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Introduction

This paper is a continuation of my previous work [Ka2], [Ka4] on K-theory
of C*-algebras. The main object of study in the present paper is equivariant
K-bifunctor on a category of C*-algebras with the action of a locally compact
group G. This K-bifunctor possesses rich functorial properties and has applica-
tions in several areas of mathematics (see [Ka 7, Ka8]). One of these applications,
to the Novikov conjecture in topology of smooth manifolds, is described in
detail in the present paper. The main results of the paper were reported in
[Ka7] and [Kag]. A brief preliminary version of this paper was widely circulated
as a preprint [KaS5] since 1981. However, the exposition of the present paper
differs significantly from that of [Ka5]. I am indebted to all my colleagues
who kept me informed of their work on K-theory of C*-algebras.

The contents of the paper is as follows. In § 1 we introduce basic notation
and prove some preliminary technical results. Since we are interested in equivar-
iant K K-theory, we shall deal with C*-algebras equipped with a continuous
G-action. We call them G-algebras. All C*-algebras are assumed to be graded.
All results of the paper (except those related with the signature operator in
6.1 and 6.3) are valid both for the category of complex and the category of
rea] C*-algebras. (The field of scalars is denoted by C.) An important new notion
of a C(X)-algebra is introduced in 1.5. C(X)-algebras may be considered as
generalized fields of C*-algebras parametrized by a locally compact space X.
(Note that C(X) itself means the algebra of continuous functions on X vanishing
at infinity.)
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§ 2 begins with a definition of the KK%(A4, B)-group depending on two G-
algebras A4 and B. Our main technical tool, the cup-cap product, is constructed
in 2.10-2.14 with the use of a notion of connection (2.6) introduced by Connes
and Skandalis [CS, Sk1]. First applications of the product include the ring
structure on KK%(4, A) for separable A (2.15), and in particular, the structure
of a commutative ring on R(G)=KK%(C, C), and also some general isomorph-
isms of KKS-groups provided by invertible and half-invertible elements (2.16—
2.18). Concrete elements of this type are constructed later, in §§3-5. In 2.19
we introduce the group ZKK¢(X; A, B) depending on three variables: a locally
compact, o-compact G-space X and two G— C(X)-algebras A and B. When
A=A, ® C(X), B=B, ® C(X), this group is denoted by RKK%(X; 4,, B,). Spe-
cial cases of the latter group are KK%(4,, B,) (for X =point) and RK2(X),
the representable K-functor group of X (for 4, =B, =C). The natural relation-
ship between the KK®-theory and the representable K®-theory arising via the
RKKC-groups is extensively used throughout the paper. §2 ends with some
notational conventions.

§ 3 contains further functorial constructions centred around induction. When
X is a proper, free I'-space and A a I'— C(X)-algebra, one can define a certain
algebra of I'-invariant elements A" = .#(A) (which is similar to C(X/I') in the
case of A=C(X). In 34 we construct the descent isomorphism A’:
RKK®*T(X; A, B)~#KKC®(X/T'; A", B"), and in 3.5-3.6 obtain from it the
homomorphism irx.G. RKKT(Y; A, B)» ZKK®(Yx X; (A® C(X),
(B® C(X))") of induction to the fiber bundle Yx, X - I'\X and the homo-
morphism i"%=i"%% of induction from a subgroup I' to the group G. Next,
we come to crossed products and construct in 3.11 the induction homomorphism
j©: KK%*T(A4, B)y» KK®(C*(I, A), C*(I, B)) (and also jI for reduced crossed
products). When A4 and B are C(X)-algebras (and X is proper and free as a
I-space), j” and 1" appear to be the same if one identifies the corresponding
RKK-groups via the strong Morita equivalence constructed in Theorem 3.13
(see 3.14).

The second half of the paper containing its main results is related with
Riemannian geometry. In §4, for a complete Riemannian G-manifold X, we
define the Clifford bundle C*-algebra C,(X) and introduce the two basic ele-
ments: the Dirac element [dy]eK2(C.(X)) (4.2) and the element
[6x]eRKK®(X; C, C.(X)) (4.4) which is in a weak sense dual to [dy]. The
main properties of these elements (4.5-4.8) imply two forms of Poincare duality:
RKK®(X; A, B)~KK®%(A® C.(X), B) for general X (Theorem4.9) and
KK¢(A® C(X), B)I~KK®(4, B® C,(X)) for a compact G-manifold X with
boundary 0 X and interior X (Theorem 4.10).

In §5 we apply the techniques of §§2-4 to the study of some complete
Riemannian manifolds which may be called special G-manifolds. They are
defined as those manifolds X for which there exists a dual Dirac element
nx€K§(C.(X)) with the property: [dy] ®chx=1lc,xeKK(C,(X), C.(X)). This
implies a weak form of Bott periodicity for X (5.2). Examples of special manifolds
include simply connected manifolds of non-positive sectional curvature (5.3)
and homogeneous space G/K, where G is a Lie group (or more generally, an
almost connected group) and K its maximal compact subgroup (5.7). Many
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other examples may be obtained via the fiber bundle construction of Theo-
rem 5.4.

Basically, the idea of using a special G-manifold X for calculating the
KKC-groups is the following one. Consider the idempotent element yy
=1x @c.x)[dx]€R(G), and define the y-part of KK9(4, B) as yyx- KK®(4, B).
According to Theorem 5.2 this y-part is isomorphic to RKK%(X; A4, B). If the
G-action on X is free and proper, one may use the descent isomorphism 3.4
to identify the latter group with ZKK(X/G; (A ® C(X))°, (B ® C(X))%). In gener-
al, the G-action on X may be not free but still allowing one to identify the
y-part with some “less equivariant” KK-group which is easier to calculate.
In particular, when G is almost connected and X=G/K one gets:
yx-KK%(A4, By~ KKX(A, B) (Corollary 5.7). For an amenable almost connected
G this gives the isomorphism: KK%(4, B)~ K KX (A, B) because in this case yy =1
(Theorem 5.9). The same isomorphism is valid also for general almost connected
G but under some restrictions on A and B. For instance, one may take A
and B separable and one of them a G— C(Y)-algebra, where Y is a proper
G-space (Theorem 5.8). At the end of §5, in 5.10, we give some applications
to crossed products by almost connected groups. It is proved that the “y-part”
of any KK-group of C*(G, A) is isomorphic to the corresponding K K-group
of C*(K, A®Q Cy), where Cy is a (finite dimensional) Clifford algebra related
with G.

Finally, § 6 contains applications to the Novikov conjecture. The conjecture
has already a twenty year history, and the interested reader is referred to [Ca,
FH, HR, Ka2, Ka7, Ka8, Misl, Mis2, Re], where additional bibliography
and some historical comments may be found. In 6.1-6.4 we formulate the conjec-
ture and describe the operator K-theoretic approach to its solution. The results
obtained through this approach include at present all known (positive) results
on the conjecture. (Note that Cappell’s results [Ca] are now included into this
scheme and considerably extended due to the recent work of Pimsner [Pi].)

Our main results on the Novikov conjecture are contained in Theorems 6.7
and 6.9. A technical Theorem 6.6 gives general sufficient conditions which imply
the Novikov conjecture for manifolds with fundamental group =n. In 6.7 we
verify these conditions when the universal covering space E n of the classifying
space Br is a special n-manifold (see § 5). This includes the case of complete
Riemannian Br of non-positive sectional curvature. (Another proof for this
case based on the ideas of [Ka 5] may be found in [Fa]. Compact, non-positively
curved Bn were first treated in [Mis1] and later, by a different method, in
[FH]). For closed discrete subgroups = of finite component Lie groups we
prove the Novikov conjecture by an additional argument (Theorem 6.9). At
the end of § 6, in 6.10, applications are given to K K-theory of crossed products
by a discrete group . We construct a spectral sequence allowing one to calculate
the “y-part” of the K K-groups of C*(r, 4) out of the corresponding K K-groups
of A. This spectral sequence generalizes the exact sequences of Pimsner and
Voiculescu [PV 1, PV2].

Remark. The results of 3.5, 5.8 and 5.9 have some intersection with the results
of the latest preprint by A. Valette: “Le role des fibres de rang fini en théorie
de Kasparov équivariante”.
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§ 1. Preliminaries

This section contains basic notation and some technical results.

1.1. We shall deal with the categories of C*-algebras equipped with some addi-
tional structures. All C*-algebras that we consider will be graded (see [Ka4],
§2). A C*-algebra B is graded if there is a grading automorphism ¢: B— B,
e2=1. An element be B has degree i if £(b)=(—1)'b. (Notation: db=i, or degh
=i.) When ¢=1 the grading is called trivial. All homomorphisms in the category
of graded algebras are graded, i.e. commute with &. All commutators are graded:
[a,b]=ab—(—1)*®ba.

Another structure on our C*-algebras will be the action of some group
G via automorphisms. All groups acting on C*-algebras (or any spaces) are
supposed to be locally compact and g-compact. All homomorphisms between
these groups are supposed to be continuous, and all subgroups closed. In the
category of C*-algebras equipped with the G-action all homomorphisms are
equivariant, and the G-action is compatible with the grading (i.e. commutes
with ¢). An element be B will be called G-continuous if the map G — B: g — g(b)
is continuous. An algebra B will be called a G-algebra if all its elements are
G-continuous.

All results (except those in 6.1 and 6.3) are valid in both the category of
complex C*-algebras (over C) and the category of real C*-algebras (over R).
The field of scalars (C or R) will always be denoted by C. The grading and
the group action on C are trivial. (The category of “real” C*-algebras of [Ka3,
Ka4] may also be considered if the “real” involution on G is trivial, but in
this case it does not differ from the category of real C*-algebras.)

A locally compact space X equipped with a continuous G-action will be
called a G-space. For any C*-algebra B and a locally compact space X we
denote by B(X) the algebra of continuous functions on X with values in B,
vanishing at infinity (e.g. C(X), B[O, 1], etc.). Sometimes we need only a subspace
of compactly supported functions which is denoted by B,(X) or C.(X, B). Clearly,
for a G-algebra B and a G-space X, the algebra B(X) is a G-algebra: g(b)(x)
=g(b(g~ ' x)), VgeG, Y beB(X). Although for some cosmetic reasons we some-
times distinguish between left and right G-actions on X, we consider them as
related by the formula: g-x=x-g~ ! (geG, xeX).

1.2. A graded Hilbert module & over a graded C*-algebra B is defined in [Ka4].
The grading on & is given by the grading (linear) map ¢: & » &, ¢2=1, which
is compatible with the grading of B, i.e. e(xb)=¢(x) &(b), e((x, y))=(e(x), £(y)),
V x, yeé&,V beB. The group G acts on & via linear automorphisms which preserve
the grading (i.e. commute with ¢) and satisfy the two conditions: g(x b)=g(x) g(b),
g((x, y)=(g(x), g(»), VgeG,VbeB, V x, ye&. Moreover, this G-action G x & - &
must be continuous (in the natural norm topology on &). Note that the induced
G-action on the algebra of operators £ (€): g(T)(x)=g(Tg ! (x))(Te £ (&), xe&)
is usually not continuous in norm, but the same action on the algebra of compact
operators X (&) is continuous. Definitions of # (&) and ¢ (&) may be found
in [Ka3] and [Ka4]. Recall that operators 8, ,e ¥ (&) are defined by 6, ,(2)
=x-(y,2), VX, y, ze&.
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The stabilization theorem for Hilbert B-modules [Ka 3, Ka4] reads as follows:
for a countably generated Hilbert B-module & and a compact G one has: & @ #,
~ H#y, where Hy=1>® [?(G)® (B® B°P). The isomorphism preserves the scalar
products and the gradings.

Recall also an important construction of a tensor product of Hilbert modules
(cf. [Ril], or [Ka4], 2.8). Let &; be Hilbert B,-modules (i=1, 2), and suppose
that a homomorphism ¢: B, » £ (&,) is given. Consider the algebraic tensor
product &, © &, with its natural structure of a B,-module and with the B,-scalar
product given by the formula: (x; © x2, y; © y2)=(xa, @((x1, y1)) ¥2), X1, y1 €64,
X3, ¥2€&,. Factoring out the B,-submodule 4" ={ze&, © &,](z, z)=0} and then
completing the factor module in the norm |z| = ||(z, z)||!/* we obtain a Hilbert
B,-module which is denoted by &, ® 5, &, or &, ® 8,6,. The action of G comes
from the diagonal action on &, O&,: g(x; ©x,)=g(x,)Og(x,). The map
ZL(8)—> ZL(6,®p,8,): F>F®1,is a homomorphism.

We shall also consider the skew tensor products of algebras B, ® B, and
modules &, ® &, (see [Ka4], §2). (A more general construction is given below
in 1.6.) The norm on tensor products is always the minimal (spacial) one, and
the action of G is the diagonal one.

1.3. By .#(B) we denote the algebra of multipliers of B and by B” the bidual
of B. Under the j, the left Haar measure is denoted by d g and the modular
function by u. ¢

For a G-Hilbert module & over a G-algebra B, define the G-Hilbert module
I*(G, &) over B as a completion of the space of compactly supported continuous
functions C.(G, &) with operations: (eb)(g)=e(g)-b, g(e)(g)=gle(z 'g})),
(e, e2)= [(e,(g), e2(g))d g, Vg g,€G, VbeB, Ve, e;, ¢,€C,(G, &). Note that

G

2(G)®E~L(G, &): f(g)®e—f(g)-e

1.4. A C*-algebra possessing a countable approximate unit will be called o-
unital. All approximate units are supposed to be positive, increasing, and all
their elements having degree 0. Recall that if A4 is a subalgebra and 4 a subset
in the algebra B then 4 derives A4 if [a, d]€ A, VaeA, Yde A. (All commutators
are graded.)

Next theorem is the main result to be used in the construction of the product
in § 2. A simple proof given here is due to N. Higson ([Bl], 12.4).

Theorem. Let J be a o-unital G-algebra, A, and A, o-unital subalgebras in # (J)
such that A, is a G-algebra and A, an arbitrary subalgebra (without the group
action). Let also A be a subset in # (J) which is separable in the norm topology
and derives A, and ¢: G — M (J) a bounded function. Assume that A,-A,<J,
A p(G)aJ, ¢(G) A, J, and the functions g— a @(g) and g — ¢(g) a are norm-
continuous on G for any a€ A, +J. Then there are G-continuous positive elements
M,, M,eH(J) of degree O such that M, +M,=1, all elements M;a;, [M,;, d],
M, p(g), p(gdM,, g(M,)—M, belong to J for any a;e A;, ded, geG(i=1,2),
and the functions g — M, ¢(g) and g — ¢(g) M, are norm-continuous on G.

The following lemma (cf. [B1], 12.4.1) is used in the proof.
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Lemma. Let B be a C*-algebra with G-action, A a o-unital G-algebra which

is a G-subalgebra of B, Y a 6-compact, locally compact space, ¢: Y— B a function

satisfying the following condition: [¢(y), ale A,V ac A,V yeY, and all the functions

y—=[e(y), al, YV ae A, are norm-continuous on Y. Then there is a countable approxi-

mate unit {u;} for A which has the following properties: lim ||[u;, ¢ (y)]| =0,V yeY,
10

and lim |g(u;)—u;|| =0, YgeG. Both limits are uniform on compact subsets of
Y and G respectively.

Proof. Let X, < X, <... be an increasing sequence of open sets in G, with com-
pact closures and () X,=G. Let also Y, cY,<... be a similar sequence in Y
n

and {v;} a countable approximate unit for A. Using induction, suppose that
we have already constructed u, <u, < ... Zu, out of finite convex linear combina-
tions of elements v;, and the following conditions are fulfilled: |lu, v;—v;| S 1/k,
[, @I 1/K, llg(w)—will < 1/k for j<k, yeY,, geX,, k=n. To construct
Uy +1, note that v;2u, for i= some m. Let A be the convex hull of {v,, vy, ...}
Denote by Z a disjoint union of {v,, ..., 0,41}, Y,+; and X,, . For any veA
let a,e A(Z) be a function defined by a,({v;})=vv;—v;, a,(»)=[v, (»)], a,(g)
=gv)—v, VyeY,,,, VgeX,, . Suppose that there is no element u,, €4 with
the required properties. Since the set of functions {a,|ve A} is convex, the separa-
tion theorem gives a bounded linear functional f on A(Z) with | f(a,)|=1 for
all ve 4. This leads to a contradiction in the following way.

Working in B(Z)", one has: v;1pe B(Z)", where p is a unit for A(Z)". Clearly,
[p. (»)]€A(Z)", V ye Y, hence,

[, oM1=0[p% 01=plp, W1+ [p, ()] p=2[p, 9(¥)]

which implies: [p, ¢(y)]=0, V ye Y. Moreover, g(p)=p, VgeG, because g(p) is
also a unit for A(Z)". It follows that lim f(a,)=0. [

Proof of the theorem. Let h,, h,, k be strictly positive elements of norm =1

in A,, A, and J respectively. If M; are already constructed so that M;h;eJ,

then M;aeJ, VaeA,;, because M;a= lim M, h;(h;+«)~ ' aeJ. Let us choose a
a—+0

compact set Y of vectors of norm =1 in the linear span A of 4 so that the
linear span of Y is dense in 4. Also choose an increasing sequence of open
sets X, =X, ... in G with compact closures and ( J X,=G. We shall assume
that |l@(g) =1, VgeG. By the previous lemma there is an approximate unit
{u,} for A, with the properties:

1) ”unhl —hl ” éz_"’ Vn.

2) ||[um yII =27, V0, VyeY.

3) ”g(un)_un” éz—n, Vn, VgGX,,.

There is also an approximate unit {v,} for J with the properties:

4) |lv,w—w| 272", Vn, VweW,
= {k’ Up h2’ Un+1 hZ} Yu, ¢(X_n)uun+l (p(XrH- 1)U(P(X—,,) unU(p(XrH- l)un+ 1 _

5) |Lva, 211 is small enough that ||[b,, z]| 27", Vn, Vze{h,, h,} U YU @(X,),

where b, =(v,—v,_,)* for n=2, b, =v}/%
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6) ”g(bn)_bn” ézgna Vn, VgEX"‘

Note a simple corollary of 4):

T b, w| £5Y2-27" ¥ n22, Vwelk, u,hy} vu, o(X,)uo(X,)u,

Indeed, by wiI2 < [w* b2 wl < [0y — v, )Wl < 0, W =Wl + [W—v,_ W]
<5272 YweW,nW,_,.

Now put g,=b,u,b,. It follows from 7) that |q, k|| <5"?-27" for n=2. For
any aeJ and any real a>0 there is a real ¢>0 such that aa*<ck?+a ([Ka4],

1.7). Put Q,,,,,—Zq, Since ¢;<b?, one has: |Q,,[|<1, Vm, n. Therefore
1Qm,n all® _”an aa* Qumnl € 1Qmn k* Qunl +2=1Qm.n k”+°‘<cz llg: kl

l m

+a. Now it follows from the Cauchy criterion that the series Z q,a is conver-

© n=1
gent VaeJ. It means that Y g, converges strictly to an element M,e.#(J)

n=1
with0SM,<1.Put M,=1-M,.
From 5) and 7), V xe {h,} U ¢(X,), we have:

G X1l = 11y 4 by x| S [l thy X by | + 1B 4,1 1By XN S (512 +1)-27"

and similarly for ||xgq,|l. Therefore, all the series Zq,,hz, Z(p(g)q" and
n=1

Z q, ¢(g), VgeG, are convergent uniformly in geG. Since all the terms are

n=1

in J and all ¢gq, and ¢,¢ are norm-continuous, one has: M, h,, ¢(g) M,,
M, ¢p(g)eJ, VgeG, and both ¢ M, and M, ¢ are norm-continuous.
Next, 1) and 5) imply that
”(bf - bn Uy bn) hl “
é “bn(hl _un hl)an + Iibn [bm hl]” + ”bn uy, [bm hl]“
é 3-2 —n’

so the series )’ (b7 —g,) h, is convergent, and the terms are in J. Since Y. (b2 —q,)
n=1 n=1
converges strictly to 1—M,, we have: M, h,eJ. For yeY, it follows from 2)
and 5) that
LBy 4 by Y11l

g ”bn un[bm }’]“ + ”bn[um y] bn“ + “[bns y] unbn” §3.2—n’
so [M,, y]eJ. Finally, for ge X,, it follows from 3) and 6) that
”g(bnunbn)_bn Uy bn“

§ ”(g(bn)—bn) g(un bn)“ + ”bn(g(un)_ un) g(bn)” + “bn un(g(bn)_ bn)“
-g 3. 2—n,
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o

which implies the uniform convergence of the series Y (g(g,)—4q,) in geG. Since
n=1

the terms belong to J and are norm-continuous in g, it follows that g(M,)

—M,eJ,VgeG, and M, is G-continuous. []

1.5. Definition. Let X be a locally compact, o-compact space and 4 a C*-algebra.
We shall call 4 a C(X)-algebra if 1) a (structural)l homomorphism
C(X)— Z(#(A)) is fixed, where Z(.#(A4)) denotes the centre of .#(A), and 2)
the following condition is fulfilled: there is an approximate unit {u;} in C(X)
such that lim |u;a—al =0, YacA. When X is a G-space, 4 a G-algebra and

the structural homomorphism is equivariant, A will be called a G — C(X)-algebra.
In the category of C(X)-algebras all homomorphisms are assumed to be C(X)-
module maps (i.e. homomorphisms preserve the C(X)-structure).

