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V.F.R. Jones
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§1. Introduction

One of the first things Murray and von Neumann did with their theory of
continuous dimension for subspaces affiliated with a type II, factor was to
define an invariant for its action on a Hilbert space. This invariant has come
to be known as the coupling constant and it measures the relative mobility of
the factor and its commutant. To be precise, if M is a II, factor on # and M’
is its commutant, the coupling constant C,, is infinite if M’ is an infinite factor
and if M’ is finite, one takes any non-zero vector ¢ in # and one considers the
closed subspaces M ¢ and M’'¢ affiliated with M’ and M, respectively. It is a
nontrivial result of Murray and von Neumann that the ratio C,,
=dim,,. (M ¢)/dim,, (M’ &) does not depend on &. This real number between 0
and oo is called the coupling constant.

From a more modern point of view, the coupling constant measures the
dimension of a Hilbert space on which M acts and may be defined in terms of
intertwining maps in the category of normal M-modules. This leads to the
notation C, =dim,,(#). This notation is more natural and has been useful in
the study of the von Neumann algebra of a foliation where the dimensions of
certain geometric Hilbert spaces are measured by a von Neumann algebra (see
[8]). We will use this more suggestive notation while keeping the term “cou-
pling constant.” Two normal representations of M are unitarily equivalent iff
they have the same coupling constant.

It is an easy observation that the coupling constant can be used to define a
conjugacy invariant for subfactors of II, factors. We call this invariant the
index since if the subfactor comes from a subgroup in the group constructions
of II, factors, the conjugacy invariant is the index of the subgroup. The index
is defined in general as dim,(L*(M, tr)) where N is the subfactor and tr is the
trace on M. This definition was probably noticed by Murray and von Neu-
mann and appears more or less explicitly in works by Goldman [14], Suzuki
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[26] and others. In fact Goldman proves that if a subfactor has index 2 then
the whole factor may be expressed as the crossed product of the subfactor by a
Z, action. This is analogous to the fact that any subgroup of index 2 of a
group is normal. It may be combined with Connes’ classification of periodic
automorphisms of the hyperfinite II, factor R ([6]) to yield the pleasing
positive result that there is, up to conjugacy, only one subfactor of index 2 of
R.

The question immediately arises: what possible values can the index take?
The difficulty in answering this question is that there is very little to play with
given an arbitrary subfactor of a II, factor. The only general result available is
the existence of a conditional expectation onto the subfactor shown by Ume-
gaki in [30]. In fact this tool will allow us to determine completely the
possible values of the index for subfactors of R. Experience with dimension in
II, factors suggests that the index will take on a continuum of values. This is
indeed true but surprisingly one cannot turn on this effect until index 4 and
even then it involves the fundamental group. It seems entirely plausible that
for II, factors without full fundamental group, whose existence was shown by
Connes in [9], the index may take only countably many values.

What, then, are the possible values of the index for subfactors of R? The
answer is {4cos’n/n|n=3,4,...}u{reR|r=4}u{w}. The value c© and the
real values =4 are easily obtained (2.1.19 and 2.2.5). The situation between 1
and 4 is more difficult. The basic idea of the analysis for index <4 is as
follows: Let N M be II, factors. One represents M on L*(M,tr) and con-
siders the extension ey to L?(M, tr) of the conditional expectation onto N. One
defines (M, e,> to be the II, factor generated by M and e, on L*(M, tr). (This
construction appears also in [5], [24]).) The crucial observation at this point is
that the index of M in (M, e,) is the same as that of N in M. Thus one may
iterate this extension process and one obtains a sequence of 11, factors, each one
obtained from the previous one by adding a projection. The inductive limit
gives a II, factor and if the projections in the construction are numbered
e,€,,..., then they satisfy ee.,,e=1e, ee;=e;je if |i—jl22 and
tr(e;, e;,...e; )=1"if |i;—i|=2 for j+k. Here 7 is the reciprocal of the index of
N in M and tr denotes the trace on the inductive limit. Analysis of the algebra
generated by the es yields that if t>1/4 it can only be isec’n/n for n
=3,4,.... A large bonus of the analysis is that it shows how to construct
subfactors with these values as 7.

It seems strange that the set of values contains a discrete and a continuous
part, but this may yet be understood by the fact that, if the index is less than 4,
the relative commutant is trivial while the constructions available for the
continuous part all have nontrivial relative commutant. We have very little
information on what happens to the values of the index if the relative com-
mutant is required to be trivial, but note that a result of Popa in [23], together
with Connes’ result on injective factors [7] shows that any II, factor has a
subfactor of infinite index with trivial relative commutant.

Before closing the introduction, I would like to pose 4 problems which I
hope will lead to a more profound understanding of subfactors.
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Problem I (due to Connes). What are the possible values of the index for
subfactors of R with trivial relative commutant? Or, what is €,?

Problem 2. For each n=3,4,5, ... are there only finitely many subfactors of R
up to conjugacy with index 4 cos?n/n?

Problem 3. If N is a subfactor of R, is N conjugate to N®R in a decom-
position RXR®R? ([R:N]< )

Problem 4. If N is a subfactor of M which is regular and has trivial relative
commutant, is M the crossed product of N by a group action? (True if M =R
by a result of Ocneanu [22], see [17].)

It would be impossible to thank everyone who helped me with this paper. I
have tried to mention individual contributions in the text, but let me also
thank especially B. Baker, A. Connes, F. Goodman, R. Powers, M. Takesaki,
and A. Wassermann for many fruitful conversations. This paper is an extended
version of the Comptes Rendus note [18].
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§2. Generalities
§2.1. The Global Index

If M is a finite factor acting on a Hilbert space # with finite commutant M’,
the coupling constant dim,,(5#) of M is defined as trM(EM )1 3% (EM) where ¢
is a non-zero vector in , tr, denotes the normalized trace and E{ is the
projection onto the closure of the subspace A ¢&. This definition, due to Murray
and von Neumann in [20], is independent of &.
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We recall some rules of calculation associated with dim,,. (See [10, p.263].)

dim,, (#)>0 (2.L.1)
dim,, (#)=(dim,,.(#)) ! (2.1.2)
If e is a projection in M, dim,, (e #)=tr,.(e) dim, (H#) (2.1.3)

If E is a projection in M, dim,, (e#)=(tr(e))~' dim,,(#) (2.1.4)
If M®1 is the amplification of M on # ® A,

dim,, (# @ A')=dimg(A") dim,, (H#) (2.1.5)
dim, (#)=1 iff M is standard on #, ie. thereis a
cyclic trace vector for M. (2.1.6)

Agree to put dim,, (#)=co if M’ is infinite.

Proposition 2.1.7. Let M be as above and N be a subfactor. The number
dimy, (5€)/dim,, (#) is independent of H# provided M’ is finite.

Proof. Any two such representations differ by an amplification and an in-
duction. By (2.1.3) and (2.1.5), both dim,, and dim, are multiplied by the same
constants in this process. Q.E.D.

Definition. If N is a subfactor of M, the number dim, (5#)/dim,, () defined in
2.1.7 is called the (global) index of N in M and written [M:N]. Note that
[M:N]=oc0 means that N' is infinite for any normal representation of M.

