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Convergence of Continued Fraction Type Algorithms and
Generators

By

Cor Kraaikamp, Delft, and Ronald Meester, Utrecht

(Received 25 March 1996; in final form 16 August 1996)

Abstract. The concept of convergence of continued fraction type algorithms has been defined a
number of times in the literature. We investigate the relation between these definitions, and show that
they do not always coincide. We relate the definitions to the question whether or not the natural
partition of the underlying dynamical system is a generator. It turns out that the ‘right’ definition of
convergence is equivalent to this partition being a generator. The second definition of convergence is
shown to be equivalent only under extra conditions on the transformation. These extra conditions are
typically found to be satisfied when the second definition is used in the literature.

1. Motivation

There are many ways to approximate real numbers (vectors) by a sequence of
numbers (vectors) arising from an algorithm. Three typical examples of the
algorithms we have in mind are the continued fraction expansion, the binary
expansion of a real number and the (modified) Jacobi-Perron algorithm. Since we
want to look at the question of convergence from a particular point of view, and
also since future definitions are motivated by phenomena in these particular
examples, we start this paper by looking at these three well-known examples in
some detail, although we shall skip proofs at this point.

Example 1. Every irrational number x in the unit interval has a unique
continued fraction expansion which we write as x =[a;(x), ay(x),...]. The finite
expansions [a;(x),a,(x),. . .,a,(x)] are called the convergents of x. We can define a
dynamical system which generates these expansions as follows (see e.g.
BiLLINGSLEY 1965). We denote the integer part of x by [x], and the fractional
part by {x}. Define a transformation T: [0, 1) — [0, 1) by

T(x) = {-:;} x#£0; T(0) =0.

The transformation T is many to one, and the continued fraction expansion of x can
be retrieved from the orbit of x under T as follows: a;(x)=[1/x], ax(x) =[1/T(x)]
and in general a,(x) =[1/T""!(x)]. Another (of course equivalent) way of
retrieving the expansion from the orbit proceeds via the definition of the following

1991 Mathematics Subject Classification: 11J70, 11K50, 28D05
Key words: Continued fractions, expansion, generators, convergence



2 C. KraaikaMp and R. MEESTER

... 1 ..
partition of [0, 1): Dy = m,;), for k = 1,2,... Now it is easy to check that

an(x) = ko if and only if 77! (x) € Dy,.
Let Ty be the transformation T restricted to D. Then T, maps Dy onto [0, 1)
injectively, and for x € Dy one clearly has

1 —kx
Tk(x) :—x-.

With any transformation S of the form

S(x)

we can associate a matrix A = (a;;) which we assume is nonsingular, and which is
normalised as to satisfy |detA| = 1. The transformations 7} are of this form, and
we denote the associated matrix by A(k). The inverse of A(k) is denoted B(k).
Looking at the first n iterates of x under 7, we see that T"(x) = T, (x) - - - Ty, () (%)-
One can now check that the matrix associated with 7" is just A(a,(x)) - - - A(a1 (x))
with inverse

_aptanx
aoo + ao1x

B"(x) = B(ai(x)) - - B(an(x))-

It turns out that the matrix B™ (x) = (b (x);) contains all information about the
n-th convergent of x. More precisely, we have as n-th convergent

b (%) 10
[al (x)1 a2(x)’ cee ’an(x)] = [0 (x)oo )
and it follows (see e.g. Kraaikamp 1991) that
(n)
x = lim b (%) .
n—oo p(n) (x)OO

(1)

This fact motivated the definition of convergence of more general algorithms,
which we shall give in the next section. For future reference we note at this point
that it turns out that for n>2 we have

b(")(x)”

b (x)g;

i.e., the ‘previous’ convergent is given by the appropriate quotient in the second
column of B™(x).

[a1(x),a2(x),...,an-1(x)] =

Example 2. Our second example is the ordinary binary expansion. We consider
the transformation S : [0,1) — [0, 1) defined by

2,  x€0,3),
S) = {Zx—- 1, xef D).

We write Dy = [0,1) and Dy = [}, 1). Writing the binary expansion of a point x as
X1, X2,. . ., we see that x, = 0 if "~ !(x) € Dy and x, = 1 if $"!(x) € D;. To see
the convergence of the binary expansion from the point of view explained above,



Convergence of Continued Fraction Type Algorithms and Generators 3

we write S; for the transformation S restricted to D;,i = 0, 1. The matrices A(0)
and A(1) corresponding to Sy and S are

("5 Je) e (00 Ja)

respectively. Now if we want to compute the second stage approximation of a
number x whose first two digits are 01, we compute, just as above,

BO(x) := (A(1)A(0)) ™" = (% ?)
2 2
The second convergent to x is then given by

b(z)(x)lo _ l
b (x)gy 4

In fact, it is easy to check that

B(n) x) = ((\/i)n 0_n>’
D=nw v
for suitable r,(x). From this it is easy to prove by induction that the n-th
convergent b(" (x),,/b™ (x),, to x is just the rational number given by the first n
binary digits of x. In this case, the quotient 5®(x),,/b™ (x),, corresponding to the
second column equals co.

Example 3. The archetypal example of a multi-dimensional generalisation of
the regular continued fraction expansion is the so-called Jacobi-Perron algorithm;
see BERNSTEIN (1971), BrRenTIEs (1981), LAGARIAS (1993) and ScHWEIGER (1973).
Here we will briefly discuss the modified Jacobi-Perron algorithm, as introduced in
PobsyraNIN (1977); see also ITo et. al. (1993). This algorithm yields — and this is a
common feature of all such multi-dimensional continued fraction algorithms —
rational vectors &,i with the same denominator for simultaneous approxi-

. qn 9n . o
mation of any two numbers x and y in the unit interval.

Let E be the unit square. For (x,y) € E we define the map T:E — E by

(X,{l}>, if y<x, x>0,

x |x

M= (1) e,
y?y? )

(0, 0), ifx=y=0.

Writing (x,, y,) = T"(x, y),n>0, and defining two sequences of digits (a,), and
(En)n by
1
([ jla 0)7 if yn—lsxn—laxn—l >0a
Xn—1

(an, En) = 1
([Y }a 1)7 ifxn—l <yn—h
n—1
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it is not hard to check that

1 n ag Ek 1- Ek 1 1
x =0,,H 1—¢& 0 Ek Xp =0,,B(") x|,
y k=t\ e l—-& 0 Yn Yn
where
n—1
0, = Hmax(xk, yk) € [0, 1].
k=0

We can define matrices B(k) as before, and denote the suitable product
B = B (x, y) by

qn qn qn
B" =\ p, p, bl
Tn Ty o Th
We therefore have
x_m+%m+hﬂ _ Ta A Xalh A Yals

T gt 5d, e 0T Gt md, +ynd

Replacing (x,, y») by (0, 0) yields the rational approximations p,/q, and r,/q, to
X resp. y.

Among other things, PopsypaNiN (1977) shows that if (x, y) € E and at least
one of x and y is irrational, then

lim &=x, lim r—":y.

n—00 qn n—oo qn
As far as the other columns are concerned, if we write (¢_2, p—2, r—2)'=(0, 0, 1),
(-1, p—1, 7-1)" = (0, 1, 0) and (qo, po, 70)' = (1, 0, 0), then Podsypanin shows
that all columns of B™ are of the form (g, pm, 7m)' for some m> — 2. As the
referee pointed out, this fact does not immediately imply that the quotients
P./d, 1o/ dh, Pa/q, and 1) /q) also converge to the appropriate point. However,
from ScHWEIGER (1978) we know that for some (explicit) 7-invariant measure p,
which is equivalent to Lebesgue measure, (E, p, T) forms an ergodic system. It
follows then from the ergodic theorem that for almost all (x,y) € E, &, = €41
infinitely often. From Podsypanin’s Lemma 1 it now follows that for p almost all
(and therefore also for Lebesgue almost all) points in E, all ratios
Pn/qn, P,/ 4, and p//q) converge to the same limit, and similarly for the other
ratios. O

The convergence phenomena described in these examples are the basis for the
classical definition of a convergent algorithm. In fact, at least three different
definitions appear in the literature. The first definition only requires ratio’s as in (1)
to converge, without specifying the limit; see for example ScHWEIGER (1991). The
second definition requires in addition that these ratio’s converge to the ‘right’
point; see for instance SCHWEIGER (1973), Lacarias (1993), and BErNSTEIN (1971).
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The third definition is also called topological convergence of the algorithm, and
comes down to requiring that the natural partition associated with the
transformation is a generator from the ergodic-theoretical point of view. (For
definitions see the next section.) This definition is mentioned (among others) in
SCHWEIGER (1996).

The purpose of this paper is to try to understand and clarify the relation
between these different definitions. In the next section we give the general setup,
all necessary definitions and our results. The proofs are given in the last section.

2. General Setup and Results

In this section we present the general setup. For more details on what follows,
see e.g. SCHWEIGER (1991). Let D C R be compact, containing the origin and convex.
We write i for Lebesgue measure. We assume that D admits a countable partition
D = UD(k), each of whose atoms is assumed to satisfy u(0D(k)) = 0, where 0
denotes boundary. In almost all examples, the D(k)’s will be suitable polygons.

Let T : D — D be a transformation with the following properties:

(i) T(D(k)) = D for all k,
(ii) T restricted to D(k) is written Ty, is injective and given via
Tk(x17 s axd) = ()’17 RN yd)a
where
aip + apxy + - -+ QigXq

;= , i=1,...,d, 2
Yi ago + ap1xy + - -+ Aoaxg ’ ( )

(iii) The matrix A = A(k) = (a;) is invertible, and we can assume that
|det A| = 1.

The map T; has an inverse V; : D — D(k) given by Vi(y1,...,ya) =
(x1,..., x4), where
_ bio+bayi + - + biaya
" boo + byt + -+ + boaya’

and B = B(k) = (b;) is the inverse matrix of A. Furthermore, one can check that if
y = T"x,andT™x € D(km+1),for 0<m < n, then

i=1,...,d,

B by by

_b(n) b(") +b(") l:l,-.-,d?
where B™ = B(")(x) = ") b;’) = k,)B(kz) B(k,). We denote the set {x € D;
T™x € D( ,,,H) 0<m < n by D(ky, ..., ky). For x in this set, the inverse of T"
is denoted by V(") = Vik,,...k,), and we sometlmes write D(ky, ..., k,) = D™ (x).

Note that D™ (x) is convex since T maps straight lines onto stralght lines. Also
note that 7"(D™(x)) = D for all . Finally, the name of x is the appropriate
sequence (ki, ky,...), i.e. the name of x is the enumeration of the atoms of the

underlying partition visited by the orbit of x. The name of x is almost surely
infinite.
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Remarks 1. 1t is not hard to see that the determinant of the Jacobian of the
transformation in (2) is equal to

IT(x) = det(A)
(aoo +agix1 + -+ a()dxd)

d+1"

2. If the linear transformation in R?"! corresponding to A(k) maps

(1, x1, x2, ..., xg) onto (yo, y1, --.,ya) for (x1, ..., x4) € D(k), then we see that
Tk(xl,‘..,xd)= <}’—1—,,)—]‘£>
Yo Yo

A similar statement holds for compositions of T.

In order to define the convergence of an algorithm, we need of course to get rid
of those points whose name is finite. One could either look only at infinite names
(see ScHWEIGER 1991, BERNSTEIN 1971, PopsypaNIN 1977, and LaGarias 1993), or
allow an exceptional set of measure zero. The latter is the approach followed in
this paper. Therefore we have the following definitions:

Definition 1.

(n) (n)
C=4q{x€D;lim b (x)u), AU b (%o exists p;
n—oo \ h(n) (x)OO bn) (x)OO

(n) (m)
F =< x € D; lim b (x)m,..,,b ()0 =X;.
n—o0 b(")(_x)oo b(")(x)oo

In this paper we want to relate these sets to a well known concept from ergodic
theory.

Definition 2. A finite or countable partition of D is called a generator with
respect to T it for all x outside a set of (Lebesgue) measure zero we have

ﬁ D™ (x) = {x}.
n=1

In words, no two points outside some exceptional set of measure zero have orbits
which visit the same atoms of the partition in the same order. This means that we
can distinguish between points by just looking at which atoms of the partition are
visited after consecutive applications of the transformation T.

Next consider the following three statements, writing u for d-dimensional
normalised Lebesgue measure, so that u(D) = 1.

(A) w(C) =1
(B) u(F)=1;
(C) The partition D(k) is a generator.

As mentioned previously, either (A) and (B) are sometimes used as the
definition of convergence of an algorithm. Obviously, (B) is the ‘right’ definition
since one wants to know which number is approximated by the algorithm. It is not
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true in general though that (A) and (B) are equivalent, as can be seen from our
main results which we state now. For this we need another definition.

Definition 3. The transformation T is said to be expanding if
[T (x)| =1
for all x € D.

Theorem 1. (i) Statements (B) and (C) are equivalent.

(ii) Suppose d = 1 and T is expanding. Then all three statements (A), (B) and
(C) are equivalent.

(iii) If T is not expanding or d=?2, then there is an example such that (A) is
strictly weaker than (B).

Although in higher dimensions the situation is not as nice as in the case d = 1,
we can still provide sufficient conditions for convergence to the ‘right’ point to
take place. It turns out that convergence of appropriate quotients in other than the
first column is important here.

Definition 4.

b™ (x),, b™ (x) .

€ D;lim,_ L di

cr=4" " (b(")(x)()i b (x),;
independent of i

) exists and is

Theorem 2. Suppose that (C*) = 1 and that T is expanding. Then u(F) = 1.

Remark. It might seem that problems arise in the literature whenever the
‘wrong’ definition of convergence is used. However, to our knowledge, in all
places where this wrong definition is used, the extra requirements mentioned in
Theorem 1(iii) or Theorem 2 are satisfied. To illustrate Theorem 2, note that it
follows from the last paragraph of Example 3 that 4(C*) = 1 in that case.

3. Proofs

We start with some notation used throughout this section. When d = 1, we write

/
0= 5)
n

and when d = 2 we write

qn q:z qn
B"x)=|pu P, P,
Tn r:l ”Z

Note that of course g, = ¢,(x) and similarly for the other quantities. (Typically we
supress the dependence on x whenever possible.) We write all proofs as if d = 2,
except of course when d =1 is required. We start with a geometrical lemma
needed in the proof of Theorem 1(i).
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Lemma 1. If the partition {D(k)} forms a generator, then for almost all x € D
we have that

(1 D®(x) = {x}, (3)
where A denotes the closure of A.

Proof. Suppose that y € (-, D) (x) and suppose that y  x. Choose any point
z # x, y on the straight-line segment between x and y. Note that z € [)7—, D™ (x)
since intersections of convex sets are convex, and closures of convex sets are also
convex, whence D" (x) is a convex set for all n.

If z € D™ (x) for all n, then z = x since {D(k)} forms a generator, and this is a
contradiction (we assume that x is not in the exceptional set in Definition 2).

If z¢ D™ (x) for some Np, then it must be the case that z € D) (x). We
claim that it now follows that

x € DWW (x). (4)

This is enough since this means that all points x for which (3) fails are contained in
the union of the boundaries of all atoms, a set of measure zero by assumption.

It remains to prove (4). This is easy though: the points x, y are contained in
DWo)(x), and if x is not on its boundary, then we can form a little ball around x
which is completely contained in the interior of D™0)(x). By convexity, all line
segments between points in this ball and y are contained in Do) (x), which implies
that the intermediate point z is in the interior of D™o)(x), a contradiction.

Proof of Theorem 1(i). We first show that (B) implies (C). If two points
x = (x1, x2) and y = (y1, y2) have the same name, then for all n we have

P ) g ) )

qn(x) B qn(y) qn(x) B qn(y)’
Assumption (B) implies that
im 28 _ o and tim 220
n=00 gy () =0 gn(y)

giving that x; = y;. Similarly, we have x, = y, and we are done.

For the reverse implication, we fix x € D, and consider p, = p,(x) etc. Now
consider an arbitrary point ¢ = (ci, ¢;) € D and note that it follows from Remark
2 in Section 2 that

V(n)(c):: (Pn"‘CIP:.'FCZPZ, rn+clr:,+c2r:,l>' (5)
an+ 19, + 2@, Gn + 19, + 24,

The partition D(k) generates, and it follows from Lemma 1 that for almost all
x, N, D™ (x) = {x}, and we can assume that the fixed x is not in the exceptional
set. Since the sets D (x) are compact and connected (this follows from con-
vexity), it follows that their diameters converges to zero when n — co. But V() (c)

has the same first n digits as x, and it follows that
lim V® (¢) = x. (6)

n—o0
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Note that this is true for all ¢ € D. Next we choose three points u, v, w in D such
that there exist constants o; so that

1 1 1 1
O)l=a1lwy |+l vi | +as3| wm
0 up %3 w2

(This is always possible as long as D has positive Lebesgue measure. The
elementary proof of this fact is left to the reader.)
We can now write

qn 1
Pn = B(n) 0
Tn 0
Gn + w14, + u2g, gn + V14, + V2o,
= a1 | pat+wmp, +upy, | + 02| pa+vip, +vop,
rn+wir, + upr) o+ vir, + vor,

Gn + W14, + wagq,
+ aa | pn+ wip), +wopl
Tn+wir, + war,

From this, together with (5), (6) and the fact that the «;’s do not depend on n, it
follows that
rn(x)

pn(x)
qn (x) B .

gn(x)

— x; and

For the proof of Theorem 1(ii) we need the following lemma.

Lemma 2. Suppose T is expanding. Then for all names a = (ay, a,,...) it is
the case that
A, = {x € D;the name of x is a}
satisfies u(A,) = 0.

Proof. Suppose that u(A,) > 0. First we assume that a is aperiodic. This
implies that T%(A,) N TV(A,) = @ for all i # j. Using the fact that T is expanding,
we see that for all i

W) = |

Ti(A

| VTldp > u(T'(Ad)),

which is impossible when u(A,) > 0.
If a is periodic with period k we have that A, = T*(A,). Tt follows that
1(A) = pu(T'(A,)) for all i. On the other hand we have

u(T(Ad)) =j Tdp,

a
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and hence
J (VT| = 1)dp = 0.
A,

Since |JT(x)| >1 this implies that |JT(x)] =1 on A,. This is impossible if
1(Ag) > 0 according to the formula for JT(x) in Remark 1 in Section 2.

Finally, we also have to deal with the case in which a is eventually periodic. In
this case there exists an index k for which a* = (ar+1, Axs2,-..) is a periodic
word. Notice that u(A¥) = p(T*(A,)) > p(A,) > 0 which is impossible by the
previous case.

Proof of Theorem 1(ii). We need to show that (A) implies (B). Fix x € D, and
let V(") be the inverse operator corresponding to x. Since 7 is expanding, we have
from Lemma 2 that u(A,) = 0 for all names a. In particular, the set V") (D), which
is the set of points whose first n digits agree with the name of x, must satisfy

p(Ve (D)) — 0,
when n — oo. This comes down to
lim J —_—
n=Jp|(gn +¥q,)

which yields, using Fatou’s lemma, that

du(y) =0,

51 du(y) =

J liminf p
p "% |(qn +yq,)

This then finally gives that lim sup,_, . |g. + yg,,| = oo for almost all y € D, which
allows us to choose ¢ € D and a subsequence nj, n; ... so that

lim |gy, + cq), | = oo. ™)
k—o0

Next we consider the parallellogram £, in the plane spanned by the vectors
(gn(x), pn(x)) and (cq),(x), cp,(x)). The requirement on the determinant of the
matrices B\ tells us that the volume of 2, does not depend on » and is equal to
|c|. This, together with (7) and the assumption that

lim Pn
n—o gp

exists and is equal to £, say, implies that

lim pnk + Cp;lk
k=00 gn, + C e

=¢

To see this properly, note that the line through the origin and the vertex (gy,, p,,k)
of Z,, converges to a fixed line through the origin. In addition the vertex (gn, +cq),,
P, + cP},,) goes to infinity according to (7). Finally, since the absolute value of the
determinant of the Jacobian of the inverse map V™ evaluated in 0 equals 1/¢2, we
have by the expandingness of T that |g,|>1; therefore the points (g, Pn,) are
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bounded away from the origin. These three facts imply the result, but only in two
dimensions; in higher dimensions, this is the point where the proof breaks down.

Let R := sup{y; y € D}. Since the parallellogram spanned by (g,, p,) and
(Rq,,, Rp,,) also has fixed volume independent of n, and is obtained from 2, by

multiplying the appropriate sides by R/c, we also have that
+ Rp,

lim 202 P e (8)

k=00 g, + ank

For r := inf{y; y € D}, a similar argument shows that
. Pn D),

lim ———*

k—oo gp, + rqy,

The point (gn, + T™(x)q,,, Pn, + T™(x)p},) lies on the straight line segment

between (qn, +rq,,, Pn, +1P,,) and (g, + Rq,, , pr, + Rp,,). Hence it follows
from (8) and (9) that

=& )

P+ TP _

k=00 gy, + T (x)q,,,

But according to Remark 2 in Section 2 we have
Pu, + T™ (0P},

an, + T (x)q),

and it follows that ¢ = x, as required. O

= VW™ (x) = x,

Proof of Theorem 1(iii). First we give an example in d =1 without the
expanding property, and for which u(C) = 1 but u(F) < 1.

Let D = [0, 2) and let D(1) = [0, 1),D(2) = [1, 2). We define T as follows: on
D(1) we have

1
3X
T(x) = 25—,
0=57
and on D(2) we have
T(x) = -2+ 2x.

The corresponding inverse matrices B(1) and B(2) are

(0 %) = (2 12%)

respectively. It is not hard to see that [0, §] is an absorbing set, so that almost all
points eventually end up in this set. But notice that when we apply the matrix B(1),
the ratio p,/q, does not change. It follows that

lim P2%)
n—00 ‘In(x)

exists almost surely. On the other hand, D(1) and D(2) do not form a generator, so
u(F) < 1 and we are done.
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Next we give an example of a two-dimensional algorithm which is expanding,
for which p(C) =1 but u(F) < 1. Let D(1) = {(x, y);x=0,x + y<1, y>2x},
D(2) = {(x, y);x<y<2x, x+y<1}, and D = D(1) UD(2). Define T:D — D

by
X y—x
(1—x’1—x)’ on D(1),

y—x x)
(l—x’l—-x’ on D(2).

It is easy to verify by direct calculations that T is expanding. On the other hand, we
also see by a simple calculation that both B(1) and B(2) have as first column
(1, 0, 0)' which clearly implies that 4(C) = 1. Finally, straight lines through the
origin are mapped onto straight lines through the origin, and from this it follows
immediately that D(1) and D(2) cannot form a generator. O

T(x,y) =

Proof of Theorem 2. We will only consider the case d = 2; as before the case
d >3 is proved similarly. The proof of Theorem 1(ii) will be followed closely, the
new ingredient being stronger assumptions on the behaviour of the columns of
B(k).

We choose some fixed x € D, giving quantities like g,,, V) etc. Again due to
the fact that T is expanding we have for almost all x € D

J lim inf V™ (31, y2) | du(y1, y2) =0,
D

n—

from which (using Remark 1 in Section 2)
limsup | g, +y19, + ¥y2q, | = 0o almost surely.

n—o0

Now choose (cy, ¢z) € D and a subsequence ny, ny,. .. such that
. / /
lim | gn, + 1y, + c2g,, | = oo.

The parallellopipedum spanned by (gn, pn, 7x),¢1(q,, Pl 7)) and c2(q!, p!, 1)

n

has fixed volume |c|c;|, independent of n. By assumption one has that for some
suitable &; and &,

. . D 4
lim 2% = 1im —% = lim —*=¢
k—oo gn,  k—o0 qn, k—o0 qn,
and
r !
lim = = lim =% = lim =% = §,
k—oo g, k—oo g, k—o0 9,

and therefore

ot e _ o)

+ c / + c /!
m D P TP _ e g lim :
k=00 g, + €1, + €290, k=00 gn, + C1qy, + C2q),

Define r; = inf{y;; (y1, y2) € D}, Ry = sup{y1; (y1, y2) € D} and similarly for r,
and R,. For ¢; € {r;, R;}, i =1,2, (c1, c2) is not necessarily a point in D, but
clearly (10) still holds.
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The point with coordinates
e + (T™(x))14n, + (T™(X)) o, Pr + (T™(X))1P),, + (T (x))oP),
and ry, + (T™(x)),r,, + (T™(x)),r, lies in the quadrangle with vertices
(G + 114, + 12y, Pu, + 11D}, + 02Dy, T + 117, + 12T ),

where (t1,f;) is any of the four mentioned possibilities (ry, r2),(r1, R2),
(Ry, r2), (Ry, R;). But then (10) also holds for (¢, ¢z) = T™(x), i.e.

Pr + (T™()),P),, + (T™(x)),P),

. Pn
im =¢§¢ = lim —
k=00 g, + (T™(x)) 45, + (T™(x)),qp, n=0 gy
and
Tu + (T (x)), 17, + (T™(x)),17, . Tn
i - L=¢ = lim —.
k=00 gn, + (T™(x)), 4, + (T™(x)),45, n=00 qn
As in the proof of Theorem 1(ii) it now follows that x = (&, &). O

Final Remarks 1. Clearly, as is shown by the counterexample from the proof of
Theorem 1(iii), the fact that T is expanding is not enough to guarantee that for d >2
the columns of the matrices B(k) all converge, and converge to the same point in
b (x) 1i b () 4
b (x)g " b (x);
We need this to obtain (10) above. This is a sufficient condition, but certainly not a
necessary one, as the second example from Section 1 showed; there the first
column converges to the ‘right’ point, while the second column yields a
convergent which always equals oo.

2. There are multi-dimensional continued fraction algorithms (the most important
example being the Jacobi-Perron algorithm) which do not satisfy the condition
T(D(k)) =D for all k. In Yurr (1986), this condition is replaced by the
requirement that there is a finite collection {Uy, ..., Uy} of subsets of D, all with
positive Lebesgue measure, and with the property that 7"(D(ky,..., ka)) €
{Uy, ..., Uy} for all finite names (ki, ..., k,). A map T satisfying this condition
is called a multidimensional mapping with finite range structure. It is not hard to
check that for such maps, all results in this paper still go through if we assume that
all Uy’s are convex, and we leave this to the reader.

D. (The i-th column of B(k) converges to x € D if

—X.)

Acknowledgement. We thank Fritz Schweiger for pointing out a mistake in an earlier version of
Theorem 1(i) and for helping us with the current proof.
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Abstract. Some quantitative estimations on the value distribution of the function afg"(n>2) are
obtained, where g is a linear differential polynomial in f and a is a small function of f.

1. Introduction

Let f be a transcendental meromorphic function. A complex value a is said to
be a Picard value of f, if and only if, f(z) — a has at most finitely many zeros. In
1967, W. K. HaymaN [6] conjectured that the only possible Picard value of ff is
zero. He [7] proved the case n>3 in 1959, and CLuNIE [4] proved the case n = 1
for entire functions in 1962. Many studies related to Hayman’s conjecture have
been published, see [1]-[5], [10]-[15] and [19]. In [1], W. BERGWEILER and A.
EreMENKO confirmed the conjecture for meromorphic functions of finite order.
Very shortly after this, H. H. Cuen and M. L. Fanc [2] were able to resolve the
conjecture completely by utilizing the normal-family technique and the finit-order
case. This conjecture was also resolved by L. ZaLcmaN and A. ERENMENKO
independently, using essentially the same normal family argument to reduce the
infinite-order case to the finite-order case. Further, it was conjectured by C. C.
YANG that for any transcendental meromorphic function f,ff*)(k>1) can only

have zero as its Picard value. Relating to the conjecture, the following results were
obtained.

Theorem A. [17] Let f be a transcendental entire function and n, k be non-

negative integers with n>>2. Then the only possible Picard value of (f®)"f is the
value zero.

Theorem B. [14] Let f be a transcendental meromorphic function, and n, k be
positive integers with n > 9e + 1. Then the only possible Picard value of (f®)"f
is the value zero.

Recently, G. D. SonG and Z. F. ZuaNG [12] improved the above two theorems
and obtained the following result.

1991 Mathematics Subject Classification: 30D35
Key words: Meromorphic functions, differential polynomial, small functions, Picard value
* The research was partially supported by a U.G.C grant of Hong Kong
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Theorem C. Let f be a transcendental meromorphic function, and n, k be positive
integers with n>2. Then af(f®)" assumes all nonzero finite complex values
infinitely often, where a # 0 is a small function of f.

In this paper, we have generalised the above results by obtammg some
quantitative estimations on the zeros of afg” — 1 with n>2, where g = Z, o i £,
and a,a;,i = 0,1,...,k (aa; # 0) are small functions of f

It is assumed that the reader is familiar with the basic theory of Nevanlinna
value distribution and its standard symbols and notations such as T(r,f), N(r,f),
N(r,f), m(r,f), and so on; see, eg. [8]. Particularly, S(r,f) will be used to denote
any quantity that satisfies S(r,f) = o(T(r,f)) as r — oo and r¢ E with E being a
set of r € (0,00) of finite linear measure. As usual, a meromorphic function « is
said to be a small function of fif T(r,f) = S(r,f).

2. Main Results and Lemmas

Lemma 1. [16) Let f be a meromorphic function satisfying f*) # 0. Then

N( f(lk)) N( }) +kN(r,f) + S(r.f).

Lemma 2. (18] Let fi and f, be two non-zero meromorphic functions. Th%/"

N(r, fif2) — N( ff) =N(r,f1)+N(r,f2)—N<r,fll) —N(r,flz).

Theorem 1. Let f be a transcendental meromorphtc functionand n>=2,k>1 be
integers. Let 1) = afg" — 1, where g = Z, oa,f(’) #0, and a, a,,t =0,1,...,k,

(aap # 0) are small functions of f. Furthermore, let h = — % - ng—,

8

k
Do=1,D;=D)_; +hDi-y, i=12,-,k and D= aD.
i=0

If Dg' — Dg' — hDg # 0, then
T(r.f)<C kN( ;) 50, 1),

(2nk +2n+1)(3n+k —4)
n2k —2nk +n*—3n+3
Theorem 2. Let 1), g, a, a; and n, k be as in Theorem 1. If T(r) denotes the quantity
_ 1 _
max {T(r,a),T(r,a;),i =0.1,...,k},and T(r) = o(N(r,g) +N(r,g)>, then

where Cpj =

T(r’f)scn,kN(r’%) +S(r7f)
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Theorem 3. Let f be a transcendental meromorphic function and n 22, k>1
be integers, and let 1 = af (f%))" — 1, where a is a small function of f. Then

T(rvf)<cn,kN(r,l) +S(r7f)

(0

Theorem 4. Let f be a transcendental meromorphlc functionandn>=2,k>1 be
integers. Let 1) = afg" — 1, where g = Z_Oa,f(’) % 0, and a,a;,i=0,1,... k,

(aax # 0) are constants. Furthermore, let h = ~ngE,

k
Dy=1,D; =D/ +hDi,y, i=12,....k, and D= aD
If D # 0, then
1
TN <Cub (1) + 500

Remark. One will see at the end that the condition Dg’' — D'g — hDg # 0 in
Theorem 1 and the condition D # 0 in Theorem 4 are necessary.

3. Proof of Theorem 1
Since ' = a'fg" + af'g" nafg"~'g’, we have

Y’ = ag"F, (1)
where
F=—hf+f, ()
ad '
and h = - nE. From (1) and Lemma 2, we have

M) =N (r) = NaF) =N () +5()
— N(r,g") + N(r,F) - N(r, gl) ~N <r, %) +S(r,f)

— N(r,g") + N(r, F) - N<r, gl—_1> - N(r, é)
- N(r,—};) + S(r,f).

N(,,%) - N(r’i) —N<r,6%) +N(r,g") + N(r,F)

_N(r g"F) ~ N (r, é) +S(r.f).

That is

(3)
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For the following six sets,

S1 ={z € C:zis apole of F but not a zero of g},

S, ={z € C:zis apole of F and a zero of g but not a pole of f},
S3 ={z€ C:zis apole of F and f and a zero of g},

Ty = {z € C:zis a pole of g but not a zero of F},

T, ={z€ C:zis apole of g and f and a zero of F},

T3 = {z € C:zis a pole of g and a zero of F but not a pole of f},

we denote by N;(r, F) the counting function of F with respect to S;, and N;(r, g) the
counting function of g with respect to 7;. Obviously, we have

Ni(r,8") +Ni(r, F)<N(r, g"F). (4)

From (2) we can see easily that the multiplicity of any pole of F in S, is at most
one. Thus

_ 1
Nz(r,F)SN(r,—). 5)

8

Since g = ’.‘= a; f(i), any z € 3 is a zero of some a;. Hence we have
=0
k 1
M F)<2 YN () = S0 (6)
(afg")’

From the expression F = f we can conclude that a(z)f(z)g"(z) # 0 or

afg" ’
oo for z € T,. Thus a(z) = 0 for z € T,. Hence

N2(r7g”) <N(raé> =S(I‘,f) (7)
Since g = 2% aif?), we have
k
N3(ragn)<”ZN(raai) :S(r7f) (8)
i=0

Equations (4), (5), (6), (7) and (8) yield

N(r,g") + N(r,F) <N(r, g'F) + z'v(r,g

1) L S(rp). ©)

Combining equations (3) and (9), we get

N(r,%) SN(r,%) ~N(r,-é%) —N(r,é) +N<r,é) +8(r.f).  (10)

Rewriting equation (2) as f' = hf + F and differentiating it successively, we
have

fO=Dif + FOD 4+ By FD 4+ By FO) o 4 ByyFoi= 1,2,k (11)
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where D;,; =h and D;(i > 1) can be obtained by the recurrence formula
D; = D;_l +hD;_j,and B; j(i =1,2,...,j— 1, j=1,...,i) denotes a differential
polynomial in A with multiplicity at most i of its poles. From (11) and the
definition of g, we get

g =Df + axF* ) + A F*2 4 A, F%-2 ... 4 A _F, (12)

where D= Y% ja;D; and A; (i=1,2,...,k— 1) denotes a differential poly-
nomial in & with coefficients being small functions of f. And the multiplicities of
poles of A; are at most i if they are not the poles of a; (i =0,1,2,...,k). Setting

E=aqF*D 4+ A\F*2 L A F*=3) 4 4 A F, (13)
Eq. (12) becomes
¢g=Df+E (14)

Taking the derivatives on both sides of the equation and then combining with
equation (2), we get

g = (D' + hD)f + E' + DF. (15)
Equations (14) and (15) yield

g/ gl
<—D—D’—hD>f:E'+DF———E. (16)
g g

_ 1 1
Let Ngo <r, —) denote the counting function of — with respect to the zeros of fbut

not the zeros of g and in which each of the multiple zeros of fis counted only once.
If z; is a zero of f but not a zero of g, furthermore if z; is not a zero and a pole of
/

any of a; (i =0,1,2,...,k), then z; will not be a pole of%D — D' — hD. Thus z
!
must be a zero of E' + DF — £ E. Hence
g

Naro (rjl_”> <N<r’ E'+ DF 1— (g’/g)E) 51 .

/

Clearly, E' + DF — & £ can be expressed as
8

/
E +DF - % E = FF*, (18)
4
where
F&) Fk=1) /
F*=akT+AT—F——+'~~+AZ‘_1F+AZ, (19)

and each AY (i=1,2,...,k) is a differential polynomial in h with the
multiplicities of poles at most i if they are not the poles of a; (i=0,1,2,... k).
From Egs. (19), (2) and the definition of g, we can see that the poles of F* come
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from the zeros of F or g, or the poles of f as long as they are not the poles and zeros
ofa; (i=0,1,2,...,k). Furthermore, the multiplicities of such poles of F* are at

most k. Hence
1 _ _

()< (15 ) 480 + 48 (1 5) + 509
noting that m(r, F*) = S(r,f). It follows from (17), (18) and (20) that
_ 1 _ _ 1

Nyo (r,}) SZN(r,F) +kN(r,f) + kN(r,E) + 8(r.f).

By Nevanlinna’s Second Fundamental Theorem, we have

T(r,w)sﬁ(r,%)—i—]v(r,w)%—ﬁ( T >+S(r ).

That is
T(r,fg"><1v(r, %) LN +1‘v(r, ]%) L S(rf).
Since
_ 1 _ 1 _ 1
N("@) SNero (”f) * N(” g)’
we get

T(r,fg")szv(r, i) LN + Neso ( 1) +N(r, g) +5(f).

f
On the other hand, (10) implies

N(r,é) <n ! N( 1/)') + S(r,f).

From (24), (21), (10), (25) and Lemma 1, we deduce that

T(r,fg") <1V(r, %) +N(r,f) + 2N<r,%> +kN(r,f) + kIV(r, é)

+N (r, é) + 8(r,f)

+ (k+ DN(rf) + (k + 1)N<r é)

(20)

(21)

(22)

(23)

(24)

(25)

+ (k+ D)N(r,f) + (k+ 1)N<r é) +2N< 1) + S(r.f)
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<2N(r,{;—,> +N(r,1) + (k+ VD)N(r,f) + (k — 1)N(r%>

21

(26)

()
—(2n— 4)1V (r, é) + S(r,f)
gZN(r,%) + N(r,%b) + (k+ DN(r,f) + (k — 1)1V<r,§) +8(r.f)
<2N<r, %) + N(r, %) + (k+ V)N(r,f) + z—:—}N(r%) + S(r.f)
< ?”—;f_iliézv(ri—) +1v(r, i) + (k+ DN(rf) + S(r.f)
L dulds N(r, %) LN f)> + N(r, %)  (k+ DN(f) + S(r.f)
<IN () + AN + 500

Since T(r,fg") = N(r,fg") = (nk + n+ 1)N(r,f) + S(r,f), formula (25) yields

(nk+n+1)3n+k —4)

1
T(r,fg") < N(r— f).
L R e s B (’w)”(’f)

Since

m(r,g"*") <m(r, f) T mlr ) + O(1) <m(r.fg") + S(r.1),
we have
m(r,8") < g m(rfg") + S(r.f).

On the other hand, we can easily get

nk+n

N(r,g") < —— =
(r,g") pT——

N(r,fg") + S(r.f).
Hence

nk+n
nk+n+1
From (27) and (28), we obtain that

T(r,g") < T(r.fg") + S(r.f)-

T(rf)<T(r,8") + T(r-f&") + S(r.f) sc,.,m(r, }b) +5(f),

where

C.— (2nk+2n+1)(3n+k — 4)
T Tk —2nk+n? —3n+3

which completes the proof of Theorem 1.

(27)

(28)
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4. Proof of Theorem 2

By Theorem 1, we may assume that

Dg' — Dg' — hDg = 0. (29)
If D £ 0, then Eq. (29) implies that
/! Dl
£ S-h=0 (30)
Noting that 8
a/ gl
h=e —— _n&
——n .’ (31)

/ / /

D
Eq. (30) can be written as (n+ 1) gE + —=4 By integrating, we get

D = cag"™", (32)

where ¢ is a non-zero constant.

Let z; be a pole of /& with a residue —\. From the definitions of D; and D, by a
simple calculation, we can see that z; is a pole of D; of multiplicity i with
(=D'A(A+1)--- (A +i— 1) as the coefficient of (z — z;)~". Thus the multiplicity
of any pole of D must be k if it is not the pole or zero of any a; and
a,i=0,1,...,k. On the other hand, from equation (32), we can see that the
multiplicities of such poles of D are at least (k+1)(n+1). Hence

_ 1 _
N (r, §> + N(7,8)<O(T(r)), which contradicts to the assumption of the theorem.

Now we consider the case: D = Zf:o a;D; = 0. From (31) and above analysis
about the poles of D;, we can see that any pole of g is a pole of & and thus a pole of
Zf:o a;D;, if it is not a pole and zero of any a;,i=0,1,---,k Since

_ 1 _
Sk aD; = 0, we again get the same contradiction N (r, —) + N(r,g)<O(T(r)).
The proof of Theorem 2 is thus completed. 8

5. Proof of Theorem 3

Let g = f(®). According to Theorem 1, we may assume that Eq. (29) holds. If
D(= Dy) #0, then we have (32). From the proof of Theorem 2, we have
N(r,g) = S(r,f). Since m(r,h) = S(r,f), we get m(r,D) = S(r,f). Thus (32)
implies that m(r,g) = S(r,f). Hence, T(r,f®))=T(r,g) =S(r,f), which is
impossible (see [9]).

Now we consider the case D(= D¢) = 0. Since D; = h # 0 (otherwise ag"
would be a constant, and thus T(r,f®) = S(/r, f), a contradiction), we can assume
that D;_; £0,D; = 0,2<i<k. That is %l+h =0. By integrating, we get

i-1
D;_| = cag", where ¢ # 0 is a constant. Similar to above argument, we can get
the same contradiction: T(r,f®) = S(r,f). This also completes the proof of
Theorem 3.
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6. Proof of Theorem 4

With the assumption that a,a; i = 0,1,...,k are constants, we can prove
that Dg’ — D'g — hDg #0, thus Theorem 4 is true by Theorem 1. Otherwise,
Eqgs. (29) and (32) will hold, which imply that 4 and g are entire functions by the
same argument as in the proof of Theorem 2. Since D is a differential

!
polynomial of h (h = —n® s the logarithmic derivative of g™"), we have
8
T(r,D) = m(r,D) = S(r,g). But (32) implies that T(r,D) = (n+ 1)T(r,g)+
+0(1). Hence T(r,g) = S(r, g), a contradiction.

7. Concluding Remarks

We conclude the paper with the following examples to show why some of the
conditions required in Theorem 1 and Theorem 4 are necessary, which also shows,
without these conditions, some of the results obtained in [12] may not be true.

1 1
Example 1. Let f = e +z,g =f —f" and a=—. Then D=~ ,Dg' — D'g—
2z Z Z
—hDg=0and Y =aqafg" — 1 = ¢ has no zero at all.
z
1
Example 2. Let f = e+ +z,g =f —f" and a = ————————— . Then
R p]e f g=r~f (@2 +2)(22—1)
7—

e
=——— Dg —D'g—hDg =0 and ¢ = afg" — 1 = ——— has no zero.
2178 8 8 v =afg 2+z

Example 3. Let f =sinzand g =f +f” = 0. Then v = fg" — 1 = —1 has no
Zero.

Example 4. Let f = e ™ + n 1eZ and g =nf +f' =e¢* Then D=0 and
1 n
Yv=fg"-1= je("“)z has no zero.
n

Acknowledgements. The authors are grateful to the referee for his comments and remarks.

References

[1] BerGWEILER W, EREMENKO A (1995) On the singularities of the inverse of meromorphic function
of finite order. Rev Mat Iberoamericana 11: 355-373
[2] Cuen HH, FanG ML (1995) On the value distribution of f"f’. Chinese Science Bulletin, Ser A 25:
121-127
[3] Chuang CT, Hua XH (1991) On a conjecture of Hayman. Acta Math Sinica, New Series 7:
119-126
[4] Crunie J (1962) On integral and meromorphic functions. J London Math Soc 37: 17-27
[5] Doeringer W (1982) Exceptional values of differential polynomials. Pacific J Math 98: 55-62
[6] HaymAaN WK (1967) Research Problems in Function Theory. London: Univ Press
[71 Hayman WK (1959) Picard values of meromorphic functions and their derivatives. Ann of Math
70: 9-42
[8] Hayman WK (1975) Meromorphic Functions. Oxford: Univ Press
[9] Hayman WK, MiLes J (1989) On the growth of a meromorphic function and its derivatives.
Complex Variables 12: 245-260 .
[10] Hennexemper W (1981) Uber die Wertverteilung von (f**')®). Math Z 177: 375-380
[11] Mugs E (1979) Uber ein Problem von Hayman. Math Z 164: 239-259



24  P. Liand C.-C. Yang: Value Distribution of a Certain Type of Differential Polynomials

[12] SonG GD, ZuaNG ZF (1997) On the value distribution of meromorphic functions. Preprint

[13] StemnMeTZ N (1981) Uber die Nullstellen von Differential Polynomen. Math Z 176: 255-264

[14] Tse CK, Yanc CC (1994) On the value distribution of f!(f*))". Kodai Math J 17: 163-169

[15] Yang CC, Y1 HX (1980) Some quantitative estimations of the zeros of differential polynomials.
Science in China, Ser. A, 23: 8-20 (in Chinese)

[16] YanG CC, Y1 HX (1994) On the unicity theorem of meromorphic functions with deficient values,
Acta Math Sinica 37: 62-72

[17] YanG CC, YaNG L, WanG YF (1994) On the zeros of f(f®)" — 1. Kexue Tongbao 24: 2215-
2218

[18] Yanc L (1993) Value Distribution Theory. Berlin: Springer

[19] ZuanG QD (1994) On the value distribution of ¢(z) f(z) f'(z) Acta Math Sinica 37: 91-98

PN L1

Department of Mathematics

The University of Science and Technology of China
Hefei Anhui

P.R. China

e-mail: pli@nsc.ustc.edu.cn

CHUNG-CHAU YANG

Department of Mathematics

Hong Kong University of Science and Technology
Clear Water Bay

Hong Kong

e-mail: mayang@uxmail.ust.hk



Mh. Math. 125, 25-35 (1998) Monatshelte fiir

Mathematik

© Springer-Verlag 1998
Printed in Austria

Reproducing Kernels for Harmonic Bergman Spaces
of the Unit Ball

By

Jie Miao, East Lansing, MI

(Received 10 June 1996; in revised form 4 November 1996)

Abstract. We study reproducing kernels for harmonic Bergman spaces of the unit ball in R*. We
establish some new properties for the reproducing kernels and give some applications of these
properties.

1. Introduction

Let B denote the open unit ball in R"” for n>2 and V be the Lebesgue volume
measure on R”. The harmonic Bergman space b?(B), with o > —1, is the set of all
complex-valued harmonic functions u on B with

btz = (|, WO 1 = 1) av (1)) < o

Point evaluation is a bounded linear functional on b2(B). Hence for every
x € B, there exists a unique R,(x, -) € b%(B) such that

u(x) = Lu@)Ra(x, (1 ) dv(y)

for all u € b%(B). The functions R, (x, -) are called reproducing kernels for b2 (B).
We will see that each R, is real valued for @ > —1 in Section 3.

The purpose of this paper is to study these reproducing kernels. These
reproducing kernels have been studied by different authors in [1], [3], [4], and [8].
While reproducing kernels for (analytic) Bergman spaces of the unit ball in C"
have simple formulas in closed form, those for harmonic Bergman spaces are
much more complicated, and it appears to be impossible to find formulas in closed
form for R, in general, except when n =2. In Section 2, we point out how
harmonic reproducing kernels behave differently from analytic ones on the unit
disk. In Section 3, we give a representation for R, in terms of zonal harmonics in
higher dimensions and establish some properties for R,. We use an estimate on R,
given recently in [8] to prove the last property for R,. In the last two sections, we
give some applications of these properties.

1991 Mathematics Subject Classification: 46E22
Key words: Harmonic Bergman spaces, reproducing kernels
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2. Reproducing Kernels on the Unit Disk

We consider R, when n = 2 in this section. Let D denote the open unit disk
in the complex plane C and A be the Lebesgue area measure on D. For o > —1,
the analytic Bergman space A%(D) is the set of all analytic functions in
L*(D, (1 — |z]*)*dA(z)). Let K, be the reproducing kernel for A%(D), i.e.,

) = ij<w>f<a(z, W1 = f)dAw), z€D,

for all f € A2(D). We know that
a+1 1
T (1 _ Zw)2+a )

The reproducing kernels for b2 (D) are closely related to K, (z, w). We have (see
page 357 of [11])

1 1
Ra(z,w) = 21 [ 2Re ——1], zZweD.
T (l_zw)+a

For ze D,r € (0,1), let D,(z) ={we C:w—z <r(l —|z])}. An important
property for K,(z,w) is that

|Ka(z,w)| = 1/(1 = 2))**,  w € D/(2).

’

Ko(z,w) =

z,w € D.

Here the notation “~” indicates that the quotient of two positive quantities is

bounded above and below by constants when the variable varies. For the unit disk,

one usually uses the pseudo-hyperbolic disk instead of D,(z) because of its

connection with Mobius transformations; see [2] for example. However we will

use the obvious extension of D,(z) for higher dimensions in the next section.
We find that R,(z, w) behaves quite differently from K,(z,w).

Proposition 1. For each re (0,1), there exist z€ D and o > —1 such that
R, (z,w) = 0 for some w € D,(z).

Proof. For z,w € D, we have

a+1 (1 — zw)*t
Ra(z,w) = — <2Rell —zv‘vl4+2“_1 .

1 .
Let z=t¢€ (0,1) and — — w = se”, where s > 0. It is easy to see that for
t
w € D,(1),

- 1—1t
o =~r(l t)<sin6<£(—-—)—= rt ,
1+1 1i_, 1, 1+t
t t

. .. ..on
and the range of 6 is | —arcsin——, arcsin
1+t 1+t
Since |1 —tw| < (1 — t2(1 + ¢t + rt) for w € D,(t), we can choose ¢ close enough to
1 such that |1 — tw|2 *< 4. If we choose a large enough, then the range of

) when w ranges over D,(t).
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cos(2 + a)f is [—1, 1] when w ranges over D,(¢). Hence the conclusion follows

from
_a+l (200s(2 +a)f—|1- twl2+a>

g

Ry (t,w) =
( W) T |1 _ tw|2+0(

It is not difficult to see from the proof above that we still have

Ra(zw) = 1/(1 = 2)***,  w e D,(2),

provided that r is small enough (depending only on «). In the next section we will
prove this property for R,(x,y) in higher dimensions.

3. Some Properties of the Reproducing Kernels

In order to give a description of R,, we need to introduce zonal harmonics first.
Let #,,(R") denote the space of all homogeneous harmonic polynomials on R" of
degree m. A spherical harmonic of degree m is the restriction to S, the unit sphere,
of an element of #,,(R"). The collection of all spherical harmonics of degree m is

denoted by #,,(S). For every 1 € S, there exists a unique Z, (7, ) € #,,(S) such
that

p(n) = Lp«)zm(n, Q)do ()

for all p € #,,(S), where o is the normalized surface-area measure on S. The
spherical harmonic Z,(n,) is called the zonal harmonic of degree m. One can
extend the zonal harmonic to a function on R” x R" by making Z,, homogeneous
of degree m in the second variable as well as in the first. Let A, denote the
dimension (over C) of the vector space #,(S). One can compute h,, explicitly
(see Ex 5.5 of [1]):

_(n+m-=2 n+m-—3
= (M027) 4 (0)
for m > 0. Also, hy = 1.

The following lemma states some properties of zonal harmonics that we will
need. For more information of zonal harmonics, see Chapter 5 of [1].

Lemma 2. Let m be a non-negative integer.
() If¢,n € S, then Zn(C, ) = Zm(n,7m) = hm;
(ll) IfC e Sa then max?]éslzm(Ca n)l = Zm(c, C) = hm'

Now we can state the following representation for R,.

Proposition 3. Let o > —1. If x,y € B, then

2 if(m+§+a+1)

Ra(x,y) = nV(B)['(a+ 1) I'(m+1%) Zn(%3)-

m=0
The series converges absolutely and uniformly on K x B for every compact K C B.

Proof. This can be proved using the same argument as for the proof of
Theorem 8.9 of [1]. U
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Since Z,, is real valued for each m (see Theorem 5.24 of [1]), we see that R,, is
real valued.

All constants that depend only on «a, n or other parameters and do not depend
on the variable in B will be denoted by a single letter “C”’. Now we can give an
estimate for R,,.

Proposition 4. Let « > —1. Then

() Ro(x,x) = 1/(1 = [x|)"" for x € B;

(i) [|Ra(x, )30 = 1/(1 = |x|)"* for x € B;
(iii) [Ra(x, )| <C/(1 = || [y))""* for x,y € B.

Proof. First we prove (i). By Proposition 3 and (i) of Lemma 2, we have

T(m+2+a+1)
R, (x,x) = "V (B) F(a T I)Z I'(m+1%)

A |x|2m.

Since h,, =~ (m + 1)"'2 by Stirling’s formula we see the coefficients in the
series above are of order m®~! as m — oo. This proves (i).

(ii) follows from ||R,(x, )||2a = R, (x,x).

To show (iii), for x,y € B, let x = |x|¢, ¥ = |y|n. Then by (ii) of Lemma 2

2 (m+%+a+1) .
S INCES) Z e IR
2 Fm+3+a+1) o
SV I)Z g (b
C

S T oo
(1= el Iy))™
This finishes the proof. O

For r€ (0,1),x € B,let K,(x) = {y e R" : [y — x| < r(1 — |x|)}. The follow-
ing fact will be used:

1—|y|%1-—|x|, yEK,(X)-
We have the following lower bound estimate for the reproducing kernels.

Proposition 5. Let o > —1 and x € B. Then there exists r = r(a) € (0,1)
depending only on « such that Ry(x,y) = 1/(1 — |x|)"** for y € K,(x).

Proof. Tt follows from Proposition 4 (iii) that R, (x,y)<C/(1 — |xi)n+a for
y € K;(x).
To show the other direction, for y € K,(x), by the mean value theorem we have

Ra(x, y) SRQ(X,X) - ug}(aéc) lvuRa(x) u)i Iy - XI

o
Z AR IVuRa (x, w)| |y — x].
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If u € Ky(x), then 1 — [u| > 3 1(1 = |x|). Thus for u € K; 1(x), Cauchy’s estimates
2.4 of [1]) gives

IVRa (5, )] > ¢

__.C— max | (x v)|<_.—
(1= Jul) vk (1 = et

Thus if r is chosen small enough, for y € K,(x), we get

Ru(x,y)> C _ Cr C
B B T

This proves the proposition. O

When a = 0, the proposition above was proved in [6] for any r € (0, 1) using
the explicit formula for Ry(x,y) given in [1].

For x,y € B, let P(x,y) be the “extended Poisson kernel” for B. Then (see
pages 156 and 157 of [1])

e 1 - x|y
P7 = ) = R) ,GB.
(502 =2 Zn0d) = o R

If o is a non-negative integer, then

Ru(x,y) = mmo("l +24a) . (mt D) Zu(ey)

2 d a+1 E o
=nV(B)P(a+1)<2}) [P, y)].,

For x € B,x#0, let ¥ =x/|x|* be the inversion of x. Notice that our
reproducing kernels are slightly different from those in [3] and [8] because we
choose (1 — |x|*)* as weights. We have the following lemma.

Lemma 6. Let o > —1. 1
@ Ra(x,y)| S CIx —y|™"* for x,y € B with [x| > 5

1
Gi) If a > n(—l-— 1) — ~, then
p p

L IRa(C,y)Pdo(¢)<C(1 — ly*~=*¥ y e B

Proof. The same proofs as for Lemma 2.3 of [8] yields (i) (although only the
case when o > 0 was considered in [8]). Now (ii) follows from (i) by the proof for
Lemma 3.2 of [3]. O

In order to prove our next result, we need the following simple estimate (see
page 291 of [9]).

Lemma 7. If 8 > —1 and m > 1 + 3, then for 0<t < 1,
1

J (1= tr)™(1 = Pdr<C(1 — )+,
0

The following is the last property for R, in this section.
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n+ 3

n+a’

[, Rat Pt = ave) =
Proof. For x € B, by Proposition 5, we have

L Ra(e )P (1 = )P dV(y)> j Ra(ey)P (1= )PV ()

K (x)

Proposition 8. If p >

B> —1,and a > —1, then

1
(1 _ lx[)(”+°’)p"(”+ﬂ) ’

X €B.

S C
= (1- |x|)(n+a)lf—(n+ﬁ) )

To show the other direction, using Lemma 6 (ii) and the fact that

R, (rx,y) = Ru(x,ry) for x,y € B,0 < r < 1 (which follows from Proposition 3),
we have

|| Ralsn)P 1 = 1 av ) = nv(m) jol(l ([ RatrrPao(@))ar
=@ [ - ([ IRt )ar

1
<cj (1= 1)1 = rlx|)" 'Ot gy
0

<C(l _ |x|)n+ﬂ~(n+a)p’
where we used Lemma 7 in the last step. O

4. Application to an Inequality on the Harmonic Bergman Space
The following result was proved in [4] and [10].

Theorem 9. Suppose that G is a measurable subset of B and that
p > 0,8 > —1. Then the following conditions are equivalent:
(i) There is a constant C > 0 such that

L FOIP( = ) aviy)<cC L £GP~ v ()

for each harmonic function f on B for which the left-hand side of the inequality is
finite;

(ii) There is a constant 6 > 0 such that V(G N K) =6V (B N K) for every ball K
whose center lies on S.

LueckiNG [4] proved (ii) = (i), and (i) = (ii) only when p = 2,3 = 0. Later
SLepp proved (i) = (ii) for all p > 0, 8 > —1 in [10] (I thank Professor William T.
Sledd for this reference). To prove (i)=>(ii) in the case when p=2,8=0,
LUECKING [4] used Ro(x,y) and suggested the use of Rg(x,y) for the case when
p=2,6>—1. Stepp [10] developed a different approach by constructing
harmonic functions using the Poisson kernel.

We here provide another proof of (i) = (ii) for Theorem 9. Our method is
similar to that in [4]. For 8> 0, our proof is even shorter than that in [4], where the
explicit formula for Ry(x,y) was used. For —1 < # < 0, our proof uses a careful
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argument. We believe the reproducing kernels are natural candidates for this type
of inequality.

Proof of (i) = (ii). By the argument in the proof of Lemma 3 of [4], we only
need to show that given € > 0, there is a constant C, (depending on ¢) such that for
every ball K with its center on S, there exists a harmonic function f (depending on
€ and K) on B such that

M FlIfPFa - ly))?dVv(y) = C, where C does not depend on K, ¢, and f;

@ [k IFOIP (1 =y avE) <e;

B3) Jorx IFOIP(1 = y))’dv(y) <C(V(GNK)/V(K NB))* for some a > 0,
where a depends only on .

Without loss generality let K have radius A < 1 and center u = (1,0,...,0).
Choose « large enough so that p > ﬁiﬁ Let

n+aoa
n Ot—ﬂ
FO) = Ralx, y)(1 = )™ 77,
where x; = ru,r > 0, and 1 — r = sh for small s > 0 to be chosen.

Condition (1) follows from Proposition 8.

The case 3>0 is easier to deal with in order to show (2) and (3). Let 3=0. If
y € K, then 1 — |y| < h. By Proposition 4, for y € K, we have

1 -’ W 1
(1 — o))" s¢ (sh)**? G V(K)

IFO)IP(1 =) <cC

This implies (3) for a = 1.
By Lemma 6, we have [R,(x,y)|<C/|% —y["*® if s <1 Notice that
(1 —=1y]) < |x% —y|,y € B. We have

—(n 1
L\K FOPQ = b ave) <CO — a0 [ e av()

B\K |X — y|
pnta)-(nip) [T
< n+o)—\n
< C(sh) L rp(nm)hﬂdr

< C(S)P("+a)—(n+ﬂ) ,

where we used the fact that B\K C {y € R" : |y — Xx| > h} in the second step. If s
is chosen small, then we have condition (2).

The case when —1 < 3 < 0 requires more work. First we choose ¢ > 1 such
that g3 > —1. Let ¢ denote the conjugate of g. Holder’s inequality gives

j FOIPA = ) av(y)
B\K

<(1 = [re)-@e8) (L\K IRaGres) (1 = |y|)ﬂ"dv<y>)a

| J,. o) av0))

1

7
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If (n+a)p> 2(2 + ﬂ), then by Proposition 8

1

& Bq ! 1
R x, 2 1"‘ dV SC n
(], et =iy avis)) T

If (n+a)p > 2(57), then we have

1 1
ol 7 00 -1 7 1
<C ‘ o N —
(JB\K |Ra(xk,y)|2 dV(y)) (Jh o dr) Ch(n+a)§ 5

Combining the inequalities above, we get

JB\K fOIP( - M)ﬂdV(y) < C(s)("""a)'i'—fr’

provided that « is large enough. This gives (2) if s is small enough.
We now show (3). We have

jm FOIPQ - ) av(y)
—(1- |xk|>"<"+“>“"“”j IRa e 3) (1 = [y])°dV ().
GNK

By Hélder’s inequality and Proposition 8, we get

j IRaCxe )P (1= )PV ()
GNK

<({, Ratoxnimr - |y|)"ﬁdV(y)) (VGn K
c
(1= e
Hence we obtain that
V(GNK)\7 V(GNK)\7
P(1 - ly|)Pav sc(—,;) <Cs(—~—-— .
|, _irora - pirave)<e(FEns BT
Thus the condition (3) is satisfied with a = 1/4'. O

S(V(GN K))7.

5. Application to Toeplitz Operators on the Harmonic Bergman Space

Let u be a finite complex Borel measure on B. We densely define the Toeplitz
operator on b2 (B) with symbol 4 by

T,u(x) = L Ro(x, y)u(y)du(y)

for u € B2(B) NL®(B, (1 — |xI*)*dV(x)). If dp(y) = =fO)(1 - |x*)°aV (y), then
we write T = Ty. Let ( ), denote the inner product for L2(B, (1 — |x|*)*dV (x)).
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For bounded u,v € b2 (B), it follows from Fubini’s Theorem that
(Tyu,v), = ] uvds.
B

Suppose £ >0 and let I denote the embedding operator from b?(B) into
L*(B,dp). It is clear that T, is bounded (compact) on b%(B) if and only if I is
bounded (compact).

The characterization of boundedness and compactness for the embedding
operator was given in [7], where more general domains in R" and more general
spaces were considered, except for —1 < a < 0. We can extend the characteriza-
tion to all & > —1 in our case. From here on we always assume r is the number
given in Proposition 5.

Proposition 10. Let oo > —1 and u be a finite positive Borel measure on B.
Then the following conditions are equivalent:
(1) I is bounded (compact) ;

(i) (K (x))/V(K.(x))"** is bounded, for x € B(— 0 as |x| — 1).

Proof. OLEINIK and PavLov [7] proved that (ii) = (i). To prove the implication in
the other direction, suppose I is bounded. Then

|, WPausc | wo)Fa - pryrave)
for all u € b2 (B). For x € B, let u(y) = Ru(x,y) € b%(B). Then

(Tlf—(%%)n):—a—ﬁ C|  IRa(x,y)ldu(y)

K, (x)

<c| Ra(x,y)*dp(y)

<C . Ra(x,y)*(1 = [y[)*av(y)
S O
T Ea

where we used Proposition 4 in the last step. A modification of this argument
shows that compactness of I implies the little o condition; we omit the details. This
proves (ii). O

We need the following decomposition of B (see Lemma 4 of [6]).

Lemma 11. There exists a sequence {x;} in B such that

(1) UK' (xl) - 1

(ii) There exists a positive integer N such that each K,(x;) intersects at most N
spheres of {K,(x;)}.

Now we can state Proposition 10 in terms of Toeplitz operators. Although [7]
only gives the continuous version, a discrete version can be easily obtained (see,
for example, Lemma 5 of [6]).
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Proposition 12. Let oo > —1 and p be a finite positive Borel measure on B.
Then the following conditions are equivalent:

() T, is bounded (compact) on b2 (B);

(i) (K, (x))/V(K,(x))""" is bounded for x € B(— 0 as |x| — 1);

(i) (K, (x:))/ V(K ()" is bounded for i =1,2,...(— 0 as i — c0).

Now we can establish a trace ideal criteria for positive Toeplitz operators on
bi(B). The case a =0 was proved in [6] using ideas from [5] and [12] (see
Theorem 11 of [6]). That result can be extended to all o > —1.

First let us recall the definition for the Schatten ideal. If T'is a compact operator
on a separable Hilbert space H, then there exist numbers so(7)>s(T)> --- >0,
called the singular numbers of 7, and orthonormal sets of vectors {e;} and {f;}
such that

Tx = iS,-(T)(x, efi, x€H.

For 1 < p < oo, the Schatten ideal S,(H) 1s defined to be the set of all compact

operators for which ||T||s = (3=, Si(T ¥ ) < 00. As is well known, S,(H) is a
Banach space with the norm || - ||5P and is a two-sided ideal in the space of
bounded linear operators on H.

Theorem 13. Let 1 < p <0, > —1, and p be a finite positive Borel measure
on B. Then the following conditions are equivalent:

() T, € (2B N

(i) u(K,(x))/V (K, (x)) " € LP(B, (1 — k") "dV (x));

(i) 072, (K, () /V (K, (%)) 7Y < oo,

The proof of the theorem above is entirely analogous to that for Theorem 11 of
[6], so we will not give a proof for it. We remark that the two properties for the
reproducing kernels needed for the proof are supplied by Proposition 4 and 5, and
the S,-norm of T, is related to the reproducing kernels by the following identity:

|mm=mewmmm»m—mme.
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Abstract. Lattices A, A’ are similar if one can be transformed into the other by an angle-preserving
linear map. Similarity classes of lattices of rank n may be parametrized by a fundamental domain &
of the action of GL,(Z) on the generalized upper half-plane ,. Given 1 < n<m and 2 C &, let
N(2,T) be the number of sublattices of Z™ which have rank n, similarity class in 2, and determinant
<T. Our most basic result will be that N(2,T) ~ ¢;(m,n)u(2)T™ as T — oo for suitable sets 2,
where p is the invariant measure on #,. The case n = 2 had been dealt with by Roelcke and by Maass
using the theory of modular forms.

1. Introduction

By lattice we will understand a discrete submodule A of a finite-dimensional
Euclidean space. In particular, when A C R™ where R™ is equipped with the usual
metric, then A is a free Z-module of rank n with 0 <n <m. The Euclidean norm |x|
of an element x € A is well defined. Two lattices A, A’ are similar if there is a
linear bijection ¢ : A — A’ such that for some fixed ¢ > 0 we have |p(x)| = c|x|
for x € A. Thus A’ is obtained from A by an angle-preserving linear map. Similar
lattices have the same rank. Every lattice of rank » is similar to a lattice embedded
in R”. Since all lattices of rank 1 are similar, we will suppose that n > 1.

Let # = %, be the set of similarity classes of lattices of rank n, and 2 C £.
Suppose 1 < n < m. What proportion of the sublattices of the lattice Z™ C R™ of
rank 7 lie in a similarity class belonging to 2?7 More precisely, let N(2, T) be the
number of sublattices of Z™ with similarity class in & and with determinant <T.
We will show that for suitable sets 9, a certain measure y on & with u(#) =1,
and certain constants ¢, (m,n), we have

N(2,T) ~ ci(m,n)u(2)T"

as T — oo. Thus “the proportion of lattices with similarity class in 2 is (2)”.

Let O, be the group of matrices K = (ky,...,Kk,) € GL,(R) whose columns
ki,...,k, have |k;| = --- = |k,| # 0 and inner products k;k; = 0 for i #j. It is
the product of the orthogonal group O, and the group of nonzero multiples of the

1991 Mathematics Subject Classification: 11H06, 11H99, 11H55
Key words: Distribution of lattices, generalized upper half plane
* Supported in part by NSF-DMS-9401426



38 W. M. ScumbT

identity matrix. When X = (xy,...,X,) € GL,(R), we may write uniquely
x =k,
X = xiKi + - xR vk (2<7<n) (1.1)

where K = (ky,...,k,) € O, and where ¥2,...,¥n are positive. Thus uniquely

X=KZ (1.2)
where K € O, and
1 X12 - Xn
z=| 2 2 ) it o. (1.3)
0 0 -

The matrices Z as in (1.3) make up the generalized upper half-plane 5# = #,.
When Z € # and M € GL,(R), we may write ZM in the form (1.2), i.e., we may
write uniquely ZM = KZy with K € O, and Zy € . Clearly Zyy = (Zy)y. Thus
GL,(R) acts on #: to M corresponds the map Z—Zy,. In particular GL,(Z), being
a subgroup of GL,(R), acts on 5. By % we will denote a fundamental domain for
the action of GL,(Z) on #. We will write p for the invariant measure on J#
(invariant under the action of GL,(R)), normalized such that p(#) = 1. (This
measure will be described explicitly in Section 5).

Now suppose that 1 < n < m, and let X, xy,...,k,Ky, ... denote column vectors
with m entries. Let & denote the set of n-tuples X = (xi,...,X,) of linearly
independent columns. Let £  consist of K = (ky,...,k,) €Z having
|ki| =--- = |ks| and kjk; =0 when i # j. Thus 2, generalize GL,(R), O,
respectively, but for m > n they are no longer groups. Every X = (xi,...,X,) € &
has uniquely (1.1) and (1.2) where K = (ky,...,k,) € # and Z € .

When A is a lattice of rank n in R™ with basis X = (xi,...,X,) (i.e., a basis

with vectors Xy, ...,X,), the general basis will be XM with M € GL,(Z). When
X=KZ as in (1.2), then XM = KZM = KLZy = K'Zy; with L € O, and
KL =K' € A. Hence there is a map from lattices of rank n onto the set
H# |GL,(Z) of orbits of GL,(Z) in #, therefore a map onto a given fundamental
domain #. Lattices A, A’ are similar precisely if they possess respective bases
X, X' such that the (n X n)-matrices (x;x;) and (xgx]’.) are proportional, and when
X = KZ, X' = K'Z' this will happen if and only if Z = Z'. Therefore the lattices
A, A’ will be similar precisely if they have the same image in #/GL,(Z), hence
the same image in &% . Similarity classes of lattices are parametrized by the
elements of a fundamental domain %.

Call 9 C A lean if no two of its elements have the same image in # /GL,(Z).
This happens precisely when & is contained in some fundamental domain #.
When 2 is lean, let N(2,T) be the number of lattices A C Z™ with similarity
class corresponding to an element of &, and of determinant < 7. (The determinant

— also called covolume - of a lattice with basis (xy,...,X,) is the square root of
det(xixj)l <i,j<n‘)
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For a > 0, b > 0, let #(a,b) consist of Z € # (as given by (1.3)) with
yirrzay; (1<i<n), (1.4)
byl<by: (1<i<j<n), (1.5)

where here and throughout we use the notation

(1)

(The sets #(a,b) are related to “Siegel sets”; see [10,§4.4,(4.23)]). We will
see in Section 5 that #°(1/3/4,1/2) contains a fundamental domain % . Further
let #(a,b,c) consist of Z € #(a,b) with y,<c. Then #(a,b,c) is compact.
The generalized half-plane , may be identified with the set of points
(X12, Y2, %13, %23, 3, - - -, ¥n) € R"  (where h=2+43+..-4n) with positive
Y2,---,¥n. A set @ C #(a,b) is Jordan-measurable if for any ¢ the set 2N
# (a,b,c) is Jordan-measurable in R", i.e., if its indicator function is Riemann-
integrable. In this case p(92) exists, and p(2) = lime—o u(2 N H#(a, b, c)).

Theorem 1. Suppose 1 < n < m, and let 9 C #(a,b) be lean and Jordan-
measurable. Then as T — oo,

N(2,T) ~ ci(m,n)u(2)T™" (1.7)
with
crlmm) = () e T ) g, (18

where V| is the volume of the unit ball in R'.

Remark. When p(2) = 0, (1.7) is to be interpreted as N(2,T) = o(T™). This
convention applies throughout.

Note that for a fundamental domain &, N(#,T) = N(T), say, counts all the
lattices A C Z™ of rank n and determinant < 7. In this special case the asymptotic
formula (1.7) had been proved in [7]. The case n = 2 of Theorem 1 had been done
by RoELCKE [6] and again (in more generality) by Maass [5], using modular forms.
I am grateful to William Duke for pointing out these references. Our arguments
will be elementary.

The condition in Theorem 1 that & be lean may be removed if more generally
N(2,T) counts lattices A of determinant <7 with multiplicity ¢ if there are ¢
distinct elements Z;,...,Z, in 2 such that A has bases K;Z,...,K,Z, with
Kiex.

Remark. An open set 2 need not be Jordan-measurable. Whereas (2) exists
as a Lebesgue integral, (1.7) is not necessarily correct: Let & be lean and open
with u(2) > 0. Let & be the set of points in & corresponding to lattices A C Z™
of rank n. For each Z in the denumerable set &, let %(Z) be an open neighborhood
contained in & such that Xzcsu(%(Z)) < w(2). Then 9’ = Uzey %(Z) is lean
and open with u(2') < uw(2), yet N(2',T) = N(2,T). Therefore (1.7) cannot
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hold for both 2 and 2'. The hypothesis in [6, Satz] that 2 be open should be
replaced by the condition that 2 be Jordan-measurable.

Given a lattice A C Z™, let S(A) be the subspace of R™ spanned by A, and
A =S(A)NZ". Then A i is a lattice, and A C A with finite index. The lattice A is
called primitive if A = A. There is a 1-1 correspondence between primitive
lattices and rational subspaces of R™. Let P(2, T) where 2 is lean be the number
of primitive lattices A C Z™ with similarity class in 2, and determinant <7.

Theorem 2. Suppose 1 <n <m, and let 9 be as in Theorem 1. Then as
T — oo,

P(2,T) ~ c;(m,n)u(2)T™ (1.9)
with

_l m Vm_n+ Vi C(Z)C(Yl)
c2(m,n)—_(n) V1V21---V,, ‘{(m-—n-l—l)-"C(m).

m
Again, the case when 2 is a fundamental domain had been proved in [7].
Let 47 be the Grassmann variety of n-dimensional subspaces of R™. Let v be
the invariant (under the action of the orthogonal group O,,) measure on ¥,
normalized so that v(¥4)) =1. When 2 C #(a,b) is lean and & C ¥, let
N(2,6,T) be the number of lattices A C Z™ of determinant <7 with similarity
class in & and S(A) € &.

(1.10)

Theorem 3. Suppose 1 < n < m, 9 C #(a,b) is lean and Jordan-measurable
and & C G is Jordan-measurable.* Then as T — oo,

N(2,8,T) ~ ci(mn)u(2)v(6)T™.

This generalizes Theorem 1. The case n =2 is due to Maass [S]. A similar
result could be proved for the number P(2, &, T) (defined in an obvious manner)
which counts only primitive lattices.

Our theorems could very easily be generalized to the situation where Z” is
replaced by a fixed lattice I' C R™ of rank m and determinant 1, and where, e.g.,
N(2,T) is replaced by the number Np(2, T) of sublattices A of I" belonging to 2
and having determinant <7. The asymptotic formulas remain the same.

2. The Error Term

For a wide class of domains 2 we will prove (1.7) with an error term < ™1/,
Generalizing 5 (a,b), we define #(a,b) = #(ay,...,a,-1,b) for positive

ai,...,an,_1,b to consist of Z € # with
yir1Zay; (1<i<n), (2.1)
bl <by (1<i<j<n), (2.2)

* That is, for every ¢ > 0 there are contmuous functions fi,f, on % with fi <. <f, where ¢ is the
indicator function of & having [(£2(S) — £i(5))dv(S) < €.
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where again we set y; = 1. We put

n—1 .
T(a) = [Ja; /"0 (2.3)

i=1

Recall that 5, may be considered to lie in R* withh =243 +--- + n. A set
# C R" will be called y-special if it is in the image of a map U : .o/ — R" where
o C R and where

o — | <|¥(a) — ()| <|a — o (2.4)

for a, o € .o/. The norms here are the Euclidean norms in R*~! and R”. A set &

will be called (¢, y)-special if it is the union of z y-special sets. A subset of such a
set is again (¢, y)-special.

Theorem 4. Suppose v>1,
a;=2a>0 (1<i<n), (2.5)
and 9 C #(a,b) is lean, and has (t,~)-special boundary 8%. Then
N(2,T) = ci(m,n)u(2)T™ + O(ty**11(a)T™ /™).

Here and throughout, constants implied in O(---) and < depend only on
parameters m, n, a, b. The length of the paper stems partially from the fact that not
only do we insist on an error term < 7™/ but on a factor such as II(a) in the
error term, which becomes small when some a; (1<i < n) is large.

Let Ay, ..., A\, be the successive minima in the sense of Minkowski of a lattice
A of rank n. Given numbers a; >1 (1 <i < n), the lattices with
)‘i+1 /)\, Za,- (26)
make up a set 9(a) = Y(ay,...,a,—1) of similarity classes.

Theorem 5. 9 = 9(a) may be realized as a lean, Jordan-measurable subset of
H. We have

n—1 )
(l) u(@) > Hai—l(n—t),

i=1
(ii) N(2,T) = c1(m,n)u(2)T™ + O(H(a)Tm_l /,,).
The constant in O(- - -) depends on m only.

In particular, when some g; is large, the proportion of lattices with (2.6) is
small. This answers a question of E. Burger. When n = 2 and 2 = 9(a,), then (as
seen in Section 9) u(92) = (6/7) arcsin (1/2a;).

When 1<i <nand a > 0, set

stia,m) = 3 (B2 w)
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where the sum is over lattices A C Z™ of rank n and determinant <7. One may
deduce from Theorem 5 by partial integration that

S(i,a,T) ~ c3(m,n,i,a)T™
as T — oo when a < i(n — i), but that
S, o, T)/T™ — o0
when a>i(n — i).
When n = 2, write xj, = x, y, =y for convenience. The elements Z € J# with
0<x<1/2, x*4+y*>1 (2.7)

make up a fundamental domain % . (Z corresponds to points x + iy in the classical
upper half-plane. Our #,, being a fundamental domain for the action of GL,(Z),
is roughly half a more familiar fundamental domain for the action of SL,(Z).) We
will consider domains & C %#; whose boundary is a simple rectifiable curve,
parametrized as (x(), y(«)) where a signifies the arc length. We will suppose that
o runs through 1, where either / is an interval, say I = [u, v}, and (x(u),y(u)) =
= (x(v),y(v)), so that the curve is closed, or I = R and y(a) — oo, as |a| — oo.
The possibilities for & are indicated by the following figures.

We will suppose that the integral in

c(2) = Ly(a)—3/2da + (min y(a))_B/ ’ (2.8)

is finite. Note that ¢4(92) is < the integral when I has length >1.

Il

Figure 1 Figure 2

o
-
o

1
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Theorem 6. Under the above assumption
N(2,T) = ci(m,2)u(2)T" + O(ca(2)T™/?),
where the constant in < depends on m only.

3. The Plan of the Paper

In the next two sections we will discuss the invariant measure y and fundamental
domains. While these are essentially known, they are usually stated in the
language of quadratic forms rather than the generalized upper half-plane. Our
exposition will be self-contained, requiring no prior knowledge of the subject.

Next, we will derive consequences of Theorem 4. We will derive Theorem 1 in
Section 6, Theorem 2 in Sections 7, 8, Theorem 5 in Section 9.

In Section 10 we will formulate Theorem 7, which gives a better understanding
of the error term. Roughly speaking, a point Z on the boundary of & contributes
with weight y, 2+ -y;"“/ " to the error. Theorem 6 is an almost immediate
consequence of Theorem 7, and Theorem 4 will be derived in Section 11. The
implications between the theorems are as follows.

T—4—1—2

NN
6 5
Finally in sections 12—17 we prove Theorem 7. In the last section, Section 18,
we will outline a proof of Theorem 3. ~

Some of our notations are as follows. O,, is the orthogonal group, O, the
orthogonal group composed with nonzero multiplications.

GLn(R) | On | On

z lxTlo
Z,A,0 consist respectively of (m X n)-matrices (Xi,...,X,) which can be
extended to matrices (Xq,...,Xp,-..,Xy) in GL,(R), Oy, O,,.

9 is a subset of the upper half-plane #. Further 2K) 2! consist respectively
of points in ¥ with y, - - -y, <K and y, - - - y, = K. On the other hand, 2* consists
of X € & of the form X = KZ with K € A, Z € 2, so that 2* C R™. We will
write [ 2] for the set of lattices A C Z™ with a basis KZ where K € X', Z € £, and
[2,T] for the lattices in [Z] of determinant <T.

When x € R™, we set Cs(x) for the closed cube centered at x with sides of
length 6, and parallel to the coordinate axes. The cubes Cs(x) with x € 6Z™ cover
R™, and their interiors are disjoint. It will be convenient to set (x) = C;(x). A map
¥ between subsets of Euclidean spaces is «y-Lipschitz if

¥ (a) — ¥(a)| <yl — o (3.1)
for a, o’ in its domain. Given a set ./ in Euclidean space we write .2/, for the

“rounded” set consisting of points « + p with « € o/ and |B| < €. The volume of
the unit ball in R’ is denoted by V}, and

h(t)= =14+ 0 +2+---+1). (3.2)



44 W. M. ScHMIDT

The sets 5 (a, b) and #(a, b) have been defined by (1.4), (1.5) and by (2.1), (2.2).
We will assume throughout that (2.5) holds, which entails #(a,b) C #(a,b).

4. The Invariant Measure

With Z given by (1.3), let 3; for 2<j<n be the column vector with entries
Xijy- -+, Xj—1,j,Yj» SO that 3; lies in R/. By abuse of notation we w111 wnte
Z = (32, .13,)- When Z' or Z* or Z° lie in #, we will wr1te xjj,y; or x5, yf or

x;;,y; for their respective entries, and we define vectors 51 or 51 or 3; accordingly.
Z=(3,...,3,) may be interpreted as a point in R* where

h=h(n)=2+3++n. (4.1)
Write d3; = dxj---dxj—1 ;dy; (2<j<n). Let po be the measure on # with
volume element

dy, dj,
N (4.2)
y2 yn

Lemma 1. yy is invariant under the action of GL,(R).

Proof. GL,(R) is generated by
(a) diagonal matrices diag (1,...,1,A,1,...,1) where A # 0 is in the /-th row
with 1 < I<n.

(b) matrices
1 = 0 ... 0 ... 0\
0 1 e 0
0 0 1 0
0 0 0 ; 1

where « is in the i-th row and j-th column with 1<i < j<n.

(c) permutation matrices.

Multiplication of Z € 5 on the right by a matrix M of type (a) has the effect of
replacing 3, by A3;, so that in Zy one has to replace 3, by |A|3,. Both d3, and y! are
multiplied by |)’|, so that the volume element (4.2) remains unchanged If we
multiply Z by a matrix (b) then 3; is replaced by 3; + a3} (where 3, is 3; augmented
by j— i zeros, so that 3; € RY). Since i < j, both d3; (for fixed 3;) and y; are
unchanged.

To deal with (c) we proceed as follows. When X € GL,(R), let X' be its
transpose, and set [X] = X'X. Then [X] is symmetric and positive definite, i.e., the
quadratic form with coefficient matrix [X] is positive definite. Further [X;] = [X;]
precisely if X; € 0,X; were O, is the orthogonal group. When § is symmetric and
positive definite, set §' = ¢S, where c is the left upper entry of S; then §' is
symmetric and positive definite, with 1 in the left upper corner. Let % be the set of
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such matrices. We have [X]' € &, and [X;] = [X,]' precisely when X; € 0,X,. The
matrices in & are in 1-1-correspondence with the orbits of O, in GL,(R), hence in
1-1-correspondence with points Z € 5#. When Z € J# corresponds to S = [Z]',
then Z); (which lies in the same orbit of 0 as ZM) corresponds to
[ZM)" = ¢c"'M*SM where c is the entry in the left upper corner of M'SM.

A matrix S = (s;) € & is determined by the A = h(n) entries

$12y++ -5 811,522,523y -+ -, 82ny -+ + y Snn- (43)
The I-th entry in (4.3) where 1 <I<h depends only on the first / entries in

X125+ -y X1ny Y2, X235 - - 3 X2ny - < -y Yns (44)

so that the Jacobian

8(.5‘12, e ,snn) _ <8s12 o 8S1n> <8S22 8S23 652,,) o (c’)s,,,,)
0(x12,--.,¥n) Oxiz  Oxin) \By2 Oxp3  Oxan Oyn
= (@5 A @) =27

Therefore the volume element (4.2) becomes

2" (yays - yn) sy - dspy = 217 (det §) "V 2dsyy - ds,,. (4.5)

(See also [10, §4.1, (1.16)] or [8, p. 58].)

It will suffice to consider the permutation matrices M; (2 <!<n) whose action
(by multiplication on the right) interchanges the 1st and /-th columns. When
[Z]' = S, the matrix M!SM, is obtained from S by 1nterchang1ng the 1st and the I-th
columns, and the 1st and I-th rows. Therefore [ZM)]' = s;'[ZM)] =s;'MiSM; = §',
say. In the transition from S to §', the entries (4.3) are replaced by

V/su,s12/Sus -y Su/Suy - -y Snn/Su

in some order, where the hatted entry is deleted. This substitution has Jacobian

2 —(h=1) _ —(h+1)
Su°sy =5y . Further

detS')" " 24g . ds! = ST (det §) T2k - dsy
12 /) /]
= (detS)" ™V 25, - - dsp.

Thus the volume element (4.5) is invariant under replacing S by §'.
It turns out that a fundamental domain % (for the action of GL,(Z)) has

2 <) (n)

Bo(#) = G gy = €S (46)

say. Therefore the invariant measure p with u(?/" ) =1 is given by

1= cs(n) ™ po. 4.7)

We will give three arguments for (4.6), the first one depending on a well known
computation as presented in [10], the second one depending on my earlier work
[71, the third one depending only on the present work.
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Let .# be the image of a fundamental domain % under the map Z —[Z]',
interpreted as a subset of R”, and .#, the cone over M consisting of multiples
tSwitht > 0,5 € .//l,’f By [10, §4.4, Theorem 4], the volume of the setof Y € .#,,
with detY<1 is V = (2"/n(n+1))cs(n). On the other hand with Y =1§
and S € &, the Jacobian 9Y/9(t,S) = t". Further f'detS = detY<1 gives
1<ty := (detS)™/" and Jo thdt = (2/n(n + 1))(detS) ™72 5o that

V= (2/n(n+1)) J,«* (det $)""D/2ds = 212 n(n + 1)) 1o ()

by (4.5). Comparison of our formulae gives (4.6).

Next, let N(T) be the number of sublattices of Z™ of rank n and determinant
<T, sothat N(T) = N(#,T) for a fundamental domain . In Section 6 we will
show that N(T) ~ (2mn) ™" cs(m, n)po(F)T™ with

ce(m,n) = ﬁ V). (4.3)

I=m—n+1

But in [7] I had shown that N(T) ~ c;(m,n)T™. Comparison gives po(F) =
= 2mncy(m,n)/c¢(m,n) = cs(n).

Finally, let P(T) = P, (T) be the number of primitive sublattices of Z™ of rank
n and determinant <7. In Section 8 we will see that for 1 <n <m

Pun(T) ~ (ce(m,n)/(2mn{(m —n+1)---¢(m)))po(F)T™. (4.9)

To a primitive lattice A C Z™ of rank n corresponds the primitive lattice AL of
rank m — n consisting of integer points orthogonal to A, and it is easily seen that
detAt = detA (see, e.g., [7, Corollary to Lemma 1]). Therefore P,,(T) =
= Pp,m—n(T); in particular P,y ,(T) = Puy1,1(T), and the latter is half the
number of primitive integer points in R"*! of norm <T, so that it is well known
to be

~ (2(n+ 1) Vo T

Comparison with the case m = n + 1 of (4.9) again yields uo(F#) = cs(n).
A matrix Z € 5 may also be written as

I &2 &3 ... &in
0 m més ... M&on

Zz=|0 0 mm ... mmbm (4.10)
0 O 0 N (/X I

with positive 7, ..., n,. The I-th entry in (4.4), where 1 </<h, depends only on
the first / entries among

£127"-15171,”21{231'"7(2'”"’1""’
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It is therefore easily checked that the Jacobian

a("‘12) K ,yn) n—1_n—2 2
8(5127 SR 777") ERCERE Yroto

and the volume element (4.2) becomes

n—1

dniyi
( 1+i(:~i))d§12“‘d€n—1,n- (4.11)
i=1 Tl

Lemma 2.

n—1 o

i=1

Proof. In terms of the variables in (4.10), #(a, b) is given by
il <b (I<i<j<n),
Nit1 2 a; (1<i<n).
Integration over the &; gives (2b)"""1/2
constants may depend on n, b. By (4.11),

T [ _dni
po(# (a,b) >< [ J s |-

i=1 i1

, which is >« 1, since the implicit

The lemma follows.
Let p; be the measure on # with volume element
d3 d3,

——
yi 1/n y: 1/n

which is
n—1
dnis
(HTW derz Aot
i=1Ti41

in terms of the coordinates in (4.10). This measure is not invariant. An argument as
in the proof of Lemma 2 yields

i (#(a,b)) >< [[(a) (4.12)
with II(a) given by (2.3).

5. Fundamental Domains

Fundamental domains are best constructed by geometric arguments. Suppose A is
a lattice of rank n and )\ its first minimum, i.e., the least A; > 0 such that there is a
lattice point x € A with |x| = A,. The following is well known.

Lemma 3. The number of x € A with |x| = A\ is between 2 and c(n).
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When A C R™ is of rank n, pick x; € A with minimal nonzero norm, i.e., with
|x1| = A;. The number of choices for x; is between 2 and c;(n). Set x; = k;. Write
points x € R™ as x = x2k; + x’ where x’ is orthogonal to k;. As x ranges through
A, then x’ ranges through a lattice A’ of rank n — 1 in the space orthogonal to K.
Pick a nonzero lattice point h’ € A’ with minimal norm. The number of choices for
h’ is between 2 and c;(n — 1). There is a lattice point X, = xok; +h’ in A. By
adding a suitable integer multiple of x; =k;, we obtain a point with
—1/2 < x12 < 1/2. Given K, this point is unique. Replacing x,, h’ by —x;, —h'
if necessary, we obtain a lattice point x, = x;5k; +h' with 0<x, <1/2. It is
easily seen that except when xj, = 0 or 1/2, the number of choices of x; is between
1 and 2¢7(n — 1). (The 1/2 since only one of h', —h’ works.) In every case, the
number of choices is between 1 and c7(n — 1). We now write h’' = y;k, with
y2 > 0 and |k2| = |k1|, so that x;, = x2Kk; + y2ks.

Next, write points x € R™ as x = x;3k; + x,3k; + h” where h” is orthogonal to
both Ky, k;. As x runs through A, then h” runs through a lattice A” of rank n — 2.
Pick h” € A"\{0} with |h”| minimal. There will be points x; € A of the form
x3 = x13K; + x23k2 +h”. By adding suitable multiples of xj,x,, we obtain a
lattice point with —1/2 < x13 < 1/2, —y2/2 < x23 < y2/2. By changing x3, h”
into —x3, —h” if necessary, we obtain a lattice point X3 = x13K; + x23k; + h” with
0<x13<1/2, |x23|<y2/2. Setting h” = y3h; with y; > 0, |ks| = |k;|, we have
x3 = x13K; +x23K2 + y3ks.

And so forth. We obtain lattice points x;,...,X, with (1.1), where K =
= (ky,...,Kk,) € A . The number of choices for X = (x,...,X,) is between 2 and
cg(n). Clearly X is a basis of A, and X = KZ (i.e., (1.2)) where Z given by (1.3) lies
in 5. We have*

0<x;;<1/2 (2<j<n), (5.1)

bsl<vi/2 (2<i<j<n). (52)

Furthermore, x; for 1 <i<n has the property P; that among lattice points outside
the space generated by xi,...,x;_; (i.e., by ki, ...,Kk;_1), it has minimal distance
from this space.

Let us discuss the property P;. For a basis as in (1.1), P, is automatically
satisfied. For 1 < i < n, it means that every lattice point

WiXi + Uit1Xip1 + -0+ UnXp

with (i, wis1, ..., ) €Z"1 and  (wit1,...,u4n)#(0,...,0) has distance
>yi|ki| = yi|ki| from the space generated by ki,...,K;_;; here we use again
the notation y; = 1 as in (1.6). The condition is that

(wiyi + wip1xijr + - + unxin)2 + (Wiy1Yir1 + wigaXiyriv2 + -+ “"xi+1’")2+
+ -4 (un—-lyn—l + unxn——l,n)2 + ui)’i>y12
(5.3)

* Observe that here and throughout, the x; are not the Cartesian coordinates of the points X;.
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In particular, taking (u;, #i11,---,4a) = (0,1,0,...,0), we obtain x| + y?,, >
>y?, and since |x; ;1| <yi/2, we have

Yit+1 = V 4)’: (1 i< n) (54)
Here again we have set y; = 1. Thus
yi=co(n)y; forj=i. (5.5)

We claim that the conditions (5.3) have to be checked only for coefficients
Ui, . . ., Uy of modulus <cjo(n). In fact we claim that by (5.1), (5.2), (5.5),

the left-hand side of (5.3) is = cy1(n)y? max (u?,...,u?). (5.6)

The left-hand side of (5.3) is > c3(n)y?u? by (5.5). One shows by 1nduct10n down
from j + 1 toj (i <j < n), that the left hand side of (5.3) is =n¥%2c(n) y2ud: If
|uj| < nmax(|ujt1],...,|un|), the induction step is trivial. Otherwise by (5. 1) (5.2)

|“j)’j + U1 X1+ + Mnxjnl
_ . 1
> Jupyi| — n~ ' (n = ) uy;l /2 > |uyil/2> 5 €o(m)\ulyi,

so that the left hand side of (5.3) is > 2~ 2C9(n)2 2 2

Let & be the set of Z € s# which satisfy (5. 1) (5.2), and (8.3) for I<i<n
and tuples (ui,Uit1,...,un) With (uip1,...,u,) #(0,...,0) and |uj|<cio(n)
(i< j<n). We have proved.

