] 5
a;; being the usual coordinates in GL(n, IR)—invariant under the action
of O(n).

On the other hand Q carries a natural algebraic structure as one
component of the non-singular symmetric matrices g;;, SO that its
coordinate ring is naturally R[g;;, (detg;)™']. Now it is a non-trivial
but true fact that under the isomorphism

GL(n, R)/O(n)~Q

these coordinate rings correspond (see Appendix I).

In short, there is a natural notion of regularity for @ at every point,
and our definition simply demands that w be i) smooth in its dependence
on M and ii) regular at every point of M.

3) An intrinsic formulation of regularity takes the following form.
Let M > T,(M) be the functor M — Tensors on M of a given type p.
We then write J, T, for the functor M — m-jets of Tensors of type p,
and denote by jmi T, J T,

the natural transformation which assigns to an element in T,(M) its
m-jet in J,, T,(M). With this understood w is regular of weight k if and only
if it is induced from a linear point transformation?

k
(2.6) ®J, T-2>A9®det?’, det=A"(M), n=dimM

by the formula:

0]
where ¢ denotes the composition:
ko k
(238) R—is T-%9m, @ J(T)—4> A* @ det?®.

2 That means linear over the ring #(M) of smooth functions on M.
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Here T denotes the tensors of type (2,0) and i the inclusion of the positive
definite forms into all the forms.

With these preliminaries out of the way our version of Gilkey’s
theorem takes the following form:

Theorem I (Gilkey). The only regular natural transformations
w: R— A2

of weight =0, have values in the ring Pont(g) generated by the Pontrjagin
Sforms of g, and these have weight 0.

This beautiful characterization of the ring Pont(g), generated by the
Pontrjagin -classes of a Riemannian structure actually follows quite
simply from two classical results, which immediately reduce the possible
’s to certain elementary functions of the curvature R of G. The full
symmetries of R then yield the rest. Indeed arguments of this type are
given in [18], but somehow just fall short of the Gilkey result. For
completeness sake we will, however, start from scratch and sketch in
those points of the classical reduction which are not readily found in the
literature.

Consider then the value of an “invariant” of our type w, at a point
peM. We may compute w(g; p) in any coordinate system and therefore,
in particular, in a geodesic coordinate system centered at p. Let us denote
these coordinates by x(p,g) and note that they are unique up to an
orthogonal transformation. We next study the Taylor expansion of the
components g;; of g relative to x(p, g) about the origin.

The first classical result which we need is the following one:
Proposition (2.11). The Taylor expansion of g about p
g=g"+g"+g®+-

is given by certain universal but not unique polynomials g®(x, R) in the
x;(p, g) and the components relative to x(p, g) of the curvature tensor R},
and its covariant derivatives. Explicitly this expansion starts as follows:

(2.12) ‘ glj=5ij+2/3zx”vaitvi+'"
v

so that

(2.13) det {g;;(p)} =1.

For a proof see Appendix II.

It now follows from the regularity of w that w(p, g) is in fact given by
a certain universal polynomial @, in the values of the curvature and its
covariant derivatives at p:

(2.14) ©(p,8)=0u(R,, R},...RY).
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Next consider the behavior of this polynomial under the action of
O(n), the orthogonal group of dim n=dim M, which mediates between
the different geodesic coordinates of g centered at p. The components of

4

R transform like the 4-th power ® V of the standard O(n) module V, and
4+k

those of the k-th covariant derivative of R® as those of ® V. We may,
therefore, interpret ¢, as a polynomial function:

k
(2.15) Po: W— ATV, with W= @ (®'**V)
j=0
for some k. !

At this stage one might be tempted to argue that ¢, has to be an
equivariant polynomial map relative to the action of O(n), because of the
invariance of . However, it is more correct to average the polynomial
map §,, over O(n) thereby obtaining an equivariant map

(2.16) Pn: W ATV

which, however, has to agree with &, on the vector R,(g), R,(g)..., etc.
That is, one also has the identity:

2.17) o(p, 8)=00(R,, R}... RY).

We argue similarly for each homogeneous component oY of ¢, so that
finally w(p, g) becomes expressed as a sum of homogeneous and equiv-
ariant polynomials in the R,, R ..., etc. Now by complete polarization
these polynomials in turn are induced from certain equivariant and
multilinear maps

N
©(2.18) 0, ® V- AIV.

At this point we invoke the “Fundamental Theorem of Invariance
Theory for the Orthogonal Group” as started in Hermann Weyl’s
beautiful book on this subject [24]. For an alternative proof see Appen-
dix I. k

Conceptually this theorem asserts that all invariants of ® ¥, as a
O(n)-module, are built up out of the inner product ( , ) on V.

More precisely, let us call a linear map
2k
¢: V>R
an elementary invariant if it is of the form
(2.19) PV, ® -+ ® v33)=(0y, 03) (U3, V4) .. (V2 -1, V20>

or obtained from such a ¢ by first performing a permutation on the v;.
Then the fundamental basis theorem for the invariants of O (n) states that
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Theorem. The linear space
k
Homy ) (® V;R)

k
of O (n)-linear maps from ® V to R is spanned by the elementary invariants.
Thus, in particular, this space is non-trivial only for k even.

Remarks. 1) This theorem is by no means true if O(n) is replaced by
SO(n); the “determinant” then appears as a new invariant of a quite
different type, and makes it impossible directly to extend the Gilkey
theorem for the category of oriented Riemann manifolds.

2) In terms of “components” this theorem asserts that every invariant
of O(n) is given by a complete contraction. That is, if {e;} is an orthonormal

k

basis for ¥, and &, ., denotes the components of a point in ® V relative
to the basis {e, ®e,,® - e, }, then our elementary ¢ of (2.19) is
simply given by:

@ Loy ™ Carmmaziaea,  (K=27).

Here, as in the sequel, we adopt the classical convention that repeated
indices are to be summed.

An easy variant of this theorem, which we leave to the reader, is now
given by the following:

k
Corollary. The space Homy,(® V, A?V), of equivariant maps from

k

®V to AV, is non-trivial only if k—q is even. Further, when k—q=2r,

k

then Homy,,(® V, A?V) is spanned by “elementary maps” ¢ which
contract 2r indices and alternate the remaining q indices. Thus up to a
permutation such a ¢ takes the form:

(2.20 @ Loy Enmaras..ararlaz 1, oo il
with the bracket denoting alternation of the indices enclosed in it.

We now return to the proof of the theorem. For this purpose let us
write R,, a=(a,, ..., a,) for the components of the (t—4)-th covariant
derivative of the curvature R;;,; and define an elementary monomial of
degree r in R to be an expression of the form

(2.21) mR)=Y*R, Rp...R,-

where the sum goes over alternation of precisely q indices, and contraction
of the remaining ones. Note that this is a regular invariant of the metric
since, in general coordinates, it can be expressed in terms of the R, and
the g;;, while the R, themselves are regular (tensorial) invariants of the
metric.
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Thus m(R) describes the components of a g-form, and if we combine
the corollary above with the decomposition of w(g) into a sum of homo-
geneous equivariant polynomials ¢* in R, R, etc. we obtain the following
essentially classical lemma:

Lemma 1. Every invariant o of the type under consideration is given
by a linear combination of elementary monomials m(R):

o)=Y a,mR) aneR.

At this stage then, the Gilkey theorem amounts to an identification
of the monomials of non-negative weight.
We start with the following quite elementary.

Lemma 2. The weight of any R, is 2 while the weight of an elementary

monomial
m(R)= Z: Ral R,z .. .Rar

is 2r+q—Y.t;, where t; is the number of indices in o,

Proof. Recall that g;; has weight 2 and g" therefore weight —2. The
classical expression for R}, 4 . 4, is then easily seen to be of weight zero,
whence R;jx,p,...5.=8ia Rk p,...5, 18 of weight 2. A profounder reason
for the weightlessness of R}, 4. 5, is that this tensor field is dependent
only on the covariant derivative V, defined by g, and V, is, of course,
independent of constant scalar changes in V: V= V24 In any case then,
this yields the first assertion. To obtain the second one observe that
before contraction the expression R, R,z...R, has weight 2r. Hence,
after (}.t;—q)/2 contractions, each of which involves a raising of an
index — that is, one g/ —m(R) ends up with a weight of

2r—({Sti—q}/2)x2=2r+q-}t;. QED.

In the sequel it will be best to rewrite this weight in the following
form. Set ;=4 + &, so that ¢ =) ¢ denotes the total number of “covariant
derivatives” in m(R). Thus one obtains the formula:

(222) fmR)=Y*RuR,...R,, then g=2r+e+ weight m(R).

In short, for fixed r the larger the weight, the more indices have to be
alternated in m(R). When combined with the classical symmetries for R
this bound will be seen to imply the desired result.

Recall first of all that the symmetries of the Riemannian curvature R
are given by:

(2.23) Rij\k’l=0’ Rijkb'=0
and

(2'24) Rijkl=— jikls Rijk(=_Rijlk-
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Here R;;,, denotes the usual components of R in any coordinate system
(see [13], § 20, 23, for instance) and the bow denotes the cyclic sum over
the indices indicated. For future reference we gather together the follow-
ing direct consequences of these identities which we leave to the reader:

Lemma. As a consequence of (2.23)-(2.24), the R;jx, also satisfy the
identities
(2.25) Rijki=Ryyijs
(2.26) Rigjni=1 Ruyn-
(2.27)  Alternation of R;jy, or Rjy,,, over any 3 indices yields zero.

Because the covariant derivative on tensors commutes with the na-
tural action of the permutation group on these tensors, these identities
persist also after an arbitrary number of covariant derivatives, so that
(2.27) implies:

(2.28)  Alternation of R, over any 3 amongst the first 4 or 5 indices gives 0.

Now then consider the implications of (2.28) on an elementary
monomial m(R) of weight >0. For m(R) not to vanish we can alternate
at most 2 of the 4 first indices in any of the r factors occurring in m(R).
The total number of indices which can be alternated is therefore only
2r+e. If the weight m(R)>0, Eq. (2.22) shows that this condition will
have to be violated at least once, whence m(R)=0. Thus there are no
non-trivial monomials of weight >0, yielding the easier part of Gilkey’s
theorem.

Next consider the case of weight zero. Then, of course, q=2r+g, so
that in the above argument we have precisely “enough room” to alternate
q indices. But to avoid zero — via the first part of (2.28)— we now have to
alternate over all indices except 2 amongst the first 4 in every factor of
m(R). It follows that if ¢>0—i.e., some covariant derivative occurs
amongst the indices —then m(R) will have to vanish by the second part
of (2.28).

At this stage then, we have the crucial fact that

(2.29) weight m(R)=0, m(R)#0 => m(R) contains no covariant deriv-
atives of R.

It remains to show that all of these weightless monomials in R,
lie in Pont(g).