Note that for any Hilbert module & over a C(X)-algebra B the algebra
A (6) is a C(X)-algebra. The structural homomorphism C(X) - £ (&) is defined
by fe= liToe(f-(e, e)-((e, e)+a)~ 1), VfeC(X), Vec&. However, £ (&) is not
in generaai a C(X)-algebra because condition 2) is not fulfilled.

Lemma. Let A be a C*-algebra satisfying condition 1) of the previous definition.
Then there is an embedding ¢: A~ ¥ (&), where & is a Hilbert C(X)'-module
and ¢ a C(X)-module homomorphism. In the G-equivariant situation & may be
taken as a Hilbert G — C(X)"-module and ¢ also G-equivariant.

Proof. Take any positive linear functional p: 4— C. It extends to C(X) via

C(X)—+//l(A)—p—-> C. For any ae A define a linear functional p,: C(X)— C by
pa(f)=p(af),V feC(X). The Radon-Nikodym derivative d p,/d p may be consid-
ered as an element of a W*-algebra L*(X; p). Since L*(X; p)=C(X)" ([Sa],
1.18.1), one obtains a positive linear map A: 4 — C(X)", A(a)=d p,/d p. Clearly,
A is a C(X)-module map, and p may be written as a composition p”-1:
A-C(X)' -C.

Now we shall use a well-known Gelfand-Naimark-Stinespring construction.
Consider the algebraic tensor product # =4 © C(X)" as a C(X)"-module with
the C(X)" -scalar product defined by (a, Of;, a, Of;)=A(af ay)-fi*f, (a,, a,€A,
f1, f26C(X)"). The algebra 4 acts on & by left multiplication. Taking a factor
module & /A, where A ={zeF |(z, z)=0}, and completing it in the norm ||z|
=|(z, 2)|| /2, we come to a Hilbert C(X)'-module &, and a homomorphism
@;: A—> L(6). (Details are similar to those in [Ka3], §4). Clearly, ¢,(a)=+0
if A(a*a)=%0. In its turn, A(a*a)+0 if p(a* a)=+=0, so one can take a direct sum
of &, over all p to get the required & and ¢.

In the G-equivariant situation one can change slightly both & and ¢. Put
E=L(G, &), (¢(a)e)(g)=(gp(g” ' a))(e(g), VaecA, Yeel?(G,6). Then §: A
— %(&) is an embedding which is both G-equivariant and a C(X)-module
map. []

Remark. In this paper we actually need only those C(X)-algebras for which
there exists a C(X)-embedding 4 & £ (&), where & is a Hilbert C(X)-module.

1.6. Definition. Let 4, and 4, be C*-algebras satisfying condition 1) of Defini-
tion 1.5. The algebraic tensor product 4, O¢xy4, of C(X)-modules 4, and
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A, possesses the structure of an involutive algebra: (a; ®a,) (b, Oby)=
(=11 (a, b, Oa,b,), (a,Oar)*=(— pfase (@t Haf). Let A4, Z(&) be
embeddings provided by the previous lemma. We define the C*-norm on
A, (DC(,(,A2 via the embedding A, OC(X,AZQ & (8, ®C(x, &,) given by
(a, Oaz) (e1®ey)=(—1)"%1q ¢, &a,e,, Ya,eA;, Ve, eé.. The completion of
Ay (DC(,{,A2 in this norm will be denoted by 4, ® Az The commutative tensor
product A, ®c¢x) A, is defined similarly.

Proposition. 1) The operation ®cm is well defmed natural in A, and A,, (skew-)
commutative: Ay ®cpy Ay ~A; @cnAr: 4y O ay —(—1)9%2q, Oal, and asso-
ciative. g) 'Ihere is a natural homomorphism: # (A )®C(XLJI (A4,)
= M(A, ®cxyAz)- 3) If either A, or A, is a C(X)-algebra, then A, ®cx) A
is a C(X)-algebra. 4) If A,=B(X) with the obvious C(X)-structure and A, is
a C(X)-algebra, then A, ® cxyA;~B® A,.

Proof. To prove that the C*-norm on A4, ®C(X)A2 does not depend on embed-
dings A4, Z(6), take any character u: C(X)’—>C and consider
(&, ®C(X, 6”‘2)®C(x) C~H, ,,®H2 w Where H;,=8®cwxyC. Let 4;, be the
image of 4; in ¥ (H, ). Then for any acA4, Qx‘)cmA2 one has: ||a||—sup la,ll,
I
where a, is the image of a in A, ,®cuxA,, <L (H, ,®H, ). It remains to
define A4; , intrinsically. The structural homomorphism C(X)— A} extends to
C(X)". Denote by I; , the 1mage of Kerp in A{. Then A;,~A;/(A; nATT,, -
It follows that for any u, Ay ,‘@A2 » does not depend on any embeddmgs
The naturality, commutativity and assomatmty are now clear.

Since embeddmgs A;o ZF(8;) and A4, ®C(X,A2L>$(é"1 ®C(X, &,) extend to
M(A;) and M (A, ®C(X,A2) respectlvely, 2) is clear. 3) is obvious, and in 4)
one may take &, =H ® C(X)", where H is a Hilbert space and B~ # (H). Then
& ®Cm é”z._H®é”2, and the obvious isomorphism (B@C(X))@C(,(,A2
~BOA,: (bOf)Oa—-bd fa, extends to the completions. []

§ 2. Basic definitions

In this section we introduce the main object of our study, the group KK%(4, B)
depending on a pair of graded G-algebras 4 and B. The main technical tool
in the study of this group is the cup-cap product [Ka4] with modifications
provided by the work of Connes and Skandalis [CS, Sk1]. We also consider
some generalizations, namely, the groups ZK K¢(X; 4, B) and RKK®(X; A, B)
depending also on a third variable, a G-space X. In particular, we recover
in this way the representable K-functor group RK2(X). Finally, some notational
conventions on the grading of KK-groups will be given. (Recall that all commu-
tators are graded and C denotes the field of scalars —cf. 1.1.)

2.1. Definition. Let 4 and B be G-algebras. A countably generated Hilbert B-
module & acted upon by A4 through a homomorphism A — % (&) will be called
an (A, B)-bimodule. With some abuse of notation we shall identify elements
of A with operators on &. Denote by Q,(&) a subalgebra of #(&) consisting
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of all Te # (&) for which [T, ale # (&) and aT is G-continuous for any acA.
Denote by I,(&) the ideal of Q,(&) consisting of all Te £ (&) for which Ta
and a Te X (&) for any ae A.

2.2. Definition. Consider pairs (&, T) consisting of an (A4, B)-bimodule & and
an operator TeQ (&) of degree 1 such that elements T—T*, T?—1, g(T)—T
belong to I,4(&) for any geG. We shall not distinguish between pairs (&, T})
and (&,, T;) if there is an isometric, grading preserving isomorphism u: &, — &,
of (4, B)-bimodules with T,=uT,u"'. The set of all pairs will be denoted by
[E®(4, B). A pair (&, T) will be called degenerate if all elements [a, T], a(T— T*),
a(T?*—1) and a(g(T)— T) are O for any ae 4, geG.

23. Definition. An element (&, T)elE(4, B[0,1]) generates a family
{(6, T)eE°(4, B)J0<t<1} obtained by evaluation at each te[0,1]: &,
=8 ®B[0 uB, T,= T® 1. This family and the pair (& T) itself will be called
a homotopy between (&,, Ty) and (&,, T;). The set KK%(4, B) is defined as the
quotient of IE%(4, B) by the equivalence relation given by homotopy. For a
trivial G we omit it in the notation.

2.4. Proposition. KK%(A, B) is an abelian group with addition given by direct
sum: (81, T,) D (65, T)=(6, @&, T, ® To).

Proof. Denote by —& the B-module & with the opposite grading (given by
—¢). Put —(&, T)=(—&, —UTU ), where Ue L (&, — &) is the identity map,
and the action of 4 on —¢& is given by a-U(x)=U(e(a)x), Vxeé& (¢ is here
the grading automorphism for A4). Then —(&, T) is the opposite of (&, T) in
KK€(A, B) (see [Ka4], §4, Theorem 1, or [Sk 1], Proposition 4). Note that
degenerate pairs represent the zero element of K K%(4, B) because they are con-
nected with the pair (0, 0) by an obvious homotopy (see [Sk 1], Remark 3). [J

Remarks. 1) When G is compact, T may be averaged over G. In fact, for any
eeé, the function g — g(T)e is continuous, and one can put T(e)= [g(TMedg.
G

Clearly, Te#(&) and T—Tel, (&), because for any acA the function
g—a(g(T)—T) is continuous and its average belongs to £ (&). The pairs (&, T)
and (&, T) are joined by an obvious homotopy. It follows that for any compact,
second countable G and o-unital B, the newly defined groups K K9(A, B) coincide
with the ones defined in [Ka4], § 4. (Stabilization is used to replace & by #%.)

2) The definition of the KK€-groups given here differs slightly from the
definition given in [Ka$, Ka7, Ka8]. Namely, the operator T here is not required
to be G-continuous, but only all operators aT are (VaeA). However, for a
o-unital A4, the new definition coincides with the former one. Moreover, T may
be taken G-continuous in such a way that all elements g(T)— T are in 4 (&),
for any geG. Indeed, put J=24"(8), A =A+J, 4,=0, ¢(g)=g(T)—T, and 4

={T}. Applying Theorem 1.4 and taking T=M,T, one easily checks that
(€, T)eIES(4, B) has the described properties and is homotopic to (&, T). (In
fact, T— Tel ,(&).)

2.5. Definition. A homomorphism f: A; — A, transfers (4,, B)-bimodules into
(A,, B)-bimodules. This gives a homomorphism f*: KK%(A4,, B)— KK%(4,, B).
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A homomorphism h: B, — B, induces a homomorphism h,: KK%(4, B,)
- KK%(4, B,) by the formula: h, (&, T)=(6®g, B, T®1). For a o-unital G-
algebra D, the homomorphism o,: KK®(A4, B) > KK®(A® D, B® D) is defined
by 0,(&, T)=(¢ ® D, T® 1). (Note that the same homomorphism in [Ka4] was
denoted by t,.)

Proposition. The groups KK (A, B) are homotopy invariant in A and B. [

2.6. Definition [CS]. Let &, be a Hilbert B,-module, &, a (B,, B,)-bimodule,
and &,,=¢&, ®p,&. For any £eé,, define 0,6 £(&,, 8,,) by 0.(n)=E®n (with
an adjoint given by 0%, ®n)=(¢ &)-n). Let T,eZ(&,). An element
Ti,€Z(8,,) will be called a T,-connection on &, if for any ¢eé;, 0. T, —
(=152 Ty, 0.€eH (85, 6,,) and T, 0F —(—1)°<°"2 08 T, ,e A (8, &,). (The
second relation is equivalent to 0, T —(— 1)°°"> T}, 0,.€ 4 (65, &, 5).)

We shall use the properties of connections listed in [Sk1], Proposition 9,
and also the following lemma (cf. [CS], Proposition A 2).

Lemma. If elements bT, and T,b are G-continuous for any beB,, and T,, is
a Ty-connection, then T,€Qxs,(612). Moreover, if T,elp(&,) then
7]2611<&,)(‘9@n2)-

Proof. We may consider only the case of deg Ty ,=deg T, because the homoge-
neous part of T;, which has degree different from that of T, is a 0-connection.
If 0T,,=0T,, it follows from the definition that for any &, ned&, one has:
[0:,® 1, T, ,]1=[0, 0%, T, ,]Je# (6,,). Now, for ée€éy, 0,=1im0,,, where b,

=(& Q& O +1/i], so 0, Ty=lim 0, T,=1lim 0,b, T, and T, 0% = lim T, b¥ 0.

It follows that both 6T, and T, 6% are G-continuous, V¢&eé,, hence T, 0;
and 0} T, ,, and consequently, Ty, 0, , and 0, . T, , are G-continuous, V¢, ned;.
In the same way, for T,elg(é,) one has: 60,T,ex(8,,6,,) and
T, 0fe A (£, ,, &,), therefore, Ty, 0, ,and 0, : T ,€ A4 (6,,). O

27. Lemma. If &, is countably generated and T,eQp (8,), then there is a
T,-connection Ty, on &, ,.

Proof. According to the stabilization theorem for G={1}, there is an element
Ve #(8,, #3,) of degree 0 with VA* V=1. Qeﬁne Toe L (H3, R p,6) =L (H X&)
by Ty=1® T,andput T,, =(V*® 1) To(V® 1). This is, clearly, a T,-connection. []

2.8. Lemma. Let A be o-unital. For any pair (&, T)e]EG(A, B), there is a homotopy
equivalent pair (&', T')eIE®(A, B), where & =A® ,6&.

Proof. Put Z(A, A)={f:[0,1]1->A|f(1)eA} < A[0,1], E=Z(A, A® 0.1,
&[0, 1]. Considering T as a constant family of operators Te £ (&[0, 1]), we
can construct a T-connection T of degree 1 on &. The pair (&, T)eIES (4, B[O, 1])
is a homotopy between (&, T) and (&', T'), where T’ is the restriction of T to
&’ (at the point 1€[0,1]). O

2
2.9. Theorem (cf. [RS], Theorem 1.12). 1) KK%(4, B, ®B,)~ @KKG(A, B)).
2) If G-algebras Ay, A,, As, ... are c-unital, then i=1
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KK© (éA,., B) ~ ﬁ KKS(A,, B).

i=1 i=1
Proof. The first statement is obvious. For the proof of the second one put

A= @A, Let (&, T)eES(A4, B). Applying Lemma 2.8 replace (&, T) by (&, T"),
i=1 ®
where the homomorphism 4 — % (") extends to (DA, > £ (&). Let B be the
i=1
image of 1ed,. Put &=P(&), T,=PRT'|s. Then &=6&, and the desired
i=1

isomorphism of K K¢-groups is given by (&', T') = {(&;, T))}. Its inverse is given
by {(&, T))} —»(G—)é”i, @Ti), where all T; should be “cut off” to make |T;|| 1.

i=1 i=1

This is done by putting T} =(T;+ T;*)/2 and applying a cut-off function. []

2.10. Definition [CS, Sk1]. Let 4, B,, B, be G-algebras, (&,, T,)e[E°(4, B,),
(6,, T,)e[E°(B,, B,). Put &,,=6, ®Blé’2 and denote by T, Xy, T, the set of oper-
ators T, ,€.% (&, ,) satisfying the following conditions:

a) (612, T12)eE%(4, By);

b) T,, is a T,-connection on &, ,;

¢) for any acA, a[T, ® 1, Ty ;] a* =0 in the algebra L (&, ,)/H (&, .).

For any T,,eT,Xp, T,, the pair z=(&,,, T} ,) will be called the cap product
of x, =(&, Ty) and x, =(&, T).

Notation. z=x, ®p, Xx,.

Remark.AOne can easily verify that under the conditions a) and b) the operator
R=[T,® 1, Ty ,] belongs to Q ,(&, ), and for any ge G, g(R)—Rel 4(&, ,). Condi-
tion c) is equivalent to R=0 mod I ,(&, ,).

2.11. Theorem. If A is separable, the cap product exists, is unique up to homotopy,
and defines a bilinear pairing: KK%(4, B,)® KK¢(B,, B,) » KK%(A4, B,).

Proof. Let Tzewal)(é”, ,) be a T,-connection of degree 1 on &, ,. Put J=4"(&, ,),
A, =J+ A (&)® 1. Denote by A, the minimal C*-subalgebra of (&, ,) gener-
ated by the elements: T,— T, T2 —1, [T,, T, ® 1], [T, al, VaeA4, and let 4
={T,®1, T,, A} and the function ¢: G — #(&,,) be defined by ¢(g)=g(T;)— T.
Applying Theorem 1.4 we obtain elements M,, M, and put T,,=M*(T; ® 1)
+MLY2T,. One easily checks that (&,,, Ty,) satisfies condition a) of Defini-
tion 2.10. Conditions b) and c), as well as uniqueness and independence of homo-
topy, are proved in the same way as in the non-equivariant case ([Sk 1], Theo-
rem 12). [

2.12. Definition. The cup-cap product
KK%(4,,B,®D)® KK*(D® A,, B;)—> KK%(4, ® A,, B, ® B,)
is defined by the formula: x; ® px;=04,(x1) ® 5, & 4, T, (X2)-

Here A, and B, are assumed to be o-unital, but in fact, no restriction on
B, is required, since one can directly define for x,=(&,, T), x,=(&,, T) the
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Hilbert module &, , as (&, ®A2)®B|®D®A2(B ® &,) (which is countably gener-
ated over B, ® B,) and repeat Definitions 2.6 and 2.10 for this case.

2.13. Definition. For a o-unital G-algebra A, define the element 1,e KK%(4, A)
as the pair (4, 0) (that is, & =A, T=0). The element 1. KK%(C, C) will be
denoted by 1.

2.14. Theorem. Let A, and A, be separable. Then the cup-cap product exists
and is

1) bilinear;

2) contravariant in A, and A,;

3) covariant in By and B,;

4) functorial in D, ie. for any f: D;—>D, one has: f,(x;)®p,x;
=%, ®p, [*(x3);

5) associative, ie. (X1 ®p, X2) ®p, X3 =X, ®Dl(x2®02x3) for
x,€KK%(A,, B,®D,), x,6KKS(D, ® A,, B,®D,), x;KKS(D,® A, B), if
algebras A, Az, As, D, are separable;

6) 0p,(x1)®p,&p&p, 0p,(X2) =X ®px; for x; eKK%(4,, B, ®D, ®D),
x,eKKS(D® D, & A,, B,), if A,, A,, D, are separable and D, is o-unital ;

7) O'Dl(x1 ®px3)=0p,(x1)®pgp,0p, (X2) Jor x,6KK®(A,, B, ® D),
x,eKK®(D® A,, B,), if A,, A,, D, are separable;

8) the cup product, which is the case of D=C, is commutative: x; ®@cX,
=X @cXxy;

9) 1is a unit for the product: 1 ® cx=x®1=x, Vxe KK%(A4, B), for separa-
ble A.

Proof is the same as in the non-equivariant case [Sk1]. We will say some
words only about property 8). The definition of the cup product may be given
as follows. For x,=(&,, T\)eE%(A4,, B,), x,=(&,, T,)elE°(4,, B,) put &,
=&, ® &, and denote by T,)XT, the set of operators T,,€.%(&,,) satisfying
the following conditions: R

a) (612, Ty,)eE%(4, ®“12’ B, ® B,);

b) Véed,, [(0 9'5),(1®T2 0 )]ef((B1®é”2)(-Dé*’12), where

0: 0 0 T,
0. % (B, ®é”2,€1z) is defined by 0:(b, ®n)=¢b, ®n (and 0% by 0¥, ®n)
=& &) ®n); i

c) VacA, ® A,,a[T, ® 1, T;,] a* 20 in L(&,,)/H (&, 2).

The pair (&, ,, T} ,), for any T,,e T, XT,, will be called the cup product of
x; and x,. One can easily check that this cup product coincides with the one
of 2.12 for D=C. Now identify A, ® A4, with A, ® 4, and B, ® B, with B, ® B,
via a; ® a, —» (—1)°*%* g, ® a,. To construct an element Te(T, X T,) N (T,XT,),
apply Theorem 1.4 to the algebras J =" (&,,), A=A (E)® 1, A, =1® A (&,),
the set 4={4, ®1,104, T,®1,18 T,} and the function ¢ =0, and then put
T=MIX(T,@ )+ MI?(1®Ty). O

Remark. A stronger version of associativity of the product (property 5)) comes
from Lemma 22 of [Sk1]. It may be formulated as follows. Let 4, B,, B,,
B, be G-algebras, A separable, (&, Tl)e]EG(A, B)), (é”z,:l“z)e]EG(Bl, B,),
(&3, T;)e[ES(B,, Bs). Put 612,=6, Q3,6 653=6,Q4,83, Ei23
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=8, ®p, &, ®3,&5. Suppose that T,X T is non-empty and T,3e T, X, T;. Take
T1,€ T\ Xp, Ty, Ti23€TyXp, Tos, T{,3€T;,Xp, T;. Then the pairs (&,3, Ty,3)
and (&, , 3, T} ,3) are homotopic.

