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Introduction and Results

Let M/N be a tame Galois extension of number fields with I'=Gal(M/N). By
Noether’s theorem (cf. [N]) we know that the ring of integers of M, O,,, is a
locally free ZI' module. For a character y of I, we let A(s, y) be the “extended”
Artin L-function associated to y (cf. [M2]). Then

A(s, x) satisfies a functional equation

Als, ) =W() A1 =s, 1)

where y is the complex conjugate of y. The constant W (y) is called the Artin
root number of y.

In [M1] J. Martinet showed that O,, is not always a free ZI'-module when
N=Q and when I' is a quaternion group of order 8. Subsequently, in [F5],
A. Frohlich showed that the class of O,,, in this special case, is determined by
the sign of the Artin root number of the irreducible sympletic character of I

We now return to the general case and let CI(ZI') be the class group of
locally free ZI'-modules. Given a locally free ZI'-module X, we denote its class
by (X). Philippe Cassou-Nogués defined a class t(W) in CI(ZI') which is defined
solely in terms of the values of Artin root numbers of sympletic characters (this
class will be defined in §2). After numerous computations by Frohlich et al. (cf.
[F6], [C], [T3] for instance), Frohlich conjectured the result given below which
we prove in this paper.

Theorem 1. (D,,)=t(W), and so in particular

(a) as the Artin root numbers of symplectic characters are +1, (D,)*=1.
(b) the only obstructions to the vanishing of the class of O, are the signs of
the Artin root numbers of symplectic characters.

Corollary. If further |I'| is odd then O,, is a free ZI'-module.

* The work for this paper was done whilst I received financial support from the C.N.R.S. and the
kind hospitality of the University of Besangon.
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Proof. As I is of odd order, it has no irreducible sympletic characters (cf. 8.1 of
[S]). Thus we deduce firstly that (D,)=1 and secondly that the group algebra
QT satisfies the Eichler condition i.e. no simple component of QI is a totally
definite quaternion algebra. So, by Jacobinski’s Cancellation theorem, (cf. Sect. 3
of [F3] for example) we know that ZI" possesses the cancellation property, and
thus O, is a free ZI'-module.

Remark. For example of groups where (W) is not 1 see §14 of [F1], [F6] and
[C].

In Sect. 2 we give Frohlich’s description of CI(ZTI') and of his representative
for (D,). Then, using an important new logarithmic approach given in [T1], we
explain the strategy of the proof. It is of particular interest that in the proof,
when we apply this logarithmic method to the Gauss sum homomorphism, we
obtain remarkably simple and beautiful results (cf. Theorem 5). Sections 9 and
10 of this paper are, in essence, concerned with checking the torsion that is
thrown away by the logarithm.

I would like to express my warmest thanks to A. Frohlich for the interest he has shown and the
encouragement he has given me in my research.

1. Notation

Q is the field of rationals and Z is the ring of integers. Q is the algebraic closure
of @ in the field of complex numbers. For a number field Lc @, we write Q,
=Gal(Q/L) and we denote the ring of integers of L by O,. If [ is a rational
prime number, then we let @, be the field of I-adic numbers and Z, be the ring of
l-adic integers. We write L,=L®¢q®Q, and O, =0, ®;Z,. We denote the Jacob-
son radical of O, by r; and we put

UF@ZDt, Q,zli_mirL,.
L<Q@ L<@
Then U, and £, are Qp-modules in the natural way. Likewise we define O*

=lim OF. If S is a finite set of rational prime numbers we define Ug=[] U,.
leS
Suppose now that I' is an arbitrary finite group. We denote the Grothen-

dieck group of virtual characters of I' by R,. We shall always denote the
identity character of I' by ¢. If yeR,, then it is well known that the central
function ¥"(x), which is defined by Y"(x)(y)=x("), for yeI' and n a positive
integer, is in fact a virtual character of I' (cf. 9.1 of [S] for instance). The
Y": Rp— R, are known as the Adams operations.

Now let 4 be a sub-group of I. Then we have the induction and restriction
homomorphisms

Ind{: R,>R, Resf:R.—R,.

If 4 is normal in I' and if « is an abelian character of 4, then for yelI" we
denote by o’ the abelian character given by a’(8)=a(ydy '), for de4.
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Next we suppose we are given a surjection u: I'— X, Then composition with
u yields an injection Infy: Ry— R, which we call inflation from X to I'. Let
verg: I'**— X be the transfer from I'*(=T/[T,T]) to 2. Dually, if a is an
abelian character of X, we may view « as a character of 2°*, compose this with
vers. and inflate from I'® to I'. We denote the resulting character (the co-transfer
of a) by v} a.

If y is a character of I' we denote by L(y) the field obtained by adjoining to L
the values of y. Similarly, if m is a positive integer, then L(m) is the field obtained
by adjoining the m'™" roots of unity to L.

Next we choose a rational prime [, and we denote by Hom, (R, U) the
group of homomorphisms from R, to U, which commute with @, action. Here
we view ©, as acting on R value-wise.

Let x be a character of I' which is afforded by a representation
T: I'>GL,(F). We denote by det(y) or det,, the abelian character given by
composing T with the determinant homomorphism GL,(F)— F*. We then
extend det to a group homomorphism on R, by Z-linearly and we extend T to a
ring homomorphism

T: O, I'->M,(L-F®q,Q).
Then, for any xe O, I'*, we write
Det(x) (y)=det (T (x)).

It is immediate that the right-hand side depends only on the character of T. In
this way we view Det(x) as a homomorphism from R, to U,. From Proposi-
tion 1.4 of [F1] we know that Det(x) commutes with Q; action. We denote the
resulting sub-group of Hom,, (R, U), obtained by the various Det(x), by
Det(D,, I'*). Indeed, it is easily seen that Det(It*)=Hom,, (R, U)), where I is
a maximal order of L, I" which contains O, I'*, and so, in particular, the sub-
group Det (D, I'*) is of finite index in Homy, (R, U).

More generally, if S is a finite set of rational prime numbers, then we put
Det(O, I'*)=[]Det(O,, I'*).

leS
Next we consider certain functorial properties of the Det-groups. We sup-

pose AT, then from Appendices VII and VIII of [F1] we have homomor-
phisms

Ind]: Det(D,, 4%)— Det(D, I'*),
Resf: Det(D, I'*)—Det(D,, 4%),
where explicitly for xe©, 4%, yeO, I'*, yeR, peR,
Ind!;(Det (x)) ()= Det (x) (Res? ),
Res{ (Det(y)) (¢)=Det(y) (Ind §).

Let Rq(I') be the sub-ring of R which is generated by those characters of I
which can be realised over @. Following an idea of Swan, Ullom showed that
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Det(D, I'*) is an Rg(I)-module via the rule that for 0eRy(I), xR, xe O, I'*
(0 Det(x)) () =Det (x) (x 6).

(For proof that this multiplication preserves Det(O, I'*) see [U] or [F4]).
Lastly we remark that throughout this paper we shall refer to finite field
extensions of @, as local fields (of residual characteristic /).

2. Classgroups and Strategy of Proof

Let M be any maximal order in QI" which contains ZI', and let CI(I) be the
locally free classgroup of M. Then extension of scalars induces a homomor-
phism CI(ZTI')— CI(9). We shall denote the kernel of this homomorphism by
D(ZT). 1t is well known that D(ZTI') is independent of the particular choice of 9.
Our reason for introducing D(ZT), is that, following a conjecture of Martinet,
Frohlich showed that (D,,)eD(ZT), i.e. O,, becomes stably free over I. We now
proceed to give Frohlich’s description of D(ZTI') (cf. Appendix 11.2 of [F1]).

Let Hom%(Rr,f)*) be that sub-group of Qp-homomorphisms from R; to
O*, whose values on symplectic characters are totally positive. Let S be the set
of prime divisors of |I'l. We view Hom%(Rr, ©*) as a sub-group of

Homg, (R Us) via the diagonal embedding O*<Uy. Then

Homy, (R, Us)
Det(Z; I'*)- Homgg (R, 5%).

2.1) D(@ZIN=

We now wish to introduce a homomorphism which represents the class
() under the above isomorphism (cf. (9.4) of [F1]).
By Noether’s theorem loc. cit. we can find aeD,, so that for all IeS

a-OyI'=D,,.

Let M be the normal closure of M/Q in @, and let {¢} be a right transversal
of Qy in Qq. Then we define 4€Dy, I' by

2.2) A=T(T a7 y~Y).

o vyel

(The particular order in which the above product is taken will be irrelevant
in all our uses of the element A).
Next we define W': Rp— +1 by stipulating that for irreducible y in R,

, Wi(y) if yx is symplectic,
W' (x)= )
W {1 otherwise.

By Theorem 9 of [F1], W'(x”)=W'(y)* for all yeR, weQq. We define the class
t(W) to be that class in D(ZT') represented under (2.1) by the image of W’ under
O*<Ug. Let 1.0 R, —@Q* be the Galois Gauss sum homomorphism associated
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to the extension M/N (cf. [M2] for the definition, and also §3). We may write
= ntr_ »» Where the product is taken over all prime ideals p of N. This makes

sen;e as the local Gauss sum 7, ;=1 for almost all p. We let u: R.—@Q* be the
homomorphism u=Det(A4)- W’ 17 '. From Theorem 2 of [F1] we know that u
commutes with Qq-action and that the values of u are units at S. Thus, if we
identify u with the homomorphism obtained by projecting its values into Uy, we
see ueHomQQ(Rr, Us). Then, by (9.4) of [F1], we have the crucial result that u
represents (O,,) under (2.1).

We now explain how we shall prove Theorem 1.

We identify 4 with its image under Oy I'—>[[ Oy, I’

leS
In the same way, if K is a number field which contains 7 ,, and if [ is fixed

we shall identify 7, ,(x) with its image in K. Thus, for each prime p of N, 7 ,
takes global values, but, henceforth, we consider these values semi-locally.