By (2.1.7) and (2.1.6), [M : N]=dim,(L?*(M, tr)). Thus [M:N] is a conjugacy
invariant for N as a subfactor of M.

The rules of calculation for dim,, give some rules for [M:N1].

Proposition 2.1.8. If P<Q< M are 11, factors then

[M:M]=1 (2.1.9)
[M:P]21 (2.1.10)
[M:P]=[M:Q]1[Q:P] 2.1.11)
[M:P]=[M:0] (2.1.12)

[M:P]=[M:Q] implies P=Q (2.1.13)
[M:P]=[P:M'] if P is finite. (2.1.14)

Proof. The only nontrivial property is (2.1.13). To prove it first note that by
(2.1.11) and (2.1.9) we may suppose that M=Q and that M acts on L*(M, tr)
with cyclic trace vector £. Then P& is dense in £ by hypothesis. But then for
any aeM there is a net b, of elements of P with b,(—al in #, ie. |b,
—a,|l,—0. By [10, Lemma 1, p. 270], this implies aecP. Q.E.D.

We next examine how the index behaves under tensor products.

Proposition 2.1.15. Let N, and N, be subfactors of the finite factors M, and
M,, respectively. Then N,®N, is a subfactor of M, @M, and
[M,®M,:N,®N,]=[M,:N,]J[M,:N,].
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Proof. Let M, and M, act with cyclic trace vectors ¢, €#, and ¢,e#,
respectively. Then if e, and e, are the projections onto N, ¢, and N, ¢&,, e, ®e,

is the projection onto N, ® N,(¢, ®¢&,). Moreover M, ® M, is standard on
H, @A, and (N;®N,)=N;®N;. Thus try gy, (€ ®e)=try (e,)try;(e,)
which gives the desired result. Q.E.D.

Proposition 2.1.16. Let N;, M, be as above and suppose N,nM;=C, i=1,2. Then
(Ni®N,) n(M; @M ,)=C.

Proof. (N, @N,) n(M,®M,)=(N,®N)~M,®M, (see [28, p.227]) and
(N, ®N,) (M, @M,)=(N,AM,)®(N,AM,). Q.ED.

We now introduce two isomorphism invariants for II, factors.

Definition. If M is a finite factor let

Fu={reRu{oo}|there is a II, subfactor N of M
with [M:N]=r}

C={relR u{oo}|there is a II, subfactor N of M
with [M:N]=r and NnM=C}.

The determination of .#,, and 6, is in general rather difficult. We shall gather
some immediate results about them.

Proposition 2.1.17. If M=~M ® M then both #,, and €,, are subsemigroups (with
1) of {reR|r=1}u{o0} under multiplication.
Proof. This follows from 2.1.15 and 2.1.16. Q.E.D.

Lemma 2.1.18. If N is a hyperfinite subfactor of M then [M:N]< oo implies
that M is hyperfinite.

Proof. If M acts in such a way that N’ is finite, then N’ is hyperfinite (e.g.
[29]) and by [7], M" and so M is hyperfinite. Q.E.D.

Corollary 2.1.19. For any 11, factor M, € 4,,.

Proof. If M~R then R® 1=R®R is of infinite index. Otherwise by [21] there
is a hyperfinite subfactor of M which is of infinite index by 2.1.18. Q.E.D.

Proposition 2.1.20. For any separable 11, factor M, oo € %y,.

Proof. A result of Popa in [23] says that we can find a maximal abelian
subalgebra 4 and a unitary u with uAu*=4 such that u and A generate a
subfactor N of M, isomorphic to R. Since N contains a maximal abelian
subalgebra, Nn M =C.

So if M is not hyperfinite, combining this result with 2.1.18 gives the
required subfactor. If M =R, see [17] or §2.3. Q.E.D.

In this paper we will show that

Iy, 4)=%,[1,4)<{4cos’n/nln=3,4,...}
and that
Fe={4cos’n/n|n=3,4, .. }u{reR|rz4}u{o}.
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§2.2. The Local Index

If the global index of a subfactor is finite, one may define a finer invariant,
which I call the local index, obtained by restricting the trace on N’ to N'n M.
I would like to thank A.Connes for suggesting this approach.

Definition. Let N M be 11, factors and let pe N'n M be a projection. The
index of N at p will be [M,:N,]=[M:N],.

Lemma 2.2.1. The index at p and the global index are related by the formula
[M:N],=[M:N]try(p)try. (p).

Proof. If M begins in standard form on J then by 2.1.4, dimy, (po#)
=try(p)~'. Also dimy(#)=[M:N] so by 2.1.3, dimy (p#)=[M:N]try.(p).
Thus [M:N],=dimy (p#)/dimy (p#)=[M:N]tr\(p)try.(p). Q.E.D.

Lemma 2.2.2. If {p;} is a partition of unity in N'n M then
[M:N1=Y try(p)~* [M:N],,.
Proof. For each i, [M:N] trN,(p,-)=trM(pi)‘I[M:N]pl and summing over i
gives the result.
Corollary 2.2.3. If [M:N]< oo then N'nM is finite dimensional.

Proof. If N'nM were infinite dimensional we could find arbitrarily large
partitions of unity and by 22.2 [M:N]=0. Q.E.D.

In fact with a little more care one may obtain the bound
[M:N]z=dim¢(N' n M).
Corollary 2.24. If [M:N]<4, NnM=C.

Proof. If N'nM=+C, then it contains two mutually orthogonal non-zero
projections and since [M:N], 21, [M:N]2tr(p,)" ' +tr(p,)~'24. Q.ED.

Corollary 2.2.5. If M has fundamental group=R, %, contains {reR|r=4}.

Proof. We must exhibit for any r=4 a subfactor of index r. Choose de(0, 1)
with 1/d+1/(1—d)=r and choose a projection p with tr,(p)=d. Then M, and
M, _, are isomorphic so choose some isomorphism 6: M,—M,; , and let N be
the subfactor {x+0(x)|xeM,}. Then N,=M, and N, _,=M so by 2.2.2,
[M:N]=1/d+1/1—-d)=r. QE.D.

p

1-p 1-p

§ 2.3. Examples

We give three examples of subfactors and their indices.

Example 2.3.1. Suppose M=NQ®P where P is a type I, factor. Then
[M:N ® 1]=n? This follows from 2.1.5.
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Thus for any II, factor M, %, always contains {n*|neZ —{0}} U {c0}. It is
not inconceivable that there are II, factors for which .#,, is no larger than this
set.

Example 2.3.2. Let A be a von Neumann algebra and G a countable discrete
group of automorphisms for which the crossed product 4G is a finite factor.

If H is a subgroup of G such that A= H is a finite factor then [A><G:A>~H]
=[G:H].

Proof. Write G as a disjoint union of cosets, G=[]Hg;. Then let ¥,
iel
=(A>H) u,. The V, are subspaces of L*(4xG,tr) affiliated with (A>HY
which are mutually orthogonal, where tr is the extension to A>G of a faithful
normal G-invariant trace on A and the us are the implementing unitaries of
the crossed product. Moreover if p; is the projection onto V; then ) p,=1 and
iel

the p; are mutually equivalent in (A>1H) since V,=Ju, JV, where V,=A>H
and J is the involution on L*(A>G,tr). This is because
Ju, J e(AxG) =(A>H)'.

