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Introduction

Both topics mentioned in the title are interconnected in a very important way
in the theory of modular forms. The first explicit connection was given as early
as 1932 by H. Petersson [Pet] who expressed the Fourier coeffcients of
holomorphic Poincaré series as a sum of Kloosterman sums weighted by
values of the Bessel functions of integral order. The theory of non-holomorphic
automorphic functions developped by H. Maass [Maal] and A. Selberg [Sell]
brought more relations into question, the Fourier coefficients of cusp forms of
weight zero appearing through the spectral decomposition of the non-euclidean
Laplacian.

Special mention should be made of [Sel2] in which Selberg described a
relation between cancellation in summation of Kloosterman sums and eigen-
values of the Laplacian asserting that, for o,> 1/2, the Dirichlet series

Y c=25S(m,n; c)

associated with Kloosterman sums admits an analytic continuation to Res>a,
if and only if, the least positive eigenvalue 4, of the Laplacian is not less than
do(1 —0p). In the case of the full modular group (and also in the case of some
congruence subgroups of small index) it has been proved by Roelcke [Roel]
(cf. also [Maa2]) that 4, is at least 1/4. Selberg in [Sel2] expressed the opinion
that “possibly [...] this may hold for all congruence subgroups”; we would
like to give this opinion the status of a conjecture, which we shall refer to later
as Selberg’s eigenvalue conjecture; however, as Selberg noticed, the relation
A 20,(1—0,) together with Weil’s celebrated estimate for Kloosterman sum
implies 4, = 3/16.

More recently R.W. Bruggeman [Bru] and N.V. Kuznietsov [Kuzl-2]
independently introduced - in the case of the full modular group - trace
formulas of a new kind, that of Kuznietsov being stronger and more practical;
roughly speaking, Kuznietsov’s formula has the shape

0.1) ¥ .IéS(m,n; Y (@)

directly

= Y p;(m) p;(n)¢ (A;) + manageable

Aj-eigenvalue
of {he Laplacian terms
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where ¢ is a kind of Bessel transform of the function ¢ with compact support
and where p;(n) is the n-th Fourier coefficient of the eigen-cusp form associated
with ;.

Formula (0.1) was then used twice by Kuznietsov. In the first place he
deduced mean square estimates for the Fourier coefficients p; from Weil’s
upper bound of Kloosterman sums in cases where this last upper bound is the
best possible, i.e. when the summation in ¢ is short. In the second and more
important aspect he used formula (0.1) in cases where the arguments of ¢ are
small, i.e. when the summation in ¢ is long, deriving cancellations between
Kloosterman sums from the knowledge of the p/s. In this way he obtained the
upper bound

1
0.2) Y ;S(m,n;c)<£’m’n Ccllo+e

c<C

whereas a weaker form of the Linnik-Selberg conjecture (cf. [Lin] and [Sel2])
asserts that the above result holds without the exponent 1/6 and what is more,
it should be noticed that the upper bound

(0.3) Y @S(m,n; )<Ly C°

c

for a non-oscillating smooth function g<1 with support in [C,2 C], is an easy
consequence of Kuznietsov’s work.

The second named author took the matter one step further in [Iwal] and
[Iwa2] by summing the relation (0.1) over m and n with M<m=2M,
N <n<2N. In the first direction (going from Kloosterman sums to the ps) it
is possible to treat the bilinear form in Kloosterman sums that occur in non
trivial ways, so as to obtain a large sieve type result for the p;’s which shows
that the Fourier coefficients of cusp forms behave like characters. Going back
to the Kloosterman sums this argument leads to a saving effect of order
(MN)?#; as we shall see in Theorem 10 it is then possible to get, on average, as
good a cancellation as the Linnik-Selberg conjecture predicts.

With arithmetical applications in mind we became interested in summing
Kloosterman sums over some arithmetical progressions and we were led to
extend the theory to Hecke congruence subgroup I;(g). In the meantime, N.V.
Proskurin [Prol] generalized Kuznietsov’s formulas for a class of Fuchsian
groups including Hecke subgroups; however, for various reasons, his results
are not satisfactory for our purpose.

Without entering here into the relevant game that can be played with the
different cusps, we shall concentrate our attention on the sums S9_(m,n;c)
=8(m,n; c) for c=0 (mod g) which occur in a natural way (cf. Lemmas 3.3 and
3.4) in the Fourier expansions of holomorphic and non-holomorphic Poincaré
series. The extension of Kuznietsov’s trace formula (0.1) is carried out in the
fourth section. In order to understand how this formula is subsequently used
we are going to assume that ¢ is a very regular non-oscillating function,
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bounded by 1 and with support [X,2X] for some X <1; in this case the Bessel
transform ¢ (4) is essentially Mellin’s transform

for=Vi=% ?

Besides the problem of keeping the dependence on ¢ in our estimates
explicit, the important new problem that arises concerns the ;s which are less
than %, if any! Assuming A, <}, the order of magnitude of ¢(4,) is X~V 4%
and, as we shall see at the end of the fourth section, the sum

1 1
= - @) 1.1:
gc(p(c)s“"”(’ 9

is indeed equivalent to X ~¥'~** up to a positive constant; and it is now clear
why Weil’s estimate implies Selberg’s bound 4, =3/16. At this stage we should
insist on the fact that Kuznietsov’s formula leads to

C
Z g( )S(;J)Oo(m,n; c)<ﬂmnq C]/max(0,1—4).1)+8
C

c

which is better than that obtained from Weil’s upper bound only if one knows
that A,>3/16... (which is the case for the full modular group). In general,

i
2

averaging over m and n, one retains the (MN)* saving effect due to the large

sieve inequality, but looses a coefficient (C/J/ MN)?*; i.e. the obtained upper
bounds is (MN)**-times better than that given by a trivial treatment; Theo-
rem 12 provides a precise statement of this type. As for the dependence of that
result on ¢ it is worth noticing that the quality of the upper bounds decreases
as g increases, even to the extent that for large g a trivial use of Weil’s estimate
leads to better results.

The last sections are concerned with the last (!) averaging we perform, that
over the level g. Being unfortunately unable to take advantage of this averag-
ing in all cases, we shall at least turn to our profit the contribution of the
exceptional A/s, ie. 4;<1/4, and improve the large sieve inequalities by the
introduction of weights; this weighted large sieve will in turn be used to derive
upper bounds for quintilinear forms in Kloosterman sums.

The length of the paper is due our wish of presenting a text as self-
contained as possible; we tried to give precise references for quoted results (the
most important of which concern the spectral decomposition of I*(I' H) and
Kuznietsov-Bessel transforms), and to avoid invocation of well-known results
in the oral tradition.
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1. Definitions and Statement of the Results
1.1 Trace Formulas

Let H denote the upper half plane and g be a positive integer. Consider the

b
group Iy(q) of matrices ((cl d) with integral entries, c=0 (mod.q) and de-

terminant 1; this group acts on H through z— %; notice that —1
=( ! 1) also belongs to I;(q) and has the same action as 1; the group
I,(q)/{ + 1} is called Hecke congruence (sub) group of level g and is denoted by
I(g); it is a subgroup of the full modular group I;(1). We shall abusively
confuse an element of I},(g) with one of the associated matrices and, when the
context is clear, we shall write I' in place of I;,(g).

Let ¢ be an element in I(q); it is called parabolic if and only if, it has
exactly one fixed point in €, {oo}; the fixed point of a parabolic element in I
is called a cusp; if a is a cusp of I', its stabilizer I, is defined by I.={c€el’; 6 a
=a}. Two cusps a and b are said to be equivalent if and only if, there exists ©
in I' such that b=7a and then I; and I, are conjugate. Notice that the element

11 . .
( l) is parabolic and in Iy(g) for any g, that the associated cusp is co and

o0

1 b
that I is {( 1),bel}, which is independent of g. Every cusp of Ij(q) is

equivalent to some — with positive coprime u and w such that w|qg, two such
w

’

u u . . . .

cusps and w being equivalent if and only if, w=w" and u=v

(mod. (w, 1)) For later use, we introduce the following notation: when a is
w

equivalent to some — with positive coprime u and w such that w|g, we shall
. w
write

(L1) w@)=(w L) g,

Let now a and b be two cusps of I(q) and let us choose o, in PSL(2,IR)
such that

(1.2) c,00=a and o;'Lo,=I,

and similarly ¢,. For any integers m, n and positive real number y for which
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. o .
there exists ( l;) in 67 ' I 6, we define the Kloosterman sum
Y

5
(1.3) Saemniy)= Y e (mg+n§)

J (mod yZ) Y

where the sum is extended to the §’s, taken modulo yZ, for which there exist o
and f such that (oz b

y 0
depends in fact on ¢, and gy) is justified because it depends only loosely on
g, and gy, and in fact even on the equivalence class of a and b. More precisely,
for given m, n and &, b equivalent to a and b respectively, and for a given choice
of a,,0y,0;, 03, the sets of y’s for which S, (m,n;y) and Sz(m,n;y) are defined
coincide; moreover, there exist two complex numbers ¢ and # with modulus 1,
depending on a,, 0y, 0;, 0 such that for all y’s, one has

(1.4) Sas(m, 15 9)=E" " Sgz(m, n; y).

As a first example, consider the case g=1 with the only possibility a=b=c0
and choose o =1; the Kloosterman sum S_  (m,n; c) reduces to the usual one

)ea; 'T ¢,. This definition (which is incorrect in that it

()

(1.5 S(m,n;c)= Y* ;

d(mod. c)

where the sum is extended over a reduced set of residues modulo ¢ and where
d denotes the inverse of d modulo c¢. As a second example, assume g=rs with

L . 1 .
coprime integers r and s, and consider the two cusps oo and —; choosing g,
s
_(Vr
S]/; l/;

may be written as y=s]/;C with integral C coprime with r; in this case one
has

, one readily sees that S, (m,n;y) is defined if and only if, y

(1.6) So1s(mmn;y)=e (n-sr—) Sm7,n;sC)

where s§=1(modr) and r7=1(mod.s C).
b .

d) and a complex z, let us write j(o,z) for cz+d. A

holomorphic modular form of weight k with respect to I' is a holomorphic C-

valued function on H satisfying f(z)=j(s,z)"*f(cz) for any ¢ in I' and which

is holomorphic at every cusp a; this means that the holomorphic function ¢ in

0<|&|<1 such that

. a
For a matrix a=(
c

@(e(2))=j(0,,2) "% f(0,2)
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can be holomorphically prolongated at the origin; this implies that one may
write

1) 100 (0, = T cqpeln)

this expression is called the Fourier expansion (of f around the cusp a) and the
complex numbers c,,=c,,(f) the Fourier coefficients (of f around the cusp a);
we say that f is a cusp form if c,,(f) vanishes for every a.

Of peculiar importance for detecting Fourier coefficients are the Poincaré
series defined for m>1 and k>2 by

(1.8) 2aZ k=Y jlo;'t,z) *e(mo, ' t2)

telg~T

(for k=2, the definition is slightly more tricky (cf. [Ran], §5.7)).
1
Computing the integral [ B, (o z; k) e(—nx)dx leads (cf. Lemma3.3) to the
0

expression of the n-th Fourier coefficient of P, (. ; k) expanded around the cusp
b as a combination of Kloosterman sums weighted by values of Bessel func-
tions of odd order.

On the other hand, the finite dimensional space 9, (") of holomorphic
cusp forms of weight k is confered a Hilbert structure through the Petersson

inner product
dx dy

8= Hf(z)g

where 2 is a fundamental domain for I}(g); in case k=0, we shall simply write
{f,g>. A simple computation shows that the product {f, B.(.,k)>, is (k—2)!
(4nm)'~* times the m-th Fourier coefficient of the expansion of f (in M)
around the cusp a. Let f,, for 1<j<60,(q), be an orthonormal basis of the
space M, (I') of cusp forms of weight k and ;,(a,m) denote the m-th Fourier
coefficient of f;, around the cusp a; the Parseval identity then permits one to
compute the Fourier coefficients of P, (. ; k) in term of the ¥ ;,’s. Summing over
k both expressions, one obtains the first trace formula

Proposition 1. Let m, n be two positive integers and ¢ a €3-class function with
compact support in 10, 00); let a and b be two cusps of I'=I;,(q); there exists a
real number b=>b_, equal to naught when a=Db such that one has

r1q 4ny/mn
¥ Sulmni ), (—v—)

Il

7 maBanelbn) [ Jo(1) 1) d

L i*(k—1)!

T kZZ 1<Jzok<q) (4nymn)-!

k-even

@(k—1);,(b,m) Y (a,m),
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where
00 d
(1.10) ¢(l)=§J,(y)<p(y)7y and¢(9)= Y. 2160,
l;dd

r
(1.11) 6,4 is 1 if a is equivalent to b and otherwise zero, and the symbol ) means

that the summation is performed over the positive real numbers y for which
S.(m,n; y) is defined.

Here, @g(x) can be interpreted as the component of ¢(x) in *(R*,dx/x)
which is orthogonal to all the Bessel functions J;(x) of odd order; let us define

¢y by
(1.12) P (X)=@p(X)+@g(x).

In the case of the full modular group, Kuznietsov [Kuzl-2] recently
obtained trace formulas of the same type with weight function ¢p4(x) by
appealing to the Maass-Selberg theory of non-holomorphic modular forms of
weight 0; we are now presenting these formulas in the case of Hecke sub-
groups.

2

Let A=—y (5x2 +6y2 4
lomorphic modular form of weight zero with respect to I' is a €C-valued function
on H which is I'-invariant, and which is an eigenvector of 4. Very important
examples are Eisenstein series, defined for Res>1 and zeH by

2 62
) denote the non-Euclidean Laplacian. A non-ho-

(1.13) E,(z;9= ) Imo;'t2)

telg~\T
which have meromorphic continuation to € and satisfy certain matrix func-
tional equations (cf. [Kub], Theorem 4.4.2). Let f be a I'-invariant function; for
any cusp a, the function z+—f(g,z2) is I, -invariant and so f(c,z) admits the
(formal) Fourier expansion

(1.14) flog2)= %Cm.(J’)e(n X).

A cusp form u is a square-integrable (i.e. <{u,u)<co) modular form such
that the Fourier coefficient ¢, ,(y) vanishes identically for every cusp a. Let u be a
cusp form associated with the eigenvalue A, then one readily sees from the
equation (4—A)u=0 and the growth condition at infinity that there exist
complex numbers p,(m), called the Fourier coefficients of u around the cusp a,
such that

(1.15) u(o,2)=y* Y p.(m) K, (27|m|y)e(mx)

m*0

where
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(1.16) K2=)—1;

the choice of the sign of « is irrelevant because K, (y) is even.

Though they are not square-integrable, the Eisenstein series, being eigen-
vectors of A, share many properties with cusp forms; as we shall see their
Fourier expansions are quite similar. For integral n and cusps a and b, let

¢abn(8)=iv‘”26 (”%)

where the inner sum is extended to the §’s, modulo yZ, for which there exist o

and f with (z g) in 67 ' I 6y; then we have

(1.17) E (0y2;5)
=00 V1 I (s =3 T~ (5) Papo(s) y' ~°

+32 Y 278 AT () @apa () - K_ (2 m|ny)e(nx).
n*0
Of peculiar importance for detecting Fourier coefficients are the Poincaré
series. Different objects may play this role. Following Selberg (cf. [Sel2]) we
consider

(1.18) Unm(z;8)= Y Im*(o;'tz)e(mo; ' 12)

telg~\T

(notice that the RHS depends on ¢,, but for notational simplicity we write U,,,

instead of U, ,,).
1

Computing, as in the holomorphic case, the integral |U,, (o, 2;5) e(—nx)dx
0

leads (cf. Lemma3.4) to the expression of the n-th Fourier coefficient of
U,,.(. ;s) expanded around the cusp b as a weighted combination of Klooster-
man sums.

