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WRONSKIANS AND LINEAR INDEPENDENCE

IN FIELDS OF PRIME CHARACTERISTIC

(*

Arnaldo Garcia )and J.F. Voloch

Introduction

Let k be a field, t a variable and XorXqreeer X, elements

of the power series field k((t)). If k has characteristic

zero, then xo,x1...,xn are linearly independent over k if

i

and only if det((lz? ) # 0. When k has prime cha-
0<i,j<n

racteristic p the non-vanishing of this determinant (called

Wronskian) is equivalent to linear independence over k((£P).

To obtain linear independence criteria over k in positive

characteristic F.K. Schmidt [6] introduced generalized

Wronskians.

In section 1 we use these generalized Wronskians to ob-
tain our main result (theorem 1 below) which gives a linear

m
independence criterion over k((tP )) for each m > 1.

In section 2 we discuss some consequences of this result
for function fields of algebraic curves in the context of
the theory of Weierstrass Points. In particular, we investi-
gate the plane curves X that are non-classical for the
Veronese Morphism, i.e., the plane curves X such that at

every point P € X there exists a conic C with I(P;X,C) > 6,

(*) This work was completed while the first author was in Heidelberg
with a grant from the Alexander von Humboldt-Stiftung
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GARCIA-VOLOCH

where I(P;X,C) is the intersection multiplicity of X and
C at P.

In section 3 we determine when a Fermat Curve X (given

by xn-ryn-+1 = 0) 1is non-classical for the Veronese Mor-
phism.
§ 1 - Linear independence criterion

Following F.K. Schmidt [6], we work in a more general

context. Let K be a field. An iterative derivation
(o

, 1=0,1,2,...} on K is a sequence of additive ope-

rators on K such that D(o) is the identity operator and

(1) T (i-3)
(M pWizw) = § 0¥z "7V (w) for all z,w € K.

j=o

. . i+ L i+

2y oM p . ( ) 03 yhere ( ) is the binomial
i i
coefficient.

From now on every time we refer to (1) or to (2) it will
be meant the formulas in the above definition of an iterati-

ve derivation.

By (1), D(1) is a derivation on K which we denote simply
by D. Also, from (2) it follows that i!DY) = pl . so, in
characteristic zero, an iterative derivation is essentially

a derivation D and its iterates D .

We shall need the following result (see, e.g., [6],
Hilfssatz 3).

Lemma 1. Let p be a prime number. Let a = X aipl and
i>o
b= % bi pl , with O_<_ai,bi_<_p—1, be the p-adic expansions

i>o
of the natural numbers a and b. Then <g) is not divisible
by p if and only if a; > bi for all i > O.

Let. now K be a field of characteristic p>0O . We denote
by K = {x€ K| D(l)(x) =0 for 1 < i < p™} and by
K = {xex|pY (x) =0 for i > 1} .
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Proposition 1. For allm > 1, Km is a field. Moreover,

D(pm) is a derivation on K_ and K = {X€K_| D(pm)(x)=(3L
m m+1 m

Proof: For i < p we have D(i) = i%-Di . It follows that

K, = {x€K | D(x) = 0}, and hence thét K, is a field. %ssume

that K. is a field. Then it follows from (1) that D(P) ig

a derivation on K . Let L = {xEIKml p(PM (x) = 0}. We

shall show that Km+1 = L and the lemma follows by induction.

By definition it suffices to show that D(i)(x) = 0 for x€L

and for pm<i<pm+1. We write i = rpm+s with 1 < r < p-1

and O < s < p"-1. It follows from (2) that
r . ;
b(s) [D<p‘“>] N N TN G -

From lemma 1 we have (;) # O modp . Hence, for x € L,

r r
(1) A (i1 (s) (“‘)] (x) =0 . o
D (x) = T (s) D [D P
Remark 1. Let k be a field of characteristic p>0 and t a
variable. Define D(l) on k((t)) by D(l)(tj) = <g>tq_l . For

any field K with k(t) € K € k((t)), K finite algebraic over
k(t), we have that {D(l), i=0,1,2,...} is an iterative

m
derivation on K with K = kKP and K_ = k. (See [1], Satz
10)