In §3 for each prime ideal p of N we will construct Qf homomorphisms yp
from R, to the group of roots of unity in @. For a rational prime p we put Yy

- n yv
vlp
In §3-12 we show

Theorem 2. For each leS.
(a) There exists a Galois extension E/Q (with Gal(E/Q) denoted by A) so that

y;~ ! Det(A) [] 1, =Det(2)

pll
or some ze DPﬁ I'*. Here L runs through the primes of E above | and F, is the
L

wild inertia group of Lin E/Q.

(b) Now suppose pkl and put K=Q(p), where pnZ=pZ. Then
Vo Tr,,€Det(Dg, I'*).

Moreover, if p is non ramified in M/Q, then t =y, =1.

We can show, with aid of this result, how we can obtain Theorem 1.

By enlarging if necessary, without loss of generality we may assume E to
contain the p'* roots of unity for all primes p different from ! and ramified in
M/Q. By Theorem 2, if we write y”~! ]—[ y, then the | component of

W’'=1.y" u equals Det(z) for some z=[] zq w1th zgeDet (OF £ I'*). Moreover we
know this to be an Qg-homomorphism, and so for all yeRy, weQq,

Det(z) (x*) = (Det (z) (x))* = Det (z*) (x*).

Thus Det(z)=Det(z), i.e. Det(z) is fixed by all we€q,. Hence in particular,
each Det(zy) is fixed by the decomposition group of £ in E/Q. So, as zy has
tame coefficients in E,, by Theorem 6 in §12, Det(zy)=Det(x) for some
x€Z,I'*. Furthermore, because A= Gal(E/Q) transitively permutes the primes
of E above I and because Det(z) is A-fixed, we deduce that Det(z) is the same as

Det(x x ... x x)eDet([ [ Og, I'*), ie. Det(z)eDet(Z,[™*).
L
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Repeating this argument at each leS, we have shown that the homomor-
phism W'~'.y".u represents the trivial class under (2.1). However, y” lies in the
denominator in the right hand side of (2.1), and so W' and u represent the same
class i.e.

(Op)=t(W).

3. The Local Galois Gauss Sums and Characters

Let M'/N’ be a Galois extension of local fields of residual characteristic p, and
let I"=Gal(M'/N’). We denote by 7. the local Galois Gauss sum associated to
the extension M'/N’, as defined by Martinet in [M2]. We recall that . has the
following four properties:

(3.1) For y, yeRp, 1 (x+¥)=10(0) - 11 ().

(32) I A'<rI", and if yeR, is of degree zero, then

t, ()= (Ind ).

(3.3) If M'>L>N’ with /N’ Galois and A=Gal(L/N’); then for 6eR ,,
7,4(0)=1,.(Inf} 6).

(3.4) If x is an abelian character, then 7.(x) is defined explicitly via:

x Non-ramified. Let Dy. be the different of N'/Q ,, then 0 (x)=yx(Dy) ", where
we view y as an abelian character of N'* via the local Artin symbol.

x Genuinely Ramified. We choose ceN’ so that ¢Oy =f-Dy,, where f is the
conductor of y when viewed as a character on N'*. We let . be the canonical
additive character of N’ given by the composite:

N, Q, - Q2 QL T,

Then we have

(0= xuc™ ) Yyluc)

where the sum is taken over a set of representatives of 0% mod {. It is readily
verified that 7,.(x) is independent of the choice of representatives u and of the
choice of generator c.

Next we define the non-ramified characteristic y.: Rp.— u. This homomor-
phism was first introduced by Deligne in [D], and was subsequently developed
in [FT]. We define y,. on irreducible characters of I'" by

()= (—1)-x(py) if x is non-ramified,
yrio= 1 .+ otherwise.
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Here py. is the maximal ideal of .. We then extend y,. to the whole of R, by

Z-linearity. It is a triviality that y,. is 1 on symplectic characters and commutes
with Qg-action.

Lemma 3.5. Let M'/N’ be a tame extension of local fields, then

Pum-Dr=py Dy - Oy

(This is elementary.)

From now on we suppose all our local extensions to be tame over the chosen
base field N'.

Proposition 3.6. Let A'cI", and let R, then

Vo (@)=yr(Ind} §)

(For proof see Theorem 5(ii) in [FT]).

Let [ be a rational prime number, and let Kerd, . be the R}, ideal of virtual
characters which vanish on those elements of I'" of order prime to l. The crucial
property of y.. (c.f. Theorem S5(iii), [FT]) is that

Propeosition 3.7. For each prime number I,
T () =yr(x) mod £,
for all yeKerd, ..
While, as per Proposition I111.2 in the Appendix of [F1], we can show

Proposition 38. Let L be any number field and let xeO, I'"*. Then for all
xeKerd, .

Det(x) () =1 mod &,.

We now define an adjusted local Galois Gauss Sum t} which has good
properties both with respect to Kerd, and with respect to restriction to the
inertia group I of I''.

Once and for all we choose ceN’ so that ¢cOy. =py. Dy.. Let K'/N’ be tame,
let K'>L> N’ with K'/L Galois and 4'=Gal(K'/L). We choose d.€4’ to be any
element of A4’ whose image in 4'?" coincides with the image of cunder the Artin
symbol of the maximal abelian subextension of K'/L. Then we define

(3.9) =1, -y;' Det(d).
The main properties of t% are given by:

Proposition 3.10. (i) For any yeR,., t1¥.(y) is a unit outside p.
(i) For weQq,

() =15 ()"

(iii) If v is a non-ramified abelian character of I"', then for yeR,.

(V) =15 ()
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(iv) If x is an irreducible character of T, then t¥.(x)eQ(p) (x))-
(v) For each rational prime number 1, t}.(x)=1mod &,, for any yeKerd, ..

Proof. (i) is an immediate consequence of A. Frohlich’s Galois action formula
for t,.. since y,. and Det(d,) commute with €, action (cf. [F2]). (v) is an
immediate consequence of Propositions 3.7 and 3.8.

To prove the three remaining parts, by Z-linearity, we may assume y to be
irreducible. Because I and I'"/I are both cyclic, we can write y=1Ind% a, where
A’ contains the inertia group I and « is an abelian character of 4"

From the inductivity of . in degree zero, we deduce

(3.1 () =14(2)- Tr'(ﬂr'/A')

where p. , is the regular character of /4’ inflated toI”. Moreover, as py. 4 is
made up entirely of non-ramified characters

Tr(pra)=1r(det(pp 4)) = £ 1.
Now from (3.4), t..(o) is an algebraic integer and by Theorem 3(i) of [FT],
7r(a) divides a power of p if « is genuinely ramified, while of course 7,.(x) is a
root of unity is « is non-ramified. So, as y,. and Det(d,) are root of unity valued,
we have shown (i).
Now we show (iii) and (iv). Because det, =v/, a - det(p,. ,). by local class field
theory

det,(¢)=(c) - det(pr4) (c).
So, by (3.11),
Ve 0) TF(0) =y 4 (@) t5(2) - det(pp o) () - Tp-(det (o) 40)-

But by Proposition3.6 y.(x)=y,(®), while we see that if (I": 4) is
odd det(p, ) is trivial, and if (I": 4) is even then det(p,., ) is the non-trivial,
non-ramified character of order 2. Using this one verifies

det(pr'/d') (©- Tp(det(pr,/d,))_—_(_ 1)(F':A')+1
and whence
(3.12) tE()=1%() - (— 1)+,

So, if « is ramified,

(3.13) F=(=DTC Y a@) Y pluch)
umodp,,
where . is the canonical additive character of the subfield fixed by 4’. We now
show (iii) and (iv) in this case.
I''/ 4" identifies as a sub-group X of Gal(Q(«|;)/®@) via conjugation. That this
homomorphism is injective is an immediate consequence of Mackey’s Irreduci-
bility Criterion. Now, since

Vo D=y, e )=y (uc™?)
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for all yeI”, we see that t%(x) is fixed by the subgroup A of X which fixes Q(p).
Now, by elementary Galois theory,

(Qp) (@) =Q(p)- Qo] ).

On the other hand, using Mackey’s Restriction Theorem y|,= Y (al,)’, and
so it is easily verified that oex

Q) =Q(xly-

Thus (iv) is shown. Now let v be as in the statement of the proposition. Then
by (3.12), (3.13) and Frobenius reciprocity

tE(vy) =15 (- v] ) (= 1)+

=(=D)"* L Zaw) g uc?)

since v|,. is non-ramified and so trivial on the units u. This establishes (iii) when
o is genuinely ramified.
Now we take a non-ramified. Then by the definition of t*

th(0)=—a(py) "' a(c) a(Dy) 1= —1

and so (iii) and (iv) are immediate in this case. The proposition is now shown.

Theorem 2(a) will be proved in Sect. 11. We now turn our attention to
Theorem 2(b) and so from now on until the end of §10 we fix a prime p different
from l.

Theorem 3. With the above notation, and putting K=Q(p), we have
t5.€Det(Og, I'"*).

Now we show that Theorem 3 implies Theorem 2(b). Let M, N and I be as
in Sect. 2. Let p be a prime of N, let pnZ =pZ, and let q be a prime ideal of O,,
above p. We denote the decomposition group of q in I', by I;. In the above
theorem we put M'=M,, N'=N,, I'=I,. Then, by the definition of 7 ,, for
each yeR,

() =1r(lr)=yr-(lr) Det(S,) (el =" - of (el ).

Now let 7: Ry — u be the homomorphism yr' Det(d,). Because det, =¢. for
all symplectic characters y of I'"", we see that j is also an Qg homomorphism. Let
Indf.(5) be that Qgp-homomorphism obtained by composing j with restriction
from R, to R,.. Because symplectic characters restrict to symplectic characters,
we deduce that Indf.(§) is in turn an Q¢-homomorphism.

By the above theorem we know t¥=Det(x;) for each l€S. Thus we have
shown

Trp= Ind7.(7)- Ind?(Det(g x)))-

This establishes Theorem 2(b) in the case when p is ramified in M/Q; while if p
is non-ramified, we put 7, ,=y, =1 and the result is immediate.
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Henceforward we shall always be working locally at a fixed p, and so from
now on we shall omit the primes on M, N and T, ie. in the sequel, M/N is a
tame Galois extension of local fields of residual characteristic p.