Recall then that generators for this ring can be taken to be the forms
(2.30) trace RW=Y"R, ;. R, ..R, ... R

where alternation is taken over all the lower indices denoted by dots.
Now our surviving m(R)’s certainly have the property that in each factor

i2i3.. iy, .
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R;jy; precisely two indices are involved in contraction and the remaining
two in alternation. Hence it only remains to be seen that the contracting
indices can always be chosen to be the first two. Let us, therefore, call
m(R) proper if in all of its factors the contracting indices are the first two.
Proper monomials are, up to sign, clearly products of the forms trace
R™ and hence in Pont(g). Suppose now that m(R) is not proper, so that
say in the first factor, the contracting indices are not the first two. If
they are the last two we can use (2.25) to interchange the last two with the
first two, making the first factor proper. Neglecting signs and using
(2.24) it remains to discuss the case when R;;;, has contracting indices i
and I Then, of course, jk have to be alternated. On the other hand, by
(2.26) we have the identity:

Ri(jk]t=% Ril[jk]
which again allows us to replace the contracting indices with the first
two. Straightening out each factor at a time in this manner, we see that

m(R) can be put in proper form, and this then completes the proof of the
Gilkey theorem.

3. A Generalization

In this section we will extend Theorem 1 to joint invariants o, of a
Riemann structure g on M and Hermitian bundle £ over M.

Here the term “Hermitian bundle” and joint invariant will be used
in the following technical sense:

Definition. By a Hermitian bundle over M, we mean a triple {=
(E¢, hy, Dy) consisting of a complex vector bundle E over M, together
with a Hermitian structure h, on E, and a connection D, on E which
preserves hy.

With this understood a joint invariant will be a function w which
assigns to every Riemann structure g in M, and every Hermitian bundle
& over M, a g-form w(g, &)e A%(M) such that if

fTM-M
is any map in the category .#, then
(.1 fro@Ed=o(f"g 1.

These joint invariants are now called homogeneous of mixed weight
(k, D) if

(3.2 oA g p =2y w@ ) iu>0

where u? ¢ denotes the bundle E, with connection D, but with Hermitian
form p? h:

(3.3) B2 g=p2 hy.
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Note that D, preserves the Hermitian structure u® h;, so that p? ¢ is
indeed a Hermitian bundle in our sense.

Finally a joint invariant is called regular if its local components are
given by universal polynomials in the variables:

(3'4) gija (det gij)—l, hij: (det hij)_la I:_';’

and their derivatives.

Here g;;dx'® dx’ describes the metric relative to local coordinates
xnear pe M, while h;;=h,(s;, s;) describes the Hermitian structure relative
to a frame s={s;} for E near p and I}; describes the connection matrix
of D, relative to the frame s:

(3.5) D;s;=) I} dx*®s;.
kj

Now then, the generalization of Theorem I which we need is given by the
following

Theorem IL. A regular joint invariant w(g, &) of mixed weight (k, 1)
vanishes identically if k>0, or 140, while if k=I=0 then w(g, &) has
values in the ring generated by the Chern-forms of & and the Pontrjagin
forms of g:

(3.6) (e, 5)={0 if k>0 or 140

€ Pont(g)® Chern(é) k=I=0.

The proof of this theorem proceeds in strict analogy to the proof of
Theorem 1. We start with a classical analogue of (2.11). For this purpose
let us call a framing s of E near p, synchronous to the coordinates x,
centered at p, if s is obtained from an orthonormal frame at p, by parallel
translation along the radial lines (relative to x, of course) emanating
from p. Thus given x centered at p, two synchronous frames s and s’ for
x are then related by unitary transformations. Note also that because
D, preserves hy, a synchronous frame is orthonormal.

In this terminology the analogue of (2.11) takes the form:

Proposition (3.7). Let I, K denote the components of the connection Dy,
and the curvature of Dy, relative to (x, s) with s a synchronous frame to x
at p.

Then the Taylor series for I at p is given by certain universal (but not
unique!) polynomials in K and its derivatives at p. This expansion starts
with:

(3.8) I}ik=ZXIK;:'k’+"‘
so that in particular I} (p)=0.
For a proof see Appendix II.
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Now if M is also equipped with a Riemannian metric g, and we choose
the coordinates x in Proposition (3.7) to be geodesic, then (3.8) and (2.11)
combine to yield the following result:

Proposition (3.9). Suppose that in Proposition (3.7) the coordinates are
chosen geodesic relative to g. Then I and its derivatives at p are expressible
by universal polynomials in the components of K, the Riemann tensor R
of g, and their covariant derivatives at p.

Here the “covariant derivatives of K” are, of course, taken relative to

r
the connection induced on the vector bundles ® T* ® E® E* by the
Levi-Civita connection ¥, on T and the given connection D, on E.

The proposition is now clear, as these covariant derivatives are
related to the ordinary derivatives by polynomial expressions in the g;;,
and these—by (2.11)—are in turn expressible in terms of the curvature
R of g and its covariant derivatives.

With the aid of Proposition (3.9), one now argues just as before that
every joint invariant of our type w(g, ) must be a linear combination of
elementary monomial invariants m(R; K), whose value at pe M is given by:

(3.10) m(R,K),=Y*R, ...R, - K&, ...Ki,,

where as before, the R, and K} ; denote the components of the appropriate
covariant derivative of R and K relative to a pair (x, s) of geodesic coor-
dinates x at p and a synchronous frame s for E. Furthermore, the sum
extends over g-alternations of the Greek indices, contraction of the
remaining Greek indices and contraction of all the upper Latin indices
with all the lower ones.

In extending our earlier argument leading from a general w to a
linear combination of such elementary ones just one point has to be
clarified. Our coordinates are now fixed up to the action of U(m)x O(n)—
U(m) acting on the orthonormal frame at p, O(n) on the geodesic coor-
dinates x at p. Hence to get started one needs the analogue of the in-
variance theorem for this group. Now the G x H invariants of A® B
for finite dimensional G and H modules, A and B are given by the tensor
products of the G invariants of A and the H invariants of B:

(3.11) {A®B}¢*H=4°® B,
Hence we only need to understand the basic invariants for U(m) acting
on C-modules.

The fundamental theorem for this case is given by:

Theorem (3.12). Let W be the standard representation of U(m) on C™,
and denote by W* its dual module Hgm(W; C€). Then the C-module,

Homy,, {® W® W*; C}
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vanishes for r+ s, while when r =s it is spanned by elementary contractions
of the type

(P W1®°“W,®WT®--- ®W’:—‘><W1, W:(1)>"'<W,., w:(r)>9
with ¢ a permutation of (1, ...71).

Equipped with this fact and (3.11) our earlier argument now extends

immediately: Indeed, the components relative to (x, s) of the r-th covariant
r+2

derivative of K behave as the components of ® V® (W® W*) which we
noted K73 z. Hence, in constructing the elementary invariants the u, v and
o, B indices have to be contracted separately, and all the u-indices
contracted with all the v-indices.

The next step is to compute the weights of the elementary monomials
(3.10).

First of all notice that m(R, K), is independent of the metric h,
and hence is of weight zero in h,.

Under the change g A% g, the weight of m(R, K) is computed, as
before, by the formula:

(3.13) wm)=2s—2¢c m=m(R,K)

where ¢ denotes the number of Greek contractions.

Now let ¢ denote the total number of covariant derivatives in m.
Then a count of Greek indices yields the equation g+2c=4s+2t+¢, or

(3.14) q=25+2t+e+w(m).

To complete the argument we now need the identities on R together
with the following well-known consequence of the torsionfreeness of the
Levi-Civita connection.

Bianchi Identities. The components of K satisfy the identity
(3.15) K":“ﬂv}-=0‘

These relations again persist under covariant differentiation, and it
follows therefore that if K}, involves a covariant derivative then alterna-
tion over all Greek indices yields zero.

We will use this fact together with the first identity of (2.23): Rj-y=0,
to show that the number &g of covariant derivatives among the K-terms
must be zero. Indeed assume that ex>0, and that m+0. Also let &g
denote the number of covariant derivatives in the R-terms, so that
e=eg+é&, and divide g correspondingly into g+ gy, with g the total
number of Greek indices involved in alternation among the K’s. Now by
(3.15), m=0 implies that

(3.16) qr<2t+eg.
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On the other hand, using the first identity of (2.23) gives

(3.17) qrS2s+eg.
Hence we get the strict inequality:
q<2s+2t+e,

which is clearly incompatible with (3.14) when w(m)=0. It follows that
ex=0 and that w(m)=0. However, now one can eliminate the &z by our
previous argument using the second Bianchi identity R?,, ,=0. The same
argument also shows that one must have g,=2t, so that contraction
can be taken to occur only among the first two R-indices, and such
expressions are then clearly in Pont(g) ® Chern(&).

This then concludes the proof of Theorem II. Note that it has the
following immediate and really quite plausible consequence:

Corollary to Theorem II. Any regular invariant o from Hermitian
bundles & over M to A%(M) is given by an element of Chern(&).

Proof. Any such an w, when composed with the forgetful functor
(concerning the Riemann structure) induces a joint regular invariant
of weight 0 in g. Hence w(£)e Pont(g) ® Chern(¢), but is clearly inde-
pendent of the Riemannian structure and hence is in Chern (¢).

Remark. In all the preceding discussion the Hermitian metric h,
plays a very minor role. In fact the same results still hold (with essentially
the same proofs) if we consider simply bundles E with a linear connec-
tion. The Corollary above then takes a somewhat simpler and more
natural form, asserting that the Chern forms are the only regular invariants
of a “connected vector bundle”.

4. On the Asymptotic Measures of the Heat Equation

In the previous sections we characterized certain form-valued
invariants of geometric objects on a manifold. On the other hand,
in the theory of a non-negative elliptic differential operator 4 on M
one encounters a countable sequence u(A4) of such invariants, but
taking values in the smooth measures on M, and the purpose of this
section is to recall first of all, how these u’s fit into the index question
and second, to explain the general algorithm which describes them in
terms of the coefficients of A. This rather subtle recipe is due to Seeley [23]
and generalizes an earlier formula of Minakshisundaram-Pleijel [9]
treating the Laplacian of a Riemann structure on M. Of course, they
dealt with these matters before the advent of the powerful Pseudo-
differential operator calculus.

20 Inventiones math., Vol. 19
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We start by sketching in the basic facts concerning ellipticity, in a
form suitable for our later purposes, and also, hopefully, intelligible to
non experts. Suppose then that E and F are bundles over M, with

A: I'(E)—TI(F)

adifferential operator of order <mbetween them. Given a local coordinate
system x=(x,,...,X,), over U, we write x-¢ for the linear function
Y.ix: &, and consider the operator obtained from 4 by conjugating it
with multiplication by the function €*%, ¢>0. From the product rule
it then follows easily that this operator has an expansion of the form:

@.1) A, (U)y=e o hoe™ r=Ag+e™ ' Aj+ - +e™ A,

where the A; are differential operators from E to F defined over U,
depending polynomially of degree i on the &’s, and whose highest term
involves no differentiation at all. Thus for all pe U,

4.2) An(¢),eHom(E,, F,).

Now 4 is called elliptic if A, (&) is invertible, for all real nonzero ¢,
and all coordinate charts U on M.