Theorem 1. Let K be a field of characteristic p>0O and
xo,...,xn € K. Then xo,...,xn are linearly independent
over Km if and only if there exist integers

m _ . €i
O ==¢ <¢ < ... <E <P with det(D (xj) +0 .

o 1

Proof: Assume that x
K

or ¥y are linearly dependent over

o’ i.e., that there exist ZoreeerZy € Km (not all zero)
n

with % zj xj = 0. From (1) and from the definition of
J=o

K g (i) _ . m .
’ z.D (x.) = 0 for O < i < p . This proves the
m"9=0 3J 3 -

"if" part of the theorem.
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The proof of the "only if" part will be by induction on
n, the case n = 0 being trivial. Let XorXqre e X, be
linearly independent over Km and assume that the conclu-
sion of the theorem does not hold, i.e., that the n + 1
vectors

m
(x5, D(”(xj), D(Z)(xj),...,D(p ‘”(xj))with 0<j<n

are linearly dependent over K. Then there exist

ZgreeerZy € K such that:
¥ (1) m
(*) )} z.D' " '(x.) =0 for O<i<p -1.
. J J - -
j=o
Since RorXqreee X4 are linearly independent over Km we

have (by the induction hypothesis) that the n vectors above,
for 0 < j < n-1, are linearly independent over K. Hence
z # O and, without loss of generality, we can assume that
z, = 1. We shall show that zj € Km' for j = 0,1,...,n-1,
and then equation (*) with i = O will give a contradiction
that completes the proof.

To prove that z. € Km , by proposition 1, it suffices to
show that D(r)(zj) =0 for 1 <r < pm—1. This will be done
by induction on r .

For r = 1, applying the operator D to (*) we have:

n P41 n-1 X
(i+1) § 2.0y + 7 pzopWix) =o0.
j:o J J j=o J J
n (i+1)
It follows from (*) that (i+1) £ z.D 1 (xj) = 0 for
J=o

i.<pm-1; this is also true f?r i= pm— 1 since in this
case i+1 = O on K. Hence ?éo D(zj) D(i)(xj) = O for
0<icx< p™- 1. Since the n vectors above (for O <3j <n-=-1)
are linearly independent over K we conclude that D(zj) =0
for j = 0,1,...,n-1.

Assume that D(s)(zj) =0 for 1 <s<rx< p* ! and for
(r) o (*). 1t fol-

lows from (1) and (2) and from this assumption that:

0 < j <n-1. Apply now the operator D
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i+r, D . n-1 .
( ) b z. 0% ey + 7 b )Wk =0.
i J J J

.- J .-
J=o J=o
As in the case r = 1 to prove that D(r)(z.) = 0, it suf-
. n .
fices to show that <1Ir) oz sz(l+rij)= O for Ogj,ipm—1.
Jj=o

For i+r < pm this follows from (*), and hence we can as-
sume that i+r > p". We then have:
p" < i+r < P+ pm—1 and p™ > i > P -r > (p—1)pm_1

Hence the coefficient of pm—1 in the p-adic expansion of

i+r is zero and that of i is p-1. It now follows from
lemma 1 that (1Ir) = O modp, and this finishes the proof
of the theorem. ]

Remark 2. F.K. Schmidt's result (see [6]) is that
Xyr-- X, are linearly independent over K_ if and only if

there exist O = €g < Eq Tee. < £ with det(D 8i)(xj)> # 0.

This result was generalized by Okugawa (see [4]) for seve-
ral commuting derivations. Our result is also capable of a
similar generalization.

§ 2 - Intersections with conics

Here K will be the function field of an irreducible al-
gekraic curve X defined over an algebraically closed
field k of characteristic p > O. Let {D(i% i >0} be an
iterative derivation on K defined as in remark 1, where t
is a separating variable of K. If Koreeor Xy € K are linear-
ly independent over k , then the smallest possible integers

O0=¢_ < g, <...¢%< €h (in the lexicographic order) with

(ey)
det(D l(xj)) # O are called the orders of the morphism
¢ : X — P" given by (xg:X;:...:%x) (see [7] or [8]).
The morphism ¢ is called classical if €y = i for i=0,1,...,n

and it is called non-classical otherwise.
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We shall need the following result (see [7], Satz 4 or
[8], corollary 1.9):

Lemma 2. Let r < ¢ be two natural numbers. If ¢ is an
order of the morphism ¢ and (;) $ O modp, then r is also
an order of the morphism ¢ .