2.15. Corollary. For a separable G-algebra D, the additive group KK%(D, D)
equipped with the operation of cap product is an associative ring with unit 1.
The ring R(G)=KKC(C, C) is commutative. All groups KK%(A, B) for separable
A are two-sided R(G)-modules. []

Definition. R(G) will be called the representation ring of G.

Remarks. 1) For a compact group G, R(G) is isomorphic to the conventional
representation ring. To construct this isomorphism, let (&, T)eIES(C, C). The
element 1eC acts on & as a projection Pe ¥ (8). After averaging T over G
(cf. Remark 2.4, 1)), consider a Fredholm operator F=PT|pgw):P(&?)
— P(&Y). Its G-index is an element of the conventional R(G).

2) For a discrete group G, one easily verifies that R(G)~ KK (C*(G), C),
thus recovering the definition of R(G) given earlier in [Ka 1] and [Ka2].

2.16. Theorem. Suppose that D, and D, are G-algebras and ae KK®(D,, D,),
BeKK€%(D,, D,) such elements that the products y,=a®,, fcKK%(D,, D,) and
y,=B®p,ae KK®(D,, D,) exist and are idempotent: y,®p y,=7, and
Y2 ®p,Y2=7,. Then for any separable G-algebra A and any G-algebra B, the
“y-parts” of the groups KK®(A, B®D,) and KK®(A, B& D,), which are defined
as KK%A,B®D,)®p,7, and KK%(A,BR®D,)®p,y, respectively, are
isomorphic via the homomorphisms (®p,«) and (®p,p). Both these y-parts are
direct summands in the corresponding groups, their complements are
KKS(4,B® D J®p,(1p,—y,) and KKS(4, B®D2)®02(ID2 y,) respectively. If
y=1p, then(®p, ®): KK(A, B ® D,)—» KK%(A, B® D,) is injective and (®p,H):

KK%A, B®D )—> KK%(A, B® D,) surjective, Im(®p, )
=KK%(4, BRD)®p,7, and Ker(®p,f)=KK (A4, B&D2)®p,(1p,~7,). If
both y, =1y, and y,=1p,, then both (® p,a) and (® p, f) are isomorphisms. Similar
assertions hold also for the groups KKG(A®D1, B) and KK(A® D,, B) under
the additional assumption that D, and D, are separable. Moreover, if D, and
D, are separable and o ® p, =1y, then y, =B ® ;,, « is automatically idempotent.

Proof. All assertions follow from the associa}tivity of the product and
Remark 2.14. For instance, for any xe KK%(4, B® D,), one has:

(x ®D.V1)®D,“=((x ®D|a)®D1ﬁ)®Dla=(X ®Dla)®D1 V2s
and

((x®D,)’1)®D,a)@uzﬁ=(x®n,)’1)®p,?1=X®D,)’1~
If y, =1p,, then (®p, f)-(®p,x)=id and

Ker(®p,) =Ker(®p, ) (®p,B))
=Ker(®p,72) = Ker(®p,8)(®p,0)(®p, f)) =Ker(®p,). O

2.17. Definition. Let D, and D, be G-algebras. An element ae KK%(D,, D,)
will be called D,-invertible (respectively, D,-invertible) if there is an element
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BeKK%(D,, D;) with a®p,B=1p, (respectively, B®p, a=1p,). If both condi-
tions are fulfilled, then o will be called invertible.

Proposition. Let D be a separable G-algebra and ac KK%(D, C). Then there may
be only one element B K K%(C, D) with a @B =1,,.

Proof. Let ' be another such element and y=f® ,a, y'=p ® paeR(G). Then
y=7®¢y and Y=y ®¢7, so y=7v". According to Theorem 2.16 the map (® pa):
KK€(C, D)—y-R(G) is bijective. Since both elements § and §’ are mapped into
y, one has: f=§". []

2.18. Theorem. If o-unital G-algebras D, and D, are linked by a G-imprimitivity
bimodule #, then there is an invertible element in KK¢(D,, D,). Moreover, for
any G-algebras A and B, KK®(A, B D,)~KK®%(A, B&® D,), and if A is o-unital,
then also KK¢(A®D,, B)~KKS(A®D,, B).

Proof. Let #* be the dual imprimitivity bimodule. Both .# and .#* are countably
generated over D, and D, respectively, because 4 (#)=D, and A (£*)=D,
are o-unital by our assumption (see [MP], 1.5). One easily checks that o
=(40)eKK%D,, D,)and f=(#* 0)e KK%(D,, D,) are inverses of one another.
Now define the map u: KK%A4,B®D,)—»KK®(A,B&D, by (& T)
—(& ®pgp, (BR®F), T®1), and the inverse map v in the same way, using #*
instead of £ Clearly, u-v=id, v-u=id. Finally, define the map ¢&:
KK%(A® D,, B)->KK°(A® Dy, B) by (6, T) > (A® #)® 44,8, T), where T
is a T-connection. The inverse map # is defined similarly, using #* instead
of .Z. The property of transitivity for connections ([Sk 1], Proposition 9, i)) and
the argument given in Lemma 2.8 imply that ¢-x=id, n-é=id. O

2.19. We come now to some generalizations and introduce new groups
AKKS(X; A, B) which generalize both KK(A4, B) and the representable K-
functor group RK°(X) of a locally compact, s-compact space X (cf. [Se]).

Definition. For a o-compact G-space X and two G— C(X)-algebras (see 1.5)
A and B, define the group #KK%(X; A, B) in the same way as KK%(4, B)
but imposing on the pairs (&, T)eIE®(4, B) an additional assumption: for any
feC(X), aeA, beB, ecé, there should be an equality: (fa)eb=ae(fb) in &.
In a special case when 4=A,(X), B=B,(X) with the obvious C(X)-structure,
we put RKKS(X; A, B))= Q?KKG(X A,B). In particular, the group
RKKS%(X; C, C) will be denoted by RK2(X).

Lemma. For a o-unital G—C(X )-algebrAa D there exists a natural homomorphism
Ox,p- RKKE(X; A, B) —>AKKS(X; A ®cxD, B ®cx) D).

Proof. Let a=(&, TeRKK®(X; A, B). Put E=6&y(B ®C(X)D)
T=T& 1.2 (&). The left action of A®C(X)D on & is given by a composmon
of homomorphisms: A®cxyD - M(H (é’))@c(,{)D—»Jt(%( )®ccx)D)
~ M (A (&)~ #(&). (The bijectivity of the map: ¢~ (é")——*)f (é”)®C(X)D

(0%, +0b)(0dy +2d3)
le®b1®d..xz®b2®dz—’(_l) 2 A : Bxlbl.x2b2®d1 dla

Wwhere x;, x,€8, by, b,€B, d;, d,eD, follows from the stabilization theorem).
The resulting action of A®cx,D on & is given by @Od)(eObOd,)=
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(=)@t ® geSbOdd,, YacA, VbeB, Vees, Vd deD. Clearly, B
=(&, T)e[E°(4 ®¢x) D, B®cx,D) satisfies the conditions of the previous defini-
tion. Put oy p(a)=p. O

Remark. We shall also denote by oy , the following composition: RKK®
(YXX; A, B)—2 RKKS(Yx X; A(Yx X)®c)D, B(Yx X)®¢x,D) > RKKS
(Y; AQD,B®D), where A(YxX)®cxD is identified with A(Y)® D,

B(YX X)®cx D with B(Y)® D, and the action of C(X) on these algebras is
“forgotten”.

2.20. Proposition. The groups RKK®(X; A, B) are contravariant in X. When G
is compact, the group RK2(X) coincides with the representable K-functor group
of X (cf. [Se]).

Proof. Let Y- X be a continuous G-map. It gives rise to a homomorphism
f*: C(X)-> A(C(Y)), so C(Y) becomes a C(X)-algebra. Now take any o
=(¢&, T)eRKKY(X; A, B) and apply oy, ¢y, The algebras A(X)®cx)C(Y) and
B(X)®¢(x,C(Y) may be considered with their natural C(Y)-structure, and then
the pair oy cy)(®)=(®pxB(Y), T®1) is an element of RKK(Y; 4, B). It
will be denoted by f*(«).

Before we proceed to the second statement, let us remark that any pair
(6, T)eRKK®(X; A, B) gives rise to a continuous field of Hilbert B-modules
é,=8& @px)B over X, where x: B(X)— B is the evaluation map over the point
x€X. One also has a continuous field of operators T,=T® 1€.Z(&,) and left
actions of 4=A(X)®c,C on all &,.

Now, to compare our definition of RKZ(X) with that of [Se], note that
for A=B=C, the continuous field {&,} of Hilbert spaces, after stabilization
(ie. adding #¢(x) to &), becomes a vector bundle over X. (One should also
add a degenerate summand T,e ¥ (#¢x,) to T) Compact endomorphisms of
this vector bundle [Se] correspond to elements of I¢,(6) in our notation.
Decomposing & = &9 @ &V, we get a Fredholm complex {T,: & — &}, Con-
versely, any Fredholm complex gives rise to a Hilbert module & and an operator
T O

2.21. Proposition. The cap product 2.10, being combined with the homomorphism
ox.p of Lemma 2.19, gives rise to the following general cup-cap product:

RKK®(X; Ay, By ®cxD)®RKK®(X; D ®cxyAs> Ba)
"’%KKG(X; A, ®C(X)A2, B, ®C(X}BZ)~

All algebras here are assumed to be G— C(X)-algebras, and A,, A, are separable.
The properties 1)-7) listed in Theorem 2.14 remain valid after replacing o, by
ox.p- The cup product, which is the case of D=C(X), is commutative. RK2(X)
is a commutative ring with unit, denoted by 1y, and all groups #KK®(X; A, B)
are two-sided RK2(X)-modules. In the case of RKKC-groups the product takes
the following form:

RKKS(X;A4,,B,® D)@ RKK®(X;D&® A,, B,)»RKKS(X; A, ® A,, B, ® B,),
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and no separability assumptions are imposed on A,(X) or A,(X) but only on
A, and A,.

Proof. The product is defined by the formula: o, ®pa,
=0, 4,(%1) @B, & coxy DS cox) 42 O x, 8, (%2) (cf. 2.12). In fact, no s-unitality assump-
tion on B, is needed here — see 2.12. The proof of Theorem 2.14 remains valid.
The unit of RK2(X) comes from 1eR(G) via the map induced by p: X — point.
In the case of RK K%-groups only separability of 4, and A4, is necessary, because
operators in Hilbert modules over C(X)-algebras automatically commute with
C(X), therefore, only A, ® A, should be included into the set 4 (see the proof
of Theorem 2.11), but not (4, ® 4,)(X). O

Remark. Let p be the map X —point. For «,eRKK®(X;4,, B, ®D)
2, KK®(D® A,, B,) we shall usually denote o; ® ;,p*(,) simply by a; ® pa,.

2.22. Notational conventions. Let C, , be the Cllfford algebra Chff (crta Q)
where C is the field of scalars (R or C) and 0(x)=xi+...+x2 XZi1 == XPig
(see [Ka4], 2.11 and 2.13 for the definition of the C*-norm and the mvolutlon
on C, ). Put C*=C

To deﬁne the gradlng on the K K%-groups, put for n>0:

KKS(A, B)=KK®(A® C,., B)=KK®(4, B® C,,),
KK%(A, B)=KKS(A&® C™°, B)=KKS(4, B® C°").

For n<0, put KKS(4, B)=KKg"(A4, B), KK"(A, B)=KK?S (4, B).

The group KK¢(C, B) will be denoted by K¢(B) and the group KK%(4, C)
by K%(A). For a G-space X, put K¢(X)=Ks"(C(X)) and K5(X)=K% ,(C(X)).
Whereas for the K K-groups the lower or upper position of indices is not essen-
tial, for the K-groups it reflects the covariance or contravariance properties
of these groups: K¢(B) and K¢(X) are covariant, and K%(A4) and K%(X) are
contravariant. Note that in [Ka4] our conventions on the grading of the K K-
groups were the same, but our conventions on lower or upper position of indices
of the K-groups were quite different.

The group RK%(X) for a compact X coincides with K2(X). The graded
groups RKE(X), RKKE(X; A, B) and ZKKE(X; A, B) are defined as above.
The graded representation ring R*(G) is defined by R'(G)= KK5(C, C).

Finally, for a compact group G and any G-space X, a covariant functor
RK$(X) is defined, which is dual, in a sense, to RK¥(X). Put RKS(X)
=ind lim K¢ (Y), where the inductive limit is taken over all compact G-subspaces
Yo X.

§ 3. Induction

This section is devoted to further functorial properties of the %K K®-groups.
We consider the descent isomorphism

AT #RKKS*T(X; A, B)—— #K KS(X/T; A", B")
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and obtain from it the homomorphism i"*¢ of induction to the fiber bundle
and the homomorphism "¢ of induction from a subgroup I' to the group
G. Then we come to crossed products and consider the induction homomorph-
ism jT: KK%*T(A4, B)— KK%(C*(I, A), C*(I, B)). Relations between j* and A"
and between j” and i"¢ are described in 3.13-3.15.

3.1. Definition. For any homomorphism of groups I' — G, there is an obvious
restriction homomorphism r®7: ZKK®(X; A, B)-» ZKK" (X ; A, B). Thus, the
# K K®-groups are contravariant in G.

3.2. To define the descent homomorphism we need some preliminaries.

Recall that an action of a group G on a space X is called proper if the
map G x X — X x X given by (g, x)—(g(x), x) is proper. For a locally compact
space X (which is the only case we consider) this is equivalent to saying that
for any two compact subsets K and Lin X the set {ge G|g(K)n L=+0} is compact
in G (see [Bo1], 3.4.5, Theorem 1). It is known that for a properly acting G
the space of orbits X/G is Hausdorff, so X/G is locally compact if X is ([Bo1],
3.4, Propositions 3 and 9).

We shall need the notion of support for elements of a C(X)-algebra B and
for elements of .# (B). Define supp b for be.# (B) as the minimal closed subset
of X such that for any feC(X) which vanishes on suppb, one has: f-b=0.
We shall denote by B, the subspace of compactly supported elements of B.
Similarly, one defines support for elements of a Hilbert B-module & and the
subspace &,< 6.

Note also that if B is a C(X)-algebra, then the structural homomorphism
C(X)— A (B) can be extended to .#(C(X)): for any fe .#(C(X)) and beB, put
f-b=1lim(fu;)b, where u; is an approximate unit in C(X) (see Definition 1.5).

1=+ 00

Definition. Let X be a proper, o-compact I'-space. Denote by {v;} some countable
approximate unit in C(X/I'). For any I'—C(X)-algebra B, define B’ as the
subalgebra of .# (B) consisting of those I'-invariant elements be.# (B) for which
f-beB, ¥ feC(X), and lim |lv;b—b||=0 (where elements v; are considered as

functions on X via the projection X — X/I'). Clearly, B" is a C(X/I')-algebra.
Now, for any Hilbert I'— B-module &, one can define a Hilbert B'-module
&7 as follows. The space of operators £ (B, &) is a Hilbert .# (B)~ % (B, B)-
module: (T}, ,)=T¢T,e¥(B,B), VT,, ,e¥(B,§), and T, b,e¥(B,3&),
V b, € Z (B, B). There is an obvious I'-action on £ (B, &) (but it is not continuous),
and also there is an inclusion: & &> Z(B, &) given by e —¢&, where é(b)=e-b,
VY beB. We shall define &7 as the subspace of .Z(B, &) consisting of those I'-
invariant elements ée % (B, &) for which f-éeé, ¥V fe C(X), and lim |v;&—£&|| =0.

Lemma. 1) In the equivariant situation, when another group G acts continuously
on X, B, & and the actions of G and I commute, B" is a G— C(X/I')-algebra
and &7 is a Hilbert G — B"-module.

If the I'-action on X is free, then

2) C(X)-&" is dense in &, " @pr B~8, and B" ® ¢(x;r)C(X)~B;
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3) the I'-invariant part of (&) is naturally isomorphic to £ (&), and under
this isomorphism, A (&) ~ A (&7).

Proof. First, some remarks. Let be.#(B) be any element whose support has

compact intersection with the saturation I'- K of any compact subset K< X.

Then there exists | h(b) d he.#(B). The integral converges in the strict topology
r

because for any feC.(X), the integral | f-h(b)dh is taken over the compact
r

set {hel|supp fn h(supp b)+0}, so it converges in norm.
One can estimate | | h(b)d h|| for compactly supported be.# (B) as follows.
r

Decomposing b into the sum of its real and imaginary parts, one may suppose
that b is selfadjoint. (For obtaining the estimate one may replace B by B® C
if the field C is real). Take any feC.(X), 0=f=<1, which equals 1 on suppb.
Then, clearly, —f-||b]| =b<f-|/b|, so

—(f h(f)dh)- bl < [ h(b) dh=<(] h(f) dh)-||b].
r r r

But [ h(f)dh<mesI;, where I;={hel|h(suppf)nsuppf*0}, so
r
I j h(b) d h|| <const-||b||, where const(=infI} over all f) depends only on supp b.
r

To prove 1), notice that our assumptions on X imply that X/I" is paracom-
pact. Consider a function ¢ on X with the following properties: ¢ is continuous
and nonnegative; supp ¢ has compact intersection with the saturation I'- K of
any compact subset K< X; j c(h™'x)dh=1,VxeX (see [Bo2], 7.2.4, Proposi-

r
tion 8). Then for any beB’, | h(cb)dh=>b. Since we can approximate b by
r

elements of the type v-b, where veC (X/I), it is enough to prove that all such

elements are G-continuous. But g(vbh)—vb= j h(g(cvb)—cvb)dh (because G
r

and I' commute). Since ¢ v has compact support, cvbeB,, so cvb is G-continu-
ous. Therefore, assertion 1) follows from the above estimate.

To prove 2), take any eed, with |le|<1. For any x,eX and any 6>0,
we shall construct an element ée&” and a neighbourhood U of x, such that
for any aeC.(X), 0£a<1, with suppacU, one will have: |a(e—@)| <d. To
do this, consider a function feC (X), f=0, such that f(x)= [ B(h™'x)dh<1,

r

VxeX, and B(x,)=1. The support of § may be taken so close to x, that for
any hel with h™! x,esupp B one has: ||h(e)—el| <J/3. (This is possible because

all orbits are homeomorphic to I'.) Put &= [ h(Be) d he &7, and take a neighbour-
r

hood U so that |f(x)—1|<d/3 in U and for any hel’ with U h(supp f)=+0
one has: ||h(e)—e| < /3. Then for any « as above,

lete—&)| < llee—aBel + I § ah(B)e—h(e) dhl<d/3+25/3-lla Bl <o.
r
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Now choose a finite covering of suppe by neighbourhoods U; as above
and take a partition of unity {«;}. Then |le—)  «; & <6. Indeed, one may include

& and &7 into Z(B® &) and replace e by (e+e*)/2 and &; by (&;+ &¥)/2. Then
—;0=a;(e—&)=<0;5, because —d=<a(e—¢&)=<0 and o may be taken equal to
1 on supp a;.

The second assertion of 2) follows from the first one because the obvious
map & ®prB—&: €O b—é(b), is isometric and has dense range. The proof
of the last assertion of 2) will be given after the proof of 3).

To prove 3), note that any operator Te.# (&) defines (by composition) an
operator on £ (B, &). This map, clearly, carries I-invariant operators T into
Z(6"). On the other hand, there is an inverse map: £ (&) — L(&" ®prB)
~ % (&), and all operators in its image are I'-invariant. This implies the required
isomorphism for #(&"). One easily verifies that under this isomorphism
H (") A (6)'. (One must use the fact that # (B, &)~&: 0, ,—eb.)

To show that (&) is dense in (&), take any ke #"(&)". We may suppose
that suppkcT-V where V= X is an open set with compact closure V. Take
a function feC,(X) which equals 1 on V. Then f-k belongs to J# (&) and may
be approximated by a finite sum Y 0, ,, where &, n,eé. Now applying the

argument given in the proof of 2) to each ¢; and 7;, one may find for any
6>0 and any xeV an element ke (€7) and a neighbourhood U of x such
that for any aeC.(X), 0Sa<1, with suppac U, one has: |a(k—Ek)|=|afk
—ak| <é. For selfadjoint k and k (as in the proof of 2)) this implies that
—o' d= o' (k—Kk) <o 6 for any positive o’ e C,(X) with supp o’ = U (because o may
be taken equal to 1 on suppa’). Averaging over I' one gets: —f3<f(k—k)<pd
for any positive feC(X/I') with supp f<TI'-U/I' Taking a finite covering of
I'-V/T' by neighbourhoods I'-U/I' and a partition of unity {#;}, one easily
completes the argument.