This notion can, of course, be expressed independently of coordinate
charts, so that it is sufficient to check it at every pe M for only one system
of coordinates. In fact 4,, is seen to define a section

44) o(A)er{S,, T® Hom(E, F)},

where T is the tangent bundle and S,, denotes the m-th symetric power.
If we interpret I'(S,, T) as the polynomial functions on T* — the cotangent
bundle of M —then ¢(A4) may be interpreted as a polynomial section of
Hom(E, F)-lifted to T*, and ellipticity means that on the complement
of the zerosection of T*(M), 6 (A) has values in the isomorphisms from E
to F. So interpreted g (A) is the highest order symbol of A.

In the theory of elliptic operators this nonsingularity of o (4) is
exploited first of all in' the construction of a parametrix for A, that is,
an operator

4.5) P: I'(F)—TI(E)
such that PA and AP both differ from the identity by smoothing operators
Sg and S respectively?:

AP=1-S§;.

(4.6)

3 A smoothing operator § is, of course, one given by a smooth kernel K in the form
SUE)=[ Ks(x, y) U(y) |dyl.
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Indeed, the first step in the construction of such a P is to seek a R,
which will have the desired property for sections compactly supported
on the coordinate patch U, and for the construction of E, one starts,
just as a good physicist would, by “formally inverting” the operator
A.(U) near e=0. That is, one inductively determines a formal power
series in &:

4.7 B.(U,x,&)= Y &B,(U,x,¢)
kzm
with the B in I'{Hom (F, E)| U} —for each nonzero & —such that
1 1 L
4.8) (A+?A1+~~+8—MA,,,) ("B, +e" B, -)=1.

Thus the equations for B,~ {4,} ™! (near ¢=0), start off with:
(4.9) Ap(x,¢) - By(x, &)=1,
whence B,,(x, £)=A,(x, £)~!. Thereafter:
(4.10) Ay _1oBy+ A, By, =0,

determines B,, , (x, £) etc. Note, however, that this is a highly complicated
procedure because the lower A4,’s are differential operators. Nonetheless,
these equations determine the B, (U) explicitly in terms of the coefficients
of 4 and their derivatives. Furthermore, the B, are clearly homogeneous
of degree —k in the &’s.

In terms of the By (x, &)=B, (U, x, £), a local parametrix R, is easily
constructed:

Given seL(E|U)*%, let §(¢) be its Fourier transform relative to a
fixed trivialization of E|U:

4.11) 8(0)= [ e~ s(x)dx,
U

and in terms of § define F,-s by:

1 ;
(4.12) BJS(x)=k§m @ [ 0u(8) €9 By (x, £) 5() dC.

Here ¢, () are suitable C* functions of ¢ which vanish near ¢=0,
and are 1 near co. These functions serve to regularize the B (x, £) near
¢=0 and also to stagger the entries of the B,’s into the ¢-integral.

4 I (E) denotes sections with compact support.

20*
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The E;’s can now be combined by a partition {¢,} of unity via the
equation

4.13) P=Z¢UHI‘//U

(where Y, =1 on supp ¢) to yield a global “Parametrix” P for A.

Once such a P has been constructed, the theory of elliptic operators
is essentially reduced to that of smoothing operators, and from that
theory one deduces the following basic propositions:

Theorem (E I) (Finiteness). Suppose that A: I'(E)— I'(F) is an elliptic
operator over the compact manifold M, then both the kernel and cokernel
of A are finite dimensional. In particular the index of A is well-defined by

4.14) index (4)=dim ker A —dim coker 4.

We next turn to the “Hodge theorem” in this context. Suppose
then that E and F are given fixed Hermitian structures and that a volume
form is chosen on M. These data define a “global” Hermitian inner
product (s, s')g on I'(E) by:

(4.15) (s,8)e= [ hg(s, s') volume.
M

Similarly, (s, 5')r is defined on I'(F) and relative to these, A now has
a formal adjoint A*, which is again a differential operator of order <m.
By the “Laplacian [J of A” one now means the operators on I'(E) and
I'(F) respectively given by:

(4.16) Oe=A*A, [p=AA*

Clearly, each of these operators is self-adjoint elliptic and >0.
From now on we exclude the trivial case m=0, so []—A will also be
elliptic.

Now for each AeR we let I(E) be the eigenspace of [J; on I'(E)
associated to 4:

L(E)={sel(E)|Ogs=4s},

and define I;(F) similarly. With this understood one has the

Theorem (E II) (Hodge Theorem). For all AeRR, I;(E) is finite dimen-
sional. Further I(E)=0 except for a discrete set of nonnegative A’s and
this countable sequence of subspaces gives an orthogonal direct sum
decomposition of the Hilbert space L, (E) obtained from I'(E) by completion
relative to ( , )g. Thus:

4.17) L, (E)=@® LL(E).
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Finally, relative to this decomposition we have the Hodge formulae:
4.18) I (E)=Ker A, I;(F)=CokerA4
while for every 1>0
(4.19) A: [(E)—-I,(F) is anisomorphism.
Note that (4.18) gives a new formula for the index of A4:
(4.20) index (4)=dim I (E)—dim I (F),

and combined with (4.19) this in turn leads to many formulas for the
index of A. Indeed, let ¢ (x) be any function on R, with ¢ (0)=1. Then we
have

4.21) index A=Y ¢ (4) dim I;(E)— Y. ¢ (4) dim I} (F).
A A

Provided only that these infinite sums converge.
Now in this context one has

Theorem (E III). (The asymptotic heat expansion.) In the situation
described above, consider the operator []=[]g; then the series

(4.22) h(@D)=) e~** dim I;(E)
A

converges for every t>0. Furthermore, near t =0, h,({J) has an asymptotic
expansion of the form:

4.23) )~ Y MUQ)  keZ,

k2 —n

where m is the order of A, and n=dim M.

Finally, each U, (0) is given as the integral ver M of a certain measure
.(00) on M, canonically fashioned out of the coefficients of 1. Thus:

(4.24) U= x,‘ m(0)-
Remarks. 1) First of all, this theorem, of course, also holds for [] =,

and, in fact, more generally, for any nonnegative self-adjoint differential
operator.

Next, observe that by (4.21), and (4.22):
index A=h,(Cg)—h,(r) for any ¢>0.

Hence, in conjunction with (4.23):

index A= Uy ((g)— Up(OF)
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and so finally by (4.24):
4.25) index A= IJ Ho(Op)— po (Op).

This is the expression for the index we have been heading for, and
which we will use later on. In one sense (4.25) solves the index problem —
namely it gives a formula for the index in terms of an integral explicitly
made out of the coefficients of 4 and A*. On the other hand, the formula
for po(Og) will be seen in a moment to be so formidable that there is
little hope of interpreting these integrals directly in terms of the charac-
teristic classes of E, M, etc. To the two older authors, the beautiful
formula (4.25), therefore, seemed to be useless in this context until the
recent work of our younger collaborator appeared.

2) Before describing the recipe for the g, a few remarks on the con-
nection of h,([J) with the heat equation is in order. Relative to the

decomposition
L,(E)=@ I;(E)

the operator [ =] is, of course, in diagonal form:
Ol (E)=4,

so that H,=e~ "’ is a well-defined family of bounded operators acting
on L, (E) and satisfying the heat equation

d
';ITHt"' O - H,=0

with initial value H,=1. Furthefmore, at least formally:
h,(OJ)=Trace e~ .

Hence (4.22) should be interpreted as proving that H, is indeed of trace
class for ¢>0. Actually this turns out to be a consequence of the much
stronger result that for ¢>0 the abstract operator H, is represented by a
smoothing operator with kernel H,(x, y):

H,s(x)={ H,(x,y)s()|dy|.

Now this being granted, the trace of H, must exist—and is given by the
usual formula for smoothing operators:

Trace H,= | Trace H,(x, x)|dx|,
M

that is—as an integral of the measure

He(x)="Trace H,(x, x)|dx|
over M.
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The p,(x) should, therefore, be thought of as the local trace of H, at x.
In terms of an orthonormal base of eigenfunctions {¢,(x)} of [] we have

(4.26) w(x)=3 e g, (x)|* |dx|.

Thus g, (x) is a function of [] only in a very abstract sense. However the
asymptotic expansion (4.23) and (4.24) is a consequence of a local
asymptotic expansion

4.27) m(x)~ Y, 927 gy (x)

kz—n

the u, being purely local invariants of [J. In fact, as will be seen later, in
our cases the y, will depend rationally on the coefficients of A and their
derivatives.

3) Our next remark is that a completely parallel development of this
subject is possible, in which one replaces the series

h,(D):Ze“‘ dimI; E
by the “zeta function of [J*:
CJD):ZA‘Sdim LE,

where we assume for the moment that [] >0 so that A+0. Indeed these
two are related by the formula

l @
Cs(D)=m Jt h (D) dt/t
as follows directly from the definition of the I-function:
I'(s)= [t e "dt/t
0

by setting t=At and then summing.

Now in this context the asymptotic expansion for h,([]) yields that
{,(CJ)— which at first converges only for large Re(s)— actually extends to
a meromorphic function in the s-plane. Moreover I'(s) {,((]) has simple
poles at the points s, = —k/2m, k= —n, and its residue there is given by:

Res I'(s) {,(O)=Ue(OD)-

In particular {,(00)= U, (O).

Conversely, this property of {,([]) implies the asymptotic formula
for h,([J) and, in fact, it is this property of {;((]) which Minakshisundaram
and Pleijel proved originally and which Seeley extended in [23]. This was
also the point of view taken in [6], relating the zeta function and the



300 M. Atiyah, R. Bott, and V.K. Patodi:

index theorem, although to deal with the zero eigenvalue one has to
replace (] by [J+u (with u>0).

4) Finally we should point out that, to define the local measures
4 (P), we do not need P to non-negative self-adjoint. All that is needed
is that the highest order symbol of P should have these properties [23].
We no longer have an eigenfunction expansion but {,(P)=trace P~*
can still be defined and |y, (P) will still give the residue of I'(s) {,(P) at
s=—k/2m.

We now turn to Seeley’s formula for the u, and to motivate his
algorithm we will start with the following purely heuristic considerations.
Let T=R"/2 7 Z" be the n-torus defined by the lattice whose coordinates
are divisible by 27 in R", and consider a constant coefficient elliptic,
self-adjoint, non-negative operator> 4 of order 2m acting on the C*
functions of T. For each integral point {€Z", the function e'*¢ is then
an eigenfunction for A with eigenvalue A(¢&):

A =A(E)- &*¢
where A(&)=Ay+ A (&)+ -+ A4,,,(E) is the zero order term of the
differential operator A4, at e=1, and therefore is a polynomial of order
2m in the &'s. Further, by Fourier’s theorem, the e'*¢ are a complete
system of eigenfunctions for 4. Hence
h(A)= ) e *®,
seln
Thus h,(A) is the sum of the values of the function e=*4©® at the

integer points of ¢ IR, and a little estimation shows that in its asymptotic
behavior near ¢t =0 this sum behaves like the corresponding integral:

h(A)~ [e~* 4O d¢.
Now write A(¢)=A4,,(£)+ E(£) with E the terms of order <2m and
consider the integral obtained by expanding e~ *E:
JemAm@H Y (~1)F * E(&f/al} dE.

