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Summary. We consider certain conditions for abstract lattices of commuting
squares, that we prove are necessary and sufficient for them to arise as lattices
of higher relative commutants of a subfactor. We call such lattices standard
and use this axiomatization to prove that their sublattices are standard too. We
consider a method for producing sublatties and deduce from this and [Po5]
some criteria for bipartite graphs to be graphs of subfactors.

0. Introduction

Let N C M be an inclusion of von Neumann factors of type II; with finite
Jones index, [M : N] < oo. The standard invariant of N C M, %y s, is given
by the lattice of higher relative commutants (M; N M i Jo<i<j in the Jones’ tower
associated to N C M, My =M C M; C M, C .... The inclusions between the
finite dimensional algebras € = M, N M; C M/ N M4 C in each row i of this
lattice of inclusions are described by a pointed bipartite graph I''. Due to
periodicity the first two of these graphs, I' = I'*, I'" = I'**! i > 0, give all
the inclusions. %y has in fact more structure than just (I',I"). Describing
%nm and in particular characterising the pairs of graphs (I', I'’) that can occur
as graphs of subfactors (i.e. are standard) is a central problem of this theory.
We attempt here a new approach to this problem.

Thus, we obtain in this paper a characterisation of (M N M, )<;<; as ab-
stract lattices of inclusions (4, )<, <, by considering a set of axioms that we
prove are necessary and sufficient for a system of inclusions of finite dimen-
sional algebras to occur as higher relative commutants of a subfactor. More
precisely, let (4;;)i<ji—o0,i be finite dimensional algebras with 4,; C 4o; and
Aj CAijp1, i=0,1,j 2 i, Ago = A = € and with a trace 7 on U4o;. Then
the axioms that we consider are: 1). Commuting square conditions: E4, E,, =

T
*Supported in part by NSF Grant DMS-9206984



428 S. Popa

E4, for 1 < k < j; 2). Existence of Jones A-projections e; € Ay, k = 2, im-
plementing the t-preserving conditional expectations of 4;x—; onto A;x_»; 3).
Markov conditions: dimdg; = dimAg i€y = dim4;;,, for all j = 1 and
1(exx) = At(x), for all j = 1 and all x € 4;;; 4). Commutation conditions:
[Aoj, A] = 0, where Ay = {es,...,e;} N Ay, for k 2 j = 2. Thus we prove
that for the system of finite dimensional algebras (4;;);<;,—0, to coincide with
the higher relative commutants (M N M;), <=0, of some subfactor N C M of
index [M : N]= A~!, it is necessary and suficient that (4;;) satisfy the axioms
1)-4). And if so then 4;; = M/ N M; forall 0 £ i < j.

We call a system of finite dimensional inclusions (4;;) satisfying the axioms
1)-4) a standard lattice of commuting squares. We mention that the subfactors
that we construct to realize (4;;) as higher relative commutants are hyperfinite
only when the graph I' of the lattice is strongly amenable. In general, the sub-
factors N C M are constructed by universality considerations similar to [Po4]
and are thus not hyperfinite.

A rather surprising application of this axiomatization is that a sublattice (in
the obvious sense) of a lattice of higher relative commutants of a subfactor is
itself the lattice of higher relative commutants of some subfactor. Sublattices
can be constructed from an initial one similarly to the way one obtains new
groups from a group that is given by generators and relations, by keeping the
same generators but only part of the relations. This will enable us to obtain
some rather strong obstruction criteria for (pairs of) graphs to be standard, i.e.,
to be graphs of subfactors, especially when the index is small (see 4.5-4.9).
Thus, we will prove that if a standard pair of graphs (I',I'"’) satisfies a certain
stability condition at some distance n from the initial vertex then I',I"" must
be finite graphs that continue with 4, tails from that distance on.

Note that it is not clear whether one can find the ‘subfactor realising a
sublattice of a given lattice to be hyperfinite in case the subfactor realizing the
initial lattice is hyperfinite (the one that we construct are in any case not!).
In fact, the problem of characterizing all the standard lattices coming from
hyperfinite subfactors remains open.

Recall that in the case I is finite, i.e., when N C M has finite depth, %y v
was shown in [Oc] to be equivalent to the (finite) graded tensor category of
all irreducible bimodules (or correspondences) generated under Connes’ fusion
rule by N C M, and was described as an abstract object, called paragroup, by
providing it with a full set of axioms ([Oc]). These can, of course, be viewed
as axioms of the corresponding higher relative commutants. Note however that,
even when regarded this way Ocneanu’s axioms for higher relative commutants
of finite depth subfactors do not coincide with our set of axioms for such
lattices. Thus, even for arbitrary (not necessarily finite depth) lattices we do
not assume the existence of the antisymmetry (=contragradient) maps in the
lattice and we ask for commutation relations, rather than relative commutant
conditions.

The interpretation ([Oc]) of @y s as a group like object in the finite depth
case led, together with ([L]), to the consideration of using the “fusion rulc”
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method for finding obstructions for bipartite graphs to be standard i.e., to be
graphs of subfactors (cf. [Oc], [Iz], [Bi]). This method usually requires a case
by case analysis, but it was useful in the index < 4 case, to prove the nonoc-
curence of the D,;y graphs as graphs of subfactors, and also for some index
> 4 exclusions.

Some general obstruction criteria, called “triple point obstructions”, were
obtained in [H1,2] from local matrix computations. They were used there to-
gether with the fusion rule method and a number of ad-hoc arguments to
exclude most of the graphs of square norm between 4 an 4.7 from being stan-
dard. Our results do cover the triple point obstruction in [H2], except for the
case I' = Tyin fin, and recapture results from [H1,2] in a direct way, without
extra-work. Thus, our global approach also offers some conceptual explanation
to Haagerup’s surprising result that most subfactors of index between 4 and
4.7 have graph 4.

In an independent recent work V. Jones considers a different “global” ap-
proach to the obstruction problem ([J2]), which in particular gives a powerful
obstruction criterion that covers the triple point obstruction in [H2] and other
results from [H1,2]. We included Corollary 4.9 to test if his criterion can be
obtained from ours: again, we can recover it, except for the case I' = Ty fin.
However, the ideas of approaching the obstruction problem in [J2] and in this
paper are from rather distinct points of view.