Lemma 4. Every lattice A in R™ of rank n has a basis X = KZ with K € A
and Z € ¥,

Our arguments above show that in the lemma the number of choices for
Ze F1and K € A is <cyz(n). The interior & ‘1) of & consists of Z satisfying all
the relations (5.1), (5.2), (5.3) with strict inequality. We claim that when A has a
basis KZwithK € X and Z € ¥ (1), then Z € &, is unique, and there are only 2
choices for K, namely K, —K. When the relations (5.3) hold with strict inequality,
then in x; = x;;k; + - - - + x;_1 ;ki—1 + yik;, the choice of y;, k; is unique, except
that perhaps we may replace k; by —k;, hence x; by —x;. When i = 1, there are in
fact these 2 choices. But when i > 1 and (5.1) holds with x;; # 0, such a
replacement is not possible. Also, when i > 1, and (5.1), (5.2) hold with strict
inequality, then xy;,...,x;_;; are determmed

Since for bases KZ with Z € ./ this Z is unique, there are sets # with
”'0 C & C % such that for every A there is a basis KZ with K € " and unique
Z =Z(A) € #. Further Z(A) = Z(A") precisely when A, A’ are similar. Thus &
parametrizes similarity classes of lattices. Since similarity classes of lattices
correspond to the orbits of GL,(Z) in #, we have

Lemma 5. F is a fundamental domain for the action of GL,(Z) on #.

Except for its boundary, #, is a fundamental domain. Our domain % is
almost the same as one by GReNIER ([2] or [10, §4.4.3]). Our conditions (5.1), (5.2)
could be rewritten as |x;| <yi/2 (1<i < j<n) (withy;=1) and x;;>0 (2< j<n).
In Grenier’s domain, x;; >0 is replaced by x;_1 ; =>0.
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When Z € #, let G(Z) be the group of M € GL,(Z) with Zy, = Z, and write
8(Z) = |G(2)|.

Lemma 6. g(Z) is invariant under the action of GL,(Z). When A has a basis
KZ with K € A, then it has exactly g =g(Z) bases KiZ,...,K,Z with
Ki,...,Ky € A'. We have 2<g(Z)<ci2(n), and g(Z) =2 when Z lies in the
interior of a fundamental domain.

Proof. G(Zy), where N € GL,(Z), is conjugate to G(Z), so that g(Z) is
invariant. If K\Z,...,K,Z with K; € " are distinct bases of a lattice A, then
K.Z = K\ZM; w1th M € GL,(Z). But ZM; = L;Zy, with L; € O,, so that
K.Z = K}Zy, with K = K|L; € . By the uniqueness of the representation
(1.2), Z = Zy,, so that Ml, My € G(Z). Conversely when My, ..., M, € G(Z),
and when KZ with K € X" is a bas1s then since KZ = KZy, = KL; ZM K:ZM;
with L; € O,, K; = KL; € A, each of KiZ,...,K,Z is a basis.

From our remarks below Lemma 4 it is now clear that g(Z) <c2(n), and since
Z_; = Z for the identity matrix I, we have 2<g(Z) <ciz(n). It remains for us to
show that when g(Z) > 2, then Z cannot lie in the interior of any fundamental
domain. In view of the invariance of g, we may suppose that Z € % (so that by
what was said above, Z € 0 ). When g(Z) > 2, there is some M # I, —I with
Zy = Z. Every neighborhood # of Z intersects %9, hence contains a Z' with
g(Z') = 2, hence with Z;, # Z'. The map Z' — Z,, is continuous, so that when Z’
tends to Z, then Z;, tends to Zyy = Z. Therefore there are elements Z’ with both Z’,
Z), € U, but Z'¢Z,,. Thus % cannot be contained in any fundamental domain, and
Z cannot lie in the interior of any fundamental domain.

Remark. The automorphism group A(A) of A consists of the orthogonal maps
of the space S(A) which map A onto itself. When A has basis KZ with K € ',
Z € #, then |A(A)| = |G(2)| = g(2).

When n =2, it is easily seen that & is given by (2.7), and & = %, is a
fundamental domain. Further g(Z) =2 when Z € #9, and g(Z) =4 when
I € 0F,, except that g(Z) =8 when (x,y)=(0,1) and g(Z) =12 when
(x,y) = (1/2,V3/2).

Since Zy = Z_p, the group PL,(Z) = GL,Z /{+£I} acts on # . Let % 15 be the
image of & under the map Z—Zy. The sets # 1y with M € PL,(Z) cover #.
The interiors of these sets do not intersect, so that these sets give a tesselation of
H. In Section 9 we will prove

Lemma 7. Given a >0, b > 0, only finitely many sets %1y (M € PL,(Z))
intersect 3 (a,b).

Thus J#(a,b) is covered by finitely many tiles of the tesselation.
6. Theorem 4 implies Theorem 1

Lemma 8. A linear or quadratic surface in R" is a (2h, 3h)-special set.

In other words, it is the union of at most 2k 7y-special sets where v = 3h.
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Proof. We will use coordinates (ay, ..., ay) for points of R”. The property of
being -y-special is invariant under rotations and translations. A quadratic surface
may be transformed into a surface

a0+a1a,2+---+ahaf,= (6.1)
or
ap + alalz e ahai =0 (6.2)
with nonzero aj,...,a,. For (6.1), it will suffice, without loss of generality, to
consider the piece 4 with
lanon| = max(|aju|, . .., |anan|) and  a,=0. (6.3)

There are <2h pieces of this type. (6.1), (6.3) restrict & := (aq,...,q,-1) to a
certain set .o/ C R"~!. In # we have

ap = /Q(a)

where a€ &/ and Q(a) = (—an) (a0 + a0 + - -- +ap-103_,). The map

U of — R with a— (o, \/Q()) has U (/) = B. It satisfies the left inequality in
(2.4). Further

1VO(@) — vO(&)| = 10(a) — ()] /(v/O(o) + v O())
h—1
= > ailoi + o) (s — o) |/ (Janl(on + 4,))
i=l

h-1

<2) o — o
i=1

<2h|la —d|,

since |a;0;| <|apan|, |aia}| <|apa),| for a, o in /. Therefore % is ~y-special with
v = 3h.

One deals similarly with (6.2). We may restrict our attention to the
piece with |ayan| = max(1,|aul, ..., |anan|), @n=0, and the piece with
1 = max(1, lajayl, . . ., |ancow|). For the last piece we set a:= (ap,...,®;) and
we use the map a—(—Q(«), «) with Q(a) = a;a? + - - - + apa.

We now will deduce Theorem 1. Let & C % be a fundamental domain. By
Section 5, 0% is bounded by a finite number of linear and quadratic surfaces,
hence is a special set by Lemma 8. Since % is lean, Theorem 4 yields

N(ZF,T) ~ ci(mn)u(F)T™ = c1(m,n)T". (6.4)
A box in A is a set of the type u; <y; < vi(2<i<n), u; <x; <v;(1<i < j<n),
where uy,...,u, are positive. When 2 is a box, let 2 = 2N F be called a

truncated box. Then 02 is a special set, so that by Theorem 4, N(2',T) ~
~ ¢y (m,n)u(2')T™. The same holds for finite unions of truncated boxes. Suppose
now that 2 C # is bounded, so that y, <c for some ¢ and every Z € 2. When 2
is Jordan-measurable, there are finite unions %, %, of truncated boxes with
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S 1CPDC S and
w(F2) —e < w(2) < (1) +e.
It follows easily that
N(2,T) ~ ci(m,n)u(2)T™". (6.5)
More generally, when & C % is Jordan-measurable, we may at least conclude that
N(2,T) 2 c1(m,n)(2)T".

A corresponding estimate holds for the complement & of 2 in % . In view of these
estimates, the formula (6.4), and the facts that u(2) + u(8) = u(#) =1 and
N(2,T)+N(6,T) = N(Z,T), the asymptotic formula (6.5) holds for 2.

So far we have supposed that 9 € %. When 9 C #(a, b), then by Lemma 7,

2= 2m) (6.6)

Me#
where # C PL,(Z) is finite and 9’ (M) = 9 N F ;, where F y is the image of F
under Z — Zy. The sets 2’ (M) may intersect in their boundaries. By deleting certain
boundary points, (6.6) becomes a disjoint union. Say 2'(M) = 2(M),, where
9(M) C #. Each 2'(M) is Jordan-measurable, hence so is 2(M), and
w(2(M)) = uw(2'(M)). We already known Theorem 1 to hold for 2(M). Therefore,

N(2,T)= ) N(@'M),T)= > N@M),T)

Me# Me#

~ci(mn) Y w(@M)T™ = ci(m,n)u(2)T™.
Mew

This establishes Theorem 1 in the generalized version where & need not be lean.

Now actually, Theorem 4 will first be proved in the provisional form that
N(D,T) ~ (2mn) "' cs(m, n)po(2)T™ when 02 is a special set, S0 that the
deliberations of the present section yield N(#,T) ~ (2mn)~ Leo(m,n)T™. As
explained in Section 4, this gives the formula (4.6) for (%), and hence Theorem
4 as stated in Section 2.

7. A Generalized Moebius Function
We define a function x(G) on finite abelian groups G by the condition that

Z “(H) { , when G= {O},

Frd 0, otherwise.

The sum here is over the subgroups H of G. The existence and uniqueness of y is
proved by induction on the order of G.

Lemma 9. Let G be a finite abelian group.
() If G = Gy, ® - - - @ Gy, with distinct primes py,...,p, and Gy, a p;-group
(i=1,...,r), then

wG) = p(Gp,) - - - 1(Gp,)- (7.1)
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(ii) Let G be a p-group, G = Cpey @ - - ® Cper where Cy denotes a cyclic
group of order p°. Then u(G) = 0 when some e; > 1.
(iii) Suppose G=C,®---®C, = C’ Then

w(G) = (=1)p-V", (7.2)

Proof. (i) The assertion is an immediate consequence of the fact that the
subgroups of G are of the type H = H,,, @ - - - ® H,, where H,, is a subgroup of G,,
(i=1,...,r). A function p with (7.1) will be called multiplicative.

(ii) For any abelian p-group H, let H' be the subgroup of h € H with ph = 0.
We have to show that (G) = 0 when G # G'. We will do this by induction on the

order of G. Now
S wH) =Y pH) + > u(H)

HcG HcG HCG
H¢G'

The first and second sums vanish, for G # G’ yields G # {0}, G’ # {0}. Therefore
also the third sum vanishes. The groups H occurring in the last sum have H' # H.
By induction, the summands (if any) with H # G have u(H) = 0, so that also the
summand u(G) =

(iii) This assertion will not be needed in the sequel and is left as an exercise.

For a finite abelian group G, let v(G) = v,(G) be the number of lattices
A > 7" with A/7" ~ G.

Lemma 10. v is multiplicative.

Proof. Given an overlattice A of Z" and a prime p, let A, consist of g€ A
having p'g € Z" for some ¢t € N. It is easily seen that A = ¥,A, and

A2 =Y (A2,

where all but finitely many summands are {0}. Since A,/Z" is a p-group, the
assertion follows.

Let I'(!) be the set of finite abelian groups which are products of p-groups with

p<l. Set
Gu(s) = Z (detA)’,

A/Z"el‘(l)

Gils) = D w(A/Z") (detA)'.
A/%é;(l)
Also let (;(s) be a partial product for the Riemann zeta function:

o) =] (i::)

p<l \ =0

Lemma 11. (i) The sum for (, is absolutely convergent for s > n — 1, and

(,,l(s) = CI(S)Q(S — 1) s Cl(s —n-+ 1). (7.3)
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(i) The sum for (; has finitely many nonzero terms, and 'i(s) = 1/Cu(s) when
s>n—1.

Proof. For completeness we will reproduce arguments of [7]. Define o, (k) for
positive integers k, n by o(k) =1,

on(k) =Y d"ou_1(k/d).

dfk

We claim that there are exactly o, (k) sublattices ' C Z” of rank n and determinant
k. This is clear when n = 1. When I" has determinant %, its intersection with the x;-
axis will consist of multiples of a point (d, 0,...,0) with d|k. Its orthogonal
projection on the x,, ..., x,-coordinate plane will be a lattice I of determinant
k/d. Using induction on n, we note that there are o, (k/d) choices for I'". Let
g =(0,82,...,8m),---,8 = (0,8n2,...,8m) be a basis for I'. Then I' will
have a basis

g1 = (d,O,...,O), g2 - (821,822,---,82n)a~--7gn = (gnl,gn27"')gnn)-

For given d and T", a choice of integers g>1,...,&n1 O 21, ..,8n Will give the
same lattice I' precisely when g;; = gi1 (mod d) for i =2, ... n. There are then
d"~! distinct lattices I" with given d, I, so that the total number of lattices I' C 7"
of determinant k is indeed

> d o (k/d) = ou(k).

dik

There is a 1-1-correspondence between sublattices I' C Z" of determinant k,
i.e., with |Z"/T’| = k, and overlattices A D Z" with |A/Z"| = k, given by the map
I'—TI*, where T'* is the polar lattice to T'. (The polar lattice consists of x € R"
having gx € Z for every g € T (see [1, §1.5]).) Thus there are o, (k) overlattices A
of Z" with |A/Z"| = k.

We now turn to the proof of (i).

= Y =y 28

A>zn
A/Zael"( () ker(D)

where I'(l) is the semigroup generated by the primes <I. Since o0, is multi-
plicative,

6 =11 (z a,,<pf>p—m) 074
p<I \t=0
Now
oa(k) < (kloglogk)"™", (7.5)

which is trivial for n = 1, well known for n = 2 (see [3, Theorem 323]), and
follows in general by induction on n. Therefore o, (p') < p"~ 1+ for € > 0, so that
each sum in (7.4) is absolutely convergent for s > n — 1. Clearly, (u(s) = ((s).
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Since o, is the Dirichlet product of o,—; and f(k) = k"~!, we obtain (y(s) =
= (u-1,4(5)G(s —n+ 1), and (7.3) follows by induction on n.

As for (i), A/Z" € I'(]) is a sum of p-groups with p</, and by Lemma 9,
w(A/Z™) = 0 unless each p-group is a sum of cyclic groups of order p. Since A is
of rank n, they will be sums of at most n such cyclic groups, so that

/z< I1 » (76)

pel()

The first assertion (ii) follows.

1= Y A/ Y )

A/Aﬁg(z) HCA/Z"

= > 1A/ Y w7 (17)
A /4}35';_ o ADADZ"

= Y /N7 Z |A/A]7.
A/Igér(l) A/Ael‘

Since

Gls) = Y 18/2'),

n

AS
A/ZMer())

and since A ~ Z", the inner sum in the last expression of (7.7) is (u(s). We obtain

1= Gi(s)Gu(s)-

8. Theorem 1 Implies Theorem 2

Recall that given a lattice A C Z™, we write S(A) for the subspace spanned by it in

",and A = S(A)NZ™. Then A C A C Z™, and A is primitive when A = A. We
1ntroduce a new parameter / € N and the semigroup I'(/) generated by the primes
<l We let A; consist of g€ A having kg€ A for some k € ['(l). Then
A c A;c A. Write P,(2,T) for the number of lattices A € [2,T] with A = Ag:
Recall that [2, T] was the set of lattices A C Z™ of similarity class belonging to &,
and of determinant <T. Clearly

P(2,T)<P(2,T). (8.1)

On the other hand, when A is counted by P;(2,T) but not by P(2,T), then
IA: A| is divisible by a prime p >/, and hence there is a lattice A’ with
ACN c A and |A : A| = p. Given such A/, there are 0,(p) lattices A C A’ of

index p. Since det A’ = p~! det A<T/p, the number of choices for A when p
given is

<a.(p)N(T/p) < p" VAT /p)" = p*—m=1/2T™
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by (7.5) and by Theorem 1. We obtain

P(2,T)<P(2,T)+ Y _oa(p)N(T/p) = P(2,T) + O(1"'*T")  (82)
p>l
since m > n. _
Write ¢;(A) = 1 when A = Ay, ¥;(A) = 0 otherwise. By the basic property of
the generalized Moebius function,

D uA/A) =wi(A).

A
ApDA'DA

We have
N@,T)= ) 1,
A€[2,T)
P(2,T)= Y ¢i(A).
A€[2,T)
Therefore
P@T)= Y 3 ua/n). (83)
Ae[a,T] . W
AjDA'DA
Every overlattice A D Z" has an upper triangular basis A = (ay,...,a,).
Choose some such basis A(A). When A C Z™ is a lattice of rank n with basis
X = (x1,...,X,), then every overlattice A’ D A has a unique basis XA(A) where

A is an overlattice of Z". When A has the basis KZ with K € A", Z € #, then A’
has the basis KZA(A) = K'Zy(a) with K’ € X". Thus when A € [2,T], then

N e [.@A(A), T det A],

where 24, is the image of & under Z— Z,a). Note that pu(A'/A) = u(A/Z7).
The inner sum in (8.3) is over integer lattices A’ D A with A’/A € T'(I). Therefore

PUD,T) = 3 WA/ZIN(@aa), T detA). (84)
oS0
Note that A(A) will in general not be in GL,(Z), hence Z4(a) not lean, and
N(2a(a), - - -) is understood in the generalized sense explained below Theorem 1:
(8.4) is correct since when A’ has bases K| Z, ..., K;Z, with distinct Z{,...,Z] in
Da(n), these come from ¢ distinct points Z in &, hence when & is lean from ¢
distinct lattices A. It is easily seen that when A is upper triangular then
H(a,b), C #(d',b') for some d', b/, and therefore P C H#(a,b) implies
@A(A) C %(a’,b’).
To avoid confusion with the Moebius function, we will write the invariant
measure as bold face u in this section. By the invariance u(Z4(a)) = p(2). An
appeal to Theorem 1 gives

N(@A(A)a T det A) ~ C] (m, n)y(@)(T det A)m
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as T — oc. In (8.4)) we may restrict A to have |A/Z"| bounded by the right hand
side of (7.6), so that we have only finitely many summands. Then

PUD,T) ~ ei(mmp(@) | > u(A/Z7)(detA)" (8.5)

A/ZPer(l)

= c1(m, m)(m)(D)T".

Here (i(m) = (G(m)Gi(m — 1)+~ Gi(m —n + 1))"‘ tends to (C(m)¢(m—1)--
~+{(m—n+1))" asl — oo, so that c¢;(m,n)((m) tends to c,(m, n). Theorem 2
now follows from (8.1), (8.2) (8.5).

Actually Theorem 1, using the prov1s10na1 form of Theorem 4, will first be
proved in the form that N(2,T) ~ (2mn)~ c6(m n)po(2)T™, from which the
present arguments gives (4.9). As explained in Section 4, this yields (4.6), and
hence Theorems 1, 2 as enunciated.

9. Theorem 4 Implies Theorem 5

Again positive a, b will be fixed, and constants in <« may depend on m,n,a,b.
When Z € 5 (a, b) we have

Y>>y (1<i<j<n), (9.1)
kil <y (1<i<j<n). (9.2)

Lemma 12. Let A be a lattice with minima Ay,...,\,. Suppose KZ with
Ke A, Z e #(a,b) is a basis of A. Then (with y, = 1)

i< /<y (1<i<n). (9.3)

Proof. We may replace A by a similar lattice with basis Z. The columns of
Z constitute a basis. The i-th column of Z has length 1 =y; when i =1, and
length
PO+ <y (9:4)
when i > 1, so that \; < max(yi,...,y;) < y;. Since by Minkowski’s Theorem
(see, e.g., [9, Lecture III}),

Ao A > detA = y1yp -+ yn,
we have \; >< y; (1<i<n). Since y; = 1, (9.3) follows.

Lemma 13. Suppose a lattice A has a basis Z = (21,...,2,) € #(a,b). Let
Al, ..., Ay be its successive minima, and g, , . . . , g, independent lattice points with
I8l =X (i=1,...,n). Then each g is a linear combination of z,,...2Z, with
coefficients of modulus < 1.

(x%i +ot x%*l,i +}’%)

Proof. Our hypotheses give
A><Ly  (I<isn) (9:5)
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as in the proof of Lemma 12. Let j in 1<j<n be fixed and write
g = mz + ot UnZy. (96)

By (9.4), (9.5) we have |zx| < yx < A, say |z|<ch (k=1,...,n). Let i be the
smallest number in 1 <i< j with \;>¢! 1)\ Thenifi > 1, we note that forl<k <i
we have |zi] < ch <chiog < A Therefore gi,..-,8_; lie in the space S;_;
spanned by zy, .. ., z;_;. We may infer that g;¢ S;_; (Wthh is also true when i = 1,
with Sy = {0}) so that |g;| is bounded from below by its distance from S;_;. The
square of this distance is the left-hand side of (5.3). Therefore this left-hand side is

<lgl* = ¥ <@ <
In (5.6) we saw that the left hand side is
> y?max(u?,...,u?).

This was shown using (5.5) and (5.1), (5.2), but (9.1), (9.2) serve just as well. A
comparison of our estimates yields |u;], ..., |u,| < 1.

With g, = ux1z1 + - - + unz, (1<k<n), the tuples (uy;,...,up,) for k =i,
i+1,...,n are independent, since g,,...,8;_; lie in the space S, spanned by
Zj,...,z;_. Therefore when g,;,...,g;_; are given and these tuples are given,
g,---,8-1,8,---,8, will be independent, no matter how u;, ..., ux -1 fork =i,
i+1,...,n are chosen. They have to be chosen to minimize |g|. In particular in
(9.6), given u;, ..., u,, the uy,...,u;—; are such that ]gj] is minimized.

Suppose 1 < I < i, and we know already that |u], ..., |u,| < 1. We will show
that |u;_| < 1. Write g; = g; + g/, where g; is spanned by zy,...,2;; and g/ is
orthogonal to zy,...,2;_;. Then |gj|2 = Igj’.|2 + lgj’.’|2, where |g/| depends only on
uj, ..., u,. On the other hand, |gj'.|2 is the quadratic polynomial

Qur, ... w—1) = iy +upxiz+ - - - +uwp_yxy -1 + ) 44 (woryie + ve)?
with v = upxgy + - - + UpXin (1 < k < 1). The minimum of Q(uy,...,u1) is
<Q0,...,0) = vi + -+ o Ky <y

Therefore (u—1y;-1 + v1_1)2 < y? |, which yields |u_1yi_1| < |yi—1| + |vi-1| €
< |y1-1], so that indeed |u;—1| < 1.

We now turn to the proof of Theorem 5. Let # C % be a fixed fundamental
domain. Let 9(a) = Z(ay,...,an—1) consist of Z € F corresponding to lattices
with (2.6). Now (2.6), in view of (9.3) (which we may apply with a = /3/4,
b = 1/2), yields y;,| =aly; with a} = a;/c13(n). Therefore

@(al,...,a,,_l) C Jf(a'l,...,a;_l; 1/2)
Let #7*(a,b) be the part of #(a,b) with x;>0 (j= ,n). Then
H(Q,...,1;1/2) C F,, for 1<y, < - <y, certainly 1mp11es (5 3). Now

(2.6), in view of (9.3), yields Aiy1/Ai=cia(n,a)yit1/y: (Where we may suppose
Clq = (,‘14(n, a) <1), so that

%-’_(a/{’ <y a n ],1/2)C9(a1, an—-l)



The Distribution of Sublattices of Z™ 59

with da = a;/cis=a;>1. Note that pu(H#*1(---)) =2!""u(H#(---)). Lemma 2
(with b = 1/2) now gives the assertion (i) of Theorem 5.

In view of Lemma 8, Theorem 5 will follow from Theorem 4 once we show
that the boundary of %(ay,...,a,—1) is contained in the union of a bounded
(in terms of n) number of linear and quadratic surfaces. Part of the boundary
belongs to the boundary of %, which by the construction in Section 5 is clearly
of this type. Other parts of the boundary are given by a condition Ay = aj);
where 1 <j <n. Thus with g,,...,g, as above, we have |g; | —a,|g]| By
Lemma 12, there are only c;5(n) choices for the coefficients uy,...,u, in (9.6).
Also only finitely many ch01ces for the coefficients of 8ji1- When these coef-
ficients are glven |gj| ]g] +1l are quadratic polynomials in the entries y;, x;; of Z.
Therefore |g; +1| =a; |g1| determines a quadratic surface for Z € R". Theorem 5
follows.

It is clear that when n =2, then 9(a;) C %, consists of points Z with
0<x<1/2, x? +y2>a%, so that

u(@(@)) = (1) (@ (@) = 2 aresin zi 9.7)

We are ready to give a

Proof of Lemma 7. Suppose Z° € #(a,b) NFy. Then Z° =Zy with
Z € F1, M € GL,(Z). Thus Z° = KZM with K € O,. Let A be the lattice with
basis Z; then A° = KA has Z as a basis. Let G = (g, . ..,g,) where g,,...,g, in
A are independent with |g;| =\ (i=1,...,n). Such a matrix will be called
A-minimal. Then G° = KG = (Kg,,...,Kg,) is A’-minimal. By Lemma 12,
G = ZV where V has integer entries of modulus < 1. Similarly G° = Z°V° where
V0 has entries in Z of modulus < 1. We have KG = KZV, also KG = G® =79,
so that Z0 = KZV(V°)™". Comparison with Z® = KZM gives M = V(V°)™". There
are only finitely many possibilities for Vand VY, hence finitely many possibilities
for M.

10. A Better Error Term

We will formulate Theorem 7 and will show that it implies Theorem 6. As will be
demonstrated in the next section, Theorem 7 also implies Theorem 4. To motivate
what follows, we begin with some general observations on the number of integer
points in a set.

Let ZCR", 6§>0. By a 6-net for # we will understand a finite set
N'(#,6) C R™ such that every x € # has distance < é from A" (%, §). The most
basic observation is as follows.

Lemma 14. Let & C R™ be bounded and measurable, with volume V(¥), and
let A (0%,6) be a 6-net for its boundary 0. Then

IN() = V(Z) €|/ (07, 8)],

where N(&) = | N Z™|, and || denotes the cardinality of a set N".
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Proof. Recall the definition of cubes Cs(x) and (x) in Section 3. Let % be the
union of the cubes (x) with x € Z™ which are contained in &, and &, the union of
the cubes (x) with x € Z™ which intersect . Let # be the union of all cubes
Cy(y) with y € 0%. Then

V() — V(B)SV(F) SN(P)SV(F2) V() + V().
Clearly A(0%,6) is a (6 + y/m)-net for 2%, so that
V(B) < (6 +v/m)"| ¥ (8, 8)] < |H(07,0)].

The lemma follows.

We next recall a principle due to LanG [4, §VI.2]. A set # C R™ where m > 1
will be said to be of finite L-spread if there is a map ¥ : C — R™ with ¥(C) D 4,
where C is a cube in R™~! and where ¥ is Lipschitz (so that (3.1) holds for some
v). More generally, a finite union of such sets # will be said to be of finite L-
spread. Let & C R™ be bounded, and have boundary 0% of finite L-spread. Then
Lang’s principle says that the number N(7'.%) of integer points in the expanded set
TS has N(TY) = V(L)T™ + O(T™ ') as T — oo, where V(&) exists as a
Jordan measure.

To have more flexibility, it is advantageous to replace a cube C by a more
general set &/ C R™!. But &/ in general is not “round” enough. Recall that in
Section 3 we defined &/, to consist of points « + f with « € o/ and |B| < ¢, so that
o consists of points having distance < € from /. A set Z C R™ will be said to
be of simple spread < if there is a set &/ C R™! with

V() <7 (10.1)

and a 1-Lipschitz map ¥ :.o/; — R™ with ¥(/) D 2. More generally, a set
B =% U---UZB, will be said to be of spread <7 if 8,,...,%, are respectively
of simple spread <7,...,7, and if 7| + --- + 7, <7. A set is of finite spread if it
is of spread <7 for some 7.

Lemma 15. Suppose & C R™ where m > 1 is bounded, and its boundary 0.
is of spread <. Then the volume V(&) exists as a Jordan measure, and the
number N(&) of integer points in & has

IN(#) — V()| < T (10.2)

Proof. Suppose 4 is of simple spread <7, and let &/, ¥ be as above. Suppose
0 < § < 1, and let % be the set of cubes Cs/,,(«) in R™! which intersect <, and
where a € (6/m)Z™ . These cubes are contained in /5 C &/}, and their union
covers /. For each C € ¥, pick ac € C. Let A(4, 6) be the set of points ¥ (ac)
with C € €. When x € 4, say x = ¥(a), and say a« € C with C € ¥. Then
| — ac| < 6, therefore |x — U(ac)| = |¥(a) — ¥(ac)| < 8. Therefore A(4, ) is
a 6-net for 4. Further

|V (B,6)] = |6|< (m/6)" ' V() < 6™

by (10.1). More generally, when 4 is of spread <7 and 0 < 6 < 1, there is a §-net
N (4, 6) of cardinality < §'~™r. It easily follows that there is an upper Riemann
m
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sum for the indicator function of % which is < 6™ - ' ™1 = 7. Therefore % has
Jordan measure zero.

Thus, when 0% is of finite spread, % is Jordan-measurable. The hypotheses of
Lemma 15 imply the existence of a net A4 (0%,1) of cardinality < 7. An
application of Lemma 14 with § = 1 yields (10.2).

We will now modify the definition of spread to suit subsets # of # = #,.
Again we consider # to be contained in R" where h = h(n) =2+3+--- +n.
Then # C s will be considered to be of simple spread <7 if there is a set
o/ C R*1, and a 1-Lipschitz map &/, — #, say a—Z(a), with Z(#) D % and

J ya(@) 2y () M da T (10.3)

1

Here the y;(«) (and x;(a)) are the entries of Z(a«). A set # is of spread <7 if
B=%U---UPB, where %; is of simple spread <7; (i=1,...,t) and where
1+ +7<T

Again a > 0 b > 0 will be fixed, and ay,...,a,— satisfy (2.5), i.e., a;=a
(i=1,...,n—1).

Theorem 7. Let 2 C #(a,b) have boundary 09 of spread <. Then 2 is
Jordan-measurable, and

|N(9’ T) - A (m’ n)p(@)Tml < C16Tm-1/"

where

ci6 = ay’ H(a) + 7. (10.4)

Recall the definition of II(a) in (2.3). As always, the implied constant depends
only on m,n,a,b. In view of (2.5) we have

C16<<H(a)+T<<1+T.

Deduction of Theorem 6. Set o/ = I, and let a+— Z(a) be the map from &/
onto 02 with Z(a) = (x(a),y(c)). When & = I = [u, v], extend this map to /;
by setting Z(a) = (x(u),y(u)) = (x(v),y(v)) when u—1 <a<wu or v<a<
< v+ 1. Our map is 1-Lipschitz. Further

J y(a)_s/zda< J y(a)_3/2da + 2y(u)_3/2 < 2c4(9),
) I

so that 09 is of spread < 2c4(9). Also, we may set a; = min, y(a), so that
a7 [I(a1) = a;** < c4(@). We may conclude that

e K 6'4(@).

11. Theorem 7 Implies Theorem 4

We first will show how a Lipschitz function defined on a subset of a Euclidean
space E can be extended to a Lipschitz function on E.
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Lemma 16. Let o be a nonempty subset of Euclidean space E, and 1) a real-
valued ~-Lipschitz function on E. For B € E set

$(B) = inf (¥(a) +2yla - B). (1.1)
Let ap € o/ be arbitrary. Then
(i) we may restrict the infimum to a € o/ with |a — B| <5|ag — B|.
(i) 9 (a0) —27]o0 — B <P(B) <v() + 27|#o — B|. In particular; 1(B)=1(p)
when B € /.

(iii) v is 2~y-Lipschitz.
Proof. (i) For a € &/,

Y(a)+27y|a — B
= (ag) — vl — ao| + 2y]ox — ato| — 27|oto — | (11.2)
= t(a0) + 2v|wo — B| + Y(|& — 0| — 4ot — B).

Since clearly () <t(ao) + 2y|ao — B| (which is the (trivial) second inequality
in (ii)), we may restrict to a with |& — ag| <4|ag — B|, hence with |x — B|<
<5|ag — B|. In particular, when E is finite-dimensional and .« is closed, the
infimum in (11.1) is a minimum.

(ii) The first inequality in (ii) follows from (11.2). When B € o/, we may set
%o = B, to obtain P(B) = ().

(iii) is a consequence of
Y(a) + 2y]a — Bl < (@) + 2yl — B + 2|8 - B

Lemma 17. Suppose of C R*™! is nonempty, and U : of — R" is a map with
2.4), ie,

o — /| <|¥ () — W(o)| <a - o (11.3)

for a, &' in of. We will suppose that y=1 (which is automatically true when s/
consists of more than one point). For each component ; of ¥ = (¢y,...,¢n)
define z/z, as in Lemma 16, and set \II (z,bl, ..,1,0;,) Then

(a) U is a 2yh-Lipschitz map R~ X A

(b) Suppose B, B have distance <1/'y from o, and |V (B) — V(B)|<1/.
Then

B~ B'|<9/v.
Proof. (a) Each Py is 2v-Lipschitz, therefore W is 2yh- -Lipschitz.
(b) Pick a, &’ is .o with |a — B|, | — f| both < 3/2~2. Then |\Il(p a)| <

<27vh|B — | < 3h/7, and a similar estlmate holds for p’, . Since \Il(at) ( )
b() = ¥(@),

U (a) — W(@)| <[ (o) - L(B)| + £ (B) — L(B)| + | ¥(B) - ¥ ()]
<SBh/7) + (1/7) + Bh/7) <Th/v,
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so that |& — &'| < 7h/~ by (11.3). But then
B~ B|<Ip—al+|a—o|+o — Bl < (3/29") + (Th/7) + (3/24°) < 9h/~.

Lemma 18. Suppose # C #(a, b) is y-special with y= 1. Then B is of simple
spread

<7 T]@.

Clearly this lemma and Theorem 7 imply Theorem 4.
Proof. Suppose 1 >0, o/ C R"!, and a—Z(«) is an 7-Lipschitz map
Ay — A with Z(f) D 7 and

o1 j g(Z(a))da<r, (11.4)
1/

n

where

g(Z) =y;2+l/n.”y;n+l/n. (115)

Then if o/’ = 1.4/, so that /| = 0.y, and if Z'(«) = Z(n™'a), then a— Z'(a) is
a 1-Lipschitz map o/ — #, and (11.4) becomes

J g(Z' (a))da<T.
o

We may conclude that 4 is of simple spread <7.
To prove Lemma 18, we may suppose that

’Y?Cn(ﬂ,d,b), (1]6)
where c7 will be specified below. Set
n = 2hy*. (11.7)

Extend the map ¥ with (2.4) of the y-special set 4 to ¥ as in Lemma 17. Rename
U(a) = Z(a), so that the map a— Z(a), is n-Lipschitz, and Z(/) D %. We need
to estimate (11.4).

Let % be the collection of cubes Cy/,(Z*) with Z* € n~!Z" which intersect
#(a,b). These cubes cover # (a,b), and if ¢17(n,a,b) in (11.6) is chosen large
enough, they are contained in #(}a,2b) (Recall (2.5)). When Z,Z’ € C where
C € %, with respective components y;, y!, then y. >y; — 1/n>yi/2 if c17(n,a,b) in
(11.6) is sufficiently large. Then g(Z') < 2"g(Z), therefore

§(Z) < 2'v(C)”! Lg(z)dﬁz - dy,,

in the notation Z = (3,,...,3,) of Section 4.

Let I(C) be the part of the integral in (11.4) with Z(a) € C. When both
Z(«),Z(a') € C, then |Z(a) — Z(')| < h/n < 1/~. Since a, & both have distance
< h/n < 1/4* from o/, Lemma 17 gives |a — o| <9h/~, so that « lies in a ball
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B(C) C R*! of radius 9k/. We obtain

1(C) < V(B(C)) - 2(C)™! jcg<z>daz - dy,.
Here
V(B(C)) . 2hv(c)—l < (h/’)‘)h—l . 2hnh < ,.Yl—-h+2h <7h+]

Taking the sum over the cubes C € €, which we have seen to lie in # (%a, 2b), we
may bound the integral in (11.4) by

< A (Jf(%a, 2b)> <« A1 H(a)

in view of (4.12). Since n < ~? the left hand side of (11.4) is
<< 72h—2+h+1 H(a) < 73’1 H(a)

12. The Plan of the Proof of Theorem 7

With a set 2 C 3 we associate the set 2™ consisting of X = (Xi,...,X,) € & of
the form (1.2) with K € & and Z € 2. Thus 2* C R™. Given independent points
Xi,...,X; with 1<t < n, we define

‘@*(Xla s 7xt)
to consist of X.1,...,X, such that X = (Xq,...,X;,X1,...,X,) € 2*. Then
D*(x1,...,%) C R™"=) Further N(2*(xi,...,%;)) will denote the number of
integer points in 2*(xy,...,x,), and V(2*(x,,...,X,)) its measure, if it exists.

Proposition A. Suppose 9 C #(a,b) is bounded and Jordan-measurable.
Then V(9™ (x1)) exists for every X, # 0 as a Jordan-measure, and

V(2*(%1)) = co(m — 1,1 — 1)jxy " J@yé"”---y:,"-"dazmdan-

Proposition B. Let & be as in Proposition A, and X, a nonzero integer point.
Let /(09,6) C #(a,b) be a b-net for 0D with

6§ =m/(2|x]). (12.1)
Then

IN(2*(x1)) — V(2* (x1))| < a0 )T 2y (122)

ZeN(09,6)

Proposition A is easy, and the closeness of N(2*(x;)) and V(2*(x;)) as
evidenced by Proposition B is not unsuspected. The proofs of Propositions A and
B will be done in Section 13-15. Of course, in view of Lemma 14, the left hand
side of (12.2) may be estimated in terms of nets for 8(2™ (x;)). However, such an
approach would give only an estimate with y7~" - - - y"~2 in place of y7=2 ... y»™",
which is weaker because of (2.1). Hence our argument will be more elaborate.
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Let 9™ (T) consist of X € 2* with det X< T here det X is the determinant of
the lattice with basis X, i.e., the square root of det (x;x;), <ij<n

Proposition C. Suppose 29 C #(a,b) has boundary of finite spread. Then
P*(T) has Jordan volume

V(2*(T)) = (mn) " cg(m, n)po(2)T™. (12.3)
Proposition D. Let 2 C #(a, b) have boundary of finite spread <. Then the
number N(2*(T)) of integer points in 9™ (T) has
IN(Z*(T)) — V(2*(T))| < (a;1 @ + T) Tm/n, (12.4)
Here we assume (2.5), and the implicit constant depends on m,n,a, b.

Again Proposition C is easy, but the error estimate in Proposition D is difficult.
The proof of these propositions will be completed in Section 17.
We will deduce Theorem 7. For & as in that theorem, Propositions C, D give

IN(2*(T)) — (mn) ™" cs(m, n) po(2)T™| < c16T™"/" (125)
with

ci6 = ay’ H(a) + 7.
Since the boundary 02 has u(2) = 0,
N((02)*(T)) < c16T™ /", (12.6)

N(2,T) is not the same as N(2™*(T)), since a lattice with basis KZ (K € ") has
8(Z) such bases. But when 2 is lean and Z in the interior of & (hence in the
interior of some fundamental domain), g(Z) = 2 by Lemma 6. Therefore

IN(2,T) - IN(2*(T))| <N((62™)(T)).
By (12.5), (12.6),
IN(2,T) — (2mn) " ce(m, n)po(2)T"| < c16T™ /"

As was pointed out in Section 4, we may deduce that (2mm) ' cg(m, n)po(2) =
= c1(m,n)(2), and Theorem 7 follows.

13. Proof of Proposition A

Let Z; for 1<t<n be the set of linearly independent -tuples (xi,...,X;) of
columns with m components. Let 2, consist of (ki,...,k) with
ki|=---=|kJ|#0 and kik; =0 for i #j. Thus &, =%, X, =X in the
terminology of the Introduction. Recall the notation Z = (3, .. -,3,) where 3; € I/
has components xyj,...,xj_1;,y;. Note that (Xi,...,X;) € X, determines
(Ki,...,K) € A, and (when t > 1) 3,,...,3, by (1.1).

Given 2 C # and (3,,...,3,) with 1 <n, we define 2(3,,...3,) to con-
sist of (n—t)-tuples 3,,;,...,3, With Z=(33,...,30311,--->3s) € 2. Thus
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D(3p,---»3) € RMWHD where h(r) is given by (3.2). When ¢ = 1 we interpret
P(35,---,3) to be 2. Given (Ky,...,k;) € A, where t <n, let S(ki,... k)
consist of vectors k,y; such that (ki,...,k;, K1) € # 1. Thus it consists of
vectors of norm |k;| in the space orthogonal to Ky, ...K;; it is a sphere of radius
|ky| in (m — r)-dimensional space.

We will show that for 1<t<n—1and (xy,...,%) € &,

V(@* (X]’ . ,Xt)) =CG(m —t,n— t)}xl |M(n-—t)

. . (13.1)
[ b oy, s,
9(52v 751)
where 3,, .. ., 3, are the tuples determined by xy, . .., X;. If t = 1, this is Proposition
A.
So let xy, ..., X, therefore K, ...,k; and (when t > 1) 3,, ..., 3, be given. Here
ki|=-- = k] = [xi]. A point (x],,,...,x,) € Z*(xi,...,X,) has

r_ ’ /
Xeo1 = XK+ +x K+ y K

with k € S(ky,...,k;). As 3,+1 with coordinates x| b s Xp 141> Yy rAnges
through a volume element d3;,, in R, then x|, +1k1 + -+ x;,, ke will range
through a box in R’ of volume dx} , ;- --dx], x;|', and y’ lek will range through
a spherical shell in R™~" of radius ~ A +1|X1| and thickness dy; ,[x;|. Therefore

dxt+l “( _t) M~t|xll ()’t+1)m . ]d3x+l'
Since (Im—n+1)Vy_piy =cs(m—n+1,1), the case t=n—-1 of (13.1)
follows. When 1<t < n— 1, and (13.1) is true for ¢ + 1, we observe that
V(2*(xq,...,%)) = JV(@*(XI,...,x,,x;H))dx;H,

and that c¢(m—t,n—1t)=(m—t)Vp_ce(m—t—1,n—1t—1), so that the
assertion (13.1) is true for .

Our arguments are certainly valid when & is a cube, or more generally when it
is a finite union of cubes. Therefore Proposition A is true when 2 is bounded and
Jordan measurable.

14. Auxiliary Lemmas
As always 02 denotes the boundary of a set 2.
Lemma 19. Let 9 C #(a,b) and (Xy,...,X,—1) € Xn—1 be given. Then
6(9*()(1, se axn—l)) - (89)*("17 s vxn—l)'

Proof. Let (ki,...,kn—1) € A »—1 and (when n>2) 3,,...,3,_, be deter-
mined by Xi,...,X,—1. Suppose x € 3(2*(xi,...,X,-1)) is written as

X =x1.Ki + -+ Xp—14Kno1 ik (14.1)
where y, > 0 and k € S(ki, ..., k,_1). For any £ > 0 there are x(!), x® € C,(x)
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with x) € 2%(xq,...,%,_1), xP¢D*(xy,...,X,_1). Say
KO = 20k x4 yOKO (i=1,2)

with y(' >0andk? € § (ki,...,kn—1). When 3, respectively 3( ) have coordmates
Xins -« s Xn—1,ny Yn respectlvely xﬁ,{, ,xf,')ln,y(’ then ZW = 3y, s 301530) €
€9, P (32, e 3ee1s 32)ED. Moreover, x) € C. implies |3 —3,|<
<y/me|x)|"'(i =1,2). We may conclude that (32,...,3,,_1,3n) € 09, so that
(X1,.. .y Xn—1,X) € (89)* and x € (82)*(xi,...,%X,_1).
Suppose B C A, and let A (A,6) be a é-net for B. Given 3,,...,3, where
2<t<n, let
/V(t@,&?)z,m,&,) (142)

consist of Z' € A'(4,6) with

(35---+31) € C3s(30, - - -, 3,)- (14.3)
When ¢t = 1, interpret A(%,0,3,,...,3,) to be N(4,0).
Lemma 20. Suppose 8 C #, and 0 < 6 < m. Let N (AB,6) C #(a,b) be a

0-net for B, and (Xi,...,Xn—1) € Xn_1. Then there is a (26|x,|)-net N for
B* (X1, ...,X,_1) of cardinality

AR D DI A
Zleﬂ(g»é’azv“'wan—l)
where 3,,...,3,_; are the vectors determined by X, ..., Xn_1.
Proof. Let (ky,...,k,—1) € A, be determined by Xi,...,X,—;. Elements
Z' € #(a,b) have y, >a""!, and then §/y, <ma'~".
S =S(ky,...,k,—1) is a sphere of radius |x,| in space of dimension

— (n—1). When € < ma'™"|x|| < [x1|, there is an e-net .A4"((S,¢) for S of
cardlnahty < (eg/ |x11)" ™. Let A" consist of points

xllnkl +-t x:n—l,nkn—l + y;k

where 3, belongs to some Z' = (3),...,3,_;,3,) € N (%,6,35,-.-:3,_1) C
C #(a,b), and where k € A"((S,|x1|6/y,,). Then 4" has cardinality

PAE D DR (708
Z’E‘/V(B,é,sz,‘.‘,an)

Suppose x € B*(xy,...,X,_1) is given by (14.1) with y,>0ke
S(ki,...,Kky—1). Then 3, with components Xxin,...,Xs—14,Yn has Z=
= (33,---,3,) € B. Pick Z' € /' (%,6) with |Z' —Z|<6. Then (when n > 2)
certainly  (3,...,3,_1) € Cas(3p5---,3,_1), SO that Z' belongs to
N (B,6,35,--3n1)- Set

X' =xki+ X Ko Y0k,

where k is the vector in (14.1). Since |Z' — Z| <6, we have |x' — x| <é|x,|. There
is some k' € A7((S, |x1|6/y,) with |k’ — K| <é|x:|/y,. The point

X' =xp, ki 4 x Keer YK
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lies in A" and has |x” — x/| <8|x;], therefore |x” — x| <26|x;|. We may conclude
that 4" is a (26|x;|)-net for B*(xy,...,X,_1).
Suppose 2 <t <n. Let # be a set in the space of tuples (3, ,...,3,)

€ RM™W=A0) For example, when 2 C # and 3,.-.,3 are given, the set
D(3y,---,3,) is of this type. When £ is measurable, set

f() = jaozﬂ)"'"" L) - dg (14.4)

Lemma 21. Suppose 2 C #. Suppose 2<t<n 0<6<m, and
(3,...,30) € Cs(3py- -+ 3,)- When N (09,6) C #(a,b) is a 6-net for 09D, and
ifD (35,---,3) and D(3,...,30) are measurable, then

1f(2Ga:--,3) = f(2Ga - -, 3)]

< 6h(n)-—h(t) Z (yH_l)m —t-1 (y:l)m—n. (145)
ZEN (0D 6,39,.3)

Proof. The cubes Cs(3/ y,...,37) with (3},,...,3") € 62"~V cover
R~k Therefore
f(g(?)z,»?»)): Z f(@(ﬁza'-wﬁ;)ﬂC&(&Zp---,?):))»

(313 ) €6ZH=HE)

and an analogous formula holds for f(2(3, . . .,3")). The left hand side of (14.5)
thus is (up to sign) the sum of the numbers

8Bts 1 30) =F(D(33, - 3)NCos(31s -+ 530) —F(DGay - - )NCo(3r15 -+ )
(14.6)
as (35,---,3) runs through §Z*®~*9_Clearly 8(3 1+ --+3") = 0 unless

D, 3)NCs(3gs030) # DGay- - 3) NCs(irs -2 30)-

In the latter case there is some (3 o 5 3n) €Cs(3/15---,31)) lying in the
symmetnc difference of 2(3),...,3°) and DBoy -1 3e)s say Gt a3p) €

€ 9(52) 73:)\9(32a . 73:) Then (527 ,5?a5:{-1’ ,5,,) € 9 (32a 73;:
3;:-1v a3n )¢9 Since (327 L} 3:) € C6(521 75t) there is some (32a ,3;k)
€ C6(327 R 3t) Wlﬂ’l Z* ((’)2 I L’);ka 3x+1v AR 3n ) S 69 IIl ShOl‘tZ
g(Ghys---137) = 0 unless there is a Z* '€ 89 with

Gos--s37) €Cs(3,---»3) and  (3ip,---30) € CsGhgs-- - 30)-
Given such Z*, pick Z' € #7(02, 6) with |Z' — Z*|< §; then
(2---»3) € Cas(B2s---»3)  and Gryys---3,) € Ca6(3yrs--030)- (14.7)
We have

18Gl -+ 30 < F(Co(3itr---130))
& §Hm—h() ()’:+1)m o o),

n
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since Z' € /(09,6) C #(a,b) yields y}?af_l > 1, so that for 3; € Cs(3)
(t <j < n) we have

Yi<yf +6/2<Yj +26<y +2m <y

As (3%4,-.-,3") runs through points of §Z"™ =) with g(3,.,,...,3}) # O, then
Z' will run through certain elements of A°(02,6) with (3),...,3,) €
€ C35(3,- - - 3,), i.e., it will run through certain elements of A"(02,6,3,,...,3)
(see definition (14.2), (14.3)). Given such Z’, the number of (3/,,...,3/) €
€ 67"~ with (14.7), ie., with (31, .,3F) € Cas(3rars- -1 30)s 18 < 1. We
may conclude that

- —t—1 m—
> 183 1s o3| BRI GL ) )
(3 13 ) EBZH =MD ZEN (02,63, 3,)

Since the left hand side of (14.5) is (up to sign) the sum of the numbers
8(3 1, -->37), the lemma follows.
For want of a better place we now insert the following simple lemmas.

Lemma 22. Let & C R™, and suppose &, (i.e., ¥ with € = m) has finite
volume V(% ). Then the number N(&) of integer points in & is <V(Lp).

Proof. Recall the definition (x) = C;(x) of cubes. Let % be the union of the
cubes (x) where x is an integer points in . Clearly &' C &, therefore
N(Z) = V() <V(Lm).

Corollary. Suppose 1 <t < m, and reals ci, . .., c;,¢ are given. Let ¥* C R"
consist of points (x1,...,%;,X) with X = (X41,...,%,) and

xi —cil <2m (i=1,...,1),
| 1X| —¢| < 2m.

Let & be obtained from ¥* by a rotation. Then
N(&) < (Je] + 1™
Proof. N(#)<V(Fm) = V(y:) < (|e] + 2m)"‘““‘,

Lemma 23. Suppose t > —m. Then

m
E : |x‘t — ;_:'___tvamH + 0(Hm+’_]).
x€Zm\ {0}
x| <H

Proof. Let f(r) be the number of nonzero points x € Z™ with |x| <r. Then our
sum is

H H
J rdf(r) = H'f(H) — tJ U (r)dr.
0 0
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Since f(r) = V,ur™ + 0(r™"!), we obtain a main term
ViH™ ™ — Vou(t/(m + 0))H™ = (m/(m + t))V,H™,

and (since ¢ + m > 0) an error term < H™1,

15. Proof of Proposition B

Initially suppose that & is a finite union of cubes, so that all the integrals occurring
below exist. Let 1 <t < nand (x;,...,%;) € &, and when > 1, let 3,,...,3, be
determined by xi,...,x, We will suppose that 6 = m/|x;| holds, rather than
(12.1). Let 47(09,6) C #(a,b) be a §-net for 2. We will show that

IN(2*(x1,...,%)) = V(2" (x1,...,%))]
< lxl |(n—t)m—h(n)+h(t) Z (y;_H)m—t—l o (}’/ )m—n. (15,1)
Z'eN(09,6,3),-31)

When ¢ = 1, this becomes (12.2).

We begin with the case r=n—1. Let kj,...,Kk,—; be determined by
Xi,...,X,_1. Then 9*(x1, ...,X,_1) consists of points

X = x1,Kg + -+ xn——l,nkn——l + yak

with k € #(ky,...,k,—1) with 3, € 9(3,,...,3,_,) where as always 3, has
components Xi,, . .. ,Xs—14,Yn. We apply Lemma 19, as well as Lemma 20 with
A = 09, and with § = m/|x;|, to see that §(2*(xy,...,X,_1)) has a (28|x;|)-net,
hence 2m-net, of cardinality

LA W '8 ks
Z/€A/(agubv32""35n—l)

Here
M & ‘xl‘m—n — ‘XlI(n—(n—l))m—-h(n)+h(n——l).

Lemma 14 yields the case t =n — 1 of (15.1).
Now let 1 <t<n-—1,andlet (xy,...,x,) € %, be fixed. Then also ky, ...,k

and (when ¢t > 1) 3,,...,3, are fixed. Write points x,+1,x?+1 € R™ as
Xir1 = xl,H—lkl + 4 xt,H—lkt + Y1k, (15~2)
Xy =) kA a0 K+ KO (15.3)

with positive y.;1,)°,; and with K, k% € S(ky,...,k;). Suppose that
x?+1 € (X¢11)-

Then |x0,,, — xis1| <im/Ixi| = 6/2 (1<i<t),y%; — Yir1| < 6/2. Therefore
0.1 € C5(3111)
Br+1 6\3t+1)»

(32, see »3:53?4.1) € C5(32, <o 30 3t+1)‘
By (13.1) with t+ 1 in place of ¢, by Lemma 21 with ¢ 4 1 in place of ¢, and
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since § = m/|x|,
|V(.@*(x1, e Xy X)) — V(@*(xl,...,x,,x?+1))|

S LT D W /%9 Y A
ZIG‘M(6936»321""31»51+I)

(15.4)
Set

V(Z* (1, .., %0, (Xes1))) = L )V(@*(xl, ), )X, .
Xr+1

Then the upper bound (15.4) also holds for

|V(‘@*(X17 e )Xtva-l)) - V(Q*(Xh ceey Xy (xt+l>))|‘
Assuming the truth of (15.1) for ¢ + 1, we obtain

|N(9*(Xl, o X Xeg1)) — V(Q*(x], o X (X11))|

m(n—t—1)+h(t+1)—h(n m—t=2 -
< [xi (n—1=1)+h(t+1)—h(n) Z (y:+2) ' ...(y;)”' n
Z’Eﬂ(agﬁﬁzvmﬁzﬁﬁl)

(15.5)
Now
N(2*(xi,...,x)) = V(2% (xq,...,%))
3 N@* (i, X X)) = V(T (0, % (). (196

X1 €Z"

Here xi,...,x%,, hence 3,,...,3, (when ¢ > 1) are fixed. But 3,,, in (15.5) also
depends on X, 1; write 3, = 3,41 (X41). For Z' € 4#7(02,6,3,,...,3,), let A(Z')
be the number of points x,.; written as (15.2) for which Z' €

N(09,6,33, 13 341)- Such X have 3, =3,,,(X41) € C35(3,,;) (see
definition (14.2), (14.3)). Thus A(Z’) counts integer points (15.2) with

i1 "x:',t+1|<35/2’ Vet —y;+1|<36/2.

Since |k;| = - - - = |k,| = [x1], since k ranges through a sphere of radius |x;|, and
since (36/2)|x;| = (3/2)m < 2m, our X, lies in a set & as in the Corollary to
Lemma 22, with ¢ = |x;y;,,, so that

AZ) =N(&) < (il + D" < (vl )" (15.7)
(Recall that yj’. > 1 for Z' € #(a,b).) In view of (15.5), (15.6) we obtain
N(Z*(xy,...,x)) = V(Z*(x1,...,%))]|

< |X1 Im(n—t—l)+h(t+l)——h(n) Z A(zl)(y:+2)m"_2 c.. (y:l)m_n
Z'e%(a-@,lsﬁzy--w&)

T I N P L PR OYA
Z'eN(09,6,33,-131)
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on observing (15.7) and h(t+ 1) —¢— 1 = h(¢). Thus (15.1) holds for ¢ It
therefore holds for 1<r<n — 1.

Now drop the hypothesis that & be a finite union of cubes. When 2 is bounded
and Jordan-measurable, there is a finite union 2; D 2 of cubes with V(27 (x;))
arbitrarily close to V(@*(xl)) and such that a é-net A" (02, 6) for 02 becomes a
(26)-net N (092,26) for 02,. With § given by (12.1), we have 26 = m/|x,]|.
Applying the case t = 1 of (15.1) to &, we obtain

N(Z* (%)) <N(27 (%)) < V(2] (x1)) + B

where

R A W s

ZeN (821 ,26)

Since A (09y,26) = 4 (82,6), and since V(D7 (x;)) is arbitrarily close to
V(2™ (x1)), we obtain the desired upper bound for N(2™ (x,)). The lower bound is
derived similarly.

16. Further Auxiliary Lemmas
Set IT'(a) = 1 when n =2,
n—1
Hl(a) — ai—(n—i)(i—n/(n—l)) (16.1)
1
when n > 2.
Lemma 24. Suppose n > 2, a; > 0,...,a,_1 > 0,K > 0. Then the integral

-2 -4 ~2n+4
I=Joz3 oy ra, " do - - day

over the domain of (s, ...,a,) € R"2 with o;>a;_10;_1/2>0 (i=3,...,n)
where

a2=K/(a3...an)
has

1 < K~3-1/0-D11 ()., (16.2)
Proof. When n = 3, we have o3 >> ayap03 = a;K, so that
I= Ja;zdag < (k)2

which is what we want. Suppose the case n — 1 has been established. We have
=K'/(03 - an_1) With K’ = K/a,. By the case n — 1, with K’ in place of K,

n—2
) %< K~n+4'"1/(n~2) Haj_("_l_l)(l_("'l)/(""Z)) Ja;[dan (163)

=2



The Distribution of Sublattices of Z™ 73

withl=2n—-4+(-n+4—-1/(n—2)) =n—1/(n—2). Here

n—1 n-2_n-2 n—-2 n-3 n-3
ay, > Gy 10 1Cn > a4, 18p 20y, 20n—10n

> > aﬁ:% . 'a§a2a2a3 ey = Kazag .. -a::f,
so that
Ja;’da,, < (Kapdl - - - a=2)~U=D/(n=D)

n—1

When we substitute this into (16.3) we obtain (16.2).

Lemma 25. Let o/ C R"™! be bounded, n > 0, and a— Z(a) be an n-Lipschitz
map oAy, — H. Suppose B C Z(4) N # (a,b), and 0 < 6 <m. Then there is a
b-net N (B,6) C B for B with

Wy & (/8! J »2(@)" 2 ya(@)" da. (164)
ZeN (#,6) A

Proof. Replacing .« by n.«/ and Z(a) by Z(n~'a) we may suppose without loss
of generality that 7 = 1. We further may replace &/ by the preimage of % under
a+— Z(a). Hence we may suppose that # = Z(«/) C #(a,b). Since a §-net is a
&'-net for & > 6, we may suppose that § < 13"~' where @ = min(1, a).

Let € be the set of cubes C&/mh(d) which intersect &/ and where
a € (6/mh)Z"~'. These cubes are contained in A s/m C o1, and their union
covers &/. For C € € pick ac € CN. Then Z(ac) € # C #(a,b), so
yi(ac) =a"~"' >26. When a € C, we have y;(«) >yi(ac) — 6= 1yi(ac), so that

y2(ac)™ % ya(ae) ™" < 2™y (@)™ ()™,

and
yz(ac)m-2 . yn(ac)m——n < (mh/(s)h—lzmn J y2(a)m—2 . ‘yn(a)m—nda.
C

Therefore when A4"(4, 6) is the set of points Z(ac) with C € €, the estimate (16.4)
follows.

When Z € # = Z(), say Z = Z(a) with a € o/, and say @ € C,C € ¥, then
|Z — Z(ac)| = |Z(a) - Z(ac)| < |a — ac| < 6.
Therefore A°(4, 6) is indeed a 6-net for £.

Remark. Since </ is bounded, so is #. The cardinality of A4'(%,0) is <« the
right hand side of (16.4). Therefore % has Jordan measure zero.
Given 9 C #, recall that 2% consists of Z € 2 having

y2y3 -+ yn <K, (16.5)
and 9K of Z € @ with

y2y3 - ¥n =K. (16.6)



74 W. M. ScHmmT
Lemma 26. Suppose 0 < 6 < m. Then there is a 6-net /" = A (#(a,b)¥ 6)
C #(a,b) for #(a, b) with
Z ym— —n < si-hgm- n/(n— I)HI( )

zZen
where 1I'(a) is given by (16.1).

Proof. Write points & € R~ as a = (a3, ..., 0, B12, - - - s Bn—1,). For a with
positive as, ..., q, set

ay =a(a) =K/(az- - ay). (16.7)

(When n =2, then & = (012) and oy = ap(a) = K.) Let o/ C R*"! consist of
points a with

a=a;, oizaoi (i=3,...,n)
and
Bijl<b (1<j<n), 6| <bai (2<i <j<n),

where v is given by (16.7). &7 is bounded. When 7 is sufficiently large in terms of
n,a,b (note that (2.5) holds), then

a2>a1/2, a;)ai_lai_l/Z (i:3,...,n), (168)

1Bijl<2b  (1<j<n), [6y1<2boi (2<i <j<n) (16.9)
for a € o/, Let a+— Z(«) be the map o7/, — H# given by
yi() =0 (2<i<n), xy(@) =0 (2<i<j<n),
where again o = ay(a) is given by (16.7). Then #'(a, b)[K] C Z(</). Further

Oyz(a)
aai

so that our map &+ Z(«) is 7-Lipschitz on .« ,, for some n=n(n,a,b) < 1. By
Lemma 25, there is a &-net A~ C #(a, b) for #(a,b)*! with

) DE R I PO G

ZeN dl/n

=K/(a3a?an)=a2/al<<l (i:3,“.’n),

In view of (16.8), (16.9), integration over the ; gives < a5~ zag’ 3. ap_y, SO
that we obtain

< ' Jaz(a)m+"_4a'3"+""6 cealfdag - - - day,
— 61—th+n—4 j a;20;4 - a;2n+4da3 . dan,
where the last integral is over the domain specified in Lemma 24, and is to be

interpreted as 1 when n = 2. We obtain the desired conclusion by substituting the
estimate of that lemma.
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Now suppose & C #(a,b) has boundary 09 of spread <7. Say 09 =
= %1 U---U %, where %, is of simple spread 7j, and 7y 4 - - - + 7y < 7. Then
8(2®)c 8P y...ua® U bk

Let .o/(j),a— ZU)(a) be the set and the map evidencing that %; is of spread
<7 (j=1,...,1). Let JZ/(]) consist of a € .o/ (j) with ZW)(a) C ﬂ K). Set

- | o 0P @ @) e (1610)
()N

Since the inte%ral over &/(j), occurring in the deﬁmtlon of spread is finite, and

since each y, is bounded when a€ o j) , hence bounded when

ae ((j)* )l, the volume of (.= (j)* )l is bounded, so that I(j)® is finite.

Moreover ()™ is bounded. By combmmg Lemmas 25, 26 we see that for
0 < & < m, there is a 6-net & = A(0(2'K)),6) C #(a,b) for (2K)) with

DB EEREE U Z ()% 4 o1 hgm = DIT (a). (16.11)
ZeN j=1

In particular, 25 is Jordan-measurable, so that also & is Jordan-measurable.
We now set § = m/(2|x|) and apply Proposition B, to obtain

IN(Q(K)*(XI)) _ V(@(K)*(xl))'
< |xq |n 1)m—1 (ZI(J 4+ gmn/(n— 1)H/(a)> (16.12)

Let ) be the measure on S introduced in Section 4.

Lemma 27. Suppose 9 C #(a,b) has boundary 02 of spread <. Then

M1 (9) <2b7‘.
Proof For a set ¥ C . # CR" let &P be its projection on the
X12, 2, X13,%23, Y3, - - - , Ya-coordinate plane 2. Since |x12|<b for Z € #(a,b),

9py;—l/nyg—l/n y:——l/n '

When 02 = %, U ---U %, and when /(j),ZU)(j = 1,...,1) are as above, then
t t
P = ng; = U(z“)(w(j)l))".

Since the map ar——»( (a) x1 (a) .,y (a)) into 2 is 1-Lipschitz, hence
cannot increase volumes

“HUn et g da o d
J(Z(J)(y(j)]))" y2 yn Y2 33 3n

<[ W e e,
(j)
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‘We obtain

t
p1(2)<2b > 7<2br.
j=1

17. Proof of Propositions C and D

When X = (Xy,...,X,) = KZ as in (1.2), then det X = [x;|"y; - - - y,. Therefore
X € 9*(T) implies

y2- o Yu<T/Ix1|" = K(x1), (17.1)
say. Thus for given x;, we have Z € 25 with K =K (x1). Therefore

V(@¥(T)) = jv<@<'<>* (x1))dxs, (17.2)

with K = K(x;) given by (17.1). We have y,---y,=>a""!---a,_ in #(a,b), so
that we may restrict the integral (17.2) to the ball

il <(T/a}™" - ap) " = L, (17.3)
say. By Proposition A, and interchanging the order of integration

V(9*(T)) = c(m — 1,1 — 1>J|xl,mn—m(J

. SUAREE A -dan) dx,

—colm=1n= 1) [ ([l ) oyrtay, - ds,
2
(17.4)
where the inner integral is over x; € R™ with
Ixi|" <T/y2-- - yn, (17.5)

and equals (V,,/n)(T/y2---yn)". Further, since by (4.8), (Vin/n)ce(m—1,n—1) =
= (mn)~ c¢(m, n), Proposition C follows.
We now turn to Proposition D. In analogy to (17.2),

N@* D)= Y N@¥x))

x €27\ {0}
with K = K(x;). We may restrict the sum to x; with (17.3). By Proposition B, and
in view of Proposition A, the sum is close to

> V@ ) =eslm—1,n- )3 [ pe sy d
X1

x €27\ {0}
=cg(m—1,n—1) L’) (Z |xi1 I'”"""'>y5”‘2 Yy T3y dyy,

X1

(17.6)
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where the sum inside the integral is over nonzero integer points with (17.5). By
Lemma 23, this inner sum is

(Vin/n)(T /2 yu)" + O((T/y2 - ya)" ™).
Comparison with (17.4) shows that (17.6) equals
V(@*(T)) + Ou(2)T"1").

Here 11(2) < 7 by Lemma 27.
By (16.12),

N(2*(T)) = V(2*(T)) + 0 <A +B+ 2 C( j))

j=1
with

A= 'rT"'"I/"

B=1I'(a) Z Ixq ™ K (xy ) D),

C(j) = Z Ix1 |’"" (),

where the sums are over nonzero integer points with (17.3).
One finds

anl(a)Tm—n/(n—l) Z |xl|—m—1+n2/(n—1)

0<|x;|<L
< Hl(a)Tm—n/(n—l)L(nz/(n—1))—1
by Lemma 23, and this equals
H/(a)(ar];—l . .an_l)—(n/(n—l))+1/nTm—1/n — al—ln(a)Tm—l/n
by (17.3) and the definitions (2. 3) (16.1) of T(a),IT'(a). When a € («£(j)®),,
say |a —ap| <1 where a € o (j)®, then |2 () — ZU)(ap)| <1, so that y) (@) <
<y (@) + 1 < y¥) (ag), therefore
¥ (@) -y (@) <35 (@) -y (@0) <K = T/ [
By (16.10)

ci=[, (Zmr ‘)(%f’(a))""z'~~<y$.f><a>>'"‘"da,

where the sum is over nonzero integer points x; with |x;|"y5 () (@) y (@) < T,

hence by Lemma 23 is < T™'/"(y{ () - - - y) (@)) ™*'/". Therefore, noting that
%; had simple spread <7j, we get

C(j) < T 1/",
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Combining our estimates, and recalling that 71 + - - - + 7; <7, we obtain

IN(2*(T)) — V(2*(T))| < (a7 'TI(a) + 7)T™ /", (17.7)

18. Outline of a Proof of Theorem 3

Let 1 <n<m. Let v, be the Haar measure on the orthogonal group O,
normalized so that v,,(0,,) = 1. Since O,, consists of matrices U = (uy,...,uy,)
with wu; = 6;;(1 <i,j<m), the measure v,, induces by projection a measure v,,,
on the space @ of matrices U = (uy,...,u,) with wu; = §;(1<i,j<n), where
again the columns w; lie in R™.

Let f be a real-valued function on ¢ with f(U) = f(—U). Let 2 C # be lean.
A lattice A with basis KZ where Z€ 2 and K € A", has g = g(Z) bases
KiZ,...,K,Z with K; € . Here K; =t,U; with t;, >0 and U; € 0. When
g(Z) =2 there are only two such Uj, e.g., U, —U, so that F(A) :=f(U) is well
defined; when g(Z) > 2, set F(A) =0, say. We will show that when f is
continuous,

S F(A) ~c1(m,n)<J@ f(U)dvm,,(U))u(@)T’”. (18.1)

A€[2,T)

Let Sp’ be a sphere in j-dimensional space, and ¢/ the spherical measure on Sp/
with 0/(Sp’) = 1. When 0 < < 1/2 and u € Sp/, let Sp/(n, u) be the spherical
cap on Sp’ with center u and ¢/(Sp’(n,u)) = 7. Given V = (vy,...,v,) € 0 and
small 7 >0, we construct a “multicap” C(n,V) C ¢ as follows. A point
U= (uy,...,u,) lies in C(n,V) if u; € Sp™(n,v;) where Sp™ is the sphere
of radius 1 in R™, and w; € Sp™7*!(n,v\))(2<j<n), where Sp"7'! =
= S(uy,...,w_y) is the sphere orthogonal to uy,...,u;_1, and v\) is the point
on this sphere closest to v;. Then v,,,(C(n, V)) = 1. Given 7, V, set

hy(V,U) = 1/2if Ue C(n,V) or U € C(n,—V),
me 0 otherwise.

Clearly, hy(V,U) = h,(WV,WU) when W € O,,. We have
J oV, U)dvn(V) =J o (V, U)dvn (U) = 17" (18.2)
0 0

Define H,v(A) analogously to F(A), such that, e.g., Hyy(A) = h,(V,U) when A
has a basis KZ with Z € 9,g(Z) = 2, and K = tU. We will show that

> H(A) ~ cr(m, il u(@)T™, (18.3)
A€[2,T]

uniformly in V.

Let us derive (18.1) from (18.3). When f is continuous in @, it is uniformly
continuous. Given ¢ >0, pick § >0 such that |f(V)—f(U)| <e when
|V — U] < 6. Pick > 0 so small that U € C(n, V) implies |V — U| < é, whence
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If(V) = f(U)] <. Set
) =n" J@f(V)hn(V, U)dvyn (V).

Here h,(V,U) =0 unless |V —-U|<é or |V+U| <6, so that h,(V,U)=0
unless |f(V) —f(U)| < &, on recalling that f(U) = f(—U). Therefore by (18.2)

(V) —f(U)] = n—"|j (F(V) = FU)n(V, U)dva (V)

¢ (18.4)

< sn’"[ hy(V,U)dvma(V) = €.
4

An interchange of summation and integration gives

> W= 1| X ) |avav). (183

A€[2,T] A€[2,T)

The sum inside the integral may be estimated by (18.3), which holds uniformly in
V. Therefore (18.5) is asymptotically equal to the right hand side of (18.1). In view
of (18.4), which yields |F(A) — F(A)| < &, and since our argument can be carried
out for any € > 0, (18.1) follows.

To prove (18.3), let n, V be fixed. Given & C #, let 2° (as an analog to 9%)
consist of X = (xy,...,X,) =KZ with Z€ 2 and K =1tU with t>0,U €
€ C(n,V). Further 2°(xy,...,x,) is to consist of (X.i,...,X,) such that
(X1, .., X, Xeq 1, - - -, Xn) € 2°, and 2°(T) to consist of X € 2° with det X<T.
Then

V(2(x1,...,x)) =" V(D¥(xq,...,%,)),
V(2(T)) = 'V(2*(T)).
Suppose 2 is as in Proposition B. Let x; € Z™\{0}, and suppose that
xi["y2 - yn <T (18.7)
for every Z € 9. Then for 1 <t < n,6 = m/|xy|,

IN(2°(x1,.. ., %)) = V(2°(x1, ..., %)) | < B + (T/ x| - |x|)" /),
(18.8)

where E, is the right hand side of (15.1): When t = n — 1, this follows from the
fact that Qo(xl ,-+.,Xy—1) as compared to g* (xq,...,Xy,—1) has an extra piece on
its boundary (part of a certain cone), and since |Xi|---|Xp—1]||Xn| K
< [x1|"y2 -+ -y, <T, this part is contained in the ball |x,| < (T/[Xq|" " " [Xu-1]),
hence contributes < (T/[x;|- - - |X,_1|)™"" to the error. In the step from  to ¢ — 1
we note that |x;|- - %, ||%,|" """ < |xi|- - - x| <7, so that by Lemma 23

D (Tl el )™ < (T ] [y O 0D

Xt

(18.6)

= (T/Ixa] - e )00,
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The case t = 1 of (18.8) yields the analogue of Proposition B.
Following (17.1) we set K = K(x;) = T/|x;|", and then

IN(@®P(x1)) = V(@S x0))] < '+ (T )0,

where E' is the right hand side of (16.12). The sum of (T/|x;)™"/®=") over x,
with |x;|" < T gives < T™ /", Finally we get

IN(2°(T)) — V(2°(T))| < E + T V", (18.9)

where E is the right hand side of (17.7). This is the analogue of Proposition D. For
every lattice A with basis KZ,Z € 2, except for lattices where g(Z) > 2, we have
two possible K = tU € ', hence two possible U, —U in 0, so that Hyy(A) = 1/2
precisely when U € C(n, V) or € C(n, —V). Therefore the left hand side of (18.3)
differs from N(2°(T)) by < T™~'/* and (18.3) follows from (4.7), (12.3), (18.6),
(18.9).

We now turn to Theorem 3. An n-dimensional subspace S C R™ may be
written as S = UR” with U € O, but U will not be unique. The invariant (under
Op,) measure v = V' on the Grassmann variety %,' may be defined by

j h(S)du(S) =J H(UR")dvyn(U)
gm o

for every continuous function % on %,. When h is such a function, define
f(U) = h(UR"), so that

j F(U)dvm(U) = J h(S)du(S).
[ @gn

n

A lattice with basis KZ =tUZ spans S(A) = UR", so that F(A) =f(U) =
= h(S(A)) unless g(Z) > 2. From (18.1) we deduce that

> S ~en(mm)| h(S)dv(S)) w(@)T™.

A€(2,T]

Since the indicator function of a Jordan-measurable set on %)’ can be suitably
approximated by a continuous function h, Theorem 3 follows.
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Bosma, W., van der Poorten, A. (Eds.): Computational Algebra and Number Theory
(Mathematics and Its Applications, Vol. 325). XIV, 321 pp. Kluwer, Dordrecht Boston
London, 1995. Cloth £ 99,—.

This book consists of a number of articles that have been solicited on the occasion of a
meeting on Computational Algebra and Number Theory, held at Sydney University in
1992. Areas represented are algorithms in groups and their generalizations, computations in
number fields, algebra of polynomials and series, combinatorics and graph theory. The
articles are of interest to students and practitioners working in Computational Algebra or
Number Theory, but include sufficient introductory material to be accessible to nonexpert
readers as well.

J. GRASSBERGER, Wien

Vieweg, E.: Quasi-Projective Moduli for Polarized Manifolds (Ergebnisse der Mathematik
und ihrer Grenzgebiete, Bd. 30). VIII, 320 pp. Springer, Berlin Heidelberg New York,
1995. Cloth DM 164,—; 6S 1.153,40.

This is a modern and comprehensive monograph on moduli schemes for a wide class of
non-singular varieties. The starting point was Riemann’s result that the isomorphism class
of a Riemann surfaces of genus g depends on 3g — 3 parameters. Following the lead of
Mumford each moduli space is also furnished with an ample vector bundle. The main
theme are construction methods for quotients of schemes by group actions, and for the
ample vector bundle the study of base change and positivity properties for direct images of
certain sheaves.

P. MicHOR, Wien

Nomitzu, K., Sasaki, T.: Affine Differential Geometry (Cambridge Tracts in Mathematics).
X1V, 263 pp. Cambridge University Press, Cambridge, 1994. Cloth £ 35,-.

This is a self-contained account on affine differential geometry from a contemporary
viewpoint. It covers on the one hand the classical theory, which has been started by
Tzitzécia in 1908 and culminated in Blaschke, W.: Vorlesungen iiber Differentialgeometrie
II, Affine Differentialgeometrie, Springer, Berlin 1923, and on the other hand, also
developments that have happened in the last decade are included. There are 10 pages of
references, a good index, and a list of symbols.

A. KrIEGL, Wien

Kassel, C.: Quantum Groups (Graduate Texts in Mathematics, Vol. 155). 88 Figs., XII,
531 pp. Springer, Berlin Heidelberg New York, 1995. Cloth DM 88,—; 6S 616,20.

This book offers a clear and easily readable introduction to the theory of quantum
groups as well as to applications of this theory to low dimensional topology. To follow the
presentation, only a basic knowledge of linear algebra and topology is necessary. The book
splits into four parts: The first part discusses the algebraic background of quantum group
theory and gives a detailed description of the quantum SL,-group and the corresponding
deformed enveloping algebra. Part two deals with solution of the Yang-Baxter equations
and the quantum double. The third part is devoted to applications to knot theory. In the final
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part, the author describes Drinfeld’s work on the monodromy of the Knizhnik—
Zamolodchikov equations and Kontsevich’s universal knot invariant.
A. Cap, Wien

Joseph, A.: Quantum Groups and Their Primitive Ideals (Ergebnisse der Mathematik und
ihrer Grenzgebiete, 3. Folge, Bd. 29). 2 Figs, X, 383 pp. Springer, Berlin Heidelberg
New York, 1995. Cloth DM 220,—; 6S 1544.40.

This is a monograph on the theory of quantum groups, which is rather moderate in its
prerequisites. Background information on Hopf algebras and algebraic groups is provided
in two introductory chapters. Then the author constructs quantum groups starting from
Cartan matrices, hereby also obtaining many results on quantum analogs of Kac-Moody
algebras, and discusses the Rosso form and highest weight modules. The next two chapters
are devoted to special bases, the crystal and the global bases. The last four chapters are
devoted to structure theorems and the primitive spectrum of quantum enveloping algebras
and structure theorems and the prime spectrum of quantum versions of the algebra of
functions on a group. In an appendix, the author treats related subjects, in particular the
most important motivations and techniques for the construction of quantum groups.

A. Cap, Wien

Alperin, J. L., Bell, R. B.: Groups and Representations (Graduate Texts in Mathematics,
Vol. 162). X, 194 pp. Springer, Berlin, Heidelberg New York, 1995. DM 40,—; 6S 277,-.

This is an introduction to the theory of discrete groups and their representations.
Assuming a good knowledge of linear algebra and the very basic facts about finite groups
(which are actually recalled in an introductory chapter), the authors first discuss in detail
general linear groups over finite fields. Keeping these in mind as central examples, the
authors then develop basic group theory and basic representation theory, including the
necessary facts from the theory of algebras, up to character theory. The book contains more
than 200 exercises with hints for solutions. These are partly real exercises, partly rather
problems which go beyond the theory developed in the text.

A. Cap, Wien

Kirillov, A. A. (Ed): Representation Theory and Noncommutative Harmonic Analysis II.
Homogeneous Spaces, Representations and Special Functions (Encycopaedia of
Mathematical Sciences, Vol. 59). 2 Figs., 266 pp. Springer, Berlin Heidelberg New
York, 1995. Cloth DM 165,—; 6S 1154,40.

This is the second volume of a series of books on representation theory and non-
commutative harmonic analysis. It falls into two parts (of almost equal size): The first part,
due to V. F. Molchanov, deals with harmonic analysis on homogeneous spaces, mainly
concentrating on the case of semisimple symmetric spaces. The second part (due to A. U.
Klimyk and N. Ya. Vilenkin) deals with relations between representation theory and the
theory of special functions. In both parts proofs are usually omitted, but there are many
references to the available literature. They offer a nice possibility to get a view of available
results and an introduction to the field in a quite condensed and quick form.

A. Car, Wien

Kowalenko, V., et al.: Generalised Euler-Jacobi Inversion Formula and Asymptotics
Beyond All Orders (London Mathematical Society Lecture Note Series, Vol. 214). X,
129 pp. Cambridge University Press, Cambridge, 1995. Softcover £ 19,95.

00
The book deals with asymptotic expansions of sums of the form Z e n! (logn)™,

n=1
where a — 0,,r and m are given, a > 0, Re r=>1,m € N and o is a positive rational
number. The asymptotics are carried through very accurately, in particular for some special
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values of a and r = 1,m = 0. The book is of considerable value for the number theorist and
for the analyst as well.

J. SCHOISSENGEIER, Wien

Triebel, H.: Interpolation Theory, Function Spaces, Differential Operators. 532 pp. Johann
Ambrosius Barth, Heidelberg Leipzig, 1995. Cloth DM 197,—; 6S 1389,—.

This is a monograph on interpolation theory for Banach spaces and applications of this
theory to problems related to elliptic differential operators. The first part of the book treats
in detail general interpolation theory. In the second part, the author applies this theory to
the study of various types of Lebesgue—Besov spaces (with or without weights, for spaces,
half spaces, and domains), and thus in particular Sobolev spaces. In the last part, the author
uses these spaces to study regular and strongly degenerate elliptic differential operators, as
well as Legendre and Tricomi differential operators. It should be remarked that this book is
a minor modification of a Russian version which appeared in 1980, some recent new
developments in the theory are discussed in a short appendix.

A. Cap, Wien

Klingenberg, W. P. A.: Riemannian Geometry (de Gruyter Studies in Mathematics, Vol. 1).
X, 410 pp. Walter de Gruyter, Berlin New York, 1995. Cloth DM 158,—-.

This is the second edition of a monograph on Riemannian geometry. It consists of three
parts. Part one contains foundational material, which is developed for manifolds modelled
on separable Hilbert spaces. The second part deals with complete manifolds and various
Hilbert manifolds of curves in a Riemannian manifold. Finally, part three deals with the
geodesic flow on the cotangent bundle of a Riemannian manifold. This last part also
contains the only major addition to the first edition, a proof that any surface of genus zero
has infinitely many geometrically distinct closed geodesics.

A. Capr, Wien

Lang, S.: Differential and Riemannian Manifolds. 364 pp. Springer, New York Berlin
Heidelberg, 1995. Cloth DM 92,—; 6S 655,20.

This is the third edition of the book Differential Manifolds. It contains an introduction
to the basic concepts of differential geometry (based on Banach manifolds), differential
topology, and differential equations (from the global analytic point of view). It is a self
contained book covering modern differential geometry. Where a subject is not covered
widely, many references are provided. — The changes to the previous version include new
sections on Riemannian and pseudo-Riemannian geometry (up to Hopf-Rinow and
Hadamard—Cartan theorems), a completely rewriting of the sections on sprays, and many
more references.

H. ScHicHL, Wien

Duistermaat, J. J.: The Heat Kernel Lefschetz Fixed Point Formula for the Spin-c Dirac
Operator. (Progress in Nonlinear Differential Equations and Their Applications,
Vol. 18). 247 pp. Birkhiuser, Basel Berlin Boston, 1996. DM 70,—; 6S 496,-.

In this book manifolds with an almost complex structure are considered, carrying also a
corresponding spin-c Diarc operator, which allows even in the non-Kihlerian case to get
local formulas for the Riemann-Roch number or the holomorphic Lefschetz number. The
author uses the heat kernels theory of Berline, Getzler and Vargne to establish fundamental
concepts of the theory of symplectic manifolds and gives applications to symplectic
geometry.

F. HASLINGER, Wien
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Bunke, U., Olbrich, M.: Selberg Zeta and Theta Functions. A Differential Operator
Approach (Mathematical Research Volume 83). 5 Figs., 168 pp. Akademie Verlag,
Berlin, 1995. DM 65,—; 6S 468,—.

This is a research report devoted to the spectral geometry of locally homogeneous
vector bundles over locally symmetric spaces of rank one. The main subjects of the book
are the Selberg zeta function and the theta function associated to such a bundle, and the
relations between these functions and their singularities and the spectrum of geometric
differential operators. Moreover, the authors discuss the Ruelle zeta function. Several
examples and two alternative descriptions of the singularities of the Selberg zeta function
are given.

A. Capr, Wien

Devaney, R. L. (Ed.): Complex Dynamical Systems. (Proceedings of Symposia in Applied
Mathematics, Vol. 49). IX, 209 pp. American Mathematical Society, Providence,
Rhode Island, 1994. Cloth US $ 36,-.

This collection of lectures has arisen from a course on “Complex Dynamical Systems:
The Mathematics Behind the Mandelbrot and Julia Sets” held at the annual meeting of the
AMS in Cincinnati, Ohio, in 1994. It contains interesting survey articles on the classical
work of Julia and Fatou as well as on more recent work on the dynamics of quadratic and
cubic polynomials, on Yoccoz puzzles and tableaux, on the spider algorithm and on the
dynamics of entire transcendental functions. Much of the book is accessible to anyone with
a background on complex analysis. Several impressive color plates are included.

F. HASLINGER, Wien

van Lieshout, M. N. M.: Stochastic Geometry Models in Image Analysis and Spatial
Statistics. 171 pp. Centrum voor Wiskunde, Amsterdam, 1995. Hfl 40,—.

In this revision of his thesis from 1994 van Lieshout presents a survey of continuous
Markov and Gibbs processes basing on the ideas of Geman & Geman and Besag. These
processes provide a basic collection of models for image segmentation, object recognition
and the classification of images. Therefore, iterative algorithms and an easy example is
presented in each section. ML estimation and MAP estimators are compared and their
relation to the Hough transform is described. The survey starts with Markov spatial
processes (object and area interaction processes) and continues with a Bayesian approach
to object recognition, i.e., Besag’s ICM, fixed temperature sampling (spatial birth-and-
death processes) and Geman & Gemans stochastic annealing. The second half concentrates
on spatial clustering presenting absolute continuous cluster processes, general Poisson
processes, ML and MAP estimates, and on Markov properties of clustering processes. The
link between Markov processes and cluster models is shown, furthermore, the relation of
Poisson cluster processes to Markov point processes. The booklet is well written and easy
readable. It concentrates on the presentation of different stochastic processes without going
into detail. Although iterative algorithms are presented some more informative examples
would have shown the applicability of these models in statistical pattern recognition.

C. CeNkEer, Wien

Borkar, V. S.: Probability Theory. An Advanced Course (Universitext). XIV, 138 pp.
Springer, Berlin Heidelberg New York, 1995. DM 50,—; 6S 350,—.

Eine minimalistische Darstellung der maBtheoretischen Grundlagen der Wahrschein-
lichkeitstheorie, die beim Leser recht weitgehende Kenntnisse der Analysis und der Wahr-
scheinlichkeitstheorie voraussetzt und in duBerst geraffter Form die wichtigsten Resultate
iiber Rdume von WahrscheinlichkeitsmaBen, Martingale und Grenzwertsétze présentiert.
Durch dieses ,,streamlining* gelingt es, auch neue Resultate einzubeziehen, doch liefert
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das Buch in erster Linie einen Rahmen fiir eine eingehendere Beschiftigung mit
Wabhrschein-lichkeitstheorie und stochastischen Prozessen.

K. SicMUND, Wien

Bandt, C., Graf, S. Zihle, M. (Ed.): Fractal Geometry and Stochastics (Progress in
Probability, Vol. 37). XI, 245 pp. Birkhduser, Basel Berlin Boston, 1995. Cloth DM
120,—; 6S 861,40.

This collection of invited papers has arisen from a conference held at Finsterbergen,
Germany, in 1994. It contains interesting contributions to fractal sets and measures, iterated
function systems, random fractals, fractals and dynamical systems and harmonic analysis
on fractals. It will be useful to researchers and graduate students.

F. HASLINGER, Wien

Roache, P. J.: Elliptic Marching Methods and Domain Decomposition. 190 pp. CRC Press,
Boca Raton New York London, 1995. Cloth US $ 69,95.

Marching methods for elliptic problems may be considered as relatives to the (better
known) shooting methods for boundary value problems with ODEs. Due in part of their
basic inherent instability (stability only on small domains) they lend themselves to be used
in conjunction with domain decomposition. That much for the explanation of the title. The
book itself makes an interesting reading on its topic and may well stimulate further
thoughts on the development of those relatively little known methods and their relative
merits with respect to, say, multigrid.

H. MuthsaMm, Wien

Bolognesi, T., van de Lagemaat, J., Vissers, C. (Eds.): LOTOSphere: Software
Development with LOTOS. 488 pp. Kluwer, Boston Dordrecht London, 1995. Cloth
US $ 115,-.

This book contains a collection of articles, which evolved from the LOTOSphere
project. This project aimed towards establishing the usage of formal specification
techniques, especially using the formal specification language LOTOS, in software
engineering. The book is divided into six parts. The first contains an introduction and
overview to the objectives of the LOTOSphere project. The second part introduces a
discipline for generating LOTOS specifications for communication systems of the OSI
family and techniques for transforming generic specifications. Part three describes analysis
tools: SMILE, LITE, LOLA, and TOPO for analysing and testing LOTOS specifications.
The next section talks about implementations generated from LOTOS specifications, and
the following two parts introduce the graphical enhancement G-LOTOS and enhancements
aiming towards easier to use abstract data types. For readers used to LOTOS this book
provides a view of the state of the art in the field. Since, unfortunately, it lacks an
introduction to LOTOS itself it cannot be used for learning software development with
LOTOS.

H. ScHicHL, Wien

Purkert, W.: Briickenkurs Mathematik fiir Wirtschaftswissenschaftler. 436 S. Teubner,
Stuttgart Leipzig, 1995. Brosch. DM 47,—; 6S 326,-.

Dieser Briickenkurs ,hat die Aufgabe, den Ubergang von der Schule an die
Hochschule“ — was die Mathematikkenntnisse betrifft — zu erleichtern. Zu diesem Zweck
wird (in Auswahl) sowohl der Schulstoff (Rechnen, Potenzen und Wurzeln, Logarithmen,
Folgen und Reihen) als auch der Basisstoff der Einfiihrungsvorlesungen (Differential- und
Integralrechung, Lineare Algebra) in kompakter Form — aber natiirlich moglichst leicht
faBlich — zusammengefaBt. Dazu werden — unter Verzicht auf Formalismen (wie z. B. die
Sprechweise der Mengenlehre) — jeweils die Begriffe, Aussagen und Methoden
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anschaulich, aber — was dem Autor zu verdanken ist — fachlich korrekt erklirt einige
Beispiele vorgerechnet und (wie in Schulbiichern) weitere analoge Aufgaben zum
Trainieren bereitgestellt. Das Buch wendet sich zwar in erster Linie an Studenten der
Wirtschaftswissenschaften — die Beispiele sind daher oft als Aufgaben der Wirtschafts-
mathematik formuliert (Zinsenberechnung, Geldwirtschaft, Produktionsdaten etc.) —, aber
die Erfahrung zeigt, daB auch viele Studenten der Naturwissenschaften (ja sogar der
Mathematik) eine derartige Uberbriickungschilfe gut brauchen konnten, auch wenn darin
manche Themen (z. B. die Winkelfunktionen) fehlen.

