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INVARIANT MEASURES AND ORBIT CLOSURES
FOR UNIPOTENT ACTIONS ON
HOMOGENEOUS SPACES

M. RATNER

Introduction

In this paper we shall discuss how dynamical and ergodic-theoretic ideas
can be used to solve some long-standing problems arising from Lie groups
and number theory. These problems come from looking at actions of Lie
groups on their homogeneous spaces, and, in particular, unipotent actions.
The latter actions though random and chaotic from a dynamical point of
view, seem to be rigidly attached to the algebraic structure of the underlying
homogeneous space: their ergodic invariant measures and orbit closures have
an algebraic nature.

We shall also discuss some significant applications of these results to
number theory and ergodic theory.

The paper consists of eight short sections. The first four sections which
outline the results and applications are intended for a general mathematical
audience. In the last four sections we give indications of ideas and methods
used in the proofs.

1. Definitions

Let G be a second countable real Lie group, I' a discrete subgroup of G,
and I'\G = {I'g : g € G}. We shall denote by 7 : G — I'\G the covering
projection 7(g) = I'g, g € G. The group G acts on I'\G by right trans-
lations: z — zg, r € T'\G, g € G. If U is a subgroup of G and z € I'\G
then the set zU = {zu : u € U} is called the U-orbit of z.

We assume that G is equipped with a left-invariant Riemannian met-
ric. This metric is projected down to I'\G via 7, so that I'\G becomes a
Riemannian manifold. Let v denote the Riemannian volume on I'\G. If
v(I'\G) < oo then we say that I is a lattice in G. In this case G is unimod-
ular. This means that the left-invariant Riemannian volume on G is also
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right invariant. Then the action of every g € G on I'\ G preserves v. When

v(I'\G) < oo we shall normalize v and assume that ¥(I'\G) = 1. Then v

is a G-invariant Borel probability measure on I'\G. Actions of elements of

G provide a great variety of dynamical systems on I'\ G, all preserving v.
Let U be a subgroup of G. A typical orbit zU in I'\G is random and

chaotic.

We pose the following questions:

1) What are the closures of orbits zU in I'\G?

2) What are the ergodic U-invariant Borel probability measures on I'\G?
(A U-invariant probability measure g on I'\G is ergodic if every U-
invariant measurable subset of I'\G has p-measure zero or one.)

Let us give a few natural examples. Suppose U = {u(t) : t € R} is a
one-parameter subgroup of G and zU a periodic orbit. Then 2U = zU
and the normalized length measure on zU is U-invariant and ergodic.

For a more general example suppose that the closure U coincides with
the orbit of a larger group H containing U, i.e. zU = zH. In addition, it
might happen that zH is the support of an H-invariant Borel probability
measure vy (this happens if and only if xHx™! N T is a lattice in xHx ™!,
x € m~'{z}) which is ergodic for the action of U.

These examples motivate the following definitions.

DEFINITION 1: A subset A C T'\G is called homogeneous if there exists a
closed subgroup H C G and a point z € I'\G such that A = zH and zH
is the support of an H-invariant Borel probability measure vy.

DEFINITION 2: A Borel probability measure p on I'\G is algebraic if there
exist z € I'\G and a closed subgroup H C G such that H is homogeneous
and p = vy.

It is rather exceptional for a subgroup U to have homogeneous orbit
closures or algebraic ergodic measures. However, there are some U for which
this happens. To characterize these U we need the following definitions.

Let ® denote the Lie algebra of G and for g € G let Adg : & —
® be defined by Adg(v) = %(g“l(exptv)g)lt:(y (The map Adg, called
the adjoint map of g, is the differential at the identity of the map h —
g 'hg, h € G.) If y = xexpv for some x,y € G, v € & then yg" =
xg" exp(Adgr(v)) for every r € Z. Thus Adg- characterizes the divergence
of yg" from xg" when r runs over Z.

An element g € G is called semisimple (R-diagonalizable) if Adg is
diagonalizable over C (over R). An element u € G is called unipotent* if

* It would be more appropriate to use the term “Ad-unipotent” instead of “unipo-
tent” to avoid confusion with unipotency in algebraic groups. Similarly, “Ad-
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Ad, —Id is nilpotent. In this case Aduyr = Y po(r*T% | k!) for all r € Z
and some integer n > 0, where T, is a nilpotent endomorphism of &. This
polynomial (in r) form of Ad,r plays a crucial role in all of the results stated
below. It shows that unipotent orbits diverge polynomially.

A subgroup U C G is unipotent if each u € U is unipotent.

2. Conjectures and Results Prior to 1990

Conjecture 1 (Raghunathan’s Topological Conjecture): Let G be a con-
nected Lie group and U a unipotent subgroup of G. Then given any lattice
I’ of G and any z € I'\G the closure of the orbit zU in I'\G is homoge-
neous.

Conjecture 2 (Raghunathan’s Measure Conjecture): Let G and U be as
in Conjecture 1. Then given any lattice I' in G every ergodic U-invariant
Borel probability measure on I'\G is algebraic.

Actually Raghunathan proposed a weaker version of Conjecture 1. The
latter version as well as Conjecture 2 were stated by Dani [D1] for reductive
G and by Margulis [M1] for general G.

Conjecture 3 (Margulis [M1]): Let G be a connected Lie group and U
a subgroup of G generated by unipotent elements of G. Then given any
lattice I' in G and any z € I'\G the closure of zU in I'\G is homogeneous.

Conjecture 3 generalizes Conjecture 1 to a class of subgroups U much
larger than unipotent subgroups. For example, every connected semisimple
U without compact factors is generated by unipotent elements of G.

It was shown by Furstenberg [F1] and Parry [P] that Conjectures 1 and
2 are true when G is nilpotent.