The term by term integration of this expression yields the desired
asymptotic formula for h,(A):

ho~ Y 2™ U (A).
k2 ~n
The integration here is, of course, carried out in polar coordinates in

¢-space and first relative to r and it is this step which introduces the
fractional and negative powers of ¢, as will be seen below. We still have

% Throughout this section 4 denotes an operator of the “Laplacian” type — that is, take
A=pg.
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to come from the global Uy to the local measures y, on T. However, as
these clearly should be constant in this example they must be given by:

m)=(5-) G ldxl.

To summarize then:
1 n
(428) S )~ (57) Je 4@ deldx.

In the general case the Seeley formula is given by a similar but more
delicate formula; namely, if A: I'(E)— I'(E) is an operator of order 2m,
of the type we are discussing, and if x=(x,, ..., x,) is a local coordinate
for M over U, then properly interpreted, the Seeley formula can be
written:

1 n
(4.29) Zt"u,‘(A)~(ﬁ) lim o= {4, ~3¢~2"} "1 dAd€|dx],
here, as before, A, is the operator
. ‘ 1 1
Aaze—zxé/eAe;xéle =A+?A1(C)+ +_;7A2m(é),

and the agreement is that the term in the brackets is first inverted formally
near ¢ =0, then integrated over A along a countour enclosing the positive
reals and then over . In the result ¢ is finally set equal to 1.

Thus, the inversion, A-integration and letting ¢ tend to 1 replace the
expression e 4®" in the constant coefficient case (4.28).

We will carry this program out under the assumption that 4,,(¢) is
a multiple of the identity:

Azm(®=a-1

by a function a=a(x, &). The precise expression for 4,(1)=4,—4&” m s
therefore:

1 1
(4.30) A=A+ A 4t

82

—(a—-M)1

where a is a positive function of degree 2m in £’s. Inverting A, (4) formally
near ¢=0 yields a power series:

4.31) B,(A)=¢&*" B, (A)+ ™! Bypyy(A)+ -+

with B,,,(A)=(a—A)" and B, ,,(A)=—(a—4) 4, ° (a—A)~1, etc. Now,

and this is where the fact that 4,,, is a multiple of 1 simplifies matters a
little, the effect of 4, on (a—A)~! will be uniquely expressible as a finite
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2m

partial fraction in (a— 4). That is, B,,, .;(A)= Y B, - (@a—4)~¢*Y, and
s=1

inductively, each B,(4) will have a finite expansion of the form:

4.32) Bi(A)=Y Bj(a—2)~C+Y,

At this stage the integral over 4 can be carried out explicitly. Indeed,
over the contour in question we have:

433) JetHa=2) e di= et
so that: '
l
(4.34) je"‘BJA)di:Z%t’Bie"" 122m.
s, 19

We turn next to the integration over & For this purpose note that,

1

as a function of (£ 4%™), B, is homogeneous of degree —I while a is
homogeneous of degree 2m. Hence Bj is a polynomial of degree
2m(s+1)—1=0:
(4.35) deg: Bj=2m(s+1)—1.

Note also that as a function of A4, the Bf are polynomials in the
coefficients of A and their derivatives relative to the local coordinates.

The integration over £, is now carried out by changing to polar

coordinates (r,&o), with |&y|=1 and first integrating over r= Y &2
We have
1, dr fo

(4.36) dg=—r"- = {7}

where w=Y (—1) ¢ d¢,...d¢;...d¢&,, so that ws=% restricts to the

volume form on the unit sphere and is homogeneous of degree zero in
the &’s.

Hence
4.37) [Bi(¢)e ®d¢ =% [ w5 Bj(&o) [ r?me*em ™" dlog r
. ’ k=1—Q2m-+n).

The change of variable p = a(&,)tr?*™, yields r = {p/at}"/*™ and 2md logr=
dlog p. The inner integral therefore changes to

1 1 k
4, —s+k/2m s—k/2m ,—p = —s+k/2m —
(4.38) 3 (at) {p e~*dlogp 3 (at) r (s 2m)
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substituting in (4.34) this leads to:
fe **B,(A)dAd¢

1 I'(s—k/2
oy pan LTI ’")| | Bi(Eo)alo)y " mos

&l=1

(4.39)

now passing to ¢=1, one obtains the formula®:

Theorem (Seeley). Relative to the coordinates x, on U, the asymptotic
measure of A is given by p,(A)=u,(A)|dx| with

2m)~" I'(s—k/2
e L
(4.40) smk > n

2m = 2m

‘K l!‘—l B, 2min(Eo) a2 (&o) ws.

Our concern with this formula is actually only qualitative. That is,
we need to know the following corollary.

Corollary. The function p,(A) defined above is homogeneous of weight

k
S in the coefficients of A. That is

_k_
(4.41) (A A)=12" u(4) AeR*.

Furthermore, in the quadratic case, m=1, ,(A) is a polynomial in the
coefficient of A relative to x, their derivatives relative to x and the function
det~!(a), where det a is the determinant of the leading term quadratic form:

(4.42) a(x, &)=Y, a;(x)&'¢.
Proof. The weight property follows directly from (4.26) and (4.27).
Sending A to A4, and ¢ to %t in (4.26) leaves u,(x) invariant, hence

the coefficients g, in (4.27) have the desired weights.

The polynomial dependence of ,(4) on the coefficients is a more
delicate matter. Certainly (4.40) shows that each term contributing to
a y, is of the form:

(4.43) Y= | ¥(4;0) am(é)_ﬂ["? ws
121=1

where ¥(4, ¢) is a homogenous polynomial of degree [—n in &, and
depends polynomially on the coefficients of 4 and their derivatives. On the

6 Actually in [23] Seeley deals with the zeta-function rather than the heat equation but,
as explained before, these are equivalent.
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other hand, in its dependence on the coefficients of a, (&), Y(A) is a priori
a transcendental function. However, in the quadratic case we can rational-
ize the integral by the following procedure.

First, let us reformulate our problem slightly. For this purpose let
p(&) by any polynomial of degree k, in the &’s, and in terms of it define
the n—1 form:

k—n

(4.44) p(@,&)=p@®a) ? w()

where w(§)=) (—1y¢d¢, ... dE; ... d¢, as before, and a(f) is the
quadratic form (4:42) which is assumed to be strictly positive. Hence
p(a, &) is regular on all of R"—0, so that the integral over the unit sphere

(445) f@=_{ r@9

n—

is a well-defined function of a, and clearly our corollary will be proved
if we show that for every p the function fla) is expressed as a polynomial
in the a;; and {det (a;)} ~'. Put differently we want to show that f'is in
the affine coordinate ring of the space Q of positive definite quadratic
forms. For this purpose recall the map

n: GL(n,R)—Q
of the full linear group onto Q given by
n(g)=g'" g

which we already discussed in Section 2. By the remark made there it
will be sufficient to prove a corresponding result for the pull back f= forn
of the function f(a) to GL(n, R):

(4.46) f(g)=sI P(§)<QE gEYTR—M2 (),

with (¢, &) the usual inner product on R”.

At this stage observe that the form p(a, £)is closed as a form in R"—0:
in fact, h(&)=p(&) a(é)l;ﬁ" is homogeneous of degree —n, hence
dp(a, &)= (Z ¢ %+n h) dé,A--AdE,=0 by Euler’s theorem. Thus

J
the integral f(a) depends only on the homology class of the cycle "~
Hence we also have

f(1§)=(‘f | . p()<g& g O F M w(§).

188D =
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Now under the change of variables E=g~'¢&, w() goes over into
(det g)~ ' w(&’) so that we obtain the formula:

(4.47) f(g)=(det g)"snj_ . P~ Hw(®)

which shows that f is in the coordinate ring GL(n, R) as required.

5. The Hirzebruch Signature Theorem

In this section we shall combine the heat equation formula for the
index explained in §4 with the Gilkey theorem of §2 and derive the
Hirzebruch formula expressing the signature of a 4k-manifold as a
polynomial in the Pontrjagin classes. As is now well-known, this Hirze-
bruch formula is a special case of the general index formula and in the
next sections we shall show how to treat the general case.

We begin by recalling the signature operator — this is the elliptic
operator whose index is the Hirzebruch signature. So let M be a compact
oriented Riemannian manifold of dimension 2/, and letd: Q'— Q'+,
d*: @' Q—! denote exterior differentiation of forms and its adjoint.
Then d+d*, acting on the space of all forms, is an elliptic first-order
self-adjoint operator whose square is the Laplace operator 4 of the Hodge
theory. We now define an involution t on the space of all forms by
(@) =iP®~ D+ x o for € 27, where *: QP— Q2'~7 is the duality operator
defined by the metric (the complicated power of i is arranged so that
12=1: see [2, p. 575] for details). Denoting by Q. the +1-eigenspaces
of , one verifies that d+d* interchanges Q. and Q_. Finally we define
the signature operator A to be the restriction of d+d* as an operator
from Q to Q_, so that

A Q,—-Q_
is an elliptic operator (its adjoint is then d+d* as an operator from
Q_toQ,)

Ker A coincides with Ker A* 4 =(Ker 4)n Q. , that is with the space
H, of harmonic forms w such that T w=w. Similarly Ker A* coincides
with the space H_ of harmonic forms w such that 1 w= —w. Thus

index A=dim H, —dim H_.

Suppose now that =2k so that dim M =4k, then only Q** gives a
non-zero contribution to index A (€7 and 2**~1 give contributions which
cancel if g = 2k) so that

index A =dim H2* —dim H?*

where H2* are the + 1-eigenspaces of x on H2* (the harmonic 2k-forms).

Since
a [ o Aka
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is positive definite for « a real 2k-form it follows that
a> fana

is positive definite on H3* and negative definite on H2*. Identifying
harmonic forms with cohomology by the Hodge theory we see therefore
that . .

index A =sign (M)
where sign (M) denotes the signature of the quadratic form on H**(M; R)
given by the cup-product:

‘ x—xux[M].
It is important to note that the operator A depends on the Riemannian

metric and the choice of orientation: taking the opposite orientation
changes 7 to —1, hence interchanges 2, and Q_ and so replaces A by 4*.

Now let us apply formula (4.25) for the index of A4:
index A= [ py(A* A)— po(4A4%)
M

where
Up= j Ho(A* A)
M

is the constant term in the asymptotic expansion of trace e~'4'4, The
measure po(A* A)—py(AA*) depends on the orientation in a skew-
symmetric fashion and hence defines a 4 k-form independent of the orienta-
tion: in local coordinates we associate to the measure f(x)|dx, dx, ... dx,|

and the orientation (x,, X, ..., x,) the n-form f(x)dx, Adx, A -+ Adx,.
Thus s
(5.1) index A= [

M

where w is a 4k-form canonically associated to the Riemannian metric.

As explained in §4 there is a purely local formula for y, and hence
for w. Since A*A and AA* are just the Hodge-Laplace operator 4
(restriced to Q) their highest-order symbols are scalar matrices of the
form g¥(x)¢; ¢ ;- 1. We are therefore in a position to apply the Seeley
theorem and Corollary of § 4. Thus w is a regular invariant of the metric
in the sense of § 2.