Thus if [G:H]=o0, (AxH) is infinite so [AxG:AxH]=o0. If
[G:H] <0, (A>H) is finite since reduction by p, puts A>xH in standard

form. So [G:H]tr ., (pg)=1 which establishes that [AxG:AxH]
=[G:H]. Q.E.D.

This example is the justification for the name “index”.

Example 2.3.3. If M is a II, factor and G is a finite group of outer automor-
phisms of M with fixed point algebra MY [M:M%]=|G]|.

Proof. This result could be established using 2.3.2 but I shall give a different
proof which brings in the basic construction of Chapter 3.

Let M act on L*(M, tr) and let u, be the unitaries extending the action of G
on M. Then the u/s act also on M’ and it is established in [1] that (M) is

isomorphic in the obvious way to M’'<G. The projection onto M€ is
IGI=' ) u, and by the isomorphism with the crossed product its trace is |G|~ .

eG
Thus [M: M%]=|G|. QE.D.

§3. The Basic Construction
§3.1. Extending Finite von Neumann Algebras by Subalgebras

Let M be a finite von Neumann algebra with faithful normal normalized trace
tr and let N be a von Neumann subalgebra. By [30] there is a conditional
expectation Ey: M—N defined by the relation tr(Ey(x)y)=tr(xy) for xeM,
yeN. The map E, is normal and has the following properties:

Ey(axb)=aEy(x)b for xeM, a,be N (the bimodule property) (3.1.1)



8 V.F.R. Jones

Ey(x*)=Ey(x)* for all xeM (3.1.2)
Ey(x*)Ey(x)SEy(x*x) and Ey(x*x)=0 implies x=0. (3.1.3)

Let & be the canonical cyclic trace vector in L*(M, tr). Identify M with the
algebra of left multiplication operators on L?(M,tr). The conditional expec-
tation E, extends to a projection ey on # via ey(x¢)=Ey(x)¢. Let J be the
involution x&r—x* &,

Proposition 3.1.4.
(i) For xeM, eyxey=Ey(x)ey.

(ii) If xeM then xeN iff eyx=xey.

(i) N'={M'u{ey}}".

(iv) J commutes with ey.

Proof. (i) If y is an arbitrary element of M then eyxey(y&)=eyx(Ey(y)&)
=Ey(x)Ey(y) € by 3.1.1, and Ey(x)ey(yE)=Ey(x) Ey(y) €. But the vectors y& are
dense in [*(M, tr).

(i) Relation 3.1.1 shows that ey commutes with N as in (i). Moreover if
x€M and eyx=xey then (eyx)¢=Ey(x)é=(xe)é=x¢. Since ¢ is separating,
x=E(x).

(iii) It suffices to show that {M'uU {ey}}'=N. This follows from (i).

(iv) This follows from 3.1.2. Q.E.D.

These calculations lead to the following.

Definition. Let (M, e,> be the von Neumann algebra on L[*(M, tr) generated
by M and ey. This is the basic construction.

Proposition 3.1.5. (i) (M, ey>=JN'J.

(i) Operators of the form a,+ Y a;eyb; with a, b,eM, give a dense
x-subalgebra of (M, ey). =1

(i) x+>xey is an isomorphism of N onto ey(M, ey ey.

(iv) The central support of ey in {M,ey) is 1.

(v) <M, ey> is a factor iff N is.

(vi) {M, ey is finite iff N' is.
Proof. (i) and (ii) follow immediately from 3.1.4. For (iii), to show that
ey(M,e\>ey<=Ney it suffices by (ii) to show that ey(aeyb)eyeN ey. This fol-
lows from (i) of 3.1.4. Moreover if xey=0 then xeyé=x£=0 and ¢ is separat-

ing. Thus x+oxey is injective. Affirmations (iv), (v) and (vi) are now
easy. Q.E.D.

We want to consider special traces on (M, ey).

Definition. If P is a subalgebra of {(M,e,), a trace Tr on (M, ey) is called a
(t, P) trace if Tr extends tr and Tr(eyx)=1tr(x) for xeP.

Lemma 3.1.6. A (1, N) trace is a (1, M) trace.
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Proof. If xeM, Tr(xey)=Tr(eyxey)=Tr(Ey(x)ey)=ttr(Ey(x))=1tr(x). Q.E.D.
We shall now concentrate on the case where M and N are factors.

Proposition 3.1.7. If M and N are factors then [M:N]< oo iff (M,ey) is finite
and in this case the canonical trace Tr on (M,ey> is a (t,M) trace where t
=[M:N]~". In particular Tr(ey)=[M:N]~'. Also [{M,eyy:N]=[M:N].

Proof. By 3.1.6 it suffices to show that Tr is a (z, N) trace. But consider the map
y—Tr(eyy) defined on N. This is a trace by (ii) of 3.1.4 so since N is a factor
there is a constant K such that Tr(eyy)=K tr(y). Moreover the trace of ey in
N’ is by definition 7 so by (iv) of 3.1.4, (i) of 3.1.5 and uniqueness of the trace,
this is the same as Tr(ey). Thus K=t, and Tr is a (t, N) trace.

To prove this last assertion note that

[{M, ey>: M]=dim,,.(I*(M, tr))/dim.(I*(M, tr)) = [dim . (I2(M, tr))] !
=dimy(I*(M, tr))=[M:N]. Q.E.D.

For some general results about projections onto finite subalgebras see
Skau’s paper [24].

Finally in this section] show that the basic construction is generic for
subfactors of finite index in the sense that all such subfactors are of the form
M < {M,ey), although not canonically.

Lemma 3.1.8. Let N be a 11, factor acting on [*(N,tr) and let M be a 11, factor
containing N. Then [M:N] is finite and there is a subfactor P of N such that M
= <N’ eP>'

Proof. Since M’ is a II, factor, [M:N]<ow. Let P=JM'J. Then [N:P]
=[M:P] as in 3.1.7 and (N, ep) is a subfactor of M with [M:{N,ep>]=1.
Thus by 2.1.13, M={N,e,». Q.E.D.

Corollary 3.1.9. Let N=M be 11, factors with [M:N]<oo then there is a
subfactor P of N and an isomorphism 0: M—<N, ep» with 0|, =id.

Proof. Represent M on I[*(M,tr). Choose a projection peM’ with tr(p)
=[M:N]~'. Then by [20], on pI?(M,tr), M and N act with N in standard
form. By 3.1.8 we are through. Q.E.D.