Types of 2-character

Let HcI be a 2-group, let I be the inertia sub-group of H and let y be an
irreducible character of degree 2 of H. We can write y=Ind¥ o, with 41 and «
an abelian character of 4.

Let py(resp. p,) be the maximal ideal of the ring of integers of the fixed field
of H (resp. of I) and let £e H have the same image as Frobenius in H/I. Then &
acts by raising to the power Np, modp,. Now by Mackey’s irreducibility
criterion we know that of|;#a, and thus raising to the power Np, is a non-
trivial automorphism of order 2 on «/,. Let 2" be the order of «|;. We distinguish
between three cases

Type 1. If Npy=1mod(4), then we say y is of semi-abelian type. (Thus, in
particular, Np,=1+2""1 mod(2").)

Type 2. 1If Npy= —1 mod(2"), then we say y is of inversion type.

Type 3. If Npy=—1+2""" mod(2") with r >3, then we say y is of semi-dihedral
type.

Note that type of y is of course solely determined by y|,. It is also clear that
if y is of inversion type, then, as Np, necessarily has order 2 mod(2"*?), we can
find an irreducible character j of degree 2, of a 2-power tame extension of H (i.e.
of a tame Galois group of 2-power order possessing H as quotient) with &|,
=al; and with ¥ of either inversion or semi-dihedral type, according as Np, =
—12"*Y or Npy=—1+2"(2"*1).

4. Logarithms

In this section we recall various results from [T1]. Let L/Q be a finite abelian
extension which is non-ramified at [, and let H be a finite group of l-power
order, say |H|=I". We denote by F the Frobenius of ! in the extension
L(I™)/Q(I™), and we write B=0; ®,Z,. We define a to be the commutator ideal

Y. BH(1—y), ie. a=Ker(BH— BH). We define y': BH—BH to be the

velH, H]
B-linear map induced by y—y". Then, for r in ty, the Jacobson radical of BH,

we define the map £, via

(4.1) Q-n=—1 ¥ Ty 3 Y

n=1 N a1 N

eEBHRQ,.

(That this series converges [-adically is shown in [T1]). Further, let €, denote
the set of conjugacy classes of H and let ¢5,: LOQQ, H—-L®Q,E,; be the LR Q,
linear-map induced by associating to yeH its conjugacy class in €. We view
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0eRy as functions on €, and whence on L® Q, €, by stipulating that 6(¢(y))
=0(y). We define 8, =¢,-L,. In [T1] it is shown that ,: 1+1,>BEC,RQ,
is a group homomorphism and that for feRy,,

4.2) 0(2,(1 —r))=log(Det (1 —r) (16)- Det(1 —r) (%' 0)~F).

Because such 0 span the dual of BE,®Q, we see that
Ker(2,)>Ker(Det|, ), and whence there exists a unique homomorphism vy
which makes the triangle below commute:

141, -5 BC,QQ,
Det Vh

Det(1 +1p)

In fact, because the index (Homy, (Ry; U)): Det(1+1y)) is finite and, because
the image space of v, is uniquely divisible, we can extend v in a unique way to
Hom,,, (Ry, U)), and moreover, by (4.2), for heHom,, (Ry, U) we know

(4.3) O0(vy () =1log (h(10) - h(—y' O)).

We now quote various further properties of v, from [T1] (cf. Proposition 3.1
and Theorem 4.23)

(4.4.2) vy(Det (BH*))=v,(Det(1+1y)<IBE,
(44.b) vy(Det(1+a))=I¢y(a)
(4.4.c) Ker(vy)n Det (1 +a)={1}.

Let T be the torsion sub-group of Hom,, (Ry, U). From Proposition 3.11 of
[T1] we know that Det(1 +r,)nKer(vy)=Tn Det (1 +rp).
Thus, as Homy, (R, U) is of finite index over Det(1+1y), we see

(4.5) Ker(vy)=2T.
Lastly in this section we show:

Proposition 4.6. Let I be a cyclic group of I-power order, let ¢ be an element of
order | in I, and let v, be the Jacobson radical of BI; then

L,1+(1-0)BNH>Il(1-0)r,.

Proof. First observe that by the Binomial theorem, because ¢'=1, (1 —c)'=I(1
—c) A, for some AeZ<{c).

Now choose xer;. Because y/'(1 —c)=0 and using the above binomial result,
it is easily verified that

L (1-(1=c)x)=—I(1—c)(x+Ax'+yx)
where ye(l —¢) BI. Hence as xer;, we can write

Ll-(1-0x)=—-Il(1-c)x+I(1~c)xy
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with y'er,. So, as r}— 0 l-adically as i— oo (by the Binomial theorem), on using
a standard approximation argument we obtain the result. (Note here we use the
fact that as @, identifies with I, €, itself is a group homomorphism).

5. Reduction to @-Elementary Groups

In this section we show that it is sufficient to show Theorem 3 for Q-elementary
groups. As always we view ! as being fixed and we shall write K=Q(p) and U
=0, ®,Z,.

By Brauer’s Induction Theorem (cf. 12.6 of [S]) we can find Q-elementary
sub-groups 4; of I' and virtual Q-characters 0, of 4; so that

er=2y Ind] 6,
Then, by Frobenius reciprocity, for each yeR,, we have
(0 =TT 73 (nd5 (¢l - 0)).

While by Proposition 3.6, by the inductivity of 7, in degree zero, and using
the fact that for any ¢eR,,

det (Ind}}, ¢)=17 det(¢)- det(p,)*V
we obtain

.1 t#(Ind} @) =14, (4) 1r(p)*" - Det (62V)(p)

where we denote Ind/ (¢,) by p;. However, by Frohlich’s Galois action formula
for = (cf. [F2]), we know t(p,—det p,)e@Q; while from the definition of 7, on
abelian characters we know t(det p,)eK, and further, by Proposition 3.10(i), it
is a unit outside p. Thus if we put

u;=1r(p;) Det(3,)(p;) (= L 1r(py),

()= n 5.0 xl4) Det (1) (0; - xl4)-

then

Consequently, with the notation of Sect. 2, if we suppose that 7% = Det(z,) for
some z;eAA¥, then

()= 1—[ (6;- Det(z;- ui))(XlA‘)
= n Indﬂ,.(Bi - Det(z; - u))(x)
and so l

k= H Ind’ (6, - Det (z,u;))e Det (UT™*).

(5.2) Thus we have shown that in order to establish Theorem 3 it is sufficient to
take I" to be Q-clementary.
In Sects. 6-8 we shall show



Frohlich’s Conjecture for Rings of Integers of Tame Extensions 53

Proposition 5.3. For each Q-q-elementary sub-group A of T, with q different from I,
there exists an integer k so that

% e Det (A 4*).

Proposition 5.4. Theorem 3 holds for all Q-l-elementary sub-groups of I.

We now show that these two propositions yield the theorem. Arguing as
above and using the fact that for some m prime to I, there exist Q-/-elementary
sub-groups of I' 4} and virtual Q-characters 0} of 4 such that

mep= Z Indz;(e;-)
J

(cf. 12.6 of [S]), we deduce that by Proposition 5.4
7¥™e Det (UT*),

and this result holds for arbitrary I In particular it holds for the various
subgroups 4 of I' in Proposition 5.3, and so for such 4 we obtain 1% Det (A A4*).
This, in conjunction with Proposition 5.4, yields (5.2) as was required.

Lastly in this section we note that by Proposition 3.10(ii)

(5.5) tfeHom,, (R, U)

where as usual we view the values of 7} as being embedded in U,.

6. Q-q-Elementary Groups

As in the previous section we put K=Q(p) and A=0,R Z,.

We let I' be a Q-g-elementary group and so we may identify I with a semi-
direct product (C x C')>P, where P is a g-sub-group (¢+1[) and where C (resp.
C’) is normal and cyclic of I-power order (resp. of order prime to lq). We put I
= C'>P and we shall view I as a quotient of I Since the kernel of the ring
homomorphism u: AI'— A", induced by I'> T, is contained in the Jacobson
radical of AT, we see that Xe AUl is a unit if, and only if, u(X) is a unit in AT

If u,: Ar*— AT'*, u,: Det (UIr*)— Det (UI"*) are the natural homomor-
phisms induced by u, then we have a commutative diagram

Ar* —— AT'*

uy

Det (AI™*)——> Det (AT"*)

Now by the above u, is surjective, so, because the vertical maps are surjective,
u, is also surjective.
Since (I,|I"|)=1, we know that UAI" is a maximal order and so it is
immediate that
t¥,€ Det (UI'"*)(=Hom,, (R, U)).
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We choose z'e UT"* with the property that t} =Det(z'). Next we choose ze
ATr* so that u,(z)=2z/, and we put

H(2)=Hom,, (Ry, 1+2).
Proposition 6.1. 3 Det(z) " 'e H(L).

Proof. Let y be an irreducible character of I'. By 8.2 and 8.5 of [S], we can find
4> Cx C' and o an abelian character of 4 so that y=Ind}a.

Let o' be the I-free part of a. We define y'=Ind/|(/). Then y' is inflated from
I'" and y—y'eKerd, .

Now by Proposition 3.8

Det(z)(y)=Det(z)(y') mod &£,
and by passing to the quotient I”
Det (z)(x')=Det () ()
=1t =17
Moreover, by Proposition 3.10(v) since y —y'eKerd, ,
T =1F()) mod &,
thus we see that for all 0eR
1¥(0)=Det(z)(0) mod &,
as was required.

Now we prove Proposition 5.3.
By the above proposition

teH(Q)- Det (UT*),

so, because H(L)) is a pro-l-group and because Det(UI*) is of finite index in
Hom,, (R, U), we obtain Proposition 5.3.