1. Lattices of commuting squares

Let (A4;;)osi<j<co be a system of finite dimensional algebras with 4; = C,
Aij CAw, Yk £ i, j <1, and with a given faithful trace t on U,‘ZOAO,, =
U,4,;. We consider the following properties for Ajj, A

1.1.1. The commuting square condition
E4,Eay = Ea B4, = Ea,

where » = max{i,k}, s = min{j, /} and Ej is the t-preserving expectation onto

1.1.2. Existence of Jones A-projections
There exists a representation of the A-sequence of Jones projections {e;};>> in
Updo, such that

a)ej €Edigp, W Si<j<k

b) €jr1Xejy) = EA,_,_,(x)ejH, Vx € A,'],i <j-1

¢) eipixeir = Eq,, (X)eir1, Vx €Edpit+l =
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1.1.3. Markov conditions
(The definition of Ind(4 C B) is that of [PiPol])

a) Ind(4;; C Aij41) £ 27 Eq, (ej11) = A1

b) Ind (AiJ C Ai—lJ) < l“',EA,_,J(e,») =il
1.1. Definition. A system of finite dimensional algebras (4;;)o<i<; as above,
satisfying (1.1.1)~(1.1.3) is called a A-lattice of commuting squares. Note
that by Jones’ theorem, the existence of the A-projections implies A~! e
{4 cos® n/njn = 3} U [4,00).

Recall from [Pol] that an inclusion of type II; on Neumann algebras Q C P
is A-Markov if 3 m;ms = 2~'1, ¥{m;}; orthonormal basis of P over Q and
that it is called homogeneous A-Markov if in addition ey has scalar central
trace in (P,eg).

1.2. Proposition. Let (4;;);; be a J-lattice of commuting squares, with A+ 1,
and denote by A; = UjgiAjJ the completion of A;; C Ajj+1 C ... in the *-
strong topology given by t,i =2 0. Then Ay C Aooo is a homogeneous A-

Markov inclusion and Ao D% A1 0o D ... is a tunnel for this inclusion.
0,00 K

Proof. By [PiPol] and (1.1.3) b) we have Ind (4ioo C 4i_100) =A™, Vi
1, and the rest is trivial by [Pol] and [PiPol].

Many of the conditions (1.1.1)<(1.1.3) are, in fact, redundant. To see this
let us consider one more:

2
o

1.3. Definition. Let

C=4p C Ao C Ay C...
U U
C=4,, C A;, C...

be a sequence of inclusions of finite dimensional algebras, with a trace T on
Undon, satisfying the conditions:

1.3.1. Commuting square conditions
If E4oEq, = E4\,Egy, = E4,, V1 £i £ .

1.3.2. Existence of Jones projections

There exists a representation of the Jones” A-projections {e;};>, in |J, Aon such
that:

a)ej €Agj, j22,e€4,j23
b) ejr1xejr1 = Eyy,_,(x)ejr1, Vx € Agj,
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1.3.3. Markov conditions
a) Ind (AOJ C Agjs1) = AL
b) Ind (A]J C A()J) < A_l, t(exx) = At(x), Vx € A]j.
Then (4,;)i<ji=0, is called a A-sequence (or ladder) of commuting squares.

1.4. Proposition. Le?

Aop C Ao C® Ay C® Ay C...
U U U
Ay C A C* A3 C

be a A-sequence of commuting squares and define Aj; = {e,,...,e,} NAy;,
2 £i £ j. Then (Aij)i; is a A-lattice of commuting squares.

Proof. Note  first that if x&dg, then 1(ejy1x) = t(ejp1xejr)) =
W(Ey,,_,(x)ejs1) = ©(Ey4,,_,(x)uejjux), for all unitary elements u in the von
Neumann algebra generated by e;;i,e;12,.... But by Jones ergodicity re-
sult ([J1]) this algebra is a factor, so by taking averages over such uni-
taries u we get that t(xe; ;1) = At(x). Next, let Ao oo = |, 4on» A1,00=l, 410
By (1.3.3) b) and [PiPol] we have Ind (4. C 4peo) = A~!. Moreover, if
Py =uvN{ey,...}, Py = vN{es,...} then by the fact that {e,};»> is a A-sequence
of Jones projections and by (1.3.3) b) we have that

Al,oo C AO,oo
U U
P, C Py

is a commuting square, with both rows of index A~! and the bottom row an in-
clusion of factors ([J1]). Thus both row inclusions are homogeneous A-Markov.
Since E4, _(ey) = Al, it follows that e, is a Jones projection for 4} o, C Ao co>
ie. if Ayeo def {e2} N4 .00 then 435 C Aj oo C% Ao is a Jones’ basic con-
struction ([Pol]. Chl). Moreover

E}'>(x) = A7'Ey, , (e2xe2),¥x € A1 oo .

Since A4,; = {e;}' N A4, by the above formula for E’;z': it follows that

Ejz':(Al,,,) C A, ,. But we also have Ejz':(A,,,,) C{e2} N4y 00 = A200- Thus,
we have the commuting squares, Vj = 2:

AZ,oo C Al,oo C AO,oo
U U U
A2J C AIJ C AOJ

Thus (4ij)osis; satisfies (1.1.1) - (1.1.3) for i =0,1,2, with Ey, _(e3) = Al,
and we continue this way inductively. O

The Markov conditions (1.1.3) (resp. (1.3.3)) may seem difficult to check
n certain situations. We have the following alternative description:
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1.5. Proposition. Assume

C=4yp C Ao C®2 Ay C® Apy C
@] U @]
C =4y C App C® A3 C

are commuting squares of finite dimensional algebras with {e;}iz> a i-
sequence of Jones projections satisfying (1.3.1), (1.3.2). Then (4;) <=,
satisfies (1.3.3) (i.e. it is a A-sequence of commuting squares) if and only if
it satisfies for i = 0 the dimension equalities.

(133,) a)'. dimA[j = dimAiJ+1ej+] = dimA,~+1J+1,Vj g i
bY. Ea,, (eir2)=ALYj 2 i

Also, (Ayj) satisfies 1.3.3 if and only if it satisfies for i =0 the (1.1 in
[PiPol])-type identities:

(1 3 3//) a)” l—]EA:./+I(xej+2)ej+2 =xej+2,Vx € AiJ+2’Vj g i
- bY' AT'E,,, (xeir2)eirr = xeiy2,Vx € A;jVj 2 i+2

Moreover, if (4ij)i<j=o, is a A-sequence of commuting squares and (4;;)o<, <,
is the corresponding A-lattice (with A,; = {e,,...,e;} NA1;,i =2) then
(4)i<; satisfy (1.3.3),(1.3.3)" for all i 2 0.

