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MONADS AND MODULI OF VECTOR BUNDLES

Wolf Barth and Klaus Hulek

Horrocks has shown that every vector bundle on P, and
IP3; admits a certain "double-ended resolution" by line bund-
les, which he called a monad. We reprove Horrocks' results
taking much care of uniqueness of the monads so obtained.
This technique should be useful for constructing moduli
spaces of stable vector bundles.

1. Introduction

A monad [6] is a 3-step filtration of a vector bundle

/3 by, sub-vector bundles. It can also be regarded as a com-

plex

a2.82.c
of vector bundles, with ca = o, a: d—— /7 an injective
bundle-map, and ¢ surjective. The cohomology & = ker c/ im a

of such a monad is a vector bundle again. Horrocks [7],[8]
showed that every bundle & on Pn is the cohomology of a mo-

nad with ¢ and ¢ direct sums of line bundles and £ satis-

fying
1 _ 4n-1 -
H(B(k)) = H (B(k)) =0 , k €
HY(B(k)) = HY(3(X)) , k €%, 1<i<n-1.
(The double-ended resolution of & "kills" Hl and Hn—l.)

This information should help to solve the classification

problem for vector bundles on Pn’ provided that

1) precise information is obtained on the form of the bund-

les d, @ and C occurring,

0025-2611/78/0025/0323/$05.00
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2 BARTH - HULEK

2) the maps a and c occurring can be classified, and that

3) it can be determined which monads define isomorphic
bundles &.

The aim of this note is to discuss 1) and 3).

As to 1), the most useful fact is another result of
Horrocks' [6]:

A _vector bundle & on Pn is a direct sum of line bundles if

and only if H'(B(k)) vanishes for all k € £ and all i =

l1,...,n-1.

In [6] this theorem is obtained as a special case of a
much more general result and, therefore, its proof is not
elementary. However, if one only wants to get this speci-
fic statement, very simple methods suffice (induction on n,
using Grothendieck's theorem on Pl as induction beginning).
So it seemed useful to us to include this easy proof here.

The result is applied to monads on 92 and P, to find that

3
also /2 is a direct sum of line bundles. (On P_, it would be

unwise to kill the same H1(3(k)) by both & an§ C. It is
better to use ¢ fork 2 -1 and ¢ for k < -1. This requires

a slight modification of Horrocks' technique and is our
reason for the use of l-resolutions instead of ordinary re-
solutions.) The degrees of the line bundles building &, &
and C can be determined if & is stable in the sense of

Mumford-Takemoto [10].

The delicate part of the problem is 2). Once the types
of &, B, C are known for a given class of stable bundles &,
it comes down to determining matrices with polynomial en-
tries for a and c¢. Classifying such matrices seems very
hard, and we do not want to go into details here. If, how-
ever, § is self-dual, e.g. carries an orthogonal or symplec-
tic form (the latter always holds for rank-2 bundles with
¢y = o), then it can be arranged that the monad for & is
self-dual too. This means that B carries a nondegenerate
bilinear form b with respect to which ¢ is the transpose of

a. So only the map a needs to be determined. For certain
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BARTH - HULEK 3

classes of stable orthogonal or symplectic ¥ we show that
b is orthogonal or symplectic too (making use of the unique-
ness of monads to be treated under 3)). We find in this

way:

Every stable orthogonal (symplectic) rank-r bundle & on P2

is the cohomology of a monad

me(-l)-———+(2m+r)®P-———»m@P(l), m = 02(3),

self-dual w.r. to an orthogonal (symplectic) form on the

trivial bundle in the middle.

The same holds for orthogonal (symplectic) & on Pa satis-

fying the following two conditions:

(1) hY(E(-2)) = o

(ii) there is a line L < P3 such "that 3lL is trivial.

Both these properties hold for bundles & on P_ related to

Yang-Mills equations via the Atiyah-Penrose tiansformation
(1]J,[2]. In fact, these articles [1],[2] are our main moti-
vation for presenting Horrocks' theory of monads, specia-
lised to stable bundles, in the form we do it here. Notice
that (ii) is satisfied by every stable rank-2 bundle
(Grauert-Milich theorem) with ¢, = o. However, (i) is fal-
se in general even in the rank-2 case (examples are given

in sections 8 and 9).