As for semisimple G, Hedlund [H] showed that if G = SL(2,R) and
I'\G is compact (in this case T is called a uniform lattice in G) then the
action of a unipotent one-parameter subgroup U of G on I'\G is minimal
(i.e. every orbit of U is dense). Subsequently, Furstenberg [F'2] proved that
in his case the action of U is uniquely ergodic.

It is a fact that one-parameter unipotent subgroups of G = SL(2,R) are
horospherical. A subgroups U of a Lie group G is called horospherical if
there exists g € G such that

U={ueG:g"ug" —» easn— oo}

where e denotes the identity element of G.

semisimple” instead of “semisimple”.
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Generalizing Furstenberg’s theorem, Veech [V], Bowen [Bow] and El-
lis and Perrizo [EPe| showed that if I' is a uniform lattice in a connected
semisimple Lie group G without compact factors then actions of horospher-
ical groups on I'\G are uniquely ergodic. Adapting the method of Fursten-
berg and Veech, Dani [D1] proved Conjecture 2 when G is reductive and U
is a maximal horospherical subgroup of G.

As for Conjecture 1, Dani and Smillie [DSm)] proved it for G = SL(2,R).
Also Dani and Margulis [DM1] showed that Conjectures 1 holds for certain
unipotent subgroups of SL(3,R).

Margulis [M1] proved Conjecture 3 for G = SL(3,R) and U = SO(2.1).

3. New Results
Unless otherwise stated, the results below are due to the author.

THEOREM 1 (Classification of invariant measures for unipotent actions).
Let G be a connected Lie group and U a unipotent subgroup of G. Then
given any discrete subgroup I' (not necessarily a lattice) of G every ergodic
U-invariant Borel probability measure on I'\G is algebraic.

THEOREM 2. Let G be a connected Lie group and U a Lie subgroup of G
of the form U = U2, u;U°® where u; are unipotent in G,i=1,2,...,U/U°
is finitely generated and the identity component U° is generated by one-

parameter unipotent subgroups of G contained in U°. Then Theorem 1
holds for U.

THEOREM 3 (Orbit closures for unipotent actions). Let G and U be as
in Theorem 1. Then given any lattice T’ in G and any x € I'\G the closure
of the orbit U in T'\G is homogeneous.

THEOREM 4. Let G and U be as in Theorem 2. Then Theorem 3 holds
for U. Moreover, if U is connected, then for any lattice ' in G and any
x € T'\G there is a one-parameter subgroup V of U unipotent in G such
that zV = zU and V acts ergodically on (zH,vy), zH = z2U.

THEOREM 5. Let G be a connected Lie group, I' a discrete subgroup of
G, and ¢ € T\G. Let A, denote the set of all closed connected H C G
such that xH is homogeneous and there is a one-parameter subgroup U C H
unipotent in G acting ergodically on (zH,vy). Then A, is countable.

We show that in order to prove Theorem 3 for general unipotent U it
suffices to prove it for one-parameter unipotent U. But for such U we

have the far stronger Theorem 6 below. To state it I need to introduce a
definition.
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DEFINITION 3: Let U = {u(¢t) = exptu : t € R}, u € & be an arbitrary
one-parameter subgroup of G. A point z € I'\G is called generic for U if
there exists a closed subgroup H C G such that zU = zH is homogeneous
and 1 fot f(zu(s))ds st fI‘\G fdvy for every bounded continuous function

f on T\G.

A similar definition can be given for a one-generator U = {u* : k € Z}
replacing the integral by the sum EZ;S f(zu®)/n.

THEOREM 6 (Uniform distribution of unipotent flows). Let G be a con-
nected Lie group and U a one-parameter or one-generator unipotent sub-

group of G. Then given any lattice ' of G every point x € I'\G is generic
for U.

This theorem was conjectured by Margulis at the ICM 1990 in Kyoto,
Japan [M2, Conjectures 3 and 4].

For the case G = SL(2,R) Theorem 6 was proved earlier by Dani and
Smillie [DSm]. Also N. Shah [S] proved it for semisimple G of real rank 1.
Their methods are-totally different from the author’s.

To derive the results stated above we first prove Theorem 1 [Ral-3] for
one-parameter unipotent U, using the polynomial divergence of unipotent
orbits (see Section 6 for an outline of the proof). Then we prove the count-
ability Theorem 5 [Ra3, Theorem 1.1]. From Theorems 1 and 5 we deduce
Theorem 6 [Rad] for unipotent flows (see Section 7). These two proofs (of
Theorem 1 and of Theorem 6 from Theorems 1 and 5) are central. Note
that Theorem 6 implies Theorem 3 for one-parameter unipotent U. In
section 8 we show (using Theorem 5) how the validity of Theorems 1-4
for one-parameter unipotent U implies their validity for higher dimensional
connected U generated by unipotent elements of G.

Now let U, = {u,(t) : t € R}, n =1,2,... and U = {u(t) : t € R}
be one-parameter unipotent subgroups of G. We say that U, — U if
u,(t) — u(t) for all t € R.

The method of [Ra4] can be applied to derive the following more general
version of Theorem 6. (This was pointed out to the author by Marc Burger
in December 1990.)

THEOREM 7. Let U, — U and ¢, — = € I'\G with I’ being a lattice in
G. Suppose that there exists no proper closed connected subgroup L of G
such that U C L and zL is homogeneous. Then

tn

lim 1 f(xnun(s))dsz/ fdvg

n=oo ty Jo r'\G
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for every bounded continuous function f on I'\G and every sequence t, —

oo when n — oo, where vg denotes the G-invariant Borel probability mea-
sure on I'\G.