7. Q-l-Elementary Groups

As previous K=Q(p) and A=, ®Z,. In this section we assume I to be a Q-I-
elementary group and so we identify I with a semi-direct product C>I P where
P is an I-subgroup and C is a normal cyclic group of order prime to /. Thus we
have an isomorphism of rings

zZ,C= [] Z[L,19Z,

m||C|

where {,, denotes a primitive m'® root of unity. This in turn, by tensoring, yields
a ring isomorphism

(7.1) Ar=[[A, P

where A, =ARZ[{,] and A, o P is the corresponding twisted group ring.
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Let x be a chosen abelian character of C of order n. P acts via conjugation
on C and thus we obtain an action of P on x(C), the group of n' roots of unity.
We let H be the kernel of this action and we put 4= C>H, A=T/A4. (Observe
that H and A both depend on the order of the chosen character ).

Definition. R (resp. RY) is the sub-group of R (resp. R,) generated by those
irreducible characters of I' (resp. of 4) whose restriction to C is made up of -
abelian characters of order n.

It is immediate that every irreducible character of I' (resp. of 4) belongs to
some R{™ (resp. RY"). Alternatively we can view R{” as the group of virtual
representations of Q(n)oP as a @Q algebra. The direct decomposition (7.1)
induces

Det (Ar*) =[] Det(QIF*)IR(r.,.,
and in the same way we have

Det (A 4*)= [ ] Det (QIA*)le,.).

For the sake of brevity we shall write 77, and tf, in place of t}|ze and
Tilrgn- It is clear from the above work that in order to establish Proposition 5.4 it

is sufﬁc1ent to show tf, € Det (UI™)|ggn, for each n. From now on we shall view
the character x as being fixed.

Using techniques introduced in §5 of [T1], we now reduce the problem to
that of showing 1%, € Det (W 4%)| .

Let u: Homg, (RY, U,)—»Hom!2 (RW,U) be the restriction homomorphism
given by induction of character, ie. if fe Hom, (R}, U), and e R, then

1(f) ()= f (Indj (x)).

It is easily seen that Ind’, maps R} onto R\ (cf. 8.2 of [S]) and so p is injective.
Because A-conjugate characters of 4 induce to the same character of I' it is
immediate that Im(u)<Hom, (RY, U)* where as usual the superscript A
denotes the points fixed by 4

From Proposition 5.14 of [T1] we know that

p(Det (AT*)] ) = (Det(A4*) )"
Thus we now have a commutative diagram

(7.2) Homg, (R, U)=—"— Homg, (RY, U)*

Det (AT™*)|ggn —— (Det(AA*)|ggn) .

We are now required to show that u(tf,) € (Det(2 4%)| R(m)A However, as per
(5.1), for any ye RY

H(TE ) (0) = T (Ind’y (1)) = 75 (%) Det (Det (6,)(p) Tr(p)) (x)



56 M.J. Taylor

and so, since Det(Det(d,)(p) 1 (p)) € Det(A*), it is enough to show that
4 mE(Det (UA*)| Rgo)A- So in fact now we are reduced to showing

(1.3) %€ Det(A A% .

We now wish to pass from homomorphisms on RY, to homomorphisms on
R,. Then, because H is an Il-group, we will be able to apply the integral
logarithmic techniques of [T1]. We will denote the number field K (n), by L, and
the ring O; ®Z, by B.

F will denote the Frobenius of ! in L/@Q. We define the non-canonical
homomorphism for ceGal(K/®)

v,: Homg (RY, U)—Hom,, (Ry, U)
by stipulating that for yeRy, feHom,, (R, U)

W ) =Ff(x7-y).

Let {0} run through a set of embeddings of K@ (n) over Q. We define v to be
the direct product of the v,.

Here x-x is interpreted as a virtual character in RY, in the natural way.
Indeed, because every irreducible character in R’ can be uniquely written in the
form x°-y, with feGal(Q(x)/Q) and y an irreducible character of H, it is clear
that § is an isomorphism.

Now we consider §(Det(U4%)|zwm). We shall also denote by % the algebra

homomorphism ¥: A4—[[BH, which is induced by the characters x°. We

a
remark that B H is the standard group ring of H over B, since by definition H
acts trivially on the values of x. Let beW4 and let T be a representation of H
with character y. Then Tox® is a representation with character x°-y. So by
definition

v,(Det(b))(x)=Det(T(x°(b))) = Det(x° (b)) (x)-
Thus, as ¥(A4*)=[][B H* we see that

S(Det(Q[A*)lR(A",)= [ [Det(B H*),
and hence we obtain a commutative diagram

Hom,, (R{, U)—=— [[Homy,, (Ry, U)

a

Det(QIA*)|Rg., —=— [[Det(B H*).

So, in order to show (7.3), it is sufficient to prove for each o

(7.4) 0, (t% )€ Det (B H*),
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For the sake of notation, by writing x in place of ¥’ we can assume o =1, and we
write v in place of v;. In the sequel, for brevity, we will write % 4, for v(z%,).
Indeed, by factoring out by Ker(x) (which is normal in A4), one sees that there
is no loss of generality in assuming ¥ to be faithful on C. Thus we take the semi-
product in 4 to be direct. Let I’ be the inertia subgroup of 4, let I=I'H and
let D, be the subset of €, given by conjugacy classes of elements of I. Because
H/I and I are both cyclic, by composing our extension with a sufficiently large
unramified, [-power extension of @ ,, we can assume the exact sequence

1>I—>H—H/I—>1

to be split. (For then we will have proved (7.4) with an “enlarged” H, and
whence, by passing to the quotient, for H also).

Similarly, if /=2 and if H has an irreducible character of inversion type, then,
arguing as in the last part of §3, we can enlarge H to ensure H has a character of
semi-dihedral type. (This is a technical trick which will simplify subsequent
arguments enormously.)

In the next section we will prove the following two propositions without
using the hypothesis that H is “large enough” in the sense that H satisfies the
above two properties.

Proposition 7.5. vy (% ,,)€/BD,.

Proposition 7.6. There exists T'e BI* with the property that for all abelian
characters y in Ry,

T4(0)=Det(T")(%).

Now by Proposition 7.6 and by (4.3), we know that 0(v(% 4, - Det(T")~ =0
for all abelian characters 6 of H. Thus we deduce that

Vi (E 4 Det(T)” Nedy(a)®,,Q,.

In order to show (7.4) we will need the following embellishment of Proposi-
tion 7.5.

Proposition 7.7. There exists ze(1 +a)nBI, so that
Vi (% 4 Det(T') ™) = vy(Det ().
First we need the following:

Lemma 7.8. Suppose [H, H] is non-trivial and let ¢ be an element of [H,H] of
order l. We define

g=(1—c)BH=Ker(BH— BH/{c)).
Then
()N BD,=¢u((1-)BI)

Proof. Because c is central in H, ¢ acts in a well-defined way on € via
multiplication, and in particular ¢, commutes with this multiplication. We
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distinguish between 3 types of conjugacy class in H. Type 1: Those fixed by c-
multiplication, Type 2: Those not fixed by c-multiplication and not in D,,
Type 3: Otherwise.

So now let yeBE, with (1 —¢) yeBD,, and explicitly let

y=2Wb c,+XPb_c,+XPb,  c,

where b, €B and the index above the summand denotes the type summed. We
shall show we can take yeBD,. Clearly (1—c)c, =0 for all conjugacy classes of
type 1. Further, as D, is closed under ¢ multiplication and as (1 —¢) yeBD,, (1
—¢)2®b_ c,=0. Thus we obtain

(1 —c)y=(1 _C)Z(3)b03c39
as we required.

Proof of Proposition 7.7. We prove the result by arguing by induction on the
order of [H, H]. Clearly if [H, H] =1, then the result is a triviality. So let Z be
the subgroup of order ! in [H, H] (recall that the latter group is contained in I
and as such is cyclic). We write H=H/Z, and in general, for an object associated
to H, we denote the image under a homomorphism induced by H — H, by the
adjunction of .

So, by our induction hypothesis, we know

(7.9) Vet Det(T') =) = vg(Det(2)

for some zZe(1 4 a)nBI. We may now choose ze BI so that z—Z. As Zel +d it is
immediate that zel+a. Let ¢ generate Z. Then, with the notation of Lemma 7.8,
by (7.9) we know

X=vy(% 4, Det(T'z)~")eKer(LE, — LEH) ®Q,.

We denote Ker(LE&,— L&) by Y. The kernel of LH— LG, (resp. LH— LGp),
Ay (resp. Ag) say,is Y, L(y—03-"90) (resp. Y. L(F—06"'79)). So, because Ay

y,6eH y,6eH
maps onto Ay, on applying the snake lemma to the commutative diagram

0——(1—c)LH LH » LH 0
o
0—— Y » LG, LGy 0

we obtain Y=(1-c)LE, By the above and Proposition7.5, Xe¢y(g)
®Q,NIBD,. Moreover, arguing as above, we can also show ¢y(g)
=Ker(BC,— BCEy). Hence ¢y(g) is a direct factor of BEy (as a B-module), so
that ¢x(a) @Q,NIBE,=1dy(g) thus Xelpy(g)NIBD,, and so by Lemma 7.8,

Vit 4 - Det(T2)~ Vel (1 - ) BI).

Moreover, as c is an element of order [ in the cyclic commutator group [H, H],
there exist o, feH so that c=afa~'p~'. Indeed, as H/I is cyclic, we can
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suppose ffel. Now we note that

Pu((1=c)B)=dy(B—afa")=0,

so because (1-—c)f generates the abelian group (1—c)BI/(1—c)r;, we have
shown

(1 =0)BD=¢4((1—-0)r)).

Hence, for some ae(l —c¢)r,, we have

V(g Det(T 2)~ ) =1 y(a).

By Proposition 4.6 we can find xeBI so that €, (1+(1—c)x)=Ia, and so
taking ¢, of both sides, we obtain

vy(Det(14+(1=c)x)=l¢y(a)=vy(t 4, Det(T'z)~")

which gives the required result.