It is part 3) which is our main object here. To obtain
uniqueness of the monad associated to some bundle & it is
necessary to ask for minimality of this monad (for a defi-
nition see section 3). Even then the automorphism group
GL(4) and the group 0(Z,b) operates on the space of self-

dual monads via
a———~Baa"l, a € GL(@), B € 0(3,b)

and all monads in the same orbit define isomorphic bundles
&F. If Hom(B,&) = o (satisfied by the examples above on P2
and Pa) the converse is also true. The space of bundles &
then is the quotient of the space of monads by the group

GL(¢Z) X 0(B,b). This fits perfectly into Mumford's general

theory of moduli. A minimal self-dual monad for & corre-
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L BARTH - HULEK

sponds to fixing isomorphisms of certain cohomology groups
of & with a complex vector space Ch of the appropriate di-
mension. The space of monads therefore is a fine moduli
scheme, classifying bundles plus such isomorphisms. On this
space, there also exists a universal bundle. The quotient
is the coarse moduli scheme and the universal bundle des-
cends not necessarily. (Maruyama has some results on P2,
not published yet.) In the cases considered above, we show
that the stabiliser subgroup of a monad just is +(id,id) <
C GL(«) x 0(B,b). If the assumption Hom(B,4) = o is viola-
ted, this is no longer true and the stabiliser subgroup
can be of positive dimension. (We give an example in sec-

tion 9.)

We do not want to conceal that this article suffers
from several shortcomings and that we consider the problems
attacked here by no means to be solved completely. But it
was the article [2], sketching fundamental results on the
interplay of analysis, algebra and geometry, which made us
believe it was worth-while to present in this form and
right now results of Horrocks', hitherto known to insiders
only. We were encouraged to do so by Atiyah and Horrocks
and gratefully acknowledge their support.

During the whole of this paper we work over the ground
field €. All the bundles considered are algebraic. We do
not distinguish between bundles and locally free sheaves.
By subbundle we mean a subsheaf which locally is a direct
summand. GP (1) denotes the hyperplane bundle on Pn. The
notations G (k), ¥F(k), ¥ and r « F are used as usual. @
denotes the bundle of holomorphlc l1-forms on P n® hi(ﬁ) de-
notes the dimension of H'(F) as a C-vector space Moreover

we want to fix the following notations:

V¥ .= P(GP(l))
L (3(»)) 1= @© HY(@(Xx))
1 k€EZ
H7(F(=21)) := @ H (&F(k))
1 k=1
alz<1)) = @ vl
k<1l
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BARTH - HULEK 5

H1(3(*)) will be considered as a module over @ F(@P(k)),
k2o
the graded ring of homogeneous polynomials in n+l variab-

les. ry (&) will denote the minimal number of generators of
the submodule H (3(21))

As usual GL(n,C), 0(n,C) and Sp(n,C) will denote the
general linear group, the complex orthogonal group and the
complex symplectic group respectively. If & is a bundle
then GL(d4) will be the group of automorphisms. If a bundle
B is equipped with an orthogonal (symplectic) structure b
(see section 4), then 0(@,b) will denote the group of au-

tomorphisms which leave the form b invariant.

2. Minimal l-resolutions

For this section fix some integer 1 € Z. Let £, £1, £2

always denote direct sums of line bundles of degree = -1.

DEFINITION. An exact sequence of bundles on Pn, nz 2,

(L) o b1 P - £ o

will be called an l-resolution of & if Hl(P(zl)) = o. This
resolution will be called minimal, if no direct rank-1

summand of £ is the image of a line-subbundle of pP.

REMARKS.

1) A resolution (L) induces an epimorphism TI'(£(e)) —
Hl(E(zl) and an isomorphism H1(3(<l))———’H1(P(’)).

2) An equivalent condition for minimality is rk(ﬁj = rlﬁﬁ).

To see this take a direct sum decomposition £ = @ £ ,£
1
= r(u) » (- u) The image of F(£ (u)) generates n! (F))

modulo V¥ . H (F(u=1)). The above equality holds if and on-
ly if F(£ (uw)) is mapped 1somorph1cally onto a direct com-
plement of LA H (F(u=-1)) in H (F(p)). This is equivalent
to the fact that £u(u)'does not contain a trivial summand
which is the image of a line-subbundle of P, and this is

nothing but minimality.

PROPOSITION 1. Every bundle & on Pn’ n 2 2 admits a mini-
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6 BARTH - HULEK
mal l-resolution.

PROOF. Choose a minimal set of generators

otV ell)) e ntaan
o™ 9T e @ m)
m
of the module Hl(E(Zl)). Here minimality means [ p(u) =

= rl(E). W=l

View this system @il),...,w;?;) as an element (L) in
p(1)-v (F(1)) @ ... @ p(m)eu (BF(m)) £
HY(F @ 2*) 2 Extg  (£,3)
P
where £ = p(l)O@P(—l) @ ... ® p(m)~@P(-m). The thus deter-

mined extension (L) is an l-resolution and is minimal be-

cause of remark 2).

PROPOSITION 2. Take two l-resolutions (Ll) and (L2) of

bundles 31 and 32 respectively. Then every morphism

f: 31————*32 extends to a morphism of resolutions:

(Ll) o 31 °, £l o

l £ 1 fo l fl
(LQ) o 32 92 -£2 o
This extension is unique if Hom(il,PQ) = o.