Theorem 6 follows from Theorem 7 if we put U,, = U, z, = z for all
n and use induction on the dimension of G. The main part of the proof of
Theorem 7 is given in section 7.

Recently, Dani and Margulis [DM3] offered an alternative proof of The-
orem 7 using representations and the theory of algebraic groups. Their
method is similar in principle to that in [Ra4]. As in [Ra4] it uses Theo-
rem 1 and a more general version of Theorem 5.

Now let T' be a discrete subgroup of G, X = I'\G and let P(X) denote
the set of all Borel probability measures on X. We say that a sequence
{pn} in P(X) converges weakly to a measure p on X if [ fdu, — [ fdu
for every bounded continuous function f on X. Define

Q(X) = {p € P(X) : there exists a one-parameter unipotent subgroup
of G which preserves p and acts ergodically on (X, u)} .

By Theorem 1 every member of Q(X) is algebraic.
Recently S. Mozes and N. Shah proved the following theorem.

THEOREM 8 (S. Mozes, N. Shah [MoS]). Let {u,} be a sequence of mea-
sures in Q(X) converging weakly to u € P(X). Then p € Q(X). Moreover,
there exist z € Supp(u) and g, € G, g, — e such that zg, € Supp(p,) C
Supp(p)gn for all large n.

The proof of this theorem uses Theorem 2 and the method of [DM3].

Theorem 8 implies the following extension of Theorem 6 to the case
when T' is not a lattice: if U is a one-parameter unipotent subgroup of G
and 2U is compact in I'\G, then z is generic for U. This was conjectured
in [Ra6, Conjecture D] and proved for G = SL(2,R).

Recently, N. Shah extended Theorems 6-8 to actions of more general
polynomial flows 6(t), t € R on I'\SL(n,R). (Here 6(t) is a matrix in
SL(n,R) whose entries are polynomials in t).

Next we address the following question: Are there subgroups of G not
generated by unipotent elements of G for which Theorems 1 and 3 hold?
To discuss this question we need to introduce the following definition.

Let u € ® be a nilpotent element of & (this means that the map ad, :
& — &, ady(v) = [v,u] is a nilpotent linear transformation of &). An
element g € & is called “diagonal” for u if there exists a nilpotent element
u* € & such that

adys (u) = g, adg(u) = —2u, adg(u*) = 2u*.
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This terminology is motivated by the fact that u,u* generate a Lie subal-
gebra slz(u,g) of & isomorphic to si(2,R). In this case we shall also say
that the group A = {g(t) = exptg : t € R} is “diagonal” for U = {u(t) =
exptu : t € R}. Also we denote by SLy(U, A) the connected subgroup of
G with the Lie algebra sly(u, g).

Now let I be a discrete subgroup of G and p a Borel probability measure
on I'\G. Also let U be a one-parameter unipotent subgroup of G and A be
“diagonal” for U. We showed in [Ra3, Proposition 2.1] (see also section 6
below) that if p is preserved by both U and A then p is preserved by
SLy(U, A). Note that SLy(U, A) is generated by unipotent elements of G.
This and Theorems 2 and 4 imply the following

THEOREM 9. Let G be a connected Lie group and U a connected sub-
group of G generated by unipotent elements of G. Let Aq,...,A, be
“diagonal” for some one-parameter unipotent subgroups Uy, ..., U, of U.
Then Theorems 1 and 3 hold for the subgroup H of G generated by U and
Aq, ... A,

Indeed, if p is an ergodic H-invariant Borel probability measure on I'\G
then p is invariant under the action of the group H’ generated by U and
SLy(U;, Aj),i=1,...,n. Since H C H', p is ergodic for H'. Because H' is
generated by unipotent elements of G, p is algebraic by Theorem 2. (This
argument was brought to the author’s attention by S. Mozes.) Similarly,
one shows that when T' is a lattice in G, then zH = zH’ for all 2 € T'\G.
Hence zH is homogeneous by Theorem 4.

This implies the following

THEOREM 10. Let G be a connected Lie group and G; a connected
semisimple subgroup of G without compact factors. Let H be a parabolic
subgroup of G;. Then Theorems 1 and 3 hold for H.

We say that a subgroup L of G is epimorphic with respect to G if for
every finite-dimensional representation of G every vector v fixed by L is
also fixed by G. It is a fact that the group H described in Theorem 9
is epimorphic with respect to H' generated by U and SL,(U;, A;), i =
1,...,n. Recently, S. Mozes has generalized Theorems 9 and 10 in the
following form.

THEOREM 11 (S. Mozes [Mo]). Let G be a connected Lie group and L a
subgroup of G epimorphic with respect to a connected semisimple subgroup
G, of G without compact factors. Then Theorem 1 holds for L.

Mozes’ proof uses Theorem 2 and a recent result of F. Bien and A. Borel
[BBo]. As far as Theorem 3 for L is concerned, M.S. Raghunathan gave
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examples of subgroups L epimorphic with respect to SL(3,R) for which
Theorem 3 fails to hold.
Finally, we suggest the following remaining problems

Problem 1: Do Theorems 2 and 4 hold for arbitrary disconnected nonunipo-
tent subgroups U of G, generated by unipotent elements of G?

Problem 2: Extend Theorems 6 and 7 to higher dimensional connected
unipotent U with averages performed over large subsets of U, and, in par-
ticular. over Folner subsets of U (see [Rad]).

For the case when G is nilpotent Problem 2 was proved in [Ra4, Corol-
lary 1.3]. Recently, N. Shah has indicated to the author that Theorem 1
and the method of [DM3] can be applied to settle Problems 1 and 2.

To conclude this section, we mention that recently we were able to extend
Theorems 1-8 to the p-adic case and the S-arithmetic case (see [Ra7] and
also [MT] for an algebraic group version of Theorem 2).