§3.2. Inclusions of Complex Semisimple Algebras

Let NS M be finite dimensional complex semisimple algebras and N= @ N,,

m i=1
M= @ M; be their canonical decompositions as direct sums of simple al-

=1
gebrejls, Nz=M, (C), M;=M,, (C). The inclusion of N in M is specified up to
conjugacy by an nxm matrix Ay =(a;) where (a;) is the number of simple
components of a simple M; module viewed as an N, module. This may be zero
or any positive integer. If {p;} are the central idempotents for the N, and g;
those for the M, a;=0 iff p,q;=0. We will call the matrix Ay the inclusion
matrix.
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The inclusion can also be described diagramatically as follows:

n, n, . . . n . .
>< \ \aﬁ)
.. ;

my m, m,

mp

Here there are a;; lines between n; and m;. This diagram will be called the
Bratteli diagram after [4].
If the identity of M is the same as that of N we have the obvious relation

n
mj='zlaij n; which we shall write as
t=

m=nAx. (3.2.1)
A concrete example is

1 1
VERNVERN
1 2 1
which is the diagram for the inclusion of CS, in CS,.
If N M <P, note the formula
Ak =ANAY. (32.2)

If V is a faithful M-module, the centres of M and M” are identical so that
(if 3.2.1 holds) in the decompositions of M’ and N’ as simple algebras we may

write N'= @ N/ and M'= @ M. The following formula is in [3, §5, ex. 17].
i=1 j=1

AN =(AM)T. (3.2.3)
Since there is only one normalized trace on M,(C), a trace on M =DM,
t, J
i - t .
may be specified by a column vector t=| > | where t; is the trace of a
t .
minimal idempotent in M. The trace of the identity is the product 7i-t, where
m=(m,,m,,...,m,).

If 7 defines a trace on M whose restriction to N is defined by the vector 5
then the following relation is immediate.

§=AMT (3.2.4)

Conversely if § and t define traces on N and M, respectively, then they agree
on N if 3.2.4 holds.

§ 3.3. Finite Dimensional C*-Algebras

A finite dimensional C*-algebra is of course semisimple so the discussion and
notation of §3.2 applies. The presence of the *-operation allows us to perform
the basic construction of §3.1. The main question to be answered in this
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section is: given a faithful trace tr on the finite dimensional C*-algebra M,
when does there exist a (faithful) (r, M) trace on (M,ey>? All traces in this
section will be positive, i.e. t is a positive vector in the natural ordering of R".

We begin with a lemma giving more information on the basic construction
in finite dimensions.

Lemma 3.3.1. Let NS M be finite dimensional C*-algebras and let tr be a
faithful positive normalized trace on M. Let ey and (M,ey> be as in §3.1.
Suppose {p;,|li=1,2,...,n} are the minimal central projections of N. Then
(i) Jp;J are the minimal central projections of {M,ey>
(i) A" =(AM)T (with the obvious identification of the indices, p;<>J p,J)
(i) eyJ p;J =eyp;
(iv) x—eyxJp;J is an isomorphism from p,N onto (eyJ p;J){ M, ey>(eyJ p;J).

Proof. (i) The p; are the minimal central projections of N’ and (M, ey>=JN'J.
(ii) This follows from 3.2.3 and (i).

(ii1) If xeM, (exJ p;J)(xE)=en(xp;E)=E\(x)p;&, and
(eNpi)(x5):eN(pixé):p.’EN(x)é:En(x)pié-

(iv) Injectivity follows from (iii), and (iii) of 3.1.5. If yep,ey<{M, ey> p; ey then
y=eyz for zeN and p;z=z by (iii) of 3.1.5 so y=eyp,z. Q.E.D.

Theorem 3.3.2. Let M, N and tr be as above and let tr be given on M by the
vector t and on N by the vector s. Then there is a (t, M) trace Tr on {M, ey) iff
() ATAT=(1/1)t
(i) AATS=(1/7)5
where A= AN,

Proof. (=) Let Tr be given on (M, e\> by 7, r; being the trace of a minimal
projection in Jp,J (M, ey>. By (iv) of 3.3.1, such a minimal projection may be
chosen of the form end, 4 being a minimal projection in p;N. Since Tr is a
(t, M) trace, r,=ts; so ¥=15. But by (ii) of 3.3.1, 322 and 324, §=44"7
=1A4ATS, ie. AATS‘—(l/‘L')S Also = ATF=1ATAATF =1 AT AT,

(<) Define a trace Tr on (M,ey> by the vector 7=r15. It is a faithful
positive trace since tr is. By 3.1.6 it suffices to show that it extends_tr and that
it is a (¢, N) trace. For the former, by 3.2.4 we need AT?=T. But At=F%and by
(i), AT s—(l/r)t so ATF=t. For the latter let g be a minimal projection in p;N.
Then eyq is a minimal projection in Jp,J{M,e,)> and by definition Tr(eyq)
=1tr(q). The map x—Tr(eyx) is a trace on p;N so by uniqueness and linearity,
Tr(eyx)=ttr(x) for all xeN. Q.E.D.

§3.4. Two Extensions; Goldman’s Theorem

Let N be a proper von Neumann subalgebra of the finite von Neumann
algebra M with faithful normal normalized trace tr. Suppose there is a faithful
normal (tr,M) trace Tr on <{M,ey>. Then we may form the extension
<<M9eN>’eM>-
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Proposition 3.4.1.

(i) eyenerr=1ey

(i) eyeyen=rtey

(iil) ey Aey=eyAer=eyAey=0.
Proof. (i) By (i) of 3.1.4, e, eye,,=E,(ey)e, and since Tr is a (t,M) trace,
Ey(ey)=t.

(ii) By (ii) of 3.1.5 it suffices to verify the relation on vectors of the form a¢
and aeyb¢ where a, be M. But

eyeyey(al)=ey(Ey(eya)d)=1ey(ad),
and

eyeyey(aeybl)=eyey (Ey(a)eybl)=ey(t Ey(a)b&)

while tey(aeyb&)=teyE,(T)bE.
(iii) eyAey=s—lim(eye,ey)"=0 since T<1.

n— oo

The other relations follow from (1 —7)<1. Q.E.D.
Now suppose there is a faithful (t,{M, ey>) trace Tr on (KM, ey, ey>.

Corollary 3.4.2. If 1+1/2, the von Neumann algebra generated by ey and e,, is
isomorphic to M,(C)®C. If t=1/2 it is isomorphic to M ,(C) and we have the
relation e, +ey—eyey—eye, =1/2.

Proof. The relations of 3.4.1 show immediately that the von Neumann algebra
generated by e, and e,, has dimension at most 5 and is not abelian. But Tr(e,,
vey)=21—Tr(e, Aey)=271. This is enough to prove the affirmations about
the structure of the algebra. An easy calculation shows that p=(1—1)"!(e,,
+ey—eyey—eye,) is a projection with pey=ey and pe,=e,. Thus p=e,
ve,and ift=1/2, p=1. Q.E.D.

Corollary 3.4.3. (Goldman’s theorem [14]). Let N be a subfactor of the II,

factor M with [M:N]=2. Then M decomposes as the crossed product of N by
an outer action of Z,.

Proof. By 3.1.9 we know that M is of the form {(N,e,) for a subfactor of
index 2 of N. Thus N is generated by N and u=2e,—1. Moreover since tr is a
(1/2,N) trace on M, tr(ux)=0 for xeN, and the relationship of 3.4.2 implies
that, if v=2ey—1, uv=—vu. Thus for xeN, vuxu*=uxu*v. So uxu* com-
mutes with ey and by (ii) of 3.1.4, uxu*eN. Thus by [25], M is the crossed
product of N by a Z, action which is necessarily outer since M is a

factor. Q.E.D.
§4. Possible Values of the Index
$4.1. Certain Algebras Generated by Projections

Chapter 4 will be largely devoted to proving the following result.