PROOF. ¥, is the cohomology of the complex PQ~——a-£2~——uo
and 3: that of the complex o—u:ﬂ*{—»-P"i. By Kiinneth's
formula [5,p.102], 3% ® 3, is the cohomology of the simple

complex associated to the double complex (take care of

signs!).
o o
P§®P2 Pt@:&Q—»o .
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BARTH - HULEK 7

Since Hl(PQ(zl)) = o, the group Hl(iz ® Pz) vanishes and
Hom(31,32) = HO(E{ ® 32) can be computed as the cohomology

of the complex

Hom(£1,Pz)————.Hom(Pl,Pz) @ Hom(£1,£2)—————Hom(Pl,£2).

REMARK. For later applications we need the following: As-
sume that Hom(ii,Pi) = o for i=1,2, and that f is an iso-
morphism. Then f extends uniquely to an isomorphism of

l-resolutions. Indeed, from the commutative diagram

o 31 ] £1 o
l £ l £, ]fl

o— %, ©y %, °
l f-l l i:!o l ?1

o 31 e, £l o

and the fact that the only extension of id: 81———*-31 is
given by the identity maps it follows that Eo.fo = id and
fl.fl = id. By exploiting Hom(£2,92) = o one finds f°~§o =
v ~ -
id and f;*f, = id. Because of P, = P, we have Hom(il,PQ)-o

which implies uniqueness.

3. Minimal monads

DEFINITION. A monad on Pn is a sequence of vector bundles
(8) a—=+pB—=cC

with ca = o, a injective with im(a) € @ a subbundle, and

¢ surjective.

The diagram

0O —a»{d —

|

l

—_—
——2

)

(D) o

Q

0

0 +—Q o ) &¥— R e—0
v

O QP e Ve——Ge—o0
o
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8 BARTH - HULEK

is called the display of the monad (B). Here X := ker c,

P := coker a, and & := ker c/im a is the cohomology bundle
of (B).
Now fix two integers 1l,m € Z. For n = 2 it will be un-

derstood from now on that l+m 2 -2.

DEFINITION. The monad (B) will be called an (l,m)-monad
for & if

(o) @ is a direct sum of line bundles of degree 2 m
C is a direct sum of line bundles of degree s -1.

(1) HYB(=1)) = o

HP 1 (B(<-m-n)) = o.

This monad will be called minimal if moreover

(2) No direct summand of C is the image of a line subbund-
le of 3.

No direct summand of & goes onto a direct summand of 3.

REMARKS.

1) The cohomology sequence of the middle row of (D) induces an
isomorphism Hl(B(Zl)-———’Hl(P(Zl)). (In the case n = 2 one
has to use H2(d(21)) = o, which follows from (o) and

l4m 2 -2.) In the same way an isomorphism Hn-l(K(< -m-n))
-———~Hn_l(ﬁ(< -m-n)) is given by the middle column. This
implies that (1) is equivalent to Hl(P(zl)) = o = Hl(K*(Zm)).
In particular (o) and (1) can be replaced by

(1)' The last column of (D) is an l-resolution of &. The
first row of (D) is the dual sequence of an m-reso-

lution of &%,

2) Direct rank-1 summands of C coming from & correspond
uniquely to those coming from . The dual statement holds
for direct summands of &¢. Hence the monad is minimal if

and only if

(2)' The resolutions given by the dual of the first row

and by the last column of (D) are minimal.
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BARTH - HULEK 9

PROPOSITION 3. For every bundle & on Pn and every pair

(1,m) of integers (provided that 1+m 2z -2 if n = 2) there

is a minimal (l1,m)-monad.

PROOF. We start by choosing a minimal l-resoclution (C)
for & and a minimal m-resolution (A¥) for &% which exist

by Proposition 1. (C) and the dual of (A*) form a diagram

(A) o a X

0O o Qe — V+—0le—0

~
~

(C) induces an exact sequence

Extl(C,q) —Ext (P ,d) ——Ext > (F,d) — Ext2(C,d). Sin-
ce Ext(C,q) = HY (C* ® @) = o for i=1,2, the extension (A)

comes from a unique extension

o a—2 .3 P o

This extension can be used to complete our diagram in a

unique way to be the display of a minimal (1,m)-monad for &.

PROPOSITION 4. Let 31 and 32 be cohomology bundles of

(1l,m)-monads (Bl) and (B2) respectively. Any morphism

f: 31————»32 extends to a morphism of monads, i.e. there is

a commutative diagram

(B,) dll—" Tl——’Tl
(BQ) d2 52 02

which induces f. This extension is unique up to morphisms

B ——d, and GI————#B2.