Proposition 2. Let O = € < €1 S eee < £y be the orders of

the morphism ¢ . Suppose that ey = i for i < n and that

p>n. If €n >n,i.e., if ¢ is non-classical, then €n is
a power of p.

Proof: First we notice, by lemma 2, that €p 2 P - If €n
is not a power of p, then it follows easily from lemma 1
that we can find r, p <r < ¢, with (20 $ O modp . Now
by lemma 2, r is also an order of the morphism ¢ which is

absurd since ¢ < r < g_ . o
n-1 n

Suppose now that X is a plane curve given by the equa-
tion f(x,y) = O and let ¢1 : X —41?2 be the morphism given
by (1 :x:y). Since ¢1 is an embedding, we have ey = i for
i = O0,1. Hence, the hypothesis of proposition 2 are satis-
fied for all p > O. It now follows from theorem 1 that

€y 2 pm if and only if there exist 24129029 € K, not all

p",  p" p™
zero, with zys tzqo xtz,ty = O on K. By clearing deno-
minators we may assume that zj (for j = 0,1,2) is a poly-

nomial in k[x,y]. Hence, €y > p" if and only if there exist

m m

m
; - p p P
5 € k[x,y]l, h+#0, with hf zb tzyo xtz, y.

In other words, a plane curve X is such that every simple

h,zo,z1,z

point on it is a flex if and only if a multiple of the

plane equation f(x,y) for X is of the form
p™ a p™
zg -+z1p x+z, y, where z5 € k[x,y] for j = 0,1,2 and

p™ > 3. A most surprising result, due to Pardini [5] for
m = 1 and to Hefez [2] for arbitrary m, is that one can
take h = 1 if X is a non-singular plane curve, i.e., in
this éase the plane equation f(x,y) for X is itself of the

above form. If one allows singularities, then one cannot
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always take h = 1. For example, for p # 2, if X is given
by
2 2
f(x,y) = zop4-z1px4-z2px 4-z3py4-z4pxy4-zspy
z2 z. +2 zz— Z,2,2
with z_,...,z. €klx,y] and z_ = 1°5 273 17374 ,
o 5 o 2
422 Zg = 2,

then X is ¢1-non—class1cal This is so since in this case
we have H(f) = 2(4z2 5~ z4)f where

_ 2 _ 2 . .
H(f) = fyyfx 2 fxyfxfy-ff f is the Hessian of f .

Remark 3. The curves yp4~y = xp+1 are among the first
known examples of non-classical curves for the canonical
morphism. They are non-singular plane curves of degree p+ 1,
and hence of genus g = 21%511 . The orders of the morphism
¢1 are 0,1 and p. Since the effective canonical divisors
are given by intersections with the curves of degree p-2,
we conclude that {a+bp/a+b < p- 2} are the orders of the
canonical morphism, which is a result due to F.K. Schmidt

[(71.

Let now ¢_ : X S pV? , N = (SZZ), be the s-uple embed-
ding, i.e., the morphism given by (... : xlyJ t...) with
i+3Jj < s. We have:

Theorem 2. Let X be an irreducible plane curve of degree

d > s and suppose that ds > p > N. Then ¢ is a non-
classical morphism if and only if a multlple of the plane
equation for X is of the form T z P xt yJ where

o i+j<s I
Z3 4 € klx,y] for i+j < s. -

Proof: The hypothesis d > s is just to make sure that the
coordinate functions of ¢, are linearly independent over k.
If p > ds, then g is always classical (see [8]). Now if

bg
of ¢S is >p. By theorem 1, we conclude that x yJ for

is a non-classical morphism, by lemma 2, the last order

i+j < s, are linearly dependent over K1 = kP . conver-
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j xl'yJ = O on K implies that

sel z zP
V' j43cs Ui
T z P D(r) (xi yj)