4. Applications

Applications to Ergodic Theory.

The central problem of ergodic theory is that of classifying measure
preserving (m.p.) transformations or flows up to isomorphism.

More precisely, let T and S be two m.p. transformations on probabil-
ity spaces (X, px) and (Y, py) respectively. We say that T is tsomorphic
to S if there exists a one-to-one m.p. map ¢ from X onto Y such that
Y(2T) = ¢¥(x)S for px-almost every (a.e.) x € X. The map ¢ is called an
isomorphism between T and S. One asks what m.p. transformations are
isomorphic? And what are the possible isomorphisms between T and S?

To approach this problem one looks for properties stable under isomor-
phisms. There is a number of dynamical properties of this kind, charac-
terizing the degree of randomness of the system. There is also a numerical
invariant of isomorphism called the entropy which plays an important role
in ergodic theory.

The definition of entropy will not be discussed, but we shall only mention
that if an element g € G acts on (I'\G, vg), where vg is the G-invariant
Borel probability measure on I'\G, then the entropy of this action is given
by £(g) = > {log|A| : X is an eigenvalue of Adg with |A| > 1}. Thus if u is
unipotent then £(u) = 0.

The following theorem solves the isomorphism problem for semisimple
actions.
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THEOREM (Ornstein, Weiss, Dani). Let G;, ¢ = 1,2 be two connected
Lie groups. For each i let T'; be a lattice in G;, g(*) a semisimple element
of G; with Adg having at least one eigenvalue |A| # 1. Suppose that g(*
acts ergodically on (M; = T;\G;,vg,), i = 1,2. Then the actions of g(!)
and g?) are isomorphic if and only if £(g'V) = £(g?).

This theorem says that the isomorphism problem for actions of semisim-
ple elements depends only on the entropy of these actions, hence only on the
eigenvalues of Adg(l) and Adgm. Neither G1, Go, nor I'y, T's play any sig-
nificant role in the problem. Also one can show that there are uncountably
many isomorphisms between isomorphic semisimple actions.

The following “rigidity” theorem which can be deduced from our The-
orem 1 demonstrates the profoundly different behavior of the actions of
unipotent elements.

THEOREM (Rigidity Theorem). Let G; be as above and let T'; be a lattice
in G; containing no nontrivial normal subgroups of G;, i = 1,2. Let u(?) be
a unipotent element of G; acting ergodically on (M;,vg,), i = 1,2. Suppose
that the actions of u(*) and u(®) are isomorphic via an isomorphism 1 from
M, onto M, : (zulV)) = ¢(z)u® for vg,-a.e. x € My. Then there exists
a group isomorphism o from G, onto G, such that ¢(zh) = y(z)a(h) for
vg,-a.e. ¢ € My and all h € G;. Also a(T';) = ¢~ T'yc for some c € Go.

Note that £(uV)) = £(u®) = 0. This theorem says in particular that
if the actions of the unipotent elements u(?) and u® are isomorphic then
G must be isomorphic to G, and I'; to I's.

This theorem for G = SL(2,R) was proved in [Ra5] in 1979. Then using
the method in [Ra5], D. Witte [W1] generalized it to any connected G. But
now one can deduce the theorem directly from Theorem 1. By Theorem 1

it is also possible to show that factors and joinings of unipotent actions are
all algebraic (see [W2] and [Ra2]).

Applications to Number Theory. The Oppenheim Conjecture.

THEOREM O1 (Margulis). Let B be a real nondegenerate indefinite quad-
ratic form in n variables, n > 3. Suppose that the ratio of some two
coefficients of B is irrational. Then the set of values of B at integer points
is dense in R.

This is an equivalent version of the Oppenheim Conjecture proved by
Margulis [M1] in 1986. (The original Oppenheim Conjecture asserts that
zero is a limit point of B(Z™).) In fact, it was Raghunathan who noticed
that in order to derive this theorem one only needs to prove a weaker version
of Theorem 4 for G = SL(3,R) and U = SO(2,1). This is precisely what
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Margulis did. Subsequently he and Dani [DM2] showed that the values
of B at the primitive elements of Z™ are dense in R. Recently A. Borel
and G. Prasad [BoP] have obtained a remarkable strengthening of this fact,
implied by Theorem 4.

THEOREM O2 (Borel, Prasad [BoP]). Let B be as in Theorem O1. Then
given c1,...,ch—1 € R and € > 0 there are z,,...,2x,—1 € Z™ which are
part of a basis in Z™ (and hence are primitive elements of Z™) such that
|B(z;) —ci|<eforalli=1,...,n—1.

Theorems O1 and O2 are proved in the next section.

In fact, A. Borel and G. Prasad [BoP] have generalized the Oppenheim
Conjecture and Theorem O2 to the following more general setting.

Let k be a number field and o the ring of integers of k. For every
normalized absolute value |- |, on k, let k, be the completion of k at v. Let
S be a finite set of places of k containing the set S, of archimedean ones,
ks the direct sum of the fields k;, s € S and og the ring of S-integers of &k
(i.e. of elements z € k with |z|, < 1 for all v ¢ S).

A quadratic form F on k% is a collection (Fs), s € S, where F is a
quadratic form on k7. The form is nondegenerate if and only if each Fj is
nondegenerate. The form is isotropic if each Fj is so, i.e. if there exists for
each s € S an element z, € k — {0} such that F(zs) = 0. If s is a real
place, this condition is equivalent to F; being indefinite. The form F is said
to be rational if there exists a unit A = (A;) € k§ and a form Fy on k™ such
that F, = A\ Fy for all s € S, irrational otherwise.