Now, to prove the last assertion of 2), take any I — C(X)-equivariant embed-
ding Bo £ (%), where & is a Hilbert I' — C(X)"-module (see Lemma 1.5). Rep-
lacing C(X)" by a C(X)-algebra A=C(X)-C(X)" and F by & =C(X)-Z, we
have: B #(%). Clearly, this implies that B' < % (&) and (in view of 3))
B o #(F1). Since BF @y C(X)= L(FT @ 4r A)~ L (F) (by 2)), the obvious
map B' Oc¢xryC(X)— B (given by multiplication) extends to the completion
and is injective. Its surjectivity follows from 2). [

3.3. Lemma. Let X be a proper, free, o-compact I'-space, B; I' — C(X)-algebras,
&; Hilbert I — B-modules (i=1, 2), and ¢: B, - £ (&,) a homomorphism preserving
the  I'—C(X)-structure.  Then &7 ®pré5~(8,®5,6,)".  Furthermore,
B{ ®C(X/r)Blz-2(Bn ®C(X)Bz)r~

Proof. The homomorphism ¢': B} — % (&%) used in the construction of the
first tensor product is the following one. Take an approximate unit {u;} in
C(X). For any beBf{, put ¢"(b)=lim ¢(u;b), where the limit is taken in the

strict topology. The element ¢! (b)e.#(&,) may be considered as an element
of # (&%) in view of Lemma 3.2, 3). More generally, for the maximal subalgebra
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D, < .4 (B,) such that C(X)-D, < B,, one may define the extension of ¢ to a
homomorphism D, — #(&,) just as above.

Now consider the subspace & = .#(B,, &) consisting of those elements
ée % (B, &) for which f-ée&,, V feC(X). Clearly, &, is a Hilbert D,-module,
and one may define &, ® p, Z(B,, &,). We shall embed this Hilbert .# (B,)-module
into L (B,, 6, ®p,&,) as follows. First, define the map &, ®p, L (B,, &)
- Z(B;, 6, ®p,8,): E® T— 0, T, where 0.€ £(8,, & ®p, &) is defined in 2.6.
One easily checks that this map is an isometric embedding. It extends to the
isometric embedding of &, ® 5, Z(B,, &,): é® T— 1lim 0, ,- T. Clearly, the sub-

space &7 ® Bi-é"’; is mapped isometrically into (&, ® 5, &,)". To show that the
image is dense in (&, ® 5, &,)", one uses the same argument as in Lemma 3.2.

To establish the second isomorphism, take any I' — C(X)-equivariant embed-
dings B, # (%), where % are Hilbert I'— A-modules, 4=C(X)-C(X)" (see the
proof of Lemma 3.2). Then B} ® ¢(x;ryBS and (B, ® ¢, B,)" are subalgebras of
L(F T FY~L(F &®4F)). Therefore, the obvious map Bf Ocwr B
- (B, ®C(X,Bz)r extends to the completion and is injective. Surjectivity again
obtains as in Lemma 3.2. []

3.4. Theorem. Suppose that X is a g-compact G x I'-space, and the action of
I' on X is proper and free. Then for any G x I'—C(X)-algebras A and B there
exists a  natural  descent  isomorphism  AT:  #KK®*T(X; A, B)
~RKKS(X/T; A", BT) with the properties :

1) if 2,6 #KKS*T(X; A, B,), 2,6 RKK *"(X; By, B,), and z, ®y, z, exists,
then (2, ®p,25) =" (2/) ® pr A" (2,);

2) for any c-unital G x I —C(X)-algebra D and any ze RKKS*T(X; A, B),
one has: A'-oy p(z2)=0yr pr-AT(2);

3) when A= B is g-unital, one has: AT(1,)=1,r.

Proof. Consider a continuous, non-negative function ¢ on X such that (supp ¢)n
I'-K is compact for any compact subset K< X, and | h(c)dh=1 (see [Bo2],
r

7.2.4, Proposition 8). Let z=(&, T)eZKK®*'(X; A, B). Clearly, &" is an
(4", B")-bimodule. Put S= | h(c T) d h. The integral converges in the strict topol-
r

ogy (see the proof of Lemma 3.2), and Se.# (&) is I'-invariant. Moreover, the

following condition holds:
S—Tel 4(&) (*)

(Indeed, the integral [ ah(c)(h(T)— T)d h converges in norm for ac 4,). Accord-
r

ing to Lemma 3.2, 3), one may consider S as an element of #(&7). It follows
from condition (*¥) and Lemma 3. 2, 3) that y=(&7, S)eIE°(A”, BY) (for the G-
continuity of S, V de A", see the proof of Lemma 3.2, 1)). Put A7 (z)=y. Clearly,
condition (*) determines S up to homotopy.

Now using the isomorphisms 4" ®¢x;rC(X)~A and B" ® ¢y C(X)~B
provided by Lemma 3.2, define an inverse to A homomorphism as o,r.c.x)-
It follows from Lemma 3.2 and condition (x) that A" oxr.cxy=id, ox/r.cx) A"
=id.
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To prove 1), consider pairs z,=(&,T)eE®*"(4,B,) and z,
=(&,, T)eE°*"(B,, B,) and put &,=&,®p,&. Then &{,~&{®pré5 by
Lemma 3.3. It remains to show that for elements S,, S, and S,, constructed
out of Ty, T, and T,,eT,Xp, T, one has: SlzeSQXB{SZ. Take S;, S, and §,,
in the integral form as above. Since h(T;,) is an h(T,)-connection for any hel,
one gets after integration over I' that both 6.S,—(—1)°S,,60, and 6,S%—
(—1)%* 8%, 6, belong to X' (&,, &, ,) for any £eé&,. Therefore, condition 2.10, b)
for S;, follows from Lemma 3.2. Finally, condition 2.10, c) for S,, is a conse-
quence of 2.10, c¢) for Ty, and condition (*) for S; and S;,. (One must take
into account that T} ,€ Q. (£,)(€2).)

Property 2) follows from Lemma 3.3 and condition (x). Property 3) is
clear. [

3.5. We shall obtain now from AT the induction homomorphism i""*-¢, Recall
that for a right I'-space Y and a left I'-space X one defines Yx X as the
quotient of Yx X by the action of I' given by h(y, x)=(yh™ !, hx). Clearly, if
the I'-action on X is proper, one has: C(Yx X)' ~C(YxX).

Lemma (on induction in stages ). Let X; be proper left G-spaces (i=1, 2). Suppose
that X; is also a right G, -space, and the actions of G; and G;,, on X; commute
(i=1, 2). Then for any G ,-algebra B, there is a natural isomorphism of G ;-algebras:
(B(X1)%)(X,)%2~B(X, x¢,X,)¢. A similar isomorphism holds also for any Hil-
bert G, — B-module &.

Proof. Both algebras consist of functions f(x,, x,) of two variables x,eX,,
x,€ X, with values in B satisfying the same conditions. []

Theorem. Let X be a o-compact, proper, free, left I'-space which is at the same
time also a right G-space, and suppose that the actions of I and G on X commute.
Then for any o-compact right I'-space Y and any I' —C(Y)-algebras A and B
there exists a natural induction homomorphism

irX6. KK"(Y; A, B)—» RKK(Yx X; A(X)", B(X)")

with the properties:
1) if z,e ZKK"(Y; A, B,), 2, RKK" (Y; By, B,), and z, ®y, z, exists, then
ih%6(z, ®Bl22)=ir'X'G(Zl)®BI(X)fir'X'G(Zz);
2) for any o-unital I — C(Y)-algebra D and any ze #RK K'(Y; A, B) one has:
it%9.6y p(2)=0y rX,D(X)T" it%5(2)
eRKKS(YxrX; AX)" ®C(Y < r0 DX, BX)" ®C(}'x 0 DX));
3) in the assumptions of the preceding lemma,

{62:X2,63 ., jG1.X1,G> _ j61.X1 X 6,X2.G3.
9
4) when A =B is o-unital, one has:

ir’X'G(lA)—_— 1A(X)r'
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Proof. Put X,=Yx X, A, =A(X), B;=B(X). The G-action on X, 4, and B,
comes from the G-action on X. The homomorphism i""*:¢ is defined as the
composition

A ocmy: RKKT(Y; A, B)— ZKKS*T(Yx X; A(X), B(X))
> RKKS(Yx X; AX), B(X)").

Properties 1), 2), 4) follow from Theorem 3.4, property 3) is clear. [

3.6. Specializing still further we come to the case of induction from the subgroup
I to the group G. Let the subgroup I' act on X =G by left translations. (Clearly,
this action is proper and free.) The group G acts on X by right translations.

Notation. The homomorphism i"¢¢ will be denoted by i"*C.

Lemma. Let B, be a G-algebra and B, a T'-algebra. Then B, &®(B,(G))"
~(B, ® B,)(G)'. A similar relation holds for any Hilbert G— B,-module &, and
any Hilbert I' — B,-module &,.

Proof. Note that B,(G)" is isomorphic to the algebra of continuous functions
b,: G— B, satisfying two conditions: 1) b,(hg)=hb,(g), Vhel, VgeG; 2)
|b,(g) =0 when I'g— oo in I'\G. The required isomorphism is given by the
formula: b, ® b,(g) > g(b,) ® b,(g), Vb, €B,, b, B,(G)". Indeed, there is an ob-
vious isomorphism: B, (I'\ G)~ B,(G)' given by b, —b,, where b,(g)=gb,(I'g),
VgeG. Since B (I'\G)®c(B2(G)' ~B, ® B,(G)" by Proposition 1.6, and
B, (G ®c 6 B2(G) ~(B; ® B,)(GY by Lemma 33, we get the described
isomorphism. For Hilbert modules the isomorphism is given by the same formu-
la. To prove it, one uses obvious isomorphisms: &; (I'\G)~&,(G)" (as for B,
above) and &, ® &, ~ &, ®,(6, ®5,(B; ® B,)), and applies Lemma 3.3. []

Theorem. Let I' be a subgroup of G.
1) If Yis a o-compact G-space and A and B G — C(Y)-algebras, then

i1 = go gy RKKO(Y; A, B)
= ZKK®(Yx(I'\G); A('\G), B(I'\G)),

where Yx G is identified with Yx(I'\G) via (y,g)—(yg I'g)., and A(G)"
~ A(I'\G), B(G)" ~B(I'\G) by the preceding lemma.

D If Y is a o-compact I'-space and A and B G-algebras, then
RKKT(Y; A, B)J~RKK®%(YxG; A, B).

Proof. 1) The isomorphism & (I'\G)~¢&(G)" of the preceding lemma carries the
element T® 1€ £(& ® C(I'\G)) into the I-invariant field of operators: {S(g)}
={g(T)}eZ(&(G)"). This field, obviously, satisfies condition () given in the
proof of Theorem 3.4.

2) By the preceding lemma, (A(Y))(G) ~A(YxrG), and similarly for B.
Therefore, the induction homomorphism "¢ may be considered as a homo-

morphism r G
RKKT(Y; A, B)» RKK®(Yx G ; 4, B).
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Define the inverse homomorphism as a composition
p=y*1%": RKK%(YxG; 4, B)
—RKK"(Yx;G; A, B)—» RKK"(Y; A4, B),

where y: Yx ' — Yx G is an embedding. To show that p-i"%=id, it is enough
to notice that for a Hilbert B(Y)-module & one has: é’(G)’®(Bm,(G)rB(Y):£,
where the homomorphism (B(Y))(G)F — B(Y) is given by the formula: b(y, g)
—b(y, 1) and the isomorphism of Hilbert B(Y)-modules by the formula:
e(gd®b—e(1)-b.

To prove that i""¢.p=id, we shall use functoriality of i"*% to replace i"¢.y*
by the composition

p*-it6: RKK"(Yx,G; A, B)
—-RKK®(Yx;Gx;G; A, By RKK®(YxG; A, B),

where u is an embedding: YX G=Yx; I x;G> Yx G xG. If we identify Y
xrGxrG with (YXG)x(I'\G) via (y, g1, g2) = (¥ 8182, 1'82), then pu: Yx;G
- (Y% G) x (I'\G) will be given by the formula: u(y, g)=(y, g, I'g). But accord-
ing to assertion 1), the composition i"¢.r%T: RKKY%(Yx,.G;A, B)
- RKK9(Yx;G)x(I'\G); A, B) coincides with p* where p: (Yx;G)
x(I'\G)— Yx G is projection. So i""%.p=il"G.y*.pOl = ¥ NG GT — % px —jd
(because p-u=id).

Another proof of part 2) may be obtained as follows. Consider A and B
as G x I-algebras with the trivial I'-action. Then A': RKK®*T(Yx G; A, B)
~RKK®(Yx;G;A,B), and 1% RKK®*T(YxG;A, B)~ZKK"(Y; A(Y
x G)% B(Yx G)®)~RKKT(Y; A, B), where A(Y) is identified with A(Yx G)¢ via
a—-a: a(y,g)=g 'a(y) (and similarly for B), and the I'-action on 4 and B
in the last RK K'-group is already non-trivial. []

3.7. We turn now to crossed products.

Definition. For a G-algebra B, define multiplication on the space C.(G, B) of

compactly supported continuous functions by the formula: (b,-b,)(t)

= [ by(s)-s(by(s~ ' £))d s and involution by the formula: b*(¢)=t(b(t ™ "))*-u(t)~ ",
G

where by, b,, beC.(G, B), u is the modular function of G. The completion of
thus obtained involutive algebra in the maximal C*-norm is called the crossed
product of G and B ([Pe], 7.6), or the covariance algebra, and will be denoted
by C*(G, B). The reduced crossed product of G and B, which will be denoted
by C¥(G, B), is the closure of the image of the regular representation C (G, B)
— Z(I*(G, B)) given by the formula: (b-)(t)=[ t~'(b(s))-I(s” ' t)ds, where
beC.(G, B), [eI*(G, B) (cf. [Pe], 7.7). G

3.8. Definition. For a G-algebra B and a Hilbert B-module & (without group
action) define the right action of C (G, B) on the space C.(G, &) by the formula:
(e-b)(®)= [ e(s)-s(b(s~' 1)) d s and the C,(G, B)-scalar product on C,(G, &) by the
G
formula: (e, e,)(t)= [ s~ (e, (s), e2(st))s d s, where e, e,, e, C.(G, &), be C,(G, B).
G
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One can easily verify the 4 axioms of Hilbert modules for C (G, &). (Positivity
of the scalar product follows from the stabilization theorem applied to countably
generated submodules of &). The completion of C.(G,&) in the norm |e|
=||(e, e)l|&is.5 is a Hilbert C*(G, B-module denoted by C*(G, &). Replacing
C*(G, B) by C}(G, B) we obtain a Hilbert C¥(G, B)-module denoted by C*(G, &).

39. Lemma. For a G-algebra B and a Hilbert G— B-module &, the map:
C.(G, &) ® [*(G, B) > (G, &) given by the formula:

e®I-f(0)=[t""(e(s) I(s" ' t)ds

G
defines an isomorphism of Hilbert B-modules :
C*(G, &) ® v 2 (G, B)~I2(G, 6).

Proof. A straightforward computation shows that this map preserves the B-scalar
product and the right B-action. To prove that the image is dense one can take

e(s)=a(s) s(eo), I(s)=PB(s)-s™ ' ((eo> €0)((eo, €0) +7) 1),
where o, feC.(G), y>0, eeé. Then

f()= j a(s) (s )17 " s(eg)-t™ ' s((eo, €o)((eo, €0)+7) " N ds,

G

and for y small and « close to the d-function at the identity of G, f(¢) is close
to B(£)t™ ' (eo) in I*(G, &). Such elements span a dense subspace in I*(G, &). []

3.10. Lemma. Let B, and B, be G-algebras, &; Hilbert G— B;-modules, and B,
— £ (&,) a homomorphism. Then C*(G, &,) ® c+(¢.8,) C*(G, 6,) = C*(G, &, ®3p, &,).
The same is true for reduced crossed products.

Proof. To define the homomorphism C*(G, B,)— £ (C*(G, &,)) used in the con-

struction of the left hand side we first specify the corresponding covariant repre-

sentation of the pair (G, B,) on C*(G, &,): the unitary representation u of G

is given by (u,e)(t)=s(e(s"'1)), Vs, teG, VeeC,(G, &,), and the =-representation

of B, by (be)(t)=b-e(t), VbeB,, YeeC (G, &,). In other words, C.(G, B,) acts

on C,(G, &,) by the formula: (be)(t)= [ b(s)-s(e(s™' 1)) ds, where beC,(G, By),
G

eeC,(G, &,). Now define the map C.(G,&,)OC.(G,&,)—C.(G, & OE,) by

e, Qe ~f()=1e,(s)Osey(s ' r)ds. A direct check shows that this map pre-
G

serves the C.(G, B,)-scalar product and the right action of C(G, B,). The image
is dense: if one takes e,(s)=uw(s) ey, where eqeé; and aeC.(G) is close to the
J-function at the identity of G, then f(t) is close to eq © e,(t) in L'(G, &, @3, 8,).
The linear span of such elements is dense in L'(G, &, ®,&,). In the case of
the full crossed products it remains to take completions. In the reduced case
one must first prove the existence of a homomorphism C}(G, B,)
- Z(C¥ (G, &,)). This follows from Lemma 3.9 (with § =8,, B=B,). [
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3.11. We come now to the definition of the second of our induction homomorph-
isms, j° To do this, we would like to work in a slightly more general situation
than we did in 3.7-3.10. Let I" be another group. If B is a G x I'-algebra then
both C*(G, B) and C}(G, B) are I'-algebras. (Indeed, for any covariant represen-
tation of (G, B) in a Hilbert space H, there is a covariant representation of
(GxT, B) in a Hilbert space I*(I;, H) — see the proof of Lemma 1.5). For any
I'— B-Hilbert module &, C*(G, &) and C¥(G, &) are Hilbert I'— C*(G, B) and
I'— C}¥(G, B)-modules respectively. In Lemmas 3.9 and 3.10 all isomorphisms
are I'-equivariant.

Theorem. Let the group G be second countable. For any G x I'-algebras A and
B there exist natural homomorphisms:

Jj¢: KK9"T'(4, B> KK"(C*(G, A), C*(G, B)),
Jj7: KK®*'(4, B)-> KK"(C}(G, A), C}(G, B))

with the properties:

1) if x,eKK%"*T(4, B,), x,eKK%*T(B,, B,), and x,®p, x, exists, then
JE (x4 ®B,x2):jG(x1)®C‘(G,B,)ja(x2); the same is true for j&;

2) when A= B is o-unital, one has: j°(1,,)=lcug. 4); the same is true for jC.
Proof. Let x=(&, T)eIE® *T (4, B). Consider C*(G, &) as a (C*(G, A), C*(G, B))-
bimodule. A countable set of generators for C*(G, &) is given by {;e;}, where
{o;} = C.(G) is an approximate unit for C*(G) and {e;} a countable set of genera-
tors for &. The construction of the left action of C*(G, 4) on C*(G, &) is given
in the prof of Lemma 3.10. Define an operator T on C.(G, &) by the formula:
(Te)(S)=T(e(s)), VeeC.(G, &). One has:

IT|?-(e, )—(Te, Te)= [ s (I TI>=T*T)"? e(s),
G

(ITI?=T*T)"2 e(s)sd 520,V eeC.(G, &).

This shows that T is bounded on C.(G, &) and may be extended to C*(G, &).
Having an obvious adjoint, Te & (C*(G, &)). We shall check now that the pair
y=(C*(G, &), T) belongs to IE" (C*(G, A), C*(G, B)).

One can easily verify that for any aeC,(G, A), elements [a, T], a(T?—1),
a(T—T*), a(h(T)—T), V heT, belong to C,(G, # (&)). For instance,

([a, T = [ (@()(s(T)—T)+[a(s), TD) sle(s™ ' ) ds, VeeC,(G,&).

G

So it remains to approximate elements of C.(G, 2" (&)) by finite sums of operators
0, €4 (C*(G, &) with &, neC (G, §). Note that the action of 8, , on C.(G, &)
is given by the formula:

(B (@)(0)= [ k(s)-s(e(s"* 1) ds, VeeC,(G,¥&),
G

where
k()= [ Ose).stmis- 1y rs~ 1) dr.
G
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(0 under the integral is an element of #"(&)). Put &,(t)=0;(t){, where {e& and
{a;} =C,(G) is an approximate unit for L'(G). Then for the corresponding
sequence k;(s) one has: k;(s) = O, s~ 1y (s 1) in L'(G, #°(&)). Since the L'-norm
is stronger than the % (C*(G,é&))-norm, the limit function belongs to
A (C*(G, &)). Any element of C,.(G, A (&)) can easily be approximated by finite
sums of such functions (with (€&, neC.(G, &)).