i+j<s I

of ¢_ is >p . Since p > N by hypothesis, we conclude that

¢_. is non-classical. o

O for r < p. Hence the last order

Now we restrict our attention to the Veronese
Morphism ¢2 : X eZPS given by (1 : x :x2 Ty Xy :yz) . If X
is ¢1—non—classical, then for a generic point P € X there
are lines intersecting X at P with multiplicities 0,1 and
e > 3. By proposition 2, e is a power of p. By taking all
products of two of these lines, we conclude that
0,1,2,e,e+1 and 2¢ are the orders of ¢2 . Suppose now that
X is classical for the morphism ¢1 . Then 0,1,2,3,4 are
orders of ¢2 , and the hypothesis in proposition 2 are sa-
tisfied for p > 5. We conclude (for p > 5) that if ¢2 is

non-classical, then e¢. is a power of p. To see that some

restriction on p is nzcessary consider the curve y8-+y = x3
in p = 2. Then ¢1 is classical and ¢2 has the orders
0,1,2,3,4 and 6. For p > 5, by theorem 1, we have that

eg > pm if and only if there exist h,zo,z1,...,z5 €
€klx,y]l,h#0, with hf==zgm+z$ﬂ<+zgmx2+z§my+z§mxy+zgmy2 .
Unlike the previous case (the morphism ¢1), one cannot

take h = 1 if X is non-singular. As an example take X as

the curve given by
(1+x)P + yPx + yPT1 4 kP71 2 o

It is not hard to check that X is non-singular, ¢1 is clas-
sical and $5 is non-classical for p > 5 (take h = x) .

Clearly, in this example one cannot take h = 1.

§ 3 - Fermat Curves

Let X be the Fermat Curve given by the equation
xn4~y?4-1 = 0. We assume that p{tn, i.e., that X is an
irreducible curve. We want to investigate when the Fermat

Curve X is non-classical for the morphism ¢2. We know al-
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ready that if ¢1 is non-classical, say with orders O, 1

and € where ¢ > 3 is a power of p, then the orders of ¢2
are 0,1,2,¢,e+1 and 2 ¢, and hence ¢2 is also non-classical.
For p > 3, form Pardini's result [5], we know that 9 is
non-classical if and only if p divides (n-1).

We shall need the following result (see [8], corollary
1.7) .

Lemma 3. Let jg < j1 < ie. < jN—1 be the orders of a mor-
phism ¢ : X - N1 at a point P € X . If the morphism ¢ is

non-classical, then we have that p divides | | (ji—js)// .
i>s (i-s)

We assume now that p{ (n-1) and p > 5. A Weierstrass
point for the morphism ¢1 is a point with xy = O or a point
at infinity, with orders 0,1 and n, as one can easily
check. Then we have that jo =0, j1 =1, j2 =2, j3 = n,
j4 = n+ 1 and j5 = 2n are the orders of the morphism 95 at
such a Weierstrass point. It now follows from lemma 3 that
if ¢2 is non-classical, then we have that
p | (n-2) (n+1) (2n-1) for p > 7. Conversely, if p > 7 and
p| (n-2) (n+1) (2n-1), then ¢2 is non-classical as follows
from the following identities:

P P
n =mp+ 2; (xm) x2-+(ym) y2 + 1 =0.
n=mp-1; (xm)py+(ym)px+xy=xy(xn+yn+1) =0 .

2

2n = mp+ 1; (xn+yn+1)2 = x n+y2n+2xnyn—1

O, hence
2 P
[(xm)px+ (ym)P - 1] = 4 (xmym) XY .

This proves the following theorem.

Theorem 3. Let X be the Fermat Curve xni-yn-r1 = 0 . Sup-
pose that the characteristic p does not divide n and that

p > 5. Then X is non-classical for the Veronese Morphism ¢2
if and only if p divides (n-2) (n-1) (n+1) (2n-1) .
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Remark 4. Consider the Fermat Curve xn4-yn+-1 = 0 in
characteristic p = 2n-1 (for example, n = 6,7,9,10,...) .
One can show that the orders of ¢2 are 0,1,2,3,4 and p.
From this one can determine the orders of ¢n—3’ i.e., the

orders of the canonical morphism. They are
{a+2b+ (2n-1)c |a+b+2c < n-3} .