The second ingredient in the proof of the trace formulas is more involved
than in the holomorphic case, and it depends on the spectral decomposition of
I2(r~H). In the case of (Hecke) congruence subgroups, one may write
E(r~H)=CoL., ,I"~H@L; ('~ H), where L, (I'~H) is a continuous
direct sum spanned by E,(z,1+ir)(relR) and Liusp(l“ ~\ H) the space spanned
by the cusp forms; we shall denote 1,=0<4,<4,=<... the eigenvalues of 4,
noticing that each eigenvalue has finite order and i,»o00 as j—oco. The
Parseval identity related to this decomposition (cf. Lemma 3.8) permits us to
compute the Fourier coefficients of U, (.;s) in terms of the Fourier coeffi-
cients of Eisenstein series and cusp forms.

Combining both expressions, we are first led to rough forms of trace
formulas involving real valued parameter ¢ and then using Kuznietsov-Bessel

transforms in t we are led to the following
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Theorem 1 (Kuznietsov). Let m, n be two positive integers and ¢ a €>-class
Sunction with compact support in 10, 0); let a and b be two cusps of I' =I}(q);
r

denoting by Y a summation performed over the positive real numbers y for which
S.5(m,n;y) is defined, one has

| 471/ mn
1.1 — : _
(119) Y ~Satmnino (L)
IR fei
27 =0(mod2) 12/Z0n@ (41 mn)!
: l/’jk(a m) lpjk(b n)@gk—1)

p]a(m)pjb(n) A
+j§1 chnx; o)

1 m —ir
+23 1() enG i padrinp0yar

and
r1 4 mn
(1.20) X Salm, i) (L)
Y Y
_ B(x;)
—jgl pju(m)pjbn) ChnKj

1 ® ; . SNy
+;Z j.(mn)”(pcnm(%+lr)(pcbn(%+lr)(p(r)dr'

[

where the Bessel transforms are defined by

dy
(1.21) o= IJ Vo)~
gy (x)=J_,; d
(122) (ﬁ(r):Shnnr E‘)’ 21r(x) 2i—21r(x) (p(X)"xl
. 4 e dx
(1.23) (p(r)=; chnr(j)KZir( (x)—

and we recall that x; is defined by ;=% +x}.

A somewhat weaker form of Kuznietsov’s formulas was proved indepen-
dently by a different method by R.W. Bruggeman. D. Zagier (unpublished)
derived them from the well-known spectral decomposition of the Selberg
kernel K(z,z') (cf. [Kub]).

1.2 Large Sieve Inequalities for Fourier Coefficients

The trace formulas of Kuznietsov may be used on the one hand to estimate
sums of Kloosterman sums, and on the other hand also to investigate the
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distribution of Fourier coefficients of modular forms; in this section we speak
of the latter matter.

In order to give an idea about our results let us mention briefly some
relevant informations from the literature. The Petersson-Ramanujan conjec-
ture, proved by P. Deligne [Del], states that

+¢&

k—1
ll//jk(ao n)l < nz s
while it is only conjectured that the analogous estimate
(1.24) lpja(ml <0’

is true for the Fourier coefficients of non-holomorphic cusp forms of weight
zero. In the case of the full modular group, N.V. Proskurin [Pro3] derived
from Kuznietsov’s trace formula, and Weil’s estimate for the magnitude of
Kloosterman sums, that

lpj(n)] <n*1(n).

In a recent letter, J-P. Serre has pointed out to us how it should be possible to
replace the exponent 1/4 by 1/5 by appealing to the represention theory of
SL(3,Z). On using Rankin’s method which does not depend on Kloosterman
sums, one can deduce that

Y 1pja(m)*~CX, C-constant

nsX

whence the Petersson-Ramanujan conjecture (1.24) holds for almost all n.

A question naturally arises here, whether one can improve on the Peters-
son-Ramanujan conjecture on average, by avoiding to take the absolute
values of p;,(n), but considering bilinear forms in p;,(n) and utilizing a cancel-
lation of terms due to the variations in the argument of p;,(n). Various results,
in the case of the full modular group, have been established in [Iwal] and
[Iwa2]. We extend them for the Hecke group I3(g). Kuznietsov’s trace formula
is utilized to reduce the problem to that of bounding bilinear forms in Kloos-
terman sums. Let us first state such results

Proposition3. Let b be a sequence of complex numbers, N and 6 be positive real
numbers and a be a cusp of I;(q). Let ¢>0 be an entry of the left-lower corner of
a matrix from a7 ' I;(q) o,. Write

B,(0,¢c,N)= Y  b,b,S (m,n;c)e(zl/ﬂ(?).

m~n*aa c
N<m,n<2N

For any positive ¢ one has

(1.25) [B,(6, ¢, N)|S7*(c) ¢ N [|by |3
(1.26) [B,(6, ¢, N)| <(c+N+)/0cN)|byl3
(1.27) [B.(6,¢,N)| <, 0~ *c* N***||by||}

the last inequality holding provided <2 and c<N.
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Here, and in what follows, we use the notation

Ibyll,=C Y 1bH%
N<n=2N
As already mentioned, combining the above estimates with Kuznietsov’s
formula one obtains the following inequalities we shall speak of as large sieve
inequalities for Fourier coefficients of cusp forms (both holomorphic and non-
holomorphic ones) and Eisenstein series.

Theorem2. Let K1, N =1 and ¢>0 be real numbers, a a sequence of complex
numbers and a a cusp of I,(q); each of the three expressions

(128 y &b | Y an T v

k1
25<k<K (4n) 15j<6k(@ N<n<2N

even 1
| z an pja (n)|2

;=K Ch”Kj N<ns2N

K
(1.30) I Y anegGrinldr

¢ —K N<ng2N

1A

(1.29)

is majorized up to a constant depending on ¢ at most by
(K2 +p(@) N'*9) |lay]|3
(we recall that u(a) is defined in (1.1)).

Remarks. Perhaps, our interpretation of the above inequalities requires some
comments. Let us look at (1.29) for a=o0. Since «; is either real or purely
imaginary with —3 <ix; <3, so chrk;>0. We expect, but have not so far been able
to prove everything rigorously, that most of p; (n) are of order (chnxj/v(q))%

and that the number of points k; with |x;| <K is of order v(q) K? where

(1.31) V(q)=[Fo(tI)1Fo(1)]=qI|] (H%)-

In this light Theorem 2 would mean that

chri;\f
|3 a2 fayl
N<£2N P v(q) N2
for ‘almost all’ j with |x;| K, K?>1+¢q~ ' N'*%
The coefficients p;,(n) can be expressed by eigenvalues of the Hecke
operators T, defined by

1 az+b
T f(2)=— .
nf(Z) l/; adz=n b(mzo:dd)f( d )

This definition is correct for (n,q)=1 in that T, acts onto the space of cusp
forms of Iy(g). The T,’s are bounded, hermitian, and satisfy



Kloosterman Sums and Fourier Coefficients of Cusp Forms 231

(1.32) T,T,= Y T,e (Mmng=1,

d|(m,n)

therefore they mutually commute. Moreover T, commutes with the Laplacian
4, whence the orthonormal basis u;(z) of cusp forms can be chosen consisting
of eigenvectors of all T, with (n,q)=1, ie.

(1.33) Tu(2)=1;(nu(2),

say. Furthermore one observes that T, acts on Fourier expansions

(1.34) u(z)=yy ; P joo (M) Koy (27| y) e(m x)
m*0

by

(1.35) PinomM)=p;. (d)T;(n)

if m=dn with n=1, (n,dq)=1. The eigenvalues t;(n), (n,q)=1 are real because
T, is hermitian (not necessarily positive) and Theorem?2 says essentially that
7;(n) changes sign at random, and assumes positive and negative values equally
often. It follows from (1.32) that t;(n) is multiplicative, thus suggesting to
consider t;(n) as a kind of character. The two first assertions of Theorem2
remind the large sieve inequality for Dirichlet’s characters y(mod g), namely

YooY a,xm*=(e(@+O0(N))|layll3
x(modgq) N<n< 2N
(cf. [Mon]) and the third one reminds the mean value theorem for Dirichlet’s
polynomials, namely

T
(1.36) i1 Y a,n"1>dt=(T+O(N)) |ayl3

0 N<n<2N
(cf. [Mon]). As a matter of fact, in the case of the full modular group, the
Fourier coefficients of Eisenstein series E(z, 5+ ir) are proportional to

n—ira'zir(n)= Z (%) 3
dida=n 2
thus, the continuous part of Theorem 2 (formula (1.30)) is essentially a con-
sequence of the mean value formula (1.36).
Let us conclude the above remarks by stating an open question: are the
three expressions from Theorem 2 majorized up to an absolute constant by

(K2+q~'N) |ayll3?

1.3 Weighted Large Sieve Inequalities for Exceptional Eigenvalues

For later use we shall call exceptional the eigenvalues 4; such that 0</1j<% and

we write 4;=%+x7 with ix;>0 for exceptional 4s and with x;=0 for 1;=3.
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Theorem 3. There are no exceptional eigenvalues for the modular group.

This result goes back to Roelcke [Roel]. Here we shall give an elegant
and short proof kindly shown to us by M.-F. Vignéras.

A. Selberg [Sel2] conjectured that there are no exceptional eigenvalues for
congruence subgroups but was however able to show the following (unpub-
lished)

Theorem 4 (A. Selberg). The smallest positive eigenvalue of the Laplacian acting
on [*('\ H) is at least 3/16.

This result is well-known; the proof we give, though not the shortest ab
initio is a fairly easy deduction from Kuznietsov formulas, well in the spirit of
what will be done in the subsequent chapters. In fact, we shall infer the Selberg
estimate (in the case I'=1;(q)) from the Kuznietsov formula by taking a test
function ¢ with support in [¥,2Y], letting Y tend to zero, and using Weil’s
estimate for Kloosterman sums. The conjecture (Selberg’s eigenvalue conjec-
ture)

(1.37) Ay

1\
B

would follow along these lines if one assumed an extended Linnik-Selberg
hypothesis about the variation of the argument of the Kloosterman sums
S(m,n;qc), but a proof seems more likely to result from geometrical in-
vestigations (isoperimetric inequalities on the hyperbolic plane, in the spirit of
[Bus] and [Che]?).

In the applications of Kuznietsov’s formula for bounding sums of Klooster-
man sums in the next section it will turn out that the contribution of the
exceptional eigenvalues A;’s is dominating, and more over, the smaller /; is (i.e.
the larger ik; is) the more important its contribution is; the following weighted
large sieve inequality permits to limitate this effect

Theorem 5. With the notation of Theorem?2 for any X =1 and ¢>0 one has

138 Y X ¥ a,pmP <A+ u@NX)(1+Y @ N"**) [ayl3

Aj-except N<n<2N
the constant implied in < depending on ¢ alone.

This result is sharper than (1.29) if u(a) N<1. Under that assumption we
apply Kuznietsov’s formula for a smooth test function ¢ with support [¥,2Y]
where Y=8n u(a) N is chosen in such a way that Kloosterman sums S(m, n; c)
trivially disappear.

When an averaging over the level g is performed we can show the following

Theorem 6. Let X, Q, N, ¢ be positive numbers and a a sequence of complex
numbers. Then one has

@
139 Y Y X ZZNa,,p,.w(n)lz<(QN)‘(Q+N+NX)naNni,

q=Q Aj-except N<ns
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@
the constant implied in < depending on ¢ alone. The sum ). is extended to the

4;'s belonging to the exceptional eigenvalues of the Hecke group I;(g).

We recall that p;, (n) stands for n-th Fourier coefficient of Maass form u(z)
expanded around the cusp a= oo, thus u(a)=¢~%

This result is sharper than (1.29) if N<gq in which case it is sharper than
(1.38) as well. It shows a certain rareness of large «;’s; this can be expressed by
a kind of density theorem (note that by Theorem 4 we know that ik; <3).

Corollary. For N, Q, e-positive numbers and 0 <o <1 one has
q)
(1.40) Yooox Y a0, <@NF(N+NQ) Jlayl3,

g=Q o<4ix,; <1 N<nZ2N
the constant implied in < depending on ¢ alone.

The proof of Theorem 6 begins in much the same way as that of Theorem 5
with only a difference in the support of the test function ¢ which we choose
much smaller. Consequently, the sums of Kloosterman sums S(m,n;gc) do
occur, ¢ being the variable of the summation, and integral valued. The “sym-
metry” between g and ¢ allows us to reverse their meanings. Considering g as
the variable of the summation we apply the Kuznietsov formula for the group
Iy(c), this leads us to an expression looking much like the original one but
having different range of the summation over the levels ¢. In other words we
obtain a sort of recurrence relation, and an application of induction on Q
concludes the proof.

We should mention that there is an error term in the recurrence relation
that imports some weakness to the final estimate. However if this error term is
ignored one is led to the following

Conjecture. Theorem 6 holds with the factor Q-+ N +1/NX in place of Q+N
+NX.

The conjecture is of great significance, because in all applications we know,
it is as powerful as the Selberg eigenvalue conjecture. We succeeded to prove
our conjecture for a,=1, more precisely we have

Theorem 7. Let Q, N, X =1 and ¢ be any positive constant. We then have
@

(1.41) Y Y XY p (P <(@NY(@+N+YNX)N,

q=Q Aj-except nsN
the constant implied in < depending on ¢ alone.

Yet, this particular form of the conjecture is very useful especially in
estimating sums of incomplete Kloosterman sums. In that context the variable
n corresponds to the frequencies of Fourier series arising in the usual method
of completing incomplete exponential sums, the limit N is the ratio of the
length of the complete sum to that of the incomplete one (see the proof of
Theorem 12).
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1.4 Upper Bounds for Sums of Kloosterman Sums

We now turn to another use of Kuznietsov’s formula, that of estimating sums
of Kloosterman sums. Motivated by a number of applications we are led to
study sums of the type

L |
Sab(aM’bN;g)=z_ Z am Z bng(m’ n:y)Sab(ma in,y)
Y M<ms2M N<ns<2N
where I'=1;(q) and g(m, n,y) is a weight function to be suitably specified in
r

each result. We recall that )’ means that the summation is taken over positive
y’s that are left-lower corner entries of matrices from o;'I'c,, a and b being
cusps of I' and S,,(m, +n; y), the associated Kloosterman sum.

The simplest weights to which we reduce all the others are

(1.42) glm,n,7)=f(4n}/mny)

where f(x) is a function of % class such that

(1.43) Supp f=[X,8X],

(1.44) Ifle=t 11,52, 17 s6yYx—!

with some positive X and Y. Some results will depend on the smallest positive
eigenvalue A, =1,(q) for I'=1I}(qg), thus it is convenient to introduce the num-
ber

(1.45) 0,=1max(0,1—-44,).
First we shall prove

Theorem 8. Let a and b be two cusps of I;(q) and let M, N, X, Y be positive real
numbers. Let f, g be real valued functions satisfying (1.42), (1.43) and (1.44). For
sequences a and b of complex numbers and any positive ¢, one has

1+|log X|+ X ~%
1+X

L+ X +7/ a0 M9 (1 +X+]/u(b)N1“))

“lapllz - byl

(1.46) Sa.,(aM,bN;g)<(1/?+

the constant implied in < depending on ¢ alone.
The introduction of Y permits the following

Corollary. For positive real numbers T, M, N, ¢ and complex sequences a, b one
has

1

(147) Y a4y Y b, ) Smztno
M<m<2M N<n<2N mn ¢
SViy T

< T*(MN)} +(TMN)")|layll, [byll,,

the constant implied in < depending on ¢ alone.
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This result, on one hand, contains the estimate of N.V. Kuznietsov [Kuz 2],
namely
1
(1.48) Y =S(m,n;0)<,,, T"/5%*
c<T € o

and on the other hand, it means that the following conjecture holds on
average.