Now define j¢ by j%(x)=y, and j¢ in the same way using C*(G, &) instead
of C*(G, &). Lemma 3.9 shows that the homomorphism C*(G, 4) - £ (C*(G, &))
factors through C*(G, A).

To prove property 1), let x,=(&;,T;), x,=(&5, Tp), é’,z—éal@&é'},
lee’I])l((Bl T,. Using Lemma 3.10, we 1dent1fy C*(G, . &12)  with
C*(G, é”1)®c*(a 8y C*(G, 63). We must check that lee Tl)li(c.(c B.)Tz To verify
condition 2.10 b) for T, ,, write k,=0, T, —(— 1)’* T, , 0; (for £€C,(G, &,)) in the
form

(kem)(®)= | ke(s)-s(n(s™ ' 1) ds,
G
where
neC.(G, &), k{(s) = eg(s) (8(T)—T) + (eg(s) T,—(— 1)0': T, 05(5))'

Clearly, k,(s) is norm-continuous in s€G and belongs to C.(G, X4 (&,, &, ,)) (see

the proof of Lemma 2.6 for the first summand) It follows as above that

kgef(C*(G &,), C*(G, &,,)). Of course, T, and T,, may be replaced here by

Tz and T7% respectively. Finally, to verify condition 2.10 c), write [T, ®1 Ti,]

in the form R4k, where R0, kel ,(&,,) (see Remark 2.10). Then (aR a*)(f)

= j a(s)-s(R)-s(a*(s~'t)ds, VaeC.(G, A). Again by Remark 2.10, replacing
G

here s(R) by R'/?-5(R'/?) we change a R a* only mod ¢ (C*(G, &, ,)). This change
makes aR a* positive.
Property 2) is obvious. []

3.12. Definition-corollary. Suppose G is second countable and we have an idempo-
tent element yeR(G) given by such a pair (H, T) that the representation of G
on H is weakly contained in the left regular representation of G. Let D be a
g-unital G-algebra. Put

Yex6.0) =jG op(p)eKK(C*(G, D), C*(G, D)), Yer6.p) =J:; ap(y)
For any separable C*-algebra A and any C*-algebra B, define the y-parts of
K(A, B®&C*(G,D)) and KK(A, B® C*(G, D))

by .
KK(A4, B® C*(G, D)) ® c+(6.p) YcrG.py

and R
KK (A4, B® C}(G, D)) ®c;(G.D) YexG,p)

respectively. These y-parts are canonically isomorphic via the natural homomorph-
ism induced by f: C*(G, D)—> CX(G, D). Similarly, if A and D are separable and
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B arbifrary, one can define the y-parts of KK(A® C*(G, D), B) and
KK(A® C}(G, D), B), which are also canonically isomorphic.

Proof. The natural map f: C*(G,D)— C}G, D) defines an element
xe KK(C*(G, D), C¥(G, D)). On the other hand, it was proved in [JV], Proposi-
tion 3.4, that under our assumptions on y the left action of C*(G, D) on
C*(G, H® D) factors through C*(G, D). It means that there is an clement
BeKK(C}(G, D), C*(G, D)) such that 2 ®cxa, pB=Ycrc.py and B ®ce.p) &
=Ycx(6.0) Since y is idempotent, our assertions follow now from Theo-
rem 2.16. [

3.13. Theorem. Let X be a g-compact, proper, free G-space and B a G—C(X)-
algebra. Then there is an imprimitivity bimodule .9; g linking C*(G, B) and BS.
Furthermore, C¥(G, B)~C*(G, B).

Proof (cf. [Ri2], Example 2; [Gr1], Theorem 14). Put .£= B.. Define the right
action of B® on £ by multiplication and the right B®-scalar product by the
formula:

(mhmz)nghl I g(ml mz)dg’ anmzefi-

Define the left action of C.(G, B) on .# and the left C (G, B)-scalar product
by the formulae:

b-m= [ b(g)-g(m)-u(g)"*dg,
G

(my, my)er (g)=p(g)” 2. m, -g(my)*,
where
bGCC(G, B)’ m, mI’mZEUq-,

u is the modular function of G. Clearly, the right Hilbert B¢-module structure
on .£ satisfies the axioms of a pre-Hilbert B®-module. The range of the right
scalar product generates a dense subalgebra of BC. Indeed, for any beB®, one

has: | g(cb)dg=>b, where c is the function from the proof of Theorem 3.4,
G

and cb may be approximated by elements m¥ -m,, where m,, m,eB,.

For the left C (G, B)-scalar product, the only non-obvious points are the
following ones: 1) (m b, mb).q < ||b|? - (m, M)yer,, Vme £, ¥V be B, and 2) the range
of the left scalar product generates a dense subalgebra of C.(G, B) in the
L!(G, B)-norm. Since B¢ is a C*-algebra it is enough to prove that (m, m), =0,
Vme$, because then one may take b,=(||b|>—b*b)"/? and apply
(mb,, mb ),y =0. To prove positivity, it is enough to notice that (m, m),.,, =f-f*,
where feC.(G, B), f(g)=u(g)” > g(c)!/*m, and c is the function from the proof
of Theorem 3.4. Concerning 2), it is clear that the map ¢*: C.(X x X) - C (G x X)
induced by ¢: Gx X - X x X, ¢(g, x)=(x, g(x)), has dense range (because ¢
is an injection onto a closed subset). Therefore, taking finite sums
Z(aimi, Bimy)en, Where a;, B;€C.(X), m,, m,€B,, one may single out any part
of the support of (my, my) in G x X. Since m, and m, are arbitrary, the result
follows.
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Denote the completion of . in the norm induced by the right scalar product
by % g Since £ provides a bijection between covariant representation of the
pair (G, B) and representations of B¢ (cf. [Ril]), % is a C*(G, B)
— B-imprimitivity bimodule. To prove the second assertion, note that .%; ,
~]2(G, B)° as Hilbert BS-modules. Indeed, one may define the map f: .£
—I*(G, B)® by f(m)={g(m)}, where {g(m)}eZ (B, [*(G, B)) is given by
{g(m)}(b)=Db, b(g)=g(m)b, ¥ be B,V geG. This map is isometric and after passing
to the completion provides the required isomorphism. The left action of C (G, B)
on %; p transforms under this isomorphism into the action on I*(G, B)¢ given
by (b-D(e)= [ t(b(s))-1(ts)- u(s)"/* d s, where be C,(G, B), le*(G, B)%, s, teG. The

G

same formula defines also the action of C.(G, B) on I*(G, B), and all operators
of C.(G, B) are G-invariant. Therefore, Lemma 3.2, 3) implies that C*(G, B) is
a subalgebra of Z(I2(G, B)). To identify it with C*(G, B), it remains to apply
the automorphism I?(G, B)— I2(G, B): b(g) —» b(g ') u(g)~ /%, which transforms
the above action of C.(G, B) into the conventional one given in Defini-
tion3.7. O

3.14. Theorem. Let I" be a second countable group, X a g-compact G x I'-space
which is free and proper as a I'-space, A and B o-unital G x I' — C(X)-algebras.
Then the isomorphism RKKC(X/I'; AT, BNy ~RKK®(X/I'; C*(I, A), C*(I, B))
provided by Theorems 3.13 and 2.18 identifies the homomorphism AT of Theorem 3.4
with the homomorphism

J' RKK*T(X; A, B)—» ZKK®(X/I'; C*(I; A), C*(I; B))
of Theorem 3.11.

Proof. Note that both C*(I, A) and C*(I, B) are C(X/I')-algebras, and one easily
checks that our notation for j” as the homomorphism of # K K-groups is justified.
Denote by [% e ZKK%(X/I'; C*(I; A), A") the element given by the pair
(Hr.4,0). Let also [ 4 5] be a similar element for B. We have to prove that
for any aeZKK®*"(X; A, B) one has: j" () @ cur.p [ F.5] =[] ® 4r AT (00),
where the products are understood in the same way as in the proof of Theo-
rem 2.18.

Let a=(&, T)eIE®*T (A, B). Define the right action of B" on &, by multiplica-
tion and the B"-valued scalar product on &, by {e,, e;> = | gl(e,, e,)s) dg. The

r

completion of &, in the corresponding norm will be a Hilbert B'-module denoted
by 4., There is a natural isomorphism: C*(I; &) @ cr.pHr.8~Ir.s given by

e®@m- | e(g) g(m) u(g)''* dg, where ecC, (I, &), meB,. Since A is o-unital, we
r

may assume that 4 ® ,& ~& (Lemma 2.8). Then there is also an isomorphism:
I 4@ rET = I o m@e—>me, where meA,, ee&". Now it is clear that both
our cap products are represented by the same pair (% ¢, S), where the operator
Se # (&) constructed in the proof of Theorem 3.4 is considered here as an element
of Z(He O

3.15. Theorem. Let X be a o-compact G x I'-space which is free and proper both
as a G-space and as a I'-space. Then for any G x I' — C(X)-algebra B, the three
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C*-algebras: C*(G, B"), C*(G x I, B), and C*(I, B%) are strongly Morita equiva-
lent. The corresponding reduced crossed product algebras are also strongly Morita
equivalent. In particular, if I is a subgroup of G and A is a I'-algebra, then
C*(G, A(G)) is strongly Morita equivalent to C*(I, A) and C*(G, A(G)) to
CH(I; A).

Proof. Theorem 1 of [CMW] asserts that if G x I'-algebras A and B are strongly
G x I'-Morita equivalent then C*(G, A) and C*(G, B) are strongly I'-Morita
equivalent. If # is an imprimitivity bimodule linking A and B, then the obvious
C*(G, A)— C*(G, B)-imprimitivity bimodule is C*(G, #). The left C*(G, A)-sca-
lar product is given by

(my, my)er (N = j (my(s), t(my(t™ ! ) s
G

'M(l_ls)ds’ leamZECc(G’ j)

It follows from Lemma 3.9 applied to # and its dual #* that C}(G, 4) and
C¥*(G, B) are also strongly Morita equivalent.

Now denoting the strong Morita equivalence by ~, we get from Theo-
rem 3.13 (just as in the proof of Theorem2 of [CMW]) that C*(G, B")
~ C*(G, C*(I, B)) ~C*(G x I, B), and similarly for C*(I, B). Everywhere here
C* may be replaced by C¥. [

Corollary. Let I' be a subgroup of a second countable group G, A and B g-unital
T-algebras. Then identifying KK(C*(I;, A), C*(I; B)) with
KK(C*(G, A(G)), C*(G, B(G)")) via the strong Morita equivalence of the preced-
ing theorem, one has: j¢i"%(a)=j (), Vae KK"(A, B). The same equality holds
for j¢ and j.

Proof. It follows from the definition of i"*¢ (see 3.5, 3.6) and Theorem 3.14 that
i"6 () =j" o¢(q)(@)e KKS(C*(I;, A(G)), C*(I; B(G))). Clearly, j" and J¢ commute:

JEiTG () =j¢ " acy(®) =j"j¢ Occ)(®)

=/"i%%W)=j" (0. O

§ 4. Riemannian manifolds and Poincare duality

We come now to our main results on KK%-theory of Riemannian manifolds.
In this section we study Poincare duality.

4.1. Definition. A second countable, complete Riemannian manifold X equipped
with an isometric, continuous action of a group G will be called a G-manifold.
Its canonically associated G-algebra C,(X) is defined in the following way. (Note
that completeness of X is not used in the definition of C.(X).) Let t be the
cotangent vector x-bundle of X. It means that if we are working in the category
of real C*-algebras, then 7 is the cotangent vector bundle of X equipped with
its natural Riemannian metric (, ) and the trivial involution: v*=v. If we deal
with complex C*-algebras, then t is the complexified cotangent vector bundle
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with its natural Hermitian metric (, ) and the involution v — v* which is a fiber-
wise complex conjugation. Consider the Clifford bundle Cliff(z, Q) associated
with the quadratic form Q(v)=(v*, v). Then C,(X) is the algebra of continuous
sections of this Clifford bundle vanishing at infinity. The natural involution
and the C*-norm of C,(X) defined in [Ka4], 2.12, also come from an embedding
into the operator algebra ¥ (H) constructed below.

Remark. We reserve letter t for cotangent vector *-bundles.

4.2. Definition-lemma. Let X be a G-manifold, H =1*(A*(X)) the Hilbert space
of L*-forms on X graded by the usual decomposition A*=A"@A°. There is
a homomorphism ¢: C.(X)— £ (H) defined on 1-forms (=covector fields) by
o(w)=A,+ Ak., where A, is the exterior multiplication by w, A} its adjoint, and
w* the complex conjugate form. Let d be the exterior derivation defined on smooth
forms of compact support, d* it adjoint, 2 =d+d*. Then 9 is essentially selfad-
joint, and there exists an operator F=2(1+2?) "2 £ (H). The pair (H, F) is
an element of E¢(C,(X), C). The corresponding element of K%(C.(X)) will be
denoted by [dy]. This is the Dirac element for X. (Note that no Spin-structure
is required on X.)

Proof. Since (4, + A%)? = (0*, w)=Q(w), ¢ can be extended to a homomorphism
of the whole C_(X). The essential selfadjointness of & is well-known (cf. [Wo]).
2 and F are G-invariant. We must prove that for smooth elements aeC,.(X)
of compact support both a(1—F?) and [a, F] belong to # (H). This is clear
for a(1—=F*)=a(1+ 2% ! (by the Rellich lemma), but is a little bit more subtle
for [a, F]. Let a be a covector field. The differential operator (a2 + 2a) has
order 0 and compact support. Hence, it is bounded on H, and for any 1>0,
both [a, 2]-(1+A+ 2%~ ! and [a, 2]-2(1 + A+ 2% ! belong to A (H) (again
by the Rellich lemma).

Now we will use the method of [BJ]. Write: F=

ERIS)

[2(1+22+2%)""dA
0

(The integral converges in the strong topology.) One has:
2 0
[a, F] = [A+22+23) " (1+ 4% [a, 2]+ 2[a, 2]12)- (1 + A2+ 27~ ' d A
0

Since |2(1+ 42+ 2%~ || <A1, the last integral converges in the norm topology.
Moreover, the operator under the integral sign is compact, therefore
[a, FleX (H). O

4.3. Let X be a G-manifold. Denote the distance function on X by p. We are
going to define another canonical element [@,]eRKK%(X; C, C.(X)) which
will be dual, in a sense, to the Dirac one. For this we need a G-invariant positive
continuous function r on X such that for any x, ye X with p(x, y)<r(x) there
is a unique geodesic segment joining x and y. In view of Theorem 18.1 of [Mil]
this means exactly that the exponential mapping Exp,: T,(X)— X is regular
in a ball of radius r(x) around x. We shall define r(x) using the following proposi-
tion.
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Proposition. Let X be a complete Riemannian manifold and U a ball of radius
ro around xeX. Suppose that all sectional curvatures of X at any yeU are con-
tained between —c and +c, where ¢>0 is a constant. Let (Exp,),: T,(T.(X))
= Tgep(X) denote the tangent mapping for Exp, at the point pe T,(X). Then
for any p with |p|| <min(ro, (2/c)'’?) and for any Ve T, (T, (X)) one has:

II(Expx),.‘(V)H_l < lpl*c .
i =2—|pl*c

In particular, for any ¢>0, Exp, is ¢-close to an isometry in a ball of radius
min(ro, (2&/c(1 +¢))'/?) around x.

d
Proof. Let v(s), 0=s=<1, be a path in T(X) with v(0)=p, d—z(O)=V. Then a
function a: [0, 172 — X defined by a(s, t)=Exp,(t v(s)) is a geodesic variation

0
of the geodesic line y,: t = Exp,(tp). Therefore, W(t): (Expx(tv(s))) is a
=0

Jacobi vector field along y,. One has: W(0)=0, W(l)= (Expx)*(V) (O) |4
(see the proof of Theorem 18.1 in [Mil]).

Now let Q,, ..., Q, be an orthonormal frame of parallel vector fields along
¥p- Then

n 2 n

a*w,
W= Z WOQi(r), and — '+ Y Ay Wi))=0,
i=1

A= ( (‘”” Q)’”" Q.),

and R denotes the curvature tensor (cf. [Mil], § 14). The condition on sectional
curvatures of X implies that the norm of the (symmetric) matrix (4, ), considered

d
dv,, = IIpII‘) Therefore,

where

as an operator in R", does not exceed | p||?c. (Note that

our assertion is a consequence of the following lemma.

Lemma. Let W(t)+A() W()=0, 0<t<1, be a differential equation in R" with
At)e ZR"), A <c, W(0)=0. Then for t <min(l, (2/c)'/?), one has:

W) l< 2

tIwO)  [T2—¢%c
Proof. By the Taylor formula, W(t)=t W(0)+1t> W(t,)/2, where 0<t, <t. Denote
IW () by aand sup [[W(t,)|| by b(t). Then

0st st

W) —tWO)|St2c|W(t)/2<t2cb(t)/2,
and
W@ Sta+t2cb(t)/2.
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Passing to supremums over [0, t] in the last inequality, one gets: b(t)<ta
+t2¢b(t)/2, which implies that b(t)<ta(1 —t2c/2)~ !. Therefore,
IW @) —t|W ()] | W) —t W) ot
tIw Ol = ta =2—t%c’

O

Definition-corollary. On a G-manifold X, there is a continuous G-invariant positive
Sfunction r such that for any x, ye X with p(x, y)<r(x), there is a unique geodesic
segment joining x and y. It is defined as follows. Let cy(x) be the supremum
of absolute values of all sectional curvatures of X at x, and c,(x) the supremum
of co(y) for all y with p(x, y)<1. Put r(x)=(c,(x)+ 1)~ Y2 O

Remark. Let cy;,(x) be the supremum of cy(y) for all y with p(x, y)<1/2. One
can equally well use, instead of r(x), the function ry,,(x)=(c,,(x)+1)""?/2.
Note that for all ye X with p(x, y) <r(x)/2 one has: ry,,(y) 2 r(x)/2.

4.4. Definition. Let X be a G-manifold. For any xe X, let U, be an open Rieman-
nian ball of radius r(x) around x (r(x) is defined in 4.3). Denote by @, a covector
_p(x))
T or(x)
d, means the exterior derivative in y. (Note that p(x, y) is smooth in y for
yeU,, y*x.) Consider the C*-algebra C (U,) as a Hilbert module over C_(X).
Clearly, ©,e £ (C.(U,)), and ©2—1eC(U,) because ||d,p| =1, and p(x, y)/r(x)=1
“at infinity” of U,. The field of pairs {(C,(U,), ©,),cx} defines an element of
the group RKK%(X; C, C,(X)) which will be denoted by [@]. Alternatively,
one may consider [@y] as a pair (%, @), where

field in U, which at the point ye U, is given by @ .(y)

(d, p)(x, y), where

U={(x,neXxX|plx,y)<r(®)}, Fu=CU)®cxxx(CX)RC.(X)),
and @ e ¥ (%) is given by the family {©,}.

4.5. Lemma. Let X be a G-manifold. For any o-compact G-space Y, any separable
G-algebra A, any G-alggbra B, and any xe RKK®(Y x X ; A, B), there is an equality
in RKK%(Yx X; A, BRC,(X)):

a®cx[Ox]1=[Ox1®c,x)0x,c.c0)(®)-

Proof. Let a=(&, T). We will suppose that T is G-continuous (cf. Remark 2.4, 2))
and A(Y x X)-&=¢& (Lemma 2.8). Consider (&, T) as a continuous field of pairs
{(é”x=é°®,,(y,(x)B(Y), T.=T® 1)} over X (cf. the proof of Proposition 2.20).
Clearly, the first of our products is represented by the field:

{(6.BC.(U), MYUTO)+MIZ(1®O ) ex}-
The second product may be rewritten as a field:
{(éa®B(Y)®C(X)(B(Y)®Ct(Ux))’ NZI,/xZ(T@ 1) + Ivll,/xz(1 ®@x))xsx}

(with the action of C(X) on C.(U,) given by multiplication). In other words,
both products may be written in the form:

@=6®pmacunBNOF), MY (T®1)+M}(186)),
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but the actions of C(X) on %, used in the construction of & are different.
If one denotes the projections of U = X x X onto the first and the second multiple
X by po and p, respectively, then for the first product the action of C(X) on
C(U) (and consequently, on %)) is given p¥: C(X) — # (C(U)), and for the second
product by p%. Clearly, p, and p, are homotopic: if (x, y)e U, then yeU,, and
there is a unique geodesic segment in U: y,(x, y), 0=<t=<1, joining x and y.
Put p,(x, y)=7.(x, y). This gives the homotopy {p,} of maps U— X and the
homotopy {p¥} of actions of C(X) on % resulting in the homotopy of Hilbert
modules & = cg’@my x X,(B(Y)®./U) where C(X) acts on % via p}. The whole
family {&,} will be denoted by & ;. The left action of A(Y x X) on &, ,; comes
from the A(Y)-action on & (which exists because of our assumption on &) and
the initial C(X)-structure on 4. To construct the homotopy of operators, put
J=AH (B, 1) Ay =1QK (F), Ay=Icx)()®1, 4={4, T®1, 1R 8}, =0, and
apply Theorem 1.4. Operators M, M,e ¥ (é”[o 17 obtained in this way provide
the necessary homotopy. [J

4.6. Lemma. The element oy ¢ x([@x])eKK%(C.(X), C.(X x X)) is invariant
under the automorphism of C.(X x X) unduced by the involution: (x, y)— (y, x)
on X x X.