Proof. If (A4;))igji=0, satisfies (1.3.1)—=(1.3.3) then it gives rise to the homoge-
neous Markov tunnel Agoo D% Aj o0 D Ay D ... (see 1.4), so in particular
we have (1.3.3)” by [PiPol], [Pol] and by commuting squares.

Clearly (1.3.3)" = (1.3.3)".

Finally, assume (1.3.3)" holds true. Since dim g4+, = dim 4o ej42 and
dim4,; = dim 4, je,, it follows that (1.3.3)" implies

Aoji2ej2 = Aojriej12,Y] 2 0
Aojer = A1 jes,Vj = 2.

Since we have the trivial identities

=" IEAO +|(x)ej+2avx € AO,/+l€/+2

fEA, (x)e2,Vx € 4y jer

we are done. o

The fact that the index axiom (1.3.3) can be alternatively formulated in
“probabilistic” and “dimension” terms is quite useful. Note also that the di-
mension condition is sufficient (and necessary as well) to ensure the ([PiPol])-
identity (1.3.3)".

1.6. Corollary. If (4;;)o<ix; is a A-lattice of commuting squares then dim4,, =
dimA,'+n,j+n, Vi+1<j,Vnzl

Proof. By (1.3.3)” we have dim4;; = dim 4,41 €;41 = dim 4,4 e = dim
Ajt1j+1, where the equality dim 4;,,ej.1 = dimA4; 1€y, is due to the equiv-
lence of e4a,ejr1 in Aijp1 DO Alg {l,ei42,...,€;41} (cf [J1]). 1
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1.7. Corollary. If (Aij)o<i<; is a A-lattice of commuting squares then the
Jones projections {e;}i»> implement the following canonical embeddings be-
tween the centers of Aj;.

a) Z(4ij) >z 7' € Z(Aij42), 2’ is the unique element in Z(4; ;) such
that zej,; = z'ejy)

b) Z(A4,)) Dz 2’ € Z(4i—2;), 2’ is the unique element in Z(A;—3;) such
that ze; = Z'e;.

Moreover, if K, (resp. L,) and K, (resp. L,) are the sets of simple sum-
mands of Aoan (resp. Aoanti) and Aynuiy (resp. Avania), respectively, and if
we identify K, (resp. L,) and K}, (resp. L|,) as subsets of Ky, (resp. Lni1)
and K| (resp. L, ) respectively, then there exist unique pointed bipartite
graphs I = (awlrerier, T’ = (b ek ver, where K =\J, Ky, L =\J,Ln,
K'=U,K,, L'=U,L, such that the inclusion graphs of Aoz C Aozns
(resp. Aogn+1 C Aogn+2) and Aipni1 C Aiongz (resp. Aipnyn C Aignys) are
given by ,I" (resp. 1, I") and ;T (resp. ;;T'"") respectively. Furthermore, if
I, I'] are the similar graphs for the rows (4y;); resp. (Azit1,); and we iden-
tify the centers of Ay C Ay3 C ... with the centers of Aopg C Aoy C Aoz...,
and so on, by z — z', with ze; = z'e;, then there is a natural identification
r=r, Ir'=r.vizo.

Also, there exist unique vectors (sg ke, (4)ier, (Sp ek (8)rer such
that s = s, =1 (where {ko} =Ko, {kg} =Kg), IT'§=27's. I'§=1,
rrs’ = 378 Ar's = v and (Asiee, (A"t)ier, (s eeks, (A" rew
give the traces of the minimal projections in Agzn, Aoan+1 Ao2n+1>A12n+2, Te-
spectively.

Proof. In the proof of the existence of such a unique graph for Agy C 4o C
Aoy C ... in [GHI] or [Po2] the only facts used were the axioms (1.3.1) —
(1.3.3)", O

2. Standard lattices

The typical example of a A-lattice of commuting squares is the lattice of higher
relative commutants of an extremal subfactor N C M of finite Jones index,

il = [M :N] < co. Indeed, if NCM C M, C* M, C... is the associated

Jones> tower, then Ajj défM,-’ NM;, 0 £i £ j, are well known to satisfy the

axioms (1.1.1)—(1.1.3), with the observation that the extremality condition is
needed only for the condition (1.1.2) c) and the second part of (1.1.3) b).
In addition, however, M/ N'M; satisfy the condition [M, N M;,M; " M;] =0,
Visj<l

2.1. Definition. A A-lattice of commuting squares is standard if it satisfies the

following;

2.1.1. Commutation relations
[A[j,Ak[] = O,Vi § J é k é l
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Since we proved that A-lattices can be recovered from their first two rows, we
want to write (2.1.1) as a condition involving A;, 4;; only.

2.2. Proposition. Let (4;;)i<ji=01 be a A-sequence of commuting squares. If

Ay def {er,...,eiY NA;j, V2 S i £ j, then (4;)ij is a standard J-lattice of

commuting squares if and only if (4;;)i<ji=0, satisfies;

/ [4o1,4;;]=0,1 = j
1.1 o, Aj] = 0,V2 < 1 < j
Proof. Trivial by the definitions O
Note that if we take (4;;)i< ;0,1 to be a A-sequence of commuting squares
and we denote Ao C® Apoo C A—io0 C® A2 00 C°~' ... its Jones tower
then we can obtain 4, ,i = 0, as f;940.00fip With fio the word of maximal
length in e;,e;—1,...,e_it2, Which by [PiPo2] implements the expectation of

Ap oo Onto A; .. More precisely, we have f9Adonfio = Ainfio. We can then
get rid of fio by taking fo—ifiodonfiofo~i = Ainfo—-i, Where fo_, is the
word in eg,e_i,...,e_y4, implementing the expectation of A_,, onto Ay .
Thus, we can reformulate (2.1.1)" as follows

(2.1.17) [Aoi, fo—~ifioAonfr0f0-i1=0,0 £ i <n
Let us record the observation we started with, in the form of a statement.

2.3. Proposition. Let N C M be an extremal inclusion of type II, factors with
finite Jones index, J7' =[M : N] < oco. Then 4;; =M/ NM;, 0 <i < j, is
a standard A-lattice.