P. Scumrtt, Wien
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Fourier Transforms of Schwartz Functions
on Chébli-Trimeche Hypergroups

By

Walter R. Bloom and Zengfu Xu, Murdoch
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Abstract. The Fourier transform for Schwartz spaces on Chébli-Triméche hypergroups is studied,
leading to results on approximation to the identity for functions and distributions on the half-line. In
particular it is shown that the heat and Poisson kernels on the half-line form approximate units in
various function spaces. A characterization of the convolution of a tempered distribution and a
Schwartz function is also given.

1. Introduction

A hypergroup (K, *) is a locally compact space with a certain generalized
convolution structure * on its measure space (see [3, Chapter 1] for the definition).
Let ¢, be the point measure at x € K. Then the convolution ¢, * €, of the two point
measures &, and €, is a probability measure on K with compact support. Unlike for-
the case of groups this convolution is not necessarily a point measure. The
convolution between point measures extends naturally to all bounded measures on
the hypergroup. In place of natural left translation of a function fby x, available in
the group case, the generalized (left) translation is introduced on a hypergroup via

T.f(y) = ij<z) (6x % &) (d2).

For every hypergroup admitting a Haar measure m the convolution of two
functions f and g is defined as

fegln) = ij<y)Txg(y)m<dy)‘

The notion of an abstract algebraic hypergroup has its origins in the studies of
F. Marty and H. S. Wall in the 1930s, and harmonic analysis on hypergroups dates
back to J. Delsarte’s and B. M. Levitan’s work during the 1930s and 1940s, but the
substantial development had to wait till the 1970s when DunkL [6], SpecTOR [11]
and Jewert [10] put hypergroups in the right setting for harmonic analysis. There
have been many fruitful developments of the theory of hypergroups and their
applications in analysis, probability theory and approximation theory (see [3]).

1991 Mathematics Subject Classification: 43A62, 43A15, 43A32
Key words: Fourier transform, Schwartz spaces, hypergroup
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Many examples of hypergroup structures on the half-line R, = [0, oo[ arise
from Sturm-Liouville boundary value problems where the solutions coincide with
the characters of the hypergroup in question. Chébli-Triméche hypergroups (see
Definition 1.6 below) are a class of such ‘“‘one-dimensional” hypergroups on R,
with the convolution structure related to the following second order differential
operators:

L=Lpyi=——s— 22 (1.1)

where the function A is continuous on R, twice continuously differentiable on
R* =]0, oo, and satisfies the following conditions (see [16], [17]):

1.2) A(O) 0 and A(x) > O for x > 0;

(1.3) A is increasing and unbounded;

(14) A(x) 200+1

1
+ B(x) on a neighbourhood of 0 where a > — 3 and B is

an odd C°°-functi0n on R;

I I
(1.5) A, is a decreasing C*-function on R* »and hence p := > lim (x) >0

A(x) 2H+°° ARx)
exists. Such a function A is called a Chébli-Trimeche function.

Definition 1.6. A hypergroup (R, x) is called a Chébli-Triméche hypergroup if
there exists a Chébli-Triméche function A such that for any real-valued function f
on R, that is the restriction of an even nonnegative C*-function on R the
generalized translation u(x,y) = T, f(y) is the solution of the following Cauchy

problem:
(LA,x - LA,y)u(xv y) = Oa
u(x,0) = f(x), uy(x,0) =0,x > 0.

We denote by (R, *(A)) the Chébli-Trimeche hypergroup associated with A.

Remark. In particular, if the function A is of the form A(x) := x2**! with
a>—1 then (Ry,x(A)) is the Bessel-Kingman hypergroup. If A(x):=
:= sinh®**!xcosh®*'x with a>8> —1 and o # —1 then (R,,*(4)) is the
Jacobi hypergroup.

The hypergroup (R;,*(A)) is commutative with neutral element 0 and the
identity mapping as the involution. Haar measure m on (R, *(A)) is given by
m := AJg, where )g, is the Lebesgue measure on R,. For any x,y € R, the
probability measure &, * €, is m-absolutely continuous with

supp (&x * €y) C [lx = y|,x + ], (1.7)

and the multiplicative functions on (R, *(A)) are just the solutions @)(A € C) of
the differential equation

Lox® = (2 + Do), o0 =1, ¢(0) =0. (18)

The dual space R} can be identified with the parameter set R, Ui[0, p]. For
0 < p < oo the Lebesgue space LP(R,, m) on (R4, *(A)) is defined as usual; we
denote by [|f||, , the LP-norm of f € LP(R4, x(4)).
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This paper deals with the (generalized) Fourier transform (see Definition 2.1)
for Schwartz functions on Chébli-Trimeche hypergroups. In Section 2 we collect
some basic properties of the Fourier transform on the hypergroups. In Section 3 we
establish some estimates for characters that are essential to investigating the
Fourier transform on some function spaces, particularly those on Schwartz spaces,
which is the subject of Section 4. Finally, as applications we give results
concerning approximations to the identity both for functions in various spaces and
for distributions.

Throughout the paper we shall denote by 1£ the characteristic function of the
subset E of R, . Also we shall use C to denote a positive constant which value may
vary from line to line. Dependence of such constants upon parameters of interest
will be indicated through the use of subscripts.

2. The Fourier Transform

Definition 2.1. For f € L'(R,m) the (generalized) Fourier transform of f is

given by
FIN =7 1= | FOo@AEs
+

When A(x) =x""! the (generalized) Fourier transform is reduced to the
classical Fourier transform for radial functions on euclidean space R", and for
A(x) = (sinhx)"(cosh x)* where (r, s) are certain pairs of non-negative integers the
transform is just the spherical transform on rank 1 non-compact Riemannian
symmetric spaces (see [8]).

We now collect some basic properties of the Fourier transform.

Theorem 2.2. (Levitan-Plancherel; see [3, Theorem 2.2.13]). There exists a
unique positive and tempered measure o on R’, with support (0?, oo[ such that the

Fourier transform induces an isometric lsomorphzsm from L*(R.,m) onto
L*(R},0), and for any f € L'(Ry,m) N L*(Ry,m)

|, r@rawa = 17oyPoan.
R, R}

The inverse is given by

ﬂn=fﬂ»wmda»

AI
Remark. If the function A((;C)) satisfies the following additional conditions:
[ there exists § > 0 such that for all x € [xo, +00[
AI
A'x) =2p+ e *D(x), if p>0,
Ax) 23)
Ax) 2a+1 g . '
= D fp=0
o) S +e ¥D(x), ifp
| where D is a C*°-function bounded together with its derivatives,
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we have o(d)A) = |c(\)|7d), where |c(\)| 7% is continuous on [0, +oco[. Using the
proof of [4, Proposition 3.7] (see also [15, Theorem 3.72]) TRiMECHE has obtained
the following estimates (see [14]): There exist positive constants k,k;,k; such
that

(i) If p=0 and a > —% then

kAP <leO) 2 <k AP A e C, A > k.
(i) If p> 0 and & > —1 then
kAP < eV 2 <k AP A € C, A <k.
(iii) If p = 0 and a > O then
kAP < eV 2 <k AP, A € C, A <k.
The following result is obvious.

Theorem 2.4. (i) Z (T.f)(A) = pr(x) Ff(N).

(i) #(f x8)(A) = FF(NFg(N).

(iii) Let f € LP(R,,Adx),g € LY(R,,Adx) where p,q,r € [1,00] satisfy
P +q ! —1=r""Thenfxg € L'(Ry,Adx) and ||f x gl o <IIfll,,all8lly,a-

(iv) (L'(Ry,Adx), *) is a commutative Banach algebra.

3. Estimates for Characters
We begin with some basic properties of the characters.

Lemma 3.1. ([5], [13]) (i) For each X € C, ) is an even C*°-function and
A @)(x) is analytic.

(ii) For each )\ € C,p, has an integral representation (i.e. the Laplace
representation)

or(x) = J ey (df), xR, (3.2)

where v, is a probability measure on R supported in [—x, x]. Also, for each x > 0
there exists a non-negative even continuous function K(x,-) supported in [—x, x|
such that for all A € C

oa(x) = J: K(x,t) cos Atdt. (3.3)

Lemma 3.4. Let \ = ¢ + in. Then for all x € Ry and |n|<p
W lea()| <1,

(i) 1o (0)] < i (x) <0 (x),

(iii) e <@o(x) SC(1 + x)e~™,

(iv) for any k € No we have

&
5};%\(15) <* ().
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Proof. Conclusion (i) can be found in [5]. By [1] we have for all x, A € R,
lea()|<C(1 +x)e™™
Thus (ii), (iii) and (iv) follow from (3.2). O

To establish some further estimates for ¢, and their derivatives we assume in

Al (k)
addition that for each k € N, (%;?) is bounded for large x € R, and that
there is some 3 > 0 such that

A(x) <A(1)xPe*” (3.5)
for all large x € R;. It should be noted that this assumption is automatically
AI
satisfied if &%) satisfies (2.3).
A(x)

Lemma 3.6. Let A = £ + in and k € Ny.
(i) For x € R, sufficiently large we have

loa(x)| < CAx(ﬂﬂ)HA(x)_‘/ze'"'x.

(ii) If n = O then there exists my € Ng such that for all x € R,
k

d m
—F )| <Ca k(142X + 5™ p0(x).

Proof. Conclusion (i) follows immediately from Lemma 3.4 and (3.5). To
prove (ii) we first fix kK € Ny, and in view of (1.1) and (1.8) observe that

2

2 rx
o) = =2 [ oA (3.7)

Thus using Lemma 3.4

[ZNEIES X+ pz‘] + £)eMePA(r)dt

(3.8)
<C|A2 + 07| (x+ 1)%e™ o (x)
and
k ! k 2
Geow) o (A2 Aw) + 0 A S =0 (9

By the assumption on A there are constants C4 x > 0 and R4 x > O such that

d (A(x) :
a4 <Cap, x>Rax, i=01,... k 3.10
dx‘(A(x))l Caky X2Rax, i=0 (3.10)

Thus we obtain (ii) for x > Ry ; by (3.8) — (3.10) and Lemma 3.4(ii) using
induction. For x <R, ; conclusion (ii) follows readily from the fact that there are
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Cy > 0 and n; € Ny such that (see [1])
k

d m
wa,\(x) SCi|A™po(x), x € [0,Ra 4]

together with Lemma 3.4(ii) again. O

2
Lemma3.11. Let € = I—’ — 1with0 < p < 2. Then for any k € Ny there exists a

positive constant Ca i such that for any x > 0 and \ = £ + in with |n|<ep

o o
oy PA®)| S Ca k(L AR+ 2)(1 -+ 2000y
and
ro o ® <{ Ca k(14 AR (14 2)%(1 4 20/P00%) - e>1,
dx2 OI* S Cap(1 4 A1 4 x)*(1 + X1/p=Dex), k= 0.
Proof. In view of [7, (2.11) and Corollary 2.1] we observe that
o o o o .
o 8)\k<p>‘( x) = N B -oa(x), i=1,2. (3.12)
Using (3.2) and Lemma 3.4 we obtain for k € Ny and A = £ + in with || <ep
o
!8)\" ox(x)| SxkeP pp(x) S CHF (1 + x) 21/~ De (3.13)
I
By (1.5) we observe that 0< (( )) < C( ) Thus the lemma follows readily

from (3.12), (1.8), (3.13), (3.7) and (1.3). O

4. Fourier Transform on Schwartz Spaces

In this section we investigate the Fourier transform of functions in Schwartz
spaces. Analogous to the case of Riemannian symmetric spaces (see [2]) we show
that the Fourier transform is an isomorphism between the generalized Schwartz
spaces and the extended Schwartz spaces. We first introduce some function classes
on R+.

Definition 4.1. For each a > 0 put
2,(R) := {g € C*(R) : g is even and supported in [—a, a]},

and define
2,(R;) :={f :f =g on Ry for some g € Z,(R)}.

We also write 2x(Ry) = (V.50 Za(R4).
Definition 4.2. For a > 0 we denote by H the set of functions h that are even
and entire on C and satisfy supycc(1 + |A]%)"|A(N)]|e= "N < 00, m € Ny, and

we set
Hy = UH,,.

a>0
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Definition 4.3. For 0 < p<2 denote by ¥,(R;,*(A)) the (generalized)
Schwartz space defined by

Fp(Ri,%(A)) :={f:f=gon R, g€ ¥ (R)}
where

Zp(R) := {g € C*(R) : g is even and 4 (g) < 00,k,! € No}
with
Hialg) 1= sup (1-+ ) o) 18 ()] (44)
p(Ry, *(A)) is topologized by means of the seminorms 1) 1
If A(x) =x""'(n € N,n>2) then @o(x) =1 and &,(R,,*(A)) is just the

set of all radial Schwartz functions on n-dimensional Euclidean space R".
If A(x) = (sinhx)"(coshx)® with r>s and r,s € N then
r+sr + s 1
goo(x)—2F1< A ( + 1), — sinh? )

where ,F; is the Gaussian hypergeometric function, and &,(R;,*(A)) is the
spherical Schwartz space on rank 1 noncompact symmetric space for certain pairs

(r,5).
2
Definition 4.5. Lete = — — 1 for 0 < p < 2 and denote by & (& ) the extended
p

Schwartz space defined by all functions h that are even and analytic in the interior
of #., and such that A together with all its derivatives extend continuously to %,
and satisfy Tk f )(h) < 00,k,1 € No. Here

Fei={zeCilm@)|<en}, nh) = sup (1+ YA
The classical Paley-Wiener theorem can be extended to the hypergroup
(R+’*(A))

_ Theorem 4.6. (Paley-Wiener theorem, see [5], [13]). f € 2,4(R.) if and only if
f € H,. The Fourier transform & is an isomorphism between 9x(R,) and Hx.

Let # be the classical Fourier transform on R.
Theorem 4.7. (see [13]). F is an isomorphism between Px(R.) and Hx.
Definition 4.8. (see [13]) The Abel transform of f € D« (R,) is defined by
00
1(s) = [ FOIKO A0y (49)

X

where K(y, x) is as in (3.3).

Lemma 4.10. (i) The Abel transform is an isomorphism of 2x(R.) onto itself.
(i) f € 2,(R,) if and only if Af € D,(Ry).

Proof. Conclusion (i) is given in [13], and (ii) is obvious from the definition of
&/ and the expression of the inverse Abel transform .o/~ -1 (see [13]). O
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Lemma 4.11. (see [13]). For f € Dx(R;) we have Ff = Fo(Lf).
Using standard methods the following result is immediate.

Lemma 4.12. 2«(R) is dense in LP(R.,Adx) for all p € [1,00].
Lemma 4.13. 2«(R,) is dense in &,(Ry,*(A)) for all p € [1,00].

Proof. The lemma can be proved in the same way as for noncompact
symmetric spaces (see [9, p. 254]). O

The following result is immediate from Definition 4.3.
Lemma 4.14. For g>p we have &,(R,,*(A)) C LY(R,,Adx).

2
Definition 4.15. Let € =——1 with 0 < p < 2. We denote by %,(R) the
p

space of the restrictions to R, of the functions in %, ,(R) where

Zo(R) :={g € C*(R) : g is even and v, 3(g) < oo}
with
v (g) = sup (1 -+ 1)e[g®(1)].
teR,
Lemma 4.16. The classical Fourier transform & is an isomorphism between
#:p(R.) and # ()

Proof. We may (and do) assume that ep > 0. Let g € ¥,,(R,.). Then for any
k,le No,A=€&+ine Z,

(1A + 1)1 o(8) P V)]

-3 ())|Fo () o)
<Ck,121:‘r; 18D (01()e] + 1)*e ™ dt

=0 7=
]

<G D[ I0I + 0 e cosmm) o + 1) e
Jj=0

<Ckl€p§ : 1k+2
Jj=0

Hence %, maps .S”E,,(RJ,) into S (F.) continuously The classical Plancherel
theorem implies that % : Ep(R+) — P (F.) is injective.
It remains to show that #;' maps &(#.) into #,,(R.) continuously. For any

]
he #(#.) and k,l € Ny let hy(A) = (1 +‘%‘> (X*h(X)). Then for t € R, we
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have by Cauchy’s integral theorem
(t+ 1)'e| 75 ()0 (1) = Coe™| 5" (hia) ()]

== Coeef"

oco+iep .
J ha(N)eMd)

—oo+iep

and this completes the proof of the lemma. O
Lemma 4.17. Hy is dense in & (%.).

Proof. By Lemma 4.16 for any h € (%) there exists g € .,(R;) such that
Fo(g) = h. It can be proved in the same way as in Lemma 4.13 that 2« (R, ) is
dense in ,,(Ry), and hence there is a sequence (g,) C 2x(R,) such that

gn—g 0 Fsp n— oo,
Once again appealing to Lemma 4.16 we have
Folgn) = Folg) =h in K(F), n— oo

But Theorem 4.7 shows that % (g.) € Hx, and thus the lemma is proved.

O
Lemma 4.18. Suppose that f € C*(R) and f is even. Then

(i) for any | € N, L'f (x) extends to an even C®-function on R where L°f = f
and L'f = L(L"Yf);

(ii) there exists 6 > O such that for any | € N there are s; € Ny and C;,(B) > 0
satisfying the following: for each x € [0,6] there exist £; = £j(x,1) € [0,x] such

that
IL'f (x)| < Cra(B) (Z Z L&)+ Z | ’(x)|)

i=1 j=0

where C;,(B) is a constant depending only on l,o and max |B® (x)| for
k=0,1,...,r, and B is the function given in (1.4); *€[0.6
(iii) for any | € N there exists a constant C;5(A) > 0 such that

21
ILf ()| <Cis(A) Y179, x=6.

i=1
Proof. By (1.4) there exists 6 > 0 such that

A(x) 2a+1
Alx)

where B is an odd C*°-function on R and o > —1. Hence

Lf(x) = =f"(x) -

+B(x), x€]0,4]

2a+1

f'(x) = Bx)f'(x), x€[0,4].
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Observe that 121(1)Lf(x) = —(2a+2)f"(0). Define Lf(0) = —(2a+ 2)f"(0).

Then Lf extends to an even and continuous function on R. Put

b0 =+ f(@), x£0, xe[-54

and
dr(x) = Z( 1)1 ( ) k=D (x) ke N, x € [-6,6].
j=0
Thus
¢P(x) = x g (x), x#0. (4.19)
Observe that
& (x) = FFED (x) (4.20)

and ¢¢(0) = 0. Hence by the mean-value theorem there exist ¢, = (x(x) € [0,x] if
x>0 and & € [x,0] if x < 0 such that

de(x) = x€ f*2 (&).
Therefore by (4.19)

¢®(x) = ( ) *2) (&). (4.21)
F%2(0)
By (4.20) it is easy to see that lin(l) ¢ (x) = i Thus ¢ extends to an even
x—

C*-function on R and we have

LHP () = - A (x) - 2a + 1)P (x)
- Z( )B(’) () f* 1 (x), x € [-8,8).

j=0
Therefore Lf extends to an even C*-function on R and (i) follows by induction.
Let ¥(x) = B(x) f'(x). To prove (ii) we observe that from (4.21)
6® ()| <[ f* (&), 0<&<x<s

and
k+1

|¢(k)(x)|<Ck(B)ZIf(")(x)l, 0<x<6

where Cy(B) is a constant depending only on k and Jmax |B®)(x)],0<s<k + 1.
Hence for any k € Ny

k+2

NP F)<Cra(B) (Z |fD(x)] + 42 (ek)) , 0<&<x<b. (422)
j=1
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This implies that (ii)) holds for / = 1, and the full result follows by induction.

Conclusion (iii) follows immediately from (1.5), (3.10) and (1.1). O
Consider the seminorm 'F,EEI) defined on () by

75 (h) = sup A+ AR, heF(F).

d)J‘ (

Lemma 4.23. The two seminorms T, ,) (see Definition 4.5) and T,S 1) on $(F)
are equivalent.

Proof. The lemma follows from a straightforward calculation. O

With the above results we are now able to investigate the Fourier transform on
Schwartz spaces.

Proposition 4.24. The Fourier transform % maps & ,(R;,*(A))(0 <p < 2)
2
into (¥ ¢) (z—: =0 1> continuously and is injective.

Proof. Let f € ¥p(Ry,x(A)) and X € F,, A = { + in. By Lemma 3.4(ii), (iii)
and (3.5) we have

| @@
SC&J |f(x)|<p0(x)—2/p(1 +x)z/p+ﬂ+le(E—(Z/P)H))thdx < 00
R,

and hence f is well-defined. We recall from Lemma 3.1 that A — ¢, (x) is analytic
on C. Thus f is analytic in the interior of #; and continuous on %, and by Lemma
3.4 and (3.5) all the derivatives of f extend continuously to ..

To prove that # :f — f is continuous from ¥, (R;,*(A)) into (%) let
on(x) =1 <p,\(x) Then by (1.1) we have for k,/ € Ny and f € &,(R4,*(A))

e 0421700 = 5 ([ cropdame o)
By (3.8)
|h, 11 @ < CalA + 62)' (1 + %) el 0 (x)
for A € # and all large x € R,, and also by Lemma 3.4
loxi-1 @< (A + )~ el g (x).

Therefore
k

O G = 75 | Lo (940

Appealing to Lemma 4.18 an induction argument then gives

k
200+ A7) = [ 20 Srer)a
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Hence using Lemmas 4.18 and 3.4 together with (1.4) we obtain for A € &#,

k )
e fon|< [

! dk
Lf() 73z x(0) |A(x)dx

A(x)dx

+[ ‘Lf(x) LA

<Cii,(4) Zn, o)+ CL,..(A) Zn‘,’,

2
where r € N with r > k+ 2+ —. Therefore by Lemma 4.23 we have for
f € yP(R+)*(A)) p

7 (F) < Cuip(4) (Z WL (f) + Zu,o(f)) (4.25)

i=0
Thus &% maps %,(Ry,*(A)) into &(%.) continuously. Finally Theorem 2.2
implies that & is injective. O

Proposition 4.26. The inverse Fourier transform %! : Hx — 2«(Ry) given
by

Fh(x) = J:o h(X)pa(x)o(dX)

is continuous under the topologies of (¥ ;) and (R, *(A)).

Proof. The proposition can be proved in a similar way to that in [2] making use
of the Paley-Wiener theorem for the generalized and the classical Fourier
transforms (Theorems 4.6 and 4.7), the support conservation property for the Abel
transform and the relation between the Fourier transform on the hypergroup, the
classical Fourier transform and the Abel transform (Lemmas 4.10, 4.11). This
allows us to apply elementary Fourier analysis using the estimates for characters
(Lemmas 3.6(ii) and 3.4) together with [3, Theorem 2.2.36]. O

The main result of this section is the following theorem:

2
Theorem 4.27. Let 0 <p<2and e = 1-7 — 1. Then the Fourier transform &%

on (R4, *(A)) is an isomorphism between F,(R.,*(A)) and ¥ (Z.). The inverse
transform is given by

00
Fh() :J R\ r(x)o(dN).
0
Proof. The theorem follows immediately from Lemmas 4.13 and 4.17 and
Propositions 4.24 and 4.26. O

We conclude with a property of the Abel transform.

Lemma 4.28. For f € &,(R..,*(A)) the Abel transform 2Lf given by (4.9) is
well-defined.
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Proof. By [13] the kernel K(z,x) in (4.9) satisfies
K(t,x)A(1) = 1274 (1) 28(t,x) + Cat/22A(8) /(22 — 22> 19 4 (x)

(4.29)
where
S(t,x) = 1:(*-1/2,4(:)‘/2 r ¥(t, ) cos AxdA (4.30)
™ 0
and
P(t, N) = pa(t) — cot* ™ 2A(e) " 2ja(Ae) (4.31)

where j, = 2°T (o + 1)x7*J4(x), J, is the Bessel function of order « and T is the
Gamma function. Write

1 00
S(t, x)=n"' 127124 (1) 12 (J W(t, \) cos AxdA + J ¥(t, \) cos )\xd)\):z Li+1,.
0 1

By (4.31), Lemma 3.4, (3.5) and properties of the Bessel function we see there
exist constants Ry > 1 and Cy4 g, > O such that
|I]‘<CA,R0(ta+l/2+ﬂ/2 + t2a+l), t>Ro.

To estimate I, we first observe that (3.5) implies

t
J F(y)dy<Calnt, t=Ry (4.32)
1
i
where F(y) = A0) — 2p. On the other hand, from (3.8) and [13, Theorem 3.2] we
have AD)
~1/2y-a=3/2¢ Ci.
(2, A)| < CA(£) ™" A x(r)exp{ ~=x(1)
where
t
%) = | Ix(lar
and
1 2 1, 211‘ -’
X(0) = gF() + pF(0) + 5 () + 15

By (1.4), x is continuous on R,. Thus by (1.5) and (4.32)
|X(8)| <Cag,(1+ plnt), t=Ro.
Hence
L] SCA'ROta+1/2+C|p, t>Ro.
Therefore there exist constants C and k depending only on A, 3 and Ry such that
K(t,x)A(t) SCFA(D)'/?, >Ry, x<t.
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Thus if x> Ry then by Lemma 3.4

j°° FO)K (L DA®@dE<CiiL, (f)

with r € N satisfying r > 2k + 3 and C; > 0 depending only on A, # and Rp. By

[13, Proposition 4.3] there exists a constant C(Ry) > 0 such that
IS(t,x)| S C(Ro)t**'/2,  0<x<t<Ry.

Hence by (4.29) and (3.5) we have for x<Ry

00 Ry 00
j | FOIK (DA de <J If(t)lK(t,x)A(t)dtJrL FOIK (DA

< C?./-'L(p;,r(f )
and this completes the proof of the lemma. O

Theorem 4.33. The Abel transform </ is an isomorphism between
SRy, #(A)) and F,p(R,).

Proof. For any f € &,(Ry,*(A)) there exists by Lemma 4.13 a sequence
(fa) C 2%(R;.) such that |f,,|<|f[ and f, — f in &, as n — oo. By Theorem
4.27 and Lemma 4.16, #;' o & is an isomorphism between Zp(R4,%(A)) and

&ep(Ry). The theorem now follows immediately from Lemma 4 11. O

S. Some Applications

We now give some applications of Theorem 4.27 to approximations of the
identity. Suppose that ¢ € L'(R,,Adx) such that ||¢||, , = 1, and set

(%) = tA(()) (f) t>0, x€R,. (5.1)

Clearly ||¢|l; o = l|¢ll; » = 1. We need the following basic lemma.

Lemma 5.2. Let 0 < p < 2.

() If 61,62 € Zp(Ry, #(A)) then ¢y * 2 € Fp(R,, %(4)).

(i) If ¢ € Fp(Ry,*(A)) then for any x € Ry, Tip € &(R,,%(A)) and for
any k,l € Ny there exist r,s € Ny such that

2s r
“II:,I(Tx¢) <Cr,l,r,s,(1+ x)xrez(llp_l)px Z Z /J':P,j((p)'
i=0 j=0
(i) If ¢ € Fp(Ry,%(A)) and x,y € Ry, x <y then for any k,l € Ny there exist
r,s € No such that 2614 r
l‘i,l(Txd’ = T,8) < Cityrys,p(y — ) (1 +y)y" (1 + ez(l/p_l)py) Z E Nﬁ,(d’)
i=0 j=0

Proof. Clearly (i) follows from Theorems 2.4(ii) and 4.27. To prove (ii) we first
observe that by Lemma 4.13 there is a sequence (g,) in 2% such that for any
k,l € N, s} (gn —¢) = 0 as n— oo. By Theorem 4.27 for any r,s € No,
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&) (@n — ¢) — 0 as n — oo. Thus in view of Proposition 4.26 we deduce that for
any k, ! € N there exist r,s € Ny such that for any ¢ € &»(R4, *(A))

1 [(®) < Ciytyrs Z (). (53)

Jj=0
Appealing to (3.13) we obtain for any x € R and j,s € Ng

T F (Tep)) : = sup (1+ |A])°
AEF .

pa (m(x)qﬁ(/\))\
(5.4)
<Cj (1 4 x)x/e21/p=Dex Z T‘g,e_‘.) (¢).
q=0
Observe that by Theorem 2.4(i), Lemma 3.1(i) and Theorem 4.27 the function
F(Ty¢) = pa(x)$(N) is even and analytic in the interior of %.. Therefore

F (Typ) € F(F¢). Consequently (ii) follows immediately from Theorem 4.27,
(5.3), (5.4) and (4.25).

It remains to show (iii). Applying the mean-value theorem together with
Lemma 3.11 we have for any n € Ny

) = 0N = | Zr) = Fen0)

(5.5)
gCA,n()’ - x)(l +y)y"(1 + |)‘I)2(1 + e2(l/p—1)py)‘

By Theorem 2.4(i) we observe F (T — Tyd) = (a(x) — 2 (y))$()). Therefore
we deduce (iii) from (5.3), (5.5) and (4.25), and hence the lemma is proved. []

Theorem 5.6. Suppose ¢ € L' (R, Adx) and [°$(x)A(x)dx = 1, and ¢, is as
in (5.1). Then

() for f € Cc(Ry), [|f * ¢ = flloo = O as £ — 075

(i for £ € LP(R,,Ads) (1 <p <00} | * ¢ — fll, — 0 as £ = OF;

(iii) if f,¢ € L4(Ry,%(A))(0 < g<2) then f* ¢, — f in L¢(Ry,%(A)) as
t— 0t

Proof. If f € C.(R..) then there exists M > 0 such that supp (f) C [0, M]. By
[3, Lemma 1.2.1] we deduce that us(x,y) = T, f(y) is continuous on [0, M + 1]x

x[0,1]. From (1.7) we see that supp (T, f) C [0,M + 1] for y € [0, 1]. Hence for
I<p<oo

M+1 1/p
HTyf—fII,,,A<{L A(x)dx} swp [T,f(x) —f(), 0<y<l. (57)

x€[0,M+1]
By (5.1) we observe
(f * ) () — £(2) = J:(Txf(y) )OIy

0, (5.8)
- L (Ty f(x) - F()()AD)dy.
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Thus (i) and (ii) follow from (5.7) and (5.8) together with an application of Lemma
4.12 and the Lebesgue dominated convergence theorem. Finally using Lemma
5.2(ii) we have

T,f — fin (R, %(A)) (v — 0%) (5.9)

and we obtain (iii) from (5.8) and (5.9). O
Let h, be the heat kernel and P; the Poisson kernel defined (see [1]) by
00
b 1= [ e PP mala)

and

IR NT

Pi(x) := J e or(x)a(dN).
0

Theorem 5.10. (i) Let 0< ¢ <2 and f € #,(R, *(A)). Then h,€ #,(R, * (A))
(t>0) and

hexf = f in %Ry, +(A)(t - 0. (5.11)
(ii) Let p > 0 and f € &1 (R, *(A)). Then P, € &1 (R4, *(A))(t > 0) and
P, xf = f in #1(Ry, *(4)) (t — 0%). (5.12)

Proof. Observe that # (h,)(\) = e~ ™+#) and F(P,)()) = e~ ¥+ are
even and analytic in C and in the interior of & respectively. A direct calculation
gives that for 0 < ¢ < 1

AN <Cut(1+ e @+, k=1 (5.13)

and for [Im (\)|<p

ld_k ¢ 100+)

k
d° ) <Cut(1 4+ e @+ 550, k>1.
p

dN

2
Hence #(h) € .?(5*})(5 = i 1) and Z(P;) € #(#,). It follows using

Theorem 4.27 that h, € &,(R,,*(A)) and P, € ¥ 1(R4,*(A)).
It remains to show (5.11) and (5.12). For any k,! € Ny we have by (5.13)

i (FO)(1 = @) < sup (14 Y1 = e O

k-1
+ Cit sup (1 + ])\I)le IFPN)]
A, =0

=01+ 03.
Given 7>0 there exists R>0 such that (1+|\)'|f®(N)|<n for
A€ F,, |2/\| >R since fe€ F(F). For AR A=E&+ine F. we have
|1 — e "W +7)| < Cg 1. Also we observe for all A € #,,|1 — eV +7)|<C, .
Therefore we can find § > 0 such that for 0 <t < 6, o7 < Cyn and 0y < Con
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where Cj is a positive constant depending only on f, k, [, € and p. Thus we deduce
lim,,o+ 7',5;) (FN)(1 = e**+))) = 0, and (5.11) now follows from Theorem
2.4(ii) and (5.3). Similarly we can obtain (5.12). O

Remark. If p = 0 then # (P,)(\) = e~"™ which is not differentiable at A\ = 0.
F(P)¢SL (F1) = Lo(R,), and by Theorem 4.27, P¢S1 (R4, *(A)).

We can establish a result about approximations to the identity for distributions
as well. We first introduce distributions on Chébli-Triméche hypergroups and
discuss some of their properties.

Definition 5.14. For 0 < q < 2 a g-distribution on R, is a continuous linear
functional on (R, *(A)). The totality of g-distributions on R is denoted by
SRy, x(A)).

*As usual the class & o(Ri,%(A)) is given the structure of a complex vector
space by the natural deﬁmtlon of addition and multiplication by complex numbers.
We observe the following obvious inclusions:

D C %Ry, ¥(A)) C 1 (Ry,%(4)), 0<q<2
and
yl(R-H*(A)) C LP(R+1Adx) C y,I(R+a*(A))’ 1<p<00

Here a function fis regarded as a g-distribution in the sense that
w(®) = (1.8) = | F000AWs, 6 € ZoRe,2(4))

defines a continuous linear functional on ¥,(R,,*(A)). However we use f to
denote both the function and the corresponding g-distribution. Clearly every
locally integrable function f satisfying | f(x)| < Mx* for large x (where k € Ny and
M > 0) can be regarded as a distribution in &} (R;,*(A)). The elements of
& (Ry,*(A)) are called tempered distributions.

Lemma 5.15. Let 0 < g < 2 and u a linear functional on S3(R,*(A)). Then
u € & (Ry,*(A)) if and only if there exist a constant C > 0 and k € Ny such that

k
(@) <SCD win(d), &€ F4(Ry,*(A)).

j=0
Proof. The lemma follows from the general result [12, Lemma 1.1]. O

Definition 5.16. The convolution of u € &, (R4, *(A)) and ¢ € F¢(R+, x(4))
is a g-distribution defined by

(ux d)(¥) :==u(p*v), € FLy(Ry,*(4)).
Lemma 5.2 shows that this convolution is well-defined.

Theorem 5.17. Suppose u € ¥;(Ry,*(A)) and ¢ € F4(Ry,x(A)). Let
f(x) := u(T,¢) for x € Ry. Then
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(i) f € C'(R..) (the space of continuous functions on R, that are continuously
differentiable on )0, o[ );
(i) there exist constants Cy > 0 and r € Ny such that

IF ()| <Ce(1 +x)x" V4~V x e Ry;
(iii) u * ¢ is a function and (u * ¢)(x) = f(x).
Proof. Fixing x € R, we have forhe Rand h+x > 0
Kt W)= (Tead =T

h h
By Theorem 4.27 it is easy to see that
p.) .
#(5:7:0) ) = @I, (5.18)

In view of Theorem 2.4(i) and (5.18) we have for any r,s € Ny

a ((W th el so&<x)) éu)) j

We assume x >0 and 0 < h<1 (the other cases can be treated similarly).
Applying Taylor’s expansion together with (3.12) and Lemma 3.11 there exists
& €]x,x + h[ such that

o (ot oot y))

_ } (a,\n %) (5)‘ (5.20)
<Canh(1+ AP )(1 4 x)"P2(1 + 2(/a- Ny,

Therefore by (5.3), (5.19) and (5.20) we deduce that for any k, [, € Ny

u;gy,(_‘%T_‘b_ﬁ ,,¢) —0 (h—0).

769 = (570

T,¢ we have by Theorem 2.4(i) and (5.18)
F(b1,x — b1.2)(A) = (#A (%) — P\ (0)) (V).

Hence from (5.3), (3.12), Lemma 3.11 and the mean-value theorem we deduce that
P1,x — b1, in Fg(Ry,x(A)) as x — xp. Consequently f' € C(R,) and this
proves (i). Conclusion (ii) follows immediately from Lemmas 5.15 and 5.2(ii).

(5.19)

= sup (T+A)°
NeF

Thus fis differentiable and

Setting ¢y x = g
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To prove (iii) we need only show that for each ¢ € &, (R4, *(A))
()W) = | uTepwaeax (521)

Both sides of (5.21) make sense because of (ii), Definition 5.16 and Lemma 5.2(i).
By (i), f(x) = u(Tx¢) is continuous on R+ For any b > 0 let (s,) be the sequence
of the Riemann sums approximating Io F(x)(x) m(dx), viz.

Z f(xjn)w(xjn)m(Ajn)

e
1
where Aj, = []—n—b !-b] and m is the (normalized) Haar measure on (R, *(A)).

n

Then s, = u(o,) where o, = Zz/: (%jn) T, dm(A). By the integral mean-value
j=1
theorem we observe that for k € Ny there exist X, € Aj, such that

- o
j w(x> (T0Im(an) = 3 L 0(3) gy Teb0Im(ds)
= w(ijn) gk x,n¢(y)m(AJn)
Thus for any &,/ € No
b
MZ,I (Un - JO ¢(X)Tx¢m(dx)>

= s (14 y)'po(y) ™"

b
0) - [ ¢<x>—§ykk-rx¢(y)m(dx>]

< sup (1+)'po(y) ™4 Zm(AJ")

yeR, j=1

(5.22)

9 w(xjn>wrxjn¢<y>—w(xfn> 5;’; 1, 00)

< MY A (T~ T29)

+Zm<Am)ukz( D)D) — ()|

where M = sup |1(x)|. Observe now that xj,, ¥, € Aj, C [0, b]. Hence by (5.22),
x€R,

Lemma 5.2 (ii), (iii) and the fact that 1) is uniformly continuous on R, we deduce
that for each b > 0

b
- j BT, d()m(dx) in Sg(R,, %(4)) (n — 00)
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which implies (note that y»—»jé’ Y(x)Txp(y)m(dx) € L4(Ry, %(A))

uton) = ([ w0 om@)) (1 o).

Since (R, *(A)) is commutative we have Ty¢(y) = Ty¢(x). Thus by the definition
of the convolution we obtain for each b > 0

b
|| uTeyptam(an) = uCtou) + ) (523)
Finally by (5.23) we observe

U:’ HUTImds) — u(v 9)

< f ) u(T8) m(dx) — Uy oagt) * ).

The last integral tends to 0 as b — oo since by (ii), ¥(x)u(T,¢) € L'(R,,Adx). To
prove u((Tjpo(®) * ¢) — 0 as b — oo it suffices to show (1 (1)) * ¢ — 0 in
&4(R4,%(A)) as b — oo. But for any &,/ € Ny

W (V) * B) < f (O (Tid)md).

By Lemma 5.2(ii) the last integral tends to 0 as b — co. We therefore obtain (5.21)
and this completes the proof of the theorem. O

Theorem 5.24. Suppose ¢ € L'(R.,Adx) N %4(R,*(A))(0 < g <2) and
J5 ¢(x)m(dx) = 1. Then for any u € FyRy, *(A)),u* ¢y — u in &7 (R, %(A))
ast— 0.

Proof. The theorem follows from Definition 5.16 and Theorem 5.6(iii). O

[ sz gm(ae) - u( () ¢>|

b

The authors are grateful to the referee for the many helpful comments on an
earlier version of this paper.
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Abstract. For a Gaussian prime w € Q(i) define p(w) = min |w — w’| where w’ runs through

Gaussian primes satisfying |w’| > |w|. We prove that, subject to the Riemann Hypothesis for
appropriate L-functions

pw)
I
E No < log’x,

Nw<x

which generalises a result due to Selberg (Archiv for Mathematik og Naturvidenskab 47 (1943)
87-105).
1. Introduction

In 1943 Selberg proved, subject to the Riemann Hypothesis, that
S P gt

Pn<X
For a Gaussian prime w € Q(i) define p(w) = min |w — w'| where w’ runs
through Gaussian primes satisfying |w’| > |w|. We will prove

Theorem 1. Assume the Extended Riemann Hypothesis in Q(i). Then

Z p <<log X. (1)

Nw<x

The Extended Riemann Hypothesis will be discussed in Section 2. A result similar
to (1) can be given in a general number field but we will delay the definition of p to
the next section. The (almost) trivial result in this area is

Lemma 2.

Y A= @

Nw<x

Here A < B means A < B < A. We have the condition |w’| > |w| in the
definition of p to ease comparison with Selbergs’ result, but it does complicate
proofs. From (2) it can be deduced that given a positive function ® satisfying

1991 Mathematics Subject Classification: 11R44
Key words: Gaussian Primes, Hecke L-functions
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®(x) — 0o as x — 0o, then p(w) < ®(|w|) log!/?|w| for almost all w, a result

stronger than can be deduced from Theorem 1. Yet the method that gives (1) leads
to non-trivial results for almost all z € C. These are given in Corollary 4 below.

Let Ok denotes the ring of integers of K a number field of degree n. Let
M C Uk be a full module in K. Given v € Ok consider Ng,q(y + p) forall 4 € M.
Let J be the largest positive divisior of these rational integers. Then, if {a;}, ¢;<,
is a Z-basis of M, we can define

fy(x) =T 'Ngja(y + a(x))
for x € R", where a(x) = >, x;;. These have been studied in [7] and [2]. We
can give a conditional form of Theorem 9 of [2] as

Theorem 3. Assume the Extended Riemann Hypothesis in K. Let ®(x) be a
monotonically increasing function with ®(x) — oo as x — oo. Then for almost all
X € R" there exist m € 7" such that | f,(m)| is prime and

Im — xll, < @(lIxl,) log*" ||x,-

Here ||x||, = 35, xf)l/ 2. The proof of this result follows closely the methods
in [2] and it is necessary to have that paper at hand to follow.
An immediate consequence of Theorem 3 is that we obtain

Corollary 4. Assume the Extended Riemann Hypothesis in Q(i). Let ®(x) be as
above. Then for almost all z € C there exists a Gaussian prime w such that

lw—z] < ®(|z]) log |z].

This should be compared with the unconditional result of [2], that for alle > 0

Jw: |w_Z| & |Z|1/6+6

for almost all z. Theorem 5.1 [1] is the conditional result that
Jw: Jw—2| < |2/ log I¢]

for all z while Corollary 3 of [3] is the unconditional result that

Jw: |LIJ _ZI < |Z|11/20+6

for all z.

2. The Extended Riemann Hypothesis

Let K be a number field of degree n = r; 4+ 2r, f a fixed integral ideal and ;
the group of fractional ideals of K whose prime decomposition contains no prime
factors of {. Let

Piw = {(@) € L;, c € K*, a=1(modf), a > 0},

and let x denote a narrow ideal class character mod f, that is a character on
I;/Pj. Then an arbitrary Groessencharakter mod f is of the form xA™ with
me 72",

Am = X A
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where {\;} forms a basis for the torsion-free characters on I; whose values on any
a € Pj depends only on the @ € K*, a =1 (mod f), o > 0 that exists such that
a=(a).
For.a € I} define
(o) = (Y(a) € R /2" =T

by

Ai(a) = 2@ 1<j<n —1.
Given I € I/Pjs, 1o € T*! and 0<I< ] set

L(x, Y0, l) = {a €L, x(1 = )<Na<x(1+1), [¢pj(a) —vy] <, 1<j<n—1}.
Further, define
7"I(xa 11)0»1) = |{p € I) pe y(x, ¢o,l)}|,

where p denotes a prime ideal of K and

Oi(x,%0,)= > logNp.

965”(1:1/’0,1)

We will express this in terms of the Hecke L-function in K defined by

L(s, xA™) = ) xA™(a)Na™,

(a,f)=1

for Re s > 1, where the sum is over integral ideals co-prime to f. This has a
meromorphic continuation to C: the continuation is entire unless xA™ =1 on I,
that is x = xo and m = 0, when it has a simple pole at s =1 and no other
singularity. When  is a primitive character we have a functional equation

L(s, xA™) = w(x)A'">G(1 — s, XA™L(1 — 5, X\™)

where |w| = 1,A? = |d|n"2"":Nf (d is the discriminant of K) and G is a quotient
of gamma factors. We can use this to conclude that L(s, xA™) has zeros (so called
trivial zeros) where the gamma factors in G(1 — s, xA™) have poles. These all lie
in the half plane Re s <0. Classical methods based on the order of growth of the L-
functions show the existence of further zeros in the critical strip 0 < Re s < 1. The
Extended Riemann Hypothesis of Section 1 is that, for all Groessencharaktere the
zeros of L(s, xA™) in the critical strip lie on the line Re s = .
The main result of this paper is

Theorem 5. Subject to the Extended Riemann Hypothesis we have

0:(x, %, 1) — (21)"x/h(f)|*

X

’-A

b ]

for any A > 0. Here h(f) is the order of I;/Pje.
This is an analogue of a result implicit in [9] (see p. 169). It should be
compared with Theorem 3 of [2], an unconditional resulit.

dxdy <4 I" log(1/1)
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Following the argument on pp. 170 and 171 of [9] we can prove

Theorem 6. Assume the Extended Riemann Hypothesis. Let L(x) be a positive
function decreasing to zero such that x'/"L(x) is increasing and xL"(x) /log* x — oo
as x — o0o. Then

(2L(x))"x
h(f)

for all (x,1) except for those in the exceptional set E satisfying

X 2y \ §
log“X
Jod ], i < () %

(x¥)€E

7(x, %, L(x)) ~

So, almost all small regions contain the expected number or, in Selbergs
terminology, the normal density of prime ideals. We will not give details of the
proof of Theorem 6 but rather of Theorem 3 which follows similar lines but is
complicated by the existence of fundamental units in the number field.

A result similar to Theorem 1 can be given for a general number field on
defining

p(p) = (Np)'/" max {I: #(Np,%(p),]) = 1},
when, subject to the Extended Riemann Hypothesis,

2n
Z p_(_Q < log? x.
Np<x Np

We only give full details of Theorem 1 since p is defined sligthly differently, in
that result, to the above.

3. Mean Value Results
Fundamental to the proof of Theorem 5 is

Theorem 7. Assume the Extended Riemann Hypothesis in K. Then, for any
character x mod f,

/

> [

w*  log’Vv
T (o +it,xA™) o8
M,-<m,-:M,+W

2
dt € ——— —5—
(0 —1)? log? W

4)

1 8
holds for o > 2 + Tog W

This should be compared with Lemma 4 of [9] whose proof we follow closely.

where V =T? + M? +--- + M?_, + W2,

Proof. If x is not primitive then it is induced by x*, a primitive character mod
q, where q|f and x*A™ is a primitive Groessencharakter mod q (see [6]). Further

L(s, xX™) = L(s,x*X™) [J(1 = x* A™(p)N~*p).
plf
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In the logarithmic derivative in (4) these additional Euler factors are easily
estimated so we can assume that the  in (4) is primitive.
Let x > 1 and define

A(a) for I<Na<x
Aa(@) = p(@)BZ/NO ¢ <Na<2,
logx
Then
Ay (a)xA™)(a) 1 ctioo yz-s _ 2(z-s) [/ _
Nuzsxl Neo? " 2nilogx L_ioo W—Ij (z,xA™M)dz  (5)

where ¢ = max (2,1 + o).

As noted by Duke ([5], p. 221) the arguments used for Dirichlet L-series (see
[4]) show that there exist a sequence of contours consisting of straight lines
connecting (¢ + iT}), (c; + iTj), (¢; — iT}) and (c — iT}), where ¢; < —j, j < T} <
<j+1, and on which

!

L
7 (z, xA™) < log?j. (6)

The sequence of contours depends on m. If we require a sequence that works
simultaneously for all ||m|| < W, the bound in (6) increases. But for any single
value of m we can move the path of integration in (5) to the left, passing over poles
at the following points:

-
z=ys with residue T (8, xA™) log x,

(xl—s _ x2(1—s))
(1-s)?

(though only when x = xo, m = 0), and the zeros pm,, both trivial and non-trivial,
of L(z, xA™) with residues

z=1 with residue -

b

xPmx—S _ xz(P my ‘s)z

(7)

(s— me)2
The trivial zeros of L(z, xA™) are the poles of the gamma factors in
I 1 r+r2 1
H(s, x\™) = HF(§ (s+ag— ibq)) 11 I‘(s + 5 lagl - ibq)
q=1 g=r+1

where ay,...,a, € {0,1} are determined by x and a,41,...,an4n € Z,
bi,...,b;4r, € R depend only on m. If s is not equal to a trivial zero the sum
of (7) over such zeros is absolutely convergent. So, if Re s > % say, the sum is
bound independently of the {a;}, {b;}, i.e. x and m. Thus, using the Extended
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Riemann Hypothesis by writing pmy = 1 + iy,

%(s, xXA") = - Z AX(G)__X)‘m(a) + O(ﬁm,o 1 -tﬂ

)

voge N 8)
+0(1)+-2 3y !
logx (o — %)2 +(t— 'ymx)z ’

for some |w| < 1, where émg = 1 if x = xo and m = 0, zero otherwise and the
constants implied by the O-notation are independent of m. We require the
analogue of a result proved by Ingham for the Riemann zeta function. This is

1
0—3

L/
Re — (o +it,xA™) = O(log V) + ,
L ; (0 =57+ (= 72)

valid for |¢| < V, ||m|| < V. For this we can follow the proof of Lemma 16 in [10].
As there H(s, xA™)L(s, x, A™) is an integral function of order 1 with zeros pm, and
no others. Thus

d(H, o L, o\ 1
;i—s(E(S,X/\ )+Z(S,X)\ )> ~—%X: m

9)

Integrate this from s to s’ where Re s’ =1. Note from the functional equation
that

! LI
log A+ (5, X A™) + = (5, ™)

is purely imaginary, being the negative of its complex conjugate. So, on taking real
parts,

1
0—3

r H'
m\ __ _ _ m
Re I (s, xA™) = E logA — Re — (s, xA™)

e (0 — %)2 + (- ’me)z

having used fm, = 1. Here, H'/H(s, xA™) can be written as a linear sum of
g X~ 2

I’ , I’ 1 ,
T (5 (s+ag— 1bq)> and T (s +3 lag| — zbq)

each of which is < log (e + 12 + a2 + b2). But as in Section 2 of [2],
q T 9%

ri+ry n—1

Y (@) <D m <V

Hence

!

H
T (s, x\™) < log V?

as required.
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Combining (8) and (9) gives

Ax(a)xA™(a) x logV
D TNe | tmeriatlt

LI
— \m
L (sﬁ X ) << Nas

(10)

Na<x? (0_%) logx’

valid for o > %—{- 1—;‘;—;. Applying a mean value result, Lemma 1 [3], we have

> "

M, <m; <M;+W

<@+wWr) Y

Na<x?

< Wt Z AZ(a)

N a2a

2
at

) Ax(0)xA™(a)

N aa—Ht

Na<x?

Ax(a)x\™(a)
Naa+iT

2

a

on choosing x* = W"/2, say. And
A%(a) A(a)logNa d (Ck
D wam < ; Na2e {d—z (—K (Z)> }zzh

1 1
- {—-——(Z ey + 0(1)}2226<< —(0 el

In this way we see that the bound in Theorem 7 arises from the last term in (10).

Proof of Theorem 5. Implicit in 6,(z, 1), 1) are the characteristic functions

1 pl<l

extended to R by periodicity and

1 x(1-)<y<x(1+1)
go(y) = {0 otherwise.

1
2

These will be approximated by continuous functions fi and gy satisfying
0SS <f<f,and0<g_<g<g..Inthis way we obtain lower and upper bounds
for 6;(x,,1). The same method was used in Section 4 of [1] though it was not
made explicit there that f_ is always non-negative. As in [1] the approximations
can be chosen to differ from fy on a set in [—1,1] of length < A and from go
on a set of length < Ax. We will take A = ¥ with B to be chosen. This is a far
smaller choice (at least when / < 1/logx) than in previous applications of this
method. Further, the approximations to fy have a fourier series Y > ame™2"™
where

=21+ 0(A)
“"'<<{‘11(}|ml, m#0 (1)
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and, given C, D,
am < 1€/im|P  for |m| > A~ log? 1, I < Iy(B, C, D). (12)

Also the approximations to g can be expressed as Mellin transforms g(s) = x*(s)
where
h(1) =214 0(A)
. I (13)
h(o +it) K
o+ {l/ltl, t#0

and, given E, F,
h(o +it) < E/|t)F, for |t > A~ 1og? 1/, | < Io(B,E, F). (14)
So we now have 6, <0;(x,1,1) <0y where both §; and 0y are of the form
1 o 2-+ico .
00590 = 5 SR S e s [ (0 o somds (1)
27”,1(” m 2—ioco

: 1
with am =[]\, am, and where

ZSX)‘m)“’ZXA IOng

!

— = 25X = gy 5).

Here gmx(s) is regular for o >} and in this half-plane gmy(s) < (0 —1/2)7"
umformly in m and x. Moving the line of integration in (15) to
Re s = 0,5 < o< 4, and writing x = e” gives

( awv ) ;ﬂfog(l)/h(f) — ﬁjiooo eitT]:l(O'—F lt)il_%f_)

XY X)) ame™™ N (o + it, xA™)dt
X m

Then by Parseval’s Theorem

Joo (e, %, 1) — and(1)/h(P)[*
0

eUT
< [ i+
R(H)J)-

2
dt.

Z g~ 2mimy Z(a +it, xA™)

Hence

*|0(x,%, 1) — ag(1)

EI:I n-1 J] x?
< ﬁ J io (o + if) XX: ; a3 + it xA™)|

(16)
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From (12) and (14) we see that the integral and each summation over a co-ordinate
of m can be cut-off at =M, where M = A~'log® 1/l =1"Blog®1/I, with
negligible error. This value of M is larger than in previous applications of this
method so we decompose the remaining region into the union of

C(q) ={(t,m) : W<t < (go+ )W, gW<m; < (g: + )W, 1<i<n—1}

with q € 7", ||q|] < M/W where W = 1/1. In each new region we use (11) and
(13) obtaining

> J ) r 66,61 — agW/HDE

xl+20

SR ()b

lall<M/W

/ 2 (17)

< = (f

t,m)eC(q)

W, log’M wr
« > L) ()
jai<itw W2 (0= log"W (0 —3)

by Theorem 7 and (16). We have now seen the need for the mean-value in (4) to be
over intervals displaced from the origin. Fortunately this displacement effects the
bound only as log2 V so the result can be used if there is truncation at some M with
log? M comparable to log> W as is the case. For then (17) is

1
Weo =37

Choosing o =1 + 8/log W" and noting that x~'6/108W" > ¢~16A/" for | <x<WA
gives

(o + it, x\™)

+|gmy (0 + it)|2) dt

P 16(x, 9, 1) — aog(1)/h(F)[? log? W
Ln | L ) dxdp <4 —pm

Here 6 can be either 6; or 8y and so the required result follows on writing
ag(1) _ (2)'x
h(f)  h(f)

where the error term is sufficiently small if 2B > A as we not assume. Thus we see
the necessity of choosing A as small as we did.

(1+0(%))

4. Proof of Theorem 1

Given an ideal a in Q(i) we can choose a generator oo with argument in
(—m/4, w/4]. The basis for the group of Groessencharaktere (with conductor (1))

2
consists of the single element A(a) = (a/|a|)*. So ¥(a) = —arg o
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Throughout we consider only Gaussian primes with argument in (—7/4, 7/4].
Given such a prime w associate with it the region

) = {z: 12— ol <2 ) > Lol .

By the definition of p this region contains no Gaussian primes. We write
Sy, %,1) € R(w, p(w)) (18)

if, for all a € F(y, ¢, 1), we can write a = (a) with a € Z(w, p(w)). We first show
that, for an appropriate /, the inclusion (18) holds for all (y,) in

I(w) :={(¥) : ly = 8Nw| < INw, [ — p(w)| < I}

for some 6. It will be important that the I(w) are disjoint and vol I > vol #. The
difficulty is that the #(w, p(w)) need not be pairwise disjoint.
As an intermediate step define

MW) = {z:z=re"w, |r — 8 < rw)/500,2r|6] < r(w)/500}

where r(w) = p(w)/|w| and 6§ =1+ r(w)/10. It is easily seen that .#(w) C
€ R(w, p(w))-

Let w’ satisfy |w'| <|w|,w’ # w, and compare .#(w) with R(w’, p(w')).
(A)Ifz € R(w’, p(w')) then |z —w'| < p(w')/2 while |w — w’l > p(w’). Hence the
angle 3 between z — w and w’ — w must satisfy sin ﬂs ie.0<B<n/6.

(B) If z€ M (w) then z = re?™uy and o — se2™w for some r,s, 0] < r(w)/500
and —1 < ¢< . Then

2mif l)w — r/e21ri0’

z—w=(re w,

wl —w = (se21ri¢ _ I)UJ _ s/e21n¢

say, and the angle (3 is given by 27r|0' But |w'|<|w| = |w'/w|<1 =
= Re(w'/w—1)<0 = |¢'| >1/4. So using |¢>’l<|0’ | + 10| gives
B> —2nld).
2
Yet,
Re (re’™ — 1) = rcos 2x(0| — 1
>r(l1—4/6) -1
2 —
TS

and

Im (re?™® — 1)| = r|sin 276| < 27r|6)|

< 1)

by the definition of .#(w). Hence |¢’|<| tan ¢'|<1/32 and 8>7(3 - &).
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From (A) and (B) we have that #(w) and #(w’,p(w’)) are disjoint. In
particular the .#(w) are pairwise disjoint.
Set | = r(w)/2000. Consider a € ¥(y,,1) with (y,¢) € I(w). Then combin-
ing the conditions in ¥ (y, ¥, [) and I(w),
INa — 8*Nw| <I(y + Nw) <I(1 + 6* + [)Nw,
|[9(a — p(w)| <21

Choose o, where a = (a), with a = re?™w, —1/8 < §<1/8. Then

2 r(w)
== < o
2)6] = - hi(a) — ()| < 4I< 5o
and
2 2 2
|r—6|:r 6 <l(1+6 +1) 4l<r(w)

r+é6 6

Hence a € #(w) and so £ (y,9,1) C M (w) C R(w, p(w)).
Under the map

(s )yt = ()2 4y
the image of I(w) lies within .#(w). The mapping is one-to-one, so the I(w) are
pairwise disjoint.
Let 1< H < x and consider w such that

plw) _ (H\"?
—_— > — .
|w] x
Then we have seen that

<y T (”)1/2> C (3 ped) € M) € (o, p(0)

for all (y, %) € I(w). And so 8(y, ¥, (H/x)"/*/2000) = 0 and

[]]G:vs ) - ()|

1(w) y
(s (&) Lo
- (ﬁ)lt(g)zuzm = (ﬁm>6(g)2p2(w)-

Sum over Nw < x using the fact that the /(w) are pairwise disjoint and then apply
Theorem 5 (with A = 8, say), to obtain

E PAw) < %logzx (19)
p(w)>(H/x)'?|w]
w<x

dydy
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valid for H < x*/%. From (2) we see that p(w) > (H/x)"/*|w| can only possibly
hold if |w| < (x/H) log? x. For H > x*/* this is a stronger condition than Nw < x
and we can again apply Theorem 5 (with A =35, say) to obtain (19) with
x3/* < H < x. Integrating (19) over 1<H <x gives the required result.

There are alternative ways to define p. For instance, given —% <0<
0<op < %, define

1
2

1 /
5, A8 (W —-w)—0

p(w) = min {|w’—w|: <¢,w'7éw}.
Then the same result (1) holds for this p, with just a change in the implied
constant. The proof consists of defining a region similar to .#(w) within the sector

{z: 1

3 e (6 0) ~ 0| <6, <o) .
We can then deduce that given a direction (#) almost all Gaussian primes have a
close prime in that direction. The methods of this, and previous papers [1] and [2],
say, are optimal for square-like regions % (x,,1). But with this homogeneity in
distribution we see that we may not necessarily derive better results if we could
replace ¥ (x,,1) by more general shaped regions.

Proof of Lemma 2. To each prime w, Nw < x, associate the region .#(w) defined
in the previous proof. These regions are distinct, have area >> p?(w) and all lie
within the disc, centre 0, radius 2x'/2 in C. Hence the upper bound follows.

We demonstrate a slightly stronger lower bound by defining
po(w) = min | —w|,/ #w and showing that >y ., p3(w) > x. From (8],
Satz 17,

1 x
Nw<x:w+ aprime }| <c 1+—
it pime ) < T (157 ) s

for some constant c;, a simple consequence of Selbergs Sieve applied to the set

{&(&+ a), & € Qi)}. Hence

> H{Nw<x:w+ o prime }| < c;

Na<clogx

log x’

where ¢3 = 4c102CQ(,-)(2)(6(‘,.) (4). Choosing c; so that ¢3 <1, we find that
pa(w) > c; log x for > (1 — c3)x/log x of the primes Nw<x. Hence the lower
bound follows.

For the proof of Theorem 3 we require

Lemma 8. Let G:[0,00] = R be a monotonically increasing function
satisfying G(x) — 0o as x — 0o. Then there exists f : [0,00] — R satisfying

f(x) = oo and 1
w0 (7)==

as x — 0Q.
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Proof. Since G(x) — oo monotonically we can choose a sequence {x,},s,
such that x, — oo and G(x) >n? for all x>x, Define f(x)=n for
nx, <x < (n+ 1)x,41. Then f(x) — oo and, for nx, <x < (n+ 1)x,41,

1 x 1 . /x
— Gl =\)=-¢(Z
79() =20(3) >
giving the required result.

Proof of Theorem 3. Assume the norm-form f, and a sequence
(€i)1<i<r» € = 1 is given. It is explained in Section 5 of [2] how to construct
integers s, t € Ok, integral ideals f, ¢, and classes I € I;/Pj such that if p € I then
there exists A € Ok with pe = (A) and tA = s(y + p) for some yu € M, where
sign (7 + p®) = &;,1<i<r. In particular x = a(m) for some m € 7" and
|£,(m) = [Np].

In Section 4 of [2] an explicit construction of i and the corresponding
Groessencharakter A is given. This goes back to Hecke [6]. But we find that

¥:0x — R x [0,1]”
such that if o€ Ok, there exists a unique unit u € %(f) for which
Y(ue) € [0,1]"". Given x € R" define 1(x) = 9(s(y + a(x))/t) — 1(e). We do
not want ¥)(x) = ¢(x’) mod 1 for any x # x’' so we partition R" by decomposing
the image of .

Consider Z(N) = {x € R",N/2<||x||, <N}. From Section 6 of [2] we have
that given 0 < § < 1 there exists #(6) C #(N) (depending on the norm-form f,)
with vol {#(6) N B(N)} <cb vol #(N) for some ¢ independent of 8, such that if
x¢ Z(6) then . '

8lixll, <y + D (x)] < |Ixl,. (20)
Then, for x € #(N)\#%(6) we have aé"N" <|f,(x)| <bN" for some a,b > 0. And,
as is seen in Section 7 of [2], the image of 9 lies in B x [0, 1], B C R" a box of
side length < log 6. By splitting the interval for |f,(x)| and the box B into

boxes B; of side length 1, we decompose #(N)\%(8) into < (log 6~')*"' sets
each contained in some

C ={x e R", X/2<|f,(x)] < X, sign (v) + oY) (x)) = ¢,

1<j<n,¥(x) € B; x [0,1]7}

where "N" < X < N".
Given & define ®, and A by

oYV () = B(y/2) and A(y) = B4().

We then further subdivide
c=Jcr = J{X:<1f,(®)] < X+ X/24, x € C}
K

K
with A = A(X) and X, = X(1 + k/A)/2. Note that with a as above, G(y) =
A(ay™) is monotonically increasing so we can apply Lemma 8 to find f satisfying

fO)—o0 and f1(y)G(y/f»)=f"(y)Ala(y/f(y))") = oo. Then we choose
8= 6(N) =f1(N) so that §(N) — 0 and 6§(N)A(as"(N)N") — oo as N — 0.
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Define D, = (Z(N)\%(6)) N C,; and 6(x, 1) = 6(x,,l) where x = | f(x)| and

1 = 1)(x). Then
[ [P =GO, o <
Dx x . »

(the Jacobian is a constant depending on the form f,)

< I"log?(1/1)

0(X, 1/), l) — (21)'!

by Theorem 5. In which case

o(x, 1) — (2D)"x

h(f)
excepting a set of size

X108 (1/1) (ID :
D72 (eram)

< (120 =
But |C,| < X/A(X), so
oD - (h()f)x

for all xe€ C, exce;ptmg a set of size < X/A%*(X). We now choose
I(y) = y~'/"®,(y) log?’"y. The condition ®(x) < x is sufficient to deduce that
I(y) is decreasing. Then, if x satisfies (21),

< X212 A(X)1og (1/1) (21)

0w, 1)) -
<otx,106) - ZE s T s - 1)

< c{xl/2z"/2(xn)A(x) log (1/1) + (% - 1) o1 (x) logzx}

having used the definition of / and that ®, is an increasing function. But
x/X. —1<1/A(X) and so

0(x,l(x)) - (21’%)))% <CA*(X)log’ x
for some C > 0. Similarly
(21(x))"x
0, 1) =35

000, 10ter1)) 25 4 T (K~ 100

> - X0 A0 I0g 10 + (=~ 1) 9300 g«
k+1
> — CA3(X)log?x
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for some C > 0. Hence

16(x, 1(x)) — (21(x))"x/h(f)| < A%(X)log®x (22)

for those x € C, satisfying (21). Taking the union of the C,, X and B; we have that
(22) holds for all N/2<||x||, <N excepting a set of size

1 5 r+1
< 6N™ +Z Z ZA2(X) < (5+ (2% 6”1\),,1) )N"

<GJWFW” = o).

5T 6A(ab"N")

So for almost all x € #(N), 6(x,I(x)) > 0. By Section 4 of [2] there then exists m
for which |f,(m)| is prime and

3 (i — x)a?

i=1

< Y + oD (x)|I(x), 1<j<n,

< Ixll,4x) (23)

by (20) since x¢ Z(6). For the same reason §"||x||;<x < ||x||5 and, because
(o & )1<ij<n is invertible,

Im = xll, < 1x]1(x) = [1x]l,x~ @5 (x) log*" x
< 5 Y (N)B,(N™) log?" N
S ANM)®,(N") log?" N
(by definition 6~'(N) <A(N™))
< ®(N/2)1log¥" N

< ©([[x]l,) log™" [1x]l,
as required.

Acknowledgements. 1 would like to thank the referee for his/her comments and in
particular for the simplified proof of Lemma 8 that I have presented here.
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Abstract. We introduce and study certain notions which might serve as substitutes for maximum
density packings and minimum density coverings. A body is a compact connected set which is the
closure of its interior. A packing £ with congruent replicas of a body K is n-saturated if no n — 1
members of it can be replaced with n replicas of K, and it is completely saturated if it is n-saturated for
each n>1. Similarly, a covering % with congruent replicas of a body X is n-reduced if no » members
of it can be replaced by n — 1 replicas of K without uncovering a portion of the space, and it is
completely reduced if it is n-reduced for each n>1. We prove that every body K in d-dimensional
Euclidean or hyperbolic space admits both an n-saturated packing and an n-reduced covering with
replicas of K. Under some assumptions on K C ¢ (somewhat weaker than convexity), we prove the
existence of completely saturated packings and completely reduced coverings, but in general, the
problem of existence of completely saturated packings and completely reduced coverings remains
unsolved. Also, we investigate some problems related to the the densities of n-saturated packings and
n-reduced coverings. Among other things, we prove that there exists an upper bound for the density of
a d + 2-reduced covering of ¢ with congruent balls, and we produce some density bounds for the n-
saturated packings and n-reduced coverings of the plane with congruent circles.

1. Introduction and Preliminaries

Two of the basic problems in the theory of packing and covering are to
determine the most efficient packing and covering with replicas of (meaning sets
congruent to) a given set K in some metric space. Recall that a packing is a family
of sets whose interiors are mutually disjoint, and that a covering is a family of sets
whose union is the whole space. By a space we mean either d-dimensional
Euclidean space E¢ or d-dimensional hyperbolic space H¢, although the definitions
that follow are sometimes more general. We shall consider packings and coverings
with replicas of a nonempty compact connected set which is the closure of its
interior, a body, for short.

The usual measure of the efficiency of an arrangement in Euclidean space is
density. Roughly speaking, the density of an arrangement is the total volume of
the members of the arrangement divided by the volume of the whole space.
Rigorously, density can be defined by an appropriate limit [12]. The maximum
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density of a packing of the space with replicas of a (measurable) set K is denoted
by §(K) and is called the packing density of K. The minimum density of a covering
with replicas of K is denoted by ¥(K) and is called the covering density of K.
It is known that each of the maximum and the minimum density is attained
[13].

There are some disadvantages of using density for measuring the efficiency of
an arrangement. In the first place, optimum density is a global notion and it does
not imply the local efficiency of an arrangement. Secondly, the notion of density
cannot be extended in full generality to hyperbolic geometry [1], [12]. In what
follows we introduce and study certain notions which might serve as substitutes for
maximum density packings and minimum density coverings.

Let K be a body and let 2 be a packing of space with replicas of K. £ is said to
be saturated if it cannot be augmented with any additional replica of K without
overlapping with a member of 2. More generally, & is n-saturated if no n — 1
members of it can be replaced with n replicas of K. A packing is completely
saturated if it is n-saturated for every n>1.

Note that Feses TotH and Heppes [11] define the term ‘““n-saturated” differently,
but we hope that our definition causes no confusion.

A covering € of E¢ with replicas of K is reduced if no proper sub-family of &
is a covering. Similarly, we say that € is n-reduced if no n members of it can be
replaced by n — 1 replicas of K without uncovering a portion of the space. A
covering is completely reduced if it is n-reduced for every n> 1.

Conjecture. Every body K in E? (resp. in H%) admits a completely saturated
packing and a completely reduced covering with replicas of K.

This conjecture is supported by the following results:

Theorem 1.1. Every convex body in ¢ admits a completely saturated packing
and a completely reduced covering of E with replicas of the body.

Theorem 1.2. Every body K in ¢ (resp. in H%) admits both an n-saturated
packing and an n-reduced covering with replicas of K.

Section 2 presents a proof of Theorem 1.1. We note there that the theorem
holds for bodies satisfying the strict nested similarity property, a condition
weaker than convexity. Theorem 1.2 is proved in Section 3 (for the Euclidean
case) and Section 4 (for the hyperbolic case), each as a corollary of a more
general statement. The hyperbolic case involves some elements of the theory
of hyperbolic manifolds, which we review for the benefit of the unfamiliar
reader.

2. Complete Saturation and Reduction

In this section we give a proof of Theorem 1.1. We precede the proof with
some definitions and two lemmas. Throughout the argument, X is a given convex
body in E¢, and, as before, V(A) denotes the volume of A. We use the Hausdorff
distance between closed sets to measure the distance between a pair of (finite)
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packings or coverings, extending the Hausdorff distance function to the space of
finite (unordered) collections of compact sets in the natural way.

Let ¢ be a “center” point in the interior of K, say the center of gravity of K. Let
B(r, p) be the sphere of radius r centered at p. A packing with replicas of K is
completely saturated in B(r, p) if no n replicas contained in B(r, P) can be
replaced by n + 1 replicas contained in B(r, p) for every integer n (the replicas not
contained in B(r, p) are not to be moved in this process). A packing is unsaturated
in B(r, p) for short if it fails to be completely saturated in B(r, p). An arbitrary
packing of £ can be altered within B(r, p) so as to result in a packing completely
saturated in the ball: delete all replicas of K contained in the ball and replace them
with the maximum number of replicas of K that will fit in the ball without over-
lapping with each other or with any of the replicas that partially invade the ball.

A homothetic thinning T,(2) of a packing £ with replicas of K by a factor of
h > 11is a new packing such that each center ¢ € E¢ maps to hc, but such that the
replicas of K are translated without expansion. The analogous concepts for
coverings (completely reduced in B(r, p), unreduced in B(r,p), homothetic
thickening by a factor of h < 1) are defined similarly. The proof of Theorem 1.1 is
given only for packings, since the proof for coverings is the same except for one
modification which is mentioned afterwards.

Lemma 2.1. For every r and € > 0, there exists a 6 > 0O such that if a 2 is less
than & away (in Hausdorff distance) from a packing which is unsaturated in
B(r, 0) then Ty, (P) is unsaturated in B((1 +¢€) r, 0).

The proof is left to the reader.

Lemma 2.2. Let r > 0 and 1 > 0. Then there exists an so and a 6 > O such that
for every s > so, a packing P of replicas of K which is densest relative to
B(2s + r, 0) has the following property: If p is chosen at random in B(s, 0), 2 is
at least & away from unsaturated in B(r, p) with probability at least 1 — 7.

Proof. Informally, if € is sufficiently small and s is sufficiently large, then if 2
is expanded by 1 + ¢, the loss of density from replicas of X sliding over the edge of
B(2sR + r, 0) is outweighed by the gain in finding a 7 proportion of B(r, p)’s
inside that are unsaturated and re-saturating the packing in a disjoint collection of
these smaller balls. Then 6 can be chosen based on € and Lemma 2.1. A more
precise argument follows.

Temporarily fix § > 0 and s > 0, and suppose that, to the contrary, the set X of
points p € B(s, 0) such that £ is less than § away from unsaturated in B(r, p) has
measure at least nV (B(s, 0)). We will arrive at a contradiction for ¢ sufficiently
small and s sufficiently large.

Since X has measure nV (B(s, 0)), it cannot be covered by fewer than

VB(,0) _ 1
V(B(2r,0))  (2r)?

balls of radius 2r. It follows that there exists a packing {B(r, p;)}, <;< of k balls
of radius r entirely within B(s + r, 0) such that the restriction of £ to each ball is
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less than 6 away from an unsaturated packing, where
V (B(s, 0))
k>n———"t0 > et
7 ViBr,0) €
for some constant ¢ depending only on r and 7. In other words,
kV (K) cV (K)
V(B(s,0)) = V(B(1,0)

Let

_ cV(K)
C=vem o <"

let

-1 1
5=min<(1 -0C) 11, 5)’

and let 6 be given by Lemma 2.1.

Observe that the difference between the density of 2 and that of the
homothetic thinning Ty, (%) (both relative to B(s, 0)) is at most 1 — (1 — &)™
On the other hand, since Tjir(%) is unsaturated in each of the balls
B((1 +€)r, (1 +€)p;), the density of T, (2) relative to B(s, 0) can be increased
through saturation by an amount greater than

k(s) V (K)/ V (B(s, 0) > ¢V (K)/ V (B(1, 0)) = C.

(Note that by our choice of e, each B((1+¢€)r,(1 +¢)p;) is contained in
B(2s + r, 0).) By our choice of €, we have 1 — (1 — €)™ < C. Thus, the thinned
and then re-saturated packing is denser in B(2s + r, 0) than the original packing
2, which is a contradiction.

Proof of Theorem. Let n > 0 be an integer and for each 1 <k <n, let 6; and s;
be given by the second lemma with r = k and = 37%. Let s be the supremum of
the s¢’s, and let 2 be a packing which is densest relative to B(2s + n, 0). Then for
at least

1 1 1
1 <3+9+ +3n> >1/2
of p € B(s, 0), 2 is 6§ away from unsaturated in all B(k, p)’s simultaneously.
After translation by —p, # becomes a packing &, which is simultaneously &
away from unsaturated in each B(k, 0). The sequence £, has a subsequence which
converges in the Hausdorff topology to a limit 2. The packing 2 is 6, away from
ugsaturated in B(n, 0) for every n > 0, and it is therefore completely saturated in
.

Remark 1. The argument for the analogous theorem for coverings requires two
minor modifications in the formulation and proof of Lemma 2.2. Firstly, instead of
using a covering which extremizes density in B(2s + r, 0), we use a minimum
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Figure 1. A body with the strict nested similarity property

cardinality arrangement of replicas of K that covers B(2s + r, 0). In particular, an
optimal covering of B(2s+ r, 0) in this sense has no replicas disjoint from
B(2s 4 r, 0). Secondly, a homothetic thickening of a covering of B(2s + r, 0) by a
factor of 1 — € is not in general again a covering. To repair it, we identify a cube
k C K and we cover the annular region B(2s +r, 0) — B((1 — €)(2s + r), 0) by
non-overlapping translates of «. The resulting gain in number of replicas due to

homothetic thickening is comparable to the loss of density due to homothetic
thinning.

Remark 2. The hypothesis that K is convex can be weakened somewhat without
any changes in the proof. It suffices that K have the strict nested similarity
property, which requires that, for every positive number 4 < 1, the interior of K
contains a replica of #K. For example, if K is strictly starlike, i.e., K contains an
interior point such that every ray emanating from it meets the boundary of K at a
single point, then K has the strict nested similarity property. Another example of a
body with the strict nested similarity property is an e-neighborhood of a
logarithmic spiral, as shown in Figure 1.

3. Lattices of Isometries

We recall a construction from the topological theory of covering spaces, to be
used in this section and in the next one, which we apply to produce n-saturated
packings and n-reduced coverings in various spaces. For the basic notions and
facts related to that theory we refer the reader to [22, Ch. 1-2].

Let M be a locally compact, connected metric space (for our purposes it is
sufficient to assume that M is a non-compact Riemannian manifold) with the
metric p. A group G of self-isometries of M is a fixed-point-free, uniform lattice of
isometries, or lattice of isometries or lattice for short, if G satisfies the following
two conditions:

(i) there is a number v > 0 such that for every x € M and every g € G other
than the identity, o(x, g(x)) =1~;

(ii) the quotient space B = M /G (whose points are the orbits {g(x) : g € G} of
points of M under G, furnished with the quotient topology) is compact.

Every lattice G of isometries of M has the crucial property that the quotient
map p from M to B, assigning to each point to M its orbit, is a covering projection
(see [22, p. 88]). We shall refer to M as the covering space and to B as the base
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space. Also, the covering is regular, for G acts transitively on each point-inverse.
The base space is metrizable: a specific metric for B is defined by o(x, y) =
= inf{p(%,¥) : p(X) = x, p(J) = y}. Under this metric, the covering projection p
is a local isometry: the restriction of p to any set of diameter smaller than ~ is an
isometry.

Conversely, given a regular covering p: M — B, where B is a compact
manifold, M is connected and endowed with the metric lifted from B, then the
group of covering transformations of M is a lattice of isometries. Moreover, if M is
simply connected, then the lattice of isometries of M is isomorphic to the
fundamental group 7 (B) of the base space B (see [22, Sec. 2.6]).

If M is d-dimensional Euclidean space, then a lattice of isometries which
consists of translations reduces to the classical concept of a lattice of vectors, and
the resulting base space is a d-dimensional torus. However, there are other lattices
of isometries even in [F2. For instance, the group of isometries of the Cartesian
plane generated by a translation in the x direction and a glide-reflection in the y
direction is a lattice of isometries, but the resulting base space is a Klein bottle and
not a torus.

Define the girth of a lattice G as the infimum of the distances o(x, g(x)) over
all non-identity elements g € G. If M is a simply-connected Riemannian manifold
(such as H%), then the same number is the infimum of the lengths of all non-trivial
loops in the base space, hence the name ‘‘girth”. For many manifolds, including
Euclidean and hyperbolic manifolds, the girth is twice the injectivity radius of the
quotient manifold, which is defined as the largest r such that no metric ball of
radius r overlaps itself.

Observe that if S is a subset of M whose diameter is smaller than the girth of G,
then the image p(S) is a replica of S in B. Also, the set p~!( p(S)) is the union of a
discrete collection of mutually disjoint replicas of S, namely it is the orbit of §
under G. We call this discrete collection of replicas of S a lifting of p(S) (in M).

Theorem 3.1. Let M be a locally compact connected metric space and let K be
a body in M. If for every ¢ > 0, M admits a lattice of girth greater than c, then
there exist an n-saturated packing of M and an n-reduced covering of M with
replicas of K, for every positive integer n.

Proof. We restrict our attention to packings only, since the case of coverings is
completely analogous.

Let G be a lattice of isometries of M of girth greater than 2n 4 1 times the
diameter of K, let B be the base space associated with the lattice, and let
p : M — B be the covering projection. In the base space B, arrange a packing with
a maximum number of bodies of the form p(K'), where K’ is a replica of K in M.
The maximum is finite because B is compact and K has a non-empty interior. Let
2 be the lifting (in M) of this packing. Obviously, 2 is a packing of M with
replicas of K. We assert that 2 is n-saturated.

Suppose the contrary, and let m <n be the smallest positive integer such that 2
is not m-saturated. Therefore there are m members of 2, say K;,K3, ..., K
which can be replaced by m + 1 other replicas of K, say L,L,,..., Ly, and m
is the smallest integer with this property. By the ‘“pigenhole principle,” the set
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S=(UKi)U(U L)) is connected. Therefore the diameter of S is smaller than
the sum of the diameters of the K;’s and the L;’s, thus smaller than the girth of G.
If we replace in B the sets p(K;) (i=1,2,...,m) with the sets p(L;)
(j=1,2,..., m+ 1), we exceed the maximum number defined above. This is a
contradiction. O

The Euclidean case of Theorem 1.2 is an immediate corollary of Theorem 3.1.
Also, the remaining part of Theorem 1.2 is now reduced to the problem of
existence of lattices of arbitrarily large girth in d-dimensional hyperbolic space.
This problem is addressed in the next section.

4. Hyperbolic Lattices of Large Girth

A lattice of isometries of hyperbolic space H? will be called a (d-dimensional)
hyperbolic lattice for short. The aim of this section is to prove the following:

Theorem 4.1. For every c, there exists a d-dimensional hyperbolic lattice of
girth greater than c.

Although this fact and the methods used for proving it have been known for a
long time, we could not find a suitable reference and we include a proof for
completeness.

We begin with some algebraic preliminaries. A group G is residually finite if
for every g € G other than the identity e, there exists a normal subgroup N of finite
index which does not contain g. Equivalently, G is residually finite if for every
g € G, g # e, there is a homomorphism ¢ from G to a finite group such that ¢(g)
is not the identity.

Since the intersection of two normal, finite-index subgroups of G is again a
normal subgroup of finite index, we get immediately:

Proposition 4.2. If G is residually finite, then for any finite set F C G not
containing the identity there exists a normal subgroup N C G of finite index which
does not intersect F.

The group of non-singular #n x n matrices with real coefficients is denoted by
GL(n, R) and I(H?) denotes the group of isometries of HY. Since H can be
modelled as one sheet of a two-sheeted hyperboloid in R¢*!, where the isometries
of H? are those linear transformations of R?*! which preserve the sheet (see [5,
Sec. A2]), the group I(H¢) is isomorphic to a subgroup of GL(d + 1, R).

The following lemma is a direct consequence of a theorem of MALcev ([16,
Th. VII]). We include a version of MAL'CEV’s proof.

Lemma 4.3. Every finitely generated subgroup G of GL(n, R) is residually
finite.

Proof. Let g be a non-identity element of G. The aim of the proof is to
construct a homomorphism from G to a finite group such that the image of g is also
not the identity. This is accomplished by the composition of three homomorph-
isms. The first one, a, sends G into the group of algebraic matrices (matrices
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whose entries are algebraic numbers) of the same size as the matrices in G; the
second one, G, is a map to a group of (larger) rational matrices; and the third one,
-, is a map to a group of matrices over a finite field Z/p.

Let g1, g2, - .., g be a set of generators for G. If a set of algebraic equations
in finitely many variables has a real solution, then it has (possibly complex)
algebraic solutions arbitrarily close to the real solution. The defining relations
between the g;’s impose some constraints on the entries of these matrices. Since
the constraints are algebraic, algebraic matrices can be found that satisfy the same
relations as the g;’s do, and are arbitrarily close to them. We pick algebraic
matrices for the images under o of the generators that are close enough to the
original real matrices so that g’s image «a(g) is not the identity.

The coefficients of all of the a(g;)’s are algebraic numbers that, all together, lie
in some field F which is a finite-dimensional vector space over Q. The algebraic
numbers can then themselves be understood as rational linear transformations
of F. Therefore, possibly by passing to larger matrices, we can assign to each
matrix a(g;) a larger matrix with rational entries, and this assignment extends
to a monomorphism (3. Thus, Sa(h) is a rational matrix assigned to h for every
heG.

To define the third and last homomorphism, let p be a prime which does not
divide the denominator of any Ba(g;). (The prime p therefore also does not divide
the denominator of any coefficient of any Ba(h).) In general, if p does not divide b,
the fraction a/b is well-defined as an element of Z/p. Therefore we can reduce all
Ba(g;)’s mod p to obtain a homomorphism 7y of Ba(G) to a group of matrices over
Z/p if p fails to divide all denominators in all Ba(g;)'s. We know that Ba(g) for
the originally-chosen g is not the identity matrix. Therefore if p is larger than all
numerators in the matrix Sa(g) as well, then y8a(g) will also be distinct from the
identity. O

Corollary 4.4 Every hyperbolic lattice is residually finite.

Proof. For a d-dimensional hyperbolic lattice G, the base space B = H?/G is a
smooth and closed, hence triangulable, manifold. Therefore the fundamental group
m (B) is finitely generated. In effect, G is isomorphic to a finitely generated group
of matrices.

Proof of Theorem. The proof consists of two parts. In the first part we show the
existence of a d-dimensional hyperbolic lattice, and in the second part, given a
number ¢, we show that every hyperbolic lattice contains a sublattice G' whose
girth is greater than c. For the first part, we quote directly from the introduction to
[4, p. 111]:

A Clifford-Klein form of a connected and simply connected
Riemannian manifold M is a Riemannian manifold M’ whose universal
Riemannian covering (universal covering endowed with the metric lifted
from M') is isomorphic to M. The main purpose of this note is to prove the
following:
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Theorem A. A simply connected Riemannian symmetric space M
always has a compact Clifford-Klein form. Any such form M' has a finite
Galois covering which is proper, unless M' is isomorphic to M.

We recall that a Riemannian manifold X is symmetric, in the sense of
Cartan, if it is connected and if every point x in X is an isolated fixed point
of an involutive isometry s,.

Obviously, hyperbolic space H? is a simply-connected Riemannian symmetric
space, and a compact Clifford-Klein form of H? produces immediately a lattice of
isometries of H as the group of covering transformations.

For the second part of the proof, assume that G is a lattice of isometries of H“
and let ¢ > 0. Let B be the quotient manifold H?/G and let p : H? — B be the
covering map. The girth of G is determined by the shortest non-contractible
(unbased) loop in B.

If X is a non-contractible unbased loop, A represents a conjugacy class of
elements of 7 (M). If g is an element of this conjugacy class and N is a normal
subgroup of 7 (M) that does not contain g, then N does not contain any conjugate
of g either. Since B is compact, it admits only finitely many homotopy classes with
loops of length at most ¢, say {[Ai], [A2], ..., [\]}. Each [A;] represents a
conjugacy class of an element g; € m(M). Let F = {gi, g2, , g} By Corollary
4.4 and Proposition 4.2, 7; (M) has a finite-index normal subgroup N that does not
intersect F. Thus N does not contain any conjugate of any of the g;’s.

Let g : B — B be the covering of B corresponding to N. Since B is compact
and N has finite index, B is compact as well. By the universality of the covering
p: H? — B, there exists a covering p : H? — B, hence ji determines a d-dimen-
sional hyperbolic lattice G. It is clear that the girth of G is greater than c, or, in
other words, the length of every non-contractible (unbased) loop in B is greater
than ¢, because gx : 7, (B) — m;(B) is a monomorphism, g (B) = N and q does
not increase the length of any loop.

5. Dense n-reduced Coverings

We begin with an example of an arbitrarily dense 2-saturated lattice coverin
of E¢ with unit balls (d>2). Let ey, €, ..., eq be an orthonormal basis for E”.
Consider the lattice generated by the vectors v; = ae; for 1<i<d — 1 and

2 d—1
vd=(1+\/1—%(d—l)>ed+gzen
i=1

where 0 < a < 2

Clearly, the unit balls centered at the lattice points form a (simply-) reduced
covering. Moreover, each ball covers pairs of point not contained in any other ball
such that the distance between them approaches 2. Therefore, if two balls are
deleted, then one can find four uncovered points that form the vertices of a
parallelogram with two sides of lengths approaching 2. Since no such set of four
points can be covered by a single unit ball, the covering is 2-reduced. However, the
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Figure 2. A high-density, 2-reduced covering by circles

density of the covering is arbitrarily large for sufficiently small a. Figure 2
illustrates this covering for d = 2.

An equally simple construction yields an infinitely dense 2-saturated covering
of E¢ with unit balls (d >2), in fact locally infinitely dense at every point. Let P be
a hyperplane in E¢ containing the origin and let Q be a dense subset of P such that
P\Q is dense in P as well. Let v denote the vector normal to P of length 2. The
collection of unit balls centered at the points of the form g + 2iv for ¢ € Q and
p+ (2j+ 1)vforp € P\Q, i, j € Z, is a covering. Since the removal of any single
ball from this collection uncovers both end points of the ball’s diameter parallel to
v, the covering is not only reduced, but 2-reduced as well.

The second construction generalizes to an arbitrary body by choosing the
hyperplane P to be perpendicular to a diameter of the body and giving v the same
length as the diameter.

Let ©,(K) be the supremum of the densities of all n-reduced coverings with K.
For example, the above constructions show that ©;(K) = ©,(K) = oo. However,
the simple relation

Jim ©,(K) = ¥(K)

implies the existence of a smallest positive integer /(K) such that ©,(K) < oo for
all n>I(K). The notion of the Newton covering number of a convex body
(introduced below) yields an upper bound for I(K), where K is an arbitrary convex
body in F¢. In addition, an application of a theorem of Barany yields a slightly
better bound for /(B?), where B denotes the unit ball in F.

Recall that the Hadwiger covering number H,(K) of a convex body K in E¢ is
the minimum number of translates of K whose union contains a neighborhood of
K. HADWIGER [14] asks for the maximum value of H.(K) over all convex bodies K
in E4. The problem was stated independently by others, also in the context of the
equivalent problem of illumination of K, and it is conjectured that H,(K) <2¢ with
equality for parallelotopes only. The conjecture is still open in every dimension
d>3.

Similarly, one can consider N.(K), the minimum number of replicas of K
whose union contains a neighborhood of K. The quantities N.(K) and H.(K) have
their dual counterparts N(K) and H(K), called the Newton (or kissing) number and
the Hadwiger number, respectively, in the context of packings (see [12]). We call
N.(K) the Newton covering number of K to extend the analogy. Obviously,
N.(K)<H.(K) for all K.

The following theorem establishes a relation between /(K) and N,(K).
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Theorem 5.1. For every convex body K in Euclidean space,
I(K)<N.K)+1.

In the proof of this theorem, as well as in the next section, we use certain
relations between the (global) density of an arrangement and its density with
respect to some bounded domain. In what follows, the volume of a (measurable)
set S will be denoted by V(S). As usual, B¢ denotes the unit ball in ¢, so rB? is the
ball of radius r centered at the origin. Let &/ be a locally finite arrangement of
uniformly bounded measurable sets, and let G be a bounded domain. The density
d(A | %) of o relative to G is defined by

V(IF) Y v(ANG),

Aed

d(#|G) =

and the average density dny (7 |G) to o/ relative to all translates of G is defined
by

) 1
day (ﬂlc) - rlLrgo V(rBd) JrBd
provided the limit exists. Otherwise we take the lim sup or the lim inf, and it is
usually clear from context which limit is meant. Also, the domain of the integral
above is rB?, just as rB? is frequently used to define the density of .o as a limit.

The following proposition is derived from these definitions by routine methods
of real analysis, interchanging sums and limits with integrals, and applying
Fubini’s theorem.

d(|(G +x)),

Proposition 5.2. For every locally finite arrangement </ of uniformly bounded
measurable sets, and any bounded domain G, the average density dy (4 |G)
coincides with the density of .

As a direct corollary, we get:

Proposition 5.3. Let &/ be a locally finite arrangement of uniformly bounded
measurable sets, and let G be a bounded domain. If the density of & is a, then
there exists a translate of G such that d(/ | G) = a and there exists a translate of G
such that d(</ |G)) <a.

Proposition 5.2 can be put in an equivalent, discrete form:

Proposition 5.4. Let D be a locally finite set of points, and let G be a bounded
domain. If the number density of D is a, then the average number of points
contained in a translate of G is equal to aV(G).