PROOF . 32 is the cohomology of the complex
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10 BARTH - HULEK

*
ad /32——> 02 . and 31 that of

2
OI-———oBi———a-di R again by Kinneth's formula,

3; ® 32 is the cohomology of the simple complex associated

to the double complex (take care of signs!):

c* ®a2—.c§ ®62——.cai ¥ C

1 I l 2

* — o3k

Bli"dz »G1 @5, BITOQ
—_— — e *

@ e a, ar @ B, at we,

Now Gg © d2 is a direct sum of line bundles of degree 2 m+l.
so H'(C* ® @,) = H’(C* ® @)) = o. Further H'(8,(21)) = o
implies Hl(Gi @ 62) = o, and Hn‘1(5(<(—m-n)) = o implies

1, ox _ ( - yO (g% ; -
H (Bl & 02) = o. Then Hom 31,32) = H (31 ® 82) is the coho
mology of

Hom(Bl,dz) @ Hom(cl,ﬁz)

Hom(dl,QQ) @ Hom(Bl,BQ) @ Hom(cl,cz)————*

Hom(dl,BQ) @ Hom(Bl,G2).

REMARK. As in the last remark of the preceding section
one finds: If Hom(Bi,di) = Hom(ci,ﬁi) = o for i=1,2, then
every isomorphism f: 31————’32
an isomorphism of monads.

extends in a unique way to

4. Specialization to self-dual bundles

In this section we apply the monad construction to
bundles &, which carry some orthogonal or symplectic struc-
ture, i.e. we assume that there is some nondegenerate bi-
linear form f: F——3JF* such that f = IfT. Here - as in the
rest of the chapter - the upper sign corresponds to the or-

thogonal case.

DEFINITION. An (l,1)-monad
(B) a2 —Sag*

will be called self-dual with respect to (F,f), if there
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BARTH - HULEK 11

T

is a nondegenerate bilinear form b: 83——3% with b = +b",

c = aTb such that f is induced by b via

d » 3 a*
+id b id
cT aT
a > 3% > ¥
PROPOSITION 5. Assume that
(B) a—2—-w5—S-2c

is a monad for & and that Hom(BZ,4) = Hom(C,B) = o. Then

there is a uniguely determined nondegenerate form

b: @ ——/3* which induces an isomorphism ¢ —— &% thus ma-

king (B) a self-dual monad with respect to (&,f).

PROOF. The isomorphism f: F3——3F* gives rise to a
morphism of monads:

a C

a ) C

oy b b

el Ly L

The hypothesis Hom(Z,d) = Hom(C,3) = o implies Hom(q¥*,3%)=
= Hom(&5*,2¥) = o. So, by the last remark of the preceding
section, fl,f2 and b are isomorphisms uniquely determined
by f. The map fT: § ——=JF* is induced by fi, bT and fg and

uniqueness implies b = + bT and f2 =t fI.

PROPOSITION 6. Let ¢: 3r————v32 be an orthogonal (symplec-

tic) isomorphism between two orthogonal (symplectic) bund-

. T
les (Gl,fl) az? (32,f2), i.e. 9 fzw = fl.
a. a,b,

1f 4, —2—+3,—5
— 1 1

a? are self-dual monads for (Ei,fi)
satisfying Hom(Bi,di) = o, then ¢ is induced by a unique
isomorphism of monads

a a Tb
-1 171
dl -—Bl VGT
l o l 8 . l (otT)"1
a a, b
2 2 72
2 32 dg
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12 BARTH - HULEK

Here B is orthogonal (symplectic), i.e., BTbQB = b

1
PROOF. There is this commutative diagram
+*
2, oy ay
+id byt ) id
a a, b L
1 101 Y.
dl Bl ..dl
0.2 B al
T
\ a a,’ b
2 2 P2 .
d2 32 d?
+id
t1 b2 id
# . 7F
aQ 52 42
with B,al,a2 determined uniquely by ¢ (propositions 3 and
4). Here bQoBobzl induces fzowall = (mT)—l, which is in-
duced by
* 3t
dl "51 dl
T,-1 T,-1 T,-1
(a)) (8") (ay)
o /3% 3%
42 62 d2

too. The remark following proposition 4 then shows (BT)-1=

_ -1 T _ T -1
= b28b1 , i.e., B b2B = bl’ and al = (aQ) .

5. Two lemmas

In this section we shall give two lemmas which will
enable us to make the form of monads for some special kinds
of bundles precise. Both these statements are due to Hor-
rocks (see [6],[8] for their place in a more general con-
text). Here we want to indicate how to prove them in a ve-

ry elementary way.

LEMMA 1. A bundle & on Pn is a direct sum of line bundles
if and only if
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BARTH - HULEK 13

Hi(J(k)) = o for l<isn-1, k € Z.

PROOF. If & is a direct sum of line bundles, then the co-
homology is trivial. To prove the converse we proceed by
induction on n. For n = 1 the statement is true since by

Grothendieck's theorem every bundle on P, splits into a

1
sum of line bundles. To proceed from n - 1 to n, we take

Pn-l c Pn to be a linear subspace. From the exact cohomo-

logy sequence

(300 —— GO e )—enit @)

-1
one concludes that Hl(E(k)an_l) = o for 1<i<n-2 and k € Z.