Let us now consider the effect of a change of scale in the metric:
g+ A*g with A a positive constant. The new involution 7 is related to the
old involution t by #(p)=A""2”1(¢p) for eQP. If we define an auto-
morphism ¢ on the space of forms by &(p)=17¢ for peQ?, then ¢ is an
isometry 2 — @ of the old metric to the new metric and et=%¢. Thus ¢
induces isometries 2, —+ @, and Q_—Q_. Moreover, since d=d,
d* =12 d* we have

ed+d¥)=Ad+d*)e
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and so eA=A4¢e or A=1""'(c¢Ae™!). The same formula holds for the
adjoints and so

A*A=1"2(eA*Ae™Y), AA*=A"%edA*e™)

Since the measure p, is unchanged by the bundle isometry ¢ and is of
weight zero in the operator it follows that

po(A* A)=po(A* A),  po(AA*)=po(A A*)

and hence &= w, showing that w is a regular invariant of the metric of
weight zero. Applying the main Gilkey Theorem of §2 we therefore
deduce the following key result

Proposition. The differential form w appearing in (5.1) is given by a
universal polynomial in the Pontrjagin forms, say

(5.2) ©=fi(P1, P25 -+ Pu)
where f, is of total degree 4k(deg p;=4i).

Note incidentally that the measure p;(4* A), being of weight j/2 in
the operator A* A (see (4.41)), is of weight —j in the metric g (with respect
to the scale change g+ 1% g).

We have now arrived, by differential-geometric methods, at the same
point which Hirzebruch reached by the use of cobordism theory. From
here on we simply repeat the easier part of Hirzebruch’s proof which is
essentially the computation of enough special cases to determine the
coefficients of the universal polynomials f,. For the sake of completeness,
and because we shall need to generalize the argument in the next section,
we shall review briefly Hirzebruch’s argument. For more details we
refer the reader to [16; Chapter II, § 6].

As basic examples we take the complex projective spaces B, and
then form all products

M(ky, ... k)=PBy X By, X -+ x By, Y ki=k.

In each dimension 4k this gives us m(k) different manifolds (where 7 (k)
is the number of partitions of k). Since = (k) is also the number of coeffi-
cients of our unknown polynomial f; the Egs. (5.1) and (5.2) applied to
the manifolds M(k,, ..., k,) will yield a square system of linear equations.
Provided this system is non-degenerate we can then solve uniquely for
the coefficients of f;. To check the non-degeneracy of the system it is
convenient to replace the Pontrjagin classes p; by another set S; of multi-
plicative generators related to them by Newton’s formulae. For a

2j
Riemannian manifold S; is represented by the form (2-::7) . Trace R%
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where R is the curvature matrix. The advantage of the S; is that for a
product we clearly have

S;(M x N)=S,(M)+5,(N)

(where we identify cohomology of M and N with their pull-backs to
M x N). With an appropriate ordering of the n(k) monomials

SG:SJ': XSJ-ZX"'XS]' (Z]l=k)

and the (k) products M;=M(k,, ..., k,) it then follows easily that the
matrix a,; = S,(M) is triangular and its diagonal entries are given by

Ayq=S;, (Bj,) % -+ x S;, (Bj,).

Thus det(a,z)+0 provided all the numbers S;(P,;)%0. But the total
Pontrjagin class of the complex projective space B, ; is well-known to be
given by

Y pi=(1+x*?*"  (x generating H*(B,;, Z))

0

and so S;(B;)=(2j+1)x*/[B;]=2j+1%0.

Now sign (B, ;) =1 and the Kunneth formula for the cohomology of a
product shows that sign (M x N)=sign M - sign N. Thus all the mani-
folds M(ky, ..., k,) have signature 1. Hence, we can characterize our
polynomials f,(p,, ..., p,) uniquely by the property that they give the
value 1 when evaluated on the Pontrjagin classes of all the manifolds
M(k,, ..., k,). On the other hand the polynomials L,(p,, ..., p;) defined by
the generating function

(5.3) Y L=]]
also have this property. In fact for B, we have to compute the coefficient

of x2* in (
tanh x

this is 1. The multiplicative character of the generating function (5.3)
then shows that we get the value 1 on all the products M(k,, ..., k,).
This completes the identification of f; and L, and hence the proof of the

X
tanhx;

where Y p,=[](1+x})

2k+1
) . and a simple residue calculation shows that

Hirzebruch Signature Theorem. For a compact oriented 4 k-manifold
M the signature of the quadratic form on H**(M; R) is given by

sign(M)=Ly(py; ..., ) [M].

As we have seen, this theorem appears, by our present methods,
as the global integrated version of a local theorem which may be formu-
lated here as follows
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Local Signature Theorem. Let M be a compact oriented Riemannian
manifold of dimension 4k and let {¢,(x)} be a complete orthonormal base
of eigenforms of degree 2k of the Laplace operator: A@,=2, ¢,. Then
=Y, e~ *" ¢, A @, converges for t>0 and, as t —0, w,— Ly(py, ..., P

where the p; are the Pontrjagin forms.

Proof. Letting A denote the signature operator we form the local
traces puf (x) of the heat operators e~*4*4 and e~*44". The contributions
to u? (x) arising from Q4@ Q**~7 (with g+ 2k) are easily seen to cancel
(since the corresponding parts of the heat operators are isomorphic).
Since Q. N Q2 are just the + 1-eigenspaces of * it follows that

w ) —p (X)= .
Hence we have an asymptotic expansion
Wy~ Z aj tjlz.
jz—ax

As before the coefficients a; are regular invariants of the Riemannian
metric and a; is homogeneous of weight —j with respect to the scale
change g+ A*g. Hence by the Gilkey theorem a;=0 for j <0 so that the
constant term is the first non-vanishing term in the asymptotic expansion.
Finally, for the constant term a,, we have already shown that it coincides
Wlth Lk(ph veey pk)

6. Other Classical Operators

Using § 3 we shall now extend the results of the previous section to
the signature operator “with coefficients in an auxiliary bundle”. So let
M be a compact oriented Riemannian manifold of dimension 2! and let £
be a Hermitian bundle over M as defined in § 3. Let Q, denote the space
of differential forms with values in £, that is smooth sections of the
vector bundle A*(T*(M))® E;. Using the connection D, we then
define an operator d, on €2, by

d:u®@v)=du@v+(—1uAD;v

where ueQP, v is a section of E; and u A D,v denotes the element given
by the pairing 2@ Q; — £2;. Since the connection D, is unitary it follows
as usual that the adjoint d} is given by

df=—»d,»

where *(u® v)=+u®v. This shows that, if we define an involution
t on Q; as before by t(a)=i?~V* «(a) for aeQf, then d,+d} anti-
commutes with 7. Hence we obtain an operator A,: Qf — Q; where
Qf denote the + 1-eigenspaces of 7. We shall refer to A, as the generalized

21 Inventiones math., Vol. 19
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signature operator of the bundle ¢. Note that A, is independent of the
metric h,.

Proceeding as in § 5 we obtain a formula

index 4, =1£ w(g, &)

where w(g, {) is a regular joint invariant of mixed weight (0,0). The
weight zero in g is proved just as in §5 while the weight zero in the
Hermitian metric h, is obvious because k. does not enter explicitly into
the definition of the operator A,. Now apply Theorem II of §3 and we
deduce that w(g, &) is given by a universal polynomial in the Chern-
forms of £ and the Pontrjagin forms of g

(6.1) (g, §)=1(ci(£), p;(8))-

As a first step in identifying this polynomial we observe that we have
the following additivity formula

6.2) (g, EDn=w(g, &) +wlg,n).

Here £ @y denotes the direct sum of the two Hermitian bundles ¢, n the
connection and Hermitian metric on the direct sum being defined in the
obvious way. To prove (6.2) we simply note that Aigq=A:® A, and
Trace e™'*®9 =Trace e~*"+ Trace ¢ ™' We shall now show that (6.2)
implies that (6.1) must be of the special form

63) (g, &)=} chy (&) E(p: (2), P2(2), -..)
where 2k+4s=21, deg F,=4s and

Chf=; chy.($)

is the Chern character of ¢£. We recall that if the total Chern class Y ¢
is factorized formally as [](1+x;) then ché=Y e*. Thus in terms of the
curvature matrix K of ¢ we have’
k Kk
chy &= (—1 ) e

2mi
Clearly the Chern character is additive: ch(é@#n)=ché&+chy.
Moreover, any polynomial in the Chern classes can be universally
expressed as a polynomial in the components of the Chern character.
Hence we may rewrite (6.1) universally in the form

(g §)=/1(ch(€), p®)+ f2(ch(€), p(8)) + - + fi(ch(¢), p())

7 Except for the factor k! and the fact that we are now dealing with complex rather than
real bundles the elements ch, are essentially the same as the S, of §5.
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where f, is homogeneous of degree r in the variables ch, (£). Replacing £
by NE=E(EDED - @ E(N times) and using ch(N &)=N ch¢ we deduce

6.4) (g, NO)=Nfi+N*fy+---+N'f,.

But, by (6.2), w(g, N&)=Nw(g, &). Since (6.4) holds for all positive
integers N we may equate coefficients and so

w(g, &)= fi(ch(&), p(g)

is linear in the components of ch (&) as asserted in (6.3).

We are now reduced to identifying the polynomials F, in (6.3) by
computing sufficiently many special examples. Note incidentally that
F, depends on the dimension n=2! of our manifold so we should write
it as F!. In fact we shall prove

6.5) Fl=2-25L,

where the L, are the Hirzebruch polynomials as in § 5. For I=2s (so that
dim X =4s) (6.5) reduces to F'=L, and this follows directly from the
Hirzebruch signature theorem by taking £ in (6.3) to be the trivial line-
bundle.

As a basic example we shall take M to be a one-dimensional complex
torus (elliptic curve) and & to be a holomorphic line-bundle.

In this case we shall prove

Lemma (6.6). index A,=2{ ¢, (¢).
M

Proof. Taking the standard metric on M arising from that on the
universal covering € we have xdx=dy,*dy= —dx and so

tdz=ixdz=i(dy—idx)=dz
tdz=ixdz=i(dy+idx)=—dz
tdzndz=-2.

From these it follows that we have isomorphisms
6,0,
o_: Qe H5Q_

0. (f8)=3(1+7)f+gdz
o_(Aw=1-1)udz+21

given by

21*



312 M. Atiyah, R. Bott, and V.K. Patodi:

and a commutative diagram

QO @ QO Jed QO,I@ QO, 1

Q, _dtd Q

Thus the operator A is isomorphic to two copies of 8. For any Hermitian
structure on the holomorphic line-bundle ¢ it then follows that A, and
0, @ 0, have (up to isomorphism) the same first-order term and hence
the same index®. Here 0, denotes the natural d-operator acting on
sections of {. Now we already know, from our general discussion, that
we must have a formula of the type

index A,=a | ¢,(¢)
M

for some universal constant « («=Fj in the notation of (6.3)). To prove
=2 it is then sufficient to choose a particular ¢ with [ c,(£)+0. Taking &

M
to be the holomorphic line-bundle determined by a single-point P of M
we have (¢, (&)=1. Ker 0, consists of the holomorphic sections of ¢ and
M

these can be identified with the meromorphic functions ¢ on M having
a single pole at P: the Cauchy residue formula applied to @ (z)dz shows
that Res, ¢(z)dz=0, so ¢ has no poles and hence is constant. Thus
dim Ker J,=1. Similarly, Ker ¢ can be identified with the holomorphic
functions having a zero at P (and no poles), hence Ker 0¢=0 and so
index 0,=1. Thus index A,=2 as required.