Again, as a corollary, we get:

Proposition 5.5. Let D be a locally finite set of points, and let G be a bounded
domain. If the number density of D is a, then there exists a translate of G which
contains at least aV(G) points of D and there exists a translate of G which
contains at most aV (G) points of D.
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Proof of Theorem. By definition, there exists an € > 0 such that some N.(K)
replicas of K cover the e-neighborhood (the outer parallel domain of radius ¢) of K.
Let p € K, and for each member K; of the covering, let p; be the image of p under
an isometry that takes K to K;. Since the group of isometries of the space that fix p
is compact, it can be partitioned into a finite collection of sets such that, if g and &
belong to the same set, then the Hausdorff distance between g(K) and A(K) is
smaller than €/2, i.e., each of g(K) and h(K) lies in the other’s £/2-neighborhood.

If the covering is sufficiently dense, then by Proposition 5.5, there exists a ball
of radius £/2 containing N.(K) + 1 points p; such that the Hausdorff distance
between each two of the sets K; — p; (each set K; shifted so that p; is moved back
to the origin) is smaller than €/2. We have now N.(K) + 1 replicas of K, say
Ky, K>, ..., Ky, (k)+1, such that K; lies in the e-neighborhood of K;j for
2<i<N.(K)) + 1. By the definition of the Newton covering number of X, these
N.(K) + 1 replicas can be replaced by N.(K) others without uncovering any
points. Thus, every sufficiently dense covering with replicas of K fails to be
(N:(K) + 1)-reduced. O

Since N.(B?) =d + 1, the above theorem implies immediately that /(B%) <
<d + 2. However, using a result of BARANY [3, Th. 2] which generalizes a
theorem of ErpOs and Szekeres [7], one can improve this inequality as follows.

Theorem 5.6. [(B%)<d + 1.

Proof. Barany’s theorem states: For any € > 0 and d >2 there exists a constant
n(d, €) such that every finite set V C E¢ contains a subset W C V, | W | < n(d, €)
with the property that for v € V\W there are points wi, w, € W with
A(wivwy) > 7 — €. Given positive numbers € and § < 1, if a covering of E¢
with unit balls is sufﬁcienﬂ%’ dense, then, by Proposition 5.5, some ball of radius ¢
contains at least (d + 1) (" ‘12’5) ) centers of the unit balls. If we let V be the set of
these centers and we apply Barany’s theorem, we obtain d + 3 distinct points
Wi, Wa, V1, V2, ..., Va41 in V such that A(wyviwyp) >m—e for i=1,2,...,
d + 1. It follows that the points v;, v, ..., v441 lie in the “double cone” C (the
union of two congruent non-overlapping right cones with a common base) whose
apexes are w; and w, and whose angle at each apex is 2e.

Let B(p) be the unit ball centered at the point p. Each of the d + 1 balls B(v;)
(1<i<d+ 1) is contained in the outer parallel domain P of radius 1 of C. Observe
that the set P\(B(w;) U B(w>)) is a neighborhood of the d — 2-dimensional unit
sphere centered at the midpoint of w;w, which lies in the hyperplane
perpendicular to w;w,, and that his neighborhood is arbitrarily close to the sphere
for sufficiently small € and 6. Since such a neighborhood can be covered by d unit
balls, it follows that a very dense covering of E¢ with unit balls cannot be (d + 1)-
reduced. Figure 3 shows the set P\(B(w;) UB(w;)) in dimension 2, where
€ = /6 and § = 1 are small enough for our purpose. O

Remark. The proof does not use the fact that the given collection of balls is a
covering. Define an n-reduced arrangement (not necessarily a covering) of replicas
of K by the property that it is not possible to delete n members of the arrangement
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w

.
W

Figure 3. The set p\(B(w)) U B(w,))

and replace them with some n — 1 replicas of K without uncovering any point that
was covered by the original arrangement. Then the above argument demonstrates
that a d 4+ 1-reduced arrangement of unit balls cannot have arbitrarily high density,
and for this generalization the bound of d + 1 is the best possible.

So far we have considered arrangements of replicas of a given body, without
restrictions on the isometries that send one of them onto another. However, we can
also consider arrangements with restrictions on the allowed isometries. For
example, many of the ideas and results of this section and previous sections
generalize to arrangements of translates of K (which is only an appropriate
restriction in the Euclidean case, of course). In particular, Theorem 1.2 becomes:

Theorem 5.7. Every body K in E¢ admits both an n-saturated packing and an
n-reduced covering in the class of packings and coverings with translates of K.

Theorem 5.1 also has a “‘translative” version with a completely analogous
proof. (In the corresponding notation, we indicate the restriction to translates by
the subscript “T”.)

Theorem 5.8. For every convex body K in Euclidean space,
Ir(K)<H.K)+1.

Example. While the bounds given in Theorem 5.1 and Theorem 5.6 could be
far from optimal, the following example indicates that Theorem 5.8 is close to
optimal in at least some cases.

Let P denote a right pyramid in the coordinate space E? whose base is the

unit d — 1-dimensional cube Q%' = {(x, x2, ... , Xa—1, 0) € E*: | x; | < 1/2 for
i < d}. Observe that H,(P) = 1+ H.(Q%') = 1 + 2. Consider the set A of
vectors of the form (ny, ny, ..., ng_1, x) where each n; is an integer and x € R is

rational if and only if ¥ n; is even. The translates of P by all vectors of A is a
covering of E¢ of infinite density. It is easily verified that this covering is
(H.(P) — 1)-reduced. Therefore Ir(P)>H.(P).

The following estimate for the Hadwiger covering number of a convex body in
E4 is due to Rogers (unpublished):

V(K - K)

————~ (dlogd + dloglogd + 5d),
VK (dlogd + dloglogd + 5d)

where K — K is the difference body of K, consisting of points of the form x —y

where x, y € K. The inequality follows from the result of RoGers [17] which states

that each d-dimensional covex body K admits a covering of E¢ by its translates of

density at most dlogd + dloglogd + 5d. If {K + a;} is a covering of density

H.(K)<
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guaranteed by the theorem of Rogers, then Proposition 5.5 implies that there exists
a A > 1 and a translate (AK) — K + ¢ of (AK) — K containing at most (d log d + d
log log d +5d) V(K — K)/V(K) of the points g;. Since (K + a;) N A\K + ¢ # 0 if
and only if a; € AK — K + ¢, it follows that the respective translates of K cover
AK +c.

For a centrally symmetric body K in E¢, we have V(K — K)/V(K) = 2, thus
in this case, the Rogers bound for H.(K) is reasonably close to the conjectured
best upper bound of 2¢. In the general case, a result of ROGERs and SHEPHARD
[19] states that V(K — K)/V(K)< (%) for every convex body K C ¢, which
yields the asymptotic bound H,(K)<44+0(),

6. Asymptotic Density Bounds

In Section 5, we defined ©,(K) as the supremal density of all n-reduced
coverings with replicas of K, and we mentioned the simple relation

Tim ©,(K) = 9(K).

Analogously, let A,(K) be the infimum of the densities of all n-saturated packings
with replicas of K, and note the analogous relation

nliglo A, (K) = 6(K).

Also, observe that A,(K) > 0 for every body K and every n> 1. Obviously, each
of the two sequences {A,(K)} and {©,(K)} is monotonic. The following
inequalities give estimates for the rate of convergence of the sequences {A,(K)}
and {6,(K)}:

An(K)=6(K) — O(n~V4) (6.1)

and
6,(K) <Y(K) + O(n~1/4). (6.2)

To prove inequality (6.1), assume that X is of body of diameter 1 and volume V
and let r denote the minimum radius of a ball that can intersect » non-overlapping
replicas of K. Let o; denote the volume of the unit ball in [E¢. By the definition of
the packing density of K and Proposition 5.3,

nV/(oar") 26(K) — ¢
for every € > 0, hence

nV

—_ .
oqard 8(K)

Assume now that & is an n-saturated packing with replicas of K, and let p
denote the density of this packing. Any ball of radius r + 2 must contain at least n
members of £, for otherwise the members of Z contained in the ball could be
replaced by n non-overlapping replicas of K intersecting the concentric ball of
radius 7. Thus the total volume of the intersections of such a ball with all members
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of Z is at least nV. Using Proposition 5.3 again, we obtain
p> nV
g oa(r+2)*
It follows immediately that

p>68(K) (HLz)d

By the definition of r, a ball of radius r intersects at least n non-overlapping
replicas of K. Each of these replicas is contained in the concentric ball of radius
r+ 1. Thus o4(r + 1) >nV, and we get

v 1/d
r= (— n> -1.
Od

Since the function f(x) = (x/(x + 2))? is increasing, we get:

ent/d — 1\?
>sk) () |
p (>(cn1/d+1>

where ¢ = (V/04)"/?, and inequality (6.1) follows.

The proof of inequality (6.2) is analogous.

The above method can be refined as follows to yield some specific density
bounds for n-saturated packings and n-reduced coverings of E¢ with unit balls. For
packings, consider a “cluster” of n non-overlapping unit balls and let G be the outer
parallel domain of radius 1 of their union. Let 2 be an n-saturated packing with
unit balls. Then every translate of G contains at least n centers of the members of
2. 1t follows, by Proposition 5.5, that the density of 2 is at least no;/V(G).

The smaller the volume of G, the greater the resulting bound, which raises the
problem of arranging n non-overlapping unit balls in E¢ so that the volume of the
outer parallel domain of radius 1 of their union is minimum. A similar method can
be used for coverings, and it leads to the problem of arranging » unit balls in E¢,

6.8)

Figure 4. Economical clusters of unit circles
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this time allowing overlaps, so that the volume of the inner parallel domain of
radius 1 of their union is maximum. Of course, this method only works if
n>=d+ 1.

Except for some trivial cases, we do not know the solution to these problems
even for d = 2. However, some clusters of unit circles in E2, shown in Figure 4,
seem reasonably economical for the method described above. Using translates of
these clusters to estimate density bounds, we get the following:

Ay (BY) > Vs—i—é; =0.31075 ... (6.3)
As(BY) > 1%7; = 036561 ... (6.4)
A7(BY) > E\;—Wé; =0.47892 ... (6.5)
0;(BY) < —— f — = 58.44661 ... (6.6)
04(B*) < 4——7? = 14.63916 ... (6.7)
©:(B%) < -6—\/;—”_2; =5.35179 ... . (6.8)

Clearly, these inequalities are far from sharp. Among good estimates for
A,(B*) and ©,(B?), one stands out. Clearly, any 1-saturated packing with unit
balls becomes a covering if the radius of each ball is increased to 2. Since
¥(B?) = 27m/+/27 (a well-known results of Kersuner [15)), it follows that

A(B?) = 71/6V3 = 0.302299 ...
Also, as we mentioned before,
@1(32) = @2(32) =0

Apart from these three cases, it seems difficult to determine the exact values of
A,(B?) and ©,(B?).

7. Remarks, Open Problems and Conjectures

In relation to the conjecture stated in the introduction, claiming the existence of
completely saturated packings and completely reduced coverings, observe the
following:

(i) Complete saturation implies maximum density and complete reduction
implies minimum density. More precisely, the density of a completely saturated
packing with replicas of a body K exists and is equal to §(K). Similarly, the density
of a completely reduced covering with replicas of K exists and is ¥(K).

(i) Obviously, the converse of (i) is false. But a weaker statement holds: A
periodic packing with replicas of K with density ¥(K) is completely saturated
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and a periodic covering with replicas of K whose density is J(K) is completely
reduced.

The first observations indicates that the conjecture on existence of completely
saturated packings and reduced coverings is not as obvious as it might appear. The
conjecture, if true, would imply a version of GROEMER’s result [13] on the existence
of maximum density packings and minimum density coverings.

The second observation brings to mind the well-known problem: Given a body
K, is there a periodic packing [covering] with replicas of K, whose density is
8(K)[¥(K)]? A positive answer to this question would imply our conjecture.
However, Scumitt [20] constructed a strictly star-shaped prototile for a
monohedral tiling in E* such that no tiling with its replicas is periodic, and by a
slight modification of Schmitt’s construction Conway produced a convex prototile
with this property. For > no such example is known, but according to another
result of ScumrTT [21] there is a strictly star-shaped set K C 2 whose replicas do
not admit a periodic packing of density §(K).

Generally, it seems extremely difficult to determine whether a given convex
body admits a periodic packing (covering) of maximum (minimum) density. In
particular, the answer is not known for the d-dimensional ball (d > 3). The case
d = 2 offers some answers, since it is known (see [8, 10]) that every centrally-
symmetric convex disk attains its packing density in a lattice packing. The
analogous statement for converings is only a conjecture, supported by a partial
result under the restriction to crossing-free coverings (see [8, 10]).

There are only a handful of cases in which sphere packings in Euclidean
or hyperbolic space are known to be completely saturated. Without exception,
they follow from the Rocers [18] and the Boroczky [2] bounds: The density of
any sphere packing in d dimensions is at most the density in a regular simplex of
d + 1 kissing spheres with centers at the vertices of the simplex. If the regular
simplex tiles space, there exists a corresponding periodic sphere packing that
achieves the bound. The only regular simplices that tile Euclidean and hyperbolic
space are:

e Equilateral triangles in E2.
e Triangles in H? with angles of 27/n for n>7.
e Simplices in H* with dihedral angles of 27/5.

The analogous bound for coverings also holds in Euclidean space (see
CoxeTerR-FEW-ROGERS [6]), although it is open for sphere coverings of hyperbolic
d-space and the d-sphere for d > 2. (For H? the bound for circle coverings is due
to L. Feies TotH [9]). Therefore the same simplices also produce completely
reduced coverings of the same types, except perhaps in H*.

Clearly, the familiar densest lattice packing (covering) of E? with unit circles is
completely saturated (reduced), but we do not know whether there is a non-lattice,
completely saturated packing (completely reduced covering) with unit circles. We
do not even know whether or not the circle packing in Figure 5 is completely
saturated. The arrangement of circles shown there is given by dividing lattice
packing into two “half-plane” parts along a pair of adjacent rows of circles and
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Figure 5. A sub-optimal packing which could be completely saturated

QOO0
OO0 OO0OC
OO0 OO0

OO0 OOOC
OOOOOOOO0

Figure 6. Possibly the least dense 2-saturated packing

then separating the parts slightly while maintaining contact between the two
adjacent rows.

Although it seems difficult to determine A,(B?) and ©,(B?), we conjecture
that

Ay (B*) = 7(3 — V5)/V2T = 0461873 ...,

which is the density of the packing shown in Figure 6. But we do not even have a
conjecture for the other constants.

Theorem 5.1 relates the Newton covering number N (K) for a convex body K
to I(K). Newton covering numbers are of interest in their own right: Among all
convex bodies in d dimensions, which one has the greatest Newton covering
number, and what is that number? Let P denote the right pyramid over a d — 1-
dimensional cube Q97, as in the remark following Theorem 5.8. Is N.(P) =
= N,(Q4 ") + 1? Does N,(P) depend on the height of the pyramid? What is the
Newton covering number of the cube Q¢?

The inequality /(B?) <d + 1 (Theorem 5.6) is sharp for d = 2 (see Figure 2),
but we suspect that for d>3 this is not the case. It might even turn out that
I(B%) = 3 for all d>2. This problem can be stated more simply as follows: Given
a very dense covering of E“ with unit balls, can one always make a new covering
by replacing three balls by two?
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Abstract. We introduce several concepts of discrepancy for sequences on the Sierpifiski gasket.
Furthermore a law of iterated logarithm for the discrepancy of trajectories of Brownian motion is
proved. The main tools for this result are regularity properties of the heat kernel on the Sierpinski
gasket. Some of the results can be generalized to arbitrary nested fractals in the sense of T. Lindstrgm.

1. Introduction

As a starting point we consider the Sierpifiski gasket, a well known planar

fractal set introduced by W. Sierpiriski [26]. Let Ag be a closed equilateral triangle

1 3
of unit sides e, e, e3 with vertices P; (i ,%) , P2(0,0), P3(1,0). Let A; be the set

obtained by deleting the open equilateral triangle whose vertices are the midpoints
of the edges of Ag. Thus A, consists of three equilateral triangles with side %
Repeating this procedure we obtain successively Aj,As,...A, consists of 3"
equilateral triangles of side 27", which are called elementary triangles of level n.
Furthermore, we denote the set of all vertices of A, by V, and the boundary of A,
by E,. Thus, F, = (V,, E,) is defining a finite graph.

Definition 1. The set G = (72, Ay is called the (bounded) Sierpinski gasket.

Remark 1. Any point p € G can be represented by the triple (k;, k2, k3) with
ki + ky + k3 = 2, where

oo (i)

ki =ki(p) = ZE
=1

&
p
3
and efl) + 8;2) + EP) =2 for all [ > 1. Note that (1 — k;) % is just the distance of
P to the side e;.

6;0 =0 orl
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By standard techniques, as described in [26], it is easy to see that the Sierpinski
gasket has Hausdorff dimension a =log3/log2 and finite positive Hausdorff
measure. Let o denote the (normalized) Hausdorff measure of dimension o on G

In a series of papers, methods and results from classical potential theory in the
Euclidean space were extended to the Sierpinski gasket, the Sierpifski carpet,
where the whole potential theory is developed in a series of papers (cf. [1] for
further references) or more generally to so called nested fractals. We want to
mention here the fundamental paper of M. T. BArLow and E. A. Perkins [2], where
a systematic theory of Brownian motion on the Sierpiriski gasket is developed. Let
F be the infinite graph defined by F = | J, 2*F;.

Definition 2. The topological closure of
o0
(J2*F
k=0

is called the infinite Sierpiriski gasket G.

The Brownian motion is introduced as a suitable limit process of discrete
random walks on the vertices of F: Let Y be the random walk on F with transition
probabilities % from each vertex to its neighbour. In order to give a proper
definition of the limiting process one has to rescale the time according to the
eigenvalues of the transition matrix. Thus we consider the processes

X"(t) =27"Ysy for 120, neN.

In, [2, Theorem 2.8] it is shown, that the processes {((") converge weakly to a
process X, where X is a continuous, non-constant, G-valued, strong Markov
process starting at O. This process X = X, can be considered as the Brownian
motion on G. The Laplacian is obtained as the infinitesimal generator of the semi-
group describing this process. Among other very interesting results the authors
obtain regularity properties of the heat kernel.

LinpstrRgM [20] studies Brownian motion on compact nested fractals. In the
case of the finite (=compact) Sierpiniski gasket G a trajectory of Brownian motion



Equidistribution and Brownian Motion on the Sierpifiski Gasket 149

is obtained from a trajectory on G just by factorizing G modulo the equivalence
relation p, which identifies all the translates of G whose union is G. Notice that p
identifies the points Py, P, and Ps.

Another way to obtain the Brownian motion on G is to consider the limit
process of random walks on the vertices of A,, where the transition probabilities in
each point is i to any neighbouring point, and the transition probabilities for
leaving the vertices of Ay is % (this is in direct correspondence to the equivalence
relation constructed above). This actually is the approach of Lindstrgm. The
Laplacian is again defined as the infinitesimal generator of this process. The main
results of Lindstrgm are concerned with the asymptotic behaviour of the
eigenvalues of the Laplacian.

A completely different approach is due to a Japanese school. In [18] Kicami
considers finite difference operators, so called harmonic differences on F,. The
Laplacian then is defined as a certain limit of these operators. The key idea is to
use the step by step construction of the graphs to investigate the “‘evolution” of the
eigenvalues (cf. [25]). Kigami starts with a detailed investigation of harmonic
functions on the Sierpifiski gasket and its N-dimensional generalizations.
FukusHiMA and SHIMA [14] use this approach in order to develop a precise spectral
analysis. A survey on these developments can be found in the monographs [8] and
[10].

In classical papers on uniformly distributed sequences and functions the
distribution behaviour of the trajectories of the Brownian motion on the P-
dimensional torus R”/ZP were analyzed (cf. [27], where the one-dimensional
case is considered). W. FLeiscHER [13] has considered the p-dimensional case,
and later on in [6] this problem could be settled in the case of Brownian motion
on Riemannian manifolds. In [6] a law of iterated logarithm for the discrepancy
is proved by applying a general technique due to W. PHiLIPP [23] are bounds for
the eigenvalues of the Laplace-Beltrami-operator on the manifold.

In Section 2 we develop the basic properties of uniformly distributed sequences
on the Sierpinski gasket. We define a natural metric and introduce various
concepts of discrepancy and obtain inequalities comparing these discrepancies.
We discuss special sequences including irregularities of distribution. Further-
more we prove explicit formulae for the Hausdorff measure of certain
triangles contained in the Sierpinski gasket. For related subsets of G this
measure was computed in [15] as an application of summation formulae for
special g-multiplicative arithmetic functions. This is a consequence of the digital
description of the gasket, which we have presented above. In section 3 we
conclude by proving a law of iterated logarithm for the discrepancy of the
trajectories of the Brownian motion on the compact gasket G using a method of
BLUMLINGER [5].

2. Uniform Distribution on the Gasket

2.1. The Geodesic Metric on G. G is a compact space the topology of which is
induced by the following metric d. Any two points a and b in G are contained in
elementary triangles of level k, Ag(a), Ax(b), respectively. Let ax, by be the lower
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left vertices of Ag(a), Ax(b) respectively, and observe that a; and by are vertices
of the finite graph Fy. We set

d(a’ b) = kll»rgo Z_kdk(aIH bk)7

where d; is the minimal length of a chain connecting a; and by. Obviously d(a, b)
is the geodesic distance of a and b, i.e. the length of the shortest continuous curve
in G connecting a and b. This distance has already been used in [2].

Proposition 1. Let a and b be two points in G given by their digital
representation a = (55 )), (6, ), i=1,2,3,1=1,2,... Let L be the first index

such that the tnples (sL ) and (6 )) are distinct and deﬁne the indices i and j by
(') =0 and 6L’ = 0. Then the distance of a and b is given by

Z 27D 469 —1).

=L
(The formula does not depend on different representations of the same points.)

Proof. Assume first that a and b are contained in one elementary triangle of
level 1. Blowing up this triangle by a factor 2 yields d(a,b) = 1d(a, b), where a
and b are the homothetic images of a and b. This procedure can be continued as far
as these iterated homothetic images of a and b lie in two different elementary
triangles of level 1. Th1s happens after L — 1 iterations. In this case we have
d(a,b) = 1d(a, P)) + d(b P;). Thus, we only have to compute the distances of a
given point to one of the points Py, P,, P3. Observing that d(p, P,) = kn(p)
(m =1,2,3, see Remark 1) and d(p, P,,) = 2km(p) — 1 for kn(p) = %, we obtain
d(a,b) = kj(a) + k;(b) — 1. Inserting the digital representations of Remark 1 we
obtain the desired result. O

Remark 2. Let p € G be a point different from P;, i = 1,2,3 and let € > 0 be
sufficiently small. Then the e-ball

B(p,e) = {x € Gld(x,p) < ¢}

consists of two congruent equilateral triangles (intersected with G) with one
common vertex. Obviously, B(P;, €) consists of one triangle. Thus the metric d
induces the topology of the gasket.

Since G is a compact metric space the general theory of uniform distribution
(cf. [19]) can be applied. A sequence (x,) of points in G is called uniformly
distributed (with respect to the Hausdorff measure u) if

Jim Z Flx) = j FX)du(x) (2.1)
holds for all continuous functions f on G. By [19], Theorem 1.2, p. 175, (x,) is
uniformly distributed if and only if (2.1) is satisfied for all functions f = xu,
where M is a Borel set with negligible boundary. In order to describe the distri-
bution behaviour more precisely we introduce several concepts of discrepancy.
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2.2. Several Notions of Discrepancy. Let 2 be some system of Borel sets A,
such that the boundary of A is a null set. Then the discrepancy of a sequence (x,)
with respect to & is defined by

. 1
D (xs) = Dy (%) = sup| (22)

N
S Xalxm) - u(A)],
n=1

where x4 is the characteristic function of the set A. Of special interest are
discrepancy systems & which are “nice’ from a topological or geometric point of
view.

The first system we want to consider is the system £ of all balls B(p, ) with
p € G and € > 0. We will call the corresponding discrepancy ball discrepancy.

We next introduce the gasket discrepancy: Let 4 be the system of all sets
which are intersections of G with triangles the sides of which are parallel to the
sides of Ag and whose vertices are elements of G and define Df} as in (2.2).
Furthermore, we consider the star discrepancy D3, which is defined via the
discrepancy system & consisting of triangles of % that have one side in the
boundary of A, (see Figure 2). Finally we introduce the elementary discrepancy
D%, In this case the supremum in (2.2) is extended over all elementary triangles.

In the following we establish some easy relations between these four types of
discrepancy. Let y € G be arbitrary and let A(y), Ay(y) and Asz(y) be three
triangles as defined in Figure 2. Note that one side of A; is a part of the side e; of
the equilateral triangle A¢ (i = 1,2, 3).

We introduce three discrepancy functions of the sequence (x,):

DN Xn,Y) ZXA o) (®n) — p(Ai(y)), for i=1,2,3. (2.3)

Furthermore, we define the corresponding discrepancies of a given sequence

(xn)

DY) (x,) = sup| DY (5, 3)|- (2.4)
yeG

P,
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The measures p(A;(p)) can be computed explicitely using the digital representa-
tion of Remark 1. This is a generalization of a result given in [15].

Propeosition 2. Let p be a point in G given by its representation (ky, ky, k3) as in
Remark 1

~

=1

Then the Hausdorff measure of A;(p) is given by

oo -1
Y 3Y @D+ (e e (14D
1=2 n=1

3 3
(1+e)er”):

Proof. We note first that Ay (p) = {q = (m1, my, my) | my<ky,m3<ks}. In
order to compute the Hausdorff measure of this set we consider its finite
approximations by elementary triangles and count their numbers. Let &y be the
digital function given by

@N(Egz),...,el(vz), 553),...,61(3))

2 2) (3 3 i i i i
= #{(67,... 60,60, 6DV (81, 60 <D, ... D)
for i=2,3 and 6% +6¥>0 for n<N}.
An easy observation shows the following recurrence relation
@N(EEZ),...,E,(\?), 623),...,61(\,3)) = @N_l(egz), . ..,51(3),553), ... ,5,(\,3))
+E(12)Eg3)(q>1v_1(6g2),...,61(3), 1,...,1)
+Oy_i(1,..., 1,69 D).
(2.15)

By inserting special values we get

(I)N(l,...,l,el,...,EN) = (1 +51)(1)N—l (1,...,1,62,...,2’51\/)
+61(I)N_1(1,...,1, 1,1)

Inserting ®x(1,...,1,1...,1) =3V into this equation yields
@(1,...,1,61,...,&‘1\/) = (1 +€1)...(1 + en)

N
+ Z(l + 61) ce (1 + Ek_|)€k3N_k.
k=1
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Inserting this into (2.15) yields the following explicit formula

P (5(2) . eﬁ),el, ,6N))

N

=) eDed ((1 +el) . (1+ed)
n=1

N—n

2 2 2) AN—n—

+ Z(l + 55;131) (1 55;421:—1)5££k3N ¢
k=1

3
) (1 +ey)

N—-n
3 n—
+§ : +6n+l (1 +5n+)k 1€ fhzk3N k)
=1

We use this formula and the fact that
w(Ai(p)) = 1\}1_{1;0 3_N<I>N(e£2), . ,6,(3),553), . ,553))
to obtain the desired result. O

We note that any triangle with sides parallel to the sides of Ay can be

represented as set-theoretic sum or difference of at most six triangles of types
Ay, Ay, As. Thus we have

DY, (xa) <D (x2) <6D (xs)- (2.5)

In order to compare the elementary and the gasket discrepancy, we have to
estimate how many elementary traingles are necessary to aproximate a given
gasket triangle T contained in . For this purpose we define P, as the union of all
elementary triangles of level n, which are contained in 7. Observe now, that
P,+1\P, consists of elementary triangles of level n + 1 which are contained in
elementary triangles of level n which intersect the boundary of 7. The number of
elementary triangles of level n, which intersect the boundary of T is at most 3 - 2".
Thus T can be approximated by a union of 6 - 2" elementary triangles of level <n
with an error of at most 6 - (3)". From this we derive the inequality

DY<6-2m (D5, +3™™)
for any m. By inserting m = [log; 7] we get
N
a-1
D, <Dy <24(Dy) =, (2.6)

where the left inequality is obvious.

Finally, we compare the ball discrepany with the elementary dnscrepancy For
this purpose we observe that any elementary triangle A of sidelength 27 can be
exhausted by balls by the followmg procedure Take the midpoint p of an edge of
A and consider the ball B(p,27%-!). Then A\B(p,27*"!) is an elementary
triangle of sidelength 27%~! and we can iterate the procedure. Thus we need K
balls to approximate an elementary triangle with accuracy u(A)37X. This yields

S <KDg +37K
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for any integer K >0. We set K = [log; 53] to obtain
N
1
D, <D® (log3 —+ 3). (2.7)

In order to obtain an inequality in the opposite direction we have to exhaust a
given ball by elementary triangles. The procedure to do this is quite the same as in
the proof of (2.6) and yields

DX <72 (D5) % (2.8)

Remark 3. For any triangle A € ¢ and arbitrary k € N there exist two triangles
A’ and A" with vertices in Vj such that A’ C A C A” and pu(A"\A') = (9((%)").
Since Vj contains only finitely many points and pu(A) is a continuous function of
the vertices of A, compactness and uniform continuity immediately yield

Jim D¥(x,) =0
if and only if (x,) is uniformly distributed in G. The inequalities (2.5)—(2.8) imply
that this holds for all the notions of discrepany discussed above.

2.3. L?-Discrepancy. We introduce the LP-discrepancy of (x,) for arbitrary

p=1:
1
(1]
olJg

Obviously L,({,’) <D2(x,). In order to prove an opposite inequality we sketch a
procedure used in [28] to derive a general inequality of this type on compact
metric spaces endowed with a Borel probability measure. This is a more general
version of an inequality between the usual discrepancy on [0, 1)° and the
corresponding L,-discrepancy proved in [22].

4

N ’
%Z: XB(y,r) (xn) - ﬂ(B()’a r) d”‘(y) dr) .

Theorem 1. Let (X, d) be a compact metric space and )\ and ( be two Borel
probability measures on X, where \ satisfies the following additional conditions

IA(B(x,r1)) = A(B(x,r2)) | <Lilr2 — i,

I)‘(B(xl’ r)) - A(B(x2: r))' Sle('xl)-XZ)ﬂ)
A(B(x,r))=Lor.

Then the discrepancy function D(y, r) = ((B(y, r)) — A(B(y, r)) satisfies the
Jollowing inequality

Lﬁw(lD(y, r|)drdi(y)=c| D II:-?E,l w(% | D ||°0>

for any increasing function ¢ on [0, 1], where c is a positive constant only
depending on X, Ly, L,, B and s. ¥ denotes the diameter of X.
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Corollary 1. Let L;f) denote the LP-discrepancy defined in (2.9). Then the
following inequality holds

LI(J’) =c (D}“’?)ﬁ+1

for a suitable positive constant ¢ depending only on p. Thus limN_,ooLﬁf) (xa) =0
is equivalent with the uniform distribution of the sequence (x,,).

Sketch Proof of Theorem 1. Let D = || D ||. Then for any € > 0 there exists a
pair (xo, r) € X x R™ such that |D(xo, r)|>D — e. We set ¥9(xy) = sup,cx d(xo, ¥)
and show that

1 2
m(a) := sup |D(xo,7)|> = D —= Lid’
rela,¥(xo)—al 3 3

for arbitrary 0 < a < $9(xo). We choose

(1 5 Li+L75 1
a:mm((iﬂ(xo)) , <4L1 +6 lzﬁlfz ’519()%))1)

and take an ry € [a,¥(xg) — a] such that

Wi

1 2
|D(JCO,F)|> —?; D—§ Llaﬂ — &

for arbitrary £ > 0.

For D(xo, ro) > 0 we have B(y, r) 2 B(xo, ro) for every y € B(xo, %) and every
r € [ro +94, ro + a] =: I,. Thus we have (using the monotonicity of ((B(y, r)))

C(B(, 1)) — A(B(y, 1)) =C(B(xo, o)) — A(B(y, r0)) — Ly(r — ro)”

> (B0, 70)) ~ A(Bxo, 0)) = Li(r = r0)” ~ La(5)”

4
a\ B
=D(xp, ro) — (L1 + L») (z) )
and by the choice of xg, ry and a we derive
1
DG, )| > D (2.10)

For D(xo, ro) < 0 we have B(y, r) 2 B(xo, ro) for every y € B(xo, §) and every
r € [ro— %, ro 9 =: I, Thus we have |D(y, r)|> ¢ D.
Combining (2.10) and the last condition on the measure A yields

J [ etoo.maraor> [, | o(0) a0

u) (L),

which (by the choice of a) gives the desired result. O
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Proof of Corollary 1. In order to prove the Corollary we notice that

C(E) = 3 Do xe)

is a Borel measure, and A = pu satisfies the conditions of Theorem 1 with
B = a—1 and s = a and some suitable constants Lo, L;, L. O

2.4 Special Sequences and Irregularities of Distribution. Obviously we
have

1
~ <Dw(a)<1 (2.11)

for the four discrepancy systems under consideration in Section 2.2. We note here
that in the case of the elementary discrepancy it is possible to find sequences (x,)
such that N D%(x,) is bounded. Such sequences can be compared with the well-
known net-sequences in the unit cube. We remark here that these net-sequences
have recently been used for various applications in quasi Monte Carlo methods (cf.
[21]). For the other two notions of discrepancy there is the phenomenon of
irregularities of distribution.

In the following we want to describe a gasket analogon of the well-known van
der Corput sequence -y = (-, ). For this purpose we note that the digital expansion
described in Remark 1 can also be given as follows: let §; € {0, 1, 2} be the index
i mod 3 such that 55') = 0. Then every point in the gasket can be encoded (not
necessarily uniquely) as an infinite triadic string (cf. [7]). For defining the
sequence y we expand every integer n in triadic expansion

L
n= Z (51+1 (n)3’

=0
and define ~, as the point encoded by (8, 82, ..., 6L, 0%).

Remark 4. Note that any elementary triangle of level k corresponds to a residue
class mod 3*. Thus the elementary discrepancy is (9(%) By (2.5), (2.6) and (2.8)
we immediately derive

1
DY (). DA, D) = 07 ) 2.12)
By a standard technique due to W. PHILIPP [23] the average rate of growth of the
discrepancy of an arbitrary sequence x, € G can be determined.

Proposition 3. The following law of iterated logarithm holds for 2 = 94, &, #

 D2m)VN 1

limsup ——= ==

Nooo V2loglogN 2

for almost all (with respect to the infinite product measure generated by )
sequences on G.
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Remark 5. For the elementary discrepancy a similar law of the iterated
logarithm can be shown by much simpler arguments; the constant % has to be

replaced by 72

The example of van der Corput sequence shows that there is a gap between the
lower bound % and the upper bound ¢ EIF . A simple application of W. SCHMIDT’s

a

theorem on irregularities of distribution [24] yields
Proposition 4. Let x,, be a sequence in G. Then
logN

Df,’(x,,)?c

holds for infinitely many N (where ¢ > 0 denotes an absolute constant).

Proof. For the sequence x, we consider the sequence k;(x,) € [0, 1] (cf.
Remark 1). Note that for uniformly distributed x,, k1 (x,) has the asymptotic distri-
bution function F(x) = u(A2(p)), where p is given by k;(p) = x and k3(p) = 1,
see Proposition 2 and [15]. Clearly this function is continuous and strictly
increasing. Applying Schmidt’s lower bound to the sequence F~!(k;(x,)) yields

1 logN
66 log4 N ’

D N(xy) = Dy(F~" (ki (x4))) =

where D}, denotes the usual star-discrepancy in the unit interval. O

Remark 6. Clearly, this is a very weak bound, since we have used only very
special gasket triangles to derive this inequality. It remains as an interesting
open problem to improve this lower bound. Since we have no natural group
structure it seems to be very hard to apply Beck’s Fourier transform approach to
the gasket.

Concluding this section we present a probabilistic aproach for constructing a
set I'y of N points in G with small discrepancy.

Theorem 2. For every positive integer N>1 there exists a point set I'y
consisting of N points such that

D#(T'y) <cN%=~' (log N)2,
where C > 0 is an absolute constant.

Proof. In order to prove this theorem we use BEck’s probabilistic approach
[3]. We define N sets Qi,...,0On as follows: let k be the uniquely determined
integer such that 3*~'<N <3* and take Qy,...,Qp, as clementary triangles of
level k, On,+1,--.,0n+n, as the union of two elementary triangles of level
k and Ow, Ny+1,---,ON,+N,+n, @S the union of three elementary triangles of
level k, where Ny + N, + N3 = N and N; + 2N, + 3N; = 3k. We choose N3 =
max(3k — 2N, 0), N, = 3* — N — 2N; and Ny = 2N — 3* + N; (these values are
all non-negative).
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Let Z;, ..., Zy be random variables such that Z, is uniformly distributed on Q,
(with respect to ), n =1,...,N. We observe that

m
93’,={B(x, r)lerl,r=—2—i, m=0,...,2’}

has the property that for any ball B(x r) there exist two balls B, B” € %, such that
B'C B C B" and pu(B"\B') < (3)'. Furthermore #%; < 2 - 6. Now we compute
the expected value of the random variables X, (S) = xs(Z,) for a ball S € %, for
some /, which will be chosen later. Clearly EX,(S) = (S N 0n)
that X,,(S) = EX,,(S) if SN Q, =BorSNQ, = 0, Asin the proof of (2.6) we have

#{n|0 #SUQ, # 0} K N&2,

where the implied constant is absolute. By [3], Lemma 8.2, we derive

N
Prob (

D " (Xa(S) — EX,(S))
n=1

Setting y = C'N2"°#:2-1  logN and [ =

choice of C’ yields

1 N
Prob ( anl

ZXS(Zn) - ,u,(S)
Thus there exists a point set I'y satisfying the bound given in Theorem 2. O

. Thus we obtain

> 'y) <2exp (—CHAN82),

[ 2log3 —log?2

logN |, a suitabl
2(log3 —log2)log3 & ] a suitable

1

>C'N"82-1 | /logN, for some S € @,)

Remark 7. The main ingredient of the proof is the approximation of the
discrepancy system by a finite system. Thus an analogous theorem can be proved
for DY and D¥.

2.5. Uniform Distribution of Curves. We recall here the definition of dis-
crepancy for continuous functions x(f) on the gasket:

Dr(x(1)) = D2 x(0) = sup |7 [ xalalOhr— ). @19

If we interpret x(f) as the motion of a particle on the gasket, the discrepancy
can be considered as the deviation of the mean with respect to time and the
spatial mean. The motion is called equidistributed if limz_.Dr(x(t)) =0
The theory of uniform distribution for continuous functions was developed in a
series of papers by Hrawka and Kumpers et al. (cf. [19]). We consider all
discrepancy systems 2 introduced above. An application of a general result in
[9] yields

Proposition 5. Let 9 be one discrepancy systems considered in Section 2.2
and x(t) a continuous function R{ — G with finite arclength s(T) and
limy_,o $(T) = 00. Then there exists a constant ¢(2)>0 such that

a

Dg(x(t))>c(@)((T))ETf for T>T,.
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Remark 8. Note that the arclength of a continuous function x(¢) is defined by

N-1
s(T) =sup_ d(x(ta), x(tn11)),

n=0
where the supremum is extended over all partitions 0 = fo<t) < --- <ty =T.

Remark 9. The proof is verbally the same as the proof of Theorem 1 in [9]. We
only note, that in the technical condition (2.2) in [9] it is not necessary to take balls
B(x, r) and B(y, R) with the same center x = y.

Remark 10. Obviously the general inequalities (2.5-2.8) remain valid for the
continuous versions of the different kinds of discrepancies.

3. A Uniform Law of Iterated Logarithm for Brownian Motion on G

Our aim is the generalization of the law of iterated logarithm (2.13) to the
trajectories of Brownian motion. For Brownian motion on manifolds similar
results can be found in [6] and [5].

In the introduction we have defined Brownian motion on G as a limit process of
a discrete random walk. BARLOow and PERkINs [2] have shown for the corresponding
process on the infinite gasket G that this is a symmetric Markow process with
jointly continuous transition densities p(t, x, y) on [0, 0o x G x G. Furthermore
t—p(t, x, y) is C*°, and for all 1>0, x, y € G the following estimate holds

log2

log3
CltlogS exp ( ch(x y)logs logzt log5 Iog2> <p(t x, y)

log3

_logs  __ log2
< C3tm exp (_C-“‘i(_x7 y)logS—log2t_ logS—]ogZ)

with suitable positive constants ci, ¢z, €3, Cs.

As described in the introduction, the Brownian motion on G is obtained by
factorizing G modulo a suitable equivalence relation p. Thus we can decompose G
as {J, TxG, where the Ty are translations, which originate from the definition of p.
Since

p(t,x,y) = Zﬁ(t’ x, Tiy),
k

we have to combine the estimates (3.1) in order to give upper and lower bounds.
It follows from [15] that the number of copies of G in G whose points p have a
distance I<d(p, 0)<I+ 1 is 2°)*1, where s(I) denotes the binary sum-of-digits
function. Therefore we get the bounds

log

Y =2 tlogs Zzs(l) exp (-—Cz(l + l)lols mzt logs-lon)
1=0

<p(t, x, y) <, (3.2)

o0

=0



160 P. J. GraBnER and R. F. Ticay

We want to prove that the functions -y, -y, are bounded from above and below by
positive constants for > 1. In order to prove this and to estimate 7, from below we
apply partial summation to the first sum in (3.2). This yields

log3

4 = 2cqt o83 z Z 2s(k)

I=1 k=0

log5 ___log? log5 log?2
X exp _C2llog5—-loglt log 5—log2 J— exp ( CZ(I _+_ 1) log5-log2 ¢ logS IogZ)

From [16], [12] and [15] we know that

N-1
1 Nlog:3 < Z 2s(n) <Nlog23
2 — I

which implies

o83 ZOO log,3
fyt>cltlog5 l 082 X
I=1

_logs __ log2 _log5 __ log2
X (exp(_(:zllogs'loth log§-logl> _— exp( C2(l _|_ l)logS log2t log5— 1032))

logs log2
>C1t’°35 § l10823 lexp( Czllogs log2 ¢~ log5— logZ) (33)
=1

The last sum has been studied by Ramanujan (cf. [4]). For estimating this sum we
apply the Mellin transform to the sum

log5
f(u) Z nlog23 ]exp( cn log 5—log2 u)

n=1
which yields
o0 log 5
*(s) = STy = ¢ ——2" 51 i
£*(s) jﬁ £ d <(10g5 3t og23+1)r<s>

By the well-known correspondence between the singularities Pfstlhg:_ltrz;nsfonn and
the asymptotic behaviour of the function we obtain f(u) ~ csu 2985  with some
. . .. —_log5 .
explicit constant cs. Inserting this into (3.3) (u = ¢ *5-%2) and applying the same
procedure to v, we derive
0<ce<p(t, x,y)<c7; fort=>1. (3.4)
Now we introduce a gasket analogon of the classical Wiener measure. Let €,
be the set of all continuous curves in G starting in a given point w € G. Then for

fixed 0<t) <t <---<t, and a Borel set E C G" the corresponding Wiener
measure is given by

pw({x € €u | (x(n), x(t2), ..., x(ta)) € E}) =

= J P(tn = tazi, Xn, Xn—1) ... p(t2 — t1, X2, X1)p(t1, X1, w) dp(x1) . . . dp(x,).
E
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Proposition 6. Let P(t, x, S) = [(p(t, x, y)du(y) be the transition probabil-
ities of Brownian motion on G. Then

Ip(t, x, S) — u(S)| <Ae™™, (3.6)
|IP(2, x, dy) — du(y)|| <24e™, (3.7)

with positive constants A, a, independent of x and the measurable set S. (||- ||
denotes the uniform norm with respect to x.)

Proof. From [29], p. 197 if follows that there exists a measure v’ such that
|P(nt, x, 8) = v/ (S)| < (1 —7)"" (3.8)
for t > 0. Applying the Chapman-Kolmogorov equation we obtain

J P(nt, y, S)P(ns, x, dy) = P(n(s + 1), x, S). (3.9)
G

For n — oo, P(nt, x, S) converges to v'(S) uniformly in x € G by (3.8). Thus the
integral in (3.9) converges to v'(S), whereas the right hand side converges to
v**(S). Hence v = v' is independent of 7.

Next we identify v as the Hausdorff measure u. As p(t, x, y) is bounded by an
absolute constant v is absolutely continuous with respect to p. Let f be the density
of v with respect to u. By the above arguments f is essentially bounded. Let
q(t, x,y) be the transition density with respect to the measure v, i.e.
q(t, x, ¥) = p(t, x, y)f(y). We want to show that f =1 and proceed indirectly,

assuming that f is non-constant. Let now C be the essential supremum of f
and set

Ac = {x|f(x) < C—¢}.

For € > 0 we have

q(ta X, }’0) - q(t7 Yo, X)
=p(t, x, y0)(f(»o) —=f(x)) >0 for x€A, and yp€ Aac.

Next we choose € so small that 4(A.) > 0. Thus we obtain

J, a6 % 30) = ate, 0, vt <0
and

|| tatt x50 = a0, D) > 0
Since u(AS) — 0 for e — 0 we have

J e 50) = ate, yo. 0)av(z) >0

On the other hand the integral on the left hand side is 0, which is a contradiction.
Thus f = 1 and the two measures y and v are equal.
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It follows from (3.4) and (3.8) that
|P(t, x, S) — pu(S)| <e™**

with a = —log(1 — ;). Setting A = ¢ yields (3.6). The estimate (3.7) is an
immediate consequence of the Hahn decomposition theorem. O

Let I be a time interval and &, the o-algebra generated by events in I. A
process is called p-mixing if

|P(E2| E1) — P(E2)| < (1), (3.10)
and vY-mixing if
|P(E2|E1) — P(E2)| <P(E2)(t) (3.11)

for events E;, E;, with E, being # o q-measurable, E; being F s, |-measurable
and ¢(t) — 0, ¥(t) — 0 as t — 0.

Proposition 7. The Brownian motion on G has the 1)-mixing property with
V() =Ke ™™ for t=1 It satisfies the p-mixing property for t=0 with
o(t) = K'e ™.

Proof. By the Chapman-Kolmogorov équation and (3.7) we obtain
[p(s+1t,x,y) — 1| <27, Ae™.
Using the Markov property, a simple computation yields for > 1

|P(E2 | E1) ~ P(E;)| < P(E3)Ke™,

4~ A
where K = - /2 . Since |P(E; |E;) — P(E;)| <1, the second assertion
lnfx,yGGp(I) X, y)
follows immediately. O

Next we approach our main result, a uniform law of the iterated logarithm. It
follows from a general result of W. PHiLipp [23] and is a gasket analogon of
Theorem 4 in [5]. As usual we will use the notation E(f fG x)dpu(x).

Theorem 4. Let 0 be a positive integer and let o/ g be a family of real-valued
uniformly bounded measurable functions on G such that 1 < # .4 ¢ <e% with some
constant ky. Let o/ be the set of all functions on G, uniformly bounded by 1 and
having the following approximation property:

For all f € of there exists a sequence of functions hy, hy € o/ such that for all
positive integers L

M=
N
7
Iyl

0=1

—kaL
<e ™

,

Y (ko — hg)
=1

where k; is a positive constant.
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Let w be a given point in G. Then for arbitrary € > 0 and for p-almost all
curves x(t) in €,, there exists a Ty > 0 such that

Jy f(x(£)dt — TE(f)
V2T log logT

forall f € of and all T > Ty. Furthermore, for p,-almost all curves x(t) in €,,

Jy fx(@)dt — TE(f)|
V2T loglog T |

o(f)+e

lim sup

T—o00

a(f)

holds uniformly for all f € of.

Sketch of the Proof. We use the notation X, = [ | f(x(t))dr. Since the
functions in .« are uniformly bounded we may consider integer values for T only.
Furthermore, w. 1. 0. g. we may assume that [ fdp =0, E(X,(f)) =0 for all
positive integers n. The theorem is an immediate consequence of theorems 1.3.1,
1.3.2 in [23] and Proposition 7, if we can verify the following conditions (3.13),
(3.14), (3.15):

N 2
E(ZXN)) = No*(f) + O(N), (3.13)
n=1
a(f) = o(1), (3.14)
2
E<i X,,(h,,)) = O(Ne™h?), (3.15)
n=1

where the O-constants are absolute ones.

(3.13) and (3.14) follow from Proposition 6 and (3.12) after some standard
calculations and estimates, see [5]. (3.15) is a direct consequence of the
approximation property stated in the theorem. O

Remark 11. As in [5, Theorem 5] it can be shown that 0 < o(f) < oo for all
non-zero f € L™.

Corollary 2. The following law of iterated logarithm holds for the discrepancy
systems 9 =%, S, B

i D,? (x(t))\/ﬁ
imsup ————=0
N-oo V2loglogN

for py-almost all functions x(t) € C,,, where w is a given point in G and o is some
positive constant.

Proof. As in Section 2.2 the exponential approximation property can be derived
for discrepancy systems. O

Acknowledgements. We are indebted to Martin Bliimlinger and Wolfgang Woess for valuable
discussions and for providing some recent references.



164 P. J. GraBnER and R. F. Ticay: Equidistribution and Brownian Motion

References

[1] BarLow MT, Bass RF (1993) Coupling and Harnack inequalities for Sierpifiski carpets. Bull
Amer Math Soc 29: 208-212
[2] BarLow MT, Perkins EA (1988) Brownian motion on the Sierpifiski gasket. Probab Th Re Fields
79: 543-623
[3] Beck J, CHEN W (1987) Irregularities of Distribution. Cambridge: Univ Press
[4] BernpT B (1989) Ramanujan’s Notebooks, Part II. Berlin Heidelberg New York: Springer
[5] BLOMLINGER M (1989) Sample Path Properties of Diffusion Processes on Compact Manifolds. In:
Hrawka E and Tichy RE (eds.) Number-Theoretic Analysis Lect Notes Math 1452, pp. 6-19
[6] BLoMLINGER M, Drmota M, TicHy RF (1989) A uniform law of the iterated logarithm for
Brownian motion on compact Riemannian manifolds. Math Z 201: 495-507
[7] Cuoco AA (1991) Visualizing the p-adic integers. Amer Math Monthly 98: 355-364
[8] DoBrusHIN RL, Kusuoka S (1993) Statistical Mechanics and Fractals. Lect Notes Math 1567
[9] Drmota M, Tichy RF (1988) C-uniform distribution on compact metric spaces. J Math Anal
Appl 129: 284-292
[10] ELwortnHy KD, Ikepa N (1993) Asymptotic Problems in Probability Theory: Stochastic Model
and Diffusions on Fractals. Pitman Res Notes Math 283
[11] FaLconer KJ (1985) The Geometry of Fractals Sets. Cambridge: Univ Press
[12] FrajoLeT P, GRABNER PJ, KrRiSCHENHOFER P, PRODINGER H, TicHy RF (1994) Mellin transforms and
asymptotics: digital sums. Theor Comput Sci 123: 291-314
[13] FreiscHErR W (1971) Das Wienersche MaB einer gewissen Menge von Vektorfunktionen, Mh
Math 75: 193-197
[14] FukusiMa M, SHIMAT (1992) On a spectral analysis for the Sierpiriski gasket. Potential Analysis
1: 1-35
[15] Grasner PJ (1993) Completely g-multiplicative functions: the Mellin transform approach. Acta
Arith 65: 85-96
[16] HareorTH H (1977) Number of odd binomial coefficients. Proc Amer Math Soc 62: 19-22
[17] Hrawka E (1960) Uber C-Gleichverteilung. Ann Math Pure Appl 49: 311-326
[18] Kicami J (1989): A harmonic calculus on the Sierpinski spaces. Japan J Appl Math 6: 259-290
[19] Kurpers L, NEmDERREITER H (1974) Uniform Distribution of Sequences. New York: Wiley
[20] LmnpstrRoM T (1990) Brownian motion on nested fractals. Memoirs Amer Math Soc 83
[21] Nieperrerrer H (1992) Random Number Generation and Quasi-Monte Carlo Methods. SIAM
Lecture Notes 63. Philadelphia: SIAM
[22] Nieperrerter H, TicHY RF, TurnwaLD G (1990) An inequality for differences of distribution
functions. Arch Math 54: 166-172
[23] Puire W (1971) Mixing Sequences of Random Variables in Probabilistic Number Theory.
Memoirs Amer Math Soc 114
[24] ScummT W (1972) Irregularities of distribution VII. Acta Arith 21: 45-50
[25] SHMA T (1991) On eigenvalue problems for the random walks on the Sierpiriski pregasket, Japan
J Indust Appl Math 8: 127-141
[26] SierpiNsk1 W (1915) Sur une courbe dont tout point est un point de ramification. CR Acad Sci
Paris 160: 302-305
[27] StackeLBERG O (1971) A uniform law of the iterated logarithm for functions C-uniformly
distributed mod 1. Indiana Univ Math J 21: 515-528
[28] Ticuy RF (1991) A general inequality with applications to the discrepancy of sequences. Grazer
Math Ber 313: 65-72
[29] Doos J (1953) Stochastic processes. New York: Wiley

P. J. GraBner and R. F. TicHy

Institut fiir Mathematik

Technische Universitit Graz
Steyrergasse 30

8010 Graz

Austria

e-mail: grabner@weyl.math.tu-graz.ac.at
tichy@weyl.math.tu-graz.ac.at



Monatshefte fiir

Mh. Math. 125, 165-172 (1998) M

© Springer-Verlag 1998
Printed in Austria

Decompositions of Factor Maps Involving Bi-closing Maps
By

Paul Trow, Memphis, TN

(Received 23 January 1996)

Abstract. We describe all possible decompositions of a finite-to-one factor map 6 : ¥4 — §, from
an irreducible shift of finite type onto a sofic shift, into two maps 6 = ~¢, such that the range of ¢ is
a shift of finite type, and 7 is bi-closing. We also give necessary and sufficient conditions for 6 to be
almost topologically conjugate over S to a bi-closing map.

Introduction

In [1], AbpLer, KrrcHEns and Marcus classified finite-to-one factor maps
between shifts of finite type, up to certain equivalence relations. They also gave an
example of a factor map 0, of degree d, which is impossible to decompose into two
maps, 6 = ¢, such that v is d-to-1 everywhere ([1, Example 2, p. 492]). In this
paper, we describe all possible decompositions of a finite-to-one factor map
0:%4 — S, from a shift of finite type onto a sofic shift, into two maps
¢ : Ta — Tp followed by v : ¥p — S, such that ¥p is a shift of finite type and 7 is
bi-closing. When S is a shift of finite type, the bi-closing condition is equivalent to
~ being k-to-1 everywhere for some k ([9, Theorem 7.3] or [4, Prop. 1]). We show
that for any such decomposition, the map v must be conjugate over S to one of a
finite collection of maps, which can be explicitly constructed (Theorem 1.5). This
yields a finite procedure for determining all such decompositions, up to conjugacy
(Theorem 1.8).

In general, the existence of such a decomposition 6 = ¢ implies that § must
be almost finite type (see [4, p. 408]); conversely, if S is almost finite type, then
there always exists such a decomposition, where + is the minimal cover of S and
deg(y) = 1 (by [4, Theorem 9 and Corollary 10]). If we require that deg(+y) have a
specified value greater than one, then such a decomposition may not exist, as
Example 2 in [1] shows. In particular, if we require that deg(~y) = deg(0), then the
existence of such a decomposition is equivalent to the statement that 6 is almost
topologically conjugate over S to a bi-closing map. In Theorem 1.7, we show that
this is equivalent to the statement that a certain map, which can be explicitly
constructed, is bi-closing. This result can be viewed as a generalization of [4,
Theorem 9 and Corollary 10].

1991 Mathematics Subject Classification: 58F03
Key words: shift of finite type, sofic shift, factor map
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Example 2 in [1] gives a finite-to-one factor map which is not almost
topologically conjugate over its range to a bi-closing map. On the other hand, it
follows from [7, Theorem 4.1] that any finite-to-one factor map is almost
topologically conjugate over its range to a right closing map, and to a left closing
map (see Theorem 1.2).

We briefly summarize some background material. See [11], [8], [5], [4] or [1]
for more details. A factor map 0 : ¥4 — S, from a shift of finite type onto a sofic
shift, is a continuous, surjective map which commutes with the shift. A factor map
is finite-to-one if every point in the range has a uniformly bounded number of
preimages. If @ is finite-to-one and ¥, is irreducible, then there exists a unique
positive integer d, called the degree of 6 and denoted deg(6), such that every
doubly transitive point in S has exactly d preimages ([8, Chap. 9, Def. 1.2]). We
say that @ is d-to-one almost everywhere. A factor map is right closing if it does
not identify two distinct points which are left asymptotic under the shift map, and
left closing if it does not identify two distinct points which are right asymptotic. A
map is bi-closing if it is both right and left closing.

A decomposition of 0 is a pair of maps ¢ : ¥4 — g, v : ¥g — S such that 3p
is a shift of finite type and ¢ = 6. Two factor maps 6;: 34, — S and
0, : X4, — S are conjugate over S if there is a topological conjugacy
o : La, — ¥4, such that ,a = 6. (In [11], this relation was referred to simply
as conjugacy.) The maps 6, and 6, are almost topologically conjugate over S if
there exists an irreducible shift of finite type ¥ and one-to-one almost everywhere
factor maps ; (i = 1,2) such that 619 = 6,3, (see [1, p. 487]).

The fiber product of the maps 6; and 60, is the shift of finite type
Ye = {(x,y) € Za, X ¥4,|01(x) = 62(y)}, together with the obvious projection
maps ; : g — ¥4, i = 1,2 (see [8, Chap. 8, Def. 3.2]). The following fact is
well-known.

Lemma 0.1. Let 0, : X4, — S and 6,:%4, = S be factor maps from
irreducible shifts of finite type onto a sofic shift. Let ¥ g be the fiber product of
0, and 60,, and assume that g is an irreducible component of ¥g, of maximal
entropy in Xg, and that 0, is one-to-one almost everywhere. Then the restriction
¢1|EE, is a one-to-one almost everywhere factor map.

Proof. Since 6, is finite-to-one, it is easy to see that ¢ is finite-to-one. Since
Y is irreducible, it follows from [6, Theorem 3.3] that ¢1|EE, is onto (see the
proof of [1, Theorem 9]). To see that |5 » is one-to-one almost everywhere,
suppose that x € ¥4, is doubly transitive. By [8, Chap. 9, Lemma 1.13], 6;(x) is
doubly transitive. If (x,y) and (x,)’) are two preimages of x under |y, then

since 6> (y ) 61(x) = 62(y'), and 6, is one-to-one almost everywhere, we must
have y = y'. Therefore v; IEE, is one-to-one almost everywhere. O

It follows from Lemma 0.1 that if 6, and 6, are one-to-one almost everywhere,
then they are almost topologically conjugate over S. From this, using the fiber
product construction, one can easily show that almost topological conjugacy over
S is an equivalence relation on finite-to-one factor maps.

The following is a simple generalization of [4, Theorem 9].
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Lemma 0.2. Let 0 : ¥4 — S be a finite-to-one factor map from an irreducible
shift of finite type onto a sofic shift. Then 0 is almost topologically conjugate over S
to a bi-closing map if and only if there exists a shift of finite type ¥ g, a one-to-one

almost everywhere factor map ¢ : ¥4 — X and a bi-closing map ~v:¥g — S
such that 0 = y¢.

Proof. The if direction is clear, taking 1; to be the identity and 1, = ¢. For
the only if direction, suppose that 6 is almost topologically conjugate over S to
a bi-closing map ~. By [4, Theorem 1.1], there is an irreducible component g
of the fiber product of 6 and -y, of maximal entropy, such that the restrictions
Yily,, and 1/}2|ZE, are one-to-one almost everywhere. Since «y is bi-closing, it is
not hard to show that ¢1|EE, is bi-closing. Since ¥4 is a shift of finite type, it
follows from [9, Theorem 7.3] that ), |EE, is constant-to-one, and since it

is one-to-one almost everywhere, it must be a conjugacy. Now just take

¢ = (¢als,) (¢1|):E,)_1' O

Our main tools in this paper will be the right closing cover and left closing
cover induced by a #-congruence partition, which is a generalization of Nasu’s
right closing cover ([10]). We next briefly summarize the construction of this
cover, the details of which are given in [11].

Let 0 : 34 — S be a finite-to-one, one-block factor map, of degree d, from an
irreducible shift of finite type onto a sofic shift. Assume that A is an n X n non-
negative, integral matrix. Let m = m; - - - m, be a magic word for 8, with magic
coordinate m, ([11, Def. 2.1]). Let S(6, m) denote the set of d symbols which occur
at coordinate s in the set of preimages of m under 6 ([11, Def. 2.2]). The map 0
gives rise to a group ¢ of permutations on the set S(6,m) (see [11, the remarks
following Lemma 2.6]). A 6-congruence partition is a partition 2 of (6, m) which
is invariant under the action of ¢ ([11, Def. 3.1]). Any decomposition of 0
naturally induces a #-congruence partition ([11, Def. 2.10 and Lemma 3.2]). The
partition into singleton sets is the partition of S(6,m) into sets each of which
contains a single element; this is always a f-congruence partition, as is the
partition containing the single set S(6, m) (see [11, remarks following Def. 3.1]).

For a given #-congruence partition 2 and P € £, and an S-word w = mv
beginning with m, we define a vector [*F) € Z" by

1 if there exists ab € 07! (mv),
(1P )),. = ending at i, such that a; € P
0 otherwise

([11, Def. 3.3]). We define a shift of finite type Yg(g »), Wwhose states are vectors
of the form [P with transitions defined by [*F) — zzwaﬂ, where a is a symbol
for S such that wa is allowed. We label the corresponding edge in the directed
graph for Ygpe) by a. This labelling defines a right resolving factor map
Tr0,2) : Lre,#) — S, called the right closing cover induced by the partition ?
([11, Def. 3.5]). There is also a left closing cover, mg ) : Ly9p) — S, which is
defined in a similar fashion.
We will use the following result from [11].
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Theorem 0.3. ([11, Theorem 4.7]) Let 0 : ¥4 — S be a finite-to-one factor
map from an irreducible shift of finite type onto a sofic shift, and suppose that there
is a shift of finite type Xg, a factor map ¢ : ¥4 — Xp and a factormap v : ¥g — S
such that v¢ = 6. Let P be the partition induced by ~v¢.

(1) If 0 is left closing and ~ is right closing, then vy is conjugate over S to the
right closing cover T, »).

(ii) If ¢ is right closing and -y is left closing, then ~y is conjugate over S to the
left closing cover my g »).

Decompositions

Lemma 1.1. Let 6 : ¥4 — S be a finite-to-one factor map from an irreducible
shift of finite type onto a sofic shift. Let # be a 0-congruence partition, and
suppose that P contains d distinct sets. Then deg(m.g »)) = d. If 2 is the partition
into singleton sets, then deg(m, g »)) = deg(6).

Proof. We may assume that 6 is a one-block map and that m is a magic word
for 8. Write 2 = {Py,...P;}. If mv is any S-word beginning with the magic word
m, then it follows from [11, Lemma 2.3] that the d vectors of the form
ImP:) 1<i<d, are pairwise distinct. Now, let w be any S-word. Since S is
irreducible, there exists an S-word u such that muw is allowed. For 1 <i<d, let w;
be the unique word in (,(55)) " (w) beginning at /™), and ending at [(™®/F?),
which exists by definition of , ») ([11, Def. 3.5]). By the previous remark, the
words of the form w; are d pairwise mutually separated preimages of w, which
shows that deg(,9,#)) >d.

To see the reverse inequality, note that any preimage of m under 7,9 ) is a
Yg(o,#)-word beginning at some state 1(mw.Pi) and ending at [mwmP:) \where w is an
S-word such that mwm is allowed. It follows from [11, Lemma 6.2] that any state
of the form [(™mPi) is equal to a state of the form /(")) for some j. Therefore any
preimage of m ends at one of the d states [™F) 1<j<d. It follows that
deg(m,(9»)) <d (and in fact m is a magic word for (5 »)). Combining this with
the previous inequality yields deg(m,9,»)) = d.

If 2 is the partition into d singleton sets, then d = deg (6) by definition of
S(0,m) ([11, Def. 2.2]), which proves the last statement. O

The next result shows that any finite-to-one factor map is almost topologically
conjugate over its range to a right closing map, and to a left closing map.

Theorem 1.2. ([7, Theorem 4.1]) Let 6 : 34 — S be a finite-to-one factor map
from an irreducible shift of finite type onto a sofic shift. Let 2 be the partition into
singleton sets. Then 0 is almost topologically conjugate over S to the induced right
closing cover m, g ») and to the induced left closing cover myg ).

Proof. Let 2 denote the f-congruence partition consisting of the single set
S(6,m) (where m is a magic word for 6), and let myg ») : Xz(5#) — S be its induced
left closing cover. In the proof of [7, Theorem 4.11], it is shown that there exists an
irreducible component of maximal entropy, ¥p, of the fiber product of =, »)
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and ), and factor maps p:¥p — Yy and g:Xp— X, such that
m02)p = 0g. (Note the change in notation: in [7], 7,59 is denoted m,
my9,#) is denoted mg and p = p;.) The map p is the restriction to Xp of the
natural projection map from the fiber product onto Yg( »). Since 2 contains
exactly one set, it follows from Lemma 1.1 that deg(m,55)) = 1. By Lemma 0.1,
we have deg(p) = 1. Since 2 is the partition into singleton sets, it follows from
Lemma 1.1 that deg(f) = deg(m,(5#)). Applying [11, Lemma 2.7], we obtain
deg(m,(9,#))deg(p) = deg(m,9,»)p) = deg(6g) = deg(f)deg(g), and it follows that
deg(g) = deg(p) = 1. Therefore 6 is almost topologically conjugate over S to
Tr(6,2)-

( A)similar argument shows that 6 is almost topologically conjugate over S to
T(9,2)- O

For right closing maps, the conclusion of Theorem 1.2 can be strengthened
from almost topologically conjugate over S to conjugate over S.

Lemma 1.3. Let v : X5 — S be a right closing factor map from an irreducible
shift of finite type onto a sofic shift. Let ?' be the partition into singleton sets. Then
7y is conjugate over S to the right closing cover m,(, z.

Proof. Let ¢:Xp — ¥p denote the identity. Then &' is the congruence
partition induced by ¢. Since § = ¢ is a decomposition of ¢ into a left closing
factor map followed by a right closing factor map, the result now follows from
Theorem 0.3 (i). O

Lemma 1.4. Let 6 : ¥4 — S be a finite-to-one factor map from an irreducible
shift of finite type onto a sofic shift. Suppose that there exists a shift of finite type
Yg, a factor map ¢ : ¥4 — Xg and a right closing factor map v : X — S such
that v¢ = 0. Let P be the 0-congruence partition induced by the decomposition
9. Then there exists a right closing factor map p : g ») — X, of degree one,
such that yp = T, ).

Proof. Suppose that there exists such a decomposition, and assume that
deg(y) = d. Let 2’ be the y-congruence partition into d singleton sets. It follows
from the definition of the partition induced by ¢ ([11, Def. 2.10]) that £ contains
exactly d sets. By Lemma 1.1, we have deg(m,y#)) = d. By [11, Lemma 3.7],
there exists a factor map vy : Lpp») — Zg(y,2) such that m, »\vs = mp).
Since 7 is right closing, it follows from Lemma 1.3 that there exists a conjugacy
6 : Xg(y,#) — Lp such that m,g ») = 76. Let p = dvy. Clearly, p is right closing
and yp = Y6y = ., Vs = Ty(pp). Since deg(yp) = deg(y)deg(p), by [11,
Lemma 2.7], and deg(y) = d = deg(m,(g,#)), if follows that deg(p) = 1. O

The next result shows that if there exists a decomposition 8 = ¢, where the
range of ¢ is a shift of finite type and +y is bi-closing, then the map + is determined
up to conjugacy by the f-congruence partition induced by ~y¢. First, we simplify
our notation as follows.

Notation: If 2 is a 6-congruence partition, and #' is the 7, »)-congruence
partition into singleton sets, then we let Ty, ) = Mir, o5 #) * Li(n,p9),2) = S
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denote the left closing cover induced on 7,y ») by 2. Similarly, if #' is the (5 )-
congruence partition into singleton sets, we let m,(r,,,) = Tr(me2),#)"

Theorem 1.5. Let 0:34 — S be a finite-to-one factor map from an
irreducible shift of finite type onto a sofic shift. Suppose that there exists a shift
of finite type ¥, a factor map ¢ : X4 — Xp and a bi-closing factor map
v : X — S such that y¢ = 6. Let P be the 0-congruence partition induced by the
decomposition v¢. Let P’ be the ,(6,)-CONgruence partition into singleton sets.
Then vy is conjugate over S to the left closing cover Ty, induced by the
partition #'.

Tr(0,2

Proof. Since 7 is right closing, by Lemma 1.4 there exists a right closing factor
map p : Xg,») — 2B, of degree one, such that yp = 7, »). The decomposition
7p is a decomposition of (s ») into a right closing map followed by a left closing
map, since <y is left closing. Since deg(p) = 1, it follows from [11, Def. 2.10 and
Lemma 2.8] that #’ is the ™,(9,2)-congruence partition induced by yp. The result
now follows from Theorem 0.3 (ii). O

The map 7, ,,) in Theorem 1.5 is obtained by taking the right closing cover
induced by Z, and then the left closing cover induced on (5 ) by 2. However,
the theorem also holds if we first induce on the left and then on the right; that is, 7y
is also conjugate over S to the map 7, ,,), obtained by first taking the left closing
cover induced by Z, and then the right closing cover induced on (g ») by 2. This
gives the following resulit.

Corollary 1.6. Under the same hypotheses as in Theorem 1.5, the two maps

Um0 and Tr(maz) GT€ conjugate over S, and both are bi-closing.

In the next result we characterize when a finite-to-one factor map is almost
topologically conjugate over its range to a bi-closing map.

Theorem 1.7. Let 0:3%4 — S be a finite-to-one factor map from an
irreducible shift of finite type onto a sofic shift. Let & be the partition into
singleton sets. The following are equivalent.

(i) @ is almost topologically conjugate over S to a bi-closing map.

(ii) There exists a shift of finite type Xp, a one-to-one almost everywhere factor
map ¢ : ¥4 — X and a bi-closing map ~y : g — S such that § = y¢.

(iii) Mi(ro)) IS bi-closing.

(iv) Mi(r0.2) b5 topologically conjugate to T,(, -

Proof. (i) & (ii) follows from Lemma 0.2.

(i1)=>(iv) If (ii) holds, then since ¢ is one-to-one almost everywhere, it follows
from [11, Def. 2.10] that the congruence partition induced by ¢ is the partition 2.
By Corollary 1.6, mr,,,) and y(z,,) are conjugate over S and therefore
topologically conjugate.

(iv)=-(iii) Since Ti(m9)) is left closing and Tr(ms.2) is right closing (see [11,
Def. 3.5)), if they are topologically conjugate then both maps are bi-closing.

(iii))=(@) By Theorem 1.2, § is almost topologically conjugate over S to its
induced right closing cover, 7.9 #), and 7, ») is almost topologically conjugate
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over S to its induced left closing cover, 7y, ,, ). Since almost topologically
conjugacy over S is an equivalence relation (by the remarks following Lemma
0.1), 6 is almost topologically conjugate over S to mr, , ). SO, if () 18 bi-
closing, then (i) holds.

If the conditions in Theorem 1.7 hold, then the map ~y is conjugate over S to
Ti(r,s))> and s0 is uniquely determined up to conjugacy.

The conditions in Theorem 1.7 are decidable, since there is a finite procedure
for deciding whether the map ) is bi-closing. (The proof of [4, Prop. 1]
gives a finite procedure for deciding whether a factor map is right closing or left
closing.)

If 0 is one-to-one almost everywhere, then it follows from [4, Theorem 9 and
Corollary 10] that conditions (i)—(iv) are equivalent to S being almost finite type, in
which case ) is conjugate over S to the minimal cover of S.

Finally, we give a procedure for describing all possible decompositions
0 = v¢, where the range of ¢ is a shift of finite type and ~y is biclosing.

Theorem 1.8. Let 6:%4 — S be a finite-to-one factor map from an
irreducible shift of finite type onto a sofic shift. There is finite procedure for
determining all decompositions of the form ¢ : ¥4 — Xg, v: Xp — S, where Xp
is a shift of finite type and ~y is bi-closing, up to conjugacy.

Proof. We may assume that 6 is a one-block map. For each f-congruence
partition £, there is a finite procedure for construcing the map my
Y, o) S, and a finite procedure for deciding whether 7, , ) is bi-closing
([4, Isrop. 1]). Now, for each map T (mr0.)) which is bi-closing, there is a finite
procedure for determining all factor maps p:34 — Yy, , o) such that
Ti(r,09)P = 6 ([11, Corollary 5.3]). This generates a finite list of decompositions
of 6, and it follows from Theorem 1.5 that any decomposition of 6§ as in the
statement of Theorem 1.8 must be conjugate over S to one on the list. 0O

Tr(9,2) ) :

M. BoyLE has recently given a general method of determining all possible
decompositions of a factor map, up to conjugacy, and has shown that the number
of these is finite ([3]).
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Gardner, M.: The Universe in a Handkerchief. Lewis Carroll’s Mathematical Recreations,

Games, Puzzles, and Word Plays. X, 159 pp. Springer, New York, 1996. Cloth DM 33,—;
0S 233,-.

Lewis Carroll belongs to the most eminent recreational mathematicians ever since as
can be seen already in those books he is especially renowned for: “Alice’s Adventures in
Wonderland” and “Through the Looking-Glass”. A great many of puzzles, paradoxes and
mathematical amusements, which are commonly known today, go back to him. Regarding
this the bibliophil book, written by another master of recreational mathematics, gives an
interesting and informative survey thus allowing to look at the peculiar way of Carroll’s
mathematical resp. logical thinking.

G. KowoL, Wien

Rigatelli, L. T.: Evariste Galois 1811-1832 (Vita Mathematica, Vol. 11). 162 pp.
Birkhauser, Basel Berlin Boston, 1996. DM 35,—; 6S 278,—.

Evariste Galois has been — and is — fascinating mathematicians because of his
outstanding work as well as the mysterious circumstances of his death. The author having
supplied some new documents sheds light on that last point. She makes evident that Galois
death had nothing to do with a coquette but had been a spontaneous — lastly pointless —
political sacrifice. The other occurrences of Galois’ short life are just as scrupulously
researched and are combined to a well-rounded biography. It includes also a separate
chapter on the mathematical contributions of Galois and, in addition to the bibliography,
references on classical Galois theory.

G. KowoL, Wien

Janusz, G. J.: Algebraic Number Fields. Second Edition (Graduate Studies in
Mathematics, Vol. 7). X, 276 pp. American Mathematical Society, Providence, Rhode
Island, 1996. Cloth US $ 44,

This is the second edition of a book originally published by Academic Press in 1973. It
contains an introduction to algebraic number fields and class field theory as well. The
contents have remained more or less the same; some material, like L-series, has been
added, some formulations were changed and misprints were corrected. Although written in
a less modern style than e.g. Neukirch’s expositions, the reviewer likes the less abstract
access chosen in the book under discussion.

J. SCHOISSENGEIER, Wien

Kopytov, V. M., Medvedev, N. Y.: Right-Ordered Groups (Siberian School of Algebra and
Logic). IX, 250 pp. Consultants Bureau, London Moscow, 1996. Cloth US $ 95,-.

A group (G, -) is called partially right-ordered (p.r.o) if a partial order is defined on G,
which is compatible with multiplication on the right. Some books on partially ordered (p.o.)
groups (for which the ordering is compatible with multiplication on both sides) contained
some chapters on the theory of p.r.o. groups (Kokorin—Kopytov 1974, Bigard—-Keimel-
Wolfenstein 1977, Botto Mura-Rhemtulla 1977). This book intends to give a complete
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review of methods and results on these interesting algebraic objects. In fact, it deals with
the theory of torsion-free groups seen from an order theoretical point of view. Surprisingly,
a large number of theorems on p.o. groups are treated in the text, which are not used in the
theory of p.r.o. groups. In contrast, some elementary facts on p.r.o. groups are not included
(as the existence of partial right-orders, connections with left-compatibility, lattice orders,
etc.). Unfortunately, the translations and some formulations are sometimes misleading.
H. MrtscH, Wien

Nathanson, M. B.: Additive Number Theory. Inverse Problems and the Geometry of Sum-
sets (Graduate Texts in Mathematics, Vol. 165). XIV, 291 pp. Springer, Berlin
Heidelberg New York, 1996. Cloth DM 80,—; 6S 568,—.

This book is devoted to the study of inverse problems in additive number theory. It is
the companion volume of *“Additive Number Theory: The Classical Bases” by the same
author, but can be read independently. A typical question is of the following shape: Let A
and B be finite subsets of an abelian group. What can be deduced about A and B from the
subset A + B? A typical answer would be: If A + B is small than A and B have a certain
structure, e.g. are subsets of arithmetic progressions. One of the book’s highlights is an
elegant proof by I. Z. Ruzsa of a deep theorem of G. A. Freiman which is of this type.
Whereas several of the proofs are rather involved the prerequisites are small and it is
enjoyable to read. It is therefore the reviewer’s hope that it will also find its way into the
hands of some interested non-experts.

C. Baxa, Wien

Leutbecher, A.: Zahlentheorie. Eine Einfiihrung in die Algebra. 9 Abb., 6 Tab., 1 Faltb,,
X1, 354 S. Springer, Berlin Heidelberg New York, 1996. Brosch. DM 49,—; 6S 350,—.

Erklartes Ziel des Autors war es, eine Einfithrung in die elementare und algebraische
Zahlentheorie fiir Leser mit besonders geringen Vorkenntnissen, wie Studierende ab dem 3.
Semester oder Nichtmathematiker aus benachbarten Gebieten, zu schaffen. Um kein
Wissen aus Algebra voraussetzen zu miissen, werden Resultate iiber Gruppen und Korper
parallel bereitgestellt. Dennoch dringt das Buch viel tiefer in die algebraische
Zahlentheorie ein, als man beim ersten Aufschlagen erwarten wiirde. So findet man
beispielsweise den Dirichletschen Einheitensatz, die analytische Klassenzahlformel fiir die
Dedekindsche Zetafunktion und den Satz von Kronecker—Weber. Der unkonventionelle
Aufbau des Buches ist manchmal verbliiffend — etwa, wenn auf das Kapitel “Das
Hilbertsche Normenrestsymbol” die “Elemente der Gruppentheorie” folgen — kann aber
als gelungen bezeichnet werden.

C. Baxa, Wien

Bundschuh, P.: Einfiihrung in die Zahlentheorie, 3. Aufl. 7 Abb., XIV, 336 S. Springer,
Berlin Heidelberg New York, 1996. Brosch. DM 56,—; 6S 394,—.

DaB dieses schone Lehrbuch bereits seine dritte Auflage erlebt, sollte als verdienter
Erfolg betrachtet werden. Zu seinen Vorziigen zihlt, neben guter Lesbarkeit, den
Lernenden in viele Teilgebiete der Zahlentheorie einzufiihren. Neben elementarer enthalt
es die Anfinge von analytischer und algebraischer Zahlentheorie und ein Kapitel iiber
diophantische Approximation mit besonderer Betonung der Theorie der transzendenten
Zahlen. In zahlreichen Bemerkungen schildert der Autor die historische Entwicklung von
Fragestellungen und Losungen. Fiir diese Auflage ist eine kurze Geschichte des Beweises
des groBen Fermats durch Andrew Wiles hinzugefiigt worden.

C. Baxa, Wien
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Cassels, J. W. S., Flynn, E. V.: Prolegomena to a Middlebrow Arithmetic of Curves of
Genus 2 (London Mathematical Society Lecture Note Series, Vol. 230). XIV, 218 pp.

Cambridge University Press, Cambridge New York Oakleigh, 1996. Softcover US $
37,95.

While number theory of curves of genus 0 or 1 is well investigated, the corresponding
theory for curves of higher genus is still in a sad state insofar as the general theory
(Jacobian, Mordell-Weil group, Falting’s theorem) is not really suitable to deal with
concrete examples. The credit for having investigated concrete examples of curves of genus
2 and for having linked with the general theory as far as possible goes largely to the authors
of the book. Of course, one cannot expect the manipulations to be done by “pen and paper”
(note that the Jacobian of such a curve is a surface in P;s). The reader will find the
accompanying computer programm, written in MAPLE, in an appendix. It is clear that this
often subtle and witty book is required reading for those working in the field.

J. SCHOISSENGEIER, Wien

Berndt, B. C., Diamond, H. G., Hildebrand, A. J. (Eds.): Analytic Number Theory.
Proceedings of a Conference in Honor of Heini Halberstam, Volume 1 (Progress in
Mathematics, Vol. 138). XII, 449 pp. Birkhéuser, Basel Berlin Boston, 1996. Cloth DM
182,—; 6S 1300,-.

Berndt, B. C., Diamond, H. G., Hildebrand, A. J. (Eds.): Analytic Number Theory.
Proceedings of a Conference in Honor of Heini Halberstam, Volume 2 (Progress in
Mathematics, Vol. 139). XII, 436 pp. Birkhduser, Basel Berlin Boston, 1996. Cloth DM
182,—; 6S 1300,-.

On May 16-20, 1995, a conference on Analytic Number Theory took place at the
University of Illinois. G. Andrews, J. Bourgain, J. M. Deshouillers, H. Halberstam, D. R.
Heath-Brown, H. Iwaniec, H. L. Montgomery, M. Ram Murty, C. Pomerance and R. C.
Vaughan were invited plenary speakers. The two volumes of the proceedings contain 49
papers of a broad spectrum of Analytic Number Theory and two fotos of H. Halberstam,
one of which portrays him in younger years.

J. ScHOISSENGEIER, Wien

Redmond, D.: Number Theory. An Introduction. Pure and Applied Mathematics XII, 749
pp. Dekker, New York Basel Hong Kong, 1996. Cloth US $ 175,-.

The book is divided up into ten chapters, the first three of them cover the usual
elementary number theory, starting from divisibility up to the quadratic reprocity formula.
Chapter four contains diophantine approximation in the one dimensional case (continued
fractions, Farey series etc.) The next two chapters deal with diophantine equations of genus
0. Three chapters are dedicated to analytic number theory, including the prime number
theorem, while the last one contains a brief and very elementary introduction to algebraic
number theory. On the end of every chapter one finds additional exercises. The book is best
suited for beginners.

J. SCHOISSENGEIER, Wien

Mollin, R. A.: Quadratics. XX, 387 pp. CRC Press, Boca Raton New York London, 1996.
Cloth US $ 74,95.

This book presents the theory of quadratic number fields in a complete new form.
Instead of presenting the usual abstract theory of orders and ideals, the author looks at the
so-called infrastructure of an order, introduced by D. Shanks. This infrastructure links the
theory of purely periodic continued fractions with a certain class of ideals of an order. This
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point of view is one of the principal tools of the whole book and is best suited for modern
computation, e.g. for computing class numbers. The book is well readable even for those
who have never seen the classical theory of quadratic orders. Nevertheless it may be of
some help for these students if they inform themselves roughly about this theory in another
book.

J. ScHOISSENGEIER, Wien

Laurindikas, A.: Limit Theorems for the Riemann Zeta-Function (Mathematics and its
Applications, Vol. 352). XIII, 297 pp. Kluwer, Dordrecht Boston London, 1996. Cloth
US $ 149,-.

This book deals with limit theorems for the zeta-function, Dirichlet series in various
parts of the complex plane and other limit theorems with regard to the zeta-function. The
volume is badly organized. This harsh criticism calls for justification. The book starts with
the abstract definition of probability spaces (Definition 1.3), but assumes that the reader is
familiar with abstract integration (see Definition 1.6). Some of the definitions are in fact
theorems (Definition 3.2). The definition of the Cartesian product of sets is given on page
179 (!). After having already used the residue theorem on page 29, the author gives a
miscarried definition of the concept of an analytic function on page 214. See also the
curious definition of an entire function, and so on. I am unwilling to recommend the book
to students. At best, it may have some merits for the professional mathematician, who is
able to overlook strange formulations and who can guess what was meant by the author.

J. SCHOISSENGEIER, Wien

Nathanson, M. B.: Additive Number Theory. The Classical Bases (Graduate Texts in
Mathematics 164). XIV, 342 pp. Springer, New York Berlin Heidelberg, 1996. Cloth
DM 80,~; 6S 569,-.

This book presents an excellent introduction to a difficult theme: additive number
theory. All proofs are given in full detail and the specialists will look upon some steps as
having been unnecessary. Nevertheless, the reviewer likes it just for this reason, as it is the
first textbook on the theme written in this style. It contains, apart from an appendix,
Waring’s problem, Vinogradov’s three prime number theorem and Chen’s theorem. At the
end of every section exercises have been added. The book is best suited for beginners. The
misprints will not detract from the value of the book.

J. SCHOISSENGEIER, Wien

Glynn, J.: Mathematik entdecken mit DERIVE — von der Algebra bis zur Differential-
rechnung. 154 S. Birkhiuser, Basel Berlin Boston, 1995. DM 42,—; 6S 296,40.

Dieses gut lesbare Buch wendet sich gleichermaflen an Lehrer und Lehramtsstudenten
wie auch an interessierte Schiiler. Es bietet die Moglichkeit, sich auf unterhaltsame Weise
im Selbststudium mit dem Computeralgebraprogramm DERIVE vertraut zu machen.
Anhand gut ausgewihlter Aufgabenstellungen lernt der Leser spielerisch Bedienung und
Einsatzmoglichkeiten von DERIVE kennen, und wird gleichzeitig motiviert, sich mit
elementaren mathematischen Fragestellungen auseinanderzusetzen.

M. KorH, Wien

Wolfart, J.: Einfiihrung in die Zahlentheorie und Algebra. X, 223 S. Vieweg,
Braunschweig Wiesbaden, 1996. DM 38,-.

Diese gut lesbare, iibersichtlich gegliederte Einfiihrung mit Ubungsaufgaben bietet eine
ausgewogene, sinnvolle Synthese zwischen Zahlentheorie und Algebra, enthilt alle
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grundlegenden wichtigen Resultate bis zum quadratischen Reziprozititsgesetz, den
GauBschen Summen und zur Galoistheorie mit der Charakterisierung von durch Radikale
auflosbaren Gleichungen und den Transzendenzsatz von Lindemann—Weierstraf, aber auch
neuere Resultate, z.B. iiber Primzahltests und Primfaktorzerlegung, die groBen gelosten
und ungeldsten Problemkreise im Umfeld, in verstindlicher, den Gesamtzusammenhang
erhellender Form.

H. RINDLER, Wien

Griebel, M., Dornseifer, T., Neunhoeffer, T.: Numerische Simulation in der Strémungs-
mechanik (Eine praxisorientierte Einfiihrung). XIII, 219 S. Vieweg, Braunschweig
Wiesbaden, 1995. DM 51,—, Brosch. 6S 357,—.

In tibersichtlicher Weise gibt das Buch eine Einfiihrung in die numerische Simulation,
und zwar eben am Beispiel der 2D Navier-Stokes-Gleichungen. Besonderes Bemiihen gilt
dabei der Herausarbeitung des Umstandes, dal wissenschaftliches Rechnen ein wesentlich
interdisziplindres Unterfangen ist. Entsprechend werden Fragen spezieller Hardware, der
Softwareentwicklung und der Visualisierung behandelt. Breiten Raum nehmen natiirlich
die Modellbildung und die Diskretisierung der Gleichungen ein. Insgesamt ein fiir den
Praktiker sehr niitzliches und inhaltsreiches einfithrendes Buch, zu dem noch dazu
Software iiber das WWW abgerufen werden kann.

H. MutHasamM, Wien

Rivasseau, V. R. (Ed.): Constructive Physics. Results in Field Theory, Statistical
Mechanics and Condensed Matter Physics (Lecture Notes in Physics, Vol. 446). VII,
337 pp. Springer, Berlin Heidelberg New York, 1995. Cloth DM 130,—; 6S 764,40.

Constructive physics, i.e. the rigorous study of particular physical models by hard
mathematical methods such as expansions giving detailed information on the properties of
the models observables, is now some 30 years old. This well-edited proceedings volume of
the 1994 conference on “Constructive results in field theory and statistical mechanics” at
Ecole Polytechnique in Palaiseau (France), collecting the main lectures and selected
additional contributions, offers a rather wide spectrum of subjects, but with an emphasis on
pedagogical presentation. Topics covered include basic mathematical methods, construc-
tive field theory, solid-state physics and statistical mechanics, and constructive methods for
classical partial differential equations. This book should serve well to “invite more pure
mathematicians to join’ constructive physics, as the editor puts it in his Preface, alluding to
an additional general lecture.

T. Huberz, Wien

Menezes, A. J., Oorschot, P. C. van, Vanstone, S. A.: Handbook of Applied Cryptography
(Discrete Mathematics and its Applications). XX VIII, 780 pp. CRC Press, Boca Raton
New York, London, 1997. Cloth US $ 96,—.

Cryptography has emerged in the last 20 years as an important discipline providing the
foundation for information security in most areas of data communication (such as in
financial services industry, in the public sector, and in private electronic mail.) This
handbook offers an integrated treatment of the subject and will serve as a valuable text for
the novice as well as for the expert. Providing all the mathematical background it allows
easy and rapid access of information including more than 200 algorithms and protocols. In
spite of the fast development of that field, this volume will constitute the main reference of
this subject for many years to come. Contents: Overview; Mathematical Background;
Public-Key Parameters; Pseudorandom Bits; Stream and Black Ciphers; Public-Key
Encryption, Hash Functions and Data Integrity; Identification and Entity Authentication;
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Digital Signatures; Key Establishment Protocols; Key Management Techniques; Efficient
Implementation; Patents and Standards.
H. MrrscH, Wien

Horst, R., Pardalos, P. M. (Eds.): Handbook of Global Optimization. 880 pp. Kluwer,
Boston Dordrecht London, 1995. Cloth £ 176,50.

This book contains up to date information on the field of global optimization. It starts
with an introduction and a survey on complexity results. Then a series of expository
contributions by various authors describe a wide variety of stochastic and deterministic
approaches as well as suboptimal algorithms for solving global optimization problems. The
following subjects are covered: Concave minimization, D. C. optimization, quadratic
optimization, complementarity problems, minimax problems, multiplicative programming,
Lipschitz optimization, fractional programming, network problems, trajectory methods,
homotopy methods, interval methods, and stochastic methods. The book is a good
reference guide for everybody working in the subject.

H. SchicHL, Wien

Kutzler, B.: Mathematik unterrichten mit DERIVE. Ein Leitfaden fiir Lehrer. 190 S.
Addison-Wesley, Bonn Paris Reading, 1995. Geb. DM 39,90.

Dieses Buch richtet sich an Mathematiklehrer hoherer Schulen und Lehramtsstudenten,
die bereits iiber Grundkenntnisse im Umgang mit dem Computeralgebraprogramm
DERIVE verfiigen. Ein Teil des Buches nimmt auf die derzeit aktuelle DERIVE-Version
3 Bezug und bietet neben einer kurzen Vorstellung von DERIVE interessante praktische
Beispiele fiir den Unterricht sowie diverse Tips und Tricks fiir das Arbeiten mit diesem
Programm. Die iibrigen Kapitel sind weitgehend systemunabhéngig gestaltet: Hier werden
die Einsatzmoglichkeiten von Computeralgebrasystemen im derzeitigen traditionellen
Mathematikunterricht diskutiert, aber auch Konzepte fiir einen zukiinftigen ,,computerzeit-
altergeméaBen‘’ Mathematikunterricht vorgestellt.

M. KorH, Wien

Berry, J. S., Graham, E., Watkins, A. J. P.: Mathematik lernen mit DERIVE. X1I, 354 S.
Birkhéuser, Basel Berlin Boston, 1995. DM 70,—; 6S 496,40.