Hence by our induction hypothesis 3|Pn splits, i.e.

-1
e = (k) ® ... @6 (k)
n-1 Pn-l 1 Pn-l r
Now put
G = Y (kl) @ ... ® @P (kr)'
n n

From the exact sequence

o—=s G¥(-1) ® F— G¥ ©® F —» G* ® 3ltPn_l—-» o

we get

Hom (G ,3) — Hom(G|®__., 3|6 ) —H'(G¥(-1) ® F).

-1
By assumption
HU(G*(-1) ® 3) T @ H'(F(~k;-1)) = o.

So the isomorphism qan_l = SIPn_l extends to some
morphism h: G —» F. The determinant det(h) is a section

in some line bundle Gp(k) without zeroes on Pn Hence it

...1'
must be constant and h is an isomorphism.

LEMMA 2. Let & be a bundle on P

—— n!

no direct summand of rank one. If

n 2 2, which contains

(i) Hl(E(k)) = o for kK €L,k }o
(ii)  H'(F(X)) = o for 2sisn-1, k € Z
then there is a canonical isomorphism & = H1(3) «b QP .
n
PROOF. According to Proposition 1 we can take a minimal

335



14 BARTH - HULEK

resolution (1 = o):
o F (o] Hl(3) N 6p —©
n
Because of (i) and (ii) one concludes that H (P(#)) = o

for 1<is<n-1. Lemma 1 therefore implies that @ ¥ ® 6(d;).
All the di are negative because otherwise either & would
contain a direct rank-one summand or there would be a con-

tradiction to the surjectivity of P(Hl(E) ® ®? )———e-Hl(J).
n

C
Because of Hl(J(l)) = o the map

[(P(1))—s T(H'(F) 8y 8 (1)) T K'(F) ® v
n

is surjective. Therefore, P(1l) must contain a trivial sub-

bundle Hl(E) ® V¥ ¥ 6 Since the kernel of the map

e
V6 6 (m1)—— g c3n be identified with Qp » We get a
n n n

commutative diagram

o o

l l

o.__*.ul(s)wup____. H1(3)®V*®®P (-1) -——oHl($)®QP —_—

| | |

o—» F —u P —ei (B8, — 4 o
| | i
(G EE—
@o(lli) @@(lli)
o o
Here all the li are negative and because of Hl(ﬂP (-li))=o
n

the left column splits. It follows that the quotient va-
p &
n

and this is the unique morphism which - after a choice of

nishes. Hence there is an isomorphism Hl(J) ® Q

Hl(ﬂP ) T C - induces the identity on the Hl-level.
n

6. Examples on P2

Let & be some rank-r bundle with c1(3) = o, c2(3) = n.
We assume that & is stable in the sense of Mumford-Takemoto
(10]. We shall only use that stability implies ho(3F) =
= h®(3*%) = o. Then of course h®(F(k)) = h°(F*(k)) = o for

336



BARTH - HULEK 15
all k s o. Serre-duality implies h2(F(k)) = o for k = -3.
Now Riemann-Roch for d&(k) reads
X(3(k)) = = n + Z(k+1)(k+2)

For -3skso one can compute h1(3(k))

- x(F(k)) and finds

nl3) = nl@(-3)) = n

r

"

n .

nt(F-1)) = nlE(-2))

LEMMA 3. TFor all 1 2 -2 the module Hl(s(zl)) is generated
by HH(3(1)).

PROOF. Fix some point p € P2 with coordinates z, = 2, =0
and let v < GP be its ideal sheaf. Then there are exact se-

quences

O—OJ'-'ZF————OJ—’;} —p O

(-2:} (2, ,2,)

o———oQP(—2) 2®P(-l)

J —wo ,

where{’ip denotes the skyscraper-sheaf or rank r at p. Ten-
soring the second sequence with F(1) and using h2(3(l-2)=o
for all 1 2 -1 one finds that for all these 1

(z,2,) & 2H (3(1-1)) — H (F3 (1))

is surjective. Since Hl(f-J(l))———‘ Hl(E(l)) is surjective

too, the assertion follows.

We obtain immediately from the construction in propo-
sition 1 and from this lemma, that for all 1 =2 -2, a mini-

mal l-resolution of & has the form
0 —F —= —vH]'(Z‘i(l)) ® @P(-l) — 0 .

If -2<1<0, then every morphism from the right-hand bundle
into P vanishes. So by proposition 2, this resolution is

unique up to unique isomorphisms in these cases.