Remark. We have computed above a special case of the Riemann-
Roch theorem for Riemann surfaces. Equally well we could have taken
any other genus (e.g. zero) but the elliptic curve has the advantage that its
tangent bundle is trivial which leads to somewhat simpler calculations.

To prove (6.5} we shall take products of the example just computed
in (6.6) together with the examples of § 5. Generalizing the multiplicative
property of the signature we shall need

Lemma (6.7). Let M, N be compact oriented even-dimensional Riemann-
ian manifolds and let £, n be Hermitian vector bundles over M, N respectively.
Denote by { = @ n the Hermitian vector bundle over M x N given by the
tensor product with the natural induced metric and connection. Then

index A;=index 4, - index 4,.

® Using the stability of the index under deformation. Alternatively, a more careful calcu-
lation shows that for a suitable metric A, is actually isomorphic to 0, @D 0,, iec. the zero-
order terms also coincide.
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Proof. Direct computation shows that
d+d})?=(d;+d2? ®1,+1,® (d,+d})
which implies easily that

Ker (d;+d})=Ker (d.+d¥) ® Ker (d, +dy).

Together with the fact that 7, =1, ® 7, this leads atonce to the required
formula
index A;=index 4, index 4,.

Now consider Y=M*x X where M is an elliptic curve and X is of
dimension 4 5. Take the line-bundle n=®1 (*=¢( ® --- ® & k times)
over Y and apply (6.7). We deduce

index A, =(index A4, - sign X
6.8) =2 [c,(®)-signX by (66).
M
=2* { ch, & sign X

Mk

since ch & =(ch &) =(1+c¢, (). Comparing with (6.3), and cancelling
the non-zero term | ch, &, we obtain
Mk

IF;I(ph 12X) ---,ps)=2k Sign X
X

where k=1—2s. The argument in § 5, using products of complex pro-
jective spaces for X, shows that 2-*FE'=L or F'=2'-2°L,, as asserted
in (6.5). Thus we have established the

Generalized Hirzebruch Signature Theorem. Let M be a compact
oriented 2l-dimensional Riemannian manifold, ¢ a Hermitian bundle over
M and A, the generalized singature operator of £. Then the index of Ay is
given by the formula

index A,=2'-ch ¢ - £ (M) [M]

x;/2
where y(M)=nm

x? are replaced by the Pontrjagin classes of M.

and the elementary symmetric functions of the

Remarks. 1. There is a local version of this theorem generalizing the
case treated in § 5. Note that this local version continues to hold when ¢
is just a connected bundle (with no metric) in view of the remark made at
the end of § 3 and Remark 4 following Theorem (E III). Instead of A¥ A,
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and A, A¥ we now use the restriction of (d; +d¥)* to QF. These operators
do not involve the metric h, and their leading symbols are positive self-
adjoint (with respect to any metric in &) because 6(A)=0(4)® I,
where I, is the identity on ¢.

2.In §5 the results were restricted to manifolds with dimensions
divisible by 4. Here all even-dimensional manifolds are included. This
is because we have used a complex vector bundle ¢ and this has Chern
classes in all even dimensions.

As we shall show in the next section, the Generalized Signature
Theorem implies, via topological arguments, the general index theorem
and hence in particular we obtain other classical special cases such as the
Riemann-Roch theorem. However, there is some interest in deriving
these special cases directly by methods similar to those used for the signa-
ture theorem. Where applicable this will of course lead to appropriate
local versions of the theorems concerned and these would not be obtain-
able by global topological arguments. We shall therefore treat briefly the
Dirac and d-operators by the heat equation method, and we begin with
the former.

Let us recall® that M is said to be a spin-manifold if the structure
group of its tangent bundle can be lifted from SO(n) to Spin(n). The
necessary and sufficient condition for this is the vanishing of the second
Stiefel-Whitney class w, (M): for example B,(€) is a spin-manifold if and
only if n is odd. A choice of lifting to Spin(n) defines a definite spin-
structure and, up to isomorphism, the different spin-structures are in
one-one correspondence with the elements of H' (M ; Z,). Thus the spin-
structure is essentially unique if M is simply-connected. Now Spin (n)
has a basic representation space S (the spin space): if n=21 this is the
direct sum of two irreducible representations S* and S~ each of dimension
2'-1, Associated to the spin-structure of M there are then two correspond-
ing vector bundles E* and E~ whose cross-sections are the spinor-fields
on M — analogous to tensor-fields. The Dirac operator is then a first order
self-adjoint elliptic differential operator acting on the sections of
E=E* ® E~ and defined as the composition

I'(E)—2»(E® T*)—<> I'(E)

where D is induced by the Riemannian connection of M and C is Clifford
multiplication (induced by a linear map of Spin (n)}-modules: S ® R"— S).
Note the analogy with exterior differentiation of forms which may be
defined similarly but using exterior multiplication of forms in lieu of
Clifford multiplication. The Dirac operator switches E* and E~ (because

® For further details on spin-manifolds and the Dirac operator see [2, § 5].
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. 0
C does) and so is of the form ( B g

The index of B is called the spinor-index of M.

The operator B, like the signature operator 4 of § 5, has the following
basic properties

(1) Bis canonically defined by the Riemannian metric, the orientation
and the spin-structure

(2) reversing the orientation takes B into B*

(3) the metric scale change g+ 4> g takes B into A™' B.

Properties (1) and (2) are clear from what has been said. To verify (3)
we define an isometry T* — T* by ¢ A ¢ where T* and T* denote the
cotangent bundle of M with the old and new metrics respectively. Then
we get an induced isomorphism a: E— E which preserves connections.
Since Clifford multiplication is bilinear it follows that B=1"'aBa™' so
that, modulo the isometry a, B coincides with A=1B.

The only significant difference between the operators B and A4 is
that B depends on the spin-structure. However, locally the spin-structure
is unique and so the measures y;(B* B) and p;(BB*) depend only on the
metric and orientation. Proceeding now exactly as in § 5 we deduce that
the spinor-index is given by some universal polynomial in the Pontrjagin
classes. Thus the spinor-index is zero if dim M is not divisible by 4 and
if dim M =4s then

spinor-index (M)=h,(p, ..., ;) [M].

) where B: I'(E*)— I'(E™) is elliptic.

It remains to identify the polynomials h, and to show in fact that they
coincide with the A-polynomials defined by Hirzebruch (see [2,§5]).
This could be done by computing explicitly the spinor-index of sufficiently
many examples. For instance we could take products of quarternionic
projective spaces'® B,(IH) (n=2) and (in dimension 4) a quartic surface
in B(C): these are all spin-manifolds and have linearly independent
Pontrjagin numbers [9, § 2.3]. Instead we shall show how to deduce the
equality h,= A, by using the generalized signature theorem. To do this,
we first extend B to an operator B, where ¢ is an auxiliary Hermitian
bundle (just as A was extended to A,). As before we deduce a formula of
the type

6.9) index B;=) ch,(¢)- Hy(py, ..., py) [M]

where 2k+4s=2l=dim M and deg H{=4s. Moreover the formal
properties of Clifford multiplication yield a multiplicative formula for B,
analogous to (6.7) and the torus example of (6.6) gives index B,= f e (@)
_— M

10 Recall that the complex projective spaces P, (C), which we used earlier, are not spin-
manifolds.
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Arguing as before we then deduce
(6.10) H'=h,.

To use the generalized signature theorem we now appeal to the follow-
ing

Lemma (6.11). index B,=index A where & is the total spin bundle E
of M with the metric and connection induced by the Riemannian structure
of M.

Proof. There is a natural bundle isomorphism E® E=xA*(T*)
induced by the isomorphism §® S=A*(R") of Spin (n)-modules, and
this takes I'(E* @ E) into Q, . It is a simple matter of linear algebra to
check that the symbols of 4 and B, coincide!! via the above isomorphisms
and hence index A =index B,.

Comparing (6.9) and (6.10) with the generalized signature theorem
we therefore deduce

T2 rM1=chEY h.[M
(6.12) 211 tanh xjp (MI1=ch EX h, [M]
=[] (" +ex2)Y h[M]

(using the formula for the character of the Spin representation). Now
assume as inductive hypothesis that h,= 4, for s <k where

Z A ].—[ |/2 —x,/2

Taking M to have dimension 2/=4k and comparing (6.12) with the
obvious expansion
1
5 xi/2
3 ey tanh x;/2

i=1

(M]= IL[(e""’2 +e”"‘/2)2k: A,[M]

i=1 s=0

we then deduce
I‘Tk(l’u -o0s D) M1 =R (py, s D) [M].

Since this holds for all spin-manifolds of dimension 4k it follows that
A, = h, establishing the induction and completing the identification of
the Spinor-index.

All this can be extended from spin-manifolds to spin‘-manifolds,
namely those manifolds M for which wz (M) is the reduction modulo 2
of an integral cohomology class c,e H?(M; Z). The structure group of
T(M) can now be lifted to the complex Spinor group Spin‘(n) — defined as
the quotient of Spin (n)x U(1) by the group of order 2 generated by
(e, — 1) where ¢ generates the kernel of Spin(n) — SO (n) (see [8] for more

!! In fact a more careful computation shows that 4= B,.
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details). Note that the map (u, v)>v* (u€Spin(k), veU(1)) induces a
homomorphism Spin‘(n)— U(1) and hence we get a complex-line-
bundle L (with metric) associated to the spin‘-structure. In fact, the class
¢, is the first Chern class of L.If we give L a Hermitian structure ¢ as
defined in § 3 (i.e. we choose a unitary connection for L) then we can
define a Dirac operator on M acting on the Spin-bundle E (associated
to the spin representation of Spin¢(n)). If n=21 this is again of the form
( ( B(:) . 1(3;) where B°: I'(E*)— I'(E™)is a self-adjoint elliptic operator.

If M is a spin-manifold (so w,(M)=0) then it has an obvious spin‘-
structure with ¢ trivial but it also has others. Thus if n is any Hermitian
line-bundle we have a spin‘-structure on M with £=72, and so ¢,(£)=2¢,(n)
as differential forms. In this case the operator B° coincides with B,.
Since M is always locally a spin-manifold, it follows that B¢ is always
locally of the form B,. Now the heat equation method gives as before a
local formula for mdex B° and, since B°=B, locally (with # 2=¢), the
previous formula for the spinor index with aux1hary bundle leads at once
to the formula

(6.13) index B°=¢®2 ¥ 4, [M].