Proof. The element ox ¢_x)([@x]) is represented by the pair (C.(U), ©,), where
C.(X) acts on C,(U) via left multiplication in the x-coordinate, and

p(x,y)
r(x)

As in the proof of Lemma 4.5, for any (x, y)eU, let p,(x, y), 0<t<1, be the
geodesic segment joining x and y. The map p,: U - X induces an epimorphism
of tangent spaces: T, ,,(U)— T, .,)(X). This is clear for t=0 or 1, and for
0<t<1,p,: {x} x U, U, is regular because Exp; ! intertwines it with multiplica-
tion by ¢ (and Exp; ! is regular in U,). It follows that the map p}¥: T, ,,(X)
— (:'y)(U) is injective for any t. The normalized map g*: Q'(X)— Q!(U) given
by q¥*=p¥*(p,p¥)~'/? is isometric at each point and can be extended to a homo-
morphlsm (of left multiplication) ¢,: C.(X)— £ (C.(U)). For t=0 and 1, ¢, coin-
cides with left multiplication in the x and y coordinates respectively.
Define for 0<t<1 a tangent vector @,(x, y) at the point (x, y)e U by

r(x) 'Pﬁ' (%)

ds
where B(5)=(p;1 - (X, ¥), Pr(1 —5+s(X, ¥))= X x X. One easily checks that the geo-
desic segment {B(s), 0=<s<1}nU belongs to the fiber of the map p,: U—>X
at the point p,(x, y). Therefore, @,(x, y) is tangent to the fiber of p,, and hence,
orthogonal to g*(Q2'(X)). Denote by the same letter @, the Riemannian dual
covector field on U. Clearly, 0,e2(C.(U)), [O,,¢,(C.(X)]=0, and
0, (C.(X)-(1—O2eA (C.(U). Thus, we get a homotopy of pairs
{(C.(U), ®)o<,<1} (With the left action of C,(X) on C,(U) given by {¢,}). Note

that @, (x, y)= —(()—y)(dxp)(x ¥)-

Oo(x,y)=

“(dy p)(x, y).

s=1
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The involution (x, y)—(y,x) on X xX transforms U into U= {(x, y)e
X xX|p(x, y)<r( y)} and the pair (C,(U), @) into the pair (C, (D), @o) where
C.(X) acts on C,(U) via left multiplication in the y-coordinate, and & (x, y)
_pxy)

o)
=(C.(U), ©y), we shall first replace in the definition of «, the function r(x)
by r, ,z(x) (see Remark 4.3) using an obvious deformation of U. Thus, we come
to the pair ) defined in the neighbourhood U’'={(x, y)|p(x, y)<r,2(x)} instead
of U. Next, we notice that U’ DU,,Z—{(x Vp(x, y)<r(y)/2} (by Remark 4.3),
and replace U’ by U1,2, again using an obvious deformation. The resulting
pair oy is, clearly, homotopic to a,. All deformations at this last stage involve

(d.p)(x, y). To produce a homotopy between o, =(C.(U), @,) and «,

only the neighbourhoods of definition of our pairs and the scalar factor (p_(x,_y))
in the covector field @. [

4.7. Lemma. In the conditions of definition 4.2 suppose that the Riemannian metric
of X is continuously deformed on a compact subset X ; = X, and the whole deforma-
tion is parametrized by a compact space Y. Then the corresponding family of
pairs {(H,, F,),.y} is an element of RKK(Y; C.(X), C).

Proof. Clearly, all identity maps H, — H, are bounded and depend continuously
on yeY. Moreover, since (%,,—%,) is a first order differential operator with
compact support (for any y;, yeY), the operator %,(%, +i4)~' is bounded on
H,, (for any 1eR\{0}) and depends continuously on y (in the norm topology).
Therefore, (2,+i4)-(2,—id) ™' =(2,+iV(D,,+iN) ™ ")-(2,—iV (D, +iH™ !
€% (H,) also depends contmuously on y. This implies the continuous dependence
on y of (27 +4*)7"' and 2,(2} + A*)~'. Now the integral formulae of 4.2 show
that F, varies strongly continuously in y, and for any aeC.(X), [a, F,] is norm-
continuous in y. [J

4.8. Theorem. Let X be a G-manifold. Then [Ox]®c,x)[dx]=1xeRKY(X) and
O'x,c,(X)([@x])®C,(X) [dx]= lc,(X)EKKG (C.(X), C.(X)).

Proof. For 6y ¢, ([@x])e KKE(C (X), C.(X )& C.(X)) there are two possibilities
of taking the product ®c_x,[dx] in the second formula. However, according
to Lemma 4.6, these two possibilities lead to the same result. Moreover, Proposi-
tion 2.21 implies that the second formula is a consequence of the first one,
so it remains to prove the first formula. We may represent the first product
by a continuous field of pairs {(H,, S,)xcx}, Where H,=L?(4*(U,)) and S, =
+(1-0H)*F(1—-02)'4*e £ (H,) (see 4.2 and 4.4).

To compare it with 1,, we shall represent 1, in an appropriate way. Let
dimX =n and P be the principal O(n)-bundle of orthonormal frames over X
associated with the tangent vector bundle of X. Then 1,=i°™P¢(1), where
1eR(O(n)). This last element 1 may be taken in the form (H = L*(4*(R"), §=6
+(1— 6?1+ F(1—6%'*), where & (y)=d,((1+]ly*"?), yeR", and F is defined
as in 4.2, but for R" instead of X. (See [AS1] for the proof that this is 1).
It is clear that 1 xeRK (X) is represented by the continuous field of pairs
{(H,,8,)}, where H,, O,, F, and §, are modelled on R%=T,(X) instead of
an abstract R".
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We shall deform {(H,, S,)} into {(H,, S,)} in three stages. In the first stage
the Riemannian metric of each U, will be deformed into the linear metric of
the corresponding ball in T,(X). The operator F will be replaced by a field
of operators {F,}. In the second stage we replace the field {F,} by the field
{F,} defined on {R%}. In the third stage we get rid of neighbourhoods {U,}
and come to {(A,, §,)}.

We begin by taking a smooth positive function a(s) on [0, co) which equals
1 for s<1/2 and 0 for s=2/3. Denote by B, the open Euclidean ball of radius
r(x) around 0 in T,(X). The map Exp, identifies B, with U,. For any te[0, 1]
and any xeX, take a new Riemannian metric at the point ye U, as a convex

combination
p(x,y) p(x,y)
‘(r(x)) o1 )

of the Euclidean metric ¢ of B, at y and the Riemannian metric { of X at
y. The operator F, defined globally on X, depends on the Riemannian metric
and will be denoted now by F, ,. Hilbert spaces H, and operators S, defined
just as before (but with F replaced by F, ), will be denoted by H,, and S, ,
respectively. The whole field {(H, ,, S, )x.nex x0.11) i G-invariant and provides
a homotopy of RK%(X)-pairs. Indeed, for any compact subspace of parameters
Y < X x [0, 1], the deformation of Riemannian metrics is restricted to a compact
subset X, of X. Therefore, Lemma 4.7 applies.

Next, we shall replace the operators F, ; by F. (defined above). Let 1/m
U, be the Riemannian ball of radius r(x)/m around x. Note that the metric
of any U, is already Euclidean on 1/2 U,. We may deform @, in an obvious
way to get ©®2=1 outside 1/3 U,. Cutting off degenerate pieces, we replace the
field {H, 1_LZ(A*(U))} by the field {H,=I*(4*(1/2Uy))}. Put S,=0,+(1

@24 F L(1—02)4e £ (H,). We shall prove that the fields of pairs {(H}, S, )}
and {(H., S.)} give the same element of RKZ(X).

Clearly, the only difference between S, ; and S’ is that F,, is replaced by
F.. The corresponding differential operators 9, , and J, (see 4.2) are taken
on different manifolds: X (with the deformed metric) and T,(X) respectively.
However, on 1/2 U, one has: 9, ; =%,. Let us put 9, =(1 —0)'* and 2,=9, ,.
We shall prove that {¢(Z2,(1+22)" 2~ (1+%2) '?)¢,} is a continuous
field of compact operators.

Using the integral representation of 4.2, note that 2.(22+1%)"'—2 (@2
+A%)71=20)"'ImT,, where T,=(2,+il) (2x—id)" ' —(D.+il) (2 —zl)
Therefore, we must only estimate || T, ¢,|| by some const- A~ ! uniformly on com-
pact subsets of X when A — co. One has:

(D—id)™ ! )" 1=(2,—id) " [9i% 212 —~iD) 7",

SO

L0, =T(2.:—i0) 0 (D —i) " 9} + [0, 21( D~ i) 0:).

The norm of the second summand in the brackets is bounded by const-17?,
and since (2, +i4) 91> =(D.+id) L%, one has: T,(2,—iA)pL/>=0. The required
assertion follows.
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Now, to deform {(H, S,)} into {(H,, S,)}, one must use an obvious homo-
topy of {0,} into {6,}. [

4.9. Theorem (first Poincare duality). Let X be a G-manifold. For any o-compact
G-space Y, any separable G-algebra A and any g-algebra B, there is a natural
isomorphism: RKK®(Yx X; A, B)~RKK%(Y; AQC,(X), B).

Proof. We shall prove that the homomorphisms

ll=(®c,(X)[dx])'0x,c,(xﬁ RKKG(YX X;A,B)
- RKKS(Y; A® C.(X), B C.(X)) » RKKE(Y, AQ C.(X), B)

and
v=([0x1®c.cx): RKKO(Y; A®C,(X), B)» RKKS (Y x X; A, B)

are inverses of each other. According to Proposition 2.21, the composition y-v
is equal to the homomorphism of cap product with the element
ox,c.0([Ox])®c,x)[dx] which is 1. x) (Theorem 4.8). Another composition v- u
can be rewritten as (®c, o [dx]) ([Ox]®c.x) 0x,c.x, 1t follows from Lem-
ma 4.5 and Theorem 4.8 that this last composition coincides with the cap prod-
uct by the element 1,e RK2(X). [

4.10. Theorem (second Poincare duality). Let X be a compact Riemannian mani-
fold with boundary 60X and interior X. Suppose that a group G acts continuously
and isometrically on X. Then for any o-compact G-space Y, any separable G-
algebra A, and any G-algebra B, there is a natural isomorphism:
RKKS(Y; AQC(X), B)~RKKE®(Y; A, B® C.(X)).

Proof. We shall construct elements ¢yeKS(C(X)®C.(X)) and
{xeKG(C(X)®C.(X)) with the properties: 1) Ex®c.n Cx=1lcxs 2) Ex®cx) Cx
=1¢,x)- Clearly, this will imply the assertion of the theorem because cap prod-
ucts by &y and {, are inverses of each other. To construct &y and {4, let us
embed X into some G-manifold X, (e.g. the double of X, or X | Jox 0X x [0, o0).
The Riemannian metric of X may be taken constant along the direction orthogo-
nal to the boundary dX in some neighbourhood of 6X). Denote the restriction
of the element [dy JeKZ(C.(X,) to KZ(C.(X)) by [dx]. Let f: C(X)®C.(X)
— C.(X) be the multiplication homomorphism. Then we may take {y = f*([dyx]).
Since X is compact, one has:

RKK®(X; C, C(X)~K§(C(X)®C. (X)),

and, clearly, the restriction of [@4,] to this group lives in K§(C(X)®C.(X"),
where X' =X { J,x 0X x [0, 1) is diffeomorphic to X. The corresponding element
of K§(C(X)®C,(X)) will be denoted by &y.

Both equalities 1) and 2) may be checked using the same simple argument.
We shall give the details for 1). One may rewrite the left hand side of 1) as

0C()‘()(fx)®co‘()®c,mf*([dx]) = f* GC(}?)(&X)@C,,(X) [dx].

To describe the element f, o x,(¢5), consider [@,] as an element of the group
KK¢(C(X), C(X)®C.(X)), and while leaving the Hilbert module %, and the
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operator @ unchanged, change the action of C(X) from multiplication in C(X)
to multiplication in C,(X). The resulting element will be just f, o (Ex). The
homotopy along geodesic segments, as in Lemma 4.5, identifies this element
with the restriction of [@y,]. Therefore, its cap product with [dy] is 1¢x) by
Theorem 4.8. [

Corollary (of the proof). Let X, be a G-manifold and X a compact G-stable
subset. Consider [@y,] as an element of the group KK%(C(X'), C(X)®C.(X"),
where X'>X is some open G-stable subset with compact closure X'. Then this
element coincides with another element obtained by switching the action of C(X')
from C(X)to C.(X). O

4.11. Corollary. Let G be a compact group and X a G-manifold. Then there is
a natural isomorphism: RK§(X)~ K& (C.(X)) (see 2.22 for the definition of RKS).

Proof. Take in X an exhaustive increasing sequence of compact G-manifolds
with boundaries: X, = X,cX;c.... Theorem 4.10 provides a concordant sys-
tem of isomorphisms:

K8(X,)~K%(C.(X,), where X,=Int(X,).
Passing to the direct limit over n, one obtains the result. []

Remark. A general Poincare duality theorem of this kind will be given in Corol-
lary 6.6.

§ 5. Special manifolds, negative curvature, and homogeneous spaces

In this section we consider some special classes of complete Riemannian mani-
folds. They possess a property which may be called a weak Bott periodicity
(see Theorem 5.2). Examples of special manifolds include simply connected mani-
folds of non-positive sectional curvature and also homogeneous spaces G/K,
where G is a Lie group and K its maximal compact subgroup. Special manifolds
appear to be extremely useful in KKS%-theory. Applications will be given in
this section and in § 6.

5.1. Definition-lemma. A G-manifold X will be called special if there is an element
nx€K§(C.(X)) satisfying one of the following two equivalent conditions :

1) [dx]®@cnx=1c,x);

2) p*(ny)=[Ox]eRKK%(X; C, C,(X)),
where p* is induced by the map p: X — point. The element ny satisfying these
conditions is defined uniquely. This is the dual Dirac element for X. The cap
product nx®c.x,[dx]€ R(G) will be denoted by yx. This element is idempotent.

Proof. According to Theorem4.9, there is an isomorphism:
RKKS(X; C, C.(X))~KK%(C,(X), C.(X)) which maps [@] into 1 ,. More-
over, one easily checks that it also maps p*(ny) into [dy]®cnx. Clearly, this
implies the equivalence of 1) and 2). The uniqueness of # follows from Proposi-
tion 2.17. The last assertion follows from the last assertion of Theorem 2.16. []
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Remarks. 1) The terminology “special manifold” takes its source in [Re]. It
will soon become clear (cf. 5.3 and 5.5) how our definition is related to that
of [Re].

2) If X is a special G-manifold and = -G a homomorphism, then X is
also n-special.

5.2. Theorem. Let X be a special G-manifold and p the map: X — point. Then
for any o-compact G-space Y, any separable G-algebra A, and any G-algebra
B, the homomorphisms

(®c[dy]): RKK(Y; A, B)> RKK%(Y; AQ C,(X), B)
(®cnx): RKKE(Y; A, B)—> RKKE(Y; 4, BR C,(X)),
p*: RKK%(Y: A, B)-» RKK%(Yx X; A, B)

are surjective. Their kernels are equal to (1—7yy)-RKKY(Y; A, B), and on the
subgroup yy-RKKS(Y; A, B) all these homomorphisms are bijective. If D is any
separable G — C(X)-algebra then the element yy acts as a unit on the groups
RKK%(Yx X; A, B, RKKS(Y; A®D, B), and RKK%(Y; A, BQD).

Proof. The assertions about (®.[dy]) and (®c#nx) follow from Theorem 2.16.
Since p* and (®[dy]) correspond to each other via Poincare duality 4.9, the
assertion about p* also follows. Clearly, yy acts as a unit on RKK%(Y x X; 4, B)
because p*(y4) =1y by Theorem 4.8. It means that yy-1,=1,eRK%(X). Apply-
ing oy p one gets: yx-1,=1,e KK®(D, D). [

5.3. As a first example of special manifolds, we shall consider non-positively
curved manifolds. The idea of using negative curvature to produce an element
of some K-group is due A.S. Mishchenko [Mis1].

Lemma. Let X be a simply connected, complete Riemannian manifold of non-
positive sectional curvature. Then for any x, u, ve X,

ld<((1+p? (u, )2 —(1+ p (v, )" 2
S6p(w,0)-(1+p(w,x)'"?+(1+p* (0, x)") 71,

where d, is the exterior derivative with respect to x, and ||*|, means the norm
of a covector at x.

Proof. For brevity we shall denote p(u, x), p(v, x), and p(u,v) by a, b, and ¢
respectively.  Write (1+a')'?2—(1+b%)'2 as (a—b)[(a+b)(1+a*)'*+
(1+b2)Y2)~1]. The exterior derivative of the multiple in square brackets is
bounded in norm by 4((1 +a?)'/? +(1+b%)'/?)~ ! (since ||d, p(u, x)| =1, Yu, xe X).
So it remains to prove that ||d.a—d.b|<2c(a+b)""'. Let us identify vectors
and covectors via the Riemannian metric and consider the geodesic triangle
with vertices (u, v, x). Then d.a and d.b are unit vectors at x pointing to u
and v respectively. Clearly, ||d,a—d.b||2=2(1—cosa), where o is the angle of
our triangle at the point x. By the cosine theorem ([He], 1.13.2), a®+b%*—¢?
<2ab cosa, from where the required estimate on ||d,a—d,b| follows. [
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Theorem. Let X be a simply connected G-manifold of non-positive sectional curva-
ture. Then X is special.

Proof. Fix a point xeX and put &.(y)=d,((1+p*(x, y))'/?). Consider C.(X) as
a Hilbert module over itself and the operator of left multiplication by the cov-
ector field &, as an element ¢,.e%(C.(X)). Clearly, ¢¥=¢,, and 1—E2=(1
+p2(x, ¥)~ e A (C.(X)). It follows from the previous lemma that £, is G-contin-
uous, and for any geG, g(¢,)—¢,e X (C.(X)). (In fact, g(&,)=¢,(y)-) Therefore,
the pair ny=(C.(X), £,) defines (for any xeX) an element of K§(C,(X)). By
the previous lemma, £, —¢, e #(C,(X)), Vx, x,€X, so ny does not depend on
X.

Now consider the continuous field of pairs {(C,(X), £,)} as an element of
RKKY(X; C, C,(X)). One easily checks that this element equals p*(ny), where
p is the map X — point. On the other hand, this element can easily be deformed
into the element [@] defined in 4.4. Hence, p*(n,)=[Ox]. [

5.4. It is clear that the product of two special G-manifolds is again special.
We will consider now a more general construction of special manifolds out
of special ones involving fiber bundles.

Theorem. Let P — Z be a principal (left ) I'-fiber bundle over a special G-manifold
Z. Assume that there is a continuous (right) G-action on P which commutes
both with the TI'-action and with the projection P — Z. Let Y be a special (right)
I'-manifold. Define a Riemannian metric on a smooth manifold X =Yx P by
two conditions: 1) its restriction on any fiber of the projection q: X — Z coincides
with the Riemannian metric of the fiber; 2) the map of covectors q*: T}, (Z)
— TX(X) is isometric for any xe X. Then X is a special G-manifold.