We recall that the aim of this section is to show (7.4), assuming Pro-
positions 7.5 and 7.6. It follows immediately from Proposition 7.7 and from (4.5),
that for some te¥

(7.10) tym=t Det(T"z),

and, of course by Proposition 7.6, t is trivial on all abelian characters of H. We
wish to show t=1. In order to show this we need:

Theorem 4. Let y be an irreducible character of H. Then y=1Ind¥(x) for some sub-
group @ of H, containing I, with o an abelian character of &.

L If y(1)>2, then we let ¥ be the unique sub-group of H containing @ so that
(¥ : ®)=1and we write va=v4(x) and y' =Ind&(ve). Then order (va|;) <order (al,),

. . , __[-‘: ()] lf l:*:za
(Ia) T/](XX)TA(:{X) _1m0d222 lf l:2’
and for xeBI*

N—F — @ if1+2,
(Ib) Det(x)() Det(x)(r)~"=1mod, o)

IL If x(1)=2 and if y is of semi-abelian type, then there exists a sub-group ¥
of H so that (H:¥)=(I1:1n¥Y)=2 and an abelian character A of ¥ so that x
=Ind#(A). We write v A=0(A) and ¥ =Ind¥(4%). Then vA(o)=A(a?) for cel,

(ITa) hay)-thE-v ) F=thEy) (- vA?)F
and for xe BI* we have the congruence mod2 £,

(IIb) Det(x)(x) Det(x)(v4)~F = Det(x)(x') Det(x)(vA*)~F.
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IL If y(1)=2 and if y is of inversion type, then there exists an irreducible
character j of either inversion or semi-dihedral type on H, with ¥=Indg(&) and
&*|;=al;. Then for some w€eQq, which fixes L (pointwise)

(IlTa) i+t (xy) " F=1mod(4)
and for xeBI*
(I1Ib) Det(x)(7 + 7°)- Det(x)(x) F=1mod22,.

IV. If x(1)=2 and if x is of semi-dihedral type, we put E=L(al|,). For any
abelian character ¢ of ®, we write ¢, for Ind§, and furthermore we will write
&, in place of (ep),. Let 2" be the order of a|;. Then we have the following
congruences mod(4),

2P Tr, (t(x ) — o (x det )F
(IVa) EL\Ta\X X A x
=Y th(xp,) 2" " —th(xdet, )\
P
and for xe BI*
21" Try,(Det(x)(x) — Det(x)(det,)"

=Y Det(x)(¢,)- 2! ="~ Det(x)(det, )"
¢

(IVb)

Here the sums on the right hand side extend over abelian characters of
I/Ker(a?|,) extended to ® (arbitrarily ). Further both sides in IV a are divisible by
2.

We shall prove parts (a) of this theorem in §9 and parts (b) in §10.

Our aim now is to show that for irreducible y on H t(y)=1, using the above
result. We shall argue by induction on the index (I: Ker(y/[,)). First though, we
note that by Proposition 7.6, t(y)=1 if y is abelian. This starts our induction.

So now we suppose that y is irreducible of degree 2. (If I+2, of course this is
vacuous). First we take y to be of semi-abelian type. Then by Ila and IIb we
deduce

t)twA) - F=t()t(vi*>) Fmod2L,.
Since vA|; .y =4%|;.y, then by our induction hypothesis,
twd)=t()=t@wi?)=1.

And so, since the torsion elements of U, are all distinguished mod28,, we
deduce t(x)=1, as we required.

Now we take y to be of inversion or of semi-dihedral type. It is immediate
that x- Ind(x —¢z)eKerd,, and so by Proposition 3.8 and Proposition 3.10(v)

t(Ind5(x—¢))=1mod £,.
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However, Ind5(eg) is the sum of two abelian characters and so we deduce that
(7.11) t(y)=1mod L,

and thus t(y) is of 2-power order.

Now we observe that t%(xy) and Det(BI*)(x) are both contained in L(x|,)
®Q,, (cf. Proposition 3.10(iv)). Whence, because the only roots of unity in
Q(x|;) are seen to be +1, we see that t(y) has order at most 2.

Next we specialise to the case when y is of inversion type only. We let 7 be as
in the theorem above. From 111a and IlIb we deduce that

1G+7°)=t(;)F mod2 2,

Since * and the elements of Det(BH*) are 2; homomorphisms, we know that
t(F*)=t(¥)*, and further, as w fixes L with t(}) of order 2, we know t(})®=t(}).
But a priori, as § is of inversion or semi-dihedral type, t(¥)*=1, and so we
deduce t(y)=1.

Now we take y to be of semi-dihedral type. Then by IVb we know that
mod (4)

21 Trg (67 E,(0) =t~ 1 % 4(det )*
=Y 1711,(¢,)2" "=t (det(e,))"
¢
However, by our induction hypothesis we know that t(¢,)=1; while
t(det,)=t(det(e,)) =1

since t is known to be trivial on abelian characters. Now we subtract the above
congruence from IVa and we obtain:

2177 Trg, (100~ = 1) 1,4(0) =0mod(4).

However, we have already seen that the two torsion of (L(x|,) ® @,)* is the same
as that of (L®@Q,)*, and so we obtain

2177t~ = 1) Try(E4(0) =0mod (4).

Moreover, because the left hand side of IVa is known to be divisible by 2, while
T (x det,) is a 2-unit. we must have that 217" Try, (T 4(x)) is a 2-unit, and so from
the above we deduce t(y)=1, as we required.

Lastly we suppose that y has degree >2. Then by Ia and Ib we obtain the
congruence

N F 0 if [£2,
ot =tmed, ey

However, we know that Ker(x'|;)2 Ker(x|;) and so, by our induction hypothesis,
we deduce that t(y')=1 and whence t(y)=1.
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8. Logarithm of the Gauss Sum Homomorphism

Our notation is the same as in the previous section.

Let A be the maximal abelian sub-group of 4 which contains both C and I,
and let Z=AnH. Let D (resp. G) be the subfield of M fixed by A (resp. A4).
Following [T2] we define T,eZ[{,] A by

T,= Y (uM/D)ypuc!

umod*pp

and, denoting the maximal abelian extension of G in M by M?,

T,= Y (0.M®/G)ygve

vmod*pg

(Here (—,M/D), (—, M“*/G) are the normal Artin symbols).
For x, yeQ*, we shall say x~y if xy~! is a root of unity.

Proposition 8.1. (i) For all «€R 4a,, fER,
Det(T,)(o) = t5as (@) =5 (2),

(i) For all yeR, Det(T3)(B)=4(B).

Det(T,)(x) ~ 5 ().

Proof. First we show part (i) for T, and 4® (the proof for T, and A being the
same). Clearly it is enough to establish the result when « is an abelian character.
If a is genuinely ramified then the equation follows immediately from the
definition of the Galois Gauss Sum on abelian characters. So now we suppose «
to be non-ramified. In the proof of Proposition 3.10 we showed that for such
o,7%(a)= — 1. However, because « is non-ramified

Det(T5)(«) Z‘//G

Thus, as y;(— - ¢~ ') defines a non-trivial additive character on O;modpg;,
we see that the right hand side is — 1 as required.

Now we show (ii). By Z-linearity we may assume y to be irreducible. Thus
we can write y=Ind3(B) with >4 and f an abelian character of Q. So since
T,eNA,

Det(T,)(x)=Det(T)(x|4)

and by Mackey’s restriction formula

= [ Det(T)(B"])-

yed/Q

Now from part (i) we know

Det(T,)(f"] ) =1%(B"1 1)
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and by (0.8) in [DH]

TH(B )~ TH(B) Y.

Moreover, by the inductivity of 7 in degree zero, together with the fact that I’
< Q, t¥%(x)=1%(Ind3 f”) ~ t5(’), which establishes part (ii).

To obtain the element T’ required for Proposition 7.6, we choose any xeUI’
so that x+— T, under the algebra homomorphism %A — A 4°°. We note that x is
necessarily a unit because the kernel of this homomorphism is contained in the
Jacobson radical of A4 and because by Proposition 8.1 and Proposition 3.10(i)
T, is itself a unit in AA4**. We then let T'=x(x) in BH, and we have now
established Proposition 7.6.

Corollary 8.2. Let SeBX be the image of T, under the composite WA—UA
—*>BH, then

vy (Det(S))=(4: A) vy (T 4(m)-

Proof. By part (ii) of the above proposition Det(S)~! 44 is torsion valued on
R, and whence lies in Ker(vy).

As a result of this corollary. in order to prove Proposition 7.5 it is enough
to show that

(8.3) vy (Det(S))el(4: 4)BD,.

Our aim now is to calculate vy,(Det(S)). To achieve this we first calculate
vy(Det(S)) by means of a standard Fourier Inversion technique, and then we use
the commutative diagram

BI*¥ > Det(BI*) —=— IBE,

|

BH* ——— Det(BH*)— " [BE,,.

n

Here # is the B-linear map induced by X<—H.
Theorem 5. Let vy(Det(S)= ) S,0, with S,eB®Q,. (Note that because X is

oel

abelian, X identifies with €y).
(a) If o¢l, then S, =0.

. -1
(b) If 1+{1}, S, =~ logN¥p,,

(c) If 1%<o)E I, then S,=0.
(d) If <o>=1, then S elB.
(e) For any yeH, S,,=S,.

