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The Spectrum of Positive Elliptic Operators
and Periodic Bicharacteristics

J.J. Duistermaat (Utrecht) and V.W. Guillemin (Cambridge, Mass.)

Introduction

Let X be a compact boundaryless C* manifold and let P be a positive elliptic
self-adjoint pseudodifferential operator of order m>0 on X. For technical reasons
we will assume that P operates on half-densities rather than functions. (We will
denote the half-density bundle over X by Q,.) We will also assume that P is a
classical pseudodifferential operator in the sense that on every coordinate patch
its total symbol g,(x, £) admits an asymptotic expansion

75~ X p )

with p,, _;(x, £) homogeneous of degree m—j. We recall that the principal symbol
p of P is equal to p, on local coordinates, and the subprincipal symbol is equal
. 1 3*p

O Pt~ 57 L5y a8,

Let 4, 4,,... be the eigenvalues of P. It was remarked by Chazarain in [6]

and by ourselves in [11] that the sum Ze“‘"‘m‘ is well-defined as a generalized
function of ¢ and that if T is in its singular support then the Hamiltonian vector

field oq o o @ _”‘1/_
& ox, ox, ag, 1TVP

has a periodic integral curve of period T. The purpose of this article is to analyze
the nature of the singularities at these T. The analysis of Hormander [16] of the
“big” singularity at T=0 leads to an asymptotic expansion of the form

Y pu—p)~2m) Y e w="Y/%; (0.1)

as u — + oo, for an appropriate class of Schwartz functions p. The ¢,’s are the
integrals over the cosphere bundle of polynomial expressions in the symbol of P
and its derivatives, and are independent of p. (See Proposition 2.1 and (2.16).) In
Section 2 we show how they are related to the residues at the poles of the zeta
function of P and to the coefficients occuring in the asymptotic expansion of the
trace of the heat kernel at t =0. From this we obtain rather easily results of Seeley
[22] on the zeta function and Minakshisundaram-Pleijel [18] on the trace of the
heat kernel (just for scalar operators, however). We note in passing that the
asymptotic expansion of the trace of the heat kernel involves logarithmic terms
unless P is a differential operator. The existence of these terms seems to have

H, =
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been neglected in the literature. Section 2 concludes with a priori estimates for the
spectrum which follow from (0.1) and which are used in Section 3.

There we study operators P for which all H, solution curves are periodic
with the same period. Specifically we show that if the H, flow is periodic with

period T there exists a constant 8 such that most of the spectrum of "I/F is con-
. . 2n
centrated near the lattice points =3 k+B, k=1, 2, .... We show that conversely

if this “clustering” occurs then the H, flow is periodic. In fact we show that if a
few pathological examples are excluded then for non-periodic H, flow the spectrum

is rather equally distributed. Also the spectral estimate of Hormander [16] can be

n—1

slightly improved in this case, and an error term of order O(/IT) replaced by an

n—1
error term of order o(4 ™ ). See Theorem 3.5.

In Section 4 we begin our analysis of the singularities of ) e VA g periods
T=0. Our main result, Theorem 4.5, is that whenever the map exp TH,: T*X ~0—
T*X ~0 has a clean fixed point set (in the sense of Bott), then an asymptotic ex-
pansion of the form (0.1) is valid in a neighborhood of T; moreover, the leading
term in this asymptotic expansion can be computed from such data as the length
of the period and the eigenvalues of the Poincaré map. Chazarain obtains results
similar to ours in [6] but without the explicit formula for the leading term. As a
corollary of Theorem 4.5 we obtain the following residue formula in case all the
periodic H, solution curves of period Tare isolated and non-degenerate:

}irrrx (t=T)Y e " Vii= zf%tiavu—gr% 0.2)
the sum taken over all integral curves y of period T. Here Tj,, is the smallest positive
period of y, ¢, is a Maslov factor (explained in Section 6) and F, the Poincaré
map around 7.

For the proof of Theorem 4.5 we need some results concerning composition
of Fourier integral operators under “clean intersection” assumptions, generalizing
results of Hormander [17, Chapter 4]. They are discussed in Section 5 and proved
in Section 7. Similar results have been announced by Weinstein at the Conference
on Fourier Integral Operators in Nice, May 1974.

If all the periodic H, solution curves are isolated and non-degenerate and only
one such curve, y, or two such curves, y and — 7, occur for each period’, then from
(0.2) one can determine |I — BY| for all k. (Just apply (0.2) to the k-fold iterate of y.)
It turns out that these data almost suffice to determine P itself. In fact it determines
all the eigenvalues of P, of modulus #1 and, up to multiplication by roots of
unity, all the eigenvalues of modulus 1. This result is due to Harold Stark; and he
has generously allowed us to publish it here in an appendix.

Many of the results of this paper extend to operators operating on vector
bundles providing the eigenvalues of the symbol are of constant multiplicity. We
hope to discuss these results in a future article. We will content ourselves here with
mentioning a typical result concerning the Laplace operator on k-forms. For this

! This is the generic case if P is a differential operator; for pseudo-differential operators generically
only one periodic solution curve occurs for each period.
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operator the residue formula (0.2) is still valid except that the residue associated
with y is

TO
7 o ] p|-t
E—z” I —PB|~* trace H,,

H,: A*— A* being the holonomy along ;.

In conclusion we would like to thank Iz Singer and Michael Atiyah for helping us to clarify the
relations among heat equation, wave equation and zeta function asymptotics; and we would like to
thank Harold Stark for proving for us the result described above concerning the Poincaré map. Our
main inspiration for writing this paper was the beautiful article of Hormander [16] on the spectral
function of an elliptic operator. We would also like to thank Alan Weinstein for helpful conversations
concerning the material in Section 3. Formal resemblances with the methods used by Colin de Verdiére
[7] and Cotsaftis [8] were an incentive to the computation of some of the coefficients in the asymptotic
expansions in Theorem 4.5.

1. The Operator ¢=***"/™ and Its Trace

Let Q=P be the m-th root of the unique self-adjoint extension of P in
XX, Q 3), given by the spectral theorem. According to Seeley [22], Q is a pseudo-
differential operator of order 1 with principal symbol

q(x, &)=p(x, &, (1.1)
so again elliptic (and positive). Note that g(x, £)=1 if and only if p(x, £)=1 and

1
Hq=7 H,on $* X ={(x, {)e T* X \0; p(x, {)=1}. It follows that for P=—~4+c¢

on a Riemannian manifold X, H, coincides on §* X with the geodesic spray, so
the projections in X of the H, solution curves are just the geodesics with unit
velocity.

As an operator acting on -densities, P has a subprincipal symbol which is
an invariantly defined homogeneous C* function of degree m—1 on T*X~0
given by

sub P=p,_,—(2i)" Y 82p,/0x,0, (12)
j=1

on local coordinates (Duistermaat and Hormander [9, Section 5.2]). We have
sub (P*)=3p*~1.sub P, (1.3)

in particular sub Q=0 if and only if sub P=0. For § equal to a positive integer
(1.3) follows from

sub (Ao B)=(sub A)-b+a-(sub B)+(2i)~" {a, b}, (1.4)
here a, resp. b are the principal symbols of A4, resp. B. (1.4) is an immediate con-

sequence of the formula

o 1 52 k
cale O~ Y 1 (T ) an a0 9
“ ,EO k! Jz ay;0n; * ’ n-c
for the total symbol of the product of pseudo-differential operators on local
coordinates. (1.3) for all positive integers 3 implies (1.3) for all rational 3 and then
for all complex 9 by analytic continuation.
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Using the formula

0 1 - 62 k
O

j
for the total symbol of the adjoint (on local coordinates) it follows that sub A is
real if 4=A* Using the proof of [9, Proposition 5.2.1] one obtains for self-
adjoint A:

(A" w), €7 w)=1"- [ alx, do(x)) - ()’ (1.5)
+7*71 f(sub A) (x, dp(x)) - [w(x)]* +0(1*"2) as 1 0.

Here a, resp. a are the order, resp. principal symbol of A. ¢ is a real-valued C*
function on X, do(x)=+0 for xesupp w. Note that |w(x)|* is a density of order 1
in X if we C*(X, Q,), so can automatically be integrated over X. Formula (1.5)
gives an alternative characterization of the subprincipal symbol of a self-adjoint
pseudo-differential operator, from which it is obvious that it is real. Note also
that sub 4 =0 if 4 is a real self-adjoint differential operator of even order.

The operator

"Ut)y=e "¢ (1.6)
is unitary in I2(X, Q,), and using that it commutes with Q™" it is also bounded as

an operator in H (X, Q,), uniformly in ¢, for all se R (Hormander [16, Section 3]).
Using repeated partial integrations with respect to ¢ it follows that

p— 3? e~ p(t)dt (1.7

— 0

is a continuous linear mapping: #(R) — C*(X x X, ©Q,). In particular

Trace U: p—Trace | e "2 p(r)dt (1.8)

— O

is a tempered distribution on IR. Here the trace of an operator with smooth
kernel K is defined by

Trace K= | K(x, x) (1.9)

xeX

see Atiyah and Bott [3, Section 7] for a justification of this terminology.

The positive elliptic operator Q on the compact manifold X has a discrete
spectrum p;=4}"— o0 as j—oo0 and corresponding orthonormal eigenfunctions
e;e C*(X, Q,). (Use that Q~! is a pseudo-differential operator of order —1, so
compact as an operator in I[*(X, Q) and Q—y; is hypo-elliptic.) The distribution
kernel of U(t) can be written as

u(t, x, y)= Z e~ ei(x)-€;(y) (1.10)
and therefore =t

Trace U(t)= Y emitMilex))P= ) et (1.11)
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is equal to the Fourier transform & of the “spectral distribution”

o0
o)=Y ou—p,). (1.12)
j=1
Note that |e j(x)lz is a density of order 1 in X and therefore can be integrated over X
in an invariant way. Because Fourier transformation is an isomorphism: ' (R) —
'(R) the identification of Trace U with ¢ is justified, proving at the same time
that ¢ is a tempered distribution, that is

# =y = Clul¥ forall >0, (1.13)

for some constants C, N. Better estimates will follow from the more detailed
description of U given below.

As a distribution in (R x X) x X, U can alternatively be characterized as the
kernel of the operator assigning to u,e C*(X, Q,) the solution ue C*(R x X, Q,)
of the following Cauchy problem:

i~ ou/0t+Qu=0, u(0,x)=uy(x). (1.14)

Theorem .1.1. U is a Fourier integral operator of class I *(R x X, X ; C) defined
by the canonical relation.

C={((t,0), (x, &), (1 m); (x, &), (v, M ET* X N0,
(t, )eT*R N0, 1+ g(x, &)=0, (x, &)= D'(y, ,1)}.

Here @' denotes the H, flow in T* X \.0.

Proof. Using [9, Section 5.3] one can find U,el"*(R x X, X; C) such that
(i7'0/0t+Q) U, has a smooth kernel and U,(0)=identity in C*(X, Q,). Imi-
tating Duhamel’s principle this operator can be used to solve the inhomogeneous

problem i~' 0ufdot+Qu=f, u(x,0)=0 (1.16)

for small |t|, the solution ueC*(Rx X, Q,) depending continuously on
feC*(R x X, Q%). It follows that by adding an operator with smooth kernel,
U, can be changed to an operator U such that (i~! 0/0t+ Q) U=0 for small ||
and still U(0)=identity in C*(R x X; Q,). The local existence theorem for (1.16)
also leads to a local uniqueness theorem for (1.14) using a standard duality argu-
ment (note that Q is self-adjoint here). In view of U(t, +1t,)=U(t,) o U(t,) and
using the local uniqueness the local solutions automatically piece together to a
global solution U which differs from U, by an operator with a smooth kernel and
therefore is of class ["*(R x X, X; C).