Proof. Clearly, X is complete as metric space, and the natural (right) G-action
is isometric. Hence, X is a G-manifold. Denote the algebra (C,(Y))(P)" by A.
This is a subalgebra of C,(X) generated by fiberwise covector fields. The map g*
of covector fields extends to a homomorphism g*: C.(Z)- .#(C.(X)) which
is injective. The homomorphism of multiplication: A®C(z,q*(Ct(Z))—> C.(X) is
an isomorphism. Since Y and Z are special, there are elements nye K5 (C.(Y))
and ;e K§(C.(Z)). Applying the induction homomorphism i"**¢ of Theorem 3.5
to the element 7y, one obtains an element j,e ZKK%(Z; C(Z), A). Put

fly =0z c.z (i) KK (C.(Z), C.(X))

and =,
'lx=’72®c,(2)'1Y€Kg(Cr(X))-

We shall prove that #y satisfies conditions 1) of Definition 5.1. This is an easy
consequence of Theorem 3.5 and the following relation for the element [dy]:

[dx] =JY®C‘(Z) [dz], (1

where dy=i""P%([dy])e #KK®(Z; A, C(Z)) and dy=0, ¢z (dy). So it remains
to prove (1).

Let Q* denote smooth forms of compact support. Consider the space &,
of smooth I'-invariant maps P — Q¥(Y) whose supports become compact after



Equivariant K K-theory and the Novikov conjecture 187

being mapping into Z ="\ P. One can identify &, as compactly supported fiber-
wise forms on X. The exterior multiplication &,.0q*(2*(Z)) - Q*(X) extends to
an isometric isomorphism of Hilbert spaces: &®c gz L2(A*(Z))~L2(A4*(X)),
where the Hilbert C(Z)-module & =(L*(A*(Y)))(P)" is the completion of &,. We
shall denote by 2y, Fy and 2,, F, operators on X and Z respectively defined
in 4.2. To prove (1), we must verify conditions 2.10b) and c). For £€&., the
differential operator @x0,—(—1)’°0,2, has order 0, and the method of 4.2
implies that Fy is an F,-connection. Now let Jyz(é"‘, S). We have to prove that
for any ae C,(X) the operator R=a[S®1, Fy]a* is positive modulo the compact
operators.

There is a canonical operator Py on Q*(X) defined as d+d* in the fiber
directions. Clearly, S®1=%,(1+ P2~ /2. The operator Dyy=DxDy+ Dy Dy
annihilates any differential form lifted from Z. Moreover, 2, = @y, —2 %} has
order <1. It means that 2, is a first order differential operator in fiber directions.
In particular, locally, —c(14 2%)'? £ @, < c(1 + 2%)'/?, where ¢>0 is a constant.
Now, again using the method of 4.2, write [S®1, Fy] as

j (kx,2ky  Dxvky  kyx athy 3Ky s Dxy Ky, uhy 2
0

+ky by u@xyhy pkx a+hy by yDxyhy, hy )dAdp,

where
ky, =1+ A +12+23)7",

hy ,=Dx(1+ 12+ 9371,
ky ,=(L+p?)"2(1+p>+F3)1,
hy ,=9y(1+p2+F3) L

If one replaces in this integral expression @y, by 2%¢, the whole integral
becomes a positive operator. The remaining part of [S® 1, Fy], after being mul-
tiplied by a from the left and a* from the right, becomes a compact operator.
Indeed, the first summand, for instance, is estimated by

4 o0 a0 - 2 0
n—ﬁ f ak“(j (1+9y2)”2k%‘,,du)kx,,la*d/1§7c [ ak?, a*d).
0 0

0

The convergence in 4 is uniform, and by the Rellich lemma the whole expression
is compact. []

5.5. Remark. In all known examples (cf. 5.3) the element ny for a special G-
manifold X is given by a pair (C.(X), &), where the covector field ¢ on X satisfies
the following conditions (cf. [Re]): a) 1 — || vanishes at infinity; b) for any
g€G, g(&)— & vanishes at infinity; c) the function g — g(&)e £ (C.(X)) is continu-
ous in norm; d) X is diffefomorphic to a Euclidean space, and the index of
¢ on large spheres is 1. In the conditions of Theorem 5.4, when such covector
fields exist on Y and Z, there is one on X. Indeed, a covector field ¢, may
be lifted to X. Another (fiberwise) covector field & on X is constructed out
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of &y by averaging over I as in 3.4. The cap product of these two covector
fields is Exy=M12¢,+MY?E,, where M, and M, are taken as functions on
X (cf. 2.11 and 1.4).

5.6. We are now in a position to prove that all homogeneous spaces G/K,
where G is an almost connected group and K its maximal compact subgroup,
are special G-manifolds. Here we list some basic facts about almost connected
groups.

Let G, be the connected component of identity of a group G. If G/G, is
compact then G is called almost connected. Almost connected locally compact
groups G are characterized by the property that any neighbourhood of identity
in G contains a compact normal subgroup N such that G/N is a Lie group
Mz, GI].

Any almost connected group G has maximal compact subgroups. These
subgroups are all Ad(G,)-conjugate. Any compact subgroup of G is contained
in a maximal one. For any maximal compact subgroup K, the space G/K has
a natural structure of a complete Riemannian manifold with G acting contin-
uously and isometrically. The space G/K is K-equivariantly diffeomorphic to
a Euclidean space with a linear K-action. For the proofs of these facts see
[SSL], Chap. 17, [Ho], Chap. 15, and [Ab].

Lemma. Let G be almost connected. Then there is a series of normal subgroups
of G: {1}=NycN,cN,c...cN, =G so that all N,. /N, are either compact
or Euclidean (R"), and G/N,, is a semisimple Lie group.

Proof. Let N, be the subgroup N described above. Replacing G by G/N,, we
may assume that G is a Lie group. Now apply the method of [SSL], Theo-
rem 17.6. If G is not semisimple there is a non-zero radical Q in G,. Take
the highest p with Q= 1. (Obviously, all Q¥ are normal in G.) We have: Q%
=R"x T9. Take N,=T9 if g0 and N,=R" otherwise. Replace G by G/N,
and continue by induction on dim G. [J

5.7. Theorem. Let G be an almost connected group, K its maximal compact sub-
group, X =G/K. Then X is a special G-manifold. The element yy€R(G) does not
depend on the choice of K and will be denoted by y,.

Proof. We shall use induction based on the preceding lemma. First, if I' is
a compact normal subgroup in G, G, =G/I', and we known that X,=G,/K,
is a special G,-manifold, then X =G/K=X, is a special G-manifold, and 7y
=r%%(ny,). Next, let I' be a Euclidean normal subgroup in G. Suppose that
Z=KTI'\G is a special G/I'-manifold. Then Z is also G-special (with 5, coming
via r9T6), Put P=G, Y=K\KI, X=Yx x,;P=K\G. Since Y~I'=R" it is
KT-special. Theorem 5.4 implies that X is G-special.

Finally, let G be semisimple, G, its connected component of identity, n the
centre of G,, G'=G/n, K' a maximal compact subgroup of G, G, and Kj
connected components of identity of G' and K’ respectively. Then K'\G’
=K\ Gy is a Riemannian symmetric space of non-compact type, so its sectional
curvature is non-positive (see [He], 6.1.1, 6.2.2, and 5.3.1). Denote by I' the
inverse image of K’ in G. Then I'nG, is connected by [He], 6.1.1, so I' is
almost connected. Let K be a maximal compact subgroup of I'. By [He], 6.2.2,
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KNG, is a maximal compact subgroup of G,, hence, K is a maximal compact
subgroup of G. Now let

Z=I\G=K\G, Y=K\I'~(KnGo)\(I'nGy)~R"

(by [He], 6.2.2), P=G, X=Y x ;P~K\G. Since Y and Z are I" and G-special
respectively (by Theorem 5.3), X is G-special (by Theorem 5.4).

Clearly, the element y, does not depend on K because all maximal compact
subgroups of G are Ad(G,)-conjugate. [].

Corollary. Let G be an almost connected group and K its maximal compact sub-
group. Then for any ag-compact G-space Y, any separable G-algebra A, and any
G-algebra B, the restriction homomorphism r®X: RKKES(Y; A, B)
— RKKX(Y; A, B) maps the subgroup y,- RKK(Y; A, B) isomorphically onto
RKKX(Y; A, B). The kernel of r%¥ equals (1 —y,)- RKK(Y; A, B). In particular,
Y6 R(G)=~R(K), and r®*(y) =1 in R(K).

Proof. Put X =G/K. Then yg,-RKKS(Y; A, B)~RKK®(Y x X ; A, B) (by Theo-
rem 5.2) ~RKKX(Y; 4, B) (by Theorem 3.6). []

5.8. Theorem. Let G be an almost connected group, X a 6-compact, proper G-space,
Y a o-compact G-space, D a separable G — C(X)—algebra. Then for any separable
G-algebra A and any G-algebra B, the element y € R(G) acts as a unit on the
groups

RKK®(X xY;A,B), RKKS(Y;A®D,B), RKKS(Y;A, BRD),

and the restriction homomorphism r%X: RKK®— RKKX is bijective for these
groups.

Proof. According to the main result of [Ab], there exists a continuous G-map
f: X - G/K. Since y, acts as a unit on RKYG/K), it also acts as a unit on
RK(X): ) 1x=1x. Applying a4, one gets: - 1p=1,eKK%(D, D). The
assertion follows. [

5.9. Theorem. Let f: G, — G, be a homomorphism between almost connected
groups with Ker f amenable and Im f closed. Then r®2:%1(y;.) =7, In particular,
Y@ =1 for all amenable almost connected groups G.

The following simple lemma is used in the proof.

Lemma. Let I' be a subgroup of G. Suppose that there exists a continuous homo-
topy of homomorphisms f,: G —> G, 0<t <1, connecting the identity automorphism
fo with some homomorphism f,: G— T < G, and the following condition holds:
fiNerl, 0<t<1. Then the restriction homomorphism R(G)— R(I') is an
isomorphism. In particular, for the full motion group M of the Euclidean space
R" and its subgroup I =0(n), one has: R(M)~R(0(n)), and y,n=1. O

Proof of the theorem. Clearly, it suffices to consider two cases:

1) f is surjective and 2) f is injective. Suppose that f is surjective. One
can use the same argument as in Lemma 5.6 to construct a series of normal
subgroups of G;: {1}=N,=N,<...cN,cKerf<G, so that all N,, /N, are



190 G.G. Kasparov

either compact or Euclidean and Ker f/N,, is discrete. In fact, N;=NnKerJ,
where N< G, is a subgroup mentioned in 5.6. Other N, are constructed as
in Lemma 5.6 unless a compact group (Ker f/N,,_ ), is encountered. This group
is taken as N,,/N,,_,. We shall denote G,/N,, by G;.

Now we may apply the induction process of Theorem 5.7 to construct zy,
for X,=G,/K, out of 5y, for X;=G3/K;. In the notation of Theorem 5.4,
one easily checks (using explicit product formulae for [dy] and 5y given in
the proof of 5.4) that if y, =1 then yx =y,€ R(G). By induction, yg,,=r% % (y,)-
If G, is semisimple, then yg, =r%2 % (y,) as well. Indeed, let n=Ker[G; — G,],
mo=1N(G3)e. Then m, is central in (G3), and n/n, is finite, so = is contained
in the subgroup I' for G; (see the proof of Theorem 5.7), and both y,, and
Y6, come from the same factor group (of G, by the centre of (G,),). If G,
is not semisimple, one may divide it by its radical to make semisimple and
then apply the same argument. This will show that both elements y,, and
Y6, come from the same (semisimple) factor group, and the required relation
Yoo =" (y6,) Will follow.

Finally, let f be injective: G, = G,. We may take the maximal compact sub-
groups so that K,cK,. Since r®»Xi(1—y4,)=0, one has: 74, r% % (1
—7@y) =0 by Corollary 5.7, hence, y,, r%* ¢ (y6,) =7, On the other hand,
since G, acts properly on X,=G,/K,, Theorem 58 implies that
Y T8 €1 ([dy,])=r%%1([dy,]). Taking the product with rz % (n, ) one gets:
V(G,)‘rGZ'G'(V(GZ))ZVGZ'G'(V(GZ))- Therefore, V(G,)="GI'G'()’(G2))- O

5.10. The above results may be applied to the calculation of the KK-groups
for crossed products C*(G, D) and C}(G, D) with an almost connected group
G. Recall that in 3.12 we have defined the y-parts of the corresponding K K-
groups for some ye R(G). Now we take y=7g,.

Theorem. Let G be a second countable, almost connected group, K its maximal
compact subgroup, V the cotangent space to G/K at the point (K), C,, = CIliff(V, Q)
(where Q is defined as in 4.1), and y=7,€ R(G). Then for any c-unital G-algebra
D, any separable C*-algebra A, and any C*-algebra B, the y-parts of

KK(A, BRC*(G,D)) and KK(A, BRCH(G,D))

are isomorphic to
KK(4, BRC*(K,D&Cy)),

and if D is separable, the y-parts of
KK(A®C*(G,D),B) and KK(A®CH(G,D),B)

are isomorphic to KK (AQ C*(K, D®C,), B). In particular the y-parts of K;(C*(G,
D)) and K;(C*(G, D)) are isomorphic to KX(D®Cy).

Proof. Put

dC‘(G,D) =jG GD([dG/K])7 HcxG,D) =jG UD(’IG/K)-
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Clearly,
derie. 0@ cv6.0yflcr6.0)= Lex@.pé e /x>

— G
w6, 0B (6. D& (61K e, 0y =YerG. 0y =J" Tp(V(6)-

According to Theorem 3.15 (or [Gr2], 2.13), the algebra C*(G, D®C,(G/K))
~C*(G, (D®Cy)(G)¥) is strongly Morita equivalent to C*(K, D®C,). The asser-
tion now follows from Theorems 2.16 and 2.18. For the K ,-groups, an additional
isomorphism: K;(C*(K, DQ®Cy))~KX(D&C,) is used. (See [Ju] for the case
of non-graded K-algebras, the graded case is due to G. Skandalis.) [J

§ 6. The Novikov conjecture

In this section we apply the techniques of the previous sections to the topological
problem of homotopy invariance of higher signatures of smooth manifolds. Some
applications to KK-theory of crossed products by discrete groups will also
be given (6.10). The field of definition of C*-algebras in 6.1 and 6.3 is C.

6.1. We begin with the statement of the Novikov conjecture.

Let M" be an oriented, closed, smooth manifold. Denote by
L,(M") e H*(M"; Q) its Pontrjagin-Hirzebruch characteristic class. It is well
known that L,(M") is not a homotopy invariant of M", but its value on the
fundamental cycle [M"] of M™ is. This value is called the signature of M".
Let us fix now a countable discrete group n and denote by Br its classifying
space. For any continuous map f: M"— Bn and any element xe H*(Bn; Q),
consider a rational number (L, (M")-f*(x), [M"]). S.P. Novikov called these
numbers the higher signatures of M" and conjectured that for any =, f and
x they depend only on a homotopy type of M" (for any M"). If we denote
the Poincare duality for M" by P, then the problem is to prove that the element
S+ (P(L,(M")eH,(Br; Q) depends only on a homotopy type of M" (for any
7, M", and f).

One can translate this problem into the language of K-theory (over the
field C) by a simple application of the Atiyah-Singer index theorem. Let, first,
n be even. Put H=IL1%(A*(M") and define the grading operator ¢ on H by
e=jPP~D*n2y on p-forms, where *: AP — A" P is the usual *-operator induced
by the Riemannian metric. Put @=d+d*, T=2(1+ 2% "2 The pair sy
=(H, T) is an element of K,(M") which may be regarded as the generalized
signature element of M". Its Chern character ch(s,)eH,(M"; Q) coincides with
P(Z,(M"), where £, (M") is the modified Pontrjagin-Hirzebruch class of M"
(cf. [AS2], §6, [Ka7], §4). For odd n there is a similar element s, e K, (M".
However, one can avoid considering the odd n case by taking the product
M" x S'. It follows that the homotopy invariance of higher signatures is equiva-
lent to the homotopy invariance of the elements f, (sy)eRK,(Bn)®Q. (The
groups RK,, are defined in 2.22. The Chern character gives an isomorphism:
RK,(Bm)®Q=H,(B7; Q)



192 G.G. Kasparov

6.2. Now we shall get rid of manifolds altogether and transfer the whole problem
into the framework of K-theory (along the lines indicated in [Ka2]).

Definition. Let 7 be a countable discrete group. Consider the algebra C*(n)
with the trivial m-action and define an element 1*¥eK§(C*(n)) in the following
way. Let #* be C*(n) considered as a Hilbert module over itself but with
the action of n given by the formula: g(a)=g-a, where ae C*(n), gen, and g-a
means the product of elements g, ac C*(n). The element 1} is given by the pair
(#.*, 0)eE"(C, C*(n)). Now choose in the homotopy type of Br a locally com-
pact, o-compact space. (For instance, in the Milnor’s construction, one may
take a telescope of spaces n, n*m, m*7m+m, ... and divide it by n.) Denote the
universal covering space of Bn by Ex. Put

(B d=i"E"M(1})eRKK(Bm; C, C*(m)

(see Theorem 3.5). For any compact subspace Y < Bn take a restriction fy of
[B.] to the group Ky(C(Y)®C*(n)) and define the homomorphism f: K;(Y)
— K;(C*(n)) as the cap product with By. The inductive limit homomorphism:
RK;(Bn)— K;(C*(n)) will also be denoted by f. Finally, the homomorphism
a: K'(C*(n)) » RK'(Bn) is defined as the cap product with [8,].

Lemma. 1) o and f are dual to one another in the sense that for any compact
subspace Y < Bn, the homomorphisms a: K'(C*(n))— RK!(Bn)— K'(Y) and B:
K;(Y)— K;(C*n)) are linked by a relation:

A(X)RcinZ=XQcrm B(z), VxeK'(C*(m)), VzeK,(Y).

2) « coincides with the homomorphism A™- p*: R (n) > RK: (Em)~ R K'(B) (see
3.4), where p is the map: En — point. [

Remark. In view of 2), there is an obvious generalization of a: R(nr) » RK!(Bn)
to arbitrary locally compact, g-compact groups n. For compact groups, o coin-
cides with the well-known homomorphism of M.F. Atiyah.

6.3. Theorem. Let M" be an oriented, closed, smooth manifold and f: M"— Bz
a continuous map. Then B(f, (sy))€ K,(C*(rn)) is a homotopy invariant of M". [

This theorem was announced in [Ka2] and the proof was given in [Ka5].
In [Mis2] and [MS] this theorem was proved ®Q, i.e. modulo torsion. At
present time a good proof based on the ideas of G. Lusztig is available [KM].
So we omit the proof here.

6.4. It follows from Theorem 6.3 that the Novikov conjecture is a consequence
of the following Strong Novikov Conjecture [Ka2] (the terminology SNC is
due to Rosenberg [Ro]):

SNCggq. The homomorphism f®Q: RK,(Bm)®Q — K, (C*(n)®@Q is
injective.

There are also several related conjectures:

SNC;. The homomorphism f: RK, (Bn)— K, (C*(n)) is split injective.

SNC,. The homomorphism a: K*(C*(rn)) » RK*(Bn) is split surjective.
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SNClim The image of « is dense in the topology of projective limit over
compact subsets, i.e. for any compact subset j: Y Br, the images of the maps
j¥*: RK*(Brn)— K*(Y) and j*-a: K*(C*(n)) > RK*(Bn)— K*(Y) coincide.

The conjecture SNCE™ was first stated in [Ka1]. It provides a link between
the Novikov conjecture and the well-known Atiyah-Segal theorem. When B=n
is compact, SNC}™, clearly, implies SNC; o because o and f are dual. Unfortu-
nately, in my papers [Kal, Ka2] and [Ka5] this implication was taken for
granted for general groups n, which may be wrong because the pairing between
RK*(Brm) and RK,(Bn) may be highly degenerate (take, for example, n=
Z[1/2]). The precise relationship between SNC;™ and SNC; ¢, remains unclear.
It should be added that my proof of SNCY™ for discrete subgroups of connected
Lie groups (Theorem 1, §9 of [Ka5]) contains an error, and SNCYi™ remains
a conjecture for groups n with torsion.

6.5. We come now to the main results on the Novikov conjecture. We shall
give some sufficient conditions for the validity of SNC, and SNC; in general
and verify these conditions in the case when Ex is a special n-manifold. For
discrete subgroups of finite component Lie groups we shall prove SNC;g o
by an additional argument.

Theorem. Let © be a a-compact, locally compact group and En — Bn a principal
n-fiber bundle such that En is o-compact, locally compact and contractible (non-
equivariantly ), and (En x En)/n is a CW-complex. Suppose that there are a separa-
ble n—C(Emn)-algebra A and elements de K%(A) and neK%(A) such that p*(y)
=1,,€RKS(Er), where y=n® ,d and p is the map: En — point. Then y is idempo-
tent in R(m), and A™-p*. R*(n) > RK}(En)~RK*(Bm) is split surjective with
Ker p*=(1 —y)- R*(n). In particular, SNC, is true for m.