Proof. By the standard orthogonality result for abelian characters,

1218, =Y 0(vx(Det(S)) 0(c ).

feX
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Here X denotes the multiplicative group of abelian characters of X. By (4.3),
0(vy(Det(S)))=log(Det(S)(6))
—log(Det(S) (¥'(0))")
by Proposition 8.1(i) Det(S)=7 4,, so that
0(v;(Det(S)) =log(t% (I x 0) - Th(—x ¥'(0))")
and so we obtain
(8.4) 2] Su=;10g(1§(119)'Tﬁ(-1'/f’(0))p)9(0“)-
Now we prove part (a); so let o¢l and choose a non-ramified abelian
character o of X which is non-trivial on ¢. By Proposition 3.10(iii),
h(lx0a)=1%(1x0),
T Y0 o) = 7 (x 0 o) = T (x 6.
Hence writing 6« for 6 in (8.4), we get
1215, = 3 log(r5(1x0): 74~ x0) 0o ~)
and so |X2|S,=a(0)|2|S,, which implies S, =0 because a(c)+1.
Next we consider the case when 14<{o)><I. Let i’ be the group of abelian

characters of I of order </, and let {¢,}!=1 be extensions to ¥ of the characters
in u'. Then, because each y;(c)=1, we see that

11218, =Y. 3 log(th(1x0p) T(—x6' ) =) 6o ).
0 i

Now from (0.9,) of [DH] (cf. also (3.8) of [FT]) and by pairing conjugate
characters

1—-1
T x0p) Ti(—+' - 0)~Np 2
while by the Galois action formula for Gauss sums
*(x 0" ~ 1% (x 6"F.
So, because ! is non-ramified, we can write the coefficient fo 6(c ') as

log(t%(}. 1x0pu,—1%'6")

and hence we obtain

1128, Z————ll 0gNp,-0(c—1)=0.
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The calculation for S, - when I {1}, so that u' has order | - is now immediate.
Namely by the above

(-1
l|2|Sl=|Z]-(—2~)longD.

In order to prove (e), we observe that by (8.4)
1Z1S,, =) log(t%(1x0) t%(x6") ~F) O(c )
0

=Y log(t¥(Ix0)-t*(x0)~F) 0" (¢ ).
6

However, for each yeR ,, we know 1,(x y')=1 ,(x) (by the inductivity of ). Thus
we obtain that |X|S,,=|Z|S,.

It now remains to prove (d). This is an immediate consequence of (4.4.a)
(writing 2 in place of H). Theorem 5 is now shown.

Next we calculate the value
vu(Det(S)) =n(vy(Det(S)))

(recall  is the map BE,—BE, induced by X<—H). We shall suppose
vy(Det(S))= Y t.c.
ceCpy
From Theorem5 we see that t.=0, except when ¢=1 or when c¢ is the
conjugacy class of a generator of I. For the case ¢ =1, because 1 in € is the only
conjugacy class to map to 1 in €, we see that, providing I+ {1},

-1
L, =—2—*10ng0

-1 .
Now as D/G is non-ramified, Np,=Np{*, and so, as — log Npg is always |

divisible, we see that t,el(4: A)Z,. (Note we have used log(Z%)=4Z, here). The
singular case ¢ =1 when I ={1} is a special case of the second case, namely when
¢ is the conjugacy class of a generator of /. So now we suppose (o) =1. Because
H/X acts faithfully on I, the elements {¢”}, ,, are all distinct. Hence, by
Theorem 5(e)

1,=(4:1)8,

while by part (d) of the theorem S e/®B. Thus indeed we have shown
vy(Det (S)el(4: A)BEy, as required to show Proposition7.5.
9. Gauss Sum Congruences

In this section we prove Ia, I1a, Illa and IVa. We preserve the notation of
Sect. 7.
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For subgroups @, ¥ of H we write @ =Cx®, ¥'=C x V. If yeR,, then we
denote by xy the external product of characters, i.e. for (¢, p)e C x @

ty(c, p)=x(c)- x(¢).

More generally if ¥ < @, then we see that the maps on R, and Ry, defined by
external product with x commute with restriction and induction. On the other
hand if 0 is an abelian character of ¥ then we see that

vg (x0)=x"% 130,
Proof of Ia. Arguing as in 5.1 of [FT], we obtain the congruence

o) if 142,
20, if I=2.

Te(X0) Ty (x - v2) ~F=1mod

In fact this congruence is proved only for the case when x=1 and under the
hypothesis that va is genuinely ramified. We shall show va is genuinely ramified
below, and we remark that the argument in [FT] extends trivially to &,
because H acts trivially on .

Now, by the inductivity in degree zero of 7, we know
TAX ) =T (X%) T 40 4/97)
Tx) =12 00) T4(p 4p)

where p, 4 and p, . are the regular characters of 4/@" and 4/ inflated to 4.
We note that

7 4( pA/qr) = det(pA/(D')(DG) = det(pA/\p')(DG) = TA(/)A/W')
and so we obtain

n—F — o lf l:':z’
Tx ) T4x)) ~1m0d292 if [=2.

Similarly we see that
det(xy)=x"P (v o - det(IndHe,))

=xHDF @ (va)- det(Inddey)) =det(x )",
and so in order to show la it will be sufficient to show y (xy)=y,(xx)=1. But
since y is non-abelian and irreducible, it is clear that y (xy)=1. Now choose
de ¥~ @. Then by Mackey’s criterion we know o’|,#a|,. We let ord(«|,)=1", and
ueZy is chosen so that o’|,=a“|,. Then it is immediate that u has order

Imod*(I") and that u=1mod(l). Moreover, if /=2, we know that u is a square
since (H:¥)=2; hence u=1mod(8). Thus we can deduce

©.1) u=1+al""'mod(") with (a,)=1,
r=2  if 142,
r=24 if [=2.
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It is now easily calculated that for gel

1

9.2) va(o)= n o) =a' (o) mod(l).

In particular val; has order I"~! and so vo is genuinely ramified, whence y ;(x )
=1. We assume H is a 2-group from now on. Before proving Ila we need the
following:

Lemma9.3. Let Bc AcH with (A:B)=(An1:BnI)=2, let A'=CxA, B=C
x B, let B be a genuinely ramified abelian character of B and let u be the non-
trivial abelian character of A" with kernel B'. Then

v (x - Indf B) = T4 (x- v BIF 75 (10
Proof. Since x-Indj(f)=Indj.(x- B) and because t is inductive in degree zero
t4(x-Indg f)=1,(Indg (x- B))
ey (e B) 4 (1)
=1 (W ZxPuc™ HPpluc?)

where u runs through a set of representatives of the units in N* modulo the
prime. However, as N? /N4 is totally ramified we can choose the u to lie in N4,
Thus by local classfield theory

T (x-Indg ) =1, (1) Zog(xP)uc ™ o(2uc™)
and so because vy (xf)=x?-vap
T (x-Indi B) =1 (W) T 0 (x- v B)F.

Moreover, as tame inertia groups are cyclic and (A n1:BnI)=(A4:B), very maps
inertia group onto inertia group, and thus vy f is genuinely ramified. Hence

Valx-Indg f)=y ()= 4 (x- v5B) =
while it is elementary that
det(x-IndgB)=p x4 B vgf=p-x"- v} p.

Putting together the above equations for 7, y and det then gives the required
equation for 7*.

Proof of11a. Recall that in §7 we assumed the exact sequence
(9.4) 1 >I—>H->H/I-1

to be split. So, with the notation of Theorem 4, we choose ¥ to be a sub-group
of H so that (H:¥)=(I:1n¥)=2. Because H/I acts trivially on | (since y is of
semi-abelian type), we may extend ol ., to an abelian character 4 of ¥. Now,
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by a double application of Frobenius reciprocity and by Mackey’s restriction
formula

(Indg A, Indgey = (A, Indg ¢ (2o e)
= <’1|<Dr\‘l” al@ﬁ‘l’> =1

and so, because Indf(«)=y is irreducible of degree 2, we deduce y=Ind¥(4). By
Lemma9.3

T Thx-vA) T =1h(w)

where p is the non-trivial abelian character of A/¥’ inflated to 4. Because y is of
semi-abelian type, order (4;,4)=4, and so in particular A% is genuinely ramified.
Thus, arguing in the same way, we get

e ) Th(xvA%) T =Th(u),

which then establishes I1a. Lastly, we note that because (I:In¥)=(H:¥)=2, we
can choose {1,0} as a transversal of H/¥, where ¢ generates I. So by the usual
definition of the transfer v¥ i(c)=A(c?), as we required.

Proof ofll1a. Again, since (9.4) is split, we can choose Y@ so that (@:V)
=(I:1n¥)=2. We define 6=Ind¥(d|y), where & is an abelian character of @ so
that &2|,=u/,. (The existence of such an & is guaranteed by our hypothesis on H
in §7). As previous we put j=Ind¥4. It is then immediate that 0 =7+ J 1, where
# is a genuinely ramified quadratic abelian character of 4. Thus, if we(, is such
that o fixes L(a|,) but not L(d|,), then 7*=Ind¥a* and 7u=1Ind% (& pls), and, by
the definition of w, the restrictions to the inertia group I of &° and &- ul,
coincide. So we deduce that 7 and yu differ only by a multiple of a non-
ramified abelian character. Hence by Proposition 3.10 (iii)

©.5) Th(x0) =14 (x 7 +x7°)
and similarly for xeBI*
9.6) Det(x)(0) = Det(x)(7 + *).
By the inductivity of Gauss sums in degree zero, we know
6.7 1,(20)=14(x - Indg(@ly)) 1,(v)*
11 0) = 10(x%0) T4(V) = —v(c ™) to(x )

where v is the non-trivial, non-ramified abelian character of 4. Further, as o and
@ are both genuinely ramified, y(x0)=y(xx)=1. Moreover, it is easily calculated
that

det(x0) =03 (det(x Indp(d]y))),
whence by local classfield theory

det(x0)(c) =det(x Ind(&|y))(c).
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Similarly,
det(xy)=x% vd(x)-v
and

det(x x)(c)=x%(c) - v(c)- x(c).
Thus, as x =2, from (9.7)
T4x0) i) " = — 1 (x- IndE(@ly) th(x )",
Because 4|y, is ramified, we can apply Lemma 9.3, and we obtain
T (x- Indp(@ly)) = 15.(x - v](Ely))" §.(v))

where v, is the non-trivial abelian character of @'/¥' inflated to @'. However, it
is immediate that v§(d]y)=4&2, and since &*|,=«|,, by Proposition 3.10(iii)

T3 (X vp(dly) =15 (x )
and so we have now shown
) ) F=—15(v,)

Let v, be a ramified quadratic abelian character of 4, then by (0.8) of [DH] we
know

(—Th())? = —1§(vy).