2.4. Definition. Let (4;;)o<i<; be a A-lattice. If AO C A,; are subalgebras such
that A), C AR, k S i <j <1 e €Ay, k+2 i =<1, and (4)),, verify the
axioms (1.1.1), (1.1.2), then (A ) is called a A-sublattice (or 51mply a sub-
lattice) of (A;;). Note that if (A ) is a sublattice of (A,/) then it is itself a
A-lattice, i.e., it automatically satlsﬁes the Markovianity axiom (1.1.3).

2.5. Corollary. If (4;;) is a standard A-lattice and (A ) is a sublattice of
(4i;) then (A ) is a standard A-lattice as well.

Proof. Trivial by the definitions g

Although we will deduce it again in the next section from different con-
siderations, we can already give a first proof to the fact that sublattices of the
lattices of higher relative commutants are themselves lattices of higher relative
commutants. The first proof of this result is based on the main theorem in
[Po4]. It is this observation that led us to the considerations in this paper.

2.6. Theorem. Any sublattice of a lattice of higher relative commutants is
itself a lattice of higher relative commutants.
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Proof. Indeed, let N C M be an extremal subfactor and assume A0 cM/n

M; is a sublattice. By 2.1 in [Po4] there exists a unitary ueM1 such
that M%< VN (uMiu*, M' 0 Moo) = ublyu* v M! 1 Mg *aome M/ N Moo,

where N C M C® M, C® M, C ... is the Jones’ tower for N C M and M, =
U, M, its enveloping algebra. Let Py =uvN {e2,e3,...} and more generally
P, = vN{eys2,...},i 2 0. Let {m}}; be an orthonormal basis of P; over Pi;i.
Let ®(x) = A3, mixmi*, x € M2, and note that if x € M, then ®;(x) =
EM:t'(x) in particular if ' % VN (uMyu*, M’ (1 M,) and if x € O, then
®,(x) € M;” and more generally ®,... ®;(x) € M;”, Vj < i. But for x € ot
we also have ®;(x) € M, because m,x € M, and more generally we have
®;... di(x) € ML. Thus EZ’.T“(Q’“) =®;... Q') C MY NMP,Vj =i
Since | J Q' is dense in MY it follows that Eno(M3,) C M. Thus, if we define

M ML M then

MP C Mg,
U u
My C MY,

is a commuting square and ey, € M}, |, Vi =2 0.

Now, if Q=uMu* then by [Po3] we have Q' NMYL =M NMy,
0 that Q' NM} = Ey(M{ N My) = M{ N M, Vi > 1. Thus,
MY A M* = M] 0\ M; and more generally Ml'.‘/ AM! = {ey,... .} N(ME N
M) =M; NM;, V1 £ j £ i. In particular, it follows that M; are factors,
Vj z 1, and that M} C M} C ... is a Jones tower. Since M® =M" N {e;}’
and e; € M5’, by commuting squares and [PiPol] it follows that M" = M}
is also a factor and that the above is in fact the Jones tower associated
to M* C M. Moreover, since M* N MY = sp(M¥ N Mo )ex(MY N My)) =
Sp((M{ N Moo)er(M{ N Moo)) = M' N M, it follows by commuting squares
that we actually have M}" NM} = M; NM;, Vi,j 2 0.

Now, we consider the following algebras: M0 N (u Myu*, Ag’oo) =

uMu* \/A 000, o= def vN(uM,u*, A ). Exactly the same argument
l
as for MY then shows that we have the commutmg squares:

MP o M,
U U

0 0

M C M

for all i = 0 and that M;‘*O M =49,

Vi, j. O
2.7. Remark. Related to the above proof of 2.6, it is interesting to note that
even if N C M is an inclusion of hyperfinite type II; factors, the inclusion
of factors N ¢ MO constructed in 2.6 so that its higher relative commutants
coincide with a given sublattice of (M; N M;),;, is not hyperfinite. Thus, in
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order to realise sublattices of a “hyperfinite” lattice, we may have to get out
of the class of hyperfinite algebras.

3. Construction of subfactors with given standard lattice

It was already proved in [Po3] that the A-lattice A?j =Alg{l,ei42,...,€;}, 0 <
i £ j, which is obviously standard, is indeed the lattice of higher relative
commutants of a subfactor, by using a “universal construction” involving the
Jones projections and amalgamated free products. In fact what is needed in
order to extend that argument from (A .) to more general lattices is the property
of being standard.

We will prove in this section that every standard lattice (4;;) is a lattice
of higher relative commutants of a subfactor, thus showing that the axioms
(L.1.1), (1.1.2), (1.1.3), (2.1.1) are a complete set of axioms for the lattices
of higher relative commutants.

Although we can prove this result by going along the lines of [Po3], we
will present here a simpler argument which, in the case the lattice (4;;) equals
the above (A ), differs from the proof in [Po3] and from its subsequent sim-
plifications in [Bo]

So let (A,‘j)oé,'gj be a A-lattice, with Al > 4, and with e; € Ay, k+2 <
i < 1, its Jones projections. We do not assume (4,;) to be standard for now.

Let P; = N {eiys,...} C Aico i 2 0. Let {m}}; be an orthonormal basis
of P; over P;;;. Let Q be an arbitrary separable type II; factor with the
trace still denoted by 7. (All that follows works for Q a finite nonatomic
von Neumann algebra, as in [Po3], but we take it to be a factor for the few
simplifications that this hypothesis facilitates).

Let now M defQ@Aloo*AlooA(,oo and denote for x € M, ®;(x)=
AZ<m’ixm"*, i=0.