Dieses Werk kann Studienanfidngern sowie auch interessierten Schiilern der
Sekundarstufe II als begleitendes Arbeitsbuch empfohlen werden. Anhand von konkreten
Aufgabenstellungen wird der Leser angeregt, sich mit den Stoffgebieten Funktionen,
Differential- und Integralrechnung sowie Algebra (Komplexe Zahlen, Matrizen) aktiv
auseinanderzusetzen. Gleichzeitig erhilt er eine praktische Einfithrung in das Computer-
algebraprogramm DERIVE. Die vorgestellten ausgearbeiteten Beipiele sind durch eine
groBe Zahl von Ubungen ergénzt, deren Losungen im Anhang des Buches nachgeschlagen
werden konnen.

M. KorH, Wien
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Trace and Spectrum Preserving Linear Mappings
in Jordan-Banach Algebras
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Bernard Aupetit, Québec

(Received 21 February 1996; in revised form 24 September 1996)

Abstract. In the first section we define the trace on the socle of a Jordan-Banach algebra in a
purely spectral way and we prove that it satisfies several identities. In particular this trace defines the
Faulkner bilinear form. In the second section, using analytic tools and the properties of the trace, we
prove that a spectrum preserving linear mapping from J onto J/, where J and J' are semisimple Jordan-
Banach algebras, is not far from being a Jordan isomorphism. It is in particular a Jordan isomorphism
if J' is primitive with non-zero socle.

Introduction

The use of analytic multifunctions has given a lot of interesting new
applications in the field of Jordan-Banach algebras (for general surveys see [3] and
[4], Chapter 8). In particular, using this technique, the concepts of rank, spectral
multiplicity, trace and determinant have been defined in the case of general Jordan-
Banach algebras (see [5, 9]), extending former results obtained in the associative
case [8].

In Section 1, new identities concerning the trace defined on the socle of a
Jordan-Banach algebra are proved. They are used to prove that Tr(xy) coincides
with the Faulkner form on the socle and then to characterize the annihilator of the
socle as the orthogonal of the socle for the bilinear form defined by this trace.

Given two semisimple Banach algebras with identity we say that T is a
spectrum preserving linear mapping from A onto B if T is surjective and we have
SpT(x= Spux, for all x in A. In [7] we gave the historical motivation to this notion
and we proved several results:

(i) T'is a continuous linear bijection from A onto B such that T(Soc A) = Soc B
and T'(kh(Soc A)) = kh(Soc B),

(ii) (Ta® — (Ta)*)x = 0 for a € A and x € Soc B, in particular T is a Jordan
isomorphism on Soc A,

(iii) T is an isomorphism or an anti-isomorphism if B is a primitive Banach
algebra with non-zero socle,

1991 Mathematics Subject Classification: 17C65, 46H70

Key words: Jordan-Banach algebra, spectrum preserving mapping, Jordan isomorphism, socle,
trace
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(iv) T is a Jordan isomorphism if B is a separable scattered Banach algebra.

Is it possible to extend some of these results to the Jordan-Banach situation?
Using the results of Section 1 the answer is yes. We shall see this in Section 2.

1. The Trace

To simplify, throughout the paper we suppose that J is a semisimple Jordan-
Banach algebra with identity, but in many cases these hypotheses are not really
necessary. We denote by Soc J the socle of J. For its definition and its properties
see [3, 5, 6,9, 11, 12].

We recall a few definitions and properties taken from [5, 9]. If x € J we define
the rank by

rank (x) = max #(Sp Uy(x)\{0}) < + oo,

and then the socle coincides with the set of finite-rank elements. If x € Soc J then x
is algebraic, consequently its spectrum is finite. Let A € Sp x and A be a small disk
centred at A isolating A from the remaining spectrum, then the multiplicity of x at A
is given by

m(A, x) = #Sp (Up(x) N A),

where b is an arbitrary element of B N E(x), B denoting the unit ball centred at the
identity and E(x) = {y : #(Sp U,(x)\{0}) = rank (x)}.
Then for x € SocJ the trace is defined by

Tr(x) = > Am(\x).

AeSpx

This trace is additive on the socle and continuous when restricted to a set of
bounded-rank elements.

Proposition 1.1. Let & be an automorphism of J. Then the socle is invariant
under ®, Sp®(x) = Spx, rank ®(x) = rank (x),m(\, ®(x)) = m(\,x), for every
x € SocJand A € Spx. Consequently Tr ®(x) = Tr(x), for every x € SocJ. If D is
a derivation on J, then the socle is invariant under D and moreover if D is bounded
then Tr Dx = 0, for every x € Soc J.

Proof. The image of a minimal quadratic ideal by & is also a minimal quadratic
ideal so, by the definition of the socle, it is invariant under ®. Because ®(1) = 1
and x invertible is equivalent to ®(x) invertible, then Sp ®(x) =Sp x. From the
definition we see easily that

rank (x) = rank (®(x)).

A similar argument proves that m(\, ®(x)) = m(), x). It is also possiblé to use the
fact that the Riesz projection p associated to A and x satisfies m(\,x) = rank (p)
([9], Theorem 1.6) and to notice that the Riesz projection associated to A and ®(x)
is ®(p). Hence, from the definition of the trace, we have Tr ®(x) = Tr(x). Since
the socle is regular by [11], let a= U,b in the socle. Then Da={a, b, Da}+U,(Db)
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is in the socle, since the socle is an ideal. If D is bounded, then e’ is an
automorphism of J for A € C, consequently Tre*Px = Trx, for A\ € C and x € J. If
we set

2=ly, for A #0,
f) = {Dx, for A = 0. (1)

we know that A — Trf () is entire ([9], Theorem 2.1), moreover Trf(\) = 0 for
A # 0, by additivity of the trace, so Tr f(0) = Tr Dx = 0. O

Corollary 1.2. Leta € SocJ,b,x,y € J. Then we have Tr (aLiL,b+bL.L,a) =
Tr (aLyL:b + bL,L.a). In particular Tr (x(ya)) = Tr (y(xa)).

Proof. We take D = [L,, L,], which is a bounded derivation. So by the previous
theorem we have Tr D(ab) = 0. Then using additivity of the trace we get the first
formula. Taking b = 1 we get the second one. O

Corollary 1.3. Leta € Soc J be such that Tr (au) = 0, for every u € Soc J.
Then a = 0.

Proof. Let x € J, z € Soc J be arbitrary. By Corollary 1.2 and the hypothesis
we have Tr (x’a)z = Trz(x*a) = Trx*(za) = Trx*(az) = Tra(x?z) = 0, because
x?z € Soc J. For similar reasons we have Tr (x(xa))z = Trz(x(xa)) =Trx(z(xa))
=Trx((xa)z) =Tr(xa)(xz) =Tr(xz) (xa) =Trx((xz)a) =Trx(a(xz)) = Tra(x(xz)) =
=0. By additivity of the trace, we have proved that

TrU,(a)z=0, forze SocJ, xe€lJ. (2)

Taking for z the powers of U,(a), which are in Soc J, we conclude that
Tr (Uy(a))" =0, forxelJ, n=12,.... (3)
Consequently by [9], Theorem 2.2 (iii), we have U,(a) quasi-nilpotent for every
x € A. Then by [2], Corollary 1, we have a € Rad J, that is a = 0. O

Let a€ Soc J and E(a) = {x € J : #(Sp U,(a)\{0}) = rank (a)}. In [9],
Theorem 1.1, we proved that this open set is dense in J. We now slightly improve
this result. We recall that a € Soc A is said to be a maximal finite-rank element if
#(Spa\{0}) = rank (a). This is the case for U,(a) if x € E(a).

Theorem 1.4. The set F (a) of invertible x in E(a) such that rank U,(a) = rank
U,t(a)2 = rank (a) is dense in the set of invertible elements of J. Consequently
every a € Soc J is the limit of a sequence (a,) of maximal finite-rank elements such
that rank (a2) = rank (a,) = rank (a).

Proof. Suppose there exists an open | set V of invertible elements containing no
x of E(a) such rank U. ga) = rank U,(a)®. By Theorem 3.5 and Corollary 3.6 of [5]
we have rank U,(a)” < rank U,(a) = rank (a), because x is invertible. Let
r = rank (a), then we have rank U,(a)’<r—1 on V N E(a), which is a non-
empty open set, by density of E(a). But U,(a)’ = Uy, a)(l) = U,U,(x?), con-
sequently, by the same argument, we have rank U,(a)* = rank U,(x?), for
x € VNE(a). Fixing xo € VNE(a),x €J arbitrary and taking f(\)=
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=x0+ Ax— xog, by the Scarcity Theorem for the rank ([5]), Theorem 3.4) applied
to rank U,(f(A)”) we conclude that rank U,(x*)<r — 1 for every x € J, because
this is true for |A| small. Now we take y arbitrary in J, then y — X is a square for
|A| > p(y) (the spectral radius of y) by the Holomorphic Functional Calculus, so
again applying the Scarcity Theorem for the rank to rank U,(y — A), we conclude
that rank U,(y)<r —1, for every y € J. But we know that the socle is von
Neumann regular ([11], Theorem 1), so there exists y € J such that a = U,(y),
consequently rank U,(y) = rank (a) <r — 1, which is absurd. So the first part is
proved. To prove the second one, we just take a, = U,, (a) where lim x, = 1 and
xn € F(a). O

Remark. Exactly as in the associative case ([8], Theorem 2.8), A . Fernandez
Ldpez recently proved (in a private letter) that the maximal finite-rank elements
have the form A\ p; + - - - 4+ \,p,, where the ); are the spectral values and the p; are
orthogonal rank one projections. Then, using Corollary 2.3 of [9], we conclude
that F(a) coincides with the set of invertible elements of E(a). So these new
results simplify the previous argument.

Theorem 1.5. Let a € SocJ and x € J. Then we have Tr U,(x) = Tr(a’x) and
Tr Uy(a) = Tr (x%a).

Proof. First step. The first identity is a consequence of Corollary 1.2, because
Tr (a(xa)) = Tr (x(aa)), and of the additivity of the trace.

Second step. We suppose that a is a maximal finite-rank element and that rank
(a) = rank (a?). Let x € E(a?), then U,(a?) is maximal so

rank U, (a®) = #(Sp Ux(a*)\{0}) = rank (d?).

This implies that each non-zero point of the spectrum of U,(a?) has multiplicity
one. By [5], Corollary 3.7, and the hypothesis, we have rank U,(x?) < rank (a?).
By the Shifting Principle of McCrimmon ([14], Proposition 3 and the following
remark) we have

Sp Ux(a®)\{0} = Sp U(x*)\{0}.

So this implies that U,(x?) is also maximal, hence all its non-zero spectral values
have multiplicity one. By definition of the trace we conclude that
Tr Uy(a*) = Tr U,(x*), when x € E(a?). The density of E(a?) in J and continuity
of the trace on %,,, where r = rank (a) ([9], Theorem 2.2 (ii)) implies that the
same is true for every x € J. Then by the first step we have

Tr Uy(a?) = TrU,(x?) = Tr(x*a?), (4)
for every x € J.

Third step. Let a € Soc J be arbitrary, r = rank (a). By Theorem 1.4, we can
apply (4) to the sequence (a,). Again by continuity of the trace on &, we conclude
that (4) is true for a € SocJ and x € J.

Fourth step. Because J is a Jordan-Banach algebra the socle is a von Neumann
regular ideal ([11], Theorem 2), so for a € SocJ there exists b € SocJ such that
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a = U,(b). Using the polarization of the product xy = § ((x +y* — (x — y)?) it is
easy to conclude that a is a finite sum of squares of elements of the socle. So by
additivity of the trace and formula (4) the theorem is proved. O

Professor Ottmar Loos suggested to the author that the trace is probably related
to the Faulkner form defined on the socle [15]. The next corollary proves this fact.
The argument only uses the first identity of Theorem 1.5.

Corollary 1.6. Let F be the Faulkner bilinear form defined on the socle. Then
F(y,z) = Tr(yz), fory,z € Soc/.

Proof. By the Osborn-Racine theorem the socle is linearly spanned by the
ideals I(p) generated by the minimal projections p and I(p) is linearly spanned by
the elements y = Uy, --- U, (p) which are in %, by [5], Theorem 3.5 and
Corollary 3.8, and which are reduced in the terminology of [15], that is they satisfy
U,(J) C C,. Consequently, because F and Tr are bilinear, it is enough to suppose y
reduced and z € J. From the definition of F we have

Uy(z) = F(y,2)y. (5)

Consequently we have
(U:(9))* = Uy, (1) = U,U,(&) = F(,2)U.(). (6)

So we have Sp U,(y) C {0,F(y,z%)}. If U,(y) is nilpotent then by (6) we have
F(y,z*) = 0and0 = TrU,(y) = Tr(yz?) by the first identity of Theorem 1.5. If
U,(y) is not nilpotent then SpU,(y) = {0,F(y,z*)} and the multiplicity of
the non-zero spectral value is one, so Tr U,(y) = Tr(yz?) = F(y,7z*). Now using
the fact that every element of the socle is a finite sum of squares we obtain

that F(y,z) = Tr(yz) for y reduced and z € SocJ. So, by linearity, the result is
proved. O

It is known that F is nondegenerate on the socle, that is Tr(au) = 0, for every
u € SocJ and some a € SocJ implies a = 0. This is in fact Corollary 1.3, for
which we gave a new proof. We now extend this result.

Denote by (Soc J)l the orthogonal of the socle of J, that is the set of a € J
such that Tr (au) = 0, for every u € SocJ.

Lemma 1.7. Let D be a bounded derivation on J. Then (Soc J )L is invariant

under D Consequently, if D takes its values in the socle, then D is zero on
(Soc J)*.

Proof. Let a € (SocJ)* and x € SocJ. Then D(ax) = a-Dx+ Da - x. By
Theorem 1.1 we have Tr D(ax) =0. By hypothesis Tr(a-Dx) =0 because
Dx € SocJ. Consequently Tr(Da x) = 0 for every x € Soc J which proves the
first part. If D takes its values in Soc J then Da € (SocJ)" N (SocJ), which is
zero by Corollary 1.3. O

Corollary 1.8. Leta € (SocJ)",x € J,y € SocJ. Theny(xa) = x(ya).

Proof. We apply the previous lemma to the derivation D = [L,, L;] which takes
its values in the socle.
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The notion of annihilator was introduced by E. ZerManov (see for instance [17]).
For more information on annihilators, in particular the annihilator of the socle
which is an ideal, see [10]. In this particular case Ann(SocJ) =
={a€eJ:aSocJ ={0}}.

At that point the author expresses his best thanks to Professor Antonio
Fernandez Lépez for all the necessary information on annihilators needed to prove
the next theorem.

Theorem 1.9. (SocJ)" = Ann(SocJ).

Proof. 1t is obvious that Ann (Soc J) C (SocJ)". So suppose that Tr (au) = 0,
for every u € SocJ. Let x € J be arbitrary. We have u(ax) = x(ua) by Corollary
1.8. Moreover Trx(ua) = Trx(au) = Tr(xu) =0, by Corollary 1.2 and the
hypothesis. So this implies that Tr(ax)u = 0, for every u € SocJ. With additivity
of the trace, this 1mp11es that (Soc J ) is an ideal. By Corollary 1.3 we know that
SocJ N (SocJ)t ={0}. If a € (SocJ) then U, (SocJ) C SocJ N (SocJ)*
= {0}, because Soc J and (Soc J)* are ideals. But U, (SocJ) = {0} implies that
a € Ann (Soc J), by a standard result of Zel’manov [17]. O

Applying the results of [10, 12], the theorem implies that (Soc J)* = {0} for
primitive Jordan-Banach algebras with non-zero socle.

2. Spectrum Preserving Linear Mappings

In (5], Theorem 3.13, we proved that if J and J' are two semisimple Jordan-
Banach algebras with identity and if T is a spectrum preserving linear mapping
from J onto J', then T is a continuous linear bijection from J onto J’ such that
T1=1 and T(#,)=F'(n=1,2,...), so in particular T (SocJ) = SocJ'".
Incidentally the fact that J' is semisimple is a consequence of the other
hypotheses, using the spectral characterization of the radical [2].

We now prove that T is not far from being a Jordan isomorphism.

Theorem 2. 1 Let T be a spectrum preserving linear mapping from J onto J'.
Then Tx* — (Tx)* € Ann (Soc J'), for every x € J.

Proof. Let x,b € J be fixed. For |u|p(x) < 1, by the Holomorphic Functional
Calculus, the element (1- ;Lx)l/ is well-defined and invertible. The identity

(1_““)4/217)) (1)

proves that 1 — ux + b is non-invertible if and only if —1 € SpU,,_ )-l/zb. But
because T is spectrum preserving and 71 = 1 we have 1 — ux + b non-invertible
iff 1 — uTx + Tb is non-invertible. This implies that

l—pux+b= U(l—ux)‘/z(l +U

Sp U )—I/Zb = Sp U 1/2 Tb, (2)

(1=uTx)”

for |u|p(x) < 1 (incidentally p(x) = p(Tx)). Now we suppose that b € F1,b # 0.
Then 0 # Th € % and TU(l_M)—l/zb, U(l_m)-l/sz € & by [5], Theorem 3.5 and
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T#,) = %. From this and (2) we obtain

TrTU l—p.x)_mb =TrU 12Th, (3)

( (1=pxTx)”

for |u|p(x) < 1, because the two spectra of the elements appearing in (3) are equal
and contain at most one non-zero point of multi;])}izcity one. Using the identity

Uiyuy =y + 2uy + U,y and the series of (1 —a)” "/~ we get
Tr (TUH%er%szer,._b) = Tt (Uy e oo ) (4)
By identification of the coefficients of p and p? we obtain
TrT(xb) = Tr(Tx - Th) (5)
Tr [3t(x?b) + TU,(b)] = Tr [3(Tx)*Tb + Ur(Th)]. (6)

It is also clear that Tr TU,(b) = Tr U,(b) because T preserves spectrum and rank.
Using this remark and (5) we obtain

3Tr (T - Tb) + Tr Uy(b) = 3Tr (Tx)*Th + Tr Ur(Th). (7)
Now applying the second identity of Theorem 1.5 to U,(b) and Ur,(Th) we obtain
3Tr(Tx? - Th) + Tr (x2b) = 4 Tr (Tx)*Th =
=3Tr (7% - Tb) + Tr T(x*b) = 4 Tr (Tx* - Tb),
again by (5) and the fact the Tr T(x?b) = Tr (x*b). Finally we have proved that
Tr ((Tx)* — Tx*) - Th = 0, 9)

for every b € & . Because the trace is additive and the socle is linearly generated
by rank one elements (see the beginning of the proof of Corollary 1.6) this proves,
by Theorem 1.9, that (Tx)2 — Tx2 is in the annihilator of the socle of J'. 0O

(8)

Corollary 2.2. With the previous hypotheses, T is a Jordan isomorphism from
Soc J onto Soc J'.

Proof. This is obvious because (Tx)? — Tx® € SocJ' N (SocJ')™ = {0}, by
Corollary 1.3. O

Corollary 2.3. If T satisfies the previous hypotheses and J' is a primitive
Jordan-Banach algebra with non-zero socle, then T is a Jordan isomorphism from
J onto J'.

Proof. This is immediate from Theorem 2.1 because Ann (Soc J') = {0}. O

In the associative case it was proved (see [7], Lemma 3.6 and the proof of
Theorem 3.7) that T is a Jordan isomorphism from kh (Soc J) onto kh(Soc J'). It is
possible to prove the same result in the case of Jordan-Banach algebras but more
work has to be done. We recall that kh(Soc J) is the preimage of the radical of
J/Soc J. Since the radical of a Jordan algebra is the intersection of its maximal
modular quadratic ideals we have kh(Soc J) = kh(SocJ). The results of [1] have
been extended to Jordan-Banach algebras by A. MaoucHe ([13], Theorem 2.3.2
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and Corollaries 2.3.3-2.3.5) and T. J. D. WiLkins [16]. In particular they proved
that kh(Soc J) is an inessential ideal of J, this means that the set of limit points of
Spa is included in {0} for every a in kh(Soc J) and this implies that the Riesz
projections associated to the non-zero spectral values of a are in the socle.
Recently T. J. D. WiLkins [16] gave the following spectral characterization of
kh(Soc J), inspired from the spectral characterization of the radical given in [2].
Namely a € kh(SocJ) if and only if Sup p(Sp(x + ta)') < +oo0, for every x € J,

teC
where p((Spy)') denotes the radius of the topological derivative of the spectrum of
y. With all these prerequisites we are ready to prove the following.

Corollary 2.4. With the previous hypotheses, T is a Jordan isomorphism from
kh(Soc J) onto kh(Soc J').

Proof. a) T maps kh(Soc J) onto kh(SocJ'). Let a € kh(SocJ) then
p(Sp(x + ta)') = p(Sp(Tx + tTa)'), because T is additive and preserves spectrum.
So, by Wilkins’s result, Ta € kh(SocJ’). We know that T is injective and
surjective, so arguing with 7! this step is proved.

b) T is a Jordan 1somorphlsm on kh(SocJ ). For a € kh(Soc J), by part a) and
Theorem 2.1, we have Ta® — (Ta)* € I = kh(Soc J')N Ann(Soc J'). We now
prove that the ideal 1 is zero. First we prove that u € I implies p(u) = 0. Suppose
p(u) # 0, then there exists o # 0, € Spu. The non-zero RICSZ pro_lectlon p
associated to u and o is in the socle of J'. Moreover p =% [ (A —u)~ '),
where I is a small circle centred at .. Because u € Ann (Soc J'), which is an ideal,
we also have p € Ann (Soc J'), hence by Corollary 1.3, p =0 and this is a
contradiction. The ideal I consists only of quasi-nilpotent 1.3, elements, so
I C RadJ’ = {0}. Hence the corollary is proved. O

Modifying Harte’s theorem and the argument of the proof of Theorem 3.7 of
[7] and using the structure theorem for separable scattered Jordan-Banach algebras
([6], Theorem 19) it is then possible to extend result (iv) of the introduction to
scattered Jordan-Banach algebras.

References

[1]1 AupetiT B (1986) Inessential elements in Banach algebras. Bull London Math Soc 18: 493-497

[2] Auperrt B (1993) Spectral characterization of the radical in Banach and Jordan-Banach algebras.
AMath Proc Camb Phil Soc 114: 31-35

[3] Aueerit B (1994) Recent trends in the field of Jordan-Banach algebras. In: ZeMANEK J (ed)
Functional Analysis and Operator Theory, vol 30. Polish Academy of Sciences: Banach Center
Publ

[4] Auperir B (1994) Analytic Multifunctions and Their Applications. In: GautHIER PM (ed)
Complex Potential Theory. Kluwer

- [5] Aupertr B (1995) Spectral characterization of the socle in Jordan-Banach algebras. Math Proc

Camb Phil Soc 117: 479-489

[6] AuperiT B, BARBEAU L (1989) Sur le socle dans les algebres de Jordan-Banach. Can J Math 41:
1090-1100

[7]1 Auperit B, MoutoN H pu T. (1994) Spectrum preserving linear mappings in Banach algebras.
Studia Math 109: 91-100

[8] Auperit B, Mouton H pu T. (1996) Trace and determinant in Banach algebras. Studia Math 121:
195-200

[9] Aueerrr B, MaouckE A, MoutoN H pu T. (preprint) Trace and determinant in Jordan-Banach
algebras



[10]
(1]

[12)
[13]
[14]

[15]
[16]

[17]

Trace and Spectrum Preserving Linear Mappings in Jordan-Banach Algebras 187

FERNANDEZ LOPEZ A (1992) On annihilators in Jordan algebras. Publ Matematiques 36: 569-589
FErRNANDEZ L6PEZ A, RODRIGUEZ PALACIOS A (1986) On the socle of a non-commutatives Jordan
algebra. Manuscripta Math 56: 269-278

FErRNANDEZ LOPEZ A, RODRIGUEZ PALAcIOs A (1986) Primitive non-commutative Jordan algebras
with non-zero socle. Proc Amer Math Soc 96: 199-206

MaoucHE A (1994) Théorie spectrale dans les systémes de Jordan-Banach. Thesis, Univ Laval,
Québec

McCriMmon K (1971) A characterization of the radical of a Jordan algebra. J Algebra 18:
101-111

McCriMmoN K (1985) Reduced elements in Jordan triple systems. J Algebra 97: 540-564
WiLkins TID (1997) Inessential ideals in Jordan-Banach algebras. Bull London Math Soc 136:
73-81

Zev’manov E (1987) Goldie’s theorem for Jordan algebras. Siberian Math J 28: 44-52

B. AupeTIT

Département de Mathématiques et de Statistique
Faculté des Sciences et de Génie

Université Laval

Québec G1K 7P4

Canada






Mh. Math. 125, 189-209 (1998) Monatshefte fiir

Mathematik
© Springer-Verlag 1998
Printed in Austria

Closed Curves and Geodesics with Two Self-Intersections
on the Punctured Torus

By

David Crisp, Adelaide, Susan Dziadosz, Ann Arbor, MI, Dennis J. Garity,
Corvallis, OR, Thomas Insel, Berkeley, CA, Thomas A. Schmidt, Corvallis, CA,
and Peter Wiles, Madison, WI

With 12 Figures

(Received 11 March 1996; in revised form 15 January 1997)

Abstract. We classify the free homotopy classes of closed curves with minimal self intersection
number two on a once punctured torus, 7, up to homeomorphism. Of these, there are six primitive
classes and two imprimitive. The classification leads to the topological result that, up to
homeomorphism, there is a unique curve in each class realizing the minimum self intersection
number. The classification yields a complete classification of geodesics on hyperbolic 7 which have
self intersection number two. We also derive new results on the Markoff spectrum of diophantine
approximation; in particular, exactly three of the imprimitive classes correspond to families of
Markoff values below Hall’s ray.

Introduction

We classify the free homotopy classes of loops on a once—punctured torus, 7,
whose self-intersection number is two. Our classification is up to homeomorphism
type; that is, we identify two free homotopy classes if there is a self homeo-
morphism of the punctured torus taking one class to the other. There are eight such
classes. This classification has topological, geometric and number theoretic
consequences.

The classification leads to the topological result that each homeomorphism
class of free homotopy classes of intersection number two contains a unique curve,
up to homeomorphism, realizing the minimum intersection number. In addition, all
but two of the classes are distinguished by the closures of the complementary
domains of any curve in the class that realizes the minimum self intersection
number. In particular, if two curves have self intersection number two and are not
freely homotopic to curves with lower self intersection number, and if they are in
the same class, then there is a homeomorphism of 7 taking one curve to the other.

A geometric consequence of the classification is that the classes we obtain
include the classes which, for any hyperbolic metric, admit a closed geodesic of
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Research started during the Summer 1994 NSF REU Program at Oregon State University and
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two self-intersections. Thus, given a hyperbolic metric on 7, we obtain a
classification of geodesics on T with two self intersections. Up to homeomorphism
of 7, and thus up to automorphism of the fundamental group of 7, there are six
such classes.

In work which responds to C. Series’ closing question in [15], D. Crisp and W.
Moran [6], [5], [7] classified the singly self-intersecting geodesics of a particular
hyperbolic punctured torus; they then proceeded to obtain results about the
Markoff spectrum of diophantine approximation. We use our classification of
doubly self-intersecting geodesics on T to obtain further information about the
Markoff spectrum.

The simple curves on a punctured torus are well studied: for the use of studying
the generators of the fundamental group and the action of its automorphisms [11],
[3]; for identifying Teichmiiller space [13], [18]; and for their relationship to the
Markoff spectrum of diophantine approximation [4] (for an overview), [9], [16].
That the geodesics of a hyperbolic punctured torus are rather special is well
known, see [19] for a convincing theorem to this effect. That these geodesics are
somehow fundamental in the study of more general surfaces is demonstrated in
[2; Chapter 3].

We also point out here that classifications of the nature we obtain are actually
valid for all hyperbolic metrics on the punctured torus. We mention that our
method easily generalizes to the case of higher self-intersection numbers.
Although dependent upon earlier works, our approach is somewhat new.

This paper is an outgrowth of an NSF REU project at Oregon State University.
Crisp and Schmidt thank Bill Moran for earlier related conversations.

In Section 1, we give the topological background for this project and in
Section 2, we give the geometric and number theoretic background. In Section 3,
we obtain the actual classification. The case analysis involved uses standard
combinatorial topological methods. The proof that the classes obtained are distinct
is more interesting and is postponed until a later section.

In Section 4, we give the topological consequences of the classification, in
Section 5 we give the geometric consequences, in Section 6 we prove the
distinctness of the classes and in Section 7 we discuss the Markoff values
associated to the geodesics for a particular hyperbolic metric. We close with some
questions and suggestions for further research.

1. Topological Background

Let T be a punctured torus. The fundamental group of 7, m(T), is isomorphic
to the free group on two letters, F(a,b). We fix such an isomorphism. There is a
natural bijection between free homotopy classes of closed curves on T and
conjugacy classes of elements of F(a,b).

A loop is said to have a single nontrivial self-intersection if the loop has a
single transverse intersection, and is not freely homotopic to a simple loop. A loop
is said to have two nontrivial self-intersections if it has two transverse self-
intersection points, and if it is not freely homotopic to a loop with a single
nontrivial self-intersection or to a simple loop. A free homotopy class of loops is
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said to have intersection number two if it contains a loop with two nontrivial self-
intersections.

Our initial goal is to classify those free homotopy classes with intersection
number two. The classification will be as follows. We view a loop as a map from
S! into T. Given a free homotopy class which contains a loop # with two nontrivial
intersections, we show that the class is completely determined by the pair
(T,£(S")). That is, if £’ is another loop with two nontrivial self intersections in the
class, then there is a homeomorphism & of pairs taking (T,Z(S")) to (T,£'(S')).
Moreover, this homeomorphism can be chosen so as to preserve orientation in
the sense that there is an orientation preserving homeomorphism k of S' so that
hot=/{ok.

We also show that a free homotopy class of intersection number two is
completely determined by the pattern of closures of the complements of a loop ¢
realizing the minimum intersection number.

We state a result that follows directly from the classification of surfaces. See
BirMAN and Series [1] for a discussion of this and other results about simple loops
on surfaces.

Theorem 1.1. The conjugacy class of a simple loop | on T is either
(a) the identity, and | bounds a disc,

(b) one of [aba™'b~"] or [bab~'a™"], and | bounds punctured disc, or
(c) [w] where w is a generator of m(T'), and | does not separate T.

In [6], [5] and [7], a classification of loops with a single nontrivial self-
intersection is given. The methods used are to apply the above result to each of the
subloops.

Theorem 1.2. (Crisp). The conjugacy class in m(T) of a loop with a single
nontrivial self-intersection on T is one of

(@) [(aba~'b=")* or [(aba~'b~1)72),

(b) [g(a?)] for some g € Aut m(T),

(c) [g(abab™")] for some g € Aut m((T), or

(b) [g(aaba'b™")] for some g € Aut m(T).

Conversely, each of these conjugacy classes contains such a loop.

2. Geometric Background

We now let T be a punctured torus with a hyperbolic metric. A free homotopy
class of closed curves on T is said to be primitive if it is not a non-trivial power of
some other class.

It is well known that a closed curve on T is freely homotopic to a geodesic if
and only if the curve lies in a primitive free homotopy class which contains no
simple curve bounding either a disc or a punctured disc. Furthermore, a geodesic
has the minimal number of self-intersections amongst all curves in its free
homotopy class.

J. NieLseN [11] showed that every automorphism of 7 (T') can be realized, up
to inner automorphism, by some homeomorphism. He further showed that every
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automorphism of 7;(T) = F(a, b) takes aba™'b~" to x(aba~'b~")*'x~! for some
x € F(a,b).

Theorem 2.1. Let Ty and T, be two hyperbolic punctured tori. Let (A, B;) and
(A2, By) be fixed generating pairs of their respective fundamental groups. Let n be
a positive integer. Let W(a, b) be a word in the letters a and b. If a geodesic on Ty
in the free homotopy class of W(Ay, By) has n intersections, then any geodesic on
T, in the free homotopy class of W(A2, B,) also has n intersections.

Proof. There is a homeomorphism between T; and 75, call it h. The images of
the free homotopy classes [A;] and [B,] are, say, (o] and [§]. Similarly, [W(A;, By)]
is sent to [W(a, §)]. Since h is a homeomorphism, these have the same minimal
number of self-intersections.

Since h induces an isomorphism on 7, and 3 are a generating pair for
m1(T2). In particular, there is an automorphism of m(7) taking (c, ) to (A2, By).
This automorphism sends [W(«, )] to [W(A2, By)]. But, the automorphism is
realizable by a homeomorphism, hence the minimal number of self-intersections
in these classes must be the same. Since the geodesic in each of these classes
achieves this minimal number of self-intersections, we are done. O

Corollary 2.2. A classification for a particular hyperbolic punctured torus of
the automorphism classes of those free homotopy classes which contain closed
geodesics which are n-times self-intersecting is in fact valid for all such punctured
tori.

Remark. We have thus shown that the results of [6], as proven in [5] and [7],
are in fact valid for all hyperbolic punctured tori. Indeed, the classification is
fundamentally topological. We point out that it has consequences even for
arbitrary Riemannian metrics on the punctured torus: a class which for a
hyperbolic metric has a unique closed geodesic with m self-intersections, will for
an arbitrary Riemannian metric admit a geodesic of m self-intersections; such a
class may admit geodesics with more self-intersections, but never less. Thus, a
classification of the classes which for a hyperbolic metric admit a geodesic with up
to m self-intersections identifies the set of classes which for an arbitrary
Riemannian metric may admit geodesics of m self-intersections. O

For the classification of twice self-intersecting geodesics, we specialize to a
fixed metric only as one means for showing that two homeomorphism classes of
geodesics are distinct. The surface we then use is the quotient of the Poincaré
upper half-plane by the commutator subgroup of the modular group, exactly that
studied by the above mentioned authors. Indeed, we will also give number
theoretic implications of our classification by interpreting them with respect to this
particular metric.

2.1 Specialization to the I''-Metric

We consider the particular once-punctured torus T, the quotient of the Poincaré
upper half-plane, 5#, by the commutator subgroup of the modular group, I". This
torus has constant curvature minus one — thus, there is at most one geodesic in
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each free homotopy class — and admits # as its universal Riemannian cover. The
action of I" on 4 is given by linear fractional transformations. We use a standard
fundamental domain £ for this action — a quadrilateral with hyperbolic line
segment boundaries of vertices —1,0, 1, oo.

We take A = (i ;) and B = (__11 ;1) as generators of I = F(A, B).
Thus, given a word Win A and B, by matrix multiplication we find a corresponding
matrix in I. A hyperbolic element of I is one of trace greater than 2 in absolute
value. Each such fixes an axis — a geodesic of #, thus a semi-circle with center on
R U {oo}. Free homotopy classes correspond to conjugacy classes in I". A free
homotopy class has a closed geodesic in it if and only if the corresponding
conjugacy class is hyperbolic. The geodesic in such a homotopy class is then the
projection of the axes fixed by the elements of the conjugacy class. Indeed, the
geodesic is the 1-1 projection of those segments of the fixed axes which lie in &,
where we note that & has certain sides paired by the actions of A and B.
Furthermore, for a reduced word in A and B representing an element of the
conjugacy class, the cyclic permutations of this word determine all axes which will
have geodesic segments within &. We refer to [5] for a more detailed presentation
of these standard facts.

Thus, to find the number of self-intersections of the unique geodesic in the
class [W], for a given (hyperbolic) word W in A and B, we find the number of
intersections within & of the axes of those matrices which arise from the cyclic
permutations of the word of W. That is, for each cyclic permutation of W we find
the corresponding element M € I" as a matrix. There is a straightforward formula
for the endpoints p;,p, € R of the axis of M. Thus, we find each axis. We then
simply count the number of intersections which lie in & of these finitely many
axes. Note that this determination of the number of self-intersections of the
geodesic of W has thus been reduced to arithmetic.

Thus, by Theorem 2.1, we can determine the self-intersection number of any free
homotopy class for a general once-punctured torus. In what follows we will refer
to the result of such a calculation as coming from specialization to the I"'-metric.

2.2 Geodesics Mapped to Geodesics

We will have need to decide whether a specific pair of free homotopy classes
are equivalent up to the action of the outer automorphisms of the fundamental
group. As we will discuss in Section 5, there are various ways to address this
problem. One is to specialize to a particular hyperbolic metric and to consider the
action of the Teichmiiller modular group.

As discussed in say [10], the Teichmiiller modular orbit of a hyperbolic
punctured torus arises from a relabeling of generators of the fundamental group.
That is, the action of the outer automorphisms of the fundamental group are
realized by that of the Teichmiiller modular group. Moreover, within an orbit, this
action can be given by way of isometries of the universal Riemannian cover, #. In
particular, the action of the automorphisms can be realized by diffeomorphisms of
hyperbolic punctured tori which send geodesics to geodesics.
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Thus, for geodesics with respect to a fixed hyperbolic metric to be related
under some outer automorphism, the complements of the geodesics must be of the
same topological type. This is a true strengthening over the mere assumption that
outer automorphisms be realized by homeomorphisms — under this, we merely
know that a geodesic in a class is sent to some curve in the class of the second; free
homotopy could allow for vastly different complements.

This brief discussion thus indicates that two free homotopy classes are
not equivalent under the action of the outer automorphisms of the fundamental
group if under some specialization to a hyperbolic metric the complements of
their respective geodesics have differing topological type. We will use this in
Section 5.

2.3 Geometry of the Markoff Spectrum

In the case of the I''-metric, the simple closed geodesics are known to be in 1-1
correspondence with the Markoff numbers of Diophantine approximation. Briefly,
the Markoff spectrum can be considered as the set of suprema of Euclidean
diameters of lifts of the geodesics of I"\s#. It is known that there is a ray
approaching infinity, the Hall ray, of values in this spectrum; for further details, see
the discussion of [8]. A. Haas [9] remarked that any geodesic which has a loop
about the puncture will have Markoff value at least 6. But, 6 is known to be in the
Hall ray of the Markoff spectrum. The lowest part of the spectrum corresponds to
the simple closed geodesics. The intermediate section of the Markoff spectrum is
still rather mysterious.

Another characterization of the Markoff spectrum is in terms of continued
fractions. Recall that a real number can be expanded in a continued fraction of the
form

1
dot
ay +—

where ay is an integer and the remaining a; are positive integers. We use a flat

notation for this continued fraction expansion: [dao;ay, . ..]. Given a doubly infinite
sequence of positive integers, &/ = ...,a_1,do,4ai,..., one defines \;(</) to be
[ai;ait1, ... + [0;ai-1,ai—2, . . .]. The Markoff value of .o is the supremum of the

Ai(Z). The above mentioned Markoff numbers is the discrete set of values with
unique limit value 3, given by certain, well-characterized, periodic doubly infinite
sequences of 1, 1’s and 2, 2’s. For further details, we again refer to [8].

The above indicates that the Markoff values associated to the simple closed
geodesics for the I-metric are isolated within the Markoff spectrum. The Crisp-
Moran conjecture, introduced in [6], is that all Markoff values corresponding to the
single self intersecting geodesics which contain no loop about the puncture are
also isolated within the Markoff spectrum. Thus, there are important aspects of the
Markoff values associated to geodesics of the I'-metric which are known to
depend only upon the homeomorphism class of the geodesics. This is what in part
motivated the present work.
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3. Loops with Two Self-Intersections

Our goal in this section is to classify loops on T with two nontrivial self-
intersections. We consider the composition of three simple loops, as justified by
the following lemma, obtained by the authors Dziadosz, Insel, and Wiles.

Lemma 3.1. Up to free homotopy, any loop | on T with k transverse self-
intersection points can be formed as the composition of k + 1 simple loops, which
intersect at only one point.

Proof. Consider a loop [ on T with k transverse self-intersections occurring at
distinct points. Call a segment that part of the loop which is minimally between
two (possibly nondistinct) points of intersection. We claim that there are 2k
distinct segments connecting the intersections of /. Indeed, as four (possibly non-
distinct) segments converge at each intersection and each segment connects two
intersections, there are exactly 4k/2 = 2k total distinct segments connecting the
self-intersections of /.

Now, pick some point p on T. For each self-intersection of I, we can
continuously deform [ so that the intersection occurs at p, in effect collapsing a
segment of /. In order to bring all intersections to one point, we perform k — 1
collapsings, leaving 2k — (k — 1) = k + 1 segments. |

The lemma shows that it is sufficient to consider the compositions of three
simple loops in order to determine all loops with two transverse self-intersections.
In addition, the following Corollary to this Lemma limits the number of cases that
need to be considered. This Corollary follows immediately from the manner in
which the three simple loops were obtained in the Lemma.

Corollary 3.2. Let I be a loop on T formed as the composition of 3 simple loops
which intersect only at a single point p. Assume that | arises as in the Lemma from
a loop 1 with 2 transverse intersections. Then the point p has a neighborhood U in
T such that U N1 is a wedge of six segments with wedge point p as in Figure 1.
Moreover, this wedge has a unique “axis” c—d as in Figure 1 along which the
collapsing was done to obtain | from I, and [ can be recovered from 1 by reversing
the collapsing along the axis c—d.

Corollary 3.3. Let | and U be as in Corollary 3.2. Suppose that | is the
composition of loops 1,1, and I3 of basepoint p of T. For i € {1,2,3}, let i and i
label respectively the initial and final segments of I; N U. The resulting graph,
which we call a basepoint graph, is one of the graphs in Figure 2.

Proof. We use a cyclic ordering on {1, 2, 3}. From the graph of / N U, labelling
some segment as i’ also determines the segment labelled i + 1. Moreover, the axis

»
o

a b

N/
/ \ Figure 1. Basic wedge

. ] . ¢ pattern
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A B C
e ! 1 1
3 /\ 1 1 2
2
¥ ) 3
(1,2,.,3,.,1) (L,.,2.,3,1) (,.,3,2,_,1")
D E F
1 1 2 1
1 2 3 1
3
2 1" 3
(1,2,3,,12) (1,.,2,3,1, ) (L,3,1,.,2)
G
! 2
3 I
(L2, ,1,3,_)

Figure 2. Possible basepoint graphs

must be labelled (j',j + 1) for some j. One now lists all possible basepoint graphs.
We label clockwise, beginning with 1, and consider the number of segments
between 1’ and 1: 1’ and 1 are adjacent (A, B, C); separated by one segment (D,
E); by two (F, G). Note that in each of these cases there are two unlabeled
segments, allowing for a choice of orientation. O

We will refer to an analysis of basepoint segment pattern as the process of
determining which {A, ..., G} could come from a given configuration of (often
unoriented) loops /;. In practice, this will allow us to determine which orientations
of the /; are possible. In general, this process will be in two steps. Since the /; are
(in general) initially known only up to orientation, we first consider j’ as equivalent
to j and write out the possible sequences of j € {1,2,3} coming from the pattern
of the ;. Thus, each j appears twice in each such sequence. This is followed by
determining the possible ways to label one of each pair of j with a prime so as to
achieve one of the basepoint graphs in {4,...,G}.

We continue now by classifying the possible compositions of three simple
loops that can arise from loops with two transverse intersections.

Theorem 3.4. Let | be a loop on T formed as the composition of 3 simple loops
which intersect only at a single point. Assume that | arises as in Lemma 3.1 from a
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loop 1 with precisely 2 transverse intersections. Then the conjugacy class of | in
m(T), [I], is one of
(a) [g(aaba'b~'aba='b7 ")),
(b) [g(aaaba~'b71))],
(c) [g(aaabb)),
(d) [g(abab~'aba~'b71)),
(e) [g(aaba~'a"'b7")),
(©) [gaabab™1)),
(®) [g(a)],
(h) [g((aba~"b1)?)],
(i) the conjugacy class of a loop with one non-trivial self-intersection, or
(j) the conjugacy class of a simple loop
for some g € Aut m(T).

Proof. Let | = l11515, where [, I; and I3 are simple loops on 7. We can move the
common intersection point of the simple loops to the basepoint of m;(7T) by an
isotopy of T. Let w, w;, w, and w3 be the homotopy classes of [, I}, I, and I3
respectively. The corresponding free homotopy classes are [w], [wi], [w2] and [ws].

Note that [w] = [wiwaws] = [wswiw;y] = [wawsw] since cyclic permutations
are conjugate by the obvious elements of the free homotopy group.

In the following proof, we use without explicit mention the topology of simple
curves on the torus. RoLFSEN’s book on knot theory contains the necessary results
[12]. Often, after cutting apart the torus along a non-separating curve, we work
with simple curves on the resulting punctured disc. The possibilities that arise for
the various curves come from repeated application of the Schoenflies theorem.

By Theorem 1.1, each of /1, /; and /5 can be either the identity, a generator, or a
loop around the puncture. Thus, the following cases arise:

Case 1. For some i, [w;] = [Id];

Case 2. Each of [wi], [wy], ws] € {{aba™'b7"],[bab™'a7"]};

Case 3. For some i, [w;] = [g(a)] and {[w;]|j # i} C {{aba™'b7"], [bab~'a"']};

Case 4. Exactly two of [wy], [wa], [ws] are of the form [g(a)] for some
automorphism g of (7)), and the third is in {[aba~'b7!], [bab~'a"!]}; and

Case 5. All of the homotopy classes represent generators.

Since the details involved in the above cases are similar, we provide a complete
argument only for Case 1, Case 2 and a few subcases of Case 4.

Case 1: Some [w;] = [Id].

Without loss of generality, i = 1. In this case, [w] = [waw3], the conjugacy
class of either a simple loop or a loop with one non-trivial self-intersection. In fact,
Corollary 3.2 shows that if we recover the loop / with two nontrivial intersections
from I, then the part of / corresponding to [; is as pictured in Figure 3 where the
region enclosed by the curve is a disc on 7. In the first case in this figure, one
intersection can be removed by a free homotopy and the loop is freely homotopic

; ; \ axis Figure 3. Figure for Case 1
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to a loop with a single transverse self intersection. In the second case in this figure,
both intersections can be removed by a free homotopy and the loop is freely
homotopic to a simple loop.

Case 2: [wy], w2, (W3] € {{aba='b7"], [bab~'a"1]}.

Each of the loops /; is a loop bounding a punctured disc. We know that
[aba='b7"] and [bab~'a™!] are the free homotopy classes of simple loops around
the puncture, and that they have opposite orientations. Without loss of generality,
I; bounds a disc around the puncture that contains the punctured discs bounded by
I, and I3. An analysis of the basepoint segment pattern shows that only case A with
pattern (1, 2, 3, 3', 2/, 1') or case B with pattern (1, 3, 2, 2’, 3’, 1’) from Figure 2
are possible. In each of these cases, w; = w, = w3 and

W] = wi] = [g((aba™'57")%)]. (h)

For Case 4, we make use of methods from [5]. First, note that we can induce an
automorphism between the w; and words in a and b. Typically, we use g(a) = w;
and g(b) = wy for j # k, but occasionally we use more complicated automorph-
isms in order to simplify a word. In addition, by an automorphism g, we actually
mean some automorphism g. For example, [g(a)], refers to any generator in 7 (7).

The second method we adopt is the technique of cutting T along some loop !
whose image in 7 (7T) is a generator to obtain a disk bounded by / containing the
puncture and a hole also bounded by I. We draw the resulting disc as in Figure 4,
with the loop [/ oriented clockwise around the outer boundary. Whenever possible,
we choose the loop [/ that we cut T open along in such a way that the other loops
have their base point at the left side of resulting figure as in Figure 4. Finally, we
frequently introduce an additional path whose image in 7 (T) forms a basis with
the homotopy class of the loop bounding this disk.

Case 4: Two of [wy], [wa], [ws] are of the form [g(a)] for some automorphism g
of m(T), and the third is in {[aba~'b71], [[bab~'a"1]}.

Three subcases arise. The first is that the two homotopy classes that represent
generators form a generating pair for 7 (7). The second is that the two homotopy
classes that represent generators do not form a generating pair for 7 (T'), and that
these two homotopy classes are either equal or are inverses of each other. The third

<) 0] OO0

Figure 4. The torus T cut along /; in the first and second parts of Case 4.
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is that the two homotopy classes that represent generators do not form a generating
pair for 7 (T'), and that these two homotopy classes are neither equal to each other
nor are inverses of each other. We provide details only for the second subcase.
Second Subcase: Assume that the two homotopy classes that represent
generators do not form a generating pair for (T, and that these two homotopy
classes are either equal or are inverses of each other. Without loss of generality, /,
is one of the homotopy classes representing a generator and the torus may be cut
along [; to obtain a figure with the other loops positioned as in Figure 4 (b). Define
a path 4, disjoint except for the base point from /;, [, and /5 such that w; and w4
form a generating pair for 7;(7). An analysis of the basepoint segment pattern
shows that only case A with pattern (1, 2, 3, 3’, 2/, 1’) or case B with pattern (1, 3,
2, 2, 3', 1') are possible. So the other loop that represents a generator is
homotopic to /; as indicated in the figure. In the first case w, =w; and
w3 = wiwawy 'w;! and in the second case, w3 = wy and wy = wiwawy 'w; .
Thus,

W] = [wiwaws] = [W1W1W1W4W1_1WZ1] = [g(aaaba_lb”l)], (b)
or
W] = [wiwaws] = [wiwiwaw] 'wy'wy] = [g(aaba™'b7a)]. (b)

A conjugation shows that the above two classes are equal.
A similar analysis of the first subcase gives

W] = [wiwaws] = [g(ab™'aba™'b)] (c)
Similarly, in the third subcase one finds that either
W] = [wiwaws] = [g(abab~'aba™'b™")], (d)
or
] = Dwawaws] = [glaba'a~'b"'a)] (e)

Case 3: A similar analysis yields

W] = [wiwaws] = [g(aaba™'b~ aba™'b7")]. (a)

Case 5: One finds

W] = [wiwaws] = [g(a)], (i)
W] = wiwaws] = [g(a’)], (8)
W] = [wiwaws] = [g(bab™"aa)}, (f)
W] = [wiwaws] = [g(a®)], (i)

or

(W] = [wiwaws] = [g(ab~" abb)). (c)
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We have completed the classification of the compositions of three simple loops
that arise from loops with two transverse intersections. It remains to show that the
classes that we obtained are distinct. This is done after the next two sections on the
discussion of topological and geometric applications of this result. We now state
the following result on curves with two nontrivial intersections.

Theorem 3.5. The conjugacy class in 7 (T) of a loop on T with two non-trivial
self-intersections is one of

(a) [g(aaba~'b'aba= b)),

(b) [g(aaaba='b™1)],

(c) [g(aaabb)),

(d) [g(abab~'aba~'b71)],

(e) [g(aaba~ta"'p71)],

(f) [g(aabab™")],

® [g(@)], o

(h) [g((aba~"b7")")]

for some g € Aut 7 (T). Moreover, these classes are distinct.

Proof. We apply Theorem 3.4 and eliminate the simple loops, and loops with a
single non-trivial self-intersection.

The only candidates remaining are (a)—(h) above. It is sufficient to demonstrate
that each of these classes does not contain a simple loop or a loop with a single
non-trivial intersection. Since each of classes (c) through (h) is primitive,
specialization to the T” metric shows that two is the minimal self intersection
number for each of these classes. Classes (a) and (b) are the non-primitive classes
and a simple algebraic argument along with Theorems 1.1 and 1.2 shows that they
do not contain simple loops or loops with a single non-trivial intersection. As
mentioned above, the proof of distinctness is postponed until after a discussion of
the geometric and topological consequences of the classification. O

4. Topological Consequences of the Classification

Theorem 4.1. Each of the classes in Theorem 3.5 contains, up to
homeomorphism, a unique curve of self intersection number 2. That is, if | and
' are closed curves of self intersection number two in one of the classes from
Theorem 3.5, then there is a homeomorphism h of T and an orientation preserving
homeomorphism k of S' so that hol =1 ok.

Proof. To obtain this result, it suffices to reexamine the proof of Theorem 3.4
and to recover the original curves with two self intersections by reversing the
collapsing as described in Corollary 3.2. During the analysis carried out in the
proof of Theorem 3.4, cyclically permuting the three curves making up the loop
corresponds to applying an orientation preserving homeomorphism of S' prior to
mapping S' into the punctured torus. The classes in Theorem 3.4 arise in a number
of different cases during the analysis. In every instance, the different cases
corresponding to the same class yield the same topological type of curve on
reversing the collapsing process. The curves obtained are those in Figures 5
through 12 with one of the two possible orientations.
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e
0

Figure 5. A loop on T in the free
homotopy class [aaba'b'aba~'b71].

G
8

Figure 7. A loop on T in the free
homotopy class [aaabb).

@

Figure 9. A loop on T in the free
homotopy class [aaba'a~'b71].

8

L

Figure 11. A loop on T in the free
homotopy class [a3].

Figure 6. A loop on T in the free
homotopy class [aaaba™!b71].

Figure 8. A loop on T in the free
homotopy class [abab~'aba~'b~1].

Figure 10. A loop on T in the free
homotopy class [aabab™!).

Figure 12. A loop on T in the free
homotopy class [(aba~'b7")*).

Note that for each of the figures, there is a self homeomorphism of the
punctured torus that takes the given curve to itself with orientation reversed. The

result now follows.

Note that in every diagram but the third, there are two possible segments to
collapse to obtain a wedge of three simple loops as in Lemma 3.1. In the third
case, there are four possible segments to collapse. This leads to this case occurring
in apparently different subcases of Theorem 3.4. O
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Theorem 4.2. Let | be a closed curve of self intersection number 2 on the
punctured torus T. Assume that | is not freely homotopic to a curve with fewer self
intersections. Then for all but two of the free homotopy classes listed in Theorem
3.5, the class of | is completely determined by closures of the complementary
domains of the image of | in T. For the remaining two classes, the class of | is
determined by the pattern of intersections of the closures of the complementary
domains of the image of L.

Proof. It suffices to list the components and closures of components and to note
the pattern of intersections. This is done in Table 1 below.

Note that all the classes above with the exception of the fourth and sixth are
distinguished by the closures of the components of the complements of the curves.
The fourth and sixth class are distinguished as follows. In the fourth class, the
intersection of the closures of the first and second listed components is a single
point. In the sixth class, the same intersection is the entire boundary of the closed
punctured disc. O

In the following table, ¢ represents aba~'b~!.

Table 1. Topological types of twice self intersecting loops

Class Number of Components Closure of
Components Components
a’ 3 punctured open cylinder closed cylinder
open disc pinched cylinder
open disc pinched cylinder
é 4 punctured open disc punctured closed disc
open disc pinched cylinder
open disc pinched cylinder
punctured open cylinder closed one handle
ac? 3 punctured open disc punctured closed disc
open disc pinched cylinder
open cylinder closed one handle
a‘c 3 unctured open disc unctured closed disc
p P!
open disc pinched cylinder
open cylinder closed pinched one handle
a’b? 2 punctured open disc punctured closed disc
open disc closed one handle
abab~'c 3 punctured open disc punctured closed disc
open disc pinched cylinder
open cylinder closed pinched one handle
aaba=?b™! 3 punctured open disc punctured closed disc
open disc punctured closed cylinder
open cylinder closed cylinder
aabab™! 3 punctured open disc punctured pinched cylinder

open disc
open cylinder

pinched cylinder
closed cylinder




Closed Curves and Geodesics with Two Self-Intersections on the Punctured Torus 203

5. Geometric Consequences of the Classification

We identify those classes which contain geodesics with two self-intersections.
This proof parallels Theorem 3.2 in [5], but is included for completeness.

Theorem 5.1. A closed geodesic on T has two self-intersections if and only if it
is in one of the following free homotopy classes

(a) [g(aaba'b~'aba~'b7")),

(b) [g(aaab™'b71)],

() [g(aaabb)],

(d) [g(abab~'aba~'b7")],

(e) [g(aaba='a"'b7")), or

(9 [g(aabab )]
for some g € Aut (F(a,b)). Any two geodesics in the same class are of the same
topological type. Moreover, these free homotopy classes are distinct.

Proof. Closed geodesics on T lie in primitive free homotopy classes and realize
the minimum number of self-intersections for their free homotopy classes. We
apply Theorem 3.5 and exclude the non-primitive classes [g((aba~'b~")*) and
[g(a®)] Since the remaining classes are primitive, each class contains a geodesic.
By the topological classification in the preceding section, there is only one
topological type of geodesic in each class.

It remains to be shown that these classes are distinct. This follows from the
result in the next section. O

6. Distinctness of the Classes

Theorem 6.1. The classes obtained in Theorem 3.5 are all distinct.

Proof. We 1ndlcate several means of proof. First, note that [g(a’)]
and [g(aba~'b"')’], being imprimitive, are distinct from the other classes.

The aforementioned result of Nielsen shows that they are also distinct from each
other.

Approach A. An algorithm for deciding whether there is an automorphism of
F(a, b) taking a specific primitive word w to a specific primitive word w, has been
described by J.H.C. WHiTeHEAD [17]. One can apply this in our situation and prove
the Theorem.

Approach B. We now use the fact that every automorphism of a punctured torus
can be realized by a diffeomorphism which preserves the set of geodesics under a
given metric. The background for this was briefly summarized in Section 2.2; the
main implication is that two primitive free homotopy classes can be in the same
homeomorphism class only if the topological type of the associated geodesics
for any fixed hyperbolic metric are the same. In particular, we can specialize to

the I'-metric and find that the information of Table 1 guarantees that the Theorem
is true.
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Approach C. Note that two loops on T cannot be in automorphic conjugacy
classes in (T if they are not in automorphic conjugacy classes on the usual,
non-punctured, torus 7'. When we remove the puncture from 7, loops can be
deformed as follows:

() [@aba=ta='b!] is in [Id]’

(ii) [aaba='b~'aba~'b~'] and [aaabb] are in [g(a)]’

(iii) [aaaba='b~"'] and [abab~'aba~'b~] are in [g(a?)]

(iv) [aabab™] is in [g(a®)]
for some g € Aut 71 (T). This enables us to distinguish all but two pairs of classes.

We show directly that there are no automorphisms taking aCC to aaabb, nor
aaC to abab~'C, where C := aba~'b~!. To this end, we recall two results of J.
NieLsen [11]: (1) a cyclically reduced word W in a and b is a generator of F(a,b)
only if all exponents of a in W are of the same sign, similarly for those of b; (2)
automorphisms preserve the set of conjugates of C*!.

If in the first of these cases there were such an automorphism ¢, then we could
solve for ¢(a) = aaabbV, with V = XC*?X~!. This right hand side cannot reduce
to have either of a or b appear to the same exponent sign throughout. Since an
automorphic image of a is a generator, this right hand side must not be cyclically
reduced. But this implies that there is an automorphism 1 such that
Y(a) = aabbaY C*2Y~!. Again, this cannot be reduced so as to have same sign
exponents of a nor b. Indeed, proceeding cyclically, we find that there can be no
such ¢.

In the second case, an initial automorphism allows us to consider the existence
of a ¢ with ¢(a?) = abbaCW, with W = X C*'X~1. But, if Wis not C~!, there can
be no reduction so as to produce a right hand side of same sign exponents in either
a or b. Hence, either ¢(a®) = abba, or this right hand side is not cyclically
reduced. Proceeding through all possible cyclic permutations, we find that ¢(a?)
must be equal to one of the cyclic permutations of abba.

Now, if some Z = w;U w; for letters w; and word U, then the reduced word of
72 is either w; U wow; U wy or wi U?wy. This latter case arises only if w; = wy . It
is easily checked that for the above choices, ¢(a®) cannot have the form of a
square. Hence, no such automorphism exists. O

7. Applications to the Markoff Spectrum

Recall from the discussion in Section 2.3 that A. Haas has shown that a closed
geodesic for the I'-metric corresponds to a Markoff value greater than 6 if and
only if the geodesic contains a loop about the puncture. We thus conclude the
following.

Lemma 7.1. Of all twice self-intersecting geodesics on I"\A#, only those
which are automorphic images of (i) A3 B2, (ii) A>BAB™" or (iii) A>2BA~2 B! have
Markoff values less than 6.

Our new examples of geodesics has led us to the following

Theorem 7.2. Let W(A, B) be a cyclically reduced primitive word in A and B of
positive exponents. Then the Markoff values of the images of W under the
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automorphisms of F(A, B) lie between \/S and 6. Furthermore, 3 is a limit value of
this set of Markoff values.

Proof. Since W(A, B) is a primitive word in A and B of positive exponents, it
clearly has no occurrence of the commutator of A and B within it. In particular, the
corresponding geodesic does not contain a loop about the puncture. Therefore
neither do any of the geodesics corresponding to automorphic images of W. But, by
the remark of Haas, this implies that the corresponding Markoff values are then at
most 6. It is well known that the minimum Markoff value is /5.

Let C=B"'A"'B~! and D=B"!. Then (C,D) is a generating pair for
F(A,B). In the I"-metric, C acts as Cz = [2; 2, z] and D as Dz = [1; 1, z]. Thus
words in positive powers of C and D correspond to (doubly infinite) sequences
whose entries are double 1s and double 2s.

The work of [5], [6] and [7] shows that there is a binary tree of isometries, so
called Dehn twists, generated by A and p; branching to the left is given by A which
replaces C by CD and fixes D, while branching to the right is given by p which
replaces D by CD and fixes C. Now, since the automorphism group of I" is
generated by X\ and p, the corresponding tree of images of W(C,D) is indeed
infinite.

Each of these images of W has a corresponding periodic sequence of double 1s
and double 2s; furthermore, as one penetrates deep into the tree, the sequences
have ever longer subsets which agree with the periods corresponding to the simple
geodesics. Thus, the images of W correspond to Markoff values approaching the
limit value of the Markoff values of the simple geodesics. But, this unique limit
value is well known to be 3. O

Corollary 7.3. The automorphism classes of (i) A3B* and (ii) A BAB™" have
Markoff values which admit 3 as a limit.

Proof. That A’B? meets the hypotheses of the Theorem is obvious. As to
A?BAB™!, we note that the automorphism given by (A, B) — (AB, B) converts this
to a word in positive powers of A and B. O

We now address the third class of “low height” twice self-intersecting
geodesics.

Proposition 7.4. The automorphic images of A2BA~2B~" have Markoff values
between 3 and 6. Furthermore, 6 is the unique limit value of this set of Markoff
values.

For typographical reasons, in what follows, we use X to denote the inverse of a
group element X.

Proof. The automorphism (A, B) — (DC,D), sends A2BA2B to (DC)*(DC)*.
We again restrict to the tree of images corresponding to repeated applications of
the automorphisms A and p as above. Let « be one of the resulting composite
automorphisms. That is, suppose a = x; - - - x,, where each x; is A or p.

By cyclically permuting, we replace (DC)*(DC)* by CDCDCDCD. We will
consider the effect of applying «. Using induction, it is not hard to verify that
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a(CD) = CWD where W is a symmetrical word in positive powers of C and D.
Therefore, (a(CD))™' = DWC.

Claim. For all o as above, «(CDCDCDCD) = CD - CWD - CD - CWD.

The proof is by induction on n, the “length” of «. It thus suffices to check
applications of A and p to words of the form indicated. Applying A, we have
Aa(CDEDEDCD) =\(CD - CWD - CDCWD)

=CD - CAN(W)DD - CD - CDX\(W)D. (7.1

Since Aa(CD) = A(CWD) = CDA(W)D, we find W), = DA\(W) and we are done
in this case. Similarly, applying p, we have

pa(CDCDCDCD) =p(CD - CWD - CD - CWD)

L 7.2
=CD - C*p(WD - CD - Cp(W)CD. 7-2)

But, W,, = p(W)C and our claim follows. o

We can now describe the transformation a(CDCDCDCD) as a continued
fraction. We have o(CDCDCDCD) = CD - CWD - CD - CWD. One easily checks
that

CDC(z) =[5;2,—1/z];

D(z) =—1/([1;1,-1/2));

eDC(z) = — 1/([5:2,2); 7:3)

D(z) =[1;1,4].
Since W is a word in positive powers of C and D, we also have
W(z) = lag;ai, - .., an,2]
where ag;ay,...,a, is a sequence of 1,1’s and 2,2’s. It follows that

W(Z) = “1/([anyan—l,~' . 7a0,_'1/Z])'
Using the symmetry of W we therefore have W(z) = —1/([an,an-1,---,d0,

—1/2)).

We now compose the various continued fractions to conclude that
o(C(DC)*DCD)(z) =CD - CWD - CD - CWD(z)
2[5;2,(10,(11, ceeyQp, 17 1’572aa0aa1a YY) 17 I,Z]-

(7.4)

The associated doubly infinite sequence of integers is & = (5,2,
ap,ai,...,an,1,1)*. Now recall that o(CD)=CWD and that this word
corresponds to a simple closed geodesic, whose Markoff value hence is a Markoff
number — one of a discrete set of values lying between v/5 and 3. Of course,
a(CD)(z) = CWD(z) = [2;2,a9,ay,...,an,1,1,2], of associated sequence
% = (2,2,a9,ai,...,an,1,1). It follows that the Markoff value of .« is exactly
the Markoff value of # plus 3. O
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Remark. 1t is likely that each of the above two classes which admit 3 as a limit
of their Markoff values actually admit this as their unique limit. However, we have
included only the above proof of this nature. O

We now discuss a property of possible arithmetic interest which differentiates
the two classes which admit 3 as a limit of their Markoff values. M. Sheingorn and
one of the authors has noted that many of the families of isolated values in the
Markoff spectrum correspond to geodesics which enjoy a special symmetry.
Briefly, A. Schmidt pointed out that every hyperbolic punctured torus admits a
unique Riemann surface which it double covers. The covered surface is a
punctured sphere with 3 points of ramification, each of order two. (Indeed, there is
an elliptic involution on the torus; dividing by the involution, we find the sphere.
The expected fourth point of ramification corresponds to the puncture itself.) In the
case of I", this punctured sphere is I'*\.#, where T is the normal subgroup
generated by all of the cubes in the full modular group. We call a closed geodesic
of this surface a bouncer if it passes through two of the elliptic fixed points of
order two. SHEINGORN [16] showed that the simple closed geodesics of I\ #
project to be bouncers; [14] shows that the proper singly self-intersecting
geodesics of [6] do as well; in fact, various infinite families of known isolated
values correspond to bouncers [14].

Of the twice self-intersecting geodesics, we now show that only those which
are images of A3B? are bouncers. It is known that I'® is generated by the three
elliptic elements, each of order two, with no non-trivial relations amongst them:

N T

It is easily checked that A = T, T,T1Tp and B = T, T;. Note that since each T; is its
own inverse, each of A and B is the product of two elliptic elements (elements of
trace 0) in I'3. This shows that the corresponding geodesics are indeed bouncers. It
is fairly straightforward to check that the automorphisms of I' preserve the set of
elements which are products of two elliptics of I'*. Thus, we can now write out
words for each of cases (c), (e) and (f) in terms of A and B, substitute to obtain
words in the T; and check. (There are perhaps more elegant ways to perform this
check, but the present manner is probably the most accessible.) For an explicit
member of this type, we have

A3B? = T\(To Ty To Ty ) To(Ty To Ty T2) To Ty (7.6)

Thus, by conjugating by T}, we see that the corresponding geodesic bounces from
the projection of the elliptic fixed point of 75 to that of Tj.
One easily checks the other classes, so as to conclude the

Proposition 7.5. Of the twice self-intersecting geodesics on I"\#, only those
which are automorphic images of A3B? project to geodesics of T°\A# which
bounce between two elliptic fixed points of order two.

Whereas [14] shows that each proper singly self-intersecting geodesic of [6] is
forced to have its point of intersection at one of the three pre-images of the points
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of ramification, it is not the case that these bouncing 2-self-intersectors have these
as their points of self-intersection. A quick calculation readily shows this for the
geodesic of A3B?.

Remark. We note that the results of even this section are quite strongly
independent of hyperbolic metric. A. Haas [9] showed that for any such metric, the
simple closed geodesics have a particular “height” as their limit. Similarly, for a
fixed hyperbolic metric, the property of a geodesic having a loop about the
puncture can be expressed in terms of a fixed height (basically, this is given by the
translation width at infinity of the corresponding group). Furthermore, the work of
M. SHEINGORN [16] indicates that a word corresponding to a geodesic with respect
to a fixed hyperbolic metric on a punctured torus which projects to a bouncing
geodesic on the punctured sphere double covered by the torus will have this same
property with respect to any hyperbolic metric. O

8. Final Comments

The techniques described in this paper can be used to obtain a classification of
curves with higher self intersection number than two on the punctured torus. The
analysis becomes more complicated because the number of cases increases.

It would be interesting to see if it is always the case that for a fixed n, the free
homotopy classes of self-intersection number n are distinguished by their
topological types (including complements).

Our results on the Markoff spectrum also lead to various questions. It would be
quite interesting were it the case that one of the automorphism classes would give
isolated Markoff values, as conjectured by Crisp and Moran for the proper single
self intersectors.
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Abstract. This paper deals with the inversive congruential method with power of two modulus m
for generating uniform pseudorandom numbers. Statistical independence properties of the generated
sequences are studied based on the distribution of triples of successive pseudorandom numbers. It is
shown that there exist parameters in the inversive congruential method such that the discrepancy of
the corresponding point sets in the unit cube is of an order of magnitude at least m~!/3. The method of
proof relies on a detailed analysis of certain rational exponential sums.

1. Introduction

Nonlinear congruential methods of generating uniform pseudorandom numbers
in the interval [0, 1) have been studied intensively during the last years. Reviews of
the development of this area can be found in the survey articles [2, 3, 5, 10, 13, 15]
and in the monograph [14]. These surveys indicate that particularly attractive
nonlinear congruential methods are based on multiplicative inversion in modular
arithmetic. The present paper concentrates on the important case of a power of two
modulus m = 2* with some integer w>4. Let Z, = {0, 1,...,n — 1} for integers
n>1, and write Z: for the set of all odd integers in Z,. For yo € Z, and
parameters a,c € Z:: with a =1 (mod 4), an inversive congruential sequence
(¥n)nso Of elements of Z,, is defined by

Y1 = ac’y;! + 2¢ (mod m),n>0,

where z~! denotes the multiplicative inverse mod m of z € Z);. A sequence (Xn)n>0
of inversive congruential pseudorandom numbers in the interval [0,1) is obtained
by x, = yn/m for n>0. It follows from [1] that these sequences are purely periodic
with the maximum possible period length m/2, i.e., {yo,¥1,-..,Ym/2)-1} = zy.
Equidistribution and statistical independence properties of the generated
sequences have been studied in [4, 7, 8, 11]. Statistical independence properties

1991 Mathematics Subject Classification: 65C10, 11K45
Key words: uniform pseudorandom numbers, inversive congruential method, statistical inde-
pendence, discrepancy of triples, rational exponential sums
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are very important in many stochastic simulations. They can be analysed based on
the discrepancy of tuples of successive pseudorandom numbers. For N arbitrary
points to, t;,...,ty_ € [0, 1)* the discrepancy is defined by

DN(t(),tl, ce. 7tN—l) = Sl;p |FN(J) - V(J)l,

where the supremum is extended over all subintervals J of [0, 1)¥, Fy(J) is N~
times the number of points among ty, t;, ..., ty_; falling into J, and V(J) denotes
the k-dimensional volume of J. In the present paper, lower bounds for the
discrepancy of triples of inversive congruential pseudorandom numbers are
established. The main results are presented and discussed in the third section. The
second section contains several auxiliary results.

2. Auxiliary Results

For real ¢, the abbreviation e(t) = ¢*™ is used, and u- v stands for the standard
inner product of u, v € R, First, a known auxiliary result is stated which follows
from [12, Lemma 1; 14, Corollary 3.17].

Lemma 1. The discrepancy of N arbitrary points to,ty,...,ty_1 € [O,l)k
satisfies

2N((m+1)" = DT, max (1, k)

Nile(h - ty)

n=0

DN(tO)tlv“,tN—l)?

for any nonzero lattice pointh = (hy, ..., k) € 7%, where ¢ denotes the number of
nonzero coordinates of h.

Now, for integers u, v,w a rational exponential sum is defined by

S(u,v,w;a,c;m) = Z e(c(uz + vaz™" + waz(2z + a)™")/m),
ez¥

where the parameters a,c,m belong to the underlying inversive congruential
generator. In the following, let w = 3v + p with suitable integers v>1 and
p € {0,1,2}.

Lemma 2. Let u, v, w be integers with v =2 (mod 4). Then
S(u,v,w;a,c;m) = Z e(c(ux +vax~' + wax(2x +a)”")/m)
er;'f,

Z e(c((u —vax~? + wa(2x + a) > + 2%y
yEZZu/~v

+2%a(vx™® — 2wa(2x + a)_3)y2)/2“"").
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Proof. Straightforward calculations show that

S(u,v,w;a,c;m)

Z Z E(C( +2"y)+va(x+2"y)

XEZZ” yGZZ“"‘"
+wa(x +2"y)(2x+a+ 2”+1y)”1)/m)

Z Z ( x+ 2uy) + va(x'l 2”x—2y + 22Vx—3y2 _ 23ux—4y3)

x€Zy, yelyu—v
walx+2%) (26 +a) " =27 (2x 4+ ) Py + 2242 (2x + @) y2) m)

= Z Z e(c(u(x +2Yy) +va(x~! = 2"x72y 4 22x3y?) 4 23y

veToy yeTr
+wa(x(2x +a)”' +2"a(2x + a) %y — 22 Ma(2x + a)_3y2))/m)

=D e(C(ux +vax~! + wax(2x + a)—l)/'")

x€Zy,

. Z e(c((u —vax™? + wa*(2x 4 a) 7> + 22 1)y
yEZZw~V

+2%a(vx™> = 2wa(2x + a)_3)y2)/2“’”"),

which is the desired result. O
For any parameters a, m in the inversive congruential method, a set R(a, m) of
integer triples (u,v,w) is defined by
R(a,m) = {(u,v,w) € Z*|u = 1 (mod 2),v = —2uaz’ +2**! (mod 2*7"),
w=—u(2z+1)’ (mod 2°7),z € Z% ..},

which plays a crucial role in the following analysis.

Lemma 3. Let (u,v,w) € R(a,m) with a corresponding integer z € Zj.,..
Then

u— vax % + wa*(2x 4+ a) "> 4+ 2%+1
= 2u(x — az)* (2% + 2a(2z + 1)x + a%2) (22 + ax) > (mod 2*7Y)
and
2%a(vx™3 — 2wa(2x + a) ) = 2" ua* (x — az)
(1222 + 62+ 1)x% + az(6z + 1)x + a*2) (2% + ax)™> (mod 27)
forall x € Z5,.
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Proof. It follows at once from (u,v,w) € R(a,m) that
u —vax? + wa®(2x + a) "% + 224!
=u(l+26°x7%2 — a®(2x +a) 22z +1)%)
u((2x + @) + 2a*(2x + a)’2 — a2 (22 +1)*) (2% 4+ ax) ™2
= 2u(2x* + 2ax° — 3a’2(22 + 1) + 4a°2x + a*2) (2 + ax)
= 2u(x — az)* (2% + 2a(2z + 1)x + a*2) (2x* + ax) % (mod 2*7")

and
2Ya(vx> — 2wa(2x + a) ™)
= 2"Mua (P (22 + 1)° — (2x+ a)°22) (22 + ax) >
= 2" ua® (x — az)((122% + 6z + 1)x* + az(6z + 1)x + a*2%)
(22 +ax)™? (mod 2¥7Y)
for x € Z;,. O

Lemma 4. Let (u,v,w) € R(a,m). Then
|S(u,v,w;a,c;m)| =277
for any parameter c € 7).

Proof. Let z € Z},,-, denote an integer corresponding to (u,v,w) € R(a,m).
For any fixed integer x € Z;, let £€{1,2,...,v+ 1} be defined by
ged(x — az, 2”“) = 2¢. Since u = 1 (mod 2), 2x> + 2a(22 +1)x+a?z=1 (mod
2), and (1272 +6z+ 1)x* +az(6z+ 1)x +a*z> =1 (mod 2), it follows from
Lemma 3 that

gcd(u _ vax—Z + waZ(2x+a) + 22u+l yw- u) 2m1n (26+1,w-v)

and

ng(2’/a(Vx-3 — 2wa(2x + a)—3)’ 2w—u) — 2min(u+§+1,w_u).

Ifé<v-—1,then2{ + 1 < v+ ¢+ 1<w — v, and therefore [6, Lemma 6] implies
that

Z e(c((u — vax™% + wa(2x + a) 2 4+ 22*1)y

yEZyo-v
+2%a(vx™3 — 2wa(2x + a)*)y?)/2° ) =0
Ifé=v,then2l+1=v+&+1=2v+12w— v — 1, which implies that
Z e(c((u — vax? + wa?(2x + a) 2 4+ 22ty

yEZw—u

+2%a(vx™> — 2wa(2x + a) ?)y?) /2 7Y) = 2¢7Y;
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ifé =v+1,then26 +1 > v+ €+ 1>w — v, which yields the same result. Since
there exists exactly one x € Z’z", with x = az (mod 2%), i.e., £=v, it follows from
Lemma 2 that

|S(u, v, w;a,c;m)| =247

for any parameter ¢ € Z,\. O

3. Main Results
Subsequently, triples X, = (X, Xnt1,%n42) € [0, 1)3 of inversive congruential
pseudorandom numbers are considered, and the abbreviation

DS)Z = Dm/Z(XO,Xl) e ,X(m/2)_1)

is used for their discrepancy. For any parameters a, m in the inversive congruential
method, let

r(a,m) = min {juvw| € Z|(u,v,w) € R(a,m)},

where the set R(a,m) is defined as in the second section. In the following, it will
still be assumed that w = 3v + p with suitable integers v>1 and p € {0,1,2}.

Theorem. The discrepancy ij/)z of triples in the inversive congruential
method satisfies

D(3) g u/3

m=1/3
m/27 (w2 4 37 + 3)r(a, m)

for any parameters a,c € Z), with a =1 (mod 4).

Proof. First, Lemma 1 is applied with k =¢ =3 N =m/2,t, =x, for
0<n <m/2, and h= (u,v,w) € 7%, where (u,v,w) € R(a,m) with |uvw|=
r(a,m). This yields

3) 1 (m/2)—l
p® > h-x,).
m/2Z (72 ¥ 37+ 3)r(a,m)m Z:o e(h-x)

Now, it follows from X, = (Yn, Ynt1,Ynt2)/M,Yns1 = acty;! +2c (mod m), and
Yni2 = ac(acy;! + 2)_1 + 2¢ (mod m) for n>0 that

(m/2)-1 (mf2)-1
Z eth-x,)| = Z e((uyn + vac*y; " + wac(acy;' +2)7")/m)
n=0 n=0

= Z e((uy + vacty™" + wac(acy™ +2)7")/m)|,
yez,

where in the last step {yo,y1,---,Y(m/2)-1} = ZY has been used. Finally, the
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transformation y = ¢z (mod m) and Lemma 4 imply that

(m/2)—1
Z e(h-x,)| = Z e((ucz +vacz' +wac(az' + 2)—1)/m)
n=0 z€Z;,
= |S(u,v,w;a,c;m)| =247V = 243m?3,
This yields the desired result. O

Corollary. Let p be an integer with p = 1 (mod 4) and |p| < 2772, Then the
discrepancy p® )2 of triples in the inversive congruential method satisfies
3) ou/3

D > -1/3
m/2Z 2w + 3n +3)jp]

for any parameters a,c € Z:: with a = p + 2% (mod 2477 1).

Proof. First, observe that the integer triple (u,v,w) = (1,2p, 1) belongs to the
set R(a,m) (with corresponding integer z=2“"*"! —1). This implies that
r(a,m)<2|p|. Now, the desired result follows at once from the Theorem. O

The results above show that in the inversive congruential method with power of
two modulus, there exist parameters a such that for all parameters c¢ the
discrepancy of triples is of an order of magnitude at least m~!/3. This order of
magnitude is too large compared with the asymptotic behaviour of m/2 true
random points in [0,1)* which have a discrepancy of about m~'/2. Finally, it
should be observed that all lower bounds remain valid for the discrepancy of
k-tuples with k>4, since their discrepancy is at least as large as the discrepancy
of triples.

References

[1] EicHeNAUER J, LEnN J, TopuzoGLu A (1988) A nonlinear congruential pseudorandom number
generator with power of two modulus. Math Comp 51: 757-759
[2] EicHENAUER-HERRMANN J (1992) Inversive congruential pseudorandom numbers: a tutorial. Int
Statist Rev 60: 167-176
[3] EicHENAUER-HERRMANN J (1995) Pseudorandom number generation by nonlinear methods. Int
Statist Rev 63: 247-255
[4] EicHENAUER-HERRMANN J (1996) Equidistribution properties of inversive congruential pseudoran-
dom numbers with power of two modulus. Metrika 44: 199-205
[5] EicHENAUER-HERRMANN J, EMMERICH F (1995) A review of compound methods for pseudorandom
number generation. In: [9], pp 5-14
[6] EicHENAUER-HERRMANN J, NIEDERREITER H (1991) On the discrepancy of quadratic congruential
pseudorandom numbers. J Comput Appl Math 34: 243-249
[7] EicHENAUER-HERRMANN J, NIEDERREITER H (1992) Lower bounds for the discrepancy of inversive
congruential pseudorandom numbers with power of two modulus. Math Comp 58: 775-779
[8] EicHENAUER-HERRMANN J, NIEDERREITER H (1993) Kloosterman-type sums and the discrepancy of
nonoverlapping pairs of inversive congruential pseudorandom numbers. Acta Arith 65: 185-194
[9] HeLiexkaLek P, LArcHER G, ZINTERHOF P (eds) (1995) Proceedings of the 1% Salzburg Mini-
symposium on Pseudorandom Number Generation and Quasi-Monte Carlo Methods. Vienna:
Austrian Center for Parallel Computation
[10] L’Ecuyer P (1994) Uniform random number generation. Ann Operations Res 53: 77-120
[11] NeEperrerreR H (1989) The serial test for congruential pseudorandom numbers generated by
inversions. Math Comp 52: 135-144



Discrepancy of Inversive Congruential Pseudorandom Numbers 217

[12] NieperrerteR H (1990) Lower bounds for the discrepancy of inversive congruential
pseudorandom numbers. Math Comp 55: 277-287

[13] NieperrerreR H (1991) Recent trends in random number and random vector generation. Ann
Operations Res 31: 323-345

[14] NieperrerreR H (1992) Random Number Generation and Quasi-Monte Carlo Methods.
Philadelphia: SIAM

[15] NieperrertTER H (1995) New developments in uniform pseudorandom number and vector
generation. In: NiEDERREITER H, SHIUE PJ-S (eds) Monte Carlo and Quasi-Monte Carlo Methods
in Scientific Computing. Lecture Notes in Statistics 106, 87-120. New York: Springer

J. EICHENAUER-HERRMANN H. NIEDERREITER
Fachbereich Mathematik Institut fiir Informationsverarbeitung
Technische Hochschule Osterr. Akademie der Wissenschaften
SchloBgartenstrafie 7 Sonnenfelsgasse 19
D-64289 Darmstadt A-1010 Wien

Germany Austria






Mh. Math. 125, 219-227 (1998) Montshefte fiir

Mathematik

© Springer-Verlag 1998
Printed in Austria

Inequalities Involving Integrals of
Polar-Conjugate Concave Functions

By

M. Meyer, Marne-la-Vallée, and S. Reisner, Haifa

(Received 9 April 1996; in revised form 9 September 1996)

Abstract. An inequality of K. Mahler, together with its case of equality, due to M. Meyer, are
extended to integrals of powers of polar-conjugate concave functions. An application to estimation of
the volume-product of certain convex bodies is given.

Introduction

In [2] (1939), K. MaHLER established a lower bound to the product of the area
of a plane convex figure by the area of its polar convex figure. The case of equality
in Mahler’s inequality was established much later by M. MEYER [3]. Using a
symmetrization argument, it is shown in [3] that Mahler’s inequality is equivalent
to

Theorem A (MAHLER, MEYER). Let f be a concave non-negative function
defined on [—a,b],a,b > 0, and for s € [—1 1] define

a’b
N 1 — st
! (s)—re[lng,bl f@e) -
Then
b 1/b 27
*
j_afmdt L/af (5)ds> 27 (+)

Eqdm;lityémlds if and only if f is affine and either f(—a) = 0 and § = 2 or f(b) = 0
and 2 = 2.

The main result of this paper (the ‘Theorem’) is an extension of Theorem A. In
this extension the inequality () is replaced by an analogous inequality, in which f
and f* appear in a power n, where n is any positive integer, instead on n = 1 in ().

The motivation to deal with such an extension, which is of interest for its own
sake, was its connection to the well-known conjecture concerning the so called
‘inverse Santal6 inequality’ (see the remark preceding Corollary 1). A certain
contribution to the knowledge concerning this conjecture is given in Corollary 1,
using the main result.

1991 Mathematics Subject Classification: 52A20, 52A40
Key words: convex bodies, inverse Santald, concave functions
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Proposition 1. Let f be a concave non-negative function on [0,a] such that
f(0) = 1, and suppose that for some v=0, f(t) <1+ vt for every t € [0, al. Then

Fo) = (1 (o v |0 e

is a decreasing function of p € [0, +o0|.

Proof. We may assume that a = 1. Setting g(¢) = u({f > t}) (u is the
Lebesgue measure), we have g(0) =1 and g is concave non-negative and
decreasing on [0, M], where M = max {f(¢); t € [0,1]} <1+ v, and satisfies:

t—1
v

g(r)<g(1) - (1)

(this last condition corresponds to f(¢) <1 + vt). We have, for p > 0,
1/(p+1)

F(p) = (1 +(p+ 1)pv JOM g(t)tp-ldt)

By (1) and by continuity, there exists ¢ € [0, 1] such that the function A which
is defined by: A(t) =1~ (1 —c)t for t € [0,1] and h(t) = (¢ — (t — 1)/v), for
t € [1,+o0[, is concave on its support and satisfies;

M 00
J g()tP~ldt = J h(t)tP~ds. (2)
0 0
It follows that g >h on some interval [0,b] and g<h on [b, o0|. For ¢ =0, let
+00

0a) = | (sl0) = )

Observe that ¢,(0) = ¢4(+00) =0, and that for some m>0,¢;(u) =
(h(u) — g(u))ud is negative on [0,m] and positive on [m,+oo[, hence ¢, is
negative on [0, + oo[. Therefore, for n>p we get:

roo gy 'dt = (n—p) J+OO g(t)r! (J; u"””“du) dt

0 0

=(n—p) rw (J " g(t)t”_ldt> u" P du

0 u

3)

+00

<(n-p) JO ()@~ (L: u"“”'ldu) dt
_ Lm h(r)"dr.

Now, for any r>1, we have

o i _(vc+1)'+1—(vc+1)+v
Jo h(e)™ dr = vr(r+1)
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Thus, (2) and (3) give

F(p) = ((ve+ 1" —ve+0)®) and  F(n)<((ve + )™ = ve 4 v)V/*D,

Setting C = vc + 1>1 and d = v — vc =0, the inequality F(n) < F(p) follows
from the fact that the function

¥ — (Cx +d)1/x = exp (11(_6%‘1))

is decreasing on [1, +oo[. This is clear, because setting C* = y, the function
In(y +d)
Ly
In(y)
is decreasing on [1, +ool. O

In [1], H. ArLzer proved an integral inequality for concave functions. The
following Proposition 2, though formally not a special case of this inequality, can
be proved using a similar proof. For the sake of completeness we bring here its
proof, which is adapted from [1].

Proposition 2. Let f be a concave non-negative function on [a, b|, then we have

b b
w+Ujﬂmﬁ>WMJf“0W+u-@ﬂ@)

a

for every x € [a,b] and every n>1.

Proof. By uniform approximation we may assume that f is differentiable. By
concavity we have for all x,7 € [a, b]

fE <)+ (x=0f (1)
Multiply both sides of the last inequality by f(r)"~" and integrate. This gives
b b 1 ,
1) | ot war< | e {x- 00 o

integration by parts gives

b

b
ju—»quw:u—wﬂm—u—@ﬂwry[ﬂmw

b

s—u—avwm+jf%mn

a

The last two inequalities taken together, prove the required inequality. O

Let f be a concave non-negative function defined on [—a, b], a,b > 0 and let
u € [—a, b] be such that max, ¢ _q 4 f(t) = f(u) = M. For s € [-1 1] define
1 —st
)=

inf .
te(-ab] f(f)
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Then it is easy to see that
1-— 1
fi 0, - 4
£56) = i, S mewwse[,b] @)

)= for every s € [——(1;, ]

inf L=
te["av"] f(t) ’
Moreover, f* is concave on [—1 1] and satisfies:
1 11

* 1 " —us
=— el =2
£7(0) ¥ and f7(s) 7 for every s € =

The duality between the concave functions f and f* is in fact an expression of
a geometric polar-duality: Let C be a convex figure in R? which contains the origin
in its interior and is symmetric about the x-axis. Then C may be represented as

C={(xy); x € [~a,b], ly|<f(x)}

where f is as above. In this representation, the polar (about the origin) convex
figure C* turns out to be

C* ={(x,y); x€ 1,4, bI<f*(x)}

and f* is defined as above.
Thus, the following theorem is, in a sense, a ‘“power-n”’ extension of Mahler’s
inequality for the area-product of polar-conjugate convex figures (cf. [2], [3]).

Theorem. Let f be a concave non-negative function defined on [—a,b],
a,b > 0 and for s € [-1, 1] define

)=

inf L%
t€[—a,b] f(t) ’

Then, for every integer n=0

(] o) ([ oo 222

Equality holds if and only if f is affine and either f(—a) =0 and § =n+1 or
f(b)=0andb=n+1.

Proof. Let u be as above, we may assume that M = f(u) = max, ¢ [—q,5f(t) =
= 1. For n>0, we define the numbers a,, a,, by, 5, by

b u
—_—(n+1)J FOVdt, an=(n+1) J_a £y,

1/b 0
m=m+anwwm m=m+n£vﬂm%

(not that By =1 and by =}).
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By Proposition 2 we have for n>1:

an > f(t)an—1 + (t —u), foreveryt € [u,b] (5)
an = f(t)ay—1 + (u—1t), foreveryt € [—a,u] (6)
b= f*(s)buy +s5, for every s € [0,1] (7)
Bu=f¥(5)Bar —s, foreveryse[-1 0] (8)
It follows that
a1/ (1) L < 1, for every t € [u,b]

a,+u a,+u
an-1£(1) 4 —t
Op—U  p—U
which gives, by the definition of f*,

f*( ! )2 ik f*( —1 )> On-1
a, +u a,+u Qp — U Qp— U

Using the inequalities (7) and (8), we get for every n>1

<1, foreveryte€ [—a,u]

bn(an + u)>an—lbn—l +1 and IBn(an - u)>an—lﬂn—l +1 (9)
hence
n—1bn—1 + 1 n—108n—1 + 1
an?%_u and an?e%i_ﬂ,

Adding these last inequalities together, we get

1 1
(@ + an)(oa-+ 80> (b + 5 5@t 1)),
For n>2, the inequalities (9), applied to n — 1 instead of n, become;
an—lbn—l ?an—an—Z - ubn—l and Oln—l,gn—l > an~2ﬂn—2 + u,Bn—l
and, by induction, we get

ay_1by_1=apbg +n—1-— u(b1 + -+ bn_l)

(an 1bn l+])+

and

n1Bp-1Za0fo +n—14+u(Bi + -+ Bazi)-
It follows that

(an+an)(bn+ﬂn) (b +ﬁn)

1 n—1
(aobo +n—u Z bp>

p=1

n—1
ﬁ (aoﬂo+n+u2[3p)}

1
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But since ag = b — u, b0=%, ag=a+u, ,80=é,wehaveaob0:1—ub0 and

apfo = 1 4+ uBy, so that
n—1
(n +1- Z b,,)
p=0

ﬂln (n+1+u2ﬂp)]

p=0

(an + ) (bu + Bn) = (bn + Ba) |-

or, setting f, = %,

tn+1 n—1 n—1
(an + an)(bn + Bn) = [tn(n+l—u2bp>+n+l+u2ﬂp]
n p=0

p=0

] [(n+ 1)(tn + 1)+u(§ By —ta ni b,,)].
n p=0 p=0
(10)

We may assume that ¥ >0 (the other case is treated analogously). Assuming
this we claim that

ta(n + +u<Zﬂp—thb) Zﬁ,, (11)

p=0

In fact, for 0<p<n we have 8,< /3, and b, <b,. Also,

b,,g%[l— (1—%)"“], (12)

hence, ub, <1 with equality only if u = b. We therefore have

(1 — uby) zn: Bp<(n+1)B,(1 — ub,) <, (n+ 1—u z": b,,).
p=0 p=1

Hence
n n n—1
Z Bp < ubn Z 5p+ﬁn(n+ 1—u Z b,,—ub,,)
p=0 p=0 p=0

_ub Zﬁp—uﬁnzb +/8n(n )

p=0

(13)

Dividing the inequality (13) by b,, we get (11) and

[ +1+b Zﬂp}— J:t Zn:(1+§’3>. (14)

p=0 p=0 "

(an + an)( + ﬂn
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As u< bl we have (since we assume M = 1) for 1<0:
n

1
f*(t)Sl—utSl—b—t.

n

Hence, by Proposition 1,

1/p+1 1/n+1
(1+%> ><1+—§ﬁ> = (1 4 1,)"/""! (15)

and the right-hand side of (14) is not less than

1 t n 1 t n+2/n+1
+ Z(l+tn)p+l/n+1: ( + )

T (16)
" = (1+18)""" -1
Substituting s = (1 4 £,)"/®" this is
n+2 2 n+2
> > (n+2) (for s > 1), (17)

S—l/(n+1)n+1

thus the inequality is proved.