But clearly t%(v,)=1mod(2), since v, is of order 2. Thus t%(v,)* =1 mod(4), and
so 111a is established.

Proof of IVa. For any positive integer s we wrtie I for the group of 2°-th powers
I?°. In particular I, is the kernel of a|,. Let # be any abelian character of ®/I,
inflated to @. We denote the non-trivial abelian character of 4 with kernel @' by
u. By the inductivity of 7 in degree zero

T4x- Ind§n) =g (xn) T4(1)
and by Frobenius reciprocity and Proposition 3.6
Va(x - Indgn)=ye (xn)
while y ,(#)=1, since u is non-ramified of order 2. Next we observe that
det(x- Ind¥n)=det(Indg xn)=vg(xn)- 1,
then, piecing the above work together, we have
vh(x - Indfn) =5 (en) - T(n) = — T (xn)

Moreover, we know that

©08) e (- m)=Y 21w Yo luc ™),

u
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Here u is summed over a set of representatives of the integers of the fixed field of
@', J say, modulo the maximal ideal p; of O,, and v, is the canonical additive
character associated to this field. Let k; (resp. k) be the residue class field of O,
(resp. O;). We recall that as y is of semi-dihedral type |ksl=—1+2""'mod?2"
with r23. Thus k;=kg(0) where J is a square root of — 1. In the sequel it will be
convenient to view the abelian characters x#|;. as characters of k¥.

In particular note that if order (n|;) <2, then e.n|; viewed as a residue class
character and restricted to k% is trivial (i.e. vg ecn is unramified). For brevity we
put x, =x¢g4, ¥, =1x¢y.

Let X be the set {1+b6}, for all bekg. By (9.8), because k¥ =k§ - X UkE -0,

9.9) wi(xn) =3 xn(a)yYgac! )(an(x))+2xn(a5

xeX
where a is summed over the elements of k.
Lemma9.10. (i) 2' " Try, (15 (xa) =iz v§o)" (O x,(x) mod(4) where x' is

summed over the sub-set X' of X made up of those elements of X which are 2" -
powers in k*.

(i) Y taxd)=75(x) (Y x,(x))- 27!
¢ x'eX’

where, as previous, ¢ is summed over the abelian characters of 1/1,_, extended to
.

Proof. If { is a 2"-th root of unity of order >2, then Trg,({)=0, while of course

2'="Trg (£1)= +1. Now we observe that (vga)l, is of order 2 and so, by

Proposition 3.10(iv), t*(x-v2a)e L. Thus, on putting n=o in (9.9) and applying

2' =" Trg,,, we see that the lefthand side of part (i) of the lemma is equal to
hEoda)’ (Y xa(x).

x'eX’

However, if x'€X’ is a 2"~ !-st power but not a 2'-th power in k¥, then x'/ is
distinct from x’ and xa(x/)=xa(x’) (Here f is the Frobenius of k,/k;). Thus

Y xa(x)=) x,(x)mod(4).

Now we consider (9.9) when 7 is some ¢. As was explained prior to (9.9). the
v (ec¢) are all non-ramified, so that

(X ) =Tix)" (X 2 (x)) +(Zx1 (@) xp(9).

xeX

We now sum this equation over ¢. By a standard orthogonality result for

abelian characters
Y Y xpx)=2"1 ) x¢(x)

¢ xeX x'eX’

and similarly, as § is not a 2"~ !-st power in k;, Y x¢(8)=0. The lemma is now
shown. ¢
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We now prove IVa. By the work prior to (9.8), on putting n=a,
28 Trg (th(x- Indf o)) = — 2" " Ty, (th(x )
which by part (i) of the above lemma

= —i(x-05)" (L x,(x) mod(4).

Thus the lefthand side in the statement of IVa, Y say, satisfies the congruence
mod(4)

Y = —th(xdet )" —th(xvg o)} x,(x)).

However, detx=vgcx-u with u non-ramified. So, by Proposition 3.10(iii)

Th(x - det,) =¥(x- vg o)
and hence

Y = —th(x-det ) (1 + 2 x,(x)) mod(4).

Now we consider the righthand side in the statement of IVa (which we denote
by Z). Again, by the work prior to (9.8)

Y th(x-$,)20 ==Y th(xg) 2.
¢ )
So, by part (ii) of Lemma 9.10

Z=— Tﬁ(Iz)F(z X, (x)—th(x- dets*)F,

thus as det, is non-ramified
= —th(x,)" (1 + z £, (x)).
Hence, in order to show Y =Z mod(4), it is enough to show

9.11) 1=Y x,(x)mod(2),

9.12) Th(x,) =¥(x - det,) mod(2).

Now (9.12) is an immediate consequence of the fact that det |, is of order 2.
While (9.11) follows from the fact that X' breaks up into {1} and orbits of order
2 under the Frobenius f, together with the observation that x,(x'/)=x,(x).

10. Determinantal Congruences

In this section we prove Ib, IIb, IIIb and IVb of Theorem 4. First we show:

Lemma10.1. Let {X.}, .y be algebraically independent (commuting) indeter-
minates for some finite index set3, and let {{;} be l-th roots of unity. Then for
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some feZ[...X;...],
1
[Tex.O=2xt+1f.
j=1

Proof. 1t is immediate that the left hand side is congruent to XX} modulo (1
—C0)ZIE, ... X;...] (where {, is a primitive [-th root of unity). However, by
Galois theory, the left hand side belongs to Z[...X,...]. and thus the con-
gruence holds mod IZ[...X;...]. as required.

Proof of Ib. Let I ={c) and let xeBI*. We are required to show

if 1
Det(x)(x)- Det(x)(x)~F =1 mod" if 12,
29, if [=2.

So, by Mackey’s restriction formula, this is equivalent to showing

(10.2) [T 0 TT #7(o) va’(x)~F]1=1mod?,.
veH/¥Y eV /D
o
First we consider the product []a’(x). Suppose x= Y x;0', with x,€®B. In the
o i=1
above lemma we put X,=x,x(c') and for a chosen de ¥~ @, {,=a(s ") a(d’).
Then, with the notation of the proof of Ia, we have

ti=(a(c~ ") a¥0))  =a(o)“ D

=a(o)* "V =a(s ) a(5

and whence X,;{J x,0%'(¢"). Thus we obtain

]
a¥(x)= Z x (o) mod ()
j=1

and so by (9.2)
(10.3) =va(x)’ mod(l).

Next we observe that H/@ acts faithfully via conjugation on «(I) and whence
identifies as a sub-group of Gal(L(«|;)/L). (Note the fact that H/® acts faithfully
on «(I) is a consequence of Mackey’s Irreducibility Criterion). Similarly, H/®
maps into Gal(L(va|,)/L), and, because

va(a)=a(c")
1
for N= ) u’/, we deduce that the diagram below commutes:
j=1

H/®=2> Gal(L(x|,)/L)

.

H/® % Gal(L(val,)/L).
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(Here the right and vertical arrow is restriction of automorphism). So by (10.3)
1 ()
I ([Ha‘”(x)] voc(x)‘F) = 1 a+ippe
yeH/¥Y Jj=1 yeH|¥Y

for some integer f of L(x|,)® @,. This then gives the result if / is odd.

If [=2, since L(«|,)/L is totally ramified, f*"’=f mod €, and thus, as (H: V) is
even, we obtain (10.2) in this case aswell.

Proof of IIb. Let y?: BI — BI be the B-linear ring homomorphism induced by
o' —¢g?. Since (I:In¥P)=(H:¥)=2, we can choose {l,0} as a transversal of
H/Y¥ and so, for any abelian character f§ of ¥

(10.4) vg B(o)=PB(a?).

Also, by Mackey restriction,

(Indf}’,ﬁ)l, = Ind;’nl(ﬁll}'nl)z B+ B u

where u is the non-trivial abelian character of I of order 2 and f’ is an extension
of Bly.; to L.

As previous we take x=2Xx;c'eBI* and we apply Lemma 10.1 making the
substitutions X ;> x;0', {;=(—1)". So we obtain

Det(x)(Ind§ )= f'(x)- B u(x)=(Zx; B (@ x; ' (a") (= 1))
by the lemma
=Ex2B(0*) + 2B f(... x;0"...).
So by (10.4) we now have

Det(x)(Ind% B)
Det(x) (vg f)

f(...x;0' ...)+Z%(x,-2—xf)o'2i]
2y

and furthermore as xeBI* Y*(x)FeBI*. To obtain IIb we first put f=41 and

then =12 The result is then a consequence of the congruence A=4*mod ,.

Proof of I11b. We keep the notation of the proof of l1a. By (9.6)

=1+2/3’[

Det(x)(§ + )= Det(x)(0)

which by Mackey restriction

=Det(x)( ¥ &+ ul,)

yeH/®

So we are required to show

(10.5) [T @(x) & p(x)-(x)"F)=1mod 28,.

yeH/®
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Recall p is a ramified quadratic abelian character of A4 and that & has the
property

(10.6) 7%, =al,.

Now we apply Lemma10.1, making the substitution X;—x;0', {;=(—1).
Then, as in the proof of IIb, we obtain

(%) & u(x)=Zx2a@(a?)+28(f(... x;0' ...))
and so by (10.6)

&(x) - &’ p(x)
o(x)"

425 [f(...xiai...)+2%(xi2—xf)az"]

YA
(10.5) is then a consequence of the congruence &=4"mod £,.

Proof of IVb. For ease of notation we suppose that «|, is faithful on I. (We can
assume this by passing to the quotient group H/Ker(af;). As previous let x
=X x;6'eBI*. To prove IVb we shall show

(10.7) 2" " Trg,(Det(x)(x)
=Ix}(=1+ Y 2xx(= 1)

i=jmod2r—!
i>j
(10.8) 2 Y Det(x)(p)=Zx2+ Y 2x.x;
¢ i=jmod2" !

i>j

First we show that (10.7) and (10.8) together imply IV b, then we give their proof.
It is readily calculated that

detx(o') =1 dets*(O') =1
and thus
Det(x)(det,)f = ZxF(— 1),

Det (x)(det, ) =Zx].
IVb is then an immediate consequence of the congruences
+2x;x;=2x;x;mod(4),
= (x} — ) =(x? ~xf) mod(4).