THEOREM O3 (Borel, Prasad [BoP, Theorem A]). Let F be irrational,
nondegenerate, isotropic and n > 3. Then given € > 0 there exists T € 0%
such that 0 < |Fs(z)| < e for all s € S.

THEOREM 04 (Borel, Prasad [BoP, Corollary 7.9]). Assume S = S, and
let F' be as in Theorem O3. Let A1,...,\,—; € ks. Then for each j =

1,2,... there are xj1,...,2;,—1 € 0™ = 0% which are part of a basis of o™
over o (and hence are primitive elements of 0™ ) such that lim;_, o F(z;;) =
A for all ¢ = 1,...,n — 1. In particular, the set of values of F' on the

primitive elements of 0" is dense in kg.

Theorems O3 and O4 in [BoP] are deduced by means of Theorem 4,
geometry of numbers and strong approximation in algebraic groups. The
density of F(0%) for nonarchimedean S follows (see [BoP]) from the S-
arithmetic version of Theorem 4 (see [Ra7, Theorem 8]).

Finally we mention the following problem. Let B be a quadratic form
as in Theorem Ol. Given 0 < a < band r > 0, let E;(a,b) = {z € 2" :
a < |B(z)| < b,||z|| < r}. Then card E.(a,b) — oo when r — oo. It seems
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plausible that Theorem 6 can be used to find the asymptotic growth rate
for this number. It is believed that card E.(a,b) ~ c(a,b)r™ 2 for some
c(a,b) > 0. A lower bound of this type has already been found [DM3].

5. Deduction of the Oppenheim Conjecture from Theorem 4

Proof of Theorem O1: The proof is a simplified version of the argument
given by M.S. Raghunathan.

Let B be a quadratic form as specified in Theorem O1. Also let G =
SL(n,R), T = SL(n,Z) and L = Z™ C R™ - the lattice of integer points
in R". Let Lg denote the lattice in R™ obtained by applying the linear
transformation g € G to L. Then X = {Lg : g € G} is a set of lattices
endowed with the natural Hausdorff topology. Note that if g € I' then
Lg = L. This says that we can identify Lg € X with the coset I'g € I'\G.
The identification Lg — I'g is a homeomorphism from X onto I'\G.

Now let H denote the subgroup of G preserving the quadratic form B.
Then H is conjugate to SO(p, q), p+9 = n, pq # 0 and hence H is generated
by unipotent elements of G. For each h € H the set of values of B on Lh
is the same as on L. To prove Theorem O1 we have to show that the orbit
LH is dense in X or, equivalently, the orbit zH is dense in I'\G, where
z = I'e and e denotes the identity element of G.

By Theorem 4 the closure zH = zF is homogeneous for some closed sub-
group F C G, containing H. But the only closed subgroups of G containing
H are G and H. Hence either F = G or F = H.

We have to show that F = G, i.e. zH = I'\G. Suppose to the contrary
that F = H. Then HNT is a lattice in H and since I' = SL(n,Z), it follows
from the Borel density theorem that H is a Q-subgroup of G. This means
that H is the set of real zeros of some ring R of polynomials with rational
coeflicients.

Now let 0 : C — C be any field automorphism of C and let B, be
obtained from B by applying o to the coefficients of B. Let H, be the
subgroup of G preserving B,. Then H, is the set of real zeros of the ring
R, obtained from R by applying o to the coefficients of the polynomials in
R. Since o{q) = q for every q € Q, we have R, = R and H, = H.

Thus H preserves both B and B,. This implies (by an elementary
argument) that B, is proportional to B. Then ratios of coefficients of B
and corresponding coefficients of B, are the same. Also the ratio of some
two coeflicients of B is irrational. But there exists o which changes an
irrational ratio. This is a contradiction. Hence zH = I'\G. =
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Proof of Theorem 02 (Borel, Prasad [BoP, Proof of Corollary 7.9]): It is
clear that for each ¢ € R the level surface B(z) = ¢, € R™ is not contained
in any hyperplane. This implies that there are linearly independent vectors
Y1,---,Yn—1 € R™ such that B(y;) =¢;, 1 =1,...,n— 1. Let y, € R" be
such that y1,...,y, form a unimodular basis in R™ (this means that there
is A € SL(n,R) such that y; = Ae;, i = 1,...,n where {e1,...,e,} is the
standard basis in R™). Let A be the Z-span of y1,...,y,. Then A € X,
where X is as in the proof of Theorem O1. The latter proof showed that
LH is dense in X. Hence there is h € H and z,...,2, € Lh close to
Y1,--.,Yn such that |B(z;) — B(y;)| < e for all i = 1,...,n. But z; = z;h
for some z; € Z", i =1,...,n which form a basis in Z". Also B(z;) = B(x;),
i=1,...,n and hence |B(z;) —¢;| <eforalli=1,...,n. o

6. An Outline of the Proof of Theorem 1 for One-Parameter
Unipotent U

We will need the following definition. Let G be a Lie group, I' a discrete
subgroup of G and g € G. We say that the g-orbit of 7(x) € I'\G, x € G
diverges when n — oo if there are e # v, € I', n = 1,2,... such that
(xg™)"19,(xg") — e when n — oo. It is a fact that when I is a lattice in

G then a g-orbit diverges if and only if it eventually leaves every compact
subset of I'\G (see [R, p. 22]). Define

D(g) = {z € T\G : the g-orbit of = diverges when n — oo} .

It is clear that if D(g) # 0 for some g € G then I'\G is not compact.

Now let u be a nilpotent element of . We call u horocyclic if there exists
an element g € & which is “diagonal” for u (see section 3 for definitions).
Then ad, is diagonalizable over R. It is a fact that if & is semisimple then
every nonzero nilpotent element of & is horocyclic.