Theorem 4.1.1. Let M be a von Neumann algebra with faithful normal normal-
ized trace tr. Let {e;|i=1,2,...} be projections in M satisfying
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a) e;e;,e;=1e; for some 1<1

b) e;e;=e;e; for |i—j|=2

c) tr(we)=ttr(w) if wisaword on 1, e, e,,..., €;_,

Then if P denotes the von Neumann algebra generated by the e/s,
(i) P=R (the hyperfinite 11, factor)

(i) P={e,,e,...}" is a subfactor of P with [P:P]=1"".

(i) t<1/4 or t=4%sec?’n/n, n=3,4, ....

In this section we will prove (i) and (ii). We begin the proof with some
notation.

Definition. Let A, , be the *-algebra generated by 1, e,, e, ,, ..., e, for
l=sm=n=<oo.Let A be 4, ,, Ay=C. Thus A=A, _ is the x-algebra generat-
ed by 1 and the ¢;’s.

Next some combinatorial results. If w is an (associative) word on the e/s,
call it reduced if it is of minimal length for the grammatical rules ¢;e;, , ¢;<e,,
ee;e;e for [i—j|22, el e,

Lemma 4.1.2. Let ¢; e, ... ¢, be a reduced word. Then if m=max{i,i,,..., i}, m

iy T2t

occurs only once in the list i, i,,...,1i,.

Proof. By induction on the length of a reduced word. It is trivial for words of
length <1. Suppose true for words of length <n and let w be a reduced word
of length n+1. Suppose w=w, e, w,e, w; where m is the maximum index and
w, does not contain e,,. Then there are 2 possibilities.

a) w, does not contain e,,_,. In this case e, commutes with all the ¢s in
w, so the length of w may be shortened using e2—e,,.

b) w, contains e,_,. Then since w is reduced, so is w, and by induction w,
=v,e, U, Where v, and v, are words on e, e,, ..., €, ,. But then‘em
commutes with v, and v, so that the length of w may be reduced using
e.en_1e,—¢€,. QUE.D.

It is clear that in the algebra A4, any word on the e/s is proportional to a
reduced word.

Corollary 4.1.3. (i) A, is finite dimensional.

(i) For xeA,, e,,,xe, ,=E, (x)e,,, (here E,  :A,—A, , is with re-
Spect to the restriction of tr).

(iii) x+—xe,, , is an isomorphism of A, , onto e, A, €

n+1“ n+1%n+1°

Proof. (i) If there are only finitely many reduced words, 4, is finite dimen-
sional. But this follows immediately by induction from 4.1.2.

(i) First of all tr(xe,, ;)=rtr(x) for xeA, follows immediately from 4.1.1(c)
so that E, _ (e,)=1. By 4.1.2 and linearity it suffices to consider x of the form
we,w" with w and w' in 4,_,. But then e,  xe,,,=tww'e,, , by 4.1.1(a) and
(b), and E, _ (x)e,, ,=tww'e, , by the bimodule property of E, ..

(iii) If w is a reduced word on ey, e,, ..., ¢, | write w=xe,, ,y with x, ye4,.
Then by (ii), e,, we,,,=te,,, for teA,_,. Thus e, A,  €,,,SA,_ €

n+1=“"n—1%n+1"*
To show that the map is an isomorphism, suppose xe,, ; =0, xeA, ;. Then
xx*e, =0so0 tr(xx*)=0, ie. x=0. Q.E.D.
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Aside 4.1.4. In fact it is possible to uniquely order reduced words by pushing
.. to the right as far as possible. It is easy to show that such an ordered
reduced word is of the form

(ej,€,_1---&,)e, e, - ekz)...(ejpejp_l...ek)

P

where j, is the maximum index, j;2k; and j; ,>j;, k;,,>k. To each such
. word we may associate an increasing path on the integer lattice between (0,0)
and (n+1,n+1), which does not cross the diagonal. For instance

(ese,eq)(e,e;)(ese,) in A5 would correspond to the path (I owe this obser-
vation to H. Wilf):

o-—-‘n\)w-huno\

It is well known that such paths are counted by the Catalan numbers 1/(n
+1 2(n+1
+2) ( (n )) so we obtain dimA,<1/(n +2)( (n+1)
n+1 n+1
independence of ordered reduced words would follow from dimA,=1/(n
2
+2) ( (n_:—l )) which we will prove in §5.1 for T <1/4. See Aside 5.1.1.
We now want to study traces on A_. For this define a totally reduced word
to be a reduced word on the e;’s where we also allow cyclic permutations. The
following result is obvious.

) Uniqueness and linear

Remark 4.1.5. Any trace on A4, is determined by its effect on totally reduced
words.

Lemma 4.1.6. Any totally reduced word is of the form w=e; e, ...e; with

li;—i |22, j+k, and tr(w)=1"

lll

Proof. The last assertion is immediate from 4.1.1(c). We prove the first asser-
tion by induction on the length of a totally reduced word. It suffices to prove
that if m=max{i,, i,, ..., i,} in a totally reduced word ¢; ¢ ... e , then e, ,
does not occur. For this note that by a cyclic permutation we may suppose the
word is of the form e,w and that e, , occurs at most once in w (since a
totally reduced word is reduced). But then we may proceed to e, we,, using €2
=e,, and then eliminate e,_, from w using (a) and (b) of 4.1.1. Q.E.D.

We shall now show that any normal normalized trace on P is equal to tr.
For this it suffices to show that it equals tr on completely reduced words. For
each subset IS N with |i—j|=2 whenever i, jel, i), define A, to be the
algebra generated by {e;|iel}.
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Lemma 4.1.7. For any finite permutation ¢ of I, there is a unitary ucA_ such
that ue u*=e,, for all kel.

Proof. It suffices to show that any transposition e;<>e;(j=1i) can be effected by
a unitary. We may even suppose that no k strictly between i and j is in I. If we
can find a unitary ueA, ; with ue;u*=e; and ue;u* =e; then this u will do since
it commutes with all the other e,’s, kel. But for this it suffices to show that e;
and e; are equivalent in 4, ;. And e;e; ;... ¢; is a multiple of a partial isometry
v with vo*=e;, v*v=e;. Q.E.D.

Corollary 4.1.8. Any normal normalized trace on P is equal to tr on Aj.

Proof. Since all the ¢s are independent for tr, A7 may be identified with an
infinite tensor product Bernoulli shift algebra. By 4.1.7 the normalizer induces
the obvious action of S_ on Aj. This action is well known to be ergodic.
Hence any invariant measure which is absolutely continuous with respect to tr
is proportional to tr. Q.E.D.

Corollary 4.1.9. P is a 11, factor isomorphic to R.

Proof. By 4.1.4, 4.1.5 and 4.1.8 there is only one normal normalized trace on P
Thus P is a factor. By [21] and (a) of 4.1.3, P~R. Q.E.D.

Note that our proof that P is a factor follows similar lines to the scheme
laid out in [27].
Corollary 4.1.10. P, is a subfactor of P,
Proof. Writing f,=e;, |, the f; satisfy the same relations as the ¢;.. Q.E.D.
Lemma 4.1.11. For each n, the map e,—e, ; extends to a tr-preserving

*-automorphism o, of A,,.