Suppose now that f is any abelian character of &. Then, by Mackey
restriction, Det(x)(IndZ B)= B(x) B(x%), where ée H~ ®. However,

(10.9) xx¢=Zx}e1*94 Y x,x0'°,
i¥j

Note that if 2"~ ' 4i, then Trg(a(c")=0, whilst if 2"~'[i, Trg,(x(c")=2"""a(s").
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Now, because y is of semi-dihedral type with «|, faithful, we know gé=g~1+%""",
Thus, when we apply « to (10.9) and follow this by Trg,, the only cross terms
which give a non-zero contribution are those pairs (i, j) with i=jmod(2"~!), and
furthermore the sign of this term is (—1)¢ =92 ""+J,

Now as i=jmod(2"~!), we deduce that
(i—j)2' " +j=(—i)2' " +imod(2)

and so the sign of the (i,j) and (j, ) terms are the same. (10.7) is now shown.
(10.8) follows immediately from (10.9) and the standard orthogonality result

. _fo if 271 4i,
§¢(a)—{2,_1 if 21}

11. Proof of Theorem 2(a)

Let E denote the compositum of the normal closure of M/@ with the cyclotomic
field Q(|I']) and let A =Gal(E/Q), ® =Gal(E/N).

Let A and a be as given in (2.2). We define the homomorphism y,: R.— u for
each prime p of N above I as follows. Let 4 be a decomposition group of p in
M/N; then, with the notation of (3.9), we put

y,=Ind}(y; " Det(3,).

Here, as always, induction of homomorphism corresponds to composition with
restriction. Then, exactly as in the proof in §3 that Theorem3 implies
Theorem 2(b), we see that y, is an Qf homomorphism.

Now we write 7§ , for Ind/(t}), where 7% is the adjusted Galois Gauss sum at
p defined in (3.9). We choose an extension E of Q, and a dense embedding h:
E— E. We shall write h exponentially. Let € be the maximal ideal of the ring of
integers E and let £ be the inverse image of h on €. We say that € is the prime
associated to h. Multiplication on the left (resp. right) gives the usual action of A
(resp. Gal(E/@,)) on embeddings of E into E.

We denote the maximal tame extension of @, in E by T and we put D
=Gal(E/Q,), P=Gal(E/T).

In order to establish Theorem 2 (a) we will show

(11.1) (Det(4)[]t% ,)'eDet(DI'*).

p|l

Next we recall Frohlich’s norm operator (cf. [F1] Appendix VI for more
details). Let EoG> L. Then we have the homomorphism

Nt Det(DgI'*)— Det(O,I'*)
given by
N g(Det(x))=] [ Det(x?)
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where o runs through a transversal of Gal(E/G)\Gal(E/L). Equivalently, for
X€R, we see that A, corresponds to the usual trace or co-transfer map

N Det(x)(x") =[] Det(x)(x" ).

Let ESM' >N’ and let M’/N’ be tame. Then, because P is normal in D, we
can find a transversal of Gal(E/I\_f’)\D of the form {=; ;w;}, where for each
j {m,;} is a transversal of Gal(E/M')nP\P. We call such a transversal a
distinguished transversal of N’/@Q, with respect to M’. The vital property of such
transversals is that for xe©,, I'*, then ]_[ Det(x™’) lies in the image of the norm

operator form Det(D,, I'*) to Det (D}, I'*), and so

(11.2) [[Det(x™2¢1)eDet(O . I'*).
LJ

Now let {s} be the right transversal of @\ A given in (2.2). Then, by associating
to o the prime of N below that of gh, we can split up the transversal into
equivalence classes C(p) for each prime p of N above I. Thus the (oh)|y for
o€ C(p) are the distinct embeddings of N into E associated to the prime p.

Now we choose a prime p of N above [ and we fix a g, C(p). We write M’,
N’ for the closure of M°°" N°°" in E. Then the {(d h)|y} for ce C(p) are the same
as {(oc,hd|y)} where & runs through a right transversal of Gal(E/N')\D.
Consequently, by multiplying the ¢ on the left by elements of @, we can assume
that the sets of embeddings {o h} and {5, hd} coincide with {d} a distinguished
transversal of N'/@, with respect to M'. By abuse of notation we say that the
partial transversatl C(p) is distinguished at p. So now we assume our transversal
of ®\A to be so that C(p) is distinguished at p for all p above I. Thus, to sum
up, for our chosen #, in general we alter 4 as given in (2.2), since we change the
transversal of @\ A. However, such a change in transversal alters Det(4) only
by some Det(y) for yeI' (cf. Proposition 1.5 of [F1]), and so indeed it will be
sufficient to prove (11.1) with this altered transversal (which we still denote by
{o}). In fact we prove the stronger result that for each p

(1L.3) (Det( [] Zay=1)-tt,")'eDet(O I').
aeC(p)
From now on we fix p. Let I be the inertia group of p in M/N and let be M
give a normal integral basis of M over M! at p. By Theorem6, §4 [F1], we
know that for some B, €O, I'*

(11.4) Taroty=t=(Y b*"a=") B,.

ael

Now we put
A,= ] Ca*y~") and C= [] (Zb*"a™").

P
aeC(p) aeC(p)
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Then, by (11.2), because the o€ C(p) form a distinguished partial transversal,
Det(C)eDet(OI)nDet(TI*) and Det(4,)=Det(C)Det(B)
for some BeOI'*.

(11.5) Next we put t=t*" (with t* as given previously in this section). By
Theorem4 in [FT] we know that Det(C)t~! takes unit values on R,. So, in
order to prove (11.3), we show

Proposition 11.6. Det(C)t ~'elndf(Det(D, I*)).

Proof. Let e=|I|. By construction E, and whence also 7, contains both the e and
I-th roots of unity. By tameness we know (e, /)=1, and so the map
z—] ] Det(z) (¢") induces an isomorphism of rings

¢

(11.7) O, 1>[][O;
]

where the direct product extends over the distinct abelian characters ¢: I — E*,
Let m|e and put O,, =[] O, where now the direct product runs over those ¢
¢

of order m. By tameness I is cyclic and so conjugation by 4 induces an action on
I and whence on ¢ (I). So, if ¢ has order m, we obtain a homomorphism from 4
to Aut(¢(I)). We denote the kernel (resp. the image) by H,, (resp. X,,).

Let y be an irreducible character of 4. Then, as 4 is metacyclic, we can write
x=1ndf,mq§ for some abelian character ¢ with (5[, of order m. Conversely, by
extending a given ¢ of order m to H,, and inducing to 4, we obtain an
irreducible character y of 4, and y is unique up to a multiple of a non-ramified
abelian character of A. Thus, by Proposition 3.10(iii), t(x")~' Det(C)(x") is a
function of ¢ alone. By Proposition 3.10(iv) it takes values in T and by (11.5) it is
unit valued. Thus we have constructed a homomorphism X : R, — O% given by

(11.8) X(¢"=t(z")" Det(C)(x")

Moreover for de4 clearly ¢° and ¢ induce to the same character of 4, and so we
see that X, when restricted to abelian characters of order m, is X, fixed.
Consequently, because the isomorphism (11.7) is completely split, we can find
2,,€0% so that

(11.9) [1 26" =X(9")

BEZm
for all abelian characters ¢ of order m. Let ze O I* map to []z, under (11.7).

We assert that on R, t ~! Det(C)=Det(z). By Z-linearity it is sufficient to show
that, with the above notation, for each irreducible character y of A(=1Indg; @, as
above say),

(11.10) t="(x") Det(C) (¢")=Det(2) (x)-
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By Mackey restriction
Det(z) (1")=Det(z) (¢"l,)
= 1 24™=IT ="

o€l \4 BeZm

which by (11.9) is X(¢"), and so by (11.8) the result is shown.

12. Fixed Point Theorem

In this section we prove:

Theorem 6. Let | divide |I'| and let L/Q, be a tame, finite Galois extension. We put
A=Gal(L/Q,) and we view Det(O,I'*) as a A-module by the rule Det(z)-0
=Det(z°) for zeQ, I'* deA.

Then

(12.1) Det(O, I'*)4=Det(D4 I'*),
where the superscript A denotes points fixed by A.

Proof. Let I denote the inertia group of 4. As a first step towards proving (12.1)
we will show

(12.2) Det(D, I'*)' =Det(D] I'*).

Because Of maps onto O; modulo the maximal ideal [ of O,, we see that

Det(O, I'*)=Det(D! r'*)Det(1+19D,T).

So, on taking fixed points
(12.3) Det(O, I'*)' =Det (O} r'*)Det(1+10, I

Now, as in the previous section, we have Frohlich’s norm operator

Ny Det(D, I'*)— Det(O I'*)

given by A;(Det(x))=[]Det(x’). Thus, if Det(x) is I-fixed, then the norm of

oel

Det(x) is Det(x)"l. Moreover, as Det(1+10,T) is a pro-l-group and because
(II],))=1 we see that the norm is just an automorphism on Det(1 +10, I'). This
shows

Det(1+19D, I')! € Det(O} I*)

and this, together with (12.3), gives (12.2).
Finally, to show (12.1) we must now show

Det (D1 I'*)'=Det(Df I'*)
and this is Theorem 1.1 of [T1].
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Appendix of Certain Notation Introduced

I'-global Galois group upto §3; thereafter a local Galois group. From §3 to §10
p is fixed prime ideal, pnZ =pZ, and [ is a fixed prime different from p.

K =®Q(p) (the p-th cyclotomic field).

N=0,RZ,

From §7 to §10 x is a chosen abelian character of C(<T) with order n, L
=K(x), 8=0,07Z,.

F is the frobenius of | in L(|H|)/Q(/H|)

7,7%,y,Ker(d,) are defined in §3.

Vi, @, €, vy, T are defined in §4.

H,1,D,,7, are defined in §7.
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