Conjecture (Linnik-Selberg). For m,n=1, T =(m, n)* and any ¢>0 it holds

(1.49) Y lS(m, n; o)<, T
¢cST
Indeed, if the averaging over m and n in (1.47) is long enough, precisely if
MN =T?, we can ignore the term (TMN)'/® on the RHS of (1.47) permitting to
interpret the resulting inequality as (1.49) on average. Probably it is interesting
to note that the large sieve inequality for Farey points (see H.L. Montgomery
[Mon]) yields the bound

T*(MN):+T) [layl, [byll,

which is as sharp as (1.49) if MN > T2 Actually Kuznietsov proved (1.48) with
T¢ replaced by (log T)'/3.
Another corollary deduced from Theorem 8 is

Theorem 9. Let r and s be positive coprime integers, C, M, N be positive real
numbers and g be a real-valued function of €° class with support in [M,2M]
x[N,2N]x[C,2C] such that

aj+k+l

1.50 o
(1.50) .0m’6n"60' 8

(mn,c)|SM-IN"*C~ for 0<j,k, 1<2.

For any £¢>0 and complex sequences a, b one has

(1.51) Y Y a,Y b,g(mnc)SmF, tn;sc)

(c,r=1m n
0rs
<C* (1+S rC)
VYV MN

(s/r C+Y/MN +y/sMC)(s)/r C+}/MN +)/sN C)
sy/rC+yY/MN

“lapll; byl

the constant implied in < depending on ¢ alone.

If we are concerned with r=s=1, the case of modular group in which 6,
=0 such as in (1.47), then the above bound becomes

(1.52) < C'"* )/ MN Jayl, [byl,
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and this is in C-aspect as strong as the bound from the conjecture of Linnik
and Selberg. The substantial difference is that we count Kloosterman sums
S(m, +n;c) with a smooth weight g(m, n, c) in contrast with the step function
from the statement of the conjecture. We should stress, however, that it is often
the case one meets in practical situations, thus having something like the
Linnik-Selberg conjecture to utilize.

What we know about 0,, in general is that 0,,<% which follows from
Theorem 4. But another feature of many practical situations is that once we
have to deal with Kloosterman sums for congruence subgroups, an averaging
over the levels may be taken into account. In such circumstances we may

considerably reduce the effect from the factor (1+51/;C/]/ MN)%s by appeal-
ing to the weighted large sieve inequalities. For example by Theorem 6 we can
prove

Theorem 10. Let C,M,N,R,S be positive numbers and let g(c,m,n,r,s) be a
function of €% class with compact support in [C,2C] x (0, 0)* such that

(’)v;+vz+v3+V4+v5

0c”10m”?0n" 0r** 0s”*
Sor any v,=0, 1<i<5, the constant implied in < depending on v; at most. For

(1.53) g(c,m,n,r,s)‘<c‘”1m‘”2n‘“3r‘“s‘“5

a,, b, complex sequences denote

(1.54) F*E(C,M,N,R,S)= ) Y a,b,,
R<r<2R 0<n<N "
S<s=£2S O<m=M

(r,s)=1

.Y gle,mnr,5) S(mF, +n,50).
(c,s)=1

Then for any ¢>0 one has
(1.55) Z£*(C,M,N,R,S)
<, (CMNRS)*L(C,M, N,R,S) ayl, ”bN,R,suz
with
(1.56) L[*(C,M,N,R,S)
_SR (S’RC?*+MN +SMC?) (S?RC?*+MN +SNC?)
- S2RC?+MN

+S82C3)/(SR+N)RM.

The first term in L(C, M, N, R, S) sets the limit for present methods. The
second term can be reduced if Theorem 7 is applied in place of Theorem 6, and
this is the case in the following

Theorem 11. Let the notation and the hypothesis of Theorem 10 be adopted. If a,,
is the characteristic sequence of an interval then (1.55) holds with
L(C, M, N, R, S) reduced by the factor M?* in the second term.
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By standard device from the Fourier series technique, Theorem 11 readily
leads to the following estimate for sums of incomplete Kloosterman sums.

Theorem 12. Let C,D,N,R,S be positive numbers and b, . . be a complex se-

quence. For g(c,d, n,r,s) having compact support in [C,2C]x[D,2D] x (0, 0)3
and satisfying (1.53) denote

d
#CDNRS= Y Y b, ¥ g(c,d,n,r,s)e(nr—>
R<r=2RO0<nZON ¢ d sc

S(r< ;)_s:ls (rd,sc)=1

where rd stands for a solution of rdrd=1 (mod sc). Then for any ¢>0 one has
(1.57) #(C,D, N, R, S)<(CDNRSY'K(C, D, N, R, S) [by z 51l
with

K2(C,D,N, R, S)= CS(RS + N)(C+DR)+ C2DSV/(RS+ N)R +D>NRS ",

the constant implied in < depending on ¢ alone. Moreover if the conjecture (1.37)
is true then (1.57) holds with

K*(C,D,N,R,S)= CS(RS + N)(C+DR)+ C>DSV/(RS+N)R + D*NRS !,

In this paper we do not investigate sums of Kloosterman sums with highly
oscillating weight functions because the diversity in assumptions and results
prevents us from finding homogenous statements. For this reason we chose to
write the large sieve inequalities separately from the estimates for Kloosterman
sums. ‘

In all applications of the large sieve inequalities we gave here, we only used
their power in the g-aspect; the K-aspect would be important as well if
Kloosterman sums with oscillating weights were concerned, such cases being
treated in [Iwa 1] and [DI 2].

1.5 Announcement of Applications

There is a lot of interesting problems in analytic theory of numbers that can be
related to Kloosterman sums. In several forthcoming papers we applied our
estimates for sums of Kloosterman sums; here we state those of major interest
for the authors.

An additive divisor problem (cf. [DI2]): for any ¢>0 the following formula
holds

Y. d(n)d(n+1)=x P(log x)+0,(x**?)
where P(t) is a quadratic polynomial. With 2 replaced by 2, this result has been
obtained independently by E. Wirsing (unpublished) and D.R. Heath-Brown
(cf. [H-B]).
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The greatest prime factor of n*+1 (cf. [DI1]): there are infinitely many n
such that n*+1 has a prime factor greater than n®5 Such a result with
exponent 11/10 is due to C. Hooley (cf. [Hoo]).

Mean-values for the Riemann zeta-function (cf. [DI3]). For 1< N<TY5 and
any complex numbers g, we have

T
[KG+in*| Y a,n")?dt<, T Y |a,|
0 nsN nsN
When 1 <N < TY10 this is due to H. Iwaniec (cf. [Iwa 3]).
The Brun-Titchmarsh theorem (cf. [DI4]). Let x*<Q <x!~* and 1<|a|<x%
For almost all g in [Q,20Q0] we have

r(x: g a)<(%+sc1)x

X
¢(q)log—
gq

with the number of exceptions less than Q x~%2 provided x> x,(¢), ¢, c, are
positive absolute constants; weaker upper bounds of this type have been
proved by C. Hooley and H. Iwaniec (cf. [Iwa]).

The greatest prime factor of p+a (cf. [D14]). There are infinitely many p
such that p+a has a prime factor greater than p2'/32? (21/32=0.65625). This
result with 21 replaced by 0.6381... is due to H. Iwaniec (cf. [Iwa4]).

2. Congruence Groups and Kloosterman Sums

In this chapter, as well as in the next one, we shall omit the proofs of some
elementary arithmetic lemmas.

2.1 Cusps and their Stabilizers, Kloosterman Sums

In this paragraph we shall consider a discrete subgroup I' of PSL(2,IR). The
definitions we gave at the begining of § 1.1 can be extended in a straightfor-
ward way; the only precaution to take is to notice that I', need not be the

group {(1 ll’), beZ; which we shall denote by G in this paragraph and that

in (1.2) one should replace I, by G. Without any loss for the subsequent parts,
the reader may of course restrict himself to Hecke congruence subgroups.

Let o be an element of PSL(2,R) different from identity; it is parabolic if
and only if its trace has absolute value 2 (cf. Proposition 1.12 and 1.13 of
[Shi]). If a is a cusp of I' then its stabilizer is infinite and cyclic; moreover
each element of I', different from 1 is parabolic (cf. Proposition 1.17 of [Shi]).

Lemma 2.1. Let ¢ in SL(2,R) and z in €U {0} be such that 6 z=z. Then tro=
+2 if and only if one has
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+1 b
a=( il) for z=00
or

(il+cz —cz?
O':

c il—cz) for z=+ 0.
From Lemma 2.1, we easily deduce

Lemma 2.2. Let I’ be a discrete subgroup of PSL(2,IR) and let a be a cusp of I
Then

n:{(l ll’) bem}mr if a=oo

and

1 _ 2
1;:{( tea ca ), ce]R}mF if as 0.
c 1—ca

We now prove the correctness of the definition of Kloosterman sums. We
must show that S_(m, n; y) does not depend on the choice of ¢ (mod y) neither
on the upper row (a, ). To this end let us consider two matrices

-1 -1
g, to,€0; I oy

)
1
—
= R
¥
S —
If

and

’
o *
a)’=( )=aa‘lr’a,,ea;11"ab

11
with d=0'+yl, leZ. Letting A=( 1) and ¢=toydo; 't~!, we obtain
* %
pet'a,Gog't ' =1Lt 't~ '=I and (paaw’iw‘lzaa( *) Evaluat-

ing both sides at z=oo we deduce that g a=aq, so @el}; therefore w' Aw~'eG,
whence for some keZ one has

. (1 k i [oetyk *)
w-—( 1)«)/1 —( . 5

which gives o' =a (mod y).
We are now going to prove assertion (1.4): let a=t,a and b=1,b, with 1,
and 1, in I'; then, for some

1 b, 1 b
”“=( 1) and pb:( 1b)

0;,=T,0,p, and o03=1,0;py.

one has

Hence, one has
o5 'Toy=p; a7 T o,p,
and so
Ssg(m, n; y)=e(nb,—mb,) S ,(m, n; 7).
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2.2 Hecke Congruence Subgroups

We first give a complete set of inequivalent cusps for I;(g).

Lemma 2.3. Every cusp of I,(q) is equivalent to one among the following

1) = with uw>0, wlg, (ww=1.

Two cusps u/w and u,/w, of the above type are Ij(q)-equivalent if and only if
w,=w and u,=umod (w, %)

Therefore the number of inequivalent cusps is equal to

-0 (2)

ar

Let us now prove (1.6). For the cusp azﬁ with wlg, (u,w)=1, u=%0, it
follows from Lemma 2.2 that one has v

22) a={(”c“/“’ ””‘W); ¢=0 (mod [wz,q])}.

c 1—cu/w

An easy calculation shows that the matrix

- = (al/[wz, q] 0 )
Y \YIwtql  1/aYIw?q)
satisfies (1.2).

Assume that g=rs where r and s are coprime positive integers. Consider
the two cusps oo and 1/s of I'=1;(q). We may take

1 Vr
24 . Op= ( 1) and o= (s Jr 1/]/;).
b)eFO(q) we obtain

o
2o el A o)

CVr DNr
say, where A, B, C, D are integers such that

(2.3)

(C,r)=1, C=0(mods), D=s"'C(modr), (C,D)=1

and

AD—-BC=1,
o)

A=D(mod C).
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Conversely, if the integers 4, B, C, D satisfy the above conditions then (2.5) is

soluble in (ccl Z)el"o(q). Therefore

D D
S, sm,n;c)= e(m——+n———).
i D(m;irC) C rC
sD=C(modr)
D, rO)=1
Writing D=5C+rE where s5=1(mod r) we see that E runs over the residue

classes (mod C) coprime with C, thus proving (1.6). W

For the purpose of Sect. 5 it is important to know S,,(m, n; ¢) for every cusp
a. To find an explicit formula for S, (m, n; c) we first prove

Lemma 2.4. Let a=u/w, w|q, (u,w)=1, u0. Then

3 memﬁ
2
o' o = y u;] ;o B,7,0€Z, ad—fyw=u?
q
wam’ — u

where, besides the above conditions y, & satisfy

(2.6) (6, w)=1
(2.7) (60—, yuq/w)=u
(2.8) (6—17) 6=u® mod (w, g/w)

and o is determined mod y u q/(w, g/w) by

(2.9 a+y=0modu
(2.10) (@+7)(6—7)=u?mod yu? g/w
(2.11) ad=u?mod(y, u) yw.

Proof. For (a Z)el},(q) we find that
c

g

_l(a b) _( a+alb b/az[wz,q])
a \¢ a)%~ (a(ac—a)+ad—b)[w?q] d—a~'b

which assumes the required form on putting

(2.12) a=au+bw, p=b, y=(%u—a)u+du——bw, d=du—bw.

We first show that o satisfies the congruences (2.9)-(2.11). Indeed (2.9) and
(2.10) follow from

c
a+y=du+%u2 and (cx+y)((5—y)=u2—;yu2
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respectively. For (2.11) notice that (8, u) =(b, u)=(y, u) so (2.11) follows from
(2.13) ad—Pyw=u?

Now we show that for integers o, 7,  satisfying (2.9)-(2.11) and for B given by
(2.13) the solutions of (2.12) yield

¢ 2o

Obviously det (a b)zl thus we have to show that a, b, c,d are integers and
¢=0(modg). ‘¢

By (2.11) and (2.13) it follows that b=p is an integer =0 mod(y, u). From
(2.10) we obtain

auy=(a—bw)yy=ay—ad+u?=a(y—38)+u?=y(6—y)modyu®q/w
. . 0—
which shows that a is an integer E—u—ymoduq/w. Analogously

duy=(+bw)y=90y+ad—u?=(a+7y)—u?=y(a+7y)mod yu?q/w

. . . + . .
which shows that d is an integer zau;ymoduq/w. Finally we obtain

%uzzy—5+au5y—5+6—y=0moduzq/w

which shows that ¢ is an integer =0 mod gq.

To complete the proof of Lemma 2.4 it remains to show that y and J satisfy
(2.6)-(2.8). Those conditions are equivalent to the existence of solutions a of
(2.9)-(2.11) as one can see by a routine calculation. H

From Lemma 2.4 one deduces the following

Lemma 2.5. For a=u/w, w|q, (u,w)=1, u=0 we have

(2.14) S..(mn;c)=e (m—n (w,i)) Y e (m ﬁ+nﬁ)
d1(modc) c c

ugq w

where c=74q /(W,g-), 0, (mod c) runs over the solutions of
w
215  (Gunyaw=1, @G+ud,w=1, &, +ud,)=umod (w%)
and o, is determined (mod c) by
(2.16) a,=6,modyq/w, o,=yia+u(y+ud,)modyw/y,u).

For the classical Kloosterman sums (1.5) the celebrated result of A. Weil
states
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(2.17) |S(m, n; ¢)| <(m, n, ) c* t(c).

On using (2.14), it can be shown by elementary arguments that the general
Kloosterman sum S, (m,n;c) is a product of Weil type sums with modulus
p'?llc, each of which is majorized by (m, n, p*»)* p**»t(p*?), thus giving

Lemma 2.6. For a=u/w, w|q, u=£0, (u, w)=1 we have

(2.18) 18,0, 13 | < (m, m, ) F2(c).

2.3 Bruhat Decomposition

Let I' be a discrete subgroup of PSL(2,R), a,b-two cusps of I' and g, 6, be
chosen as in (1.2). For the purpose of expanding the FEisenstein and the
Poincaré series into Fourier series (see Sect.3.2) we need a double coset
decomposition of ¢ I" o, & la Bruhat. Put

5 1 if a, b are I'-equivalent

®7)0  otherwise.

1 b
In the first case when a=1b, tel" define pab=oa‘1rab=( 1).

Lemma 2.7. We have a disjoint decomposition

(2.19) 0., To,=04psGU () |J GoG

>0 d(mody)
where y>0 and 6 (mod y) run over real numbers such that there exist o and B

with
a B\_ _
O':(y 6)660 lrab.

Remarks. The double coset Go G does not depend on the choice of («, f). For a
given (y, 9) the entry « is determined uniquely modulo y.