Let P; difP’ NMy, i 2 0. Since P,y C P; are locally trivial (because

A=! > 4, [PiPol)), if we let fiys € PiNPL, ©(fiy2) =t < 1/2, where #(1 -
1) = A, then Piyi firz = firaPifirz, Piri(1 = fix2) = (1 = fix2)Pi(1 = fiz2)-
Thus, we also have P, fi1, = ft+2P1+lft+2a Pi(1 = fiy2) = (1 = fix2)Pini(1 =
fi+2). Also, ®; implements on P,+1 the unique conditinal expectation onto P,
that takes f;,, into (1 — #)1 (and which is not trace preserving!). Furthermore
e,+2xe,+2 ®;(x)eis2, Vx € Piyy, and Py C Py c® P, C ... is the Jones tower
for Py c® P, where & = Dyl 5,- Denote by é*” the expectatlon of P onto P,
in this tower, i.e. & = ®;0...0 15,

Note that ®; (or é”‘j:“) implements a conditional expectation of 4;,; ,, N
M, onto A] N My as well.
Since ®;,1(x) =x,Vx € QV 4y; we have:

GLD) B0 0B;(QVAgy) C ... Bi(QV Agyii)i S J

By [PiPo2], é’{ is implemented by the projection e/ obtained as a scalar

1 .
multiple of the word of maximal length in e;ys,...,€j,€/41,...,€27—;. Thus, if
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x,y € P; then
1] ™ = B (e el )/ e el yel el ™)
= Ji=J ejz-j ~(elxel ye )elz»j -
= Ai_féafj—i(e{xefye{)ejz»j_'

In particular, if x,y € OV 4o; then &/(x)&/(y) € &77'(el(QV Aoy)el(QV
A0j)e]) CE7QV Aozjm) = Bjo-- 0By (QV Agay—). But since z=
&/(x)&)(y) € P; we also have ®,0--- 0 ®,(z) = z. This shows that:

(3.12)  (Pio---0B(QV ;) C Bio-- 0Py i(QV Agsj—i)

Consider then the following notation:

(3.1.3) M, (U0 0 ®HQV Ag;)),i 2 0

By (3.1.1), (3.1.2) each M; follows an algebra. By the definition we clearly
have M; C P; and ®;(M;1,) = M;, so that we have the commuting squares

150 Cg‘l) 131 C(ﬁ 132 C
(3.14) U U U
My, ¢ M C M C

with e; € M;, j 2 2. We will prove that, although &' = &;|5  is not trace
preserving, it is trace preserving when restricted to M;,,. To do this we first
need to prove that 7 is a Markov trace on the inclusions M; C M., i.e.,

(3.1.5) 1(e,42x) = At(x),Vx € Miyq,i = 1

By (3.1.3), to prove this equality we only need to show that r(e,~+2é”{ a0 =

lr(é’{H(y)), Vy € OV Ay, Vj 2 i+ 1. But by [Po3], Q' "M, = 41 and
if i 2 1 then t(ei426%,,(y)) = W(uei 287, (Y)u*) = teiy26], (uyu*)), Yu €
%(Q). By taking weak limits of convex combinations of uyu*, u € #(Q), and
by using Q'NMs=A1 it thus follows that ei2bl, (¥) =
W26, | (Ey, .. ())). Similarly we get ©(67,,(»)) = 1(6/,1(Ex, .. (»))). But
i A . \

Eq, (QV Aoy) = A1, and &), |4, = E,",,. Since t(ei2y') = it()'), ¥y’ €
Ay41, (3.1.5) follows.

We can now calculate the relative commutants of My C M, C ..., under
the additional assumption that (4;;) is standard.

(3.1.6) If (Ay) is standard then M{NM;=A;,¥i 2k 2 1.

Indeed, in the proof of (3.1.5) we already noted that Eg:y, = Ey,,,Vi 2 1.
Since Q C My, €3, -+, ex € Aoy C My, it follows that M{ N M; C {ey,---, e}’ N
4y; = Ay,. Conversely, if x € 4;; then clearly x € M; by the definitions. Also
let y=® 0. 0®;(y), for some yp € QVAgj 2i. If {m;i}, is an or-
thonormal basis of P over P; then o 0 ®;(yo) = HhS myyom} =
& ().
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But {m;}, is also an orthonormal basis of Ay over 4., so that we have

xy myyomy = > m.Eq (mxm;)yom]
I lr

But [4) 0, ¥0] = 0, so that the right hand term equals

2 meyok4, . (myxm)mj = (Zmryom:) x,
r

Lr

proving (3.1.6).
We can now state the result:

3.1. Theorem. Let (A4ij)o<i<; be a standard A-lattice. Then there exists an
extremal inclusion of factors N C M of index [M : N1 = A~" such that M} n
M; =A4;;,0 £i < j, where NCM C M, C...is the Jones tower of factors
associated to N C M. Moreover, if the graph I' of (Aij)o<i<; is strongly
amenable then N,M can be taken hyperfinite.

Proof. Assume first that I' is strongly amenable, so that A;. C Apoo iS
an inclusion of factors. Since Agoo D A200 D A4oo O ... is a tunnel and
Ay oo N Aooo D Aoz, if follows that [Ty, . 4y |l = |IFT]| = 27", But [dooo
Azoo] = A2 sothat [Ty, 4[> £ 4272 Thus [Ty 0. |1 = 472 = [Aooo
Az 0] s0 that 4o, C Apeo is extremal and strongly amenable. Let M, be the
enveloping algebra of 43 o C oo and define M = 4y N Moo, My = 45 N
M., and more generally M, :A;wo NMy,Vk. Thus M C M, C My C ... is
a Jones tower for M C M, and clearly M’ N My =A;,(,oo N Apoo D Aok, by
the bicommutant relation (My; N Mo ) N Mo, = My; for strongly amenable sub-
factors [Pol]. Before proving the opposite inclusion M’ N My C Ay note
that if e} = 1~'ese;eses and more generally e2f™? = A ey 1emenroernsi
then My, C My, e’ Mo 42 18 a basic construction and so iS Az42.00 C
Az oo cen Ap—200. Thus, if {m;}; is an orthonormal basis of Ay over
An42.00 then My > x — A2 > mjeg';”xe%f”m}‘ =2 m,E%i“_z(x)eg,'ﬁ“m; =
Ep(x) € My_y. But if x € Ao then 123, el 2xeli 2m? = E'% (x).
Thus we have the commuting square relation Ep,, _,(Ao2k) = Ao2k—2-

Now, if x € M' N My C Aoo then let xp € Aopn, With ||x — x|l < &
By expecting on My we then get € > ||x — Epg, (x0)|)2 = ||x — Eoy (x0)ll2-
By letting ¢ — 0 we get x € Ag2x. Thus M’ N My, = Aok and by expecting
this relation onto Mj; N\ Moo = Azi 0o We get Mj; N My, = Aior. Also, My N
My, = (My; U{ez1}) N My = {ex1} 0 Azigk = Azitik, by (1.1.2). Simi-
larly Ajok—1 = A1k N {e2k+|}’ = MII N My N {€2k+1}/, so that A,'j = Mi, nM,.
VO <i< .