Proof. The map obviously extends to a *-automorphism of the free involutive
monoid on the self-adjoint e;. It thus suffices to know that if w is a word on e,

ey, ..., e, then tr(s,(w)) =tr(w). For then if x=) c,w, for ¢;eC,
tr(xx*)=tr(}, c;c;w,wh)=tr(} ¢;;6(w;) a(w¥))
i, i,j

so that ) c¢,w;—») c;o(w,) is a well defined isometry for the definite hermitian

scalar product defined by tr. But the trace of w is determined by 4.1.1(a) and
(b) and the formula of 4.1.6, all of which are invariant under the interchange
e<e, .. QE.D.
Corollary 4.1.12.
(1) EAz,,.(el)=T
(i) for xeA, ,, e;xe, =E,, (x)e,
(i) Ep (e))=1, e;xe,=E,, (x)e, for xeP.

Proof. (i) and (ii) follow from ¢, applied to (ii) of 4.1.3, and (iii) is just the limit
as n—oo of (i) and (ii). Q.E.D.
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Proof of (ii) of 4.1.1 (calculation of [P:P]). Do the basic construction to
obtain {(Bep_». Then e, e,e, =1e,_ follows from (i) of 4.1.12. We further claim

that e, e, e, =7e,. By (iii) of 4.1.12, elements of the form a,+ Y a,e, b; with a,,
i=1

b;eP, are dense in P so it suffices to verify e, e, e, =7e, on x{ and xe, y¢ with
x, yeP. But e, ep e,(x)=1e, x{=(te,)(x¢), and

e1ep,e1(xe1y§)=el(EPt(e1EAgﬁm(x)Y)£)=Te1EAg’,w(x)Y£=Te1(xe1yg)-

These two relations imply that e, and ep_are equivalent in (P, e, >. Now by
(iii) of 3.1.5, ep_1is a finite projection and e, is in a II, factor so that {(Pe, > is
necessarily a finite factor, ie. [P:P] < oo. But we know that tr(e;)=1 so [P:P]
=tr(ep) '=7"'. Q.ED.

§4.2. Restrictions on 1

We shall now prove (iii) of 4.1.1. We keep the notation of §4.1. Also define s,
=e,Ve,V...Vve,.

Lemma 4.2.1. If 1—s5,+0 then it is a minimal projection in A, which belongs to
Z(A).

Proof. If wis a word on e, e,,...,e, then
(1—e;ve,v...ve)w=0. QE.D.
Lemma 4.2.2. If s,+1 thene, A5 ,=e,, 5

n+1°n—1°
Proof. By 4.1.3(ii), e,, s,e,,,=E,, (s)e,,,  But by 42.1 and the bimodule
property of E, , E, (s)€Z(A,_,). Let py, py, ..., p, be the minimal pro-
k

jections in Z(A,_,) with py=1—s,_,, and write E, _ (s,)= ) 4p;. Then since
i=0

e, AS,2e,. S, and lim(e,, s,e, )"=e, ,As, and by (iii) of 413, 4,

=i,=...=A4,=1. Since s:=#1, E, (s)*1 so by (i) of 4.1.3, 4, <1. Thus
e, . ASs,=e, 5, QED.

Corollary 4.2.3. If tr(s,)>0, tr(1—s,, )=tr(l1=s)—ttr(1—s,_,). And tr(1—s,)
=1l-1,tr(l—s,)=1-21.

Proof. The trace tr satisfies tr(p v q)=tr(p)+tr(q) —tr(p A q). So by 4.2.2 and (c)
of 41.1, tr(l1 —s,, )=tr(l=s)—7tr(1—s,_,). Q.E.D.

For this reason we define the polynomials P(x) by F(x)=0, B(x)=1 and
P.,=P—xP_  sothatif B _,(t)>0Vk=nthen E_,(1)=tr(1 —s).

1+ 1—-4x 6__1—-]/1—4x Then
2 '

Lemma 4.24. Let 6= 5

o ~n

(i) B()=

"-—
oc—0
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(i) P(sec?0)=sinn0/2" ! cos" ! Osin0)

(iii) degP. = [%1] .

Proof. (i) The general solution to the difference equation is P=A¢"+Bg". The
initial conditions give A+B=0, A(c—d)=1.

(ii) Putting o=re’, G=re ", x=1sec?0, r=1sech, ¢"—G"=2ir"sinnb, 6 —¢
=2irsinf.

(iif) Follows easily by induction from the difference equation. Q.E.D.

Corollary 4.2.5. (i) The smallest root of P, is —!;secZ%.

(il) P(r)>0 for r<%sec2%.

1 =
— 1 and Zsec .

. 1
(iii) B, ,(1)<O0 for t between Zsec2

1 .
Proof. (i) By counting the number of distinct values of Zseczm—’f‘ (which are

roots of P by 4.2.4) we find that all roots of P,

n

are real and they are the

1 mn . MR T o1 b1
numbers - sec? — with — <—. The smallest is —sec? —.
4 n n 2 n

. . . . . . . -1
(ii) By induction the coefficient of x"~1/2) in P(x) is positive when [n 3 ]

is even and negative when [%] is odd.

(iii) P, ,(r) must be negative between its first and second real roots, and
sec’m/(n+1)<sec’n/n<sec?2n/(n+1). Q.E.D.

1
Proof of (iii) of 4.1.1. Suppose t>1/4 and t#zseczg, n=3,4,5,.... Then

there is a k=3 with Lsec’n/(k+ 1)<t <isec’n/k. But then P(t)>0 for all n<k
so B ,(t)=tr(1-s,_,) by 4.23. But by (i) of 4.2.5, B, ,(r)<0 which is
impossible since 1 —s, , is a projection. Q.E.D.

§4.3. Values of the Index

Theorem 4.3.1. If N is a subfactor of the 11, factor M then either [M:N]2=4 or
[M:N]=4cos’n/n for some n=3.

Proof. 1f [M:N] <0, define the increasing sequence M, i=0,1,2,... of II,
factors by the relations My=M, M, ={(M,ey>, M, ,={M, e, > for i=1.
The inductive limit becomes a II, factor with faithful normal normalized trace
tr (by uniqueness of the trace - see also [19]). Moreover if t=[M:N]~ ' and ¢,
=e,, then the e; satisfy the conditions of 4.1.1 by 3.4.2 and 3.1.7. By Theo-
rem 4.1.1 either [M:N]=4 or [M:N]=4cos*n/n for some neZ, n=3. Q.E.D.
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Theorem 4.3.2. For each n=3,4,... there is a subfactor P. of R with [R:P]

=4cos’n/n and PNR=C. For each r=4, rcR, there is a subfactor P of R
with [R:P]=r.

Proof. The existence of subfactors with index r=4 was shown in 2.2.5 and the
assertion about the relative commutant when [R:P]=4cos?>n/n follows from
2.2.4. Thus we only need to construct subfactors with index 4 cos®n/n.

To do this note that the conditions of 3.3.2 for finite dimensional C*-
algebras NS M together with (i) of 3.3.1 show, by interchanging 4 and A%, §
and ¢, that if there is a (t, M) trace on (M, ey) then there is a (7,{M, ey)) trace
on ({M,ey>,e,»> and so on. Thus we may iterate the basic construction once
we have started it. Once the construction has been iterated, the inductive limit
has a faithful normal normalized trace on it and the es resulting from the
iteration satisfy the conditions of 4.1.1 so by the result of 4.1.1 we may choose
P, as the subfactor of R.