Next assume l+m 2 --2. Then proposition 3 applies. We

describe the following two cases:
(1,m) = (-1,-1): The minimal monad will be of the form

HU(3(-2)) © 6p(-1) =2+ 8 2o (3(-1)) ® 6(1)
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with dim HY(Z(-2)) = dim HY(F(-1)) = n. Then rk B = 2n + r
and B is a direct sum of line bundles (by lemma 1 and pro-
perty (1)). Any summand GP(d) of B with d > o will go to
zero under c¢ (by property (2)), a contradiction with W(3)=
= o. Similarly a summand 6(d) € @ with d < o would contra-
dict h°(3*) = o. Hence & must be the trivial bundle of

rank 2n+r. Then the remark after proposition 4 shows unique-

ness of such a monad.
(1,m) = (o,-1): The minimal monad now has the form

HY(3(-2)) ® 6pi-1)—2e 53— 1! (3) ® %p

with dim Hl(E(-Q)) = n and dim Hl(ﬁ) = n-r. Then rk B = 2n
and by property (1)

nlB()) = 0, k-1
nle-1)) = nt@-1)) = n.
So lemma 2 shows that
5= HYB) ® ap(1) = BN (F(-1)) ® 2,(1).

Again the remark after proposition 4 applies here and pro-

ves uniqueness.

REMARKS.

1) The case (1,m) = (o,-1) was exploited in [3] to obtain
a description of the moduli-scheme M(o,n) of stable rank-2

bundles on 92.

2) Of course, this monad technique can also be applied to
the classification of bundles with c, (&) $ o. For example
in [9] monads will be used to describe M(-1,n). Also, stu-
dying uniform rank-4% bundles on P2 of type (-1,-1,0,0) by
means of monads, G.Elencwajg found large families of uni-

form bundles which are not homogeneous.

7. Generalization to P3
Let & be some stable rank-r bundle on Pa with
c1(3) = 03(3) = 0o c2(3) = n.

Arguing as above, one obtains
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hO(F(k)) = ho(F(k)) = o for -hskso.

However, Riemann-Roch now does not determine hl(J(k)),

-4<kso, but the difference

h2(3(K)) - hE(B(K)) = x(F(k)) =
= - n(2+k) + §<k+1)<k+2)(k+3)

only. In particular hl(E(-Q) = h2(3(—2)). The construction
in section 6 can be generalised almost literally, if one
additionally assumes:

1
(3) h™(&(-2)) = o
(w) There is some line L & P, with F|L trivial.

In the light of [2], bundles satisfying (3) and (4) are

right now the most interesting ones.

LEMMA 4. If & is as described above, then

(1) BY(F(<-1)) = o , H?(F(2-2)) = o.
(ii) For all 1 = -1, the module Hl(J(zl)) is generated by
stz
(iii) nY(F) = 2n-r
pl@(-1)) = n%(@F(-3)) = n.

PROOF. (i) If E is a plane containing L, then for almost
all L' € E the restriction GlL' will be trivial. In par-

ticular H°(3(l)lE) = o for all 1 < o. The exact sequence
HO(F(1) |E) —= HY (F(1-1)) —— (3 (1))

then shows for 1 < o that h1(3(l)) = o implieshl(3(1—1)=o.
Now (4) holds for F¥*¥ too and (3) implies hl(Z*(~2)) = o

by Serre-duality. As above one sees hl(s*(l)) = o for all
1 < -2 or dually h2(3(l)) = o for all 1 =z -2.

(ii) Let z,72,70 be equations for L, and let J ¢ GP be its
ideal sheaf. Then there are exact sequences 3
0—s 7,7 k1 L o
(%)
om0, (-2) —22l oo (-1) (ZasZa) 7 o .
Pa € L

Using n%(3(1)) = o for all 12 -2 and hl(J(l)lL) = o for
all 1 2z o one finds that (zqy,z2): 2 Hl(3(l))-——~H1(3(l+l))
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is surjective for all 1 =2 -1.

(iii) Is an immediate consequence or Riemann-Roch and (i).

Copying the arguments from section 6 one finds that a

minimal (-1,-1)-monad for & is of the type
(5) H2(3(-3))%65(~1)—2—(20+r)6p — S H' (F(-1))®6 (1)
and a minimal (o,-1)-monad of the form

H2(3(-3))o0, (-1)—2+ i1 (3 (-1))@g (1) —S—’ (3 )00,

Both monads are determined uniquely up to unique iso-

morphisms.

The bundles from [2] additionally carry an orthogonal
(or symplectic) form f: F——3F¥., (This justifies our as-
sumption c3(3) = o above.) So proposition 5 applies and
provides the minimal (-1,-1)-monad (5) for & with a self-
duality. This self-duality consists of (i) a constant or-
thogonal (or symplectic) form b on the trivial bundle of
rank 2n+r in the middle of (5), (ii) an identification of
H?(3(-3)) ® 6,(-1) with the dual of H'(F(-1)) ® 6,(1),
such that c¢ = aT. Of course the identification in (ii) is
induced by Serre~duality H2(3(—3))————.Hl(3*(-l))* com-
bined with f: ¥ ——=J¥*. But we do not want to trace such
identifications here. Leaving aside canonical identifica-

tions totally, the self-dual monad (5) is

T

(6) € wo(-1)—2c?™T g 2—c” ® 6, (1) .