3. Eisenstein and Poincaré Series

From now on, I' will denote the Hecke group Ij(g).

3.1 Poincaré Series and Fourier Coefficients of Cusp Forms

We first extend a well known formula of Petersson (cf. [Gun], Chap.IIl,
Th. 15) in the following

Lemma 3.1. Let a be a cusp of I' and f a holomorphic cusp form of weight k, and
let

9

G.1) j(04, D)7 fl0a2)= }. Camel(m2)

m=1
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be the Fourier expansion of f around the cusp a. Then we have

damy—1!

Camz(k—_z)T <f; am( ,k)>k

. . dx
Proof. We restrict ourselves to the case k>2. Denoting dz=—— y, we have

Sy Pl J‘If(z) P,.(z; k) (Im z)*dz

=([f( Y jo:' 2 e(ma] "t2)(Imz2)dz;
2

telg~\T

change the order of summation and integration, and substitute z=1t"'0, o,

getting

o= Y, ” f(z7to,w)jlo7 t, 1 o, ) Fe(mw) (Im1~ 1o, w) dw.

telg~T o512

But f(t'o,w)=j(t"", 0, w)* f(0, w) since f is modular and

jG o0 i, o, ) (Im 1~ 0, 0)* =(Im w)* j(o,, )"
by a simple computation, so

¢ >k:gf(auw)j(00,w)_ke(—ma_)) (Im w)dw

where E= () o¢;'t2, which can be represented as the sum of a set of
telg~T
measure zero and the strip {z; z=x+iy, y>0, 0<x<1}. Introducing the

expansion (3.1) and integrating termwise we finally obtain

© (k—2)!
. — —4nmy k-2 —
<f; Iim("k)>k camge y dy (47'Cm)k_1 Cam' -

The “non holomorphic” counterpart of Lemma 3.1 is the following

Lemma 3.2. Let a be a cusp of I' and u a non holomorphic cusp form (of weight
zero) associated with the eigenvalue A. Let the Fourier expansion of u around the
cusp a be given by (1.15) with A=1+«?; then for m=1 and Res>1 we have

I'(s)

(3.2) pa(m)=(4mmy a2 I(s—3—iK)[(s—3+ik)

<ty Uyp(+5 5))-

Proof. The proof is much the same as that of Lemma 3.1. We have

<y Up (0, 5> =[fu(z) Y, Im(o;'t2)e(mo; 12)dz
9

telg\T

= Y Jf utto,2)ye(mz)dz

telg~T o512

-—” u(o, z)y e(mz)dz
—pa(m)fy‘z MK Rumy)e "™ dy
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which yields (3.2) because
T(s—i—wWI(s—%+v)
I(s)

(3.3) [e?y 32K (y)dy=n?2%"°
0

(see [Kub], p.50). H

3.2 Fourier Expansions of Eisenstein and Poincaré Series

Our main profit from the Poincaré series will be extracted from their Fourier
expansions. Let us first consider the holomorphic Poincaré series P, (z; k)

Lemma 3.3. Let a and b be cusps of I, m=1, k=2, k even. Let

(34) j(aba Z)_kam(abz; k): Z pabm(n’ k) e(n Z)

n=1
be the Fourier expansion of P,,(.; k) around the cusp b. Then

k—1

(3.5) Y s LR

)

r'1
+2ni* Z ;Sab(ma )y (

where J,_, is a Bessel function of order k—1, S, (m,n;y) is the Kloosterman
sum for cusps a, b, and b, is a real number depending on ¢, and oy,

By the Poisson formulas

1= .
J)=— fcos(ysinp —k@)do
0

3
= — [ cos(y sin ¢) (cos p)** dep
0

. )

2 (k=1)!

(see [EMOT], p. 14) it follows that

[/, (»)Emin |\ 1,

so the series in (3.5) converges.
A similar formula holds for the Fourier coefficients of the non-holomorphic
Poincaré series U,,,(z; s), namely

Lemma 3.4. Let a and b be cusps of I, m=0, Res>1. Let

(36) Uam(ab Z; S) = i aabmn(y’ S) e(n X)

n= —
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be the Fourier expansion of U,,(z; s) around the cusp b. Then

(3.7 Agomn(V,5) =06, 0ape(bopn) y e~ 2™

r
+ys Z v_szab(m9 n; V) B(ya m,n, y, S)

where
¢}

B799’= 2+2—s(_ _'—‘m—_)d’
(y,m,n,y,s) —jw(x y)Se|—nx i) X

and b, is a real number depending on a.

Notice that for s=0+it, 6>1/2 we have
40

(38) IB('Ya m,n,y, S)lé—y1—2ae—n|n|y‘
20—1

Indeed, if n=0, move the line of the integration to Imx= —y/2 and if n<0,
move the line of the integration to Im x=y/2 in either case obtaining

®© dx
B <e winly S
I (% m,n,y, S)I =€ _j'w ((x +ly/2)2 +y2)a

=2y1~2¢re—n|n|y J’ (x2 +%)—adx
0

_40
T 201

1—2a‘e—1r|n|y.

Therefore, by Lemma 3.2 and (3.8), the Fourier expansion (3.6) together with
(3.7) yield the analytical continuation of U,,(z; s) to the half plane Re s> 3/4.

The proof of Lemma 3.3 may be found in §5.3 of [Ran] and that of
Lemma 3.4 may be conducted along the same lines. In the special case m=0,
the evaluation of B(y,0,n, y;s) in terms of I' and Bessel functions (cf. [Kub],
p. 15) leads to (1.17).

The Fourier expansion of E (o, z; ) is very similar to that of the cusp forms
(cf. (1.15)); this is not surprising since Eisenstein series and cusp forms are
eigenvectors of the Laplacian. Now, the arguments from the proof of Lemma
3.2 are easily adaptable to give the following Lemma, the notation ¢, being
introduced in Sect. 1.1

Lemma 3.5. For m=1, Res,; >1, Res>1 and cusps a and b of I' we have

I'(s)I'(s,)

S—81 —S1—=8S—192s51~2
M Poan(S) =T 2 Fs+s, DI, =9)

<Eb( . ;S), Uam(' 9§1)>
Remark. It follows by analytic continuation that the above formula is valid for
s=3+ir.

3.3 Poles of Eisenstein Series for Iy(q)

Our aim is to prove that E,(z;s) has no pole in \(%, 1) for any cusp a of I'
=1I5(q). To this end we look at the Fourier expansion of E (z;s) around oo.
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Let a=u/w, w|q, u%0, (u, w)=1 and take

ul/ q/(w? q) 0

O’ =

a 1
Vo) —em
VAR et e

which satisfies (1.2). If (Z g) belongs to I' then
LS bk
- (oc ﬁ) | uValw?o ul/q/w? g
V0 \uy-wa) Valwh e ws—wp)Va/w, 9
_ ( * * )
\cYglwi e -DVa/w 9
where (—yé —lix) %:%, in other words D/C describes the orbit of u/w in I

The next Lemma is straightforward.

Lemma 3.6. The orbit of the cusp u/w in I,(q) consists of the rational numbers
D/C, C>0 satisfying

(39) (C,D)=1
(3.10) (C,q)=w
(3.11) CD=uwmod(w?, g).

From Lemma 3.6 it follows that

cpam(s):(w)s Yooy D e(——ni).

Wq  Jgaw=1 3(mod yw) yw
0, yw)=1
dy=uwmod (w2, q)
For n#0, the inner sum is <(n, yw), thus ¢,,,(s) is holomorphic in Res>1/2.
For n=0, we have

gy

wq Y v ek we(w,q/w)

(7, q/w)=1

~stg wq ) 11 plz)E (=)

Pucol®)=

therefore ¢, (s) is meromorphic in Res>1/2 with only a simple pole at s=1
with residuum

1 -1
18000 =100 T (145)

pla
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Notice that the residuum does not depend on the cusp a and also that

1
L 0:L@1=a]] (1+;).

By the above discussion we conclude that the Fourier expansion of E (z;s)
around z=o0 yields the meromorphic continuation for E (z;s) on the half-
plane Res>1/2. Moreover

Lemma 3.7. In the half-plane Res>1/2 each Eisenstein series has only a simple
pole at s=1 with residuum

(3.12) res E, (z; s)=%q‘1 1 (1+%)_1.

pla

3.4 Spectral Decomposition of L*(I'~ H)

In this short subsection, we quote a few facts about the spectral decomposition
of L*(I'\ H) with respect to 4 in the case when I'=1I;(q); proofs may be found
in [Kub], [Roe2], [Fad]. Let f be a square-integrable bounded function on

'\ H, one has

3.13) f(2)= Z(f,u>u Z j (HE(GE+iIinYE(z; 4 +ir)dr

jz0 ¢ —o

where u, denotes the constant function and u; (j=1) runs over an orthonormal
basis of the space spanned by the cusp forms, and where ¢ runs over a
complete set of I'-inequivalent cusps. It should be stressed that we implicitly
used in (3.13) the fact that the Eisenstein series have no pole in (4,1) (cf.
Lemma 3.7) and that the scalar product {f,E(.; 2—|—lr)> exists for any square-
integrable bounded f, though the Eisenstein series are not square-integrable
on 2. The last important result we quote is the following

Lemma 3.8 (Parseval identity). For f, geLZ(I’\ H) it holds

(3.14) {fgr= ;O<f, u;) (g u; “,>+ Z Of E(r,f)E.(r,g) dr
where & -
(3.15) Er =[[f2E.(z;5+irdz.

9

4. Trace Formulas for Kloosterman Sums
4.1 The Holomorphic Case

We first deal with the holomorphic case which is slightly simpler and different.
Our aim is to prove Proposition 1.

Let f;,(2), 1<j=0,(I), be an orthonormal basis of the space MM, (I') of cusp
forms of weight k=2, k-even. Let
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100D fulo, 2= 3 Ulam)elm)

be the Fourier expansion of f,(z) around the cusp a. By Lemma 3.1 we first
deduce that

k—2)! _
(@) e W NCRT A

dnm) =ty So.m
Let b be another cusp of I. Then by Lemma 3.1 again we obtain

k—2)!
(42) B0 Rl 0= e P01,

On the other hand by the Parseval identity it follows from (4.1) that

(k=2)!)?

4.3) (B k), By k)>k=W1§j;k(r)¢jk(aa m) Y, (b, n).
Combining (4.2), (4.3) and (3.5) we obtain

r any/
(4.4) O B €l )+ 278 T~ S fom )y (l#)

k—2)! e
- ) ¥y (a, m) ¥ (b, n).

This formula can be generalized by forming linear combinations of both sides
with certain coefficients depending on k. The Bessel functions J,_; of odd
integral order span a subspace of functions we called @4(x) in (1.10).

ik

In order to prove (1.9), we multiply both sides of (4.4) by l;(k— Dak—-1)

and sum over positive even k; in this way we obtain all the terms of (1.9), with
the exception of the 4, ... term; this last term is evaluated by the elementary
identity

23 (=1} @k= 1)) = =300

(this identity easily follows from the recurrence relation J,_,(y)+J,. ()

—_—zy_an(y) (ct. [EMOT, p. 12))

4.2 Auxiliary Formulas in the Non-holomorphic Case

We begin by evaluating the scalar product of two Poincaré series in two ways
in order to establish, in the non-holomorphic case, formulas analogous to (4.2),
(4.3) and (4.4). Let a and b be two cusps of I

For m=1, n=1, Res,; >1 and Res,>1, the two Poincaré series U,,(z;s,)
and U,,(z; s,) are in L*(I'~ H) and therefore the scalar product
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<Uam('; Sl)? Ubn('; S—Z)>

is well defined. Modifying the arguments of the proof of Lemma 3.1 we deduce
the following

4.5 Ul+; 50, U3 52)) =j;j[ Upml(z;sy) Y, Im* (o5 't2)e(nog 'tz)dz

telp~T

I

Y Useloyzis) v e(na) dz
telp~T op 112
o 1

j §U (JbZ§51)y32de

aabmn(y’ )ysz—Ze—Z‘lmy dy

o'—,s <)

Hence by (3.7) we further obtain

=4 e(bypn)@nn) =5 =2I(s, +s,—1)

mn ab

+ ZV‘ZS‘ Semn;y) [ yrs2=2e= 2" B(y, m,n, y,s,)dy.

Q= 8

The last integral has been evaluated by Kuznietsov (cf. [Kuz2], formulas
(4.27)-(4.31)).

Lemma 4.1 (Kuznietsov). For Res,, Res,>1 and m,n=1 we have

o= 8

ysl+sz‘-2 e_21|:nyB(»)), m, na y’ Sl) dy

(s2—-51)/2 i 4 m 1\s1+52-2 4
=—i2¥-nme P (ﬂ) ij—sz ( i . U) (U-f-**) a
h i Y v v

where the integration is performed through the half-circle |z|=1, Re z>0 starting
from the point —i.

By Lemma (1.6), the formula (4.5) yields the analytic continuation of the
scalar product of two Poincaré series on the domain Res, >3, Res,>3 and,
due to the absolute convergence of the Kloosterman sums series we can
consider a particularly important case where s, =14it, s,=1—it, giving

Lemma 4.2, For m,n=1 and cusps a and b of I, there exists b=b,, such that
<Uam('; 1+lt)’ Ubn('; 1+lt)>

e(bn) n\*L 4nymn \dv
=6ab5mnTr—2l( ) Z)} zsab(m n; y)."KZI!( y v)_l—)_
To get a result involving the Kloosterman sums S,,(m, —n; y) we evaluate the

scalar product <U,,(.;s,), Uy,(-;5,))>. It requires a slight modification of the
previous arguments to get
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4.6)  (Upm(;59), Uga(-5 8200
r ©

=3 728 (m, —n;y) [yt 2 e 2" B(y, m, —n, y, s, dy.
0

Surprisingly the integral can be computed explicitly (cf. [Kuz1])
Lemma 4.3 (Kuznietsov). For Res,, Res,>1 and m,n=1 we have

[yrreem2e 2™ B(y,m, —n,y,s,)dy
0

— 225152 ,ysl—sz r(sl +5,— 1) (ﬂ)“z_sl)/z K (47‘C ymn )
I(s)I'(sy) \n s1ms2 y :

By (4.6) and Lemma 4.3, on putting s, =1+it and s,=1—it we get
Lemma 44. For m,n=1

<Uam('; 1+lt)’ Ubn('; l_lt)>

shrt (n\' L 4n)Ymn
= ( ) Y 72 Sm, —n;y) Ky, (T)

t \m

Proof. (We give here a proof of Lemma 4.3 since [Kuz1] is not easily
accessible for all readers.) We have

B b $ - t = i 2+ 2 -t ( - m )d
O I i (e
which becomes, by changing x into y
y—2sx+1 Of (1+£2)~s1e (néy_zL) di
Zo yy(i+8)

Hence, changing the order of the integrations with respect to £ and y we get

y51+52_2e_2""yB('Y, m, —n, y,Sl) dy

o= 8

- °f(1+52)—S*°fy”-s'-‘e(<i+é)ny— ) avae
— 0 0

m
12+
It follows from [EMOT], p. 82, formula (24) that for Ima>0

Zjoy“—le (ay—g) dy=2e(%> (9)%K_v(4n1/2{5).

a

m
Lettin =5, — =(i+ y b=—' , it gives
g v=s; sy, a=(+ Yive " E
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° 2—51—1 : _ m
gys e((l+6)ny vvz(i+é))dy

m dnymn
=2(—) 2 (=i K, _, (7)
n,y2 ) 1—82 y

By formula 6.375 of [G-R], we also have

< 2V=s1(1— { F)S1—S2 = 7122_51_S2
_j“w(1+é) (=i dé“(sl+s2—l)3(5v52)

2251782 (s, +5,—1)
I'(sy)-I'(sy)

and this completes the proof. W

An other way of computing the scalar product of Poincaré series is based
on the Parseval identity (Lemma 3.8). The problem is reduced to the com-
putation of the scalar product of a Poincaré series with a cusp form u; or with
an Eisenstein series E,(z;s), which has already been performed in Lemma 3.2
or 3.4 (with m=0). Hence, by the Parseval identity we infer

nmi—st nt—s2

U5 50), U5 5,) @t I'(s)T(s,)

: {/Z pjn(m) pjb(n) A(Sy, 8,3 Kj)

+y j ( )(pmm +ir)

A(S1,8,; 1)
(pcbn(z )md"}

where
A(sy,80;1)=T(s; =3 —inNI(s;,—3+inNI(s,—3—ir)I(s,—5+ir).
In the case when s; =1+it, s,=1—it, this gives

Lemma 4.5. For mn=1, a, b cusps of I and t in R we have
Uam(‘; 1+lt)9 Ubn(‘; 1 +lt)>

= l (_’1)” Shﬂt n pJa(m) pjb( )
4 m t j51 chn(x;—1t) chn(x;+1)

lrm(pcbn(2+l )
+2 j (m) chn(r—t) chn(r+t) chnrdr}.