The case of equality: It is easy to check that if f satisfies the conditions at the
end of the Theorem, equality holds. Suppose, on the other hand that we have
equality. We may assume, as before, that u >0. Since we have used (12), it follows
now that u=»b =b-! for all 0< p<n. This means, in particular, that f is
increasing on [—a, b]. So, by (4), f* satisfies

ff=1-bton[0,} and f*<1-bton[-1, 0] (18)

Equality in (15) means, in particular, that

1/p+1
(1 + %) = (1+b8,)"7"!

is constant for 0<p<n. Using this together with (18) we get

b ;
1+E=1+bﬁ0:(1+b/3,)5

0 }
= (1 +2b[ ‘f*(t) dt>

b
<(1+2b

—-bt)dt| =1+-.
(1 t)) +a

1
a

Hence, f* = 1 — bt in the whole interval [—1, 1] and f is affine as well, with
f(—=a) = 0. Equality in (17) is obtained only for

tn = ("J’Z)M—l. (19)

n+1
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Equating the value of #, in (19) with the value of f, = b3, computed with
fX@)=1-btwegett=_L. O

It is clear that no finite upper bound which is independent of f exists for the
product of integrals of the Theorem. However, by an appropriate translation we
have the followmg observation. Here f,(t) = f(¢ — x) and for the sake of brevity
we denote (f;)* by £¥. We denote the volume of the Euclidean unit ball in R” by x.

Proposition 3. Let f satisfy the conditions of the Theorem. Then there exists a
point xo €| — b, a[ such that

(1 o)

—a-+xgy

(£ (s)" d) X;;‘, (20)

with equality if and only if the graph of f is the upper half of an ellipse (with an
axis on the line {y = 0}).

The proof of Proposition 3 is outlined right after the proof of the coming
Corollary 1. We only remark here that the point x( is defined by the property that

b+x0
(f3(s))"s ds =0
—a+x0
and also that the first integral on the left hand side of (20) does not depend on xy.
We also make the remark that, combining the Theorem and Proposition 3, we
get the estimate:

<ot ([ (o a) (j_

“atxg

(f ()" dS> <g(n),

where h(n) tends to e and g(n) tends to 2, as n tends to infinity.

Let K be a convex body (i.e. a compact convex set with non-empty interior) in
R", containing the origin. Let K* denote its polar body with respect to the origin.
If K is any convex body in R" and z € int K, we denote K* = (K — 2"

It is well known (cf. [6] and also [7]) that there exists a unique point 2y in int K,
called the Santalo point of K, such that

vol,(K®) = Zg}xil?K vol,(K?).

With this zp we denote
P(K) = vol,(K)vol,(K®).

P(K) is an affine-invariant parameter associated with K. A famous open problem is
whether P(K) is minimal for (and only for) K = ¥, the n-dimensional simplex.
For a restricted family of convex bodies (‘bodies of revolution’ in a certain sense)
we have the following result:

Corollary 1. Let K be a convex body in R" and u € S"'. For t € R let
K(t) = {x € K; (x,u) =t}, and I = {t € R;vol,_(K(t)) # 0}. Assume that there
is a fixed convex body L C {x € R"; (x,u) = 0} and v € R" with (u,v) = 1, such
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that 0 is the Santald point of L and, for all t € I, K(t) — tv = f(t)L, for some
£(t) > 0. Then
P(Zn)

P(K)> mP(L),

where ¥, is the n-dimensional simplex.

Proof. It is clear that the Santal6 point of K lies on the line {tv;7 € R} and we
may assume that it is the origin, so that O € I. It is routine to check now that K* is
constructed in the same way as K, replacing L by L* (in R"~!) and f by f*. We get:

P(K) = <L f(t)”_ldt) ( L* f*(:)"“d:) P(L)

and use the Theorem. |

Proof of Proposition 3. Given f we construct in R*™! a convex body K similar
to the one in Corollary 1, with K(¢) congruent to f(¢)B} (B} being the Euclidean
unit ball R"). We use the Blaschke-Santal$ inequality, together with the case of
equality (cf. [6] [5] and [4]). [

For a convex body K in R", and u € "', a Schwarz rounding of K about the
direction u is any translate of the convex (by Brunn-Minkowski) body K for which
for all t € R, K (1), if it is not empty or a single point, is an (n — 1)-dimensional
Euclidean ball and vol,_;(K(f)) = vol,_;(K(t)). A special case of Corollary 1 is:

Corollary 2. Let K be a convex body in R". For any Schwarz rounding K of K
we have

B (n+ 1)n+l .
P(K)> — 5 Xa-1-
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Abstract. We study radicals which coincide on artinian rings with Jacobson semisimple rings or
equivalently with von Neumann regular rings. Exact lower and upper bounds for strong coincidence
are given. For weak coincidence the exact lower bound is that for strong coincidence. We determine
the smallest homomorphically closed class which contains all radicals coinciding in the weak sense
with the von Neumann regular radical on artinian rings, but we do not know even the existence of the
upper bound for weak coincidence. If a radical + coincides with the von Neumann regular radical on
artinian rings in the strong sense, then y(A) is a direct summand in A for every artinian ring A.

1. Introduction

Divinsky [1] localized the position of radicals which are nilpotent on artinian
rings, in other words, which coincide with the Jacobson radical and with the Baer
(prime) radical 3 on artinian rings in the strong and in the weak sense. In this note
we shall deal with the dual problem, and determine all radicals v which coincide
on artinian rings with the Jacobson semisimple rings. As is well-known, the
Jacobson semisimple artinian rings are exactly the von Neumann regular artinian
rings, and the maximal von Neumann regular ideal 2(A), called the von Neumann
regular radical, of an artinian ring A is again a Jacobson semisimple artinian ring,
and so a direct summand in A. Thus from a structure theoretic point of view it is of
interest to determine the radicals 7 for which y(A) = 2(A) for artinian rings A,
that is, those radicals which coincide with 2 on ./ in the strong sense. The main
features are:

i) exact lower and upper bounds for strong coincidence with 2 on &/ are given,

ii) for weak coincidence of a radical v with 2 on ., that is, for
YN = 2N the exact lower bound is that for strong coincidence; we give
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Key words: subidempotent and hypoidempotent radical, lower radical, hereditarily idempotent
ring, artinian ring.
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the smallest homomorphically closed class which contains all such radicals 7 but
we do not know even the existence of the exact upper bound of such radicals.

iii) neither the largest subidempotent radical # nor the largest hypoidempotent
radical .# are exact upper bounds for the coincidence with 2 on &/; # is too
small, . is too large,

iv) the exact lower bound does not contain the radical class of all strongly
regular rings,

v) if a radical «y coincides with 2 on . in the strong sense, then y(A) is a direct
summand in A for every artinian ring A, and (A) is a finite direct sum of matrix
rings over division rings.

In the sequel, for the sake of convenience, we shall determine the radicals ~y
which coincide with # on artinian rings, and we shall see that they are exactly
those which coincide with the von Neumann regular radical 2 on artinian rings
(cf. Corollary 9 and Theorem 15).

2. Preliminaries

In this note only associative rings and Kurosh-Amitsur radicals will be
considered.

We remind the reader that a radical class <y is said to be hypernilpotent
(hypoidempotent), if -y contains all nilpotent rings, (consists of idempotent rings,
respectively). A hereditary hypernilpotent radical (hereditary hypoidempotent
radical) is called a supernilpotent radical (a subidempotent radical). As usual, &
will denote the semisimple operator designating the class

S~ = {all rings A |v(A) = 0}

to each radical +y. The letter .# will stand for the lower radical operator assigning
to every homomorphically closed class x of rings the smallest radical class ¥y
which contains x.

We say that two radical classes v and 6 coincide on a class € of rings in the
weak sense, if yN% = 6§ N €, and that v and 6 coincide on € in the strong sense,
if v(A) = 6(A) for every ring A € €. Coincidence in the strong sense implies
coincidence in the weak sense, but not conversely (see Lemma 28 and Example 6
in [2]). However, if the class € is hereditary, then coincidence in the strong and
weak sense are the same. Strong coincidence of radicals means weak coincidence
of the corresponding semisimple classes, as seen from the following

Proposition 1. Let € be a homomorphically closed class of rings. For two
radicals vy and 6 the following conditions are equivalent:

(i) yand 6 coincide on € in the strong sense,

(i) ¥YyNE =FLINE.

Proof. (i) = (ii) Suppose that A € &y N ¥. Then by (i) we have 0 = y(A) =
= §(A). Hence A € 6N € holds, proving the containment YyNE C LO6NE.
The opposite inclusion can be proved similarly.

(ii)) = (i) Let A € ¥. Then we have

6(4)/(6(4) NY(A)) = (6(A) +(4))/+(A) 1A/v(A) € S¥NE = SN S,
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which implies
5(A)/(8(A) N(A)) =0,
that is, 7(A) C 6(A). Analogous reasoning yields the opposite inclusion.

Remark. The assumption that % is homomorphically closed, was used only at
the implication (ii) = (i).

In the sequel we denote the class of all artinian rings by .. The Baer (prime)
radical will be denoted by 3, 2 and # will stand for the radical classes of all von
Neumann regular rings and of all hereditarily idempotent rings, respectively. More
on radical theory can be found in the books [2], [3] and [5].

3. Exact Lower Bound
We start with
Proposition 2. A hereditarily idempotent artinian ring is isomorphic to a finite

direct sum of matrix rings over division rings, and conversely. In symbols:
HNA =SFBNA. The class 3N A is hereditary, and hence so is # N <.

Proof. The Baer radical of an artinian ring is nilpotent. Hence a hereditarily
idempotent artinian ring has to be Baer semisimple, and so the Wedderburn-Artin
Structure Theorems infer the assertions.

Next, we determine the exact lower bound of radicals coinciding with J# on
artinian rings in the weak sense.

Proposition 3. The lower radical £ of the class u of all matrix rings over
division rings coincides with 3 on </ in the weak sense.

Proof. i C # implies Ly C # andalso PuNoL C A NAL A A NA,
then by Proposition 2 it follows that A € LN /. Thus LuNof = # N .o has
been established.

Proposition 4. If yN .o/ = # N for a radical v, then L C 7.
Proof. We have
pCHNA =yNAd Cr,
whence Zu C ~.

Proposition 5. The lower radical ¥ . of the class p of all matrix rings over
division rings is the unique smallest radical which coincides with 3 on </ in the
weak sense.

Proof. Trivial by Propositions 3 and 4.

Let us recall that # is the largest homomorphically closed subclass in the class
of all semiprime rings, and hence a radical class ~y consists of semiprime rings if
and only if v C #.
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Proposition 6. If v is a radical satisfying v(A) € # forall A € o, then v(A)
is a Jacobson semisimple artinian ring and hence a direct summand in A for each
Ac .

Proof. Denoting the Jacobson radical of A € o/ by J(A), we have
Y(A)NJ(A) € #(A)NJ(A) =0,
because the intersections are both idempotent and nilpotent. Hence we get that
v(A) = v(A)/(v(A) NJ(A)) = (v(A) +T(A))/J(A) <A/J(A),

and A/J(A) is a Jacobson semisimple artinian ring. Consequently also y(A) is
Jacobson semisimple and artinian, whence y(A) has an identity, and so y(A) is a
direct summand of A.

Proposition 7. The lower radical £ is the unique smallest radical which
coincides with # on o in the strong sense.

Proof. Since L C #, the relation Lu(A) C #(A) is true for every ring A.
Let A be an arbitrary artinian ring. Then applying Proposition 6 for the radical
~v = #, we get that #(A) is an artinian ring, and so by Proposition 2 it follows
that #(A) is contained in the class #u, whence #(A) C Lu(A). Thus Lpu
coincides with 5 on . in the strong sense. Since by Proposition 5 #p is the
smallest radical coinciding with 5 on ./ in the weak sense, by the above
statement .1 must be also the smallest radical which coincides with # on &7 in
the strong sense.

Theorem 8. Let v be any radical such that £ C v C #.Then~y coincides
with # on o in the weak sense as well as in the strong sense.

Proof. The statements are immediate consequences of Propositions 5 and 7.

Corollary 9. The von Neumann regular radical 2 coincides with # on o/ in
the strong sense.

Proof. Since L& 2% #, the assertion follows from Theorem 8.

Example 10. The class A of all strongly regular rings, (that is, a € a*A for all
a € A), is a subclass of 2 and a subidempotent radical. Since a strongly regular
simple ring is a division ring, it follows £u Z A"

Of course, a radical 7 satisfying £ u C v C 5 need not be subidempotent, as
seen from the following

Example 11. Let V be a (countably) infinite dimensional vector space over a
prime field F, and let T denote the ring of all finite valued linear transformations of
V. As is well-known, T is a simple ring without unity, (cf. [2] Example 11). The
ring A built on the cartesian product T x F with componentwise addition and with
the multiplication

(t,a)(s,b) = (ts+ tb + as,ab), Vt,s€T;a,beF

has obviously the following properties:
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i) A contains a unity element, namely (0,1);
i) T = {(¢,0),t € T} <AandA/T = F;
iii) the ideals of A are 0, T and A.

Let us consider now the class ;1 U {A} which is clearly homomorphically closed.
As one readily sees, the lower radical ¥ (p U {A}) contains A but does not contain

T. Moreover, & L (nU{A}) & #, and L (U {A}) is not a hereditary, hence
not a subidempotent radical.

4. Upper Bounds

The radical class .# of all idempotent rings is an upper bound of those radicals
which coincide with # on ./ in the weak sense, although .# does not coincide
with # on 7 in the weak sense.

Proposition 12. If a radical vy coincides with # on < in the weak sense, then
v is a hypoidempotent radical.

Proof. Suppose that ~y is not hypoidempotent. Then there exists a ring A € «
which is not idempotent, and hence B = A/A%? € vy and B # 0. The ring B is a
subdirect sum of subdirectly irreducible zero-rings which latter are zero-rings
Z(p*) for some k=1,2,...,00, on cyclic (or quasi-cyclic) groups. Thus
Z(p*) € yN.of for at least one k, though Z(p*) is not idempotent. This shows
that v N ' ZH# N o, a contradiction.

Note that in the proof we needed only the fact that the class v is
homomorphically closed.

Proposition 13. The class ¥ of all idempotent rings does not coincide with #
on o in the weak sense.

Proof. The ring of integers modulo 4 is an example for an artinian ring which is
in .# but not in #. This proves # N/ &S N .

Propositions 12 and 13 infer

Corollary 14. If a radical 7y coincides with # on < in the weak (or strong)
sense, then 'y%f .

In what follows, we shall position the radicals which coincide with 5 on .7 in
the weak sense, and give the exact upper bound for strong coincidence. For this
purpose, let us consider the class

B={Aec A |0#BaAimpliesB¢H} = A NSLH
which by Corollary 9 and Proposition 1 coincides with
B={A€oA|0#BaAimpliesB¢2} = o4 N FI.
Theorem 15. The class
%% = {all rings A |A has no nonzero homomorphic image in %}

is the largest homomorphically closed class of rings for which UBN A =
=HNA.
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Proof. By definition we have
UBNA =UANSLHAVNA =US A NA =HNA.

Let v be any homomorphically closed class such that YN/ = # Nf. If
A€~vyand A/l € yN A, then

AlleyNB=yNANSH =HNANSH = {0},
that is, A € % %. Hence v C UA.
An immediate consequence is

Corollary 16. A radical « coincides with 3 on </ in the weak sense if and
only if u CyCUAB.

Remark. The class %% is certainly homomorphically closed, but we do not
know as whether % 4 is a radical class. Moreover, we do not know the existence of
largest radical(s) in the interval yu C v C % 4.

Problem 1. Does there exist an exact upper bound for radicals which coincide
with £ on &/ in the weak sense?

Proposition 17. A radical v coincides with # on of in the strong sense if and
only if #C v C L.

Proof. In the case of strong coincidence Proposition 1 yields
B=SHNA=SvNA C F.
Further, by Proposition 7 we have £y C v which implies ¥y C ¥ Zp.
Conversely, 4 C ¥y C &£ i implies
FHANA CFYNA CLLUNA.
Hence again by Propositions 1 and 7 7y coincides with 5 on ./ in the strong sense.

Let o/ and # denote the hereditary closures of the classes &/ and %
respectively. The following assertion provides some useful information.

Proposition 18. # = o/ N L K.

Proof. The containment # C o/ N %A is trivially true. So, let A be any ring
from o/ N % . Then A is an accessible subring in a ring C € A. Moreover, we
have that #(C)NA € # NS # = {0}. Hence A = (A + #(C))/#(C) and the
latter is an accessible subring in C/#(C) € o N S # = A. Thus A € % holds.

Theorem 19. The upper radical
¥ = %% = {all rings A |A has no nonzero homomorphic image in %}
is the unique largest radical which coincides with # on &/ in the strong sense.

Proof. By Proposition 17, if a radical «y coincides with 5# on &/ in the strong
sense, then its semisimple class % must contain % and thus, in view of the
heredity of semisimple classes of associative rings, also 4. Therefore the radical
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class 7 has to be contained in ¥ = %% which itself is a radical class since 4 is
hereditary.

We show that the radical ¥} coincides with ## on &/ in the strong sense. In
view of Proposition 1 we use semisimple classes. Since BC LA, also
SV =SURB C & A holds, implying 9N .of C F# N.o/. Hence from

SPAHANA =BCRBRCSUB =SV
we conclude that Y9N = L H N A.

Next, we characterise the radical 9 via the class

A = {all rings A |3C € o/ N L # such that A< C}.

Corollary 20. 9 = U %'

Proof. # C #' C % implies UB C UB' C UAB. As observed after Proposition
12, by Theorem 15 the class %2 consists of idempotent rings, and so does %%’
Assume that %% # U %' . Then there exists a ring A in %%'\%28. Hence A has a
nonzero factor ring A/K in % which is idempotent. A/K € % means that A/K is
an accessible subring of some ring C € .o/ N %A (cf. Proposition 18). Since A/K
is an idempotent ring. it is an ideal of C, and thus belongs to %', contradicting
AcUB .

Corollary 21. A radical v coincides with # on < in the strong sense if and
only if

LpCyC.

If £u C v C 9, then y(A) is a direct summand in every artinian ring A and y(A)
is a finite direct sum of matrix rings over division rings.

Proof. The first part is a direct consequence of Proposition 7 and Theorem 19.
The second part follows from Proposition 6.

Problem 2. Ts the equality ¥ = %% true? Or, does there exist a radical «y such
that

DyNnAg=9NAd =N,

it) v(A) # ¥(A) = H#(A) for some A € A7

If such a radical v exists, then necessarily v ¥ and by Proposition 12 vy
is hypoidempotent. If such a radical -y does not exist, then coincidence with 5 on
A in the weak and in the strong sense are the same and ¥ is the solution for
Problem 1.

Remark. The torsion radical 7 = {A| the additive group of A is a torsion group}
has the property that 7(A) is a direct summand in every artinian ring A but 7 does
not coincide with 5 on 2/ in the weak sense.

We are going to give an example showing that the radical 9 is larger than .
For this end we need some preparations. Let V be a countably infinite-dimensional
vector space, and let T denote the ring of all finite-valued linear transformations of
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V. Writing linear transformations from the left, T is not a left artinian ring (cf. [2]
Example 11). On the cartesian product V x T we define addition componentwise
and multiplication by the rule

“(a,t)(b,s) = (tb,ts) Va,b,€ V;t,se€T.
One easily verifies that in this way we have got a ring S.

Lemma 22. The ring S has the following properties:

@) (V,0) = {(a,0)|a € V}<S, (V,0)* =0, and S/(V,0) = T;

(ii) The ideals of S are 0, (V,0),S, and so S is a subdirectly irreducible ring
with heart H = (V,0);

(iii) The nonzero factor rings of S are S, T and they are not (left) artinian.

(iv) If S is an accessible subring in an artinian ring A, then S<A and H < A.
The same is true for T,

V) If L is a left ideal of S such that H C L, then L is a left ideal of A and
AL=1L.

Proof. (i) Obvious.

(ii) Let O # (a,t) € I < S. First, suppose that ¢t # 0. Then there exists a vector
b € V with tb # 0. Since ¢ € T, necessarily ker ¢ # 0, and so we may choose a
linear transformation s € T such that

0 # s(kert) C kert.
Now we have
0 # (1b,0) = (tb, 15) = (a,1)(b,s) €1,

and therefore we may cofine ourselves to the case (a,0) € I.

Next, let us consider a basis {a =ej,...,eq,,...} for V, and define linear
transformations g, € T for each a by

g.e1 = e, and gue. =0 for every index € # 1.
Then
(eouo) = (qaayo) = (0, Qa)(a,o) el

holds for each index a, whence (V,0) C I follows. Since S/(V,0) = T is a simple
ring, (ii) has been established.

(iii) Trivial.

(iv) The rings S and T are obviously idempotent for TV = V. Hence by
induction it follows that S < A. Since S/H = T is a prime ring, H < S <A implies
H<A.

(v) For any element (0,1) € L, IV is a finite dimensional subspace with a basis
{e1,...,en}. Let us expand this basis to a basis {e1,...,en, €ns1,...} of V, and
take the linear transformation ¢+ € T defined by

te=¢ for i=1,...,n and te;=0 for j>n.
Then for each basis vector e; we have le, = tle;, whence [ = tl. Furthermore,
0,T)(V,0)=(V,0)=H
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holds implying SH = H. Since H C L, for every element (a,b) € L we have
(a,1) = (a,0) + (0,1) = (a,0) + (0,2l) € H + SL C SL.
Thus it follows that SL C L C SL, and so
LCAL=A(SL)= (AS)LCSLCL
holds.

Proposition 23. The class # is properly contained in the class 9 = URB.

Proof. The containment 3# C %4 is obvious by Corollary 21. We claim that
the ring S of Lemma 22 is in %% but not in #. Since H< S and H> =0 by
Lemma 22 (i), S is certainly not in #. We have to show that § has no nonzero
homomorphic image in %, which means by Lemma 22 (iii) that S¢ % and T ¢ 4.
The latter is trivially true for T is an idempotent simple ring, hence in .

Assume that S € .&/. Then S is an accessible subring in an artinian ring A and
by Lemma 22 (iv) we have that S <A. Since S and T are not (left) artinian rings,
there is a strictly descending infinite chain

LiDL,D---
of left ideals of S such that H C (-, L,. By Lemma 22 (v) all these left ideals L,
are left ideals also in A, a contradiction. Thus S¢.o/ and consequently S¢Z2.

Let us mention that to prove Proposition 18 also the Zassenhaus algebra
(Example 3 in [2]) could have been used. Also we show that radicals coinciding
with # on &7 in any sense cannot be obtained as upper radicals of supernilpotent
radicals as seen from

Proposition 24. Let ¢ be a supernilpotent radical. Its upper radical
Up = {A| A cannot be mapped homomorphically onto a nonzero ring in g}

is a hypoidempotent radical such that UoN o # H# N<f. In particular,
ifonog =N, then UoN A =FNA.

Proof. Let A" denote the class of all nilpotent rings. As is well-known
NGBCpo and Ul UBCUN =7,

showing that % is hypoidempotent.

Assume that o N .o/ # 3N .. Then by 3 C o it follows that 3N o/ EoN /.
Then there exists a matrix ring M over a division ring such that M € p, that is,
M € o/\% . Thus % does not coincide with # on &/ in the weak sense.

Suppose that p N o/ = N /. Then we have

INA=UNNA =UNNL)NA=UBNA)N A
=UeNAd)NA =%UoNA.

Further, by Proposition 13 it follows also ZpN & # # N A.
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5. Characterisations through Lower Radicals

Our next aim is to characterize the radicals v which coincide with # on &/ in
the strong sense as lower radicals.

Theorem 25. For a radical y the following assertions are equivalent:

(i) v is hypoidempotent and coincides with # on <« in the strong sense;

(il)) Lu C yandry is the lower radical € of some homomorphically closed
class € contained in the class

M=I\{l € SH|FA € o such that 0 £ 1<1A};

(iii) Lu C yand is the lower radical L€ of some homomorphically closed
class € contained in the class

M = I\{K #0|3A € o/ NS H suchthat K 1A}.
In addition v C M C M' holds.

Proof. (i) = (ii)) We choose ¥ =~. In view of Proposition 7 we have
Lu CyC £ Suppose that v € #, that is, v contains a ring I € S H# with
0#I1<A € . I€~implies I C y(A) = #(A)byA € o and (i), hence the
hereditariness of # implies I € #, contradicting 0 # I € ¥ H#.

(i1) = (iii) By the hereditariness of S #, <A € A N L H infers [ € S H .
Hence # C #'and % C .# implies € C 4.

(iii) = (i) Suppose that there is an artinian ring A such that y(A) # #(A).
Then we distinguish two cases.

If y(A) C #(A), then the radical class N S is properly contained in #.
Hence by £ C « Proposition 5 is applicable to the radical v N s yielding that
YN N =H# N, that is, v N A coincides with # on /. This, however,
contradicts

(YN H)(A) =1(A) & H(A).
The other case is y(A) € #(A). Now we have
0 # K =1(A)/(Y(A) N #(4)) = ((4) + H(4))/#(A) 14/ #(A) € o (S H.

Since ¥ C £, a result of HorrmMAN and Leavrtt [4] (cf. [5] Corollary 12.6) tells us
that

v = {A| every nonzero homomorphic image of A contains a nonzero ideal in €} .

Thus, by y(A) € +y the ring K contains a nonzero ideal I € €. Let I be the ideal of
A/#(A) generated by . Since % consists of idempotent rings, the Andrunakievich
Lemma tells us that

I=PCPCL

Hence I is itself an ideal of A/#(A) € o NS H#, which contradicts the
assumption € C .4’

Theorem 20 infers the following characterization of the largest radical ¥ =% %
which coincides with # on & in the strong sense.
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Corollary 26. 9 = U2 is the largest homomorphically closed subclass in the
class M, or equivalently, in the class M.

Proof. For the largést homomorphically closed subclass
¢ ={Aec M|A/l € M forall [1A}
of ./ and for any radical 7y coinciding with # on &/ in the strong sense we have
SuCANCE CLECM

by Theorem 25, and #%’ is contained in ¢’ since #¥%’ is homomorphically
closed. Thus ¢’ = L€' = 9.
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Abstract. Suppose k, denotes either ¢(n) or ¢(p,)(n = 1,2,...) where the polynon;i)al ¢ maps the
natural numbers to themselves and p; denotes the k™ rational prime. Also let L’L denote the
sequence of convergents to a real number x and let (c,(x))o, be the corresponding seql;lénce of partial

quotients for the nearest integer continued fraction expansion. Define the sequence of approximation
constants (6,(x))ne; by

rn
x — -

qn
In this paper we study the behaviour of the sequences (6, (x))oo.; and (c, (x))se, for almost all x with
respect to the Lebesgue measure. In the special case where k, =n (n=1,2,...) these results are
known and due to H. Jager, G. J. Rieger and others.

On(x) = g2 . (n=1,2,..)

1. Introduction

In this paper we refine some results about a relative of the regular continued
fraction expansion called the nearest continued fraction expansion proved by G. J.
RieGeR [11] and C. Kraaikamp [6]. We first introduce the notion of a semi-regular
continued fraction expansion, of which both the regular continued fraction
expansion and the nearest integer continued fraction expansion are examples. For a
real number x we write

€1

xX=co+ ) )

¢+

€3
c+— 1
c3 +

C4"'

where (c;)oc, is a sequence of integers and ¢; € {—1,1}. The numbers

¢i (i=1,2,...) are called the partial quotients of the expansion and for each
natural number n the truncates

n — .
- [COa €1C1y - - - 3€ncn]
On
1991 Mathematics Subject Classification: 11K50
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are called the convergents of the expansion. The expansion is called semi-regular
if: (i) ¢, is a natural number, for positive n; (ii) €41 + cop1=>1 and (iii)
€n+1 + Cnt1 =2 for infinitely many # if the expansion is itself infinite. Central to
the class of semi-regular continued fraction expansions is the regular continued
fraction expansion which is also the most familiar and obtained when c, is a
natural number for natural numbers n and ¢; takes the value one for all i. Here and
henceforth for a real number y let [ y] denote the greatest integer less than y and let
(y) denote its fractional part, that is y — [y]. Notice that for the regular continued
fraction expansion co = [x]. It is thus convenient and no real restriction to assume x
is in [0, 1). If this is done we define the Gauss map

1
Tx = <—>, x#0; T0O=0.
x

on [0,1). We see that c;(x) =c;(T"'x) (i=1,2,...). The nearest integer
continued fraction expansion is defined by an analogous procedure. Here we set
co(x) to be the integer nearest to x and we thus also implicity define ¢;(x). Given
this information set €2 to be (—1,3)\Q and define the map S :  — € by

€1 -1 1
Sx =21~ .
* X [|x| +2]

In Section 2 we present some results from ergodic theory we need to carry out
our investigation. In Section 3 we state and prove some results concerning the
average behaviour of the convergents of nearest continued fraction expansion.
These results extend certain earlier work of G. J. RiEGer [11]. The sequence

o0
(gﬂ) in the case of the nearest integer continued fraction expansion is a
"/ n=1
subsequence of the corresponding sequence for the regular continued fraction
expansion [10]. Recall the inequality

P, 1
x____—

O~ Q2
which is classical, well known and due to L. J. DiricHLET [3] for regular continued
fractions and hence also for the nearest integer continued fractions, their
convergents being a subsequence of those of the regular continued fraction
expansion. Clearly if for each natural number n we set

Py
x—-"

On
for the nearest integer continued fraction expansion, then for each x the sequence
of numbers (8,(x))%2, lies in the interval [0, g] where g =1(v/5—1) [10]. In
Section 4, extending work of H. JaGer [5] and C. Kraaikamp [6] we state and prove
results concerning the distribution of the sequence (6,(x)),-, for almost all x with
respect to the Lebesgue measure. In Section 5 further corollaries of the main
results of Section 4 are described. In Section 6 the methods of Sections 4 and 5 are
used to study other sequences attached to the nearest integer continued fraction
expansion.

On(x) = Qi
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2. Basic Ergodic Theory

Here and throughout the rest of the paper by a dynamical system (X, 3, i, T)
we mean a set X, together with a g-algebra 3 of subsets of X, a probability measure
1 on the measurable space (X, 3) and a measurable self map T of X that is also
measure preserving. By this we mean that if given an element A of 3 if we set
T'A={x€X:Txe€A} then pu(A) = u(T~'A). We say a dynamical system is
ergodic if T~!A = A for some A in 3 means that ;(A) is either zero or one in value.
We say the dynamical system (X,0,u,T) is weakly mixing (among other
equivalent formulations [13]) if for each pair of sets A and B in 3 we have

N IR .
wim gy 2 T ANB) — p(A(B)| = 0
To be weakly mixing is a strictly stronger condition than ergodicity. A piece of
terminology that is becoming increasingly standard is to call a sequence
k = (k,),-, of non-negative integers L” good universal if given any dynamical
system (X, 8, u, T) and any function fin L?(X, 3, i) it is true that

1Y
(x) = lim = 3 f(Tx),
n=1

exists almost everywhere with respect to the measure p. The following theorem is
proved in [9].

Theorem 2.1. Suppose the sequence k = (ky),-, of non-negative integers is
such that for each irrational numbers « the sequence ((k,c)),- is uniformly
distributed modulo one and that for a particular p greater or equal to one that
k = (kn).2, is L? good universal. Then if the dynamical system (X,(,p,T) is
weakly mixing, Is(x) = [, f(t)du(t) almost everywhere with respect to .

If k, denotes either ¢(n) or ¢(p,), where ¢ denotes any non-constant poly-
nomial mapping the natural numbers to themselves and p, denotes the n™ rational
prime, then k is L? good universal for any p greater than one. See [1] and [8],
respectively, for proofs. The fact that for each irrational number o the sequence
((knx))o2; is uniformly distributed modulo one in both instances are well known
classical results. See [12] and [14], respectively. Other sequences are known by the
author to satisfy the both hypothesis but these results have yet to appear in print.
Henceforth, for reasons of brevity, we will call a sequence k = (k,),-, p-good if it
satisfies the hypothesis of Theorem 2.1 and good when it is p-good in the special
case p = oo. The weakly mixing property of the dynamical system (2, 3,7,5)
discussed in Section 3 and that of its natural extension discussed in Section 4 are
fundamental to this investigation in that they allow one to use Theorem 2.1 and in
consequence the powerful new subsequence pointwise ergodic theorems described
above. The methods used in this paper also apply to other weakly mixing
continued fraction expansions like the nearest integer continued fraction expansion
such as those contained in the class of maximal S-expansions [7] for which the
corresponding integrals arising in the use of Theorem 2.1 can be evaluated.
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3. Average Behaviour of Convergents

Suppose 71 denotes the measure on (—5,2) given for arbitrary Lebesgue

measurable sets E C (—3,3) by

WE) = 1o | oo
where if G =1(v/5 +1)

G+ if >0
1) =
olt) {(G+1+z)“ if £ <0

It was shown in [11] that 7 is preserved by the map S and that the dynamical
system (€2, 3,7, S), where (3 denotes the o-algebra of Lebesgue measurable sets, is
weakly mixing and in fact weakly Bernoulli. This fact via Theorem 2.1 has a
number of arithmetic consequences. Our first theorem is the following

Theorem 3.1. Suppose we are given two numbers a and e with a >2,
e € {—1,1} and such that a + €>2. Suppose also that k = (ky),~, is good then
the relative frequency of elements of k = (k,),e, such that ¢, (x) =c and
e, (x) =€ is
L 4 (4c +€—3+2V5)(dc+e—5+2V5)
logG g(4c+£~ 7+2V5)(4c +e—1+2V5)

almost everywhere with respect to the Lebesgue measure.

Proof. Note that x is in

g [ 4 4
€ ldc+1"4c—1

if and only if
€1(x) = min (1, ¢;(x)) = min (e2(x),c) = ¢,

and that x is in
B = -4 -4
€ ld4c+1"4c—1

€1(x) = min (=1, ¢;(x)) = min (g,(x),c) = €.

if and only if

Applying Theorem 2.1 to the characteristic function of the set B+ UB_, we see
that the required relative frequency is

1 J )dt = 2 (4c + € —3+2V/5)(4c + € — 5+ 2V/5)
log G BZEUB;EP ~ logG g(4c+6—7+2\/§)(4c+6-—1+2\/§)’

as required. O
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We have the following general result concerning the average behaviour of the

convergents. See [9] for an analogous result about the convergents of regular
continued fraction expansion.

Theorem 3.2. Suppose the function F with domain the non-negative real
numbers and range the real numbers is continuous and increasing. Suppose also
that F in LP(n) for some fixed p in [1,00| or F is not in L'(n). For each natural
number n and arbitrary non-negative real numbers a, . ..,a, we define

L
Mrn(ars..oar) = ;;na,-)].

Then if k = (kn),-, is p-good

i Mi(on (9,1, (1) = loéGj;le(t))dp(t)],

almost everywhere with respect to Lebesgue measure.

Proof. If F in L?(n) the result follows immediately from Theorem 2.1. If
however F is not in L!(n), set

F(ci(x)) if F(ei(x))sM
fu(x) = { “ ;f F(ci(x))>M.

This means that for each M > F(1) and almost all x with respect to the Lebesgue
measure we have

1 & 1 &
lim sup — F(ci. (x))= lim — Skn (x
N_'OOP ; (cx, (%)) N—»ooN;fM( (x))
1

~iogG) 0400,

which tends to infinity with M, as required. d
Finally in this section we note the following result.

Theorem 3.3. If k = (k, );“; is good then

11m — Zek (x) = G3

almost everywhere with respect to the Lebesgue measure.
Proof. Note that &,_1(Sx) = €,(x) and application of Theorem 2.1 gives the
result. O
4. Statistical Properties of the Sequence (6,(x)),~,

In this section we prove a result relating to the distribution of the sequence of
pairs of numbers (6,-1(x),0x(x)),-, for almost all x with respect to the Lebesgue
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measure. Let I'y be the interior of the quadrilateral; with vertices (0,0),
(8,0), (2¢%, &%) and (0,1) where g =1 (\/— —1). Also let I'_; be the interior of the
quadrilateral with vertices (0, 0) (8%,0),(2¢%,8) and (0,1). Further put
I'=T7UTI_;. In [6] it is shown that for all irrational x the sequence is distributed
over I'. Further where G = %(\/_ + ) set

file, B) = logG\/l———— if 1 -4a6>0
and
f-i(e, B) = logG\/T+_4_ if 1+4a8> 0.
Further set
fl (a7ﬁ) if (O"ﬂ) € F]\F_l;
fla,B) =< file, B) +f-1(a, B) if (o, B) e T NTy;
f-1(a, B) if (o, B) e T\I'y;

Then we have the following theorem which is the main result of this section.

Theorem 4.1. Suppose A is a Borel subset of the set T then if k = (ky)ne, is
good we have

. 1 &
tim 5D (010009 = | rapyaads,

almost everywhere with respect to the Lebesgue measure.

A variant of Theorem 4.1 in the special case where k, =n (n=1,2,...)
appears in [6]. To prove Theorem 4.1 we need to use the ergodic properties of the
map § associated to the nearest integer continued fraction expansion or more
accurately its natural extension. In particular we need the following theorem to be
found in [4]. The proof of Theorem 4.1 appearing here is essentially the same as
that of Theorem S in [6]. For the details of the natural extension see [2].

Theorem 4.2. Let
D={x€eQ:x20} x[0,1-g)U{xe Q:x>0} x (0,g).

Let 3 denote the o-algebra of Borel sets in D and let u be the measure deﬁned on
the measurable space (D, 3) with Radon Nikodym derivative (log G)™'(1 + xy)?
relative to two dimensional Lebesque measure on D. Also define the map
N:D — Dby

N(x,y) = (8%, (c1 +€y) 7).

Then the dynamical system (D, 3, u,N) is weakly mixing.
If x is irrational then Q’lﬂ < g and if ¢, >3 then QL“—‘ < g*. See [10] for a proof

of this result due to A. Hurw1tz We readily see that (S"x Qﬂ—L) is in D.
To prove Theorem 4.1 we need to prove the following theorem
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Theorem 4.3. Suppose A is a Borel subset of the set D then if k = (k,),o, is

good we have
1 & _ 1 d
lim _ZXA(Sk,‘x,Qk" 1) _ J dxdy y
N—oo N 1= O, log G4 (1 +xy)

almost everywhere with respect to Lebesgue measure.

Proof. Note that £,(x) = £{(S"~'x) and so from the procedure for defining the
nearest integer continued fraction expansion we observe the following recurrence
relations:

P_y=1;, Py=co; Pp=cuPpi1+ePrr(n=1.2,...) (4.1)
and
0.1=0; Q=1 0On=c0n1+ €nQn-2 (n =1,2,.. ) (42)

The analoguous recurrence relation for the regular continued fraction expansion is
well known and proved similarly. Using (4.1) and (4.2) and the definition of the
map S we readily see that for each natural number n

N*(x,0) = (S"x, Qé;‘). (4.3)

We also easily check that for any y such that (x,y) € D
lim (N"(x,0) — N"(x,y)) =0
n—00

Let B be the set of x for which the conclusion of Theorem 4.3 fails and let
C={xeB:x<0} x[0,1 —g)U{xeB:x>0} x[0,g).

Then for almost all (x, y) in C the sequence N*(x, y) is not dlstrlbuted w1th respect
to the measure having Radon-Nikodym derivative (log G)™'(1 + xy)? relative to
two dimensional Lebesgue measure on D. This is in contradiction to Theorem 2.1
unless the measure of B is zero as required. O

We now complete the proof of Theorem 4.1. First we note by induction that

P (1) e (x) - -enl)S"x =12
g On  0u(0n+ 0n_15™) (n=12,..))

and from the fact £,,.15"x > 0 we see that

€ |S"x
6,(x) = —21= — n=1,2,
() 1+ 2= gy ( )
Also because
1
Cn+1 + S"‘H
6n+1S"
and
Qn+1 Qn—l
= Cn + En 9
0, +1 17— 0.
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we have
On 1
0.(x) = .
®) On-11+ Z=-Snlx
Let

b
(a)ﬁ) = F(aab) = (ﬂ’?ﬁ)

for ab # 1. Then F has derivative
b 1
F'(a,b) = ((H;zb)z ('f35)2>
T+ab)z  (T+ab)?

and Jacobian J = —(1 — ab)(1 + ab) ™. Then as a consequence of Theorem 4.1
for almost all x with respect to Lebesgue measure (F (S""",%‘—'))zil which is just

the sequence (0, (x), €k, +10k,+1(x))oe., is distributed over I'y UT, where '} is the

reflection of I'; in the o axis, with density -~ . Thus from the definition
[7110g G (14xy)

of F we have

1 1 1 1
+
Mllog G (1 +ab)* ~ [J|10gG (1 — 4ap)?

and the other details follow analoguously and so Theorem 4.1 is proved. O

5. Corollaries of Theorem 4.1
Apply Theorem 4.1 with
A={(x,y) € D:x <aandy < b}.
We have
Corollary 5.1. Let

69 = { H° yeelhl-g
oec @~ tlog i+ 1) ifze(l-gg]

Then if k = (kn)oe, is good we have
.1
— <N: < =
Jim L |(1<n<N £ 6, () <z} = 60

for almost all x with respect to the Lebesgue measure.
To derive our next corollary we need the following Lemma [7].

Lemma 5.2. Let A(a) be the interior of the triangle in the («, 3) plane with
vertices (0,0), (0,a) and (a,0) withO < a<5g — 2. Set

| l
x,y)dxdy = | hy(t)dt
1og G A(amf( y)dxdy . 1(1)

H](a) =
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and

H._l (a) =

Then for a in [0,5g — 2]

ol | I
x,y)dxdy = | h_y(t)dt.
og G A(a)nr_,f( )dxdy . 1(1)

TTogG 108 1% ifaeoy

ZlogG 1083 ifa € [%,g]
hi(a) = 1+(3g—-1) l+a .

ZIOgG (log T—(3¢=1) — 108 l—a) ifac(g3g—1]

0 ifae (3g—1,5¢—2]

and
: ;G arctana ifa€[0,g%

h_i(a) = logG arctan g* iface (g1

oo (arctan (5g — 2) — arctana) ifa € (3,5 — 2]

We have the following result.

Corollary 5.3. Let h = hy + h_,. Then if k = (k,),-, is good
lim — ]{1 SN : O,—1(x) + b, (x) < a}| = J h(t)dt,
Nﬂoo 0

almost everywhere with respect to the Lebesgue measure.

Proof. If A(a) is as in the statement of Lemma 5.2 we have

1
Jim S {1 <n<N 2 01 (x) + 0, (x) <a:en =1}

: J
= f(x,y)dxdy,
10ng A(a)nT ()

and

1
A}lm —{1<n<N : 0p,_1(x) + 6, (x) <a:e, = —1}
_'00
1

= f(x,y)dxdy.
log G ,[ J A(a)T-, )

Thus Corollary 5.3 follows from Lemma 5.2.

249

d

In [6] it is shown that for irrational x, —g < 6,_1(x) — 6,(x) < g for all positive
integers n. We have the following result proved in the same way to Corollary 5.3.

Corollary 5.4. Letk = ky + k_,
2logG (log3 + log 19)  ifae[-},3g -2
ki(a) = 210g62 ; log5 z:fa € (3g—2,0]
210gG(2 log5 — log }J_%) ifae(g3g—1]
0 ifa € (g,¢]
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and

1'6;_6 (arctan 1 + arctana) ifa € [—1,0]
k_i(a) = { g arctan 3 ifa € (0,5g — 3]
To%é (arctan g — arctana) ifa € (5¢g — 3, g].

Then if k = (ky),-, is good
1 a
lim — [{1<n<N : 6 1(x) — 0. (x) < al] =J k(o)dr,
N—oo N 0

almost everywhere with respect to the Lebesgue measure.

6. Other Sequences Attached to the Nearest Integer
Continued Fraction Expansion

Theorem 2.1 has a number of other consequences for the nearest integer
continued fraction expansion which we now describe. Let

L(z) = @(log(l +%) — log(1 —%)) ifze[0,g
| weollog(1+%) — log(1-%)) ifz € (¢ ¢]

Note that L is monotonically increasing, continuous and such that L(0) = 0 with
L(g) = 1. We have the following theorem

Theorem 6.1. If k = (k,)o-, is good then
1 Ok,-1 }
I1<ngN:=—"— <z
{ Q

W N

= L(z),

n

almost everywhere with respect to the Lebesgue measure.
Proof. Let
A@z) = {(x,y) : (x,y) € D;y<z}.
We note that
Q1 _
On

As a consequence of this observation and (4.3) we see that for n > ny(¢) and any
(x,y) € D if

[0; ¢n, EnCnet, - - -, €201].

N'(x,y) € A(z—¢€)
Then
N"(x,y) € A(2)
which is equivalent to Q&—;‘- <z and which in turn implies
N'(x,y) € A(z+¢).
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Hence, for almost all x with respect to the Lebesgue measure. Using the argument
used to prove Theorem 4.3 we see that

.1 Ok,-1
lim — [q1<n<N: —=———< = p(A(z)).
dim ‘{ n<N " z} w(A(2))
Computation reveals that u(A(z)) = L(z), as required. O

Taking first moments and evaluating f(f zdL(z) we readily have the following
theorem.

Theorem 6.2. If k = (k,,)ff’=1 is good then

[
— 2+4log2+ 21 2)) = 0.25225 -
lim E: " ]0 e (vV/5—2+4log2 +2log (V5 - ) =

almost everywhere with respect to the Lebesgue measure.

For z € [0,4] let

M (2) =

log (1+z) —

Z
log (2G
log G ; log (262))

and for z € [0,£] let

My(z) = @ (—log(l -2z)— iz 108(2GZ))-

Next define M : [0,4] — [0, 1] that is continuous and monotonically increasing by

M@ M) ifze(0,8)
M(Z)‘{M,(z)+M2(%2) ifze (§,4.

Further let
x— 22|
Rn ————n—-l— (n:1,2,...).
I"—Qn

In [10] it is shown that 0<R, < & 3 for irrational x. We have the following theorem

Theorem 6.3. If k = (k,,)Oi[ is good then

lim — |{1<n<N Ry, <z}| = M(2),

N—oo N
almost everywhere with respect to the Lebesgue measure.
Proof. Let
B.(z) = {(x,y) € D: x>0;xy<z}
and

B_(z) = {(x,y) € D : x < 0; x|y <z}.



252 R. Nar

Then using the fact that

R, = Qé Z2=L N

and the argument used in the proof of Theorem 6.1 we have

lim 5 [{1<n<N : Ry <2}| = u(B. () + n(B-())

N—oo N

Computation verifies that if z € [0, 4]

#(B+(2)) = Mi(2)
and that if z € [0,%

w(B-(z)) = Ma(2),

completing the proof of Theorem 6.3. O

Let Liy(x) denote the dilogaritm defined for instance in [11]. Again taking first
moments we have the following result

Theorem 6.4. If k = (k,)o-, is good then

1 (r %
A}E‘(}O_ZR" —-—3—log2+1gG(12+log4 2L12(2))=0.06158--~,

almost everywhere with respect to the Lebesgue measure.

Acknowledgement. 1 thank the referee for his detailed and constructive comments which have
improved the paper substantially.
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Abstract. Let
(0 + Alx,1)0x)y(x, £) = F(x, 1, y(x,1)), ¥(x,0) = A(x) (n

be a semilinear hyperbolic system, where A is a real diagonal matrix and a mapping y — F(x,1,y)
is in Oy(C") with uniform bounds for (x,7) € K CC R2. OBERGUGGENBERGER [6] has constructed a
generalized solution to (1) when A is an arbitrary generalized function and F has a bounded gradient
with respect to y for (x,f) € K CC R2 The above system, in the case when the gradient of the
nonlinear term F with respect to y is not bounded, is the subject of this paper. F is substituted by Fj)
which has a bounded gradient with respect to y for every fixed (¢,¢) and converges pointwise to F as
€ — 0. A generalized solution to

(O + A(x, )0x)y(x,1) = Fy(e)(x,1,¥(x,1)),(x,0) = A(x) 2

is obtained. It is compared to a continuous solution to (1) (if it exists) and the coherence between them
is proved.

1. Introduction

System (1) has been solved in Colombeau’s algebra 4" under the following
assumptions ([6], [7]): A is a real n x n diagonal matrix of smooth functions,
A € 9", each component of y— F(x,t,y) is in Uy with uniform bounds for
(x,t) € K, and each component of F has a globally bounded gradient with respect
to y for (x,7) € K, where K is an arbitrary compact subset of R,

We consider system (1) in the case when the gradient with respect to y of F'is
not bounded. This nonlinear term is substituted by a suitable Fj, such that all the
components of it have the gradient with respect to y bounded by Clog el In
Proposition 1 we construct a solution to system (2) by using the classical existence
theorem for smooth functions (cf. [6]).

Our procedure is similar to the one described in [4] but without the use of
regularized derivatives and with explicit form of the nonlinear term Fj.
Although (1) may be uniquely solved by the truncation method and by using the
regularized derivatives as in [4], the analysis of classical solutions to (1) and the
ones obtained by this method has not been performed in that paper. This was the
motivation for our paper.

1991 Mathematics Subject Classification: 35A05, 35L60, 46F10
Key words: semilinear hyperbolic system, generalized functions
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We investigate the relations of classical solutions to (1) and the corresponding
generalized solutions to (2). Such analysis for linear symmetric and homogeneous
quasilinear systems .with the regularized derivatives has been done in [3].

Let Ko be a compact set in R. K7 denotes the set bounded by Ky x {t = 0},
lines t = +7, and by the characteristics starting from the end points of K.

It is known from [6] that an L], -solution to a system of integral equations

&6, 0) = (v (x,1,0)) + | FI((x,1,7), 7 80y (5, ,7), 7))
0

where 7/ is the j-th characteristic curve for (1), j=1,...,n, is a distributional
solutions to (1). We shall suppose that all 7/ globally exist. So, the n-tuple of
continuous functions (g!,. .., g") is a continuous solution to (1) in K7 if it satisfies
the system of integral equations in this domain.

In Proposition 2 we prove that a continuous local solution to (1) is associated
with the generalized solution to the regularized system (2) on a slightly smaller
interval. Also, if (1) is well posed globally (this is the case if, for example, F is
globally bounded), then the generalized solution to (2) is associated with the
classical one in the domain K7 for every T > 0.

2. Basic Notions

We slightly change the notation of [2] and [6]. We denote by «/¢([R) a subset of
C5°(R) defined as follows: There exists a fixed constant Cy > 0 such that for every
¢ € oo(R)

sup{|p(x)], |¢'(x)],x € R} <Co (3)
and

diam(supp(¢)) = 1, JR d(x)dx = 1.

Then «/,(R), g € N is defined as the subset of 2/o(R) whose elements satisfy the
additional assumption

J x*¢(x)dx =0, € Ny, 1 <a<gq.
R

oA (R ={p€D(R)", p(x1,. .., %) =(x1) - -+ - d(xn), PE H4(R)}.

Itis clear that /o (R") 271 (R") 2. .. As usual, ¢, denotes the function e "¢(-/¢).

Further, let & = &(R") denote the space of functions (¢,€,x) — F4.(x) €
C, (¢,e,x) € oy x (0,1) x R" which are smooth on R" for every fixed (¢,¢). Cy
is the space of Ay, : o X (0,1) — C for which there exists N € Ny such that for
every ¢ € ofy there exist C >0 and 7 > 0 such that ]A¢,s|<Ca‘N ,EL M.
ém = Em(R") is the space of Gy, € & such that for every compact set K and
every B € Nj there exists N € Ng such that for every ¢ € o/y there exist
C>0andp % 0 such that |0°Gpe(x)| <Ce™,x € K,e < . Let ~y be the family
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of real-valued increasing sequences which tend to infinity. 4" = A"(R") is the
space of G € &) such that for every 3 € Nj and every compact set K there exist
N e Np and g €y such that for every ¢ € o/,, g=N, there exist C >0
and ) > 0 such that |0°Gy.(x)|<Ce8@N x € K,e <. Cp is the space of
A € Cy such that there exist g € y and N € Ny such that for every ¢ € .&/4,g=>N,
there exist C > 0 and 7 > 0 such that |A4.| < Ce8@N ¢ <.

The spaces of Colombeau’s generalized complex numbers and generalized
functions are defined by C = Cy/Cy and ¥ = 4(R") = &/ N, respectively. We
denote by G or [Gy ] the equivalence class of Gy,. It is said that a generalized
constant A € C is associated to a constant a € C(A = a) if it has a representative
Aye such that there exists N € N such that lim. A4, = a,for ¢ € oy.
Generalized functions G and H are associated in 4(Q)(G = H) if for every ¥ in

We introduce a stronger concept of association. Elements G,H € %(f2) are

L°(K
L>™-associated on a compact set K C Q(G A )H) if |Gge — Hpell o) = 0.

They are L*°-associated on §) if they are L°°-associated on every compact set
K C Q. Obviously, the L*°-association implies the ordinary one.

A function f : CP — C is called slowly increasing at infinity if for some C > 0
and r € Ny

F@, ) < CU+lal+-+ 1) 2=(a,...,2) € €.
On(CP) denotes the subspace of functions f of C*(CP) for which f(*) is slowly
increasing at infinity for every a € N, where we identify f(z1,...,z,) Wwith
oy
BeTay - on O
In the sequel we shall use the notation F(x,t,u+ iv) = F(x,t,u,v),x,t € R,
y=u+iveC.

f(x1, 91+, %p,yp) and £ denotes

3. Regularized Systems

In the sequel A denotes a real n x n diagonal matrix of smooth functions. We
fix a decreasing function 4 : (0, 1) — (0, 00) such that

h(e) = @((loge"l)m), h(g) > 00 ase—0. 4)

Denote by B, the cube |x|<r, |t|<r,|y|<r, where y = (u1,v1,...,Un,Va). Let
be a decreasing sequence of positive numbers such that h(e;y1) = i,i € N.
This implies that h(e) =i — 1 if € < ¢;. Let

Si = B; N {(x,t,u,v), |F(x,t,u,v)| <i—1}
N{(x, 8, u,v), |V F(x, tu,v)|<i— 1}, i€ N.
Let «; be the characteristic function of S;,i € N. Put
Kh(e) = (Ki*P1/ne)), € € [eir1,€1), TEN,
F{,‘(E) = F'kpe), €€ (0,e1), ke{l,...,n}.
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Then there exists a constant C = C(Cp) > 0 which does not depend on ¢ € </,
such that

“Fh(e) “Loo(R2+2n) < Ch(E),
”vu,th(e) 'lLoo(R2+Zn) < Ch(E)z, € € (0, {:‘1).

Definition 1. G = (G, ...,G,) € (9(R?))" is a solution to (2) if any of its
representatives Gy . satisfies the system

(6, -+ A(x, t)a,,)G(,;,E(x, t) = Fh(g) (x, t, G¢)5(x, t)) + d1‘¢,5(x, l), (2,)
Gpe(x,0) = Agc(x) + dag (),

where Ay, € (6m(R))" is a representative of A, for some d, 4. € (A'(R))", and
d 4. € (N (R?))". We call (2) and (2) the h-regularized system.

We need the following well-known result:

Lemma 1. (cf. [6]) Let v = (vi,...,v,) € (C*(R?))" be a solution to

(B + A(x, ))B)v(x, 1) = f(x, )v(x, 1) + g(x, 1),
v(x,0) = b(x),

where f is a smooth n X n matrix, and g and b are smooth vectors. Then

sup |v(x, t)|<(sup [b(x)| +T sup |g(x,1)])exp (nT sup |f(x,1)]),
(x,1)eKr (x,t)eKT (x,t)eKr

(5)

where
sup |f (%) = | fllioyy = sup 1fi(x, 1)l
(x,1)eKr (iitl)el(:

Proposition 1. Assume that every component of the mapping y — F(x,t,y)
belongs to Oy(C") and has uniform bounds for (x,t) € K CC R% Then the h-
regularized system (2) has a unique solution in (4(R?))" whenever the initial data
is in (9(R))".

Proof. We shall identify ¢ € .«Zo(R) and ¢ ® ¢ € .o¢((R?). Well-known theory
(cf. [6]) implies that for given ¢ € &/ and € > 0 there exists a smooth solution
Gy of (2) where Ay, is a representative of A. Obviously, GqZ; € (€(R?))". The

)"

existence will be proved when we show that G4 is in (6p (R The procedure
is the same as in [6]. Let us write the system (2) in the following form

1
(Or + AOy)Gye(x,1) = (J VyF(x,t,0G4,(x, t))da) Gye(x,t) + F(x,1,0),
0
Gpe(x,0) = Ay e(x).

We will prove the necessary estimates for G¢e in the domain Kr, because each
compact set of R” lies in some Kr. Note A € (&4 (R))” implies that there exists
N € N such that for every ¢ € o/ there exist C > 0 and n > 0 such that

SUp [(A1,g,(x), - - Ange(x))| SCe™, e <.

x€Ky
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Since Kr C B; for large enough i € N, (5) and Lemma 1 imply that there exist
g > 0 and i > O such that

|G¢,E(x7 t)‘S(CE_N +T sup |Fh(£)(xa L, 0)') €Xp (nT sup lVth(e)(xa tay)l)
(x,t)eKT (x,)EKT
yecn

<(Ce™N +CT)e™iI<Cie™, e <.

Let us estimate 0,Gg.. Note that [0; + Ady, 0] = —(9,A)0,. Then the following
equality holds

(8,+A8x) (aqug,E) = 8th(€) ()C, t, que) + [8, + A0, Ox]Gd,,E
= (VGFh(e) (x, t, G¢,E) - (8xA(x, t))ade))E + (Bth(E))(x, t, G¢’E),
axGW(x, 0) = (9XA¢,6(X).

This means that 0,G, . satisfies the equation in Lemma 1. By using this argument
we obtain estimates for all derivatives of G4, with respect to x. Estimates for ¢, x-
and r-derivatives can be obtained by successive differentiation. This proves that
Gye € (é"M(Rz))"‘

Let us prove the uniqueness. Let G and V be solutions to (2). This implies

1
(0 +A0:)(Gpe—Vse)(x, 1) = (Jo VyFue)(x,1,0G4£(x,t) + (1 — 0)Vy e (x, t))do)

X (G¢'5(x, t) — Vd),e(x; t)) + D2’¢,5
(G¢,E - V¢,e)(x7 0) =D D)

for some D4, € (N(R))" and Dy 4 € (A (R?))". We have to prove that
Gge — Vye is in (A'(R?))". This can be done in the same way as in the first
part of the proof.

Proposition 2. Let the initial data (ay,...,ay) in (1) belong to (C(R))".

(a) The solution Gy to the regularized system (2) is L*-associated with the
continuous local solution g to (1) in Ky,, for some Ty > 0.

(b) Assume that (1) is globally well posed. Then the solution Gy to (2) is L>-
associated with the continuous solution g to (1) on each Kr.

Remark. If for every compact set K C R? there exists C > 0 such that
sup |F(x,t,y)|<C

(x)eK
yech

or if for every compact set K C R* there exists C > 0 such that
sup |V,F(x,1,y)|<C,

(x )€K
yech
then system (1) is globally well posed.

Proof. (a) Since a is bounded in any compact set Ky, there exists C > 0 such
that

042 (5) 1y = 11 (@6, ., a3 (3]l oy < Co X € Ky € (0,1
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Therefore, there is some T > 0 such that we may apply the fixed point theorem as
in [4, Proposition 13.1 a)] and obtain a (C*°)"-family of solutions {Gj4.(x,1),
¢ € Ay, e € (0,1)} defined on Kz, which are uniformly bounded with respect to €.
This implies that for € < &,

Fi(x,t,Grge(x,1)) = F*(x,t,Gnge(x,1)), (x,1) € Krp,k € {1,...,n}.  (6)
Gronwall’s inequality implies that for some C3 > 0
|Ghpe(x,) — g(x, )| < C3l|axpe — al| (k) — 0, ase— 0.
This finishes the proof of (a).
(b) Let g be the continuous solutions to
(0 + A(x,1)0:)g = F(x,t,8),8(x,0) = a(x) on Kr
and G, € (C®(R?))" be the solution to
(O + A(x,0)0,)Gpe = F(x,1,Gpe), Gpe(x,0) = axpe(x)

on Kr. Since (1) is well posed, we have lim._,0Gy, = g, i.e. for every § > 0 and
every Ky CC R? there exists 77, > 0 such that

”G¢15(x7 t) - g(x7 t)”L”"(KT) <6 fore< m,
which implies that there exists C; > 0 such that
1Gpe (X, 1)l o iy < Cgr € < M-

Let € < min{g;,, m }. Then {(x,,y)|(x,t) € Kr, |y| <C,} C B, and the properties
of F;l‘( 6 imply

F(x,t,Ggc(x,1)) = Fpe)(x, 1, Gy e(x, 1)),

for ¢ < min{;,,6:} and (x,t) € Kr C B,,. Therefore, G, is a solution to (2') in
Kr. By Proposition 1, the solution to (2) is unique. Hence we have G 4. = G4, in
Kr up to an element of A"

Remarks. (a) As long as the smooth solution g to (1) with smooth initial data
exists, it is a solution to (2) for every h, because it does not depend on ¢ and there
exists i € N such that

sup  {|g(x,1))[} <h(e),e <&
(x,r)eKCm(B,)

where 7 denotes the projection R*™*" — R2,

(b) If there is a solution to (1) which is a generalized function of bounded type,
then this is the solution to (2) for every A of logarithmic growth, since F = Fj) in
this case.

(c) The supposition that F is a smooth function can be relaxed in the following
way. If F € C! with polynomial growth in 4o, then, if we regularize it by

Fiey = (Fxe)bne),
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Propositions 1 and 2 a) hold if
h(e) = O((loge™")"?),e — 0, for some r < 1.

Proposition 2 b) holds with the additional assumptions that imply the boundeness
of the family {Gy4.,¢ € (0,60)} on compact subsets of R

Acknowledgement. The authors would like to express their gratitude to M. Oberguggenberger for
his valuable remarks concerning the paper.
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Fischer, H., Riedmiiller, B., Schéiffler, S. (Eds.): Applied Mathematics and Parallel
Computing. Festschrift for Klaus Ritter. 39 Figs., VIII, 376 pp. Physica, Heidelberg,
1996. Cloth DM 128,—.

This Festschrift for Klaus Ritter honours him on the occasion of his sixtieth birthday.
Klaus Ritter has, over the years, done research in a rather unconventional combination of
areas. These include data analysis, among others the proper representation of high
dimensional data; various aspects of automatic differentiation; questions in hydrology;
optimization and optimal control; and various technical questions. In tackling these
problems, computer software and even hardware has been developed by Ritter. The articles
of his friends and colleagues belong more or less to those areas of research even in that
several of them discuss extensively parallel aspects of the resulting algorithms and even the
implementation on parallel machines, in particular on transputer networks.

H. MuthHsaM, Wien

Rade, L., Westergren, B.: Springers Mathematische Formeln. Taschenbuch fiir
Ingenieure, Naturwissenschaftler, Wirtschaftswissenschaftler. 543 S. Springer, Berlin
Heidelberg New York, 1996. Brosch. DM 48,—; 6S 350,40.

Dies ist eine niitzliche und umfangreiche Formelsammlung, die folgende Gebiet
umfaft: Grundlagen und diskrete Mathematik, Algebra und Lineare Algebra, Geometrie
und Trigonometrie, elementare Funktionen, Folgen und Reihen, ein- und mehrdimensio-
nale Differentialrechnung, Integrale, gewohnliche Differentialgleichungen, Vektoranalysis,
Spezielle Funktionen, Transformationen, komplexe Analysis, Optimierung, numerische
Mathematik, Wahrscheinlichkeitstheorie und Statistik. AuBerdem erleichtert ein umfang-
reicher Index das Auffinden von Formeln.

R. BURGER, Wien

Dunham, W.: Mathematik von a bis z. Eine alphabetische Tour durch vier Jahrtausende.
360 S. Birkhiuser, Basel Berlin Boston, 1996. Geb. DM 68,—.

Dieses vorziiglich organisierte, abwechslungsreiche, in vielen Richtungen hochst anre-
gende, mit Liebe geschriebene, informative Buch eines sehr kompetenten Autors iiber
grundlegende mathematische Themen und Personlichkeiten, mit vielen kdostlichen
Anekdoten, wird auch den der Mathematik eher skeptisch gegeniiberstehenden Leser
erfreuen und neugierig machen. (Im fiir einen Angloamerikaner nicht selbstverstindlichen
Kapitel ,,Eine Lanze fiir Leibniz* hitte ich auf wichtige auBermathematische Leistungen
dieses Universalgelehrten, z. B. fiir die Geschichtsforschung, hingewiesen, im Gegensatz
zu Newtons ,,Leistungen*. Ein Kuriosum: Als Gegenbeispiel zu einer Vermutung von
Polignac wird die Zahl 127 angegeben, das kleinste Gegenbeispiel ist aber 905; Polignac
selbst gibt nur das nichstgroBere Gegenbeipiel 959 an [C.R. Paris 1849, p. 738-739] fiir
eine Zahl, die keine Primzahl ist und nicht als Summe einer Potenz von 2 und einer
Primzahl geschrieben werden kann. Diese Gegenbeispiele eignen sich gut zur Konstruktion
kniffliger Denksportaufgaben.)

H. RINDLER, Wien
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Casti, J.: Die groflen Fiinf. Mathemathische Theorien, die unser Jahrhundert prigten.
217 S. Birkhauser, Basel Berlin Boston, 1996. Geb. DM 68,—.

Der Autor behandelt hier fiir einen breiten Leserkreis fiinf in vieler Hinsicht
bedeutende mathematische Theoreme dieses Jahrhunderts: den Minimax-Satz, den
Brouwerschen Fix punkt satz, das Morse-Theorem, den Anhalte-Satz und die Simplex-
methode, ihr mathematisches Umfeld und ihre Beziige zu anderen Wissensgebieten.
Ausgehend von allgemein verstindlichen interessanten Fragestellungen, vermittelt der
Autor grundlegende Ideen schwieriger mathematischer Sachverhalte in oft unterhaltsamer
Weise, manchmal etwas ungenau oder verkiirzend, aufgelockert durch vorziigliche bis
kiihne, aber immer anregende Analogien.

H. RINDLER, Wien

Rautenberg, W.: Einfiihrung in die Mathematische Logik. Ein Lehrbuch mit Berticksich-
tigung der Logikprogrammierung (Vieweg Lehrbuch Mathematik). XII, 250 S. Vieweg,
Braunschweig Wiesbaden, 1996. Brosch. DM 39,50; 6S 288,—.

Einfiihrend wird auBler den Grundbegriffen der Aussagenlogik und der Priddikatenlogik
der Godelsche Unvollstindigkeitssatz eingehend behandelt. Dariiber hinaus gibt es
weiterfilhrende Kapitel, in denen ,,Grundlagen der Logikprogrammierung®, , Elemente
der Modelltheorie“ vorgestellt und ein Ausblick auf die Rekursionstheorie gegeben
werden.

K. AuiNGER, Wien

Drake, F. R., Singh, D.: Intermediate Set Theory. X, 234 pp. Wiley, Chichester New York
Brisbane, 1996, £ 16,99.

“Intermediate” in the title is best explained by means of the list of contents: 1. History;
2. First-order logic; 3. Axioms of ZF; 4. Cardinals; 5. Ordered sets; 6. The number system;
7. Axiom of Choice; 8. Constructible sets and forcing; 9. Further topics. Approximately
half of the text offers material which usually is not covered by introductions to set theory. It
takes the reader to a level which allows to follow the researches of the last thirty years or
so. In particular, proofs of the basic facts about Godel’s constructible sets and Cohen’s
method of forcing are included. This justifies the title of this book, which will be of great
help for everybody interested in the logical foundations of mathematics.
H. MitscH, Wien

Booth, D., Ziegler, R. (Eds.): Finsler Set Theory: Platonism and Circularity. Translation
of Paul Finsler’s Papers on Set Theory with Introductory Comments. IX, 278 pp.
Birkhiuser, Basel Berlin Boston, 1996. Cloth DM 98,—; 6S 716,—.

It is little known that the Swiss geometer Paul Finsler concerned himself intensively
with the foundations of mathematics. His unusual approach in founding set theory had been
objected to by R. Baer and his argument had been endorsed in the following willingly
enough, for after all formalism clashed with Platonism. Although Baer’s argument was
erroneous from the Platonic view, Finsler’s theory, probably the nearest to Cantor’s
conception, was washed away by the flood of formal set theory. Today interest in the former
is growing since it comprises much more sets as usual — including non-founded ones — and
combinatorial aspects come to light. Finsler’s papers on set theory had been published
already in 1975, but are out-of-print for a long time past. The most essential of them are
presented here in English translation and arranged in three parts: philosophical,
foundational, combinatorial. In contrast to the previous edition the editors have added
extremely helpful commentaries which give today’s reader, who is grown up in formalist
views, an understanding of Finsler’s Platonism and way of argumentation and by the way
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make this “absolute” set theory accessible to anyone who is interested in the foundations of
mathematics.

G. KowoL, Wien

Glodstern, M., Judah, H.: The Incompleteness Phenomenon. A New Course in
Mathematical Logic. XIII, 247 pp. A. K. Peters, Wellesley, Massachusetts, 1995.
US $ 49,95.

This book is a well written and well organized course in mathematical logic, which
leads from the basics (mathematical languages and logical systems) over Godel’s
completeness theorem (provability=validity) and model theory to Godel’s incompleteness
theorem (and recursion). “We think that the material of this book should be part of the
basic background of every student in any discipline which employs deductive and formal
reasoning as a part of its methodology. This definitely includes a large part of the social
sciences.” This is a very reasonable position, and the authors do their best not to scare away
any potential reader, but since mathematical logic is (extremely) abstract by nature, there is
not too much hope ...

P. Scamrirt, Wien

Waldschmidt, M., Moussa, P., Luck, J. M., Itzykson, C. (Eds.): From Number Theory to

Physics. 93 Figs., X, 690 pp. Springer, Berlin Heidelberg New York, 1995. Cloth DM
138,-.

The fourteen contributions in this book are excellent self-contained courses on specific
themes which cover a large part of number theory and reveal connections to physics. The
editors gained prominent mathematicians and physicists for these articles. The headlines of
the chapters read as follows. “An Introduction to Zeta Functions” (P. Cartier),
“Introduction to Compact Riemann Surfaces, Jacobians and Abelian Varieties” (J.-B.
Bost), “Elliptic Curves” (H. Cohen), “Introduction to Modular Forms” (D. Zagier),
“Decorated Elliptic Curves: Modular Aspects” (R. Gergondey), ‘‘Galois Theory, Algebraic
Number Theory, and Zeta Functions” (H. M. Stark), “Galois Theory for Coverings and
Riemann Surfaces” (E. Reyssat), “Differential Galois Theory” (F. Beukers), “p-adic
Numbers and Ultrametricity”” (G. Christol), “‘Introduction to Lattice Geometry” (M.
Senechal), “A Short Introduction to Quasicrystallography” (A. Katz), “Gap Labelling
Theorems for Schrodinger Operators” (J. Bellissard), “Circle Maps: Irrationality
Winding” (P. Cvitanovic), “An Introduction to Small Divisors Problems” (J.-C. Yoccoz).
It is a second and corrected version of a book originally published in 1992. It contains a
photograph of C. Itzykson who died on May 22, 1995.

J. SCHOISSENGEIER, Wien

Kuznetsov, Y. A.: Elements of Applied Bifurcation Theory (Applied Mathematical
Sciences, Vol. 112). 232 Figs., XV, 515 pp. Springer, Berlin Heidelberg New York,
1995. Cloth DM 98,—; 6S 764,40.

The first five chapters cover the standard material: codimension one bifurcations in
differential equations (fold and Andronov-Hopf) and difference equations (fold, flip and
Neimark—Sacker), and center manifold reduction. Here the author derives an extremely
concise formula for the direction of the Hopf bifurcation in any dimension. What I missed,
is a discussion of the transcritical bifurcation. Chapters 6 to 10, which occupy two thirds of
the book collect much advanced material: homoclinic bifurcations, with a detailed
description of the work of Shil’nikov; some “‘exotic” bifurcations; 100 pages on the five
types of codimension two bifurcations of vector fields; a similar chapter for maps (with a
discussion of the open problems). For some of these more complex topics, the author
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makes clear the relevant geometric ideas behind the proofs, rather than giving every detail.
This approach makes the book readable for a wide audience. Each chapter puts much
emphasis on how to do concrete bifurcation calculations, with practical illustrations
through classical examples from the applied sciences. Although the book concentrates on
the finite dimensional case, some detailed examples of reaction—diffusion equations
demonstrate its applicability beyond that. The final chapter is devoted to the numerical
analysis of bifurcations and continuation methods and ends with a brief survey of available
software packages. (The author is well-known for his program LOCBIF). The book comes
with many exercises, detailed bibliographical notes and a huge list of references. — This is
an extremely valuable book, both for the theoretical worker, who gets a detailed account of
the work of the Russian schools and a balanced description of the state of the art, and even
more for the practitioner, who is taught a rich toolbox of applied bifurcation analysis.

J. HorFBAUER, Wien

Hagen, R., Roch, S., Silbermann, B.: Spectral Theory of Approximation Methods for
Convolution Equations (Operator Theory, Advances and Applications, Vol. 74). 27
Figs., XII, 373 pp. Birkhduser, Boston, 1995. Cloth DM 198,—; 6S 1466,—.

The basic question throughout this book is the question of different kinds of
invertibility for certain operators. Besides usual inversion problems constructive aspects,
such as the convergence of solutions to approximate problems (e.g. using spline
approximation, Galerkin methods, etc.) have gained interest recently. As a unifying idea
the authors propose to reformulate related concepts in the frame-work of (classical)
invertibility in new Banach algebras (mostly consisting of suitable sequences of operators).
The book covers in a concise way a very interesting chapter of applied functional analysis,
holding promises for interesting developments.

H. G. FEICHTINGER, Wien

Wan, F. Y. M.: Introduction to the Calculus of Variations and its Applications. XVIII,
638 pp. Chapman & Hall, New York Albany Bonn, 1995. Cloth £ 49,95.

The calculus of variations and control theory are the classical tools for analyzing and
solving optimization problems involving variable functions. Solutions are typically smooth
or piece-wise smooth; weak and strong solutions are discussed in this book. Three quarters
of the book cover problems, theory and solution methods involving vector-valued functions
of a single variable, first without then with constraints. The remainder is about functions in
higher dimensions, covering Plateau’s problem and problems from elasticity theory, plate
theory, and fluid mechanics. For each of the 18 chapters, about a dozen exercises are
provided.

A. NEUMAIER, Wien

Morgan, F.: Riemannian Geometry. A Beginner’s Guide. 119 pp. Jones and Bartlett,
Boston London, 1995. US $ 30,-.

This pleasant little book offers a quick tour to Riemannian Geometry. It focuses on
curvature (its central concept) and is based on surfaces in n-dimensional space (rather than
on abstract manifolds), presented in such a way that the more sophisticated intrinsic
formulas are natural consequences. According to its character, it emphasizes the main ideas
(and visual imagination). Thus, proofs (when given at all) concentrate on the crucial steps
and leave out the (often messy) details. The power and usefulness of the theory is
demonstrated by examples from hyperbolic geometry, general relativity (orbit of Mercury),
global differential geometry (Gauss—Bonnet theorem, geodesics), and energy-minimizing
curves (isoperimetric problem and crystals). The exposition is also well suited to be read
before or parallel to a more comprehensive course or textbook.

P. Scumitt, Wien
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Miles, R. E.: Symmetric Bends. How to Join Two Lengths of Cord (Series on Knots and

Everything, Vol. 8). XII, 163 pp. World Scientific, Singapore New Jersey London,
1995. £ 23—

This monograph “relates to everyday concrete things — knots which join two lengths of
cord”. It is (probably) the first effort to deal with this subject (more precisely: with a
certain subtopic, called symmetric bends) from a mathematical point of view (i.e., as a
special type of knots and links in the framework of knot theory). But since it is written in a
leisurely style (which requires only few prerequisistes from mathematics) and includes
discussions of practical aspects, as well, it is also a piece of recreational mathematics, and a
book for (non-mathematical) knot enthusiasts, in general.

P. Scumritt, Wien

Shampine, L. F.: Numerical Solution of Ordinary Differential Equations. X, 484 pp.
Chapman & Hall, New York London, 1994. Cloth £ 49,95.

A practical book about solving ordinary differential equations (ODEs) numerically.
There are very few theorems (the first one appears on p. 216) but many formulas, figures,
examples and exercises explaining and illustrating what goes on and what can go wrong
with problem formulations, solution methods, and software packages. The reader thus gets
a vivid impression of the role that order, memory, stability, stiffness, large and variable step
sizes, error control, Jacobian information and other things play in the design and use of
modern ODE solvers. The book thus complements nicely more formal texts on the
numerical analysis of ODEs.

A. NEUMAIER, Wien

Strehmel, K., Weiner, R.: Numerik gewéhnlicher Differentialgleichungen. 462 S. Teubner,
Stuttgart, 1995. Brosch. DM 49,80.

Dieses Lehrbuch iiber die Methoden zur numerischen Behandlung gewdohnlicher
Differentialgleichungen bespricht in drei Teilen die Behandlung von Anfangswertpro-
blemen fiir nichtsteife und steife Differentialgleichungen, sowie fiir Algebro-Differential-
gleichungen und retardierte Differentialgleichungen. Es wurde entworfen als Bindeglied
zwischen der Einfiihrung in numerische Methoden zur Losung von Differentialgleichun-
gen, wie sie in Lehrbiichern zur numerischen Mathematik geboten wird, und
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Gaylord, R. J., Kamin, S. N., Wellin, P. R.: Einfiihrung in die Programmierung mit
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Abstract. Denote by x a random infinite path in the graph of Pascal’s triangle (left and right turns
are selected independently with fixed probabilities) and by dj,(x) the binomial coefficient at the n’th
level along the path x. Then for a dense G set of € in the unit interval, {d,(x)8} is almost surely dense
but not uniformly distributed modulo 1.

1. Introduction

The Pascal graph is the directed infinite planar graph with vertices (n, k), for
n=0,1,...and k =0,...,n and two edges coming out of each vertex (n,k), one
to (n + 1,k) and one to (n + 1,k + 1). Labeling edges of the first kind by 0 and of
the second kind by 1 produces a natural correspondence between infinite sequ-
ences x € (2 = {0, 1}N and infinite paths in the Pascal graph which start at the root
vertex (0, 0). We will denote by d,,(x) the binomial coefficient C(n, k,(x)) found at
the n’th vertex of x, if the Pascal graph is superimposed on the Pascal triangle. The
Pascal adic transformation on the space X of infinite paths (see [9, 11, 12, 6])
corresponds to the map T:Q — Q given by T(170901...) =091710... for
D,q=0. VERsHIK [9] noted that the invariant ergodic measures for this map are
exactly the Bernoulli measures p, = %#(a, 1 — «) on 2 and conjectured [10] that
they are weakly mixing. It was noted in [6] that if, for a fixed Bernoulli measure on
€, X is an eigenvalue of 7, then A*®) — 1 for a.e. x. The question of whether or
not there exist such )\, and its variants concerning the distribution of the points
M%) on the unit circle for typical x or indeed for all x, some of them also
mentioned in [6], lead to the study of the distribution modulo 1 of binomial-
coefficient multiples of irrationals; answering many of these questions seems to
demand deeper understanding of the divisibility properties of binomial coefficients
than we have at present.

While we are not yet able to answer the question of weak mixing for the Pascal
adic transformation, we do have some progress on related questions. First, we note
that if x is a path in the Pascal graph which tracks a line of a fixed slope «, then the
proportion of j’s, 0 < j <n, for which dj(x) is divisible by a fixed prime g tends to 1

1991 Mathematics Subject Classification: 28D05, 28D99
Key words: Uniform distribution modulo 1, Pascal adic transformation, measure preserving
transformation, eigenvalue, weak mixing
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as n — oo. Using this, we construct an uncountable set of A on the unit circle such
that for a.e. path x in the Pascal graph (with respect to a fixed Bernoulli measure)
the points A%*() are not uniformly distributed on the circle, since asymptotically
too large a fraction of them are near 1. Thus these points might be candidates for
eigenvalues of T — but we construct such ) for which the A% are dense. We also
list several further observations, questions, and conjectures about the distribution
of these points; perhaps the strongest conjecture (also mentioned in [6]) is the
following: If A € C and there exists a path x in the Pascal graph for which
A%) — 1, then A = 1.

The second author gratefully acknowledges the support of the Erwin
Schrodinger Institute, Vienna, where part of this research was conducted.

2. Intersections of Lines with Sierpinski’s Gasket

Let E denote the triangle with vertices (0, 0), (1, 0), and (0, 1). In this section
we construct Sierpinski’s gasket as a subset of E. Then we prove that every straight
line path (with slope strictly greater than 0) through Sierpinski’s gasket intersects
the gasket in a set with one-dimensional Lebesgue measure 0. (Since Sierpinski’s
gasket has two-dimensional Lebesgue measure 0, Fubini’s theorem guarantees that
almost every line with a specified slope intersects Sierpinski’s gasket with one-
dimensional Lebesgue measure 0, but this is not sufficient for our purpose.) We
give two lemmas which set up the general proof. Also we apply this to the
generalized Sierpinski gasket defined at the end of this section.

Given a natural number n, let E} denote the interior of the right triangle with
vertices ((2"! —1)/2""1,1/2"),((2" — 1)/2",0) and ((2" — 1)/2",1/2") and let
E? be the interior of the triangle with vertices (1/27,(2""! —1)/2"1),
(0,(2" — 1)/2") and (1/2", (2" — 1)/2"). We view the collection of E'’s contained
in the larger triangle E with vertices (0, 0), (1, 0) and (0, 1). The next two lemmas
concern the intersection of the E'’s with a straight line of slope v > 0 (where
corresponds to the invariant Bernoulli measure 4, with o = 1/(1 + ) for the
Pascal adic transformation).

Lemma 2.3. Given o > 0 there exists n = n(a) > 0 such that: for any straight
line L of slope o which intersects the interior of E, there exist n and i such that
i
HLOE,) 0
WLNE)
Before we prove Lemma 2.3 we state and prove the preliminary Lemma 2.2.

Lemma 2.2. Given y > 0 there exist positive real numbers € = e(vy) and
n = () such that for all b € [—¢,(1 —¢€)/2] and L, = {(x,y(x — b)) : x € R}
we have
w(Ly N Ey) >n.
u(Ly NE)

Proof. First we find the intersection of L, with the hypotenuse of E;. Solving
y =v(x — b) and y = 1/2 — x simultaneously, we obtain x = (1/2 + vb)/(1 + )
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and y=~(1/2—-b)/(1+~). Thus if we choose € < 1/(27) our point of
intersection will have positive x and y coordinates. Hence the function
f(b) = u(Ly NE;)/u(Ly NE) is positive and continuous on the closed interval
[—€, (1 —€)/2] and therefore achieves a positive minimum value 7. O

Proof of Lemma 2.3. Any line L which intersects the interior of E intersects
either the line segment joining (0, 0) to (1, 0) or the line segment joining (0, 0) to
(0, 1). Without loss of generality let us consider line segments L intersecting the
segment joining (0, 0) to (1, 0). If we let I = {(x,0) : 0 < x < 1}, then INL # @.
In this case we may focus on the sets E, = EL.

Choose € > 0 as in Lemma 2.2. (In particular ¢ < 1/(2+) will work.) We may
cover I with subintervals I, = [(2"~! —1)/2""! — /21 (2" — 1)/2" — ¢/2")];
so we have I = | J;2, I,. For each b € I, define L, = {(x,y(x — b)) : x € R} and
fo i I — [0,1] as f,,(b) = u(Ly NE,)/u(Ly N E). The self-similarity properties of
the triangles E, imply that each f,, : I, — [0, 1] is continuous, and they all have the
same image. Therefore by Lemma 2.2 there exists a single real number > 0 such
that

w(Ly NE,
fa(b) = Mb OB 5,
u(Ly NE)
for all positive integers n and all b € I,,. O

Now we construct Sierpinski’s gasket as a closed nowhere dense subset of E.
We call triangles in the plane lower triangles if we can label the vertices
(a1,b1), (az,by) and (as,b3) so that the right angle is at (ap,b;) and
a; = min{ay,a3} and b, = min{b,b3}. Upper triangles have right angle at
(az,by) with a; = max{a;,as} and b, = max{b;,b3}. Note that given a lower
triangle R there is a unique upper triangle (inscribed in R) whose vertices are the
midpoints of the sides of R. This upper triangle is denoted #(R); let
Z(R) = {R1,R2,R;3} be the collection of lower triangles remaining when we
extract %(R) from R. Also, given a collection % of lower triangles let
U(€)={U(R) : R € €} and let

2%) = Z(~R).
Re%
We take the triangles in .#(R) to be closed.

The following proposition uses Lemma 2.3 to prove that (L N G) = 0 for any
line L with slope v > 0. First note that Lemmas 2.2 and 2.3 can be extended to any
lower triangle playing the role of the initial triangle E. Also note that
E € u(¥" ' (E)) for positive integers n and i = 1,2. This implies that each
R € #"(E) is disjoint from the interior of E.. Let

Gi= |J »
Re <" (E)
Then G = (=, G, is Sierpinski’s gasket.

Proposition 24. If v>0 and L= {(x,vx):x € R}, then u(GNL)=
= limy—,oop(G, N L) = 0.
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Proof. Choose 1 =7n(y) >0 as in Lemma 2.3. We construct inductively a
sequence n; of natural numbers such that for all positive integers j we have

”(L n an)
w(LNE)

For the primary case Lemma 2.3 ensures that there exists E}} € %(£"~ Y(E)) such
that (LN E} )/u(LNE)=n. (Actually n; = 1.) Hence u(L NGy)/u(LNE)<
<l-—n.

For the general case suppose that r; satisfies u(L N Gy, )/u(L N E)< (1 —n)~.
Now #™(E) = {Ry,...,Ry,} is composed of a finite number of closed triangles.
Let # = {m: 1<m<p,R NL # @}. Thus u(R, NL) = 0 for m & . For each
me #, by Lemma 23 there exists a positive integer e(m) and
E(m)e 021(3"("‘)“1 (Rm)) such  that p(LNE(m))/uw(LNRy)=n.  Let
e=maxmec 4{e(m)}, and let ny,, = n; + e. Therefore we have

:“'(L N G"k+l ) < (1 - W)H(L n G'lk)
< (1 _ n)k+1_ D

Now we define the generalized Sierpinski gasket and give the analogous
proposition which may be proved by the same method. Let E be the closed triangle
described above. Given a positive integer g, the lines y = p/q,x = p/q and
y = p/q — x partition E into ¢* triangles with g(q — 1)/2 upper triangles and
q(q +1)/2 lower triangles. Let %,(E) be the collection of upper triangles and
Z4(E) be the collection of lower triangles. (Take the members of %,(E) to be
open and the members of £,(E) to be closed). Define #,(%¢) and Z,(%)
analogously for any collection € of lower triangles. We obtain

a= | & @:Qq

ReZ(E)

<(1-n)l.

Proposition 2.5. If v >0 and L = {(x,vx) : x € R}, then for all positive
integers q
p(GgNL) = lim u(G; NL) =
n—o00

Proof. We explain how to choose sets E' (g) analogous to the E! above. Then
the analogues of the previous lemmas and proposition follow in the same manner
as before.

Given a lower triangle R let #,(R) be the collection of two lower triangles: the
top left, lower triangle from ,fq(R) and the bottom right, lower triangle from

Z4(R). Similarly we define #7(%). The sets E!(q) are chosen in % oLy Y(E)).

O

3. Binomial Coefficients Modulo a Prime Along a Random Path
in Pascal’s Triangle

If Pascal’s triangle is reduced modulo a prime g, a well-known self-similar
pattern (which can be produced by a cellular automaton) results; this is a
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consequence of KuMMER’s Carry Theorem [4] and the resulting formula of Lucas
[5]. The parts of the triangle that correspond to the upper triangles (which form
(G4)) (the ‘voids’) consist of regions in which the binomial coefficients are
divisible by g. The following theorem says that since a line of slope v spends most
of its time outside of each Gy, a po-typical path x, which eventually approaches a
line of slope v = (1—a) /a in Pascal’s triangle, spends most of its time on
vertices which carry binomial coefficients divisible by gq.

Theorem 3.1. If q is prime and 0 < a < 1, then for py-almost all x we have

lim - Z ’e2md L (x)/q _ 1| _

n—oo n

Proof. Let € > 0. Using Proposmon 2.5, choose N so large that if n> N then
p(G; NL,) < e. Notice that since the complement of G’;’ is a union of finitely
many triangles, if we move L, just a small amount we cannot decrease the
Lebesgue measure of its intersection with (G’qV ) by very much. Thus we may
choose 6 > 0 and then a large-enough natural number M such that if the part
within our unit triangle E of the band of width § about the line L, is cut into M
equally-spaced chunks by lines parallel to the hypotenuse of E, and if one point is
chosen from each of those chunks, then the proportion of those points which are in
G? in still less than 2e.

Let Si(x) denote the number of 1’s along the path x (regarded as a sequence

in Q= {0, 1} ). By the Ergodic Theorem, for p,-almost every x there is
K = K(x) such that

|Sk(x) — ka| < k6 for all k=K.
Choose a time M > K/, and consider Pascal’s triangle down to that level,
including subtriangles of rank up to N. When this part of Pascal’s triangle is scaled
down to lie over our unit triangle E, we see the subtriangles that form (G¥)‘, and
the scaled-down path x lies entirely inside the band of width § about L., the line of
slope v = (1 —a)/a in the Sierpinski gasket. We have arranged that the
proportion of vertices of the scaled-down path which are in (G;" ) is at least
1 — 2¢, and hence the proportion of vertices of the path x at which the binomial
coefficients d;(x) are divisible by g is at least 1 — 2e. O

4. Main Result: A Construction of Special Irrationals

In this section we use Theorem 3.1 to construct an uncountable dense set (in
fact a G5)A C [0,1) such that for each § € A and for p,-almost every x € X we
have that the sequence {dj(x)8} is not uniformly distributed modulo 1. In

particular we obtain a result similar to Theorem 3.1, but with the limit replaced by
lim inf.