For more details, see for instance [10, Chapter 5.1]. A technical complication
here is that [J=i"!d/dt+Q is not a pseudo-differential operator in IR x X be-
cause is not pseudo-local there, as observed in Nirenberg [19, Section 9]. How-
ever its wave front relation WF'([J) outside the diagonal in T* (R x X)~0
x T*(IR x X)~0 (where [] is pseudo-differential) only contains points of the form
(e, x), (z, 0), (¢, ), (z, 0)). In taking the product with U, these points do not
contribute to WF'(J o U,) (Hormander [17, Theorem 2.5.15]) so in the construc-
tion of U, (and U) we may treat Q as if it were a pseudo-differential operator
in R x X.

(1.15)
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Theorem 1.1 implies that U(t): C*(X, Q,)—>C*(X, Q,) is a Fourier integral
operator of order 0 defined by the canonical transformation ¢ (for each telR).
This characterization sounds more natural, but the formulation of Theorem 1.1
is slightly more precise. More explicitly, Theorem 1.1 means that U(t, x, y) is a
locally finite sum of integrals (converging in distribution sense) of the form

I(t, x, y)=Q2m)~" [ e *"*» D a(t, x, y, ) dC. (1.17)

Here ¢ is a non-degenerate phase function as in Hormander [17, Section 1.2],
{eR"~ {0} and

d ot x,y,0)=0=((t, d,0), (x, d,p). (v, —d,p))e C. (1.18)
The amplitude a is a symbol of order 0, having an asymptotic expansion of the form
a~ya_;, (1.19)

j=0

witha_ ;homogeneous in { of degree —j. That we never need more than n frequency
variables {=({,, ..., {,) follows from the fact that the tangent space of C never
intersects the tangent space of the fiber in T*(IR x X x X) more than n-dimensional.
(See Hormander [17, Theorem 3.1.4 and the integration away of frequency
variables in Section 3.2].)

From the construction of U it follows that the principal symbol of U is no-
where zero, implying that WF'(U)= C and consequently sing supp (U)={(t, x, y)e
R x X x X; (x,)=="(y,n) for some (T X)*~{0}, ne(T X)* ~{0}}. Noting
that @' commutes with multiplication in the fibers with positive scalars because
q(x, &) is homogeneous of degree 1 in &, this description of sing supp U does not
change if we restrict (x, &), (y,#) to S*X. So for Q=(—4+c¢)* on a Riemannian
manifold the singular support of U is equal to the set of (¢, x,y)eRx X x X
such that x and y can be joined by a geodesic of length ¢.

Using our more detailed knowledge of U we can also give another inter-
pretation of thedistribution 6=Trace U If A4 denotes the diagonal map
t, x)—(t, x, x): RxX >R xXxX, then the pull-back 4* of functions on
R x X x X to functions on R x X is a Fourier integral operator (of order 4n)
defined by the canonical relation

W' (4%)={(((t, 7). (x, E+m). (2, D). (x, O, (x. m))}- (1.20)

Because t+0 when ((t, 1), (x, &), (x,n)eWF(U) we can apply Hormander [17,
Theorem 2.5.11'] to find that 4* U is a well-defined distribution in R x X and

WF(A*(U) = {((t. 0. (. E=m); T+4(x, =0, (x, ) =P'(x, )} (1.21)

Let next IT denote the projection (¢, x)—t:IR x X — R. Then integration over x is
equal to the pushforward IT = transposed operator of IT*, so it is a Fourier integral
operator (of order 3 —1n) deflned by the canonical relatlon

WF' (IT,)={((t, ), (¢, 7), (x, 0)))}. (1.22)

Applying the same theorem it follows that & =Trace U= II,(4*(U))is a well-
defined distribution in IR and

WF(6)={(t, t); <0 and (x, &)= ®*(x, &) for some (x, &)}. (1.23)
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In particular this proves

Corollary 1.2. 6 is C* in the complement of the set of periods of periodic H .
solution curves in T*X~0. (For Q=(—4+c)* on a Riemannian manifold this
means that the singular support of 6 is contained in the set of periods of periodic
geodesics.)

Corollary 1.2 has been proved in the same way by Chazarain [6]. A similar
argument occurs in the extension of the trace to operators of the form f*P with
[ adifferentiable mapping transversal to the identity and P a pseudo-differential
operator (acting on vector bundles) in Atiyah and Bott [3]. It might also be noted
that up to this point the calculus of Fourier integral operators is not recally needed
because we only used that WF'(U)= C and this follows already from the theorem
on propagation of singularities in terms of wave front sets of Hormander [26].
If P is a real-analytic operator on a real-analytic manifold X then the same
results for U and ¢ hold with “singular support” replaced by “analytic singular
support”. This follows from the theorem on propagation of singularities of Sato
[20], Sato, Kawai and Kashiwara [21, Section 2.1]. (A proof of this theorem not
using the sheaf % has been given by Andersson [1]).

A more explicit proof of Corollary 1.2 can be given using the local representa-
tions (1.17) of U. It follows that for peCZ(R) the integral

@)~ [ pystydi=Y plu—p) (1.24)
j=1
is a finite sum of integrals of the form

Qn)! —nj'j'j'eiul eletxx0 5ty a(t, x, x, () d{ dx dt

‘ 125
=Qm) Lo ([ e e = 20 54y a(t, x, x, ul) d dx dt. t25)

Applying the principle of stationary phase it follows that this is rapidly decreasing
as y — oo unless

dg(/’(ts X, X, C) =09
d. ot x, x, )+d o, x, x, [)=0, (1.26)
14+d,p(t, x, x,)=0

for some tesupp g, xe X, (e R"~{0}. In view of (1.18), (1.15) this just means that
p(x, & =1, (x, &)= P'(x, &) if we write E=d, o(t, X, x, {).

A priori different H, solution curves with the same period T might lead to a
cancellation of the singularity of 6 at T. Only a more detailed examination of the
asymptotic expansion of (1.24) as u— oo can show, using additional geometric
assumptions on the H, flow if necessary, that such cancellation actually does not
take place. See Sections 2, 4 below.

No statement like Corollary 1.2 holds if we replace the first order operator Q
by a higher order operator P. For instance the function

f=Y e "
neZ
can be regarded as the trace of e~ for a second order operator P on the circle.
On the other hand f is an automorphic function (cf. Serre [23, Chapter 7, § 1, 2
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and 6]). The orbit of the origin under the fractional linear transformations

az+b (a b

—_ SLQ2,Z
ch+d’ d)e (2.2)

is dense on the real axis, and this shows that the singular support of f'is equal to
the whole real axis. This example was brought to our attention by Professor
Atiyah.

2. The Singularity of U (¢, x, x) at t=0

Because every H, solution curve is periodic with period 0, a big singularity
of Ult, x, x) can be expected at t=0. We start with a Fourier analysis of this
singularity. Note that the canonical density in T*X divided by the projection:
T*X — X defines a density in the fiber (T, X)*, the value of which is a density
in T_X. Dividing again by dq leads to a T, X-density-valued density on S*X =

{Ee(T.X)*; q(x,8)=1}.

Proposition 2.1. There exists a sequence w, , w,, ... of real valued smooth densities
in X such that for every pe%(R) with supp p contained in a sufficiently small
neighborhood of 0 and p =1 in another neighborhood of 0:

You—p)le P ~Q2m)=" Y wpum*! @1
j k=0

for p— o0 and rapidly decreasing as p— — oo, asymptotics in the C*(X, Q,)-
topology. Here

wo(x)=vol(S¥X), w,(x)=0, (2.2)
and
w,(x)=(1—n)- | subQ.
Sy X

Moreover, if P=Q™ is a differential operator, then
@, m(x)=0 forl=1,2,... and wi(x)=0 for k odd. 2.4
Proof. For small [t|, U(t, x, y) can locally be represented by an integral of the
form (1.17) with the phase function
q)\(ta X, Y, '7)=l//(xv Vs ")—IQ()’, V]) (25)
introduced by Hormander [16, Section 3]. Here y(x, y, n) is, as a function of the
first variable, the local solution near x =y of the Cauchy problem
a(x, dy(x, y,m)=q(y, n),
Y(x,y,n)=0 when {(x—y,1>=0, (2.6)
and finally
dop(x,y,n)=n for x=y.

Substituting n=p - w -4, ®>0, q(y, #)=1, and treating the integration over t, ®
with the method of stationary phase,

@n)~* [ p(0) Ut yoy)di=2m)="w~" | b(y.ii, u) d
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with

N 1 -
b(Y»"I,ll)N Z r",u—r (l 1

r=0

2

Jtow

as p— o0, uniformly in (y, 7)€ S*X. Here the integral over the unbounded t, -
domain is split into one over a compact neighborhood of =0, =1 and a domain
without stationary points for the phase function, using a partition of unity. The
latter integral is shown to be rapidly decreasing using repeated partial integrations
as in Hormander [17, Section 1.2]. This proves (2.1) with

) [5(1) alt, v, y. pooil) - "1, o

w=1

k
o= [ a_0,y,y, i) dij+ Y (n—k+r—1)...(n—k)
SEX r=1

1 2.7
) 00 a0y, v, W) i
sex -

If 1 is replaced by —u then the phase function has no stationary points for >0
and we obtain rapid decrease in (2.1) as u — — oo, reflecting the positivity of the
spectrum.

In order to compute the w,, observe first that we need
2m)~"feVerm (0, x, y,n) dp=U(0, x, y)=8(x — y). (2.8)

From (2.6) it follows that y(x, y,#n) is a non-degenerate phase function locally
defining the same Lagrange manifold as {x—y, #)>, and df,lp=d§(<x—y,n>)=0
at x=y. So according to Hormander [17, Theorem 3.1.6] there exists locally
a homogeneous change of coordinates n=#(x, y, {) such that 5(y, v, {)={ and

l/’(x’ ¥, ’7(x, i) C))=<x—% €> (29)
Substituting this in the left hand side of (2.8) we see that U(0)=1 if we choose
a(0, x, . n(x, y, )= 1/Idet d; n(x, y, O)|. (2.10)

In particular a,(0, y, y,n)=1and a_(0, x, y,n)=0 for all j >0, implying (2.2).
Applying i~! 8/6t+Q to (1.17) under the integral sign amounts to replacing
a by an amplitude a’ such that

at,x,y, rz)~% —Z-ta— (t, x, y,m—q(y, n) - a(t, x, y, n)
1 82 k .
+§W (i‘1 ; 5%, 3%, ) [Q(x, x(%, x, y, M)+ &) alt, x + X, y, n)]%-c:g
for |y| — oo, here we have written
Y(x+X, y,m)=y(x, y,n)+ <& 0K, x, y,0)). (2.11)
The equation
' a_(t,x, y,m)=0 (2.12)

is a first order linear partial differential equation for a_; involving only the a_,
for k<j. With the initial condition (2.10) these successive “transport equations”
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for the a_; have a locally unique solution, leading to a local description of the
solution U of (i~! 8/0t + Q) U =0, U(0)= I, modulo integral operators with smooth
kernels. Differentiating (2.12) sufficiently many times with respect to t at t=0,
x=y, and using (2.6), (2.9), (2.10), (2.11), the w,(y) in (2.7) can in principle be
computed explicitly, although the computations become rapidly complicated
for increasing k. For j=0 this procedure leads to i~! da,/dt(0, y, y, )= —(sub Q)
(y, ), proving (2.3).

A function fon $* X will be called even if f (x, — &) =f'(x, £),and odd iff (x, — &)=
—f(x,&). If P=Q" is a differential operator then m is even, and the hypothesis
that the homogeneous part of degree j in g,(x, ) is an even, resp. odd function
on S*X if j is odd resp. even leads to the correct conclusion that the homogeneous
part of degree k in gp(x, ) is even, resp. odd if k is even, resp. odd. Because g (x, &)
is determined locally in S*X by o,(x, &), the hypothesis gives the correct solution
for o4(x, &) at the antipodal points. By induction with respect to r it follows from
(2 10), (2.12) that (3/0ty a_;0,y,y,n) is an even, resp. odd function on S*X if

—j is even, resp. odd, so (2.7) implies that w, =0 if k is odd.