¢ —-00

For the next formula we assume, without loss of generality that u; is real, so

Pia(—m)=p;q(m).
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and similarly
(pcu—m(% —i r) = (pcam(% +i r)

because the Eisenstein series take real values for real s.
As before, the Parseval identity leads to

<Uom('; s1)’ Ubn('; 52)>

nmEsipt-s2
(4n)s1+sz 1I"(s )[‘* SZ) {/Z pja(m) p]b(n)A(slasz’ K)

. A R
+3 (mnr"«pmm(%+ir)¢cb,,(%+ir>—‘s—”—sﬁff~)d}

¢ oo IrG+in?
In particular on taking s, =1+41it, s,=1—it, telR we obtain
Lemma 4.6. For m,n=1, a, b cusps of I' and real t we have
U (514108, Ug, (o 1—i0))
1 (n\'"shnt P,a(m) py5(b)
=4n1/ﬂ (ﬁ) t {1«:}21 chn(x;—t) chn(x;+1)

T —ir S T chrrdr
+§ _jloo(mn) (pcum(2+lr)(p(bn(2+lr) Chﬂ(r—t) Chﬂ(r+t) .

For notational simplicity we put H(r,t)=chznr/chn(r—t) chn(r+¢) and

2it & dv

4.7 Dzit(x): _Sh Tt _‘..K2it(x U)T
t dv
sh21'ct j (J2i(v) + ~2it(v))‘v"

Then, combining Lemmas 4.2 and 4.5 we obtain a rough form of a trace
formula

Lemma 4.7. For m,n>1, a, b cusps of I' and real t we have

438) r 47{]/-m_r;

4y mn
ab m n; y)DZtt (T—) +6ub 6mne(bab7 Vl) ShTCt

Z m) P,b(n) H(Kj, f)

jz1 ChT[K

+Z j <;)_l ‘Pcam(%“*'ir)(Pcb,.(%—i-ir)H(r,t)dr.

Next, combining Lemmas 4.3 and 4.6 we obtain another formula

Lemma 4.8. For m,n=1, a, b cusps of I' and real t we have
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Idny/mn 4ny/mn
(4.9) Z—-z““'sab(m, - Ky, (—y—'—)

— Z p_’a(m)pjb( )H(Kj, t)

jz1 ChTt

+) I (mn)" PeamG+i1) @, G+ir) H(r, t)dr.

¢ —00

4.3 Kuznietsov's Trace Formulas

Here we modify the formulas (4.8) and (4.9) with respect to the weight func-
tions attached to the Kloosterman sums. To this end, we freely borrow from
[Kuz1] Kuznietsov’s results about integral transforms of Bessel functions.

Let ¢ be a #3-class function with compact support in (0, o). For real ¢ put

.10 10= = [ U+, (22) ax

and recall that ¢ has been defined in (1.22) and ¢ in (1.12). We have, for teR
and ire[0,4] or r=0

4.11) —_}0 tsh2nt H(r, ) K, (0) dt=0K,,,(6)
4.12) Ojo :}{(”t dt—TJo(x)(p(x)

(@13 XJ T (G Unal+ 9 ) de) =)
@19 [ HO,0 10 de=2 60

—

For the proofs, see formulas (6.20)-(6.23), (6.19) and (6.27) of [Kuz2], the
extention to the imaginary r’s being straightforward.

On multiplying both sides of (4.8) by f(t) and integrating over the real line,
we deduce from (4.12) and (4.13) the following

Proposition 2 (Kuznietsov). If ¢(x) is a €>-class function with compact support
(0, ), a, b two cusps of I, there exists a real b=b,, vanishing when a=b such
that

1 4 1 <
(@19 X Sulm i) oy (T 4 elbn) [ o 000 dx

Z pja(m) pjb(n) @(KJ‘)

jz1 chrny;

Yy ] ( )"wcam(%wr)wcb"@wrm(r)dr.

¢ —00
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Gathering together the results of Propositions 1 and 2 we obtain (1.19) of
Theorem 1. In order to get (1.20) in Theorem 1, we multiply both sides of (4.9)
by

4 @ do
FtsththZi,(G)q)(())6—2
0

and then integrate both sides through the real line (— o0, 00). In the LHS we
get (with x=4n7/mn/y) the double integral
4 = © do 1
(4.16) = T sh2ntKs, (0 (jKZi,(O)(p(G)O—Z) dt=x""p(x)
—® 0

by the Kontorovitch-Lebedev formula (see [EMOT], p.75), whence the LHS
of (1.20). In the right-hand side we get the double integral

0

— o0

4.17) % Zjo (— Ojo tsh2nt H(r, t)Km(G)) dt- (,,(0)2

do _ ¢(r)
6 chrr

4 0
= 1K@ 00

by (4.11), whence the RHS of (1.20).

In the above arguments we omitted several delicate questions about the
convergence of the involved sums and integrals. For relevant details the reader
is refered to the original papers of Kuznietsov.

5. Large Sieve Inequalities for Fourier Coefficients

In this section, we apply the trace formulas to derive Theorem 2.

5.1 Quadratic Forms with Kloosterman Sums

Let a be a cusp of Iy(q) and S,,(m, n; c¢) a Kloosterman sum associated with a.
For 6>0, we investigate quadratic forms of the type

B,(6,¢c,N)= Y  b,b,S (m,n;c)e(2 mne)

m-n aa
N<m,n<2N 4

with the aim of proving Proposition3. We shall assume, without loss of
generality, that a=%, with wlq, (u,w)=1 and u=0.

The first inequality (1.25) follows easily from Lemma 2.6.
The second inequality (1.26) is a consequence of a hybrid large sieve
inequality for Farey points, namely
H . d
Y b,n'e (n —)
N<n<2N ¢

2
(5.1) [ dt <(cT+N) |byll3.

—T d(modc)
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We leave the proof of (5.1) to the reader as an exercise. A minor difficulty
arises when separating the variables m and n in e(2671/mn/c). To this end we
applied to the Mellin transform inversion formula

M(s)= | m(x)x*~'dx, m(x)—z—— [ M(s)x~*ds, ¢>0.
0 (o)
Notice that in the range of the summation in B,(6,c,N) we have
N <)Ymn <2N. Therefore B (0, c, N) remains unchanged if a smooth weight
n(yYmn/N) is attached to each term provided that

L1 xe(1,2],
”(x)_{o if x¢(@,3).

In what follows we demand #(x) to be of €* class. Then

1+ic0
r](x)e(20c‘1xN)=L_ [ M(s)x*ds
27{ 1—ico
with ,
H i (L+1e)~
M(s)= -1 it
) gn(x)e(20c xN)x dx<{t‘2 for |t|>16m6Hc~ ! N.

Hence, by (5.1) and (2.14) we infer

Bﬂ(H,c,N)——-E%-_ITwM(s) Y b5 (”m")_ssoa(m,n;c)ds

1—ico N<m,n<2N

<(c+N+1/0cN) byl

Now we proceed to prove (1.27) for ¢<N'~¢ the remaining range
N'-¢<c¢<N being covered by (1.26). By the Cauchy-Schwarz inequality we get

B0, NP S IEEn (1) (S baSuatmns 9 (V" 0)
=lbyl3 . b, CfLéLgﬁfl—i);;fwn)
where e
fmy=n (%) e (ai% n+2(1/;"_‘:1/m—2)0 1/H)=n (%) e(An+BY/n),

say, and the pairs («,,d,), (2,,d,) run over the solutions of (2.15), (2.16). For
the inner sum we apply the Poisson summation formula

Y fm=Y fw)

nel uel

where - in this subsection - f (1) is the Fourier transform
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A~ t
fw=[n (7\7) e((4 ——u)t-}—B]/;) dt.

1
If u+A4 then |4 —u|=— while IBI/21/t<(1/2—1)6c~' £2()/2—1) ¢~ . Therefore

by partial integration p-times we obtain

b)) e
-e((A—u)t+BV/1)dt
<N(|A—u|N)7".

Hence on taking p=[2¢"!] we deduce that
~ c\V
M;Af(u)<N(N) <c .
It remains to consider the case u=A. Since u is an integer it implies

o, =a,(modc) and consequently 6, =0, (modc). In this case, f(4) is inde-
pendent of d,, so we can carry out the summation over ¢, first, giving

Le ()

o1

= |Saa(0’ ml - mz; C)| :<:(m1 _mzs C).

For f(A) we have, besides the trivial estimate f(4) <N, also

cN

. t Sinte SN
fidr=fin () eV drimr 2 =

by partial integration, provided m, #m,. Gathering all the above results to-
gether we conclude that

ST YT

2

IBa(e;CsN)|2<CN”bN“g+0_1CN z lbmlbmzl

my ¥ my |

<0 cN'** by 3.

This completes the proof of (1.27) and of Proposition3. W

5.2 Large Sieve Inequalities for Fourier Coefficients
of Holomorphic Cusp Forms

Our primary aim is to prove (1.28), however it needs no extra effort to prove
the following asymptotic formula

Proposition 4. For K>1, N>1, ¢>0 and any complex numbers a, we have
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(52) y vl e e Ty

k1
g(modZ) (4m) 15j<06i(q) N<nZ2N

k=
k2

=GK*+0(u(@ N'*9) llayl3,

the constant implied in the symbol O depending on ¢ alone.

Proof. We follow the arguments of [Iwa2] where the case of the full modular
group is treated. We begin with the formula (4.4) for a=b in which case the
factor e(bn) in front of the d-terms is one. On multiplying both sides of (4.4) by

(k—1)e~*-WKg q

then summing over m, ne(N,2N] and k=2, k=0 (mod2) on one side we get
exactly the expression from the left-hand side of (5.2) while the other side
becomes

r
(5.3) Dy llayl3+n )

where

| =

4
Y. G, a,S.q(n,m; c) Ex (n mn)

C

® 1 1 1\~2
4 = -1 “(2"“/"=—( —)(h—) =1K2+0(1
5.4 Dy l;(Zl )e 3 chK ] X s K*+0(1)
and for x=4n)mn/c
Ex(x)=2) 2I-1)(—1)e-@=DKJ, _ (x).

=1
It remains to estimate the quadratic forms
4nyYmn
F(¢,N)= Y a,a,S.(nm;c)Eg (——~)
N<m,n<2N ¢
We shall show that
(5.5) F,(c, N)<c " N'*5 lay|2.

To this end we borrow from [Iwa 2] (see Lemma 6) the result
1 2 1 1 2 5 —-3/2
=— (sh = h—) — d
Ex()=y (sh ) Jexto(en | (en ) 2] ae

. . . . T
where J, is the Bessel function. Given 4 with 0<4 gz we rearrange the
Poisson integral as follows

%Jo(y) = cos(ycos0)db

sin(y cos 4)

6
s1n(y cos 0)dO+ Vsin

O b O3
(@}

12¢
os(y cos 0) d +— j
Y as
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Accordingly we write Eg(x)=Eg (x)—Eg,(x)+ Eg,(x) where

7y, ()= (sh %) i Ex [(ch%)z —52]"3/2 cos (& x cos 0) dB dé

7 Eg, (x)= (sh %) i ;‘:2% [(ch %)2 - 52] 7 Gin(E x cos 0) d0 de
d
" nEKa(x)=(sh %)isni . [(ch;(—)z—-éz]_msin(éxcosA)d{.

By Proposition 2

Z Em bn Saa(m9 n; C) e (M é CcOos 0)
N<m,n<2N C

<(¢cos0)"*(c N)*D(c, N) |[byl|3
where
cEN if ¢>N?
D(c, N)=4c¢ if N<c<N?
c*N* if ¢c<N.
Hence, decomposing F,(c, N)=F,(4,c, N)+ F,(4,c, N)+ F5(4,c, N) as we did it
with E(x), we deduce that

N
F(4,c, N)<A(CN)‘;D(C, N) Jlayl3,
Fy(4,¢,N)<4~(c Ny’ D(c, N) |lay3,
and
Fy(4,¢, N)<4~ (¢ Ny’ D(c, N) [lay3.

If c<N we take 4=7/¢/N getting

N
F(c, N)< (A ?+A‘1) (¢ N)*c* N* |ay |2
<(cNYN Jayl3<c™®N'*2* flay|3.

If c= N we take 4=mn/2 getting
N
F(c, N)=F, (g, c,N)<(cN)£?D(c, N) |layl|l3 <c ENP*3¢ |ay 3.

This completes the proof of (5.5). Combining (5.3), (5.4) and (5.5) we deduce
that the RHS of (5.2) is equal to

{zK?+0( > cTITENTT) (layl3

¢=0mod g/(w,q/w)

which yields (5.2) after reinterpreting 5¢ by e Of course (1.28) follows from
(52. -m
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5.3 Large Sieve Inequalities for Fourier Coefficients
of Non-holomorphic Cusp Forms and Eisenstein Series

This section is devoted to the proof of Theorem 2.
We first make use of the summation formula (4.8) with a=b: we multiply
both sides of (4.8) by

—(t/K)2 =
tshmte a,a,

and then sum over m, ne(N, 2N] and integrate over te(— oo, 00). Since

© Irl+2
[ tshao)H(r,)e~ " de= [ >(r|+1)e"/k?
- Irl+1

we obtain

K.+ 1 )
(5.5) ZEfT{“ e~ /K2 IZ a, p; (Ml
J

K;

+Z§ (rl+1)e “""’ZIZa " QG +ir)2 dr

V 4
Z dm G"MSGO(m7 n; C) @ (_n—rnn_>
C 4

m,n

ml»—

<K’ ||aN||%+Z
where for x=4n)/mn/c we put

d(x)= !‘ t2e ~(r/K)2§K2 t(xv)__

- —i

For Re y>0 we have (see [EMOT], p. 82)

0

K, (»)= j yehe cos(2t&)d¢

0

:.y.. [ e=7ehé she sin(21 &) d¢
0

the latter following by partial integration. Moreover we have (see [G-R],
p. 214)

[ te=WRsin(2t &) dt=1/n K* € e~ €K7,

Hence
(5.6) B(x)=1/niK>3 [ e=€F* ¢ th¢sin(x ch &) de.
0
On integrating by parts we obtain another formula
(5.7 x@(x):}/; iK3 [ e CR*(1—-¢th¢—2£2K?) cos(x ch &) Fdhé_ﬁ
0

When treated trivially (5.6) yields ®(x)<1 while (5.7) yields &(x)<x~'K2
Therefore it is optimal to use (5.6) if c>K~2N and (5.7) if c<K~2N. Denote
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®(c,K,N)=Y a,a, dnymn ’cm" S,.(mn; ) @ (4”—— ‘Cm")

If c> N? then by (5.6) and (1.25) we get
D(c, K, N)<t?(c)c ¥ N? ||lay 2.
If N<c<N? then by (5.6) and (1.26) we get
d(c, K, N)<N |ay|3.
If K-2N <c<N then by (5.6) and (1.26) if £ <1 and (1.27) if £ <1 we get
D(c, K, N)<(Ke K¢~ N2 42 NCD+2) ||a, |2
If cSK~2N then by (5.7) and (1.26) if =1 and (1.27) if £<1 we get
D(c, K, N)<(Ke ¥ c I N2+ K2t N*?) ||ay|2.
Gathering the above estimates together we obtain

¢ 1|@(c, K, N)| <u(a) KN(N*+ pu(a) NK e5%) lay 2.