Since A~! < 4 implies I' is strongly amenable, we only need to prove the
rest of the statement for A~! > 4. Then let Q be a (separable) type II; factor
and define Mo, = Q ® 41,00 *4,, 40,00, like at the beginning of this section
Let also My C M| C M, C ... be defined like in (3.1.3). By definitions, O V'
Ao; C Mj, so that |J; M; D U, (QV Ao,) =M. By (3.1.6), M; are factors.
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Vj z 1. By (3.1.4),(3.1.5) we have [M,; : M|] = Ind E —/1_1 and M, C

Mz C® M3 C* ... is the Jones tower for M, C "l M,. Smce les = ezere; =
EMf(ez)e3, we also have Ey,(e;) = Al so that e; € M, is a Jones projection

for the inclusion of factors M; C M,. Thus M def {e2}) N M, is a factor and
M C M, C* M, is a basic construction [PiPol]. But we also have Me, =
eeMe; = (g)(‘)(Ml )e2 = Mye,, so that M = M.

We already showed that M "\M; =4,;, if j =i =1 in (3.1.6) Then
MyNM; = Ey,(M' N My) = Ep,(sp (M NMes M| nMoo)) = Eum,(sp(4) c€2
A100)) = Em,(Aoco) = UrEnm,(Aox) = Aoy.

Finally, note that by the first part we also have that if I' is strongly

amenable, =0 ® Al 0 *4,,, Aooo as before and M defA o NMy, M, def
100

(M, then (M! N M,) = (A4,) 0

Note that the construction of hyperfinite N C M with M/ N M; = 4;;, when
(4;)) has finite I, coincides with the one in [Pol] or [Oc]. The construction of
N C M from amalgamated free products coincides with the one in [Po3], when
A = Alg {1,ei42,---,¢;}, i.e, when I' =4,, n < oo, and, more generally,
with the one in [Ra] for I finite.

3.2. Corollary. A system of finite dimensional algebras (A4, )o<i<; With a
trace T is the lattice of higher relative commutants of an extremal inclu-
sion of factors N C M of index A~" if and only if it is a standard A-lattice.

Note that since by 2.4 sublattices of standard lattices are standard,
Theorem 3.1 provides an alternative proof to Theorem 2.6 as well.

Like with the proof of 2.6, note that even if (4,;) is a standard lattice
coming from a hyperfinite inclusion of factors N C M we may not be able
to realise its sublattices (A .) as higher relative commutants of a hyperfinite
inclusion (unless the graph of (A .) is strongly amenable). Indeed, in the con-
struction of 3.1 the subfactors are non I by [Po3].

3.3. Corollary. If (4,))i, is a standard lattice then there exists an extremal
inclusion of non I' factors N C M such that (4;;) is its lattice of higher
relative commutants and such that if (A ) is a sublattice of (A;;) then there
exists N® C M® embedded in N C M as a commuting square so that (A ) is
the lattice of N° C M°.

3.4. Remark. It would be extremely interesting to show that if (4;;) is the lat-
tice of higher relative commutant of an inclusion of hyperfinite factors N ¢ M
then any sublattice (A ) of (4j;) is itself the lattice of an inclusion of hyper-
finite factors. Note that by [Po6], if (4;;) comes from an amenable inclusion
N C M then for (A ) C (4j;) to be realised as higher relative commutants of
some N0 ¢ M© embedded in N C M it is necessary that (47) is itself amenable
(so A% = Alg{1,e;42,...,e;} cannot be realised this way).
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4. A Criteria for pairs of graphs to be standard

In this section we will use 2.6 (i.e., the fact that sublattices of lattices of higher
relative commutants are themselves lattices of higher relative commutants) to
deduce some obstruction criteria for bipartite graphs to be graphs of subfactors.

Tentatively, one natural way to construct sublattices (A?j) of a lattice (4,;)
is to take 49 ;i C A} ; equal to 4, C Ao;,Vj < n, for some n, and then continue
adding only the Jones projections to the previously chosen algebras, i.e. letting

0
Ai,n+k+i = (Ai,n+l s€ntitls---s en+i+k> .

This is analogous to having a presentation of a finitely generated initial group
G given by the generators gy,...,g;, and relations R, R,,... and then taking

the group G° with the same generators g,...,g; but only the first n relations
Ri,...,Ry. In the case of lattices though we still need the compatibility relation
E4, . ((Aopsntis- - rensk)) C (Aops €ntis---»€ntk)

to be satisfied, in order for the above Ag to be a sublattice. And this condition
is not automatically fulfilled.

The following gives a sufficient condition which insures this compatibility.
As we will later see, this condition is in fact quite strong and the only proper
sublattices that it can produce are the trivial ones (i.e., the ones generated
by the Jones projections). Yet, this will be enough to give us the obstruction
criteria.

4.1. Proposition. Let (4;;) be a A-lattice. Assume that for some n we have:
4.1.1) (Aips>nrivt) = (Aixiptivi>€ip2),¥i 2 0.

Let A?J =Ad;;, if0Sj—i<nandfor j—i = n+1 define recursively
A= sp A ejd), |+ 4 =(4),_.e;). Then (4}) is a sublattice of
(4ij)-

Proof. We prove by induction over k that A?,. vivk = Airiprivks€ir2), Vi 2

0,Vk = 1. For k =1 this is true by hypothesis. Assume that we have the

equality up to some k > 1. Then A2, ;.\ = (42, i»€insisks1), by defini-

: 0 0 0 0
tion, and ej42 € Ay, 4y CAD s {eir2,entivkr1} Udipinyivk C Aipyivksr-
0 _ 0 ) 0 0 0
Thus, 47, pyivksr = SP (Aiypppisilnvivk 1A npini) T Aivirick © Aipsisken
. 0 0
showing that (4}, ;. xip>€i+2) C Akt
For the reverse inclusion we similarly have: {e;+2,entitkt1} U A?+L,, Stk
0 : 0 — ({49
C (A1 ppivksr> €v2) and since 4D = (4D, 00 €i42)s €nvivksr) fOF
k = 2, we are done. 0

For (4.1.1) to hold true, Vi, it is in fact sufficient that it is satisfied for
i=01.
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4.2. Proposition. If (4,;) is a standard lattice and it satisfies the condition:

(4.2.1) (Aiprisentiv1) = (Aitinriti>€+2)

for i =0,1 then it satisfies this condition ¥i = 0. Moreover, for (4.2.1) to
hold true for i = 0,1 it is sufficient that:

(4.2.2) (Ai,n+n en+z+1> =Aprr1,i =0,1.