A complex manifold with Hermitian metric has a natural spin°“-
structure arising from the diagram

Spin(2n)

U(n)— SO2n)x U(1)

where the horizontal arrow is given by the inclusion into SO(2n) and the
determinant map to U(1)[8, § 5]. Here c, is the usual first Chern class
of the complex tangent bundle and so the right side of (6.13) is just the
Todd genus

’I;l(cl7 sy C,,) [M]

where the Todd polynomials are defined by

Z’I;‘_H l—e %

and c; is the j-th elementary symmetric function in the x;. The operator B°
of the spin‘-structure is closely related to the d-operator of the complex
structure. More precisely, if we consider the d-complex

(6.14) 0000 2,Q01 2, 8,00n 0
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and form the corresponding elliptic operator
(6.15) O+ 0*: Y Q2P ) Q020+t

as in [2], this always has the same symbol as B¢. If, moreover the metric
on M is a Kihler metric, then the operator (6.15) coincides'? with B°
(for details see [17]). On the other hand, as explained in [2], the index of
the operator (6.15) is equal to the Euler-characteristic of the global
sections of the d-complex (6.14) and this in turn is equal to the Euler-
characteristic of the sheaf O of germs of holomorphic functions (the
arithmetic genus). Thus (6.13) yields the Todd formula

Y (=1 dim H?(M, 0)=T,(cy, ..., ¢,) [M]

p=0
for any compact complex manifold and the stronger local version for a
Kihler manifold.

More generally, the full Hirzebruch Riemann-Roch Theorem for a
holomorphic vector bundle V follows in the same way by taking the
Dirac operator with an auxiliary Hermitian structure £ on V, Again for
a Kéhler manifold we get the local version provided (see [17]) we take
the unique unitary connection on ¥ which is compatible with the complex
structure — that is D, v=) ;®v; where the v; are a local holomorphic
basis of V and the w; are forms of type (1, 0). This local version of the
Riemann-Roch Theorem was treated directly, by the heat equation
method, in [22]. In our present treatment, it followed as a by-product of
the Riemannian case.

At this stage we should perhaps say a few words about the most
classical case of all, namely the Gauss-Bonnet theorem which is concerned
with the ordinary Euler characteristic. This appears as the index of the
operator

(6.16) d+d*: ¥ Q7Y Q2+t

and a direct treatment by the heat equation was given in [21]. Unlike
the signature operator the operator (6.16) does not depend on the orienta-
tion of M and this means that the local contribution for its index given by
the heat equation is naturally a measure and not an n-form. To identify
it directly by invariance theory methods is therefore more difficult
than before: we need more information than simply its behaviour under
change of scale. Gilkey has shown how to do this, and in fact he treated
this case first. Here we shall show how to deduce the Gauss-Bonnet
theorem from our previous results, in the same spirit as we derived the
Riemann-Roch Theorem.

12 Up to a constant factor /2.
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The heat equation gives us an integral expression for the Euler-
characteristic

x(M)=[pu
M

where y is some measure depending on the metric. Our problem, which is
a purely local one, is to identify y with the Euler form ((27)~' K, where!?
dim M =21 and K is the Gauss curvature). Now as observed in the proof
of (6.11) we have A=B,, where A is the signature operator, B is (half)
the Dirac operator and ¢ is the total spin bundle E with its natural
Hermitian structure. In fact this equation is compatible with the de-
composition E=E* @ E~ and the decomposition into even and odd
forms. Thus we have A*=B,., A~ =B,- where A*: Q7> and
A~ %> Q% Since A*A4 and AA* are just the Laplace operator on
Q. and Q_ it follows that our measure y is given by

= o (4°) — o (4°%%)
= [0 (4%) — 1o (4%)] — [0 (4%%) — 1o (47)]
=[po(A *A%)—po(A* A *)]—[1o(A™* A7) —po(A~ A™¥)]
=a*t—a~  say.

Now the local version of the generalized Spinor-index formula (6.9)
using ¢* and £~ as auxiliary Hermitian bundles gives
at=Y ch E* 4,
L < o (k+2s=D).
a” =y ch E™ A
Now using the character formulae for the half-spin representations S*
and S~ we have

1 1l
chS*—ch S~ = [](¢*/*—e™*/?)=]] x;+ higher terms
i=1 =

i=1
where x, ..., x are coordinates mod 2 for the maximal torus of SO (2 0.
Applied to the curvature matrix the term [ 1 x: gives (by definition) the
Euler form e. Thus
chEY—chE =e
and so
a=at—a"=e-Ag=e

as required.

In conclusion we should point out that there are a number of other
routes to the results of this section, that is to calculating the precise
polynomials which arise for the classical operators. For instance we

13 y and u are trivially zero if dim M is odd.
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could have started with Spin® and the complex structure cases, bypassing
the signature. We would then have had to prove that the arithmetic genus
of complex projective space is equal to 1, and use Hirzebruch’s original
characterization of the Todd polynomials. An alternative and enlightening
approach to all cases would be to combine the results of [6] and [11].
The point is that we have sufficiently many examples arising amongst
homogeneous spaces of compact lie groups and these admit large groups
of isometries—in particular one-parameter groups with isolated fixed-
points. The Lefschetz formula of [6] (which can be proved essentially
by a simpler use of the heat equation than employed here) gives a formula
in terms of fixed-points for the index-character (as a function on the
group). Evaluating this at the identity and using the differential-geo-
metric residue-type result of [11] this formula gets converted into one
involving Pontrjagin numbers'®. One advantage of this approach is
that the various polynomials (L, T, 4 etc.) appear very naturally and do
not have to be known in advance. Moreover, no explicit calculations of
an index would need to be made.

7. The General Index Theorem

In the original proof of the index theorem [5] and [20] the generalized
signature theorem was established by the use of cobordism and the
general index theorem was then deduced by the use of K-theory. Now
that we have established the generalized signature theorem by differential-
geometric methods we can proceed as before to the general index theo-
rem. We shall recall briefly how this is done.

If P: I'(E)— I'(F) is an elliptic differential operator of order k on M its
highest order symbol gives a vector bundle isomorphism ¢ (P): n* E— n* F
where n: §(M)— M is the projection of the unit cotangent bundle of M.
Now let B(M) denote the unit ball bundle in T*M, so that B(M) is a
2n-manifold with boundary S(M). Taking two copies B(M)* and
B(M)~ we glue them along their common boundary to form a closed
2n-manifold

Z(M)=B(M)* Usp, B(M)~.
Denoting by n* : B(M)* — M the projections we form the vector bundle
V(e)=n"*(E)Uupn~*(F)

in which ¢(P) is used to identify E and F along S(M). This vector bundle
V(o) contains the topological information that is needed to compute
index P. In fact, index P is given by

14 The results of [11] would also need to be extended to include auxiliary bundles.
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Index Theorem. Index P={ch V(o)n* 3(M)} [Z(M)] where $(M) de-
notes the total Todd class of T(M) ®g €, =y is the projection X (M)— M
and X (M) has its natural orientation*®

Routine calculations show that this formula, when applied to the
classical operators of § 5 and 6 reduces precisely to the index formulae
obtained there. To prove the general index theorem we therefore want
to show that any operator is equivalent in some sense to a classical
operator.

First, by using pseudo-differential operators, we can allow our symbols
¢ to be arbitrary smooth bundle isomorphisms over S(M). This shows
that the index depends only on the vector bundle V(o) over Z(M), and
this bundle can be arbitrary. Moreover if V==* Wfor some Won M then
the index is zero (this corresponds to the case of an operator not involving
differentiation i.e. multiplication by an invertible matrix function). Thus
V(o(P))n——»mdexP induces a homomorphism K(Z(M))— Z which is
zero on the image of K(M): here K (M) denotes as usual the Grothen-
dieck group generated by complex vector bundles on M. Using the
basic results of K-theory it can now be proved that, if M is oriented and
of even-dimension, then the elements of K(Z (M)) defined by generalized
signature operators generate this group modulo the image of K(M) and
2-torsion. This is then enough to prove the index theorem for the even
orientable case. The odd-dimensional case can be reduced to the even
case by multiplying by a circle. To treat a non-orientable manifold M
we pass to the oriented double cover M. The existence of a local formula
(from the heat equation) proves that index P=2 index P where P is the
lift to M of the elliptic operator P. Since the cohomology formula also
gets multiplied by 2 the index theorem for M follows from that for M.

We shall now add a few words of explanation on why the symbols of
the generalized signature operators generate the group K(Z(M)) in the
sense stated above. Suppose first we consider the local problem in which
M is replaced by a small neighborhood of a point. Then K(Z(M)) gets
replaced by K(S2"), the Grothendieck group of vector bundles on the
2n-sphere and K(M) gets replaced by K (point) so that n* K(M)
is given by the trivial bundles on S2”. The fundamental theorem of
K-theory asserts that K(S?") modulo trivial bundles is an infinite
cyclic group. This is just a reformulation of the periodicity theorem
which states that the homotopy groups n,,_, (GL(N, C)) (for N large)
are periodic in n with period 2 and hence (by considering the case n=1)
are infinite cyclic. The passage from n,,_, (GL(N C)) to K($*") is
given by our construction o+ V(o). Now it is a remarkable fact that

s i x,, ..., x, are local coordinates on M, ¢;=dx, corresponding coordinates for the fibre
of B(M)*, the orientation of B(M)* (and so of Z(M)) is given by the (ordered) coordinates
xlyél) ...,X,, cn'
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the symbol of the operator 0+ 0% : ZQ% 2P — £Q0 2P*1 jn €" gives precisely
a generator of m,,_,(GL(N, C)) (here N=2"""). This makes it plausible
that, on a complex manifold, the extension of this operator to auxiliary
vector bundles should provide generators for K(Z(M)) mod the image of
K(M). In fact, these can be deduced from the local statement by standard
techniques of algebraic topology. Alternatively one can give proofs of
the local theorem which extend automatically to the global case. For a
Spin°-manifold the same results hold using the Dirac operator, but for a
general oriented manifold we have to use the signature operator and
locally its symbol gives 2" times the generator of n,,_,(GL(N, C))
(see, for example, the explicit calculation for n=1 in the proof of Lemma
(6.6)). For a fuller account of the periodicity theorem and its ramifications
the reader may consult [12] and the bibliography given there.

Appendix 1

Invariant Theory for the Orthogonal Group

Let k denote any field of characteristic zero, k its algebraic closure.
We shall begin by recalling a few elementary facts about the orthogonal
group over k and k. In the first place the special orthogonal group
SO(n, k) is connected (in the Zariski topology). This may be proved as
follows:

(i) SO(n, k) acts transitively on the quadric Q in P,_, (k) (representing
null vectors) and the map SO(n k)— Q given by choosing a base-point
in Q is open.

(ii) Over k we may choose coordinates so that our quadratic form is

Xy X,+ Y. a;x;x; and our base-point is (1,0,0...0). Let A denote
n>i,j22
the matrix (g;;), the isotropy group then consists of matrices of the form

a b ¢
<0 T d)
0 0 a!

where aek is non-zero, TAT'=A, 2ac+bAb'=0, bAT +ad'=0 and
hence is parametrized by (T, a, d) with a%0 and TeSO(n—2, k).

(iij) Assuming inductively the connectedness of SO(r,k) for r<n
we see that the isotropy group in (ii) is connected. Combined with (i)
this yields the connectedness of SO(n, k). Finally the induction starts
trivially with n=0, 1.