¢=0(modgq/(w,q/w))

Hence by (5.5)

Il +1 2 2
1) can(z +ir)12dr
W chrr, Iga Pja(nl +Z§(Ir|+ IZa n’ o

<K(K*+p(@) N2 +(u(a) N)ZKB”KZ) lall3-

Since the left-hand side is nondecreasing in K we may replace K in the right-
hand side by any number K, > K. On putting K; =K +(u(a) N)® it yields

<K(K?+pu(@) N lay]3.

Hence by partial summation the left-hand sides of (1.29) and (1.30) are both
<(K*+ (o) N'**log 2K) [lay|13
<(K?+p(@) N1H2) flay]3.

This completes the proof of Theorem 2.

6. Exceptional Eigenvalues
We shall prove in this section Theorems 3 and 4.
6.1 The Case of Modular Group

Here we deal with I'=SL(2,Z) and we actually prove

3n?
>__
Iz
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which is much more than what Theorem 3 asserts. Somewhat surprisingly, this
has no advantage in practice. For numerical experiments about A, and other
points from the spectrum see D.A. Hejhal [Hej].

For the purpose of the proof we take as a fundamental domain & in H for
the action of I' the normal polygon

D={z=x+iy; —3=x=3,|z[=1}.

Let 19 be the image of 9 under the transform 7z= —1/z from PSL(2,Z), so
2 Ut 9P covers completely the rectangle

I={z=x+iy; =3SX=3,yZyo}

where y0=]/§/2. Let u(z) be a cusp form such that
[lul?dz=1, Au=2iu, Ai>0.
2

By the periodic boundary conditions

2i= [ @dudz= | (ul+ul)dxdy

Dot Dot
2 f(u2+ul)dxdyzfuldxdy.
I 1
Further, from the Fourier expansion
u(x+iy)= 3 a,(y)e(nx)

n¥0

it follows that

Judxdy=] ¥, @nna,0)7dy
I

yo n0
22nyo)? [ Y a;(v)y2dy
yo n¥0

=@y [lul dzz@ny,) [ |uf* dz=3?
I 2

whence A>3 72

6.2 Selberg’s Lower Bound

The ideas behind the above proof completely fail for Ij(q) with large g. Here
we use Kuznietsov’s formula (1.19) and A. Weil estimate (Lemma 2.6) to show
that A, =3/16.

Let ¢(x) be a function of > class whose graph is
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o\ Y> 10,

1Y 2/Y

and whose derivatives satisfy ¢®(x)<Y’, I=0,1,2,3. By Kuznietsov’s formula
(1.19) for m=n, a=b=o00 we get

lS(n, n;c)p(4nn/c)

¢=0(modq)
é(x)) 2 T 2
= (t H)*dt
& Ch |pjoo( )l +7t ;vjoo(p )l(pcoon(2+l )'
1 (k—1)!
+5— o #k—1) ¥ (o0, m)I?
27 2 O(ZmodZ) (dmny! 1;,‘;7,((4) %

By (2.18) the LHS is majorized by

> e motr(c)k(nY)tlognY.
cSoimoda)

In the RHS we have the transforms ¢(r) and @(r) which by Lemma 7.1 satisfy
¢, p(N<(r*+1)~!

for all real r. Therefore all the series and the integrals except the finite sum
with /Ij<i converge to constants depending at most on n and g; to see this,
look at the large sieve inequalities from Theorem 2. In the remaining terms, i.e.
in those with exceptional 4;'s, we have

o ,
B e, | a0z () 00 S

with 0<ix <3. From the power series expansion

00 )l x \2!+v . )
zl'rl+1+v)() » YT<x<2Y

J,(x)=
one can easily infer that ¢(x;) >0 and even that
G(k)> Y™ as Y- o0.
Combining all the above observations we conclude

Y. Ylp (IP<Ytlogy,
Aj except
the constant implied in < depending on n and g at most. Taking n such that
Pjo(m+0 and letting Y tend to infinity this implies i, <% which is equivalent
to 4;=3/16.
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7. Upper Bounds for Sums of Kloosterman Sums I

This paragraph is devoted to bounds for sums of Kloosterman sums connected
with a single given group I;(q).

7.1 A General Estimate

In order to prove Theorem 8, we shall apply Theorem1 and so we need some
estimates for the Bessel-Kuznietsov transforms defined in (1.21)-(1.23)

Lemma 7.1. If f(x) satisfies (1.43), (1.44) then for real r, one has

f(ir),f(ir)<1%rx)_(i for 0<r<i
12 o, 70, f(r)<1fl'LT°§3(—' for all r

(73) J@), J0), Oy <lrl=>2 472X for |r|21
T, J0), F)<(rl=>2 +r2 X) 7Y for |rl=1

the constants implied in < being absolute.

Proof. Let us first prove (7.2). In case of f(r) we appeal to the formula

K, ()= [ e cos(2r &) de

0

(see [EMOT], p. 82). Integrating by parts we obtain

o fSC) dx:clii I (fLX))/e_xchédx<min(1,X"‘e—é).
¢ 0
Therefore
f(r)=ojocos(2r¢) Ie-xchg J(x )d i
0

1+|log X|

<(j;min(1,X‘1e‘5)d5< X

In case of f(r) we appeal to the Mehler-Sonine formula
J,(x)== jsm (x ché—~v) ch(vé)dé

(see [EMOT], p. 82) which yields

J2lr(x) J er(x) 4

oy jcos(x ch¢)cos(2ré)dé.
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On the other hand integrating by parts we obtain

[cos(x ch &) f(x)d —ojo( x)) Ln(%hé)dx<min(l,X*le“f).
Therefore
f(r)=2 jcos 2r¢ jcos(xché) fx )d d¢
<§min(l,X‘1e"5)<%{)ﬂ

In case of f(r), r positive integer, we appeal to the Bessel representation
2n

1 o
J(X)=2—7; j‘ el(xsm{—rg)dg
0

(see [EMOT], p. 14). Integrating by parts we obtain

sm

]'Oe;xsméf ) Ofezxsm{ (f( ))dx<m1n(1 X~ IISIDéI 1)
0 0

Therefore
1 2n Lo f(X)
—__ —ir ixsiné
7 5 ge ge - dx d¢
2n 1+|log X
<[ min(L, X~ |siné|“)dé<%.

The proof of (7.1) follows the same line, except that the upper bound
cos(2ré) <1 is replaced by cos(2ir&)<e?"t and so f(ir) - as well as f(ir) - is
0 1+X-2
min(1,X e )déc——c—.
<fermin(L X" e de ey
Now we proceed to prove (7.3) and (7.4). In case of f(r) we appeal to

jK(x Xt 1dx=25- 1r(SJ2”’)r(S_T"), Re(s+v)>0

(see [EMOT], p. 51) which, by the Mellin’s inversion formula, yields

K2ir(x)=2Lni()2s_1x—sF (%+ir)1"(%——ir)ds.

On moving the line of integration to o= —1 we meet poles at s=+2ir with
residua ) )
2‘1i2"x”"1“(i2ir).

Moreover, integrating one time by parts we obtain
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1

(7.5 jf(x)x‘s‘ldx=—Eff'(x)x‘sdx.

Therefore by Stirling’s formula

](r)=_2—1+2ir1—'( ir ¢ =2ir gy

_2—1—2ir1—'(_2ir)c n 2irdx

ds

SUCHIE —sr(2+n) (%—ir)v*dx

<Irl- 3/2+r-2X

chnr

which is (7.3). Integrating another time by parts in (7.5) we may then derive
(7.4) for f(r) in a similar way.

The proofs of (7.3) and (7.4) for f(r) are much similar. In this case we
appeal to the Mellin-Barnes integral

s F(ir+%)
(2) (1+ir—%)

(see [EMOT], p.21). On moving the line of integration to 6= —1 we meet a
pole at s= —2ir with residuum

2ir
(’—;) ra+2in-.

Therefore, by (7.5) and Stirling’s formula

Jaip(x )—— )

ds, 0O<o<l
Tl ()

fry==2"2"(shar) ' I(1+2ir)~ ' (2ir)~ ! [ f'(x) x> dx
22" (shr)~ ' L(1-2in~1Q2ir)~ " [ f/(x)x~ 2" dx

. T ir+E
4 o T )(ju(z) F(l(Jr%)s)%idx
2

s
( )s F("‘lr+§) dS
2 B
2 r(1—ir—f) S
2

which is (7.3) for f(r). Integrating another time by parts with respect to x we
deduce (7.4).

shnr) e f

(=1)

<L|r|=¥*4r2X
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Finally to prove (7.3) and (7.4) for f(r) we appeal to the Mellin-Barnes
formula again giving
r+s
I {——
( 2 )

1 x\~*$
J(X)=—— (—) ———ds, rzl.
4ri (Jl) 2 r (H_r;s)

Therefore, by (1.10) we obtain

fo=1ire 5 (3)

dt
=it irini=in

i I(3(r+3+i1)
rGr+3-iv)

-2

which is slightly stronger than (7.3). On integrating by parts with respect to x

we deduce
fn<r3XY.

This completes the proof of Lemma7.1. W

Now, we are ready to prove Theorem8. Let us first consider the case when
both coefficients m, n in the Kloosterman sum have the same sign. By Theo-
rem 1 we obtain

k—
SwwbyiNs— Y [Jhk-p LDy

k— 1
27 k= o(mod2) (4m) 1<J<0k(q)

Na,m T Ul ml X by B

+ Z |f( )I |Z —mpju(m)l |zb,.;0jb(”)|

j=1 chmx;

+= Z i lfr)IIZa M= @ mG+ir)

¢ —x

Ian "Qn(Hin)dr.

Take two numbers R,=R, =1 and replace the transforms f,f by the upper
bounds (7.2) if |r|SR,, (7.3) if R, <|r|£R, and (7.4) if R,<|r|. Of course R,
=R, means that (7.3) is not applied in this case. Then by Cauchy-Schwarz and
the large sieve inequalities (cf. Theorem 2) we get

Sab(aM9bN;f)<(D1 +D,,+D,) [layll, IIbyll,
where

1+log X|+X %

D =
! 14X

(RY+p(@) M} (R +pu(b) N1+

D,y = (RE-+1le) MR+ p(0) N9+ RS
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and
D,=Y(1+R5 ¥ X)R; *2(R3+ pu(a) M+ 93 (R +u(b) N1 )2,

On taking R;,=X+1 and R,=max(X,Y)+1 it yields (1.46); when Y<X we
omitted the middle term D, because R, =R,.

The case when the coefficients of Kloosterman sums have different signs is
similar and simpler because the Fourier coefficients of holomorphic cusp forms
do not occur. With this remark, we conclude the proof of Theorem8. MW

7.2 Linnik-Selberg Conjecture on Average and other Particular Cases

Now it is a matter of simple calculation to derive Corollary from Theorem 8.
First, by a usual device we restrict the range of summation over ¢ in (1.47) into
intervals of the type (%C]/mn/MN, C]/mn/MN]. Letting X =47} MN/C we
reinterpret the latter range for ¢ by

ax<AmVmr k.
C

Next we assume that C>]/MN because otherwise the result follows from the
large sieve inequality. Let 2<Y < C and f(¢) be a function of €2 class such
that

f&)=1 if te[2X,4X]

1) or fg4x(1+%)

fO=0 if ¢éK2X (1_?

lf“’)(é)lgs(;)ﬂ if £el(X,Y) for p=0,1,2

where I(X,Y)=2X(1-Y"*),2X)u(4X,4X(1+Y""). For ¢ with 4n}/mn/c
in I(X,Y), we apply Weil’s result, obtaining

1
> > |a b, S(m, £n,0)| < C*Y CMN Y= flayll, byl

m n 4nymnjcel(X,Y)

For the complementary sum we have

1 4nymn
XXX apb, - S(m, +n; C)f(—c—) <Y +C*Y/MN) ayll; byl
by applying Theorem 8 with g=1 (check the conditions (1.43) and (1.44)).
The optimal value for Y is (CMN)* which yields the right-hand side of
(1.47).
Another consequence of Theorem 8 is the following
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Theorem 13. Let C, M, N =1 and let g(m,n,c) be a function of €° class such that
(7.6) Supp g(m,n,c)=[M,2M]x[N,2N]x[C,2C]

am +Pp2+p3

(7.7) (6m)1" (8n)”2(8c)”3

gim,n,c)| SM-PN-P2CP3,
0=py,p,,p3=2.

Then one has, for any positive ¢

r
1
2o 2 4, Y, b,gmnc)S,(m £n;¢)<D(C, M, N)|ay], by,

m
c cM<m§2M N<n<2N

with
D(C, M, N)

=(CMNY

(C+YMN + CY/ (@) M)(C+)/MN + CY/ u(b)N) (1 L C )oq
C(C+V/MN) VMN

We begin the proof with separating the variables m, n, ¢ in g(m, n, ¢) by means
of Fourier integral

g(xy,x,,4my xlxz/x):” G(ty,ty; x)e(t;x; +1t,x,)dt,dt,
where, by the inversion formula
G(ty, ty; x)=[[g(x,, x5, 4n Y/ X X, /X) e(—t; X —t,Xx,)dx, dx,.

For t,t,+0, integrating by parts p, times with respect to x;, and p, times with
respect to x, and then differentiating p times with respect to x yield

ap ) . B ap1+p2+p
—‘G(tl, t25 x)=(27rlt1) p‘(antz) P2 ij

Ox?
4n]/x1x2)e
X

<(t,M)~"(t,N)~"(j)/ MN /C)~" MN.

Therefore for ¢ a sufficiently small positive constant the function

-g(xl,xz, (—tyx, —t,x,)dx, dx,

S)=s(t; M) (t; N)P*(MN)~ ' G(t,, t5; )

satisfies (1.43), (1.44) with X =2n1/MN/C and Y=1. Theorem 8 gives

I any/
(7.8) Y- aub,elt,m+,m)G (zl,tz;"_c’"l) S.(m, 12 0
KMN(t,; M)=P1(t,N)=2D(C; M, N)|lay]l 5 byl

Take p, =0 if [t,|M <1, p,=0 if [t,N<1 and p,=p,=2 otherwise with the
effect that
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Jf MN(t, M)=P(t,N)~P2dt, dt,=16.

On integrating both sides of (7.8) with respect to ¢, and ¢, we complete the
proof of Theorem 13.

By Theorem 13 for the group I'=1I(q), g=rs, (r,s)=1 and the cusps a= o0,
b=1/s and by (1.6), we obtain (1.51) after a simple reinterpretation of the
variable ¢ and the coefficient (b,,).

8. Weighted Large Sieve Inequalities

We had already an occasion in the former section to see how the exceptional
eigenvalues weaken the estimates for sums of Kloosterman sums. Here, we
turn this defect into an extra force for strenghening the large sieve inequalities.