Proof. Since 4,; = M] N M; for the tower of factors M C M; C M, C ... as-
sociated to some extremal inclusion N C M it follows that there are cononical
isomorphisms from 4, to 4,542 carrying e,i,...,€; onto €,44,...,€42 Te€S-
pectively. Thus, if (4.2.1) holds true for i = 0,1 then it holds true Vi. Also,
if (4.2.2) is satisfied for some odd n then there exist antiautomorphisms of
Aops1 (resp. Ajny2) carrying Ao, onto Aj,y1 (resp. Ajn41 onto Az,42) and
eny1 Into ey (resp. e,y into e3), showing that (4.2.1) holds true for i =0, 1.
If n is even then there exists an antiautomorphism of Ag,4+, carrying 4,4+
onto itself, e,> into e; and 4,42 onto Ay, and e, i into e;. Thus (4.2.2)
= (4.2.1) ]

At this point we would like to be able to recognise the stability condition
(4.2.2) by merely looking at the graphs of the lattice.

4.3. Proposition. Let (A,)) be a standard lattice with its pair of graphs
(I, I'"). Assume that, for some n, both I' and I'' satisfy the following stability
condition:

(4.3.1).There is a one to one correspondence, j « j, given by single edges,
between the vertices of I' (resp. I'') at distance n from * that are not end
points and the vertices of I' (resp. T'') at distance n+ 1 from x, i.e. there
exists a unique edge exiting j and it goes to j, and distinct such j’s give
distinct j's.

Then (Ay;) satisfies the stability condition (4.2.2) for i =0,1 and thus
(4.2.1), Vi.

Proof. Let N C M be so that M/ N M, = A4,;. Let j be a vertex at distance
n from x on the graph I' and let p; be a minimal central projection in
M' N M, of label j. Then j is an end point iff (1 -z, )p; =0, where
Znt = Zyramty, (€ns1) = Z(M'AM,.e0.0)(€nt1). Also, there exists a unique edge
exiting j with no other edge going to the same vertex at distance n + 1, if
and only if (1 -z, 1)M' NMy)p; = (1 —2p1)M" N Myy1)p;. Thus, if
(42.1) is satisfied then (1 —zyp )M NM, = (1 —2z,01)M' N M,y;. But
Zn (M " MyepsM' O M) = 2, M’ O M,y always, so that M' N M, =
(M'ﬂM,,,e,,+1). O

For the next result we denote by I'(n) (resp. I"'(n)) the restriction of I'
(resp. I'") to the vertices at distance < n from *.
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4.4. Corollary. Let (4;;) be a standard lattice and assume its graphs (I',I")
satisfy the stability condition (4.3.1) for some n (so that (4;;) satisfies (4.1.1)
by 4.3). Let Ag C Aj; be the sublattice obtained by truncating (A;;) from the

step n on like in 4.1 and let (I'°,T'°") be its graphs which one calls the
“truncation of (I',I"") at step n”. Then I'® (resp. T ) is obtained from I
(resp. I'') by adding to each boundary vertex j of I'(n) (resp. I''(n)) an A,,
tail, for some 1 < n; < oo, with n; =1 iff j is an end point.

Proof. This is clear now by the proof of 4.3. Indeed, if j is not an end
point in I'(n), p; is the corresponding minimal central projection in Ao,
like in the proof of 4.3 and if we have (1 —z,4;)p;+0, then either (1 -
Zny2)Pj = 0, meaning that (1 —z,4)p; is a direct summand corresponding
to an end point in I'’(n+ 1) =I'(n+ 1), or (1 —z,42)p;+0 in which case
(1 = zp2)Pj{Aoni1s€nr2) = (1 — zpy2) PjAons1 (here zoyy = 204, 00y (€011) =
Zagr1 (€n41))-

By induction the above shows that I'* will have an 4, graph departing
from j, for each j. O

We can now deduce our main obstruction criteria for a pair of graphs
(I',T') to be standard. Thus, we show that if (I',I") is stable at some step
n and is ‘non-trivial’ up to that level i.e. I'(n)#+A4,., (equivalently, the n’th
relative commutant contains more that just the Jones projections), then the rest
of the graphs I',I"" MUST consist of 4, tails only. So, if either I' or I'"" fail
to continue with an A4 s, tail from one of its vertices at distance n from * then
(I, I') is not standard.

4.5, Theorem. If (I',I"") is a standard pair of graphs corresponding to index
2~V > 4 which is stable at distance n from x then one of the following holds
true:

a) I'(n) = Ay = I''(n) and then the truncation at step n of (I',I"") is
(I, 1) = (Ao, Acc).

b) From each vertex at distance n from * both I' and I'' continue with
A fin tails.

Proof. By 4.4 it follows that (I'°,I" °I) is obtained from (I'(n),I"”(n)) as de-
scribed in b), with 4,,n < oo, instead of 4y,,. But then, if we get an A, tail
at some j, (I'°, 1) must be (4doo,Aoo) cf. [P05]. If we only get Ay, tails,
then the weights at its vertices must be proportional to (P, (A)/AP,,_,(4))"*.
But by 1.4.3 in [Sc] it then follows that (I"°, rYy=(r,r’, so (I,I") itself
must continue with 4;, tails from the level n on. o

From the above, it follows that there are no standard pairs of infinite graphs
(I, "), which are stable at some step n for which (I'(n), I''(n)) # (Ant+1, Ans1)-
Equivalently, we have:

4.6. Corollary. If (I',I"’) is a standard pair of infinite graphs corresponding
to index > 4 which is stable at some step n then (I'(n),I"(n)) = (An+1,An+1)
and the truncation at step n of (I',T") is (AoorAoo)-
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The above results show in particular that if I' = I'' and I’ is stable at step n
then I must be of a very particular form. In some situations, even if apriorically
I,I" are not assumed equal, one can use 4.5 to get some conclusions (e.g.,
exclude (I',T") as a standard pair) by looking at I only.