. 2n+r . .
The coordinates on C can be chosen such that b is given
by a matrix

(6ij) if £ is orthogonal
(7) o 6, .

1] if £ is symplectic .
—éij o

The uniqueness of (6) for given (&,f) is now settled by
proposition 6 as follows: Every orthogonal (symplectic)
isomorphisms (31,flJ-w——~(32,f2) is induced by a unique

isomorphism of monads (6). Such an isomorphism is given by
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an element a € GL(n,C) operating naturally on the left-
hand C" and contragrediently on the right-hand Cn, plus an
element B € 0(2n+r,C) (resp. B € Sp(n+r/2,C)) operating

on the middle term. We obtain the main result of this paper:

THEOREM: There is a 1:1 correspondence between

(i) isomorphism classes of stable rank-2 bundles & on Pa
with c¢,(3) = n, h1(3(—2)) = o, and
(ii) orbits of GL(n,C) x Sp(n+l,C) on the set of all epi-

morphisms a: c" @ V-———~C2n+2 with this property: For

all o # v € V, the map a(- ® v) is an isomorphism of

c” onto a totally isotropic subspace of C2n+2 with re-

spect to the form (7).

PROOF: Since & is a stable rank-2 bundle it canonically
carries a symplectic form f and splits trivially on the
general line (Grauert-Milich theorem). Hence we know that
isomorphism classes of (&,f) correspond to isomorphism
classes of monads (6). Such a monad is uniquely determined
by the map a: c” w @P(—1)~———>c2n+2 ® GP which is the same

as a map c" V————-C2n+2 with the property described in

(ii). The surjectivity of a is equivalent to h°(JF) = o which

is the same as stability.

REMARKS:

1) If r 2 3, then h°(3) = o is of course not equivalent
to stability of &. More conditions must be imposed on the
map a to guarantee stability. Since the property stable is
Zariski-open, this means that the admissible map a will
form a Zariski-open subset in the set of maps described
above.

2) Proposition 6 implies that GL(n,C) x 0(2n+r,C), resp.
GL(n,C) x Sp(n+r/2,C) operates almost freely on the set of
admissible maps a. To be precise, if a pair (a,B) leaves a
invariant, then it induces an isomorphism of (F,f). It is
known [10, p.32] that stable & on Pn are simple, i.e, ad-
mit no other isomorphisms but homotheties. Then (a,B) =

= Ae(id,id) with X € C. But B is orthogonal (resp.symplec-

tic), hence A2 = 1. So if one denotes by G the quotient
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of the above group by +(id,id), then G operates freely on

the set of admissible maps a.

8. A large family of bundles on PS

Here we construct for each odd ¢, 2 1 a family of sta-

2

ble rank-2 bundles on P3 of a dimension growing quadrati-

cally with c¢,. However, the group Hl(E(-Q)) does not vanish

2
here. On the contrary we believe (because of [4]) that this
group has the maximal dimension possible for given Cye
Another example of a "large" family (i.e., of dimen-

sion > 8¢, - 3) was constructed by Hartshorne for c, = 7.

2 2

Fix some integer m 2 o and polynomials

f € F(@P(2m+1))
8158, € P(Gp(m+l))
h € T(@P(l)

without common zero. Put & = %ﬁm) @ 2%,@ q;—m), then these

four polynomials define an inclusion (of bundles)
a: @m(-m-l)————oﬁ.
a = (f9g13g23h)‘
B carries a symplectic form
b: @P(m) @ 2GP D GP(-m)———a @P(—m) @ 2®P @ @P(m)

1

-1 .

Let & be the cohomology bundle of the monad
T
0p(-m-1)—2s 3 2L (n+1) .
Obviously this is a self-dual minimal monad and one checks

by direct computation

(i) cl(s) = o, c2(3) = 2m+1
(ii) n°(@) = o, i.e. & is stable
(111) h1(F(-2)) = Hme1).

(iv) the invariant of Atiyah-Rees is
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a(F) := h1(3(-2)) mod 2 =
o if m= 0,3 mod
B {1 if m= 1;2 mod 4.

It is not hard to compute the dimension of this family.
There are no further constraints on the map a, so the set
of admissible maps a, i.e. the variety of possible monads,

forms a Zariski-open set in

Hom_ (G
% €5

a vector space of dimension

(-m'l),ﬁ)g

ho(GPa(l)) + 2h°(®Ps(m+l)) + h°(®93(2m+1))‘=

m+4 2m+4

=u+2(3)+(3)

Denote by G the group 0(8,b). Then C*¥ X G operates on this
space of monads. The argument from section 7, remark 2,
applies and shows that C* X G/ +(1,id) operates freely. All
orbits of C¥ X G then will have dimension 1 + dim G. We
claim:

m+3 2m+3

dim G = 4 + 20 ;7) + ( 3 ).