Let us call, for the use in this section, a test function ¢(x) any function
which is of ¥* class, whose graph is

nY n,Y

and whose derivatives satisfy ¢®(x)<x~!, the constant implied in <depending
on ! and #,, n, at most. If Y <1, the transform ¢ behaves much like the Mellin
transform, precisely we have

i j.( (x/2)%™ _(x/2)*2""
" 2shak’ \F(1+2in) I'(1-2ix)

N dx

CRI ) o+ 0+ 1))

by the power series expansion for J (cf. [EMOT]) and partial integration. Here
the error term is good enough to bring results as sharp as that which follow
from the conjecture 0,=0. The difference between the cases of real and purely
imaginary x’s is obvious, since in the first one we have

8.2) Pr)<(xk*+1)~1
while in the latter (ix >0)

(8.3) P(x)> Y2,

8.1 The Case of Fixed Level

We wish to prove Theorem 5. Let g=1, I'=1,(q) and a be a cusp of I' We first
observe that (1.38) follows from (1.29) and Theorem 4 if p(a) N is bigger than a
constant. Thus we assume that Y:=8nu(a) N is sufficiently small. Let ¢(x) be a
test function with support in [Y,2Y]. Apply the Kuznietsov formula (1.19) for
a=Db, multiply its both sides by d,a, and sum over m, n from [N,2N]. The
resulting sum of Kloosterman sums S,,(m, n;7y) with respect to y is void
because for some positive integer d

y=d/u(a) = 1/u(a),
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so the argument of @(4n})/mn/y) lies beyond the support of ¢(x). The other
side becomes

2

P(x;) +0((1+ (@) N +9) lay]|2)

Ajexcept. ChTC Kj

Z anpja (n)

N<n=<2N

the error term coming from estimates for bilinear forms in Fourier coefficients
of holomorphic cusp forms, Eisenstein series and non-holomorphic cusp forms
with 4;>7, each obtained by means of Theorem 2.

By (8.3) this yields

Z y - 2ix;

Aj-except.

2

<(1+pu(@) N9 ayl3.

Z anpja(n)

N<nZ2N

Letting L(X) be the expression from the LHS of (1.38) we deduce by Theorem

4 that
X)S(U+VXY)LY) <1+ (@) NX)(1+p(@) N' %) ay]
which, together with (1.29), completes the proof of (1.38). M

8.2 Results on Average

Our aim is to prove Theorem 6. The crucial point in what follows is the use of
test functions ¢(x) with smaller support, so the sums of Kloosterman sums
S(m, n; qc) with respect to ¢ will not be void anymore. There is no way to treat
such sums by the Kuznietsov’s trace formula for the group [;(q) since it must
lead to the same expression we started from. However, if we sum over q first,
there is another possibility to apply the trace formula for the group I;(c) that
permits to break the vicious circle. What really happens can be expressed by a
kind of recurrence relation for

@) 2

(8.4 SQ,Y,N;s9)= Y yooyEa oy a,np;(n) .

Q<g=16Q Ajexcept. N<n<2N

Lemma 8.1. Let Q,N,Y =1 and a be a complex sequence. For any ¢>0 there
exists a constant c(g) such that

dt
t*+1
+c(@(YNP(Q+N+NYQ™ ) ayl3.

(8.5) S(Q, Y, N,0)<c(e anNYQ LY, N,it)

— 00

Proof: Let ¢(x) be a test function whose graph is

(8.6) 1_[ L

12Y 1/Y 2/Y 5/2Y
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Apply Kuznietsov’s formula (1.19) for the cusps a=b=o0 of the group I;(g),
multiply its both sides by a,,a, and sum over m, n from [N, 2N]. This gives

(8.7) ) g

anp'oo(n)
Aj-except. ChnKj N<nZ§2N !
1 4ny mn
= Y a,a,) —(p( n )S(m,n;qc)
N<m,n<2N c=lqc qC

+0((1+q 'N'"*)ljay)3,

the error term coming from the estimates for bilinear forms in Fourier coet-
ficients of holomorphic cusp forms, Eisenstein series and non-holomorphic
cusp forms with 1;=%, all by means of Theorem 2.

Let f(x) be another test function whose graph is

1
J L
o2 @ 20 30

Multiply both sides of (8.7) by f(q) and sum over g. Next apply Kuznietsov’s
formula (1.19) again for cusps a=b= 00 of the group I(c) giving

® 1 4/
53) T o T@o () sonni g0
(c)
Pjoam) () Py
% chrk; )
+similar terms corresponding
to the holomorphic cusp forms
and the Eisenstein series.

Here, for brevity, we denoted h(¢)=f(4n}/mn/éc)p(&), so h(f) depends on m, n
and c. In order to separate these variables we write

f(é)—— I x(s) & %ds

with
(8.9) w)=[fOE e +1)71,  s=it.
0
All terms on the RHS of (8.8) except those with the exceptional i/’s can be

estimated (after summing over m, n with coefficients a,a,) by means of Theo-
rem 2 showing that they contribute at most

(8.10) O((1+c~*N'*9)|lay|3).

For the exceptional A;s, we approximate ﬁ(xj) by the integral (8.1), of course
with ¢ replaced by h. If 0 <ix; <& we obtain
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|A(,)l < Y?*log Y
thus these terms, as in the case of A;=, contribute not more than (8.10)
multiplied by Y**log Y. If ¢ <ik;<} we obtain
A )= n4ixi jﬁé_sz(41r]/mn) ({)d—é
P 2sin(mix) T(1-2ix;) te )P
+0((x;? +1)7 1.

The error terms contribute to the RHS of (8.8) not more than (8.10). The
integral can be rewritten as follows

1 00 . c it 00 e 20—
e 200 (] e et

where y(it) <(t*+1)~* by (8.9). Hence, collecting (8.7), (8.10) we deduce that

@) A 2
(P(Kj)
a,p ;1)
%2 f(q)}.,-egc:ept. chn Kj N< é 2N pj (
00 c it () 4“‘1'1
_ Tyt < _ — p*(2ir,—it
Juin X (i) o Sy T =20 ¢ @0

QL anpjoemym="%)(} a,p;,,(n)n="12) dt
+O((YN)*(Q+ C+N)ayl3

where @* is the Mellin transform of ¢ and C=nNYQ~!. We trivially have
P(k)> Y?™ and |o*(Qik;—it)| < Y2
thus by the Cauchy-Schwarz inequality we obtain

@) 2

>y v

Q<q=2Q Aj-except

z anpjoo(n)

N<n=<2N
(©)

<] Y Y vl Y anip.

—00C<c=16C Aj-except N<n<2N

+(YN)*(Q+N+NYQ~ 1) layl3.

2

t*+1

All what is left to do is to extend the range of summation over g from [Q,2Q]
to [Q, 16Q] with no change of the range [C, 16 C] for c. To this end apply the
above estimate for pairs

2'g, 2y, 1=0,1,2,3

and add the resulting inequalities sides by sides. This completes the proof of
Lemma 8.1. W

Proceeding to the proof of Theorem 6 we remark that it suffices to show
that
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(8.11) S(Q, Y, N,0)<(QN)(Q +1/YN)|lay]?

for any Q,Y, N=1 and ¢>0. First, we prove by induction on Q that for
1SN<Q'-%and Y=(Q'~%/N)? it holds

(8.12) S(Q, Y, N,0)<Q'**|ayl|3.
If Q<Q,(e) or Q' 2*<N <Q'~* we have
S(Q, Y, N,0)SY*S(Q,1,N,0) <N~ 1Q'"%(Q + N'*) lay| 3
by the large sieve inequality (Theorem 2) and this yields (8.12). If Q >Q,(¢) and
N <Q'~2¢ then we apply Lemma 8.1 giving
S0, ¥ N,0)<5up 5@, YN, i0+0" 2 ay I3

where @, =aNYQ '=nQ'"2*N-'<Q—1, provided the constant Q(e) is cho-
sen sufficiently large. To apply the induction hypothesis we write Y,
=(Q17¢/N)% so Y=n"2N2Q*(-9Y, and
8@, LN, i)Sn~ ' NQ**( =98(Q,, Y,, N, it)
<NQ**1 =901+ |lay||3

2
<QMTI2 ay 3.

Here the extra factor Q‘282 annihilates the constants implied in the symbol <
and a routine manipulation with the other constants completes the proof of
(8.12).

Now, the general case (8.11) results from (8.12) as follows

S, Y, N,0)<(1+)/YNQ*~1)S(Q,(Q' ~*/N)%, N, 0)
<(1+YYNQ )01+ |ay|3
S@N)*(Q+VYN) ayl3
if N<Q!'-¢and

SQ, Y, N,0)<Y/YS(Q,1,N,0)<)/Y (Q+N'*?) |ay| 2
<(@NQ+VY N) |y}
if N>Q'~¢ The proof of Theorem 6 is complete. W

One might be surprised by the fact we did not use the recurrence relation
(8.5) for Y=Q2"*N~! that fits to its structure much better and presumably
would yield sharper results. This is indeed true as long as the second term on
the RHS of (8.5) is ignored. This term matters only if N >Q. Although the case
N>Q is not important for applications it is necessary to deal with it in order
to complete the induction arguments. In the next subsection we treat sums of
Kloosterman sums by ad hoc methods getting, in special cases with N>Q, a
satisfactory bound to incorporate with the induction process with prescribed Y.
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8.3 Auxiliary Estimates for Kloosterman Sums
Some of these results having their own interest will be given a status of

theorems; the first one is

Theorem 14. For C, M, N =1 we have

(8.13) Y1 Y Y S(mn; o)<, (CMN)C(C+MN).

cSC msMnsN
We begin the proof by showing the very simple following

Lemma 8.2. For M, N>1 we have
(8.14) | Y Y Smnmols Y fulm) f(m)S(m,n;c)
O0<m=<MO<ns<N —o00<mn< oo

where f,,(m) and fy(n) are some numbers such that
(8.15) [fu(m)| <1+4logM

(8.16) Fum S(M/m)?  if m&0,
the same bounds holding for fy(n).

At first glance this inequality seems to be superfluous because the RHS
contains about the same terms (in number and shape) and it even contains the
zero terms (the Ramanujan sums). But what is won at that price is the lack of
absolute value in the RHS which implies a considerable flexibility when sum-
ming over the modulus c.

Proof of Lemma 8.2. For any real ¢ we have

| Y emd)=min(M,2]£]~)=1(?),

O<ms=M

say

= Y Julmems)

— 00 <m< 00

where |¢|| stands for the distance from ¢ to the nearest integer and fM(m)
denotes - in this subsection - the Fourier transform

fM(m)=£e(—m€)fM(€)d€
=2fmin(M, 28~ 1) cos(2nmé) dé.
0

Hence for all m we trivially obtain (8.15) and for m+0, by twice iterated partial
integration, we deduce (8.16). Finally, by the definition of Kloosterman sum we
infer that
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'Y Y Smmols ¥* | % e(mg) y e(,,f’)

0<m<MO<ns<N d(modc) [0<m<M C/llo<nsN c
d d
E3
< 3 £ ()4 )
d(modc) c c

= Y Julm) fy(m) S(m,n; o).

The proof of (8.14) is complete. W

Proof of Theorem 14. It suffices to prove (8.13) for sums over c¢ restricted to an
interval of the type [C,2C]. Let g(c) be a test function majorizing the charac-
teristic function of that interval. By Lemma (8.2) we get

XY Y Smno)

C=<c<2C 0<m=MO<n=N
m

1A

<Y X Fulm) fuam) fy(m) 3 () S(m, n; ).

n c

The zero terms, ie. those with mn=0, by the well-known estimate of Rama-
nujan sums, contribute less than

Fu(0) /n(©0) Y 8(0) 9(0) +2 f34(0) i Ifx(mI Y g(e)(n, o)

+2£4(0) f )| Y. g(c)m, 0)
<(CMN)E(C2 +CM+CN)

by (8.15) and (8.16). For the non-zero terms one can apply Theorem 9 (see the
remark (1.52) after the statement) showing that they contribute

<C'**MN.

All together complete the proof of Theorem 14. M

Now we are in a position to prove Theorem 7. Of course it is sufficient to
show that

8.17) S(Q, Y, N,0)<(ON)**(Q+N+)/NY)N

for characteristic sequences a, of intervals [N, N;], NN, <2N (we recall that
S(Q, Y, N, s) is defined in (8.4)).
By (8.7) we get

S(m,n; qc)

(=

SQENO< Y Y 4

Q<q§16Qc=lqc
+(Q+N'"*9N

N<m,ns<N;

where ¢(x) is the test function described in (8.6). Here ¢ runs effectively over
the interval [25C, 16 C] with C=aNYQ~'. Next, by partial summation we get
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rid of the weights ¢@(4n}/mn/qc), then we make gc=k as one variable (the
number of representations of k in this form does not exceed t(k)<k®) and
finally we apply Theorem 14, that yields

S(Q, Y, N,0)<(QCN)QC+N*)+(Q+N'* )N
<(NYF(@+N+Y)N.

This can be further rectified in Y-aspect by a standard device

(8.18) S(Q, Y, N,0)<(1+}/Y/Y,)S(Q, Y,, N, 0)
<(1 +V Y/Yl)(Q+N+ Y)N(NY,)
<(@N(Q@+N+}YNY+1/QY)N

on taking Y,=1/Q+ N. Hence (8.17) is proved for N>Q*~ 2% and it remains to

get rid of the term }/QY in (8.18) in order to obtain (8.17) for all N. To this
end we apply much similar induction arguments as that in the proof of
Theorem 6. We first prove that

(8.19) S(Q,Y,N,00<Q'***N
for ISNZQ and Y=0%*"2*N~1 If Q £Q,(¢), the above follows by
S(Q, Y,N,0)SY*S(Q,1,N,0)<Q(Q+N'"*)N<Q'***N

on applying the large sieve inequality (Theorem 2), and if Q! ~2¢<N <(Q,(8.19)
follows from (8.18) as we already pointed it out. Now let Q>Q,(¢) and
1<N<Q!'-% By Lemma 8.1

SQLNO0< | SO, VN indt+Q' N

where Q,=naNYQ '=nQ'~2°<Q—1, provided the constant Q,(¢) is chosen
sufficiently large. Moreover we write Y, =07~ 2*N~! Y=(z~10?%?"-9Y, and

S, YN, i)=Y Y/Y, S(Qy, Yy, N, it)
§Q2£(1_£)S(Q1’ Yls Na lt)

with the intention of making use of the induction hypothesis. However, it is
not possible to do it straight because of varying coefficients a,=n" in
S(Q,, Y;, N, it). But immediately after partial summation

Ny
Y o m=N{ Y pim=it] Y pi(mEttde

N<nsN; N<n<N; N N<nzié
the induction hypothesis is applicable giving
S(Qy, Y, N, i) <(124+1) Q1+ *N.

From all together we obtain
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S(Q, Y; M0)<Q2£(1_8)Qi+4sN+Ql+SSN
<Ql+4e- 8e’ N
An appropriate manipulation with the constants implied in < completes the

proof of (8.19).
In the general case, (8.17) results from (8.19) as follows

SQ,Y,N,0)=(1+1Y/Y})S(Q, Y, N,0)
<(1+Y/Y/Y,) Q' *N<Q%(Q+1/NY)N
where Y, =Q? 2N, The proof of Theorem 7 is complete. M

9. Upper Bounds for Sums of Kloosterman Sums. 11

In this section we enhance the methods of section 7 by the weighted large sieve
inequalities with the aim of gaining something if the exceptional eigenvalues
do exist.

9.1 Quintilinear Forms in Kloosterman Sums

The objects we named in the title are sums in five variables

g(ca M7 N> R, S)_ z Z ambn,r,s
R<rs2RM<m=<2M
S<s<2S N<n=2N
(r,s)=1

Y. glc,m,n,r,s)S(mF, £n;sc).
(c,8)=1

In this subsection we prove Theorems 10 and 11. In order to avoid tedious
complications, mainly of a notational character, we restrict ourselves to give
the proof for weight functions of the type

Csl/ﬁf(4n1/l/m7)

where f(x) is a function of € class with support in [X~!'2X-!] X

=CSV/R/4n}/MN such that

IfOx) <X, v=0,1,2,...

©.1) gle,m,n,r,s)=
csyr

the constant implied in < depending on v alone.

Proofs of the general forms of these theorems can be quickly supplied by
any reader who went through section 7 where the basic technique for the
relevant transforms of smooth weight functions (separation of variables) is
clearly demonstrated.