Thus it suffices to find N<M, finite dimensional C*-algebras with in-
clusion matrix 4 and positive vectors s and ¢ with ATAt—(4cos n/n)t and
AATS=(4cos?n/n)s. In fact the matrix 4 is enough since the subalgebra N can
then be taken as the direct sum of as many copies of € as there are rows in
the matrix.

Let A be the square nxn matrix (a;;) with a;;=1 if [i—j|=1 and 0 other-

010

wise, e.g. { 1 0 1 |. We leave it to the reader to check the linear algebra. This
010

choice of A was suggested by F. Goodman. Q.E.D.

Remark 4.3.3. If we had started with any m xn non-negative integer valued
matrix we could have made the construction of 4.3.2. Thus 4.1.1 implies that
for such a matrix, if |A| £2 then |4A|| =2cosn/n, n=3,4,.... This can also be
proved using the well-known result of Kronecker which asserts that if z is an
algebraic integer all of whose conjugates have absolute value equal to 1, then z
is a root of unity.

§5. The Bratteli Diagram; the Relative Commutant
§5.1. The Bratteli Diagram when t1<1/4

Let {e,, e, ...}, M and tr be as in §4.1. Let A,={e,,e,,...,e,}"” and B, be the
algebra generated by {e,,e,,...,e,} (without 1). We know that 4, and B, are
finite dimensional C*-algebras. We want to determine the Bratteli diagram for

them and the value of tr on minimal projections. In this section we suppose
1<1/4. This means that

P ,(t)=tr(l—e,ve,v...ve)>0 forall n=1

(where P, is as in §4.2).
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b b—-1

( ;’) =0). We shall show by induction that

Let {Z}: (n>_( " ) (ordinary binomial symbols with the convention

= ® Q; where Q=M (D).
k=0 "
(b) Qt=(1—e,;ve,v...ve,)C so that
5]
© B= @ 0
(d) The trace of a minimal projection in Qf is B, , ,.(r) for

n+1 "
k=0,1,...,| —1.
b 9 7[ 2 ]

(e) The inclusion matrix of A, , in A4, is
(i) When n is even

A=(a;;) with aij={

i,j=0, 1[";1]

(here the indices i and j refer to the subscript of Q).
(i1) when n is odd
1if j=ior i+1

A=(ay) a 0 otherwise
i=0,.,...,(n+1)/2; j=0,1,...,(n+3)/2.
All thls 1nf0rmat10n is summed up by the following diagram (which also
appears on p. 118 of [31}).

1if j=ior i+l
0 otherwise,

ij

™~ /M\

2 r(l -7) 1— 27"""

\ \/ \1

7(1-27) 1—47 + 372

etc.

The numbers are the {n—;{— 1} and the polynomials, which give the trace on

minimal projections in the corresponding matrix algebra, change by multipli-
cation by 7 each step down a vertical column.

Proof. The proof will use the basic construction for the inclusion 4, ;<4, to
obtain an almost faithful representation of 4,
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The truth of assertions (a)—(e) for n=2 follows immediately from §3.4. For
the inductive step we shall treat only the case n=2m, the odd case being
essentially identical. Suppose (a)—(e) are true for all k<n and apply the basic
construction of §3.1 with M=A4,, N=A,_, with respect to tr. Let E=E, ,
e4,_,=e. By induction and (ii) of 3.3.1 we know that we have the following
Bratteli diagram:

l:;} (o) (5]
Al \ 7\
A TN B ERR LT A b
Al SN S S N
S N "

The numbers on the bottom line follow from 3.7.1, (ii) of 3.3.1 and the

identities
a N a | fa+1 2m+2| 2m+1)
b Wb=1" b {7 Im+t [ m |

By assertion (c), the algebra generated by {e,,e,,...,e,} is the direct sum of
the first m terms on the A, line so if we define the faithful (non-normalized)
trace Tr on {(A4,,e) by the rule Tr(ep,)=rttr(p,) where p, is a minimal pro-
jection in Q=1 (k=1,2,...,m+1), the identity P=F, ,+1tP_, ensures that Tr
agrees with tr on B,. Moreover as in 3.3.2, uniqueness of the trace and
linearity show that Tr(ex)=ttr(x) for all x in 4, , and hence all x in 4,. Also
Tr is a faithful positive trace since all the polynomials P(t) are positive.

But now consider the algebras B, , and {4,, e>. B is generated by B

n+1

and e, , so that any element can be written a,+ Z a,e, b, with a,€B,, a;,

n+1Yi
bieA, for i=1,2,...,k. Multiplication is defined by e,,+1xe,,+1:E(x)en+1 for
x€A, (see 4.1.3) and the faithful trace tr defined by tr(xe,, ,)=7tr(x) for xe4,.
j
In (4,,e>, sums of the form a,+ ) a;eb, with a,eB,, a;, b,eA, for i21, form a
i=1
2-sided ideal. Since the central support of e is 1 ((iv) of 3.1.5), any element of
(A,,e) can be written in this form. Also exe=E(x)e for xeA, and the faithful
trace Tr on (4,,e) satisfies Tr(aeb)=tr(aeb) for a, beA, and Tr(b)=tr(b) for
beB,. Thus we may define a map from B, ; to {(A,,e) by ao+) ae,, bi—

ay+Y a;eb; which is a surjective isometry for the definite hermitian scalar pro-

ducts defined by tr and Tr (and hence is well defined).
At this stage (f) we have obtained assertion (c) for n+1 and the values of tr

on the minimal projections in ot Q%Y .., Qntl. But 4, 41 08 just
{B,,,v{1}}" and since tr(l—e ;v...ve, )= n+3(r)>0, A, is B, ®

(1—e;ve,v...ve,, )C. Moreover x(l e;ve,v...ve, 1)=0 for any xeB,
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and (1—-e;v...ve, ,)(1—e; v...ve)*0 so the Bratteli diagram for 4,4, ,

is forced to be
n+l n+l n+l
Ao vt [m] [m+1] [1] {
/N / N\.../. N\ /
n+2 n+2 n+2 n+2
A"”H'{mﬂ] {mJ { 1 ] O]
This proves assertions (a) and (e) for n+1, and assertion (d) follows from

tr(l—e,;v...ve, )=P_ 3(1). This ends the proof. Q.E.D.
Aside 5.1.1. The binomial identity

nt 1

i (n+1)2_ 1 (2(n+1))

<o i " n+2\ n+l
follows from [13, p. 63]. This shows that dimA4, is the same as the number of
ordered reduced words which are thus linearly independent. See 4.1.4.

n+l

0

l
\
i

1
§5.2. The Bratteli Diagrams rzzseczg

If t=L1sec?n/(n+2) then B(1)>0 for all k<n+1 so the inductive argument of

§5.1 goes through until the point marked (t) for assertions (a)—(e) up to step n.
At this stage we find that e, ve,v...ve,=1 so B,=A,. From this point on
the basic construction for the pair 4, = A, , will give an isometric (so faithful)
surjective representation of 4, , and the Bratteli diagram will not grow any
wider.