Finally the assumption that P is a differential operator has the effect that apply-
ing it to (1.17) amounts to changing a into an amplitude a” satisfying again that

" 10, x,y,n)=0 for j>0. As in the proof of a) =0 it follows that the coefficient
of u~! in the asymptotic expansion of (27)~ je"“ p(t) PU(t, y, y)dt for u—oo
vanishes. On the other hand PoU(t)=Q™e ""¢=(id/dt)"e~ "2, which on the
inverse Fourier transform side amounts to multiplication by u™. So the coefficient
of u=!'~™in (2.1) is equal to zero, that is w,, ,,=0. Replacing P by P' in this argu-
ment proves that o, ,,,=0 for all positive integers /.

For P=Q", 4;=u7, the {-function

Zp(s)=) 45" lejl, (2.13)
J
which is the restriction of the distribution kernel of P~* to the diagonal, is a holo-

morphic function of s for Re s sufficiently large, with values in the space of smooth
densities on X. (The distribution kernel of P~* is continuous for Re s sufficiently

d
large and —— P7*%(x, x) is equal to the restriction to the diagonal of the distribu-
tion kernel of (0/0x;) P~5— P~%(0/0x;), which is of the same order —Re s, so there
is no loss of differentiability.)

Corollary 2.2. Z, has a meromorphic extension to the complex plane, having
only simple poles at s=(n—k)/m with residues equal to 2n) "w,/m, k=0,1,2,....
Moreover Zp is of at most polynomial growth on each half space Re s=c excluding
neighborhoods of the poles.

Proof. Let 0<e<p, =first eigenvalue of Q, choose ye C*(R), x(1)=0 for
pe, g(w=1for p=p,. Writing y,(W)=x(w) u=*, Z(w)=} 6(u—p;)le;*. we have
J
ZQ(S)=<Z’ Xs>=<2? is>

For t+0 repeated partial integrations give

LO=2m)~" [ y(w u=* dp=2m)~" (/0 f ™ (0/0w)" [x(u) =1 dn,
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showing that
|57 ()1 C(1+]s])*- e~ Res k=1 (Re s+ k— 1)

for Re s> —k+ 1. Because this holds for all k and similar estimates hold for the
derivatives of 7 (¢) with respect to ¢ it follows that (1 —p) 7, is an entire functionof's
with values in & (R) having at most polynomial growth in half spaces Re s=c.
Here p is as in Proposition 2.1. As a consequence

(E 0> —LpE 1y =<(1—p) .7

is also entire in s, and of polynomial growth in half spaces Re s> c.
Iff()= 0" ' “*)for p— oo then | f(u) (1) *dp is holomorphic and bounded
in half spaces Re s=¢ with ¢>n—k. On the other hand | p"~ ' *y(u) u=Sdp=
d
V)5 —(n— k), where () =]~ o
half spaces Re s = ¢, because dy/du has compact support. Moreover

(1) du is entire in s, and bounded in

d
bin=R=[ " () du=1.

So (2.1) implies that {p = X, x> can be extended to a meromorphic function of s
having only simple poles at s=n—k with residue equal to (27) " w,, and bounded
in half spaces Re s = ¢. This proves the statements for Z,,, for Z,, they follow from
Zp(s)=Zy(ms).

Note that Z, has no pole at s=0, and not either at s=—1, —2, ... if Pisa
differential operator. This proves part of the results of Seeley [22], who treats
general elliptic operators on vector bundles and also gives a formula for Z,(0).
The latter has been used by Atiyah, Bott and Patodi[4] for an alternative proof
of the Atiyah-Singer index theorem. However they work rather with the restric-
tion

Op(2)=Y e 47 |e)) (2.14)
J
of the distribution kernel of the “heat operator” e~*” to the diagonal. This is a

smooth density on X depending holomorphically on z for Re z>0. For @p(z2)
we obtain:

Corollary 2.2'. There exist smooth densities v, |=0, 1, 2, ... on X such that

(k—n)/m

mQ2n)' O,(z)~ Y r(

k¥n+lm
o I+1 © (215)
+ Z =07 ) Wy 2 logz4+ Y v 2t for 2N\0.
=0
+lmel

Proof. ®p and Z, are related to each other by the inverse Mellin transform

a) @P(Z)=—2ini— [ z75Zp(s) I (s)ds,
Re s=¢

4 Inventiones math., Vol. 29
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which holds for ¢ sufficiently large. This follows from summing the formula
1

e M=o [ z7TTAT(s)ds
b) 2;” Rye s=c¢
== [ emiolsEN (2 )= ['(c+io) do.

— 0

In turn b) follows from the Fourier inversion formula if we view

o0 e
c) I(c+io)= jl”“’“ e tdt= f el ettt
0 —

ct—et

as the Fourier transform at — ¢ of the function t+— e
Shifting the path of integration in c) to the line Imt =¢ one obtains the estimate

d) ‘F(C+i0)|§e-”5je”—t"Cose dt
for ¢>0, |¢|<n/2. In combination with the well-known equation

1
= Sot D k=1L

it follows that I'(s) is exponentially decreasing in all vertical strips, excluding
neighborhoods of the poles. Combining this with the growth properties of Zp(s)
it follows that Z,(s) - I'(s) is exponentially decreasing in vertical strips, excluding
neighborhoods of the poles.

This allows to shift the path of integration in a) by letting ¢\ — c0. Obviously
the integral in a) is O(z~°) for z\,0 so in the asymptotic expansion of @ p(z) for z\.0
modulo terms O(z") for all N we only pick up the contributions from the poles
which are encountered in shifting the path of integration. This leads to (2.15),
the logarithmic terms occurring whenever poles of Z,(s) and I'(s) coincide to
produce a double pole. The v, are bijectively related to the values of Z, at —1
(after taking off the pole of Z, if necessary), apparently no further information
about these quantities can be obtained from the asymptotic expansion (2.1).

(2.15) generalizes the well-known expansion of Minakshisundaram-Pleijel
[18] for the Laplace operator. For m=1, (2.15) can also be proved by viewing
Te imt [ejl2 as the boundary value (in distribution sense) for z— it of the analytic
function @y(z) in the half plane Re z>0. The main ingredient in the proof is then
the theorem that if the boundary value v (in distribution sense) of an analytic
function u in a half plane is smooth in a neighborhood of the boundary point z,
then u is smooth up to the boundary in a neighborhood of z,,.

If P is a differential operator then no logarithmic terms occur in the asymptotic
expansion (2.15), corresponding to the fact that I'(s) Z(s) only has simple poles.
However, for general pseudo-differential operators P poles of Zp(s) can occur at
any point (n— k)/m, k#n. Indeed, replacing Q by Q + ¢, ¢>0 amounts to replacing
1 by p—c in the asymptotic expansion (2.1), so for a suitable choice of ¢ we have
wy(x)*0 for any k+n for the new operator if we had w,,,(x)%0 for Q. Now
according to (2.7) w, , ,(x) is an integral over S} X of i da_,/dt(0, x, x, £), which can
be made arbitrarily large by a sufficiently large choice of Q_,(x, &), keeping the
homogeneous terms of degree > — n in the symbol of Q fixed.

e) (s (s+k)
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Integrating (2.1) over X leads to

Zp(u—pj)~(2n)‘"kzockﬂ"‘l"‘ for p— o0, (2.16)
Jj =
and rapidly decreasing as y — — o0.
Here
o= [o, (2.17)
X

so in particular

co=vol(S*X), ¢, =(1—n) | subQ. (2.18)

s*Xx

In view of Corollary 1.2, the asymptotic expansion (2.16) does not change if we
replace p by any pe ¥ (IR) such that p has compact support containing no period
T #0 of a periodic H, solution curve, and all derivatives of 1 —p at =0 vanish.
Integrating (2.13), resp. (2.15) over X leads to the analogue of Corollary 2.2,
resp. 2.2’ for the {-function {p(s)=) ;4 *, resp. the “heat function” §,(z) =) e~ ~=.
We conclude this Section by some basic estimates for the eigenvalues of Q
which follow from a consideration of only the top order terms in (2.16).

Lemma 2.3. For any K >0 we have
# Uil —pl SK} =0 as oo, (219)

Proof. Choose pe.¥(R) such that p has compact support, () dt+0. Re-
placing p by p-p one obtains that p=0, p(0)>0 and still p having compact
support. Replacing ¢ by t+p(t/6) amounts to replacing p by u+d- p(ud).
Taking 0 small one gets supp p in any prescribed neighborhood of 0 and p>0 on
[—K, K]. An examination of the first part of the proof of Proposition 2.1 shows
that the condition that p=1 on a neighborhood of 0 is not necessary in order to
obtain an asymptotic expansion of the for (2.16), possibly with other constants c,.
Now (2.19) follows from

# s Iy — I K} - min{p(u); pe[ - K, K} 3 p(u— ) =0(u""").
J

Lemma 2.4. For every pe & (IR) and every ¢ >0 there exists a number K such that

plu—p)<se-p"", (2.20)
{ivlu,—ul> K}
> | pu—p)du|<ev—t, 2.21)
Uiy >v+K} |~ o0
and
Yo | Jpu—p)dp|<evi? (222)
{jsmj<v—K} |v

Sforall u,vz1.

Proof. For every N there is a Cy such that |p(u)| < Cy(1+4|u|)~" for all . On
the other hand (2.19) implies the existence of a constant C such that

# s - S S CG+ =t forall p.
4*
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Combining these two estimates one obtains for u=0, N > n:

o0

Yo lpu—p)l= Y Y lp(u— )l

luy—u|>K k=0 K+k+12|p,—p|ZK+k

<2CCy Y (utlyr-tIN

1=K+1
n—1 __1 . )

<20C, Yy (" , )un—1~JKf-”+1/(N—./—1).
j=0\ J

So (2.20) follows by taking K sufficiently large. (2.21), resp. (2.22) follow by writing

v

v — iy
§ pu—p)du= | pwdpy,
resp. - o

o0

fou—w)du= | p(wdpu

V=

and using the rapid decrease of o |7 p(u) dp, resp. o = {7 p(u) dp as 0 — — oo,
resp. g — oo.

Corollary 2.5.
#{j; p;=vi=@2n)""-vol(B*X)-v"+0(""!)  as v—oo. (2.23)

Proof. Integrating (2.16) from —oo to v one obtains

n—1

I Y plu—p)du=Qmn)~" Y ¢, v" *(n—k)+0(1) (2.24)
- j=1 k=0
for v— c0. On the other hand
I Ypu—py)du= Y | pu—py)dp
- j=1 {suj>v+K} — oo
+ ) I plu—p)du+ Y | plu—p)du
Uslv—my| =K} — o0 {Jsuj<v—K} —oo
- Y fpu—p)du
{iuy<v—K} v
Now

§ plu—p)du=1

and the other terms are all 0(v"~') as v— oo in view of (2.21), (2.19) and (2.22), so
#{j; uj<v—K}=Q2m) "coV'/n+0(""") for v—o0.
Replacing v by v+ K in this formula gives (2.23), using that

1
vol{(x, &)eT* X; q(x, &)1} =vol(S* X) 0"~ ' dw=c/n.
(4]
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Remarks. Applying the same argument to (2.1) leads to
Y le;(x)*=@2m)~"-vol(Bf X)-v"+0("™"), v—o0 (2.25)

SV
uniformly in x, here B* X ={£e(T, X)*; q(x, £)<1}. This is the main result of
Hormander [16]. Of course (2.23) follows from (2.25) by integration over X.
We also remark that (2.16), (2.20) easily imply that there exist K >0, §>0,
v such that
#{; ly—pl=Kjzo-p"~t forall pzv. (226}

3. Periodic H a Flow

Theorem 3.1. Suppose that all H -solution curves are periodic with period T >0

and that the average of sub Q over these curves is equal tv a constant y. Write
27 .
\’k:T(k-de)-}"'y, k=1,2,..., (31)

here o is the index of the 0/0t+ H_ solution curves of period T given by the Arnol’'d
cohomology class in H'(C, Z) (see Arnol'd [2], Hérmander [17, (3.2.15)]), C is the
projection into T*((R mod T) x X x X) of the canonical relation C defined in (1.15).