By the formula (1.6) we have
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92  LCMNRS=CSYR Y S ayb,,.e (—ni)

R<rs2R M<m=2M
S<s<2S N<n<2N
(r,s)=1

C1 /Anymn
Z;f(T) Swus(m, +n;y)

where the innermost summation is taken over numbers y=c51/7, ¢ running
over positive integers, which are the entries of the left-lower corner of matrices
from [4(rs)o,,. Next for the inner sum we apply the Kuznietsov trace
formulas (1.19) and (1.20). It is only in the treatment of the exceptional
spectrum terms that we depart from the patterns of the previous proof of
Theorem 9.

Note that for real r one has by Lemma 7.1

9.3 fo), f@), fn<@*+1)1,

thus the regular spectrum series, by the large sieve inequalities (Theorem 2),
contribute to #(C,M, N, R, S) at most

1+|logX|( Ml”)
9.4) S
( <C f;; 1% 1+X+ e
1+¢
.(1+x+ s )uaMuznbN,R,snz

(CSYR+1/MN + C1/SM)(CSY/R+)/MN +CV/SN)

<(CMNRS) /RS oS YR AN

Ylayl, Ile,R,s||2~

The exceptional spectrum series is equal to

CSYRY, S cﬁ(" (Z e m»(ze( 1) b))

r,s Aj-except

which by fle)<X(1+ X))t ——

2iK; .
I1+—) (14X~ ith
_1+x ( ) o W

RS
Xo= N yields

rs) aix, 3
95  <CSYRX(1+x)' (Y ¥ (1+l/)§(_) Idepj,(m)lz))
0 m

,8 Aj-except
2)%

For the sums in the first line, we apply either Theorem 6 or Theorem 7 (in case
it is permitted), obtaining the two bounds

Z (_ h i:) by 5P j1ss(h)

(rs)
(Y aexg

r,s Aj-except

9.6) (CNRSY (RS +M+M

i)ua 12
VX, "
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and

©.7) (CNRS) (RS+M+ / XK X) WE
0

respectively. For the sum in the second line, we apply Theorem5 getting the
bound

©-8) (1+N'"%/RS) by g sl3-

Combining (9.2), (9.4), (9.5), (9.6) and (9.8) we complete the proof of Theorem 10
and,replacing (9.6) by (9.7), that of Theorem11. W

9.2 Incomplete Kloosterman Sums

There is a number of methods for transforming incomplete exponential sums
over finite fields to complete ones. Here we apply a method which is based on
the Poisson summation formula.

Lemma9.1. Let f(x) be a function of €* class with compact support. For q=1, a
an integer we have

1 am\ . (m
o DL = e () G)
where f(y) is the Fourier transform of f(x), i.e.
F0)= T S e(xy)dx.

Our aim is to prove Theorem 12 or rather to reduce it to Theorem 11. By
(9.9) we proceed as follows

rd
Y gle,d,nrs)e (n S_E)

(d,sc)=1

- e(ﬂ) Y gednrs)

SC

d(modsc) d=d(modsc)
(d,s¢c)=1
1 @ _ m
= Z S(”r,—m;SC)g(C,—“,n,r,S)
SC - —_ ScC

where
L(.om _ m
g (C,Es n,r,S)—jg(C,é,n,r,S)e (Scé)dé

For m=0 we have g(c,0,n,r,s)<D and the Kloosterman sum reduces to the
Ramanujan one for which we have
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[S(n7,0;sc)| <(n,sc).

Therefore the zero-term contributes to 4 (C, D, N, R, S) at most

9.11) DZZZIb”le(n <N°*D(NR/S)* by g sll»-

¥r s n

For |m|=(CDS)* CSD~'=M, say, by iterated partial integration (the number of
iterations depending on ¢) we get

glc,m/sc,n,r,s) <m=?

whence the series on the RHS of (9.10) converges absolutely and its terms with
|m|=M contribute to £ (C, D, N, R, S) at most

9.12) YYYb,lY Y 2<(CDS)‘ (NR/S)* by g sz

r s n m|>M

It remains to evaluate the contribution of terms with 0<|m|<M. For such
terms we divide the interval (0, M] into <log(M +2) subintervals of the type
(M,2M,], 1<M <M, and restrict |m| to run over (M,,2M,]. For given ¢
from the range of integration, i.e. such that

(9.13) DM ,/SC<E<DM,/SC
Theorem 11 is applicable with the weight function m~* M, g(c,&sc/m,n,r,s)
giving

(9.14) 2 Y by X

1
R<r=2R N<n<2N =1 M
S(<s)<2$ M; < [m[<2M;
r,s

-gle,Esc/m,n,r,s)S (nF, —m; sc)
<(CMNRS)‘L*(C,M1,N,R,S)Ml by &.sll2-

where
L*(C9M17N’R’ S)

/RS (CSYR+YM,N+CVSM,)(CSYR+VM,N +CV/SN)
CSYR+YM,N

+S(R(RS+ N))* C2,

Integration over ¢ from (9.13) enlarges this bound by the factor DM, /SC. Then
it is obvious that the maximum of

(DM,/SC) *(C,M ,N,R,S)M1*
is attained at M, =M and it is equal to

(CDSy?I*(C,M,N,R,S)M~*
We further have
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I¥(C,M,N,R,S)M~*
<{V/RS(CSYR+V/MN +C}/SN +CV}/SM + C}/MN/R)
+S(R(RS+N)F CyM~+
<(CDSY*{)/RS()/CDSR +1/CDN + CV/S + C}/N/R)
+ C(DS)*(R(RS + N))}
<(CDS)K(C,D,N,R,S).

Gathering together (9.10), (9.11), (9.12), and (9.14) we get (1.57) and the proof of
Theorem 12 is complete. B

9.3 Multidimensional Exponential Sums

In this last section we shall estimate exponential sums of the type

d
ZACDLM=ET YT fdlmrse (im)
c d 1l m
as well as

F(C,D,L,M,R,S)= a, #,(C,D,L,M).

R<r<2R S<s<2S

Here f(c,d,l,m,r,s) is a function of €% class with support in (0, 00]® and with
derivatives satisfying

9.15) | QY12 V3Vt Vs Ve
|6c™ 0" 31 am™ or*> s
<C2"“‘ D2-v2 J2-vs pf2-va R2-vs §2-v
A+ C*d*+D?* P+ m* +M?*r? +R?* 5%+ 5

f(c! d’ l’ m7 r’ s)

for any v,...,v¢=0 and some parameters C,D,L,M,R,S=1, the constant
implied in < depending on v, ..., v, alone. The first result is conditional

Theorem 15. If the smallest positive eigenvalue A, of the Laplacian acting on
('~ H) for Hecke groups I'=I(q) is=4 then for (r,s)=1 we have

(.16) #,,(C,D,L,M)<(rs CDLMY’
{(s C(C+D)(C?*s+LMr))*+DLM s~ '+ CD}

the constant implied in < depending on ¢ alone.
When an averaging over r and s is performed we have an unconditional
result

Theorem 16. For any complex sequence a, ; we have

9.17) #(C,D,L,M,R,S)<(CDLMRS)*F(C,D,L,M,R,S) |lag s,
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with

F(C,D,L,M,R,S)=(C/S +)/LMR)(}/CS +1/DRS +1/D(LMR)*)1/CS
+DLMV/R/S+CDV/RS,

the constant implied in < depending on ¢ alone.

Theorems 15 and 16 can be derived from Theorems 11 and 12 respectively.
A connection of %, (C, D, L, M) with sums of incomplete Kloosterman sums is
given through the following

Lemma9.2. Let f(x,y) be a function of €* class with compact support. Then for
g=1, (a,q9)=1 we have

9.18) Zl:%:f(l,m)e(lmg)zégéf(é,%)e(—lmg)

q

where @ is a solution of @a=1(mod q) and f (o, p) is the Fourier transform

(9.19) flo, p)= j j f(x,y)e(ax+By)dxdy.

— 0 —©

Proof. This result constitutes a generalization of the two dimensional Poisson
formula

(©.20) ;Zf(l, m)=; Y1 m).

We derive (9.18) from (9.20) as follows

;;f(l,m)e(lmg)

ahk
- (“5) ¥ 3 gam
h(modgq) k(modgq) q l=h(modq) m=k(modgq)
ahk—hl—km
- 237 (05) ()
4 49/ k(modq) k(modq) q

which by the orthogonality of additive characters yields the RHS of (9.18). W

In practice the non-oscillating terms, ie. those with {m=0, furnish a main
term. Having this in mind we add to Lemma 9.2 the following

Lemma 9.3. Under the same notation and assumptions as in Lemma9.2 we have
(9.21) - Z f(~ —) [Jf(xy)dxdy

+al] [ htxnaxdy

+aff [2] e dxay,
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where [&] stands for the integral part of . In particular if Supp f(x,y)<[0, q]*
the second line in (9.21) vanishes.

Proof. For m=1=0 we have
FO,0=[[f(x,y) dxdy.

If m=0 and 40 we integrate by parts with respect to x and appeal to the
well-known expansion

1
Y 5oel9=[e]+1-

10

giving

— Zf(l,0)=— Y [ff(x,ye (éx)dxdy

10 9 10

1 l
4 ¥ 5 ffx e (x)axdy
1¥0 2mil q

af§fxy) ([q] %_5) dx dy

=[[f(,y)dxdy+q[[fx) [_;i] dx dy.

Analogously we obtain
- 3 (%)=t dedy+af e [] dxdy
m*0
Gathering the three above relations we get (9.21). W

Proof of Theorem16. We first observe that it is sufficient to prove (9.17) for
weight functions f(c,d,l,m,r,s) with compact support in [C,2C]x[D,2D]
x[L,2L]x[M,2M] % [R,2R] x [S,2S]. Indeed, choose functions y;(¢) of €*
class such that

Y x=1 ift>0

Jj=—o

Suppy()=[3T;, T], T;=2"*
@<t v=0,1,...

the constant implied in < depending on v alone. Hence

d
ZCDLM= 5 TE YT fycdbmrse ( r)

()20 ¢ d s
where for (j)=(j,,j,,j3,j4) W€ denote

(922) ﬁj)(c’ d9 l’ m,r, S) = le (C) Xn(d) X“(l) Xj4(m)f(c’ da la m,r, S)'
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For (j) with |j|=J=8log CDLM we treat all terms trivially showing that they
contribute to &, (C, D, L, M)

< Y (CDLM/cdim)>

cdlm 2 (CDLM)3

<(CDLM)? Y k=27 (k) <l

k= (CDLM)?

which is admissible.
For each remaining (j) we apply the assumed case of Theorem 16 for the
weight function f; (c,d, [, m,r,s) which by (9.15) and (9.22) satisfies

aV1+V2+V3+V4+V5+v6
|6c" 8d2 31" dm™s 3r”s Os”e
KQ(j)e ™ d=2 73 mYarT Vs s

f;j)(ca d’ 17 m,r, S)

with Q(j)=(CDLM)*/T?+ C?)(T +D?)(T2 + I?)(T2 +M?), the constant im-
plied in <€ depending on v, ..., v, at most. We get

d
) > a,,szzzl:Zf(j)(C,d,l,m,r,s)e(lmé)

R<r=<2R S<s=2S c d

<(T, T, T, T,) QU) F(T},, T;,, T;,, T;,, R, S) |ag sl -

J1? Ti2? s Tja

The maximum of the RHS with respect to (j) is taken for T;,T,,,T;,,T,, of
order of magnitude C,D, L, M respectively. Multiplying the resulting bound by
the number of (j)s, i.e. by a number <(J+1)*<(log CDLM)*, we obtain (9.17)
for #(C,D,L,M,R,S).

Let #*(C,D, L, M, R, S)stand for the partial sum of #(C, D, L, M, R, S) with the
variables in the summation restricted by the condition (dr, cs)=1. Without loss
of generality it suffices to show (9.17) for #*(C,D, L, M, R, S). Indeed, introduc-
ing the greatest common divisors a=(c,d), f=(r,s), y=(d/a, s/f), d=(c/o,1/p)
and denoting C,=C/ad, D,=D/ay, R, =R/B 0, S;=S/By and f,4,s(c,d,l,m,r,s)
=f(xdc,ayd, l,mr, ) we may write

F(C,D,L,M,R,S)= ) F*(C,,D;,L,M,R,S,)
apyd
where 0« 6<2C, ay<2D, BO<2R, fy<2S and ¥*(C,,D,,L,M,R,,S,) is the
sum related to the weight function f,,. ;(c,d,l,m,r,s) which satisfies (9.15) with
parameters C,,D,,L, M. Therefore, by (9.17) for #*(C,,D,,L,M,R{,S,) we
obtain

F(C,D,L,M,R,S)
<(CDLMRS)* ¥ F(C,,D,,L,M,R,,S,) llag, s,

aByd

<(CDLMRS)**F(C,D,L,M,R,S) |lag s,
ie. 9.17) for #(C,D,L,M,R,S).
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Now we proceed to prove (9.17) for #*(C,D,L,M,R,S) with the weight
function f(c,d,l,m,r,s) with compact support in [C,2C]x[D,2D]x[L,2L]
x[M,2M]x[R,2R] x[S,2S5]. By Lemma9.2 we may write

(9.23) F*C,D,L,M,R,S)=Ya,, Y L
r,s ’ c,d cs
(cs,dr)=1

. ! dr
Wi (c,d,—,ﬂ, r,s)e (—lmﬁ)
Im cs'cs cs
where f(c,d,a, B,r,s) is the Fourier transform of f(c,d, x, y,r,s) with respect to x

and y. The constant terms, ie. those with [Im=0, contribute to
F*C,D,L,M,R,S)

1
<Yla, |y, — LM <DLMVR/S |ag s,
r,s c,d

by Lemma 9.3. This yields one term in F(C,D,L, M,R,S).
If Im=+0 we integrate by parts getting

v I m , (—csY2 [ —cs 4
f(c’d’E’E’r’s)'c (2nil) (2nim)

[[09 f(c,d,ex,cy,r,s)e (

Ix+my

)dx dy

where (j)=(0,0,j,,j,,0,0) and 09 f is the partial derivative of f of order (j),
thus
|a(j)f|<L_j3 M4,

The effective range of the above integration is the rectangle

1L___,L IM_ .M
2¢>" y ‘

9.24
6249 c’ 2c¢C C

We intent to apply Theorem 12 for the weight function
gle,d,n,r,5)=cl*e+1 39 f(c,d,cx,dy,r,s)
and for the coefficients

b r’s=Sj3+j4—1 Z l—jsm—f4e((lx-{-my)s"l)ar,s.

n,
Im=n

In order to control the size of n=1Im, we split up the range of variables I, m

into subintervals of the type (Ll,]/ELl] and (M l,]/EM ] respectively. Then n
=Im lays in (N;,2N,] with N,=L, M,. By Theorem 12 we infer that
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! dr
(9.24) ZarsZ~ Y f(c,d,—,—nl,r,s)e(—lm—r)
bt ¢S 1, <izyiL sc’sc sc
My <mZV2ZM;
LMC (CS)h( CS )1'4
cCCS LL, MM,
K(C’DaNpRaS)]Vl% ”aR,SHZ'

To obtain a bound for #*(C,D,L,M,R,S) it remains to choose j;,j, appro-
priately and to sum the resulting bounds over L; and M,. We take j;=0 if
L,=CS/L and j,=2 otherwise, and analogously we take j,=0 if M, < CS/M
and j,=2 otherwise. Then it turns out that the maximum of the RHS of (9.24)
with respect to L,, M, is assumed for L, and M, of order of magnitude CS/L
and CS/M respectively giving

<(CDN, RSy =

<N “(CDLMRS)**}/LM K(C,D, C*S*/LM,R,S) |lag s/,
<N *(CDLMRS)**F(C,D,L,M,R,S) |ag s|l,.

Summing over N,=L, M,,L,=2%2 M,=2"2 ), u positive integers this bound
increases by a factor depending on ¢ alone. The proof of Theorem 16 is
complete. W

The proof of Theorem 15 is similar and the reader can easily construct it
from the former arguments.
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