We denote by €,(g) the eigenspace of ady with the eigenvalue A and
write €7 (g) = Y {€x(9): A <0}, E~(g) = exp €~ (g).

Now let i« be a Borel probability measure on I'\G and let

A =A(p) ={g € G: the action of g on I'\G preserves p}.

Then A is a closed subgroup of G. We denote by £(A) the Lie algebra of
A and by A° the identity component of A. It is clear that y is algebraic if
and only if there exists € I'\G such that u(zA) = 1.

First we prove the following
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THEOREM 6.1 ([Ra2, The Main Theorem|). Let u € & be horocyclic, g
be “diagonal” for u, U = {exptu : t € R} and g = expg. Suppose that
U C A(p) and the action of U on (T'\G,p) is ergodic. Then either 1)
p(D(g)) = 1 or 2) csla(u,g)c™! C £(A) for some ¢ € E~(g), p is algebraic
and p(zA®) = 1 for some z € T'\G.

Note that a “diagonal” element g for u is not unique. However, ifg,g € ®
are both “diagonal” for u then § = c~!gc for some ¢ € E~(g) N Cy, where
Cy denotes the centralizer of U in G. Also, D(g) = D(c!gc) for all
c € E7(g9). Hence D(g) = D(g) and E~(9) = E~(g). This says that
Theorem 6.1 does not depend on the choice of a “diagonal” element g for u.
Note also that D(g) is a U-invariant subset of I'\G and hence u(D(g)) = 1
or u(D(g)) = 0, since U acts ergodically on (T'\G, u).

To prove Theorem 1 for one-parameter unipotent U we use induction
on the dimension of G. First we prove that if A° is amenable (this means
that every connected semisimple subgroup of A® is compact) then u is
algebraic. Then we assume that A is not amenable. Then £(A) contains a
horocyclic element h and a “diagonal” element g for h. Since g = expg € A,
we have u(D(g)) = 0. This implies via Theorem 6.1 that u-almost every
ergodic component of the action of {expth : t € R} on (I'\G, u) is algebraic.
Then we take the quotient of I'\G modulo these components to lower the
dimension of G. Then we use the inductive hypothesis to U acting on this
quotient. This yields Theorem 1.

7. Deduction of Theorem 7 from Theorems 1 and 5

Let G be a connected Lie group, I' a lattice in G and U,, = {u,(t) : t €
R}, n = 1,2,... a sequence of one-parameter unipotent subgroups of G
convergent to U = {u(t) : t € R}. Write X = I'\G and let 2, — z in X.
Assume that

there exists no proper closed connected subgroup L

S 7.1
of G such that U C L and zL is homogeneous. (1)

Let Co(X) denote the Banach space of all real continuous functions on
X vanishing at infinity with the supremum norm. For a sequence t,, T oo
let

T.(f) = é/o " F(2nun(s))ds, f € Co(X) (7.2)

and let p, be the Borel probability measure on X such that

Toif) = [ fdin=palf), n=1,2,...
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Suppose that p, — p weakly, i.e.

Bn(f) = p(f)

for every f € Co(X). It is clear that p is U-invariant and p(X) < 1. It
follows from a Theorem of S.G. Dani (see below) that, in fact, u(X) = 1.

For a compact subset K of X let Ky denote the §-neighborhood of K in
X. It follows from the definition of u (by a standard argument) that given
¢ > 0 there exists 6y = (g, K) > 0 such that

p(K) < lim inan(Xxé) < lim Suan(XIq;) <uK)+e (7.3)

n—00

for all 0 < 6 < 6o, where x, denotes the characteristic function of A.

To prove Theorem 7 we have to show that y is G-invariant. To do so
we shall use the following Theorem of S.G. Dani [D2, Theorem 3.5]. In this
theorem ! denotes the Lebesgue measure on R with ([0, t]) = ¢.

THEOREM 7.1. Given € > 0 there is a compact K(¢) C X = I'\G such

that for any one-parameter unipotent subgroup V. = {v(t) : t € R} of G

and any z € X either

1) I{s € [0,t] : zv(s) € K(e)} > (1 —¢e)t for all t > to and some ty =
to(z,V, 6) >0

or

i1) there exists a proper closed connected subgroup L of G such that V C L
and zL is homogeneous.

It follows from the proof of this Theorem that if i) fails to hold for some
t > 1 then

{zv(s):s5€[0,t]} C X — K(6(¢)) (7.4)

for some 0 < 6(¢) — 0, when € — 0.

Let Y, denote the support of u and let {(C(y), pc(y)) : ¥ € Y.} be the
ergodic decomposition of the action of U on (Y, #). (This means that Y, is
partitioned into U-invariant subsets C(y), y € C(y) which carry ergodic U-
invariant Borel probability measures pic(y) such that y is the direct integral
of these measures.) Let C(y) denote the support of puc(y) and let §, =
{Cy):ye V). i

By Theorem 1 for each y € Y, the measure uc(y) is algebraic and C(y)
is homogeneous. Then C(y) = yAY, where

A, ={g € G: the action of g preserves uc(,}
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(see Section 6), U C AY and pcqy)(yA) = 1. We write A(C) = AJ,
Be = Ko(y) if C =C(y) €€, Let

C(u={C€e&:C+#X}.
To prove that p is G-invariant we have to show that
p(u{C:Ce(.})=0. (7.5)

To do so let us assume for simplicity that G is semisimple. Then u(t) =
exp tu for some nilpotent element 0 # v € ® and u has a “diagonal” element
g € B, g =expg. It follows then from Theorem 6.1 that

Cu=o0au,UpB,
-a disjoint union, where

a, = {C € (, : c'slz(u,g)c C £(A(C)) for some c € E7(g)}
Bu={C € Gu: pc(D(g)) = 1}

(we use the notations of Section 6).
To prove (7.5) we first prove the following

THEOREM 7.2. u(U{C :C € 8,}) =0.