Then there exist positive constants K, K', i such that
4 l;— ul S K, ;= v, | Bk~ for some keN}

(3.2)
2(1-K'/B*)- #{j;|u;—ul<K} forall B>0, u=p.

Moreover, if sup Q=0 then y=0 and the number Bk~?* in the left hand side of
(3.2) can be replaced by Bk—".

Proof. &'*T=¢' for all te T implies that U(t+ T, x, y) is defined by the same
canonical relation C as U(t, x, y). The principal symbol u of U satisfies the transport

equation .
4 i Loojor 1y i+ (5ub Q) - u=0 (3.3)

([9, Theorem 5.3.1]), and it follows that the principal symbol of U(t+ T, x, y) is
equal to i~*e~""Tuy. Indeed, noting that y T is the integral of subQ over the
d0/ot+H , solution curve, ¢ running from 0 to 7, we see, in the notation of [17,
Section 3.2], that

sj=itami oL g=inT g

0°

whereas on the other hand

a=0g,+ - +0;_y ;=—(0;;_+ 40, )

if the @, k=0, ..., j are phase functions defining ¢’ on patches along a 0/0t+ H p
solution curve of period T. Writing $no+7y T=T it follows that

U(t, x, y)—ePT U+ T, x, y)

is a Fourier integral operator defined by C of one lower order —;—1, so the
integral
Q' fe p()[e(t)—ePT&(t+T)] dt (34
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can be written in the form (1.25) with the amplitude b now of order — 1, and we
see that (3.4) is of order O(u"~2). Choosing p =0 and taking real parts in (3.4) gives

Y(l—cos((B—p) T))-plu—p)SAp"=>  pzl, (3.5)

J

for some constant A. Here it is used that t+—&(t+ T) is equal to the Fourier
transform of

Ze”i”JTé(;t—uj).
J

Now define for each B>0, ke N:
N(k, B)=#{j; Bk * < T|u;—v,|<n}. (3.6)

Using that 1 —cos(2 mk+x)=1 x? for |x|<=m and substituting g=v, in (3.5) one
obtains the estimate

N(k,B)-3- B> k=" -min{p(u); || Sn/T} < A'k""? (3.7)

for all keN and some A'. Taking p such that p(u)>0 for |u| <n/T (see the proof of
Lemma 2.3) this leads to N(k, B)< A” B~% k"~ ! for all B>0, keN and still another
constant A”. Combining this with (2.26) the estimate (3.2) readily follows.

If sub Q =0 then it follows from the self-adjointness of Q that the homogeneous
part Qq(x, &), resp. Q_,(x, &) of order O, resp. —1 of the total symbol of Q on
local coordinates is purely imaginary, resp. real. Representing U(t, x, y) locally
by integrals (1.17) with %—(tp—(t, x, 1, 0)+4q(x,d, ¢(t, x, y,{)) being identically zero
(instead of only on d, ¢(t, x, y,{)=0), as can always be done, one obtains for
(i1 0/0t+ Q)0 U asimilar local representation with a replaced by some amplitude a,
again of order 0. It turns out that d,=i""'La,, with L a real first order linear
partial differential operator. Because we can choose a,(0, x, y, {)=1 as we have
seen in the proof of Proposition 2.1 it follows that locally solving d,=0 leads to
an a, which on the k-th patch along the d/dt+ H, solution curve is equal to
o k-1t 90 times a real function. With this choice of the g, and using that
iQ,, Q_, are real, one obtains a_,=i"'La_,+ f, with i~(@kx-1++71.0. { reg]-
valued. Because we have seen in the proof of Proposition 2.1 that a_,(0, x, y, ()
can be chosen purely imaginary, solving d@_, =0 locally leads to an a_, such that
on the k-th patch i~(@x-1**9.04 js purely imaginary. It follows that in the
representation of (3.4) we may assume that b_, is purely imaginary. However,
taking real parts in (3.4) then shows that in (3.5) we may replace "~ % by u"3
and the argument goes through with k=% replaced by k~! in the definition of
N(k, B). This proves the last statement in the theorem. (Of course the proof
would have been much cleaner if we would have had an invariant analogue of
[9, Theorem 5.3.1] for a subprincipal symbol of the product.)

The estimate (3.2) means that (by choosing B sufficiently large) an arbitrary
large fraction of the eigenvalues in long and far away intervals lies in the intervals
around the v, with decreasing radius B-k~*(B-k~! if sub Q =0). There is also a
converse to Theorem 3.1.
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Theorem 3.2. Let X be connected and n=2. Suppose that there is a constant K
such that for each ¢>0 there is a number fi such that

# sl —n =K, | —vi | ¢ for some ke N}
2(1—¢)- #{j; |w;—pul<K} forallpzfr.

Here v,=2nk/T+ B, keN, B a fixed real number. Then all H, solution curves are
periodic with period T, the 0— T-average of sub Q over these curves is equal to
a constant y, B=3no/T+y modulo 27/T, and (3.8) can be replaced by the stronger
estimates of Theorem 3.1.

Proof. (3.8) implies that

Y=y p(u—p)=o(""")  for p—oo. 39
J

(3.8)

For the proof, split (3.9) as a sum over the j such that |u—u;| <K, |u;—v,|Ze¢ for
all keN, a sum over the j such that |u;—v,|<¢ for some k€N, and the rest. Each
of the summands can be estimated from above by ¢ - u"~! for arbitrary & >0,
the last one by applying (2.20) and choosing K sufficiently large, the second one
by observing that 1 —exp i(f —u;) T becomes small and using that Zj plu—p)=
O(u"~1), and finally the first one by combing (3.8) with (2.19), taking ¢ sufficiently
small and u=f, fi sufficiently large.

(3.9) can also be written as
Cnu)~ e p)e()—ePTo(t+T)]dt=o0(u""") (3.10)

for u—oo. p(t) e®T U(t + T, x, y) can be written as a finite sum of integrals of the
form (1.17) with phase function ¢ = ¢" and amplitude a=d" in the r-th summand.
Using only the top order term in (2.16) it follows as in the beginning of the proof
of Proposition 2.1 that

Yoo e (n(x,d).x, x.{) dx df
raeo=1 (3.11)
=vol(S* X)+o(1) for u— .
Here t"(x, ) is equal to the local solution t of the equation ¢'(t, x, x, {)=0 and d},
is the zero order part of a".

Using the principle of stationary phase the only contributions to (3.11) which
are not o(1) for u— oo come from the points (x, ) where all derivatives of " of
order =1 vanish. Because the estimate (3.11) holds for supp p contained in an
arbitrarily small neighborhood of 0 it follows that

Y. [ dy(0,x, x,0) dx d{=vol(§* X), (3.12)

r Qr
here € is the set of (x,{)eS* X such that t* vanishes of infinite order at (x,{).
From (1.18), (1.15) it follows that ®T has a contact of infinite order with the identity
at(x,d, ¢"(0, x, x, f)) such that (x, )e ", and in view of the proof of Theorem 3.1.6
in [17] we see that ¢" can be chosen such that it has arbitrary order of contact
with the phase function ¢ in (2.5) at the points (0, x, x,) such that (x,{)eQ".
In fact, the contributions to (3.11) which are not o(1) as 4 — oo can be represented
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by only one integral with such a phase function ¢", for which we then have

[ dy(0, x, x,§) dx d{=vol(S* X). (3.13)
Qr
Because with the phase function ¢ of (2.5) the amplitude in the integral
representation of U(0, x, x) has top order term equal to 1, it follows in view of the
transport Eq.(3.3) for the principal symbol of U that

dy(0,x, x,)=i"*e =0T for (x,{)eq, (3.14)

here y(x,{)- T is equal to the 0— T-integral of sub Q over the H, solution curve
startmg and endmg at (x, {)e®". It follows that (3.13) can only be possible if
Lnia+y(x,0)- Tis equal to 0 modulo 2 7 for almost all (x, 0)eQ’, and moreover
S* X \Q" has (2n—1)-dimensional measure equal to 0. Because Q" is closed,
Q"=S* X, that is #" =1. Because 7y is continuous and S* X is connected (if X is
connected and n>1) it follows that y is constant (note that o is locally constant
by definition) and the theorem is proved.

If we make some additional assumptions on the H, flow (excluding some rather
pathological situations) the above results can be improved considerably. The idea
is that if we want a sharp estimate for # {;; |,uj—/1|§‘3 ¢} from Zj p(p—u;), then
it is better to let p resemble the step function

1= {l/g for lul<3e. (3.15)

0 elsewhere.

1. is a smooth function with j,(0)= 1, but it has no compact support, so we multiply
it by ps: t—>p(t-9), with p=0, pe Cy (R), p(0)=1, in order to cut it off. On the
inverse Fourier transform side this amounts to taking the convolution p, ;=
X:*p5- Of course p, ;€ #(R) and for  — 0 it converges to y,. In fact:

Lemma 3.3. For every N there is a constant M >0 such that

e s = =56 —¢)) - (1= 0/e)")
§Zpg,5(ﬂ_#j) (3.16)

Semt# s - p S5+ + /)Y !

for all u,é,¢ & such that ﬁglgsgs’gM5>0.

Proof. Note that

(v+4¢e)/d
PesM=¢"1- | pudu

(v—1%¢2)/d
For the first inequality use that p, ;=20 and that 1 - [, p(1) dp is rapidly decreasing
as v— oo. For the second inequality the summation is split up into one over the j
such that |u;—pul <i(e+¢) and the rest into sums over pu—i(e+¢)—(k+1)=
,u1<y——(a+s) k, resp. ,u+2(£+8)+k<,ul<u+ (B+b)+(k+ 1) The latter sums
are estimated using (2.19) and the rapid decrease of L »P(p)dp and [° p(p) dp as
v— 00, and then the result is summed over k=0, 1, 2, .
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As a first application of the use of these cut-off functions we improve the
estimates in Theorem 3.1. Note that we allowed there a big constant K, which
makes it possible than in fact many of the intervals [u;—v,[< B k% are quite empty.
This would happen for instance if the H, flow is periodic with period T,>0 and
T=1-T, for some integer />1. Then the majority of the eigenvalues will only
cluster around the v, for k=1,21,31,... and not around the other v,. Now let T
be the minimal positive common period of all H, solution curves. Then a solution
curve is called subperiodic if it is periodic with a positive period which is not an
integer multiple of T, it is then automatically periodic with a period T/I for some
integer [>0.

Theorem 3.4. Assume that the H, flow is periodic with minimal positie period T
and that the union of the subperiodic orbits has measure zero in T* X \ 0. Assume
also that the average of sub Q over the 0— T-solution curves of the H, flow is equal
to a constant y. Then there exist K', k, such that

#{j;%zlurvkak‘%}éK’-B‘Z\'Z“ (3.17)

for all B>0, k=k,. On the other hand
Bl’fm #{j;]uj—vkléBk‘%}/v:‘l=T“(2n)""vol(S*X). (3.18)

Here the v, are as in (3.1) and again we may replace B-k * by B-k~" in the
left hand sides of (3.17) and (3.18) if sub 0 =0.