Proof. Let X=Emn. Consider a composition of homomorphisms: v
=(N®4) (®,d)-0x 40 RK¥(X)—> KK}(A, A)—> K}(4)—> R*(n). It is clear that
v-p* coincides with multiplication by y. If we prove that p*.v=id, then the
remaining assertions will follow. Write p*-v as a composition:

N®.4)-(®4d)-0x 4-9%:
RK#(X)—> RK¥(X x X)> RKK*(X;A,A)—»RKK*(X; A, C)> RK¥(X),

where g,: X x X — X is projection onto the second direct factor and oy , is
also taken for X identified with the second direct factor of X x X.

Observe now that g, is m-equivariantly homotopic to the projection g,:
X x X - X onto the first direct factor. Indeed, by the classification theorem
for principal n-fiber bundles with a CW base space (cf. [Hu], 4.13.1), there
exists a m-equivariant map f: X x X — X. Its composition with the diagonal
map 4: X — X x X is n-homotopic to the identity map: X x X - X x X (again
by the classification theorem). It means that there are two n-homotopies connect-
ing f with g, and g, respectively.

After replacing in the above composition g% by q¥, the whole composition
will coincide with multiplication by y. But since p*(y)=1y, this multiplication
is the identity map. [
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Remark. An obvious generalization of this theorem to the RKK™groups is
left for the reader.

Corollary. Suppose there exists a special n-manifold X which is (non-equivariantly )
contractible, and X — X/r is a principal n-fiber bundle. Then SNC, is true for
n. In particular, SNC, is true for all discrete groups © for which Bn can be
taken as a complete Riemannian manifold of non-positive sectional curvature, and
also for all closed, discrete, torsionless subgroups of finite component Lie groups.

Proof. Take A=C,(X), n=ny, d=[dx]. For a discrete subgroup = of a Lie
group G, one takes X = G/K, where K is a maximal compact subgroup of G. []

6.6. Before we come to the statement of the next theorem we need some prelimin-
aries.

Lemma. Let Y be a compact space, A a C(Y)-algebra and B a C*-algebra. Denote
by f: C(Y)®A — A the homomorphism of the C(Y)-module structure on A. Then
the composition

fe 040 Ko(BOC(Y))—» KK (A, BOC(Y)®A)— KK (A, B® A)

coincides with A
oy.4: RKK(Y;C, B)— KK(A4, B®A),

after one identifies the group K,(B®C(Y)) with RK K (Y; C, B).

Proof. For any (&, T)eKy(B&® C(Y)), one easily checks that
(£®A)®B®C(Y)®A(B®A) :£®B®C(i’)(3®/{)i
(e®a)®b®ay) - (— 11" *e®@b&a,a,. O

Now some notation which we shall use in the theorem. Suppose that Z
is a o-compact, locally compact space and 4 a C*-algebra. Any element
©®eRKK(Z; C, A) may be restricted to a compact subset X = Z, and we shall
denote this restriction by @3eKy(C(X)®A). If 4 is a C(Z)-algebra, then for
any open subset Y = Z with compact closure Y one may define a C(Y)-algebra
Ay: Ay=C(Y)-A~C(Y)®c(zA. Clearly, A=ind lim Ay, where the inductive
limit is taken over all Yc Z as above, and for any C*-algebra B one has:
K, (B® A)=ind lim K;(BQ Ay). In particular, the element @5 comes from some
O yeKo(C(X)®A,) with Y 5 X.

Theorem. Let n be a countable discrete group, and assume that its classifying
space Br is realized as a second countable, locally compact space. Suppose that
there are a separable C(Bn)-algebra A and elements de K°(A), ée KK (C*(n), A),
®eRKK(Bm; C, A) satisfying the following conditions: 1) @ =[B,]1Q®cun¢; 2)
O®, d= 15.€RK°(Bn); 3) for any compact subset X = Br, there is an open subset
Y > X with compact closure Y such that @y comes from @y yeKo(C(X)® Ay)
and in the group KK(C(Y), C(X)®A,) the following equality holds:
f* oct)(@x,)=8x 0c(9)(Ox,y), where f: C(Y)®Ay — Ay is the action of C(Y) and

C(Y)®C(X)— C(X) the multiplication homomorphism. Then SNC; is true for
n Moreover, suppose that an additional condition is fulfilled: 4) the element
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O 4(O)eKK (A, A® A) is invariant under the automorphism induced by the inter-
change of the tensor multiples of A®A: a;®a, —(—1P%%2q,&a,. Then
RK,(Bn)~K,(A), and the image of p: RK,(Bn)— K,(C*(n)) coincides with
the image of the homomorphism of cap product by an idempotent element

?=C® 4(0px, 4([B:])® 4de KK (C*(m), C*(m)).

Proof (cf. 4.10 and 4.11). First, we shall define two homomorphism: u: K, (4)
- RK,(Brn) and v: RK, (Bn)— K,(A). For any open subset Y c Bn as above,
denote by dy the restriction of the element d to K°(A4y). Then the cap product
with the element f*(d,)e K°(C(Y)®Ay) gives the homomorphism py: K, (4y)
— K, (Y). Denote by u the inductive limit of these homomorphisms over all
Y. The homomorphism v is defined in the same way as f (Definition 6.2) but
using the element @ instead of [f,].

It follows from condition 1) that v=(®cs¢):f. We shall show now that
the composition p-(@cen&): K, (C*(n)) » K, (A)— RK,(Bn) gives the left
inverse for B, ie. u-v=id. (This, clearly, implies the SNCy). Let Y > X be as
in the condition 3). The homomorphism puy-(®cx)Ox,y): Ky(X)— K, (Y) is
defined as the cap product with the element O y® ,, f*(dy). According to Theo-
rem 2.14, 4) and 6), this element equals to

GC(Y)(@X,Y)®C(?)®Ayf* (dy) =f* UC(Y)(@X,Y)®AY dy.

By condition 3), the last product coincides with

240ct)(Ox,y)® 4,dy =84 0c 1) (O3)® 4d,

which equals to the element of K K(C(Y), C(X)) defined by the restriction homo-
morphism: C(Y)— C(X). Indeed, g,0¢(@x) is the element of KK(C(Y),
C(X)®A) obtained from @ by restriction, and condition 2) gives the required
assertion.

Suppose now that condition 4) is also true. Then v-u=id as well. Indeed,
vopy: Kg(Ay) > K, (A) coincides with the cap product by the element
Oy®cw)f*(dy), which equals to f,0,,(0¢)®,,dy (by Theorem 2.14)
=07, 4,(O1)®4,dy  (bY the  preceding lemma). The  element
07,4y (Oy) e KK (Ay, AR Ay) is related with 65, 4(@) by i, o7 4, (O5)=i*ap, 4(O),
where i: Ay — A is the inclusion. Hence,

07,4, (OY)® 4, dy =i, 0y 4,(0y)® 4d=i*0p, 4(O)® 4d.

Applying conditions 4) and 2) one sees that the last element is just the element
of the group KK (4y, A) defined by the inclusion i.

Now put (=0p, +([f])®1deKK(A, C*(n). Since 0p, 4([B:)®corE
=0g, 4(0) by condition 1), conditions 4) and 2) show that {®cs,yé=14. By
Theorem 2.16, y=¢® ,( is idempotent, and the images of (®,(): K,(4)
- K, (C*(n)) and (®cem?): Ky (C*(n)) = K, (C*(n)) coincide. Just as above for
the case of v-u, one checks that (® ,{)=p-u, so the images of § and (® ,{)
also coincide. []
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Part of the preceding theorem may be formulated as a general Poincare
duality theorem (compare with Corollary 4.11).

Corollary (of the proof). Suppose that Z is a second countable, locally compact
space, A a separable C(Z)-algebra, and elements de K°(A) and ©c RKK(Z; C, A)
satisfy conditions 2), 3), 4) of the preceding theorem. Then RK ,(Z)~K (A). O

6.7. Theorem. Suppose that & is a countable discrete group such that the universal
covering space X =En of the classifying space B is a special n-manifold. Then
SNC; is true for n. In particular, SNCy is true for all groups n for which Bn
can be taken as a complete Riemannian manifold of non-positive sectional curva-
ture, and also for all closed, discrete, torsionless subgroups of finite component
Lie groups.

Proof. We shall apply Theorem 6.6. Clearly, B is a complete Riemannian mani-
fold. Put A=C.(Bn), d=[dg,], ©® =[Op,]. Conditions 2), 3), and 4) follow from
4.8, 4.10, and 4.6 respectively (even without the assumption that X is special).
It remains to construct an element ¢ satisfying condition 1). Put ¢
=j"(nyx)e KK (C*(n), C*(rn, C.(X)))~ KK (C*(rn), A). We used here the isomorph-
ism of KK-groups implemented by the imprimitivity bimodule .%, ¢ _x, linking
C*(n, C,(X)) and C,(X)*~C,(X/m)~A (see Theorem 3.13). Condition 1) for &,
after passing to Poincare duals (Theorem4.9), reads as follows:
(082, 4[Br])®4d)®crimé=1,. We shall prove that g, 4([B:])® d=j"([dx])
This will imply condition 1) because [dx]®cnx=1c, (x)-

Let ¢: C*(n)— C be the trivial one-dimensional representation. We shall
first prove that the homomorphism ¢,: KK(C*(n, C. (X)), C*(m)
— K°(C*(r, C,(X)))~K°(A) carries j*([dy]) into d. The element ¢, (j"([dy])) is
represented by the pair (H = L*(A* (X)), Fy) (cf. 4.2), where the homomorphism
C*(n, C,(X))— £ (H) corresponds to the natural covariant representation of
(mn, C.(X)) on H. To compare it with d, we have to take the cap product of
d with an element of KK(C*(n, C.(X)), C.(X/n)) given by the imprimitivity
bimodule %, ). One easily checks that

J’;.C,(X)®c,<xm)L2(A*(X/”)) ~]? (A*(X)): f®h~ fh,
where
fef=C(X), heQ¥X/mn).

It is clear that Fy is an Fy ,-connection. (The pair (L?(A*(X/n)), Fx,,) represents
d.) This proves that ¢, j*([dx])=d.

Now let &: C*(n x )~ C*(r) be the homomorphism induced by projection
of mxn onto the second direct factor. Then, regarding C*(n) as a m-algebra
with the trivial n-action, one easily checks that

e " ([dxD®clorm =84 J" ([dxI®c loxim)-
Therefore,

UBn,A([ﬁn])@Ad =0pn 4 A" GC(X)(I:)®Ad (by 6.2and 3.5)
=A"0c,n(1¥)®4d  (by3.4,2)
=/"(le,y®@cl¥)®4d (by3.14)
=jﬂ(lc,m®c 1:)®A®c~(n)5*j"([dx]®c IC'(n))
=£,J"([dx]®c17)  (by3.11).
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It remains to note that for any m-algebra B and any acK?(B), the element
J (a®1¥) coincides with the image of j”(«) under the diagonal map 4: C*(n)
— C*(n x m). Since - A=id, one has: §,j"([dx]®15)=;([dx]). O

6.8. The following proposition ([Ro], Proposition 2.7) will be used to derive
SNC;gq for closed discrete subgroups of Lie groups. Unfortunately, the proof
of this proposition given in [Ro] seems to be incomplete. We give here another
proof.

Proposition ([Ro], 2.7). Let & be a countable discrete group. Suppose © contains
a subgroup m, of finite index for which SNC;gq holds. Then SNC;g o holds
for m.

Proof. First, we shall define transfer homomorphisms:
tr: RK,(Bn)—»RK,(Bn;) and tr: K (C*(n)— K, (C*(n,))

and show that f-tr=tr-f. Then we shall prove that the first of these transfers
is injective after tensoring with Q. This will finish the proof.

Let peK2(C(n/n,)) be an element given by the pair (L?(n/x,), 0) with the
obvious left action of C(rn/n,) on L?(n/r,). Take an arbitrary finite CW-subcom-
plex YcBr, and let p: Y- Y be its natural n-covering. Then Y,=¥/n, is a
finite subcomplex in Bn;. Define tr: K, (Y)— K, (Y;) as the cap product with
the element

p=i"""(p)e KK((C(r/n))(Y), C(¥/m)=KK(C(Yy), C(Y)).

To define the second tr: K, (C*(n)) » K, (C*(xn,)), note that there is a natural
homomorphism: C*(r) - C*(r, C(n/n,)) (because n/n; is finite), and also there
is a well-known strong Morita equivalence: C*(rn, C(n/n;))~ C*(n,) [Ril, Ri2].
The composition of the induced maps gives tr. To be more precise, the imprimiti-
vity bimodule # in this case is the completion of #.=C,.(n) endowed with
the right C,(,)-action by convolution and the right C.(r,)-scalar product given

by (m,, mz)(t)zj'ml(s)mz(st)ds, Vm,, mye g, Vten,. The algebra C (n) acts

on # on the left by convolution. The resulting pair v=(¢, 0) is the element
of KK (C*(n), C*(r,)), and tr is defined as the cap product with this element.

Both tr-f and f-tr: K,(Y)— K,(C*(n,)) are defined as cap products with
elements of the group Ky(C(Y)®C*(n,)). These elements are fy®cev and
By, ® ¢kt respectively. We must compare only the Hilbert modules defining
these elements because both operators are 0. The first of these Hilbert modules
is

(F*QC(YN @crm S =T ®crim AV = Lo(V)

where ¢, is the same as # but endowed with the obvious left action of =
instead of C*(n). The second of our Hilbert modules is

& =5°~nf(7)"' ®C(7/nl)(L2 (71'/771))(7)",
where 5 5
C(Y/n)=(C(n/m ))(Y)"
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acts on (L?(n/m,))(Y)" in an obvious way. Since Z*(Y)" ~(Z*(n)*)(Y)" by Lem-
ma 3.5, one has: &~.4"(Y)", where N =FF (MW" @ cnjn,) L (/m;) (see Lem-
ma 3.3). (Note that the space 7 is considered here as the right n,-space and
the left m-space.) It remains to construct an isomorphism of Hilbert n—C*(x,)
-modules: A"~ ¢ . For this, identify (C,(r,))(n)"* with C,(n x ,,n;)~C,(r). Then
the desired isomorphism is given by C (1)@ C(n/n,) - C (n): 1 f> = f, f».

To prove that tr: RK,(Bn)®Q — RK,(B7,)®Q is injective, consider its
composition, p.-tr, with the natural projection p,: RK,(B7;)®Q
—RK,(Bm)®Q. In fact, it is enough to prove that for the dual groups, K*,
the map tr-p*: K*(Y)®Q - K*(Y)®Q is invertible (where tr: K*(Y;)— K*(Y)
is also defined as the cap product with p). In the case of the K*-groups, tr-p*
is simply multiplication by the vector bundle ¢ = ¥x ,I?(n/x,) on Y. Any (non-
zero) vector bundle is multiplicatively invertible in K*(Y)®Q. [J

6.9. Theorem. SNC;, o is true for all closed discrete subgroups m of finite compo-
nent Lie groups G.

Proof. We may assume that G is connected because if G, is the identity compo-
nent of G, then 7N G, has finite index in =, so by Proposition 6.8 it is enough
to prove SNCy g o for 1~ G,. Moreover, we may assume that = is finitely generat-
ed because SNCgq for finitely generated subgroups of 7 implies SNC;g q for
n (by passing to the direct limit). Consider the adjoint representation Ad:
G - GL(V), where V is the complexified Lie algebra of G. Clearly, Z=Ker Ad
is the centre of G. The torsion subgroup I' of © n Z is finite because I is contained
in any maximal compact subgroup of G. If SNC;q is true for /T, it is true
for = by Proposition 2.8 of [Ro]. So we may divide G, = and Z by I' and
assume that 7~ Z has no torsion.

Denote Ad(n) by m,. This is a (probably, nonclosed) finitely generated sub-
group of GL(V). By Theorem 6.11 of [Ra], there is a torsion free subgroup
#, =n, of finite index. Clearly, #=Ad !(#,) has finite index in 7. Moreover,
#& is torsion free because there is an exact sequence: 1 »ANZ > 7 -7, — 1.
Applying Theorem 6.7 to < G we get SNC,; for 7, and applying Proposition 6.8
we get SNCy o forn.  [J

6.10. Our next theorem is closely related with Theorem 6.7. For a countable
discrete group =, such as in Theorem 6.7, we shall construct a spectral sequence
allowing one to calculate the “y-part” of the KK-groups of C*(n, D) out of
the KK-groups of D. This spectral sequence generalizes, in particular, the well-
known exact sequences of Pimsner and Voiculescu [PV 1, PV2].

Let us fix a separable C*-algebra 4 and a C*-algebra B. To simplify notation
we shall denote the group KK;(4, B®D) by k;(D) and the group KK (A® D, B)
by ki(D). As usual, for a countable discrete group =, homology and cohomology
groups of m with values in a Z[n]-module M will be denoted by H,(n, M)
and H*(n, M) respectively. When D is a n-algebra then, clearly, k, (D) and k*(D)
are Z[n]-modules.

We shall need countable additivity for our k, and k*-functors. The k*-functor
is countably additive for g-unital 4, D by Theorem 2.9 (=[RS], 1.12), but for .
k, this is not always the case ((RS], 7.12). To guarantee countable additivity
of k,, one must impose severe restrictions on A. For instance, 4 may be taken
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separable, type I, with K, (A) finitely generated, and B, D o-unital ([RS], 7.13).
(I must note that this point about k, was missing in my preprint [Ka5] and
my article [Ka6]).

Finally, suppose that the universal covering space X =Er of the classifying
space Br is a special n-manifold. Let y=yyeR(n). The y-parts of k, (C*(r, D))
and k, (C}(n, D)) for o-unital D, and the y-parts of k*(C*(x, D)) and k*(C*(n, D))
for separable D are defined in 3.12. We shall suppose that D is o-unital or
separable accordingly.

Theorem. Under the above assumptions, there is a homological spectral sequence
(E", &) with differentials d": E}, ;> E',_, ,.,_, and the term E} ,=H,(n, k (D)),
converging to the y-parts of both k,(C*(n, D)) and k,(C}(n, D)). There is also
a cohomological spectral sequence (E,, d,) with differentials d,: EP*?— EP*ra-r+1
and the term E%?= HP(n, k%D)), converging to the y-parts of both k*(C*(rn, D))
and k*(C¥(r, D)).

Proof. We shall construct the homological spectral sequence. The cohomological
one is similar. Applying Theorems 5.2, 3.11, and 2.16, we may identify the y-part
of k,(C*(n, D)) with k*(C*(n,D®C,(X))). The strong Morita equivalence of
Theorem 3.13 identifies the last group with k,(D®C,(X))"). We shall denote
the algebra

DR CAX)"=D(X)'®c¢(xm Co(X/7)
by Dy.

Let dimX=n, and Y°cY'c...cY"=Bn=X/n be a filtration of Bn by
skeletons of some smooth triangulation (dim Y'=i). Denote by U’ an open ball
in R’ Take a small open tubular neighbourbood Z° of Y° in Bxn so that Z°
is homeomorphic to Y°x U". Suppose that Z'~! is already constructed. Then
Z' is a small open tubular neighbourhood of Y’ in Bz such that Z'>Z~!
and Z\Z'~' is (for i<n) a disjoint sum | J (s}, x U"~), where each s, is a closed
i-dimensional simplex which is a part of some i-dimensional simplex of Y
and in every i-dimensional simplex of Y there is exactly one si,. (For i=n,
Z™\Z""'=| sy.) The inverse images of Z' in X will be denoted by X".

Now define a filtration of Dy by ideals D;=(D®C,(X))*: DycD,<...=D,
=Dy. There is a standard construction of a spectral sequence associated with
a filtration (cf. [ML, Sc]). The exactness axiom for this construction comes from
[Sk2]. Note that all completely positive cross-sections necessary for the proof
of the exactness axiom are constructed first locally (using the fact that D(X)"
is locally a tensor product of D and a commutative C*-algebra), and then
extended globally using a partition of unity.

It remains to identify the E2-term. One has:

EIIJ.qz kp+q(Dp/Dp— 1): kp+q((D®Ct(Xp\Xp_ 1))1':)
:kp+q(@ C(S,’;‘ X U”_p)®D®Cn,O): @kp+q(D®Cp.0)
(by countable additivity and Bott periodicity)~ @k, (D). It is casily verified

that the first differential d': kp+g(Dp/Dy_y)=>kpyq1(D,_1/D,_,) is precisely
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the boundary homomorphism of the simplicial p-chains of Bn with values in
k,(D) to the (p—1)-chains. []
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