To convince the reader of these assertions without boring him with the
details, we treat the case n=4. The argument of §5.1 shows that we have the
following diagram

A - e 1 1
Ay - - - 7\2/1_7\1
T 1-27
Ay - ¢ - 2/ \3/ \1

2 7(1-7) 1-3r+72
A4 PR \ 5/ \4/
72 7(1-21)
. 72 10
Now if §’=( ), t=| t1-1) ), and 4=|1 1), 5is an eigenvector for
1-27 5
1-3741 01

n

; and 7 is an eigenvector for AA” with

AT A with eigenvalue 3 =1"!=4cos?
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the same eigenvalue. They give normalized traces on 4, and 4, so by §3.3 the
basic construction will continue to give faithful representations of the A; by the
same argument as §5.1, since 4,=B, for n=4.

The Bratteli diagrams will be:

For n=2(t=1/2) 1 1

Note that this is the same as the complex Clifford algebras (see [16, p. 148]).
For n=3 (t=1/p?, ¢ =golden ratio)

\/\
/\/
NN

etc.

This diagram already appears in [4], [11].

For n=4
\ / \

/\/\
\/\/
NN

etc.

The pattern is now clear. The traces on minimal projections are the same
as for the case 1< 1/4 where this makes sense.

§5.3. The Relative Commutant when 1<1/4

One of the main motivations of this paper was to decide whether there is a
continuum of values of the index realized by subfactors with trivial relative
commutant (see problem 1). It was originally thought that the subfactors P,
1£1/4, had trivial relative commutant. In this section we shall show that this
is only true when t=1/4. The calculations were first finished by A. Wasser-
mann to whom the author is grateful. The difficulty is the absence of an
orthonormal basis which makes it impossible to exhibit an element of the
relative commutant.

The case T<1/4. Let us adopt the notation of §4.1 so R is presented as the
algebra generated by the es. We intend to show that Eg_ p. (e,) is not a scalar,
ie. Eg p.(e;)#7. For this we will show that |Eg_p.(e;)—7;#0 (remember
[xll{ =tr(x])). We shall need some lemmas.
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Lemma 53.1. Ex p.(x)=s—1im Ez_ . (x) for xeR.

Proof. Since P = ( U szn> , the algebras Rn A4}, , are a decreasing sequence
n=1

of von Neumann algebras with intersection P/ " R. The rest is well known (e.g.
it is true in L?(R, tr)). Q.E.D.

Lemma53.2. |E,,  — (e)—tlli=IE 4, (€ )7l

Proof. Let du denote Haar measure on the unitary group of a finite dimen-
sional C*-algebra. Then

IlEA’z‘n+1hR(el.——T)||1=H 5 (uelu*—‘c)du”l,
U(A2,n41)

Applying the isomorphism o, , of 41.11 we find that this expression equals
I | (ue,, ,u*—7)dull,
U(4n)
which equals |E, ., . (e,.)—7l;. Q.E.D.
Thus to show that P,n R = C, it suffices to show that

lim [E; . 4 . (e, )=l #0.

n— oo
Since we know that the limit exists, it suffices to consider n odd; say n=2m—1.
From §5.1 let py, p,,..., P, be the minimal central projections in A4,
corresponding to Q% ', Q%' ...,Q""", similarly q,,q,,....q, for A, and
Tos¥isees by for A, . So py=1—-e,ve,v...ve, ,, go=1—e;ve,v...ve,
and ry=1—e;ve,v...ve,, . We also know from §5.1 and (iii) of 3.3.1 that

e, "=e, p;_, forizl. (5.3.3)

Since all the embeddings on the Bratteli diagram are of multiplicity at most
one, the relative commutant of 4, in A4, , is the abelian algebra generated by

the mutually orthogonal projections qorg, o¥1s 41 Tgs --+s Gmtm- LHUS
tr(goro€,. 1) tr(gor; €, 1)
E, e)= it ro+ nt rot+...
I (2)) tr(qyro) 9oto tr(gor,) doTo
tr(qmrmen+l)
tr(q r mem
50 that @nTm)

1E gnaps (€0 )=l = Z Itr(g;r;e, . ) —Ttr(g;r)l
)

m—1

+ Z Itr(g; 7y 1 €y —Tr(g7)]
i—0

= Z tltr(g;p;_,)—tr(q;r)l by 533
i=1

m

21 Z tr(g;p;_ 1) —tr(g;r)|.

i=1
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i—1
. . 2m| .
the matrix algebra Q?™~' (=gq;A4,) and g;r; is of rank { lm} in Q2" (=r,A4,, ).
So the last sum may be written

o (J2m=1] 2m) |
Do (A ST g SR |

We saw in 4.2.4 that P(t)=(c"—G")/(c—5) where o=(1+}/1—47)22 and

6=(1—1'1—4r1)/2. Note that for t<1/4, 6>1/2, 6<1/2 and G+(z/5)=1,
o +(t/o)=1. Let us now calculate the relevant limits.

. C 2m—1)|
But from the Bratteli diagram, g;p; , is a projection of rank { } in

L=<

Lemma 5.3.6. (a) lim (Z {2:" 1} 52 (m— l)“1:‘):0

m—oo \i=1 -1
. o 12m) e

(b) lim (z g rl)zo
m—-00 \i=1

(c) lim (Z {ZIm—ll} 02<M~i)+lri)=t(1—r/62)
m—o0o \i=1 -

@ 1im (3 {27}02""4”21")=02(1—r/o’2).
m—00 \i=1

Proof. (a) and (c). Note that g?™~9+1¢i=1(t/5)'~1¢?" ! so if x=0 or §, in
both cases we have to evaluate

ime (3 () Q) e £ O 6) o)

Since x+1t/x=1, we recognize the probability of =m successes in 2m—1
Bernoulli trials. If x=0, the probability of success is >1/2 so by the
de Moivre-Laplace central limit theorem the limit is t(1 —/6?) and if x=4¢, the
probability of success is <1/2 so the limit is 0.

(b) and (d) are proved in the same way with the substitution x2™—9+2¢
=x%(t/x)'x?™~i, Q.E.D.

Expanding L and using 4.3.5 we see that
(6 —d)/L=1|(1-1/6%)(t—0%)|+0 for t+1/4.
This shows that P,nR=%C for t<1/4.

The case 1=1/4. In this case we contend that P, nR=C. Luckily we can use
another model of P, ,. Let R be realized as the closure of the Fermion algebra

& (M ,(C€)); with respect to the trace tr. The fixed point algebra of the obvious
i=1

infinite product action of U(2) is generated by the representation of S coming
from interchanging the tensor product components. The transpositions be-
tween successive components may be written 2e,—1 with tr(e) 1/4 and itis a
matter of calculation to show that the es satisfy e;e;, e,= 4e,, e;e;=e;e; for
|i—j|=2. Thus the e; algebra is RV and the subfactor P, is MZ(C) ARY?),
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But it is shown in [31] that (RY?)AR=C so that P,nR=M,(C), and
M,(€); nRY»=C. Thus P{,nRY@=C. For RY? see also [12], [15], [31],
2. QED.
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