Next we recall the Cayley map

St C(S)=(1+S5)(1—S5)"*
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which transforms the skew-symmetric matrix into the (special) orthogonal
matrix C(S). Its image is the open set where det(1+ C)+0. Since SO(n)
is connected it follows that SO(n) is birationally equivalent (over k) to
affine space and hence has sufficiently many points with coordinates
in k: that is, for any extension K of k, a rational function on SO(n, K)
which vanishes on SO(n, k) vanishes identically. Multiplying C(S) by the
matrix 1

extends this result to the whole of O(n).

With these preliminaries out of the way we turn to the invariant
theory. Let # (n, k), S# (n, k) denote the nx n matrices and the sym-
metric nx n matrices over k. Then we shall prove the following key
lemma:

Lemma. Let f: .# (n,k)—k be a polynomial such that f(BA)= f(A)
for all BeO(n, k). Then there is a polynomial F: $# (n,k)—k such that
f(A)=F(A'A).

Proof. Observe first that f will retain its orthogonal invariance
under any field extension K of k. In fact (4, B)+— f(BA)— f(A) is a poly-
nomial function on 4 (n, K)x O(n, K) vanishing on .# (n, k)X O(n, k).
By the remarks made earlier this implies its vanishing identically. Now
let K be the field k(p;;) where p;;= p;; are indeterminates representing the
generic symmetric matrix P. Let L be the splitting field over K of the
equation det(P—4%)=0. Thus in L we can construct all the eigenvalues
Ats ..., Ay Of P and their square roots VZ . Note that the A; are distinct
and so we can explicitly construct a symmetric matrix

;*1 '1 A

which is a square root of P: Q2=P. If ¢ is any element of the Galois
group of L over K we also have (¢ Q)? = P. Since Q and ¢ Q are symmetric
it follows that B=¢Q Q™! is orthogonal and so

0 f(Q)=fleQ)=f(BQ)=f(Q)

This holds for all o and hence f(Q)e K =k(P), that is f(Q)=¢(P) with ¢
a rational function. If we specialize P to have coefficients in k then this
equation will continue to make sense provided we assume
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i) P has distinct eigenvalues,
ii) denominator of ¢ (P)=0.

If, in addition, we take P non-singular then every 4 with A'A=P
lies in the O(n, k)-orbit of Q and hence the equation

f(A)=0(4'4)

holds for a Zariski open set of Ae.# (n, k). It therefore holds for all
AeM (n k). Moreover ¢ must be a polynomial F because if ¢=F/H
in irreducible form, then choosing A4 such that H(4'4)=0, F(A4A'4)+0
gives F(A'A)=H(A'A) f(A)=0 a contradiction.

Corollary. Let f: GL(n,k)— k be a regular function invariant under
O(n, k), then f(A)=F(A'A) for some regular function F on the space of
non-degenerate symmetric matrices.

Proof. f(A)=h(A)(det A)~ 2" for some N with h(4) an invariant poly-
nomial. Hence by the lemma

f(A)=H(A'4) (det(4'4))~"
for some polynomial H.

Remarks. 1. For k=C the holomorphic counterpart of this corollary
follows at once from the existence of a local section of the map A+ A'A.
Such a local section is given by the implicit function theorem or more
explicitly by choosing the symmetric matrices near A=1 (comple-
mentary to the Lie algebra of O(n, C)) and then translating by GL(n, C).
In the algebraic situation a Zariski-local section does not exist and
instead we have to pass to a finite covering before a section can be con-
structed — hence the Galois theory.

2. Our lemma is just the special case of the main theorem for ortho-
gonal invariants of n vectors in n-space. In fact, if we denote the columns
of A by a,, ..., a, then the (i, j)-th entry in A’ A is just the scalar product
a,- - a;. '

VjVe propose now to show how our lemma together with the main
theorem for invariants of GL(n) leads to the main theorem for O(n). The
point of this reduction is that the main theorem for GL(n) has a variety
of proofs, some quite simple and direct, whereas for O(n) the only proof
given in [24] involves the use of the mysterious Capelli identity.

Let us begin by recalling the theorem for the linear group!S. It
asserts that all linear maps

V@V C

16 The following proof is extracted from [24, Chapter III].
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invariant under GL(V) are spanned by the complete contractions in which
we pair off the Vand V* factors (this implies r =s). Since V® V*~End(V)

an equivalent formulation is that the only endomorphisms of ® V which
commute with the action of GL(V) are linear combinations of per-
mutations. More formally, if we denote by 7, & respectively the images

in End(® V) of the group algebras of GL(V') and of the symmetric group,
the theorem asserts that 4 is equal to the commutator algebra o/’ of /.
Now the basic results on representations of finite groups assert that #
is a direct sum of full matrix algebras and is equal to its double commu-
tator: Z=4%". Hence .o/’ =4 is equivalent to &/ =%'. But #’ is just the

r-th symmetric power S"(EndV)c®EndV and & is the subspace
spanned by the diagonal elements AQA® --- ® A(AeEnd V). The
equality of =%’ expresses the familiar fact that a symmetric multilinear
function is uniquely determined by the associated polynomial. We see,
therefore, that the main theorem for GL(n) is an easy consequence of the
double commutator theorem.

We return now to the main theorem for O(n). Let V=k" and put

W=@® V. We want to identify all the O(n, k)-invariant linear maps
@: W— k. Given ¢ define f: (End V)x W—k by f(A4, w)=¢(Aw) (Where
Aw denotes the action of End ¥V on W). Since ¢ is O(n)-invariant we
have

f(BA, w)=f(BAw)=¢(Aw)=f(4,w) for BeO(n,k).

Now we may regard f as a polynomial map
End V- W*,
Applying the lemma to each component of this map it follows that
(A, 0)=F(A' A, )

for some polynomial F (linear in the variable w). But from its definition
we see that
f(AR™ Y, Rw)=f(4,w) for ReGL(V)
and so
F((R™'Y PR™',Rw)=F(P,w),

where P here denotes a symmetric matrix. In other words F is a poly-
nomial map
S2(V*)x W—k

invariant under GL(V) and linear on W. We are now in a position to
apply the main theorem for GL(V). We deduce that r=2s is even, F is
of degree s on S%(V*) and is a linear combination of complete contrac-

22 Inventiones math., Vol. 19
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tions. Explicitly F is a combination of the functions
(P, @) (uj Dij ]) (5 pa vh) ...

where w is the tensor product of u,,v,,u,,v, ... u;, v, in some order
(and #; denotes the components of u,eV). Evaluating F on the unit
matrix p;;=9;; we deduce that ¢(w)=f(1,w)=F(l,w) is a linear com-
bination of complete contractions. This completes the proof of the main
theorem for O (n).

Appendix IT

The Proof of Propositions 2.11 and 3.7

For the sake of completeness we append here a proof of the above
differential geometric propositions. We start with 3.7 because it is the
simpler of the two.

Our task is therefore to compute, up to arbitrary high order, the
components I" of a connection D on E at a point peM in terms of the
corresponding information for the curvature K of D at p, provided these
components are computed relative to a synchronous frame s for E at p.
Now the formulas expressing the synchronism of s with the coordinates x
centered at p are as follows:

Let 9} be the connection form, for D relative to s, that is, near p:
D Si = 0; Sj . 17
Also let # denote the radial vector field in the x coordinates:

, 0
R=x —67

Then the synchronism of s with x is simply expressed by the condition
that the inner product of 6} with # vanish:

@t ‘ 1(R) 6;=0.

Now the x-components of I" are given by
@2 i =T} dx*,
and those of the curvature K by
@3 dOi— 0, AO¥ =K} dx* Adx*
with K}, skew in k and 1.

17 We continue to use the convention that repeated indices are summed.
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To relate them, recall that the Lie derivative along #,—again to be
denoted by # —acts on the algebra of forms via the relation

(ad) R=1(R)d+d1(R).
Hence, by (a 1) and (a 4) we have

@s) R 0= 1(R) dOi=1(R) (d6:— 05 A 6%)
=2x* K}, dx'.

Next, applying the derivation £ to (a 2) one finds the relation:
RO, =(RI};) dx* + I dx*,
so that equating coefficients we obtain:
(a6) RIE+ L =2 x' Ky

This relation now immediately yields Proposition (3.7). Explicitly
let us write I and K etc., for the formal Taylor series relative to x about p
of the function indicated, and I* [n], K [n] etc. for the term of homogeneity
n in this expansion. Then by Euler’s formula # preserves these compo-
nents and multiplies '[n] by n. Hence (a 6) gives rise to the explicit

formula: . | i
(n+1) Fi[n]=2x'Kiy, [n—1],

for the Taylor series of I' in terms of the Taylor series for K. Q.E.D.

A similar argument yields the more familiar Proposition (2.11). Here
the bundle in question is the tangent bundle of M, and the connection
the unique torsion free connection which preserves the given Riemann
structure g.

Now our problem is to express the Taylor-components at p of g,
in terms of those of the curvature — which we now denote by R — provided
a canonical coordinate system centered at p is used.

Let then x be such a coordinate system, and let s; be the orthonormal
frame obtained from —;xT by parallel transport along the radial
geodesics through p. The dualpframe to {s;} is therefore a frame of 1-forms
{6'} well defined on M near p.

As before the connection form of g relative to {s;} will be denoted
by 6; and the radial field by .

The geometric assumptionsnow translate into the following formulae:

@7 (RO =x 1(R)O=0 g dx'@dx'=0"® 6"

*

83
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The first two follow from the fact that the radial lines are geodesics and
that the frame s is parallel along these. The last expresses the orthonor-
mality of the frame s. We now introduce the functions 4} relating the
frames {0} and dx':

O'=dldx’.

In terms of these we clearly have
gij=a;aj

so that it is sufficient to determine the a’s in terms of the R’s.

To this end we again apply the derivation £ but this time twice. We
will also need the radial function r, defined by

r’=x'x"

Finally observe that then the expressions x'/r, or dx'/r are homogeneous
of degree zero in r, and hence annihilated by %.

Applying £ to ', yields
@8) 9?0"=t(9?)d0f+d1(-9?)0‘
=1(R)dO +dx'.
On the other hand, the torsion-freeness of the connection is expressed by:
@9) do'=0in0.
Hence (a 8) goes over into
RO'=1(R) 0} A O +dx
=—0ix/+dx'.

We next apply the operator r- & - 1/r, to obtain
r-ﬂ-%-@0‘= —1(R)dO; x’
=—2R},; x' x*dx'.
On the other hand the left-hand side can be computed in terms of the a’s
yielding
RO =(Rdi+d)) dx’
rR®- -;— RO =(R*di+ Ra)dx'.
Hence equating coefficients one obtains the relation

(a 10) (R*+ R)al= — 2R}y, ) x*.
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Finally, applying the Taylor series construction, this translates into:

(all) (n®+n)ai[n]= —2x/ x* Ry, [n—2],

which explicitly yields &} [n] in terms of R for all n>0. For a;[0] we of
course have the identity &} by construction, so this relation explicitly
gives the dependence of @ on R—and hence also implicitly that of g
on R. Q.E.D.
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