Proof. The set of (x, £)e S* X such that &'(x, &)=(x, &) for some t which is not
an integer multiple of T has measure 0 in S* X. Using computations as in the
beginning of the proof of Proposition 2.1 it follows that the contribution to (1.24)
coming from such periods of H, solution curves is of order o(u"') as u— oo.
So modulo terms of order o(u"~') we get only contributions from neighborhoods
of t=1-T, leZ, and iterating (3.10) and using the estimate (2.16) for the con-
tribution from the singularity at t =0, it follows that

Yoplu—p)=Y =T HAT) - 2m) " o p" o) as u— oo (3.19)
Jj

leZ

for every pe Cg (R). (Note that the sum in the right hand side of (3.19) is finite.)
Substituting p=p, ,5» #=Vv, and using that

Y 2T p(T)=ET) " e TY. §,(1-T) - poll-€T)

leZ leZ

=(8T)_155(1(1)'155(0‘1{'*’05(1) as ¢\0
and
_[5(1(”@;(”6““"275 as 0\.0,

it follows from Lemma 3.3 that for every ¢ >0 one has

. 2n
s = vl Se) =@ e v +o( ) (320)
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for k— o0. Using (3.2) this implies (3.17) and using (3.17),(3.20) can be improved
to (3.18).

Remark. Weinstein [24] obtained a very precise estimate about the resemblance
between the spectra of operators P, P’ such that the principal symbol of P’ is
given by po C, C a homogeneous canonical transformation, p=principal symbol
of P. For a Zoll surface this leads to the conclusion that all the eigenvalues of the
Laplacian lie in the union of intervals of the form [j2—j—B, j2—j+B], jeN,
and the number of eigenvalues in such an interval is equal to j2 —j for sufficiently
large j. Comparing this with (3.17), (3.18) for Q =(— 4 +c¢)* (subQ =0 in this case),
we see that we have a similar estimate for the intervals in which the majority of
the eigenvalues lie, but that Weinstein’s results for both the number of eigenvalues
inside these intervals and those outside are much more precise. (On the other
hand our estimates are valid for more general operators.)

Theorem 3.5. Suppose that the set of (x, £)eS* X such that @' has a contact of
infinite order with the identity at (x,&) for some t=+0, has zero measure in S*X.
Then for every ¢>0:

lim #{;; |u,—u|§%8}/u""1 =¢-(2n) " vol(S* X). (3.21)
p— o0
Furthermore,

# s 1;=v}=2n) 7" vol(B*X) - v
—2m)~"( j subQ)- v~ +0(" 1) as v— o0, (3.22)
S*X
improving (2.23) just a tiny little bit.

Proof. The assumption implies that all contributions to (1.24) coming from ¢
in a neighborhood of periods T+0 are of order o(u"~') as u— oo. Substituting
pP=p, s using (2.16) and (3.16) and letting 6 \, 0, (3.21) readily follows.

Secondly, if &€ Cg (R), O¢ supp &, then

f Zp(u ,uj)d,u— 11m (2m)~ 1”e"‘”(t yo(t)dtdu

je’“(zt a(t)6(t)dt
— 11131 Qm)~t-fe' i)~ a(t) 6(t) dt

=Q2mn)" ' [e™ (i)~ &) 6(1) dt

=o(v"") as v— 0.

So replaéing p by p; in (2.24) leads to

[ Y pslu—p) du=@2m) " co ¥/n+Q@m)~" ¢, v~ f(n—1)

— 0 ]
+0,0""Y)  as v— 0.

Note that the assumption implies that n> 1.
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Now, for any £¢>0 we can obtain both

Vopslu—ppdu| <44 l;—vISKY - | lpsw)lduse- v~

Uilv—m,|SK} —'w o
and
l# s <v—K}—#{j;=svil=#{j;v-—K=sy;svise- vt
by choosing K >0 sufficiently small (independent of §) and v sufficiently large,
using (3.21).
With this choice of K, the quantity

v

Y I o((u—p)/0)dufd

{spy>v+K} —a

can be estimated from above by a constant times

0 (v—w)/d _K/&l
[ ot | lp@ldpdo=[| —((v=0p"=(+K))lp@ldu,
v+ K - 0 —®

and therefore is smaller than ¢-v"~1 if §>0 is sufficiently small and v sufficiently
large. Similarly

e

Y [pslu—ppdu

{jsuj<v—K} v

<evr!

if 6 >0 is sufficiently small and v sufficiently large.
Combining these estimates gives

I Y pslu—p)du—#{j; ;s vy sde- !

o

for 6 > 0 sufficiently small and v sufficiently large, completing the proof of (3.22).

(3.21), (3.22) express that for large v the eigenvalues of Q are quite evenly
distributed on the real axis, in sharp contrast with the clustering described in
Theorem 3.1, 3.4. If X is a real-analytic manifold and q is a real analytic function
on T*X N0, then the assumption in Theorem 3.5 holds as soon as there is no
T+0 such that all H; solution curves are periodic with period T.

Question. What happens (in terms of estimates for finite y-intervals) if there
is a T%0 such that all H, solution curves are periodic with period T, but the
average of sub Q over these curves is not constant?

4. The Singularities of & (t) for t+0

We recall that the singularities of 6 occur at the set of periods of the periodic
H, solution curves (Corollary 1.2). If the H, solution curves of period T form a
“nice” submanifold of S*X we can obtain more precise information on the
singularity at T. We first need a definition (due to Bott [5]).

Definition 4.1. Let M be a manifold and let : M — M be a diffeomorphism.
A submanifold Z = M of fixed points of @ is called clean if for each zeZ the set of
fixed points of d®,: T,M — T, M equals the tangent space to Z at z.
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We will show that if M and @ are sympletic, Z possesses an intrinsic positive
measure. This depends on the following three elementary lemmas.

Lemma 4.2. Let V be a symplectic vector space with two-form Q and let P: V—V
be a symplectic linear mapping. Then ker(I — P) and coker(I — P) are canonically
paired by €.

Proof. If veker(I—P) then v=Pv, so veker(I—P~'). This implies
Q(v, (I — P)w)=0 for all w, or that veim(I — P)*. Hence ker(I — P) and coker(I — P)
are canonically paired. Q.E.D.

Now consider the exact sequence
0 ker— V"=,V coker—0. (4.1)

Letting | |* be the functor that assigns to each vector space V its one-dimensional
subspace of a-densities,

lkerP® V|~ ®|V|* ®|coker| ¥=1. 4.2)

Since |V|*®|V| *~1 and |coker|*=|ker|~* by the lemma, we get |ker|~1; so
we’ve proved:

Lemma 4.3. If P is a symplectic mapping of V onto V then ker(I — P) possesses
a canonical density.

From I — P we get a linear map
(I—P)*: V/ker —»V/ker, ker=ker(I—P). 4.3)

If (4.3) is onto, then
V=ker(I—P)®Im(I — P). 4.4)

Moreover, by Lemma 4.2, Q restricted to both factors is non-degenerate.
Substituting the left hand side of (4.4) for V' in (4.2) and making obvious can-
cellations we get

Lemma 4.4. If (4.3) is onto, the canonical density just defined on ker(I— P)
is equal to )
|det(I—P)*|~%|Q| 4.5)
where r =1 dim ker(I — P).

Let M be a symplectic manifold, @ a symplectic diffeomorphism and Z a clean
fixed point set of ¢. By Lemma 4.3 the tangent space to Z at each zeZ possesses
an intrinsic positive density, or what is the same thing, Z possesses an intrinsic
smooth positive measure, which we’ll denote by dy,. In particular let Z be a sub-
manifold of $*X consisting of periodic H, solution curves of period T If Z is a
clean fixed point set for @7: S*X — S*X, then Z'={(x, A¢), AeR ™, (x,{)eZ} is a
clean fixed point set for @7: T*X ~0— T*X \0; so du, is defined. Dividing by
|dq| we get an intrinsic measure du, on Z. We now state a result relating the integral
of this measure over Z to the singular behavior of 6(t)att=T.

Theorem 4.5. Assume that the set of periodic H, solution curves of period T is a
union of connected submanifolds Z,,Z,,...,Z, in S*X, each Z; being a clean
fixed point set for ®T of dimension d;. Then there is an interval around T in which no
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other periods occur, and on such an interval we have G(t)=Y"_, B;(t — T) where

o0
Bi(t)= [oyls)e="*" ds. 4.6)

—

with
s d,—1)/ o0
- —k
oi(s)~ (7;;) i) a;, 57" as s— 0. 4.7
k=0
Here we interpret (1/i)\4= 112 = =™ =1% if dis even, and o is an integer on which
14 , 4

we will comment further at the end of Section 6. Finally

U o
otj’0=v2—1;§e”'T ’duzj, (4.8)

with y(x, &)= average of subQ over the periodic H solution curve passing through
(x,0)eS* X. Of course a(s)~0 as s — — 0.

If d;=1 then the cleanness condition reduces to the condition that I —F, is
invertible. Here P, denotes the differential of &7 at (x, ¢)e Z; reduced modulo the
eigenvector H (x, c) P; will be called the (linear) Pomcare map. By Lemma 4.4,
duj=|1— PI“ |dt], and integrating over Z; gives

T,

%05 e” T I=P|7H,

J
where T;, denotes the primitive period of the H -solution curve having Z; as its
orbit.

In particular, if Q =(4 + ¢)*, then, for generic Riemannian metrics, the Poincaré
maps of periodic H, solution curves have no eigenvalues equal to 1 and for each
period T=0 there is not more than one antipodal pair of orbits of periodic H,
solution curves with that period. (See Klingenberg and Takens [25].) This situation
has also been considered by Colin de Verdiére [7]. The contributions from the

) ‘ d
antipodal orbits are equal; and, recalling that subQ =0 and [ e~ ds—~—+—~

one gets from (4.6)-(4.8) the residue formula
. . T, . _3
llrrTx(t— T) J(t):—n—z ATE 4.9)

Note that the primitive period, Ty, is equal to the length of the geodesic covered
by the periodic H, solution curves with period equal to T.

5. Clean Intersection Theory

The proof of Theorem 4.5 will require some facts concerning composition of
Fourier integrals under hypotheses less restrictive than those considered in
Hoérmander [17]. First, however, we’ll need some elementary facts about sym-
plectic vector spaces.

Let ¥V and W be symplectic vector spaces, let I' be a Lagrangian subspace of
V' x W, and let A be a Langrangian subspace of W. Let I' o A be the set of vectors
veV, such that there exists (v, w)eI” with we A.
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Lemma 5.1. I'o A is a Lagrangian subspace of W.

Proof. Let p and 7 be the projections of I' on V and W respectively. Consider
the diagram

e——F
.
L
We oA

F being the fiber product: {(a, b)eI x A, n(a)=i(b)}. Associated with this diagram
is an exact sequence

O0->F->I'®A—">W-coker t—0 (5.1)
where t(a, b)=mn(a)—i(b). I' o A can be defined as the image of the composite map
F->T-5v

Denoting this composite map by «, we get an exact sequence
0—kera—F *>I0oA—0. (5.2)

We will now show that ker o and coker t are dually paired by the symplectic
structure on W. Note first of all that ker o consists of all pairs (a4, w) in the fiber
product for which p(a)=0. We can write ae V' x W as a pair (v, w'). To say that
(a,w) is in the fiber product says that w'=w, and to say p(a)=0 says that v'=0;
so ker o can be identified with the set of we W such that

i) weA
and

ii) (0, w)er.

Suppose now that u is in the image of 7, i.e. u=w, +n(v,, w,) with (v,, w,)erl.
Then Qy,(w, w,)=0 by i) and ,,(w, w,)=0 by ii) so £ (w, u)=0. Since I" and A
are maximally isotropic, this argument works backward to show that (ker o) =
(Im ) in W. It is easy now to see that the dimension of I' o A is half the dimension

of V using the exact sequences (5.1) and (5.2). It is clear that I' o A is isotropic;
thus it is Lagrangian, proving Lemma 5.1.