4.7. Lemma. Let (I',I'") be a standard pair of graphs.

a) If n is an even number and T is stable at levels n,n+ 1,n + 2 then
(I',T'") is stable at n+ 1.

b) If I(n—1)=A,, then I'(n— 1) = A,

c) If I'(n—1)=A4,,I'(n+1) has just one edge more than I'(n) and the
unique vertex at distance n — 1 from x is either a double, triple or quadruple
point, then I'(n + 1) =TI"(n+ 1) and (I',T") is stable at n.

d) If nis odd, I'(n—1) = A, and I'(n+ 1) has just one edge more than
I'(n), with its unique end point at distance n from * being related to the vertex
n—1 by just one edge, then I'(n+ 1) =I"(n+ 1) and (I',T") is stable at n.

Proof. a) Let N C M be a subfactor with (I',I'") as its standard pair of graphs.
Then M’ NMyy3 = SpM/ﬂM,,+2€,,+3MlﬂMn+2 +M’ﬂM,,+2. But M'nN
Mn+2 = Sp M' N M,,+|e,,+2M’ n Mn+1 +M'N M,,+1 = Slel n M,,+2€2 Mll N
My + M{NM,; the last equality following from the parity of
n+ 2(= parity of n) and the existence of the antisymetry on M’ N\ M,,,,. Thus
we get M NM, ;= sp M]/ ﬂM,,+2e2M,’ ﬁM,,+2e,,+3Ml’ ﬂM,H_zezM{ NMy2 +
X where X is a set consisting of products of elements in {ez,e,43} UM N
M,,,, with e;,e,,3 appearing at the most just one time each. But e;M| N
My yaenssM| N M, pe; C (M5 N M,y3)e; = (spMy 0 My se,3My WM, + M)

N M,42)e;. Thus, when expecting M’ N M,.3 onto M{ N M, we get M{N
Myi3 = Eniom, s (M{ 0 Myi3) = Eniom, (P M{ N MysoenizeaM| 0 Myys + X)
=spM| N Myi26,3M] O\ Myi2 + M] 0\ Myy,. But this shows that I is stable
atn+ 1.

b) If I'(n — 1) = A,, it means that M’ N M,_; is generated by the Jones
projections ey,...,e,—;. Since dim M’'NM,_, =dim M{NM, and M{N
M, DAlg {l,es,...,e,} ~ Alg {l,es,...,ea_1} =M’ NM,_, [J1], one gets
M{NM, = Alg {1,e,...,e,} so that I'(n — 1) = 4,.

c¢) If I' has a double, triple or quadruple point at the vertex n—1
then M{ N M, ~Alg {l,e;...,e,} ® €' with i =0,1,2. But since dim M’'N
M, =dim M| N M, and M{ My O Alg {l,e3,...,e,01} ® €' it then fol-
lows that M{ N M,y ~ Alg {l,es,...,e.r1} ® T as well and I'(n) = I"(n).
If I'(n+ 1) adds jsut one more edge to I'(n) then dim M| N M, =dim(sp
M’ N\ M)en (M O M) + 1 = dim( sp (M] 0\ My y1)en2(M] N My11))+1 so
that I'"(n+4 1) adds just one more edge to I'(n) too. Thus I'(n+1)=
I'(n+ 1) and (I, I") is stable at n.

d) Similarly, if 7 is odd, I'(n — 1) = A, then I''(n — 1) = 4, M{ " M, ~
M'OM, (via the antisymetry of M’ N M,;;) and all new summands of
M{N M, will be related only to the vertex (summand) n — . It is easy to
see that this entails I'(n) = I''(n). Since dim M{ N M, = dim M' N M,y =
dim(sp(M' N M, )en1(M' N My)) + 1, from I'(n) = I''(n) it follows that dim
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M| N Myiz = dim(sp(M] N Myi1)eni2(M{ N Mpi1)) + 1, so that I'(n + 1) has
just one more edge than I''(n), related by a unique (i.e., multiplicity one )
edge with the vertex n— 1. Thus, I'(n+ 1) =TI"(n+ 1) and (I',I") is stable
at n. O

By Theorem 4.5, the above observation yields:

4.8. Corollary. Assume that a standard graph I’ satisfies one of the condi-
tions 4.7.c) or 4.7 d) and that I'(n)+Aps,. Then I =T and I' is obtained
Sfrom I'(n) by adding to it exactly one Ay, tail. a
The above Corollary shows that if 1~! > 4,I'(n — 1) = 4,, and at the ver-
tex n — 1 one has only three edges one of which has an endpoint, then I" can
only be a T,, type graph (with the notation of [GHJ]), with finite m. Thus,
the above result covers part of the recent result in [J2]. By using the result
of [H1], which shows that in fact (T, m, Tnm) cannot be a standard pair, one
actually recovers [J2] in its full generality:
4.9. Corollary. ([J2]) Let N C M be a type 1I, factor with index [M : N] > 4
and graph T'=Tyy. If I'(n—1)= A, and I'(n) has a triple point then
I'(n+ 1) has at least two edges more than I'(n). Equivalently, if T is a
pointed bipartite graph such that

I'n+1)=
O———O0——0== = = T o]
then T is not the graph of a subfactor. ]

4.10. Final remarks. 1) Note that the obstruction cirtieria 4.5 essentially comes
out of the theorem 2.6, which in turn was inspired and deduced from the result
in [Po4]. On the other hand that result, i.e., the existence of certain universal
commuting squares of assymptotically free sequences, is a direct consequence
of the local quantization principle in [Po2,3]. It is quite interesting that a
purely analytical result like ([P02,3]) can have such genuinely combinatorial
consequences.

2) Note that the condition 4.7 a) cannot be improved to arbitrary integer
numbers (i.e., odd as well): by the exemples of finite depth subfactors of
smallest possible index larger than 4 in [H1], there exist standard pairs (I',I")
such that I' is stable at n,n + 1,n + 2 for some odd n while (I',I"") is not.

3) Any intersection of sublattices of a given standard lattice is again a
sublattice. Thus, given a subset (e.g. a subalgebra) Q of Ay, there exists a
smallest sublattice that contains Q. We call it the sublattice generated by Q. If
Q is a subalgebra that contains e, es,...,e, then the sublattice that it generates
can be found by a recursive procedure of taking appropriate expectations and
generating algebras, like in the universal construction of Sec. 2 in [Po3]. If on¢
can keep track of the inclusions graphs in this process then this construction of
sublattices can bring some more exemples of standard invariants and produce
more obstruction criteria for graphs.
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