Theorem 4.1. There exist a dense Gs set A C (0, 1) and a set of full p,-measure
Y C X so that for each 0 € A and x E Y we have

liminf — Z|e2”’d(")9 1|=0.
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Proof. Let {e,} be a sequence of positive real numbers satisfying
> 1 €n < 00, and let {g,} be a sequence of primes increasing to co. We will
produce sequences R, of natural numbers and 6, > O so that if

— 2midy (x)p/qn _ - _
Yn—{xeX anz;ie 14 (p/q 1|< forp=0,1,.. 1},

An={0€[0,1) : there exists p =0,1,...,g, — 1 with [ — 2| < §,},
A= ﬂUA,,, and Y = UﬂYn,
=1 n=k =1 n=k
then
lim inf - Z |30 _ 1| =

n—oo N

forall@e Aandall xe Y.
For each n, by Theorem 3.1 we may choose R, so that u,(Y,) > 1 — &,. Then,
since

1 Razl '
{R_ Z 240 _ 1] . x € Yn}
n ]:0

is a finite collection of continuous functions of #, we may choose 6, > 0 so that

R,,—l

Z | e2rid, (x)e _

for all x € Y, and all § € A,. Then A is a dense Gs with the usual topology, and
ta(Y) = 1 because > oo €, converges.

To verify the outcome of the theorem, first choose § € A and x € Y. Then there
exists a sequence n,, — 0o such that § € A, for all positive integers m. Also there
exists k such that x € Y, for n>k. Hence for n,, >k we have

2
Z le2md __1|<__‘ 0
n

nm ]-—~0 m

5. Density Without Uniform Distribution

In the previous section we constructed a dense Gs set A C [0, 1) such that for
each 6 € A, {dj(x)8} is not uniformly distributed modulo 1 for p,-almost every
x € X. Those 8 € A, which are irrational, remain candidates for eigenvalues of the
Pascal adic transformation. However in this section we will show that if the
sequence {6, } converges to zero sufficiently fast, then {d;(x)6} is dense modulo 1
for each 6 € A and for p,-almost every x € X. This excludes these @ as eigenvalues
for the Pascal adic.
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We begin by considering Pascal’s triangle modulo a prime g. Recall that for
neNand 1 <k<gq"—1, we have C(q", k) =, 0. Hence C(q" — 1,k) =, (-*
for 0 <k <g" — 1, which gives a ‘blocking line’ on the triangle. It is this
‘blocking line’ that yields total ergodicity of the Pascal adic. In Lemma 5.1 we
note that among the binomial coefficients in the row numbered ¢" — 2 one can find
all the congruence classes modulo g, and in fact they appear in a regular way. This
allows us to show that along a random path in the triangle a hit of congruence class
r at level g™ and of congruence class p at level " are approximately independent if
m and n are far apart, and therefore with probability 1 no congruence class modulo
q can be avoided. Consequently, if 6 is very well approximated by rationals p,, /gy,
then {d;(x)6} must be dense modulo 1.

Lemma 5.1. Let q be prime and n a natural number. Then for
k=0,...,4" —2 we have the following formula:

Cq" = 2,k) = (=1)"(k +1). (1)

Moreover, for natural numbers k and p satisfying 0<p<qg—1 and
0<k<q"—2q—1 the set

{i:k<i<k+29-1,C(q" -2,i) =, p} (2)
has exactly two elements.

Proof. First we derive the formula inductively. The primary case in trivial:
C(q" —2,0) =1 = (—1)°(1). Assume the formula holds for k = [ — 1. Thus for
k =l we have

Clg"-2,)=C(¢"-1,1)—C(g" —2,1—1)
=, (-1 = (1)1
= (-1 +1.

Now for the second part of the lemma, we note that our formula gives the
following:

C(¢"—2,i)+2 if ieven
C(q" —2,i)—2 if i odd.
Hence if ¢ = 2 we obtain C(q" — 2,k) =, 1 for k even and C(¢q" — 2,k) =, 0 for k

odd. For g # 2 we have that each of the maps j— C(¢" — 2,k + 2j) mod g and
Jj—C(q" — 2,k + 1+ 2j) mod g gives a bijection of {0,...,q —1}. O

C(qn_2’1+2) Eq{

Lemma 5.2. Suppose that for each n € N we have a unimodal distribution f,
on the set {0,...,q" — 2}. For each p satisfying 0 <p < q—1, let

M,={m:0<m<q"—-2,C(q" —2,m) =, p}.
If lim,_,omax{ f,(m) : 0 < m < ¢" — 2} =0, then

Jim > falm) =

1
meM, q
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Proof. We will show that

lim (Zf,.(m) - an(m)) =0

meM, meM,

for all p and r. Without loss of generality, assume that

ST hm= S fulm).

meM, meM,

Partition {0,...,q" — 2} into subintervals of 2g consecutive numbers with one
remaining subinterval of at most 2g consecutive numbers. Discard the subinterval
which contains the peak of the distribution f,, as well as its two adjacent
subintervals, from the set M,,. Call the remaining set M: . Now for each m* € M*
there exists m € M, in the next interval of length 2¢q towards the peak of f, such
that f,,(m) > f,(m*). Therefore

D Salm)= Y fim)> Y folm) —6max{fu(m):0<m<q -2} O

meM, meM ; meM,

Let F,(q,p) be the set of paths which pass through a vertex (¢" — 2,k)
satisfying C(¢" — 2,k) =, p. Lemma 5.2 implies that the conditional probability
of the set F,(q,p), given that the path passes through a fixed vertex, converges to
1/q as n — oo. Therefore for each m € N

1im 11a(Fo0,p) 0 Fnl,1) = ¢ olF(a,7). 0

A standard Hilbert space argument of A. Rény1 [8] implies that F,(q,p),n =
=1,2,... is a mixing sequence of sets. In particular we have Lemma 5.3, which
says F,(q,p) ‘sweeps out’. Finally we prove Theorem 5.4 using an approximation
technique similar to that used in the previous section.

Lemma 5.3. For 0 < p < g with q prime and 0 < a < 1.

Ha (G Fn(‘lvl’)) =1

Theorem 5.4. There exist a dense Gs set A C [0,1) and a set of full pq-
measure Y C X so that for each 6 € A and x € Y the set {€*"4™ :j e N} is
dense (but not uniformly distributed) in S'.

Proof. Let {e,} be a sequence of positive real numbers satisfying
Y €n < 00, and let {g,} be a sequence of primes increasing to co. We will
produce sequences R, of natural numbers and 6, > O so that if

an—1 R,

Y, = n UFj(qu),
p=0 j=0
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An ={0 €[0,1) : there exists p, = 0,1,...,g, — 1 with | — 22| < §,},

A= ﬁ A,, and Y:OﬁY,,,

k=1n k=1n=k

] C8

then {2™4™®? : j € N} is dense but not uniformly distributed for all # € A and all
xevY.

For each n, by Lemma 5.3 we may choose R, so that p,(Y,) > 1 — &,. Then
choose

1
nC(gn —2,(q —2)/2)"

As before, if # € A and x € Y, then we can find arbitrarily large n such that 8 € A,
and x € Y,. Now 6 is very well approximated by a rational p,/q,, and as p runs
through the congruence classes modulo g,, the points pp,/q, are 1/q,-dense
modulo 1. Further, for each congruence class p modulo g, there is j=1,...,R,
such that at level s = ¢/, the path x has its binomial coefficient dy(x) hit that
congruence class. Since 8, has been chosen so small that all the points d;(x)f
under consideration are very close to the points d(x)p,/qn, and the latter are 1/q,-
dense, we are done. O

by <

6. Questions and Conjectures

1. Conjecture [10, 6]: For each Bernoulli measure p,, the Pascal adic
transformation T is weakly mixing. This would follow if one could show that
Ah(®) 1 for a.e. x with respect to p1, implies A = 1.

2. Conjecture: If there is a path x such that A%®) — 1, then \ = 1.

3. Does there exist any A in the unit circle such that {A\%®} is uniformly
distributed in the circle for every x (except for the two paths down the edges)? For
such a A, the skew-product transformation

S(z1,22,23,.-.) = (A1, 2122, 2223, - - )

on the infinite torus, known to be uniquely ergodic by results of WEyL [13, 14],
FursTENBERG [1], HAHN [3], and Postnikov [7], would have the very strong
property that we would see a uniformly distributed sequence {(S’z),} not only
when we looked in a fixed coordinate k at the orbit of a point z, but also when we
allowed our view to shift one place to the right from time to time: {(5/z) K, } would
be uniformly distributed for each z and each choice of {k} C'N with
ki1 —kj € {0,1} for each j. (The X\ that we construct above are at another
extreme from this property.)

4. From another theorem of Weyl and Tonelli’s Theorem it follows that for
almost every X the sequence {\*®} is uniformly distributed for a.e. x, with
respect to each Bernoulli measure p,,. For which A does this hold? Similarly, what
paths x have the property that this sequence is uniformly distributed for each X that
is not a root of unity? (By Weyl’s Theorem, this is the case for each path x that is
eventually diagonal.)
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5. Studies like these on divisibility of binomial coefficients by primes suggest
questions on simultaneous divisibility by several primes. For example, thinking
about the central path in Pascal’s triangle and divisibility by 2 and 3 leads to the
following Conjecture: The only solutions in nonnegative integers r and distinct
Si,--.,5m of an equation

2r=3s|+._.+3sm

are 1 =1,4=1+43, and 256 =1 + 3 + 9 + 243. We thank Charles Giffen for
pointing out that this conjecture was already made by Erdos-see [2]. More
generally, if for a prime p we define an integer Cantor set H(p) to consist of all
those expansions base p with coefficients in the interval [0,p/2] (or subject to
some other restriction), is H(p;) N --- N H(p,) typically finite?
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Abstract. Let p be an odd prime and [, the finite field with p elements. In the present paper we
shall investigate the number of points of certain quadratic hypersurfaces in the vector space F? and
derive explicit formulas for them. In addition, we shall show that the class number of the real

quadratic field Q(,/p) (where p = 1 (mod 4)) over the field Q of rational numbers can be expressed
by means of these formulas.

1. Introduction

1.1. Let N, Z, Q, R be the set of natural numbers, the ring of integers, the field
of rational numbers, and the field of real numbers, respectively. For an odd prime
p, let [, be the finite field with p elements and V = [F;', the vector space over [,. We
denote the point (x,x,,--,x,) € V by the single letter x.

For a € I, consider the following quadratic surface S, in Vand its open subset
S g :

Sa={x€eV| foza},
i=1

S = {x € Sa|xi #0,x; # x(i #j,1<i,j<n)}.
If we denote by &7 the set of hyperplanes in V given by the equations
xiZO, Xi = Xj, Xj = —Xj (13&]71<17]<n)3 (111)

then the set SO can be expressed as SO = S, — Upye s (H N Ss). Let L = L(o/) be
the lattice associated with <7, i.e., L is the set consisting of various intersections of
hyperplanes in .«/. If ./, is the set of hyperplanes in a real vector space R" given
by (1.1.1), then the lattice L() is isomorphic to the lattice L(.</p) whenever
p#2

Let W be the subgroup of the orthogonal group O,(R) of degree n generated by
reflections with respect to H € of. Then W is isomorphic to the Weyl group of
type B,.

1991 Mathematics Subject Classification: 05A19, 05E1S, 11E04, 11R11, 11R29, 20B30
Key words: Quadratic forms over finite fields, Weyl groups, hyperplane complements, partitions,
combinatorial identities, class numbers, real quadratic fields
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Now the Mobius function p : L x L — Z is defined recursively by the following
conditions: u(X,X) =1,% vy <y u(X,Z) =0if X <Y and pu(X,Y) =0 other-
wise. Here for each X,Y € L, we write X < Y if the corresponding subspaces
X,Y C V satisfy ¥ C X. Then by the Mobius inversion formula we obtain

1S9] = > " u(V, X)|Sa N X], (1.1.2)
XeL

where |M| means the number of elements of a set M.

1.2. Let m be a square-free integer with m # —1, —3 and d be the discriminant
of the quadratic field Q(y/m). If L(s, x) is the L-function attached to the Dirichlet
character x of conductor |d|, then the class number A of Q(y/m) can be given by

Vd
—L(1 f 0
L _ ] 2oz (1,x) form>0,

Vid
—~|——|L(1,)0 for m < 0,

s

where ¢ is the fundamental unit of Q(y/m).

By using this formula we can deduce that if m = p is an odd prime with p = 1
(mod 4), then

p-1

e =Ja-¢H™W, (1.2.1)

k=1
where ( is a primitive p-th root of unity and y is the Legendre symbol in this case.

1.3. In the present paper we shall investigate the number of points of the
quadratic surface S, and its open part S°, and derive the explicit formulas for them
by using (1.1.2) together with some combinatorial results due to Orlik and
Solomon. These formulas are described in terms of elements of the Weyl group W
of type B,. In addition, using (1.2.1) we shall show that the class number of
Q(4/p) for p = 1 (mod 4) can be explicitly expressed by means of these formulas.

We note that the class number formulas of Q(,/p) deduced in Section 5 may be
not so efficient as an algorithm for real computing of & compared with, e.g., the
well-known continued fraction method. However, we emphasize that our aim is to
derive explicit formulas for 4 by means of the number of points of the quadratic
surface S, and its open subset SO.

2. Some Calculations on Quadratic Surfaces

2.1. For a positive integer ¢, we consider a t-tuple A = (Ay,..., ) € N'. Let F,
be a finite field consisting of g elements, with g odd. For each o € [,, we define a
quadratic surface S,()\) C lF; as follows:

Sa(N) = {x € [F;li)\ixf=a}. (2.1.1)
i=1
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Let [F* be the multiplicative group of F, and let §:FF — {1} be the
Legendre symbol defined by 6(x) = x4~ 1/2(x e [F*) As usual, we extend 6 to the
function on [F, by setting 6(0) = 0. Also, we deﬁne 6(\) for A € N' by 6(\) =
- Hl-—] 0(/\

Now the following proposition describes the cardinality of S,(\).

Proposition 2.2. Let S,()\) be as above, and let k= 6(—1) = (—1)7")/?
Then

g+ 0(a)0(\) (kq) "™ if tis odd,
1
1Sa(N)| = g - 59()\)(1'661)[/2 if tis even and o # 0,

-1
q’_l + qTO()\)(mq)'/2 if tiseven and a = 0.

This result is already known (see LipL and NIEDERREITER [4], Theorems 6.26
and 6.27). Therefore we omit the proof, and just indicate below the outline of the
proof for the sake of completeness.

Let Q be a quadratic form on a vector space Vover [, and for a fixed o € F,
define a quadratic space X,(Q) by

Xo(Q) = {x € V|Q(x) = a}.

We compute the cardinality of X, (Q). First consider the special case where
O(x) =x3 — 6x2 with 6 € F;, which case is easily treated. Next consider the
case where Q is of the canonical form with respect to the Witt decomposition.
The cardinality of X,(Q) in this case can be computed by making use of the
natural filtration of X, (Q) together with the above computation. Then the general
case follows from the fact that two quadratic forms Q and Q' are equivalent if and
only if dgp = dQ:mod(IF;)z, which is also equivalent to the condition that
0(dg) = 6(dy) (here, dy denotes the discriminant of Q).

3. The Explicit Formulas for |S?|

3.1. In this section we shall give an explicit formula for the cardinality of the
set Sg given in Section 1. As in Section 1, we return to the setting of the prime
field F,. But note that the results in this section hold without change if [, is
replaced by a finite field F,. Before starting the computation, we summarize some
properties of the Weyl group W. So, let W be the Weyl group of type B, realized as
the reflection subgroup of 0,(R) as given in Section 1. We fix the standard basis
e, e, ...,e, of R". Then each w € W gives a permutation of the basis (with
signature), w : e; — te,(;. The set of conjugacy classes of W is in one to one

correspondence with the set 2, of all the pairs of partitions v = (X; ) of n, where
A== 2N >0,

1= ' (3.1.1)

Wiy == Zps >0

for positive integers \;, y; such that ) A+ Y p;j = n. The correspondence is
given as follows: for each sequence I of m distinct numbers iy, i, ..., in such that
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1<iy<n, we consider a cyclic permutation (with signature) wy : e;, — te;, —
— .-+ — te; — =Le;. Then w; € W, and we say that wy is a positive cycle (resp.
a negative cycle) of length m if w}'(e;) = e;, (resp. wi'(e;) = —e;,). Now any
element w of W can be expressed as a product of mutually commuting positive
cycles of length \; and negative cycles of length y; such that >° X\ + Y u; =n,
and the corresponding v = (A; u) € 2, (after rearranging so that Ay =X\ > -+,
W1 =y > - +) gives the required bijection. For a given v € 2, as in (3.1.1), we
denote by w, (a representative of) the corresponding conjugacy class in W. Then it
is easy to see from the above description that

N

det(w,) = [J(=0*" - T[(=1)" = (=1 (3.1.2)
i=1

Jj=1

For a given w, € W, let ¢, be the number of elements in the conjugacy
class containing wy,. Then ¢, is explicitly given as follows; we denote by A\ =
= (/\] === ) = (lm' 2m i .), ie., m; = #{j € Nl)\] :]}, and
similarly, u = (1nl 2m ).

Then we have

¢y ——2"n‘<H2)\ Hm> (HZ,u] Hn,> : (3.1.3)

i1 j=1

3.2. For a given v € £, we choose a specific representative w, as follows: for
each i (1<i<t) and j(1<j<s),w, maps ex 1 — €x12 — '+ — €x+) — Chk+l,
and e1+1 = €4 > ey > €], where ki= M+ X+ -+ A1 and
=3y X+ (w -+ pj—1). Then the fixed point subspace Ker(w, — 1) of
wy, in [F" can be expressed as follows:

Ker(wy — 1) = {x € lek,+l = X2 =0 = xk,+,\,(l <i<t),
Xl +1 =x1,+2:---=x,,:()}. (321)
In particular, we see that dim Ker(w, — 1) = 1.

3.3. For each w € W, let n(w) be the smallest number m such that w is
expressed as a product of m reflections of W. Then it is known that

n(w) = rank(w — 1) = dim V — dim Ker(w — 1)

(cf. [7]). Hence, by 3.2, n(w) =n—tforw=w, € W. Now the following
formula is a special case of a formula due to L. SoLomon ([8]), which is also valid
for general Weyl groups.

Let g be an indeterminate. Assume that W is the Weyl group of type B,. Then

we have
> g™ H + (2i — 1)q). (3.3.1)

wew i=1

For each v = (\; u) € &,, we denote by t = #(v) the number of )\; appearing in
the partition A = ();) (see (3.1.1)). Then if we note that n(w) =n —t(v)
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for w = w,, the following formula is easily deduced from (3.3.1):

S (1), q® = T[(a - i - 1). (332)
vEP, i=1
It follows from (3.3.2) that
L (2n)!
;c,, = H(Zl —) =00 (3.3.3)
H(v)=0 =

In fact, if we denote by Z the left-hand side of (3.3.3), then (3.3.2) implies that

n

> g = ! {H(q -Qi-1)- (—1)"2}-

vEPn q i=1
1(v)>0

The left-hand side of this equality is a polynomial in g. Hence, by considering the
coefficient of g~! in the right hand side, we obtain (3.3.3).

3.4. Returning to the original setting in Section 1, we shall give an explicit
formula for |S|. We want to compute it by making use of (1.1.2). For this, we
need to evaluate the values p(V,X) for each X € L, which will be given by the
following result of Orlik and Solomon.

Proposition 3.5 (OrLik-SoLoMoN [7]). For X € L, let
Fx = {w e W|Ker(w — 1) = X}.

Then we have

w(V,X) = Z det(w).

weFy

3.6. Using Proposition 3.5, we rewrite (1.1.2) as

|S0| = Z(Z det(w)) 1Sa N X|
AT (3.6.1)
= det(w)|Sa NKer(w — 1)].
wew

Note that each term in the sum of the last formula depends only on the
conjugacy class of W. Hence, by the discussion in 3.1 the sum is taken over all the
pairs of partitions v = (\; u) € #,. Then using (3.1.2), we see that

189] = 37 (=1)""¥e,|S, N Ker(w, — 1)), (3.6.2)

vVEP,
where c, is as in (3.1.3). Here we may assume that w,, is as in 3.2. Then (3.2.1)
implies that the set S,N Ker(w, — 1) can be identified with the set S, () given in
(2.1.1) if t =¢(v) > 0. In this case |S,(A)| is described in Proposition 2.2. If
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t(v) =0, then S,(A\) = {0} (resp. So(A) = @) in the case where o =0 (resp.
a #0), and 50 |Sy(A)| =1 (resp. |Sa(A)| = 0), respectively.
Now, by making use of Proposition 2.2, we can express (3.6.2) in a more
explicit form. Let
A=(-1)" ZC t(V)

vePn
t(v)>0

B=(—-1)"Y c,0())(sp)‘ V"

vePp
t(v)odd

C=(-1" > cf(N)(sp)™/?

VEPn
t(v)>0even

l)"z Cy-

vEPp
t(v)=0

(3.6.3)

Notmg that the restriction of Y 7, x? to Ker(w, —1) is A\ix3, + Ax3 o,
+AX3 .45, We see that

1 1
-A—60(a)B—--C if a#0,
p

S

|Sol = (3.6.4)

—1
a2 c4D ifa=o.
p P

Note, by (3.3.2) and (3.3.3), that A and D can be written as

A= Hw @i—1)- (-1 Tei- ),
i=1
n (2n)

=(=1)

and B, C are independent of a. If we put Ag = []._,(p — (2i — 1)), we have
A=Ay—D

Moreover, by setting E = C + D and modifying the formula (3.6.4), we get the
following theorem:

Theorem 3.7. Letk = (—1)P"2 and 9 IF;,k — {£1} be the Legendre
symbol. Use the same notations as in 3.1, 3.2 and 3.3 set

ao=11(r - @i-1),
i=1
-1)" chg()\)(,ip)(t(V)—l)/Z

vEPn
1(v) odd

E=C+D=(-1)" Y c,6(\)(xp)®".
vePy
#v)=0even
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Then we have

1 1

o ;AO —O(Q)B—;E lf « #0,
‘Sa|= 1 p—1

1gg+ 22 if a=0.
p p

4. The Identification with a Result of Maohua Le

4.1. In the case where « = 0, the number of solutions |S%| was computed by
M.-H. LE in [5] by a different method. In this section, we give the identification of
his result with ours. First, we explain his result. Let A = ,/kp, hence d = A? is
the discriminant of Q(A) as mentioned in Section 1, and let

—1
skZ%(—lw(k)A),lgkg’lT. (4.1.1)

We set, for each integer n>1,

i

oy = Z (_1)m+m+~~H Si (4.1.2)

7 >01=12, i=1 in'ni! '
ny4+2ny+ - =n
and define integers A,, B, by the condition that o, = (A, + B,A)/2. (To prove his
theorem, Le defines o, by a recursive formula involving s;. However in the last
remark of his paper, Le also gives an explicit formula for ¢, which is nothing but
(4.1.2)).
Let

_1((p-1/2\ pP-1
N,,-—p( . )+2p An. (4.13)

Then Le’s result is stated as follows.

Proposition 4.2 (Maonua LE [5]). Assume that o = 0. Then
1
N, =
2"n!
Proof. We shall deduce the proposition from our result. It follows from
Theorem 3.7 that |S°| can be written as

|Sal-

1 -1
|Sg! =-Ay —l—p———E
p p

with Ag, E as in Theorem 3.7. It is easy to see that

o= ((77,072),

So we have only to show that

1 1
i E =54 (4.2.1)
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We now show (4.2.1). Using (4.1.1), we have

Hs"-—ﬁ{z,,, > (—1)""'"'(e<i>A>m'(:;)}

0<m, <n,

= > (- 1) E""AE'"‘H{E("‘>0(1')""}.

my.my. = m;

0<m, <ny

In the last expression, only the terms such that Y m; is even give the contribution
for A,. Now, let 2° be the set of partmons E=(1™m,2m,...) of n, i.e., n; =0 are
integers satlsfymg ny +2ny +--- =n. More generally, for a sequence A =
= (1™,2™...) with integers m; 2 0, we denote A< £ if m; <n; for all i > 1. If such
A is written as A= (A; =X\ > -+ =)\), we put ¢t =¢()\). Under this notation,
(4.1.2) implies that

563”" st

t(X) even

where we used the notations £ = (1™,2",---) and A = (1™,2™,--.) in the sum.

Now, since A% = kp, and since #()\) is even, we see that Al ™= = (kp) V2.
Moreover, for the above £ = (1",2"---) and A = (1"™,2™,--.) with A<&, if we
put g = (1m=™ 2m=m ...} then v = (\;u) gives rise to an element in 2,
(see 3.1). The corresponding ¢, is described by the formula (3.1.3). In this case,
we obtain

On the other hand, we note that
(_1)n2+n4+--- X (__l)l(f) — (_1)71
In fact, since n =Y, in; = ) _; 4q 1 (mod 2), we see that

t(§)+(”2+n4+“-)=Zn,~+(n2+n4+...)

=S
i odd
= n(mod 2).
Combining these results it is easy to see that the right hand side of (4.2.2)
coincides with (2"n!)” 'E. This shows (4.2.1) and so proves the proposition. []

5. The Class Number of Q(,/p)

5.1. In this section we deal with the class number A of the real quadratic field
Q(y/p). In the following, we assume that p is an odd prime with p =1 (mod 4).
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Recall the formula (1.2.1) from Section 1 and write it as
) [Ta-¢
s
e = m, (5.1.1)
where r, s run over the quadratic residues and nonresidues of p with 1 <r,s<

<p — 1, respectively.
For simplicity, set IT, = [],(1 — (") for n = r,s. Then it is easily seen that

Lemma 5.2. There exist integers a, b and c such that
I1, =a+b2('+02(“ and Tl =a+bZCs+cZ(;’,
r s s r
where the sums Y _.,>  are taken over all integers r, s in the interval (0, p) such

that 0(r) = 1,60(s) = —1, respectively.

Here, we note that the above integers a, b and c satisfy
-1
a+pT(b+c):0 (5.2.1)
and

(b—c)+4=pb+c)l (52.2)

Since II, - Il;=p,II,+ Iy =2a— (b+c)=—(b+c)p >0 and II, - II; =
= (b—c)y/p <0, it follows from (5.1.1) that

P I{HS—H, I, + II,
=2 =" +
VP 4

VA o}
=—12-{—b+c—(b+c)\/ﬁ}.

Further, using (5.2.1) and (5.2.2) we may rewrite this formula as

e zﬁi{\/paz —(p—1)* +a¢5}.

Consequently, we can state the following theorem (cf. [1]):

Theorem 5.3. If p = 1 (mod 4), then

log{ pa? — (p—1)° +a\/17} —log(p—1)
h=
loge

_log{—-b+c—(b+c)\/p} —log2
B log ¢ ’
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5.4. Here, the problem how to determine the integers a, b and c arises. In view
of Lemma 5.2, the integer a = a(p) may be written as

(p=1)/2

a=1+ > (=1)"N,
n=1

where N, is the number of points of

{er|Xn:xf=O(1<x1 <x2<---<x,,<(p—1)/2)},

i=1

hence N, = (2"n!)~" |S%| for o = 0, as mentioned in Proposition 4.2. Similarly, we
get

(p=1)/2 (p-1)/2
b= > (-1)'N, and c= Y (=1)"NJ,
n=1 n=1

where N, = (2"n!)"'|89) for 6(a) = 1 and N” = (2"n!)""|5?) for O(a) = —

As stated in Section 4, it was shown by Le that N, can be determined
recursively by means of (4.1.3).

We now apply the formulas for |S%| mentioned in Theorem 3.7 for evaluating
the integers a, b, ¢ and present the following explicit expressions of them.

Propeosition 5.5. Let B = B(n) and E = E(n) be as in Theorem 3.7. Then
(p— 1)/2 l)n
1+ Z 2npl ’

1 (P'l)/z(_l)n
b=—;{1+ > o (pB(n)+E(n))},

n=1

(p-1)/2 n
c=_1{1+ y CU (—pB(n)+E(n))}.

p — 2nn!

Proof. The proofs of the above formulas are almost the same, so we shall give
here the proof only for the integer a. By making use of the formula for |S?| in
Theorem 3.7 we deduce

1(1?-1)/2( 1)
a=1+25 O faoo) + (p - DEG)

n=1

102 ((p=1)/2 (="
—14 Y {er (Y v -0 G

n=1

_ (p=1)/2,
=2=- 1{1+ > 53 ) }
n=1

p

J

which proves the first formula as desired. []
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According to Theorem 5.3 and Proposition 5.5, the formula for the class
number k4 of Q(,/p) for p =1 (mod 4) can be explicitly derived.

5.6. Next, we would like to treat the case where p =5 (mod 8). This case
is a special case of p =1 (mod 4), however it leads to other results of interest.
For instance, we can deduce a different form of expression of % in this case.

Set I, =[[,(1+¢") for n =r,s. Similarly to Lemma 5.2, we get the
following lemma.

Lemma 5.7. There exist integers a,b and ¢ such that
M,=a+by ¢(+ey ¢ and M=a+by ¢+c) (,
r s s r

where the sums Y, > are taken over all integers r, s in the interval (0, p) such
that 0(r) = 1,0(s) = —1, respectively.
Here, we easily see that

a+—2—(b+6) =2(p~1)/2 (5.7.1)

and
_ 2 -
{2(P+1>/2 —(b+ Z‘)p} —4=p(b-0) (5.7.2)
Since 6(2 )P P08~ _1 for p=5(mod8), Il +1II' =2a — (b+¢) =

)= (-1 1
=202 _(b+e)p>0 and I' - II' = (b —¢),/p > 0, we get from (5.7.1)
and (5.7.2)

1 I —1r
2h 1 ! ! r s
=1 =—- + I+ —L—
r 2{1—1" s \/_F \/I;}
1

=5 {2“’“)/2 —~(B+e)p+(b- Z‘)\/ﬁ}
=L {pa-2r e —aeomy - -l

Using this formula we obtain immediately the analogous result to Theorem 5.3
as follows (cf. [1]):

Theorem 5.8. If p = 5 (mod 8), then

log{pﬁ — 20002 4\ [(pa — 20-112)? — (p— 1)2} —log(p — 1)
210g5

_1og{2(P*)/2 — (b +2)p + (b — ¢\/p} — log2
- 2loge '

h=
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We see from Lemma 5.7 that the integers a,b,¢ can be expressed as
follows:

(p=1)/2 (D)2 (p=1)/2
a=1+ Y N, b= Y N, c= > N,
n=1 n=1 n=1

In the next proposition we shall derive explicit expressions of these numbers.

Proposition 5.9. Let B = B(n) and E = E(n) be as in Theorem 3.7. Then

(p=1)/2
1 p—1 1
a=1+- (2002 _1) 45— E
a +p( )+ . ; S E),
(p=1)/2
o 1 1
— _(o(p-1)/2 _ _ _
b p(z 1) p }_: S (PB(n) + E(n)),
n=1
(p-1)/2
1 1 1
L1 _
c p(z 1) ; ,,221: o (<PB(n) + E(n).

Proof. Applying the formula for |S%| (where o = 0) in Theorem 3.7, we easily
deduce

(p=1)/2 1
a=1+ Zl '2—,;;1—,|Sg|
IZ;—l)/2
:1+[~) 2 g VAo(n) + (p = 1E(n)}
—-1)/2 -1)/2
=1 +I_1){(p§/ ((P —nl)/z) +(p— 1)(:2:?/ 271,55(")}
1 (p=1)/2

as indicated. The other assertions for b and ¢ are also immediate from Theorem
3.7. O

By Theorem 5.8 and Proposition 5.9 we can give the explicit formula of the
class number 4 of Q(,/p) in the case where p = 5 (mod 8).

6. The Ankeny-Artin-Chowla Conjecture

6.1. Let e = (T + U,/p)/2 > 1 be the fundamental unit of Q(,/p) for p = 1
(mod 4), hence T and U are the least positive solutions of Pell’s equation
X? 44 = pY?.
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In their paper [2], ANKENY, ARTIN and CHowLA proved an important property
between the class number and the fundamental unit of Q(,/p) as follows:

hU
?EB(p_l)/z(mOd p), (611)

where B, is the m-th Bernoulli number in the “even suffix” notation, thus
By = 1,B| = —]/2,32 = 1/6,33 =0, and so on.

The Ankeny-Artin-Chowla conjecture enunciated in [2, 3] asserts that U # 0
(mod p), which is equivalent to B(,_1),2 # 0 (mod p) by (6.1.1), because h < p,
more precisely hs[\/ﬁ/Z] (see [6], Theorem-(a)), where [x] means the greatest
integer <x. In spite of various efforts by many authors, this conjecture is still
unsettled. It may be not as simple as one would like. Actually, this is an extremely
deep and difficult problem in connection with the distribution of quadratic residues
and nonresidues modulo p.

If we write e = (T} + Uyy/p)/2 for k=1, then it is clear that the above
conjecture is also equivalent to Uy # 0 (mod p) for each k> 1, hence to pfa and
p[b + ¢ in consideration of the case k = h.

Incidentally, we note that (6.1.1) yields the congruence

a b+c
=3 B(p_1)/2(mod p).

1l

2
pa*—(p—1)
By means of Proposition 5.5 we may describe the following statement.

Proposition 6.2. Let p =1 (mod 4). Then the condition U = 0 (mod p) is
equivalent to

(p-1)/
Z o 'ZCU = —1(mod p).
n=1 n: vG%

1(v)=

Proof. Let C=C(n),D =D(n) be as in (3.6.3) and put E =E(n) =
= D(n) + C(n). Since

and

X'": 1 (20 _2m+1(2m
£t 2\ pn ) 2m m /]’
we have

(p=1)/2
2

CL i = (Z)/% () =25 ()
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Noting that (p 1) = (—1)* (mod p), it follows from Proposition 5.5 that

(p=1)/2
p—1 =)
=<1 E
p { i n=1 2"n ()
(p=1)/2 (p-1)/2
p—1 p-1 (=" - )
=t D(n) +
: p{ o D> ()
(p=1)/2
P—1< p—1 ) p—1 1 1w))2
= +— c,0(A\) (K, ,
7 \p-02) VT X T 2 )
t(v)>0even
(r-1)/2 |
=—|1+ E S 'E c,0(N) | (mod p).
n=1 'ue?,.

tv)=2

Therefore, the condition pla equivalent to U =0 (mod p) implies the
congruence indicated in the statement, and the reverse is also true. O
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Abstract. Let k be an algebraically closed field of characteristic 0 and let f(x,y) € k[f][x,y] be a
polynomial in two variables with coefficients in k[f]. One is interested in solving the equation
f(x,y) = 0 with polynomials x,y € k[¢]. Two solutions (x, y), (x',y') are proportional if X' /x and y' [y
are non-zero constants in k and a solution (x,y) is primitive if the polynomials x and y have no
common root. The main result of this paper is that for a certain class of polynomials f, which includes
Thue equations with sufficiently lacunary exponents, the number of non-proportional, primitive
solutions is bounded solely in terms of the number of monomials a;(f)x*y” appearing in the
polynomial f(x,y). This verifies the analogue of a conjecture of Siegel for this class of polynomials.
The proof is an application of the abc-theorem in function fields to certain determinantal varieties
arising from the elimination of the coefficients of the polynomial f(x, y), together with an inductive
argument on the number r of monomials in f(x,y).

1. Introduction

In his celebrated paper [7,87] SiEGEL considers the problem of obtaining
bounds for the number of solutions of the diophantine equation f(x,y) =0, as a
function of the coefficients of f, assuming that this number is finite. Then he says
“Man kann nun vermuten, daB sich sogar eine Schranke finden 1d8t, die nur von
der Anzahl der Koeffizienten abhéngt; doch diirfte dies recht schwer zu beweisen
sein.”

In this form, the conjecture is not quite true, since the number of integral points
on a nonsingular plane curve can be arbitrarily high; as remarked by Mahler, it
suffices to take an elliptic curve of positive rank, take any finite set of rational
points on this curve and then make a change of coordinates (x',y’) = (Nx, Ny) with
N the least common multiple of the denominators of the coordinates of these
rational points, to obtain a curve with integral points.

On the other hand, for most points (x’,y’) obtained by means of this procedure
one sees that x’ and y’ cannot be coprime, thus Mahler’s remark does not apply to
the case of primitive solutions, in which the coordinates x and y are restricted to be
coprime.

Hence let us consider only the case of primitive solutions. Even then, some
additional condition is needed, as shown by the equation xy —a =0 with a a
squarefree integer with s prime factors. The number of solutions is twice the

1991 Mathematics Subject Classification: 11D99
Key words: Diophantine equations
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number of divisors of a, namely 2°"!. Similar examples can be constructed with
the equation xPy? —a = 0.

Another obvious case of failure is an equation f(x) = 0, considered as an
equation in (x,y), since in this case y can be chosen arbitrarily.

The example of an equation ax™ + by” = ¢ in a number field shows that we
should consider as equivalent two solutions (x;,y;) and (x,y,) for which x]" = x7'
and y} = y}. Thus, as in a preliminary study of binomial and trinomial equations
in [4], [5] and [1], we say that two solutions (x,y) and (¥,y') are proportional if
both x/x" and y/y’ are units.

Even after excluding these obvious cases of failure, we note that Siegel’s
conjecture in the case of a polynomial of degree 3 already lies very deep. Let
r3(N) be the number of distinct representations of N as a sum of two cubes of
coprime integers (Ramanujan’s famous taxicab number' 1729 = 13 +123 =
=93 4+ 10 is the smallest integer admitting two essentially distinct decomposi-
tions into two integer cubes). One can show that the rank of the elliptic curve
x} +y? = N is at least clog r3(N), therefore if r3(N) were unbounded one would
have elliptic curves over ) with arbitrarily large rank, solving the notoriously
difficult problem of the boundedness of the rank of elliptic curves over Q.

One can formulate several variants and generalizations of Siegel’s conjecture,
for example replacing Z by the ring of S-integers of a number field and asking how
the number of primitive solutions depends, if at all?, on § and the degree and
discriminant of the field. Also, it is possible to formulate several higher
dimensional generalizations of this conjecture, all related in some way to Lang’s
well-known conjectures on diophantine equations. These variants may include for
example substituting geometric conditions in place of primitivity, and one may
consider as well rational solutions instead of just integral solutions.

It is an interesting problem to formulate general conditions under which
Siegel’s conjecture is valid, not only over number fields but also in the easier case
of function fields. In this paper, we study a special case of Siegel’s conjecture, in
the ring R = k([t] of polynomials in one variable over an algebraically closed field k
of characteristic 0. In this case, proportionality of solutions means that x/x' and
y/y are constants in k.

We consider in this paper a special class of equations, namely

Z ax®y™ = ¢ (1.1)
i=1

with r >2, where we make the following assumptions:
Aa#O0fori=1,...,r
(B) for v = 1,2 the exponents o;,i = 1,...,r are K-lacunary:
lowi — | 2K for i #j;

C)ay>ap>-->ayand ay < ayp < -+ < oy

! G. H. Hardy, Ramanujan, Cambridge Univ. Press 1940, p 12
2 Quite possibly it is independent of such data
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and ask for primitive, non-proportional solutions (x,y) € k[f}* to (1.1). Note that
we do not ask for ¢ # 0 in (1.1), except in the otherwise trivial case r = 2.

Hypothesis (C) is perhaps the simplest hereditary property (i.e. a property
which remains valid after restriction to subsets) which eliminates unwanted cases,
for example an equation f(x) = O considered as an equation in (x,y). Although
restrictive, it is satisfied by the important class of Thue equations.

We shall prove the following result. Let N(r, K) be the maximum number of
primitive, non-proportional solutions of an equation of type (1.1) satisfying
conditions (A), (B), (C).

Theorem. The number of non-proportional, primitive solutions of equation
(1.1) satisfying (A), (B) and (C) with K = (2r + 1)V s ar most (2r + 1)\,

As in [4], [5], [1] our arguments depend on the abc - - - z-theorem of Stothers,
Mason, Brownawell and Masser, and Voloch, in function fields, see [2]. Most of
our considerations will go through in the arithmetic case, once the appropriate
abc - - - z-conjecture becomes available. We note here that a modified form of
Siegel’s conjecture over Z has been proved by J. MueLLER and W. M. ScumipT [6]
in the case of Thue equations, by a completely different method. However it is not
clear how to extend the arguments of [6] to S-integers of number fields or to
substantially wider classes of equations than Thue equations. We consider our
result to indicate that Siegel’s conjecture is true, also over number fields, in
substantial generality notwithstanding the exceptions mentioned before.

2. The Determinantal Map

We begin by considering the more general situation of a variety in n-dimen-
sional affine space A" over the ring R = k[t]. We denote by x = (xi,...,x,) the
standard coordinates in A",

Let us abbreviate x* = x{'---x2» and consider a finite set &/ of exponent

vectors a. We say that a subvariety X C A" is an .o/-variety if it can be defined by
polynomial equations of type
Z a,x*=0 (2.1)

with coefficients a, € R.
Let m = | /| be the number of monomials x* which may be involved in the
equation. We consider the affine space

A™ = A" x A" x --- x A"

"

m times
with coordinates (X, ..., Xx), and denote by W(.o7) the subvariety of A™ defined
by the equation
X
X3
det| - =0 (2.2)
X;'n acd
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with columns indexed by the m vectors a.
The following simple but basic fact is fundamental for us.

Proposition 1. Let X be an o/-variety, m = |.o/| and let X™ be the cartesian
product of X with itself m times. Then X™ is a subvariety of W(</).

Proof. For the proof, we need to show that if x; € X then the rows of the matrix
(2.2) are linearly dependent. Since X is an .o/-variety, the points x; satisfy a
nontrivial equation of type (2.1). The equations

Z a,x; =0
acA
for i=1,...,m can be viewed as a linear system of m equations in the m

unknowns a, admitting a non-zero solution. Thus the m rows (xf‘) of the matrix are
linearly dependent, completing the argument.

Now the main point is that any ordered set of m integral points on the
of -variety X determines an integral point on W(.s); the same of course occurs if
we deal with rational points. Unlike projective spaces, the varieties W () often
are of general type and, as predicted by Lang’s conjectures, one does not expect
them to have too many integral or rational points. Thus the strategy of our
arguments consists in studying the distribution of integral or rational points on the
variety W(.«/) and deduce corresponding results for .o/-varieties.

In this paper, rather than relying on unproven general conjectures, we shall
systematically exploit the general abc-inequality in function fields to obtain in the
end unconditional theorems.

It would be quite interesting to determine the structure of the special locus (in
the sense of LANG [3, Ch.1, §3]) of the varieties W(.27). However this appears to be
a difficult problem requiring deep tools from algebraic geometry, and we have
nothing to say about it except the obvious.

3. Application of the abc-Inequality

In this section, to each place v of k(¢) we associate an additive valuation v( )
normalized so that the product formula

Zv(x) =0

holds for every x € k(t), x # 0.
Let X be an ordered m-tuple of solutions of (2.1). We write X = (Xy,...,Xn).
By Proposition 1, we have
X{
X
det (X*) = det| - =0.

@
X acd

We expand the determinant and obtain

> e(a)]m'[xjf(j) =0, (3.1)
j=1

g€S(m)
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where o runs over the symmetric group S(m) of permutations of
{1,2,...,m},e(0) is the parity of o and a; denotes an ordering of ./, which we
fix once for all. We also abbreviate

o
my, = () [[ x5,
=1
A subset # C S(m) is called a block (with respect to the given m-tuple of

solutions X) if
Z my; = O;

gER

a block is called irreducible if it does not contain any proper subblock.

By (3.1), we know that S(m) itself is a block, although it need not be
irreducible. Let

¥ no- ()

o€eS(m) oER

be a decomposition of the sum according to irreducible subblocks. This
decomposition need not be unique, so in what follows we will always consider
not just X but rather a pair consisting of X together with an associated block
decomposition.

Given a place v of k(¢), an m-tuple of solutions X and a block decomposition
{4} into irreducible blocks, we define

1,(%) = max v(my) — min v(m,).

Definition. Let X be an ordered m-tuple of solutions of (2.1) together with an
associated block decomposition {#}. The place v is said to be:

K-good for X, if there is & such that I,(%) > K;

neutral for X, if I,(#) = 0 for every block # associated to X;

K-bad for X, if v is neither K-good nor neutral for X.
Let also & be a set of solutions of (2.1). Then v is said to be:

K-good for &, if it is K-good for some X € &™;

neutral for ¥, if it is neutral for every X € 2™;

K-bad for &, if v is K-bad or neutral for every X € ™ and moreover is K-bad
for at least one such X.

We also say that v is strongly neutral for & if for every X € ™ we have that
v(m,) is independent of o.

Now we recall the abc-inequality of Brownawell, Masser and Voloch, which
we state in the following form.

abe-inequality. Let a;,i = 1,2,...,n be elements a; € k(t) and suppose that

ia,‘ =0
i=1
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and that no proper subsum of _, a; vanishes. Then we have
1
=D _min v(@)< 5 (n = 1)(n - 2)|s|

where Y, runs over all places of k(t) and where S is the set of places v for which
max; v(a;) > min; v(a;).

We bring this in a more convenient form for our purposes by noting that the
product formula yields

-3 min v(a) = 3 () - min via)
for every j, whence

—n zv: min v(a;) = Xv: g (v(aj) — min V(ai))
>3 <miax v(a;) — min V(ai))'

v

A fortiori it follows from the abc-inequality that
Corollary. We have

> (miax v(a;) — min v(ai))

1
< in(n —1)(n—2) - |v: max v(a;) > min v(a;)|. (3.2)
Lemma 1. Let & be a set of solutions of (2.1) and let K > %(m!)3 ||
Suppose that not every v is neutral for &. Then there is at least one K-bad v for %.

Proof. In what follows, 4 = %(X) will refer to irreducible blocks associated to
the chosen decomposition of det (X*) into irreducible blocks. We assume that there
is at least one K-good place for Z and no K-bad places for &, and derive a
contradiction at the end.

We apply (3.2) to each sum

Zma:O

oeR
getting

ST @< TS S (@) >0

X @2 v ]

(ZE )'|V11v(ﬂ)>0forsomeXand93|
7]

<13

(m')3 |Z|™ - |v:1,(#) > 0 for some X and %|.

m|-

<] =

(Z ) ) -|v: 1,(#) > 0 for some X and %|

2

I\JI'—‘

1
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On the other hand, the left-hand side of this chain of inequalities is bounded below
by K - |v: v is K-good|. Also, by our definitions, we have

|v:1,(#) > 0 for some X and #| = |v: v is K-good| + |v : v is K-bad|.
Now if there were no K-bad places we would deduce
1
K- |v:vis K-good| < E(m!)3 %™ - |v:vis K-good|.

By assumption, there is at least one K-good place so we may divide both sides of

this inequality by |v: v is K-good| (which is not zero), getting K < %(m!)3|5t" ™.
This is a contradiction.

4. Auxiliary Results

We consider here a special class of equations, namely

Za,-x““y"z' =c (1.1)
i=1
where r>2 and:
(A)a #0fori=1,...,r;
(B) for v = 1,2 the exponents «,;,i = 1,...,r are K-lacunary:

|y — | =K for i # j;

O an>ap>->orand ay < apn < -+ < o
Assumption (C) will be used only in the proof of Lemma 4 below.
Note that we do not assume ¢ # 0, thus the number m of monomials in (1.1) is

_Jr+1 if c#0
"= { rif c=0.
If m=r+1 then a, = (0,0).
In what follows, we write x* for the monomial x*y*%. Let Z be a set of

primitive solution to (1.1) and fix a place v. The assignment (x,y)— (v(x),v(y))
gives us a map ¢ : & — Z2. It is clear that

#(Z) C (0,0) U (N,0) U (0,N). (4.1)

Lemma 2. Suppose |¢(Z) N (N,0)|=m. Then either v is K-good for ¥ or
every x € ¢$7'((N,0)) satisfies an equation

r—1
Zbixﬂliyﬂll — d
i=1
with b; #0 and where the exponents PB; are a subset of the exponents

aj,j=1,...,r. A corresponding statement holds if |p(Z) N (0, N)|=>m.

Proof. There is no loss in generality in assuming that oy > o2 > -+ >
> o, 2o, Now let X be any set of m elements x; € Z such that
v(x1) > v(x2) > -+ > v(xm) > 0.
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We start again from the basic equation for X € Z™, namely

XTI XTZ e me
x;] x;z . x;m
det(X*)=det| =~ = | =3"S"m=0 (4.2)
B oER
x;“nl x;l NN X;‘nm
where o runs over permutations of {1,...,m}. Let us denote by a dot the scalar

product. Since X; is primitive and v(x;) > 0 by construction, we must have
v(y;) = 0 for every i. It follows that

Ms

V(ma) = : V(xa(i))

Il
-

(allv(xd l)) + a21v(ya(t)))

i

= liv(xa(i))~ (4-3)

I
NiNgE

—

Let id denote the identity permutation. We verify that (4.3) implies that v(m,)
takes its maximum value precisely when ¢ =id if m=r or m=r+1 and
ay, > 0, while if m = r + 1 and a;, = 0 we have the two possibilities o = id and
o equal to the transposition on (r,r + 1). Also, if o is not one of the extremal
permutations for which v(m,) is a maximum, then K-lacunarity implies

v(mig) — v(m,) =K. (4.4)

To see this, suppose that there is a pair (i,j) with i < j and o(i) > o(j). Let 7
be the new permutation such that 7(i) = o(j), 7(j) = o(i) and 7(I) = o(l) if
1 #i,j. Then we see that

v(m;) —v(mg) = (i — 1) (Vo(j) = Vo(i))s

and this quantity is always non-negative and is at least K unless aj; — oj; = 0, in
which case m =r+ 1,a;, =0 and (i,j) is either (r,r+1) or (r+ 1,r). This
shows that if v(m,) is a maximum then o is increasing on {1,2,...,r — 1}, hence
o is either the identity or the transposition on (r, r + 1), in which case we also have
m=r+ 1 and «a, = 0; in every other case (4.4) holds, as asserted.

If o = id is the only extremal permutation then id belongs to some irreducible
block, which must contain at least another permutation. By (4.4), v is K-good for
X, which is the first alternative of Lemma 2.

Henceforth suppose that m = r + 1 and «;, = 0, so that we have two extremal
permutations, namely id and the transposition on (r,r + 1). The sum of the two
monomials for extremal o is

x*-1

X' O = ye)- (4.5)
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If (4.5) does not vanish we conclude as before that v is good for X, so it remains
for consideration the case in which (4.5) vanishes.

Suppose (4.5) vanishes, hence y¢> = y™%,. We claim that either v is K-good for
X or

Q2r

W=y ==y (4.6)
In order to verify this, suppose we have shown

Qo — L — y®2
Ysr1 = =Yri1

but ygz # yi.

If we remove y;'; times the last column from the penultimate column of the
matrix in (4.2) we obtain the equation

(5o -
le .. y227 _ yrirl 1
) Q2 _ Qor 1

det| % s Yrii =0. (4.7)
xi‘” e 0 1
X, 0 1
Xy o0

If we make a Laplace expansion of (4.7) according to the penultimate column of
the matrix we see that

s

r+j Qo Q.
> (—1)"IM; - (5 —ye) =0 (4.8)
Jj=1
where
ay ®r—1
xl e xl 1 \
ay Or—1
X, X;
" . %r—-1
M; = det| N1 X1
J xal ce xa"‘ 1
j+1 j+1
Xy G|
X0 o X5 1

Now, by computing the order of monomials, we see that in the determinant
expansion of M; there is a unique monomial with maximum order, namely the
monomial m(j) coming from the principal diagonal with order

Jj—1 r
vim(j)) =D aav(x) + Y eni1vix);
i=1

i=jt1
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all other monomials in the expansion for M; have smaller order by at least K.
Since

v(im(j+ 1)) —v(m())) = a;j(v(xj) — v(xj11)) =K

we conclude that in the expansion (4.8) the maximum order is reached precisely
for m(s) - (y2 — y2,) and all other terms have smaller order by at least K. Since
ye¥ # yi31 by hypothesis, the two terms m(s)y% — m(s)y;?; cannot determine a
block and any extension to a block gives a K-good block for X, completing the
proof of our claim.

Finally suppose that v is not K-good for . We have shown that the only
remaining alternative is that y{* = --- =y, whenever X is an (r 4 1)-tuple of
solutions in & such that v(x;) > v(xz) > - -+ > v(x,11) > 0. This implies that y®
is constant on the subset of & defined by

Z' = ¢ ((N,0)).

In this case, any x € & verifies

r—1
§ aixallya2l — d
i=1

with the new constant d given by d = ¢ — a,y**.
This is the second alternative of Lemma 2, and the result follows.
Lemma 3. Let A, B be two distinct points of type either (A, B)=((a,0), (b,0))

or (A,B) = ((0,a), (0,b)) and suppose |¢~'(A)|=m — 1 and |¢~"(B)|=1. Then
either v is K-good for %, or all elements of ¢~'(A) satisfy an equation

s
th,xﬂ]iyﬂh — d
i=1
with s < r,b; # 0 and where the exponents B;,i = 1,...,s are a subset of the

exponents @, j=1,...,r.

Proof. 1t suffices to consider the case (A,B) = ((a,0), (b,0)). Suppose first
b > a > 0. As in the proof of Lemma 2, there is no loss of generality in assuming
app > Q> > O

We pick any m — 1 solutions with v(x;) =a,i=1,...,m — 1 and choose for
X a solution for which v(x,,) = b. We have v(y;) = 0fori = 1,...,m. Again (4.3)
and (4.4) hold but now

v(my) = zm:al,-v(xo(,-)) = (2"1: Olli) @+ Qpmi(m) - (b —a).
i=1 i=1

Since b > a, this is a maximum precisely when o is a permutation such that
Q4-1(m) is @ maximum, that is (1) = m; the order of any other monomial m, with
o(1) # m is smaller by at least K.
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The sum of all monomials m, achieving maximum order is

- %) @,
X] X"
&
=(-1)"x8det| = 49
mo = (=1)""gdet) (49)
v(my)=max
XGZ xam

Now we have two cases.

Case I: For some choice of an m-tuple in ¢~'(A), the sum in (4.9) does not
determine a block. In this case there must be an irreducible block containing a
permutation from the sum in (4.9) and another permutation not appearing in (4.9).
Since the order of this element is smaller than the maximum order by at least K,
we infer that v is K-good for X and hence for & .

Case II: The sum in (4.9) determines a block for every m-tuple in ¢~'(A). In
this case (4.9) shows that

o O
x{ Xi
2 m
X2 X;
det| 7 ]=0 (4.10)
a [ 7
sz»l Xm—1
for every choice of x,...,X,—1 in $~'(A). Let s be the maximum rank of such a

matrix, occurring for some m — 1-tuple X*; then (4.10) shows that s<m — 2.
Without loss of generality, we may assume that the first s rows of the
corresponding matrix in (4.10) are linearly independent.

Consider now the (s + 1) x (m — 1) matrix

%\ % L. X\ O
(x}k)uz (X}k)am
(x3) (x3)
M = . .
(x)* - (x>
x*2 e x%m

Then M has rank s whenever x € ¢~!(A). Equating to O the determinant of an
(s+1) x (s + 1) maximal minor of M yields

b,‘]Xa’ =0
> b

iel
where I is a subset of cardinality s + 1 <m — 1 of {2,...,m}. The coefficients b, ;
are determined by X, ..., x. Now at least one of these equations is not identically

0, and the last alternative of Lemma 3 follows.
If instead 0 < b < a, we consider the monomials m, of minimum order rather
than those of maximal order, with exactly the same discussion as before.
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Lemma 4. Let A, B be two distinct points of type (A, B) = ((a,0), (0, b)) with
a,b>0and|¢p~'(A)|=m — 1 and |p~'(B)|> 1. Then either v is K-good for ¥ , or
all elements of ¢~'(A) satisfy an equation

ib,-xﬂ"yﬂﬂ =d
i=1

with s < r,b; # 0 and where the exponents ;i =1,...,s are a subset of the
exponents o;,j =1,...,r.
A corresponding statement holds if |§71(A)| =1 and |¢p7'(B)|=m — 1.

Proof. The argument starts in the same way as in the proof of Lemma 3,
selecting any m — 1 elements in ¢~'(A) and one element in ¢~!(B).
We have

m

det(X*) = Y (~1)" M

j=1
. -4
where M; is the cofactor of X;:
. Xj—1 ¥it1 Oy
Xy X; X X
ay &1 ®j+1 [/
X, X5 X; S Xg"
= det )
1] aj—1 %+1 . A
Xm—l xm—l xm—l xm—l

The sum of all monomials m, with o(j) =m is (—1)""M;x5;. The order of
monomials with o(j) = m depends only on j and is

= (i al,-) -a+ (CYZjb - alja)'

If v is K-good for X, we have the first alternative of the lemma. If not, for any
two permutations o, 7 belonging to a same irreducible block we must have, writing
o~ (m) =i and 77}(m) = j:

lv(m;) —v(m,)| = |vj —vi] < K. (4.11)
Now if 1 <i < j < r we have
Vi — v = (o — az)b + (ay — agj)a>2K (4.12)

as one sees using assumption (C). In particular, since r>2 the triangle inequality
gives

2K < vy = vr|[<[vi = Vin| + [V — V4],
therefore either |v, — vy| =K or |v; — vm| 2 K.

We claim that if |v; — v,|>K then M; =0, while in the alternative case
|y — vm| =K (which implies m = r + 1) we have M, = 0. Suppose for example
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[vi —vm| =K. Let 0 be a permutation with o(1) =m and let 7 be another
permutation in an irreducible block containing o. Let j be defined by 7(j) = m.
Then (4.11) and (4.12) show thatj # 2,...,r, while (4.11) and |v; — v,,| =K show
that j # m. Thus we must have 7(1) = m, with the conclusion that the set of
permutations with o(1) = m forms a block. This proves that M;x% = 0.

We have shown that if |v; — v,,| >K then M; = 0 for any (m — 1)-tuple X of
elements of ¢~!(A), and the second alternative of Lemma 4 follows as in Case II in
the proof of Lemma 3.

If |v, — vm| =K, we argue in the same way, this time using M, = 0.

5. Proof of Theorem

We estimate the number of solutions of an equation (1.1) as follows.
Let r>2, let N(r, K) be the maximum number of non-proportional, primitive
solutions to equation (1.1) and set
N*(r,K) = Jmax N(s,K).

<s

Note that
N*(r,K)>r

because we can prescribe arbitrarily r values for x and solve (1.1) considered as a
linear homogeneous system with unknowns the r + 1 coefficients a; and c.

We assume that equation (1.1) has at least N = N, non-proportional primitive
solutions, where N, is sufficiently large as a function of r and K = K, is also
sufficiently large, and obtain a contradiction at the end. This will show that
N(r,K) < N,. Our choices for N, and K, will be

1
N, —1=Q2r+1)(N,_; = 1), K,:E(n+1)!31v;+'+1. (5.1)

The initial value N, needs to be determined, and we shall see that we can take
N, = 6. By induction, we may assume that

N(s,K;) <N; for s=2,...,r—1

and we verify by induction that, with K, given by (5.1), we have N(r,K,) < N,.
The proof is by contradiction.

Lemma 5. Suppose r=3,K>=K,_| and let Z be a set of solutions of (1.1) of
cardinality |%| = N,. Let v be a place of k(t). If v is not K-good for & then v is
strongly neutral for Z.

Corollary. Each v is either K-good or strongly neutral for &, and in particular
there are no K-bad paces for %.

Proof. Let ¢(x) = (v(x), v(y)) be the map considered in the preceding section.
If |¢(Z')| = 1 then v(x),v(y) are independent of x so it becomes obvious that v is
strongly neutral. Hence suppose that |¢(Z)| > 2. There are two distinct points A, B
such that |p~!(A)|= ¢~ (B)|=1.
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Case I (A,B) = ((a,0), (b,0)) or (A,B) = ((0,a), (0,b)). We apply Lemma 3
to this situation. If the hypothesis of Lemma 3 is not satisfied we must have
[p~1(A)| < r — 1 < N*(r — 1,K). Otherwise, Lemma 3 applies and since we
assume that v is not K-good we deduce that every x € ¢~!(A) satisfies an equation

i b,’Xﬁi =d
i=1

involving not more than s < r non-constant monomials, whose exponents still
satisfy (A), (B) and (C) with the same value of K. If s>2, then by definition of
N*(r,K) this equation has not more than N(s,K)<N*(r — 1,K) solutions. If
instead s = 1 then x# (which is a monomial x* for a suitable i) is independent of
x for x € 1 (A). Thus we can move the term a;x* to the right-hand side of (1.1),
obtaining a new equation with » — 1 non-constant monomials, satisfied by every
element in ¢ !(A). Since we assume r>3, we must have again
67! (A)|<N*(r — 1,K).

We conclude that in Case I we have |¢~!(A)|<N*(r — 1,K).

Case II: (A,B) = ((a,0),(0,b)) or (A,B) = ((0,a), (b,0)) with positive a,b.
This time we apply Lemma 4 and the same argument as in Case I shows that
|¢~1(A)|<N*(r — 1,K). Thus for every A we have

|~ (A)| <N*(r — 1,K). (5.2)

Now we apply Lemma 2 to this situation. If |¢(Z) N (N,0)|=r+ 1, the
hypothesis of Lemma 2 is satisfied. Since we assume that v is not K-good, the
second alternative of Lemma 2 applies and we get |¢~'((N,0))| <N*(r — 1,K). If
instead |¢(Z) N (N, 0)|<r, by (5.2) we get |~ 1((N,0))|<rN*(r — 1,K). Thus
in any case we have

|¢_1((N,0))|SVN*(7‘ - vi)’

The same bound holds for [¢7'((0,N))|, and (5.2) shows that
|#71((0,0))|<N*(r — 1,K). It follows by (4.1) that

N =12] = 1¢7'((0,0))] + ¢~ (N, 0)] + [¢7'((0,N))| < (2r + )N*(r — 1, K).
Finally, we note that
2r+ DN*(r = 1,K)<(2r + ON*(r — 1,K,_) <(2r + 1)(N,_; = 1) =N, — 1,

completing the proof.
Suppose now that

K> %((r-(— 1PN (5.3)

Then, since no v is K-bad for &, Lemma 1 shows that v cannot be K-good for %"
By Lemma 5, Corollary, we infer that v must be strongly neutral for Z.

Lemma 6. If every v is strongly neutral for & then all elements in & are
proportional.
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Proof. If v is strongly neutral, v(m,) is constant for every o, thus v(m,/m;) = 0
for every o and 7. Hence if every v is strongly neutral we have v(m,/m,) = 0 for
every v, thus m,/m, has height 0 and therefore must lie in k*. Choose o to be the
identity and 7 to be the transposition in (1, 2). Then

my/m; = —(x1 /%)% "% € k*
therefore
(%1 /22) ™™ (yi/y2) ™~ € k¥ (54)

for any choice of i,j. If we take two such relations and eliminate either x, /x, or
y1/y2 we find

(1 /x)? €k, (1 /y2)? € k* (5.5)
with
D =det[ ¥ T 92T 0y (5.6)
Qlp — Qg Qg — Q4 ’

for any choice of i,j,p, q.

If one of the determinants (5.6) is not O then (5.5) shows that x; and x, are
proportional.

Suppose instead every determinant (5.6) vanishes. Let h = GCD(ay; — a2,
0 — 1) and write ha = oy — a2 and hb = ayy — ay) with a and b coprime
positive integers. The vanishing of the determinant with (i,/,p,q) = (1,2,1,49)
shows that

ha - (azq - 0121) =hb - (0111 - Ozlq)
therefore, since a and b are coprime, we have
Qg — Q] = tqb, aj — g = tea (57)

for certain positive integers #,. We substitute (5.7) into (5.4) (with (i,j) = (1,q))
obtaining y5/x% = X - (y?/x4), where A € k*. Since x; and y; are coprime, we infer
that x; and x, are proportional, completing the proof.

Since all solutions in & were non-proportional by hypothesis, Lemma 6 leads
to a contradiction, hence our initial assumption that we could choose a set of

N, primitive non-proportional solutions cannot hold. It follows that if r>3 we
have

N*(r,K,)<N, — 1

with K, and N, determined inductively by (5.1) and N, = N* (2,K3) + 1, provided
K, verifies (5.1).

It remains to bound N(2,K;). Now (1.1) becomes a;x*"'y*? + a,x*2y*2 = c.
If we had ¢ = 0 then we obtain that x*~* is independent of x, therefore setting
a=aqaj —app and b=ay —ay with a,b positive integers we obtain
¥5/x4 = yb/x% for any two solutions x; and X,. As noted before, this implies
proportionality of x; and x; because x; and y; are coprime. Thus the case ¢ = 0
does not occur.
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Hence suppose ¢ # 0, so that m = 3. We claim that in this case the last
alternative in any one of Lemmas 2, 3, or 4 does not occur. Otherwise we would
obtain two solutions x; and x, such that for example x{' = x5', which using (1.1)

would imply x{* = x3?, and X'~ = x3'~*, with the same contradiction as before.

Now the same argument in the proof of Lemma 5 yields N(2, K;) <5 provided
K; > %66. The result follows by taking N, = 6.
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Abstract. We provide some new examples of weakly symmetric spaces inside the class of
complete, simply connected Riemannian manifolds equipped with a complete unit Killing vector field
such that the reflections with respect to its flow lines are global isometries.

1. Introduction

Weakly symmetric spaces have been introduced by A. SELBERG [16] who
proved that for such homogeneous Riemannian manifolds the algebra of all
isometry-invariant differential operators is commutative, that is, they are
commutative spaces. But only a few non-symmetric examples were known.

The study of the geometry of weakly symmetric spaces has been started in [2]
and [6] where also a series of examples is given (see also [5], [13]). This work has
been continued in [1] where it is proved that any maximal geodesic in a weakly
symmetric space is an orbit of a one-parameter group of isometries of that space.
Further examples and new characterizations have recently been given in [3], [4],
[7], [11], [12], [15], [18], [21]. In [14] examples of commutative spaces which are
not weakly symmetric are provided. So, the class of weakly symmetric spaces is a
proper subclass of that of the commutative spaces and this provides an answer to a
question stated by SELBERG in [16].

The main purpose of this note is to provide some new examples. They belong
to the class of Riemannian manifolds equipped with a complete unit Killing vector
field such that the reflections with respect to the flow lines are global isometries.
Several aspects of the global and local geometry of such spaces, including
classification theorems, have been treated in [8], [9].

In section 2 we give some preliminaries and we provide the examples in
section 3.

2. Preliminaries

Let (M, g) be a connected, n-dimensional, smooth Riemannian manifold with
n=2. Let V denote its Levi Civita connection and R the corresponding
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forms
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Riemannian curvature tensor with the sign convention
Ryy = Viy,v) — [Vu, Vy]

for all U, V € X(M), the Lie algebra of smooth vector fields on M.

Instead of giving the original definition of [16] for a weakly symmetric space
we use the following appealing geometrical characterization, derived in [6]: (M, g)
is weakly symmetric if and only if for any two points p, q in M there exists an
isometry interchanging them. This criterion is equivalent to the following one [2],
which justifies the name ray symmetric spaces [17] for them: (M, g) is weakly
symmetric if and only if for each m € M and each non-vanishing v € T,,M there
exists an isometry s = s(m, v) of (M, g) such that s is a non-trivial involution on
the maximal geodesic v, through m and tangent to v, fixing m.

For our purposes we will need

Proposition 2.1. [4] Let (M, g) be a simply connected, complete Riemannian
manifold. Then (M, g) is weakly symmetric if and only if there exists a metric
connection ¥ on (M, g) with ¥V -parallel torsion S and curvature tensor R and such
that at some point o € M there exists a linear isometry o, : T,M — T,M for each
v € T,M which preserves R and S and for which @,v = —

Next, we summarize some facts about the Killing-transversally symmetric
spaces and refer to [8], [9] for more information. So, let (M, g) be a Riemannian
manifold equipped with an isometric flow [19] 8' generated by a unit Killing
vector field £ Then the flow lines are geodesics and the geodesics which are
orthogonal to £ at one of their points are orthogonal to it at all of their points.
These last geodesics are called transversal or horizontal geodesics and vectors
orthogonal to ¢ are called horizontal vectors.

Now, put HU = —Vy€ and h(U, V) = g(HU, V) for all U, V € X(M). Since
¢ is a Killing vector field, it follows that & is skew-symmetric and moreover,
h = —dn where 7) is the metric dual one-form of £. 7 is a contact form if and
only if H has maximal rank n —1, in which case n =dimM is odd. This
motivates

Definition 2.1. An isometric flow §; on (M, g) is called a contact flow if n is a
contact form.

Among the isometric flows, the following ones take a particular interesting
place [8].

Definition 2.2. A normal flow §&, on (M, g) is an isometric flow such that
R(X,Y,X,&) = 0 for all horizontal vectors X, Y.

In this case, we have the following identities for R:

Ryv€ = n(V)H*U — n(U)H*V, (2.1)
RuV = g(HU,HV)¢ + n(V)H*U, (2:2)

U, V€ X(M).
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Now we turn to the definition of the special case we want to consider.

Definition 2.3. Let (M, g) be a Riemannian manifold and £ a non-vanishing
complete Killing vector field on it. Then (M, g, &) is said to be a (globally)
Killing-transversally symmetric space (briefly, a KTS-space) if and only if for each
m € M there exists a (unique) global isometry s,, : M — M such that

(sm)o(m) = (=1 +2n ® &) (m)
on T,,M.

Note that this means that the reflections with respect to the flow lines are global
isometries. Moreover, it follows that £ is a unit vector field and §, is normal.

KTS-spaces are homogeneous manifolds [9]. £ is a regular vector field and the
orbit space M’ = M /€ admits a unique structure of differentiable manifold such
that the natural projection 7 : M — M’ is a submersion. Moreover, with the metric
g defined by

gX, Y) =g (mX, m4Y) om

for horizontal X, Y, m becomes a Riemannian submersion. Further, (M’, g') is a
symmetric space [9] and 7 interwines the reflections s, of M with geodesic
symmetries S,—n(m) of (M’, g').

Now we consider a particular important class of KTS-spaces.

Definition 2.4. A contact KTS-space is a KTS-space such that 7 is a contact
form.

Contact KTS-spaces are always irreducible [8]. Moreover, a reducible simply
connected KTS-space is a Riemannian product of a Riemannian symmetric space
and a contact KTS-space [9].

As concerns the base space (M’, g') of a contact KTS-space we have

Proposition 2.2. [9] The base space (M', g') of a simply connected contact
KTS-space (M, g, &¢) is a (simply connected) Hermitian symmetric space.
Moreover, we have:

@) if M' =My x M| x --- x M, is its de Rham decomposition and #;,i =
0,1,...,r, are the smooth distributions on M obtained by the horizontal lifts of the
tangent vectors to M, then, for each m € M, #'(m) = #o(m) ® H(m) S --- &
#,(m) is an H-invariant orthogonal decomposition of the horizontal subspace
H(m);

(ii) each sectional curvature K(H;,§), j=1,...,r, is a positive constant cZ;

(iii) the (1,1)-tensor field

1 1
J=Jox—H{x--x—H,
C1 Cr
is a Hermitian structure on (M', g'), where Jy denotes the canonical almost

complex structure on My = CP = E%(xy,...,xy,) and H; =Hop,j=1,...,r
where p; : M' — M; denotes the projection of M’ onto M;
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(iv) Hy = H' o po on E* (x1,...,xyp) is given by

—H1

—HUp

H1

Hp

for certain positive real numbers i, ..., ,.

Finally, we note that, since . is normal, the Riemannian curvature tensors R,
R of g, g, respectively, are related by

(Rlxlylzl)* — X,*Y,*Z,* _ g(HY,*, Zl*)Hxl*
+ g(HX™, Z*)HY™ + 2g(HX™* ,Y"*)HZ"* (2.3)

for X', Y', Z' € X(M') and where X"* denotes the horizontal lift of X'.

3. Weakly Symmetric Contact KTS-Spaces

Now we shall provide some new examples of weakly symmetric spaces. We
have:

Theorem 3.1. The simply connected contact KTS-space fibering over products
of complex space forms are weakly symmetric spaces.

We refer to [9] for the construction of such spaces. Further, before giving the
proof, we note the following. In [10] we introduced the notion of a normal flow
space form: An (M, g) equipped with a normal contact flow §; is said to be a
normal flow space form if the H-sectional curvature is pointwise constant, that is,
the sectional curvature of a two-plane {X, HX} for a horizontal X € T,,M is
independent of X for each m € M. If in addition the sectional curvature of two-
plane {£,X} for X horizontal is globally constant, then it turns out that (M, g) is
homothetic to a Sasakian space form [10]. So, normal flow space forms are
generalizations of manifolds (M, g) which are homothetic to Sasakian space forms.

The simply connected, complete normal flow space forms with globally
constant H-sectional curvature or equivalently, which are KTS-spaces, have been
classified completely in [10]. It turns out that they always fiber over products of
complex space forms but are not always homothetic to Sasakian space forms. So,
we have:

Corrollary 3.1. Complete, simply connected normal flow space forms with
globally constant H-sectional curvature are weakly symmetric spaces.

The special case of (M, g) which are homothetic to Sasakian space forms has
been considered in [6]. Now we give the
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Proof of the Theorem. We shall prove the result by means of Proposition 2.1.
Therefore, we consider the canonical connection of the isometric flow J,, that is,
the metric connection V = V — T, where T is the tensor field of type (1, 2) given
by

TyV =g(HU, V)£ +n(U)HV — n(V)HU

for all tangent U, V [8]. V is metric since Ty is skew- -symmetric. Moreover,
TyU =0 and so its torsion § is given by S = —27. Since VT =0, the
corresponding curvature tensor R is determined by

RUV = Ryy + [Tu, Tv] —2Tr,y. (32)

Finally, VR = VS = 0. (Note that this shows that the simply connected KTS-
spaces are naturally reductive homogeneous spaces. T provides a naturally
reductive homogeneous structure [20].)

Now, let M’ be the base space of the fibering. For simplicity we suppose that
M' =My x M; x M} is its de Rham decomposition, where M{ = C and
M}, i =1, 2, are non-flat complex space forms and where, following Proposition
2.2, we suppose that H' = pJy X ¢11 X cpJ,. (The general case may be treated in a
completely similar way.)

Next, let o€M and a € T,M = #y(0) ® #1(0) ® #2(0) ® RE. Then we
havea = Z o ai +n(a)§, where a; € #;(0). Now we suppose that the a; are non-
zero; the other cases may be treated in a similar way. First, let n(a) be non-zero.
Put

er=|lao|| ™" a0, e =|Hq ™" Ha,
up =llai||7 a1, wp=|Ha |7 Ha,
= |laz 7" a2, va= || Ho,|I™" Hay,

and extend (e, €3, Ui, Uz, vi, v2) to an orthonormal basis {e;, ez, uxp_1, Uk, V2i—1,
v, & 1<k< dim M], 1<I< dim M}} such that

.|

He, = pey, He; = —pey,
Huy_y = crugy, Hugp = —ciug-1,
Hvy_1 = cavay,  Hvy = —cavy-y,
H¢ =0.
Define a linear isometry ¢ of T,M by
pey = —ey, per = €,
PUY—1 = —U2%-1, PU2k = U2k,
Pva-1 = —Vai-1, PV =Va,
p§ = =€

It is easy to see that H o 9y = —p o H and hence from (3.1) we see that ¢
preserves T and hence the torsion S. Then it follows from (2.1), (2.2) and (3.2) that
¢ preserves R if and only if

@RxyZ = RyxorpZ,
for all horizontal X, Y, Z. It is now easy to check that this holds by using (2.3) and
the well-known expression for the curvature tensor of a complex space form,
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taking into account that ¢ preserves the spaces J}, j = 1,2. So, Proposition 2.1
yields the existence of an isometry inducing an involution on the geodesic ~,
which fixes o.

Finally, consider the case n7(a) = 0, that is, a is orthogonal to £. In this case we
do not need Proposition 2.1 because the existence of an isometry inducing an
involution on v, which fixes o is clear because the reflection with respect to the
flow line through o provides such an isometry.

This completes the proof of the required result. O
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Abstract. An ideal / of the ring K([xi, . . ., x,] of polynomials over a field K in n indeterminates is a
full ideal if 1 is closed under substitution, f € I, g1, ...,8, € K[x1,...,x,] imply f(g1,...,8,) € L In
this paper we continue the investigation of full ideals of K[xy,...,x,]. In particular we determine

several classes of full ideals of K[x, y] (K a finite field) and investigate properties of these classes.

1. Introduction

Let R be a commutative ring with identity 1 and (R[x], +, -) the ring of
polynomials in a single indeterminate over R. If “o” denotes substitution or
composition of these polynomials, then (R[x], +, -, o) is a composition ring or a
1-place tri-operational algebra (1-TOA) of the school of KarRL MENGER [3]. When
considering rings of polynomials R[xi, ..., x,] in more than one indeterminate
there is no longer the binary operation of composition but there is an (n + 1)-ary
operation of substitution, (f, g1, ..., &) —f(81,...,8) Where f, g1,...,8, €
€ R[x1,...,x,]. If we denote this operation by “x” then we have
(R[x1,...,Xn), +,, %), an n-place tri-operational algebra (n-TOA) of MENGER
[3]. We refer the reader to the book by LauscH and NoBaueR [2], and the references
given there for details of Menger’s work and subsequent work by Nobauer on tri-
operational algebras.

When investigating these algebras one needs to know about homomorphic
images or quotient structures and so one is led to the concept of a full ideal.
Menger and his school studied ideals of 1-TOA and completely determined the full
ideals of (R[x], +, -, o) when R is a field. Full ideals of R[xy,...,x,] were first
investigated by Nobauer and later by Stuesen [5] and Mvitz [4]. These authors
find that a full ideal F of (R[xi,...,x,], +, -, *) can be bounded above and below
(via set inclusion) using the concept of an enclosing ideal developed by Nobauer.
However, in general, no explicit description of full ideals of R[xy, . . ., x,] is known.

In this paper we find that there are several rather diverse classes of full ideals
even in the case K[x, y] where K is a finite field. We focus on this case and
determine several chains of full ideals. We show that K [x, y| has a unique maximal
full ideal and determine a generating set. We associate a minimal polynomial to

1991 Mathematics Subject Classification: 13B25, 13F20, 16W99, 16Y30
Key words: Full ideals, polynomial rings
* The first author gratefully acknowledges support from the Deutsche Forschungsgemeinschaft
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each full ideal but this does not determine the ideal. We find that there may be
several “hidden” polynomials in some full ideals.

In the next section we give background material and basic results. We also
introduce the concept of a minimal polynomial for a full ideal.

2. Full Ideals in R[x, ..., x,]

Throughout this section we let R denote a commutative ring with identity, 1,
and we let R[xy, ..., x,] denote the ring of polynomials in n indeterminates over R.
For f € Rx1, ..., %a], f = Zg, i, %} ...xn let f : R* — R denote the evaluation
function (ay, ..., an)HEa,l.,.ina’i‘ ...a € R. Moreover, for f = Ea,l,i_i"x"l' Looxh e
Rlx1,...,x,),f # 0O, define deg f := max {i; + - - - + i, Ia;,,,,inx"l‘ ...x appears as a
nonzero summand of f}. As usual, if ¥ C R[xy, ..., x,] we let (¥) denote the
(ring) ideal of R[xi, ---, x,) generated by Y. Of course if Y ={f1, ..., fi},
(Y) =R[x1, ..., xq) i+ +R[x1, ..o, X fre

For f, g1, ..., g € R[x1, ..., x,] we have the (n + 1)-ary operation, *, given
by *(f, g1, ..., 8) =f (g1, ..., gn), i.e., the substitution of g; for x; in f.
Straightforward computations show that for f, h, g1, ..., g, € R[xy, ..., xn),

(f+h)(gl7 ceey gn) =f(glv cey gn)+h(gla ceey gn) and (fh)(gla B gn) =
=f(g1,---, 8n) - h(g1,-.., ). We have the (n+ 1)-tri-operational algebra
(R[x1y .., Xp], +, -, *) which we denote by R[X].

Aring ideal I of R[xy, ..., x,] is a full ideal of R[X] if R[X]/I is also an (n + 1)-
TOA under the natural coset operations. Thus full ideals of R[X] correspond to
homomorphic images of R[X]. The following result presents an elementwise
characterization of full ideals.

Theorem 2.1 ([2], 3.5.3) ([4], Lemma 2). An ideal I of Rx1, ..., x,] is a full
ideal of R|X] if and only if for each f €1, for all gy, ..., g, € R[x1, ..., Xy,
f(glu LR} gn) €l

We remark that full ideals arise in algebraic geometry. For suppose V C K" is
an affine variety for a field K and I(V) = {f € K[xy, - - -, x,)|f(V) = {0}} is the
associated ideal of V. An endomorphism ¢ of the coordinate ring
K[V] =K]xi, ..., x4]/I(V) of V is determined by an n-tuple (gi, ..., g,) in
(K[x1, ..., xn))" such that f(gy, ..., g:) € I(V) for each f € I(V) (1, p. 35]).
Thus every (g, ..., gi) determines an endomorphism if and only if /(V) is a full
ideal of K[X].

If we let # denote the collection of all full ideals of R[X] then for Fy, F; € &,
Fy+ F,,FiNF,,and F, - F, are in & ([2],3.5.51 and 3.6.11). Thus (%, +, N) is
a bounded lattice and (%, +, -) a semiring of full ideals.

Let I be an ideal of R. Then F;:= {f € R[X]|f(ai, ..., an) €1 for all
(ai, ..., an) € R*} is a full ideal of R[X] ([2], 3.5.35; [4], Lemma 4). We note that
I C F; where we consider the elements of / as polynomials of degree zero in R[X].
The next three results were obtained by Mlitz.

Lemma 2.2 [4]. If I is a maximal ideal of R then Fy is a maximal full ideal

of RIX].
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Lemma 2.3 [4]. If F is a maximal full ideal of R|X] then there exists a maximal
ideal, 1, of R such that F = F|.

The above two lemmas are combined to obtain the following characterization
of maximal full ideals in R[X].

Theorem 2.4 ([4], Theorem 5). There is a bijection between the maximal
ideals of R and the maximal full ideals of RX].

We next introduce the concept of minimal polynomial of a nonzero full ideal.
We say a nonzero polynomial f in a nonzero full ideal F of R[X] is a minimal
polynomial of F if

i) f € R[x] for some x € {xi, ..., x,}, i.e., f is a polynomial in a single
indeterminate;

ii) f is monic, i.e., the leading coefficient of fis 1; and

iii) deg f = min {deg g|g € FNR[x], g # 0}.

We note that for every y € {x1, ..., x,}, f(¥) € F so the above definition does
not depend on the choice of x € {x1, ..., x,}.

Lemma 2.5. There is at most one minimal polynomial f for a nonzero full ideal
F of R[X].

Proof. If f and g satisfy the above definition then deg (f — g) < deg f and
f—g€FNR[x]. Thus f — g =0. O

Therefore, when a full ideal has a minimal polynomial we denote the unique
minimal polynomial by fi,. We will show in (2.10) for polynomials over fields
that minimal polynomials always exist. It should be noted that in general when f,;,
exists in a full ideal F, f,i, need not be the polynomial of F with lowest degree. We
will see in Section 4, Theorem 4.10 that there can exist polynomials # € F with
0 < deg h < deg fiin.

Lemma 2.6. Let F be a full ideal of R[X]. Then for any x € {xi, ..., x,}
I := FNR[x] is a full ideal of (R[x], +, -,0). Further, a polynomial f € I is the
minimal polynomial of I if and only if f is the minimal polynomial of F.

Proof. Clearly, I is an ideal of R[x] andif f € I, g € R[x], fog=f(g) € . If
fin € F , then fiyin € F N R[x] = I and since f, is uniquely determined the result
follows. O

For x€{xi,...,x}, define ¢:RX]—R[x], f(xi,...,x:)—=f(x):=
f(x, ..., x). ¢ is an epimorphism of (R[x, ..., xn), +, -) onto (R[x], +, ).

Lemma 2.7. For full ideals F,, F, of R[X], ¥(F1)=FiNR[x] and
Y(F1 N Fa) = ¢(F1) N)(F2) .

Proof. If f € F1 NR[x], ¥(f) =f so FyNR[x] C ¢(F;). If F is a full ideal,
for feF, ¥(f)=f(,...,x)€FNR[x], hence ¢(F)C FNR[x]. Thus,
¢(FlﬂF2) =FNF, ﬂR[x] =¢(F1)ﬂ’l/)(F2). [l

Corollary 2.8. A polynomial f is the minimal polynomial of a full ideal
F=F NF,N...0F, if and only if f is the minimal polynomial of
Y(F) = ¢(F1) Np(F2) N ... NY(F,).
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Proof. Apply the previous two lemmas. O

Theorem 2.9. For every nonzero full ideal F of R[X], Y(F) # {0} where R is
an integral domain.

Proof. We use induction on the number k of indeterminates in a nonzero
polynomial f € F. If k=1, there is a nonzero polynomial f in a single
indeterminate, hence ¢(f)= f € ¢¥(F). Suppose now that whenever F contains a
nonzero polynomial with at most k — 1 indeterminates then F, and therefore ¢(F)
has a nonzero polynomial in a single indeterminate. Let f be a nonzero polynomial
in F and k indeterminates. Now f can be considered as a polynomial in a single
indeterminate, say x;, over the integral domain R[x,,...,x,]. There is a positive
integer / such that x, is not a root of f, i.e., f(x5,x2,...,%) # 0. We now have a
nonzero polynomial in F with at most k — 1 indeterminates and so by the induction
hypothesis F has a nonzero polynomial in a single indeterminate x € {x;, .

ie., ¥(F) # {0}.

Corollary 2.10. If R is a field, every nonzero full ideal F of R[X] has a minimal
polynomial.

ey Xnhs
O

Proof. By Theorem 2.9, ¢(F) is a nonzero ideal in R[x] and thus has a nonzero
polynomial with minimal degree. Since R is a field, there is a unique monic
polynomial fp, in 1(F) with minimal degree. By Lemma 2.6, fini, is the minimal
polynomial of F. O

3. Full Ideals of K[x, y]

In this section and for the remainder of the paper we restrict our coefficient ring
to be a field, K. For an infinite field, K[X] has only the trivial full ideals; this result
is:

Theorem 3.1 ([2],3,7.11). If K is a infinite field and F is a full ideal of
N := (K[x1,...,%n),+,, %) then F = {0} or F = N.

As a consequence of this theorem we henceforth take K to be a finite field. Let
p be an arbitrary but fixed prime and q a power of p. We let K = GF (q), the finite
field of characteristic p and order q. For ease of exposition we restrict ourselves to
two indeterminates x, y. We recall from the previous section that there is a unique
maximal full ideal Fp. = {f € K[x, y]|f(a1, a2) =0} for all a4, a; € K}.
Further we note that
k(x) =x7 —x

is the unique monic polynomial of least degree in K[x] with I}(a) = 0 for each
ack.

For e € N let m,(x) = x7 —x.

In K = GF(q), for every prime power r=p/, j€ N, we have k"(x) =

= (4 —x)" =% — X since (:) —0inGF(g),i=1,2, ..., r— 1. Therefore

e~-1
me(x) =Y _ k¥ (x)

i=0
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since k4 (x) + K77 (x) + -+ k(x) =2 — x4 4xdT — x0T 4 4 —x =
= x4 — x. In particular, since g is a p-power,

me(f +g) = m.(f) + me(g) for f,ge€Klx,y.

Lemma 3.2. Leta, b€ K, i, j € N and f, g € K[x, y].

(1) m.(ax + by) = amegx) + bm,(y);

(2) me(x') = 1 (x@=0D0=1) L ¥ =D0=2) 1y D, (x) € (me(x)).
(3) me(x'y?) =y me(x') + X'me(y7) € (me(x), me(y)).

Proof. (1) me(ax + by) = m,(ax) + m(by) = (ax)” —ax + (by)* —ay =
= a(xq —x) +b(y? —y) = ame(x) + bm,(y) since a? = a for all a € K, hence
a? =a.

(2) my(xi) =xi7" — xi —xi (61 — 1) = xi (x =1 — 1)(x=D=D) 4 (-2l
teet). o

(3) me(x'y))=x' Y —xtyl = x4y —xIy pxly I —xly) = yI (x4 —xT)+
X (Y —yl) =y my(x') + x'me(y7) € (me(x), me(y)). O

As a consequence of the above lemma, for f = Sc;x'y/ € K|x, y], m(f) =

= Ycjm,(x'y') € (m,(x), m.(y)). We have established the next result.

Theorem 3.3. For every e € N, f € K[x, y], m.(f) € (me(x), m.(y)). That is,
(me(x), m(y)) is a full ideal of K|x, ).

Lemma 3.4. For e, n € N, 0<i<n and fi, f € K|[x, y|, there exist g1, g2, hi,
hy € k[x, y] with

iy () = 22(" SO (5 et mn e ).
r=0 s=0

Proof. From Theorem 3.3, there exist gi, g2, hi, ha € K[x, y] such that

me(fi) = gim.(x) + gam.(y) and  m.(f2) = him(x) + hizme()’)- Therefore

m! = (fi)mL(f2) = (g1me(x)+gam(y))* ' (hym,(x) + hym,(y))" and the result now

follows by computation. U

We fix some further notation. For e, s, €1, ..., e,, n, 0y, ..., s € N, let
F(e, n) := (m'(x)mi(y)|i=0,1,2,...,n), and
F(ey, n1, ez, na, ..., esng) = F(er, ni) N---NFes, ng).

Theorem 3.5. In the notation above, F(e, n) is a full ideal of K|x, y| with
minimal polynomial fumin = m?(x) and F(e, n+ 1) C F(e, n) C F(1, n). Further
F(ei, ny, e, ny, ..., e5,n5) is a full ideal with minimal polynomial
fmin = lem {m}i(x)|i=1,2, ..., s}.

Proof. To show F(e, n) is a full ideal we must show that m"~( f{)m.(f2) is in
F(e, n) for any fi, f> € K[x, y]. But this is the content of the previous lemma.
Clearly m?(x) € F(e, n) N K[x]. It is also clear that m](x) is the minimal poly-
nomial of F(e, n) N K[x]. Hence from Lemma 2.7, m}(x) is the minimal poly-
nomial of F(e, n). Moreover, since the generators of F(e, n + 1) are multiples of
the generators of F(e, n) we have F(e, n + 1) C F(e, n). From the discussion just
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e—1
prior to Lemma 3.2, m,(x) =k(x) (1 +Z k7! (x)) so m’(x) is a multiple of k(x).
i=1

Thus F(e, n) C F(1, n). We know F(ey, ny, ..., e, ny) is a full ideal of K[x,y].

Also, by Lemma 2.8, fin is the minimal polynomial of F(ey,ny,..., e, n;) if
and only if fyn, is the minimal polynomial of (F(ey, ny, ...,es ns) =
= P(F(ey, m))N---NY(F(es, ns)) = (F(er, n)NK[x])N- - -N(F(es, ns) NK[x]) =
=K[x] - mp! (x) N -+ N K[x]m (x). Thus frmin = lem {m}} (x), ..., m}(x)}. O

From ([2], 3.7.21), every nontrivial full ideal V of K|[x] can be uniquely
represented as V = (x7' —x)¥ N---N (x?" —x)* withs > 0,e; > e > - > e,
a;>0,i=1,2,...,s5and a; > a; if ¢; is a proper divisor of e;. Therefore, from
the above theorem, every polynomial f which appears as a minimal polynomial of
a full ideal of (K[x], +, -, o) also appears as a minimal polynomial of a full ideal of
Klx, y).

We also remark that, for the minimal polynomial fi, of F(e, n), the full ideal
F(e, n) is neither the minimal nor maximal full ideal with fy;, as minimal
polynomial. We consider this later in this section and in Section 4.

For computational purpose we give the next lemma.

Lemma 3.6. Let n, i, , s € NU {0} with0<i<n, 0<r<n—iand 0<s<i. If

n n i n—i . .
p*( ) and p ( ) then p < ) ( ) where p is a prime integer.
L r+s s r

Proof. We compute

C) (n : i) (7) - s!(iii 5)! r!(r(ln——ii—)-!r)! i!(nni i)!

_ n! (r+s)!(n—r—s)!
Cslli—s)\(n—r—s—(i—s)) (r+s)! (n—r—s)

r+s n n—r—s
-(7)CE)C)

Since pl( " ) we get p (1)(n—z)<r‘1> and since p*(n) we get
r+s s r ] 1
(1)(n—1) as desired. O

s r

We introduce now another collection of full ideals of K[x, y]. For e,n € N,

p

define E(e, n) := (um® (x)mi(y)|i=0, 1,2, ..., n) with g; = 1 ifp*('_l) and
. n !
Wi :Olpri)'

Theorem 3.7. For e, n € N, E(e, n) is a full ideal with minimal polynomial
fmin = m}(x). Further, E(e, n+ 1) C E(e, n) C F(e, n).