Lemma 5.2. Let a: F—I'oA be the mapping defined by (5.2). Then there is a
canonical mapping of half-densities

AFITF =1 o Al*®]ker al.
Proof. From (5.1) we get an identification
[FI @I @I ®IW|~ *®|coker | =1
and
IFP®|W[*®|coker| * = |I'*@|A[*.
From (5.2) we get
IIjlizll"oAﬁ@lker al?. (5.3)(d)
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The symplectic structure on Wgives us a trivialization
(W1 (5.3)(ii)
and finally the d.ual pairing of ker o and coker 7 via the symplectic structure of V
gives us a mapping
|coker 7|~ % = ker a|*. (5.3)(iii)
Putting this all together we get the assertion of Lemma 5.2. Q.E.D.

Remark. Let I'" be the set of vectors {(v, —w), (v, w)el'}. This is a Lagrangian
subspace of V' x W’ where W’ = W as a vector space but has —Q,, as its symplectic
two-form. The Lagrangian subspaces of Wand W’ are the same; so Lemmas 5.1
and 5.2 are true for I'" as well as I'.

Given manifolds X, Y, Z and maps f/: X —Z and g: Y-»Z, fand g are said to
intersect cleanly (see [5]), if the fiber product

F={(x.y)eX x Y, f(x)=g(»)}

represented by the diagram

X F
. l (54)
Zes Y

is a submanifold of X x Y, and in addition for each peF, p=(x, y),

T.X<—TF

ar| !
o
LZ——TY

is a fiber product diagram, i.e. T F is the fiber product of T X and T.Y. (For
example, if f'and g intersect transversally, they intersect cleanly.) We associate
to the diagram (5.4) a non-negative integer, ¢, called its excess:

e=dim F +dim Z —(dim X +dim Y).

Note that e=0 if and only if the clean diagram (5.4) is transversal.

Now let X and Y be compact manifolds and I' and A closed homogeneous
Lagrangian submanifolds of T*(X x Y)~0 and T* YN0 respectively. Let "=
{6, & yomh(x, &y, —mel} and let I o A={(x, &), 3(x, &, y,n)el”, (v.n)eA}. Let p
and 7 be the projections of I" on T* X and T* Y. Assume neither I'' o A nor n(I"')
contain zero vectors.

Lemma 5.3. If the fiber product diagram
r———=rF

q | (5.5)

T*Y A
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is clean, then I'" o A is an (immersed ) Lagrangian submanifold of T* X ~.0, and the
composite map, «,

FoI'-%T" oA
is a fiber mapping with compact fiber.

Proof. The first part of the Lemma is just a rephrasing of Lemma 5.1. The
fibers of a: F—1I" o A must be compact, for otherwise in view of the homogeneity
of I and A, I'" o A would have to contain zero vectors. Q.E.D.

Given half-densities on I' and A, then by Lemma 5.2 we get an object on F
which is a half-density in the horizontal direction times a density in the fiber
direction. Integrating this over the fibers, we get a half-density on I A which
we will call the composite of the given densities on I and A. It is easy to check
that if ¢ and © are homogeneous densities, then so is their composite, o o 7, and

(dimY—e)

degree o - 1=degree g +degree T — 5 ,

(5.6)
e being the excess in the diagram (5.5). (The excess comes in because of the pairing
(5.3)(iii), which is homogeneous of degree ¢/2.)

We now state a “clean intersection” theorem on composition of Fourier

integrals. For basic facts concerning oscillatory integrals and the spaces, I*(Y, A),
see Hormander [17].

Theorem 5.4. Let k be a generalized half-density on X x Y and K the operator
associated with it. (K maps compactly supported half-densities on Y to generalized
half-densities on X.) Let I' and A be as above. If k belongs to I"(X x Y, T'); then K
maps I°(Y, A) into

"X, e ) and  o(Kp)=2ni) % a(k)o alu)
modulo Maslov factors.

We will briefly describe how to handle the Maslov factors. Let L, L, and L., ,
be the Maslov bundles of I’ A4 and I""o A. Let L. be the pull back of L to I'" via
(x, & yv,n)—(x,& y,—n). Let i: F—T"x A be the inclusion map and a: F — "0 A
defined above. We claim

*(LpXIL)=a*Lp.,. (5.7)

Granting (5.7) it is clear how to define a(k)o (u) when o(k) and o(u) are half-
densities tensored with sections of the Maslov bundle. In fact the product of a(k)
with ¢(p) is now an object on F which is a density vertically and a half-density
times a section of a* L., , horizontally. Integrating over the fiber we get an object
on I'"o A which is a half-density tensored with a section of L., ,.

To prove (5.7) let ¢, =@, (x, y, &) be a phase function for I and ¥, =y, (y, )
a phase function for A. Then ¢, +, is a phase function for I'"" o A (with w=(y, &, )
as phase variables).? If ¢, =¢,(x, y, &) and ¥, =y, (y, &) are another pair of such

2+ can be degenerate; however it is a “clean” phase function in the sense of § 7. Such phase func-
tions can be used to give a Cech-theoretic definition of the Maslov class, just as Hérmander does in
§3.20f [17].
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phase functions, then on the overlaps of their domains of definition

$g(@y + Y1) —SBU(P, + ¥ 2) 0 o

! " n (5.8)
=sgn(p,);: —sgn(p,)s o +sgn(y, ), —sen(y ), -

(Proof. (5.8) is obvious when ¢,, ¢, and ¥, ¥, are equivalent. It is also true if
we modify such equivalent pairs by adding to ¢, and ¥, quadratic forms in new
phase variables. By Hormander [17] §3.1 this covers all possible cases.) (5.8)
implies that the transition functions of L;.., are the products of the transition
functions of L, and L,. (5.7) follows.

6. Proof of Theorem 4.5

This will be by applying Theorem 5.4 to the distribution U(t, x, y) of Theorem 1.1.
For this we need to know the symbol of U. We know already from Theorem 1.1
that Uel *(R x X x X ; C'), C being the set (1.15). Its symbol is a section of the
half-density bundle of C’ times a section of the Maslov bundle of C'. To see what
it is, first note that both these bundles have intrinsic trivializations. In fact, for the
half density bundle, the projection z: C - (T*X \0)x R, n(t, 7, x, &, y, n)=(t, x, &)
is a diffeomorphism; so

o=n*(dt]F®|dx A dE[F) (6.1)

is a nowhere vanishing half-density.

Consider next L., L. is a locally constant line bundle (i.e. its transition
functions are constant); so we are interested in finding a trivialization given by a
constant section. Such a section, if it exists, is unique up to scalar multiples. To
see that such a section exists note that the subset t=0 of C’ is identical with
N*A={(x, & x, = &), (x,)eT*X ~0}. Moreover L. restricted to N*4 is its
Maslov bundle. Since N*4 is a normal bundle, L. , possesses a canonical constant
section, s, by Hormander [17] §3.3. Now extend s to a global section of L.. by
requiring it to be constant along each bicharacteristic:

(t~ T, X, é’ Y, — 'I)’ (X, 5) = ¢‘(yv ’1) (62)

with — 0o <t < oo. [t is clear this can be done in one and just one way.
Now let o be the section of 2, ® L. obtained by tensoring (6.1) with the
constant section of L just described.

Lemma 6.1.

o(U)=0-exp (— igsub O(®*(y, m)) ds)

at the point ((t, ), (x, &), (y, —n))e C".

Proof. At t=0 the left and right hand side are equal since both are equal to the
symbol of the identity map. Moreover ¢ is invariant under the Hamilton flow
so the right hand side satisfies the transport equation for ¢(U) induced by the
equation (i~*9/0t+Q)- U=0. (See [9], Theorem 5.3.1.) This proves the equality
for all ¢.

5 Inventiones math., Vol. 29
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Let 4: Rx X >R x X x X be the diagonal map. Given a half density u on
R x X x X we can pull it back to the diagonal and multiply the two half density
factors in X to get an object 4*u which is a density in X times a half-density in R
(at each point of X x R). This object can be integrated over X to get a half-density
on R which we will denote by n, A*u(n: R x X — R being the projection map).
Since m, A* is an operator from half densities on R x X x X to half densities
on R its Schwartz kernel, k,_,.,is a half density on R x X x X x R. In the following
lemma, identify R x X x X x R with (R x X) x (IR x X) via (¢, x, y, s) — (s, X, t, y).

Lemma 6.2. k,, 4. = k4, kyy being the Schwartz kernel of the identity map.

Proof. Both k, 4. and k4 can be viewed as multi-linear functionals on
C*(R, Q) x C*(X, Q) x C*(X, Q) x C*(R, Q,).

It is clear that they are identical with the multi-linear functional given by the
pre-Hilbert structures on C*(X, Q,) and C*(R, 2,). Q.E.D.

Let I' be the conormal bundle to the diagonal in R x X x R x X. We will
show, as we did above for C, that both the half-density bundle and the Maslov
bundle of I are trivial. To see that the first of these assertions is true, note that the
projection map n: I'-> T*(R x X)\0, n(t, 7, x, &, x, =&, t, —1)=(t, 1, x, &) is bi-
jective and set

o =n*ldt Adt ndx AdE|? (6.3)

a nowhere vanishing half density on I

The Maslov bundle of I' is trivial since I' is a conormal bundle; however, it
will be helpful to see explicitly why. Over any coordinate patch, I is describable
by the phase function

Y=(x—y) - E+(t—9)t. (6.4)
It is clear that any two such ¥’s are equivalent; so the set of all such ¥’s determines
a unique non-zero constant section of L.
Lemma 6.3. k, ,.€I°(R x X x X xR, T') and o(k,_4)=0".

Proof. Both these statements are well-known for k4. See, for example, Hor-
mander [17], Section 4.

Going back to (1.10) of Section 1 we have
Ulx, y,0)=Y e""e;(x)e; (v)

where e;e C*(X,Q,) is the j-th eigenfunction and u; the j-th eigenvalue of Q.
Setting x =y and integrating over X we get
Ze—iu,t<ej’ ej>L2=Ze—iu,-t;
so this proves
Lemma 6.4. ) e~ "'=n, 4*U.
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We are now in position to apply the clean intersection theory of Section 5.
To do so we need to know that the fiber product diagram

Me—r
J (6.5)
T*RxXxX)e——C

is clean. The map of I'"" into T*(R x X x X) is an embedding, and the image
consists of the points {(t, 7, x, £, x, —&)}. To apply Theorem 5.4 we need to know
this intersects C cleanly. By (1.15) the intersection is the set of all (T, x, &) for
which @7 (x, &) =(x, &), i.e. the fixed point set of ®”; and by definition, I intersects
C’ cleanly if and only if this fixed point set is clean. Suppose the fixed point set is
a d-dimensional submanifold of S* X. d is the excess in diagram (6.5); so com-
bining Theorem 5.4, Lemma 6.3 and Lemma 6.1 we get

d_1
n A*Uel® *(4,),
where
AT: {(T; T)? TGIR—}'
d_ 1
By definition, I? *(A;) consists of scalar multiplies of the distribution
1] ©d4-1
-Z?gs 2 eist=D g (6.6)

plus similar distributions of lower order. The coefficient of (6.6) is the symbol of
n,4*U. By Theorem 5.4 this is equal to a(k,_4)°o(u). The half-density part of
this 1s easily computed to be

d—1
s 2 yfds[eTdy, (6.7)

(just observe that (4.2) is a special case of Lemma 5.2 with I' equal to the diagonal
and A equal to graph P).