Proof: Suppose to the contrary that pu(U{C : C € B,}) = 8 > 0. Then
p(D(g)) = B. Recall that if y € D(g) then yg* eventually leaves every
compact subset of X when k — co. This implies that there is a compact
subset D C D(g) with u(D) > 0.9 and k > 0 such that

DgF c X — K(¢p)
where 0 < € < 0.1 is picked small and K (@) is as in Theorem 7.1. Also
I{s € [0,t,] : zpu,(s) € I~),5} > 0.808t, - -

for all small 6 > 0 and all large enough n (depending on 6) by (7.3). Let
i, = z,8%, & = 2gF, U, = {@.(s) = g *u.(s)gF : s €eR}, n =1,2,....
Then 3
I{s € [0,t,] : ,0(s) € (Dg")s} > 0.86¢,
for all small 6 and all large enough n. This implies that there is ng > 0 such
that
I{s €[0,tn) : Znl1a(s) € K ()} < (1 — Bty
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for all n > ng. Hence
{Z,00(s) : s €[0,t,]} C X — K(8(eB))
for all n > ng by (7.4). This gives
ZU C X — K(6(eB))
since i, — %, U, — U and g normalizes U. It follows then from The-

orem 7.1 that ii) holds for Z and U and hence also for z and U, since g
normalizes U. But this contradicts (7.1). o

THEOREM 7.3.
p(u{C:Cea,})=0. (7.6)

Recall that U acts ergodically on (C, uc), C € €,. Also C = yAg for
some y € Y,, U C A) and puc is Ay-invariant.

Write £, =U{C : C € o, } and for y € E,, let

F, =U{zA € a, : there exists w € G such that zAJ = (yA)w} .

It follows from Theorem 5 that the set {F, : y € E,} is countable.

Now suppose to the contrary that u(E,) > 0. Since E, = U{F, :
y € E,}, there exists y € E, with u(F,) > 0. We choose yo € E, with
1(Fy,) > 0 such that

dimA) = min{dimA):y € E,, u(F,) >0} . (7.7)
Write A = H and for a small o > 0 let
Q(o, H) = U{z2A2 C Fy, : zAY = (yoH) expw, |lw|| < o} .
It is clear that we can choose yo as above with
p(Qo,H)) >0 forallo > 0. (7.8)
Recall that yoH € . Hence u € § and
c Lsly(u,g)c C H (7.9)
for some ¢ € E~(g), where § denotes the Lie algebra of H.

To derive a contradiction to u(E,) > 0 we use in an essential way the
polynomial divergence of unipotent orbits. To demonstrate the idea we need
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to discuss briefly some special properties of H, provided by relation (7.9).
These properties are proved by standard arguments which can be found in
[Rad].

Relation (7.9) implies that $ has a complementary subspace $1 in &
invariant under sly(u, g) (i.e. under ad, for every v € sly(u, g)). This implies
(see [Ra4, Lemma 1.2]) that

Q =, H) =U{yoHexpw : w € €(u) N H*, ||| <o} (7.10)
if o is sufficiently small, where €(u) denotes the centralizer of u in & and
C(u) = € (u) + Co(u) (7.11)
where €y(u) is centralized by sla(u, g) and € (u) C Y {€x(g9) : A < 0}.
For a > 0 define
E(a) =U{Qexpw:w € € (u) N H, a/2 < |lw| < 3a/2} .
Using (7.9), (7.10) and (7.11) we show by an elementary argument (see
[Rad4, Lemmas 1.3 and 1.4]) that here is a sequence a,, — oo such that
p(E(ai)NE(a;)) =0 forall i#j. (7.12)

Now we come to the most important point of the argument, where the
polynomial form of Ady(,) is used. Indeed, each w € $H1 can be written in

the form
m
w = Z w;
=1

for some integer m > 0, where w; € H*, ad’,(w;) # 0 and ad’"*(w;) = 0,
whenever w; #0,¢=1,...,m. Then

U adi w; .
Adua) = Zo 2;) _7‘(“—) = wo +w'(s) + w(s) (7.13)
=0 =
where w'(s) € H* and

b(s) =Y s—z%:;("“—) eC (u)nHt.
i=1
This shows that Ady,)(w) is a vector polynomial of degree < m for all
w € H1. This implies by an elementary argument (see [Ra4, p. 242]) that
there are tp > 0, Q@ > 0 such that if
max {| Ady(o(w)] :0 < s St} < 0
for some 6 > 0, t > to then
|w'(s)|| < Q/tforallo<s<t. (7.14)

We use the following property of vector polynomials.
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PROPOSITION 7.1 ([Rad, Corollary 1.1]). Let V be a normed vector space
over C and m > 0 an integer. Then there exists n = n(m) € (0, 1) such that
if v, ..., vm €V, P(s) =Y 1, s*vk, s € R and

max {||P(s)|| : 0 < s < t} = ||P(t)]| = 0
for some 6,t > 0 then
P = I1P(s)]l| < 8/4

for all s € [(1 — n)t, t].

Using this, (7.13) and (7.14) we conclude [Ra4, Lemma 1.1] that given
a>0,0< e <1 thereis 0 < é§ = 8(a,e,u) < 0.1a such that if w € H*,
|lw|| < é and

max {|| Adycs)(w)|| : 0 < s <t} = || Adyy(w)|| = a

for some ¢t > 1 then

a/2 < ||w(s)|| < 3a/2 (7.15)
exp Adys)(w) = exp w(s)expe(s)

for all s € [(1 — n)t,t] and some £(s) € &, ||e(s)]| < e.