Proof. Let i€ {0,1,...,n} with y; =1, ie., p*(?) We show for fi,
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£ €Klx,y), m*(fi)m.(f,) € E(e, n). By Lemma 3.4 we have only to show

n—i ]
psir = 1 whenever ( )(l) is not zero in GF(q), i.e., whenever
r s

p*(n R l) (1) From Lemma 3.6, sincep*(',l), then p*(l> <n R l) implies
r s i s r

P*(s_’:_r). Hence p,4s=1 as required. It is clear that E(e,n+ 1) C
< E(ea n) - F(e, n). O

There are in general full ideals between E(e, n) and F(e, n). For example, let
p:{0,1,...,n} - {0, 1} be a function, i+ y;, with the following two
properties

pi =1, for all i with p* (n) and
i

psir =1, forallse{0,1,...,i},re{0,1,...,n—i} with

et () ()

Note that y; is symmetric in that y; = 1 if and only if p,_; = 1 for if y; = 1 then

forr=n—i,s=0,p*((l)>(n_l,) SO fn—i = 1.
n—i

Lemma 3.8. For every such function defined above, F, :=
= (um (x)mi(y) | i € {0, 1, ..., n}) is full ideal of K[x, y| with E(e, n) C
CF, CF(e, n).

Proof. To prove that F, is a full ideal we take u; = 1 and let fi, f, € K[x, y].
Then from the second property in the definition of x and Lemma 3.4 we see that
m!~'(fi)mi(f,) is in F. Hence F is a full ideal. Clearly E(e, n) C F, C F(e, n).

O

For p =2 and n =8 we give the following examples for functions y and
associated full ideals F,.

E(e, 8) = (m(x), m;(y)) & (m3(x), m}(x)mg(y), m(y))
S (m5(x), mE(x)m(y), ml(x)mg (y), mZ()mE(y), me(v)) £ F (e, 8).
Also, there are in general full ideals between F(e, n+ 1) and F(e, n). For
example, E(e, n) + F(e, n+1)2F(e, n+ 1) and if E(e, n) # F(e, n), E(e, n)+
+F(e,n+1)&F(e, n). For e = 1 and g = 3 we have
F(1L, )& (K (x), Bk (), B EF(, 3).

We know that Fyg) is the unique maximal full ideal of K[x, y]. We show
Fi = F(1, 1) = (my(x), mi(y)) which is of course (k(x), k(y)). This was also
done in [2]. We include our proof since it is somewhat different.

Theorem 3.9 (2], 3.8.2). F(y = F(1, 1).
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Proof. 1t is clear that F(1, 1) C Fypy. To show the reverse inclusion, let
flx,y) = Z Y/ fi(x) + fo(x) € Fio where f;(x) € K[x]. Since f(a, 0) = 0 for all

=1 .

ac€k, we have fo(a) =0 for all a € K. Thus f, is a multiple of k(x) and so
f € Fyifandonly if f —fy € Fipy. Fors € N, r<(s+ 1) (g — 1) we write f — fy
as

q-1 s
F=fo=)_ > Y s 1)

t=1 i=0

where we set fi(x) =0 for j>r. Let m:=qg—1 and consider for every
t=1,2,...,q— 1 the partial sum

Zyim+tfim+t(x) = yt (ZﬁmH(X)) + Z(yimﬂ - yt)ﬁm+t(x)
i=0 i=0 =1

= y'h(x) + g:(x, ¥)-

Since yim+t _yt — yt(yim _ 1) — yt(ym _ 1)(y(i—1)m +y(i—2)m 4t 1) —
— yt~l(ym+l _ y)(y(t—l)m ot 1) and since ym+l —y=yl—y= k(y) we have
&:(x, y) a multiple of k(y) and so g(x, y) € F(1, 1) for every ¢.
q—1

Now fora, b € K, (f— fo)(a, b) = 0=y _ b'h,(a) since g,(a, b) = 0.If c € K
=1 q-1
is an element of order ¢ — 1 then the g — 1 linear equations Z b'h(a) = 0 for
=1
b=c/,j=1,2,..., g~ 1 have the unique solution (a) =0 for evety a € K
since the coefficient matrix is a Vandermonde matrix. Hence for each
te{l,2,...,q—1}, h(x) is a multiple of k(x) and so f—fy € F(1, 1),
consequently f € F(1, 1) as was to be shown. O

4. Lower Bounds and Hidden Polynomials

In this section we associate a nonnegative integer to each polynomial in
K[x, y]. This provides a useful tool for our work with full ideals. We use this tool
to discover “‘hidden” polynomials in some full ideals. For the definition of hidden
polynomials see the discussion following Corollary 4.9. We first collect some
computational results. When we use the word ‘“‘summand” of a polynomial
f € K|[x, y] we assume the unique representation f = Z a;x'y’ and we mean the
term ox'y’ for some (i, j) € N2 ij

Lemma 4.1. Let e, i, n€ N, a b e K. o
1) The summand of m,~* (x)m; (y) with lowest degree is x"~'y".
2) For polynomials f; € K[x, y], i=0, 1, ..., n and for

f= i: fm2 " (x)mi(y) € F(e, n)\{0}, every summand fm"~ (x)mi(y) of f has
=0

degree at least n. . .
3) ml,(x + a)m,(y + b) = m/,(x)m,(y).
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4) Let f € K[x, y]\F(1, 1). Then there exists c € K\{0} and g € F(1, 1) with
f =c+ g or there are ay, a3, by, b, € K wzthf(al, by) #f(al +ay, by + by).

5) Let f € K[x, y] and ay, ay, by, b, € K wzthf(al, az) 7éf(a1 + az, by + by).
Then h(x, y) :==f(x —az, y — by) — f(x, y) € K|x, y]\F(1, 1) and deg h < deg f.

Proof. 1) Straightforward calculation since m,(x) = x7° — x.

2) For f;#0, every summand of fim" " (x)mi(y) has degree at least
n—i+i=n.

D m(x+a)=x+a) —(x+a)=x +af —x —a=m(x).

4) Since f¢ F(1, 1), there exist ai, by € K with f(a1, b)) = c € K\{0}. If

f(a, b) = c for all a, b € K, then g(x, y) :==f(x,y) —c € F(1, 1). If not, then

there exists ay, by € K with f(al, by) #f(al + az, by + by).

5) Since h(a; + ay, by + by) # 0, h¢ F(1, 1). Clearly all summands of f with
highest degree are the same for f(x — a, y — by) and thus do not appear in A.
Hence deg h < deg f. O

Theorem 4.2. Let F be a full ideal of K[x, y| and for d, e € N let f; € K|[x, y],
i=0,1,...,dwith f,¢ F(1,1) for at least one s € {0, 1, ..., d}. If

d
f= fm{(x)m(y) € F,
i=0
then there exists h€F with h=ml(x)mi(y) = Zh md~ (x)mi (y) with
hi € K[x, y] and h; € F(1, 1). i=0

In particular A contains x*~*y* as a summand and h¢ F(e, d + 1).

Proof. We prove the existence of h by induction on the degree d; of f;. If
deg f; =0, f; € K\{0} and the result follows by A = £ - f with h; = 0. Suppose
the result is true for all f; with deg f; < d; and now take f with deg f; = d;. We will
write “d” for “d;”.

If f; = ¢ + g for some ¢ € K\{0} and g € F(1, 1), then the result follows by
h=c"' -f withh, =cg e F(1, 1).

On the other hand, if there exist aj, a;, by, by € K with fi(ay, by) #
# fs(a1 + a2, by + by) (cf. Lemma 4.1 (4)), then since F is a full ideal, instead of f
we may consider g(x, y) :=f(x —az, y — by) — f(x, y) € F and then by Lemma
41 (3), (5), fim?S(x)mi(y) will become gm?=*(x)mi(y) where g(x,y) =
=fi(x — a2, y — ba) — f(x, y) €K|[x, y]\F(1, 1) and deg g, <deg f;. Thus by the
induction hypothesis h € F exists. By Lemma 4.1 (1), m?~*(x)mS(y) contains a
summand x?~y* while f;m?~(x)m’(y) for i # s does not contain x*~%y".

For h; # 0 there are hy, hy € K|x, y] with h; = hyk(x) + hk(y) for suitable h;,
hy € K[x, y] and every summand of h; has degree at least 1; by Lemma 4.1 (1)
every summand of hym?=5(x)mS(y) has degree at least d + 1. Hence for h; =0, h
contains the summand x*~ sy* of m?=*(x)m:(y). By Lemma 4.1 (2), h¢ F(e, d + 1).

O

Recall that F(1, n) = (" *(x)k'(y) |i =0, 1, ..., n) is a full ideal of K[x, y].
For simplicity of notation, in the sequel we denote F(1, n) by F,.
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Lemma 4.3. Foreveryd € N andf € F(1, 1) = Fy, f # 0, with deg f = d we
have f¢ Fu, .

n
Proof.1LetneN and g € F,\{0}, say g=2ﬁk"'i(x)ki(y). From 4.1, every sum-
i=0
mand of g has degree at least n, i.e., deggén. Thus ifdeg f =d, f¢ Farn- O
Corollary 4.4. (] F, = {0}.

neN
We know F,,; C F,. Moreover from the definitions we have F, | # F,. Thus
from the above corollary, for every f € F;\{0}, there exists a unique integer d € N
with f € F4\F41. We call this integer d the lower bound of f and denote it by
=Ib(f). If f € K[x, y]\F} or if f = 0 we say Ib(f) =

Lemma 4.5. For f € F with d = 1b(f), there exists f; € K|x, ], i=0,1,...,d
d
with f; ¢ Fy, for at least one s € {0, 1, ..., d} and f = Zﬁkd'i(x)ki(y).

Proof. By definition f € F;\F 441 and so there are polynomials f; € K|[x, y] with
d
= fk k(). If fieFy for all i€{0,1,...,d} then f; = hyk(x)+
i=1
hyik(y), hii, hyi € K|x, y]. But then f € F,,,, a contradiction. 0O

Theorem 4.6. Let f € Fy and d € N. Then 1b(f) =d if and only if there
exist f; € K|x,y| with f,¢F, for at least one se€{0,1,...,d} and
d

= fk @k ).
i=0
Proof. If 1b(f) = d, apply the previous lemma. For the converse we take
d

f= Z £k (x)k'(y) and note that f € F,. Suppose further that f € F4,,. Since
i=0
my(x) = k(x), from Theorem 4.2 there exists an h € F;,| containing x*~y* as a
summand. But from Lemma 4.1, every summand of h € F;,; has degree at least
d + 1, a contradiction. Therefore f ¢ F;. and Ib(f) = d. d
Corollary 4.7. For e, n ey, ...,e,ny, ...,n €N 1b (ml(x))=n and
(2 (3) .. () =+ my -+
Proof From the discussion prior to Lemma 3.2 we see that me(x) = k(x)

( + Z K- x)) so my(x) = k"(x)g(x) with g(x) = ( + Z K l(x))

g¢F,. From the previous theorem, Ib(m}(x)) =n. Also m"1 (x)...mp(x) =
= k™(x)g(x) with m =n; +ny + --- 4+ n,; and g¢ F, hence the Tesult. O

Corollary 4.8. If f, g € K|[x, y]\{0} then 1b(fg) > 1b(f) + Ib(g).
d

Proof Let Ib(f)=d,Ib(g)=n with f= Z fk*i(x)k'(y) and
d+n

g= Zg, ~(x)k'(y). Therefore fg = Zh KAtn= '(x)k‘(y) with h; € K[x, y].
i=0 i=0
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Since f, g€ K[x,y]\{0}, fg#0 and so fg€ F,.4. But this means that
Ib(fg)=>n+d. O

For a full ideal F of K[x, y] we define the lower bound of F, 1b(F), by 1b(F) :=
== min{lb(f)|f € F\{0}}.

Corollary 4.9. For e, n € N, Ib(F(e, n)) = 1b(E(e, n)) = n.

Proof. We know E(e, n) C F(e, n) C F(1, n) = F,, hence Ib(E(e, n))>
>1b(F(e, n)) >1b(F,). By definition 1b(F,) =n and since m’(x) € E(e, n),
n=1b(E(e, n)). O

For a full ideal F with minimal polynomial f,i, we have 1b(F) <1b(fpin). We
will see in the remainder of this section that Ib(F) sxI1b( fmin) is possible.

Again let F be a full ideal. We say a polynomial f € F is a hidden polynomial
of F and F is a full ideal with hidden polynomials if 1b(f) 1b(fmin) Where, as
usual, fmin is the minimal polynomial of F.

Theorem 4.10. For every e, n € N, F(e, n) and E(e, n) are full ideals without
hidden polynomials.

Proof. From Corollary 4.9, 1b(F(e, n)) = Ib(E(e, n)) = n = Ib(m?(x)). Since
m?(x) is the minimal polynomial of F(e, n), (cf. Theorems 3.5 and 3.7), and

E(e,n) there are no hidden polynomials in these full ideals. a
On the other hand, full ideals with hidden polynomials do exist.

Theorem 4.11. Let hy := k9(x)k(y) — k(x)k?(y). Then Fgip := (Fai2 U{h,})
is a full ideal with hidden polynomial h,,.

Proof. Since F,; is a full ideal, to show that F(,: is a full ideal we must
show that for fi, 2 € K[x,y], hy(fi, f2) € Fy2. Since k(x), k(y) € F(1, 1),
k(f1), k(f2) € F(1, 1), say k(fi) = gik(x) + g2k(y) and k(f2) = hik(x) + hak(y)
where g1, 82,h1,h2 € K[x, y]. Thus k9(f)k(fo) = gihk?*! (x) + gThokd(x)k(y)+
+&imk(x)ki(y) + gihok?™ (y) and  so  hy(fi, fo) = (gTh1 — g1h])kT! (x)+
+(glha — g2h) )k ()k(y) + (€51 — g1h)k(x)k?(y) + (5h2 — 2h)kTH ().

~ /\

Now for any a, b € K, if g,(a, b) =: ¢ and hy(a, b) =: d then (gih, — gh?)
(a,b) =c%d —cd? =cd —cd =0. Thus glh; —gih{ € F(1, 1) = (k(x),k(y)),
hence (gfhy — g1hY)kT!(x) € (k9+2(x), k"1 (x)k(y)) C F442 € Fy12. In the same
manner, (gih, — g2h3)k9™1(y) € Fyia.

Let g:= (glh, — g2h)k9(x)k(y) + (g3hy — g1h)k(x)k9(y) and note that
8 = (g1h2 — g2h{)hy + [(g1h2 — g1h5) + (83h1 — g2h{)|k(x)k?(y). As above one
finds that gih, — g1h% and gihy — grh? are in F(1, 1), consequently g € (h,,
k2 (x)k4(y), k(x)k?*!(y)) C F,12. Hence F .3 is a full ideal.

It remains to prove that h, is a hidden polynomial in F. We have
¥(hy) = k9T (x) — k9% (x) = 0 where 1 is the ring epimorphism defined just
prior to Lemma 2.7. Then, using Lemma 2.7 and the fact that 9 is a ring epi-
morphism we have Py (R3] = $(Fyr) = ($(Fys2) Ulhy)) = ($(Fys2)) =
P(Fg42). We know mi*2(x) is the minimal polynomial of F,, and so by Lemma
2.7, is the minimal polynomial of ¥(F,42) = ¥(F,42). Again, by Lemma 2.7,
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m?*2(x) is the minimal polynomial of F,,,. Thus lb(h,) =g+1<qg+2=
= 1b(m4*?(x)), hence h, is a hidden polynomial of F. O

Corollary 4.12. Let F be a full ideal without hidden polynomials and with
Ib(F) = n. Then F C F,.

Proof. By definition, for each nonzero f € F, 1b(f) >n, hence f € F,. O

Corollary 4.13. Let F be a full ideal with minimal polynomial fii, such that
1b( fimin) = n. Then F\F, is a set of hidden polynomials of F.

Proof. For f € F\F,, f € F(1, 1)\F,, hence Ib(f) < n = Ib(fiin)- O

In the above theorem, the hidden polynomials h, had the property that
¥(hg) = 0. As our next example shows this need not always be the case.

Example 4.14. Let g, := x7k9(x)k(y) — xk(x)k?(y) = k(x)k1(x)k(y) + xh, €
€ Fy45. As in Theorem 4.11 1b(g,) =g+ 1 < g + 2, so g, is a hidden polynomial
of F,i5. Moreover, (g,) = (x? —x)k?*'(x) = k9"2x # 0 and Ib(y(g,)) =
=g +2>1b(g,)-

We conclude with a result which shows that the above situations are the only
ones that can occur for hidden polynomials.

Theorem 4.15. Let f be a hidden polynomial of a full ideal F and as above let
¥: Klx,y] = K[x] be the ring epimorphism, g+ g(x, x). Then (f) =0 or
Ib(y(f)) Z1b(f).

Proof. We note that 9(f) € FNK][x], hence (f) is a multiple of
fmin € FNK[x], i.e., ¥(f) =h"fmn with h € K[x]. From Corollary 4.8,
Ib(%(f)) Z1b(fmin) Z1b(f) when (f) # 0. O
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Abstract. We define a class of factor maps between sofic shifts, called lifting maps, which
generalize the closing maps. We show that an irreducible sofic shift S has only finitely many S-
conjugacy classes of minimal left (or right) lifting covers. The number of these classes is a
computable conjugacy invariant of S. Furthermore, every left lifting cover factors through a minimal
left lifting cover.

0. Introduction

Sofic shifts are an important class of symbolic dynamical systems. A cover of a
sofic shift S is a factor map ¢ : ¥4 — S, where 34 is a shift of finite type. In this
paper we define a class of covers, called lifting covers, which generalize the
closing covers, and show that there are only finitely many S-conjugacy classes of
minimal lifting covers of a given sofic shift S. The number of such classes is a
computable conjugacy invariant of S. We point out that our use of the term
“minimal”, as defined in the next paragraph, differs from that of [2], but agrees
with that of [10].

Given covers ¢ : ¥4 — S and v : ¥ — §, from irreducible shifts of finite type
onto a sofic shift S, we say that ¢ factors through +y if there exists a factor map
B: %4 — Tp such that ¢ = 0. If § is a topological conjugacy, we say that ¢ is
conjugate over S to 7. This defines an equivalence relation on covers of S. We will
refer to an equivalence class as an S-conjugacy class. A cover ¢ is minimal if
whenever ¢ factors through a cover v by a map S, it follows that 3 must be a
conjugacy. For example, the left and right Fischer covers are minimal, and in fact
the only minimal closing covers, up to conjugacy over S. It follows from [1,
Corollary 2.7] that every finite-to-one cover with irreducible domain factors
through a minimal cover.

S. WiLLIAMS has shown that if S is not an almost finite type (AFT) shift, then
there are infinitely many finite-to-one covers of S no pair of which factor through a
common cover (see [11]). Consequently, S has infinitely many S-conjugacy classes
of minimal finite-to-one covers.

We say that a class € of covers of a sofic shift is closed under lower factors if
whenever ¢ € € and ¢ = 8, where v is a cover, we must have v € ¥. For
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example, the closing covers have this property (by [3, Prop. 4.10 and 4.11]). If € is
closed under lower factors, then every element of % factors through a minimal
element of €. If, in addition, there are only finitely many S-conjugacy classes of
minimal covers in %, then there is a finite set of minimal covers such that any
cover in € factors through one in the finite set. It is natural to ask whether there are
other classes of covers (besides the closing covers) which have these properties.

In Definition 2.5, we introduce such a class, the lifting maps. We show that
there are only finitely many S-conjugacy classes of minimal left lifting covers of a
given sofic shift § (Theorem 2.17). We call the number of such classes the left
lifting number of S. It is easy to see that this number is a conjugacy invariant of S
(see the remark following Proposition 2.8). By Corollary 2.18, there is a finite
procedure for constructing a complete set of representatives of these classes, and
so the left lifting number is computable. Since left lifting covers are closed under
lower factors (Remark 2.7 (iii)), there is a finite set of minimal covers such that
every left lifting cover of S factors through one in the finite set (Corollary 2.19).
Similar statements hold for right lifting covers. In addition, we obtain a useful
necessary condition for the existence of lifting factor maps between sofic shifts
(Remark 2.20).

We also define a special type of one-block left lifting map, called a left
determining map (Definition 2.9), and show that every left lifting map is conjugate
over S to a left determining map (Corollary 2.14). This is a generalization of the
fact that every left closing map is conjugate over S to a left resolving map.

Another motivation for introducing lifting maps is the fact that closing maps
are not sufficient to describe all factor maps. For example, KitcHEns has shown
that there are factor maps which cannot be written as a composition of closing
maps ([5] or [6, p. 95]). In fact, if S is a strictly sofic shift, then it follows from
[3, Prop. 4.12] that there cannot exist any factor map from S onto a shift of finite
type which is a composition of closing maps. In view of this, it seems necessary to
search for larger classes of maps, such as lifting maps, in order to try to understand
general factor maps.

We thank the referee for suggesting a number of improvements to the paper.

1. Background

We briefly summarize some background material. An excellent source for
further reference is the book [7] by Linp and MaArcus. Let A be a non-negative
integral square matrix, which defines a directed graph G(A), having A;; edges from
vertex i to vertex j. The set of vertices, or states, of G(A) is denoted ¥4. The
matrix A defines a shift of finite type ¥4 (see [3, Section 2]).

A factor map between symbolic dynamical systems is a continuous, surjective
map which commutes with the shift. By the Curtis-Hedlund-Lyndon Theorem
[7, Theorem 6.2.9], every factor map ¢:S; — S, has the form ¢(x), =
= &(xx_,,, -+-Xitq), for some non-negative integers m and a, where
¢ : AT — of, is a finite block map and 2/, .o/, are the alphabets of Sy, S,,
respectively. (Usually we will let ¢ denote the map on finite blocks, as well as the
map on infinite sequences.) If m = a = 0, then ¢ is a one-block map, in which case
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¢ defines a labelling of the edges of G(A), where an edge e is labelled ¢(e). A
factor map which is injective is a conjugacy. A factor map is finite-to-one if every
point in the range has a uniformly bounded number of preimages. It is right
closing if it does not identify two distinct points which are left asymptotic under
the shift map, and left closing if it does not identify two distinct points which are
right asymptotic. Left or right closing maps are finite-to-one, by [7, Prop. 8.1.1].

If 334 is a shift of finite type and ¢ : ¥4 — § is a factor map, then § is a sofic
shift. The map ¢ is called a cover of S. The set of finite blocks of symbols which
occur in some point of S is denoted %(S). Every irreducible sofic shift has a
canonical right closing cover 7t : X — S, called the right Fischer cover, which
has the following minimality property:

Theorem 1.1. ([4]) or [2, Prop. 4]) Let¢ : ¥g — S be a right closing factor
map from an irreducible shift of finite type onto a sofic shift. Then there exists a
unique right closing factor map ~ : g — Yg suchthat vy = ¢.

The states of X are follower sets of the form Fg(w)={v e %(S):
wv € #(S)}, where w € #(S) is a magic word. For each symbol a such that
wa € B(S), there is an edge from F g(w)to Fs(wa) labelled a. There is also a
canonical left closing cover n~ : ¥; — § called the left Fischer cover, whose
states are predecessor sets of the form Pg(v) = {w € #(S) : wv € %(S)}, which
has a similar minimality property with respect to left closing factor maps.

If ¢ : ¥4 — Sis a one-block factor map and i € &4, we define the predecessor
set of i to be Py(i) = {w € #(S) such that there exists p € ¢~'(w) ending at i}.
The follower set of i is defined similarly (see [7, Definition 3.3.7]).

Following [7, Definition 3.3.7], we say that a labelled graph G(A),
corresponding to a one-block factor map ¢ : ¥4 — S, is predecessor-separated
if for any two states i #j for 34, we have 2;(i) # Z4(j). Similarly to the
construction in [7], one can form the predecessor merged graph G(B) as follows:
two states i,j € F4 are equivalent if P4(i) = P4(j). The states of G(B) are
equivalence classes of states of G(A). If # and J are equivalence classes, there is
an edge fin G(B), labelled a, from .# to 7 if there exists i € £ andj € J and an
edge e from i to j labelled a. Similarly to the proof of [7, Lemma 3.3.8], it can be
shown that the labelling of G(B) defines a factor map 7 : ¥ — § which is
predecessor-separated. Clearly, the map (: X4 — ¥p which takes e — f is a
continuous, shift-commuting map, and y3 = ¢. We have the following result,
which is well known in symbolic dynamics and automata theory.

Proposition 1.2 Let¢: X4 — S be a finite-to-one, one-block factor map,
where Y, is an irreducible shift of finite type. Then there exists a shift of finite type
Y8, a one-block factor map ~y : Xg — S which is predecessor separated, and a left
resolving map 3 : ¥4 — Y suchthaty(3 = ¢.

Proof. By the previous remarks, all that remains to prove is that 3 is left
resolving (from which it follows that ¢ is surjective, by [7, Prop. 8.2.2]).
Suppose that 3(e;) = (B(e2), where e; and e, have the same terminal state. Let i;
and i, be the initial states of e; and e,, respectively. By definition of 3, we have
d(er) = ¢(e2) = a, and Py (iy) = P4(iz). Choose a magic word m =m;---m,
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for ¢, with magic coordinate m; (see [8, Definition 2.1]). Choose
P =p1...pn € ' (m). Since T, is irreducible, there are A-words ¢; and r such
that pqieirp € B(24). Let ¢(pqieirp) = msatm. Since pq; ends at i;, we have
ms € Py(ir). Since Py(i1) = Py(i2), we have ms € Py(i,), and so there exists a
path p'q; in G(A), ending at i, such that ¢( p'q2) = ms. Since e, and e, have the
same terminal state, p'qaexrp € #B(,). Since p'qrearp € ¢~ (msatm), it follows
from [8, Lemma 2.3] (see also [6, Lemma 2.4 (2)]) that p; = p}. Then we must
have i; = i; and e; = e;, for otherwise ¢ would have a diamond, contradicting the
assumption that ¢ is finite-to-one, by [6, Theorem 1.1]. Therefore [ is left
resolving. O

We next recall the definition of the fiber product of two factor maps ([8, Def.
83.2]). If ¢;: X1 — Sand ¢, : X; — § are factor maps between shift spaces,
the fiber product of ¢, and ¢, is the triple (W,p;,p2), where W =
={(x,y) € Xi x X5 : ¢1(x) = ()}, and p;: W — X;,p0: W — X, are the
projection maps defined by p;(x,y) = xand p,(x,y) = y.

Clearly ¢1p1 = ¢opo. If X and X are shifts of finite type, then it is not hard to
show that W is a shift of finite type. The following lemma is easily established.

Lemma 1.3. Let ¢1 : EA] - S, ¢2 : EAz — S, : Yo — EA] and ’l/)z Y —
— Y4, be finite-to-one factor maps, where ¥,4,,%4, and Yc are irreducible shifts
of finite type, S a sofic shift, and ¢y = ¢21,. Then there exists an irreducible
component of maximal entropy, ¥.p, of the fiber product of ¢1 and ¢, and a factor
map A : X¢c — Xp which makes the following diagram commute (where p; and p;
are the restrictions of the projection maps to ¥p):

Furthermore, p; and p, are surjective.

Proof. The map A is defined by A(x) = (v1(x),¢2(x)). Clearly, the diagram
commutes and A is finite-to-one. It follows that ¥p = A\(X¢) must be an
irreducible component of maximal entropy of the fiber product, and therefore an
irreducible shift of finite type. Since 1; and 1, are surjective, p; and p, are
surjective. O

Recall that a cover ¢ is minimal if whenever ¢ factors through a cover «y by a
map G, it follows that 5 must be a conjugacy.

Lemma 14. Leta : S — §' be a conjugacy. The mapping v — ay induces a
bijection between S-conjugacy classes of minimial covers of S and S'-conjugacy
classes of minimal covers of S'.
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Proof. For any two covers y; and 7y, of S, it is easy to check that ; and ~, are
conjugate over S if and only if oy, and oy, are conjugate over S'. So the mapping
induces a bijection between all S-conjugacy classes and S’-conjugacy classes.
To complete the proof, we need only show that if v : ¥y — S is a minimal cover
of S, then oy is a minimal cover of §'. Suppose that a-y factors through another
cover 7’ : ¥y — S. Then there is a factor map 3 : Xy — X such that v'3 = ay.
Since a9’ : ¥y — S is a cover of S and o'y = ~, it follows that 3 is a
conjugacy. O

We next recall the right and left closing covers induced by a ¢-congruence
partition, the details of which are given in [8]. Let ¢ : ¥4 — S be a finite-to-one,
one-block factor map, from an irreducible shift of finite type onto a sofic shift. Let
m = m, ...m, be a magic word for ¢, with magic coordinate m; ([8, Def. 2.1]). Let
S(¢,m) denote the set of symbols which occur at coordinate s in the set of
preimages of m under ¢ ([8, Def. 2.2]). The map ¢ gives rise to a group ¥ of
permutations on the set S(¢, m) (see [T1, the remarks following Lemma 2.6]). A
¢-congruence partition is a partition 2 of S(¢, m) which is invariant under the
action of ¢ [8, Def. 3.1].

There are two congruence partitions of particular importance. The partition
into singleton sets is the partition 2, of S(¢, m) into d sets, each of which contains
a single element (where the degree of ¢ is d). The trivial partition is the partition
2, containing the single set S(¢,m).

For P € ?, and an S-word w beginning with m, we can define a vector

E Z" (where A is n x n). For details, see [8, Def. 3.3]. If Z = 2, is the
tr1v1al partition, then there 1s just one set P = S(¢,m) € 2y, in which case we
wiP) _
simplify notation and write l = [}. Similarly, one defines vectors r

For any congruence partluon 2, we can define a labelled graph, whose states
are vectors of the form /") (see [8, Def. 3.5]). This labelling defines a right
resolving factor map 7, ») : X, , — S, called the right closing cover induced by
the partition 2. There is also an induced left closing cover my ) : Xpg,2) — S.

2. Lifting Maps
In this section we define lifting maps. While most of our results are stated for
left lifting maps, similar results hold for right lifting maps.

Lemma 2.1. Let ¢ : ¥4 — S be a factor map from a shift of finite type onto a
sofic shift. Suppose that there exist irreducible shifts of finite type Ygand ¥p, a
factor map g : ¥p — X4, a right closing factor map f : £ — S and a left closing
factor map p : ¥p — Xpg, such that the following diagram commutes:

/\
3\/
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Let § = fp = ¢g. Let P be the O-congruence partition induced by fp [8, Def. 2.10],
and suppose that there exists a ¢-congruence partition P such that
A7 (P)=2P (where Mg is the map induced by g; see [8, Lemma 2.9]). Then there
exists a factor map v : ¥p — Yig(g p) Such that m g pyv = f.

Proof. By [8, Theorem 4.7], f is conjugate over S to ). Let
a:Xp— Yp, 5;. _be a conjugacy such that Tr(6, )% = =f. By [8, Theorem 3.7],
since A, 1(9’) 2, there exists a factor map v = v, : Lg(g ») — L(g#) such that
T, 5;)1/ = Ty 9,2)- Now let v = va.

There are a couple of cases of special interest.

Corollary 2.2. Assume the same hypotheses as in Lemma 2.1 (but without
assuming the existence of the partition ).

(1) If f has degree one, then there exists v:Yp — YR(g,»,) such that
Tr(go)V =f.

(ii) If p and g have degree one, then there exists v : ¥g — Ygy»,) such that
@2V =1

Proof. If f has degree one, then the #-congruence partition induced by fp is the
trivial partition 2, and so 2| = ’(@;) where 2, is the trivial ¢-congruence
partition. Now apply Lemma 2.1.

If g and p have degree one, then the 6- congruence partition induced by fp is
the partition 2, into singleton sets, and so 2y = 1(9”,1) where #; is the
¢-congruence partition into singleton sets. Now apply Lemma 2.1. O

Note that in Corollary 2.2 it is not necessary to assume the existence of a
partition £ such that A;I(Q’) = &, since this holds automatically by the degree
conditions.

Theorem 2.3. [6, Theorem 4.1]. Let ¢ : ¥4 — S be a finite-to-one factor map
Jfrom an irreducible shift of finite type onto a sofic shift. There exists an irreducible
shift of finite type ¥p, a factor map g : ¥.p — ¥4 of degree one, and a left closing
factor map p : ¥p — Yg(y»,) such that ¢g = .4 »,)p.If ¢ is a one-block map,
then p can be taken to be left resolving.

Proof. By re-coding, we may assume that ¢ is a one-block map. An argument
very similar to the proof of [6, Theorem 4.1] shows that there exists an irreducible
component of maximal entropy, 3p, of the fiber product of the maps ;. »,) and
Ty(¢,#,) @ left resolving map p : ¥p — gy »,) and a factor map g: Xp — ¥4
such that 7,4 »)p = ¢g. That g has degree one follows from the proof of [T2,
Theorem 2.4]. (In [6, Theorem 4.1], it is shown that there exists a right closing
factor map p:¥Xp — X4 2,), and a factor map g:Xp — ¥4 such that
my¢2,)P = ¢g. Reversing the roles of left and right resolving covers yields
Theorem 2.3.) O

Proposition 2.4 Let ¢:¥4 — S be a finite-to-one factor map from an
irreducible shift of finite type onto a sofic shift. Let vy : gy »,) — L be the right
closing map as in Theorem 1.1, so that 7ty = 7,4 4,). The following are
equivalent:
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(i) There exists an irreducible shift of finite type Y.p, a factor map g : ¥p — Y4
and a left closing factor map p : ¥p — X such that ¢g = 7t p.
(i) The map vy : Lgy»,) — LR is a conjugacy.

Proof. (i) = (ii). Since w* has degree one, by Corollary 2.2 (i) there exists a
factor map v : ¥z — Xy, such that 7,4 5 yv = 7. By Theorem 1.1, we have
mty = My 4,2,)- So vy = . Since n" has degree one, it follows that vy is the
identity on X, so that y is a conjugacy.

(i) = (i). By Theorem 2.3, there exists a shift of finite type ¥p, a factor map
g:¥p— X4 and a left closing factor map p:3X¥p — gy e, such that
$g = Typ2,)P- Let p=p: Xp — Xg. Clearly, ¢g = m49,)p=7"7p =7"p.
Since ~ is a conjugacy, it is left closing, so that p is left closing. Therefore (i)
holds. O

In view of the previous result, we make the following definition.

Definition 2.5. A factor map ¢ : S; — S, between irreducible sofic shifts is left
lifting if there exists an irreducible shift of finite type p, a right closing factor
map ¢ : Xp — §7 and a left closing factor map v, : ¥p — X such that
¢, = mh, (where m* : Bp — S, is the right Fischer cover of S,). The map ¢ is
right lifting if there is a left closing factor map 1, : ¥p — S; and a right closing
factor map ¥p — ¥ such that ¢y = w71, (where 7~ is the left Fischer cover of
S2). A map which is both left and right lifting is bi-lifting.

Since left closing and right closing maps are finite-to-one, it is clear that left or
right lifting maps are finite-to-one. For maps whose domain is an irreducible shift
of finite type, Definition 2.5 is clarified by the following result.

Proposition 2.6. Let¢: X4 — S be a finite-to-one factor map from an
irreducible shift of finite type onto a sofic shift. The following are equivalent:

(i) There exists an irreducible component of maximal entropy, ¥p, of the fiber
product of ¢ and ©* such that the restriction of p; to Xp is a right closing factor
map and the restriction of p, to Xp is a left closing factor map.

(ii) ¢ is left lifting.

(iii) There exists an irreducible shift of finite type ¥c, a factor map
Y1 : e — X4 (not necessarily right closing), and a left closing factor map
¥y : Lo — Xg such that gy = .

Proof. (i) = (ii) and (ii) = (iii) are obvious.

(iii) = (i) By Lemma 1.3, there exists an irreducible component of maximal
entropy, Xp, of the fiber product of ¢ and 7" which makes the diagram in Lemma
1.3 commute. Since 1), is left closing and Xp is a shift of finite type, it follows
from [3, Prop. 4.10 and 4.11] that p, is left closing. By [7, Prop. 8.3.3], p; is right
closing. Oa

Remarks 2.7. (i) It follows trivially from the definition that 7" is left lifting and
7~ is right lifting.

(i) If ¢ : S; — S, is left closing, Sy, S, irreducible, then ¢ is left lifting. For let
W be an irreducible component of maximal entropy of the fiber product of ¢ and
7. Since ¢ is left closing, then by [7, Prop. 8.3.3], p; is right closing and p; is left
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closing. Since X is a shift of finite type, it follows from [3, Prop. 4.12] that Wis a
shift of finite type. Therefore ¢ is left lifting. Similarly, right closing implies right
lifting. It follows that 7~ is left lifting, and so by (i), it is bi-lifting. Similarly, = is
bi-lifting.

However, left closing almost everywhere does not imply left lifting. For let
¢:S— g be a left closing almost everywhere factor map, where S is an
irreducible non-AFT sofic shift. By [3, Prop. 4.12], ¢ cannot be left closing. Also,
the right Fischer cover of g is the identity. Suppose that ; : ¥p — § and
1, : ¥p — Xp are factor maps, where ¥p is an irreducible shift of finite type, 1 is
right closing and ¢t = 71, = 1),. Since 1) factors through the right Fischer
cover of S, which is not left closing (since S in not AFT), it follows that 1, is not
left closing. Therefore ¢, = ¢1); is not left closing, and so ¢ cannot be left lifting.

(iii) It follows easily from Proposition 2.6 (iii) that the collection of left lifting
covers of § is closed under lower factors.

@iv) If ¢ : S — S, is left lifting and S, is AFT, then by [2, Corollary 11], 7 is
left closing. Therefore 7t 1), is left closing and it follows from [3, Prop. 4.11] that
¢ is left closing almost everywhere. If in addition S is a shift of finite type, then by
[3, Prop. 4.10], ¢ is left closing.

(v) If ¥4 is an irreducible shift of finite type, then by Proposition 2.4,
¢ : ¥4 — S is left lifting if and only if the induced right closing cover 7, »,) is
conjugate to the right Fischer cover of S.

We next show that compositions of left lifting maps are left lifting.

Proposition 2.8. Left ¢ : S| — S, and ¢, : S; — S3 be factor maps between
irreducible sofic shifts, and let ¢ = 1. If @1 and ¢, are left lifting then ¢ is left
lifting.

Proof. Letmj : ¥g, — S3 and 75 : X, — S3 denote the right Fischer covers of
S, and S3, respectively. Since ¢, is left lifting, there exists an irreducible shift of
finite type Xp,, a right closing factor map p; : ¥p, — S, and a left closing map
P2t Xp, — XR,, such that ¢rp; = w;” p2. By Theorem 1.1, there exists a right
closing factor map v : Xp, — Xg, such that p; = 7. Also, since ¢; is left
lifting, there exists an irreducible shift of finite type ¥p,, a right closing factor
map ¥ : Xp, — §; and a left closing factor map 1), : ¥p, — Epg, such that
o1y = 7r§r ;. Now, left ¥p be an irreducible component of maximal entropy of
the fiber product of ¢, and ~, together with projection maps w; : ¥p — ¥p, and
wy @ ¥p — Yp,. We have the commutative diagram:
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Since 1), is left closing, it follows that w is left closing, and therefore p,w; is left
closing. Since -y is right closing, it follows that w; is right closing, and therefore
1wy is right closing. Therefore ¢,¢; is left lifting. O

Remark. If v : Xy — S is a left lifting cover and « : § — §' is a conjugacy,
then « is left closing, and therefore left lifting, by Remark 2.7 (ii). By Proposition
2.8, ary is left lifting. It now follows from Lemma 1.4 that the mapping v — ary
induces a bijection between S-conjugacy classes of minimial left lifting covers of S
and §’-conjugacy classes of minimal left lifting covers of §'. It follows that the
number of these classes, the left lifting number of S, is a conjugacy invariant. In
Theorem 2.17, we show that this number is finite.

The converse of Proposition 2.8 does not hold: the fact that ¢,¢; is left lifting
does not imply that either ¢; or ¢, is left lifting. To see that ¢, need not be left
lifting, take the map ¢, = ¢ described in the second paragraph of Remark 2.7 (ii).
Let ¢ : ¥ — S be the left Fischer cover of S. Then since ¢, is left closing almost
everywhere and ¢, is left closing and has finite type domain, it follows from [3,
Prop. 4.10 and 4.11] that ¢,¢; is left closing, and therefore left lifting, by Remark
2.7 (ii). But ¢, is not left lifting.

To see that ¢; need not be left lifting, simply take an irreducible component of
maximal entropy, ¥p, of the fiber product of the left and right Fischer covers, 7~
and 7*, of a non-AFT sofic shift S. Let ¢y : ¥p — X and 9, : ¥p — Xy be the
projection maps, and let § = 7~ = w1),. Then @ is left lifting. But 1), which is
right closing, cannot be left lifting; for if it were, then it would be left closing, by
Remark 2.7 (iv), since ¥ is a shift of finite type. But this would imply that 6 is left
closing, and therefore 7 is left closing, which would imply that S is AFT by
[2, Corollary 11].

We next give a simple condition which implies that a map is left lifting.

Definition 2.9. A one-block factor map ¢ : $4 — S from an irreducible shift of
finite type onto a sofic shift is left determining if for all magic words
w, v, Fs(w) = Fs(v) implies that [ = I;. Similarly, ¢ is right determining if
Ps(w) = Ps(v) implies that rg = ry. (The converses to these statements are true
for any map ¢.)

Since the map ~y of Theorem 1.1 is defined on states by [ — & s(w), if @ is left
determining, then +y is actually a labelled graph isomorphism, and therefore a
conjugacy. It follows by Proposition 2.4 that a left determining map is left lifting.
It is not hard to show that every left resolving map is left determining.

Example 2.10.
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The labelling of the directed graph above defines a one-block factor map from
34 onto a sofic shift S, where A is the transition matrix. It is easy to check that ¢ is
both left and right determining, and therefore left and right lifting, but <b is neither
left nor right closing. One can check that x4 = (x* — x — 8)(x — 1) It can be
shown that the left Fischer cover of § has transition matrix

el e i =)
SO =OOoON
=N N eNoNelS]

SO OO m =
SO O = O -
oo ooN

while the right Fischer cover has transition matrix R = L7, and that
xr =X = (@ —x—8)(x — 1)*. We show that there cannot exist an integral
eventually positive matrix C [3, p. 18] such that 3, eventually factors onto C by
left closing maps and C eventually factors onto S by right closing maps (or vice
versa). For if there were, then by [2, Prop. 4], C must eventually factor onto ¥ (or
Y1, if C eventually factors onto S by left closing maps). It would then follow from
[6, Corollary 4.13] that g would divide x4. Since this is false, no such C exists.
One can contrast this example with [6, Theorem 4.12], which says that if the range
of ¢ is a shift of finite type, then there always exists a matrix C with the property
described above.

Next, we give a characterization of left determining maps, which is an analog
of Proposition 2.4.

Proposition 2.11. Suppose that ¢ : ¥4 — S is a finite-to-one, one-block factor
map from an irreducible shift of finite type onto a sofic shift. The following are
equivalent:

(i) There exists an irreducible shift of finite type ¥p, a one-block factor map
1 :Xp — Xs and a left resolving factor map 1, :¥Xp — Xg such that
¢ = Ty

(ii) ¢ is left determining.

Proof. (i) = (ii) Suppose that w and v are magic words, with # s(w) = Fs(v).
Let i denote the state & s5(w) = & s(v) of L. Since there is a path in G(R) labelled
w ending at i and a path labelled v ending at i, and 7 is right resolving and has
degree one, it is easy to see that I, = I', = e;, where ¢; is a standard basis vector.
Let @ = 7t 1),. Now, since 1, is left resolving, it follows that there exists a path in
G(D) labelled w ending at k € &p, if and only if k € (8y,) " (i) (where 6y, is the
induced map on states — see [7, Def. 2.2.2]). This holds if and only if there exists a
path labelled v ending at k. It follows that [}’ = [;. Now, by [8, Lemma 3.6], we
have I§ = I}. Therefore ¢ is left determining.

(i) = (1) If ¢ is left determining, then by the remarks following Definition 2.9,
the map 7 : Xg(y»,) — Zr is a labelled graph isomorphism, and therefore left
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resolving. It follows from Theorem 2.3 that there exists an irreducible shift of finite
type Xp, a factor map ¢ : ¥p — ¥, and a left resolving map Py Tp — Yr(¢,21)
such that ¢y = 1,42, 1p2 Then 1, = 3, is left resolving, and clearly
¢ = TP O

The following lemma is an analog for left determining maps of the fact that left
lifting maps are closed under lower factors.

Lemma 2.12. Suppose that ¢ : 34 — S is a left determining factor map, %5
irreducible, and suppose that there exists a shift of finite type Yg and one-block
factor maps 3:%4 — Xg and v:Xp — S such that v3 = ¢. Then ~y is left
determining.

Proof. Since ¢ is left determining, it follows from Proposition 2.11 that there
exists an irreducible shift of finite type ¥ p, a one-block factor map 1) : ¥p — ¥,
and a left resolving factor map v, : £p — Xg such that ¢y = wt),. By Lemma
1.3, there exists an irreducible component Xp, of the fiber product of v and 7,
and factor maps A:¥Xp — Xp,p1: Xp — Xp and p; : ¥p — Xpg, such that the
following diagram commutes:

Since 7 and 7" are one-block maps, it follows that p; and p, are one-block
maps. Since 11, ¥, and 3 are one-block maps, it follows that ) is a one-block map.
Since 1, is left resolving, it is easy to show that p; is left resolving. Therefore -y is
left determining, by Proposition 2.11. a

The next result is the essential step in showing that left lifting maps can be re-
coded to left determining maps.

Proposition 2.13. Suppose that ¢ : ©4 — Sandy : g — S are finite-to-one,
one-block factor maps, where ¥4 and g are irreducible shifts of finite type and S
is a sofic shift. Let Xp be an irreducible component of the fiber product of ¢ and ~y,
with projection maps 1 : ¥p — YLz and i, : Lp — Lp, and assume that 1, is
right closing. Then there exist shifts of finite type YpandXj;, conjugacies
a:Xp — Xpand S : L3 — X4, a right resolving factor map 1, : ¥p — Xp and
one-block factor maps 1, : p — Lz and ¢ : £ — S, which make the following
diagram commute:
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A similar statement holds with right closing and right resolving replaced by left
closing and left resolving, respectively.

Proof. The existence of ¥ and maps o : ¥p — ¥p and 1), : £p — Lp such
that ¥»a = a, follows from [7, Prop. 5.1.11]. We recall the construction in the
proof of that proposition, taking into account the fact that ¥ is a component of
the fiber product of ¢ and ~. States of ¥p are of the form ((I,J),wiw,...wy),
where (1,J) is a state of Xp (so that I € &4 and J € ¥, d is the delay of 1), — see
[7, Def. 5.1.4]) and wyw; ...wy is a B-word which is the 1),-label of some path in
G(D) beginning at (I,J). By definition of the fiber product, such a path is of the
form (fi,w1)(fo,w2) ... (fa,wa), where fi f> . . . f; is a path in G(A), beginning at /,
and wyw; ... wy is a path in G(B), beginning at J, and ¢(f;) = y(w;), for 1 <i<d.
If wiwy ... wgya is a B-word which is the 1), label of a path in G(D) beginning at
1,J), then among all such paths the initial edge (f;,w:), is unique, by the delay
condition. If (fi,w;) ends at state (K,L), then we endow G(D) with an edge
(I, ), wiwy .. .wga) from ((I,J),wiw,...wy) to ((K,L), wy...wga). We define
a one-block map 6:Xp — ¥Xp by 0((1 J),wiwy .. .wqa) = (fl,wl) which is
easily seen to be a conjugacy. We define a right resolving map v, : ¥p :— Xp by
’(,[)2((1 J) wiwy . wda) =alfa= 00‘d then Vo = 5.

We now mimic this construction for the map ¢. We construct a graph G(A)
whose states are of the form (I,y,y;...y4), where I € &4 and y;y, ...y, is an S-
word which is the ¢-label of a path in G(A) beginning at state I. Suppose that
Y1¥2 . .. yac is an S-word which is the ¢-label of a path in G(A) beginning at 1. If f
is the initial edge of such a path, and f ends at state K, then we endow G(A) with
an edge F from (I,y1y2...y4) to (K,y2...ysc). We note that in this case, the
initial edge fis not unique in general, since ¢ is not necessarily right closing. But
given such an edge F, there is a unique edge fin G(A) from / to K labelled y; by ¢,
since ¢ is finite-to-one (for otherwise ¢ would have a diamond - see [6, Theorem
1.1]). We define a one-block map A : X3 — X4 by A(F) = f. As in the proof of [7,
Prop. 5.1.11], X is a conjugacy. We define a one-block map ¢: X35 — S by
@(F) = c. This is easily seen to be a factor map; however it is not necessarily right
resolving, since a state (I,y1y; . ..yq) and a label a do not uniquely determine the
edge F. If 8 = \o?, then ¢ = ¢

Finally, we define a one-block factor map %, : £ — % as follows. Suppose
that ((1,J),w1w, . ..wga) is an edge in G(D). By definition of G(D), there exists a
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path (fi,w1)(fo,w2)...(fa,wa)(b,a) in G(D), where ¢(f;) =y(w;) =y, for
1<i<d, and ¢(b) = y(b) = v(a) =c, and the initial edge (fi,w;) is unique
among all such paths. Suppose that f; ends at state K. Then fi f5 ...f£>b is a path
in G(A) labelled y1y,...ysc by ¢, so there is a unique edge F in G(A) from
(Iyiy2...ya) to (K,y...ysc) which is labelled f by A\ We define
’lﬁl((l,.’),W1W2...Wda)=F. N

We now show that the diagram above commutes. Clearly, A ((I,J),
wiwy ... wga) =X(F) = fi = Y1 (fi,w1) = ¥10((1,J),wiw, .. .wga), and therefore
BY1 = ra, since Py commutes with 9. Also qziz)lg(_I,J),wl_m coowga) =
= ¢1(F) = ¢ = y(a) = v2((I,J), wiws ... waa), so that ¢1b; = yi),. Finally, we
show that ¢3 = ¢. Suppose that F; ... F4,; is a path in G(A), where F; is an edge
from (I(f),yjyj+1 <o Ydtj-1) to (15D yit1 ... yay), for 1<j<d + 1. By definition,
AANFay1) = Yar1 = ¢(Fy). It follows that ¢3 = pAd? = ¢. O

If¢:%4 — Sand ¢ : 3 — S are factor maps, we say that ¢ is conjugate over
S to ¢ if there exists a conjugacy 3 such that ¢3 = ¢. The following result is a
generalization of the fact that every left closing map is conjugate over S to a left
resolving map ([5]).

Corollary 2.14. Every left lifting map is conjugate over S to a left determining
map.

Proof. Let ¢ be left lifting. By [7, Prop. 1.5.12], any factor map is conjugate
over S to a one-block map, so we may assume that ¢ is a one-block map. By
Proposition 2.6, there is an irreducible component of maximal entropy, ¥p, of the
fiber product of ¢ and mt such that if v; and 1), are the restrictions of the
projection maps to Xp, then 1), is left closing. By construction, v, and i, are one-
block maps, since ¢ and 7" are. Now it follows from Proposition 2.11 and the left
closing version of Proposition 2.13, by taking v = 7", that ¢ is conjugate over S to
a map ¢ which is left determining. O

Lemma 2.15. Let ¢ : 4 — S be a left determining factor map, ¥4 irreducible.
Suppose that S has n distinct follower sets. Then there are at most 2" sets of the
form yqs(i), withi € F4.

Proof. Since ¢ is left determining, by Proposition 2.11 there exist an
irreducible shift of finite type ¥p, a one-block factor map v : ¥p — ¥4 and a left
resolving factor map ), : ¥p — X such that ¢ip; = w1, = 0. Since 1, is left
resolving, it is easy to see that if 81,(i) = j, then Py(i) = P+ (J) (Where 6y, is
the induced map on states — see [7, Def. 2.2.2]). Therefore the predecessor sets of
states of ¥p are the same as those of Xg. Since S has n states, corresponding to the
distinct follower sets of S, there are at most n distinct sets of the form
Py(i),i € Fp. Now, if k € L4, then since 1) is a one-block map, it is easy to

check that )
2,0=|J 2
i€(6yn) ™" (k)

Therefore the predecessor sets of states of ¥4 are unions of predecessor sets of
states of ¥p, and the number of these is at most 2". O
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Theorem 2.16. Let ¢ : 34 — S be a left lifting factor map from an irreducible
shift of finite type onto a sofic shift. Suppose that S has n distinct follower sets.
Then there exists a shift of finite type Yg with at most 2" states, a left closing map
B : 34 — Xp and a left determining factor map -y : ¥g — S such that v( = ¢.

Proof. By Corollary 2.14, there exists a left determining map ¢ : ¥; — S and a
conjugacy « : 34 — %3 such that ga = ¢. By Proposition 1.2, there exists a shift
of finite type ¥Xp, a one-block factor map v : ¥p — S which is predecessor-
separated, and a left resolving map 3 : ¥£; — Xz such that 73 = ¢. By Lemma
2.12, « is left determining. By Lemma 2.15, there are at most 2" sets of the form
2, (i), with i € ¥p. Since Xp is predecessor-separated, it has at most 2" states.
Now, let 3 = Ba, so that 3 is left closing and v(G = ¢. O

Recall that the left lifting number of S is the number of S-conjugacy classes of
minimal left lifting covers of S. The following shows that this number is finite.

Theorem 2.17. An irreducible sofic shift S has finitely many minimal left lifting
covers, up to conjugacy over S.

Proof. Assume that S has n follower sets. Let % denote the collection of left
determining one-block covers 7y : Xy — S, such that ¥, is an irreducible shift of
finite type with at most 2" states. Observe that for any cover in %, the entries of M
are bounded by the size of the alphabet of S, for otherwise ¢ would have a
diamond, contradicting the fact that it is finite-to-one, by [6, Theorem 1.1]. So
there are only finitely many possibilities for the matrix M, and for each of these
there only finitely many one-block maps ¥y — S. Therefore € is finite. Now, if
4’ : Xy — S is any minimal left lifting cover, then by Theorem 2.16, there exists a
left determining cover -y : )y — S in % and a factor map (3 : ¥ — X such that
B = 7'. Since v’ is minimal, 3 must be a conjugacy, so that 4/ is conjugate over S
to . O

The next result shows that the left lifting number is computable.

Corollary 2.18. There is a finite procedure for constructing a finite set M|, of
minimal left determining covers of S which are pairwise not conjugate over S and
such that any minimal left lifting cover of S is conjugate over S to an element of
M.

Proof. By the proof of Theorem 2.17, every minimal left lifting cover of S is
conjugate over S to an element of €. By the proof of [1, Corollary 2.7], there is a
finite procedure for deciding whether an element of % is minimal. Furthermore, by
the proof of [8, Prop. 5.1], two covers of a sofic shift S are conjugate over S if and
only if there is an irreducible component of maximal entropy, ¥¢, of their fiber
product such that the projection maps restricted to 3¢ are conjugacies. By [8,
Remark 5.2 (i) and the proof of Corollary 5.3], there is a finite procedure for
deciding whether this holds. Proceeding inductively, we may repeatedly discard
from % covers which are either not minimal or which are conjugate over S to a
cover still in the set, until we obtain a set .# with the required property. O
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It follows from Corollary 2.18 and the remark following Proposition 2.8 that
the left lifting number is a computable conjugacy invariant of S.

Corollary 2.19. Let S be an irreducible sofic shift. There exists a finite

collection of covers of S such that every left lifting cover of S factors through one
in the collection.

Proof. It follows from [1, Corollary 2.7] that any finite-to-one cover
¢ : X4 — S factors through a minimal cover ~. If ¢ is left lifting, then v must
be also, by Remark 2.7 (iii). So any set of representatives of the S-conjugacy
classes of minimal left lifting covers, which must be finite by Theorem 2.17, has
the desired property. O

Remark 2.20. If ¢ : S; — S, is a left lifting factor map between irreducible
sofic shifts, then for any minimal left lifting cover v, : Xy, — S), the map ¢y, is
left lifting. It follows that ¢ry; factors through a minimal left lifting cover of S;. So,
a necessary condition for the existence of the map ¢ is that for every minimal left
lifting cover ; of S, there exists a minimal left lifting cover 7y, : £y, — S, such
that ¥4, factors onto ¥y,. Even in the case in which ¢ is left closing, this provides
a stronger necessary condition for the existence of ¢ than would be given just by
the left Fischer covers.

3. Bi-lifting Maps

Lemma 3.1. Let ¢ : ¥4 — S be a factor map from an irreducible shift of finite
type onto a sofic shift, which has degree one and is bi-lifting. Then there exists an
irreducible component Yp of the fiber product of m~ and nt and a factor map
g : Xp — X4 of degree one such that ¢pg = pym~ = pyrt.

Proof. 1t follows from [6, Theorem 4.1], since ¢ has degree one, that there
exists an irreducible component ¥, of the fiber product of 74 »,) and 7,4 »,) and
a factor map g:Xp — § of degree one such that ¢g = 7~ p; = my 2,01 =
= Tn(4,2,)P2, Where py and p, are the projection maps. Let § = ¢g. Since ¢ is bi-
lifting, it follows from Proposition 2.4 that m;4 »,) is conjugate to 7~ and 7,(4 5,
is conjugate to *. From this it follows that there is an irreducible component X
of the fiber product of 7~ and 7" such that if § = p;n~ = p,7", then 6 is conjugate
over S to 6. This induces a map g : ¥p — ¥4 with the desired property. O

Finally, we characterize bi-lifting maps of degree one.

Theorem 3.2. Let ¢ : S — S, be a factor map between irreducible sofic shifts.
Then ¢ has degree one and is bi-lifting if and only if there exists an irreducible
component Lp, of the fiber product of w5 and 5, the left and right Fischer covers
of S,, respectively, and a factor map g:Xp — S| of degree one such that
¢g = p1m5 = pamy.

Proof. Suppose that ¢ has degree one and is bi-lifting. Let 7] be the left
Fischer cover of S;. Then by Remark 2.7 (ii), 77 is bi-lifting, and it follows from
Proposition 2.8 that = ¢n; is bi-lifting. Since 7] is one-to-one almost
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everywhere, so is y. Now, by Lemma 3.1, there exists an irreducible component
Yp of the fiber product of 75 and w; , and a factor map h : Xp — ¥, of degree one
such that ¢h = p;mr; = p;m3. Now, simply let g = n7h. Then g has degree one
and ¢g = yh = pym; = pom; .

Conversely, suppose that there exists an irreducible component of the fiber
product £p of 7; and m; and a factor map g : £p — S such that g = py7~ =
= port. By [7, Prop. 8.3.3], p; is right closing and p; is left closing. It follows that
¢ is bi-lifting. U

We conclude with an open question: does there exist a minimal left lifting
cover which is not bi-lifting?
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Abstract. We present the geometric method for detecting periodic solutions of time periodic
nonautonomous differential equations in interior of convex subset of euclidean space. The method is
based on the Lefschetz fixed point theorem and the topological principle of Wazewski. Two
applications to the existence of positive periodic solutions are considered.

1. Introduction

In applications of ordinary differential equations to population dynamics,
R" x Ry or R", where R, = [0, +00), appear in a natural way phase spaces ([14],
[3]). In such a context, an interesting problem which arises is the existence of
positive periodic solutions, i.e. solutions which are contained in the interior of
these sets. It was investigated by many authors ([1], [2], [4], [5], [7], [9], [10], [11],
[13], [16]) and sufficient conditions for the existence of positive periodic solutions
have been given for a wide variety of models. For more details and extensive
bibliographies concerning the problem, we refer the reader to [16], [9], [11], and
[7]. Our Theorem 2 is a consequence of results in [15], based on the Lefschetz
Fixed Point Theorem and the Topological Principle of Wazewski. We give some
topological conditions for a T-periodic local process ¢ on cl 2, 2 C R”" an open,
convex set which guarantee the existence of periodic trajectories contained in 2
for all . Note that our approach works without dissipative assumption, which is
essential in many existence theorems based on topological degree theory. In
contrast to the method based on the Brouwer Fixed Point Theorem, we do not need
a contractible invariant set for the Poincaré map associated with the considered
equation. In particular, our method can be applied to detecting positive periodic
solutions which are not asymptotically stable. One can try to use our Theorem 2 to
the equations for which there is a repelling rest point on the boundary of 2. Two
applications to the existence of positive periodic solutions are considered. In the
first example, we apply Theorem 2 to some Lotka-Volterra type system in Ri. In
the second example we study a class of periodic nonautonomous differential
equations on R xR,. We have chosen the simple equations in order to illustrate
the method. However, we believe that our approach can be also applied to
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equations causing serious problems in determination of their dynamics.
Completely different methods for similar problems are presented in [5], [6], [9],
but our Theorem 3 is not a direct special case of those results. In [13] a sufficient
condition was given for the existence of a positive periodic solution in the periodic
competition system. Later, ALvarRez and Lazer (see [1]) used the topological
degree to prove that, under the assumptions of Gopalsamy, the periodic solution is
unique and globally asymptotically stable.

2. Periodic Isolating Segments

Assume that X is a topological space and ¢ : D — X is a continuous mapping,
D C R x X x Ris an open set. We will denote by ¢, the function ¢(0, -, ). ¢ is
called a local process if the following conditions are satisfied

() VoeR,xe X :{te€ R:(o,x,t) € D} is an interval.

Q)VoeR: P(a,0) = idy

B)VoeR: Plos+t) = P(o+s,)0P(0,5)>
If D=R x X x R, we call ¢ a (global) process. For (o,x) € R x X the set

{(U+ L Sa(a,t)(x) ERXX: (vaa t) € D}

is called the trajectory of (o,x) in . If T is a positive number such that

(4) Vo,t € R we have pi1,1) = Q(o)»
we call ¢ a T-periodic local process. In this paper ¢ denotes always a T-periodic
process. A local process ¢ on X determines a local flow ® on R xX by the formula

<I)t(a) X) = (U +1, P(oy) (X))

Remark 1. The differential equation
x = f(x,1), (%)
such that f is regular enough to guarantee the uniqueness for the solutions of the

Cauchy problems associated to (*), generates a local process as follows. For
x(to, Xo; -) the solution of (x) such that x(t, xo; to) = xo, we put

P(to,7) (¥0) = x(t0, %03 t0 + 7).
If fis T-periodic with respect to ¢, then ¢ is a T-periodic local process and in order
to determine all T-periodic solutions of the equation (x) it suffices to look for fixed
points of ¢ 1) (called the Poincaré map).

Now we introduce the notion of periodic isolating segment. To this aim we use
the following notation: by m : [0,7] x X — [0,T]and 7, : [0,T] x X — X we
denote the projections and for a subset Z C R x X and ¢t € R we put

Z,={xeX:(t,x) € Z}.
Let (W,W~) be a pair of subsets of [0,7] x X. We call W a periodic isolating
segment over [0,T] (for the equation (x)) and W~ the exit set of W if:

(i) W and W~ are compact ENR’s, Wo = Wr and Wy = W,

(ii) there exists a homeomorphism

h: [0’ T] X (WOa W()_) - (Wa W-)

~
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such that m; = 7 o A,

(iii) for every o € [0,T) and x € OW, there exists a § > 0 such that for every
t € (0, 6) either @y (x) & Woys OF O (x) € int Wy,

@) W~ n(0,T) x X) ={(o,x) e W:0 < T,36 >0Vt e (0,9) :
P(a) (x)¢ Wois}

The above definition is a slight modification of the notion of a periodic isolating
block in [15]. Notice that a T-periodic isolating block (in the sense of [15]) can be
easily obtained by glueing together translated copies of a periodic isolating
segment over [0, T].

Through remainder of this section we assume that W is a periodic isolating
segment over [0, T]. We present some notions which relate to W. Put st = R/TZ
and by [¢] denote the equivalence class of t € R in S'. By T-periodicity of ¢, the
local flow ® on R x X induces the local flow ® with S' x X as the phase space. By
the condition (i), the set

W={(f],x) €S' xX:xe€ W, t€[0,T]}

is an isolating block in_the usual sense in the theory of isolated invariant sets
(see [8]). The exit set W~ of that isolating block is equal to {([t],x) : x € W,
t € [0,7]}. Define a map

Tw : Wo 3 x — sup{t=>0: Vs € [0,1] : ®,([0]),x) € W} € [0, oc].

Tw is continuous (by the argument in a proof of Wazewski’s Theorem, [8]). The set

o)
Iy = ﬂ {X eEWy:Vte [0, T] : SO(O,nT+t)(x) S W,}

n=-—00

is an isolated invariant set for the Poincaré map (o ), the_ o- -trajectories of the
points in {[0]} x I form the maximal invariant set inside W, denoted by inv W.
Define a homeomorphism

h: (Wo, W) = (Wr, W) = (Wo, Wy)

by h(x) = my(h(T, mh~'(0,x))) for x € Wy. Geometrically, & moves a point
x € Wy to Wy = W, along the arc h([0, T] x {h~'(0,x)}). A different choice of the
homomorphism 4 in (ii) leads to a map which is homotopic to 4 (compare [15]),
hence the automorphism

pw = hx : H(Wo, W5') — H(Wo, Wg ),
induced by h in singular homology, is an invariant of the block W. Recall that its

Lefschetz number is defined as
o0
Lef(uw) = Y _(—1)"tr hkn.
n=0
In particular, if pw = idgw,, w;) then Lef (uw) is equal to the Euler characteristic
X(Wo, Wy). In the sequel we will use the following theorem which, up to slightly
different notation, was proved in [15]:
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Theorem 1. (1) If W is a periodic isolating segment over [0, T| then the set
Fy ={x€X:pqon(x)=x,Vt€[0,T]: ppy(x) € W}

is compact and open in the set of fixed points of (o 1) and the fixed point indese of
®o,r) in Fw is given by
ind(<p(o,T), Fw) = Lef(,uw),
(2) Let U, W be periodic isolating segments over [0,T] and U C W.If

Lef(py) # Lef(uw)

then there is a fixed point x € Wy for o, 1) such that () (x) € W, for every
t € [0,T] and () (x) ¢ Uy, for some 1ty € [0,T).

3. Main Results

Assume that {2 C R" is an open, convex set and ¢ is a T-periodic local process
on clQ. Note that S' x 95 is automatically invariant for the local flow ® generated
by the process ¢.

Definition 1. Let U C [0,T] x ¢l be a periodic isolating segment over [0, T']
We say that U is a repelling type iff

(a) invU C S' x 09,

(b) U~ = 9U, where QU denotes the boundary U in [0, T] xcIf).

Our main result is the following

Theorem 2. Assume that U C W C [0, T] x cl$2 are T-periodic segments over
[0, 7). 7 X i

() U is of repelling type and invW N (S! x 0Q) = invU,

(1) Lef (uw) # 0
then there is a fixed point x € Wy for oo 1) and (5 (x) € Q for all t € R.

Proof. By (2) in Theorem 1 it suffices to prove that Lef (uy) = 0. It follows by

Lemma 1. If U is of repelling type then H (Uy, Uy ) = 0.

Proof. Let

S={x€U: ([0],x) €invU} C 99.

We show that Uy is a strong deformation retract of Up\S. For s € [0,T] we put
hy = mh(s, ) : (U, Uy) —)(Us, U-) and define H : (Up\S) x [0, T] — Uo\S by
H(x,t) = hgo h[}ll,(x)](Sﬂ(o,rru(x))(x))-

This is well defined because 7y(x) < +oo for x € Up\S and Qgr,(x))(x) €
€ Uy It is easy to check that H is a strong deformation retraction. So we have

H(Uy, Uy) = H(Us, Up\S) = H(clf, cIQ\S).

The last isomorphism follows by the excision property of singular homology
because S is compact and contained in int Uy. By assumption, cl2 is convex and
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S C 09, so any point p € Q) is a strong deformation retract both cI2 and cIQ\S
(by radial deformation), hence H(Uyp, Uy ) = 0.

We apply Theorem 2 to obtain existence of positive periodic solutions for some
time-dependent nonautonomuous differential equations. We put Ry = [0, +00).
Consider the equation in R2+

{ x = x(a — by)

5 = y(c - d), M

where a,b,c,d : R — R are positive, T-periodic functions and regular enough to
guarantee the uniqueness for the solutions of the Cauchy problem associated to
(1). We prove the following

Theorem 3. Egquation (1) has T-periodic solutions such that (x(t),y(t)) €
€ (0, +00) x (0,+00) forallt € R.

By f we denote the vector-field in the extended phase space X = R, x R, x R
generated by the right-hand side of the equation (1), i.e.

fy,1) = (x(a(t) — b(1)y), y(c(r) — d(£)x), 1).
Our proof of Theorem 3 consists in the construction of two periodic segments U
and W over [0,T] satisfying the assumptions of Theorem 2 with Q=

= (0,400) x (0,400). To this end, we will introduce several auxiliary functions
and sets. Let r,R,M > 0. Put

El(xvyvt) ={_ 15
r
Y
Z%{’(x’yat) —_—E— 17

Sa(x,y,1) = xy = M.
For a T-periodic continuous function h : R — R we put h; = inf h and h; = sup h.

Lemma 2. (a) If x =r,y < Zﬂ then
2

fx,y,)VEL(x,y,1) > 0.
®) Ify=R,x< Z—Ithen
2
fx,y, ) VER(x,y,1) > 0.
L
© If xy=M,M =ﬁfor some L > a; + ¢, then
1b1

Fx,y,0)VEy(x,y,1) <O0.

Proof. A direct calculation shows that

£y, VS (x,y,1) = (ale) = b(1)y), @)
F &3, )VER(x,y,1) = 2 (e() = (1)), 3)

fx,y,0)VEy(x,y,1) = xy(a(t) — b(t)y + c(r) — d(t)x), (4)
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so (a) are easy to verify. In order to prove (c), it suffices to show that for all ¢
a(t) — b(t)y +c(t) —d(t)x < 0. (5)

2 L2
and x°d; -—xL+d—>0, S0
1

L
Because y = Thx
101

xdy + yb; > L.
We have
a(t) + c(t)<ax +c; < L < xdy + yby <xd(t) + yb(t),

hence (5) holds.

Proof of Theorem 3. We put

W ={(x,y,1) € Ri x [0,T): El‘ (x,¥,1) <0, Zil (x,y,1) <0, %5, (x,y,1) <0},
where r; = 2bM/ay, Ry = 2dyM/cy,M = L?/d\b; for some L > a; + c,. For
r < min(ry,a;/b;),R < min(Ry, ¢ /d;) we define

U+{(xy,1) € R x [0,T) : £](x,y,1) <0, Tx(x,y,1) <O}

It follows by (a) and (b) in Lemma 2 that U is an isolating segment over [0, T},
U~ = 0U, and U is of repelling type. It is easy to check by Lemma 2 that

W™ ={(x,y,t) e W: E:l (x,y,t) = 0,Xg, (x,y,t) = 0}.
One can check that
Lef(uw) = Lef (idH(Wo,WE)) = x(Wo, Wy ) = —1.
Moreover, by (a) and (b) in Lemma 2
invW N (8! x Q) = invU = {(0,0)},

hence Theorem 2 implies the redult.

Assume that a : R — (0, +00) is continuous T-periodic, b : R x R, — R, (or
b:Rx Ry - R_)and c: Rx Ry — R are continuous, 7-periodic in the first
variable, and the equation in R x Ry

{-’:‘:a(t)x+b(t7Y) (6)
y = yc(t,y)
has the uniqueness property for the solutions of the associated Cauchy problem.

Theorem 4. If there are 0 < r < R such that
(A) c(t,y) >0,Vt € [0,T],0<y<r,
(B) c(t,y) <0,V € [0,T],y =R
then equation (6) has T-periodic solutions such that (x(t),y(t)) € R x (0, +00).

We prove Theorem 4 under the assumption that b : R x R, — R, because the
case b: R x R, — R_ is similar.

Remark 2. One can take c(t,y) = d(t) — e(t)y, where d, e : R —-»l]} are T-
periodic, positive maps. Then Theorem 4 applies with r < e—l and R > e—z.
2 1
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Put
1( ) *
S,(x,y,t) = -1,
14 p2

8% (x,,1) :%— 1.

Lemma 3. (1) If x> = p*,y<R and p > M/a; where M = SUp(o. 7y« (0,5 bs then
fx,y,1)VS,(x,y,1) > 0.

(2) Ify =1, then f(x,y,t)VS% > 0.
(3) If y = R, then f(x,y,t)VS% < 0.

Proof. We prove only (1) because (2) and (3) are easy to check by
y
f(xayv t)vsﬁ —':;)'C(t,y)-
We have

Fx,3,1)VS! = pz—;(a(t)x T b(t,)).
If x = p, then
%(a(t) 1 b(t,)) > 0.
Suppose that x = —p. Then, by p > M/a;, we obtain

fx,y,0)VS, = :152 (a(t)(—p) + b(t,y)) > 0.

Proof of Theorem 4. The isolating segments U and W are defined by
U={(xy1)eRxR, x[0,7]:85,<0,5<0},
W= {(x,5,t) € Rx Ry x [0,T]:§,<0,5;<0},

for some p > M/a;. It follows by Lemma 3 that U~ = 0U and U is of repelling
type. Moreover,

WN(Ss' x Rx{0}) =0
and
Lef(uw) = x(Wo, Wy ) = —1,
so we can apply Theorem 2.

Remark 3. Note that the same result can be obtained also via a more direct
method based on the Brouwer fixed point theorem.
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Maor, E.: Die Zahl e — Geschichte und Geschichten XII, 213 S. Birkhiuser, Basel, 1996.
DM 70,—; 6S 351,-.

Dieser Spaziergang durch die Geschichte der Analysis hat die Eulersche Zahl e als
(lockeren) roten Faden, der nicht allzu genau genommen wird. Angereichert mit
zahlreichen Geschichten (und auch Anekdoten), beginnt er bei John Napier (1614), fiihrt
zuriick zu Archimedes, weiter bis zur Funktionentheorie des neunzehnten Jahrhunderts
und endet mit Ausblicken ins zwanzigste Jahrhundert (Historisch interessierte) Mathema-
tiker werden das Buch mit Vergniigen lesen, es wendet sich aber auch an eine breite
Leserschaft — wenn man (wie man sollte) Mathematik als Teil der Allgemeinbildung (und
der Kultur) betrachtet, sogar an alle, jedenfalls aber an Lehrer, Studenten und interessierte
Schiiler.

P. Scumitt, Wien

Machover, M.: Set Theory, Logic and Their Limitations. X, 288 pp. Cambridge University
Press, Cambridge, 1996. £ 40,—.

This is a book on set theory and logic leading up to a chapter on “Limitative results”.
A rigorous axiomatic presentation of Zermelo—Fraenkel set theory is given demonstrating
how basic concepts of mathematics have been reduced to set theory. This is followed by a
presentation of propositional and first-order logic. Concepts and results of recursion theory
are explained in intuitive terms. Finally, the results of Skolem, Tarski, Church and Godel
are proved. Thus, this text will be well-suited for beginning students in mathematical logic
and also for mathematicians, who will accept that axiomatic set theory is unable to
characterize some of their most basic notions.

H. MirscH, Wien

Buechler, St.: Essential Stability Theory. Perspectives in Mathematical Logic. XIV, 355 pp.
Springer, Berlin Heidelberg New York, 1996. Cloth DM 170,—; 6S 1226,-.

Stabilititstheorie begann in den 60er Jahren mit Morleys Kategorizitdtstheorem. Spater
wurde sie vor allem durch Shelahs Arbeiten geprégt. In den letzten 15 Jahren entwickelte
sie sich in eine vollig andere Richtung: Geometrische Stabilititstheorie, stabile Gruppen
(Zil’ber, Poizat, Hrushovski), schuf also engere Verbindungen zur Mathematik, v.a. zur
Geometrie und Algebra. Diese letzten Enwicklungen werden schwerpunktméBig behandelt
und erweitern somit den Inhalt der Biicher von Baldwin und Lascar. In den ersten beiden
Kapiteln werden die relevanten Voraussetzungen aus der klassischen Modelltheorie kurz
wiederholt. Es folgen die Grundlagen der Stabilititstheorie (Morleys Kategorizi-
tatstheorem, Baldwin-Lachlan Theorem). Weiters: Geometrische Stabilititstheorie in
liberabzihlbaren kategorischen Theorien, stabile Theorien (allgemein), superstabile
Theorien, einige spezielle fortgeschrittene Themen. Das Buch bewegt sich auf hohem
Niveau, enthilt Ubungen, kurze historische Bemerkungen, leider kein Symbolverzeichnis,
4 Seiten Literatur (mehr findet man im Buch von Baldwin).

P. TeLec, Wien
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Schumacher, C.: Chapter Zero: Fundamental Notions of Abstract Mathematics (Addison-
Wesley Higher Mathematics). XIII, 162 pp. Addison-Wesley, Reading Menlo Park New
York, 1996. US $ 47,50.

This textbook is intended to help students bridge the gap between mathematics at
school and at the university (between the sophomore and the undergraduate level) and to
provide an ‘introduction to proofs’. Topics are the (canonical) ‘foundations’, i.e., (naive)
set theory, orderings, and basic number theory. Guided by the conviction that mathematics
has to be learnt by doing mathematics, the course is written as a sequence of problems with
interspersed informal discussions (and, in general, will require guidance by a teacher).

P. Scumrrt, Wien

Lowen, R.: Fuzzy Set Theory. Basic Concepts, Techniques and Bibliography. XIV, 408 pp.
Kluwer, Dordrecht Boston London, 1996. US $ 199,—.

This book is intended as a reference (on basic notions) for readers who are mainly
interested in applications of fuzzy set theory. Special features are 94 figures which illustrate
various properties of fuzzy sets (e.g., 7-(co) norms, logical operators) and a comprehensive
bibliography (160 pages). It is a useful companion (sort of a dictionary) to more specialized
texts — if one is prepared to pay its price.

P. Scumrrt, Wien

Just, W., Weese, M.: Discovering Modern Set Theory. 1. The Basics (Graduate Studies in
Mathematics, Vol. 8). XVII, 210 pp. American Mathematical Society, Providence,
Rhode Island, 1996. US $ 36,—.

This is an introduction to (axiomatic) set theory (within mathematical logic), but
intended for a general mathematical audience: ‘Our most important criterion for inclusion
of an item [i.e., concept, theorem, or proof technique] was frequency of use outside of pure
set theory.” The main topics of the first volume are the axioms (Zermelo-Fraenkel), the
axiom of choice, ordinal and cardinal numbers. The careful exposition, written in a lively
and very readable style which addresses the reader rather directly, provides (by
explanations, comments, and remarks) much information and motivation. Recommended.

P. Scamrtt, Wien

Yap, H. P.: Total Colourings of Graphs (Lecture Notes in Mathematics, Vol. 1623). VI, 131
pp. Springer, Berlin Heidelberg New York, 1996. DM 36,—-.

A total colouring of a graph is a colouring of its vertices and edges such that both
incident vertices and edges, and adjacent vertices as well as adjacent edges bear different
colours. These lecture notes provide an (up-to-date) exposition (introduction to and
reference of) this subject.

P. Scumrtt, Wien

Jungnickel, D. (Ed.): Designs and Finite Geometries. 254 pp. Kluwer, Boston Dordrecht
London, 1996. US $ 120,~.

This collection consists of seventeen research papers, mainly on design theory and on
finite geometries. It is dedicated to Hanfried Lenz on the occasion of the 80th anniversary
of his birthday. Dieter Jungnickel and Giinter Pickert have contributed a brief review of the
mathematical work of Lenz (including a list of his publications). Remark: The volume is
the book edition of the special issue of the journal Designs, Codes and Cryptography 8/1-
2, 1996.

P. Scumrrt, Wien

Krabs W.: Mathematische Modellierung. Eine Einfiihrung in die Problematik. 12 Abb.,
144 S. Teubner, Stuttgart, 1997. DM 24,80.

Neben der Beherrschung einer breiten Palette von Methoden gehort die Modellbildung
zweifellos zu den wichtigsten Aufgaben eines angewandten Mathematikers. Obwohl
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diesbeziigliche Erfahrungen am besten selbst gemacht werden, ist die vorbildhafte
Beschreibung anhand von interessanten Beispielen, wie sie in dem vorliegenden Band
dargeboten wird, eine groe Hilfe (aus den Bereichen Spieltheorie, Biologie, Medizin etc.).
Sinnvollerweise werden im einleitenden Kapitel allgemeine Bewertungskriterien fiir
konkrete mathematische Modelle diskutiert.

H. G. FEICHTINGER, Wien

Hoschek, J., Kalis, P. (Eds.): Advanced Course on FAIRSHAPE. 64 Figs., 288 pp. B. G.
Teubner, Stuttgart, 1996. Softcover DM 65,—; 6S 475,~.

This book is one of the results of an EU-based research project in the frame-work of the
TMR-programme, i.e. a collection of articles presented at an advanced course on
“Automatic Fairing and Shape-Preserving Methodologies in CAD/CAM” near Kaisers-
lautern in 1996. Depending on the particular situation the act of “fairing” a curve or
surface is meant to improve some of its (mostly differential geometric) properties. Usually
it is applied to some initial solution of the problem (say some spline function) in order to
minimize an appropriately chosen cost function. The volume contains both theoretical
contributions, examples taken from applications and benchmarks.

H. G. FEICHTINGER, Wien

Washington, L. C.: Introduction to Cyclotomic Fields. 2nd Edn. (Graduate Texts in
Mathematics, Vol. 83). XIV, 487 pp. Springer, New York Berlin Heidelberg, 1996.
Cloth DM 94,

The second edition of this well-known book has remained essentially unaltered with
respect to its first edition. Two further chapters have been added. Chapter 15 contains a
proof of Thaine, Kolyvagin, and Rubin of the Main Conjecture for the p-th cyclotomic
field. The last chapter contains among other things a simple proof of Sinnott that Iwasawa’s
u-invariant vanishes for abelian number fields. As for the rest I refer to my review of the
first edition in Monatshefte fiir Mathematik 96 (1983).

J. SCHOISSENGEIER, Wien

Iserles, A. (Ed.): Acta Numerica 1995. 491 pp. Cambridge University Press, Cambridge,
1995. Cloth £ 35,~.

Iserles, A. (Ed.): Acta Numerica 1996. Volume 5. 395 pp. Cambridge University Press,
Cambridge, 1996. Cloth £ 36,—.

In this series, a new book is published every year containing nice surveys of methods
and progress in particular fields of numerical analysis, written by well-known specialists in
these areas. — Acta Numerica 1995 contains seven articles on sequential quadratic pro-
gramming, Pade approximation, error control in ordinary and partial differential equations,
control problems and free boundary value problems for partial differential equations,
particle methods for the Boltzmann equation, and news on the qd-algorithm for the
tridiagonal eigen-value problem. — Acta Numerica 1996 contains seven articles on hierar-
chical bases, orthogonal polynomials, automatic grid generation, optimization problems
involving eigenvalues, crystal microstructure computation, linear ordinary differential
equations, and level set methods for surface propagation.

A. NEUMAIER, Wien

Lorenzini, D.: An Invitation to Arithmetic Geometry (Graduate Studies in Mathematics,
Vol. 9). XV, 397 pp. American Mathematical Society, Providence, Rhode Island, 1996.
Cloth US $ 59,

In order to come straight to the point: this book represents an excellent introduction to
Algebraic Number Theory and to Algebraic Curves as well by viewing both theories as part
of Commutative Algebra. In Chapter V the finiteness of the class number for number fields
and for function fields is proved. Chapter VI is dedicated to projective curves, while the
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seventh deals with curves over the non-algebraically closed fields. In Chapter VIII the
rationality of the zeta function of a nonsingular curve over finite fields and its functional
equation is proved. The proof of Riemann—-Roch’s Theorem is postponed to Chapter IX.
The next one contains the proof of the Riemann Hypothesis for curves over finite fields,
while the last one is devoted to various topics. The reviewer likes this book as all proof are
given in full detail and its concept is well thought-out.

J. SCcHOISSENGEIER, Wien

Goss, D.: Basic Structures of Function Field Arithmetic (Ergebnisse der der Mathematik
und ihrer Grenzgebiete, 3. Folge, Vol. 35). XIII, 422 pp. Springer, Berlin Heidelberg
New York, 1996. Cloth DM 178,-.

In generalizing the classical exponential function to the case of characteristic p, Carlitz,
investigating the arithmetic of curves over finite fields, introduced the so-called Carlitz
module. This concept was further generalized by Drinfeld in 1974, who aimed at
reciprocity laws (Langlands philosophy). This book is dedicated to the arithmetic of
function fields over finite fields, the characteristic polynomials of the Frobenius morphism
at a prime, their Euler product, which yields to an L-function in characteristic p and the
many open problems connected with it. It is written on a high level and the reader should be
at least familiar with classical class field theory.

J. SCHOISSENGEIER, Wien

Morandi, P.: Field and Galois Theory (Graduate Texts in Mathematics, 167). 18 Figs., XI,
281 pp. Springer, New York Berlin Heidelberg, 1996. Cloth DM 70,—; 6S 496,—.

This is a honest introduction to the classical stock of field and Galois theory with
scarcely any surprise — most of the material can be found in books on algebra, e.g. in
Hungerford’s. The few highlights worth to mention are small chapters on Kummer
extensions, infinite algebraic extensions, algebraic varieties and function fields, derivations
and differentials. 50 pages of Appendices on algebraic and topological fundamentals make
the book rather self-contained.

G. KowoL, Wien

Andradas, C., Brocker, L., Ruiz, J. M.: Constructible Sets in Real Geometry (Ergebnisse
der Mathematik und ihrer Grenzgebiete, 3. Folge Vol. 33). IX, 270 pp. Springer, Berlin
Heidelberg New York, 1996. Cloth DM 160,—; 6S 1153,—.

This book aims at the presentation of the different kinds of constructible sets in real
geometry like semialgebraic sets, semianalytic sets (resp. set germs) from a unifying point
of view. It makes necessary the study of a lot of abstract settings as real spectra of rings,
spaces of ordering resp. signs, excellent rings etc. Since most of the results concerning that
topic have been derived in the last decade — a good many even are proved here for the first
time — and have never been presented in a book, the prerequisites for its understanding are
manifold. But the interested reader is rewarded with a profound view of this lively field of
research.

G. KowoL, Wien

King, R. B.: Beyond the Quartic Equation. VIII, 149 pp. Birkhauser, Basel Berlin Boston,
1996. Cloth DM 81,—; 6S 570,~.

This book focusses on the solution of the general quintic, given some 120 years ago. In
particular it presents the method of L. Kiepert (1878) which is adapted for use on a
microcomputer. Introductory chapters more or less without proofs on group theory and
symmetry, Galois theory, elliptic functions, solution by radicals, as well as an outline of the
solution of algebraic equations of higher degree allow the non-specialist to glance at the
background of the theory.

G. KowoL, Wien
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Tamme, G.: Introduction to Etale Cohomology. IX, 190 pp. Springer, Berlin Heidelberg
New York, 1994. DM 85,—; 6S 608,40,

The applications of Etale Cohomology in modern Algebraic Geometry and Number
Theory are manifold. This book is an introduction to this cohomology theory. You will find
therein all preliminaries from topology, the theory of sheaves, their spectral sequences and
category theory. There are some examples in the book and a special chapter on the Etale
Cohomology of curves. Some theorems (like the comparison theorem with classical
cohomology) are stated without proofs. Be aware if you are not motivated for Etale
Cohomology: You will not find in this book what Etale Cohomology is really good for.

M. NEUWIRTHER, Wien

Shafarevich, I. R. (Ed.): Algebraic Geometry II. Cohomology of Algebraic Varieties.
Algebraic Surfaces (Encyclopedia of Mathematics, Vol. 55). 262 pp. Springer, Berlin
Heidelberg New York, 1996. Cloth DM 140,—; 6S 1080,-.

This volume, a translation from the russian edition 1989, contains two articles. The first
one is ‘Cohomology of Algebraic Varieties’, by V. I. Danilov, which gives a wide view of
the cohomology of the underlying topological spaces as well as of the more algebraic
versions of cohomology (like etale cohomology) which were developed in the wake of the
Weil conjectures. The second article is ‘Algebraic Surfaces’, by V. A. Iskovskikh and I. R.
Shafarevich. It paints a cohesive picture of the theory of algebraic surfaces, explains its
problems, and describes its main methods. As usual in this series the reader has to go for
detailed proofs elsewhere.

P. MicHor, Wien

Du, D.-Z., Pardalos, P. M.: Minimax and Applications (Nonconvex Optimization and its

Applications, Vol. 5). XIV, 292 pp. Kluwer, Dordrecht Boston London, 1995. Cloth US
$ 149,

First encountered in game theory and later in duality theory in linear and convex
programming, minimax theory has found many more applications in optimization, for
example in two-stage or bilevel programming, network problems, repellant sampling,
resource allocation. Minimax problems are also at the heart of many combinatorial
optimization problems such as the multiple counterfeit coin problem, various optimal
triangulation problems, clustering problems, etc. This collection of papers in this book
provides a representative picture of recent research in minimax theory, algorithmic
approaches for finding solutions of minimax problems, and (mainly) applications.

A. NEUMAIER, Wien

Kollar, J.: Rational Curves on Algebraic Varieties (Ergebnisse der Mathematik und ihrer

Grenzgebiete, Vol. 32). 320 pp. Springer, Berlin Heidelberg New York, 1996. Cloth
DM 160,-; 6S 1153,

This book provides an introduction to the structure theory of higher dimensional (= 3)
varieties by studying the geometry of rational curves in them. The first (technical) chapter
is devotes to deformation theory of curves on varieties, i.e., the theory of Hilbert schemes
and Chow varieties in the relative setting. Then follow curves on varieties, the cone
theorem and minimal models, rationally connected varieties, and Fano varieties.

P. MicHor, Wien

Lozansky, E., Rousseau, C.: Winning Solutions (Problem Books in Mathematics). X, 244
pp. Springer, Berlin Heidelberg New York, 1996. Softcover DM 58,—; 6S 423,40.

Dieses Buch richtet sich an begabte und interessierte Mathematikstudenten und hat das
erstrebenswerte Ziel, einen Beitrag zu leisten, die Liicke zwischen dem iiblichen
Mathematikunterricht und den Programmen der internationalen Mathematikolympiaden
zu schlieBen. Vorwiegend werden Probleme aus der Zahlentheorie, Algebra und
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Kombinatorik im Form von Aufgaben, Beispielen, Hinweisen und Losungen behandelt,
wobei erfreulicherweise auch ein tieferes mathematisches Verstidndnis gefordert wird.
H. RINDLER, Wien

Sahai, H., Khurshid, A.: Statistics in Epidemiology. Methods, Techniques, and
Applications. 321 pp. CRC Press, Boca Raton New York London, 1996. Cloth $ 59,95.

This book provides a collection of statistical methods that are important for data
analysis in epidemiology. It is written for epidemiologists and requires only basic
knowledge in statistics. The book also contains a section of 50 exercises and fourteen
appendices, that treat some of the mathematical foundations of the methods presented in
the main text.

R. BURGER, Wien

Yap, T. K., Frieder, O., Martino, R. L.: High Performance Computational Methods for
Biological Sequence Analysis. 15 Tabs., 11 Figs., XIII, 211 pp. Kluwer, Boston London
Dordrecht, 1996. Cloth US $ 93,50.

The sheer quantity of data gained within the human genome project or the sequencing
of DNA of other organisms calls for the use of high performance computing for any data
storage, retrieval and analysis. This book is a practical guide to a variety of aspects
concerning sequence analysis. Fortunately (for the interested mathematicians) it provides
an understandable exposition of the biological and technical background concerning
sequencing etc. Various sequencing analysis algorithms (concerning alignment under
various circumstances etc.) are described. There are intimate connections to the computer
architecture which are discussed amply. A detailed chapter explains how the databases may
be accessed via Internet. — This is clearly not a mathematical book in the narrow sense but
one which allows every interested mathematician (physicist, ...) to get basic acquaintance
with its subject.

H. MutssaMm, Wien
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