To compute the Maslov contribution to (6.9), represent U(t, x, y) locally by
oscillatory integrals (1.17) with phase functions of the form

o(t,x, y,n)=x(t, x,n)— <y, ). (6.8)

This can be done by taking y(t,, x, 1) as the generating function for the canonical
transformation @, that is .

graph(¢‘°)‘l={<( dxx(t:;x,n))’(dﬂX(t:;’x’"))); x,nelR"}, (6.9)

and then taking y for nearly ¢ as the solution of

d,x(t, x,n)+4q(x, d, x(t, x,n))=0. (6.10)

5%
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If we do this near a period t,=T then the leading term in (1.25) is equal to a
positive constant times e*™/*a, where s is equal to the signature of the matrix

iy ddy dydy
d(zx,t,q)q)(t’ X, X, ’7)= drdxX diX d,,dx)(—l . (6.11)
ddy d.dy—1 diy
One can choose the local coordinates such that at the periodic point one has

0/0x,=H, and 0/0&, is tangent to the cone axis. Differentiating (6.10) and the
equation q(x, d, x(t, x, n))=q(d, x(t, x, n), ) it follows that (6.11) has the matrix

0 0 -1
0 0 O
-1 0 0

on the space spanned by 0/0t, 6/0x,, 0/d¢,, and that the vectors 0/dx;, 0/0¢;
for j>1 are orthogonal to this space with respect to (6.11). So s is equal to the

signature of the matrix
iy dd.y—1I
= x x 6.12
0 (dxd,,x—l d2y ) (6.12)

restricted to the space spanned by d/0x, 0/0¢; with j> 1.

Next we have to investigate the Maslov factors picked up by the amplitude a.
Let ¢;=x;—<y,n>,j=1,...,J be a sequence of phase functions of the form (6.8)
related to a chain of neighborhoods in C”" along the H,, . ,) solution curve; denote
the corresponding amplitudes by a;. Let t;, j=1,...,J—1, be times at which the
curve is in the intersection of the j-th and (j+ 1)-th neighborhood. Using Hor-
mander [17, p. 148] we have at time ¢;:

aj,, =i%(sgnd,2,(pj—sgnd,27¢j+1) a; (613)

modulo positive factors, so the amplitude picks up the factor i* with

J-1
k=) (sgndlop;—sgndlg;. ). (6.14)
=1

J

Now d} ¢, =d2y;, an‘d according to (6.9)

2
{(d" ¢ 5”);5nelR”}=(d<D‘f)“1(V)

ox
0

) ;0x= 0}, that is, V' is the tangent space
to the fiber in T*X. Denote by H; the “horizontal space” {(

where V denotes the “vertical space” { (

ox
55)’ 5£=0} for the

local coordinatization of X used in the j-th local representation of U(t, x, y). Then
(d®')~' (V) is the graph of the linear mapping d? y;: V— H;, and it follows that

dl y;=—Q(V, H;; (d®') (V)
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in the notation of [12, Section 2]. Using [12, (2.10) and (2.13)] it follows that

Ssgnd} o, —sgnd2 ¢, ;)
=3 {sgn O(V, Hj; (d®")~'(V))—sgn Q(V. H;, 13 (d9") " (V))}
= —s((d®")" (V). Vi H,, H,, ) =s(H,, H,. ; (")~ (V), V).

j+1

This integer in turn is equal to the Maslov-Arnol’d index of the loop consisting
of an arc y; of Lagrange spaces going from (d®")~1(V) to V transversal to H ;
followed by an arc y] of Lagrange spaces going from V' to (d®')~1(V) transversal
toH;, ;.

Denote by 6; the curve (d®")~' (V), t running from t;_y to t;, o, the same one
for ¢ running from O to ¢, and ¢, this curve for t running from ¢, _, to the period T.
By construction J,(t) is transversal to H; for te[t;_,, ;] and we can arrange that
d,, 8, both are transversal to H, = H,. Write J for the curve (d®')~! (V), t running
from O to Tand ¢ for the curve 6,09, _; oy, 00, 100007 07 00;.

(6.15)

Because the loop y;od;07;_, is contained in the contractible set of Lagrange
spaces transversal to H; its intersection number with any Lagrange space H
vanishes. Because d,, v;_,, 7, 0, are transversal to H, it follows that the inter-
section number [¢: H,] of the curve ¢ with H, vanishes too. On the other hand
[e:H]= jj} [yi oy, H1+[0: H]=k+[0: H,]. Weconclude that the symbol
of m, 4* Uis equal to (6.7) multiplied by

¢ 2[5 H]~dsgn @) =i~ er- e (610
if we write
o=[0: H]+ind Q—(n—1)
=[d: H]+3 (rank Q —sgn Q)—(n—1)
=[d: H;]—%sgn Q—% nullity Q,

and note that nullity Q=d —1.

This completes the proof of Theorem 4.5. The integer ¢ appearing in the ex-
ponent of i can be identified with the Morse index for periodic geodesics in the
following case. Assume that dq is positive definite on Ker d.q at points (x, &)
on the orbit of the periodic H, solution curves. This means that the sphere g=1

in the fiber is strictly convex (aqs a boundary of the ball g<1) at these points (x, £).
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1
Taking p=q™ for some m>1 it follows that dp is positive definite and o H,is

related via the Legendre transformation to the Euler-Lagrange flow for a varia-
tional problem with finite index (see [12]).

1 - -
Denoting the — H, flow by @', the matrix of (d9")~! on the space spanned by
" : 1 ety .
R H, and the direction of the cone axis is of the form ( 0 Cl ) with ¢ >0. (Note
m

that @' =" on $* X.) If &7 is represented as in (6.9) with a generating function 7,
then ind Q =ind Q + 1 if we write

Q—( dzy d,,dxz—l)
B ddy—1 d}y

and T>0. So 0=[6: H;]+ind 0 —n and according to [12, Proposition 4.6 and
formula (4.5)] this number is equal to the Morse index for the variational problem
with periodic boundary conditions. This identification was suggested to us by

the expansion of Colin de Verdiére [7] who used the trace of the heat operator
rather than the wave operator.

n lRZn

7. The Proof of Theorem 5.4

We begin by considering oscillatory integrals of the type considered by Hor-
mander in [17], i.e. integrals of the form

p(x)={a(x,0)e*>* do (7.1
where a(x, 0) and ¢(x, 0) are smooth functions on X x R" with the properties

(1) @(x, 0)is homogeneous of degree one in 6 and d¢ +0.
(2) a(x,0)=0 near X x {0} and is homogeneous of degree d+(n—2N)/4
for 6 large.
Finally there is a third condition which Hérmander imposes on ¢
3 12 a"’ (x.0)=0 then at (x,0) the differentials d( 09 ) veond (a—"’> are
00, 00y

linearly mdependent.

. 0 .\ .
Let C, be the set of points where-a—(—g~———0. Then condition (3) implies that

C, is an n-dimensional submanifold of X x R" and that the map
C,T*X,  (x,0 -2 (7.2)
0x

immerses C, as a Lagrangian submanifold, 4, of T*X. I‘(X, A) is defined to be
the space of all distributions which have a local representation of the form (7.1).
The symbol of (7.1) is defined as follows. Let d. be the density on C, obtained by
pulling back the delta function on R via X x R¥ »>R", (x, 0)—»(/)0 The half
density part of the symbol is the image of

_N
Q2m)~"(2mi) 2 ay/d;
with respect to (7.2), and the Maslov part is the section of L , determined by ¢.
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For our purposes we need to consider distributions of the type (7.1) satisfying
(1) and (2), but with (3) replaced by a weaker “cleanness” condition, to wit:

(3y C, is a submanifold of X x R" and at each point of C, the tangent space

is the space of vectors annihilated by d( gg)l )’ ~~-»d( (fg; )

Suppose that the dimension of the space spanned by these differentials is N —e.

Lemma 7.1. The map C,— T*X defined by (7.2) has as its image an immersed
Lagrangian manifold A= T*X and the map C,— A is a fiber mapping of fibei

dimension e. Moreover the distribution u(x) defined by (7.1) is in [ (X, A).

Proof. To see that the image of C,, is a Lagrangian manifold, we apply Lemma
5.3 of Section 5 with A replaced by A=graphde and I' replaced by the normal
bundle to the graph of n: X x RY — X, which we will denote by H. It is simple to
check that the fiber product diagram (5.5) of Section 5 is clean if and only if (3)
holds. To prove the last assertion we write (7.1) in polar coordinate form. Set
0=sw with weS¥~!. Then

ux)=[s*a(x,w) e**> “dwds where k=d—1+(n+2N)/4. (7.3)

We can assume that a(x, ) has its support in a coordinate patch (on S¥~1),
hence that when the integrand in (7.3) is non-zero, w is in a compact subset of
RY "' The “polar” critical set C,, in X x R¥~" is defined by the equations

0 0 0
0=0, 20 % _p ., -2 o (7.4)

9
Cw, dw, » Jwn_g

By (3) the differentials of these functions are the defining equations for the
normal space at each point of C;,. By a change of coordinates we can assume that
the first N —e of these differentials are linearly independent, and that

o o _
do,d ((7(01 ), ...,d( G, ),d(o,, codoy_y, [1=N-—e,

are linearly independent. This implies that C;, is locally defined by the first /
equations of (7.4) and that C;, intersects the surface w,=const, w,, , =const, ...,
wy_;=const transversally. Let o’ denote the first /-1 coordinates and w"” the
remaining e coordinates. Then for " =¢, the function ¢(x, w"”, ¢) is a non-degen-
erate phase function on X x R'~! (in Hormander’s sense), and its critical set is
just the intersection of C, with w” =c. So in particular its associated Lagrangian

@
manifold in T*X is A. Now write

p(x)=(f s* a(x, o, ") 0> - ) o) dw". (7.5

d+s . .
For fixed w” the inner integral is in [ 2 (X, A); therefore, so is p itself.
To compute the symbol of (7.5), identify the compact subset of R'~! where o’
is defined with a subset of §'~! by stereographic projection and set §’e R equal

-to sw'. Let
A, (x,0)=sa(x, ', »")
and
Qo (x,0)=sp(x, ', ®").
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Then the symbol of (7.5) is equal to
[0, do" (7.6)
where o .. is the image of the half density

N—-e
(zn)—"(zni)“( 2 )a .

w

dc,.

w

with respect to
doy): C,o— A

This symbol can be described more intrinsically as follows. Let A be the graph
of dg in T*(X x R¥)~0 and let H be the conormal bundle to the graph of =:
X xR X in T*(X x (X x RV))~ 0. Let « be the half density a }/dx df pulled
back to A. Identify H with the subset, {(x, &, 0,0)}, of T*(X x RY) and let f=
(Ydxn di)]/d_é. By assumption A and H intersect cleanly, so by Lemma 5.3 the
composite half density, foo, on A=H oA is well defined.

N—e

Lemma 7.2. (7.6) is equal to 2m)~" 2ni) 2 Poa.

Proof. When e=0 this is just a paraphrase of the formula above. If ¢, is
independent of w” the equivalence of the two terms reduces to the case e=0. The
general case can be reduced to the case where ¢, is independent of »” by Hor-
mander [17], Theorem 3.1.6. (An inspection of Hormander’s proof shows that it
applies to families of phase functions.) Q.E.D.

We now proceed to the proof of Theorem 5.4. With the notation of
Theorem 5.4, let uel¥. Represent u and k by oscillatory integrals:

k(x, )= al(x, y, 0) e'*> > do,

u(y)=|b(y, &) e 9 dé.
Then K - u is represented by the oscillatory integral

Kpu(x)={ a(x, y, 6) by, &) €0t » 0¥ 9 49 4 dy. (7.7)

We claim that this is in I" 2 (X, I" o A). The proof is practically identical
with the proof of Theorem 4.2.2. in Hormander [17], so we will just sketch its
main outlines. The integral (7.7) is of course an oscillatory integral in the phase
variables (&, 6, y) but neither its amplitude nor its phase function satisfy (1) and
(2). In the first place the amplitude and phase function aren’t homogeneous in
w=(&, 0, y), for |w| large and in the second place they are not even homogeneous
in (&, 0) alone for |£|+0| large (i.e. there are problems when 6 is close to zero or
¢ is close to zero). The first difficulty can be handled by using polar coordinates
like in the proof of Lemma 7.1. To handle the second difficulty note that the critical
set of ¢ + with respect to w, is the fiber product of C, and C,:

Cw‘— (‘:w v
|

v
T*Y ——C

@
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This set can’t contain (&, 6) with either & or 0 equal to zero since this would contra-
dict the assumption that the projection of I on T*Y and I""o A don’t contain zero
vectors. Therefore we can assume that there exists a constant K>0 such that

1
K N
01<|Cl<—— 10l

on a neighborhood of the critical set of ¢ + 1. Off this set, the integrand of (7.7)
can be made as smooth as desired by integration by parts, and on this set ¢+
is a clean phase function in the sense of (3') as long as |&]+ 0] is large, so we can
apply Lemma 7.1. (For further details we refer to Hérmander [17], Section 4.2.)