PROOF. G is the group of invertible elements o € End(3)
satisfying oTbc = b. Its Lie algebra L is the vector space
of T € End(B) satisfying b + br = o, i.e. bt = (br)T.

So L = b 1s with s © Hom(3,5%) the subspace of symmetric bi-
linear forms on £. Such a symmetric form on B is given by

a 4x4 matrix

o o o a, a; € F(GP)
o a; a, by b, € F(@P(m))
o a, ag b, c € r(sg(2m))
a, b b2 c
Since dim S = dim L = dim G, the assertion follows.

By substracting, one finds that our bundles & form an
(irreducible) family of dimension

2

2(™*3y 4 (?™*3y U1 - 3m? + 10m + 8.

2 2
It grows quadratically with c,(F) and already for m = 2 it
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exceeds 8c22— 3, the dimension of the family of bundles &
for which h“(F ® F¥) = o. Since the latter family is Zaris-
ki-open in the moduli-space, this space cannot be irredu-
cible (even apart from the division in two components de-

fined by the Atiyah-Rees-invariant).

9. A minimal self-dual monad with automorphisms

The aim of this chapter is to show that there are mi-
nimal self-dual monads for stable rank-2 bundles & on Pa
admitting groups of automorphisms in GL(&4) x 0(Z,b) of posi-
tive dimension. The reason is of course a violation of con-
dition Hom(B,4) = o from proposition 6. We give an example
with c2(3) = 4, h1(3(-2)) = 1., It probably is the simplest

one, i.e. the one with c2(3) minimal (compare [4]).

Construction: There are polynomials

1 and li’ i=l,...,4 € P(Gp(l))
c and c,, i=l,...,4 € F(GP(2))

q € r(@P(a))
such that
(8) lc + 0114 + c213— egl, - eyl = o
and rank a = 2 everywhere, with
1 e, e, cq cy q
T _
a = .
o ll l2 13 lI+ c

PROOF. Start with linear polynomials 1, such that {1, =

=1, = 15 = lu}= o 1is empty. Then rank a = 2 outside the
plane E = {1 = o}. Consider the exact sequence
O_OQP (3)———0'4‘9(2) (9(3) o ,
3

the epimorphism being (lu,l 1 -11). Because of

32720
Hl(Q(S)) = o, for ¢ given arbitrarily, there always will

be solutions ci,...,c& of (8). We can add to y':(c',...,ca)
some y" = (cI,...,cﬂ) representing a section in QP(S),
without changing (8). But A = (ll""’lu) itself represents

a section in QP(Q). So y' can be chosen such that y' + y"
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and A are proportional on E only in finitely many points.
Now take c¢ vanishing on E, choose ci satisfying (8), modify
them by cg to obtain c; = ci + cg, and choose g not va-
nishing on the finitely many points in E where A and y'+y"

are linearly dependent.

Using the matrix a we define a bundle-injection d——03
with
a GP(-Q) @ GP(-l)
3 = urp(-l) @ uv_ @ @P(l)

P

With respect to this decomposition,

|

- |

is a symplectic form on /3. Condition (8) just means

aTba = o, so we have a self-dual monad
T

The zero entry in the definition of a implies that this mo-
nad is minimal. Its cohomology bundle & is of rank 2 and

has the invariants:
cl(J) = o, c2(3) = 4
nl@-2)) = 1
h%(3F) = o

(Any section in & would come from a section

(t1’°'°’tu’f) € T(7B), deg ti = o, deg £ = 1 such that

_t114 - t213 + t312 + tqll = o
-ty T tyeg + tge, t+ o tie, 1f = o
The first equation shows ty=...5t, = o and f= o then fol-

lows from the second one.)

Next we show that the stabiliser subgroup of the map a

in GL(«&) x 0(8@,b) has positive dimension.
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Construction: Let h: S——sd be the nontrivial morphism

(unique up to scalars). The pair of endomorphisms

ha: Je——e, ah: B=—b/3

is compatible with a: d———gJ. Put o := ha,
£ = ah - b *h'a’b € End(3).

Since aTba = o,
Ba = aha = aa

Since aha } o, also B § o. Furthermore

bg = bah - h'a'b = -8'b

shows that exp(tB) € 0(B,b) for all t € C. So (exp(ta),
exp(tB)) with t € € is a one-parameter subgroup of

GL(«) x 0(B,b) commuting with a.

10. Concluding remarks

Independently also V.Drinfeld and Yu Manin (YMN XXXIII)
gave the construction described in section 7., A '"categori-
cal" treatment of the general monad technique was given re-
cently by A.A. Beilinson (Coherent sheaves on Pn and prob-
lems of linear algebra, preprint translated into English,
Oxford 1978). His standpoint is similar to the one of Hor-
rocks [8]. This seminar talk [8] was our main source. How-
ever, in our paper we wanted to emphasize applicability to

concrete classification problems more than generality.
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