These orders are originally determined by Matzat [3].

Theorem 4. Let X be the Fermat Curve xn4-yn4-1 = O . Sup-

pose that the characteristic p does not divide n.
(a) In characteristic p = 5, we have:
al) If n = 54+1, ¢, is non-classical.

a2) If n = 5d4+2, ¢2 is non-classical if and only if
d = O mod5.

a3) If n = 54+3, ¢2 is non-classical if and only if
d =2 mod5.

a4) If n = 5d4+4, ¢2 is non-classical if and only if
d =4 mod5.

(b) In characteristic p 3, ¢2 is always non-classical.

(c) In characteristic p
if n = 3 mod8.

2, ¢2 is classical if and only

Proof: If n = 5d+1, then ¢1 is non-classical and hence

¢, also. We may assume that pt (n-1) . From lemma 3, if by

is non-classical, then p = 5 divides (n—2)(nt;)(2n—1)

.

From this it follows the congruences for 4 in a2), a3) and
a4). The converse follows from the following identities:

If n = 5d+2 and 4

v 25 v 25
Hence (xd ) x2+(yd ) y2+-1 =0 .

54', then n = 254'+2.

If n = 54+3 and 4 = 54'+2, then n = 254'+13 and
2n = 25(24'+1) + 1.

. 2
As before (x2n4-y2n— 1) = 4x2ny2n, and hence

2d'+1, 25 2d4'+1, 25 2d'+1, 25 24'+1
(x )7 x (y

2
+ (y ) y—1]=4(x ) ) xy .
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If n = 5d+4 and 4 = 5d4'+4, then n = 25d'+24 . Hence

' 25 ' 25
(xd +1) v+ (yd +1) x+xy=xy(xn+yn+1)

o .

In characteristic p = 3, we may assume n = 3d+2 since
in the case n = 3d+1 we have that ¢1 is non-classical. If
d = 3d', then n = 9d'+2 . Hence

If d = 3d'+1, then n = 94'+5 and 2n

9(2d'+1) + 1 . Hence

2dv+1,° 9
) XY .

= 4(x ) (y2d'+1

' 9 ' 9 2
[(XZd +1 2d'+1 y_1]

) x + (y )

If d = 3d'+2, then n = 94d'+8 . Hence

9 412

1 1
d+1) y+(yd 1) x+xy=xy(xn+yn+1) =0 .

(x

In characteristic p = 2 we have that ¢1 is non-classical,

5 mod 8 . For n= 8d+7,

111

and hence ¢2 also, for n = 1 and n
¢y is non-classical as follows from:

8 8

d+1) y +(yd+1) X + xy=xy(xn+yn+1) -0 .

(x

So we just have to prove that if n = 8d+3, then ¢2 is
classical. The classical Wronskian for the morphism ¢2,
i.e., the Wronskian made up with the orders 0,1,2,3,4,5 is

(all derivations being derivations with respect to x):

b3 (4 b3 (xy) NEEN.
det = det | D) (y) b (xy) o) (y?) .
b3 (y) 0> (xy) p53) (y?) J

Using p = 2 and property (1) of an iterative derivation,
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b3 (y) p(2) (y) 0
2
det=aet | 0 (y) 03 (y) () (y)) )

2
tence det = (0{2) (y) @3 (v) D () +0 P () DB (y)) .
By direct computations we have:

yn—1 D(1)(y) - xn—1 ; y2n-1 D(z)(y) _ Xn—2 ;

y3n—1 D(3)(y) _ xn—3 ; y3n—1 D(4)(y) _ x2n—4 ; D(S)(y)= 0.
This shows that det %# O and hence that ¢2 is classical.
This finishes the proof of the theorem. o

Remark 5. Let X be the Fermat Curve x" + yn + 1 =0 in

characteristic p > N = (S;2> and let n > s . A Weierstrass
point (we assume that p{ (n-1)) for the morphism ¢1 has
orders 0,1 and n. Then we have that {an+b|a+b < s}

are the orders of the morphism ¢S at such a Weierstrass

point. It now follows from lemma 3 that if ¢s is non-

s s-r
classical, then p divides || || (rn+t) . It is possible
r=1 t=-s

that the converse also holds.
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