To compute the symbol of (7.7) we will need first to make some general ob-
servations concerning composition of canonical relations. Let C, < T*(X x Y)~\0
and C,cT*(YxZ)~0 be Lagrangian manifolds. Assume they are properly
situated with respect to each other in the sense of Theorem 4.22 of Hérmander [17].
We will say they intersect cleanly if C} x C, intersects cleanly the set of points
{5, & vn,y,m, 2,7} in T*X x T*Yx T*Yx T*Z. This means that

A" «——— fiber product

| |
| !
T*HX xYxYxZ)e——C, xC,

is a clean diagram in the sense of (5.5) where 4 is the normal bundle to the diagonal
in TH(XxYx YxZ)x X xZ). By Lemma(5.3) CjoCy=40(C;xC,) is a
Lagrangian submanifold of T*(X x Z). It is just the set of all (x, &, z, —7) such
that 3(y,n) with (x,& y, —n)eC; and (y,1, z, —y)e C,. Given half densities o,
and ¢, on C; and C, then by Lemma 5.3 we get a half density on C, o C, which
we will call the composite half density and denote by o, °0,. We leave it as an
exercise to show that this composition is associative in the following sense

Lemma7.3. Let C,cT*(X xY)\0, C,cT*(YxZ)~0 and AcT*(Z)\0.
Assume C,, C, and A are all properly situated with respect to each other and all
intersections are clean. Then

(CioCh)oA=Clo(ChoA) and (0,°0,)c0=0,°(0,°0)
for half densities g, 0, and ¢ on C,, C, and A.

Now let I be the graph of do in T*(X x Yx R") and A be the graph of dy in
T*(Yx RM). Let H, be the normal bundle to the graph of 7: X x YxRY — X x Y.
(Hpisin T*((X x Yx R")x X x Y))and let H , be the graph of n: Yx R™ — Y. Let 4,
in T*((X x Yx Y)x X), be the normal bundle to the diagonal. Let ¢, be the half
density on 4 obtained by identifying A4 with T*(X x Y).(Compare with Lemma 6.4.)
Then I"'o A=A"o(I" x A). Moreover if « and p are half densities on I' and A,
wof=0,0(xx ).

Consider the half densities z(x, y, 0)}/dxdydf on I and b(y, &)Y dydé on A.
One way to get a half density on I'"" o A is to take the product half density on I x A,
apply H, x H, to it to get a half density on I'" x A then apply 4 to get a half density
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on I"oA. By Lemma 7.2 this is the half density associated with the integrand
of (7.7). The other possibility is to apply H, to the half density on I (which by
Lemma 7.2 is the symbol of k) apply H, to the half-density on A (which is the
symbol of ) then apply 4 to the product, which is the same as a(k)o a(u). The
assertion of Lemma (7.3) is that these two computations give the same answer,
ie. do(H, x H,) applied to the product symbol on I" x A is the same as H, x H,,
applied to this symbol followed by 4. One small adjustment has to be made in
this argument. The computations of a(k) and a(u) both involve generic phase
functions but the computation of the symbol of (7.7) involves a clean phase
function with excess e; so the factor of (27i) occuring in ¢(K p) is not the same as
the product of the factors occuring in a(k) and o () i.e. we get

o(Kp)=(2mi)

[NIE

a(K) a(w).

Finally a word regarding the Maslov factors. The Maslov factor involved in
(7.7) is sgn(¢p + ). ., and the Maslov factors involved in o(k) and o(u) are sgn ¢y,

and sgn ;.. Therefore the Maslov factor for (K y) is the appropriate composite
Maslov factor in view of (5.8).

Appendix

Suppose the periodic bicharacteristics are isolated, occur with distinct periods,
and satisfy the genericity condition: I — B, invertible, P, being the Poincaré map
of the bicharacteristic y. If ky is the k fold iterate of y this means that I —B_=1—P*
is invertible for all k; so by (4.9) we can determine the numbers

|det(1—i;")l, k=0,1,2,..., (%)

for all k, from the spectrum of Q. To what extent do the numbers (*) determine
the eigenvalues of P ? Being unable to answer this question satisfactorily ourselves
we asked Harold Stark about it and obtained from him the following answer
which he has kindly allowed us to reproduce in this appendix:

Theorem. Let P be a k x k symplectic matrix having no roots of unity for eigen-
values. Then, knowing the numbers det(I — P") n=1,2,3, ..., one can determine

a) the eigenvalues of P of absolute value # 1

b) the eigenvalues of P" for some integer N.

In other words, one can determine the eigenvalues of P of absolute value =1

up to multiplication by N-th roots of unity. Unfortunately, as will be seen below,
there is no simple way of bounding N in b).

Corollary. One can determine a) and b) just from knowing |det(I—P")| for
n=1,2,3,....

Proof. Apply the theorem to (1(; 2)
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§1. The proof of part a) of the theorem is rather easy. Namely, form the “gen-
erating function”:

f= f Hanpn u,=det(I —P").

n=0 n
If a;, ..., a, are the eigenvalues of P, then
1 i ﬁ(1+")t” ! + : !
= a. =
W0 i1 ! I—t T 1—a;t i< 1 —aa;t
m(w) (1.1
T -t

w being one of the numbers on the list:
k
[Tar &=0,1, (1.2)
i=1

and m(w) the number of times it occurs as such a product. We already see from
(1.1) that there can only be a finite number of eigenvalue combinations having
the given p,’s.

Let w, be a number on the list (1.2) of minimum absolute value (w, not
necessarily unique). Suppose wO:Haf', 0;=0, 1. Consider the quotients w/w,,.
These are of the form

[Tae %= []a[](a") = &=0,1. (1.3)
4,=0 0, =1
Let b,=aq, if ;=0, and b,=a; ! if §;=1. Then the numbers (1.3) are the set of all
numbers
[16%, &=0,1. (1.4)

We claim that knowing the products (1.4) one can determine the b;’s of absolute
value = 1. In fact the products (1.4) are all of absolute value = 1. Suppose

by|=-=|b|=1 and [|b,,|....|b]>1.

Consider among the products (1.4) the ones of absolute value =1. These are the
products

[1by  &=0,1 (1.5)
i=1

therefore we can extract these products from the list (1.4); and, in analogy with
(1.1), determine the generating function

Zﬁ(1+b?)t"-
i=1

We also know the generating function associated with the products (1.4) and
comparing the coefficients of these two series, we get

k
YOIT a+b e

i=s+1
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50, again in analogy with (1.1), we know all the products

h
[T s &=0,1.
i=s+1
Among these products the ones of minimum absolute value must be b;’s.

Since each b; is an a; (P is a symplectic matrix so the inverse of an eigenvalue is
an eigenvalue), we’ve located one eigenvalue, say a, of absolute value > 1. Divide
the n-th coefficient of (1.1) by (1+a")(1 +a~") and repeat the argument with the
remaining «;’s. After a finite set of steps all the eigenvalues of absolute value 1
can be determined.

§2. Given real numbers a and b let’s say |a—b|<e(mod 1) if there exists an
integer n such that |a—b —n|<e. Recall Kronecker’s theorem:

Theorem. Let s,, ..., s, be real numbers which are linearly independent over the
rationals. Then, given any set of | real numbers y,, y,, ..., y, and any ¢>0 there exists
an integer N such that |Ns,—y;|<e(mod 1) fori=1,..., 1

(See Hardy-Wright, [15].)

Now suppose there exist two k x k matrices P and Q such that for all n

det(I — P")=det(I —-Q"). 2.1

Let a,,...,a, be the eigenvalues of P and b,,...,b, the eigenvalues of Q.
Assume as in §1 that there are no roots of unity among the a;s and b;’s. Assume
also (an assumption justified by §1) that the a;’s and b;’s are all of absolute value 1.
Let b be a b,. Then by (2.1),

‘Hl—-a

-1
b <2k for all n. (2.2)

Our main result will be:
Lemma. If (2.2) holds then some q; is a power of b times a root of unity.

Before proving this lemma (the proof is a little complicated) let us explain
why Kronecker’s theorem is useful for analyzing estimates of the type (2.2).
Suppose that not only is no g; a power of b times a root of unity, but that the a;’s
and b together form a multiplicatively independent set, i.e. there are no non-
trivial products of the form

aray...aFbm=1.
Then, by Kronecker’s theorem, for every ¢ >0, we can find an N such that
la¥+1|<e and |[bY—1|<e.

Comparing with 2.2 we get a contradiction

—a
[Tt-a¥|_

1-b"

2—¢f
3

for & small; therefore the a,’s and b must be multiplicatively dependent.
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The proof of the lemma will be a refinement of this argument. Consider the
numbers

1
1, 9.=—1—logai, 0=——1logbh. (2.3)

" o2ny/-1 21y -1

The 6,’s and 0 are, of course, only determined modulo 1. Assume that 1,0,0,, ..., 0,
are linearly independent over the rationals, and the other 6,’s are linear combi-
nations of them with rational coefficients. Then, for alli=1, ..., k we can write

!
o P Pij
0,=—+0+ Q.. (2.4)
a 4 jgl q "’
Multiplying (2.4) by n=Ngq we get

1
n0,=p,N0+ Y p;NO, (mod1). (2.5)
j=1

Let u be a fixed integer (which in the argument below will be either O or 1).
Choose real numbers x,, ..., x; such that for each i=1, ...,k for which the p;;s
are not all zero

’ pit
Y pyx,+ P50 mod 1. 26)
j=1 q
(Such a choice of x;’s is clearly possible.) By Kronecker we can choose N =N(e)
so that

’Nﬂ-ﬁ <¢  (mod1) 2.7)
q

and
INO;—x;|<e mod 1 j=1,...,L (2.8)

We will now show that if the lemma is not true (2.2) gets contradicted for this
choice of N and n. First let u=0 in (2.6) and (2.8). Then

nd=0(e) (mod1)
by (2.7) and
nf, =) p;x;+0() (modl)

by (2.7) and (2.8). Suppose that for all i, some p;;*0. Then for all i, 1 —a!=
1—e2™V=1n% is bounded away from 0 by (2.6); however 1 —b"=1—2™V/=10 ig of
order O(e). This contradicts (2.2) for small ¢ and therefore implies that for some i
all p;;=0. Note that for such an i g6,=p,0 (mod 1) by (2.4) so a?=>b", which is
nearly the result we want. In fact the proof of our lemma would be finished if we
could show g divides p;. To show this, let u=1 in (2.7). Then for every i for which
all p;;=0,
n0i5%+0(8) (mod 1) by (2.5,

and for the other 0,’s

: pi
nf,= 3 p,; xj+—;1~+0(s) mod 1.
j=1
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We still have
nd=Nq0=0() mod1

by (2.7). It is clear that for some i, for which all the p;’s vanish p,/q must be an
integer; otherwise as before all the terms in the numerator of (2.2) will be bounded
away from 0 and the denominator will be of order &. This concludes the proof
of the lemma.

To conclude the proof of the theorem, go back to (2.1) and consider the eigen-
values of P" and Q" i.e.

and
b

For sufficiently large r every number in the second set, raised to some power,
equals a number in the first set and visa versa. It is clear this can only happen if
the two sets are identical.
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Note Added in Proof. Colm de Verdiére (Séminaire Goulaouic-Lions-Schwartz 1974-75) has
shown that for P=(— 4+ c¢)* the number ¢ m (6.16) can be identified with the Morse index for periodic
geodesics by writing U(t, x, y) as an approximate Feynman integral.