Proof of Theorem 7.3: We assume for simplicity that U,, = U for all n.
So suppose to the contrary that pu(E,) > 0. Then

uw(Q)=r>0 by (7.8).

We claim that
1(E(a)) > q
for all @ > 1, where ¢ = 0.8pr. This and (7.12) would imply that u is
infinite, which is a contradiction.
So pick @ > 1 and let
S(a) = U{Qexpw: w € € (u) N H*, |w|| < 2a} .
It follows from (7.1) that there are €, > 0, ng > 1 such that

d(zn,S(a)) > e, for alln > ng . (7.16)
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It follows also from (7.2) and (7.4) that there is a compact K C X such
that
Tn(xx)>1-0.2nr for all n . (7.17)

Define F(a) = E(a) N Ko5 — a compact subset of X. In view of (7.3) it
suffices to show that given € > 0 there is n(e) > 0 such that

Ta(X(F(ay).) 2 g for all n > n(e) . (7.18)

Let ¢’ = 0.1 min{e,e,} and let 6 = 6(a,e’, —u) < 0.1a be as in (7.15). It
follows from (7.3) that there is n(8) > ng such that

Tn(xas) > 0.97 for all n > n(é) .
We claim that (7.18) holds for all n > n(6). Indeed, for n > n(6) let

An = {s €[0,t,] : z,u(s) € Us}

I(Ap)/tn >09r .
If s € A, then there are h, € Q and w, € H71, ||ws|| < 6 such that
zpu(s) = hsexpw; .
It follows then from (7.16) and our definition of é that for each s € A, there
is 7(s) € [0, s] such that
max {[| Aducpony (@)l : 7(5) < p < 5} = || Adu(reysy [ = a
Here
2,u(p) = hsu(p — ) exp Adu(p-s)(ws)

where h,u(p — s) € §, since €2 is U-invariant. It follows then from (7.15)
that

zpu(p) € (E(a))e
for all p € [7(s),7(s) + nls), s = s — 7(s). Let I(s) = [s — I, s] and let
so = sup A,, sy = sup(4, — Uf;(,ll(si)), k=1,2,.... Then
An CURZoI(sk)
- a disjoint union with
H{p € I(sk) : znu(p) € (B(a)). } 2 nl(I(sx)), k=0,1,...
This gives
Tr(X(E(a)).) 2 0.99r
since Tr(xn,) > 0.9r. Relation (7.17) now shows that
To(X(F(ay).) 2 0.87r .
This proves (7.18) and completes the proof of Theorem 7.3. o
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8. Higher Dimensional U Generated by Unipotent Elements

In this section we assume that Theorems 1 and 3 hold for one-parameter
unipotent U and show how to deduce Theorems 1-4 for connected U gen-
erated by unipotent elements of G. The deduction uses the countability
Theorem 5.

Proof of Theorem 3 for Connected Unipotent U [Rad, p. 276]: Let z € I'\G
and let A denote the set of all one-parameter subgroups of U. By Theorem 3
for each V € A there is a closed connected subgroup H(V) C G such that
V Cc H(V) and 2V = 2H(V) is homogeneous. We have

U=U{UNH(V): VeA}

which is a countable union by Theorem 5. This implies via a standard
category argument that there is Vo € A such that

U C H(V,) .

Then zU = xH(V,), since Vo C U and #Vy = H(V,). This completes
the proof. o

Proof of Theorem 4 for connected U generated by unipotent elements of G
[Ra4, pp. 277-278]: It is a fact that U = S - H, where S is a connected
semisimple subgroup of G without compact factors and H = rad U is unipo-
tent in G. Let V* and V~ be opposite maximal unipotent subgroups of S
and z € T'\G. It follows then from Theorems 3 and 5 that there exists a
closed connected Q C G and a subset W C V~ of positive Haar measure
on V™ such that
zwVtw-1l = zQ

for all w € W. Then S C Q since V* and V~ generate S. This implies
that S = Q. For w € W let P(w) denote the unipotent subgroup of U
generated by wV+w~! and H. Then 2P (w) is homogeneous by Theorem 3
and zP(w) D z8S. Hence U = zP(w), since H C P(w) C U. This implies
that 2U is homogeneous. o

To derive Theorem 1 for higher dimensional connected unipotent U we
show [Ra3, Proposition 5.1] that if U acts ergodically on a probability space
(X, 1) then there is a one-parameter subgroup V of U which acts ergodically
on (X, pu). Then we apply Theorem 1 to V.

To derive Theorem 2 for connected U generated by unipotent elements
of G we apply Theorem 5 and an argument similar to that given in the
proof of Theorem 4 above (see [Ra3, p. 605]).
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This book presents a systematic
study of discriminants and resul-
tants in the general context of
projective algebraic geometry.
The dlassical Cayley method is com-
plemented by using such tools as
coherent sheaves, perverse sheaves,
microlocal geometry, and D-mod-
ules. The authors also present
their original results relating dis-
criminants and resultants with
general hypergeometric functions
and geometry of convex poly-
topes and triangulations.

The book will be of interest to
graduate students and research-
ers in algebra and algebraic, dis-
crete, and computational geome-
try. It will also be available to an
audience of combinatorialists, Lie
theorists, and differential geome-
ters.
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"... The book ... is a very commend-
able attempt (by an active researcher
in the area) at presenting the basic
aspects of Kasparov's KK-theory to
the uninitiated. Unlike other exist-
ing literature on the subject, this
book contains a lot of details which
the hard-working reader will be

most grateful for. ..."
g f f V.S. Sunder,

Indian Statistical Inst., Bangalore
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